Journal of Cosmology and
Astroparticle Physics

SISsA

PAPER « OPEN ACCESS

Neutrino emission in cold neutron stars:
Bremsstrahlung and modified urca rates
reexamined

To cite this article: Salvatore Bottaro et al JCAP11(2024)015

View the article online for updates and enhancements.

You may also like

- Nuclear physics of the outer layers of

accreting neutron stars
Zach Meisel, Alex Deibel, Laurens Keek et
al.

- ELECTRON-CAPTURE AND -DECAY

RATES FOR sd-SHELL NUCLEI IN
STELLAR ENVIRONMENTS RELEVANT
TO HIGH-DENSITY O-NE-MG CORES
Toshio Suzuki, Hiroshi Toki and Ken’ichi
Nomoto

- SNe la Keep Memory of Their Progenitor

Metallicity
Luciano Piersanti, Eduardo Bravo, Sergio
Cristallo et al.

This content was downloaded from IP address 194.12.188.197 on 18/11/2024 at 11:34


https://doi.org/10.1088/1475-7516/2024/11/015
/article/10.1088/1361-6471/aad171
/article/10.1088/1361-6471/aad171
/article/10.3847/0004-637X/817/2/163
/article/10.3847/0004-637X/817/2/163
/article/10.3847/0004-637X/817/2/163
/article/10.3847/0004-637X/817/2/163
/article/10.3847/0004-637X/817/2/163
/article/10.3847/0004-637X/817/2/163
/article/10.3847/0004-637X/817/2/163
/article/10.3847/0004-637X/817/2/163
/article/10.3847/2041-8213/aa5c7e
/article/10.3847/2041-8213/aa5c7e

ournal of €osmology and Astroparticle Physics

An IOP and SISSA journal

RECEIVED: July 8, 202/
REVISED: September 10, 202/
ACCEPTED: October 16, 202/

PUBLISHED: November 8, 202/

Neutrino emission in cold neutron stars: Bremsstrahlung
and modified urca rates reexamined

Salvatore Bottaro™,* Andrea Caputo™® and Damiano F.G. Fiorillo ©°

@School of Physics and Astronomy, Tel-Aviv University,
Tel-Aviv 69978, Israel

bDepartment of Theoretical Physics, CERN,
Esplanade des Particules 1, P.O. Box 1211, Geneva 23, Switzerland

¢Niels Bohr International Academy, Niels Bohr Institute, University of Copenhagen,
2100 Copenhagen, Denmark

E-mail: salvatoreb@tauex.tau.ac.il, andrea.caputo@cern.ch,
damiano.fiorillo®@nbi.ku.dk

ABSTRACT: Neutrino emission in cold neutron stars is dominated by the modified urca (murca)
process and nucleon-nucleon bremsstrahlung. The standard emission rates were provided
by Friman and Maxwell in 1979, effectively based on a chiral Lagrangian framework with
pion and rho meson exchange, supplemented by Landau parameters to describe short-range
interactions. We reevaluate these rates within the same framework, correcting several errors
and removing unnecessary simplifications, notably the triangular approximation — where
the Fermi momenta of protons and leptons negligible compared to that of neutrons — in
MURCA, and quantify their importance. The impact of rho meson exchange, previously
argued to cancel with interference effects, is actually quite relevant. Altogether, the cooling
rates are reduced by as much as a factor 2. We provide comprehensive analytical formulas
encompassing all contributions, designed for straightforward numerical implementation. Our
results are particularly relevant for studies of physics beyond the standard model, where
the emission of new particles — such as axions — is typically computed within the same
framework we adopt here.
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1 Introduction

Neutron stars (NS) are fascinating objects. It was 1932 when — just one month before the dis-
covery of the neutron — Landau conjectured the existence of cold dense stars in a conversation
with Bohr and Rosenfeld. These “scary stars” (“unheimliche Sterne”) would have small radii
and enormous densities, as also suggested independently in 1934 by Baade and Zwicky. A few
years later, in 1939, Oppenheimer and Volkoff described the first model of neutron stars, made
of a free neutron gas, but it was only in 1967 that pulsars were observed and shortly after Gold
proposed the now accepted view that they are fast rotating neutron stars. Typical neutron
star masses vary in the range Mg ~ 1 — 2 M with a radius of the order of R ~ 10km,
therefore with very large densities, beyond nuclear, py ~ 2.5 x 10 g/cm? or ng ~ 0.15fm=3.

These extreme stars form when the degenerate iron core of a massive star at the end of its
life evolution becomes unstable and collapses, leading to a type Il supernova explosion. The
first stages of the life of the newborn are decisively determined by neutrino emission, which
dominates the cooling of the neutron star. At the beginning, the inner temperature is very high,
around 7' ~ 109 — 10" K = 1—10 MeV, but it quickly drops to T~ 10° K ~ 100 keV after 1-10
years. After ~ 10* — 10° years, the temperature drops to 7'~ 2 x 10® K, and surface photon
emission finally takes over in the cooling process. Clearly, neutrino cooling processes in nuclear
environments are of paramount importance for the study of these fascinating stars. The first
detailed computations of neutrino emission rates in neutron stars trace back to 50 years ago [1-
3]. Usually, the direct decay of a neutron n — p+e~ +7, is inhibited by the strong degeneracy,
so the most important processes to consider are neutrino-antineutrino bremsstrahlung

n+n—n+n+uv+ vy, (1.1)
n+p—=nt+p+uv+ vy, (1.2)
p+p = p+ptu+u, (1.3)



where ¢ = e, u, 7 indicates the neutrino flavor, and modified URCA (MURCA) processes,
where a charged lepton is also emitted, both in the neutron branch

n+n—->n+p+l+uv, n+p+l—on+nt+uy, (1.4)
and the proton branch
p+n—p+p+l+uv, pt+p+L—o>p+n+u. (1.5)

The standard reference for the emission rates associated with these processes is the seminal pa-
per written by Friman and Maxwell in 1979 [4] (hereafter FM), in which the authors provided
a detailed description of all the computations within the one-pion exchange (OPE) framework,
but quantifying also the effect of short-distance interactions beyond OPE. The topic has been
reconsidered later on, for example by Yakovlev and Levenfish [5] with a focus on reduction fac-
tors due to possible proton superfluidity, and by Maxwell himself with a focus on the potential
presence of hyperons [6]. Even without superfluidity, the use of in-vacuum interactions has
been questioned, as the medium polarization might significantly renormalize the properties and
interactions of nucleons [7-14]. Nevertheless, standard reviews [15] and fast public numerical
codes like NSCool, still use the results from the original work FM, which represents hitherto the
most complete and detailed reference for the topic. The ramifications of these results go well
beyond pure astrophysics, as NS cooling is a sensitive probe of emission of particles beyond the
Standard Model (BSM) [16], where it is usually treated using NSCool, in turn relying on FM.
Given the potential impact of neutrino cooling in NS across multiple fields, especially in
recent times, we believe a detailed understanding of its rate is needed. Here we reconsider the
historical work of FM, and we show that several corrections arising from the purely particle
side of the calculation can alter the cooling rates by more than a factor 2. We do not aim for
a state-of-the-art description of the nuclear physics (in particular, we do not tackle in-medium
effects, which are known to be relevant in NS interiors [7-14, 17]), but stick to the framework
adopted in FM. Our results correct for multiple small inconsistencies in the original treatment,
at the same time relieving some of the approximations of the original paper; specifically:

e we model the long-range interaction as an OPE+p-meson exchange. The latter was
argued in FM to compensate with the exchange contribution, at least for the nn
bremsstrahlung, but we do not seem to recover this result. The impact of the p-meson
exchange recently entered also the particle physics community, where it was argued
to significantly affect the emission rate of axions [18], although here it was incorrectly
accounted for in the non-tensor channels contributing to np bremsstrahlung. We take
the occasion to rectify the impact of this contribution;

« for the first time, we go beyond the triangular approximation that the Fermi momentum
of protons and electrons are negligible; one can already see that this is usually smaller
than the neutron Fermi momentum only by about a factor 3 or less, so it is worth
considering more carefully what is the impact of this approximation.

When all is put together, neutrino emission rates, compared to the results in FM, differ by
a factor 2 or more in some cases. Even though our results may not be the final answer, since
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we still stick with the nuclear framework of FM, it is a direct update of the most commonly
used approaches to describe NS cooling, especially in the context of bounds on BSM physics.
Thus, we believe that our results could be an updated go-to recipe in this context.

This work is organized as follows. We first introduce our framework, describing the
adopted nucleon-nucleon potential. Then, we pass to compute the emission rates for both
bremsstrahlung and MURCA. For each of them we provide contact with previous literature
and we highlight the impact of different effects on the final answer. We finally provide a
compact expression also for the neutrino absorption rate and then conclude.

2 Nuclear physics framework

The emission of weakly interacting particles from dense nuclear matter is notoriously chal-
lenging to describe. The intrinsic many-body nature of the system does not allow, in
principle, to discuss properties of individual nucleons. However, one can usually adopt the
Landau paradigm to describe such a system of strongly interacting fermions by means of
non-interacting quasi-particles, representing collective degrees of freedom of the system which
behave nearly as individual particles. We will adopt this viewpoint in what follows.

