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Abstract
The computational fluid dynamics-based design of next-generation aeronautical combustion chambers is challenging

due to many geometrical and operational parameters to be optimized and several sources of uncertainty that

arise from numerical modeling. The present work highlights the potential benefits of exploiting Bayesian uncertainty

quantification at the preliminary design stage. A prototypical configuration of an acetone/air spray swirling jet is inves-

tigated through an Eulerian–Lagrangian method under non-reactive conditions. Two direct numerical simulations

(DNSs) provide reference data, coping with different vortex breakdown states. Consequently, a set of Reynolds-aver-

aged Navier–Stokes simulations is conducted. Polynomial chaos expansion (PCE) is adopted to propagate the uncer-

tainty associated with the spray dispersion model and the turbulent Schmidt number, delivering confidence intervals

and the sensitivity of the output variance to each uncertain input. Consequently, the most significant sources of mod-

eling uncertainty may be identified and eventually removed via a calibration procedure, thus making it possible to

carry out a combustion chamber optimization process that is no longer affected by numerical biases. The uncertainty

quantification analysis in the current study demonstrates that the spray dispersion model slightly affects the fuel vapor

spatial distribution under vortex breakdown flow conditions, compared with the output variance induced by the

selection of the turbulent Schmidt number. As a result, additional high-fidelity experimental and numerical campaigns

should exclusively address the development of an ad hoc model characterizing the spatial distribution of the latter in

the presence of vortex breakdown phenomenology, discarding any effort to improve the spray dispersion

formulation.
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Introduction
The aeronautics sector is currently at a crucial juncture,
tasked with formulating innovative strategies to enable
the creation of a climate-neutral aviation system by the
mid-point of the century. To achieve this objective, it is
imperative that the industry devise fresh approaches to air-
craft system design, including the development of pioneer-
ing combustion devices, in order to adhere to new
international benchmarks for aviation that prioritize
safety, reliability, affordability, and environmental sus-
tainability. In particular, the development of ultra-efficient
thermal propulsion systems is critical for effectively tran-
sitioning to low- or zero-emission energy sources. The

latter include synthetic fuels and non-drop-in fuels,1,2

i.e., fuels that cannot be directly incorporated into existing
airport infrastructures and aircraft fueling systems, such as
hydrogen. Regarding the employment of hydrogen, the
envisaged roadmap should overcome numerous chal-
lenges at the engine level.3 Among these, we recall: (a)
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fuel system requirements,4 including fuel temperature and
vapor pressure control, heating from cryogenic to combus-
tor temperature, improved sealing to prevent hydrogen
leakage, and hydrogen embrittlement,5 (b) operative chal-
lenges, such as altitude relight capability,6 (c) combustor
arrangement, including fuel injection and flow control,
nitrogen oxides (NOx) control, flashback, and autoignition
mitigation,7 (iv) installation, primarily the integration of
hydrogen storage on board.8 Given these considerations,
the final entry into service of next-generation low/zero-
carbon ultra-efficient aircraft engines potentially involves
a disruptive re-thinking of the entire combustion device,
especially in the case of hydrogen-powered aviation.

In this sense, the full exploitation of computer-aided
engineering coupled with design optimization methods
represents a long-standing objective of the aviation
sector, targeting the partial or complete replacement of
vast, expensive, and practically difficult experimental
campaigns. Therefore, the exploration of cost-effective
but still reliable design optimization methodologies
based on computational fluid dynamics (CFD) represents
an unavoidable part of the renewal process of the aviation
sector toward climate neutrality. However, while CFD
modeling of turbulent reacting flows has been consoli-
dated over the last decades,9–11 its predictive capability
correlates with the range of resolved fluid-dynamic
scales. In this sense, direct numerical simulation (DNS)
aims to resolve the instantaneous range of scales occurring
in a turbulent flow, limiting its applicability to real indus-
trial cases. Similarly, the large eddy simulation (LES)
approach aims at resolving the spatially filtered values of
the state vector while modeling the sub-grid variance,
which still results in an unreasonable computational cost
in the perspective of an ever-increasing amount of
design challenges. Lastly, the low-fidelity level consists
of Reynolds-averaged Navier–Stokes (RANS) modeling,
which solves for the ensemble averages of kinematic and
thermodynamic states and models their fluctuations
while maintaining an affordable computational cost.
However, the predictive accuracy associated with the
RANS approach cannot be assessed a priori.

Furthermore, the characterization of an aeronautical
combustion system needs to consider several interacting
phenomena, e.g., liquid fuel injection, atomization, evap-
oration, gas-phase mixing, and chemical reactions, to
name a few, resulting in a multi-physics, multi-scale,
and multi-phase problem. In this regard, numerical simula-
tions of diluted spray turbulent jets have been primarily
performed in the last decades resorting to the Eulerian
approach for the carrier fluid dynamics and the
Lagrangian tracking of the dispersed phase,12–17 equipped
with a variety of spray sub-grid models. Although these
sub-models are grounded on a physical foundation, they
are characterized by several empirical parameters whose
experimental calibration is either unfeasible or naturally

uncertain, regardless of the level of numerical modeling
adopted. In this sense, significant sources of uncertainty
would eventually arise in DNS and LES approaches as
well.

The uncertainty quantification (UQ) framework per-
fectly fits into this context and constitutes a helpful tool
to identify, circumscribe and eventually reduce the uncer-
tainties associated with model parameters. In particular, a
Bayesian setting may be adopted to represent the degree of
belief about the parameters of interest in terms of probabil-
ity theory.19 To this end, a strategy that hinges on both
backward—or inverse—and forward UQ may be exploited
to calibrate sub-model parameters and propagate their
uncertainty to the quantities of interest (QoIs). More spe-
cifically, reference data provided experimentally or via
DNS, if available, may be exploited to perform an
inverse UQ analysis, which returns a representation of
the uncertain parameters in terms of probability density
functions (PDFs), that allow for a complete exploration
of the input space.20–23 Once the PDFs are known, the sub-
model uncertainty may be propagated to the QoIs through
low-fidelity RANS simulations, employing a polynomial
chaos expansion (PCE) representation of the random vari-
ables (RVs) being involved to reduce the number of
required simulations.24–28 This way, CFD results become
supported by reliability measures, such as error bars or
confidence intervals, similar to the usually adopted repre-
sentations of experimental results. Moreover, the deriv-
ation of a surrogate model in terms of a PCE naturally
offers the opportunity to assess the sensitivity of the
output variance to each uncertain parameter, e.g., in
terms of the so-called Sobol indices. The embedded sensi-
tivity analysis is crucial in identifying the major sources of
computational model uncertainty so that the most influen-
cing parameters may be properly calibrated before the
design optimization process begins.

The present work is framed in a larger research project
aimed at the numerical modeling of multiphase reacting
flows in aeronautical and liquid rocket propulsion via RANS
and LES approaches,29,30 where the insights into the spray
structure and gas-liquid interaction provided by DNS serve
as a high-fidelity benchmark. In particular, it focuses on the
critical issues arising during the numerical characterization
of dry-low-emission (DLE) swirl-stabilized combustors. The
DLE systems represent a long-standing technology in the
aeronautics industry,31–33 due to their capacity to provide a
dominant flame stabilization mechanism. The latter is
achieved through the onset of a central toroidal recirculation
zone, induced by either a bubble-type or regular conical
vortex breakdown (VB).34,35 The aerodynamic flame stabil-
ization overcomes the critical issue of combustion instability
in lean premixed pre-vaporized (LPP) combustors,39,40 as a
result of being operated in the proximity of the lean blowout
(LBO) limit.41,42 A prototypical configuration of an acetone/
air spray swirling jet exiting an abrupt expansion is
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investigated here. The focus is on the forward propagation of
the uncertainty associated with the computational model. This
has to be intended as a preliminary feasibility study that paves
the way for a thorough analysis of the combination of inverse
and forward UQ frameworks to efficiently quantify and, even-
tually, reduce any source of uncertainty arising from numerical
modeling in anticipation of CFD-based design optimization of
a combustion device.

