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Abstract — Clustering and degree correlations are ubiquitous in real-world complex networks. Yet,
understanding their role in critical phenomena remains a challenge for theoretical studies. Here,
we provide the exact solution of site percolation in a model for strongly clustered random graphs,
with many overlapping loops and heterogeneous degree distribution. We systematically compare
the exact solution with heterogeneous mean-field predictions obtained from a treelike random
rewiring of the network, which preserves only the degree sequence. Our results demonstrate
a non-trivial interplay between degree heterogeneity, correlations and network topology, which
can significantly alter both the percolation threshold and the critical exponents predicted by the
heterogeneous mean field. These findings reveal limitations of heterogeneous mean-field theory,
demonstrating that the degree distribution alone is insufficient to determine universality classes
in complex networks with realistic structural features.
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Introduction. — Percolation theory provides a funda-
mental framework for understanding the structural prop-
erties and dynamical processes in complex networks, and
it constitutes a central research topic in statistical physics
and complex systems [1]. In its simplest form, percolation
involves randomly occupying nodes (site percolation) or
edges (bond percolation) with probability ¢, and study-
ing the emergence of connected components as ¢ varies.
A phase transition occurs at the percolation threshold ¢..,
characterized by the appearance of a giant component con-
taining a macroscopic fraction of the network nodes. This
transition has profound implications for numerous collec-
tive phenomena, including epidemic spreading [2,3], net-
work robustness [4,5], and cascading failures in technolog-
ical infrastructures [6].

Percolation transitions are typically characterized, close
to the percolation threshold, by universal scaling laws and
a set of critical exponents, as it happens for standard con-
tinuous phase transitions [7]. The critical exponents de-
fine universality classes, groups of systems that display
the same critical behaviour despite having different mi-
croscopic structures. In finite-dimensional lattices, these

(3)E-mail: lorenzo.cirigliano@uniromal.it (corresponding
author)

properties have been extensively studied [8], and percola-
tion provides a fundamental testing ground for advanced
theoretical approaches [9]. The situation is different for
complex networks. Percolation critical exponents for un-
correlated random graphs with arbitrary degree distribu-
tions have been computed, revealing that the critical be-
haviour is strongly affected by the heterogeneity of the
degree distribution [10-12]. These exponents define the
heterogeneous mean-field universality class.

Uncorrelated random graphs present, however, some
intrinsic limitations. Consider, for instance, the clus-
tering coefficient [13], which quantifies the tendency of
a node’s neighbours to connect with each other. Ran-
dom graphs exhibit vanishing clustering coefficient in the
infinite-size limit [14], while real-world networks typically
have high clustering. More generally, real-world complex
networks exhibit heterogeneous degree distributions, com-
munity structures, degree correlations, and many short
loops [14].

The interplay between clustering, degree correlations,
and percolation has attracted considerable attention in
recent years [15]. However, most prior analyses have
focused primarily on the percolation threshold [16-20].
While there is evidence of the key role played by degree
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Fig. 1: (a) Construction of the STC random graph via triadic
closure with f = 1, from a backbone network Gy (left), to the
clustered graph G; (right). Note that the degree of a node with
original degree k becomes k + Ef;l r; (for the node indicated
by the arrow, k = 3,71 = r2 = r3 = 2, and K = 9). (b) Equiva-
lence between extended-range percolation with R = 2 (left) and
standard percolation in the STC graph (right). Some nodes are
inactive (empty circles). On the left, the dashed lines denote
the extended-range connected component with R = 2 in the
backbone Go. The standard connected components (R = 1)
are also represented with continuous lines for comparison. On
the right, continuous lines denote the standard connected com-
ponent in G;. Note its equivalence with the R = 2-connected
component on the left.

correlations [21], the effect of clustering on critical expo-
nents and scaling behaviour remains less understood.

