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Abstract

In this paper we deal with the following boundary value problem

—Apu+gw)|Vul? =h(u)f inQ,
u=>0 in ,
u=0 on 0€2,

in a domain  c RV (N = 2),where 1 < p < N, g is a positive and continuous function on [0, co), and
h is a continuous function on [0, co) (possibly blowing up at the origin). We show how the presence of
regularizing terms . and g allows to prove existence of finite energy solutions for nonnegative data f only
belonging to LY.
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1. Introduction

The aim of this work is the study of the following boundary value problem

—Apu+g)|Vul? =h(u)f inQ,
u>0 in 2, (1.1)
u=0 on 0%,

where 1 < p < N. Here Q C RY, with N > 2, is an open and bounded set with Lipschitz
boundary, A,u := div(|Vu|P~2Vu) is the usual p—laplacian, and g is a positive and contin-
uous function on [0, co). Finally 4 is a continuous function on [0, co) that is allowed to blow-up
at the origin and is bounded at infinity. In particular, the case of continuous, bounded and non-
monotone functions g, & is covered by the above assumptions.

Our goal is the study of existence of finite energy solutions to (1.1); by a finite energy solution
we mean a function lying in the natural space in which such problems are naturally built-in in
case of smooth nonlinear terms and data, i.e. u € W(])‘p(Q) if p>landueBV(Q)if p=1.

We are interested to deeply explore the interplay between the first order absorption term
involving g and the zero order and possibly singular nonlinearity % in presence of a merely inte-
grable datum f. In particular we deal with the regularizing effect, in terms of Sobolev regularity,
provided by the lower order terms to the solutions of problems as (1.1).

These kinds of regularizing effects given by the gradient terms with natural growth in elliptic
problems with rough data are nowadays quite classical. If 4 =1 it is well known that, see for
instance [8,28], quadratic gradient terms satisfying a sign condition (i.e. g(s)s > 0) in problems
as (1.1) gives finite energy solutions if f is a merely integrable function (or even a measure). Let
also stress that it is well known that solutions have, in general, infinite energy if g = 0 (see [7]).
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On the other hand problems as (1.1) with g =0 and in presence of possibly singular non-
linearities has reached great attention in the last decades starting from the pioneering papers
[13,24,29]; if p =2, h(s) =s~7 (y > 0), and f is smooth, existence of classical solutions in
C?(2) N C%(Q) follows by suitable approximation with desingularized problems. Only later, in
[10], the authors prove existence of a distributional solution in case of a Lebesgue datum f and
remarked the regularizing effect given by the right-hand of (1.1) when, once again, p = 2 and
h(s) =s77 (y > 0): namely the solution, compared to the case y = 0, always lies in a smaller
Sobolev space when 0 < y < 1. Moreover if y = 1 the solution is always in H(} () evenif fis
just an L! —function as one can formally deduce by taking u itself as test function in (1.1) while if
y > 1 the solution belongs only locally to H'(2) and the boundary datum is meant as a suitable
power of the solution having zero Sobolev trace. It is also worth to mention that, in general, one
can not expect finite energy solutions for y >3 — % if fel™(Q),m>1([24,25]).

Similar results, again in the case g = 0, were then extended to the case p > 1; i.e. let us
consider nonnegative finite energy solutions for

—Apuzi in €,
uv
u=~0 on 9€2.

It was shown in [15] that, if p > 1, then finite energy solutions exist either, for smooth datum f,

uptoy <2+ ﬁ orif y <1 with f € L™ (2) for some m > 1. As observed in [16], the formal

case of p — 17 is also included as finite energy BV solutions are expected to exist either for any

y > 0 in case of smooth f, or for y <1 in the general case of f € L™ (R2) for some m > 1.
Problems as

—Au+gw)|Dul=f in <,
u=0 on 0€2,

have also been recently considered as a model for the level set formulation proposed in [20]
for the inverse mean curvature flow (see also [26]) in order to prove the well-known Penrose
inequality in the case of a single black hole.

From the purely mathematical point of view, regularizing effect of the presence of gradient
terms (also in case of a nonlinearity g with a generic sign) and f € L" () was recently investi-
gated (see [5,26,22,18]). Among the others let only stress that solutions to these problems are, in
general, BV functions with no jump part in its gradient.

