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ABSTRACT

Context. Galaxy cluster abundance measurements are a valuable tool for constraining cosmological parameters, such as the mass
density (Ωm) and the density fluctuation amplitude (σ8). Wide-area surveys detect clusters based on observables, such as the total
integrated Sunyaev-Zel’dovich effect signal (YSZ) in the case of Planck. Quantifying the survey selection function is necessary for
cosmological analyses, with completeness representing the probability of detecting a cluster as a function of its intrinsic properties,
such as YSZ and an angular scale θ500.
Aims. We determine the completeness of the Planck-selected CHEX-MATE cluster catalog using mock observations of clusters with
triaxial shapes and random orientations, with physically-motivated distributions of axial ratios. From these mocks, we derive the dis-
tribution of shapes and orientations of the detected clusters, along with any associated bias in weak-lensing-derived mass (MWL) due
to this orientation-dependent selection (denoted as 1 − bχ).
Methods. Employing a Monte Carlo method, we injected triaxial cluster profiles into random positions within the Planck all-sky
maps and subsequently determined the completeness as a function of both geometry and SZ brightness. This result was then used to
generate 1000 mock CHEX-MATE cluster catalogs. We computed MWL for these mock CHEX-MATE clusters and for equal-sized
samples of randomly selected clusters with similar mass and redshift distributions.
Results. Cluster orientation impacts completeness, with a higher probability of detecting clusters elongated along the line of sight
(LOS). This leads to 1 − bχ values of 0−4% for CHEX-MATE clusters relative to a random population. The largest increase in MWL
is observed in the lowest-mass objects, which are most impacted by orientation-related selection bias.
Conclusions. Clusters in Planck SZ-selected catalogs are preferentially elongated along the LOS and have an average bias in MWL rel-
ative to randomly selected cluster samples. This bias is relevant for upcoming SZ surveys such as CMB-S4, and should be considered
for surveys utilizing other probes for cluster detection, such as Euclid.

Key words. gravitational lensing: weak – galaxies: clusters: general – galaxies: clusters: intracluster medium –
cosmology: observations

1. Introduction

Galaxy cluster abundance is a powerful cosmological probe,
offering incisive tests of the ΛCDM model and precise mea-

? Corresponding author.

surements of fundamental cosmological parameters (e.g., Voit
2005; Allen et al. 2011; Lesci et al. 2022a). As the most massive
gravitationally bound structures in the Universe, galaxy clusters
trace the late stages of structure formation, representing the evo-
lution of the highest peaks in the primordial matter density field
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(Despali et al. 2016). Their abundance is particularly useful for
constraining both the mean matter density (Ωm) and the ampli-
tude of matter fluctuations (σ8), defined as the root mean square
(rms) of linear density perturbations on scales of 8 h−1 Mpc.
Recent studies using cluster catalogs selected from X-ray, opti-
cal, and millimeter-wavelength surveys have yielded increas-
ingly precise constraints on these parameters (Ghirardini et al.
2024; DES Collaboration 2025; Bocquet et al. 2024), although
challenges related to halo mass calibration and selection biases
still remain.

The hot intracluster medium (ICM) emits X-rays via ther-
mal bremsstrahlung (Sarazin 1986), producing a bright, dif-
fuse signal that makes X-ray surveys a valuable tool for detect-
ing galaxy clusters. Early X-ray halo abundance studies were
based on catalogs of approximately 100 clusters detected in
the ROSAT All-Sky Survey (RASS), using deep X-ray follow-
up from Chandra to determine halo masses via hydrostatic
equilibrium-based estimates (Vikhlinin et al. 2009; Mantz et al.
2010). Because the bias associated with such mass estimates is
difficult to quantify, later work improved on these results by uti-
lizing weak-lensing (WL) observations of a subsample of clus-
ters to calibrate the halo mass scale (Mantz et al. 2015). The
more recent XXL survey from XMM-Newton, which is much
narrower and deeper than the RASS, delivered a comparably
sized cluster sample with WL again calibrating the mass scale
for a halo abundance measurement (Pacaud et al. 2018). The cur-
rent state of the art in X-ray cluster cosmology was obtained
from the eROSITA (extended ROentgen Survey with an Imaging
Telescope Array) All-Sky Survey (eRASS), based on over 5000
X-ray-selected clusters (Ghirardini et al. 2024). Cluster masses
were calibrated using WL, in this case using WL mass (MWL)
estimates from three different optical surveys (Chiu et al. 2022;
Kleinebreil et al. 2025; Grandis et al. 2024), enabling a robust
scaling between X-ray observables and total halo mass (see also
Okabe et al. 2025).

In the optical regime, cluster detection is most often based on
searching for overdensities of galaxies, for example, using algo-
rithms that attempt to identify a red sequence of cluster-member
galaxies (e.g., Rykoff et al. 2014; Bellagamba et al. 2017). For
instance, commensurate with the RASS-based studies noted
above, the maxBCG cluster sample from the Sloan Digital Sky
Survey (SDSS) was used by Rozo et al. (2010) to derive cos-
mological constraints from over 104 clusters and groups at low
redshifts. To connect the detection observable, optical richness,
with the underlying halo mass, stacked MWL values within bins
of fixed richness were used. Subsequent work by Costanzi et al.
(2019) combines abundance and WL measurements from the
SDSS DR8 to jointly constrain cosmology and the richness–
mass relation for a photometrically selected sample of red-
sequence Matched-filter Probabilistic Percolation (redMaPPer)
clusters. Illustrating the challenges related to selection and mass
calibration, the Dark Energy Survey (DES) released its initial
halo abundance measurement soon after (Abbott et al. 2020),
with an anomalously low value of the matter density that was
later found to be due to biases in MWL values for the lowest-
richness clusters (To et al. 2021; Costanzi et al. 2021). The cur-
rent state of the art in optical cluster cosmology is presented in
the DES Y3 results and the third release of the Kilo-Degree Sur-
vey (DES Collaboration 2025; Lesci et al. 2022b), who find cos-
mological parameter values that are fully consistent with those
obtained from primary CMB anisotropy measurements from
Planck.

