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Abstract

Over the past few years, semantic segmentation has witnessed significant advance-
ments, particularly with the emergence of Vision Transformers (ViTs). However,
from 2021 through 2022, when this research was begun, the adoption of ViTs in
semantic segmentation was not yet widespread. The field continued to face challenges
due to the labour-intensive and costly nature of annotating data for semantic seg-
mentation. This thesis addresses these challenges by exploring reduced-supervision
and unsupervised methodologies to make semantic segmentation more efficient and
accessible through three interconnected research projects.

In the first study, we investigate the robustness of classification pre-trained
deep neural networks for semantic segmentation without spatial guidance on object
positions—a common challenge in weakly supervised semantic segmentation (WSSS).
We address this by extracting high-level information encoded within model represen-
tations through low-level information degradation and multi-view information bottle-
neck techniques. By leveraging geometric priors on image composition—specifically,
the principle of geometric equivariance under affine transformations—we enhance
the model’s ability to segment images accurately. Our empirical results demonstrate
that ViTs, when combined with appropriate computation of Class Activation Maps
(CAMs), are significantly more effective in achieving high-quality WSSS than the
previously favoured deep convolutional networks (CNNs).

Building on these findings and the limitations of current approaches, our second
study aims to mitigate the effects of the lack of spatial information in WSSS
with a prior assumption about the spatial distribution of categories across natural
images. We propose that objects appear at different scales within images, either
in the foreground or background, leading to a similar spatial distribution for each
category over a large set of images. By incorporating this prior, we avoid the side
effects of unbalanced data distribution among visual concepts and enhance model
generalization in WSSS. Our method achieves new state-of-the-art performance
on several benchmarks. We model this prior through class frequencies and matrix
balancing, an approach derived from optimal transport theory. Unlike contrastive
learning methods, our approach operates efficiently with small batches without
memory bank requirements, demonstrating the significant potential of cluster-based
principles to enhance WSSS, reaching results comparable to fully supervised methods.

The third study explores the realm of unsupervised semantic segmentation (USS)
by introducing a deep recursive spectral clustering technique that leverages the
hypothesis that semantics is hierarchical. While conventional methods often rely
on dataset-specific predefined assumptions, such as object-part decomposition and
salient semantic regions, our data-driven approach segments images at multiple
levels of granularity without prior knowledge of the scene’s structure. This algebraic
method recursively refines segmentation based on the inherent semantic properties of
the data, providing a flexible and robust way of grouping pixels. We experimentally
demonstrate that the method excels in discovering fine and coarse semantic structures
in a fully unsupervised manner, offering substantial improvements over traditional
models that often struggle with granularity and require dataset-specific priors
hindering scalability.
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Altogether, these studies advance semantic segmentation by progressively reduc-
ing the level of required supervision and demonstrating the effectiveness of minimizing
reliance on pixel-level annotations through appropriate prior assumption modelling.
These contributions align with the evolving trends in semantic segmentation during
this research and pave the way for future developments in computer vision.
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Chapter 1

Introduction

1.1 General

Semantic segmentation is a core task in computer vision that focuses on assigning
a semantic label to every pixel in an image, e�ectively dividing the image into
meaningful regions [101]. This detailed pixel-level understanding is critical for any
application requiring distinguishing elements in the scene with accurate detail for
recognition tasks, such as medical imaging [231], autonomous driving [136], plant
growing [242], augmented reality [264] and robot control. In autonomous driving,
for instance, precisely segmenting road signs, pedestrians, vehicles, and other objects
is crucial for safe and e�cient navigation.

While signi�cant progress has been made with the advent of deep learning,
particularly convolutional neural networks (CNNs), most state-of-the-art semantic
segmentation models rely heavily on large-scale, pixel-wise annotated datasets for
training [ 60, 179]. Creating these detailed annotations is both time-consuming and
costly, and labour-intensive, posing a signi�cant challenge for scaling models to
real-world scenarios [20, 87]. This challenge is further exacerbated in specialized
�elds such as medical imaging, where annotations require expert knowledge and are
constrained by data privacy concerns [181, 51].

1.1.1 Key Concepts and Short De�nitions

This section provides a brief overview of the key technical de�nitions and terms
that will be referenced throughout the thesis. These de�nitions aim to clarify
the theoretical and practical aspects of the technologies and techniques that have
driven recent advancements in semantic segmentation and related domains. Readers
are expected to understand certain foundational concepts and methodologies that
underpin the work presented in this research:

Machine Learning: A �eld of computer science focused on developing algorithms
that allow computers to learn patterns from data and make decisions with
minimal human intervention [198].

Computer Vision: Computer vision is an interdisciplinary �eld that deals with
how computers can be made to gain a high-level understanding of digital
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images or videos. From the engineering perspective, it seeks to automate tasks
that the human visual system can do [262].

Neural Networks: Computational models inspired by biological neural networks
composed of interconnected layers of arti�cial neurons. Neural networks are
the foundation of most deep learning models [165].

Deep Learning: A subset of machine learning involving neural networks with
multiple layers that can learn hierarchical representations of data [167].

Convolutional Neural Networks (CNNs): Neural networks specialized for pro-
cessing data with a grid-like topology (e.g., images), using convolutional layers
to capture spatial hierarchies [158].

Attention Mechanisms: Components in neural networks that allow models to
focus on speci�c parts of the input when making predictions, improving
performance on tasks with sequential or spatial data [275].

Vision Transformers (ViTs): Models that apply transformer architectures, orig-
inally designed for natural language processing, to vision tasks. They use
self-attention mechanisms to capture the global context in images [76].

Priors Modelling: The incorporation of prior knowledge or assumptions into the
learning process to guide model training, especially useful when dealing with
limited data [314].

Conditional Random Fields (CRFs): Probabilistic models used for the struc-
tured prediction that consider the context of neighbouring elements to improve
labelling consistency [157].

Supervised Learning: A learning paradigm where models are trained on a labelled
dataset, learning the mapping from inputs to corresponding outputs [165].

Unsupervised Learning: A learning paradigm where models learn patterns in
data without any labelled examples, typically used for clustering, feature
learning, or dimensionality reduction [112].

Weakly Supervised Learning: Learning from data where annotations are incom-
plete, inexact, or noisy, reducing the dependency on fully labelled datasets [332].

Semi-Supervised Learning: Combines a small amount of labelled data with a
larger amount of unlabeled data to improve performance [210].

Self-Supervised Learning: A subset of unsupervised learning where models gen-
erate supervisory signals from the data itself, often through pretext tasks that
encourage the learning of robust representations [123, 43].

Contrastive Learning: A self-supervised method where models learn representa-
tions by comparing similar and dissimilar data points, widely used in tasks
like image classi�cation and segmentation [43, 283].



1.1 General 3

Pseudo-Labeling: A semi-supervised learning approach where a model generates
labels for unlabeled data to expand the training set [305].

Classi�cation: A supervised learning task in which the model learns to assign
prede�ned labels (or classes) to input data. It is fundamental to tasks such as
image classi�cation, sentiment analysis, and medical diagnosis [166].

Class Activation Maps (CAMs): A technique used to visualize the regions of
an image that a neural network focuses on when making classi�cation decisions,
highlighting areas that contribute most to the prediction [329].

Semantic Segmentation: Assigning a semantic label to every pixel in an image,
e�ectively partitioning the image into meaningful segments [101]. It enables a
detailed understanding of visual scenes.

Open-Vocabulary Segmentation: A technique allowing models to segment ob-
jects from classes not seen during training by leveraging large language-vision
models like CLIP [225].

1.1.2 Technological and Scienti�c Context

The last decade has seen substantial advancements in semantic segmentation, driven
primarily by deep learning-based approaches. Early architectures like Fully Convo-
lutional Networks (FCNs) [ 189] and U-Net [231] laid the groundwork for pixel-level
tasks by leveraging hierarchical feature extraction. Later architectures, such as
DeepLab [40] and Pyramid Scene Parsing Network (PSPNet) [326], introduced
innovations like atrous convolutions, multi-scale context aggregation, and spatial
pyramid pooling, signi�cantly improving segmentation performance. These methods
have become foundational for tasks requiring a �ne-grained understanding of visual
content [122, 154].

Despite these advances, the heavy reliance on large annotated datasets remains a
critical limitation. To address this issue, researchers have proposed several alternative
learning paradigms that aim to reduce the amount of labelled data required for
training. These include weakly supervised learning [216, 213], semi-supervised
learning [97, 210], unsupervised learning [317, 62], and self-supervised learning [123,
43]. Weakly supervised approaches, for example, rely on sparse labels such as image-
level tags or bounding boxes instead of dense pixel annotations, while semi-supervised
methods aim to leverage a combination of labelled and unlabeled data to boost
performance [132].

The rise of self-supervised learning has become particularly impactful, as it allows
models to learn general-purpose feature representations from unlabeled data, which
can later be �ne-tuned for speci�c tasks, including semantic segmentation [72, 33].
This approach has demonstrated the potential to signi�cantly reduce the dependency
on large annotated datasets, o�ering a more scalable and e�cient solution for
real-world applications [308].

In addition to alternative learning paradigms, incorporating prior knowledge
has proven to be a powerful technique for improving segmentation accuracy, espe-
cially when labelled data is limited. Priors in the form of structural information,
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spatial dependencies, or domain-speci�c constraints can guide models toward better
predictions. Classical techniques like Conditional Random Fields (CRFs) [157] and
Markov Random Fields (MRFs) have been integrated with modern deep networks
to encode these priors, enhancing performance in low-data regimes [40, 285].

1.1.3 Latest Advancements

One of the most recent breakthroughs in the �eld is the Segment Anything Model
(SAM) [ 154]. SAM, developed by Meta AI, is a large-scale model capable of general-
izing across various segmentation tasks with zero-shot capability. SAM leverages a
prompt-based mechanism that enables it to segment objects based on user input or
even automatically, making it a versatile tool for applications that require �exible
and scalable segmentation. This model reduces the reliance on task-speci�c data,
allowing for broader generalization across unseen data. This capability marks a
shift towards models that can generalize more e�ectively with minimal �ne-tuning,
potentially alleviating the problem of scarce annotations in certain domains.

Another growing area of interest is open-vocabulary semantic segmentation. This
approach allows models to segment categories not seen during training, signi�cantly
improving generalization. Models such as OVSeg [176] and integrating CLIP [ 225]
with segmentation frameworks utilize pre-trained language-vision models to match
visual features with open-vocabulary textual descriptions. This is particularly useful
in domains like autonomous driving and healthcare, where new object classes or
medical conditions that were not part of the initial training data may frequently
emerge.

In recent years, the emergence of Vision Transformers (ViTs) has revolutionized
computer vision, o�ering a paradigm shift from traditional CNNs. Originally
introduced for natural language processing, transformers have been adapted to vision
tasks due to their ability to model long-range dependencies and global context [76].
Vision Transformer-based models, such as SETR [328] and Swin Transformer [185],
have demonstrated competitive performance in semantic segmentation by treating
the task as a sequence-to-sequence problem. These models capture relationships
across the entire image, allowing for more accurate and coherent segmentations [302].
However, ViTs are often data-hungry like CNN-based models, requiring large amounts
of annotated training data to reach optimal performance [30].

To counter this challenge, data augmentation techniques such as self-training
and pseudo-labeling have been extensively researched [305, 339]. These methods use
model-generated pseudo-labels for unlabeled data, iteratively re�ning the model's
understanding of the visual content with minimal human intervention [ 320]. Recent
works have combined these methods with transformer architectures to exploit the
bene�ts of both long-range context modelling and label e�ciency [45].

Another notable advancement is the use of neural architecture search (NAS),
which automates the design of optimal network architectures for segmentation
tasks [183, 337]. By searching through a vast space of possible architectures, NAS can
identify more e�cient models that provide high performance with fewer parameters,
thus reducing the reliance on annotated data [114]. These architectures have shown
great potential in resource-constrained environments with limited computational
power and large-scale data.
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In parallel, contrastive learning has emerged as a powerful tool in the context of
unsupervised and self-supervised learning. Methods like SimCLR and MoCo [123, 43]
train models to distinguish between similar and dissimilar image patches without
requiring explicit annotations. By learning e�ective feature representations in this
way, contrastive learning enables models to perform well even with limited labelled
data, thereby addressing the annotation scarcity issue [283].

1.1.4 Current Limitations and Challenges

In any rapidly evolving �eld like semantic segmentation, it's important to recognize
the limitations and challenges that remain despite signi�cant technological advance-
ments. Addressing these issues is critical to advancing the �eld further. This section
on limitations and challenges highlights key obstacles researchers and practitioners
face today. By understanding these barriers�such as the dependency on large
annotated datasets, domain adaptation di�culties, computational costs, and issues
with model transparency�the academic and industrial communities can identify
gaps and focus their e�orts on overcoming these persistent problems. Moreover, in
today's research landscape, these challenges drive innovation in weakly supervised
learning, e�ciency improvements, and interpretability, essential for scaling these
technologies to real-world applications. This section aims to shed light on these
ongoing e�orts and motivate the next research phase.

Despite the latest enormous advancements introduced previously (Section 1.1.3),
several challenges remain in semantic segmentation:

Dependency on Large Annotated Datasets: High-performing models typically
require extensive pixel-wise annotations, which are costly and time-consuming
to obtain [60]. This limits their scalability to new domains or applications
with scarce labelled data [181].

Domain Adaptation and Generalization: Models trained on speci�c datasets
may not generalize well to di�erent environments due to variations in lighting,
texture, or object appearance [282, 324]. Domain adaptation techniques have
been proposed to bridge this gap, but they remain only partially e�ective [268].

Class Imbalance and Rare Object Segmentation: Class imbalance, where com-
mon objects dominate datasets while rare, yet important, objects are under-
represented, leads to lower performance on detecting infrequent objects [16].
Techniques like hard negative mining have shown limited success in addressing
this issue.

Computational Complexity and Resource Demands: Advanced architectures,
especially transformer-based models, require signi�cant computational re-
sources, making them challenging to deploy in resource-constrained environ-
ments such as mobile or edge devices [76, 185]. Optimizing models for e�ciency
without sacri�cing accuracy remains an ongoing challenge.

Integration of Priors: Incorporating prior knowledge, such as spatial relationships
or domain-speci�c information, into models can improve performance but
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remains challenging to balance with the �exibility needed for data-driven
learning [314].

Weak and Semi-Supervised Learning Limitations: While weakly supervised
and semi-supervised learning techniques aim to reduce reliance on labelled
data, they often face a trade-o� between e�ciency and accuracy. Achieving
performance comparable to fully supervised models with minimal annotations
remains challenging [332, 131].

Interpretability and Transparency: Deep learning models often operate as "black
boxes," making interpreting their decision-making processes di�cult. This lack
of transparency is a critical issue in applications such as healthcare, where
interpretability is crucial for trust and safety [241].

Real-Time Performance and Scalability: For applications like autonomous driv-
ing or robotics, real-time segmentation is essential. However, achieving this
without compromising accuracy is di�cult due to the high computational
demand of modern architectures [125].

These challenges highlight the necessity for continued research and innovation
in semantic segmentation. Overcoming these obstacles is essential for developing
models that are not only accurate but also e�cient, generalizable, and interpretable.
Addressing issues such as dependency on large annotated datasets, computational
complexity, and integrating prior knowledge will pave the way for more scalable and
practical solutions.

In the following sections, we will explore methodologies to mitigate some of these
limitations. Speci�cally, we will focus on reducing the need for extensive supervision
by advancing prior modelling techniques. By incorporating prior knowledge more
e�ectively, we aim to enhance model performance while alleviating some of the
burdens associated with data annotation and computational demands.

1.2 Motivations of the Research

The primary motivation behind this research is the growing need to overcome
the reliance on extensively annotated datasets in semantic segmentation. This
dependency limits the practical scalability and adaptability of existing models in
real-world applications. In autonomous driving, for example, vehicles must navigate
complex and ever-changing environments. Continuously annotating new data to
capture the diverse scenarios vehicles encounter, such as changing weather conditions
or varying lighting, is impractical and prohibitively expensive [232].

The problem is even more acute in medical imaging, where obtaining expert
annotations is challenging due to the specialized knowledge required and concerns
about patient privacy [ 50]. Reducing the need for expert annotations would accelerate
the development of diagnostic tools and treatment planning systems, ultimately
improving patient care [85].
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1.2.1 Industrial and Academic Relevance

From an industrial perspective, the demand for accurate and e�cient semantic
segmentation models spans multiple sectors, including autonomous systems, health-
care, and agriculture. For instance, in agriculture, semantic segmentation aids
in crop monitoring, disease detection, and yield estimation. However, the lack of
large, annotated datasets hampers its broader adoption in these �elds. Developing
models that can perform well with limited supervision could drive innovation and
signi�cantly enhance productivity in these sectors [142].

From an academic standpoint, this challenge aligns with the broader goal of
making arti�cial intelligence more data-e�cient, interpretable, and generalizable [ 332,
243]. Research into leveraging priors and alternative learning methods addresses
this challenge and opens up new avenues in machine learning and computer vision.
It reduces the dependency on massive amounts of labelled data, which has ethical
and technical implications. Ethical considerations, such as reducing the need for
sensitive personal data in medical applications, are increasingly important in the AI
research community [274].

1.3 Research Aims and Contributions

This research aims to address the fundamental challenges in semantic segmentation
by developing novel methodologies that signi�cantly reduce the reliance on dense
supervision, particularly focusing on weakly supervised and unsupervised techniques.
By leveraging Bayesian prior modelling, the thesis seeks to improve the accuracy
and reliability of segmentation models while minimizing the need for costly pixel-
level annotations. Integrating Bayesian frameworks provides a structured way to
handle uncertainty in the learning process, ensuring that models can generalize more
e�ectively in scenarios with limited annotated data.