In the following, attention is given to two different
sources of uncertainty, which are addressed according to
separate approaches. In the first place, uncertainty is
ascribed to the choice of the spray dispersion model. In
this regard, following the work by Mueller and Raman,43

a peer model approach is adopted; namely, a candidate
model and a peer model are selected to reproduce liquid
droplet dispersion in the RANS approach. Given that
such models are physically plausible but still diverge
one from another in terms of underlying physical assump-
tions, so as to ensure wide model variability, a stochastic
spray dispersion model is formulated through a blending
stochastic parameter ranging from zero to unity.
Therefore, the uncertainty is concentrated into the blend-
ing coefficient, which is assigned an ad hoc probability
distribution based on the plausibility of any combination
of the peer models. On the other hand, the second source
of uncertainty is ascribed to the selection of the turbulent
Schmidt number, which regulates the estimation of the tur-
bulent scalar fluxes. The forward uncertainty propagation
is accomplished via two sets of RANS simulations,
addressing both a low- and high-swirl regime. The
results are compared with high-fidelity data provided by
DNS calculations performed on the same test case
configuration.

Numerical modeling
The Eulerian-Lagrangian numerical approach, the computa-
tional domain discretization, and the boundary conditions
are described here below.

Eulerian-Lagrangian method
The following equations describe the turbulent Eulerian
carrier phase in the DNS framework:

∂ρ
∂t

+ ∂(ρuj)
∂xj

= Sm, (1)

∂(ρui)
∂t

+ ∂
∂xj

ρuiuj + pδij − τij
[ ] = ρgi + Sp,i, (2)

∂ρht
∂t

+ ∂
∂xj

ρhtuj + qj
[ ] = ∂p

∂t
+ ρ(uigi)+ Se, (3)

∂ρyk
∂t

+ ∂
∂xj

ρykuj + Jj
[ ] = Sm,k, (4)

where ρ is the density, y is the mass fraction of the species k,
Ji is the diffusive term, ui is the velocity in direction i, p is
the pressure, τ is the viscous stress tensor, ht is the total
enthalpy, given by the sum of sensible enthalpy and
kinetic energy, q is the heat transfer rate, and gi is the
gravity acceleration in direction i.

The RHS terms are the coupling terms, consisting of the
contribution of Lagrangian droplets in terms of mass,
momentum, energy, and species concentration on the
Eulerian gaseous medium. These are expressed as:

Sm = −
∑
i=1

dmd,i

dt
δ(x− xd,i), (5)

Sp = −
∑
i=1

d(md,iud,i)
dt

δ(x− xd,i), (6)

Se = −
∑
i=1

d(md,iclTd,i)
dt

δ(x− xd,i). (7)

On the other hand, the Lagrangian equations governing the
evolution of the dispersed droplets are:

dmd

dt
= ṁd , (8)

md
dud
dt

= F, (9)

mdcp,d
dTd
dt

= ṁdhv + Adh(T − Td)f
′, (10)

dxd
dt

= ud, (11)

where equation (8) describes mass conservation, equation
(9) describes momentum conservation, and equation (10)
describes energy conservation, whereas equation (11) regu-
lates droplets trajectory.

The right-hand sides of equations (8) to (10) represent
the forcing terms and account for droplet evaporation, aero-
dynamic forces, and convective heat exchange, respect-
ively. The aerodynamic force in equation (9), consisting
of the only drag, is expressed through the
Schiller-Naumann correlation, i.e., F = (u− ud)/(τd)(1+
0.15Re0.687d ), to include the effect of the finite droplet
Reynolds number Red, where u is the carrier phase velocity
vector, and ud and τd stand for the droplet velocity and
relaxation time, respectively. The mass vaporization rate
in equation (8) is written through the Sherwood number
Sh, as well as the convective heat exchanged in equation
(10) is related to the Nusselt number Nu, i.e.,
ṁd = πdpShDvρvln(1+ Bm), and h = Nuαd/dp. Here, dp

is the liquid droplet diameter, Dv and ρv are the vapor
mass diffusivity, and density, kd denotes the droplet
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thermal conductivity, whereas Bm stands for the Spalding
mass transfer number. Finally, Sherwood and Nusselt
numbers are expressed as a function of the droplet Reynolds
number through the Frössling’s correlations, i.e.,
Sh = 2+ 0.552Re1/2d Sc1/3, and Nu = 2+ 0.552Re1/2d Pr1/3,
where Sc and Pr denote the molecular Schmidt and Prandtl
number, respectively.

Within the same context, the RANS formulation adopts
the following governing equations for the carrier phase:

∂ρ
∂t

+ ∂(ρũj)
∂xj

= Sm, (12)

∂(ρũi)
∂t

+ ∂
∂xj

ρũiũj + pδij − τ̃ij + ρu′iu
′
j

[ ]

= ρgi + Sp,i, (13)

∂ρh̃t
∂t

+ ∂
∂xj

ρh̃t ũj + q̃j − ũiτ̃
tot
ij

[ ]

= ∂ p
∂t

+ ρ(ũigi)+ Se, (14)

∂ρỹk
∂t

+ ∂
∂xj

ρỹkũj + J̃ j + ρũ′jỹ
′
k

[ ]
= Sm,k, (15)

In the RANS formulation, the “overbar” indicates the
Reynolds average, while the “tilde” superscript represents
the Favre average (ϕ̃ = ρϕ/ρ). The term ρu′iu

′
j represents

the Reynolds stress tensor, which may be modeled employ-
ing several closure models, as further discussed in the
following.

The RANS and DNS computations are performed
through the sprayFoam solver supplied within the
OpenFOAM suite, employing the PIMPLE pressure-based
algorithm executed via two inner pressure-velocity cor-
rector loops and three outer PISO corrector loops. Lastly,
the solver setup ensures second-order spatial and first-order
time accuracy.

Test case configuration
The computations are based on a prototypical configuration,
first inquired via DNS to generate reliable reference data,
closely resembling the one already investigated by Dalla
Barba et al.16–18 The test case consists of a cylindrical
domain filled with air in non-reactive conditions, where a
multi-phase acetone-air swirling jet flows out of an orifice
of radius R = 5 · 10−3 m. Acetone droplets are randomly
dispersed through the inflow section, with a uniform
initial radius rd,0 = 6 μm, and locally take on the value of
the gaseous carrier velocity on the inflow plane. In this
regard, the carrier swirling motion is generated by imposing
a Maxworthy inflow profile.44 In a cylindrical reference
frame, in the absence of axial coflow as in the present
case, the axial, azimuthal, and radial velocity components

are provided by:

U = U0 1− 1
2 1+ erf r̃−1

δ̃

( )( )[ ]

V = U0
S0 r̃
2 1− erf r̃−1

δ̃

( )( )[ ]
with r̃ = r

R and δ̃ = δ
R

W = 0,

⎧⎪⎪⎨
⎪⎪⎩

(16)

where r̃ is the normalized radial distance from the jet axis,
S0 is the so-called swirl rate denoting the slope of the azi-
muthal velocity at the centreline, α is the core-to-coflow
axial velocity ratio, and δ̃ is the normalized shear layer
thickness of the jet.

