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Uniqueness and nondegeneracy for Dirichlet fractional problems in
bounded domains via asymptotic methods

Abdelrazek Dieb, Isabella Tanni* & Alberto Saldafia '

Abstract

We consider positive solutions of a fractional Lane-Emden type problem in a bounded do-
main with Dirichlet conditions. We show that uniqueness and nondegeneracy hold for the
asymptotically linear problem in general domains. Furthermore, we also prove that all the
known uniqueness and nondegeneracy results in the local case extend to the nonlocal regime
when the fractional parameter s is sufficiently close to 1.

1 Introduction and main results

We study the uniqueness and the nondegeneracy of positive solutions of the Dirichlet Lane-
Emden-type fractional problem

(-A¥u+du=v’ nQ  u=0 mRY"\Q, u>0 in, (1.1)

where € is a bounded domain of class C2 in RY (N >2),p>1, A€ R, s € (0,1), and (—A)*
denotes the fractional Laplacian given by

—Uu N N S
(=A)°u(x) :=cn,sp-v. /RN % dy, cN,s =472 Il:‘((;ij(s))s(l — ). (1.2)

A solution u of (1.1) is called nondegenerate if the linearized problem
(=A)v+ o =puP~ v  in Q, v=0 onRV\Q, (1.3)

admits only the trivial solution.

It is immediate to see (by testing the equation with the first Dirichlet eigenfunction of
(—A)® in Q) that in order to have solutions of (1.1) the parameter A must satisfy A > —\()
(here A§(2) is the first Dirichlet eigenvalue of (—A)® in Q). Actually, similarly to the local
case s = 1, standard variational methods can be used to yield the existence of solutions of

(1.1) in any bounded smooth domain 2 whenever A > —\§(Q) and 1 < p < N¥*28 gee, for

N—-2s
example, [58]. For critical (p = ££2%) and supercritical (p > {22) regimes, existence is more

involved. Indeed, the fractional Pohozaev identity implies the nonexistence of solutions of (1.1)
if p> %f%i, A =0, and if Q is starshaped, see [27,55]; on the other hand, there are many
existence results available in the literature when either \ # 0 or the domain is not starshaped,
see, for instance, [20,39,40,49,57,59].
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Concerning uniqueness of solutions, this is a difficult problem—even in the local case —and
it depends in a subtle way on the geometry and topology of the domain 2, on the value of
the parameter A\, and on the exponent p. As we discuss below, this analysis is even harder for
nonlocal problems and it has been addressed so far only for ground state solutions of fractional
Schrédinger equations in RY in [14,26,31,32,47]. As far as we know, in the nonlocal case
s € (0,1), the results that we present in this paper are the first to consider uniqueness of
solutions in bounded domains.

We remark that the uniqueness of solutions to (1.1) does not hold in general, for instance,
multiplicity results can be obtained in suitable domains using a Lyapunov-Schmidt reduction
argument, see [20, Theorem 1.2] (see also Remark 2.11 below) for results when p is close to the
critical exponent £+22 (from below and from above) and s € (0, 1), see also [49] for multiplicity
results in the critical case (with A = 0) in domains with shrinking holes.

Our first theorem shows that all the uniqueness results known for the Laplacian can be
extended to the fractional case for s sufficiently close to 1. Let A}(Q) > 0 denote the first

Dirichlet eigenvalue for —A in €2, and let 2* = % ifN>2and 2* =00 if N = 2.

Theorem 1.1. Let N > 2, p € (1,2* — 1), A > —A}(Q), and Q be such that the problem

—Au+du=uP in ), u=0 on 0Q, (1.4)

has a unique positive solution u which is nondegenerate. Then, there is o = o(Q, \,p) € (0,1)
such that, for s € (o,1], the problem (1.1) has a unique solution and it is nondegenerate.

To clarify the reach of Theorem 1.1, we review briefly the literature on known results for
uniqueness and nonuniqueness of positive solutions to (1.4).

It is known that uniqueness does not hold in general, indeed both the geometry and the
topology of the domain play a role to obtain multiplicity results. The typical case when there
is more than one positive solution for problem (1.4) is when  is the annulus or, more in
general, a suitable annular shaped domain (see, for example, [6,12,36,46], see also [24] for not
simply connected planar domains), but uniqueness may fail also in some contractible domains
(see [16,17,24] for dumb-bell domains, even starshaped).

Conversely, if {2 is a ball, then the solutions of (1.4) are radially symmetric as a consequence
of the classical symmetry result by Gidas, Ni, and Nirenberg [33]; hence, one can get uniqueness
in the local case using ODEs techniques. In particular, in the case A = 0 one immediately
obtains uniqueness by scaling arguments which exploit the homogeneity of the power nonlinearity
(see [33]), while, for A # 0, the proof turns out to be less direct and the complete result, for
the full range of values of p and A for which existence holds, is contained in several papers
(see [45,52,61,62]), where uniqueness is obtained by first showing that radial solutions are non-
degenerate, thus highlighting a strong relationship between uniqueness and nondegeneracy. We
also mention [3] and [4], where the uniqueness result in the ball for the local problem (1.4) is
reobtained via the Pohozaev identity and a purely PDE approach, respectively.

In view of these results for the local problem (1.4), we deduce the following corollary of
Theorem 1.1.

Corollary 1.2. Let Q be a ball of RN, N > 2, p € (1,2* — 1), A > =\ (Q). Then, there is
o =0c(N,\p) € (0,1) such that, for s € (o,1], the problem (1.1) has a unique solution and it
18 nondegenerate.

Although a general characterization of the domains €2 for which uniqueness and nondegen-
eracy for problem (1.4) hold is still missing, results are know also for some domains different
from the ball, from which other applications of Theorem 1.1 can be deduced. In [16,44] it is
conjectured that the convexity of the domain € is a sufficient condition to guarantee uniqueness
for problem (1.4). This conjecture has been partially proved in dimension N = 2 and for A = 0,
again showing first that the solutions are nondegenerate. We refer to [48], where it has been



proved for least energy solutions, and to [21], where recently the proof has been extended to any
positive solution for p sufficiently large, via a delicate computation of the Morse index which
exploits the asymptotic behavior of the solutions. As a consequence of the result in [48], we
state the following asymptotic result for least energy solutions.

Corollary 1.3. Let Q C R? be a smooth convex planar domain, p > 1, A = 0. Then, there is
o=0c(Q,p) € (0,1) such that, for s € (o,1], the problem (1.1) has a unique least energy solution
and it is nondegenerate.

For general positive solutions, from the results in [21], we derive the following.