Here we investigate to what extent the heterogeneous
mean field correctly captures the percolation critical prop-
erties in complex networks. To do so, we present the
exact solution of site percolation in a model for random
graphs with scale-free degree distribution, many overlap-
ping short loops, and assortative correlations. The struc-
ture of these strongly clustered networks is non-treelike,
yet the solution is obtained via a mapping to another ex-
actly solvable percolation process. We show that the de-
gree heterogeneity is not enough to determine the critical
properties, and clustering and degree correlations can alter
not only the position of the percolation threshold, but also
the critical exponents. Our findings emphasize the crucial
role of the interplay between the local loop structure and
the degree heterogeneity in determining the universality
class for critical phenomena in complex networks.

Strongly clustered random graphs via static tri-
adic closure. — In this letter, we consider a model for
highly clustered networks called Static Triadic Closure

(STC) random graph [22]. The key idea behind the con-
struction of these random graphs is simple: take a back-
bone graph Gy, and close each triad with probability f,
to create a new random graph G;. Note that G¢ has an
intricate local structure, with loops of arbitrary length
and overlapping motifs, even if the backbone is a per-
fect tree. These features mark an important distinction
between STC graphs and most of the exactly solvable
models for clustered networks in the literature. Such mod-
els typically rely on some sort of treelike structure —such
as trees of loops [23], trees of cliques [18] or trees of partial
cliques [24]— while overlapping loops of arbitrary length
are usually not included, as they constitute theoretical dif-
ficulties which are hard to overcome by means of message
passing techniques [25]. STC networks present instead all
these features. Yet, they can be exactly solved if the back-
bone Gy is treelike: in this case, even if message passing
dramatically fails on Gy, it works on the backbone.

The analysis of the topological properties (clustering co-
efficient, motifs densities) of STC random graphs for ar-
bitrary f, obtained from uncorrelated random backbones
with arbitrary degree distribution pg, has been developed
in [22], where it has been shown that these graphs may
have strong clustering and an intricate non-treelike struc-
ture in the infinite-size limit. They also exhibit assorta-
tive correlations, meaning that nodes of similar degrees are
more likely to be connected within each others. Here we fo-
cus only on the case f =1, i.e.,, on random graphs G; ob-
tained closing all the triads in the backbone, see fig. 1(a).
Furthermore, an important ingredient that we want to in-
clude in our analysis is the degree heterogeneity. For this
reason, we consider the case of uncorrelated random back-
bones with a power-law degree distribution py ~ k™7
for large k. The resulting STC random graph G; has, in
the infinite-size limit, a degree distribution Px ~ K 74
for large K, with 73 = 74 — 1. This can be easily seen
as follows. A node with original degree k surrounded by
neighbours with original residual degrees rq,...,7r, has
exactly degree K = k + Zle r;. The residual degrees
are uncorrelated random variables distributed according
to ¢ = (r + D)pry1/(k). The conditional degree distribu-
tion is then simply Pk |y, ...r, = 6K’k+2?:1 »,- Averaging
over P(k,r1,...,7%) = DkQry - - - ¢r,,, Since Gy is uncorre-
lated, we then get

PK = Z Prqr, "'qu(sK’k"‘Zf:l r (1)

ki,

Even if the r.h.s. of eq. (1) cannot be written explicitly,
we can easily find an expression for the generating func-
tion Go(z) = > Prz™ of the degree distribution P.
Multiplying by 2% and summing over K we get

Go(z) = go (291(2)), (2)

where go(z) = Y., pr2® and g1(2) = 3, ¢,2". For power-
law networks with degree exponent 74, the generating
functions have a singularity in z = 1 given, at leading
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order in ¢ = 1 — 2, by go(l —¢) ~ 1 — ¢;e7~ ! and
g1(1 — &) ~ 1 — coe¥2 where c;,cy are constants de-
pending on 7, and in general on the low-degree part of
the pi. With these expansions from eq. (2) we get at lead-
ing order for the singular part of Gy

Go(l—¢g)~1—Cie7 2 =1— 0yt (3)
where 75 = 74 — 1. Hence we can conclude, using asymp-
totic theorems for generating functions [26], that Pk has a
power-law tail, asymptotically for large K, with degree ex-
ponent 74. In other words, the STC mechanism decreases
by 1 the degree exponent. This is reasonable, since we
are changing the degree of each node with the sum of
its neighbours degrees, which are random variables dis-
tributed with probability proportional to kpy.