In the present work, two different swirl levels are inves-
tigated, and Table 1 reports the values of the coefficients
adopted for the Maxworthy inflow profile in both low-swirl
(Case 1) and high-swirl (Case 2) configurations. As may be
easily noted, the only distinction between the two test cases
is in the swirl rate S0, directly affecting the azimuthal vel-
ocity profile, as illustrated in Figure 1. On the other hand,
the axial velocity profile shows no difference among the
test cases, with a bulk axial velocity Ubulk = 8.1 m/s, and
is still shown in Figure 1.

Table 1. Maxworthy inflow velocity profile: Values adopted for

the axial velocity at the centreline, U0, swirl rate, S0, and
normalized shear layer thickness of the jet, δ̃, in the low-swirl

(Case 1) and high-swirl (Case 2) configurations. An integral

measure of the swirl level is also reported, according to the

definition of the swirl number, S, presented in equation (17).

Test case U0 [m/s] S0 [-] δ̃ [-] S [-]

Case 1 9.25 1.3 0.25 0.54344

Case 2 9.25 1.8 0.25 0.75246

Figure 1. Maxworthy inflow velocity profile: Axial velocity for

Case 1 and Case 2 (blue solid line), azimuthal velocity for Case 1

(magenta solid line) and Case 2 (magenta dash-double-dotted

line).
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Following the definition proposed by Sheen et al.,45 it is
also possible to determine an integral measure of the swirl
level arising from the selected Maxhworthy inflow profiles
in terms of the swirl number, S, defined as:

S = Gtg

RGax
=

R
0 r

2UVdr

R
R
0 rU

2dr
, (17)

where Gtg and Gax represent the tangential and axial
momentum fluxes, respectively. In this regard, Table 1
reports the value of S for both Case 1 and Case 2.

The swirling jet discharges in air at ambient pressure,
i.e., p0 = 101325 Pa, whereas the injection temperature is
fixed to T0 = 273.15 K for both carrier and dispersed
phases. The injection flow rate of the gaseous phase is
kept constant, fixing a bulk Reynolds number,
Re0 = 2UbulkR/ν = 6000, that corresponds to a configur-
ation of technological interest as concerns swirl-stabilized
combustors.46,47 A nearly-saturated condition is prescribed
for the air-acetone vapor mixture at the inflow section, i.e.,
S∗ = Yv/Yv,s = 0.99, where S∗ is the saturation, Yv is the
actual vapor mass fraction on the inflow section and
Yv,s(p0, T0) is the vapor mass fraction in fully-saturated con-
dition, evaluated at the inflow temperature and pressure.
The acetone-to-air mass flow rate ratio is set to
Ψ = ṁact/ṁair = 0.28, with ṁact = ṁact,l + ṁact,v being
the sum of liquid and gaseous acetone mass flow rates.
The computational domain is characterized by a diameter
Ddom = 16R, and a longitudinal extension Ldom = 25R,
resulting in a fully three-dimensional mesh of 240,000
cells for RANS computations. The resolution of the latter
is not established through a grid convergence study;
instead, it is derived assuming a fixed computational
budget within the framework of a RANS-based preliminary
design process of an aeronautical combustion device. On

the other hand, the mesh resolution for DNS computations
is sufficiently fine (45M grid points) to ensure that the ratio
ΔDNS/ηK barely exceeds the value of 3, as illustrated for the
low- and high-swirl configurations in Figure 2. In particu-
lar, ΔDNS =

�����
Vcell

3
√

is the average grid element size, with
Vcell denoting the volume of the generic cell, and ηK =
(ν3/ε)0.25 is the Kolmogorov’s length scale. In the latter,
ν is the molecular kinematic viscosity, and ε is the turbu-
lence scalar dissipation rate, computed as the trace of the
dissipation tensor, εij = 2ν〈∂u

′
i

∂xk

∂u
′
j

∂xk
〉, with u

′
i indicating the

fluctuating velocity in direction i. Lastly, RANS simula-
tions were run until statistical steady-state conditions were
attained. In the following, where not expressly stated,
QoIs extracted from DNS and RANS computations
should be intended as a mean taken over both the tangential
direction and time on the Eulerian grid.

Preliminary results and model assessment

Direct numerical simulation results
The present section is devoted to illustrating the main phys-
ical insights into the low- and high-swirl test case configura-
tions provided by DNS. In particular, as further discussed in
the following, the focus is placed on the onset of the VB phe-
nomenon and its fundamental kinematic features. The VB is
one of the major phenomena which occur in the presence of
swirl under several configurations, among which swirling
jets going through an abrupt expansion are typically relevant
to aeronautical combustion chamber configurations.

In this regard, Figure 3 reports, on the right side, a graph-
ical visualization of the three-dimensional spatial structure
of a bubble-type VB, appearing under Case 1, and a
regular conical VB, appearing under Case 2. The coherent
vortex structures are visualized through Q-criterion isosur-
faces, Q = 4.0 × 106, where Q = 1

2 (‖Ω‖2 − ‖S‖2) is the
second invariant of the velocity gradient tensor, providing
a direct measure of the relative contribution of the mean
rotation tensor, Ω, compared with the mean strain tensor,
S. In particular, the latter does not include the isotropic con-
tribution due to compressibility. As readily evident, Case 1
is characterized by a bubble-type VB, whereas the high-
swirl level of Case 2 results in a regular conical VB. This
is perfectly consistent with observations in the literature,35

which highlight the presence of a critical value for the
swirl number, S, leading to the formation of a stagnation
point and a bubble-type VB. The fundamental effect asso-
ciated with the critical rotation rate consists in the onset
of helical disturbances,34 which promote the evolution of
the jet into a steady helix configuration until the breakdown
occurs and a toroidal recirculation zone originates.
Moreover, due to the onset of Kelvin-Helmholtz instabil-
ities, the helix is forced to roll up in the streamwise direc-
tion, further disorganizing the whole flow pattern. After
the onset of the breakdown, any further increase in the

Figure 2. Ratio of DNS mesh element size, ΔDNS, to

Kolmogorov’s length scale, ηK , for Case 1 (magenta) and Case 2

(blue). The radial distributions at several axial locations are

shown.
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swirl level makes the mean location of the stagnation point
closer to the nozzle exit,36,37 which is clearly distinguish-
able on the left sides of Figure 3, showing the instantaneous
axial velocity field for Case 1 and Case 2. The differenti-
ation between the bubble state and the conical state arises
during the final stage of the upstream motion of the origi-
nated bubble, which transforms into a conical structure
due to the presence of internal secondary motions.34

Furthermore, the development of the flow pattern down-
stream of the VB-induced recirculation zone strictly
depends on the VB form. As shown in Figure 3(a), under
low-swirl conditions, i.e., for Case 1, downstream of the
bubble structure, there exists a recovery region, in which
the flow results to be more turbulent, the vortex core
appears to be expanded38 compared to the region upstream
of the breakdown, and a defect in the axial velocity may be
observed, as in typical wakes behind bluff bodies.34 In par-
ticular, although a radial inflow appears in the wake of the
bubble, it is of minor importance compared with the radial
outflow originating upstream of the recirculation region so
that the vortex core is less concentrated in the wake. On the
other hand, under high-swirl conditions, i.e., for Case 2, the
vortex expansion corresponding to the stagnation point is
not followed by any contraction.34

Reynolds stresses closure in RANS
If the RANS approach is adopted to capture the kinematic fea-
tures associated with a swirling jet undergoing VB, selecting a
closure model for the Reynolds stresses and calibrating the
embedded parameters are of paramount importance.48,49

Within the framework of the Reynolds-averaged approach,
it is possible to rank the existing closure models based on their
ability to capture the dynamics of each Reynolds stress com-
ponent. Following these considerations, a preliminary analysis

is performed to estimate the most suitable closure model for
Reynolds stresses to be adopted, given the flow configurations
under examination. This is accomplished through the numer-
ical analysis of two single-phase swirling jets, still character-
ized by the Maxworthy profiles reported in Table 1,
adopting a variety of Reynolds stresses closure models
which are briefly recalled in the following. Lastly, these
RANS computations are performed on a restricted portion
of the original domain, corresponding to a 5◦ wedge axisym-
metric mesh configuration. A detailed comparison between
RANS and DNS calculations focused on the velocity field is
discussed in the following.