One of the key contributions of this thesis is introducing a Bayesian approach
that enhances pseudo-label generation in weakly supervised semantic segmentation
(WSSS). The proposed models can generate more accurate segmentation masks, in-
corporating probabilistic priors, even from coarse, image-level labels. This innovation
addresses the ine�ciencies and inaccuracies inherent in current WSSS techniques,
which often rely on multi-stage re�nement processes and heuristic methods that are
computationally expensive and prone to noise.

Furthermore, the thesis expands the application of Bayesian modelling to unsu-
pervised semantic segmentation (USS). In this context, the research contributes a
novel clustering-based method that leverages Bayesian principles to infer pixel-wise
labels without human supervision. This approach improves upon traditional cluster-
ing techniques by incorporating uncertainty estimation, allowing the model to make
more robust predictions without labelled data.

Through comprehensive experimentation on benchmark datasets, the thesis
demonstrates that the proposed models outperform state-of-the-art methods in
weakly supervised and unsupervised settings and signi�cantly improve computational
e�ciency. The work provides a uni�ed framework that bridges the gap between
fully supervised and unsupervised learning, o�ering scalable solutions for real-world
applications where annotated data is scarce.
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The main contributions of this work include:

ˆ An e�cient, end-to-end method for generating predictions in WSSS and USS,
eliminating the need for costly optimization stages typical in traditional Class
Activation Map (CAM)-based methods.

ˆ A novel WSSS approach incorporating spatial distribution priors of categories
into Bayesian inference that reaches higher localization precision, enhances
model generalization and achieves state-of-the-art performance on benchmark
datasets without increasing computational complexity.

ˆ Introducing hierarchical prior modelling into unsupervised segmentation tasks
through graph theory and perturbation theory, enabling the discovery of �ne
and coarse semantic structures without supervision.

ˆ Demonstrating that Bayesian modelling, including hierarchical and spatial
priors, can signi�cantly improve segmentation methods' accuracy and compu-
tational e�ciency, setting new benchmarks for weakly supervised and unsuper-
vised semantic segmentation.

ˆ The thesis has contributed to multiple publications, including papers accepted
at ECCV 2022 [235] and NeurIPS 2024 [233], as well as the development of a
third paper [236].

ˆ The thesis has also led to practical applications, such as participation in a
video segmentation challenge at the CVPR 2021 workshop (YoutubeVOS) [234]
and two plant phenotyping studies, one accepted at ICCV 2023 workshop
(CVPPA) [ 242], the second was accepted as an extended abstract at the ECCV
2024 workshop (CVPPA) [102].

In summary, the contributions of this thesis lie in advancing the theoretical foun-
dations of semantic segmentation through Bayesian prior modelling and delivering
practical, e�cient, and accurate models for weakly supervised and unsupervised
tasks. These advancements push the boundaries of what is achievable with minimal
supervision, laying the groundwork for future research in the �eld.

1.4 Structure of the Thesis

The thesis is organized as follows:

ˆ Chapter 1 introduces the problem and research questions.

ˆ Chapter 2 reviews the relevant literature in weakly and unsupervised semantic
segmentation.

ˆ Chapter 3 details the preliminaries to the proposed methodology.

ˆ Chapters 4 to 6 present the methodology developed during the research period.

ˆ Chapter 7 concludes with a discussion of the �ndings and future research
directions.
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Chapter 2

Background and Literature
Review

2.1 Introduction

Semantic segmentation has emerged as one of the most exciting and pivotal challenges
in computer vision today, with applications ranging from analyzing still 2D images
and video to handling complex 3D and volumetric data. In the bigger picture, it
is a key component driving us closer to complete scene understanding, a vital goal
in computer vision. The growing importance of scene understanding is evident
as more real-world applications rely on extracting valuable insights from visual
data. These applications include autonomous vehicles navigating safely [83, 103,
59], seamless human-machine interactions [205], advancements in computational
photography [310], smarter image search engines [281], and immersive augmented
reality [ 15], medical image analysis for disease diagnosis and treatment planning [231],
precision agriculture for crop monitoring and yield optimization [242, 142], robotics
and drone navigation in complex environments [110], intelligent surveillance systems
for security and anomaly detection [227], and environmental monitoring through
satellite imagery [160].

Semantic segmentation continues to be a challenging task despite signi�cant
advancements, largely due to the complexity and variability of real-world images.
Factors such as variations in object appearance, occlusions, lighting conditions, and
cluttered scenes make accurate segmentation di�cult [60, 153]. Traditional, fully
supervised methods necessitate pixel-level annotations, which are time-consuming
and expensive to produce [20]. These annotation requirements have increased focus
on weakly supervised and unsupervised approaches, which aim to reduce dependence
on detailed annotations [213, 286].

This literature review explores the evolution of semantic segmentation methods,
emphasizing prior modelling techniques that enhance weakly supervised and unsu-
pervised semantic segmentation. We delve into the challenges, methodologies, and
advancements in these areas, highlighting how prior knowledge and modelling play
a pivotal role in overcoming the limitations of reduced supervision.
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2.2 Evolution of Semantic Segmentation

2.2.1 Traditional Approaches

Before the advent of deep learning, semantic segmentation relied heavily on methods
grounded in mathematical models and handcrafted features. Early approaches were
based on foundational work, such as Marr's theory of vision [194], which proposed a
multi-level understanding of visual processing. Techniques such as edge detection,
texture descriptors, and region-growing algorithms were initially employed to segment
images by leveraging low-level visual cues like colour, texture, and gradients [92].
These methods, while in�uential, struggled to generalize to complex, real-world scenes
due to their reliance on manually engineered features and limited representations.

A wide array of feature detectors, such asSIFT [191], SURF, and DAISY ,
along with descriptors like the Histogram of Oriented Gradients (HOG) [ 63], played
an essential role in early computer vision tasks. These features, combined with
probabilistic models like Markov Random Fields (MRFs) and Conditional Random
Fields (CRFs), enabled spatial dependencies between pixels to be modelled, leading
to smoother segmentations. Probabilistic frameworks such as Gaussian processes
and mixture models were also employed to capture uncertainty and variability in
images.

Pyramid-based methods and multiscale representations were widely used to
capture image features across di�erent resolutions, allowing for more robust segmen-
tation across scales [3]. The use of wavelet transforms, and other multi-resolution
techniques provided a powerful means to analyze the frequency components of
images.

Despite their contributions, traditional methods faced signi�cant challenges.
Their reliance on handcrafted parameters made them highly sensitive to speci�c
image conditions and limited their ability to generalize across diverse datasets.
Computational complexity was another major limitation, as many algorithms required
iterative optimization processes, such as variational inference or belief propagation,
which were slow and ine�cient for large-scale datasets. Additionally, while early
attention mechanisms, like those proposed by Itti et al.[135], contributed to saliency
detection, these methods were not yet powerful enough to handle the complexity of
real-world segmentation tasks.

By the late 2000s, the �eld had expanded to include in�uential works that
synthesized many of these ideas into coherent frameworks. Szeliski's comprehensive
treatment of computer vision [262] encapsulates the immense progress made during
this era, from compositionality in 3D object recognition to variational approaches for
image segmentation. Yet, despite these advances, traditional methods often struggled
with the increasing complexity of natural images and could not fully capture the
hierarchical structures needed for more sophisticated visual understanding. As a
result, these early approaches, while foundational, became the "bedrock" upon which
deep learning methods were later built, pushing the �eld towards more data-driven
approaches.
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2.2.2 Deep Learning-based Methods

The breakthrough in deep learning, particularly Convolutional Neural Networks
(CNNs), revolutionized semantic segmentation. The fully convolutional network
(FCN) introduced by Long et al. [189] marked a signi�cant leap forward in semantic
segmentation, as it proposed the idea of end-to-end learning for dense pixel-wise
classi�cation. The FCN architecture replaced the fully connected layers in traditional
CNNs with convolutional layers, allowing the network to output spatial heatmaps
rather than scalar class predictions. This innovation eliminated the need for hand-
crafted features, as the model learned feature representations directly from the raw
pixel data.

The FCN architecture was further enhanced by introducing skip connectionsto
recover �ne-grained details lost during down-sampling operations. These innovations
laid the foundation for subsequent segmentation architectures, such asU-Net [231]
and SegNet [16]. U-Net introduced an encoder-decoder architecture, where the
encoder captured abstract feature representations through down-sampling operations,
and the decoder upsampled the features to reconstruct detailed spatial information.
Skip connections between corresponding layers in the encoder and decoder allowed
for better retention of spatial context, leading to accurate segmentations of small and
complex structures [231]. SegNet employed a similar encoder-decoder architecture
but introduced the concept of retaining max-pooling indices during down-sampling
to aid in the up-sampling process. This approach was both memory-e�cient and
computationally lightweight, making it suitable for real-time applications such as
autonomous driving [16].

As deep learning progressed, so did the complexity and e�ectiveness of semantic
segmentation models. Some of the most impactful advances include the introduction
of dilated convolutions, attention mechanisms, and transformer-based models. Yu
and Koltun [311] proposed dilated (or atrous) convolutions to address the issue of
down-sampling losing �ne spatial resolution. Dilated convolutions allowed for the
exponential expansion of the receptive �eld without increasing the number of param-
eters or losing resolution. This technique improved the accuracy of dense prediction
tasks like semantic segmentation by enabling models to capture �ne and global
contextual information. By applying atrous (dilated) convolutions, DeepLab[37]
captured multi-scale context without increasing the number of parameters and
integrated Conditional Random Fields (CRFs) with CNNs to re�ne segmentation
boundaries. The CRF component modelled the spatial relationships between pixels,
improving the localization of object boundaries and addressing the issue of coarse
predictions from FCNs. The DeepLabfamily of models, particularly DeepLabv3+[40],
became a standard benchmark for semantic segmentation.

Attention mechanisms have also been integrated into semantic segmentation mod-
els to improve the model's ability to focus on relevant parts of the image. TheDual
Attention Network (DANet) introduced by Fu et al. [98] incorporated both spatial
and channel attention mechanisms, enabling the network to selectively emphasize
important features while suppressing irrelevant ones. This approach signi�cantly
improved segmentation accuracy, especially for complex scenes with multiple objects.
Transformer models, initially developed for natural language processing [275], have
signi�cantly impacted computer vision tasks, including semantic segmentation. Vi-
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sion Transformers (ViTs) [ 76] model the long-range dependencies in images using
self-attention mechanisms, o�ering a powerful alternative to traditional CNN-based
architectures. Transformer-based models, like Segmenter [257], have proven e�ective
in capturing global context, which is crucial for accurately segmenting large objects
or those that span multiple image regions.

2.2.3 Datasets and Evaluation Metrics

In semantic segmentation, the availability of high-quality annotated datasets has
been critical for training and evaluating deep learning models. Several datasets have
become standard benchmarks in this �eld, o�ering diverse scenes, object classes, and
challenges to push the boundaries of model performance. One of the earliest and
most in�uential datasets is the PASCAL VOC dataset [86], which provides pixel-level
annotations for 20 object categories across approximately 11,000 images. While
initially smaller in scale, PASCAL VOC helped establish key benchmarks and metrics
that have shaped semantic segmentation research. However, as the complexity and
diversity of real-world applications increased, larger and more challenging datasets
became necessary.

The Cityscapesdataset [60], for instance, was developed speci�cally for urban
scene understanding, making it highly relevant for autonomous driving research. It
includes 5,000 �nely annotated images with 19 classes, including roads, pedestrians,
vehicles, and buildings, captured across diverse European cities. This dataset's
high resolution and detailed labelling have made it a gold standard for evaluating
segmentation models in street scenes. Another widely used dataset isCOCO-
Stu� [29], which extends the COCO [179] object detection dataset by adding
pixel-wise annotations for 91 object classes and 91 "stu�" classes (such as sky,
grass, and road). This combination of "things" (countable objects) and "stu�"
(uncountable background elements) provides a more holistic testbed for models that
must distinguish both object boundaries and non-object regions.

Additionally, domain-speci�c datasets, such asADE20K [330], which contains
over 20,000 images annotated with 150 object categories, have contributed to the
development of more versatile segmentation models that can handle a wide variety of
indoor and outdoor environments. Datasets in specialized �elds, such asCamVid [27]
for autonomous driving or LIDC-IDRI [12] for medical image segmentation, further
emphasize the need for domain-speci�c knowledge in segmentation models. Therefore,
carefully selecting and creating datasets tailored to the intended application is
essential, enabling models to generalize and perform e�ectively in real-world scenarios.

These datasets, paired with rigorous evaluation metrics likeMean Intersection
over Union (mIoU) and Pixel Accuracy, have not only driven advances in model
architectures but have also highlighted key challenges such as class imbalance, label
noise, and the need for more diverse and representative data for robust generalization.

The mIoU o�ers a comprehensive measure of model performance by calculating
the overlap between the predicted and ground truth segmentation per class. Speci�-
cally, IoU for a single class is the ratio of the intersection (correctly classi�ed pixels)
to the union (all pixels predicted as belonging to the class or labelled as such in
the ground truth), including false positives and false negatives. This metric is then
averaged over all classes to obtain the mIoU, providing a balanced performance
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evaluation across classes, particularly in datasets with multiple objects or complex
scenes. However, mIoU can be sensitive to class imbalance, where classes with fewer
pixels may lead to disproportionately lower IoU values, potentially skewing the
overall metric.

In contrast, Pixel Accuracy is a more straightforward metric that measures the
ratio of correctly classi�ed pixels to the total number of pixels in the image. While
pixel accuracy is intuitive and provides a general overview of model performance, it
can be misleading in the context of class imbalance. For instance, if an image contains
many background pixels compared to foreground objects, the pixel accuracy may
appear high despite the model performing poorly on less frequent or smaller classes.
Thus, while pixel accuracy is useful for assessing the overall classi�cation rate, it
lacks the granularity provided by mIoU, which o�ers a more detailed understanding
of how well the model performs on individual classes. For this reason, mIoU is often
preferred in evaluating the performance of semantic segmentation models, especially
in diverse and imbalanced datasets, where class-speci�c performance is critical.

2.2.4 Challenges and Open Issues

Despite the remarkable advancements in semantic segmentation over the past decade,
several challenges and open issues remain, particularly when deploying these models
in real-world applications. One of the primary challenges isclass imbalance, where
certain classes, such as background or large objects (e.g., road or sky), dominate
the pixel space. In contrast, smaller or less frequent classes are underrepresented.
This imbalance often leads to biased predictions, as models prioritize the dominant
categories, resulting in lower performance for rare or smaller objects. Techniques
such as weighted loss functions and oversampling have been proposed to mitigate
this problem [28, 333, 231, 180].

Computational complexity is another persistent issue. State-of-the-art semantic
segmentation models, particularly deep learning-based methods, often require signi�-
cant computational resources for training and inference. High-resolution inputs, com-
plex model architectures (e.g., dilated convolutions and attention mechanisms), and
large parameter counts result in high memory and computational costs, making these
models di�cult to deploy on edge devices or in real-time applications [37, 40, 121].
To address these issues, researchers have explored model compression techniques such
as pruning, quantization, and knowledge distillation [117, 186]. Nevertheless, a trade-
o� remains between model accuracy and e�ciency, particularly for high-accuracy
applications like autonomous driving or medical imaging.

A critical open issue is the challenge ofgeneralization. Models trained on a speci�c
dataset often struggle to generalize to new environments, especially when faced with
variations in lighting, weather conditions, or geographical di�erences. This problem
is particularly pronounced in applications such as autonomous driving, where domain
shifts between training and test conditions can severely degrade model performance.
Approaches like domain adaptation, transfer learning, and synthetic data generation
have been proposed to address this issue, but ensuring robust generalization across
di�erent scenarios remains a challenging research problem [232, 100].

Boundary precision is another signi�cant challenge. While modern convolutional
neural network (CNN)�based models perform well at segmenting large homogeneous
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regions, they often struggle to accurately predict �ne details along object boundaries.
This issue is largely due to the loss of spatial resolution during the down-sampling
operations in typical CNN architectures [37, 178]. Although techniques such as
multi-scale feature fusion and dilated convolutions have been proposed to capture
�ne-grained details [311], achieving high boundary accuracy for small or complex
objects remains an open problem, particularly in cluttered scenes with overlapping
objects [326].

Annotation cost is another critical issue in semantic segmentation. Acquiring
pixel-wise annotations, especially for large-scale datasets, is expensive and time-
consuming. Annotators must label every pixel in an image, which can be labour-
intensive, especially for complex scenes with multiple objects. This high cost has led
to increased interest in weakly supervised, semi-supervised, and unsupervised learning
approaches, which aim to reduce the reliance on fully labelled data [213, 126, 218].
Furthermore, synthetic data generation, such as computer-generated environments,
has emerged as a potential solution. Still, these synthetic datasets often lack the
richness and variability of real-world data, limiting their e�ectiveness for training
segmentation models [232].

Lastly, handling occlusion and object context remains an unresolved challenge.
In many real-world scenes, objects often occlude each other, making it di�cult for
segmentation models to correctly identify objects' boundaries and class labels. Mod-
els must also learn to account for contextual information, such as the relationships
between di�erent objects in a scene, to make more informed predictions [184, 327].
Approaches that integrate attention mechanisms [98] or combine global and local con-
text [ 39] have shown promise. However, achieving robust segmentation in cluttered
and occluded environments remains an active research area.

2.3 Weakly Supervised Semantic Segmentation

Weakly supervised semantic segmentation has emerged as a key research focus in
computer vision, driven by the need to minimize the extensive e�ort and cost of
pixel-level annotations in fully supervised segmentation.