Extended-range percolation with R =2 and STC
graphs. — Before getting to the solution of percolation
in STC graphs, we need to briefly discuss another perco-
lation model whose exact solution is known. Consider a
network in which nodes are active with probability ¢. The
standard notion of connectivity between two active nodes
is equivalent to the existence of a path made of consecu-
tive active nodes between them. In extended-range per-
colation [27,28] a range R is introduced, and each active
node is connected to all other active nodes at topological
distance at most R. With this definition, inactive nodes
are allowed along the paths connecting active nodes. In
particular, all paths containing at most R — 1 consecutive
inactive nodes can be used to connect active nodes. See
fig. 1(b) for a pictorial representation for R = 2.

The reader may now wonder why we are introducing
another percolation model. The reason is the following.
Extended-range percolation with R = 2 in a graph G
is exactly equivalent to standard site percolation in the
graph obtained from Gy by closing all its open triads,
which is precisely the STC graph G; presented in the pre-
vious section, see fig. 1(b). Hence, the exact solution of
extended-range percolation in Gy is also the exact solution
of standard site percolation in the clustered and correlated
network G;. In the rest of this section we derive the ex-
act solution of extended-range percolation with R = 2 for
uncorrelated locally treelike graphs Gy with a given py.

Equations for the order parameter P> for extended-
range percolation have already been derived [27,28]. In
particular, the formalism presented in [28] is general, as
it solves the problem for any R. However, for the sake
of simplicity, we follow here the solution discussed in [27].
The key idea in [27] to solve the problem for R = 2 is
to introduce two probabilities u; and us, representing the
probabilities of not reaching the giant component following
arandom edge which ends in an active or inactive node, re-
spectively. In standard percolation, us = 1. In extended-
range percolation instead, there is a non-vanishing proba-
bility of reaching the GC if we reach an inactive node. The
important thing is to not get too many —in particular, 2
for R = 2— consecutive inactive nodes.

Here, we focus on the cluster size distribution 7 (s), the
probability that an active node belongs to a small com-
ponent of size s. In particular, we solve for its generating
function Ho(z) = > 7(s)z°. The knowledge of Hy(z)
provides us, after some cumbersome but straightforward
computations, a complete characterisation of the critical
properties [12]. In analogy with the probabilities u; and
ug, we define p1(s) and pa(s) as the probabilities that fol-
lowing a randomly chosen link leading to an active or in-
active node, respectively, we reach a small cluster of size
s. With these two quantities we can write an equation for
7(s|k), taking a node of degree k and then averaging over
pr to get m(s) = (w(s|k)) as

k n k
m(s) = < Z ZBZ(@ le(ﬁi) H Pz(fj)> ;
{&15--,€x }|C1 =0 i=1 J

=n+1

(4)
where BE(¢) = (ﬁ) @™ (1—¢)*~™ is the probability of a con-
figuration of the percolation process with n active neigh-
bours among the k available, each active branch i tak-
ing a factor p;(&;) and each inactive branch j taking a
factor p2(&;), summed over all possible values of n, and
the sum over the variables £, ..., & has a constraint C;:
Zle & = s — 1, in order to ensure that the size of the
small component of the active node we picked at random
is s. Again, eq. (4) cannot be solved explicitly, but we
can find an expression for the generating function Hy(z),
multiplying by z° and summing over s. The result is, after

a tedious but straightforward computation®
Ho(2) = zgo (6H1(2) + (1 — ¢)Ha(2)) (5)
where we introduced the generating functions Hi(z) =
Yoo p1(8)z® and Ho(z) =Y, pa(s)z®. The same argument
applies for the distribution p;(s). If we condition on active
nodes of excess degrees r, we can write p1(s) = (p1(s|r))
with the average performed over g,.. Hence p1(s) is given
by eq. (4) with k replaced by r and the average taken over

