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A HIGH-ORDER SCHEME FOR MEAN FIELD GAMES

ELISA CALZOLA, ELISABETTA CARLINI, AND FRANCISCO J. SILVA

ABSTRACT. In this paper we propose a high-order numerical scheme for time-dependent mean field games
systems. The scheme, which is built by combining Lagrange-Galerkin and semi-Lagrangian techniques,
is consistent and stable for large time steps compared with the space steps. We provide a convergence
analysis for the exactly integrated Lagrange-Galerkin scheme applied to the Fokker-Planck equation,
and we propose an implementable version with inexact integration. Finally, we validate the convergence
rate of the proposed scheme through the numerical approximation of two mean field games systems.
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1. INTRODUCTION

This work concerns the numerical approximation of Mean Field Games (MFGs), introduced simulta-
neously by Lasry-Lions in [32], B3, 34] and by Huang-Caines-Malhamé in [26]. MFGs characterize Nash
equilibria of stochastic differential games with an infinite number of indistinguishable players. In some
specific instances, the aforementioned equilibria are described by a system of parabolic Partial Differential
Equations (PDEs) consisting of a Hamilton-Jacobi-Bellman (HJB) equation, with a terminal condition,
coupled with a Fokker-Planck (FP) equation with an initial condition.

The numerical approximation of MFGs has been an active area of research over the last decade (see
e.g. [2,135] and the references therein). Let us mention, for instance, the articles [I] and [I4] proposing a
semi-implicit finite difference scheme and a Semi-Lagrangian (SL) type scheme, respectively. The scheme
studied in [14], which allows for large time steps compared to space steps, has been extended in [I5] to
deal with nonlinear FP equations and in [16] to approximate MFGs with non-local diffusions. On the
other hand, to the best of our knowledge, only few works deal with high-order numerical schemes for MFG
systems. Let us mention [43] and [36], where the authors propose finite difference based second-order
accurate methods, and the recent contribution [24], where high-order space-time finite elements are used
to approximate variational MFGs.

The main purpose of this article is to provide a new high-order approximation scheme, meaning an
order of convergence larger than two, for a class of second-order MFG systems with constant diffusion.
The scheme combines a high-order Lagrange-Galerkin (LG) discretization for the FP equation with a high-
order SL discretization for the HJB equation. The main novelty of our scheme lies in the discretization
of the FP equation which, inspired by [40] and [I5], is constructed by using SL techniques for the time
discretization (see e.g. [I0 I8]) and LG techniques for the space discretization (see e.g. [40, [5]). More
precisely, the stochastic characteristic curves of the FP equation are approximated with a Crank-Nicolson
method (see e.g. [28]89]), as in high-order SL schemes for parabolic equations (see [7]), and the space
variable is discretized by using a LG scheme with a symmetric Lagrangian basis of odd order. This
last choice is inspired by the results in [20, 2], where the equivalence between SL and LG schemes has
been studied, and where symmetric odd basis have shown a good behavior in terms of stability. The
resulting scheme for the FP equation is explicit, conservative, consistent, stable, allows for large time
steps compared with space steps, is convergent, and high-order accurate. When coupled with a high-order
SL for the HJB equation, one obtains a high-order scheme for the MFG system which, because of its
forward-backward structure, is not explicit and is solved by fixed-point iterations. We numerically show

high-order accuracy of the scheme by considering two MFG systems. The first one is a linear-quadratic
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MFG with non-local couplings (see e.g. [4]), for which we are able to compute its analytical solution, and
the second one, taken from [43], is a MFG with local couplings (see e.g. [12]) and no explicit solution.
The article is organized as follows. In Section [2] we recall the MFG system we are interested in, as well
as some basic results on FP equations. Section [3]introduces a new scheme for FP equations, based on SL
techniques and LG approximations, and establish its main properties. In Section [d] we present a high-
order SL scheme for HJB equations and couple it with the scheme for the FP equation studied in Section [3|
to derive a new scheme for the MFG system. Finally, in Section [5| we provide an implementable version
of the method, derived from the use of a cubic basis and Simpson’s rule in the LG approximation. The
paper concludes by showing the performance of the proposed scheme in two examples: a linear-quadratic
MFG with non-local couplings and admitting an explicit solution, and a MFG with local couplings and
without explicit solutions. In all the numerical examples, an order of accuracy between two and three is
observed. Finally, we provide in the Appendix of this work the proof of some needed technical results.

2. PRELIMINARY RESULTS

In the following, given a function u : [0,7] x R? — R and (¢,z) € (0,T) x R%, the notations Vu(t, )
and Au(t, z) refer to the gradient and Laplacian of u with respect to the spatial variable z. Similarly,
given v : [0, T] x R — R9, the notation Dv and div(v) refer to the Jacobian matrix and the divergence of
v with respect to the space variable, respectively. We also denote by (P;(R9),d) be the metric space of
Borel probability measures on R? with finite first order moment, endowed with the 1-Wasserstein distance
d (see e.g. [3], Section 7.1] for the definition of d).

We focus on the numerical approximation of the following time-dependent second-order MFG with
non-local couplings (see [33], [34]):

0w — T Av+ H(z,Vv) = F(z,m(t)) in [0,T) x RY,
(MFG) Om — %Am —div(9,H(z,Vv)m) = 0 in (0,7] x R%,
U(T> )= G('7 m<T))> m(O, ) =mg in Rd7

where T > 0, 0 € R\ {0}, R¢ x R? 5 (x,p) +— H(x,p) € R is convex and differentiable with respect to
p, F, G : R4 x P1(RY) — R, and m}, : R — R. Notice that consists of a HJB equation, with
a terminal condition, coupled with a FP equation with an initial condition. For the sake of simplicity,
in what follows we will suppose that the Hamiltonian H is purely quadratic, i.e. H(z,p) = |p|?/2 for all
z, p € R? and we assume that:

(H1) mf is nonnegative, Holder continuous, has compact support, and [, mj(z)dz = 1. .

(H2) F and G are bounded and Lipschitz continuous. Moreover, for every u € Py (R9), F(-, u) is of class
C? and

sup  {|[DF(z,p)lloc + | D*F (2, p)||os } < 00
zeR, pePq (RE)

Under (H1)-(H2) system (MFG] admits at least one classical solution (v*,m*) (see e.g. [II, Theorem
3.1]). Moreover, if the coupling terms F' and G satisfy a monotonicity condition with respect to m, then
the classical solution is unique (see [34, Theorem 2.4]).

In order to obtain a high-order scheme for (MFG]), our first task will be to construct a high-order LG
scheme for the following linear FP equation:

Oym — %QAm +div(bm) = 0 in (0,T) x R%,
m(0,-) = m{ in R4,

where o € R\ {0}, b: [0,7] x R? — R?, and mj; : R — R. We will assume that:

(H3) b € C([0,T] x R?), b is bounded and there exists Cj, > 0 such that

(FP)

b(t,z) — b(t,y)| < Cylz —y|, forte[0,T] and z, y € R
In the following result, proved in the Appendix, we summarize some properties of equation (FP)).

Theorem 2.1. Assume (H1) and (H3). Then the following hold:
(i) Equation (FP) admits a unique classical solution m* € C12([0,T] x R9).
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(i) m* > 0.
(iil) [pa m*(t,x)dz =1 for all t € [0,T].
(iv) m* is the unique solution in L*([0,T] x RY) to (FP) in the distributional sense.