2.3.1 Image-level annotations

WSSS typically relies on image-level class labels, which is the weakest supervision
possible, and one of the most prominent techniques used to generate segmentation
maps is Class Activation Maps (CAMs). However, CAMs often yield incomplete or
fragmented pseudo-masks, motivating the development of several re�nement methods
to address these limitations. CAMs were �rst introduced by Zhou et al. [329], who
demonstrated that a network's �nal layer could be utilized to generate coarse object
localization maps. CAMs apply global average pooling (GAP) to the last feature
map, highlighting regions associated with a particular class when combined with
class-speci�c weights. Despite its simplicity, CAM su�ers from signi�cant drawbacks,
including the inability to fully localize object boundaries and its tendency to focus on
only the most discriminative parts of an object, leading to incomplete segmentations.
Moreover, CAMs often lack equivariance (i.e., the ability to maintain consistency
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under spatial transformations), making them less reliable for detailed segmentation
tasks [293, 113].

Several improvements have been proposed to enhance CAM-based segmentation.
For instance, PSA [5] introduced pixel-level re�nement through pixel a�nity prop-
agation, which distributes con�dence scores across neighbouring pixels, resulting
in more accurate and re�ned pseudo-masks. IRNet [6] leveraged class-equivalence
relations between pixels to re�ne pixel labels by calculating the displacement between
predicted centroids. Both methods improved the baseline CAMs by integrating
pixel-level consistency, providing �ner object boundaries.

Numerous re�nement techniques have been developed to address the inherent
weaknesses of CAMs. AdvCAM [169] introduced adversarial perturbations to it-
eratively improve the coverage of the CAMs, forcing the model to uncover less
discriminative parts of the object that may have been previously missed. This
adversarial climbing mechanism improves the recall of object regions.

Other approaches involve using saliency maps, which help capture precise object
boundaries. For example, Zhou et al.[331] proposed using saliency detection as
auxiliary supervision, where saliency maps serve as additional weak labels to help
guide the segmentation process. Similarly, erasure techniques like adversarial erasing
(AE) [ 297] aim to erase the most discriminative regions highlighted by CAMs and
retrain the network on the remaining parts of the image, encouraging the model
to focus on previously ignored regions. This expands the CAMs beyond the most
salient regions, improving object coverage.

Other methods utilize multi-scale feature aggregation to improve the completeness
of the CAMs. For instance, Wei et al. [298]proposed fusing multi-scale feature maps,
which helps capture foreground and background objects more accurately. This allows
the model to generate segmentation masks that are more comprehensive and include
less discriminative object parts that may have been missed when only single-scale
feature maps are used.

A widely used post-processing method is Conditional Random Fields (CRFs) [157],
which re�ne segmentation masks by enforcing spatial consistency and reducing
noise. CRFs are typically employed to improve object boundaries by penalizing
segmentation decisions that violate pixel a�nities based on colour or texture. Despite
their e�ectiveness, CRFs are resource-intensive and require careful parameter tuning
to balance segmentation smoothness and boundary precision [156, 169].

Recent years have signi�cantly shifted towards using Vision Transformers (ViTs)
for WSSS. ViTs utilize multi-head self-attention (MSA) mechanisms, which o�er
the advantage of capturing global dependencies within images. This allows ViTs
to consider the relationships between di�erent image regions more e�ectively than
CNN-based CAM methods, often restricted by their local receptive �elds. For
example, ViT-PCM [ 235] demonstrates that ViTs, when combined with appropriate
computation of Class Activation Maps (CAMs) and equivariant regularization loss,
are signi�cantly more e�ective in achieving high-quality WSSS than the previously
favoured deep convolutional networks (CNNs) without the needing for additional re-
�nements. Another ViT-based method by Rossetti et al. [236]proposes an additional
regularization loss to avoid the side e�ects of unbalanced data distribution among
visual concepts and enhance model generalization in image-level WSSS through class
frequencies and matrix balancing.
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MCTformer [ 307] employs multi-class token attention to generate class-speci�c
attention maps, which are then used to generate pseudo-masks. By leveraging
attention from di�erent heads, MCTformer captures more complete object regions
than traditional CNN-based CAM methods.

AFA [ 237], another ViT-based method, focuses on utilizing a�nity propagation
mechanisms in the multi-head self-attention layers to re�ne the initial pseudo-masks
generated by CAMs. By propagating a�nities between di�erent object regions, AFA
achieves improved segmentation accuracy and ensures that the pseudo-masks cover
more comprehensive regions of the objects.

A recent addition to the transformer-based WSSS approaches is From-SAM-
to-CAMs (S2C) [161], which leverages the Segment Anything Model (SAM) [154]
to enhance CAMs during training. S2C utilizes prototype-based contrasting and
logit-level prompting to improve the quality of CAMs, ensuring better pseudo-label
accuracy without the need for extensive post-processing steps like CRFs.

Another signi�cant development in WSSS has been the integration of contrastive
learning. In this context, contrastive learning helps enhance pixel-level consistency
by ensuring that similar pixels within or across images are assigned to the same
object category. For instance, RCA [331] uses contrastive learning to enforce
feature similarity between patches from the same object, while C2AM [304] applies
contrastive constraints to improve cross-image patch matching. These approaches
help alleviate the issue of noisy pseudo-masks by encouraging the model to learn
robust, pixel-wise embeddings consistent across varying image transformations.

However, these methods are computationally expensive, requiring signi�cant
resources to store image features and perform pairwise comparisons across multiple
images. Additionally, incorrect pair matches can introduce noise into the model,
necessitating sophisticated regularization techniques such as rank weighting [304] or
prototype mining [77] to mitigate the e�ects of noisy data.

2.3.2 Pixel-level annotations

Weakly supervised semantic segmentation (WSSS) methods extend beyond image-
level labels by utilizing other weak annotations such as scribbles, bounding boxes,
and point-level supervision. These approaches reduce the burden of pixel-level
annotations while striving for segmentation accuracy. Scribble-based supervision, for
instance, balances pixel-level annotations and image-level labels by requiring rough
object outlines. In Lin et al. [177], the authors used scribble annotations to propagate
label information across the image, relying on a random walk algorithm to assign
labels to unlabeled pixels. Similarly, Tang et al. [263] introduced the normalized cut
loss, which combines pixel-level a�nities with low-level image features to improve
segmentation boundaries. This strategy re�nes object contours better than standard
scribble-based methods.

Bounding box annotations have also been e�ective for WSSS. The BoxSup
model proposed by Dai et al.[62] utilizes bounding boxes to supervise a region
proposal network (RPN), which iteratively re�nes object regions within the box
to produce accurate segmentation masks. More recently, [170] presented BBAM,
which integrates adversarial mask re�nement into the bounding box framework,
enhancing boundary precision by re�ning object regions within the bounding box
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while preventing over-segmentation.
Another approach to WSSS employs point-level supervision, where only a few

annotated points per object are provided. The PointSup method by Bearman et al.
[20] demonstrates how point-level annotations can be e�ective using a graph-based
a�nity learning method to propagate labels from sparse points across the object.

Saliency-based approaches, on the other hand, use pre-trained models to provide
additional object localization cues. These methods help re�ne pseudo-masks by
identifying the foreground objects more accurately. For instance, Jiang et al.[138]
and Zhang et al. [322] have used saliency maps to augment weak supervision by
o�ering external information on object boundaries. These saliency-guided methods
often act as auxiliary supervision, allowing the model to re�ne initial CAM-based
predictions and better capture object contours. Pre-trained saliency detection models
provide a valuable external source of information, which helps to re�ne the coarse
segmentation predictions generated from image-level labels. In [296], the authors
used a pre-trained saliency detection model to provide object priors, combining them
with coarse CAM outputs to enhance object localization.

Overall, these WSSS approaches�whether through scribbles, bounding boxes,
point annotations, or saliency maps�represent di�erent ways of reducing the anno-
tation burden while achieving high segmentation accuracy. Scribble-based methods,
like ScribbleSup, provide a good balance of annotation e�ciency and accurate bound-
ary detection. Bounding box methods, such as BoxSup and BBAM, o�er strong
object localization cues, while point-level supervision, as seen in PointSup, focuses
on annotation e�ciency. Finally, saliency-based approaches provide external cues to
improve segmentation precision, although they may introduce some dependence on
the quality of the pre-trained saliency models.

2.4 Unsupervised Semantic Segmentation

Unsupervised semantic segmentation (USS) divides images into semantically mean-
ingful regions without using labelled data. This task is particularly challenging
because the model must discover patterns and structures solely from the data without
human annotations. Early methods in USS built upon concepts like perceptual
grouping and object representation [247, 93, 214]. However, the landscape has
evolved signi�cantly with the rise of deep learning and self-supervised learning
(SSL).

SSL is a critical component in USS, allowing models to learn feature repre-
sentations from unlabeled data by leveraging the inherent structure of the data
itself [43, 123, 34]. The most prominent SSL approach is contrastive learning
(CL) [ 53, 206], which maximizes feature similarity between an image and its augmen-
tations while minimizing similarity between random, unrelated images. These learned
features form the backbone of most recent unsupervised segmentation methods.

In unsupervised segmentation, SSL features are often used as input to clustering-
based methods, such as DeepSpectral [195] and CutLER [ 290], which apply spectral
clustering to group similar features. Other approaches like DeepCut [4] rely on graph-
based methods, combining graph neural networks (GNNs) with spectral clustering
to segment the image into semantically meaningful regions.
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Alternatively, SSL features are used for feature distillation and consistency-
based learning. For instance, STEGO [116] distils feature correspondences into
compact clusters to guide segmentation, while SmooSeg [163] applies smoothness
priors to ensure that semantically coherent regions are maintained across the image.
Another approach by Cho et al. [52] builds on PiCIE, introducing inductive priors to
enforce invariance and equivariance during learning, while Seong et al.[246] leverage
patch-level contrastive learning to ensure global semantic consistency across di�erent
contexts.

Despite not explicitly learning distance metrics, SSL representations provide a
rich feature space that supports unsupervised segmentation. These representations
are leveraged for clustering, distillation, and consistency learning, driving state-of-
the-art performance in unsupervised segmentation methods.

Unsupervised semantic segmentation assigns class labels to pixels corresponding
to semantically meaningful elements in the scene without human supervision. Key
strategies include grouping similar patches or pixels, maintaining consistency across
object regions under transformations, and leveraging self-dense distillation.

Early approaches like Invariant Information Clustering (IIC) [ 137] maximize
mutual information between cluster assignments for original and transformed images
to ensure consistent segmentation, while PiCIE [52] uses photometric invariance
and geometric equivariance to cluster pixel embeddings into segmentation maps.
Methods such as CLD [289] integrate local clustering with contrastive learning,
and MaskContrast [271] uses saliency maps to identify foreground regions while
applying a contrastive loss to learn pixel embeddings. However, many of these early
approaches relied on �xed assumptions or manual tuning of the clustering levels,
often leading to suboptimal results when applied to diverse datasets.

The introduction of high-level self-supervised features like DINO [34] has opened
new avenues for segmentation, improving accuracy and robustness. DINO's self-
distilled features inspired methods like STEGO [116], which distils feature corre-
spondences to train a segmentation head, and SmooSeg [163], which uses smooth
priors to enforce spatial consistency in the segmentation process. Despite their
success, these methods still grapple with challenges such as separating foreground
from background. Solutions like FreeSolo [288] and [315] apply DINO attention to
foreground objects but require unsupervised saliency detectors for mask proposals,
which adds complexity.

Methods like DeepSpectral [195] use spectral clustering on DINO features to
handle the multi-label problem in segmentation. This technique leverages eigenvec-
tors from the feature a�nity matrix to discover natural groupings within the image,
allowing for more accurate segmentation across complex scenes. Other methods like
CutLER [ 290] and SemPart [226] re�ne these clustering techniques by iteratively
applying spectral and graph regularization to improve segmentation consistency,
especially in complex, real-world scenes.

A persistent challenge in USS is determining the appropriate level of granularity
for segmentation, balancing between over-segmentation and under-segmentation.
Object-centric approaches, such as FreeSolo [288] and CAM-based methods like Trans-
FGU [309], prioritize segmenting entire objects but often overlook �ne details, such as
object parts. On the other hand, scene-centric approaches like Leopart [336] and Sem-
Part [226] aim to segment all discernible regions but can result in over-segmentation,
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making it di�cult to associate these segments with meaningful semantic classes.
PiCIE [ 52] and IIC [137] su�er from similar issues, relying on �xed clustering levels
that may be unsuitable for certain datasets or scenes.

To address this issue, a recent development by Rossetti and Pirri[233] introduced
an approach that dynamically estimates the appropriate number of partitions at
di�erent segmentation levels. This method constructs a hierarchy-agnostic seg-
mentation tree, adapting to �ne and coarse semantic structures within the image,
resolving issues of over- and under-segmentation. It also introduces metrics like
Normalised Multigranular Covering (NMCovering) and Normalised Hierarchical Cov-
ering (NHCovering) to evaluate segmentation quality across di�erent granularities,
o�ering a comprehensive solution to the granularity challenge in USS.

Another emerging area in USS is unsupervised part discovery, which focuses
on segmenting meaningful parts within objects without labels. Early methods like
SCOPS [133] used dense self-supervised contrastive losses to discover foreground
object parts, while hierarchical grouping methods such as HSG [145] and [323] applied
boundary strength maps (e.g., OWT-UCM [9]) to learn object part segmentation
from coarse to �ne granularity levels. In Choudhury et al. [54], a �xed amount of
parts are discovered via an average part descriptor, enforced by consistency through
a�ne and photometric transformation equivariance.

Recent work, such as Leopart [336], uses DINO self-distillation to classify pixels
and detect detailed scene parts, further re�ning these parts using community detec-
tion techniques. Similarly, DeepCut [4] employs spectral clustering combined with
GNN convolution to perform part segmentation, leveraging a patch-wise correlation
matrix based on DINO features. These advances enable �ner, more consistent part
discovery but still struggle with over-fragmentation and ensuring that the parts
correspond to meaningful semantic entities.

USS has signi�cantly progressed, particularly in integrating self-supervised learn-
ing and spectral clustering techniques. Recent innovations such as the Deep Recursive
Spectral Clustering [233], which dynamically estimates granularity levels and ad-
vanced part discovery methods like DeepCut and Leopart are pushing the �eld toward
more accurate, �exible, and scalable solutions for both semantic segmentation and
part discovery. Nevertheless, challenges remain in determining the appropriate granu-
larity, separating foreground and background, and ensuring consistent part-grouping
in complex scenes.

2.5 Bayesian Prior Modelling in Semantic Segmentation

Bayesian priors in semantic segmentation are not merely a re�ection of simple
frequency-based information from the image data but represent structured knowledge
extracted from or assumed by the context. These priors can encode spatial, shape,
hierarchical, or contextual relationships, which provide crucial constraints to guide
segmentation models toward more plausible solutions. This structured knowledge
helps to de�ne what is considered likely or possible in a segmentation task, especially
in situations with limited or noisy supervision, where data alone might be insu�cient.

Bayesian methods have increasingly gained traction in semantic segmentation,
o�ering a probabilistic framework that models uncertainty while incorporating prior
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knowledge. This approach is especially valuable in domains where uncertainty
estimation is crucial, such as medical imaging, autonomous driving, and remote
sensing, where accurate segmentation under uncertainty can signi�cantly impact
downstream decision-making. By leveraging Bayesian priors, models can introduce
structured assumptions about the data, helping to constrain the solution space,
especially in situations where supervision is limited or noisy.

Bayesian Neural Networks (BNNs) are at the core of this approach, modelling
epistemic uncertainty by placing distributions over network parameters. This allows
the model to account for uncertainty due to insu�cient training data or model
limitations [ 146, 24]. On the other hand, Aleatoric uncertainty captures inherent
variability in the data, such as sensor noise or ambiguities in the input. It is modelled
by learning a distribution over the output space [146]. Both types of uncertainty
are critical in segmentation tasks, as they allow the model to indicate where it is
less con�dent, guiding human decision-makers to focus on critical or ambiguous
areas. For example, knowing regions of high uncertainty in medical imaging can
help radiologists decide where further investigation is needed [106, 81].

By introducing domain-speci�c knowledge into the learning process, Bayesian
priors provide powerful tools to improve segmentation results. Spatial priors are
among the most commonly used in segmentation, enforcing smoothness constraints
by assuming that neighbouring pixels are likely to belong to the same class. This prior
type e�ectively regularises the segmentation output, especially in natural images,
where boundaries are typically smooth, and contiguous [325, 25]. In shape priors,
the model incorporates knowledge about the typical shapes of objects, improving
segmentation in tasks where the object's shape is known beforehand. For instance,
shape priors have been successfully used to segment organs in medical images, where
prior knowledge about the organ's geometry can resolve ambiguities in the boundary
estimation [173, 155]. These priors can be incorporated into segmentation models
via custom loss functions that enforce continuity or penalize unlikely con�gurations,
thus guiding the model to more plausible outputs [36]. Network architectures can
be designed to inherently respect certain priors, such as using attention mechanisms
to focus on relevant regions or multi-scale processing to capture context [38].

Hierarchical priors are another class of priors that encode knowledge about the
hierarchical structure of objects, which is particularly useful for segmenting complex
scenes with objects composed of multiple parts. For example, hierarchical priors can
guide a model to segment a car by �rst recognizing its wheels, body, and windows
and then combining them into a complete object [269]. Such priors are especially
helpful in weakly supervised or unsupervised segmentation settings, where detailed
annotations may be lacking, and prior knowledge must �ll the gap left by the absence
of pixel-level labels.

Contextual priors leverage the relationships between di�erent objects or scene
layouts, incorporating higher-level scene understanding into the segmentation process.
These priors help models capture semantic relationships between objects, such as
the likelihood of �nding a road beneath cars or a sky above buildings [182, 318].
These relationships are encoded in probabilistic models that integrate this knowledge
during inference, improving segmentation in complex scenes where context plays a
key role in disambiguating visually similar regions.

Despite their power, exact Bayesian inference in deep networks is computationally
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expensive and often intractable. As a result, several approximation techniques have
been developed to make Bayesian methods practical for large-scale segmentation
tasks. Variational Inference (VI) [24] approximates the true posterior distribution
by learning a simpler variational distribution that is computationally feasible to
optimize. Monte Carlo Dropout [99] provides another popular approximation by
treating dropout during inference as a form of approximate Bayesian inference,
e�ectively sampling from the model's posterior distribution. These techniques allow
uncertainty estimation in deep models without prohibitive computational costs,
making them suitable for real-time applications like autonomous driving [146] or
interactive medical diagnosis [106].