One-Equation models. The most commonly employed
one-equation model refers to the one proposed by Spalart
and Allmaras,50 which solves a transport equation for a
modified form of the turbulent kinematic viscosity, i.e., ν̃.
Within the latter, a leading role is played by the production
term of the turbulent viscosity, i.e., Gν = ρCb1S̃ν̃, where
Cb1 = 0.1355 is an empirically calibrated parameter and S̃
strictly depends on a scalar J. Depending on the form of
J, it is possible to identify four variants of the
Spalart-Allmaras model, illustrated in Table 2. In particular,

Figure 3. DNS calculations of non-reactive acetone/air spray swirling jet: (a) bubble-type VB, and (b) regular conical VB. On the left,

the instantaneous axial velocity field is reported. On the right, coherent vortex structures are visualized employing Q-criterion

isosurfaces, Q = 4.0 × 106, colored by the vorticity magnitude, |ω|.

Table 2. Modeling of eddy viscosity production according to

different forms of the Spalart-Allmaras model: Ωij is the mean

rate-of-rotation tensor, Sij is the mean rate-of-strain tensor, and Uij

is the velocity gradient tensor. The following notation is adopted:

|Ωij| =
�������
2ΩijΩij

√
, |Sij| =

������
2SijSij

√
, and |Uij| =

�������
2UijUij

√
.

SA-1 SA-2 SA-3

J = �������
2ΩijΩij

√
J = ������

2SijSij
√

J = �������
2UijUij

√
SA-4

J = |Ωij| + Cprod ·min(0, |Sij| − |Ωij|)
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the SA-4 model tends to locally limit the production of eddy
viscosity where the vorticity measure overcomes the strain
rate, with the Cprod parameter set to 2.51

Nevertheless, under low-swirl conditions, i.e., for Case
1, none among the four variants of the Spalart-Allmaras
model predicts the onset of a reverse flow region, as
evident from Figure 4(a)(d). On the other hand, under high-
swirl conditions, i.e., for Case 2, the extension of the
VB-induced recirculation zone is largely underestimated
by each model, and a bubble-type VB is captured by the
SA-4 model instead of the regular conical form, see
Figure 5(a)(d).

Two-Equation models. A higher level of Reynolds stresses
closure is, in principle, provided by two-equation models
(TEMs). In particular, the focus is here placed on four dif-
ferent models, namely, the k − ε model,52 hereinafter
denoted as kEps, the realizable k − ε model,53 hereinafter
denoted as kEps− re, the RNG k − ε model in its
high-Reynolds number formulation,54 hereinafter denoted
as kEps− RNG, and a non-linear two-equation closure
model proposed in,55 hereinafter denoted as NLEVM.

Under low-swirl conditions, i.e., for Case 1, the NLEVM
model is the only one able to capture the onset of a bubble-
type VB form, see Figure 4(h), whereas the remaining
models do not predict any reverse flow. This may be
ascribed to a non-linear stress–strain relationship, which
transcends the Boussinesq hypothesis typically employed
within linear eddy viscosity models. Therefore, the
NLEVM is selected as one of the closure models by
which Case 1 will be further investigated in a fully three-
dimensional configuration in the following. On the other
hand, under high-swirl conditions, i.e., for Case 2, all the
models, except for the kEps− re, predict a regular conical
VB form. In particular, the kEps− RNG model exhibits
the most appreciable predictive accuracy compared with
DNS data, as shown in Figure 5(g). It is thus selected as
one of the closure models by which Case 2 will be further
investigated in a fully three-dimensional configuration in
the following. Such a model is equipped with an additional
term in the transport equation for the turbulence scalar dis-
sipation rate, ε, compared to the standard kEps model,
which provides a decrease in the destruction of ε within
regions of large strain.

Figure 4. Case 1, preliminary analysis on Reynolds stresses closure: Mean axial velocity field provided by axisymmetric RANS (left)

and DNS (right). RANS: Reynolds-averaged NavierStokes; DNS: direct numerical simulation.
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Second-Moment closure models. Within the Reynolds-
averaging approach, second-moment closure (SMC)
models represent the natural—and highest—level of
modeling turbulent flows, enabling to develop model
sensitivity to the orientation of turbulence structure and
anisotropy of normal stresses, as well as account for
extra-strain deriving from streamline curvature and
system rotation, as an example.56 Even in this case,
four different closure models are tested; namely, the
Launder-Reece-Rodi model,57 hereinafter denoted as
LRR, the Launder–Reece–Rodi model adopting an aniso-
tropic treatment of the dissipation tensor εij as suggested
by Rotta,58 hereinafter denoted as LRR-A, the Speziale-
Sarkar-Gatski model,59 hereinafter denoted as SSG, and
the Speziale-Sarkar-Gatski model including an algebraic
anisotropic dissipation rate model,60 hereinafter denoted
as SSG-A.

Under low-swirl conditions, i.e., for Case 1, all the
models capture the onset of a bubble-type VB form, see
Figure 4-(l). On the other hand, under high-swirl condi-
tions, i.e., for Case 2, all the models can reproduce a
regular conical VB-induced recirculation region, as

evident in Figure 5(i) to (l). Given these considerations,
in the following, both Case 1 and Case 2 will be further
investigated in a fully three-dimensional configuration util-
izing the LRRmodel. Although the anisotropy degree of the
turbulence dissipation rate tensor should be, in principle,
addressed in VB-affected swirling flows,61 anisotropic
closure models tested in the present work do not show
any improvement compared with the classical formulation
of the LRR model. Therefore, it is here decided to adopt
a fully isotropic treatment of the dissipation tensor. In con-
trast, a deeper investigation of the link between the most
relevant features of εij and the local flow conditions is post-
poned to future works.

Selection of sub-grid models
As further discussed in the following section, the present
work considers two different sources of uncertainty about
RANS computations, dealing with the spray dispersion
model and the turbulent Schmidt number. Indeed, while
the correct reproduction of liquid droplet dispersion is
crucial to reconstruct the spray structure accurately,15 the

Figure 5. Case 2, preliminary analysis on Reynolds stresses closure: mean axial velocity field provided by axisymmetric RANS (left)

and DNS (right). RANS: Reynolds-averaged NavierStokes; DNS: direct numerical simulation.
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selection of the turbulent Schmidt number is reported to
deeply affect the temperature field in a diffusive combus-
tion system.62

The starting point is represented by an adequate selec-
tion of such models, which is proposed below.