The main challenge in using Landau’s theory of Fermi liquids is that the properties of
individual quasi-particles — mass, coupling to neutrinos — become phenomenological, to
be determined from comparison with experiment. Here, in order to stick to a well-defined
framework, we will make a set of simplifying assumptions, mostly driven by the comparison
with the often-used work by Friman and Maxwell FM. In particular, we will describe the
nuclear matter in terms of non-interacting, non-relativistic nucleons. The dispersion relation
of quasi-particles close to their Fermi surface is determined by their Landau effective masses.
For the results shown in the text, we will always use bare values for the masses to provide
a comparison with the results of FM which does not include potential differences from this
additional source of uncertainty. All emissivities scale with a fixed power of the nucleon mass,
so introducing a definite prescription for the effective masses can always be done in a simple
way. In asymmetric nuclear matter, the proton effective mass may be lower than the neutron
one, an effect we do not consider in this work, aiming at a precision of the order of 10%. This
choice is especially helpful in comparing our results with the classic FM ones.

The rate of neutron star cooling is now determined by emission of neutrinos from nucleons.
On-shell emission processes from an individual nucleon could only happen by direct neutron
decay n — p + e~ + T, and inverse beta decay p + e~ — n + v,, but both processes are
strongly suppressed by the degeneracy of dense nuclear matter. Hence, neutrino emission
happens mostly from off-shell nucleons interacting with each other. This implies the need
for a detailed discussion of the quasi-particle interaction in the Fermi liquid of nucleons.
Unfortunately, this is a topic clouded in unavoidable complexity and uncertainties.

The forward scattering amplitude in various interaction channels might be related, using
Landau’s theory of a Fermi liquid, to specific thermodynamical coefficients (e.g. compressibility,
spin susceptibility, ...) which can in principle be measured in heavy nuclei, although one
should stress that such measurements always refer to symmetric nuclear matter, whereas
neutron stars are obviously neutron-dominated. Here we follow FM, which used the Fermi
liquid parameters extrapolated from refs. [19, 20]. For low momentum exchange, such that



krg < 1, where k is the typical momentum transfer and rq is the typical nucleon radius, the
amplitude is isotropic, and the Landau parameters are directly representative of the scattering
amplitude. We stress that these parameters directly map to the scattering amplitude, not
the scattering potential; hence, they allow us to circumvent the need for a perturbative
treatment of the interaction potential.

The Landau parameters are by definition unable to capture the effects of the tensor
interaction driven primarily by pion exchange, which vanish for vanishing momentum transfer.
However, tensor interactions are the dominant contribution for most neutrino-emission
processes, and in fact are the only contribution for nn bremsstrahlung. Here, we assume
that the long-range tensor interaction can be described as in vacuum by the pion exchange,
with a reduction at shorter scales which we model as an exchange of a p meson. In this
sense, we follow again FM, except that we extract the coupling of the p meson from the
Bonn potential [21]. It must also be noted that assuming the in-vacuum interaction is not
quite adequate, since the medium polarization could significantly renormalize the tensor
interaction [7-13]; in ref. [7], for example, the resulting nn bremsstrahlung emission was
shown to be renormalized by up to a factor 2. Our choice of sticking to the simpler framework
of FM allows us to perform a one-to-one comparison with their results to show that significant
differences arise already at this level, while a detailed treatment of the medium polarization
would certainly be warranted in future works.

Hence, our final framework to describe nucleon-nucleon interaction includes short-range
interactions inferred from the Landau parameters, and longer range contributions from
OPE+p-meson exchange. We find that the former have negligible impact on neutrino-
neutrino emission, a feature already identified in FM. On the other hand, as we will see, p
exchange does significantly affect the emission. Overall, the effective non-relativistic potential
that we use for nucleon-nucleon interaction is

V()= f+ f'1i -T2+ 9oy - 09+ g1 - oo - 02 + h(01 - k) (02 - k)T - T, (2.1)

where f, f’, g are the constant Landau parameters for the relevant channel and k = kk is
the exchanged momentum in the scattering. The spin-spin interaction gj receives both a
constant contribution from the associated Landau parameter and a momentum-dependent
contribution arising from the exchange of the p

N

c,-z ——. 2.2
pm%lﬁ—i—m% (2:2)

9 =9
For the meson parameter here we follow the table at pag. 37 for the Bonn model [21] and
take m, = 769 MeV for the mass of the p meson, and C, = 1.4 for its coupling strength, while
fr ~ 1 and should not be confused with the pion decay constant. Notice that scattering
data have been also used to compute the emission of neutrinos and exotic particles in Core
Collapse Supernovae [22-24].
For the Landau parameters instead we adopt the following parametrisation [19, 20, 25]
{f,f,9,G} = WZF(H){FO,F& Go, Gy}, where F = 0.7,Gy = G, = 1.1 and where pp is the

"However, in eq. 3 of ref. [7] a symmetry factor of 2, rather than 4, is reported for nn bremsstrahlung.
Presumably a clear estimate of the impact of these medium corrections requires some dedicated analysis, also
in view of the corrections we point out in this paper, which we do not attempt here.



neutron Fermi momentum. As already noted by FM, and as we confirm in our results, the
Landau parameter Fy drops in all the relevant rates. Finally, the last operator in eq. (2.1) reads
,_ Iz k? k?
where we stress the sign difference between the pion and p contributions. As a matter
of fact, ref. [26] included p-meson exchange only in the tensor coupling hj, but this was
justified by the choice of only determining nn bremsstrahlung, where tensor interaction is
the only contribution.
This was subsequently followed by ref. [18] which adopted the simple rule
k2 k2 k2
Peml CRtme e rme
™ m P

(2.4)

which however is wrong if applied to the spin-spin channel. Hence, the corresponding
results for np scattering in ref. [18] — which usually is the dominant contribution to axion
emission in supernovae — do not consistently incorporate the p-meson exchange reduction.
Since here we consider not only np bremsstrahlung but also MURCA, we account for the
consistent prescription.

We find it useful — especially for the particle physicist reader — to stress that the
contributions due to OPE+p exchange can be derived from the following Lagrangian

fP \/ a omoa,v Vo a,l
mNNUWT N(@ p*r —9dp ), (2.5)

L= —igrNysm*Nr% — igp]\_f'yuT“Npa’“ —1 1

Xp

where 7% are the usual Pauli matrices, N = < > , with xpn being the spinor fields associated

n

Tr?/rﬁﬂi’ i(wt/_gﬂi)ﬂfo) are the pion fields.

with the proton and the neutron, while 7% = (
Taking the non relativistic limit one can derive the following relations between the coupling

constant in this Lagrangian and the parameters for the potential in eq. (2.1)
_2mnfr o (Gt fp)Pma o (L4 r)*ma

Ir = C,= =
T my = ° 4m¥ Foamg

(2.6)

where we introduced the tensor to vector ratio of the p-meson, r = f,/g,. Following ref. [21]
we fix r = 6.1 and g, = /47 x 0.41 ~ 2.3. The inclusion of the p meson primarily serves the
purpose of reducing the OPE potential which otherwise at large momentum transfer would
saturate to a constant value and largely overpredict the interaction energy.
Finally, for completeness, we also report the piece of the non-relativistic Lagrangian
describing the electroweak interactions; for the charged-current interactions this is
L= \% ( 164 — ga0 0 xnlyu(1 = v5)ve + h.c.) , (2.7)
where g4 ~ 1.27 is the axial vector constant, G = G cos ¢ with G being the weak Fermi
coupling constant and 6¢ the Cabibbo angle, x;,, are two-components Pauli spinors while ¢
and v are standard Dirac spinors. For the neutral-current interactions with neutrinos, we use

GF i i _
L= Wi (X,T,(cvééf — 940" )xp — X$,(05 — gao 52‘)xn) Teyu(l = 5)ve +hee,  (2.8)

with ¢, = 1 — 4sin? 0y and Oy is Weinberg’s angle.



In concluding this section, we wish to emphasize that the numerical results presented
herein utilize the Lagrangian couplings in their bare form, akin to the treatment of nucleon
masses. It is essential to note, however, that these couplings are expected to get in-medium
modifications. For example, axial coupling g4 is expected to experience quenching at finite
densities [27]. Our results can be rescaled accordingly.

3 Neutrino emissivity

With the nucleon interaction potential at hand, we can proceed to compute the neutrino
emissivity for both bremsstrahlung and MURCA. The general form for single-flavor neutrino
emissivity (we will later account for the proper flavor multiplicities) reads

3 3
-5 [ o /] 2 [ e ) S(PL PP R Q)T S M,
(3.1)
where S is a symmetry factor for identical particles, equal to 1/4 for neutron-neutron and
proton-proton bremsstrahlung, 1/2 for MURCA and 1 for neutron-proton bremsstrahlung.
In eq. (3.1), capital letters P = (E,p) denote the 4-momentum of the corresponding particle.
In particular, p; and E; are the nucleon momenta and energies respectively, wy is the energy
of the second lepton emitted (either charged leptons for MURCA or neutral leptons for
bremsstrahlung ), and we also defined the phase space factor F, which reads F = f1fo(1 —
f3)(1 — f4) for bremsstrahlung and F = f1fa(1 — f3)(1 — fa)(1 — f;) for MURCA, where
fi are the fermion distribution functions with the appropriate chemical potentials. Finally,
wy is the total energy emitted into neutrinos (therefore w, = w; + wy for bremsstrahlung
and w, = w; for MURCA). In all that follows, we assume that neutrinos freely escape and
we can neglect their distribution functions in the Boltzmann equation, an extremely good
approximation already a few seconds after the formation of a neutron star. Moreover, we will
work under the assumption of strong degeneracy for all nucleons, as well as for muons and
electrons, so that scattering processes only involve fermions close to the Fermi surface with
momentum pr ; and width ~ T'/pp; < 1. For the nucleons, we do not include the usual factor
2my in the denominator appearing in a relativistic treatment, which would cancel out with a
corresponding factor in the normalization of the relativistic spinors in the matrix element.
Thus, we simply consider the nucleon wavefunctions normalized according to the condition
NN = 1, more appropriate for non-relativistic calculations. Finally, we do not include a
factor 2 for the spin of the particles in the integration over the phase space, which means that
in our squared amplitude calculations we always have to sum, not average, over the spins.