Scattering of CMB photons with electrons in the ICM
produces an average boost in photon energy known as the

Sunyaev-Zel’dovich (SZ) effect (Sunyaev & Zeldovich 1972),
which enables the detection of clusters in millimeter-wave sur-
veys. Recent large-area surveys from the Atacama Cosmol-
ogy Telescope (Hilton et al. 2021), the South Pole Telescope
(Bleem et al. 2015, 2024; Kornoelje et al. 2025), and Planck
(Planck Collaboration XXVII 2016, hereafter P16) have now
provided catalogs with thousands of clusters, which have in turn
been used to constrain cosmological parameters (Sehgal et al.
2011; Bocquet et al. 2024; Planck Collaboration XXIV 2016).
Notably, the SZ effect surface brightness is independent of
redshift, making these surveys approximately mass-limited
across most redshifts, and thus providing catalogs that are
particularly attractive for halo abundance measurements. How-
ever, results from these surveys are generally limited by sys-
tematic uncertainties in halo mass calibration. For example,
Planck detected fewer clusters than predicted by the base
ΛCDM model, as constrained by its primary CMB anisotropy
measurement, when hydrostatic mass estimates are used for
the cluster measurement (Planck Collaboration XXIV 2016;
Planck Collaboration VI 2020). This discrepancy motivated
numerous WL studies to improve the mass calibration (e.g.,
von der Linden et al. 2014; Hoekstra et al. 2015), although most
of these calibrations still suggest at least mild tension between
the cluster and CMB measurements.

As noted above, a central challenge in cluster cosmology,
both for halo abundance and clustering, is accurately calibrat-
ing the scaling relations between mass and observables–such as
X-ray brightness, optical richness, and SZ flux (YSZ)–which are
needed to connect cluster detections based on these observables
to the Halo Mass Function (HMF). In general, systematic uncer-
tainties in this calibration limit the precision of the derived cos-
mological constraints (e.g., Pratt et al. 2019). To improve mass
calibration, nearly all recent efforts focus on MWL, which is sen-
sitive to the total projected mass distribution and is indepen-
dent of the dynamical state of the ICM. However, MWL values
exhibit significant cluster-to-cluster scatter, along with an aver-
age bias, primarily from projection effects due to halo aspheric-
ity, orientation, and miscentering (e.g., Meneghetti et al. 2010;
Giocoli et al. 2025; Euclid Collaboration: Ragagnin et al. 2025).
To quantify this scatter and bias, researchers commonly perform
mock WL analyses of simulated clusters with random orien-
tations (e.g., Euclid Collaboration: Giocoli et al. 2024). A lim-
itation of such studies arises if the observable used to detect
the cluster sample is sensitive to halo orientation, resulting in
a selected population with a preferred geometry. In this case, the
scatter and bias in MWL could be misestimated.

Understanding the selected population of galaxy clusters
requires quantifying survey completeness, which measures the
probability of detecting a cluster based on its observables.
For the Planck SZ survey, completeness, χ(Y5R500, θ500, l, b), is
defined as a function of four cluster parameters, where Y5R500
is the integrated SZ signal within 5R500, θ500 is the correspond-
ing angular scale, and (l, b) are the cluster’s galactic coordinates
(P16)1. Detectability is assessed using the observed signal-to-
noise ratio (S/N) obtained from, e.g., the Multi-Matched Filter-
ing (MMF3) algorithm (P16, see also Melin et al. 2006, 2012),
which must exceed a threshold value. A robust Monte Carlo
(MC) method for characterizing completeness involves inject-
ing a large number of model clusters with a range of values for
Y5R500 and θ500 into random locations within the Planck maps,

1 R500 denotes the spherical radius enclosing an average overdensity
500 times larger than the critical density of the Universe at the cluster
redshift.

A128, page 2 of 11



Saxena, H., et al.: A&A, 700, A128 (2025)

then computing the S/N from the MMF3 for each injected clus-
ter. The Planck team did not consider asphericity in this calcu-
lation and injected clusters based only on spherically symmetric
models. Subsequent work by Gallo et al. (2024) estimated the
Planck completeness using simulated clusters with complicated
aspherical shapes more closely resembling reality, finding that
steeper SZ signal profiles yield a higher probability of detec-
tion. The impact of halo ellipticity was minimal. Overall, the
change in completeness obtained by Gallo et al. (2024) results
in approximately 1σ shifts in the derived values of Ωm and σ8
relative to the nominal Planck result.