Bayesian priors are particularly bene�cial in weakly and unsupervised semantic
segmentation. Given the limited availability of pixel-level labels in WSSS or the
complete absence of supervision in USS, priors help guide the model toward plausible
segmentations by enforcing constraints derived from domain knowledge [332, 175].
For instance, spatial priors can ensure smoothness in the segmentation map even
with sparse or noisy supervision. In contrast, shape priors can help the model
resolve ambiguities in boundary detection by favouring object shapes that conform
to known geometries [173]. Contextual priors further enhance these models by
incorporating knowledge about object co-occurrences or scene structures, helping
to resolve challenging segmentation scenarios where multiple objects interact in
complex ways [318].

Bayesian priors also o�er robustness in noisy environments. For example, in
satellite image segmentation or medical diagnostics, data is often corrupted by
noise, sensor errors, or occlusions. By incorporating priors that re�ect the expected
behaviour of the underlying scene or object, models can ignore spurious patterns and
focus on the relevant features, reducing the model's sensitivity to noise [197, 231].
Furthermore, by integrating priors, Bayesian methods can reduce the dependency
on dense annotations, making them highly applicable in domains where acquiring
detailed labels is costly, time-consuming, or impractical [332, 175].

2.6 Conclusion and Future Directions

In conclusion, semantic segmentation has made signi�cant strides over the years,
with deep learning techniques such as fully convolutional networks (FCNs), atten-
tion mechanisms, and transformer-based models revolutionizing the �eld. While
traditional approaches focused on handcrafted features and probabilistic models,
modern methods leverage vast amounts of data and advanced architectures to achieve
remarkable accuracy. However, challenges such as class imbalance, computational
complexity, generalization, boundary precision, annotation cost, and determining the
appropriate granularity persist, especially when deploying these models in real-world
applications. Granularity ensures that segmentation accurately captures �ne details
and larger objects. Over-segmentation can lead to fragmented representations of
objects, while under-segmentation may fail to capture important details, especially
in complex or cluttered scenes. Addressing this issue requires adaptive strategies
that balance �ne-grained and coarse segmentation.

Future directions in semantic segmentation research could focus on improving the
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e�ciency and scalability of models for real-time applications, such as autonomous
driving and edge devices, through model compression techniques and lightweight ar-
chitectures. Addressing generalization across domains, enhancing boundary precision
for small or complex objects, and developing robust methods to handle occlusions,
cluttered scenes, and dynamic granularity remain crucial areas of investigation. Fur-
thermore, advancements in weakly and unsupervised learning, particularly through
self-supervised and contrastive learning, will reduce reliance on annotated data.
Integrating Bayesian priors and other probabilistic frameworks could further re�ne
segmentation models, o�ering a path toward more reliable and interpretable systems
capable of handling uncertainty, noise, sparse supervision, and varying levels of
granularity across diverse application domains.
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Chapter 3

Preliminaries

3.1 Key Concepts and Short De�nitions

Random Process: A random process is a mechanism that generates a sequence of
outcomes according to a probability distribution. For instance, �ipping a coin
or drawing a random number from a probability distribution can be considered
a random process.

Sample Space: The sample space
 is the set of all possible outcomes of a random
process. Each outcome in the sample space is a potential result of the experi-
ment. For example, for a coin toss, the sample space is
 = f Heads; Tailsg.

Random Variable: A random variable X : 
 ! X is a function that assigns a
numerical value to each outcome in the sample space of a random process.
It can be discrete (taking on a countable set of values, e.g.X = f 0; 1g) or
continuous (taking on values from a continuum, e.g. X = R). For example,
the result of a coin toss can be modelled as a discrete random variable with
values f 0; 1g.

Event: An event A is a speci�c outcome or a set of outcomes from a random
experiment. It is a subset of the sample space. Events can be simple (involving
a single outcome) or compound (involving multiple outcomes). For example,
rolling an even number on a die is an event that includes the outcomesf 2; 4; 6g.

Event Probability: The event probability P (uppercase) refers to the probability
of an event occurring. It represents the probability function, which assigns a
probability to events within a sample space. For example,P(A) denotes the
probability that event A will happen.

Probability Function: A probability function p : X ! R (lowercase) describes
how a random variable's values are distributed in the sample space. It assigns
probabilities to all the possible values. The total probability across all possible
outcomes sums to 1. It typically refers to either a probability mass function
(PMF) or a probability density function (PDF). It describes the distribution
of probabilities across the possible values of a random variable, i.e.p(x) =
P(x) = P(X = x).
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Probability Mass Function (PMF): The probability mass function p(x) is used
for discrete random variables. It gives the probability that a discrete random
variable X takes a particular value x. The sum of the PMF over all possible
values equals 1.

Probability Density Function (PDF): The probability density function p(x) is
used for continuous random variables. It represents the likelihood of the
random variable taking a value nearx. However, the probability of any speci�c
point is 0, and the area under the curve over an interval gives the probability.
The probability of X lying in a particular range [a; b] is the integral of p(x)
over that range:

P(a � X � b) =
Z b

a
p(x)dx:

Bernoulli Distribution: The Bernoulli distribution is a discrete probability dis-
tribution for a random variable that takes on only two possible outcomes,
typically labelled as 0 (failure) and 1 (success). The probability of success is
denoted by p, and the probability of failure is 1 � p. The probability mass
function is:

p(x) = Bern(p) = px (1 � p)1� x ; x 2 f 0; 1g:

For example, a coin toss, where the outcome is heads (1) or tails (0), can be
modelled as a Bernoulli random variable.

Gaussian (Normal) Distribution: The Gaussian, or Normal distribution, is a
continuous probability distribution characterized by its mean � and variance
� 2. Its probability density function (PDF) is:

p(x) = N (x j �; � ) =
1

p
2�� 2

exp

 

�
(x � � )2

2� 2

!

:

The Gaussian distribution is symmetric around the mean. It is widely used due
to the central limit theorem, which states that the sum of many independent
random variables tends to follow a normal distribution, regardless of the
original distribution.

Expected Value: The expected value (or mean) of a random variableX is the
long-run average value of the variable over many independent repetitions of
the experiment. It measures the "centre" of the distribution of the variable.
For a discrete random variable X with possible values x1; x2; : : : ; xn and
corresponding probabilitiesp(x1); p(x2); : : : ; p(xn ), the expected value is:

E [X ] =
nX

i =1

x i � p(x i ):

For a continuous random variable with probability density function p(x), the
expected value is:

E [X ] =
Z 1

�1
x � p(x) dx:
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Variance: The variance of a random variableX is a measure of how much the
values ofX deviate from the expected value (mean). It quanti�es the spread or
dispersion of the distribution. For a discrete random variableX with expected
value E[X ], the variance is given by:

Var(X ) = E[(X � E [X ])2] =
nX

i =1

(x i � E [X ])2 � p(x i ):

For a continuous random variable, the variance is:

Var(X ) =
Z 1

�1
(x � E [X ])2 � p(x) dx:

The square root of the variance is known as the standard deviation, which is
a more interpretable measure of the spread, being in the same units as the
random variable itself.

Mode: The mode x̂ = arg maxx P(x) is the value with the highest probability in a
probability distribution. Unlike the mean or median, the mode represents the
most common or likely outcome. For a discrete random variable, the mode
is the value x for which p(x) (the probability mass function) is highest. For
continuous distributions, the mode corresponds to the peak of the probability
density function (PDF). A distribution may have one mode (unimodal), two
modes (bimodal), or more (multimodal). In a Gaussian (Normal) distribution,
the mode coincides with the mean and median because the distribution is
symmetric.

Population: A population refers to the complete set of all possible observations or
outcomes that a random process can generate.

Sample: A data sample D is a subset of the population which we rely on to make
inferences about the population characteristics since, in many cases, it is
impractical to observe an entire population.

Hypothesis: A hypothesis is a statement or assumption about the population or
random process. In statistical inference, hypotheses are often tested based
on sample data. There are two types of hypotheses: the null hypothesisH0,
which assumes no e�ect or no di�erence, and the alternative hypothesisH1,
which contradicts the null hypothesis.

Parameters: Parameters � are the unknown quantities that characterize a popu-
lation or random process. For example, the mean and variance of a normal
distribution are parameters. Statistical inference is focused on estimating these
parameters from observed data.

Likelihood: The likelihood function L(� j D ) represents the probability of observing
the data D given the parameters� . It plays a central role in statistical inference.
In essence, the likelihood measures how well a set of parameters explains the
observed data.
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Prior: In Bayesian inference, the prior distribution P(� ) represents our beliefs about
the parameters � before observing any data. The prior can incorporate our
knowledge about the parameters, such as constraints, expert knowledge, or
data from previous experiments.

Posterior: The posterior distribution P(� j D ) is the updated belief about the
parameters after observing the dataD. It is computed using Bayes' Theorem.

Joint: The joint distribution P(�; D) describes the probability of observing both
the parameters � and the data D together. In Bayesian inference, the joint
distribution can be decomposed as the product of the likelihoodP(D j � ) and
the prior P(� ), representing the probability of observing the data D given the
parameters � , and our prior belief about the parameters:

P(�; D) = P(D j � )P(� ):

This joint distribution is fundamental in deriving the posterior distribution
P(� j D ) using Bayes' Theorem, as it encapsulates both our prior knowledge
and the evidence provided by the observed data.

Bayes' Theorem: This is the foundational rule for updating probabilities in
Bayesian inference. It allows us to calculate the posterior distribution based
on the prior distribution and the likelihood of the data:

P(� j D ) =
P(D j � )P(� )

P(D)
:

Bayes' theorem enables us to make probabilistic statements about unknown
parameters in light of new evidence (the dataD).

Bias: Bias refers to the error introduced by approximating a real-world problem,
which may be complex, by a simpli�ed model. In machine learning, bias arises
when the model is too rigid or under�ts the data, leading to systematic errors.
High bias generally occurs when the model is not �exible enough to capture
the underlying patterns in the data.

Variance: Variance measures how much the model's predictions change if trained on
di�erent subsets of the training data. A model with high variance is sensitive
to �uctuations in the training data, often leading to over�tting. High variance
indicates that the model is capturing noise along with the signal from the
training data.

Bias-Variance Trade-O�: The bias-variance trade-o� describes the balance be-
tween two sources of error in a model: bias and variance. High bias results
in under�tting, where the model is too simple, while high variance results in
over�tting, where the model is too complex. The goal is to �nd a model that
balances bias and variance to minimize the total prediction error.

Over�tting: Over�tting occurs when a model learns the underlying patterns in
the training data along with the noise. This leads to excellent performance on
the training set but poor generalization to new, unseen data. Techniques like
regularization and dropout are used to mitigate over�tting.
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Under�tting: Under�tting happens when a model is too simple to capture the
patterns in the data. This results in poor performance on the training and
unseen data, as the model cannot learn the underlying structure.

Regularization: Regularization refers to techniques that prevent over�tting in
machine learning models by penalizing model complexity. This is typically
achieved by adding a regularization term to the loss function.

Dropout: Dropout is a regularization technique used to reduce over�tting in neural
networks by randomly setting a proportion of neurons to zero during each
forward and backward pass in training. This prevents the model from relying
too heavily on any single neuron or set of neurons, forcing it to learn more
distributed and robust representations.

Generalization: Generalization refers to the model's ability to perform well on
unseen data not used during training. A model that generalizes well captures
the underlying patterns in the data rather than simply memorizing the training
examples.

Training Data: Training data is the portion of a dataset used to train a machine
learning model. The model learns from the training data by adjusting its
parameters to minimize errors between the predicted output and the actual
labels. The goal during training is to �nd patterns in the data that can be
generalized to unseen data.

Test Data: Test data is a separate portion of the dataset not used during training.
It is reserved to evaluate the model's performance on unseen data, estimating
how well it generalizes to new, unknown examples.

Error: Error refers to the di�erence between the predicted output of a model and
the actual outcome. It quanti�es how far o� a model's predictions are from
the true values. Training error is calculated on the training dataset, and test
error is calculated on an unseen dataset to evaluate the model's generalization
ability.

Loss Function: A loss function is typically a quadratic function (i.e., has a unique
minimum), also known as an error function or a cost function, which measures
the di�erence between the predicted output of a model and the actual target
values. It quanti�es how well the model is performing.

Gradient Descent: Gradient Descent is an optimization algorithm used to min-
imize the error of a model by iteratively updating the model's parameters.
It works by computing the gradient (i.e., the partial derivatives) of the loss
function with respect to the model parameters and moving the parameters
in the direction of the negative gradient (where the error is minimum). The
learning rate controls the size of the step:

� t+1 = � t � � r � L(� ):

Where � represents the model parameters,� is the learning rate, and r � L(� )
is the gradient of the error function L . Variants of gradient descent include
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Batch Gradient Descent, Stochastic Gradient Descent (SGD), and Mini-Batch
Gradient Descent.

Batch: A batch refers to the entire dataset used for training a model in one iteration
of gradient descent. Using the full batch means that all data points are
processed at once to compute the gradients for updating the model parameters.
This approach ensures accurate gradient estimates but can be computationally
expensive, especially for large datasets.

Mini-Batch: A mini-batch is a small, randomly sampled subset of the dataset
used in each iteration of gradient descent. Mini-batch training balances
batch processing e�ciency and the noise reduction of stochastic methods.
This approach is commonly used in Stochastic Gradient Descent (SGD) to
update model parameters, providing faster convergence while reducing the
computational load.

Variational Inference (VI): Variational inference is used to approximate complex
probability distributions in Bayesian inference. Instead of directly sampling
from the posterior (as in MCMC [109]), variational inference approximates
the true posterior with a simpler, tractable distribution. Then, it optimizes
the parameters of that distribution by minimizing the di�erence (often mea-
sured using Kullback-Leibler divergence) between the true posterior and the
approximating distribution. Variational inference is computationally e�cient
for large-scale machine-learning problems.

Entropy: In information theory, entropy is a measure of the uncertainty or ran-
domness associated with a random variable. It quanti�es the expected amount
of information required to describe the outcome of a random process. For a
discrete random variableX with probability distribution P(X ), the entropy
H (X ) is de�ned as:

H (X ) = �
X

x2X

P(x) log P(x);

where P(x) is the probability of outcome x, and the logarithm is typically
base 2 (for measuring information in bits). Entropy is maximized when all
outcomes are equally probable, indicating maximal uncertainty. In contrast,
entropy is minimized when one outcome is certain.

Kullback-Leibler (KL) Divergence: Kullback-Leibler Divergence measures how
one probability distribution di�ers from a second reference probability distri-
bution. It quanti�es the amount of information lost when the approximation
distribution Q is used to estimate the true distribution P. KL divergence
is non-negative, i.e. DKL (P k Q) � 0 with equality only if P = Q almost
everywhere, and asymmetric, i.e.DKL (P k Q) 6= DKL (Q k P), and is de�ned
in the discrete case as:

DKL (P k Q) =
X

x2X

P(x) log
P(x)
Q(x)

= � H (P) �
X

x2X

P(x) log Q(x):
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Cross-Entropy: Cross-entropy is a measure of the di�erence between two probabil-
ity distributions P (the true distribution) and Q (the predicted distribution).
It quanti�es the expected number of bits needed to encode samples fromP
using a coding scheme optimized forQ. For two discrete distributions P and
Q, the cross-entropy is de�ned as:

C(P k Q) = H (P) + DKL (P k Q) = �
X

x2X

P(x) log Q(x):

Where H (P) is the entropy of P. In machine learning, cross-entropy is
often used as a loss function, particularly in classi�cation tasks, whereP
represents the true label distribution and Q is the model's predicted probability
distribution. The cross-entropy loss penalizes predictions that diverge from the
true distribution and encourages the model to produce probability distributions
that match the true labels as closely as possible.

Conditional Entropy: Conditional entropy quanti�es the amount of uncertainty
(or information) remaining about a random variable Y given that the value of
another random variable X is known. It measures the expected uncertainty
in Y after knowing X . For discrete random variablesX and Y with joint
probability distribution P(X; Y ), the conditional entropy of Y given X is
de�ned as:

H (Y j X ) = �
X

x2X

P(x)
X

y2Y

P(y j x) log P(y j x):

Conditional entropy re�ects how much information about Y is still unknown
even whenX is observed. IfX and Y are independent, thenH (Y j X ) = H (Y ),
as knowing X provides no information about Y .

Joint Entropy: Joint entropy measures the total uncertainty or information con-
tained in a pair of random variables X and Y together. It quanti�es the
uncertainty about the combined outcomes ofX and Y . For discrete ran-
dom variables with a joint probability distribution P(X; Y ), the joint entropy
H (X; Y ) is de�ned as:

H (X; Y ) = �
X

x2X

X

y2Y

P(x; y) log P(x; y):

This represents the amount of information required to describe both variables
simultaneously. Joint entropy is always greater than or equal to the individual
entropies of X and Y , re�ecting the added complexity of predicting two
variables instead of one.

Mutual Information (MI): Mutual Information measures the amount of infor-
mation one random variable contains about another. It quanti�es how much
knowing the value of one variable reduces the uncertainty about the other.
Mathematically, for two random variables X and Y , the mutual information
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I (X ; Y ) can be expressed as:

I (X ; Y ) = H (X ) � H (X j Y )

= H (Y ) � H (Y j X )

= H (X ) + H (Y ) � H (X; Y ):

Consequently, it can be expressed using the KL divergence between the joint
distribution P(X; Y ) and the product of the marginal distributions P(X )P(Y ):

I (X ; Y ) = DKL (P(X; Y ) k P(X )P(Y )) :

Here, the KL divergence measures how much the joint distributionP(X; Y )
di�ers from the distribution where X and Y are independent (i.e.,P(X )P(Y )).
If X and Y are independent,I (X ; Y ) = 0 .