Corollary 1.4. Let Q C R? be a smooth convex planar domain, X = 0. Then, there exists
po = po(Q) > 1 such that for any p > po there is 0 = o(,p) € (0,1) such that, for s € (o,1],
the problem (1.1) has a unique solution and it is nondegenerate.

Let us stress that convexity of the domain is not necessary in order to have uniqueness.
Indeed, for problem (1.4) some uniqueness and nondegeneracy results are available in the case
A = 0 also in non-convex domains. We refer to [15,19,38] where domains which are symmetric
and convex with respect to IV orthogonal directions are considered. In particular, a pure PDE
approach based on the maximum principle in dimension N = 2 is introduced in [15], while
in [38] the same result is shown to hold in dimension N > 3 and for almost critical powers,
using an asymptotic analysis of the blow-up behavior of the solutions. From this discussion we
can deduce the following consequence of Theorem 1.1.

Corollary 1.5. Let A = 0 and let 2 C RN be a smooth bounded domain symmetric with respect
to the hyperplanes {x; = 0} and convex in the direction x; for all 1 <i < N. If either

N=2andp>1 or N>3andp+1e(2*—¢,2%)

for e > 0 small enough; then, there is 0 = (2, p) € (0,1) such that, for s € (o,1], the problem
(1.1) has a unique solution and it is nondegenerate.

Uniqueness for (1.4) is also known for domains which are a suitable (even non-convex)
perturbation of a ball if A = 0 [63], and for suitable large symmetric domains when A = 1
[18]. Nevertheless, to derive the uniqueness for the nonlocal problem via Theorem 1.1, the
nondegeneracy property for the solutions of (1.4) is essential, and this is not shown in [18,63].

If Q is the unit planar square and A # 0, then uniqueness results for (1.4) are known for
specific values of p. The case p = 2 can be found in [50] and p = 3 in [51]. In both papers,
the proof relies on a computer-assisted argument. These results cannot be extended directly via
Theorem 1.1 to nonlocal problems, since {2 has some smoothness restrictions, which are used
to guarantee boundary regularity of solutions (see Lemmas 2.2 and 2.6). We remark that the
proofs in [50,51] can possibly be adapted to a smooth perturbation of the square. In any case,
we believe that the regularity assumptions in €2 can be weakened, but in order to make the ideas
in our arguments more transparent, we do not pursue this here.

A particularly interesting case regarding uniqueness of solutions is the asymptotically linear
problem, i.e. when p is close to 1, since the domain does not play any role. As a matter
of fact, in the local case s = 1, uniqueness and nondegeneracy hold in any bounded domain,
see [15,19,48], where the proofs exploit the asymptotics of the positive solutions as p — 1. Our
next result shows that this is also the case in the nonlocal setting, for any s € (0,1).

Theorem 1.6. Let s € (0,1), N > 2, Q C RY be a bounded domain of class C%, and \ >
—A3(Q2). There is po = po(2,s,\) > 1 such that problem (1.1) has a unique solution for every
p € (1,p0). Moreover, the solution is non-degenerate.

As we mentioned before, showing uniqueness results in the nonlocal case is particularly
difficult and challenging, even in seemingly simple cases. For instance, let A = 0 and let Q2



be a ball. Then, a moving plane argument shows that all the solutions of (1.1) are radially
symmetric (see, e.g., [42]); however, a general uniqueness result for this problem with s € (0, 1)
is still open and Corollary 1.2 and Theorem 1.6 are the first results in this direction. The main
obstacle when trying to extend the methods used in the local case to the fractional regime
is the lack of essential tools such as shooting methods and other ODE techniques. Moreover,
Courant’s nodal theorems, Hopf Lemmas for sign-changing solutions, and monotonicity formulas
in bounded domains are also not available, which complicates the analysis of the linearized
associated problem to understand the nondegeneracy properties of solutions. Our results provide
a first answer to these questions, showing the uniqueness and nondegeneracy of solutions for
either s close to 1 or p close to 1.

The proofs of Theorems 1.1 and 1.6 rely on a delicate asymptotic analysis that involves
several elements such as interior and boundary regularity estimates, precise a priori bounds
which are uniform in p and s (see Remark 4.2), Hopf Lemmas for positive solutions, Liouville
type theorems for linear and nonlinear nonlocal equations in unbounded domains, and the known
results for the local problem (s = 1) and for the linear equation (p = 1). A similar approach
is used in [26], where an asymptotic analysis as s — 1 together with the Caffarelli-Silvestre
extension is used to characterize the uniqueness and nondegeneracy of ground state solutions of
a fractional Schrodinger equation in RY. We emphasize that our proofs do not require extension
operators. In particular, we believe that our proofs can be adapted to consider more general
nonlocal operators as well. Furthermore, we think that Theorems 1.1 and 1.6 could be a first
step towards a more complete answer on the uniqueness properties of solutions for all s € (0, 1)
and general values of p, by using the implicit function theorem (as in [15, Theorem 4.4], since
the p dependence on ¢ in Theorem 1.1 can be relaxed, see Remark 4.6) and by showing the
nondegeneracy of solutions in this range.

Finally, a natural question is if a similar uniqueness result holds for more general nonlineari-
ties. We emphasize that our proofs use different blow up arguments that take advantage on the
particular homogeneity of the power nonlinearity. However, it should be noted that uniqueness
may not hold for general superlinear nonlinearities; for instance, multiplicity of positive solu-
tions is known in the case of concave-convex nonlinearities (in any bounded domain), see, for
instance, [5]. On the other hand, general uniqueness results for fractional sublinear type prob-
lems are available, see e.g. [9, Theorem 6.1 & Corollary 6.3], and for large solutions (blowing-up
at the boundary), see for example [2,§].

The organization of the paper is as follows. In Section 2 we detail our functional setting,
include some interior and boundary regularity results, and show some Liouville-type results. In
Section 3 we present the proof of Theorem 1.6 and the proof of Theorem 1.1 can be found in
Section 4.

2 Preliminaries

2.1 Functional setting and notation

In this section we introduce some notations and preliminary results needed throughout this

paper.
Let N > 2 and let Q C R be a bounded domain of class C2. For p € [1,00], we use || - || (o)
to denote the norm in LP(2), namely,

1
P
ooy = (/ |u|pda:> forpellioo)  lullimio = suplul

We sometimes omit € if @ = RY, namely, |Jul|zr := ||l o).