Liquid droplet dispersion model
Within the RANS approach, turbulent fluctuations are
not directly resolved. Hence, liquid droplets would be
exclusively influenced by the mean velocity field, thus
introducing a dispersion model is unavoidable for a satis-
factory reconstruction of the Eulerian velocity field influ-
ence over the droplet position. The dispersion model
estimates the velocity component u′, related to the unre-
solved fluctuations. Two different turbulent particle dis-
persion models are explored in this work: (a) discrete
random walk (DRW),63 (b) gradient-based dispersion.
Following the work of Mueller and Raman,43 the velocity
oscillation is defined through a blending of the aforemen-
tioned dispersion models by introducing a blending coef-
ficient, ωd:

u′ = (1− ωd)u′DRW + ωdu′∇. (18)

Turbulent schmidt number
The turbulent Schmidt number Sct plays a crucial role in the
transport and diffusion of the acetone vapor mass fraction by
directly affecting the mass diffusivity, i.e., the diffusive term
J j appearing in equation (15). In particular, if a constant
Schmidt number assumption is pursued, there is much uncer-
tainty about the correct value of Sct having to be
assigned.64,65 On the other hand, several variable Schmidt
and Prandtl number models have been proposed,66–69

although each is formulated and calibrated concerning spe-
cific fields of applications. In particular, Xiao et al.66

derived a complete turbulence model which accounts for
variable turbulent Prandtl, Prt, and Schmidt, Sct, numbers
relying on the introduction of additional transport equations
for the variance of enthalpy and concentrations and their dis-
sipation rates. Although the model was successfully tested
against experiments involving supersonic mixing and com-
bustion,67 formulating additional transport equations requires
ad hoc calibration of a large number of modeling constants
based on the test case under consideration. Conversely,
Goldberg et al.68 proposed a fully algebraic formulation to
approximate the spatial distribution of Prt and Sct, which
merely takes into account the chemical species characterized
by the maximum gradient at a specific location in the case of
a multi-species flow test case. Lastly, Longo et al. formulated
a data-driven model for Sct for RANS approaches employing
high-fidelity delayed detached eddy simulation about atmos-
pheric dispersion, in combination with principal compo-
nent analysis. Given these considerations, it is here

decided to adopt a constant Schmidt number model to
assess the sensitivity of the vapor mass fraction field to
the selection of a suitable value for Sct, which is the
primary focus of the present work. Nonetheless, as a
future research work, we intend to exploit the high-fidelity
DNS dataset at our disposal to determine the spatial distri-
bution of Sct in the configurations of interest so as to even-
tually adopt a Bayesian inference approach to formulate an
ad hoc variable Schmidt number model addressing VB
flow conditions.

Bayesian framework for uncertainty
quantification
The present work investigates how the uncertainty asso-
ciated with model parameters propagates to the QoIs, adopt-
ing a Bayesian setting.

Supposing the PDFs of the uncertain parameters are
known, the most straightforward approach would be to
sample values of such parameters and obtain the corre-
sponding values of the QoIs via RANS computations in a
Monte Carlo fashion. If a sufficiently large number of
samples is produced, converged statistics of the QoIs may
be computed. However, the convergence rate of the
Monte Carlo methods with the number of samples is notori-
ously slow: to accurately characterize the statistical proper-
ties of the QoIs, the procedure described above requires a
large number of samples, typically of the order of thou-
sands, each requiring a RANS computation. This issue
can be circumvented by assuming a certain degree of
smoothness in the QoIs statistics and resorting to a non-
intrusive spectral projection technique employing a PCE
representation of the uncertain variables.

Indeed, a PCE provides a valuable means for propagating
uncertainty as an alternative to classical Monte Carlo
methods and allows for efficient propagation of uncertainty
in computational models and a straightforward assessment
of the output variance sensitivity to each component of the
uncertain input vector, λ = (λ1, .., λns ), with ns being equal
to the number of stochastic degrees of freedom. The uncer-
tain input parameters can be written as a function of inde-
pendent identically distributed (i.i.d.) standard RVs, ξi.
Hence λ = λ(ξ), where ξ = (ξ1, .., ξns ) is the random
germ. Being the generic QoI, y, the function of the input
parameters through the computational model, it also
depends on the RVs ξ, so that y = y(ξ1, .., ξns ). Then, a
PCE may provide a spectral representation of the RV y(ξ) as:

y ≃
∑
β∈J

yβΨβ ξ1, . . . , ξns
( )

, (19)

where β = (β1, . . . , βns ), ∀β j ∈ N0, is a multi-index, and
Ψβ are multivariate normalized orthogonal polynomials
written as products of univariate orthonormal polynomials
ψβ:
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Ψβ ξ1, . . . , ξns
( ) = ∏ns

j=1

ψβj
ξj
( )

. (20)

The PCE is typically truncated at degree N multivariate
polynomials so that the expansion comprises (ns +
N)!/(ns!N!)− 1 terms in equation (19).

The univariate functions ψβ are polynomials of degree βj
in the independent variable ξj and are orthonormal with
respect to the density of the RV ξj, such that:

E[ψk(ξ j)ψn(ξ j)] =
∫
ψk(ξ j)ψn(ξ j)p(ξ j)dξ j = δk,n. (21)

The coefficients yβ are the expansion coefficients obtained
by Galerkin projection. As an example, the yβ are defined
as:

yβ = E y(λ)ψβ

[ ] =
∫
y(λ(ξ))ψβ(ξ)p(ξ)dξ. (22)

Moreover, the PCE approach brings the possibility to
compute the output variance and sensitivity indices as
follows:

Var y ξ( )[ ] =
∑N
β>0

y2β<ψβ, ψβ > , (23)

Si = 1
Var y ξ( )[ ]

∑N
β∈Ji

y2β<ψβ, ψβ > , (24)

where Ji = {β ∈ J : βi > 0, βk = 0, k ≠ i}.
It should be stressed that, once the proper basis Ψ is

chosen, the computation of the coefficients yβ from
equation (22) allows one to fully characterize the uncer-
tain output y. In this work, the expansion coefficients are
calculated by resorting to a quadrature technique that
aims at approximating the integral in equation (22)
with the knowledge of y(λ(ξQi )), where ξ

Q
i are the quadra-

ture points.
Once the QoIs expansions are determined from equation

(19), the inexpensive sampling of the germ ξ results in the
opportunity to explore the probability distribution of the
QoIs, also known as pushforward distribution, induced
by the assumed probability density on model parameters,
and visualize the associated credible interval. The latter is
calculated using the high posterior density interval
(HPDI) methodology.

Uncertain input parameters
In the present case, two uncertain input parameters are iden-
tified and assigned specific probability distributions based
on the authors’ knowledge and available literature. In this
respect, it may be worth recalling that if an inverse UQ ana-
lysis is performed, PDFs of the input parameters are

calibrated from data and ready to undergo forward uncer-
tainty propagation.

The first source of uncertainty arises from selecting the
liquid droplet dispersion model. Going into detail, any com-
bination of the DRW and gradient-based dispersion model
is assumed to be equally plausible. Therefore, the blending
coefficient, ωd, is presumed to be uniformly distributed in
the range 0-1, i.e., ωd ∼ U(0, 1), letting the dispersion
model vary from purely gradient-based to purely stochastic,
and is then parametrized as a function of the standard RV
ξ1 ∼ U(− 1, 1). Concerning the turbulent Schmidt
number, Sct, a uniform distribution in the range 0.2–1.0 is
considered. Therefore, Sct is parametrized as a function of
the standard RV ξ2 ∼ U(− 1, 1).

Gauss-Legendre quadrature nodes
Once the probability distributions for the uncertain input
parameters have been chosen, as summarized in Table 3,
the integral in equation (22) needs to be approximated by
exploiting the quadrature points ξQi associated with the
standard RVs.

Within this context, it is worth recalling that Legendre
polynomials are mutually orthogonal with respect to the
density of uniform probability measure, which charac-
terizes both the ξ1 and ξ2 standard RVs. Given these consid-
erations, the adoption of a second-order tensor-product
Gauss-Legendre quadrature rule discretizes the sample
space in 3 nodes for each standard RV, for a total of 9 quad-
rature points.