3.1 Bremsstrahlung emission

There are two types of processes to consider in this case: one with two identical nucleons
(either protons or neutrons) in the initial and final states, and one with a neutron and a
proton scattering off each other. We treat the two cases separately as both the amplitudes
squared and the phase spaces differ.



3.1.1 Neutron-neutron (proton-proton) bremsstrahlung

The squared amplitude for identical nucleons bremsstrahlung is
wiwo
(w1 + w2)2

Here we have already averaged over the directions of the outgoing leptons; since their momenta

IM? = 64¢%G2 (n2 + b2 + hihi (1- 3 (k-1)?)] .

are much smaller than the nucleon momenta, they are emitted essentially isotropically with
uncorrelated directions. Only the tensor interaction contributes to the squared matrix
element, as one can easily understand by noting that neutrino emission couples to the total
spin of the nucleon pair, and all the other interactions conserve the total spin. In a more
compact form we can write

wiw?2
(w1 + we)? |

where we introduced the reduced squared amplitude |m|?, defined as

i = (1) ([t o fmfgr [itmg %]Q 3

+[(P +l2mg) —G (k2 l: m%)} {(kﬁ ~]T—2m72r) —G (k2 fm%)])’

where k = p1 — p3, ] = p2 — p3, with p; being the spatial momenta of the involved nucleons.

IM[? = 645G m|?, (3.2)

In writing the squared amplitude, we used the fact that k - 1 vanishes for nucleons exactly
on the Fermi surface, and thus is suppressed for very small T'/uy.

The integrals over the Fermi distributions are easily evaluated in the limit 7" — 0,
using the result that

4

/*‘”H Sy + a3 — w5 — 14— ) - 2W2€<1+§2>7 (3.4)

“lert +1)(e*2 + 1)(e=*s + 1)(e @4 +1) 1—e€ 3 42

it proves convenient to reinstate the integral over the nucleon momenta forcing them to be
on the Fermi surface. Thus, we can rewrite the emissivity as

Grgam T2 w;, —|-471'2T2 )
Q= SN [ i, Hd“pz 2206 (p1 +pa—ps—pa)lml2,

(3.5)
where we already included the symmetry factor S = 1/4. The integrals over the nucleons
phase space are strongly constrained by the delta functions. Since the matrix element |m/|?

depends only on |k| = |p3 — p1| and |1| = |ps — p1], it is most convenient to reparameterize
the phase space integration in terms of these differences. After performing all of the integrals
except those on k = |k| and [ = |1], we are left with

2G2 4 2T2 2pF 4p - 2
QNN — 9a F?;N/ der duwnwieo? & Elins w/lTerz / / [m|

48T 1+w2) 1 Ap? — k2 —[2

T
J
gaGEmy
== —"-TJ, 3.6
48710 (36)



where J = 2J; + Jo and
4
B = L5 [6(0) + 6(5)C2 — 20,(a. )]

i (3.7)

Do = A5 e [ (0, 0) —20,0(0,9) + C20(5.9)].

s

Here pp is the Fermi momentum of either neutrons or protons, o = m,/2pp, 8 =

mp/2pr, and
o? 3 1
ola) =1+ M ta?) Pl arctan (a) , (3.8)
(e, ) = 1~ o arctan () — 5° arctan () (3.9)

_52 ’

¥(a, f) =1 — a arctan (i) — B arctan (;) n of arctan <¢m> |

Vitalt ap

The energy integral Z in eq. (3.6) reads instead

472 T?
7= / dwldwgwle%:
(w+6)*(w 5)2 5 9oy 16478T8
4o T?) = ——— 1
32/ / a5 /T _ (W7 H4AmT) = = pras (3.10)
and therefore

41 GAm*

NN _ Fmn T
@y 5670072 (3.11)

Eq. (3.11) includes all diagrams and the exchange of the p meson. In figure 1, we show
our complete result (red curve) and directly compare it with the final numerical results eq. 65a
in FM, which is the standard expression used also in public numerical code NSCool. This
latter — in its public version — has the following rate for nucleon-nucleon bremsstrahlung
in units of erg/cm?/s

gbremy,, = n, - 7.4d19 - mstn(i)* - (kfn(i)/1.68d0) - alphan, - betay, * (t/1.d9)%,  (3.12)

where t is the temperature, normalised here to 10° K, n, is the number of neutrinos flavors,
alphany, = 0.59,beta,, = 0.56 are kept constant in the code at their nuclear density values
(although they should be a function of density), kfn(i) is the nucleon Fermi momentum
in units of fm~!,and mstn(i) represent the nucleon mass in units of the bare one. This
expression coincides in fact with eq. 65a of FM. In the comparison plot we fix the number
of emitted neutrino flavors to 3, so eq. (3.11) has been multiplied by 3; correspondingly, we
show the result of eq. 52 of FM multiplied by 3, or equivalently their eq. 65a multiplied
by 3/2 since there they accounted for two-flavor emission. For both expressions we fix the
neutron mass to be its in-vacuum value; in order to implement any in-medium prescription
for the effective mass, my = f(pr)mn, it will be sufficient to scale our results by f(pr)*.
We also multiply eq. (3.11) by the factor betay, = 0.56. This is an extra suppression factor
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Figure 1. Comparison between the neutron-neutron bremsstrahlung obtained in this work (red
curve), and the emissivity computed by FM (blue curve) and used in public codes such as NSCool.
Our result for nuclear densities (marked by the vertical gray dashed line) and above is considerably
smaller. For all curves we have fixed the temperature to 7' = 10° K, N,, = 3, the neutron mass to be
the bare one and we also included the extra suppression factor beta,, = 0.56 introduced in ref. [4].

introduced by FM in their OPE potential to capture “short-range correlations induced by
the hard core of the NN interaction” (see their eq. 17 and table I). FM stated that the
result in their eq. 52 was a good representation of the final neutrino emissivity because of
a compensation between two missing effects: the “exchange diagrams” contribution and
the p-exchange suppression. However, we do not observe this compensation and our result
for nuclear densities, i.e kf ~ 1.7fm~! ~ 335MeV (indicated by a gray dashed vertical
line in figure 1), and above is considerably smaller. Given the simplicity of the master
formula (3.11), it can be easily implemented when doing numerical comparison within the
framework of OPE+p-meson exchange.

3.1.2 Neutron-proton bremsstrahlung

The structure of the calculation for neutron-proton bremsstrahlung is very similar to the
previous one. After setting the symmetry factor S of eq. (3.1) to one, instead of 1/4, one
needs to change the squared amplitude, which now reads

Wi1w2
(M[* = 64GF 3= (B2 + 207 + 4(ht, = hi)(gh — 6} + ' — 9) + 6(gh — gf + ' — 9)?

— 2hih (1 — (k- 1)?)]
L2 m)?

=64G2 g4 ——m—
Fda (Wl +w2)2

)

(3.13)

where now we notice the presence of all Landau parameters (except for f, which does not
contribute). The Feynman diagrams for this process are depicted in figure 2; diagrams from
a) to d) constitute the t-channel, where the exchange momentum is k, while diagrams from e)
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Figure 2. Feynman diagram for neutron-proton bremsstrahlung. Diagrams a-d constitute the
t-channel, while e-h represent the u-channel.

to h) are the u-channel, where the exchange momentum is 1. We notice that our expression
for the amplitude, even neglecting Landau terms, differs from that of FM for a factor of
2 missing in the third interference term.

Due to our assumed form for the interaction potential, the matrix element |m|? depends
only on the modules of the momentum exchange k in the t-channel and 1 in the u-channel.
Assuming p, < pyp, the latter 1 = py — p1 is dominated by the momentum of the neutron
—p1 on the Fermi surface, and p4 is only a small correction. Since the matrix element
itself |m|? is a slowly-varying function of I = [1|, we will expand J to the first non-vanishing
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Figure 3. Comparison between the neutron-proton bremsstrahlung emissivity in this work (red
curves) and in eq. (65b) of FM (blue curve) as a function of the neutron Fermi momentum. For all

2
the curves we fixed N, = 3, T = 10°K, p, = 85 (340”%) MeV,we introduced the extra suppression
factor betay, = 0.66 and we kept the nucleon masses fixed to their value in vacuum.

order in € = p,/p, as

T [2Pp €2 3k2 €2 k2
anzf/ dk 2(k,pn) + o0 m|?(k,pn)— [ 1— == 22 m|*(k,pp)— [ 1— —

2
P
We have checked that for typical values inside the core of the neutron star, keeping only
the first term of the expansion leads to few %. Putting all factors together we find
QP — 41 g%G%m%m; T8
v 1417572
keeping only the leading term in eq. (3.14) the final integration can be done analytically

JoP: (3.15)

4
J" = 1p, [mﬁ (2n2(m7r) + 4an2(mp) + (o) + Bngﬁ(ﬁp) +2C,®(ap, Bp)

T

= 2(n(ms) + Con(m,)) (¥(ap) + Cotb(By)) — ACTn(my)e(B,) ) +6(g — f)?