qr. This gives us for the generating function
Hi(z) = zg1 (pH1(2) + (1 — ¢)Ha(2)) - (6)
A bit more care must be taken for pa(s). Since R = 2,
and two consecutive inactive nodes are not allowed, when
writing the analogous of eq. (4) for p2(s) we must consider
that if another inactive node is encountered, that certainly
leads to a component of size 0. This means to substitute
the factors po(s;) associated to each inactive branch with
0s;,0- Also, the constraint, denoted with Cy, on the vari-
ables &1,...,&, is that they sum to s, not to s — 1, since
we do not want to count inactive nodes as part of small

IWrite the constraint over the &; variables as a Kronecker delta
0s_4 Sk ¢ SUI Over s first and distribute the factors z%i one for
= ’ i=1 k2
each branch; sum over the variables &;, using the independence of
the branches, and use the definition of Hi(z) and H2(z); sum over
n using the binomial formula; finally, average over py.
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components. This gives us

p2(s) = < Z ZBZ(QS)HPl(Si) H 5Sj,0>,
{&1,..,&r}|C2 n=0

i=1 j=n+1
(7)

again the average being performed over ¢, from which we
get
Hy(2) = g1 (pH1(2) +1—¢). (8)

Now we have an implicit expression for the generat-
ing function of the cluster size distribution Hy(z) via
eqs. (5), (6), and (8). We can conclude our digression
on extended-range percolation and come back to the per-
colation in the clustered STC networks.

Percolation in STC random graphs. — In this sec-
tion, we take advantage of the exact mapping between
extended-range percolation with R = 2 in Gy and stan-
dard site percolation in G;. In particular, we can use
egs. (5), (6), and (8) to compute various percolation ob-
servables in G;. Working out their behaviour close to the
percolation threshold, we get exact expressions for the crit-
ical exponents. An important remark is in order here. The
equations for extended-range percolation are expressed in
terms of 74, the exponent of the backbone degree distri-
bution pg, while we need instead to express our results
in terms of 74, the exponent of the degree distribution
of the STC networks. This is simply achieved by setting
Ya = Ya + 1.

We begin considering the order parameter P°°, which
behaves as P> /¢ ~ (¢ — ¢.)? close to criticality. Since
active nodes are either in the giant component (GC) or in
small components of any size, we have ¢ = ¢Hy(1) + P°°.
Setting u; = Hi(1) and ug = Ha(1),

P> =¢[1—go(pur + (1 — @)ua)], (9)

where u; and us are solution of the recursive equations

uy = g1(pur + (1 — P)ug),
uz = g1(dur +1—9),

thus recovering the equations in [27]. Numerical solutions
of egs. (9)—(11) are presented in fig. 2 for various values
of the degree exponent 74, compared with results from
numerical simulations on STC graphs. The trivial solution
u; = ug = 1, corresponds to P*° = 0. Such a solution is
stable until the largest eigenvalue A of the Jacobian of
egs. (10), (11), evaluated in u; = ug = 1, is smaller than
1. The criticality condition is then given by A(¢.) = 1,
from which we get ¢. = (1+b—+/(1 + b)2 — 4)/(2b), where
b= gi(1) = (k(k — 1)) /(k). Remarkably, this expression
coincides with the one found in [29] for the case of Cailey-
tree backbones with degree b+ 1. Using (K) = G{(1) =
(k) 4+ (k(k — 1)) = (k)(1+b), we can write the percolation
threshold as

(K) — V(K)? — 4(k)?
2((K) = (k)

¢c = (12)

STC

1 T T T
STC  »

0.8 F UCM o (c) 1
2 0.6 f .
Q‘ 04 _¢UCM Olﬁb}j/ T
02 L ¢ 0/ ) ]

0 4 : . 0 ¢, 02
0 0.2 0.4 0.6 0.8 1

¢

Fig. 2: Numerical simulations of site percolation in STC ran-
dom graphs (full symbols) and in a random rewiring of these
networks (UCM) (empty symbols), keeping the same degree
sequence but with no correlations nor the short-loop struc-
ture. The synthetic networks considered have N = 10° nodes,
kmin = 2 and (a) ¢ = 4.5, (b) 74 = 3.5, (¢) 74 = 2.5. Results
are averaged over 100 independent realizations. Continuous
lines are the exact solution for site percolation in STC, egs. (9),
and for site percolation in the UCM counterpart, eq. (14).