Let s € (0,1), we define H*(R") the classical fractional Sobolev space,
HYRY) = {u € L(RN) w € L2(RYN x RN)} : (2.1)
T—y|zT*

endowed with the norm

2 2 CNs u(y)?
= d ——————dxdy.
”u”s / |u| T+ — [/]RNX]RN |:1:—y|N+25 Y

For a given bounded domain Q C R let
Hi(Q) ={ue H*RY): u=0 in RM\Q},
Notice that H§(2) is a Hilbert space with the norm || - ||s. Moreover, for all u, v € H§(Q),

s _ CNs (u(z) —u(y))(v(z) —v(y)) ,
/Q(—A) wvdx = ) //]RNx]RN o — g dx dy. (2.2)

We also use Hi () to denote the usual Sobolev space of weakly differentiable functions with
zero trace.

For m € Ny, 0 € (0,1], s = m + o, we write C*(Q) (resp. C*(Q)) to denote the space of
m-times continuously differentiable functions in Q (resp. Q) whose derivatives of order m are
locally o-Hélder continuous in Q (or Lipschitz continuous if o = 1). We use [-]co(q) for the
Holder seminorm in a domain €2, namely,

lu(z) — u(y)|
= sup ————
[ulce (o) : By A r—
w#u

and [[ullc: @) = 22 0j<m 107Ul Lo (@) + 5UP|o =m [07U] v (o) is the usual Hélder norm in C*((2).

2.2 Regularity results
We say that u € H(€2) is a weak solution of (—=A)*u = f in Q and u = 0 in RV\Q if

N (u(x) —u(®)) ((x) —oW) - S
2 //]RNXRN dx dy = Qfsa for all ¢ € H5(92). (2.3)

|z — y|N+2s

Remark 2.1. A standard Moser iteration and bootstrap argument (see, for instance, [56, Propo-
sition 8.1]) readily implies that a weak solution u of (1.1) and a weak solution v of (1.3) are
smooth in the sense that u,v € C°°(2) N L>(Q) N C*(RY).

In our proofs via asymptotic methods as p or as s goes to 1, it is crucial to have uniform
estimates (sometimes in p and sometimes in s) on solutions. However, many classical regularity
estimates do not emphasize explicitly the dependencies of the constants, which is not always
straightforward (see Remark 4.2). In this section, for completeness, we revisit some classi-
cal regularity estimates to remark the dependencies of the constants involved in some known
inequalities.

Lemma 2.2. Let Q C RY be a bounded domain of class C* and let u be a solution of (—A)*u =g
in Q with g € L>®(Q) and uw =0 in RN\Q. There is C = C(Q) > 0 such that

el < Cllallimen, (2.0
Furthermore, -+ € C%(Q) for some o € (0,1) and

u
|5
for some constant Ch = C1(£2,s) > 0.

< C e )
Ca@) 1llgllz ()




Proof. The interior and boundary regularity with follows from [54, Proposition 1.1, Theorem
1.2 & Proposition 1.4]. The fact that the constant C' = C(Q) > 0 is independent of s, follows
from [41, Lemma 3.4]. O

Lemma 2.3. Let u € C**(B3g) NC(RN) N L>®(RYN) with compact support in RY | then for any
a € (0,2s) there exists a constant C := C(s,d,a, R) > 0 such that

[ullcary < C ([ull @y + 1(=A) ull Lo (o)) -
Proof. Let o/ € (a,2s), f = (—A)°u in Bag, 1. be the standard mollifier. Then (—A)*(uxn.) =
f *nein Bog for R' = R+ €¢/2 and e small. Thus, by [54, Proposition 2.3],
[|lu * 776||ca’(BR,) <C (||U * 776||L°°(]RN) +|f * 77€||L°°(BZR,)) .
The claim now follows passing to the limit as € — 0. (|

Lemma 2.4. Let a € (0,25), u € C?*7%(B3g) N C(RY) N L>®(RY) with compact support in
R, then there exists a constant C := C(s,d,a, R) > 0 such that

HUHCO‘+2S(BR) <C (HUJHL“’(RN) + H(_A)SUHCO‘(BQR)) :
Proof. Similar to the proof of Lemma 2.3, but using [54, Proposition 2.2]. O

Lemma 2.5. Letr >0, s € (0,1), and u € L®(RY). There is C = C(N) such that

u\z
[u]ce (B, ) < Cr* (|<—A>Su||Loo<BT> T / )l dz> ,
R

wg, |2V (|2* —r2)°

— 2
where TN,s = W
Proof. The proof can be found in [41, Lemma A.1]. O

The following Lemma is an easy consequence of the barrier constructed in [54, Lemma 2.6].
However, we use this result in a blow up argument as s — 1~ and as the domain grows; therefore,
we require that the constants involved in the construction of the barrier do not degenerate in
the limit. We include a proof for completeness.

Lemma 2.6. Let Q C RY be a (possibly unbounded) domain satisfying a uniform sphere condi-
tion, namely, there is ro > 0 such that, for every xo € 08, there is yo € RN\Q with B, (yo)NQ =
{xo}. Let o € (0,1), s € (0,1), u € L¥(RY) be a pointwise solution of (—A)su = f in Q with
feL®Q), and u=0 in RN\Q. Let M > 0 satisfy that ||ul|z~ + || fll L) < M. Then, there
are C = C(N,M,rg,0) >0 and 6 = 6(N, M, rq,0) > 0 such that

|u(z)| < C dist(z,00)° for all x € Q with dist(x,0Q) < 6.

In particular, v € C*(Q), u = 0 on 9Q, and there is &g = 6o(N, M,rg,0) > 0 such that
lu(z)| < 3 if dist(z, Q) < &o.

Proof. By contradiction, assume that there is (z,) C Q and (s,,) C (o, 1) such that
dist(xy,, Q) — 0 as n — oo and |u(x,)| = ndist(zy, 9Q)*" for all n € N. (2.5)

Let &, € 09 be such that dist(x,,, 9Q) = |z, — &,|. By the uniform sphere condition,

By CEND Bunf={6), =i,

|Zn — &nl



By scaling the problem, we can assume that rg = 1. Now we use the torsion function to build a
barrier, as in [54, Lemma 2.6]. Let

2—28711"(ﬂ)
Yn(z) :=ans, (1 — |z — yn|2)5”, an,s, = . 2 .
+ [(¥E250)D(1 + 5,,)
Then (—A)*mp, = 1 in By(yn). Let ¢ be a fixed radial smooth function such that ( = M in
RN\B3 and ¢ =0 in By. Let

M= sup [(=A) (@),  My:=3*"N(M+ M),
s€(o,1),2EB3
note that M; < oo, e.g., by [1, Lemma B.5].
Let D := B3z (yn) N . Using the Kelvin transform [54, Proposition A.1], we have that