Let us recall the probabilistic interpretation of the solution m* to , which will be useful in order
to construct a LG scheme. Let W be a d-dimensional Brownian motion defined on a probability space
(2, F,P) and let Yy : Q@ — R? be a random variable, independent of W, and whose distribution is
absolutely continuous with respect to the Lebesgue measure in RY, with density given by m. Given
(t,z) € [0,T] x R%, we define Y% as the unique strong solution to the SDE:

dY(s) = b(s,Y(s))ds+odW(s) forse (¢t,T),
Y(it) = =

Denote by E(X) the expectation of a random variable X :  — R. Under the asspumptions of Theorem
Y0Y0(¢) is well defined for all t € [0,7] and its distribution is absolutely continuous with respect
to the Lebesgue measure in R?, with density given by m*(¢,-) (see e.g. [22]). From the P-a.s. equality
YOYo(s) = ytyore () (s) for every 0 < t < s < T, we deduce that for every continuous and bounded
function ¢ : R? — R, we have

(2.2) d(x)m*(s,z)dx = / E (¢(Y""(s))) m*(t, z)dz.
Rd Rd

(2.1)

3. A LAGRANGE-GALERKIN TYPE SCHEME FOR A FOKKER-PLANCK EQUATION

Let us focus on the numerical approximation of (FPJ). Notice that if b is differentiable with respect to
the space variable, (FP)) can be written as

2

dym — %Am + (b, Vm) +div(b)ym =0  in (0,T) x RY,

m(0,-) =mj in R%.
Using this formulation, a second-order accurate semi-Lagrangian scheme can be derived to approximate
m* (see e.g. [7]). However, such a scheme is not conservative, i.e. the discrete solution does not satisfy
the discrete analogous of Theorem iii). The scheme that we consider, which will be built from (2.2]),

will allow us to preserve this property (see Theorem [3.1fii) below).

Let us fix NAt € N, set IAt = {O, [N ,NAt}, Izt = IAt\{NAt}; At = T_V/A]\]At7 and tk = kAt (k' S IAt)

Let € R? and consider the sequence of random variables (yk)kNﬁé defined by yo = = and, for every
k € I7,, Yr+1 is the unique solution to

(3.1) Y=Yk + % (0(th, yn) + bltri1,y)) + VAtogs,

where (fk)iv jé_l is a sequence of i.i.d. R%valued random variables with i.i.d. components such that, for
every k € Ih,,

(3.2) P((&1): =0) =2/3 and P((&)i=+V3)=1/6 forall i=1,...,d.

Since b is Lipschitz continuous, the sequence (yk)ljcv 25, called the Crank-Nicolson (CN) approximation

of Y97 is well-defined for At sufficiently small.

An interesting feature of the law of (&); in is that, provided that b is smooth enough, (yk)ljcvﬁé
is a second order weak approximation of Y% (see e.g. [28, Section 15.4, equation (4.11)] and also [19]
Section 2, Table 1]), i.e. for every ¢ : RY — R smooth enough and for every k € Z%,, we have

(3.3) |E (¢(yx)) — E (6(Y*"(tr))) | = O ((A1)*).

Notice that this estimate is better than the one obtained by considering a classical random walk in R?,
i.e. when distribution of (&); is given by

(3.4) P((&); =£1)=1/2 forall i=1,...,d,

for which it is known that second order accuracy does not hold (see Sections 5.1.A and 5.1.B in [29]).

In order to discretize (2.2)), for every k € Z{, and = € R?, denote by y*** the one-step CN approxima-
tion of Y% (¢ ), given by the unique solution to (3.1). Let Zy = {1,...,39}, define {e‘|¢ € Z,} C R?
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as the set of possible values of &, set w’ = P(&; = ), and denote by yf(z) the unique solution to (3.1)
for & = e (¢ € I,). By setting t = tg, s = t41, and replacing Y*®(t, 1) by y**® in (2.2), we obtain
the following semi-discrete scheme for (FP)):

(3.5) / d(z)mpp1(z)de = Z Wy d) yi(z))ymy(x)dx  for ¢ continuous and bounded, k € Za,,
LELy

with mg = m} and unknowns {my : R — R |k € Za; \ {0}}. Note that the assumption that mg has a
compact support implies the existence of La; = O(1/v/At) such that the solution ma; to (3.5) satisfies
(3.6) supp(maek) C [—LAt,LAt]d for k € Tas.

In order to construct a space discretization of (3.5)), and hence a fully-discrete scheme for (FPJ), we
consider a symmetric Lagrangian basis of odd order. More precisely, let us fix p € N, set ¢ := 2p+ 1, and
let 8: R — R be defined by

p+1
11 Sl if € € [0,1],
E#0, k=—p
p+2
I " weeaa
E#£0, k=—p+1
(3.7) (V€€ [0,00) B(€) =
2p+1 _k
k=1
0 if § € (p+1,00),
B(-¢) if ¢ € (—o0,0).

Following [20], for Az € (0,00), we consider the symmetric Lagrange interpolation basis functions
{Bi}icza defined as

d
(Vz=(21,...2q) ERY i = (i1,...,iq) €ZY) Bi( H ( )
For all i € Z%, let us set x; = iAz. Notice that 3; has compact support, 3;(z;) = 1 if i = j and

Bi(z;) = 0 otherwise, and, for all z € R% > jeza Bj(x) = 1. Given f € Watloo(R?) we define the
interpolant I[f] : R? — R by

(3.8) Ifl(z) = Z f(x:)Bi(x) for x € RY.
i€z
By [17, Theorem 16.1], the following estimate holds
(3.9) sup [f(z) — I[f](2)] < Cr(Az) T DTH f e,
z€R

where C7 > 0 is independent of f and Az. Notice that in the one dimensional case (d = 1), I[f] restricted
to a given interval (z;,z;41) (¢ € Z) is the Lagrange interpolating polynomial of degree ¢ constructed on
the symmetric stencil x;_(,_1)/2,- - Tit14(q—1)/2-

Let La; > 0 be as in , let Na, € N, and set Za, = {—Nag, ..., Naz}¢. From now on, we assume
that Ax = Lat/Nag, we set

A = (At,Az), and Op = [-La; — pAz, La, + pAx]?.
We look for an approximation ma of the solution m* to (FP)) such that, for all k& € Za,,
(3.10) ma (tg, x Z my,iBi(x) for x € Opn, ma(ty,z) =0 for x GRd\OA,

1€LAL
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where my; € R (k € Za¢, @ € Zay,) have to be determined. Notice that, by definition of Za,, for all
k € Za¢ we have that supp{ma (tx,")} C Oa. Replacing m by ma and taking ¢ = f3; (i € Za,) in (3.5)
yields the following explicit iterative scheme for the unknowns my; € R (k € Zay, i € Zay)

Z mk+1,j/ ﬁz Bg Z mg,; Zwl/ ﬂz yk BJ( )

J€TAx JE€TAx Lely
(3.11) for k € I1,, 1 € Taq,
S o, / BB @ = [ mi@)Bi(x)da
JE€EIAR Oa

Let A be the (2Na, + 1)? x (2Na, + 1)? real mass matrix with entries given by
(3.12) A= ; Bi(z)Bj(x)dx  for (i,7) € Tay X Iag.
N
For k € I}, and ¢ € Z,, let By, be the (2Na, + 1)? X (2Naz + 1) real matrix with entries given by
(3.13) By = [, AGk@E e for () €Tar X Ta.
N
Let mo ax be the (2Na, + 1)¢ dimensional real vector with entries

(mo,Az)i = my(x)Bi(x)dx  for i € Ta,.
Oa

Calling my, = (My,i)ieza, , scheme (3.11) can be rewritten in the following matrix form: find my, (k € Zay)
such that

Ampyr = Z wng;mk for k € Ty,
(3.14) LEL,
Amo = mO7Ax.

3.1. Properties of the space-time Lagrange-Galerkin scheme. We show below some important
properties of the scheme (3.11)).

Theorem 3.1. Assume (H1),(H3). Then for fized A, there exists a unique solution (M ;)keZa, icTas,

to (3.14) and, defining ma as in (3.10), the following hold:
(i)[Initial condition] ||[m§ — ma(0,-)||z2 = O((Ax)TH1) if m§ € HIHL(RY).
(ii)[Mass conservation] [pq ma(ty, z)dz =1 for k € Ta,.