where (k) is the average degree of the backbone Gy and (k)
is the average degree of G;. From this expression, we see
that the threshold is always positive if (K) < oo, even for
2 < J4 < 3, when (K?) diverges. The analysis of egs. (9)-
(11) close to the percolation threshold gives us the values
of the critical exponent 8 as a function of 74. Details of
this computation are reported in the SM, and the results
are presented in table 1.

We turn now our attention to the average size of small
components, defined as (s) = > _sm(s)/ >, m(s"). This
quantity scales, for ¢ close to the percolation threshold,
as (s) — 1~ |¢p — ¢d.|77. Using eq. (5) we can write

_ Hy() (13)
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A straightforward computation, whose details
can be found in the Supplementary Material
Supplementarymaterial.pdf (SM), allows us to get
an exact expression for (s), whose behaviour for ¢ close
to ¢. gives us the critical exponent . In table 1 we
report the values of the exponent ~ for different degree
exponents vg.

Finally, we consider the cutoff size s and the critical
exponent o. Formally, s¢ is defined from the scaling be-
haviour of the cluster size distribution for ¢ close to the
percolation threshold, as 7(s) ~ s~ exp(—s/s¢), where
Se~ |¢p— $.|~1/7, and 7 is another critical exponent. Us-
ing the scaling relation 0 = 1/(8 + 7) we get the results
reported in table 1. As a consistency check, we also com-
puted the exponent o independently from the others. In
fact, the cutoff size s¢ can be explicitly computed from the
knowledge of Hy(z), as it is related to the position of the
closest singularity to the origin in the complex plane. See
the SM for details.

Comparison with the heterogeneous mean field.
— The purpose of this section is to see to what extent de-
gree heterogeneity, clustering and degree correlations af-
fect the critical exponents. In order to get some insight,
we compare the exact solution for site percolation in STC
graphs derived above with the heterogeneous mean-field
predictions, for 74 > 2, which ignores clustering and de-
gree correlations. To do so, we perform a random rewiring
of the clustered network G;. This procedure preserves the
degree sequence and destroys the short loop structure, pro-
ducing an uncorrelated locally treelike maximally random
graph whose degrees are distributed according to Pg. In
other words, if the network G; is sparse hence 75 > 2,
we create locally treelike random graphs with the same
degree sequence of the STC graph. For such sparse net-
works, the exact solution of site percolation is known [4],
and we simply have

Piem = ¢[1 = Go (1 — ¢+ ¢u)],

where u, the probability of not reaching the GC following a
random link ending in an active node, is the stable solution
of the fixed-point equation

u= Gl =+ ¢u), (15)

where G1(z) = G{(2)/G}(1). A similar formula exists for
the average cluster size (s)ycm. See fig. 2 for a compari-
son between eq. (14), the exact solution of percolation in
the clustered STC graphs eq. (9), and numerical simula-
tions on large networks and various values of the degree
exponent Yg.

The percolation threshold is given by ¢Y“M = 1/B,
where B = G{(1) = (K(K —1))/(K) is Gi’s branch-
ing factor. Note that from eq. (2) we can compute the
moments of Pg, as (K(K —1)) = G{(1) and (K) =
G{ (1), hence we have an explict expression of the thresh-
old ¢J°M in terms of the moments of the backbone de-
gree distribution pg. Since ((K(K —1))) depends on

(14)

(k(k —1)(k — 2)) ~ (k®), the branching factor B diverges
for 74 < 4, hence for 74 < 3, and the threshold vanishes
in the infinite-size limit, as expected for scale-free uncor-
related random graphs. Percolation critical exponents are
known in this case [10-12], and they are reported in ta-
ble 1. It is also well-known that for 2 < 74 < 4 the singu-
larity in the generating function of power-law distributions
is strong enough to interfere with the critical behavior,
leading to v4-dependent critical exponents. This defines
the so-called heterogeneous mean-field (hMF) universality
class [10-12].