In this work, we provide a formalism to investigate how halo
triaxiality and orientation impact cluster detection and SZ selec-
tion, focusing on the Planck-selected Cluster HEritage project
with Mass Assembly and Thermodynamics at the Endpoint of
structure formation (CHEX-MATE) sample. By utilizing smooth
cluster models, rather than the simulated clusters of Gallo et al.
(2024), we isolate the impact of triaxiality and orientation from
other characteristics such as substructure and dynamical state.
In addition, because our study is not limited to a relatively small
number of simulated objects, we are also able to obtain sufficient
statistics to characterize sub-percent level biases. The CHEX-
MATE project (CHEX-MATE Collaboration 2021) is an XMM-
Newton Heritage Project designed to study ICM physics and
improve cluster-based cosmological constraints by refining links
between observables and halo mass2. It includes 118 clusters,
divided into a volume-limited sample (Tier 1, 0.05 < z < 0.2)
and a mass-limited sample (Tier 2, z < 0.6, M > 7.25×1014 M�),
each containing 61 clusters, with four clusters in common. Fur-
thermore, all clusters in the catalog have a Planck S/N > 6.5,
and Tier 1 is restricted to the northern sky, Dec > 0◦. This
deep, uniform, and high-quality multi-probe dataset enables pre-
cise measurements of triaxial 3D cluster shapes and orientations
(Kim et al. 2024). Our goal is to model the SZ selection function
of the CHEX-MATE sample while incorporating cluster triaxial-
ity through informative priors. The end result is a CHEX-MATE
completeness estimate that depends on the triaxial geometry,
along with a determination of the expected distribution of the
geometries for the CHEX-MATE sample. We further explore the
impact of this selection on the values of MWL derived for the
CHEX-MATE clusters.

This paper is organized as follows. In Section 2, we describe
the details of the MMF3 algorithm used to compute cluster
detection and selection. In Section 3, we describe the triaxial
model assumed for the ICM and the total mass distribution of
the clusters. In Section 4, we describe the MC injection and
detection procedure used to calculate the completeness for a
set of both spherical and triaxial clusters, and we quantify how
the completeness depends on the triaxial shape and orientation
parameters. In Section 5, we discuss the algorithm for generat-
ing a mock CHEX-MATE catalog, beginning with assembling
a mock cluster sample from an HMF, injecting triaxial clus-
ters from this sample based on informative priors on their shape
and orientation, and subsequently detecting these mock clusters
using the MMF3 algorithm. In Section 6, we estimate MWL for
these mock CHEX-MATE samples to quantify any WL mass
bias, defined as 1 − bWL = MWL/Mtrue, due to preferentially
selected shapes and orientations. Finally, in Section 7, we sum-
marize the main results of this work.

All of the code developed for this work, and some of the data
products generated are publicly available at this link.

2 http://xmm-heritage.oas.inaf.it/

2. Multi-Matched filtering (MMF3) algorithm

The CHEX-MATE sample was selected from the Planck PSZ2
catalog, and we thus follow P16 in their construction of the
MMF3. We independently recreated the MMF3 algorithm, with
an implementation as close as possible to that used by Planck,
with our verification of this implementation detailed below.

The total signal in the Planck maps at each of the High Fre-
quency Instrument (HFI) frequencies at a given position in the
sky is modeled as

m(x) = y0 tθs (x) + n(x), (1)

where x is the 2D pixel coordinate within the map, n(x) is
the unwanted astrophysical signals and instrumental noise, and
tθs (x) is the SZ signal from a cluster with angular size θs and
Comptonization parameter y0 = kσT

∫
neTedl/(mec2). To obtain

this SZ signal profile, we constructed the normalized cluster pro-
file, τθs , which is described by the Generalized Navarro-Frank-
White (GNFW) pressure profile (Nagai et al. 2007; Arnaud et al.
2010):

τ(X) =
P0

(c500 ∗ X)γ[1 + (c500 ∗ X)α](β−γ)/α , (2)

with P0 giving the amplitude, c500 = 1.177, α = 1.0510, β =
5.490, and γ = 0.3081. Here, X = θ/θ500, where θ is the angular
radius and θs = θ500/c500. This 3D profile was then integrated
along the LOS to give the projected 2D signal. This 2D map
was then convolved with the Planck beam in each HFI channel,
bi, which is assumed to have Gaussian profiles as given in P16,
with the final observed SZ signal given by

tθs (x)i = jν(νi)[bi ∗ τθs ](x). (3)

The spectral shape of the SZ signal is

jν(xν) = xνTCMB

[
exν + 1
exν − 1

− 4
]
, (4)

where xν = hν
kBTCMB

is the dimensionless frequency. Following
P16, we do not consider here the effect of relativistic correc-
tions to the SZ effect. For MMF3, we applied the detection
algorithm to square cutouts of the all-sky maps centered on the
cluster position, with sides of 2.5◦. The noise matrix was esti-
mated directly from these local maps, by mean-subtracting the
maps, applying a Hanning window to ensure periodicity at the
map edges, and then computing the cross-power spectra for the
6×6 Planck HFI frequencies. An azimuthal averaging procedure
was applied, and then this cross-channel matrix was inverted for
each Fourier-space pixel, k, defining the inverse noise covari-
ance matrix, P−1(k). The uncertainty on the SZ signal detection
was then estimated from

σθs =

∑
k

tθs (k)P−1(k)tθs (k)
−1/2

. (5)

The multi-matched filter assumes the spatial and spectral form
for the SZ signal defined above. The filter (Ψθs ) is uniquely spec-
ified by demanding a minimum variance estimate (Melin et al.
2006), and constructed as

Ψθs (k) = σ2
θs

P−1(k)tθs (k). (6)

These are circularly symmetric filters and show typical Fourier
ringing, as demonstrated in Melin et al. (2006), as a result of
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down-weighting the large angular scale modes contaminated by
primary CMB anisotropy and dust. The filter uses both spatial
and frequency weighting to optimally extract the cluster signal
from the maps. This allowed us to recover an estimate of the
signal, quantified by the central Comptonization parameter as