3.2 Statistical Inference

Statistical inference uses data to make generalizations or predictions about an
underlying population or random process. It involves building models and estimating
their parameters to understand the data-generating process. Several key concepts
come into play in statistical inference, such as population, sample, hypothesis,
parameters, likelihood, and prior and posterior distributions. This section explores
the main approaches in statistical inference, including Maximum Likelihood Estimate
(MLE), Maximum A Posteriori (MAP), and Bayesian inference.

3.2.1 Maximum Likelihood Estimate (MLE)

The Maximum Likelihood Estimate (MLE) is a frequentist approach to parameter
estimation. It �nds the parameter values that maximize the likelihood function,
which selects the parameters that make the observed data most probable under the
assumed model.

Given a dataset D = f x1; x2; : : : ; xng and a parametric model with parameters
� , the likelihood function is:

L (� j D ) = P(D j � ) =
nY

i =1

P(x i j � ):

The MLE is then the value of � that maximizes this likelihood:

�̂ MLE = arg max
�

L(� j D ):

MLE provides point estimates and assumes a �xed but unknown process generates
the data. It does not account for prior beliefs about the parameters and only relies
on the likelihood of the observed data. MLE has desirable properties like consistency
and asymptotic normality, making it widely used in practice [294].
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3.2.2 Maximum A Posteriori (MAP)

The Maximum A Posteriori (MAP) estimation combines the likelihood of the data
with prior information about the parameters.

MAP is a Bayesian approach that maximizes the posterior distribution, the
likelihood weighted by the prior. Using Bayes' theorem, the posterior is:

P(� j D ) =
P(D j � )P(� )

P(D)
:

MAP estimation focuses on �nding the value of � that maximizes this posterior:

�̂ MAP = arg max
�

P(� j D ) = arg max
�

logP(D j � ) + log P(� ):

Compared to MLE, MAP incorporates prior beliefs through the prior distribution
P(� ), allowing us to regularize or bias the estimate toward the prior. If no prior
information is available, MAP reduces to MLE, making them closely related tech-
niques [23]. It is a compromise between MLE and Bayesian inference, providing
a point estimate that considers both the data and the prior. Although MAP esti-
mation does not provide a full posterior distribution like Bayesian inference, it is
still considered a Bayesian method because it incorporates a prior distribution of
parameters to weigh the likelihood.

3.2.3 Bayesian Inference

Bayesian inference is a general framework for parameter estimation that treats
unknown parameters as random variables with a probability distribution. It begins
with a prior distribution re�ecting our beliefs about the parameters before observing
the data. As new data are observed, Bayes' theorem updates the prior and forms a
posterior distribution.

Unlike MLE and MAP, which provide point estimates (namely the modes of the
likelihood and the posterior), Bayesian inference results in a full posterior distribution
over the parameters, allowing for a richer uncertainty quanti�cation, which can be
used to make probabilistic statements and predictions. The posterior distribution is:

P(� j D ) =
P(D j � )P(� )

P(D)
:

This approach is advantageous when uncertainty about parameters is necessary or
prior information is available and should in�uence the estimates. Bayesian inference
is more �exible than MLE and MAP, as it allows for continuous updating of beliefs
as new data arrive [104].

3.3 Deep Probabilistic Learning

Deep probabilistic learning combines deep learning techniques with probabilistic
methods to model uncertainty and provide improved generalization. A key aspect
of this approach is incorporating Bayesian principles, which allow for uncertainty
quanti�cation in the learned models, leading to more robust predictions. This section
discusses models and error functions, regularization, dropout, and stochastic gradient
descent within a Bayesian framework.
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3.3.1 Error Function and Regularization

In deep learning, we model the relationship between inputsX and outputs Y
as a composite functionF (X ), constructed from multiple hidden layers. From a
probabilistic perspective, the output Y can be viewed as a random variable generated
by a probability model, conditioned on the input and model parametersW and biases
b, i.e. � = f W; bg. Given a dataset D = f (X i ; Yi )gn

i =1 , the negative log-likelihood is
used as the error function:

L (Y;Ŷ ) = � logL(W; b j D ) = � logp(D j W; b);

For example, the traditional least squares error for regression is given by theL 2-norm:

L (Yi ; Ŷ (X i )) = kYi � Ŷ (X i )k2
2:

For classi�cation tasks, the negative cross-entropy loss is commonly used:

L (Yi ; Ŷ (X i )) = �
nX

i =1

Yi log Ŷ (X i ):

In a Bayesian framework, this error function is augmented with a prior distribution
over the model parameters, transforming the objective into a maximum a posteriori
(MAP) estimation problem [220]:

L � (Y;Ŷ ) = � logp(D j W; b) � logp(W; b j � );

where logp(W; b j � ) represents the log-prior and� is a regularization parameter that
controls the predictive bias-variance trade-o�. Hence, deep predictors are regularized
MAP estimators.

Regularization is critical in deep learning to control over�tting and balance the
bias-variance trade-o�. In a Bayesian setting, regularization can be interpreted as
introducing a prior over the model parameters. For instance, the commonL 2-norm
regularization (or weight decay) corresponds to a Gaussian prior:

p(W; b j � ) / exp
�
� � kW k2

2

�
:

Regularization ensures that the deep learning model does not overly rely on complex
patterns from the training data, and it helps the model generalize better to unseen
data. Deep probabilistic learning models often use Bayesian regularization and
optimization techniques to �ne-tune the model [23].

3.3.2 Dropout

Dropout [253] is a regularization technique that prevents over�tting by randomly
"dropping out" neurons during training with a probability p. This stochastic process
helps reduce the network's reliance on speci�c neurons, promoting more robust
feature learning. From a Bayesian perspective, dropout can be viewed as performing
approximate Bayesian inference, where each sub-network corresponds to a sample
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from a posterior distribution over the model parameters [99]. The dropout objective
can be written as:

min
W;b

ED � Bern(p)

h
kY � f (W (D � X ) + b) k2

2

i
;

where D is a random dropout mask, and� denotes element-wise multiplication.
Dropout regularizes the model by marginalizing over many possible network

structures during training, making it less likely for the model to over�t to any speci�c
set of input features [220].

3.3.3 Stochastic Gradient Descent (SGD)

Stochastic Gradient Descent (SGD) is a widely used optimization algorithm in
deep learning, especially for training large models with vast datasets. Rather than
computing the gradient of the error function using the entire dataset, SGD estimates
the gradient based on mini-batches, leading to faster convergence. The update rule
for parameters W at step k is given by:

W (k+1) = W (k) � � r W L(W (k) ; b(k) j Dk );

where� is the learning rate, andDk is a mini-batch of data at iteration k. In Bayesian
deep learning, SGD is often combined with Bayesian techniques like variational
inference or MCMC to approximate the posterior distribution of the parameters [151].
Momentum-based variants such as Adam improve convergence speed and stability
by incorporating past gradients into the update step [151].

3.4 Expectation-Maximization Algorithm for MAP

The Expectation-Maximization (EM) algorithm [ 67] is a widely used iterative method
for �nding parameters' maximum likelihood estimates (MLE) in probabilistic mod-
els, especially when the data is incomplete or has hidden variables. When prior
information about the parameters is available, the EM algorithm can be adapted to
perform maximum a posteriori (MAP) estimation. This section discusses how the
EM algorithm can be applied for MAP estimation.

3.4.1 Introduction to EM Algorithm

The EM algorithm is designed to handle maximum likelihood estimation in models
with latent variables. Given observed data D and latent (hidden) variables Z , the
goal is to �nd the model parameters � that maximize the likelihood P(D; Z j � ).
The EM algorithm repeats two main steps at each iteration t until convergence:

E-step (Expectation): Compute the expected value of the complete-data log-
likelihood function, given the observed data and the current estimate of the
parameters � (t ) :

Q(� j � (t ) ) = EZ � p(�jD ;� ( t ) ) [logP(D; Z j � )] :
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M-step (Maximization): Update the parameters by maximizing the Q-function
over � :

� (t+1) = arg max
�

Q(� j � (t ) ):

The EM algorithm is particularly useful for estimating parameters in models
with hidden structures, such as Gaussian Mixture Models (GMM) or latent class
models.

3.4.2 EM Algorithm for MAP Estimation

Maximum A Posteriori (MAP) estimation is an extension of MLE that incorporates
prior knowledge about the parameters in the form of a prior distribution P(� ).
Instead of maximizing the likelihood P(D j � ), MAP maximizes the posterior
distribution of the parameters given the data D. This leads to a regularized form of
MLE, where the prior acts as a penalty term, steering the estimation towards prior
beliefs about the parameters.

The EM algorithm can be easily adapted to perform MAP estimation by including
the prior term in the M-step. The di�erence between MLE and MAP in the EM
algorithm lies in the update rule during the M-step. Instead of maximizing only
the expected complete-data log-likelihood, we maximize the expected complete-data
log-posterior, which combines the likelihood with the prior:

� (t+1) = arg max
�

Q(� j � (t ) ) + log P(� ):

3.4.3 EM with Gaussian Mixture Models (GMMs)

EM is often applied to �t Gaussian Mixture Models (GMMs) to the data. A GMM
assumes that the data is generated from a mixture ofK Gaussian distributions, each
representing a cluster:

p(x j� ) =
KX

k=1

� kN (x j� k ; � k );

where � k are the mixing coe�cients satisfying
P K

k=1 � k = 1 , � k and � k are the mean
and covariance of thek-th Gaussian component, and� = f � k ; � k ; � kgK

k=1 represents
all the parameters. The EM steps become:

E-step: Calculate the posterior probabilities of each data point x i for cluster k:


 ik =
� kN (x i j� k ; � k )

P K
j =1 � j N (x i j� j ; � j )

:

M-step: Update the parameters using the current responsibilities:

� new
k =

Nk

N
; � new

k =
1

Nk

NX

i =1


 ik x i ; � new
k =

1
Nk

NX

i =1


 ik (x i � � new
k )(x i � � new

k )> ;

where Nk =
P N

i =1 
 ik and N is the total number of data points.
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This process continues until convergence, typically when the change in the log-
likelihood function falls below a threshold. The soft assignments
 ik represent the
degree of membership of data pointx i to cluster k, embodying the essence of soft
clustering.

3.5 Transportation Theory

Transportation theory, also known as optimal transport, is a mathematical framework
that studies the most e�cient ways to transport resources from one distribution
to another. It has economics, logistics, machine learning, and computer vision
applications. Formally introduced by Gaspard Monge in 1781 and later developed
by Leonid Kantorovich in 1942, transportation theory aims to minimize the cost of
transporting goods while adhering to supply and demand constraints. The cost is
typically a function of the distance travelled or resources spent on transportation.
In this section, we will explore two key algorithms used in transportation theory:
the Sinkhorn�Knopp algorithm and the Hungarian algorithm.

3.5.1 Sinkhorn�Knopp Algorithm

The Sinkhorn�Knopp algorithm by Cuturi [61] is an iterative method to approximate
the optimal solution to a regularized optimal transport problem. It is particularly
useful when working with large datasets or when computational e�ciency is necessary.
In contrast, the original algorithm introduced by Richard Sinkhorn and Paul Knopp
in the 1960s [252] was designed to normalize non-negative matrices into doubly
stochastic matrices by scaling their rows and columns iteratively. This early version
was not focused on solving the optimal transport problem but rather on matrix
balancing under certain constraints.

In Cuturi's formulation, the problem typically starts with a matrix of transporta-
tion costs C and two distributions r (for the source) and c (for the destination).
The Sinkhorn�Knopp algorithm solves the entropy-regularized optimal transport
problem by introducing an additional entropy term, which smooths the solution
and makes it computationally easier to solve. The goal is to �nd a matrix P that
minimizes the following cost function:

arg min
P

X

i;j

Pij Cij + "
X

i;j

Pij logPij ;

subject to Pij 2 R> 0 and the marginal constraints P1 = r and P> 1 = c, where
" > 0 is the regularization parameter, and1 is the vector of ones. The algorithm
iteratively rescales the rows and columns ofP to satisfy these marginal constraints.

One of the key advantages of Cuturi's version of the Sinkhorn�Knopp algorithm
is that the entropy regularization " makes the optimization problem strictly convex,
ensuring an exact and unique solution. This regularization also makes the algorithm
computationally e�cient, particularly for large-scale problems where exact solutions
may be computationally prohibitive. Instead, it provides only an approximate
solution to the original transport problem due to the entropy term, which smooths
the optimization landscape.
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3.5.2 Hungarian Algorithm

The Hungarian algorithm [159], also known as the Kuhn-Munkres algorithm, is a
combinatorial optimization algorithm designed to solve the assignment problem, a
special case of transportation theory. The assignment problem aims to minimize the
total cost of assigning workers to tasks, where each worker is assigned exactly one
task, and each task is assigned exactly one worker.

Given a cost matrix C, where Cij represents the cost of assigning workeri to
task j , the Hungarian algorithm �nds the optimal assignment P that minimizes the
total cost:

arg min
P

X

i;j

Pij Cij ;

subject to binary constraint Pij 2 f 0; 1g and the constraints that each worker is
assigned to one task and each task to one workerP1 = 1 and P> 1 = 1. The
Hungarian algorithm has polynomial time complexity O(n3), making it e�cient
for moderate-sized problems. Although computationally intensive, it �nds exact
solutions and is preferred for smaller or moderately sized problems where precision
is necessary.

3.6 Representation Learning in Computer Vision

Representation learning has become a cornerstone of modern computer vision,
enabling the development of models that automatically extract hierarchical and
meaningful features from raw data without relying on handcrafted descriptors. This
paradigm shift, largely driven by advances in deep learning, has led to signi�cant
improvements in various tasks such as image classi�cation, object detection, and
semantic segmentation. In this section, we explore foundational concepts and
methodologies underpinning representation learning. We begin with theInforma-
tion Bottleneck principle, providing a theoretical framework for understanding the
trade-o�s in representation learning. We then delve into the Geometry of Lin-
ear Neural Networks, textitasizing equivariance and invariance under permutation
groups and their connection to pretext-task regularization in self-supervised learning.
Subsequently, we examine strategies inSelf-Supervised Representation Learning,
highlighting how models can learn robust features from unlabeled data. Finally, we
discuss theMulti-View Information Bottleneck approach, extending the Information
Bottleneck principle to scenarios involving multiple views or modalities.

3.6.1 Information Bottleneck

The Information Bottleneck (IB) method [ 266] is a theoretical framework that for-
malizes the trade-o� between compression and prediction in representation learning.
Given an input random variable X and a target variable Y , the IB principle seeks
to �nd a compressed representationT of X that retains maximal information about
Y . This is achieved by solving the following optimization problem:

min
p(t jx)

I (X ; T) � �I (T ; Y );
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where I (�; �) denotes mutual information, and � � 0 is a Lagrange multiplier control-
ling the trade-o� between the complexity of the representation and its predictive
power.

The mutual information I (X ; T) measures the amount of informationT retains
about X , e�ectively quantifying the compression. Conversely, I (T ; Y ) quanti�es the
predictive power of T regarding Y . By adjusting � , one can control the balance
between over�tting and under�tting, potentially leading to better generalization.

The IB framework has provided profound insights into the learning dynamics of
deep neural networks [265, 249]. It suggests that during training, neural networks
undergo acompression phase, where redundant information is discarded, and only
the most relevant features for the predictive task are retained. This perspective aligns
with learning minimal su�cient statistics, leading to more robust and generalizable
models.

3.6.2 Geometry of Linear Neural Networks

Linear neural networks, despite their simplicity, o�er valuable insights into the
geometric properties and optimization landscapes of deep models [144, 240]. These
networks allow for analytical tractability, facilitating the study of critical points,
convergence properties, and the e�ects of depth and width on learning dynamics.

Consider a linear neural network composed ofL layers, where the function
f : Rn ! Rm is de�ned as:

f (x) = W (L )W (L � 1) � � � W (1) x;

with W (l ) 2 Rn l � n l � 1 being the weight matrices at each layer.

Equivariance and Invariance under Permutation Groups

Equivariance and invariance are fundamental concepts in designing neural networks
that respect the symmetries inherent in data [26, 57]. Incorporating these prop-
erties into network architectures leads to more data-e�cient models with better
generalization capabilities.

A function f : Rn ! Rm is equivariant with respect to a group G if, for every
g 2 G and x 2 Rn ,

f (g � x) = g0� f (x);

where g � x denotes the group action onx, and g0 is the corresponding action on the
output space.

In contrast, f is invariant under G if:

f (g � x) = f (x); 8g 2 G:

Permutation groups Sn , consisting of all permutations of n elements, are partic-
ularly relevant in scenarios where the data is unordered, such as sets or point clouds.
For permutation equivariance, the function satis�es:

f (Px) = P f (x); 8P 2 Sn ;
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implying that permuting the input leads to a corresponding permutation of the
output.

For permutation invariance, the function satis�es:

f (Px) = f (x); 8P 2 Sn ;

indicating that the output is una�ected by permutations of the input.
Incorporating these properties into neural network architectures can be achieved

through speci�c designs. For instance,Deep Sets[316] propose functions of the form:

f (x) = �

 nX

i =1

� (x i )

!

;

where � and � are neural networks. This structure ensures permutation invariance,
making it suitable for processing sets.

Connection to Pretext-Task Regularization in Self-Supervised Learning
In self-supervised learning (SSL), pretext tasks exploit data's inherent structures and
symmetries to learn meaningful representations without manual annotations [140].
Models can be regularised by designing tasks that enforce equivariance or invariance
properties to focus on relevant features.

For example, solving jigsaw puzzles as a pretext task [204] involves predicting
the correct arrangement of permuted image patches. This task forces the model
to understand the spatial relationships between patches, promoting permutation
invariance in learned representations.