U, (z) == MOaN,sn|fZ7 - yn|25n7N(1 — |z — yn|72)j-n + (2 — yn), YIS RNv

satisfies that

Cos _ s M, s
(~2)° () = Mol = yal "N + (~A)(a = ya) > 237 — My = M > (~A)*"u(z)

in D, ¥,, =0 in Bi(yn), ¥, > M > u in R¥\Bs(yy,), and U,, € H;" (RY) (see [54, Lemma
2.6]). Then, since v = 0 in RV\Q, we have that ¥,, —u > 0 in RV\D. Therefore, by the
weak maximum principle (see for example [25, Proposition 3.1 & Remark 3.2]), u(z) < ¥, (x)
in D. Arguing similarly with —u, we obtain also that |u(z)| < ¥, (z) in D. Since |z, — &,| =
dist (z,,,9Q) — 0, we may assume that z, € QN Ba(y,). Then, using that ¢ = 0 in Ba(y,) and
that @y — yn| = 1+ |25 — & ] = 1 + dist(z,, 0Q) > 1, we obtain that

u(ry) < Moan, s, |Tn — yn|28”_N(1 — |0 — yn|_2)sn < Moan s, (lxn - yn|2 - 1)Sn
= Moan s, (|Tn — ynl + 1) (|20 — yn| — 1)°" < 3MoChdist (x,,, Q)" (2.6)

for € QN B2(yn), where C1 := sup,¢(,.1) an,t < o0, by the properties of the I' function. Since
(2.6) contradicts (2.5), the claim follows. O

Remark 2.7. Let Q be a domain with C? boundary and o € (0,1). Then there is ry > 0
such that  satisfies the uniform exterior sphere condition. Let 69 = do(IN, M,19,0) > 0 by
given by Lemma 2.6. Note that, if 4 > 1, then the domain uf) satisfies in particular the
uniform exterior sphere condition with the same ro. Therefore, for any n > 1 and s € (o, 1), if
us,y € L (RN) satisfies that u,, = 0 in RN\ (9Q) and [Jus ||z + [|(—=A) us || o (o) < M for
some M independent of 1 and s, then |u, ,(2)| < & for all z € nQ such that dist(z, d(nQ)) < do.

2.3 Liouville theorems

We show the nonexistence of positive bounded solutions for a linear fractional problem both
in the whole space and in the half space. We do not require integrability assumptions on the
solutions.

We denote by A\j(Bgr) and ¢1 r the first eigenvalue and the corresponding positive eigen-
function of (—A)® in the ball Br of radius R > 0 centred at the origin, with zero Dirichlet
exterior condition. Let us recall that \;(Bg) — 0 as R — oo (for instance, by the fractional
Faber-Krahn inequality [11]).

Theorem 2.8. Let R > 0 be such that \{(Br) < 1. If w € L= (RY) satisfies pointwisely that

{ (—A)Sg

for some xo in RN, then w =0 in RY.

w  in Br(zo),
0

in RN, (2.7)

Vol



Corollary 2.9. Let w be a bounded classical solution to
(=A)w
w

Corollary 2.10. Let w be a bounded classical solution to

{ (_A)SZ

w in RV,
0 in RN,

WVl

Then w =0 in RV,

w in]Rf,
0

in RY. (2:8)

A\

Thenw:Oian.

Corollary 2.9 is a special case of a Liouville type result proved by Jin, Li and Xiong [43]
for more general, also nonlinear, problems (see also [10,13,53]). Our proof is very simple but
applies only in the linear case. For the half space, non-existence results for (2.8) may be found
in [27] but under integrability assumptions, see also [28] for superlinear problems.

Proof of Theorem 2.8. By contradiction, assume there is a bounded nontrivial (pointwise) so-
lution w of (2.7). Let ¢(z) := cpiR(x — Zp). Note that

ens / / -2 _))ﬂ%ﬁl_w(y)) dyde < o,

by [29, Lemma 2.2]. Moreover, using that ¢ < C(1 — |z — 7¢|?)® and [41, Lemma 2.3] (with
N > 2 a=—s, A= —2s), there is a constant C; = C1(N, R, s) > 0 such that

oy 1—Jy*)
0 </ w(x)/ %dydw < Clfwllz= %d?/dﬁ
RN\ Bg(zo) Br(zo) |z —yl RN\ Bg(zo)  Br(0) lz -yl

1+ (1= Jz?)~s
< col|w|Loo/
RN\ B (o) 1+ (1 — [z]2)NF2s

Therefore, using that (—A)*¢ = \j(Br)¢ in Br(zg), w >0, and ¢ > 0 in RV,

wdr = —AYwdr =c S/ . xwd dzx
/ K o(~2) wo [ oo [ o Ty

RN
= s P(y))(w(z) —w(y))
B /RN /]RN |x —y|Nes dy dx

= /Rva/RN |J\?£22dydx

dx < oo.

¢(y)
= )\f(BR)/ w¢dw—/ w(:v)/ s Ay dx
Br(zo) RN\Bgr(z0) Br(z0) |:E - y|N+2
< / dwdzx,
BR(%())
which yields a contradiction. O

Remark 2.11 (Multiplicity of solutions). A concrete multiplicity result for (1.1) can be deduced
from [20, Theorem 1.2] in the following way. Let s € (0,1), Q:=UUV C RN, N > 2, where U
and V are two disjoint balls of different sizes. Let G denote the Green’s function for (—A)® in
Q and, for £ € Q, let H be the solution of

(—A)°H(z,§) =0 for x € Q, H(z,&) =T(x—¢) for x € RN\Q,



where T is the fundamental solution of (—A)® in RY. The function H is the regular part of the
Green’s function. Let

U(EA) = %’5)1@ —log(A), €€, Ae(0,00).

In particular, since H (€, ) is positive for £ € Q and H(&,€) — oo as & — 9 (because I'(z) — oo
as |x| — 0), it is easy to see that ¥ has two local minima at (£1, A1) and (&1, A2) for some & € U
and & € V. These points are stable critical points of ¥. Therefore, by [20, Theorem 1.2], there

are two different positive solutions of (1.1) with p = %fgz — ¢ with € > 0 small enough.

3 The asymptotically linear case

In this section we prove Theorem 1.6. Consider the linearized problem at a solution u of (1.1)
given by
{ (=A$h+Ah = puP~'h inQ, (3.1)

h =0 in RN\Q,

and recall that a solution w of (1.1) is said to be nondegenerate if (3.1) has only the trivial
solution h = 0, i.e. if p = 0 is not an eigenvalue of the linearized operator L,, := (—A)® + X —
puP~ L,

We prove first the following key lemma.