Nonetheless, a sparse grid can be constructed from a
product of one-dimensional Gauss-Legendre rules to allevi-
ate the computational burden associated with multidimen-
sional quadrature. In particular, Smolyak’s procedure
offers a way to build a sparse grid of comparable precision
with the tensor-product one by exploiting a weighted sum
of lower-order product rules.70 For a d-dimensional uncer-
tain input space, a Smolyak’s sparse quadrature set of level l
is defined as:

S(d)k f =
∑l−1

q=l−d

(− 1)l−1−q d − 1
l− 1− q

( )

×
∑

‖k‖1=q+d

Q2k1−1 ⊗ · · ·⊗ Q2kd−1f , (25)

where ‖k‖1 =
∑d

i=1 |ki|, and Q2ki−1 is the k1i-th order base

Table 3. Uncertain input parameters: standard RVs, existence

domain, and quadrature rule.

Uncertain

input Standard RV

Parameter

range

Quadrature

rule

ωd ξ1 ∼ U(− 1, 1) ωd ∈ [0, 1] Gauss-Legendre

Sct ξ2 ∼ U(− 1, 1) Sct ∈ [0.2, 1] Gauss-Legendre
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quadrature rule, namely, the Gauss-Legendre rule in the
present case.

Here, it is decided to adopt a second-level Smolyak’s
sparse grid, i.e., l = 2, which results in a total of 5 quadra-
ture points, compared with the 9 quadrature points returned
by the tensor-product Gauss-Legendre rule.

Results and discussion
The present section illustrates the results obtained utilizing
a forward UQ analysis performed on both low- and high-
swirl configurations. In particular, as already stated, Case
1 was investigated through NLEVM and LRR closure
models, whereas Case 2 was investigated through
kEps-RNG and LRR closure models.

Main observables and error bars
A truncated order-3 PCE representation of the most relevant
QoIs within the non-reactive configuration under scrutiny,
i.e., the velocity field U(ξ, x), and the acetone vapor mass
fraction field Yv(ξ, x), is constructed within each element
of the computational domain employing the RANS solu-
tions obtained in the Gauss quadrature nodes. In turn, the
random sampling of the random germ ξ in the PCEs
returns the opportunity to get the corresponding PDFs via
kernel density estimation (KDE), and consequently, the
mean and the variance of the selected QoIs, as well as
their confidence intervals. In particular, it was assumed
that the 75% confidence interval constitutes a meaningful
measure of the degree of belief about the QoIs.

Case 1. The variability of the velocity vector field is first
discussed as concerns Case 1. First, the forward propaga-
tion of model uncertainty induces almost no variance in
the velocity field. The uncertainty band remains extremely
narrow in the entire computational domain, except for iso-
lated instances, where the variability of the radial velocity,
W , can be ascribed to the influence locally exerted by the
droplet dispersion model in terms of gas-liquid momentum
exchange. Therefore, it is decided to focus exclusively on
the pushforward mean velocity field. In this regard,
Figure 6 shows the pushforward mean axial, azimuthal,
and radial velocity fields, compared with the DNS mean
velocity field. As concerns the predictive accuracy of the
turbulence closure models under examination, on the one
hand, the LRR model shows an overall agreement in
terms of axial and azimuthal velocity components com-
pared with DNS data. On the other hand, the LRR model
underestimates the reverse flow intensity within the
VB-induced recirculation region, as evident in
Figure 6(a). Moreover, almost no radial motion in the
wake of the bubble, i.e., from z/R = 4 on, is captured. In
this regard, DNS data show a significant radial inflow in
the recovery region, and then a slightly pronounced jet
spreading, see Figure 6(c), which the LRR model again
slightly underestimates. Nonetheless, the LRR model
proves to adequately reproduce entrainment velocity, see
Figure 6(c), as well as the wake-like behavior in the recov-
ery region, characterized by centreline speeds lower than
those outside the vortex core, see Figure 6(a). Conversely,
the results provided by the NLEVM closure model are glo-
bally in worse agreement with DNS data. In particular, the

Figure 6. Case 1, pushforward mean velocity components (left), compared with the DNS mean velocity field (right). Top line, LRR

model: (a) axial velocity, (b) azimuthal velocity, and (c) radial velocity. Bottom line, NLEVM model: (d)-(f) labeled as (a)-(c). LRR:

Launder-Reece-Rodi; DNS: direct numerical simulation.
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NLEVM model predicts the onset of the stagnation point
upstream of the location indicated by DNS, see
Figure 6(d), and the axial extension of the central recircula-
tion zone is considerably underestimated. More in general,
the predictive capability of the NLEVM model in terms of
axial and azimuthal velocity components is quite unsatis-
factory, see also Figure 6(e). Furthermore, the NLEVM
model barely reproduces the radial motions in the
bubble’s surroundings highlighted by DNS data, see
Figure 6(f).

Concerning the variance of the acetone vapor mass frac-
tion, Yv, Figure 7 reports the radial distributions of Yv, nor-
malized by the fully-saturated mass fraction evaluated at the
inflow conditions, Yv,s(T0, p0), along with the associated
75% credible interval calculated via the HPDI approach.
In this case, the forward propagation of model uncertainty
induces significant variance in the acetone mass fraction
field, regardless of the closure model adopted. Similar to
what was already observed concerning the velocity field,
the LRR model shows superior agreement with DNS data
compared to the NLEVM model. The latter tends to under-
predict Yv inside the vortex core region, i.e., approximately
for r/R ≤ 2. In contrast, the pushforward mean distribution
of Yv provided by the LRR model is in close agreement with
DNS results. Regarding the vapor mass fraction variability,
in the near-field region, i.e., up to z/R = 2, most of the
output variance is concentrated within the mixing layer,
i.e., close to r/R = 2. On the other hand, downstream of
the VB-associated stagnation point, i.e., approximately
from z/R = 4 on, the variability of Yv is particularly

evident within both the vortex core region and the
entrainment-affected region. At the same time, almost no
output variance can be envisaged in the shear layer,
where the credibility interval virtually vanishes.

This is corroborated by the global variance-based sensi-
tivity analysis performed within the Bayesian framework,
the outcome of which is presented in Figure 8 in case the
LRR model is adopted. In this regard, remarking that no
substantial difference may be qualitatively envisaged in
case the NLEVM model is employed, Figure 8(a) shows
a comparison between the pushforward mean field of Yv
(on the left), obtained by sampling the random germ ξ in
the PCEs, and the variance of Yv (on the right), as computed
from equation (23) for each PCE-based surrogate model.
Moreover, the pushforward mean field of Yv is featured
with the mean velocity field streamlines (solid black
lines), calculated from the pushforward mean distributions
of U, V , and W , so that the VB-associated stagnation
point and the central recirculation zone may be clearly dis-
tinguished. Thanks to this graphical representation, it is
possible to identify the near-field mixing layer and the far-
field vortex core as those regions where the variance of Yv is
mostly concentrated. Furthermore, Figure 8(b) and (c) show
the field distribution of the first-order, or main-effect,
Sobol’ sensitivity indexes for the dispersion blending coef-
ficient, ωd , and the turbulent Schmidt number, Sct, respect-
ively, concerning the contribution of each uncertain input to
the variability of Yv, as computed from equation (24). As
can be observed, except for a limited region in proximity
of the inflow section, the droplet dispersion model

Figure 7. Case 1, radial distribution of the mean acetone vapor mass fraction, Yv , normalized by the vapor mass fraction in fully

saturated condition and accompanied with the 75% credible interval. Top line, from left to right: (a) z/R = 1, (b) z/R = 2, (c) z/R =

4. Bottom line, from left to right: (d) z/R = 6, (e) z/R = 8, (f) z/R = 10. Red (purple) dashed lines encompass a gray (brown) region,

representing the credible interval, and the blue (green) solid line depicts the mean value distribution returned by the Launder–
ReeceRodi (LRR) (NLEVM) closure model.
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exclusively plays a role in the far-field mixing layer, which
is characterized by an overall vanishing output variance, see
Figure 8(a). Therefore, this hints that the field distribution
of acetone vapor mass fraction is slightly affected by the
choice of the droplet dispersion model, which can be
regarded as a second-class uncertainty. Conversely, as
shown in Figure 8(c), the turbulent Schmidt number
offers a significant contribution to the overall variance of
Yv in the entire computational domain, including those
regions where the variability of the acetone vapor mass
fraction is most evident, namely, the near-field shear layer
and the far-field vortex core.