The main goal of our study concerns problems as

{—A1u+g(u)|Du|=h(u)f inQ, 12

u=0 on 092,

where g is a positive and bounded continuous function on [0, 00), & is a continuous function
on [0, co) (possibly blowing up at the origin) and bounded at infinity, and f is a nonnegative
function in L' (). In particular we will focus on the interplay between the data g, 4 and f in
order to get nontrivial solutions in BV (£2), the space of functions in L'(2) whose derivatives
have finite total bounded variation over 2. We stress again that this goal is forbidden in presence
of merely integrable data whenever g = 0 (see [21]). It is also worth mentioning that, if this is the
case, existence of solutions is expected for more regular data, but only under a suitable smallness
condition on the norm ([17,16]), which here is not requested.
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As a further feature of these types of problems with gradient type absorption terms one has
that solutions u of (1.2) are in fact “zero” HV~! a.e. on 92 in contrast with the case of reaction
terms ([22,18]) or no reaction at all ([16]) in which constant solutions are allowed.

We also stress that a standard approach to deal with 1-Laplace type problems as (1.2) consists
in approximate them with p-Laplace ones where p > 1. Our method will follow this line but let
us emphasize that the case p > 1 is interesting and new as well; so that, in Section 3 we set, as
a preparatory tool but in full generality, the theory of existence and weak regularity of solutions
for problems as in (1.1).

The plan of the paper is the following: in Section 2 we provide some preliminaries tools and
notation. In Section 3 we study the Dirichlet problem in presence of a principal operator modeled
by the p-Laplacian with p > 1; apart from being interesting itself, it is the preparatory study for
the main Section 4, in which the limit case p = 1 is investigated. Finally in Section 5, we give
some further insights on how to extend the result in various directions as the case of merely
nonnegative data and the case of a nonlinearity g possibly blowing-up at infinity.

2. Notation and preparatory tools

For the entire paper Q denotes an open bounded subset of RY, for N > 2, with Lipschitz
boundary. We stress that for the results of Section 3 the Lipschitz regularity is not needed. By
HN~1(E) we mean the (N — 1)-dimensional Hausdorff measure of a set E while | E| stands for
its N-dimensional Lebesgue measure. The space M (£2) is the usual one of Radon measures with
finite total variation over 2. Its local counterpart M, (€2) is the space of Radon measures which
are locally finite in €2.

For a fixed k > 0, we use the truncation functions 7y : R — R and G : R — R defined by

Ti(s) :=max(—k, min(s, k)) and Gi(s) :=s — Tr(s). 2.1

Moreover we define

1 0<s <3,
26 —

Vs(s) == 65 5<s <26, 2.2)
0 s> 25.

Finally, for a Banach space X we denote by C,(J)(X ) the space of bounded and continuous real
functions on X.

If no otherwise specified, we denote by C several positive constants whose value may change
from line to line and, sometimes, on the same line. These values will only depend on the data
but they will never depend on the indexes of the sequences we will gradually introduce. Let us
explicitly mention that we will not relabel an extracted compact subsequence.

For simplicity’s sake, and if there is no ambiguity, we will often use the following notation:

Q/f::g/f(x)dx.
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2.1. Basics on BV spaces

The Banach space of bounded variation functions on €2 is defined as:

BV(Q):={ue L (Q): Due M)V},

||u||Bv<m=/|u|dHN—1+f|Du|,
02 Q

where | Du| denotes the total variation of the measure Du. With L, we mean the set of Lebesgue
points of a function u, with S, := Q\ L, and with J,, the jump set. Let recall that any function u €

BV (£2) can be identified with its precise representative u™ which is the Lebesgue representative
_ ut4u~
=2

endowed with the norm

in L, while u* in J, where u*, u~ denote the approximate limits of . Moreover it
can be shown that #"~1(S, \ J,) = 0 and that u* is well defined HV'-a.e.

Let us highlight that, once saying that D’u = 0, we understand that HN=1(J,) =0, or, in
other terms, that Du = Du where Du is the absolutely continuous part of Du with respect to the
Lebesgue measure. In this case we will also denote by u instead of u* the precise representative of
u as no ambiguity is possible when integrating against a measure which is absolutely continuous
with respect to HV !

2.2. The Anzellotti-Chen-Frid theory

In order to be self-contained we summarize the L°°-divergence-measure vector fields theory
due to [6] and [12]. We denote by

DM®(Q) :={z e L® Q)" :divz e M(Q)},

and by DMy (Q) its local version, namely the space of bounded vector field z with divz €
Mioc (£2). We first recall that if z € DM®(2) then divz is an absolutely continuous measure
with respect to HV L.