2

R Ol 1) (W(ap) +2C0(Bp) — n(mx) — 2Cpn(mp))] (3.16)

= ﬂppj(apv /Bp)v

where o, = mx/(2pp), By = m,/(2pp), and n(m) = p2 /(m*+p2). The functions ¢(a), ®(a, B)
are defined in (3.8) and (3.9), respectively, while ¥(«a) is given by

(o) =1 — cvarctan (;) : (3.17)
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Again, this result must be multiplied by the number of neutrino flavors, N, = 3, to obtain
the total luminosity. If we put C, and the Landau parameters to zero in our expression, and
neglect the interference term —2n(my) ¥ (o), we recover eq. 53a+53b of FM without Landau
parameters. Our expression with the Landau parameters is different than that reported
in FM, due to cancellations with the interference term, neglected in FM. In particular,
we notice that the parameter ¢’ disappears completely. However, we have checked that
this discrepancy is not the leading one in the final numerical difference between our results
and the previous literature.

In figure 3 we compare our complete emission rate (red curves) with the emission rates
implemented in NSCool (blue curve)

gbremy, =1, - 1.5d20 - mstn(i)’mstp(i)® - (kfp(i)/1.68d0) - alphayy - betany - (t/1.d9)2,

(3.18)
where alphay, = 1.06,betay, = 0.66 are kept constant in the code, kfp(i) is the proton
Fermi momentum in units of fm~! and mstp(i) represents the proton mass in units of the
bare one. This expression coincides with eq. 65b of FM and includes the contribution of
the Landau parameters. The latter are seen to slightly decrease the emissivity, due to the
negative contribution of the interference term. However, the values of these parameters, and
therefore their impact on the emissivity, should not be taken as precise, given that they
are only estimated for the case of nuclear-symmetric matter. Our analytical expressions
allow to easily retrieve the emissivity for arbitrary values of the Landau parameters, directly
assessing the impact of this uncertainty. In all curves we fixed also N, = 3 for the number of
neutrinos flavors, 7' = 10° K, the nucleon masses to their in vacuum values, and the proton

momentum to be p, = 85 (340177&8\/)21\/[6\/, following FM.

The numerical discrepancy originates partially from the interference term —2n(my )y (ay),
not included in FM on the grounds that its enhancement to the emission would be approxi-
mately compensated by the p-meson exchange. However, we notice that the result in eq. 70
of FM is already the full result, while the authors seem to multiply it by an extra factor
of 2 because of “group II diagrams”. It is unclear what these diagrams are, but it may be
that this erroneous extra factor of 2 led to the claimed compensation with the p-meson effect.
Consequently, for nuclear densities and above, the emission rate used in present numerical
codes and most of the literature seems to be overestimated by a factor ~ 2.

As a final remark, we note that the impact of the p meson alone is less pronounced
in this case compared to nucleon-nucleon bremsstrahlung. This is due to the presence of
spin-spin interactions (eq. (2.2)), which partially counteract the reduction in the tensor
channel (eq. (2.3)).

3.2 MURCA

We now pass to consider MURCA processes. Here we compute the rates of both the
neutron branch

n+n—-n+p+L+ivpy, n+p+l—on+n+iy (3.19)
and the proton branch

p+n—p+p+Ll+vy, p+p+l—p+n+uy, (3.20)

— 12 —


http://www.astroscu.unam.mx/neutrones/NSCool/

=]
[==]
[e=]
[e=]

Ry bl
2) n : n (3) 2) n : n (3)
(A) (B)
(1) n ; p (4)
il
(2) n : n (3)
7 ©

Figure 4. Feynman diagram for the MURCA processes in the neutron branch. Diagrams a-c
constitute the t-channel, while d-f represent the u-channel.

where ¢ = e, . The rate for direct and inverse process of neutrino emission are identical; this
follows from the approximation that the neutrino energy is much smaller than the nucleon
and electron energies, so that the hadronic matrix elements are independent of the neutrino
energy, and from detailed balance. Thus, we introduce a factor of 2 to account for both
processes (we always consider the combined emission rate of neutrinos and antineutrinos; the
two are of course identical by the same argument). We perform the computation for a generic
lepton generation; the total emissivity in this case is then obtained by summing over the
contributions of electrons and muons alone, since tau leptons are to0 heavy to be produced.
This factor, however, is not a simple factor 2, since muons are not fully relativistic.
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In this case we also find it useful to first compute the neutrino emission rate and then
the final emissivity. The two are easily related as

d3
MURCA __ Dbv MURCA.,
Qy - 2/ (%)Swyry ; (3.21)

where we remind the factor 2 for the direct and inverse processes. This is particularly
convenient because with the neutrino emission rate at hand, one can also easily obtain the
neutrino absorption rate, another important quantity in the physics of neutron stars.

3.2.1 Neutron branch

We start studying the neutron branch, which is supposed to be the most relevant one for
typical equations of state [15]. To make contact with basically all previous literature, we first
perform the computation in the triangular approximation, i.e neglecting protons and leptons
momenta p, > pp, p¢ in the Dirac-0 for the conservation of momentum. We then proceed to
perform the computation dropping this approximation, and quantifying the discrepancy.

Triangular approximation. The squared amplitude for the neutron branch MURCA
process n(p1) + n(p2) — n(ps3) + p(p4) + £(pe) + v(py), in the triangular approximation is

2
21 / fr\4 o P2 + m2
M? = 64G2 2_ Wl o 2+(”> _ P [T
M oy var? |20 T ) rme U O e
= 64G29124&|m|2 )
e

(3.22)

where piy is the Fermi energy and where we have assumed that p, > p,, pe, so that k ~ —po,
1~ —pj, and k-1 = —p2/2. Notice that even for mildly relativistic or non-relativistic
muons, the leptonic trace still leads to the characteristic w,wy product in the numerator,
since any term proportional to the momentum of the particle averages to zero due to isotropy
of the emitted neutrino. In the last step we also used the fact that electrons and muons are
degenerate in the NS core, with wy ~ py > w, ~ T. We highlight that when computing
the complete amplitude squared, all the Landau parameters but f’ and g drop out in the
triangular approximation. This was not appreciated in FM, where in the computation of
the “exchange terms” Landau parameters were not included.

We now compute the emission rate

MT }i/ *pr / d*py / d*p3 / d*py / d*py 2 oWy 1o
Lol =550 ) o ) @) @ ) @op ) @y 16 947, Imlx
x (2m)*6(E1 + By — B3 — By — wy — w,)6®) (p1 + P2 — P3 — P4 — P — Py) X
x fifa(1— f3)(1 = fa)(1 = fo),

(3.23)

where the superscript “M,T” stands for “MURCA, Triangular”, and the initial factor 1/2
is the symmetry factor for identical particles in the initial state. Using the fact that |m/|?

— 14 —



is constant and the degeneracy of the nucleons, then

8my myp3 pplm Pe
T =G é’ﬁ)nﬂ * /dQ Hd95 (P1+P2—P3 — P4 —Pr—Pu)X
=1

/dwe H AE6(Ey + By — By — By — wy — w,) fifa(1 = fa)(1 = fa)(1 — f) (3-24)
i=1

_G2 2 8m mppnpp|m| Pe AE,
(2m)tt e

where py if the Fermi momentum of the emitted lepton (either an electron or a muon). The

integral over the energies can be easily performed in the complex plane and gives

1 (w2 +972T?) (w2 + 72T?)

E=— 3.25
24 ewr/T 41 ’ ( )
while the angular integral (under the triangular approximation) reads
1287%
A= (3.26)
Dn
Putting everything together we get
it _ 8G2@pmmylm? (w3 + 97T (w3 + 1)
3(2m)7 ewr/T 4+ 1
_ 8GPgAmimypp, (Wi + I T?) (w2 + 72T?) 12
T 3207 ewr/T 4 1 11 (3.27)
2
21 / fr \* Py P2+ m?2
19(F — 2_,_(”) P ([ _goifn
U=+ 7 ) G my "o +m
Finally, the total energy loss rate is
M, T Pru 11513 G*g%fr 4 8
=201 T
< < iy ) 1200607 md P
1 21 32 /my\*
<3357 = () (= 9P +2m0me) — Confmn)?| (328)
2 16 7T\ fx

pr 11513 G?g4 f2
= (1 i u“> X 309605 md " wPe T OMURCA,
o ™

where the factor of 2 in front of everything takes into account the inverse reaction, n +
p+ 1 — n+n+ vy, where we assumed the electrons to be fully relativistic (and therefore
Pe =~ ), and where

1 21

m 4
anrvnes = 3 X 4% f’f (5=) (7 =92 +2n0mn) = Conmn)?| . (320

Compared to eq. 56 of FM, in addition to the factor 21/16 coming from the addition of
the u-channel and interference terms, we get a different structure of the Landau parameters
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Figure 5. MURCA emissivity in a realistic NS profile with APR EOS using our eq. (3.28) (red
curves) with (solid) and without (dashed) p-meson exchange, and the expression employed in NSCool
(blue curve). In both cases the temperature was fixed to T = 10? K, the nucleon masses to their
bare values, the Landau parameters to the values quoted in FM and we fixed the short-range physics
suppression factor to beta, = 0.6840.

and a factor of 1/2 in the OPE plus p-exchange terms. We have been able to reproduce the
amplitude squared in eq. 39 of FM, including Landau parameters, which is the sum of t-channel
and u-channel amplitudes squared (the two are the same). However, we have not been able to
trace back the factor of 2 discrepancy in their final emission rate, nor the meaning of the so
called “exchange diagrams” in this case, which would correspond to our u-channel diagrams.
The inconsistency extends to their eq. 75, where the ratio between emissivity with and
without “exchange terms” should be ~ 0.65, not ~ 1.3, based on their own rates. Nevertheless,
it seems that all the subsequent literature [5, 15, 28] has adopted this erroneous factor of two
in the emission rate. Then, the inclusion of the p-meson further suppresses the emissivity,
which has been therefore overestimated by more than a factor of 2 at nuclear densities.