Case 2. Moving onto the high-swirl configuration, i.e.,
Case 2, given that the forward propagation of model uncer-
tainty does not induce any variance in the velocity field also
in this case, Figure 9 illustrates the pushforward mean vel-
ocity components compared with the DNS mean velocity
field. Regarding the predictive accuracy of the turbulence
closure models under examination, the LRR model again
shows an overall agreement with the velocity components
provided by DNS, reflecting that such a closure model
represents the most versatile approach among the RANS
models when addressing different VB states.
Nevertheless, as may be observed from Figure 9(a), the
LRR model slightly underpredicts the size of the
VB-induced recirculation region, which is reported to
extend approximately up to r/R = 2 and z/R = 8, in the
radial and axial directions, respectively, within the
Reynolds-averaging approach. This aspect is strictly

associated with the discrepancies in the prediction of the
radial velocity by the LRR model; see Figure 9(c). In
fact, due to the smaller extension of the recirculation zone
predicted by the LRR model, a negative radial motion
already occurs at z/R = 6. In contrast, DNS results still
show a spreading of the jet. On the other hand, the
kEps-RNG correctly predicts the axial and radial extension
of the VB-induced recirculation zone, see Figure 9(a). This
is accompanied by a closer agreement between RANS and
DNS results as concerns the radial velocity field as well, see
Figure 9(c). However, the kEps-RNG model is character-
ized by the poorer predictive capability of the axial velocity
component surrounding the final part of the recirculation
zone, which is overestimated, as again evident in
Figure 9(a).

Concerning the acetone vapor mass fraction, Yv,
Figure 10 reports the radial distributions of Yv, normalized
by the fully-saturated mass fraction evaluated at the inflow
conditions, Yv,s(T0, p0), along with the associated 75% cred-
ible interval. Similarly to what was already observed con-
cerning the velocity field, the kEps-RNG model shows
superior agreement with DNS data compared to the LRR
model. The latter tends to overpredict Yv inside the vortex
core region, which extends up to approximately r/R = 5
in the far field. In contrast, the pushforward mean distribu-
tion of Yv provided by the kEps-RNG model is in closer
agreement with DNS results, especially in the proximity
of the shear layer. At the same time, the kEps-RNG still
overpredicts the acetone vapor mass fraction in the near-
axis region, albeit to a lesser extent than the LRR model.

Figure 8. Case 1, variance-based sensitivity analysis of the mean acetone vapor mass fraction, Yv , via Launder–Reece–Rodi (LRR)
model: (a) pushforward mean of Yv (left) VS variance (right) of Yv , as computed from equation (23), (b) pushforward mean of Yv (left) VS
Sobol index of the dispersion model blending coefficient, Sωd , as computed from equation (24) (right), (c) pushforward mean of Yv (left)
VS Sobol index of the turbulent Schmidt number, SSct (right). The pushforward mean velocity field streamlines (solid black lines) are

overlapped with the color map of the push forward means of Yv .
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In both cases, DNS data do not fall within the 75% confi-
dence interval returned by the forward UQ analysis, thus
highlighting the inability of the RANS approach to
recover Yv values provided by DNS, given the adopted
probability distributions for the uncertain model para-
meters. Lastly, the LRR model performs better than the
kEps-RNG model outside the vortex core region. Since
the uncertainty band does contain the entirety of DNS
data, a proper choice of ωd and Sct may result in a correct

reproduction of the acetone vapor mass fraction field by
the LRR model in such a region. Regarding the vapor
mass fraction variability, also for Case 2, in the near-field
region, i.e., up to z/R = 2, most of the output variance is
concentrated within the mixing layer, i.e., close to
r/R = 1− 2. On the other hand, downstream of the
VB-associated stagnation point, i.e., approximately from
z/R = 4 on, the variability of Yv is particularly evident
within the outer zone of the recirculation region and the

Figure 9. Case 2, pushforward mean velocity components (left), compared with the DNS mean velocity field (right). Top line, LRR

model; bottom line, kEps-RNG model: (a)-(f) as labeled in Figure 6. DNS: direct numerical simulation; LRR: Launder–Reece–Rodi.

Figure 10. Case 2, radial distribution of the mean acetone vapor mass fraction, Yv , normalized by the vapor mass fraction in fully

saturated condition, and accompanied with the 75% credible interval via Launder–Reece–Rodi (LRR) and kEps-RNG models: (a)–(f) as
labeled in Figure 7.
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region beyond the mixing layer. At the same time, almost
no output variance can be envisaged in the shear layer,
where the credibility interval virtually vanishes.

This is again corroborated by the outcome of the
Bayesian-based global sensitivity analysis for the LRR model,
as shown in Figure 11. In particular, Figure 11(a) depicts the
variance of Yv, as computed from equation (23), denoting the
near-field mixing layer and the outer zone of the VB-induced
recirculation region as areas where the variance of Yv is
greatly concentrated. Moreover, Figure 11(b) and (c) show
the field distribution of the Sobol’ sensitivity indexes for ωd

and Sct, respectively, concerning the contribution of each uncer-
tain input to the variability of Yv, as computed from equation
(24). As can be observed, also for Case 2, the droplet dis-
persion model exclusively plays a role in the far-field
mixing layer, characterized by an overall vanishing
output variance, see Figure 11(a). Therefore, this hints
that also under high-swirl conditions the field distribution
of acetone vapor mass fraction is slightly affected by the
choice of the droplet dispersion model, which can be
regarded again as a second-class uncertainty.
Conversely, as shown in Figure 11(c), the turbulent
Schmidt number offers a significant contribution to the
overall variance of Yv in the entire computational
domain, including those regions where the variability
of the acetone vapor mass fraction is most evident.

Liquid-phase conditional-probability local analysis
To further assess the role played by the dispersion model
and the associated blending coefficient, ωd , a conditional-

probability local analysis is performed over the results pro-
vided by three LRR simulations concerning Case 1, within
the whole set of 5 simulations returned by Gauss-
Legendre-based Smolyak sparse quadrature. Going into
detail, the set of three simulations is characterized by
three different values of ωd , corresponding to the
Gauss-Legendre quadrature points for the RV ξ1, i.e.,
ωd = {0.112702, 0.5, 0.887299}, whereas Sct is set to
0.6. Then, the conditional-probability local analysis is
carried out to calculate the probability distribution of the
droplets’ distance from the inflow section, δd, conditional
on specific values taken by the acetone vapor mass fraction,
Yv, in the proximity of droplet surface. Specifically, the con-
ditional PDF of δd, given the value Y taken by Yv, may be
expressed as:

fδd ∣Yv (δ ∣ Y) =
fδd ,Yv (δ, Y)
fYv (Y)

, (26)

where fδd ,Yv (δ, Y) denotes the joint density of δd and Yv,
whereas fYv (Y) indicates the marginal density of Yv.