(iii) [L2-stability] If b(t,-) is differentiable for all t € [0,T], then maxgez,, |[ma(ty, )|z is uniformly
bounded with respect to A for At small enough.

Proof. The well-posedness of (3.14)) follows from the positive definiteness of A (see e.g. [44, Proposition
6.3.1]) and assertion (i) is proven in [44, Section 3.5]. In order to prove (ii), fix k € ZX, and sum over
i € Z% in the first equation of (3.11] m ) to obtain

ka+1,jZ/ Bj(z)Bi(x kagzw/Z/ Bj(z)Bi(yy(2))dz
J€LAe €24 JE€EIAx ey i€z

Recalling that, for every y € R, Y. ;4 B;(y) = 1, the cardinality {i € Z|B;(y) # 0} is bounded
uniformly in y, and ), 7 w¢ = 1, Fubini’s theorem yields

fOA ma(tern,x)de = 3 icr, Miy1 foA Bj(z)dz
Y ieta, M Jo, Bi(x)dz
2 jeTa, M0, foA Bj(x)da
= fOA ma (0, z)dz.

(3.15)
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Analogously, using the second equation in (3.11)) and summing over i € Z?, we get that

(3.16) ma (0, z)dx = mg(x)dr = 1.
Oa Oa

Assertion (ii) follows from (3.15)), (3.16]), and (3.10). Finally, let us show assertion (iii). For & = 0, (iii)
follows from Assumption (H1) and Theorem i). For k € Z},, (3.11) implies that

Imaltess, Ni: = Yiez, We D jeza, Mht1,iMhj Jo, Bi(@)Bi(yp(x))dx
= ZEEId wi fOA ma (tka yi (‘r))mA (tk+17 :L’)d:[’,

and hence, by the Cauchy-Schwarz inequality,

(3.17)

1/2
(3.18) [ma(tier, )|z < max (/ ImA(tmyﬁ(@"))de) :
€Ty \ Jo,

In order to estimate the right-hand-side above, fix z € R, ¢ € 7,4, and notice that

At
(319) D) = La-+ 5 (Dbltn,2) + Dbt s () Dy ),

where I; denotes the d x d identity matrix. Since Db(,-) is bounded, there exists At > 0 such that for all
k € T}, and At € [0, At], y., is one-to-one, and, for all z € R?, the matrix I, — %Db(thrl’ z) is invertible.

Therefore, by (3.19),

At - At
(3.20) Dyy(z) = (Id - 2Db(tk+1,y,‘;(x))> (Id + 2Db(tk,w)) :
from which we deduce that Dyf;(x) is invertible. Then, by the change of variable formula, we get that
_ -1
G20 [ imatesk@)Pdo= [ malt ) |det (D (uh) ()| e
Oa y5(Oa)

On the other hand, by (3.20) and Jacobi’s formula, for all 2 € R? we have

det (Id — %Db(tk.}rl, yi(m)))

[det (Dyi(2))] = det (Ig + 5§t Db(t,x))

1 — 4UTr (Db(ts1, 9k (2))) + O((A1)?)
1+ ST (Db(ty, ) + O((At)?)

(3.22) =

1 — Stdiv (b(te+1, 97 (7)) + O((A1)?)
L+ Shdiv (bt x)) + O((A1)?)
Thus, there exists a constant C' > 0, independent of z, k, £, and At, such that

(3.23) | [det (Dyf(2))] " | <1+ CAt.

Combining the previous inequality with (3.21)) yields

(3.24) / ma(te, yi(2)Pde < (1+ CAL)|Ima(te, )|,
Oa

and hence, by (3.18)),
1
[ma(tis,)llze < (14 CAO2[[ma(ty, )7
Thus,

o\ Nai/?
lma (trg1, )2 < <1 + NM) [ma(0, )]z < e“T/2ma(0,)]|£e,

from which assertion (iii) follows. O
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Remark 3.1. Notice that Proposition iii) and the Cauchy-Schwarz inequality imply that, for any
compact set K C R?, there exists Cx > 0, independent of A for At small enough, such that

max/ |ma (tk, z)|dz < Ck.
k€T K

In the following, we still denote by ma its extension to [0, 7] x R?, defined as

t— g Tl — ¢

(3.25)  mal(t,z) = ma(tr, ) if (t,2) € [tr, tre] x R (k € T%,).

ma (ter1, ) +

At At
Notice that (3.25) and Theorem [3.1fii)-(iii) imply that
(3.26) ma(t,z)de =1 forallte€[0,7] and max |ma(t, )|z <C,
Oa te[0,T]

for some C > 0, independent of A for At small enough.
For k € NU {co}, we denote by C%(R?) the set of functions of class C*¥ with compact support.

Proposition 3.1. Under (H1)-(H3), the following hold:

(i)[Equicontinuity] Let ¢ € C’gH(Rd). Then there exists Cy > 0 such that for all A, with At small enough
and (Az)?tt < At, we have
(3.27)

d(x)ma(t,x)da — d(x)ma(s,z)de| < Cplt —s|  for all s, t € [0,T).
R4 R4

(ii)[Consistency] Assume that b(t,-) € CITY(R?) for all t € [0,T] and let ¢ € C(R?). Then for any
k € Ix, and A, with At small enough and (Az)?™ < At, we have
(3.28)

y o(x) (ma(ter1, ) — ma(tg,x))de = /t:k+1 /Rd (U;Aqb(x) + (b(s, ), qu(x))) ma(s,x)dzds

+0 ((Az)T 4+ (A)? + Atwy (AL)) |
where wy : [0,00) = R is a modulus of continuity of b on [0,T] x supp(®).
The proof is given in the Appendix. Let us denote by D’(R?) the space of distributions, which we

endow with the weak* topology. In the following, for every A = (At, Azx) € (0,00)? and t € [0,7T], we
identify ma(t,-) with the map

C2(RY) 5 ¢ /]R playma(ta)dr € R

which, by Remark [3:] is a regular distribution. For every A, let us denote, with a slight abuse of
notation, ma the map [0,7] > t + ma(t,-) € D'(R?). Notice that Proposition i) implies that
ma € C([0,T]; D' (R?)).

Lemma 3.1. Suppose that (H1)(i),(H2) hold. Then there exists Aty > 0 such that the family M =
{ma | At < Atg, (Az)7H < At} s relatively compact in C([0, T]; D' (R?)).

The proof is given in the Appendix. We conclude the section with the following convergence result for

scheme ((3.11)).

Theorem 3.2. Assume (H1) and (H3), my € HIL(RY), b bounded and b(t,-) € CITHR?) for all
t €[0,T]. Consider a sequence (Ap), ey = (Atn, Azy,)), ey C (0,00)? such that, asn — 0o, A, — (0,0)
and (Az,)IT /AL, — 0. Setting m™ := ma,,, as n — oo we have that (m")n,en converges to m* in
C([0,T); D'(RY)) and weakly in L? ([0,T] x RY), where m* is the unique classical solution to (EP).

Proof. By Theorem (iii)7 the sequence (m™),en is bounded in L?([0,T] x R?). Thus, there exists m
in L2([0,T] x R9) such that, as n — co and up to some subsequence, m™ converges weakly to m in
L2([0,T] x R9).

Let us first show that for any ¢ € C5°((0,T) x R?), we have

(3.29) /0 /R d [atqa(t,x) - %QAqb(t,x) — (b(s, @), Vo(t, 2)) | At x)dedt = 0,
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Let n € C5°([0,T]), v € C5°(R?) and suppose that ¢ has the form ¢ = nip € C5°([0,T] x R?). Denote by
K c R? the support of ¥. By (3.25) and Proposition i)7 we have

(3.30)
- NAtn R
Jo Jga Oco(t,z)m™(t, x)dzdt = / /at(btx " (tg, z)dxdt
tk
NAtn—l that bt
" —tk
+ Z / /atqﬁtx "t @) = (b)) 5 dadt
NAtn 1

Z /tk“/ 9 d(t, x)m" (ty, x)dadt + O(Aty,).