The MURCA process is typically the most important for NS cooling. Given its particular
relevance, in this case to make the comparison between our findings and previous results, we
use a realistic NS profile provided in NSCool for a NS of 1 Mg, with the Akmal-Pandharipande-
Ravenhall (APR) equation of state (EOS) [29] . In figure 5 we show the comparison for this
NS radial profile between our result for the triangular approximation (red curve), eq. (3.28),
and the one reported in NSCool (blue curve) again in units of erg/cm3/s

Murca, = 8.55d21 -mstn(i)® -mstp(i)- (kfe(i) +kfm(i))/1.68d0-alpha, -beta, - (t/1.d9)%,

with alpha, = 1.76d0 — 0.63d0 - (1.68d0/kfn(i))? and beta, = 0.68d0. This equation co-
incides with eq. 65b of FM, with the addition of the muon contribution. Apart from the
differences mentioned above, we notice two further issues with this expression: the presence
of the Fermi momentum of the electron, p., rather than the one of the proton; the muon
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contribution is overestimated because it doesn’t take into account that, contrary to electrons,
muons are not relativistic or mildly relativistic. These two problems were already noticed
recently in ref. [28]. However, we stress that these corrections alone tend to make the output
of NSCool deviate further from our exact computation.

Figure 5 makes manifest that the results presented in the literature overestimate the
MURCA emission rate by more than a factor of 2. The biggest impact comes from the p-meson
exchange, whose contribution is not compensated by other factors when everything is computed
self-consistently. We verified that instead the impact of the Landau parameters is modest.

General expression. We now want to check the impact of the triangular approximation;
as a simple reason for doubting its full applicability, we note that if the proton and electron
momenta are aligned their sum would be essentially identical to the neutron Fermi momentum.

Two things need to be changed: the squared amplitude and then the corresponding
angular integration, while the rest stays the same. The squared amplitude |M|? can be written
as usual in terms of a reduced one |M|? = 64G2°L—‘Z’Im|2. In turn, the reduced amplitude
squared can be written as |m|? = |my|? + |m|? + 2R(m}m;), where the first two terms are
the u and t channels amplitude squared, while the third one is their interference. With the
usual momentum assignments n(p1) + n(p2) — n(ps) + p(p4) + ¢(p¢) + v(py), the t-channel
amplitude squared is written as follows

[ml? = g% [6(£” + 9%) = 2 (3f'gh + (' + 20)g} + f'hi, + (f +29)1 ) +
+ (307 + 997 + 20, + 2 + 6gL Rt + 3072)| + 3(gk — gf)? + 2(gk — gf) (i, — k)
+ (R = W)+ 2hhy (1 - (k- K)?) (3.30)

where k = p; — p3 and k = py — ps. The u-channel piece, |m,|?, is the same but with
k - 1= py — p3 and k — 1 = p; — ps. The interference term reads instead

2R(mime) = g4 [—24f’g+2 (2f’ (3(935 +9)+h +h§~) +39(9% + 97, + 91+ 97)
+9( L+h;~c+h;+h;~))—(g;( o+ B%) + gi (i + Bh%) + hihy — B hy — by, hi+ 3h} hit-
+ g (39) + 39+ hj+ ) + gk (3g] + 1564+ ] +5h;~)) 1 (3.31)

where x;;, with 4,5 = k, k, 1,1 is the cosine of the angle between the corresponding vectors.
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The emission rate is then

8G2p3 m3m
[MURCAD EPalplt pg/dQe H A6 (p1 + pa — ps — pa — pr — pu)|m|?

(2m) g
256G pS pyprmim, € 3 3 0 3 )
- (2m)H e vivane ) 7" H dpid(pi = Prs)0”(P1+ P2 = Ps — Pa— Po)lm|
256GFm mpE / 3 9 )
= o511, d’pid(p; — PE;)|m|”,
@) Jl i Bi)m|

where in the last step we used the spatial § of Dirac to integrate the electron momentum.

At this point, in order to perform the angular integrations more easily, we find it useful
to perform the following change of basis (with unit determinant) p1, p2, p3, P4 — P2, 1, I, pa.
With this transformation, the rate reads

256 G*mym -
riponone — BECSIE [ i —12) [ Epis(vi - ) [T - paf — )

i [ ac, % fan,

< S(IT+ pal* = p7)o (w7 — N+ 1P)|m[* =

16 G2m3 _ 2 2m
= W/ dldl/ d¢/ dﬁ|m|2,
@m)ue  Jx 0 0

where the region ¥ is defined by
St l—pal <pp, 0<1<2p, I+1>py, [I=1<p (3.32)

where it is understood that all the scalar products fixed by the delta functions must be
consistently replaced in the reduced squared amplitude. The angles ¢ and S are the azimuthal
angles compared to the plane containing 1 and 1 of ps and pu, respectively. They are defined
through the relations

pg-(lXI) p4~(l><i)
7 2 2’ P2 2
pnll\/l — x5 \/1 — @y ppll\/l 374[\/1 T3

where 9 = p2 -1/(pnl) and z,; = ps -1/(p,l) are fixed by the kinematic constraints in (3.2.1).

sin ¢ = sin 8 = (3.33)

The remaining four integrals must be done numerically after having written the reduced
amplitude squared in this new convenient basis. Finally, the emissivity is given by

11513 G2m3m 2 2
MURCA,n P 2
Q> n dldl/ d dB|m|?. 3.34
~ 483840 (21 / ¢ ) dBlm] (3.34)

We show our final results for eq. (3.34) in figure 6 with (solid red) and without (dashed)
p-meson exchange. Compared to our triangular approximation (shaded red curve), the full
numerical results differ by a factor ~ 20 — 30% at most. Somewhat surprisingly — given
that in the considered NS model p, + p. ~ p,, — the triangular approximation provides quite
precise results. In all cases the temperature was fixed to 7' = 10° K, the nucleon masses
to their bare values, the Landau parameters to the values quoted in FM and we fixed the
short-range physics suppression factor to beta, = 0.68d0.
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Figure 6. Exact MURCA emissivity for our eq. (3.34) with (solid red curves) and without (dashed)
p-meson exchange, compared again with the expression employed in NSCool (blue curve) and our
triangular approximation (shaded red curve). We see that the impact of the triangular approximation
is around ~ 20 —30%. In all cases the temperature was fixed to 7' = 10° K, the nucleon masses to their
bare values, the Landau parameters to the values quoted in FM and we fixed the short-range physics
suppression factor to beta, = 0.68d0. The left panel shows the emissivity as a function of the radius
of one solar mass NS with APR EOS. In the right hand panel we show the same quantities but as a
function of the neutron momentum in the NS determined from the same profile used in the left panel.
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Figure 7. Exact MURCA emissivity for the proton branch in eq. (3.37) (yellow curves), compared
with the neutron branch result in eq. (3.34) (red curve) and with the proton branch expression
employed in NSCool (blue curve). We see that the proton branch is always subdominant but not
by a large amount, although it will generally be more suppressed once effective masses are properly
taken into account (because the effective proton mass in NS is usually smaller than the effective
neutron mass). Again in all cases the temperature was fixed to T = 10° K, the nucleon masses to
their bare values, the Landau parameters to the values quoted in FM and we fixed the short-range
physics suppression factor to beta, = 0.68d0. As in figure 6 the left panel shows the emissivity as a
function of the radius of one solar mass NS with APR EOS, while the right hand panel shows the
same quantities but as a function of the neutron momentum in the NS determined from the same
profile used in the left panel.
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3.2.2 Proton branch

The results described in the previous sections are for the MURCA neutron branch. Now
we provide the results also for the proton branch and check its relevance. Assuming the
following momentum assignments p(p1) + n(p2) — p(p3) + p(p4) + £(p¢) + v(py) and based
on crossing-symmetry arguments, it is easy to realize that the squared amplitude for the
proton branch can be obtained by replacing k — —k, k — —k, and 1 <+ I. Thus we can
immediately write the neutrino emission rate as

16G?*m,m3€& = [T 2
FM]URCA,p _ 79170(]9[ + 3pp — pn) / dldl/ do dﬁ|m|2’ (3.35)
(27)° e % 0 0

where the angles ¢ and § are defined as before while the region ¥ now is given by
Sl —pal <pp, 0<I<2py, 1+1>ps, |I—1|<pe, (3.36)
and finally

11513 G*mim,,

2 2T
MURCA,p _ 9 3p, — / dldl / d / dB|m/|?. 3.37
Q, 133840 (277)3M£ (o1 + Pp Pn) 5 0 ¢ 0 Blm| ( )

We show the result for the proton branch (yellow curves), compared with the neutron
branches (red curves) in figure 7, where we also show the proton branch implemented in
NSCool (blue curve)

gmurca, = 8.55d21 - mstn(i) - mstp(i)® - (kfe(i)/1.68d0) - (kfe(i)+ (3.38)
+3.d0 * kfp(i) — kfn(i))?/(8.d0 - kfe(i) - kfp(i)) - alphay, - betay - (t/1.d9)2,

where alphag, beta, are the same as for the neutron branch. The proton branch is always
subdominant but not by a large amount, although this may change when effective masses
are properly taken into account, because the effective proton mass in NS is usually smaller
than the effective neutron mass.