Let us now analyze the results in table 1. For 74 > 4, the
only difference between the exact solution of percolation in
STC networks and the heterogeneous mean field concerns
the prediction of the threshold, since ¢. > ¢Y“M. Degree
correlations and clustering increase the threshold with re-
spect to the UCM, while critical exponents are unchanged.
However, the effect of assortative correlations is to lower
the percolation threshold [21]. Hence, we can conclude
that the presence of loops is actually the crucial ingre-
dient here, not the assortativity. Note that these results
are also valid for STC networks with homogeneous degree
distributions, which can be created using a homogeneous
backbone, such as random regular graphs or Erdés-Rényi
graphs. Even if the local loopy structure of the STC graph
makes it completely different from the treelike configura-
tion model, causing the shift in the percolation thresh-
old, the critical exponents are the homogeneous mean-field
ones. We can conclude that in this case the mean-field uni-
versality class is robust under variations of the loop and
correlation structure, even if the locally treelike property
is completely lost. Increasing the degree of heterogene-
ity in the STC networks, for 3 < 75 < 4, we still have
¢ > ¢ducm- However, in this regime hMF predicts v4-
dependent critical exponents, while the critical exponents
in the STC networks remain the homogeneous mean-field
ones. It is clear that this effect is ultimately due to the
existence of an underlying locally treelike backbone with
exponent v4 = 74 + 1 > 4, whose critical properties are
indeed described by the homogeneous mean-field critical
exponents. Yet, it is remarkable and surprising that the
critical properties of an intricate structure such as the STC
one are captured by the backbone alone. The role of clus-
tering and degree correlations is even stronger when degree
heterogeneity is stronger, for 2 < 74 < 3. Here, not only
the critical exponents are different from the hMF, but we
also have ¢. > 0, while the threshold vanishes in the UCM,
since B ~ (K?) diverges. Ultimately, we notice that our
solution is valid even for 1 < 7, < 2, when the networks
are no longer sparse, as the average degree (K) diverges in
the infinite-size limit. Remarkably, even if heterogeneous
mean field does not apply here, we are providing the exact
solution of percolation on a non-sparse network.

Discussion. — The comparison between the exact so-
lution and the heterogeneous mean field in table 1 reveals
that site percolation on the STC networks with degree
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Table 1: Values of the critical exponents for site percolation on STC random graphs, and comparison with the predictions of
the heterogeneous mean field (denoted with the subscript hMF). In the last row networks are no longer sparse and hMF is not

applicable.
Degree exponent | ¢, B ¥ o ¢ECM BhMF | YaMF | OhME
1 1
Fqg >4 >0 1 1 - >0 1 1 -
Yd 5 B
_ 1 1 Yi—3
3< vy <4 >0 1 1 - >0 = 1 Z‘i
| P e ey
2<%, <3 | >0 _ 1 Ja= —0 | 1 |22
Ya— 2 Ya— 1 ) 3—a Ya— 2
~ g — 1 2 —4) (g — 1 1—-(;—-1
1<fu<2  |=o| =l |} CZ0Cu—D 1= Ga—U7 v p | Na | NA | NA.
1—(Fa—1) 1—(Fa—1) (Ya—1)

Fig. 3: (a) Modified branching process for percolation in STC
graphs. Here, the edges of the backbone are represented by
solid lines, and the edges created by the STC mechanism are
represented by dashed lines. The first generation of offsprings
emanating from i (green shaded region) is formed by the ac-
tive nodes that are i’s nearest neighbors in Gy (node j), and
the active nodes that are i’s second neighbors in Gy and are
reachable in Gy only by dashed lines (node ). Note that this
modified branching process avoids overcounting effects caused
by the presence of loops: node k, which is a common neighbor
of both ¢ and j (red triangle) belongs to the second generation
of offsprings. (b) The standard branching process approach
in a random rewiring of the same network, in which the loop
structure has been destroyed. The first generation of offsprings
emanating from node i are nodes j, k,l. This difference with
the modified branching process in panel (a) is crucial.