Similarly, contrastive learning methods [43, 123] rely on augmentations that
preserve semantic content but alter certain aspects of the data. By maximizing
agreement between representations of augmented views, models learn invariance to
these transformations.

Thus, the concepts of equivariance and invariance under permutation groups
provide a theoretical foundation for designing e�ective pretext tasks, enhancing the
robustness and generalization of representations learned through SSL in computer
vision.

3.6.3 Self-Supervised Representation Learning

Self-supervised learning leverages the vast amounts of unlabeled data by creating
surrogate tasks that provide supervisory signals [140]. This approach mitigates the
reliance on labelled datasets, which are often expensive and time-consuming.
Key self-supervised tasks in computer vision include:

ˆ Context Prediction : Predicting the relative position of image patches [72].
Models learn features capturing spatial con�gurations and object relationships.

ˆ Rotation Prediction : Classifying the rotation angle applied to an image [107].
This encourages orientation-sensitive feature learning.

ˆ Colorization : Inferring colour channels from grayscale images [321], promot-
ing the learning of semantic features associated with object identity.
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ˆ Contrastive Learning : Maximizing agreement between di�erent augmented
views of the same image while minimizing agreement with others [43, 123].
This leads to representations invariant to speci�c transformations.

ˆ Clustering-Based Methods : Assigning pseudo-labels through clustering
algorithms and training models to predict these labels [13, 31, 32, 33, 34].

These tasks are designed such that solving them requires understanding high-level
semantic information, enabling the model to learn transferable features useful for
downstream tasks.

3.6.4 Multi-View Information Bottleneck

The Multi-View Information Bottleneck (MVIB) framework [ 91] generalizes the IB
principle to settings with multiple views or where multiple modalities of the data
are available. In such scenarios, the goal is to learn representations that capture the
shared information between views while discarding view-speci�c noise.
Given two views X and Y , the MVIB objective is:

min
p(tx jx);p(ty jy)

I (X ; TX ) + I (Y ; TY ) � �I (TX ; TY );

where TX and TY are the representations ofX and Y , respectively.
By minimizing I (X ; TX ) and I (Y ; TY ), the framework encourages compression,

while maximizing I (TX ; TY ) promotes capturing shared information. The parameter
� balances these objectives.

By focusing on the shared information between views, MVIB-based models can
learn more generalizable and robust representations, which are crucial for tasks
involving variability in data acquisition conditions or modalities.

3.7 Linear Algebra Preliminaries

Linear algebra is a foundational mathematical discipline that deals with vector spaces
and linear mappings between them [256]. It provides essential tools for various �elds,
such as data analysis, machine learning, computer graphics, and control theory.
Understanding vectors, matrices, and their properties is crucial for advanced studies.

3.7.1 Vectors and Matrices

Operations: Addition, Multiplication A vector is an element of a vector
space, a collection of objects that can be added together and multiplied by scalars,
satisfying certain axioms [256]. InRn , a vector is an n-tuple of real numbers:

v =

2

6
6
6
6
4

v1

v2
...

vn

3

7
7
7
7
5

:
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Matrices are rectangular arrays of numbers or functions that represent linear
transformations and can be used to solve systems of linear equations [256]. An m � n
matrix A is de�ned as:

A =

2

6
6
6
6
4

a11 a12 : : : a1n

a21 a22 : : : a2n
...

...
. . .

...
am1 am2 : : : amn

3

7
7
7
7
5

:

Basic operations include:

ˆ Addition : Vectors and matrices of the same dimensions can be added element-
wise:

v + w =

2

6
6
6
6
4

v1 + w1

v2 + w2
...

vn + wn

3

7
7
7
7
5

;

A + B =
h
aij + bij

i
:

ˆ Scalar Multiplication : Multiplying a vector or matrix by a scalar � :

� v =

2

6
6
6
6
4

�v 1

�v 2
...

�v n

3

7
7
7
7
5

;

�A =
h
�a ij

i
:

ˆ Matrix Multiplication : The product of an m � n matrix A and an n � p
matrix B is an m � p matrix C:

C = AB; c ij =
nX

k=1

aik bkj :

Matrix multiplication is associative and distributive but not commutative in
general [256].

ˆ Dot Product : The dot product (inner product) of two vectors v; w 2 Rn :

v � w =
nX

i =1

vi wi :

This operation de�nes the geometric concept of the angle between vectors and
is fundamental in projections and orthogonality [256].

These operations are essential for manipulating and understanding linear systems,
transformations, and the structure of vector spaces.
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3.7.2 Eigenvalues, Eigenvectors and Eigenspace

De�nitions and Interpretations Given a square matrix A 2 Rn� n , a scalar
� 2 C and a non-zero vectorv 2 Cn satisfy the equation:

Av = � v;

Here, � is called aneigenvalueof A, and v is the correspondingeigenvector. The
eigenvectorv indicates an invariant direction under the transformation A, except
for scaling by � . Collecting all eigenvectors associated with� and the zero vec-
tor forms the eigenspacecorresponding to � . The set of all eigenvalues ofA is
known as the spectrum of A, � (A). Eigenvalues and eigenvectors have profound
interpretations [164]:

ˆ Invariant Directions : Eigenvectors represent directions in which the linear
transformation A acts as a simple scaling by� .

ˆ Stability Analysis : Eigenvalues determine system stability in di�erential
equations and dynamical systems.

ˆ Principal Components : In statistics, eigenvectors of the covariance matrix
de�ne the principal components in principal component analysis (PCA) [217].

The eigenvalues can be found by solving the characteristic equation:

det(A � �I ) = 0 ;

where I is the identity matrix. Once the eigenvalues are known, the eigenvectors
can be found by solving the homogeneous system of linear equations(A � �I )v = 0,
where 0 is a vector of all zeros.

3.7.3 Matrix Decompositions

Matrix decompositions are methods of factoring matrices into products of matrices
with speci�c properties, which are instrumental in numerical analysis, optimization,
and theoretical studies.

Singular Value Decomposition (SVD) The Singular Value Decomposition
(SVD) is a factorization of any m � n real or complex matrix A into three matrices:

A = U� V > ;

where:

ˆ U is an m � m orthogonal matrix whose columns are the left singular vectors.

ˆ � is an m � n diagonal matrix with non-negative real numbers � i on the
diagonal, known as the singular values.

ˆ V is an n � n orthogonal matrix whose columns are the right singular vectors.
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Properties and applications of SVD:

ˆ Low-Rank Approximations : The best rank-k approximation of A in the
least-squares sense is given by truncating the SVD [79, 129].

ˆ Data Compression : Used in image compression and latent semantic analysis
in natural language processing.

ˆ Solving Ill-Posed Problems : Provides stable solutions to linear inverse
problems.

Eigenvalue Decomposition For a square matrix A 2 Rn� n that is diagonal-
izable, the eigenvalue decompositionexpressesA in terms of its eigenvalues and
eigenvectors [164]:

A = V � V � 1;

where:

ˆ V is the matrix whose columns are the eigenvectors ofA.

ˆ � is the diagonal matrix of eigenvalues.

For symmetric matrices (A = A> ), spectral decomposition takes a simpler form due
to the spectral theorem [164]:

ˆ Orthogonal Diagonalization : A real symmetric matrix A can be diagonal-
ized by an orthogonal matrix Q:

A = Q� Q> ;

where Q contains the normalized eigenvectors ofA , and Q> Q = QQ> = I .

ˆ Properties : The eigenvalues and the eigenvectors are real,� 2 R and v 2 Rn ,
and eigenvectors corresponding to distinct eigenvalues are orthogonal.

Not all matrices are diagonalizable; necessary and su�cient conditions involve the
algebraic and geometric multiplicities of eigenvalues [164]. Eigenvalues decomposition
is mostly used to simplify the analysis of linear time-invariant systems and facilitates
the solution of systems of linear di�erential equations.

3.8 Introduction to Clustering

Clustering is an unsupervised learning technique that involves grouping a set of
objects into clusters such that objects within the same cluster are more similar than
those in other clusters. This method is fundamental in various domains, including
image segmentation, market research, social network analysis, and bioinformatics.
By identifying inherent structures in data, clustering aids in discovering patterns,
simplifying data complexity, and generating hypotheses for further analysis.
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Hard vs. Soft Clustering Clustering algorithms can be categorized into hard
and soft clustering methods. Inhard clustering, each data point exclusively belongs
to one cluster. Algorithms like K-Means [193] assign data points de�nitively to
clusters based on proximity to cluster centroids. Conversely,soft clustering allows
data points to belong to multiple clusters with varying degrees of membership.
Expectation-Maximization (EM) algorithm [ 67] is a soft clustering algorithm that
assigns membership levels to data points, providing a probabilistic cluster assignment.

3.8.1 Similarity Measures

Metrics for Determining Similarity Similarity measures are pivotal in cluster-
ing as they de�ne how the similarity between data points is quanti�ed. Common
metrics include:

ˆ Euclidean Distance : It is widely used in continuous, real-valued spaces

dEuclidean (x ; y) =

vu
u
t

nX

i =1

(x i � yi )2;

ˆ Manhattan Distance : Useful in high-dimensional spaces where the Euclidean
distance can become less discriminative

dManhattan (x ; y) =
nX

i =1

jx i � yi j;

ˆ Cosine Similarity : E�ective in text mining and information retrieval where
the magnitude of vectors is less important than their orientation

CosineSim(x; y) =
x � y

kxkkyk
;

ˆ Jaccard Index : Suitable to quantify the similarity of binary or categorical
data

J (x ; y) =
jx \ y j
jx [ y j

:

The choice of similarity measure impacts the shape and cohesion of the resulting
clusters and should align with the nature of the data and the problem domain [278].

3.8.2 Kernel Functions

Kernel functions are mathematical tools that transform data into a higher-dimensional
feature space without explicitly computing the data coordinates in that space [244].
This approach allows algorithms to perform linear separations in complex, non-linear
data distributions by implicitly mapping input data into a higher-dimensional space
where linear relationships become apparent.

The kernel trick is a technique that enables algorithms to operate in high-
dimensional feature spaces using kernel functions without computing the coordinates
in that space explicitly [244]. By expressing the algorithm solely in terms of dot
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products, which are replaced with kernel functions, computational e�ciency is
maintained while bene�ting from the higher-dimensional representation.
Some widely used kernel functions include:

ˆ Linear Kernel : Suitable for linearly separable data.

K (x ; y) = x> y;

ˆ Polynomial Kernel : Allows curved boundaries in the original feature space.

K (x ; y) = ( x> y + c)d;

ˆ Radial Basis Function (RBF) Kernel : Highly e�ective for non-linear data
distributions.

K (x ; y) = exp
�
� 
 kx � yk2

�
;

ˆ Sigmoid Kernel : Resembles neural network activation functions.

K (x ; y) = tanh( � x> y + c):

In clustering, kernel functions enhance traditional algorithms by capturing non-
linear relationships within the data. Kernel K-Means extends the standard K-Means
algorithm by incorporating kernel functions to compute distances in the transformed
feature space [69]. This allows non-linearly separable clusters in the original space
to be detected.

3.8.3 Common Clustering Algorithms

K-Means Clustering K-Means is a partitioning method that divides a dataset
into K non-overlapping clusters [193]. It minimizes the within-cluster sum of squares:

min
f � i g

K
i =1

KX

i =1

X

x 2 Ci

kx � � i k
2;

where � i is the centroid of cluster Ci . The algorithm iteratively assigns data points
to the nearest centroid and updates centroids until convergence.

Hierarchical Clustering Hierarchical clustering builds a hierarchy of clusters
either agglomeratively (bottom-up) or divisively (top-down) [ 141]. Agglomerative
clustering starts with each data point as a singleton cluster and merges the closest
pairs of clusters iteratively. Divisive clustering starts with all data points in one
cluster and recursively splits them. The result is often visualized as a dendrogram,
illustrating the nested grouping of data points.

Density-Based Clustering Density-Based Spatial Clustering of Applications
with Noise (DBSCAN) identi�es clusters as areas of high density separated by areas
of low-density [84]. A cluster is de�ned by two parameters: " (the maximum distance
between two samples to be considered neighbours) andMinPts (the minimum number
of points required to form a dense region). DBSCAN is robust to outliers and can
�nd clusters of arbitrary shapes.
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Expectation-Maximization (EM) Algorithm In clustering, EM is often ap-
plied to �t Gaussian Mixture Models (GMMs) to the data [67]; see Section 3.4.

A GMM assumes the data is generated from a mixture ofK Gaussian distri-
butions, each representing a cluster. Compared to K-Means, which assigns each
data point to the nearest cluster centroid, EM provides a probabilistic framework
that can model clusters of di�erent shapes and sizes due to the covariance matrices.
This makes EM particularly suitable for data with overlapping clusters and varying
densities [23].

3.9 Basic Concepts in Graph Theory

Graph theory is a fundamental area of discrete mathematics that studies graphs
and mathematical structures used to model pairwise relations between objects.
Graphs are widely used in various �elds, including computer science, biology, social
sciences, and engineering, to represent communication networks, data organization,
computational devices, and more [70].

3.9.1 De�nitions and Terminology

Graphs, Vertices (Nodes), Edges (Links) A graph G is de�ned as an ordered
pair G = ( V; E), where V is a �nite set of vertices (also callednodes), and E is a set
of edges(also referred to aslinks) connecting pairs of vertices. Each edge is a subset
of V of size two, representing a connection between two distinct vertices.

For example, in an undirected graph, an edgef u; vg indicates a bidirectional
relationship between verticesu and v. In contrast, in a directed graph, edges are
ordered pairs (u; v), representing a directed relationship from vertexu (the tail ) to
vertex v (the head) [70].

Degree of a Vertex The degreeof a vertex v, denoted deg(v), in an undirected
graph is the number of edges incident tov. Mathematically,

deg(v) = jf e 2 E j v 2 egj:

In directed graphs, we distinguish betweenin-degree and out-degree. The in-degree
deg� (v) is the number of edges for whichv is the head, and the out-degreedeg+ (v)
is the number of edges for whichv is the tail:

deg� (v) = jf (u; v) 2 Egj; deg+ (v) = jf (v; u) 2 Egj:

Paths, Cycles, and Connectivity A path in a graph is a sequence of vertices
(v0; v1; : : : ; vk ) such that each consecutive pair(vi � 1; vi ) is connected by an edge in
E . If all vertices in the path are distinct, it is called a simple path.

A cycle is a path where the �rst and last vertices are the same (v0 = vk ), and
all other vertices are distinct. Cycles are signi�cant in determining properties like
acyclicity in graphs.

A graph is connected if a path exists between every pair of vertices. In directed
graphs, strong connectivity requires that for every pair of verticesu and v, there is a
directed path from u to v and from v to u [70].
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3.9.2 Types of Graphs

Undirected vs. Directed Graphs In an undirected graph, edges have no orien-
tation; the relationship between connected vertices is bidirectional. Formally, edges
are unordered pairsf u; vg.

A directed graph, or digraph, consists of vertices connected by edges with a
speci�c direction, represented as ordered pairs(u; v). This directionality is essential
in modelling asymmetric relationships, such as web page links or one-way streets in
tra�c networks.

Weighted vs. Unweighted Graphs A weighted graphassigns a numerical value,
or weight, to each edge, represented by a weight functionw : E ! R. Weights can
represent costs, distances, capacities, or other attributes relevant to the modelled
system.

An unweighted graphis a special case where all edges are considered equal,
assigning the same weight (often 1) to every edge. Weighted graphs are particularly
useful in optimization problems like �nding the shortest path or the minimum
spanning tree.

Bipartite Graphs A graph G = ( V; E) is bipartite if its vertex set V can be
partitioned into two disjoint sets V1 and V2 such that every edge connects a vertex
from V1 to one in V2, and no edges exist between vertices within the same set [70].
Formally,

E � ff u; vg j u 2 V1; v 2 V2g:

The absence of odd-length cycles characterizes bipartite graphs, and they are widely
used in modelling relationships between two distinct classes of objects, such as in
matching problems or recommendation systems [70].

Trees and Forests A tree is a connected undirected graph with no cycles [70].
Trees are acyclic by de�nition and have several important properties:

ˆ A tree with n vertices has exactlyn � 1 edges.

ˆ There is a unique simple path between any two vertices.

ˆ Removing any edge disconnects the tree.

A forest is a disjoint union of trees, essentially an acyclic undirected graph that is
not necessarily connected [70]. Trees and forests are fundamental in data structures
and algorithms, serving as the basis for hierarchies, spanning trees, and more.

3.10 Matrix Representations of Graphs

Matrix representations play a pivotal role in graph theory, enabling linear algebraic
methods to analyze and interpret the structural properties of graphs [55]. These
representations facilitate connectivity, �ow, and spectral properties computations,
essential in network analysis, computer science, and applied mathematics.
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3.10.1 Adjacency Matrix

Representation and Properties The adjacency matrix A of a graph G = ( V; E)
with n vertices is ann � n matrix where each elementaij indicates the presence
(and possibly the weight) of an edge between verticesi and j [70]. Formally, for an
unweighted undirected graph:

aij =

(
1; if (i; j ) 2 E;

0; otherwise:

Key properties of the adjacency matrix include:

ˆ Symmetry : For undirected graphs, A is symmetric (A = A> ).

ˆ Eigenvalues : The spectrum of A provides insights into graph properties such
as connectivity and can be used in algorithms like spectral clustering [55].

ˆ Powers of A: The element (Ak ) ij counts the number of walks of lengthk
between verticesi and j .

In weighted graphs, aij represents the weight of the edge betweeni and j , and
for directed graphs, A is generally not symmetric, with aij indicating a directed
edge fromi to j . Formally, for a weighted undirected graph, we haveaij = w(i; j ),
representing the weight associated with the edge(i; j ) obtained from a similarity
measure of the nodes, see Sections 3.8.1 and 3.8.2.