On the other hand, by Remark [3.1] we have

(3.31)
NAfn—l that Nat, -1
/ /8t¢tw "y, 2)dadt = Z At /8tqb by @)™ (b, 2)dz + O (Aty)
tr
NAtn
= Z At (tr) /1/} "(ty, x)dx + O(At,,)
NAtnfl
= Z (n(tk+1 _ntk /¢ ™ (t, )dl‘—l—O(Atn)
k= 0
NAtn
- tk+1 </ ’(/} t/w ) n(tk+1,$>]d.’17>
+O(At,,).
By (3.30), (3.31) and using that i) vanishes outside K, we get
T NAtn
/ Ot x)m"(t, z)dadt = N(tgt1) (/ Y(x)[m" (g, x) — ”(tk+1,x)]dx)
(3.32) 0 JRrd
+O(Atn).

Using ([3.32)), Proposition ii), and Remark we have

N(tk+1) /tk+1 /]Rd ( Ap(z) + (b (s,x),Vw(x») m" (s, z)dzds

+0((Axn)q+1 /Aty + Aty + w(Aty))

/ /Rd ( Ag(t, x) + (b (&x),ngS(t,x))) m™(t, z)dxdt

+O((Am,) T /AL, + Aty + w(Aty,)),

where w : [0,00) — R is a modulus of continuity of b on [0,7] x K. Thus,

NAtn

T
/ Op(t, x)m" (¢, x)dxdt =
0o Jrd

/ /Rd {atgb t,x) — —Aqﬁ(t x) — (b(s,z), Vo(t, x))] m™(t, x)dzdt = O((Ax,) T AL, + At,, + w(At,))
and hence, passing to the weak limit in L2([0, 7] x R?), we get

(3.33) /OT ./Rd [8t¢(t7x) - ?Aqﬁ(t,x) — (b(s,2),Vo(t,z)) | m(t,z)dzdt = 0.

Since the vector space spanned by {n¢ | 7 € C5°((0,T)), ¥ € C3°(RY)} is dense in Cy%((0,T) x RY)

(as in [41], Corollary 1.6.2 of the Weierstrass Approximation Theorem]), we get that (3.29) holds for any
¢ € Cy2((0,T) x RY).
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Finally, let us show that for any ¢ € Co(R)

(3.34) (z)(M(t,z) —mg(z))de -0 ast— 0T,
Ra
By Lemma we have that m € C([0,T]; D'(R%)). Moreover, by [22, Lemma 2.1], for any ¢ € [0, 7]
and for every ¢ € Co(R%), it holds that

(3.35) s—>t,hsrél[0,T] /Rd o(z)m(s,x)da = » o(z)m(t, x)dx.

Since Theorem i) implies that m(0,-) = m(-), (3.34) follows from (3.35) with ¢ = 0. Thus, the
result follows from ([3.29)), (3.34) and the uniqueness result in Theorem iv). O

Remark 3.2. The convergence of the sequence (m™)nen to m* in the previous theorem is rather weak.
On the other hand, to the best of our knowledge this is the first convergence result of a high-order LG
scheme for equation . Notice that our proof does not depend on the smoothness of m* recalled in
Theorem (2.1(1), and it can be easily adapted to deal with equations whose second-order term are not
uniformly elliptic (see e.g. [19,[15]).

4. THE SCHEME FOR MFG

To derive a high-order scheme that approximates a solution (v*,m*) of the MFG system, we are left
to derive a high-order method for the HJB equation, which coupled with (3.11)) will provide the desired

discretization of system (MFG]).

Given u € C([0,T7; P1(R%)), we consider the HIB equation:

00— T Av+ LVu2 = F(z,u(t) in(0,T) xR,
U(Ta ) = G(7 M(T)) in RY.

Standard results for quasilinear parabolic equations (see e.g. [3I, Chapter IV and V]) yield that
admits a unique classical solution v[u]. Moreover, using that v[u] is the value function associated with a
stochastic optimal control problem (see e.g. [23, Chapters IV and V]), it is easy to check that (H1)-(H2)
imply the existence of R > 0 such that

|Volu](t,z)| < R forallt € [0,T], z € RY, u € C([0,T]; P1(RY).
We now describe a variation of the scheme in [7] to deal with the nonlinearity of the Hamiltonian in

(HJIB)) with respect to Vo (see also [38, 42] for related constructions). For a given p € C([0, T]; P1(R%)),
let us define {vy; |k € Zas, © € Zag} C R as the solution to

(HIB)

(@) e = Slp)(v. kg1, k,7) forall k € IX,, i € Tay,
. UNpi = G(xi,u(tNAt)) for all 7 € IAJC,

where, for a given f = {f;}iezn, CR, k € IX,, and i € T,

Slul(f, k, i) = (irelg [Z we (I[f](nﬂz — Ata + VAtoe®) + %F(ﬂcz — Ata 4+ VAtoe!, u(tk+1))>

(4.2) LELy

At At
+7|01|2 + ?F(xi,ﬂ(tk)),

with A = {a € R?||a| < R} and I[f] being defined by (3.8). The following consistency result for S[u]
follows from (4.2) and (H2).

Proposition 4.1. Let (At,, Az )neny C (0,4+00)2, (kn)nen €N, (in)nen € Z%, (in)nen C C([0,T]; P1(RY)),
and pn € C([0,T]; P1(R?)). Assume that (H2) holds and, asn — 0o, (At,, Az,) — (0,0), (Az, )i+ /At, —
0, kn € Zat,; in € Zag,; th, — t, i, = x, and p,, — p. Then, for every ¢ € C’;’S ([O,T] X Rd) satisfying
Vol Los (0,1 xre) < R, we have

2
litn o 9(tk, 4,) — Slinl (D, 41,k in)] = ~00(2) — S-A6(1,2) + 51V0(6,2) — Fw, (1),

where ¢ = {P(tr, i) ieza, -
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The proof is given in the Appendix.
For p € C([0,T]; P1(R%)), let us define
(4.3) valp)(t, z) := vy agl(z)  forall (t,z) €[0,T] x Oa,
where vy, ; is given by . For £ € T; and k € T}, let yf[u](x) be the unique solution to
(1.4 y=2 5 [Dealpl(ti,2) + Dealil(tann, ), )] + VAo,

where Dua [u](tg,x) represents a numerical gradient with respect to « of va[u](tk, x), computed by a
fourth-order finite difference approximation.

We propose the following scheme for (MFG): find {(vgi, my ;) € R? |k € Zat, i € Za,} such that, for
all k € T3, and i € Ta,,

Vi = Salmal(vii, ki),
UNagi — G($i7m)7
(4.5) Z mk+1,j/ Bi(x)Bj(x)dx = Z My j Zwe Bi(yrlmal(x))B;(x)de,
J€Tnq Oa J€Tax ter, 7Oa

mg(x)B;(z)dx.
Oa

Z mO,j/o Bi(x)B;(x)dx

VSN

In the examples considered in the following section, system (4.5)) will be solved, heuristically and as in
[13} 36, [16], by using fixed-point iterations.

5. NUMERICAL RESULTS

In this section, we show the performance of the proposed scheme on two different problems: a MFG with
non-local couplings and an explicit solution, and a MFG with local couplings and no explicit solutions.
For each test, we measure the accuracy of the scheme by computing the following relative errors in the
discrete uniform and L? norms

maxicz,, [ha (T, z:) = h(T,z:)| @:<meme—Mﬂmmyﬂ

Ey =
maxiezy, [h(T,2i)] Into, (|A(T,2)|?)

where h = m, v, ha = ma, va, and Intp, denotes the approximation of the Riemann integral on Oa by
using the Simpson’s Rule. We denote by po, and ps the rates of convergence for E., and FEs, respectively.