exponent 4 presents deviations from the heterogeneous
mean-field theory. This suggests that the interplay be-
tween the local loopy structure and the degree hetero-
geneity is not well-captured by the hMF alone. To under-
stand the physical mechanisms behing this deviation from
the hMF, it is instructive to consider the percolation pro-
cess on the STC graphs from a branching process perspec-
tive [19,20]. While a standard branching process approach
fails on G; due to its many loops and complex structure, a
modified branching process that accounts for the network’s
construction can be defined as follows. With the help of
fig. 3(a), let us consider the number of offsprings, avoiding
potential overcounting due to the loops, emanating from

an active node ¢. This is given by the number of active
excess neighbors of node 7 in Gy, plus the active excess
neighbors of i’s inactive excess neighbors in Gy. Note that
in this way we are correctly taking into account for the
presence of loops. The generating function for this modi-
fied branching process is then given by

Gi(2) = g1 (92 + (1 — 9)g1(1 — ¢+ ¢2)) .

The quantity B(¢) = G/ (1) is the average number of off-
springs without overcounting. The criticality condition
of branching processes B(¢.) = 1 allows us to recover
eq. (12). The fixed point equation v = Gy (u) gives us
the probability of branching in finite clusters, and it is the
same as eq. (10) once we replace uy with its expression in
eq. (11). Following a similar argument, it is possible to
derive equations for Hy(z) and H;(z), and to compute the
various percolation observables. Despite the perfect equiv-
alence with the formalism used for extended-range perco-
lation, this interpretation in terms of branching processes
provides a clear physical picture. If we ignore the presence
of loops using heterogeneous mean field as in fig. 3(b), we
overcount the actual number of offsprings. This leads to
the wrong prediction of the percolation threshold, since
G (1) = ¢B predicted by the hMF is much larger than
the effective average number of offsprings B (¢), even for
bounded degree distributions. However, when degree het-
erogeneity is present, and in particular when the number
of second neighbors in Gy has unbounded fluctuations, the
error we commit by neglecting the loops can affect also the
critical properties. Thus, while loops alone are not enough
to observe deviations from hMF in the critical exponents
for percolation in STC networks, the combined effect of
strong degree heterogeneity and short loops leads to a dif-
ferent critical behavior from the predictions of the hMF
theory.

In conclusion, in this letter we have presented the exact
solution of site percolation in a model of strongly clustered
random graphs with heterogeneous degree distribution
and assortative degree correlations. The key feature of the
model analysed in this letter, which makes it different from
most of the models for clustered networks in the literature,
is the presence of many overlapping loops —loops sharing

(16)
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common edges. By comparing percolation in these clus-
tered networks and in random rewired networks with the
same degree sequence —destroying clustering and degree
correlations— we have shown that the degree exponent 74
alone is not enough to determine the universality class.
Our results reveal a non-trivial interplay between the de-
gree exponent and the network local structure, which may
affect both the percolation threshold and the critical ex-
ponents. This constitutes an example of a sparse network
with assortative correlations, strong clustering and scale-
free degree distribution, where the critical behaviour dif-
fers from the heterogeneous mean-field one [30]. We con-
clude with a conceptual remark. The key ingredient for the
exact solvability of percolation in such non-treelike struc-
tures as the STC graphs is the existence of an underlying
treelike backbone, which is known by construction. Fur-
thermore, we have shown that this backbone is ultimately
responsible of the critical properties of the loopy STC
graph. This calls for an interesting theoretical question.
As STC networks qualitatively capture well the structure
of many real-world networks [22], we may wonder if it
is possible to detect a treelike backbone of real-world net-
works, and use this backbone to correctly capture the crit-
ical properties of the entire network. The exploration of
such an inference problem deserves further studies.
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