For completeness, in figure 7 we also show the results in an approximation analogous
(dotted red) to the triangular one for the neutron branch. In the proton branch case this
approximation amounts to take k£ and [ to be the maximum exchanged momenta [15]

MTp _ (Pe +3pp — Pn)” 11513 55 5 s
R ( > I X Gap1z0nC gAmn T

l=e,u

N\ ) ( )2+ m2\ )
I N\2 T Pn — DPp . Pn — DPp mex
X [2(]‘ 9) —|—<m ) C (1 C ) ]

7r n = Pp)? +m2)? ? (pn —pp)2+m,%
This result — which we label “Proton Branch Approx.” in our figure — agrees very precisely
with the output of NSCool, and it is also very similar to the exact computation.
4 Neutrino absorption rate

As MURCA and its inverse is the dominant process of neutrino emission, their time-reversed
versions
n+n+vy—-n+p+l, n+p+l+vr—>n+n (4.1)
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are among the primary absorption mechanisms in neutron star matter (the primary one for
old neutron stars). The absorption rates can be directly related to the emission ones from
the principle of detailed balance; once the emission rate I'™(w,) for a neutrino with energy
w, is known, the absorption rate I'*S(w,) can be found as

2% (w,) = T (w, ) /T (4.2)

Notice that there is a somewhat conventional choice in the definition of absorption rate;
in a given environment, the evolution of the neutrino distribution is driven by the full
collisional term

8 v em abs
() =) - f) - ) (43)
coll
which can be rewritten as
(%) =) - T (4.9
ot coll

where we defined an enhanced absorption rate
T8 (wy) = T5™(wy) + T8 (wy) = T (w,) (1 + e/T) (4.5)

which also accounts for the suppression in the inverse emission process caused by the Pauli
exclusion principle. This is simply called the absorption rate in FM; here for clarity we will
adopt the more conventional definition T'2P%(w,)).

Thus, in the triangular approximation the absorption rate (for the neutron branch, which
is the dominant one) is easily found to be

2G2 gm3mypy (W2 + 972T?) (w2 + 72T7?) Pe

Fabs —
wy (271')7 e—wy/T +1 .
2 (4.6)
% 16(f/_g)2_|_<f7r)47p;41 I—CM
My (p3 +m2)? Pp2+m2) |’

which also corresponds to the emission rate with the substitution w, — —w,. In figure 8 we
show the neutrino mean free path (MFP) for w = T' = 100 keV (red curves) andw =T = 1 MeV
(blue curves) with (solid) or without (dashed) the contribution from p exchange. We also

fixed p, = 85 (340”%)2 MeV, T = 10° K, bare nucleon masses and standard values for the
Landau parameters. The MFP exceeds by several orders of magnitude the typical radius
of a NS for both cases, with or without the inclusion of a p meson. We also checked that
the impact of Landau parameters in these conditions is very modest.

5 Conclusions

The cooling of NSs via neutrino emission plays a fundamental role in their evolution, especially
in its early stage. A clear understanding of its quantitative impact is therefore necessary to
compare with the evolution of surface temperature and luminosity of isolated NSs. Obviously
this process is directly affected by multiple uncertainties from nuclear physics, especially
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Figure 8. Electron neutrino MFP, \, = 1/T'2"* as a function of the neutron Fermi momentum for
w=T =100keV (red curves) and w =T = 1 MeV (blue curves) with (solid) or without (dashed) the

2
contribution from p exchange. For this plot we also fixed p, = 85 (3401’7&6\,) MeV, T = 10° K, bare

nucleon masses and standard values for the Landau parameters.

in regards to how the nucleon-nucleon interaction is modeled, both in vacuum and in the
dense nuclear medium. However, the large nuclear physics uncertainties should not obscure
the importance of the particle physics framework and approximations used to obtain the
cooling rates. If anything, the existence of already large uncertainties in the nuclear physics
sector should push us further into clarifying completely the particle physics aspects — i.e.,
phase-space and matrix element evaluation — of this process.

In this work, we have moved from this push into a complete reevaluation of the cooling
rates from nn bremsstrahlung, np bremsstrahlung, and MURCA processes. For all three
processes, we have found a wide range of differences compared to the seminal treatment
in FM. Generally, these differences seem to come mainly from the counting of different groups
of diagrams, and the neglect of interference diagrams for certain processes. We have also
folded in the suppression of the nucleon interaction potential at large momentum exchange,
modeled as a rho-meson exchange, which was in principle present in FM but argued to cancel
with the interference diagrams. We do not find evidence for this cancellation, especially in
the cooling rate as a function of density; rather, neglecting the rho-meson exchange provides
an additional cause for overestimation of the cooling rates. Further, we have gone beyond the
conventional triangular approximation, in which the Fermi momenta of protons and electrons
are neglected compared to the ones of neutrons; while by itself this seems to be a 20-30%
effect, piled up with the remaining differences it conspires to create significant discrepancies
with the results from previous literature. We refer to our main text for a detailed discussion
of each of the differences in treatment, and their impact, for each of the processes. Here we
rather focus on the implications for the phenomenological studies of neutron star cooling.

We find that the cooling rates for MURCA, the dominant process, can be even a
factor 2 lower when integrated over the entire star, and even more for the space-dependent
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Figure 9. Cooling curve for a NS of mass Mys = Mg with APR EOS with (solid) and without
(dashed) taking into account the corrections derived in this work.

emission rate per unit volume. For the bremsstrahlung processes, which are subdominant,
similar discrepancies are found. These differences are evaluated using the same short-range
interactions as FM, modeled with Landau parameters which are however highly uncertain.
Our analytical treatment is particularly suitable to evaluate the impact of these uncertainties,
and flexible enough to be adapted to specific choices of the Landau parameters. These
discrepancies come entirely from particle physics aspects; to maintain a consistent and fair
comparison, we have stuck to the same framework as FM for the modeling of the nucleon-
nucleon interaction potential. A more refined treatment of this point would certainly be of
interest, but we notice that NS cooling is anyway at present generally described following FM.

The impact of these corrections on the full evolution of NSs due to their cooling needs
to be assessed. To illustrate the significance of these order-one factors, we present in figure 9
the time evolution of the luminosity for a NS of one solar mass, with APR EOS and without
superfluidity, computed using NSCool. The dashed curve represents the result using the incor-
rect MURCA rate, while the solid curve shows the result with our corrected rate. We compare
these theoretical curves with the properties of the isolated neutron star RX J1605.3 [30, 31].
Notably, with the old rates, the APR EOS almost fails to match the observations within their
error bars. However, using the correct MURCA emissivity leads to an excellent fit. We stress
again that we did not attempt to tackle in-medium corrections, which may well be even more
important than the various discrepancies we outlined in this work. Nevertheless, some of the
matter effects such as the effective nucleon masses or the quenching of the axial couplings,
are typically implemented as an overall rescaling of the FM framework we adopted.

Intriguingly, the numerical corrections we have derived can have an important impact
beyond purely astrophysical questions. A precision treatment of NS cooling, compared with
the time evolution of isolated NSs, is also the basis of powerful constraints on novel particle
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emission, and especially for the QCD axion [16, 32-37]. In addition, the axion emission is
evaluated in the same framework as the neutrino one, and therefore must also be reassessed.
Thus, axion constraints would be directly affected by the results of this work. We will proceed
with a reassessment of the bounds on the QCD axion in a forthcoming work [38].
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A Explicit MURCA computation

Given the confusion in the literature and the various order one factors we corrected, we find
it useful to report here an explicit computation. In particular, we proceed in computing
everything in a non-relativistic framework; however, for the pion and p-meson exchange we
also checked our results using a relativistic framework, computing the amplitude squared
with FeynCalc 9.3.1 [39-41] and then performing a non-relativistic expansion of the final
results. In this appendix we limit ourselves to MURCA, which is in any case the most
relevant process for NS cooling.

We start by considering a single Landau parameter as a simple jumping off point.
Therefore, we take the following effective non-relativistic potential for nucleon-nucleon
interaction

Vy(k) =goy - o2,

and we start computing the amplitude for the t-channel from the diagrams a) to ¢) in figure 4.
For the diagram a) the amplitude reads

1Gg # , _ ,
M, = %;X;OJXD(ZT (5M0 — gA(SW‘Ui)O'JXQ, (A.l)

10

isospin structure gives just a trivial factor XZT_ x2 = 1, so that the amplitude is simply

where in isospin space we have le = (0 1), X2 = <(1)> and 77 = <0 O). So in this case the

iGg " s i

Ma="75" X507 X1X4 (840 — 9A8,i03) 07 X2. (A.2)

Analogously for the diagram b) we have
iGy

Mb:\@

N b Gt
(— w)xgd X1X40” (00 — 940,:i05) X2, (A.3)
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where the minus sign of difference comes from the nucleon propagator (emission from an
initial rather than final leg). The diagram c) gives null contribution, because XET* x1 =0,
being nucleons 3 and 1 both neutrons.

Therefore the total amplitude for the t-channel reads

iGggal' = V2Gg gal’ ;
M= M, + My = N X;UJXIXT( O’ZUJ)XQ — UkXTU]XlXj;UkX%
2 w
(A.4)
where in the last step we used the relation o/o? — oo = —2i €% o and where we notice

that the vector part has canceled out. In the non-relativistic theory is then very easy to
compute the amplitude squared summed over spins, which in this particular case reads

1662 / 20202
> IMF = ﬁw wae e Tr(olol ) Tr(o*o™) = 384#“’1“27 (A.5)
w

spins

4533 §kk

where we used Y I’V = 8wiwyd™ for the leptonic current and in the last step we also

spins
used the relation (I;f the Levi-Civita tensor e7*ek = 6.