ŷ0 =
∑

x

Ψθs (x)m(x), (7)

and thus, finally, measuring the S/N of the cluster as ŷ0/σθs .
To verify our implementation of the MMF3 algorithm rela-

tive to the one utilized by P16, we compared our derived S/N
values and integrated SZ signals to their published results for the
CHEX-MATE sample. To do this, we first obtained 2.5◦ × 2.5◦
cutouts centered on the MMF3 position reported in P16 for each
CHEX-MATE cluster from the six all-sky HFI channel Planck
maps. We then applied Ψθs to each of these maps, with the angu-
lar scale of the filter spanning θs values between 0.8′ and 32′.
We defined the cluster size as the filter scale that maximizes the
S/N at the location of the cluster, and the best-fit SZ signal was
given by the corresponding ŷ0 parameter. The integrated signal
within a radial extent of 5R500 was then defined as

Y5R500 = ŷ0

∫
r<5R500

τθs (r)r2dr. (8)

Figure 1 shows a comparison of our derived values of S/N for
the CHEX-MATE sample to those obtained from P16. On aver-
age, we find very good agreement, with slight differences due to
inherent instabilities in the MMF3 algorithm. At large angular
scales, corresponding to small values of |k|, the primary CMB
anisotropy dominates the lower frequency HFI maps. Since this
signal is coherent across frequencies, it introduces strong inter-
channel correlations in the noise. Similarly, in the high frequency
HFI maps, Galactic dust emission becomes the dominant signal,
and this emission is also spatially coherent and highly correlated
across these frequencies. Due to these large correlations, even
minor differences in how the noise is modeled can propagate
nonlinearly when inverting the noise covariance matrix, result-
ing in measurable discrepancies in the final S/N. These discrep-
ancies can be quantified by the difference between S/N values
obtained from our MMF3 implementation and the one utilized
by P16. For the CHEX-MATE sample, the median difference is
0.21, with a standard deviation of 0.72, see Fig. 1. Compared
to a Gaussian distribution with this mean and scale factor, a
Kolmogorov-Smirnov (KS) test yields a p-value of 0.56, indicat-
ing that the observed difference in S/N is consistent with this dis-
tribution. We note that this level of agreement is approximately
a factor of two better than that found between the detection algo-
rithms described in P16, suggesting that our implementation of
the MMF3 is consistent with the one utilized by P16. Further-
more, applying our MMF3 algorithm results in only three out of
118 CHEX-MATE clusters falling below the detection threshold
of S/N > 6.5. As a result, we expect the overall impact on sam-
ple selection from our MMF3 implementation relative to that of
P16, to be minimal.

3. Triaxial cluster shapes

The matter distribution within galaxy clusters is better approx-
imated by a triaxial ellipsoid than by a sphere (Despali et al.
2014; Bonamigo et al. 2015; Vega-Ferrero et al. 2017), primar-
ily due to the anisotropic accretion of matter along cosmic
filaments and the complex dynamics of structure formation.

3 2 1 0 1 2 3
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Fig. 1. Histogram of the difference in S/N obtained from our implemen-
tation of the MMF3 detection algorithm and that used by P16 for the
CHEX-MATE clusters.

Simulations suggest that modeling clusters as 3D triaxial ellip-
soids results in lower bias and less intrinsic scatter in estimat-
ing intrinsic quantities (Becker & Kravtsov 2011). Observations
also strongly support the triaxial nature of galaxy clusters. Ellip-
ticity has been detected in a variety of observational probes:
X-ray surface brightness maps reveal elongated morphologies
(Lau et al. 2012), SZ maps show asymmetric pressure distri-
butions (Sayers et al. 2011), and weak lensing reconstructions
uncover elliptical mass distributions (Oguri et al. 2012), among
others. These complementary data sets highlight the motivation
for 3D triaxial modeling in both theoretical and observational
contexts. As examples of such modeling, Limousin et al. (2013)
present a general parametric framework within a triaxial basis
to simultaneously fit complementary data sets from X-ray, SZ
and lensing, and Sereno et al. (2018) demonstrate cluster shape
constraints from a multi-probe 3D analysis of the X-ray regular
Cluster Lensing and Supernova survey with Hubble (CLASH)
clusters, using a combined analysis of strong and weak lensing,
X-ray photometry and spectroscopy, and SZ.

Following these works, we assumed a geometry described by
a triaxial ellipsoid with the ICM pressure following a distribu-
tion given by a radial profile in this triaxial basis, consistent with
the formalism described in Kim et al. (2024). The main parame-
ters involved in the construction of this profile are related to the
intrinsic versus observed coordinate system of a triaxial ellip-
soid. The projection of the ellipsoid on the sky plane is defined
by an ellipse with a semi-major axis lp1 and eccentricity qp,
while the projection of the ellipsoid along the LOS is defined
by a semi-axis llos. The parameters lp1, qp, and llos have compli-
cated descriptions in terms of the viewing angle and geometry of
the ellipsoid (q1, q2, cos θ, φ, ψ), where q1 and q2 are the minor-
to-major and intermediate-to-major axial ratios of the ellipsoid,
respectively, with the angles defined as the Euler angles between
the intrinsic and observed coordinate system. These are shown
in Fig. 2 for clarity.