3.10.2 Degree Matrix

Construction and Signi�cance The degree matrix D is a diagonal matrix
containing information about each vertex's degree in the graph. For a graph with
vertex set V , the degree matrix is de�ned as:

dii = deg(vi ) =
nX

j =1

aij ; and dij = 0 for i 6= j:

Properties and signi�cance of the degree matrix:

ˆ Diagonal Elements : Each diagonal elementdii represents the degree of
vertex vi , accounting for the number of edges incident tovi .

ˆ Graph Laplacian Construction : D is essential in forming the Laplacian
matrix L = D � A, which encodes important information about the graph's
connectivity and spectral properties [196].

3.10.3 Laplacian Matrix

De�nition: L = D � A The Laplacian matrix L of a graph is de�ned as the
di�erence between the degree matrixD and the adjacency matrix A [55]:

L = D � A:

For weighted graphs, the de�nition extends by incorporating edge weights intoA
and the degrees inD .
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Properties in Graph Analysis The Laplacian matrix encapsulates both local
and global structural information of the graph:

ˆ Positive Semi-de�niteness : L is a symmetric, positive semi-de�nite matrix.

ˆ Eigenvalues and Connectivity : The smallest eigenvalue ofL is zero, corre-
sponding to the constant eigenvector1. The multiplicity of the zero eigenvalue
equals the number of connected components in the graph [94].

ˆ Quadratic Form : For any vector x 2 Rn , the quadratic form is:

x> Lx =
X

(i;j )2 E

(x i � x j )2;

which is instrumental in methods like spectral clustering and graph partitioning.

ˆ Kirchho�'s Matrix-Tree Theorem : The determinant of any cofactor of L
equals the number of spanning trees in the graph [55].

3.10.4 Normalized Laplacian

De�nition and Applications The normalized Laplacian matrix L accounts for
vertex degrees, particularly in graphs with varying degrees [55]:

L = D � 1=2LD � 1=2 = I � D � 1=2AD � 1=2;

where I is the identity matrix. The corresponding rows and columns in L are zero
for vertices with zero degrees.
Applications of the normalized Laplacian include:

ˆ Spectral Clustering : Utilizing eigenvalues and eigenvectors ofL to partition
graphs into clusters based on connectivity [201].

ˆ Di�usion Processes : Modeling heat di�usion and random walks on graphs [58].

ˆ Cheeger's Inequality : Relates the second-smallest eigenvalue ofL to the
graph's isoperimetric number, providing bounds on graph conductance [55].

Relation to Random Walks The normalized Laplacian is intrinsically linked to
random walk dynamics on graphs [190]. Consider the transition probability matrix
P of a random walk:

P = D � 1A:

This matrix describes the probabilities of transitioning from one vertex to another
in a single step.

The relationship betweenL and P is given by:

L = I � D � 1=2PD1=2:

This connection allows using spectral properties ofL to analyze random walks,
including mixing times and stationary distributions. Understanding the spectral
properties ofL facilitates the study of convergence rates of random walks and Markov
chains on graphs, which has implications in network analysis, sampling methods,
and stochastic processes [190].
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3.11 Graph Cuts and the Min-Cut Problem

Graph cuts are pivotal in understanding the structural properties of networks,
facilitating the analysis of connectivity, �ow capacities, and segmentation. The
min-cut problem is a classical problem that �nds numerous applications, including
network reliability analysis, image segmentation [247], and clustering.

3.11.1 De�nition of a Cut

Let G = ( V; E) be a �nite, undirected graph, possibly with edge weightsw : E ! R� 0.
A cut is a partition of V into two non-empty disjoint subsets S and �S = V nS. Cuts
are instrumental in evaluating the separation properties of graphs.
An edge cutis de�ned as:

C(S; �S) = f (u; v) 2 E j u 2 S; v 2 �Sg:

The capacity of the cut is given by:

Cut(C) =
X

(u;v )2 C(S; �S)

w(u; v):

In applications such as network �ow, the capacities represent the maximum amount
of �ow that can cross the cut. A node cut is a subset of verticesU � V whose
removal disconnects the graph.

3.11.2 Min-Cut and Max-Flow Theorem

The minimum cut problem seeks a cut of minimal capacity. This problem is central to
the study of network reliability and vulnerability. In a �ow network, this problem is
intimately connected to the maximum �ow problem, which aims to maximize the total
�ow from a source nodes to a sink node t without exceeding edge capacities. The
Max-Flow Min-Cut Theorem [ 96] establishes the equivalence between the maximum
�ow in a network and the minimal capacity of an s-t cut:

max
f

(
X

v2 V

f sv � f vs

)

= min
C

f Cut (C)g;

where f uv denotes the �ow from node u to node v.
Several algorithms exist for computing maximum �ows and minimum cuts:

ˆ Ford-Fulkerson Method [96]: Utilizes augmenting paths to incrementally
increase �ow. While conceptually simple, its e�ciency depends on the choice
of augmenting paths.

ˆ Edmonds-Karp Algorithm [80]: An implementation of Ford-Fulkerson using
shortest augmenting paths found via breadth-�rst search (BFS), ensuring a
polynomial time complexity of O(V E2).

ˆ Dinic's Algorithm [71]: Introduces the concept of level graphs and block-
ing �ows, achieving a time complexity of O(V 2E). Particularly e�cient for
networks with unit capacities.
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These algorithms form the foundation of combinatorial optimization and have
been extended to solve related problems in various domains.

3.11.3 Limitations of Standard Cut Measures

While combinatorial algorithms e�ciently compute the minimum cut or maximum
�ow in a network, they often result in unbalanced partitions or community struc-
tures that are not useful for applications like clustering, image segmentation, and
community detection.

Standard min-cut criteria may result in trivial solutions, such as isolating a single
vertex or a small subset, leading to unbalanced partitions. This issue is particularly
problematic in clustering and image segmentation, where balanced and meaningful
partitions are desired [247].
To address this limitation, several alternative cut criteria have been developed:

ˆ Normalized Cut (Ncut) [247]: Measures the disassociation between groups
normalized by their association within the groups:

Ncut(S; �S) =
Cut(S; �S)
Assoc(S)

+
Cut(S; �S)
Assoc( �S)

;

where Assoc(S) =
P

u2 S
P

v2 V w(u; v).

ˆ Ratio Cut [115]: Balances the cut by considering the size of the partitions:

Rcut(S; �S) =
Cut(S; �S)

jSj
+

Cut(S; �S)
j �Sj

:

ˆ Conductance [55]: Evaluates the quality of the cut based on the volume of
the partitions:

�( S) =
Cut(S; �S)

minf Vol(S); Vol( �S)g
;

where Vol(S) =
P

u2 S
P

v2 V w(u; v).

These measures have been instrumental in spectral clustering methods [201],
where the graph Laplacian's eigenvalues and eigenvectors are used to �nd balanced
partitions.

3.12 Spectral Graph Theory Basics

Spectral graph theory is a branch of mathematics that studies the properties of
graphs by analyzing the spectra (eigenvalues and eigenvectors) of matrices associated
with graphs, such as the adjacency matrix and the Laplacian matrix [55]. This �eld
bridges discrete graph theory and continuous linear algebra, providing powerful tools
for understanding graph structure, connectivity, and partitioning. Spectral methods
have applications in computer science, physics, chemistry, and network analysis.
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3.12.1 Eigenvalues and Graph Properties

The eigenvalues of graph-associated matrices encapsulate critical information about
the graph's structural characteristics. By studying these eigenvalues, one can infer
properties such as the graph's connectivity, expansion, and robustness [55].

Connectivity and Expansion Connectivity in graphs refers to the degree to
which vertices are connected to each other. The algebraic connectivity, de�ned as
the second-smallest eigenvalue� 2 of the Laplacian matrix L , provides a quantitative
measure of a graph's connectivity [94]. A larger� 2 implies stronger connectivity.

Mathematically, for a graph G with Laplacian L , the eigenvalues satisfy:

0 = � 1 � � 2 � � � � � � n ;

wheren is the number of vertices. The multiplicity of the zero eigenvalues corresponds
to the number of connected components inG [55].

Expansion properties relate to how well-connected di�erent parts of the graph
are, which is essential in understanding network robustness and �ow capacities. The
expansion can be quanti�ed using theedge expansionh(G) of a graph G, de�ned as:

h(G) = min
S� V

0< jSj� n
2

j@Sj
jSj

;

where @Sis the set of edges with one endpoint inS and the other in V n S.
The edge expansion is related to the eigenvalues of the Laplacian through

Cheeger's inequality, which provides bounds onh(G) in terms of � 2 [55].

Cheeger's Inequality Cheeger's inequality establishes a profound connection
between the combinatorial property of a graph's edge expansion and the spectral
property of its Laplacian eigenvalues [55]. Speci�cally, for a �nite, simple, connected,
undirected graph G, Cheeger's inequality states:

� 2

2
� h(G) �

p
2� 2:

This inequality implies that if � 2 is small, the graph has a bottleneck, and
a partition separates the graph into two sets with relatively few edges between
them [55]. Conversely, a large� 2 indicates that the graph is well-connected.

The inequality is instrumental in graph partitioning, where the goal is to divide
the graph into subsets (partitions) while minimizing the number of edges cut (edges
that have endpoints in di�erent subsets). Spectral methods utilize the eigenvectors
corresponding to � 2 (the Fiedler vector) to �nd such partitions [95].

3.12.2 Graph Partitioning

Graph partitioning is a fundamental problem with applications in parallel computing,
network design, image segmentation, and data clustering. The objective is to partition
the set of verticesV into disjoint subsets that satisfy certain balance criteria while
minimizing the number of edges between the subsets [278]. Graph partitioning
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is an NP-hard combinatorial optimization problem, and spectral methods provide
e�cient solutions to the relaxed problem [ 247]. Recent advances focus on improving
scalability for large graphs, incorporating edge weights, and handling dynamic
graphs [201].

Dividing Graphs into Subsets The spectral approach to graph partitioning
involves using the eigenvalues and eigenvectors of graph matrices to inform the
partitioning process [278]. The procedure generally includes the following steps:

1. Compute the Laplacian Matrix : For the graph G, compute its (normalized)
Laplacian matrix L .

2. Find Eigenvectors : Compute the eigenvalues and eigenvectors ofL , par-
ticularly focusing on the second-smallest eigenvalue� 2 and its corresponding
eigenvectorv2.

Lv2 = � 2v2;

3. Use the Fiedler Vector : The components ofv2, known as theFiedler vector,
are used to partition the graph. Vertices corresponding to positive components
are assigned to one subset, and those corresponding to negative components
are assigned to another [95].

4. Optimize the Cut : Further re�nement may involve optimizing the partition
to balance subset sizes and minimize edge cuts.

Mathematically, the partitioning can be formulated as an optimization problem
using the Rayleigh quotient [247]:

min
x 2 Rn

x> Lx
x> x

;

subject to constraints on x that enforce the desired partitioning criteria [278].

Spectral Clustering Spectral graph partitioning is closely related to spectral
clustering, a method used in machine learning for grouping data points [201]. The
graph representation of data is constructed, and the Laplacian's eigenvectors are
used to project data into a lower-dimensional space where clustering is performed.

Multiway Partitioning While the Fiedler vector provides a natural way to par-
tition a graph into two subsets, multiway partitioning divides the graph into more
than two subsets [247, 201]. Techniques involve using multiple eigenvectors corre-
sponding to the smallest non-zero eigenvalues, constructing a spectral embedding,
and applying clustering algorithms like k-means in this spectral space [278].
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3.13 Introduction to Perturbation Theory

Perturbation theory is a fundamental tool in numerical analysis and applied mathe-
matics, providing insights into how small changes in a system can a�ect its behaviour.
In linear algebra, perturbation theory examines the sensitivity of matrix properties
to perturbations, such as eigenvalues and eigenvectors. This is particularly cru-
cial in applications involving large-scale computations where rounding errors and
approximations are inevitable.

3.13.1 Basics of Perturbation Theory in Linear Algebra

Perturbation theory in linear algebra focuses on understanding how small changes in
a matrix A in�uence its spectral properties. Given a matrix A and a perturbation
� A, the perturbed matrix is ~A = A + � A. The goal is to relate the changes inA to
changes in its eigenvalues� and eigenvectorsx.

E�ects of Small Changes in Matrices The eigenvalues of a matrix are not
always stable under perturbations. For a simple eigenvalue� of A with corresponding
eigenvectorv, the �rst-order perturbation of the eigenvalue is given by [143]:

~� = � +
xH(� A)x

xHx
;

where xH denotes the conjugate transpose ofx . This expression shows that the
change in the eigenvalue is proportional to the Rayleigh quotient of� A with respect
to x .

The situation is more complex for matrices with multiple eigenvalues due to
potential eigenvalue splitting. The Bauer-Fike Theorem provides an upper bound
on the perturbation of eigenvalues for diagonalizable matrices [19]:

min
~� 2 � ( ~A)

j~� � � j � � (X )k� Ak2;

where � ( ~A) denotes the spectrum of ~A, X is the matrix of eigenvectors of A,
� (X ) = kX k2kX � 1k2 is the condition number of X , and k � k2 is the spectral norm.

Applications in Graph Theory In graph theory, matrices such as the adjacency
or Laplacian matrix represent graphs. Perturbations in these matrices correspond
to changes in the graph's structure, such as adding or removing edges or nodes.
Understanding the e�ects of these perturbations is essential for analyzing the stability
and robustness of graph-based algorithms.

The stability of graph invariants under perturbations is critical in network
analysis. For example, the eigenvalues of the graph Laplacian are related to important
properties like connectivity and clustering [55]. Small perturbations in the graph
can signi�cantly a�ect these eigenvalues, impacting algorithms that rely on spectral
properties.

Consider a graphG with Laplacian matrix L and a perturbed graph ~G with
Laplacian ~L = L + � L . The Courant-Fischer theorem provides bounds on the
eigenvalues of~L based on the perturbation � L [127].
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The robustness of network properties under perturbations is also studied using
concepts like spectral gap and algebraic connectivity (the second smallest eigen-
value of the Laplacian). These measures indicate how resilient a network is to
disruptions [94].

3.13.2 Perturbation in Spectral Clustering

Spectral clustering is a widely used technique that leverages the eigenvalues and
eigenvectors of the graph Laplacian to partition data points into clusters [278].
However, perturbations in the data or the similarity graph can a�ect the spectral
embedding, leading to changes in the clustering results.

Impact on Clustering Results The impact of perturbations on spectral cluster-
ing can be analyzed by examining how changes in the Laplacian matrixL in�uence
its eigenvectors. If � L represents a small perturbation toL , the eigenvectors will
generally shift slightly. However, even small changes in the leading eigenvectors can
result in signi�cant di�erences in clustering assignments, particularly near cluster
boundaries where points are more ambiguously associated with clusters [201].

Let � 1 � � 2 � � � � � � n represent the eigenvalues ofL and x1; x2; : : : ; xn their
corresponding eigenvectors. The Davis-Kahansin � theorem provides a theoretical
bound on how much the eigenspace spanned by the leading eigenvectors of the
perturbed Laplacian ~L = L + � L can deviate from the original eigenspace ofL [66].
The bound is expressed as:

k sin �( U; ~U)kF �
k� LkF

�
;

where k � kF is the Frobenius norm, U and ~U are the matrices whose columns consist
of the eigenvectors ofL and ~L, respectively, and� is the spectral gap between the
relevant eigenvalues (i.e., the di�erence between the largest and smallest eigenvalues
within the subset of interest).

In this context, sin � represents the angle between the subspaces spanned by
the eigenvectors of the original Laplacian and the perturbed Laplacian. Speci�cally,
� is a matrix containing the angles between corresponding pairs of eigenvectors
from the original and perturbed eigenspaces (principal angles), andsin � provides a
measure of how much these eigenspaces have shifted due to the perturbation. The

norm k sin �( U; ~U)kF =
q P d

i sin2 � i quanti�es the largest possible angular deviation
between the two subspaces of rankd as a function of the d principal angles.

This result shows that if the spectral gap � is small, even minor perturbations
in the Laplacian can lead to large changes in the corresponding eigenspace, thus
signi�cantly altering the clustering outcome. Therefore, the stability of spectral
clustering is highly sensitive to both the Laplacian's spectral properties and the
perturbations' size applied [278].

3.14 Transformers

Transformers have revolutionized the �eld of natural language processing (NLP)
by enabling models to capture long-range dependencies more e�ectively than tradi-
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tional recurrent neural networks (RNNs). Introduced by Vaswani et al. [275], the
Transformer architecture relies entirely on attention mechanisms, dispensing with
recurrence and convolution. This paradigm shift has led to signi�cant advancements
in various NLP tasks, including machine translation, language modelling, and text
generation.

3.14.1 The Transformer Architecture

The Transformer architecture consists of an encoder and a decoder, both built from
layers of self-attention and feed-forward neural networks. The encoder maps an input
sequence of symbol representationsx = ( x1; : : : ; xn ) to a sequence of continuous
representationsz = ( z1; : : : ; zn ). Given z, the decoder generates an output sequence
y = ( y1; : : : ; ym ) one element at a time.

Self-Attention Mechanism At the core of the Transformer is the self-attention
mechanism, which allows the model to weigh the signi�cance of di�erent elements in
the input sequence. For a given input sequence, the self-attention computes a set of
queriesQ, keys K , and valuesV through learned linear projections:

Q = XW Q ; K = XW K ; V = XW V ; (3.1)

where W Q ; W K ; W V are parameter matrices andX is the input matrix.
The attention scores are computed using the scaled dot-product attention [275]:

Attention (Q; K; V ) = softmax

 
QK >
p

dk

!