We observe that the contribution from the u-channel, corresponding to the diagrams d) to
f) in figure 4, mirrors that of the t-channel, while the interference between the two channels
cancels out when summing over spins, as terms with an odd number of Pauli matrices always
vanish. Consequently, the final result for the amplitude squared of these Landau parameters

is simply twice the value given in eq. (A.5)
G242 g2
> IMP = 7Aw1w27 (A.6)
spins

in agreement with eq. 39 of FM.
We now pass to consider the OPE term in the nucleon-nucleon potential

V(k)OPE = ;r,k(o-l 'f()(‘72 : 12)"‘1 © T2,

where
L= —’3 7]{:2 A7
”’k:_m%kQ—i—m,%' (A7)

In this case the amplitudes for the t-channel diagrams a) and b) with neutral pion ex-
change read

iGe? il a 2
M, = Tow X;h;k(a k)T XlxlT [5@ — gaduio } 7o - k)x2, (A.8)
i1G LAY N N
My = 7 n X3P k(o - k)T x1xy 7 (0 - k)T [0 — 9A0ui0i] Xa- (A.9)
One can verify that the isospin structure forces a = 3 and that XZT‘T‘gxg = 1, while
X:&TgT x2 = —1. Therefore we have
V2iGI* . L1 PN
Mg+ My = Th;nkxg(a . k)XlXj; {%0(0' k) — §9A5ui {O’ ,a]} k’} x2 (A.10)

\/ilGl T
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For the diagram c¢) we have instead
iG s a N a -
M, = 7 (_w> h;r,kaLT (o- k)XQX;T (- k)T~ [0u0 — 0uioi] X1, (A.11)

and one can check that in this case the isospin structure is such that 7' and 72 contribute
both in the same way. Therefore we are left with

V2iGIH
M. = ==, wXh(o - K)xaxh (0 - k) [8,0 — Si0i] 1. (A.12)

Summing everything we notice that the vector part cancels and the final amplitude is

V2iGgal' ( fx\* K e : - .
MPPE = w() W2 m? [kiX:t,(U K)xaxixe — xh(e - k)xaxk(e - k)UiX](}A-:B)

V2iG gall [ fr\> K2
- w<m> Prme [kng(U K)x1xhxz — xi(o - k) xaxbxik;

my

+ ieijkle(a . E)nggcrkxlf{j} , (A.14)

where in the second line we used the relation o;0; = d;; — i€k gy This amplitude coincides
with eq. 32 of FM. Squaring and summing over spins we get

16 G242 ANk N\
Z |MOPE 2 _ gngu}Q(f) <22> [4TT(O‘ZUZ )kiki’+ (A.15)
oo w Mo k* +mz
+ 7RI F Tr (6% Y ) T (07 07" kg lAca/lchlA{j/}
- BOCen (J)(K Y (A.16)
w? my/) \k?+m2) "’ '
which is half of the result in eq. 39 of FM. The u-channel is the same with [ instead of k
256 G2¢> N\ 2y
Z |MOPE2 — 92A Wiw2 <f> < 22) : (A.17)
spins w mn ! +mz

in triangular approximation k ~ [ ~ p,, so that the two contributions are the same. This
explains the factor of 2 in eq. 39 of FM, which therefore takes into account both t and u
channels, neglecting the interference between the two channels. The latter can be easily

computed as follows
32G2% g% wiwo . .
230 MPPEMPPT = S L (R (o R)xaxde —xh (e R)xaxdakit
spins
+Z€”kxj1(0-k)><2><§0k><1kj) (liX;rg(o"l)X2Xj;Xl_XZ(U‘I)XlX;,XQli‘HG”kXZ(U'I)Xng;UkXQIj>

32G29124w1w2 ke ik N IRE IR
e R LYY ST (e K)oon(oD)] k,i;+
535 §kk! _§ik! §i'k

—QZEZLIGUIMTI' |:(O'R) (Ui)o’k/:| —|—2zlA<Zij/e”/k/Tr [(O’f()o’k/(ai)} >

64G2g> A\ k2 12 .
- g,;;w1wz<f) ( . 2)( : 2) 3+ (kD)7
w My k“+mz ) \l*+mx=
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which coincides with the third term in eq. 71 of FM upon using the Lagrange’s identity

for their cross-product squared.

References

[1]

2]

D.A. Dicus, Stellar energy-loss rates in a convergent theory of weak and electromagnetic
interactions, Phys. Rev. D 6 (1972) 941 [NnSPIRE].

J.N. Bahcall and R.A. Wolf, Neutron stars. 2. Neutrino-cooling and observability, Phys. Rev. 140
(1965) B1452 [INSPIRE].

E.G. Flowers, P.G. Sutherland and J.R. Bond, Neutrino pair bremsstrahlung by nucleons in
neutron star matter, Phys. Rev. D 12 (1975) 315 [INSPIRE].

B.L. Friman and O.V. Maxwell, Neutron star neutrino emissivities, Astrophys. J. 232 (1979) 541
[INSPIRE].

D.G. Yakovlev and K.P. Levenfish, Modified URCA process in neutron star cores, Astron.
Astrophys. 297 (1995) 717.

0.V. Maxwell, Neutrino emission processes in hyperon populated neutron stars, Astrophys. J.
316 (1987) 691 [INSPIRE].

A. Schwenk, P. Jaikumar and C. Gale, Neutrino bremsstrahlung in neutron matter from effective
nuclear interactions, Phys. Lett. B 584 (2004) 241 [nucl-th/0309072] [nSPIRE].

A. Schwenk and B. Friman, Polarization contributions to the spin dependence of the effective
interaction in neutron matter, Phys. Rev. Lett. 92 (2004) 082501 [nucl-th/0307089] [INSPIRE].

P.S. Shternin, M. Baldo and P. Haensel, In-medium enhancement of the modified Urca neutrino
reaction rates, Phys. Lett. B 786 (2018) 28 [arXiv:1807.06569] [INSPIRE].

E.N.E. van Dalen, A.E.L. Dieperink and J.A. Tjon, Neutrino emission in neutron stars, Phys.
Rev. C 67 (2003) 065807 [nucl-th/0303037] [INSPIRE].

S. Bacca, K. Hally, C.J. Pethick and A. Schwenk, Chiral effective field theory calculations of
neutrino processes in dense matter, Phys. Rev. C 80 (2009) 032802 [arXiv:0812.0102]
[INSPIRE].

A. Dehghan Niri, H.R. Moshfegh and P. Haensel, Nuclear correlations and neutrino emissivity
from the neutron branch of the modified Urca process, Phys. Rev. C' 93 (2016) 045806 [INSPIRE].

D. Blaschke et al., Nuclear in-medium effects and neutrino emissivity of neutron stars, Mon. Not.
Roy. Astron. Soc. 273 (1995) 596 [INSPIRE].

A. Sedrakian, Short-range correlations and Urca process in neutron stars, Phys. Rev. Lett. 133
(2024) 171401 [arXiv:2406.16183] INSPIRE].

D.G. Yakovlev, A.D. Kaminker, O.Y. Gnedin and P. Haensel, Neutrino emission from neutron
stars, Phys. Rept. 354 (2001) 1 [astro-ph/0012122] [INSPIRE].

M. Buschmann et al., Upper limit on the QCD axion mass from isolated neutron star cooling,
Phys. Rev. Lett. 128 (2022) 091102 [arXiv:2111.09892] [INSPIRE].

D. Blaschke, H. Grigorian and D.N. Voskresensky, Nuclear medium cooling scenario in the light
of new Cas A cooling data and the 2Mg pulsar mass measurements, Phys. Rev. C' 88 (2013)
065805 [arXiv:1308.4093] INSPIRE].

— 27 —


https://doi.org/10.1103/PhysRevD.6.941
https://inspirehep.net/literature/73929
https://doi.org/10.1103/PhysRev.140.B1452
https://doi.org/10.1103/PhysRev.140.B1452
https://inspirehep.net/literature/49600
https://doi.org/10.1103/PhysRevD.12.315
https://inspirehep.net/literature/104061
https://doi.org/10.1086/157313
https://inspirehep.net/literature/135079
https://doi.org/10.1086/165234
https://doi.org/10.1086/165234
https://inspirehep.net/literature/234858
https://doi.org/10.1016/j.physletb.2004.01.036
https://doi.org/10.48550/arXiv.nucl-th/0309072
https://inspirehep.net/literature/629195
https://doi.org/10.1103/PhysRevLett.92.082501
https://doi.org/10.48550/arXiv.nucl-th/0307089
https://inspirehep.net/literature/624024
https://doi.org/10.1016/j.physletb.2018.09.035
https://doi.org/10.48550/arXiv.1807.06569
https://inspirehep.net/literature/1682789
https://doi.org/10.1103/PhysRevC.67.065807
https://doi.org/10.1103/PhysRevC.67.065807
https://doi.org/10.48550/arXiv.nucl-th/0303037
https://inspirehep.net/literature/615194
https://doi.org/10.1103/PhysRevC.80.032802
https://doi.org/10.48550/arXiv.0812.0102
https://inspirehep.net/literature/803813
https://doi.org/10.1103/PhysRevC.93.045806
https://inspirehep.net/literature/1448169
https://doi.org/10.1093/mnras/273.3.596
https://doi.org/10.1093/mnras/273.3.596
https://inspirehep.net/literature/413801
https://doi.org/10.1103/PhysRevLett.133.171401
https://doi.org/10.1103/PhysRevLett.133.171401
https://doi.org/10.48550/arXiv.2406.16183
https://inspirehep.net/literature/2801532
https://doi.org/10.1016/S0370-1573(00)00131-9
https://doi.org/10.48550/arXiv.astro-ph/0012122
https://inspirehep.net/literature/538149
https://doi.org/10.1103/PhysRevLett.128.091102
https://doi.org/10.48550/arXiv.2111.09892
https://inspirehep.net/literature/1971905
https://doi.org/10.1103/PhysRevC.88.065805
https://doi.org/10.1103/PhysRevC.88.065805
https://doi.org/10.48550/arXiv.1308.4093
https://inspirehep.net/literature/1249581

[18]

[19]

[20]

[26]

[27]

[28]

[29]

[30]

[35]

[36]

P. Carenza et al., Improved axion emissivity from a supernova via nucleon-nucleon
bremsstrahlung, JCAP 10 (2019) 016 [Erratum ibid. 05 (2020) E01] [arXiv:1906.11844]
[INSPIRE].