We modeled the pressure as a radial profile in the ellipti-
cal basis parameterized by the ellipsoidal radius ζ, where ζ2 =
(x1/q1)2 + (x2/q2)2 + x2

3, which is used in place of the spher-
ical radius in the GNFW model given in Eq. (2). Within this
framework, the 2D maps were calculated from the 3D ellipsoidal
model projected onto the sky plane. The model Compton-y
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Fig. 2. Triaxial ellipsoid model used in the analysis. The intrinsic coor-
dinate system of the ellipsoid is indicated by the dotted arrows, and the
black arrows correspond to the observer’s coordinate system. The red
ellipse shows the projection of the ellipsoid on the sky plane, with lp1 as
its semi-major axis. The green ellipse shows the projection of the ellip-
soid onto the plane perpendicular to the sky plane, and llos is the half
size of the ellipse along the observer line of sight (Kim et al. 2024).

parameter is

ymodel

(
xξ; lp1

)
=

(
2lp1e‖

) ( σT

mec2

) ∫ ∞

xξ
Pe(xζ)

xζ√
x2
ζ − x2

ξ

dxζ , (9)

where y has been described in terms of the elliptical radius on
the sky x2

ξ =
(
x2

1 + (x2/qp)2
) (

ls/lp1

)2
, xζ = ζ/ls, qp is the minor-

to-major axial ratio of the observed projected isophote, ls is the
semi-major axis of the ellipsoid, e‖ = llos/lp1 is the elongation
parameter of the ellipsoid and Pe is obtained from the GNFW
profile

Pe(xζ) =
P0P500(

c500xζ
ls

R500

)γp
[
1 +

(
c500xζ

ls
R500

)αp
](βp−γp)/αp

, (10)

with the same GNFW profile parameters as used in Eq. (2). Thus,
a 3D triaxial model of a cluster was generated and then pro-
jected into a 2D map based on its geometrical shape parameters
(q1, q2, cos θ, φ, ψ) and its pressure given by the GNFW model.

We defined the total SZ signal Y5R500 and angular extent
θ500 for a triaxial cluster by computing the spherically-averaged
radial profile of the 3D triaxial model. The spherical GNFW
model was then fit to this spherically-averaged profile model
to determine the best-fit spherical θ500, which defined the angu-
lar scale of that cluster. Similarly, Y5R500 (Y500) was computed
by integrating this spherically-averaged pressure profile within
5θ500 (θ500). With this procedure, we ensured that the total inte-
grated SZ signal Y5R500 was the same regardless of triaxial geom-
etry. Because we defined the elliptical radius relative to the major
axis, the spherically-averaged θ500 is always smaller than its
elliptical equivalent in Eq. (10).

4. Selection function

Estimating the Planck completeness requires introducing real-
istic noise into mock observations of cluster models with
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Fig. 3. Comparison of our MC completeness, averaged over the
unmasked sky, to the semi-analytical ERF completeness for θ500 =
1.19′, 6.11′, 17.51′, and 31.41′, assuming an S/N threshold of 8.5.

known properties, such as Y5R500 and θ500. To obtain repre-
sentative noise, we directly sampled the Planck all-sky maps,
and then applied an MC method to compute completeness.
We masked regions according to the Planck 2015 cosmol-
ogy mask (Planck Collaboration XI 2016), along with the point
source mask (Planck Collaboration XXVI 2016), and an addi-
tional exclusion mask extending 1◦ from the center of all clus-
ters in the PSZ2 catalog of P16. From the remaining unmasked
sky regions, we randomly selected 100 locations, each separated
by at least 5◦ in order to sample a representative range of noise
environments. At each location, we injected clusters with vary-
ing Y5R500 and θ500 values and determined the associated S/N
from the MMF3 algorithm. Our assumed model for the cluster
does not include any signal from correlated large-scale structure
and, in general, neither did the random sky locations. Thus, the
impact of such structure was not included in the derived S/N. The
completeness function was then defined as the detection proba-
bility curve, which relates the likelihood of detection above a
S/N threshold of 6.5 to Y5R500 and θ500.

To validate our completeness pipeline, we first performed a
direct comparison to the completeness function found by P16 for
spherical clusters. We find good consistency, including percent-
level agreement with semi-analytical calculations obtained from
the error function (ERF):

P(d|Y500, σY (θ500), q) =
1
2

[
1 + erf

(
Y500 − qσY (θ500)
√

2σY (θ500)

)]
, (11)

where q is the detection threshold and σY (θ500) is the estimate of
the noise at that angular scale, see Fig. 3.

Following this validation, we extended our MC complete-
ness calculation to triaxial clusters, constructing completeness
curves to quantify how detection probability varies with triax-
ial axial ratios and orientation. In addition to the masks noted
above, these samples included additional constraints: Tier 1 was
limited to Dec > 0◦, while both Tier 1 and Tier 2 had a low
XMM-Newton visibility mask to exclude regions with visibilities
<55 ks per orbit (CHEX-MATE Collaboration 2021). From the
unmasked sky regions, we again selected 100 widely separated
map cutouts for both Tier 1 and Tier 2, ensuring good sampling
of the available sky. We then inserted triaxial clusters with vary-
ing axial ratios, orientations, Y5R500, and θ500 into these cutouts
and computed completeness by averaging detection probabilities
over all sky positions. To model triaxial shape and orientation
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Fig. 4. Average MMF3 S/N as a function of e′
∆

for different triaxial axial
ratios, for a cluster with an effective spherical θ500 = 5.63′ and a fixed
value of Y5R500.

effects on MMF3 S/N, we introduced a new parameter,

e′∆ =
llos

(lp1 ∗ lp2)0.5 , (12)

where, as before, llos is the semi-major axis of the ellipse along
the LOS and (lp1 ∗ lp2)0.5 is the effective spherical radius of the
projected ellipse on the sky (see Fig. 2). We find that e′

∆
exhibits a

complex dependence on q1, q2, cos θ, and φ, but correlates mono-
tonically with S/N–higher values of e′

∆
correspond to higher S/N

for a fixed (q1, q2), as shown in Fig. 4. We established this cor-
relation for the full range of geometries considered in this paper,
but we show only a subset in Fig. 4 for clarity. Thus, rather than
using two separate orientation parameters (cos θ, φ), we consoli-
date them into e′

∆
for each q1, q2. Using this framework, we con-

structed a comprehensive lookup table that quantifies detection
probability as a function of SZ parameters and triaxial shape,
thus describing P(d|Y500, θ500, q1, q2, e′∆).