Notice that, for the exactly integrated scheme , the local truncation error is given by the con-
tributions of and (3.9), which yield a global truncation error of order (Az)?™ /At + (At)2. As in
[19], we get that the order of consistency is maximized by taking At = O((Az)@*tD/3). With respect to
the space discretization step, the previous choice suggests an order of convergence given by 2(q + 1)/3.
In all the simulations we take ¢ = 3, which yields an heuristic optimal rate equal to 8/3, and Simpson’s
Rule to approximate the integrals in . The convergence rate of the resulting scheme is illustrated
numerically in the examples below. Indeed, the tables in the tests show rates of convergence po, and po
greater than 2 in most of the cases. The positivity preservation of the discrete density is true only when
linear basis functions are used. This property is not in general verified by our method, and it holds only
asymptotically. In the first numerical test, we calculate the maximum value of the negative part of the
approximate density in the space-time mesh and call this value positivity error. We will show that with
the refinement of the mesh, the positivity error decreases until it cancels.

5.1. An implementable version of the scheme . In order to obtain an implementable version
of , an approximation of the integrals therein has to be introduced. For simplicity, we consider the
one-dimensional case, we use Simpson’s Rule on each element [z;,z; + 2Az] (j = 2m, m € Z) and cubic
symmetric Lagrange interpolation basis functions 8; (p =1 in ) Recalling that 3; has support in
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[j_2,xj42], letting 6; ; = 1 if i = j and 0; ; = 0 otherwise, the entries of the mass matrix A (see (3.12))
are approximated by

z; Tjto 2A
(1) s = [ s@s@iet [ s = 235,
Oa Tj—2 Zj
while the entries of Bf (see (3.13))) are approximated by
rit2 2A
(52) B = [ B @ = 260 w)

i—2

We observe that, as usual in LG methods, the integrands in and have not the necessary
regularity in order to guarantee the standard accuracy order of the quadrature rule. This can lead to
fluctuations in the order of convergence, as can be observed in some instances of the numerical tests
below. However, in those tests we will see that the aforementioned quadrature rule provides an overall
order of convergence close to 8/3.

Using (5.1) and (5.2)), the scheme (3.14)) is approximated by

(5.3) Mit1 = D e, weBlmy,  for k € Tk,
. mo = o,

where Ef; isa (2Nay + 1) X (2Na, + 1) matrix with entries given by
(Bp)ij = Bilyr(z;))
and my is vector of length 2Na, + 1 given by
77’1,071' = mS(ﬂcl) for i € Ta,.

Remark 5.1. Applied to a linearization of equation , scheme 1s the dual of the semi-
Lagrangian scheme [19] when a Crank-Nicolson method is used to discretize the characteristic curves,
together with a cubic symmetric Lagrange interpolation to reconstruct the values in the space variable.
Moreover, scheme is also a natural higher-order extension of the scheme proposed in [14, [15] to
approzimate second-order MFGs.

5.2. Fixed-point iterations. In view of (5.3), it is natular to propose the following implementable
version of the scheme for (MFG]): find (V, M) := {(k;, M) € R? |k € Zas, i € Za,} such that, for all
ke€lx, and i € Ia,,

(5.4) vk,i = Salmal(ve1, k, 1),
UNAt,i - G(th)»
(5.5) Mirri = Y, My Y wiBi(yi(e;)),
J€IAz LTy
mo,; = mé(zz)
This system is heuristically solved by the fixed-point iterations described in Algorithm 1, which has as
input data a damping (or relaxation) parameter w € [0, 1], an initial guess M, for the density M, and

a tolerance parameter 7 > 0. The iterations are stopped as soon as the L'-norm, approximated by the
Simpson’s Rule, of the difference between two consecutive approximations of M is less than 7.

5.3. Non-local MFG with analytical solution. Consider the non-local MFG system

2
—0w — %Av +1 Vo]? = i <x —/ ym(t,y)dy) in [0,T) x RY,
Rd
5.6
(5.6) om — %QAm —div(Vem) = 0 in (0,7] x R4,
v(T,-) =0, m(0,-) =m$ in RY,

where m} is the density of a Gaussian random vector with mean o € R? and covariance matrix 2 €
R¥*4_ For simplicity, we will assume that ¥y is a diagonal matrix.
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Algorithm 1: Fixed-point iterations

Input : Initial guess M,, damping parameter w, tolerance 7 > 0.
Output: Approximation (V, M) of the solution to (5.4)-(5.5).
1 Initialize M© = M©) = M, p =0,

2 do
3 compute VP+1) solution to (5.4)) with ma replaced by Mv(p),
4 compute DUXJH) numerical gradient of V1)

5 compute M@+ golution to (15.5) with yﬁ solution to obtained using DUX’+1)7
6 compute E®+1) = Int[o,T]on|M(p+1) - M®)|,

7 | let MPHD = G M® 4 (1 — w)MEPHD),
8

9

set p=p+1,
while E@tD > 7
10 return (VP AP+,

In what follows, we compute explicitly the unique solution (v*,m*) to (5.6) (see e.g. []). Since v* is
the value function associated with a linear-quadratic optimal control problem, standard results (see e.g.
[46, Chapter 6]) show that v* has the form

(5.7) v*(t,z) = ()7, ) + (s(t),2) +c(t) for (t,z) € [0,T] x R%,
where, setting Y(t) = [, ym*(t,y)dy for all ¢ € [0,T], II, s, and c satisfy

~I0(t) = —T12(t) + Iy for t € (0,7),
—5(t) = —TI(t)s(t) — Y(t) for t € (0,7),
—é(t) = TTr(T(E) — Y|s()2 + L[V (®)]°  fort € (0,T),
I(T) =0, s(T)=0, ¢T)=0.

(5.8)

Notice that II satisfies a Riccati equation whose analytical solution is given by

2Tt _ ot
(5.9) I(t) = <M> I; fortel0,T].
Since Vv*(t,z) = II(t)z + s(t), the SDE underlying the FP equation in (see (2.1)) is given by
dY(t) = [FII@)Y(t) — s(t)]dt +odW(t) forte (0,T),
Y(0) = Yo,

where Y; is a Gaussian random variable, independent of the d-dimensional Brownian motion W, with
mean o and covariance matrix . Since

(5.10) Y(t)=Yy+ /Ot [-II(r)Y (r) — s(r)]dr + cW(¢) for ¢ e (0,T),

and the coordinates Yy, (i = 1,...,d) of ¥ are independent Gaussian random variables with means (i ;
and variance (Xg);,;, for every t € [0,T], Y (¢) is a vector of independent Gaussian random variables Y;(t)

(i = 1,...,d) with mean Y,(t) and variance (3(t));; = E (Y(t)) — ??(t) to be determined. In other
words,

(5.11) m*(t,x) = O m}(t,z;) forte[0,T], z € R,

where, for every ¢ € [0,T] and @ = 1,...,d, m}(t,-) is a univariate Gaussian density with parameters

Y;(t) and variance (3(t));; In order to compute these parameters, notice that (5.10) implies that

Y(t) = po —l—/o (—H(T’)?(T) - 5(7“)) dr fort € [0,T],
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i.e. Y solves
Y(t) = -I#)Y(t)—s(t) forte (0,T),
Y(0) = po.