O. Sjoberg, On the Landau effective mass in asymmetric nuclear matter, Nucl. Phys. A 265
(1976) 511 [INSPIRE].

M.R. Anastasio and G.E. Brown, Meson exchange and the theory of finite Fermi systems, Nucl.
Phys. A 285 (1977) 516 [INSPIRE].

R. Machleidt, K. Holinde and C. Elster, The Bonn meson exchange model for the nucleon
nucleon interaction, Phys. Rept. 149 (1987) 1 [nSPIRE].

C. Hanhart, D.R. Phillips, S. Reddy and M.J. Savage, Extra dimensions, SN1987a, and
nucleon-nucleon scattering data, Nucl. Phys. B 595 (2001) 335 [nucl-th/0007016] INSPIRE].

C. Hanhart, D.R. Phillips and S. Reddy, Neutrino and axion emissivities of neutron stars from
nucleon-nucleon scattering data, Phys. Lett. B 499 (2001) 9 [astro-ph/0003445] [INSPIRE].

E. Rrapaj and S. Reddy, Nucleon-nucleon bremsstrahlung of dark gauge bosons and revised
supernova constraints, Phys. Rev. C' 94 (2016) 045805 [arXiv:1511.09136] InSPIRE].

J. Speth, V. Klemt, J. Wambach and G.W. Brown, The influence of the m and p exchange
potential on magnetic properties of nuclei, Nucl. Phys. A 343 (1980) 382 [INSPIRE].

T.E.O. Ericson and J.F. Mathiot, Axzion emission from SN1987a: nuclear physics constraints,
Phys. Lett. B 219 (1989) 507 [INSPIRE].

G.W. Carter and M. Prakash, The quenching of the azial coupling in nuclear and neutron star
matter, Phys. Lett. B 525 (2002) 249 [nucl-th/0106029] [INSPIRE].

J. Kopp and T. Opferkuch, Electron and muon dynamics in neutron stars beyond chemical
equilibrium, arXiv:2312.08457 [INSPIRE].

A. Akmal, V.R. Pandharipande and D.G. Ravenhall, The equation of state of nucleon matter
and neutron star structure, Phys. Rev. C 58 (1998) 1804 [nucl-th/9804027] INSPIRE].

N. Tetzlaff, J.G. Schmidt, M.M. Hohle and R. Neuhduser, Neutron stars from young nearby
associations the origin of RXJ1605.3+3249, Publ. Astron. Soc. Austral. 29 (2012) 98
[arXiv:1202.1388] [INSPIRE].

A .M. Pires et al., A deep XMM-Newton look on the thermally emitting isolated neutron star RX
J1605.3+8249, Astron. Astrophys. 623 (2019) A73 [arXiv:1901.08533] INSPIRE].

A. Caputo and G. Raffelt, Astrophysical azion bounds: the 2024 edition, PoS
COSMICWISPers (2024) 041 [arXiv:2401.13728] [INSPIRE].

A. Sedrakian, Axion cooling of neutron stars, Phys. Rev. D 93 (2016) 065044
[arXiv:1512.07828] [INSPIRE].

K. Hamaguchi, N. Nagata, K. Yanagi and J. Zheng, Limit on the axion decay constant from the
cooling neutron star in Cassiopeia A, Phys. Rev. D 98 (2018) 103015 [arXiv:1806.07151]
[INSPIRE].

N. Iwamoto, Nucleon-nucleon bremsstrahlung of axions and pseudoscalar particles from neutron
star matter, Phys. Rev. D 64 (2001) 043002 [inSPIRE].

L.B. Leinson, Impact of axions on the Cassiopea A neutron star cooling, JCAP 09 (2021) 001
[arXiv:2105.14745] INSPIRE].

— 28 —


https://doi.org/10.1088/1475-7516/2019/10/016
https://doi.org/10.48550/arXiv.1906.11844
https://inspirehep.net/literature/1742075
https://doi.org/10.1016/0375-9474(76)90558-3
https://doi.org/10.1016/0375-9474(76)90558-3
https://inspirehep.net/literature/108530
https://doi.org/10.1016/0375-9474(77)90650-9
https://doi.org/10.1016/0375-9474(77)90650-9
https://inspirehep.net/literature/125318
https://doi.org/10.1016/S0370-1573(87)80002-9
https://inspirehep.net/literature/249900
https://doi.org/10.1016/S0550-3213(00)00667-2
https://doi.org/10.48550/arXiv.nucl-th/0007016
https://inspirehep.net/literature/529942
https://doi.org/10.1016/S0370-2693(00)01382-4
https://doi.org/10.48550/arXiv.astro-ph/0003445
https://inspirehep.net/literature/525534
https://doi.org/10.1103/PhysRevC.94.045805
https://doi.org/10.48550/arXiv.1511.09136
https://inspirehep.net/literature/1407104
https://doi.org/10.1016/0375-9474(80)90660-0
https://inspirehep.net/literature/159111
https://doi.org/10.1016/0370-2693(89)91103-9
https://inspirehep.net/literature/266900
https://doi.org/10.1016/S0370-2693(01)01452-6
https://doi.org/10.48550/arXiv.nucl-th/0106029
https://inspirehep.net/literature/558364
https://doi.org/10.48550/arXiv.2312.08457
https://inspirehep.net/literature/2737175
https://doi.org/10.1103/PhysRevC.58.1804
https://doi.org/10.48550/arXiv.nucl-th/9804027
https://inspirehep.net/literature/469208
https://doi.org/10.1071/AS11057
https://doi.org/10.48550/arXiv.1202.1388
https://inspirehep.net/literature/1088321
https://doi.org/10.1051/0004-6361/201834801
https://doi.org/10.48550/arXiv.1901.08533
https://inspirehep.net/literature/1716614
https://doi.org/10.22323/1.454.0041
https://doi.org/10.22323/1.454.0041
https://doi.org/10.48550/arXiv.2401.13728
https://inspirehep.net/literature/2751338
https://doi.org/10.1103/PhysRevD.93.065044
https://doi.org/10.48550/arXiv.1512.07828
https://inspirehep.net/literature/1411299
https://doi.org/10.1103/PhysRevD.98.103015
https://doi.org/10.48550/arXiv.1806.07151
https://inspirehep.net/literature/1678487
https://doi.org/10.1103/PhysRevD.64.043002
https://inspirehep.net/literature/33262
https://doi.org/10.1088/1475-7516/2021/09/001
https://doi.org/10.48550/arXiv.2105.14745
https://inspirehep.net/literature/1866159

[37] L.B. Leinson, Constraints on axions from neutron star in HESS J1731-847, JCAP 11 (2019) 031
[arXiv:1909.03941] [INSPIRE].

[38] S. Bottaro, A. Caputo, D.F.G. Fiorillo and E. Vitagliano, Bounds on QCD azions and other
exotic particles from J1605, to appear (2024).

[39] R. Mertig, M. Bohm and A. Denner, FeynCalc: computer algebraic calculation of Feynman
amplitudes, Comput. Phys. Commun. 64 (1991) 345 [INSPIRE].

[40] V. Shtabovenko, R. Mertig and F. Orellana, New developments in FeynCalc 9.0, Comput. Phys.
Commun. 207 (2016) 432 [arXiv:1601.01167] [INSPIRE].

[41] V. Shtabovenko, R. Mertig and F. Orellana, FeynCalc 9.3: new features and improvements,
Comput. Phys. Commun. 256 (2020) 107478 [arXiv:2001.04407] [nSPIRE].

— 29 —


https://doi.org/10.1088/1475-7516/2019/11/031
https://doi.org/10.48550/arXiv.1909.03941
https://inspirehep.net/literature/1753133
https://doi.org/10.1016/0010-4655(91)90130-D
https://inspirehep.net/literature/28757
https://doi.org/10.1016/j.cpc.2016.06.008
https://doi.org/10.1016/j.cpc.2016.06.008
https://doi.org/10.48550/arXiv.1601.01167
https://inspirehep.net/literature/1413756
https://doi.org/10.1016/j.cpc.2020.107478
https://doi.org/10.48550/arXiv.2001.04407
https://inspirehep.net/literature/1775290

	Introduction
	Nuclear physics framework
	Neutrino emissivity
	Bremsstrahlung emission
	MURCA

	Neutrino absorption rate
	Conclusions
	Explicit MURCA computation