We present three slices of the five-parameter completeness
function in Fig. 5, illustrating completeness as a function of tri-
axial axial ratios and orientations. We find a clear dependence
on orientation, where clusters elongated along the LOS exhibit
a higher probability of detection for the same Y5R500, θ500, and
shape parameters. Additionally, we observe that for the same
effective spherical θ500 but for other orientations, there is no clear
trend between detectability and cluster triaxiality. We thus find
that the primary factor influencing detectability is the extent of
the cluster along the LOS. For triaxial clusters whose major axes
are not closely aligned with the LOS, varying triaxialities can
still result in more or less centrally peaked SZ profiles relative to
spherical clusters, due to projection effects. Consistent with the
results reported by Gallo et al. (2024), we find that the more cen-
trally peaked clusters from this projection effect are more easily
detected.

To ensure a well-sampled and smoothly varying lookup table
connecting detection probability with the relevant parameters,
we fitted the completeness function for each (θ500, q1, q2, e′∆) to
an ERF of the form:

P(d) =
1
2

1 + erf

Y500 − q ∗ a(R500, q1, q2, e′∆)
√

2 ∗ b(R500, q1, q2, e′∆)

 . (13)

Relative to the ERF in P16, this form incorporates modified
mean (a) and variance (b) terms to capture non-Gaussian devia-
tions introduced by cluster triaxiality. We then performed a grid
interpolation over our lookup table to determine a and b as func-
tions of q1, q2, and e′

∆
.

5. Mock CHEXMATE catalogs

We used the triaxial completeness given by the ERF in Eq. (13)
to construct mock CHEX-MATE catalogs, allowing us to quan-
tify the average distribution of orientations and geometries that
arise from this sample selection. First, we generated mock uni-
verses with halo populations sampled from the Tinker et al.
(2008) HMF, assuming the Planck Collaboration VI (2020) cos-
mology, considering redshifts 0 ≤ z ≤ 0.6 and M500 masses
between 1014 M� and 1016 M�, while also applying the sky
fraction constraints for both Tier 1 and Tier 2 samples. We
converted the generated halo masses (M500) and redshifts (z)
into θ500 and Y500 using the established scaling relations from
Planck Collaboration XX (2014):

E−β(z)
 D2

A(z)Ȳ500

10−4 Mpc2

 = Y∗

[
h

0.7

]−2+α [
(1 − b)M500

6 × 1014 M�

]α
(14)

and

θ̄500 = θ∗

[
h

0.7

]−2/3 [
(1 − b)M500

3 × 1014 M�

]1/3

E−2/3(z)
[

DA(z)
500 Mpc

]−1

,

(15)

where E(z) = H(z)/H0, DA(z) is the angular diameter distance
and (1−b) is the mass bias factor, which is set to 0.62 for consis-
tency with the cosmology obtained by Planck Collaboration VI
(2020). The values of the scaling and normalization parame-
ters were obtained from Planck Collaboration XXIV (2016). We
then performed volume selections to form mock Tier 1 (0.05 <
z < 0.2) and Tier 2 (z < 0.6) catalogs from halos generated using
the HMF. To assign triaxial shapes and orientations to halos, we
randomly draw axial ratio values for the gas from the empiri-
cal distributions obtained from the IllustrisTNG simulations pre-
sented in Machado Poletti Valle et al. (2021), along with random
draws for cos θ ∈ [0, 1] and φ ∈ [0◦, 90◦]. Then, using the cal-
ibrated ERF, we computed the completeness for each halo and
included it in the resulting catalog based on probabilistic sam-
pling. Specifically, for each halo, we drew a uniform random
value between 0 and 1, and included the halo in the catalog if the
value of P(d) was larger than this random value. We repeated
this process for 1000 mock universes for both Tier 1 and Tier 2.

Since Tier 2 requires an additional selection based on
MMF3-derived mass, we reprocessed the completeness-selected
clusters through the MMF3 algorithm. This provided the
extracted Y500 for each cluster at every filter scale θ500 of MMF3.
From this Y−θ relation we then determined the value of MMMF3
that simultaneously satisfied Eq. (14) and (15). Since this pro-
cess was repeated across 100 distinct map cutouts, we obtained
100 different values of MMMF3 for each cluster, reflecting the
variation in recovered mass due to noise fluctuations. To assign
a single value of MMMF3 to each cluster, we performed a prob-
abilistic selection based on the cluster’s detection complete-
ness. Specifically, we randomly selected a value of MMMF3 from
among the N highest values obtained from the 100 cutouts,
where N = P(d)× 100. This method effectively models the S/N-
based mass boosting, as clusters with lower intrinsic S/N values
are only included in the catalog when they fall within favorable
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Fig. 5. Completeness as a function of Y5R500 for a cluster with effective spherical θ500 = 5.63′. Left: Completeness for different orientations of a
cluster with q1 = 0.6, q2 = 0.8. Middle: Completeness for a cluster with different triaxialities, but with the major axis oriented along the LOS, with
cos θ = 1.0, φ = 0◦. Right: Completeness for a cluster with different triaxialities, but with the major axis oriented on the plane of sky (POS), with
cos θ = 0.0, φ = 90◦.

map cutouts that result in boosted S/N values. Following CHEX-
MATE, the final Tier 2 selection was then performed by requir-
ing MMMF3 > 7.25 × 1014 M�.