Thus, by (5.8) and (5.12)), the couple (Y, s) solves the boundary value problem

(5.12)

Y(t) =-H#)Y () —s(t) forte(0,7),
s(t) =T()s(t) +Y(t) for t € (0,7),
Y(0) = peo, s(T) =0,
whose unique solution is given by (see e.g. [25])
(5.13) Y(t)=po, s(t)=-It)po forte[0,T],

where we recall that II is given by (5.9).
On the other hand, by (5.10) and It6’s lemma, for every i = 1,...,d, we have

YA(t) = Y5, — /t 2Y;(r) [T+ (r)Yi(r) + si(r)] dr + 20 /t Y;(r)dW;(r) 4+ a*t  for t € [0,T).
0 0

Thus, denoting by m( ; the i the marginal of mg (i = 1,...,d), (5.13) yields

E(Y7(1) = /

*mg; (x) dz — 2/0 [T, (r)E (Y2 (r)) + poisi(r)] dr + ot for t € [0, 7).

R

In particular, [0,7] 3 ¢t — E (Y;(t)) € R is the unique solution to

M(t) = —2IL,;(t)M(t) — 2uo.si(t) + 0> t e (0,T),

M©O) = [; x2mai (z)dx,
which, for all ¢ € [0,T], is given by

2 [pa®mf,; (x) dx — 2ud ; + o2 (e*T + 1) o2
2 _ (2T—t | t)2 R 0, 0,i 2
(5.14)  E (Y1) = (e +¢') 2T 1) 3T 1 o) + 1o
Thus, for all i = 1,...,d and t € [0,T],
2 [ x?my,; (z)de —2u2 , + 02 (2T + 1 2
515 (D)= (@74 PRI B (T )
; 2(e2T 1 1)2 2(e2T 1 e2t)

Altogether, for all ¢ € [0,T], m*(¢t,-) is given by (5.11]), where the parameters of the univariate Gaussian
densities m(t,-) are given by (5.13)) and (5.15]), and the value function v* is given by (5.7), with II and
s given by (5.9) and (5.13]), respectively, and ¢, obtained by integrating the third equation of (5.8)), is
given by

2 T
_1 o*d 2e
C(t) ) <H(t),uf0aluf0> - 9 In (€2T_t+€t> for t € [O,T]

In this test, the assumption on the boundedness of b is not verified in all R%, however it is true in every
bounded domain Oa. Let us now solve system on a bounded domain in dimension d = 1. We choose
[0,T] x Oa = [0,0.25] x (—2,2), with Dirichlet boundary conditions on 9O, the latter being equal to
the exact solution of for the HJB equation and homogeneous for the FP equation. The numerical
approximation of the boundary conditions for the HJB equation is based on the technique proposed in [7],
while for the FP equation we proceed as in the previous test. We consider two cases, one with 02/2 = 0.05
and the other one with 02/2 = 0.005. As input parameters for the fixed-point iterations, we set the initial
guess for the density equal to the initial datum mg at each time step, as damping parameter w = 0, and
as tolerance 7 = 10™2. Tables [1] and [2| show the errors and the convergence rates for the approximation
of the HIB and FP equations, in the case where 02/2 = 0.05 and At = (Az)*/3/4. In order to show
the advantages of the high-order scheme in this paper, we also solve system with the low order
numerical scheme proposed in [I4]. We display in Table [2| (columns 6-9) the errors and convergence rates
for the approximation of the FP equation. The comparison between the errors and the orders of the two
schemes clearly shows the gain in accuracy achieved by the new scheme.
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Tables [3| and [4] show the errors and the convergence rates for the approximation of the HJB and FP
equations, in the case where 02/2 = 0.005 and At = (Ax)*/3/4. The convergence rates tend to be close
to the theoretical optimal rate 8/3. Tables [5|and @shovv the errors and convergence rates for va (0, ) and
ma(T,-), which are calculated by taking At = Az/4, and Tables [7] and [8| consider the case At = (Ax)?2.
These tables show that the scheme is stable as the time steps change, however the convergence rate
deteriorates slightly, especially for the approximation of the time-dependent density.

In Figurewe show the solution to on [0,T] x Oa = [0,0.25] x (=2, 2) with 02/2 = 0.005, computed
with Az = 1.25-1072 and At = (Az)*3/4. Figure [2| displays a zoom of the initial density mf, the exact
solution m*(T,-) and its approximation ma (7T, -), computed with Az = 6.25- 1073 and At = (Az)*/3/4.

A Errors for the approximation of v*(0, -)
E Es Poo P2
2.00-1071]6.20-107° [ 7.40-10~° | - -
1.00-1071 [ 1.09-107° [ 1.43-107° | 2.51 2.37
5.00-1072[2.13-107% [ 3.41-107% | 2.36 2.07
2.50-1072 [ 5.42-10"7 [ 1.00-107% [ 1.97 1.77

TABLE 1. Errors and convergence rates for the approximation of the value function of
problem (5.6) with d = 1, 62/2 = 0.05, and At = (Ax)*/3/4.

0.8 - 0.8 -

06 - B 0.6~

0.4 0.4

02+ B 02—

04 ! ! ! 04
-5 - 5 5 15

FIGURE 1. Solution to on [0,T] x Oa = [0,0.25] x (—2,2) with ¢2/2 = 0.005.
On the left, we display the exact value function v* at times t = 0, ¢ = 0.25, and the
numerical approximation va at time ¢ = 0. On the right, we display the exact density
m* at times t = 0, t = 0.25, and the numerical approximation ma at time t = 0.25.

5.4. Mean field games with local couplings. In this section, we approximate the solution of the
second-order MFG system with local couplings studied in [43], Section 5.2]. Namely, we consider system

—0w — ";Av + 3 Vul> = F(z,m) in[0,T) x Oa,
(5.16) oym — %Am —div(Vom) = 0 in (0,7] x Oa,
o(T,-) =0, m(0,-) =m$ in RY,
Az High-order scheme Low-order scheme
Eoo E2 P D2 Eoo E2 Poo D2
2.00-10"1[222.-1072[232-1072 | - - [1.90-107T[1.84 10" -

1.00-1071[543-1073 [ 5.10-1073 [ 2.03 [ 219 [ 1.56-10"L [ 1.41-10"* [ 0.28 | 0.38
500-1072[9.32-107*[890-10"* [ 254|252 1.14-1071 [ 1.01-10"1 | 0.45 | 0.48
250-1072[1.33-100%]1.26-107%[281[282|7.77-1072]6.86-10"2 | 0.55 | 0.56

TABLE 2. Errors and convergence rates for the approximation of the density of problem
(5.6) with d =1, 02/2 = 0.05, and At = (Ax)*/3/4.
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A Errors for the approximation of v*(0, )
Ey Es Doo D2
2.00-1071[1.68-107% [ 1.70 - 10~* | - -
1.00-1071 [ 3.56-107° [ 3.48-107° | 2.24 2.29
5.00-1072 [ 5.86-10% [ 5.75-1075 [ 2.60 | 2.60
2.50-1072 [ 1.06-1076 | 1.04-107° | 2.47 | 2.47

TABLE 3. Errors and convergence rates for the approximation of the value function of
problem (5.6) with d = 1, 02/2 = 0.005, and At = (Az)*/3/4.

Az Errors for the approximation of m* (T, -)

E FEs Poo | P2 | positivity error
2.00-1071[881-103[1.01-1072| - - —3.51-107%
1.00-1077[3.06-1073[2.53-10"3 [ 1.53 [ 2.00 | —9.45-107Y
5.00-10"2[8.01-10"*[5.56-10"*[1.93 | 2.19 0
250-1072[1.81-107%[1.14-107* [ 2.15 [ 2.29 0

TABLE 4. Errors and convergence rates for the approximation of the density of problem
(5.6) with d = 1, 02/2 = 0.005, and At = (Ax)*/?/4.

1.05

1 L . . L L L
-0.15 01 -0.05 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
e

FIGURE 2. Zoom of the exact density m* at times ¢t = 0, ¢t = 0.25, and of the numerical
approximation ma at time t = 0.25.