V; (3.2)

where dk is the dimension of the keys.
To enhance the model's ability to focus on di�erent representation subspaces, multi-
head attention is employed:

MultiHead (Q; K; V ) = Concat(head1; : : : ; headh)W O ; (3.3)

with each head calculated as:

headi = Attention (QW Q
i ; KW K

i ; V WV
i ): (3.4)

Positional Encoding Since the Transformer lacks recurrence, positional informa-
tion is injected using positional encodings. These encodings are added to the input
embeddings to provide information about the relative or absolute position of tokens:

PE(pos;2i ) = sin
�

pos
100002i=dmodel

�
; PE(pos;2i +1) = cos

�
pos

100002i=dmodel

�
; (3.5)

where pos is the position, i is the dimension anddmodel is the hidden dimension of
the model.

Applications of Transformers Transformers have been applied successfully
across various domains. In NLP, they have led to the development of pre-trained
language models like BERT [147] and GPT [223, 224], which have set new benchmarks
in tasks like question answering and text summarization. Beyond NLP, Transformers
have been adapted for speech recognition [74] and even reinforcement learning [215].
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3.14.2 Vision Transformers

The success of Transformers in NLP has inspired their application to computer vision
tasks, leading to the development of Vision Transformers (ViT) [76]. ViT models
have demonstrated that pure Transformer architectures can achieve state-of-the-art
results on image recognition tasks without convolutional layers.

Adapting Transformers to vision involves representing images as sequences of
patches, similar to tokens in NLP. An image is divided into �xed-size patches,
�attened, and linearly projected into embeddings.

Patch Embeddings Given an imagex 2 RH � W � C , it is reshaped into a sequence
of �attened 2D patches xp 2 RN � (P 2 �C) , where (H; W ) is the resolution of the
original image, C is the number of channels,(P; P) is the resolution of each image
patch, and N = HW=P 2 is the resulting number of patches [76].
Each patch is embedded using a trainable linear projectionE :

z0 = [ x1
pE; x2

pE; : : : ; xN
p E] + Epos; (3.6)

where Epos is the positional encoding added to retain spatial information.

Modi�cations to the Transformer Architecture ViT largely follows the
standard Transformer architecture but with adjustments to accommodate visual
data. Notable modi�cations include:

ˆ Class Token : A learnable embeddingzclass is prepended to the sequence
of embedded patches. The �nal hidden state corresponding to this token
represents the whole image for classi�cation tasks.

ˆ Positional Encodings : Since images have a two-dimensional structure, 2D
positional encodings or learned positional embeddings can be used [76].

ˆ Data Augmentation and Regularization : Techniques like stochastic
depth [130], dropout [253], and data augmentation methods are essential to
prevent over�tting, especially when training on smaller datasets.

Performance and Impact ViT models have achieved remarkable performance on
image classi�cation benchmarks like ImageNet [68] and have been extended to tasks
such as object detection [30] and segmentation [257]. The ability of Transformers to
capture global context makes them well-suited for vision tasks where understanding
the overall image structure is crucial.

The introduction of ViT has spurred research into hybrid models that combine
convolutional neural networks (CNNs) and Transformers [300], as well as the devel-
opment of more e�cient architectures to reduce computational complexity [284].
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Chapter 4

Weakly Supervised Semantic
Segmentation using
Equivariance Regularization and
Vision Transformers

4.1 Introduction

Weakly supervised semantic segmentation (WSSS) is about segmenting object classes
without pixel-label supervision and using the least demanding supervision possible.
The most economic supervision is via image-level class labels, out of which a WSSS
method computes pseudo-masks for each object class in an image. To test a WSSS
method accuracy, a supervised segmentation network, such as DeepLab [37], is
trained on the devised pseudo-masks, and the induced accuracy is compared with the
fully supervised methods. The segmentation task, supervised by the pseudo-mask
labels, is averi�cation task aiming at demonstrating the computed pseudo-mask
quality. In principle, the veri�cation task adds equal improvement to all methods.

So far, methods based on image-level class labels generate pseudo-masks us-
ing class activation maps (CAM) [329]. CAMs are obtained from a multi-label
classi�cation network, such as a CNN.

CAM limitations in estimating both shape and localization of the classes of
interest [48, 113, 17, 293] induce many researchers to resort to extra re�nements
between the baseline pseudo-masks (BPM), often calledseeds, and the �nal pseudo-
masks production for test veri�cation. These re�nements mostly often bring into
play multi-stage architectures, as noted in PAMR [8]. Several authors resort to
saliency maps as subsidiary supervision for good localization [296, 172, 306, 261, 331].
Other authors adopt image operations such as region erasing [251, 297], or region
growing to expand the seed region during training [156, 131], and multi-scale map
fusion to improve background and foreground [298]. Jang et Al. [138] reviewed
the feature layers selection for CAMs using attribute propagation methods [199].
Sun et Al. estimate the similarity of the foreground features of the same class with
two co-attention networks to capture better the context and [90] look into relations
across di�erent images.



58 4. WSSS using Equivariance Regularization and Vision Transformers

Figure 4.1. Patch Class Mapping.

Yet, the greatest success in re�nement strategies has been earned by IRNet [6],
PSA [5], and AdvCAM [ 169]. Also, PAC [258] and BENet [41] have been recently
used. For example, SEAM [293], Chang et Al. [35] and [248] use PSA; CONTA
[75] and ReCAM [48] use IRNet while [169] using both. AFA [ 237] use PAC [258].
CRF[157] are trained on PascalVOC, fully supervised, and introduced in WSSS
by [156]. CRF, used as post-processing out of a training loop, improves the BPM,
on average, 3-4% mIoU, on Pascal VOC 2012. On the other hand, multi-stage
methods, re�ning BPM with IRNet [ 6], PSA [5], and AdvCAM [ 169] use dense CRF
in the training loop, which gives a substantial boost in accuracy. Using dense CRF,
optimized on PascalVOC, likewise using saliency (e.g. [128], which operates dense
CRF too) in the re�nement loop to obtain the �nal pseudo-mask, besides being

Figure 4.2. The above schema shows the end-to-end ViT-PCM, a semantic segmentation
method supervised by image-level class labelst. The plate in (a) shows the core network
f (�) implementing the linear search method, which maps the image-level class labels to
patch labels. The plate (b) shows the two-branches architecture, includingf (�) in both
branches.
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resource intensive, fails to generalize a method beyond the PascalVOC dataset. This
lack of generalization power is common to any WSSS approach using biased methods
in a re�nement training loop.

The challenge is to raise the bar of the baseline pseudo-mask accuracy so that
the only supervision truly sticks to the image-level label. To this end, we introduce
a new model for computing pseudo-masks, which bypasses the CAM bottleneck.

The main contributions of the paper are the following:

ˆ We introduce a novel model, dubbed ViT-PCM, for weakly supervised semantic
segmentation (WSSS) based on ViT [76] that performs Patch Class Mapping
(PCM), see �g. 4.1, to infer semantic segmentation.

ˆ We propose a new pseudo-mask computation methodExplicit Search without
resorting to CAM. The method leverages the locality properties of ViT to come
close to an e�ective mapping between multi-label classi�cation and semantic
segmentation. We use the Global Max Pooling (GMP) to fetch the relevance
of each patch, given the patches' categorical distribution over the classes of
interest. This way, we project the patch features to class predictions (PCM)
using a multi-label BCE loss (MCE). We ensure equivariance to translation
and scaling transformations de�ning two branches; see �g. 4.2.

ˆ The proposed pseudo-mask computation pipeline, see �g. 4.3, outperforms
all state-of-the-art methods: we obtain 67.7 mIoU% on BPM accuracy on
Pascal VOC 2012, which improves the current best BPM ([237]) of 3.91%. On
average, we improve more than 5% mIoU than all the other competitors. On
MS-COCO 2014, we obtain 45.3% on �nal masks.

ˆ For the veri�cation task, using DeepLab as a segmentation method, we do not
need to boost our BPM to obtain more suitable masks for DeepLab. Yet, we
obtain comparable validation and test scores.

ˆ We also prove the advantages of our method in terms of computational e�ort.
In particular, we obtained the �nal segmentation with 89.4 M of parameter
size, a minimal cost among competitors.

Beyond the novelty of our contribution, the �rst proposal to compute pseudo-mask
baselines bypassing CAM, we show that quantitative and qualitative results prove
that exploring new methods for baseline pseudo-masks can be rewarding. We
establish a new state-of-the-art baseline pseudo-mask computation using image-level
class labels without re�nement.

4.2 Motivations of using ViT and bypass CAM

At the core of semantic segmentation, supervised by image-level labels, is the mapping
between multilabel image classi�cation and pixel-level classi�cation. This mapping
requires linking the abstract image feature space, encoding classes into an index
vector, to a completely di�erent space in which features encode classes into a �ne grid
structure. How could this be possible? CNN have an inductive bias on the image
features local structure because of convolution kernels, which CAM leverages. The
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Figure 4.3. The �gure compares the basic structure of a CNN-CAM method, above in light
blue, with our proposed ViT-PCM method, below in light green. ViT-PCM learns to
estimate the BPM, shown in the last two strips, with a single optimization. Our BPM
is then re�ned with a CRF and, without further processing, is passed to the veri�cation
task (DeepLab). Di�erent from ViT-PCM, a CAM-based method demands a multi-stage
optimization. All recent approaches require boosting the BPM, which has been improved
by the CRF, before being passed on to the veri�cation task.

inductive bias of CNN entitles CAM to indicate the pixels which mainly contribute
to the speci�c class prediction. Though misleading, the produced map is appealing:
it does not induce a mapping between image features and pixels.

On the other hand, ViT [ 76] has much less bias because images are split into
�attened patches and encoded. Thus, the spatial relations are learned from scratch
using attention and position embedding. This learning from atabula rasagenerates
several basis functions for each patch, specifying their internal structure. These basis
functions account implicitly for the class a patch belongs to. On these grounds, the
mapping problem amounts to unravelling the implicit class representation brought
on by the patch principal components. Our proposedexplicit search methodmodels
this mapping.

We describe here the intuition. Let us assume that patches are pixels, the classes
(categories) are denoted byC, having cardinality K and X 2Rh� w� 3 is an image. Let
also assume that the ViT inferring the image multiclass labels is the functionf (�j ' )
with parameters ' , mapping an imageX to a vector of values in (0; 1) for each
category in C. On the other hand, let us represent the basis functions specifying the
patches' internal structure, implicitly accounting for the patch classes, by a tensor
Z . We shall see below how Z is computed.Z has height and width as the image
X , and it also has a third axis for the categoriesC. We make Z a stochastic tensor
along the categories axis: summing up along that axis, we obtain a matrix of ones.
Let f (�j � ), with parameter � , play the role of the segmentation model; namely, it
evaluates the likelihood that a patch of the original image belongs to some precise
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class inC.
We argue that Global Max Pooling (GMP) relates the two models f (�j � ) and

f (�j ' ) as follows. Let Z k be the slice ofZ , along the categories axis, which should
specify the patches internal structure for the categoryk 2 C. GMP selects the most
relevant element ofZ k , namely the element with the highest con�dence to belong to
the category k, and returns a probability value yk that it belongs to class k 2 C. At
the same time, the selected elementZ k

ij is the one in highest consideration to tell
whether or not the category k appears in the image. In this way, GMP links image
class prediction and patch class prediction.

4.3 The explicit search method

This section considers the optimization method for estimating the map between
image and patch classes. The end-to-end architecture enclosing the method is
described in �g. 4.2, and in section 4.4.

Let us indicate by f the network taking inputs from a dataset D= fhX in ; t ig .
Here X in 2Rh� w� 3 indicates an input image, possibly obtained from an augmented
and transformed set, t2f 0; 1gK are the ground truth binary labels, and K is the
number of classes de�ned by the category setC= f 0; 1; : : :; K g. The output of f is a
tensor Ŷ 2 Ch� w which is a baseline pseudo-mask.

ViT is part of f . We recall that ViT partitions the image X , the resized image
of the original X in , into s patches of size(d� d� 3). In particular, we are interested
in the feature maps F 2Rs� e, with s= (n=d)2, with n= w= h. The feature mapsF
are the encoded representations of the patches obtained by ViT.F represent the
basis functions specifying the patches' internal structure.

Explicit search by Global Max-Pooling

Given F 2Rs� e, we also consider a weight matrixW 2Re� K whose weights are
taken into account in the optimization method described below. We estimate the
baseline pseudo-mask̂Y , training the weights W with only image-level class labels
as supervision, minimizing the multilabel classi�cation error.

The �rst objective is to minimize the multilabel classi�cation prediction error
(MCE). Thus, given the ground truth binary labels t de�ned above, and recalling
that K are the number of classes, we model the multi-label classi�cation usingK
independent Bernoulli distributions and K binary cross-entropy losses (BCE):

L MCE =
1
K

X

k2C

BCE (tk ; yk ) = �
1
K

X

k2C

tk log(yk ) + (1 � tk ) log(1 � yk ): (4.1)

Let us consider �rst how y2RK is obtained. Let:

A = FW and Z = sof tmax (A), with F 2Rs� e; W2Re� K henceZ 2Rs� K : (4.2)

Z represents the semantic segmentation predictions, needing to be projected into
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class predictions1. We do so using Global Max Pooling (GMP):

yk = GMP (Z k ) = max( Z k ) = Z k
i ; for somei2f 1; : : :; sg: (4.3)

Here:
Z k = sof tmax (Ak ) and Ak

j = Fj W k (4.4)

The feature maps F are the encoded representation of patchesU, and Fj is the
feature map of patch Uj , while Ak

j is the logit of patch Uj , j = 0 ; : : :; s with respect
to classk 2 f 0; 1; : : :; K g.

Given the vector yk , we show how the optimization obtains the terms separating
the feature space by the relative error backpropagation ofL MCE for weights W.
Computing the gradient of eq. (4.1) w.r.t. the weight W , we obtain:

@L MCE

@W
=

X

k2C

@BCE(tk ; yk )
@W

(4.5)

Let us analyze the gradient of the weightsW , with respect to each columnh, of size
e, with h2f 0; 1; : : :K g. Applying the chain rule, w.r.t. the generic classk:

@BCE(tk ; yk )
@Wh =

@BCE(tk ; yk )
@yk

@Zki
@Ah

@Ah

@Wh (4.6)

Here we used the fact thatyk= max(Z k ), and max(Z k )= Z k
i from eq. (4.3). Therefore,

the gradient dimension is @BCE(tk ;yk )
@Wh 2Re. The derivation of each term is provided

in the supplementary.
Let us select, now, the columnh of the weights W , this column will be updated

by the quantity:

@L MCE

@Wh =
@BCE(th ; yh)

@Wh +
X

k2C;k6= h

@BCE(tk ; yk )
@Wh

= � Fi h (th � yh) +
X

k2C;k6= h

Fi k Z h
i k

tk � yk

1 � yk

(4.7)

Note that here, the subscripts i h ; i k in F and Z h indicate, respectively, the indexes
at which Z i have maximum value, w.r.t classesh and k, where Fi is obtained by the
last two terms of eq. (4.6), r.h.s. We are using these indexes only in the updating
rule for the weights; we are not using them in the derivation.

Equation (4.7) speci�es the linear-search mechanism of the proposed optimization,
iteratively selecting the most representative featuresFi h of each categoryh. At each
step, the optimization updates the full column rank matrix W 2Rs� e and returns
the minimum error norm solution, which separates the feature vector spaceRe into
K linear sub-spaces. Considering the optimization manifold, the vectorW h moves
in the direction of the best representative feature vectorFi u , with either u being
the same category of the chosen columnh or not. More precisely, at each iteration,
W h moves in the direction of Fi h according to the error value (th � yh), and in the
direction Fi k according to the term Z h

i k

tk � yk
1� yk

, for any category k, with k 6= h.

1Note that we are representing here Z as a matrix, which is simply a reshaping of the tensor Z
discussed in section 4.2.
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More speci�cally, when the term (tk � yk )
1� yk

= 1, and the category k6= h is considered,

W h moves in the direction opposite to the best representative feature vectorFi k . On
the other hand, when tk = 0 the term considered is� (Z k

i k

yk
1� yk

) which is added to

W h , for its updating. The update term is increasingly small sinceyk � 1� yk asyk ! 0.
Based on iterative learning and stochastic gradient descent, this optimisation method
induces a separation in the space of patch features, according to the multilabel
classi�cation.

4.4 ViT-PCM model structure

The model architecture has two branches, as shown in �g. 4.2. We describe its
components in the following.

Augmentation The batch of input images is augmented as usual in the �rst branch.
In the second branch, images are translated, rotated and scaled. Furthermore, we
merge four images from the batch into a single image after scaling them to have a
di�erent tiling of the images into patches.

ViT patch encoder The Vision Transformer encoder takes as input the augmented
batch of images. It returns the featuresFin and the n patches described in the
explicit search method, section 4.3.

HV-BiLSTM patch conditioning Two bidirectional LSTM (BiLSTM) processes
row-wise and column-wise the featuresFin transformed to a tensor grid. The two
BiLSTM outputs are concatenated into an HV-BiLSTM (for Horizontal and Vertical),
and their feature mapsF are fed to the Patch Classi�er. The HV-BiLSTM improves
information amid neighbour patches by conditioning each patch on all other ones in
horizontal (H) and vertical directions (V) [273].

Patch Classi�er (PC) While ViT and the two BiLSTM encode class information
into the patch features, the Patch Classi�er implements the BPM generation, as
described in the explicit search method, section 4.3.

Two branches for Equivariant regularization ViT is not equivariant to trans-
lations because of the absolute positional encoding used for self-attention. Romero
et Al. [229] show that for self-attention to be equivariant to group transformations,
they must act directly on positional encoding. In our ViT-based method, though
GMP is independent of the positional encoding and is invariant to transformations,
the BPM generation is not. To remedy this, we resort to typical self-supervised
learning tasks, using two branches that enable the network to learn equivariance
properties. Equivariance encourages the feature representation to change coherently
to the transformation applied to the input [ 64]. As discussed above, we apply a�ne
transformations to both the network branches in the preprocessing step. After the
same processing steps of the main branch, the sibling one applies an inverse merging
of the features and upscales them to obtain then patches feature maps as in the
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