As an additional validation of our detection pipeline, we find
that the average number of halos detected across 1000 mock
realizations for both the Tier 1 and Tier 2 selections is 59,
closely matching the 61 clusters observed in the actual CHEX-
MATE sample. Furthermore, as shown in Fig. 6, the mass and
redshift distributions of the mock catalogs are consistent with
the observed distributions when accounting for Poisson fluctu-
ations due to the relatively small sample size. For Tier 1, the
p-values from a KS test of the mass and redshift distributions
are 0.43 and 0.29, indicating very good agreement. For Tier 2,
the p-values are lower, equal to 0.011 for both the mass and red-
shift distributions, primarily due to the relative excess of high-
mass and low-redshift systems detected in the mocks. While
these p-values suggest possible discrepancies at low statistical
significance, we note that Planck Collaboration XXIV (2016)
also found a similar excess of low-z clusters predicted by the
best-fit HMF relative to their abundance measurement from the
Planck cluster catalog. We thus conclude that our Tier 2 mocks
provide a reasonable description of the observed CHEX-MATE
sample.

To assess the triaxial geometry of a CHEX-MATE-selected
sample, Fig. 7 shows the distributions of cos θ and φ obtained for
the Tier 1 and Tier 2 samples. For comparison, the values of cos θ
and φ obtained from randomly selected halos matching the mass
and redshift distributions of the CHEX-MATE-selected samples
are also shown, and, as expected, are consistent with random ori-
entations. Within the CHEX-MATE-selected samples, we see a
clear excess in clusters that are elongated along the LOS, with
a preference for halos with cos θ values close to 1 and φ values
close to 0◦, implying that an SZ selection results in a popula-
tion biased toward LOS elongation. Quantitatively, the p-value
obtained from a KS test comparing the distributions of e′

∆
for the

CHEX-MATE-selected and random samples is 2.7 × 10−30, sug-
gesting they are inconsistent at high statistical significance. We
note that, while the excess of clusters with cos θ values near 1
is easy to understand, since it implies that the major axis is well
aligned with the LOS, the excess of clusters with φ values close

to 0◦ is more subtle. It arises because, when the major axis is
well aligned with the POS (i.e., cos θ near 0), values of φ close
to 0◦ imply that the intermediate axis is well aligned with the
LOS. Thus, such clusters have a boosted SZ signal compared
to those with φ close to 90◦, which have their minor axis well
aligned with the LOS.

6. Weak lensing mass bias

To assess whether the bias in orientation from an SZ selection
results in a measurable MWL bias, we compared MWL estimates
obtained from clusters detected in the mock CHEX-MATE cata-
logs to randomly selected samples of clusters with similar mass
and redshift distributions. We generated mock shear maps for
each mock cluster from its shape parameters, mass, and redshift,
following Gavidia et al. (in prep.). In brief, we assumed that the
gravitational potential follows the geometry of the ICM, which
is described by a triaxial ellipsoid. Specifically, we adopted the
same axial ratios and orientation for the gravitational potential
as those used for the gas distribution when generating the mock
SZ images. This assumption is well-motivated by simulations
(e.g., Lau et al. 2011). An NFW density profile (Navarro et al.
1997) in a triaxial basis was used to model the cluster’s matter
density distribution, and the gravitational potential was calcu-
lated via a numerical inversion of Poisson’s equation. The 3D
gravitational potential was then projected to obtain the lensing
potential, and partial derivatives of the model lensing potential
were taken to obtain the model shear maps. As with the values
of Y5R500 and θ500, the concentration c200 and total mass M200
(defined as MTrue hereafter) for these triaxial distributions were
computed by spherically-averaging the 3D halo. For each halo,
the values of the spherically-averaged c200 and MTrue were ran-
domly drawn from the relation given by Diemer & Joyce (2019),
assuming that log(c200) has an intrinsic scatter of 0.16. To iso-
late the impact of projection effects on these idealized mass esti-
mates, we introduced a minimal level of uniform noise to the
shear maps, approximately four orders of magnitude below cur-
rent observational sensitivities.

These mock shear maps were then fitted to a spherically
symmetric NFW model, analogous to the standard approach
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Fig. 7. Distributions of orientation angles cos θ and φ for the mock Tier 1 and Tier 2 samples, along with randomly selected samples with similar
distributions in mass and redshift. The CHEX-MATE samples show a clear bias toward larger values of cos θ and smaller values of φ compared to
the random samples, indicating that SZ selection favors clusters elongated along the LOS.

utilized for cosmological analyses, performed via a least-squares
approach. Four different fits were performed using different val-
ues of c200, including fixing its value to either three or four,
fixing its value based on the concentration-mass relation from
Diemer & Joyce (2019), and allowing its value to float (within
the range of one to ten). We performed these fits for the mock
Tier 1 and Tier 2 samples, along with the randomly selected
samples matching their redshift and mass distributions. We then
computed the average ratio of the fitted MWL and the true halo
mass, which we defined as 1−bWL = MWL/MTrue, within discrete
mass bins for all cases (see Fig. 8). For both Tier 1 and Tier 2, the
MWL of the CHEX-MATE-selected samples is higher than that
obtained from the random samples at the low-mass end, trend-
ing toward agreement at the high-mass end. This is as expected,
since the up-scatter in S/N due to clusters elongated along LOS
is more pronounced in lower-mass (and thus lower S/N) clusters,
with higher-mass clusters generally having a higher S/N, which
allows for detection irrespective of orientation. Furthermore, for
c = 3 and c = 4, we see a sharp increase in MWL for both the ran-
dom and CHEX-MATE-selected samples at the high-mass end.
This is a result of utilizing the relation of Diemer & Joyce (2019)

when generating the halos, as they find an increase in c200 at the
high-mass end.