A Errors for the approximation of v*(0, -)
Eoo E2 Poo D2
2.00-107T[272-107%[2.556-107%] - -
1.00-1071 [ 762-107° [ 6.72-107° [ 1.84 | 1.93
500-1072 [ 1.61-107° [ 1.44-107°|2.24 | 222
2.50-1072[369-10°[3.59-1075]2.13] 2.00

TABLE 5. Errors and convergence rates for the approximation of the value function of
problem (5.6) and 02/2 = 0.005, At = Ax/4.

with 7' = 0.05, Oa = (0,1), homogeneous Neumann boundary conditions at z = 0 and z = 1, 02/2 =
0.05,

mi(z) = sin”(2mz — 3) if @ [f“ il and F(x,m) = 3m(x) — min(4,m).

0 otherwise,

Notice that the coupling term F' depends on the density m in a pointwise (or local) manner. The

homogeneous Neumann boundary conditions are approximated as in [9]. In this example, we do not have

L ~al * *
an explicit expression for (v*,m*).
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Ax Errors for the approximation of m* (T, -)

F FEs Poo | P2 | positivity error
2.00-1071[5.93-1073 [ 7.01-102 | - - —8.18-107°
1.00-1071[2.63-1073 | 2.17-1073 | 1.17 [ 1.69 | —3.58 1010
5.00-10"2[1.23-1073[4.80-10"*[1.10 | 2.18 0
2.50-1072[339-107%]9.61-107° ] 1.86 | 2.32 0

TABLE 6. Errors and convergence rates for the approximation of the density of problem

(5.6) and 02/2 = 0.005, At = Az /4.

Az Errors for the approximation of v*(0, -)
Eoo E2 Poo b2
2.00-10°T[198-107*]1.87-107*] - -
1.00-1071]2.84-107°]2.86-107° [ 2.80 | 2.71
5.00-1072[341-1076[3.94-107°13.06 | 2.86
2.50-1072 [ 4.56-10"7 [ 5.08-1075]2.90 | 2.96

TABLE 7. Errors and convergence rates for the approximation of the value function of
problem (5.6) and ¢%/2 = 0.005, At = (Ax)?.

Az Errors for the approximation of m* (T, -)

FEo FEs Poo p2 | positivity error
2.00-1071[6.60-1073[7.63-1073| - - —1.01-107%
1.00-10~' [ 3.11-1073[2.60-10~3 [ 1.09 | 1.55 | —1.19-1078
500-1072[917-107%[7.16-107* [ 1.76 | 1.86 0
250-1072[242-107%[1.81-107%[1.92 ] 1.98 0

TABLE 8. Errors and convergence rates for the approximation of the density of problem
(5.6) and 02/2 = 0.005, At = (Az)2.

We consider two cases, one with 02 /2 = 0.05 and the other one with 02 /2 = 0.005. As input parameters
for the fixed-point iterations, we set the initial guess for the density equal to the initial datum mg at
each time step, as damping parameter w = 0.5 and as tolerance 7 = 10~%. In order to compute the errors
and rates of convergence, we compare our approximations (va,ma) with a reference solution, which is
still denoted by (v*,m*), computed with Az = 6.67 - 10~* and At = (Az)*/2/3. In Tables [9] and
we show the errors and convergence rates for va (0, ), 9;vA(0, ), and ma(T,-), which are computed by
taking At = (Ax)%/2/3 for different values of Az. We observe an order of convergence greater than two
in most of the cases. In order to show the main advantage of the proposed scheme over a low-order
scheme, we compare the proposed scheme with a first-order semi-Lagrangian scheme for MFG, developed
n [14]. Table columns 4 to 8, shows that, using the low-order scheme, the density is approximated
with a much lower accuracy and the convergence rate is also much lower. Finally, Figure 3| shows the
approximated density ma at time ¢ = T and the approximated value function va, together with its
gradient Dva, at time ¢t = 0. These approximations are computed with Az = 1.56 - 1073.

Errors for the approximation of v*(0,-) | Errors for the approximation of 9,v*(0, -)

A E Esy Poo D2 Fo Esy Poo D2
5.00-1072 | 5.38-1072 | 3.80- 102 - - 8.09-102 | 4.96 - 102 - -
250-1072[143-1072[1.29-10"2 | 1.91 1.55 1.37-1072]1.19-1072 | 2.53 2.05
1.25-1072 [ 4.25-1073 | 3.24-1073 | 1.75 1.99 3.94-1073[2.79-1073 | 1.80 2.09
6.25-107°[8.84-10"1[7.99-107% | 2.27 2.02 834-107*|707-107%]2.23 1.98

TABLE 9. Errors and convergence rates for the approximation of v*(0,-) and d,v*(0, -)

of problem (5.16), with At = (Ax)3/2/3
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Az High-order scheme Low-order scheme
Ey Es Doo | D2 E Es Doo | D2
5.00-1072[9.07-10"2 [ 4.82-10°2 - - 1.97-10°9[6.30-10° 1T - -
250-1072|1.81-1072(6.79-1073 [ 2.32 | 2.82 [ 1.15-107° [ 3.63-10"L | 0.77 | 0.79
1.25-1072 [ 4.81-1072 | 1.36-1073 [ 1.91 | 2.32 [ 9.03-10~T [ 2.80- 10T [ 0.35 | 0.48
6.25-1073 [ 7.64-10~%]2.06-107%]2.65|2.72[1.96-10"T [ 4.96-102 ] 0.48 | 0.51

TABLE 10. Errors and convergence rates for the approximation of m*(7,-) of problem

(5.16), with At = (Ax)3/2/3

FIGURE 3. Approximated value function va(0,-) (left), the derivate Dua[u](0,-) (cen-
ter), and approximated density ma (T, ) of problem ([5.16)(right).

6. CONCLUSIONS AND FUTURE PERSPECTIVES

The main aim of the paper is to present a new and efficient high-order scheme to solve MFG systems
with regular solutions. In order to do so, we have developed a new high-order scheme for the (FP))
equation, based on Lagrange-Galerkin methods combined with a second-order weak approximation of
the underlying stochastic characteristic curves. A convergence analysis has been provided in the distri-
butional sense and with respect to the weak topology in L2. We have then combined the new scheme
for the equation with a high-order semi-Lagrangian scheme for the equation to obtain a
high-order scheme for the system. We have shown the performance of the scheme by numerical
simulations. We heuristically expect convergence rate 8/3, which is reached in some cases. The main
advantage of the scheme, as usual for semi-Lagrangian schemes, is that during the fixed point iterations
the equations and are solved by schemes which are explicit and do not require the standard
parabolic CFL condition At = O((Az)?) in order to be stable. Recall that the CFL condition is required
by standard explicit finite difference schemes to approximate parabolic PDEs. Instead, in Theorem
and in Proposition the relation (Az)9T1/At — 0 is assumed, which implies that larger time steps
than At = O((Ax)?) are allowed. The restriction on the time step is only due to accuracy. In fact,
as Tables [6] and [§] show, the accuracy may decrease for time steps that are far from the optimal one.
Similar considerations were observed in [I9], where high-order semi-Lagrangian schemes are applied to
approximate linear parabolic PDEs. In addition, the scheme for the is conservative, which is not
generally true for semi-Lagrangian type schemes applied to conservation laws (see e.g. [§]). The main
drawbacks of the scheme are the loss of positivity for the discrete density, and the lack of a constant
high-order convergence rate. Both drawbacks are due to the choice of standard cubic basis functions.
Investigation on the use of a different class of basis function is an interesting point to be addressed in
the future. Concerning the observed oscillations in the rate of convergence, we attribute them mostly
to the lack of regularity of the integrands appearing in the schemes which yields, possibly, a lack of
accuracy in the approximation of the integral terms. More regular basis functions may help to improve
the quadrature error and then the overall truncation errors.
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7. APPENDIX: PROOFS.