Lemma 3.1. Let s € (0,1), (py)n C (1, R222) be a sequence such that p, — 1, let u, be a

solution to (1.1) with p = pyn, and let My, := ||uy||p~. Then,

MP=t 5 M\ (Q) + A and % — 5 uniformly in Q and in CET*() as n — oo

loc
n

for some a € (0,1), where A (Q) and @5 denote respectively the first eigenvalue and eigenfunction
for the fractional Laplacian in 0 with exterior Dirichlet condition.

Proof. Step 1. We show that MP»~1 is bounded.
By contradiction, assume that MP»~! — oo and let us perform a blow-up argument. Let
(Zn)n>1 be a sequence in €2 such that M,, = u,(zy,). Define

1
on(y) = T e (ny + xn)

1—pn
where p, := M, > — 0, then v, is a function satisfying 0 < v, < 1, v,(0) =1 and

(—A)sv, = vPm — #vn =: fn . Jl\? Qn, (3.2)
vy, =0 in RY\Q,,
where Q,, = {y ERN : ppy+x, € Q} Up to subsequences, two situations may occur:
either  dist (z,, 0Q) ;' — 400 or  dist (2, Q) p, " — p = 0. (3.3)

Assume the first case holds, so that Q, — RY as n — +o0.
We claim that, for any R > 0 and @ € (0,min{2s,1}), there exists ng € N and C =
C(s,N,a, R) > 0 such that

vy € CQs-l-Ot(ER) and HUHHC25+0‘(§R) < C, Vn > ngR. (34)



In order to prove (3.4) let us fix B > 0. Then, since Q,, — RY as n — oo, there exists
ng € N such that Byr C Q,, for any n > ng. Since v, € C*(RY) satisfies the uniform bound
0 <wv, <1, then f, € L°°(§4R) with uniform bounds so, as a consequence of Lemma 2.3,
vp € C%(Bag), for any « € (0,2s), and

||U71HC°‘(B2R,) < Ca

where the constant C' = C(s, N,«a, R). Then f, € C*(Bzg) with uniform C*bound and so
(3.4) follows by Lemma 2.4.
By (3.4), using Arzela-Ascoli’s theorem and a diagonal argument we obtain that there exists

a function v € C?5*% (RY) such that, passing to a subsequence, v,, — v in Cl2050+% (RY). Passing
to the limit in (3.2) we see that v solves (—A)*v = v in RY pointwisely. Furthermore, 0 < v < 1,
so v is bounded in RY and it follows that v > 0 in R¥; indeed, if v(z¢) = 0 for some x¢ € RV,

then

—u(y)
0=v(xg) = cN,Sp.v./ ——dy < 0.
(#0) ry |zo — y[N 2

However, by Corollary 2.9, no such w can exist and we have reached a contradiction.
If the second case in (3.3) holds then we may assume z, — zo € 0. With no loss of
generality assume also v(zg) = —ey. In this case it will be more convenient to work with

wn(y) s= Dl T )

where &, € 01 is the projection of z,, on 992 and let D,, := {y ERYN :py+&, € Q} . Observe
that

0€0D, (3.5)
and D,, — Rf = {y eRYN 1 yy > O} as n — +o00. It also follows that w,, satisfies that

A

(8) wn =l = g

inD,, w,=0 inRV\D,. (3.6)

Moreover, setting
Tn —&n
Yn = ——— (€ Dn
—% (D)
so that |y, | = dist (z,,, Q) u,, 1, and wy, (y,) = 1. We claim that
p= lim dist (2, Q) pu,* > 0. (3.7)

n—-+o0o

Observe that this will allow us to conclude that, up to passing to a further subsequence, y,, — yo
where |yo| = p > 0, thus yo is an interior point of the half-space RY. Let us now show the claim.
Observe that ||wy|leo + [[(=A)*wnl[z=(p,) < 3 =: M, for n sufficiently large, hence by Lemma
2.6 and Remark 2.7, there exists g > 0 such that

wp(y) < for all y € D,, such that dist (y,9D,,) < do, (3.8)

1
2 3
for n sufficiently large. Now, by contradiction, assume that

lim dist (z,,, 0Q) p,* = 0. (3.9)

n—-+oo

10



Then, since by (3.5) we have dist (yn, 0Dy) < |yn|, it follows that dist (y,, 0D,,) < o for n large.
As a consequence, (3.8) implies that 1 = wy,(y,) < %, which gives a contradiction and proves
the claim in (3.7).

Now, arguing similarly as in the first case, we obtain that w, — w in CQSJF%(Rf), where w

loc

satisfies that 0 <w < 1in Rf and w(yp) = 1. Then w is a bounded solution of
(—A)w w inRY,
w 0 in Rf,

WVl

moreover, w > 0 in Rf and this yields a contradiction, by Corollary 2.10. This shows that
MP~~1 is bounded and concludes the proof of Step 1.

Step 2. Conclusion.
MPr~1 is bounded by Step 1. Thus, up to a subsequence, M¥»~! — p. Let z, := {#, then it
satisfies that

—A)Sz, = —Azp + MPr—1 2P0 =1 g, in Q,

( ahE =g

0<z, <1 in €,

zp =0 in RV\Q.

By Lemma 2.2,
[2nllcs@) < CllgnllLe@) < C.

Hence, z, converges to z in C(Q) by Arzela-Ascoli’s Theorem. Moreover, similarly to the proof
of (3.4), using Lemmas 2.2, 2.3, and 2.4, we have that, for all 3 € (0, min{2s,1}) and for any
compact set K CC €, there exist nx € Nand C = C(s, N, 8, K) > 0 such that

Zn € C2S+’8(F) and ||Zanzs+B(f) < C, Vn Zng. (3.10)

8
Hence z € C25+% (Q) and z,, converges to z in Clzosj 2 (Q); furthermore, 0 < z < 1 and it satisfies
that

(=A)¥z = (=A+pz inQ,
z = 0 in €,
z = 0 in RV\Q.

Let (xn)n>1 be a sequence in Q such that M,, = u,(zy), then 1 = lim,, o0 25 (x,) = 2(Z) and
then Z € Q. Hence, z > 0 and so p = A(2) + A, z = ¢§, and the Lemma is proved. O

3.1 Proof of Theorem 1.6.

Proof of Theorem 1.6. Step 1. We prove the nondegeneracy.
Assume by contradiction that there exists a non trivial solution h,, of the linearized problem
(3.1) with p =p, > 1 and p, — 1:

(3.11)

(=A)h, = —Ahy,+puulr—th, =g, in{,
he = 0 in RN\Q,

w.l.o.g. we may assume that ||h,|[L~ = 1. Observe that

lgnll o < A+ 2llunlffic ™ = (Al +2ME 1 < C.