Here, it is decided to take into account two different
values of Yv, i.e., Yv = {0.045, 0.09}, that correspond to
25 and 50% of Yv,s(T0, p0), respectively. Then, this set of
values for Yv allows for generating two conditional
PDFs for each of the three RANS simulations being
considered, which are reported in Figure 12. As may
be easily deducted, the selection of the lowest value
of the dispersion model blending coefficient, i.e.,
ωd = 0.112702, returns platykurtic conditional distribu-
tions, characterized by largely negative values of kurto-
sis. This derives from a dispersion model tending

Figure 11. Case 2, variance-based sensitivity analysis of the mean acetone vapor mass fraction, Yv , referred to the Launder–ReeceRodi
(LRR) model: (a)–(c) as labeled in Figure 8.

232 International Journal of Spray and Combustion Dynamics 15(4)



towards a purely DRW-driven approach, which hinges
on an intrinsically stochastic background. On the other
hand, for increasing values of the blending coefficient,
the resulting conditional PDFs show a more restricted
range of droplets distance from the inflow section,
given one specific value of Yv at the droplet surface. In
conclusion, this analysis clearly shows how the
droplet dispersion model locally plays an active role in
liquid droplets’ spatial distribution. However, as previ-
ously highlighted, its influence over the acetone vapor
mass fraction field is almost negligible compared to
the effects of the turbulent Schmidt number.

Sensitivity to droplet dispersion model at increasing
mass loading
Finally, the sensitivity of the output variance to the droplet dis-
persion model is further investigated by employing three add-
itional forward UQ analyses concerning Case 1, with
increasing liquid mass loading. In particular, the liquid
acetone mass flow rate, ṁact,v, is selected to be 10, 100, and
1000 times higher than the nominal flow rate, respectively,
thus affecting the overall aerodynamic response properties of
the liquid phase. In contrast, the gaseous acetone mass flow
rate, ṁact,v, and the air mass flow rate, ṁair, are kept fixed,

Figure 12. Case 1 (LRR model), conditional PDFs of droplets’ distance from the inflow orifice, δd, given the surface vapor mass

fraction, Yv , for different values of the dispersion model blending coefficient, ωd: (a) Yv/Yv,s(T0, p0) = 0.25, and (b) Yv/Yv,s(T0, p0) = 0.5.

Figure 13. Case 1, variance-based sensitivity analysis of Yv via LRR model for increasing liquid acetone mass flow rate: (a) Ψ = 0.281,

(b) Ψ = 0.29, and (c) Ψ = 0.38.
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along with the size and the velocity of the liquid droplets.
Specifically, the acetone-to-air mass flow rate ratio takes dif-
ferent values, i.e., Ψ = {0.281, 0.29, 0.38}.

In this regard, Figure 13 illustrates the field distribution
of the first-order Sobol index for ωd as concerns the differ-
ent values of Ψ, accompanied with the variance of Yv, as
computed from equation (23). In the first place, it must be
noted that the variance of Yv remains mostly concentrated
in the near-field mixing layer and the far-field vortex
core, regardless of the liquid mass loading. Nevertheless,
the overall output variance in the near-field velocity shear
layer progressively diminishes for increasing values of Ψ,
see Figure 13(c). Concerning the contribution of ωd to the
variance of Yv, the droplet dispersion model keeps
playing an active role predominantly in the far-field
mixing layer, characterized by an overall vanishing output
variance, for different values of the acetone-to-air mass
flow rate ratio. Exclusively under extremely high liquid
mass loading, i.e., Ψ = 0.38, the droplet dispersion model
significantly contributes to the acetone vapor mass frac-
tion’s variance beyond the near-field mixing layer. In par-
ticular, as shown in Figure 13(c), the main-effect Sobol
index for ωd takes considerable values in the proximity of
the vortex-expansion region, approximately from r/R = 2
to r/R = 5. However, such a region still exhibits an
overall vanishing output variance. Therefore, given the
nearly-saturated inflow condition, it can be concluded that
the field distribution of acetone vapor mass fraction is
slightly affected by the droplet dispersion model, regardless
of the liquid acetone mass flow rate injected into the
domain.

Conclusions
The present work exploits the Bayesian UQ framework and
PCEs to quantify the effects of select model uncertainties on
a prototypical acetone/air spray swirling jet, resembling the
flow field experienced by swirl-stabilized combustors for
aeronautical applications. The configuration is first investi-
gated via DNS for low- and high-swirl operating condi-
tions, resulting in the onset of a bubble-type and regular
conical VB, respectively. Then, based on the available
high-fidelity data, a preliminary analysis is conducted to
assess the most suitable models for Reynolds stresses
closure in the RANS approach, providing the NLEVM
and LRR models for low-swirl conditions, and the
kEps-RNG and LRR models for high-swirl conditions, as
those closure models most in agreement with DNS
results. The focus is consequently placed on the forward
propagation of modeling uncertainty associated with the
droplet dispersion model and the turbulent Schmidt
number, performed via a non-intrusive spectral projection
technique for each of the abovementioned closure models.
The PCE representation of RVs enables the construction
of surrogate models for the selected QoIs, namely, the

velocity vector field and the acetone vapor mass fraction,
that are exploited to visualize pushforward distributions
and confidence intervals, here compared to reference
DNS data. Furthermore, the sensitivity of output vari-
ance is investigated utilizing global Sobol sensitivity
analysis, naturally embedded within the UQ framework.
The following conclusions can be drawn from the
present study:

• high-fidelity DNS data are crucial to perform an ad hoc
selection of the most suitable Reynolds stresses RANS
closure as concerns the vortex-breakdown-affected swir-
ling configuration of interest, as discussed in the “Direct
numerical simulation results” section;

• most of RANS closure models are inadequate to capture
the kinematic features of both bubble-type and regular
conical VB states, as discussed in the “Reynolds stresses
closure in RANS” section;

• the LRR model is the most versatile approach for mod-
erately to highly swirling flows and may be further
improved by enhancing the modeling of turbulence dis-
sipation tensor’s anisotropic features, which is post-
poned to our future work, as discussed in the
“Second-Moment closure models” section;

• the spray dispersion model barely affects the fundamen-
tal QoIs, as discussed in the “Main observables and error
bars” section, regardless of the mass loading of the
injected liquid phase (see the “Sensitivity to droplet dis-
persion model at increasing mass loading” section); still,
it plays an active role on local spatial droplets distribu-
tion, as discussed in the “Liquid-Phase conditional-
probability local analysis” section;

• the choice of the turbulent Schmidt number induces a
significant variance in the field distribution of fuel
vapor mass fraction, eventually causing an overlap of
computational model outputs associated with different
turbulence closure models, as discussed in the “Main
observables and error bars” section;

• information from the global sensitivity analysis, pre-
sented in the “Main observables and error bars”
section, proves vital in driving additional high-fidelity
experimental and/or numerical campaigns devoted to
reducing model uncertainty via ad hoc calibration proce-
dures based on inverse UQ strategies; indeed, given the
outcome of such analysis, the choice of the spray disper-
sion model may be regarded as a second-class uncer-
tainty, whereas research effort should be placed on
developing an improved formulation for the turbulent
Schmidt number.

Based on this, the proposed strategy may be regarded as a
potential instrument to enrich the preliminary stage of a
computational-aided design of aerospace combustion
devices, resulting in a reliable, robust design optimization
process.
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