Proof of Theorem We refer the reader to [6, Theorem 6.6.1] for the existence result in (i) as well
as for the nonnegativity property in (ii). The uniqueness result in (i) and the mass conservation property

in

(iii) follow from [0, Theorem 9.3.6] and [6, Corollary 6.6.6], respectively. Finally, the proof of (iv) is

given in [22, Theorem 4.3]. O

Proof of Pmposz’tz’on In the proof of both assertions, we fix ¢ € C3(R?) and we will denote by C
a positive real number which can depend on ¢ but not on A. We will also use the estimate

2

)| b)) - [¢<x)+m (”2A¢<x)+<b<x,tk>,v¢<x>>>} < C(AD? fora e RY,

wh

LELy

ich follows from the definition of ! (z) and a Taylor expansion (see for instance [T]).

(1) Let us first show the assertion for ¢ = tx41 and s = t;, for some k € Z},. Set € := ¢ — I[¢] and fix

k € I},. Remark [3.1] yields the existence of C' > 0 such that

(7.2)

() (ma(tkt1,2) —ma(ty, ) dz| <

Rd

/]Rd I[‘ﬂ@) (ma (tk-i-l, x) — ma(tg, x)) dz

+C||€HLoo.
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Recalling that supp{ma(tr,-)} C Oa and using the definition of the scheme in (3.11)), we have that
(7.3)

/Rd I[¢](x) (ma(tpsr, ©) — ma(te, z)) dz /OA D d@)Bi@) | Y (marry —may) Bi(x) | de

i€zd NSNS

=S 6@ | S (msny — i) /O B:(2)B;(2)dz

A JEIAS

=" 6(x) [Zw > mk,g(/ Bi(yk(2))B;(x)dw

i€Z4 LEL, JE€EIA
[ B <x>dx)]

Oa

=D we ), / [ I[¢]<m>}ﬂj<m>dx

LeTy J€LA

- Y / { fw](x)}m(tk,x)dx.

LeTy

On the other hand, since ¢ has a compact support, there exists C > 0 such that

(7.4) > we (I[6)(wk() — k()

LELy

+ 6 = I[glllz2 < Cllellz~
2

and, by (7.1)) and (H2), there exists C' > 0 such that

(7.5)

> we (9 () — 9)

ey

< CAt.

L2

Thus, by the triangular and the Cauchy-Schwarz inequalities, Theorem iii), 7.2), (7.3), (7.4), and
(7.5)), we get the existence of C' > 0 such that

¢(@) (ma(trrr, ©) —ma(te, ) de| < C([efl= + At).

Rd

It follows from (3.9)), and the condition (Az)9t! < At, the existence of C' > 0 such that ([3.27) holds for
3.27

t = tp+1 and s = t;. Using this relation and the triangular inequality, we deduce that (3.27) holds for
every s =t and t = t,,, with k, m € Za;.

Now, let us fix s,¢t € [0,7] and assume, without loss of generality, that ¢ > s. Let k1, ko € I}, be
such that s € [tg,,tr,+1] and t € [tk,, tgy+1]- If k1 = ko, then it follows from that holds with
Cy = C. Otherwise, ko > k1 +1 and yield

o(x) (ma(te,+1,%) — ma(s, @) dz| < %JFA;_S o(x) (ma(tp,+1,%) — ma(ty,,z)) dx
(7.6) Rd t Rd
< Ctky+1 — S)-
Similarly,
(7.7) y d(z) (ma(tey, x) —ma(t,z))de| < C(t —tg,).

Altogether, it follows from the triangular inequality, (7.6, (7.7), and (3.27), with ¢ = tx, and s = tx, 41,
that (3.27) holds with Cy = C.
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(ii) By (3.9), Remark and the definition of the scheme (3.11)), for each k € T}, we have

p(@)maltor, o)de = / 11¢](x)ma(trsr, 2)dz + O((Az)T+)
Rd Rd

o) > mupry [ Bilw)Bi(x)dz + O((Ax)H)
RCL

i€Zd J€TAzy,
- = Y ole) 3 ms Ywr [ AGE@)E e+ OBy

i€Z JE€TAL LeTy

> s 3w [ 0@ e + 080y

J€LAx, LeLy

/]Rd (Z wgqb(yi(x))) ma (tg, z)dx + O((Ax)q+1)_

LELy

Using (7.1) and Remark we obtain
(7.9)

o2
(@) (ma(tes1,2) — ma(ty,z))de = At/d <2A¢($) + <b(tk,$)7v¢($)>> ma (te, z)dz
R
+O((Az)TT! + (At)?).
Notice that, for any s € [tg,tg+1], Remark implies that

Rd

@10) [ 00, Vo) mata)ds = [ (b(s.2), Tola)ma . p)ds + Ofwp(AD)

Rd

By (3.25)) and the fact that b(s,-) € C91(R?), together with assertion (i), we have

(7.11)

tht1 0_2
/ / (2A¢(z) + (b(s, x), ng(x))) (ma(s,2) —ma(ty, z))dzds| = O((At)?).
tr Rd

Thus, (3.28) follows from (7.10)), (7.11]), and (7.9)). O

Proof of Lemma[3.d] In view of the Arzela-Ascoli theorem [27, Chapter 7, Theorem 18] (see also [30,
Section 4]) and Proposition 3.1f1), it suffices to show that the family M is pointwise relatively compact.
Let us consider the absolutely convex set Uy := {¢ € C°(R?Y) | ||§]lz~ < 1, suppp C B(0,1)}. This
set is a neighborhood of 0 in the standard topology of C§°(R?) (see e.g. [45, Chapter 10]) and, for any
t € [0,7],

ma(t, z)p(x)dx
Rd

/ ma(t,)(x)dz

B(0,1)

sup

9€Uo
where r = sup{[[ma(t, )l Fo1) A € (0,0)2} belongs to [0,+00) by (3.26). This proves that
{ma(t,-)|A € (0,00)%} C {T € D'(RY)| supyey, |T(¢)| < r} which, by the Banach-Alaoglu-Bourbaki
theorem (see e.g. [37, Theorem 23.5]), is a compact subset of D'(R?). O

= sup

< llmatt, Mz @ o) <7
¢eUp

Proof of Proposition[{.1 Let At > 0, Az > 0, and o € A. In the computations below, the big O
terms are uniform with respect to o € A. Let us apply (7.1) to ¢(tg41,-), with b(¢t,z) = —a, to obtain
(7.12)

> weep (tk+17.’1:i — Ata+ \/Atoee) = ¢ (tgt1, ;) + At (%2A¢(tk+17xi) —(Vo(tpt1,2:), a))
LELy
+0 ((At)?).
By (H2) and using the first-order Taylor expansion of F(-, u(tx)) around z;, we get

(7.13) 3 (ZEX% weF (z; — Ator+ VAtoe!, u(tyy1)) + F(wi, M(tk))> = F(a;, p(tes))
+O(At + d(pu(trr1), pltr)))-
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Thus, by , (7.12), (7.13), and (3.9), we obtain
(0% 2 0'2
SUl(Gke1 ki) = 6(turnm) - Atsup |(Voltnsn,a)a) — 5| + 20T Abtra, )
(1S
FALF (2, ptrr1)) + O (A1) + (Az) T + Atd(p(tet), p(ts)))

At 9 o2
= ¢ (tpt1,xi) — 7|V¢(tk+1,$i)| + At?A¢(tk+17xi)

FALF (@5, it ) + O (A2 + (A2)T + Atd(u(tes1), wl(t))) -
Finally, we get

1 o2

Al [(th, z5) — Sa[p](Prt1, k1)) = — Opp(tpgr, x5) — §A¢(tk+1»l’i) + %|V¢(tk+1>$i)|2 = F(xi, p(tr+1))

x)at!
+0 (a0 + B ).

from which the result follows. O
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