11



So, by Lemma 2.2, h,, — h uniformly on ; in particular ||h||r«~ = 1 and so h # 0. Furthermore,
by Lemma 2.2, h,, € C*°(Q)NC*(RN)N L>(RY). Taking h,, as a test function, by Lemma 3.1,
we derive that

1|2 < (IN+2M5 1) a2 < (A +2M52 1) [[hnlliee = [A] +2ME" 71 < C.

Hence, h,, converges to h also weakly in Hg(Q), up to a subsequence, and strongly in L2(f2).
Passing to the limit, in the weak formulation of (3.11), we obtain that h is a weak solution of

(AR = A(Qh  inQ,
h =0 in R\Q,

since, by Lemma 3.1, one has that

Un

pn—1
i ) =M (Q)+A+0(1) pointwisely in Q asn — o0 (3.12)

pnuﬁn_l anMfz"_l (
and
lpntufr e < AF(Q) 4+ A +1 for all n € N. (3.13)

As a consequence, we may assume that h = ¢7, where ¢ is the first Dirichlet eigenfunction of
(—A)® in Q. Note that h,, must change sign, because

0= /Q hn[(=A) U 4+ Min] — un[(=A) by 4+ Min] dz = (1 — pn) /Q uPrhy, da. (3.14)

By (3.14), Lemma 3.1, and dominated convergence, we have that

0= ! /up"h d;C_/ Ln pn_lﬂh —/( 2+ 0(1) as n — 0o
_Mﬁnﬂnn _QMn Mnn—Q(Pl )

which leads to a contradiction.

Step 2. We prove the uniqueness.
By contradiction, assume that u,, and v, are two distinct solutions of problem (1.1) with p =
pn > 1 and p, — 1. The functions w,, := ”u“"*”" satisfy that

n—vn|[Loo

{ (—A)*wn = an(@)wn — Ay =1 gn  in L, (3.15)

wy, =0 in RN\Q,

where, by the Mean Value Theorem,

1
Q= / P (ty, + (1 — t)v, )Pr 1t dt.
0

Since tup(x) + (1 — t)vp(z) is between uy(z) and v, (z), it follows that ay,(x) is between
Pty (2)Pr 1 and ppvy, (2)Pr 1 for all z € Q. Since, by (3.12) and (3.13), |||/ L < A (Q)+|A[+1
for all n € N and p,ufr=1 — A\j(Q) + A, ppvPr ! — X{(Q) + A pointwisely in Q as n — oo, we
have that

an(z) = A1 (2) + A pointwisely in 2 as n — occ.

So ||gnllz= < C, hence by Lemma 2.2, w, — w uniformly in ©; in particular ||w|/z~ = 1 and
so w # 0. Furthermore, testing (3.15) with wy,,

lwnll? < (A + llamllze) wallZe < (Al + llawll o) llwnllZoe = A+ llanlz < C.

12



Hence, wy,, converges to w also weakly in Hg(€2), up to a subsequence, and strongly in L?*(Q).
Passing to the limit in the weak formulation of (3.15) we obtain that w is a weak solution of

(=A)w = N(Qw in Q,
w # 0 in €,
w = 0 in RV\Q.

Hence, w = 5 the first eigenfunction associated to Aj(Q2). Let us observe that also

% — % in C*(Q), (3.16)

for some 8 € (0, s) . Indeed, by Lemma 2.2, one also has that %= — & in Ch(Q), for B € (0,a),

and it is easy to see that & = “g—j, because the uniform convergence of w, to ¢f implies that
o = ?—§|Q, and both £|q and ?—§|Q can be uniquely extended in Q.
Furthermore, we show that w,, must change sign in 2. Otherwise, if w, > 0, namely u,, > v,,

then uP»=! —pPn=1 > ( (since p, > 1), and so the equality

0= / Un[(—A) Uy + Aup] — un[(—A) vy, + Aoy ] dz = / Vp U, (uﬁ”_l — vﬁ"‘l) dx
Q Q

would imply u?»~! = v2» =1 namely, u,, = v,, a contradiction.
Let now (z,,)n>1 be a sequence in © such that wy(z,) = min g w,(z). Then, since wy,
changes sign in  and w,, — ¢ > 0 uniformly in Q, one has that

wp(2n) <0  and  z, = a* € 00

Using (3.16), lim, o0 2 (2,) = ?—5(:6*); hence, %(m*) < 0, which gives a contradiction, since
?—5 > 0 on 09, by the fractional Hopf Lemma (see [25,37]). O

4 The asymptotically local case

Recall that A3 (€2) > 0 denotes the first Dirichlet eigenvalue of (—A)® in Q for s € (0,1]. In this
section we fix

pe(L,2°=1),  A>-A[(Q),
and Q C RY such that the problem
—Au+du=uP in Q, u=0 on 0Q, (4.1)
has a unique positive solution and it is nondegenerate, namely the linearized problem
—Av + v = puP o, ve Hy(Q), only admits the trivial solution. (4.2)
Since lim,_,1 A{ (Q2) = A} (Q) (see Remark 4.5), there is o9 € (%,1) such that, for all s € [o0, 1],

N + 2s
N —2s

p < and A > —A1(9). (4.3)

For s € [0y, 1], let M denote the set of positive nontrivial solutions us of

(=A)°us + Aus =uP  in Q, us =0 in RV\Q. (4.4)

13



The following result gives a uniform a priori bound for all positive solutions whenever s is
close to 1. The proof follows a blow-up argument similar to that of Lemma 3.1; however, since
now the blow-up parameter is the Laplacian’s exponent s, special care is required to control
the constants appearing from regularity estimates. In particular, a priori C’lzosja regularity
estimates with explicit constants do not seem to be available in the literature and are nontrivial
(see Remark 4.2 below). To overcome this obstacle, we use the lower order C* estimates with

explicit constants shown in [41] and use the regularity theory for distributional solutions.

Theorem 4.1. Let N > 2, Q be a bounded domain of class C?, 1 < p < 2* —1, A > =\ (Q).
There is o € (0,1) and a constant C = C(\,p,Q,0) > 0 such that,

llus|lpe < C for all s € (0,1) and us € Ms.

Proof. We argue by contradiction. Let (s,) C (1,1) be such that lim, e s =1, p € (1,2*—1),

A > —AH(Q), and assume that there are positive solutions u,, € C®(Q) N C*(RYN) N L= (RY)

of (4.4) with s = s, and such that M,, := ||up|lr~ — oo. Let z, be the points where the
1-p

maximum of wu,, is achieved, j, := M,>*" , and let v, (y) := MLun(,uny +x,) and Q,, = {y €
Q : ppx+ x, € Q}. Then v, is a function satisfying that 0 < v, < 1, v,(0) = 1, and

(—A)*mu, =P —

A . . _ . N
= 3T Un = o I Qy, vp, = 0 in RY\Q,,. (4.5)
Passing to a subsequence, we consider two cases.