We note that the overall value of 1 − bWL depends strongly
on our fitting methodology, i.e., the assumed prior on c200, as
expected due to the strong anti-correlation between c and M.
However, the ratio of 1 − bWL obtained from the CHEX-MATE-
selected and random samples, which we define as 1−bχ, appears
to be independent of the fitting methodology, as illustrated in
Fig. 9. In other words, the portion of 1 − bWL associated with
the on-average orientation of an SZ selection is robust to the
choice of fitting method. For both Tier 1 and Tier 2, we find that
1 − bχ is approximately 4% at the low-mass end, with an overall
average value near 2%. Thus, for the CHEX-MATE samples–
and likely any Planck SZ-selected sample–the correction for this
bias in 1−bWL due to orientation should be universal, regardless
of the WL fitting methodology. To facilitate such a correction,
we provide the parameters of a linear regression fit of the form

1 − bχ =

{
k × (MTrue − Mbreak)/1014 M� if MTrue < Mbreak

0 if MTrue ≥ Mbreak
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to describe the selection-based orientation-induced bias in MWL
for both the Tier 1 and Tier 2 samples, with the results summa-
rized in Table 1. We find that these linear fits accurately repro-
duce the derived bias to within 0.3%, which is sufficient for
percent-level mass calibration. Because of the different mass and
redshift ranges for Tier 1 and Tier 2, along with the additional
selection based on MMF3-derived mass for Tier 2, there is no
expectation that the fitted slope and break point should be con-

sistent between the two samples, and we indeed find modest dif-
ferences in their values.

7. Conclusions

In this paper, we investigated the impact of triaxiality and ori-
entation on SZ selection and the associated MWL values, focus-
ing on the specific example of CHEX-MATE. Quantifying these
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Table 1. Parameters of the linear fit of 1 − bχ for the Tier 1 and Tier
2 CHEX-MATE samples, where 1 − bχ represents the bias in MWL due
solely to orientation bias from the Planck SZ selection.

CHEX-MATE Mbreak k

Tier 1 15.03 × 1014 M� −0.0039
Tier 2 21.67 × 1014 M� −0.0026

selection effects is crucial for future cluster cosmology studies,
as it enables corrections to the MWL values used for calibration
of the halo masses.

To achieve this goal, we recreated the MMF3 algorithm used
by P16 for the detection of clusters based on their SZ signal
in the Planck all-sky maps. Using an MC method based on the
injection of mock clusters into randomly sampled cutouts from
Planck HFI maps within the unmasked region of the sky, we con-
firm that the values of S/N and Y5R500 obtained from our imple-
mentation of the MMF3 are consistent with those obtained by
P16 for spherically-symmetric clusters. By then applying this
algorithm to mock observations of clusters with triaxial shapes,
we determined the completeness as a function of SZ signal
strength, angular size, and triaxial shape and orientation.

Using our measured triaxial completeness, we constructed
mock CHEX-MATE catalogs to quantify selection biases intro-
duced by triaxiality and orientation for SZ-detected clusters. We
find a clear orientation bias, where clusters elongated along the
LOS are preferentially detected due to their centrally boosted SZ
signals. By fitting MWL to the mock Tier 1 and Tier 2 detected
clusters, along with randomly selected clusters with comparable
mass and redshift distributions, we identify a mass-dependent
MWL bias due solely to the shape and orientation of the SZ-
selected samples, 1 − bχ. This bias reaches up to 4% in the
lowest-mass clusters and averages approximately 2% across the
full mass range. In addition, 1 − bχ appears to be independent of
the exact WL fitting methodology. We also note that the value of
1 − bχ found here is expected to be a lower limit, since we do
not account for correlated LSS in our selection or WL modeling.
Such structures are expected to occur preferentially along the
halo elongation direction, and would thus boost the SZ signal
when viewed in that orientation, resulting in a stronger prefer-
ence for LOS elongation in the CHEX-MATE-selected samples,
as well as boosting the value of MWL at fixed LOS elongation.

We also consider the implications of our results in the context
of cluster cosmology from halo abundance measurements. First,
we find that MWL is systematically overestimated in SZ-selected
samples from Planck, implying that true masses are, on average,
lower than WL-derived masses for such samples. The discrep-
ancy between halo abundance and primary CMB measurements
from Planck requires higher halo masses for the cluster sam-
ple, so this correction acts in the opposite direction. In addition,
we note that the average 2% systematic overestimate of MWL
measured here is subdominant to current systematic uncertain-
ties in MWL calibration. Thus it does not significantly impact
previously published results. However, upcoming surveys like
CMB-S4 and Euclid require percent-level mass calibration
(Raghunathan et al. 2022; Euclid Collaboration: Giocoli et al.
2024; Euclid Collaboration: Ragagnin et al. 2025), and therefore
such biases must be accounted for in their analyses.
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