In [6] the following distribution (z, Dv) : C, Cl (2) — R is introduced:

{(z, Dv), ) ::—/v*<pdivz—/vz~V(p, gaeCCl(Q), (2.3)
Q Q

in order to define a generalized pairing between vector fields in DM (2) and derivatives of BV
functions. In [27] and [11], in fact, the authors prove that (z, Dv) is well defined if z € DM ()
and v € BV (2) N L*°(Q) since one can show that v* € L°° (2, divz). Moreover in [17] the
authors show that (2.3) is well posed if z € DMIOC(Q) and v € BVioe(Q) N LL (2, divz) and it
holds that

loc

I{(z, Dv), ¢)| < IIsDIILw(U)IIZIILoO(U)N/IDUI,
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for all open sets U CC 2 and for all p € C } (U). Moreover one has

/(z, Dv) §/|(Z,DU)|§||Z||Loo(U)N/|DU|, 2.4)
B B B

for all Borel sets B and for all open sets U such that B C U C .
Observe that, if z € DM (R2) and w € BVjoc(2) N L°(L2), then

div(wz) = (z, Dw) + w*divz, (2.5)

so that wz € DM}> ().

We recall that in [6] it is proved that every z € DM () possesses a weak trace on 92 of
its normal component which is denoted by [z, v], where v(x) is the outward normal unit vector
defined for HN~!-almost every x € 2. Moreover, it holds that

1z, vIllLe o) < lzllpeo@n, (2.6)

and also that, if z € DM™>(Q) and v € BV (2) N L*°(L2), then

vz, v] =[vz, v],

(see [11]).
Finally the following Green formula holds (see [17]).

Lemma 2.1. Let z € DM () and set ju =divz. Let v e BV () N L*(Q) be such that v* €
LY(2, ). Then vz € DM™(RQ) and the following holds:

/v*du—i—/(z, Dv):/[vz,v] dHN L. 2.7
Q Q2

Q

Analogously to (2.6), it can be proved (see [17, Proposition 2.7]) that, for z € DM?&(Q) such
that the product vz € DM (2) for some v € BV (2) N L*°(R),

vz, vl < v solllzlzec@y  HY'-ae. ondQ. (2.8)

When dealing with compositions with nonlinear functions it is sometimes useful to define a
slightly “different” pairing measure as follows (see for instance [26]): let 8 : R — R be a locally
Lipschitz function and v € B V}o(£2), then we define

ot
1
,3(1))#': m/ﬁ(s) ds if x e Jy,

B(v) otherwise.
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Observe that ﬂ(v)# turns out to coincide with 8(v)* on the jump set if and only if B(s) =s.
As for (2.3),if z € DMf(fC(SZ) and v € BVjoc(£2) is such that 8(v) € BVic(2) N LfOOC(Q), it is
possible to define the measure (z, D,B(v)#) by

(2. DB()"), @) = — / B e divz — / Bz Vo, 9eCl@). 29)
Q Q

By [26, Lemma 2.5], this new pairing (z, DA (v)¥) is a well defined measure absolutely con-
tinuous with respect to HN-1 and moreover

f (z. DBWM| < / |(z. DB <zl Lo yw / |DB ()|, (2.10)
B B B

for all Borel sets B and for all open sets U such that B C U C 2.
In what follows we will use the classical chain rule formula for functions in BV ([2, Theorem
3.99]).

Lemma 2.2. Let u € BV (R2) and let ¥ : R — R be a Lipschitz function. Then v = V(u) €
BV (2) and

Dv =V u)*Du. (2.11)
In particular, iiju =0, then Dv = \IJ’(u)Du.
2.3. A general result on the jump part of a BV function

We show a general result showing that a function w € BV} (£2) satisfying an inequality in-
volving its gradient has no jump part. The proof is a suitable re-adaptation of an idea in [19].

Lemma 2.3. Let o and B be two locally Lipschitz increasing functions on R. Let z € DM, (R2)

such that 2]l ooy < 1, w, (W) € BVioe(R), f(w) € BVioe(R) N Li%,(R), and i € L}, ().
Moreover assume that

—divz + |Da(w)| <A (2.12)

and

(z, DB(w)*) = |DB(w)!, (2.13)
as measures. Then D/w = 0.