Case 1: lim, o dist (z,,, 0Q) p,;! = 0o. Then Q,, — RY as n — +oo and, by Lemma 2.5,
for any r > 1 with B,.(0) C §,, there is C' = C(N) > 0 such that

A
— i

vP Up,

. 2 [on (2) dz)

[vn]Csn(B%)
< rnC

( poo() L)L = 50) ISV Sy g, |2V (J2]2 = 72)n
1

1 h 1
< Sn — Sn
<214 (14 e | e ) =20 Wene (1 g ).

were we used that, by the properties of the beta function B(-, ),

oo oo —2s, oo
/ p H(p? —r?) " dp = 2 / 2 — 1) dt = " 5 / (r—1)"*rtdr
T 1 1

—2s 1 —2s 1
_ r " -1 _ —Sp —1 _ r " _ —Sp fSp—1
- [t eyetac =t [a- e ta
B r2sn B 7725 T(s,)T(1 — s,)
=— B(sp,1—s,) = 5 (1) .

Using that s,, is an increasing sequence, we deduce that

[Waloo (B, ) ST 75 [n)oon (B, ) < AL+ [A))Cr2.

T
2

[k}

i J(RY) such
that v, — v in Clic(RN) for any 8 € (0,1). Moreover, by (4.5), v satisfies that v(0) =1, v > 0
in RY, and

This uniform bound and a diagonalization argument yields the existence of v € c?

/ v(—A)pdx = / vPpdr for all p € C°(RY),
RN Q
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namely, v € L (RY) is a distributional solution of
—Av=1v" inRY. (4.6)

By the regularity theory for distributional solutions in L?OC(RN ) (see, for example, [22, Theorem

1]), we have that v € W2?(RN) solves (4.6) weakly, and since v € CIBOC(RN), standard elliptic
regularity yields that v is a classical solution of (4.6) which is positive by the maximum principle.
But this contradicts the classical Liouville theorem in the whole space (see [34, Theorem 1.1]).

Case 2: dist (z,,, 0Q) ;! — d > 0. We may assume x,, — z9 € Q. With no loss of gener-

ality assume also v (zg) = —ex. In this case, we use the function w, (y) = un (pny + &) M, ! for
y € Dy, where &, € 09 is such that |z, —&,| = dist(z,, Q) and D,, := {y ERN :ppy + &, € Q}
Then w,, satisfies that

(—A)mw, = wh — in D,,  w,=0inRY\D,. (4.7)

—w
P n

Moreover, setting y, := (2, — &)y, b, it follows that |y,| = dist (z,,, Q) u,,* and wy, (y,) = 1.
Since ) is of class C?, it satisfies a uniform exterior sphere condition, namely, there is ry > 0
such that, for every zg € 9, there is yo € RVN\Q with B, (yo) N Q = {z}. Furthermore, since
pol — oo, D, also satisfies the exterior sphere condition with the same rq for every n € N.
Then, by Lemma 2.6 and Remark 2.7 (with that ro independent of n, o = %, and M = 3)
there is dp > 0 independent of n such that w,(y) < % for all y € D,, with dist (y, dD,,) < do.
Since wy, (yn) = 1, this implies that dist (y,, 9D,) = &y, namely, p = dist (z,,, Q) p,;* > dp. In
particular, passing to a subsequence, y, — yo, where |yo| = p > 0, thus yo is an interior point
of the half-space Rf . Finally, arguing similarly as in the first case, we obtain that w, — w

in Clic(Rf) for all B € (0,1), where w is a classical positive solution of —Aw = w? in RY.
Moreover, by Lemma 2.6, w € C(RY) and w = 0 on dRY; but this contradicts the classical
Liouville theorem in the halfspace (see [35, Theorem 1.3]). O

Remark 4.2. The limit as s — 17 is delicate, because it is the transition between the nonlocal
and the local regime. In the proof of Theorem 4.1, we only use uniform (in s) lower order
regularity estimates. This yields distributional solutions of (4.6) in the limit, which, using
local arguments, can then be shown to be regular. Comparing this argument with the proof of
Lemma 3.1, one may think that using uniform higher order regularity estimates would be simpler
to obtain directly a classical solution of (4.6). These precise higher order regularity estimates
are not yet available in the literature and require a careful analysis of the constants involved
in the known regularity arguments for the fractional Laplacian, where the explicit dependence
on s is often disregarded. We point out that this can be subtle issue, since several constants
and integrals involved in the analysis of fractional problems have a singular behavior in the
nonlocal-to-local transition, namely, when s — 1~. For instance, for N = 2 and s € (0, 1), the
fundamental solution for (—A)* in R? is given by

I'(l—ys)

o 252 2 —
Fy s(x) := as|z| for x € R*\ {0}, as = AT (s)

(4.8)

and the constant as; blows up as s — 17. As a consequence, regularity estimates that use
the fundamental solution (see e.g. [60, Proposition 2.8]) need to be refined to obtain uniform
constants in the limit as s — 1.

The following Lemma is one of our main asymptotic tools. It exploits the uniform regularity
estimates given in Lemma 2.2 and describes the properties of the limiting profile.
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Lemma 4.3. Let Q C RN be a bounded domain of class C?, (s,) C (0,1), limy, 00 8, = 1, and
let (un) C C®(Q) NHG™(Q) be a sequence such that

lunlls, + 1(=A)upl| o) < C for all n € N and for some C > 0. (4.9)

Then, passing to a subsequence, there is u* € H}(Q)NCP(Q) for all B € (0,1) such that u, — u*
in CP () as n — oo and

Vu*Vodr = lim [ (=A)*u, pdz for all p € C°(Q).

Q n—oo Jq

Proof. By (4.9) and Lemma 2.2, there is u* :  — R such that, given 8 € (0,1) and passing to
a subsequence, u, — u* in C#(Q) (in particular, u* = 0 on 99). Moreover, u* € H} () since,
by Fatou’s Lemma,

|2 = / €21a* (©)[? dé < limint / € @, (6)[2 dé = limint [Jus, |2, < C.
RN n—r oo RN n—oo
Then, for every ¢ € C°(1), integrating by parts,

/VU*V¢d$:/U*(—A)§0d$: lim u*(=A) " pdr
Q Q

= lim [ up(—A)’"pde= lim [ (—A)°"u,pdz,
where we used that (—=A)*¢ — (—A)p pointwisely as n — oo and that ||(—=A)*p||Le is

uniformly bounded independently of n, see for example [23, Proposition 4.4] and [1, Lemma B.5].
([l

The following result is known for ground states, see, for instance, [30, Theorem 4.5.], [7,
Theorem 1.2], or [40, Theorem 1.1] for critical equations (the argument can be easily adapted
to subcritical problems). We extend these results to general positive solutions.

Lemma 4.4. Let 1 <p <2*—1, A > —A(Q), (s,) C (0,1) be such that lim, .o 5, = 1, and
let up, € My, . Then, up to a subsequence, there is u, € My such that u, — u. in L”H(Q).

Proof. By Theorem 4.1, passing to a subsequence, (4.3) holds for s = s, and there is C =
(A, p,Q) > 0 such that

1 1
lunllZ, = llunll 7o = MlunllZe < 1QIlunlZE + AllunllZe) <€ foralln € N.

By Lemma 4.3, there is u* € H}(Q) such that w, — u* in L>(Q) and, for every ¢ € C°(Q),

/ Vu*Vedr = lim [ (uf — Aup)pde = / ((u*)P — Mu*)pda.
It remains to show that u* # 0. Let v, € M, denote the least energy solution of (1.1); then,
by [30, Theorem 4.5.], (see also [7, Theorem 1.2]), we have that v, — v* in LPT}(Q) to some
v* € My, and therefore,

1 . 1 . 1 1
||U*||ZE:+1 = nlggo H“nHi—Ll 2 nlggo ||UnHIZ£+1 = ||U*H1;;+1 > 0.
Then u, # 0 and therefore u, € M;. O
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Remark 4.5. It is well known that lim,_,; A{(Q) = A (), but we could not find a precise
reference. In this Remark, we give a brief argument. Let ¢ € C*°(Q) N C*(RY) denote the
first eigenfunction associated to Aj(f2) for s € (0, 1] normalized such that ||¢5||z = 1. Then,
since 7 € H§(€2),

2 12 12

i M) = lim nf s gy, Mot letll )
=1 s=lveri(@) [lvll7. o1 leillfe  lleilZe

0]

In particular, (A7(£2)) is bounded and therefore (|7 [|s+(|(—=A)*@1| L (q)) is bounded as s — 17
as n — 00. Let s, — 17. Then by Lemma 4.3, passing to a subsequence, i — ¢ in L>®(Q) as
n — oo for some ¢ € Hg(2) and, by Fatou’s Lemma,

Sn |2
BT i ing 12 s — iy g aen ).
lellzs = nooo floinll7. nooo

lv]l? i

AHQ) =  inf
)= e Tl

<

Since this can be done for any subsequence, we conclude that lims_,; A () = A1 (Q).

4.1 Proof of Theorem 1.1

Proof of Theorem 1.1. Let N > 2, p € (1,2*—1), A > —A}(Q), and Q be such that the problem
(1.4) has a unique positive solution which is nondegenerate. Then, for s sufficiently close to
1, (4.3) holds. We argue first the nondegeneracy of solutions of (1.1). By contradiction, let
(sn) C (0,1) be a monotone increasing sequence with lim, . s, = 1, u, € My, , and assume
that there is a solution h,, of

(=AY hy, = pul ™ hy — Ay, hp €H (D) NC®(Q),  |lhnllp~ =1  forallneN.

In the following, we use C' > 0 to denote possibly different constants independent of n. Observe
that, by Theorem 4.1, passing to a subsequence,

1k, :p/ﬂ ub = = MallZe < 1QI@llunlf< + M) <C forallneN.

By Lemmas 4.3 and 4.4, there are v € H}(Q) and u € M; such that h,, — h and u,, — u in
L>(€Q). Then,

lim uﬁ_lhngodxz/up_lhcpd:v.

Note that u is the unique solution of (4.1). Then, by Lemma 4.3,

(P! — Mo dz = / (pu?' — N,

/Vthodx: lim
Q n—oo Q

Q
for ¢ € C°(Q2), which contradicts the nondegeneracy of the limiting problem (4.2).

Next we prove the uniqueness of solutions of (1.1) for s sufficiently close to 1. We argue as
in Theorem 1.6. By contradiction, assume that wu, and v, are two distinct solutions of problem
(1.1) with p € (1,2* — 1) and s, = 17. By Lemma 4.4 and the uniqueness of solutions of the
problem with s = 1, we have that w, — u, v, — u, in L*(Q), where u € M; is the unique
solution of (1.1) for s = 1. Let w, := T 2o then

n—VnllLoe’

(=AY wy, = ap()wy, — Aw, =: g, in Q, w, =0 in RM\Q, lwn |l =1,

where «,, := fol p(tu, + (1 — t)v, )P~ 1 dt satisfies that ||, ||z~ < C for all n € N and for some
C > 0 (by Theorem 4.1) and, by dominated convergence, a;,, — puP~! a.e. in  as n — oo.
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By Lemma 4.3, there is w € H{(€2)\{0} such that w,, — w in L°°(£2) and, again by dominated
convergence,

/ VwVedr = lim [ (an(z)w, — Aw,)pde = / (puP~ — Nwe dz
Q

for all ¢ € C2°(§2), which contradicts the nondegeneracy of the limiting problem (4.2). O

Remark 4.6 (Uniform constants depending on upper bounds). In the proof of Theorem 1.1,
the constant o depends on p. One can obtain a uniform o for all p € (1,pg) with py < 2* — 1
by considering also a sequence p, C (1,po] such that lim, . pn =D € [1,po] in the proof by
contradiction of Theorem 1.1. If p > 1, basically the same argument applies, whereas if p = 1,
then one can argue as in Theorem 1.6. Note, however, that this requires more technicalities,
since uniform interior C?**¢ regularity estimates are not available for s — 1~ (see Remark 4.2).
Instead, one can use regularity theory for distributional solutions, as in Theorem 4.1. In order
to make the ideas in our arguments more transparent, we do not pursue this here.

4.2 Proofs of the corollaries

All the corollaries stated in the introduction follow directly from Theorem 1.1 and the known
results for the local case, except for Corollary 1.3, which involves only least-energy solutions
and it is a consequence of the next result.

Theorem 4.7. Let N > 2, p € (1,2* — 1), A > —A}(Q), and Q be such that the problem
—Au+Au=uP inQ, u=0 on 09,

has a unique least energy solution w which is nondegenerate. Then, there is 0 = (2, \,p) €
(0,1) such that, for s € (o,1], the problem (1.1) has a unique least energy solution and it is
nondegenerate.

Proof. The result follows by arguing exactly as in Theorem 1.1 and by noting that, by [30,
Theorem 4.5.], a sequence of least energy solutions converges to a least energy solution of the
limiting problem. [l
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