Proof. Since B(w) € BVioc(£2), by [2, Theorem 3.78], Sg(w) is a (locally) countably HN 1 —rec-
tifiable set and then there exist regular hypersurfaces & such that HV =1 (Sg \ U2, &) = 0.
By monotonicity of 8, the proof follows once we prove that |DB(w)|(§;) =0 for any i € N.
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First observe that by [1, Proposition 3.4] one has that
divz=1[z,v]* —[z,v]” on§;, (2.14)

where [z, v]™ and [z, v]™ are the traces of the normal components of z over £; defined as in [1,
Definition 3.3].
Hence, using [14, Corollary 3.2], one has that

(z, DB(w)*) = —Bw)* divz + div(B(w)z)
= [z, v]T(Bw)" = Bw)*) + [z, v~ (Bw)* — B(w)™) (2.15)
<|Bw)t — B(w)”| on &,

with the equality sign if and only if [z, v]T = [z, v]™ = sgn(B(w) T — B(w) 7).
Now, as

|DB(w)| = |B(w)* — B(w)”| on &,
from (2.13) we then get the equality sign in (2.15); so that
[z, V] =[z,v]” =sgn(B(w)™ — B(w)7) on &. (2.16)

Observe that both «(w) and B(w) share the same jump set so that we gather together (2.12),
(2.14) and (2.16) to obtain that

la(w)™ —a(w)”| = |Da(w)| =0on§,
which allows us to conclude that
|Da(w)| =0 on &,

and, as « is strictly monotone, that finally D/w =0. O
3. The case p > 1 for general monotone operators

As we mentioned, in this section we set, not only as a preparatory tool, the theory of existence
and weak regularity of solutions for problems as in (1.1) for Leray-Lions nonlinear operators as
leading terms.

Let @ Cc RV (N > 2) be an open and bounded set (no further regularity is needed here),
andleta: @ x R x RN — R¥ be a Carathéodory function satisfying the classical Leray-Lions

assumptions, i.e. there exist o, B > 0 and 1 < p < N such that, for almost every x € €2, for every
s € R and every £, £’ e RV:

a(x,5.8) & = alg)”, (3.1)
lax,5.6)| < B (bG) + 1517~ +18177). (3:2)
(a(x,s,é)—a(x,s,é/))~(§—$/)>O; (33)
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let us recall that, by (3.1), one has a(x, s,0) =0, for any s € R and a.e. x € Q2.
Consider the following boundary value problem

—div(a(x,u, Vu)) + gw)|Vul|? =h(u) f in L,
u=>0 in €2, (3.4
u=0 on 0€2,

where g : [0, 0c0) — [0, 00) is a continuous function such that
liminf g(s) > 0. 3.5
§—>00
Moreover £ : [0, o0) — [0, oo] is a continuous function such that 2(0) > 0,
30§y§1,c1,s1>0:h(s)gc—; forall s < s1, (3.6)
s
and

heCY(8,00)) V8> 0. 3.7)

Let us stress that the classical case g,k = 1 is covered by the above assumptions as y could
be zero and g does not necessarily satisfy g(0) = 0.

As for the datum, we assume that f € L' (2) is nonnegative.

Let us introduce the notion of distributional solution for problem (3.4).

Definition 3.1. Let 1 < p < N then a nonnegative u € Wé’p (R2) is a distributional solution to
G4 ifax,u,Vu)ye LL (DN, g)|Vu|?, h(u) f € L1 () and if it holds

loc loc

/a(x,u,Vu)-V(p+/g(u)|Vu|‘"(p=/h(u)f<p, V(png(Q). (3.8)

Q Q Q

Remark 3.2. It is worth mentioning that all the terms appearing in the weak formulation of
Definition 3.1 are well defined. In particular, as the vector field a satisfies (3.1)-(3.3), then
a(x,u,Vu) € Lp/(Q)N since u € Wol’p(Q), where p’ = % is the standard Holder conjugate
exponent of p.

Now we are ready to state the main result of this section.

Theorem 3.3. Let a satisfy (3.1)-(3.3) with 1 < p < N. Let g satisfy (3.5) and let h satisfy
(3.6)-(3.7). Finally let f € L'(2) be nonnegative. Then there exists a solution u to (3.4) in the
sense of Definition 3.1 such that g(u)|Vu|P € L'(S).
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3.1. Approximation scheme

In order to prove Theorem 3.3 we work by approximation. We will show the existence of a
nonnegative solution for the following

—di P — 1
{ div(a(x, un, Vuy)) + gy (up)|Vuy|? = hy(uy) f  in Q, (3.9)

u, =0 on 0€2,
where

min{n, g(0)} ifs <0,

&n(s) = {Tn(g(s)) ifs >0,

fn:=T,(f) and h,, := T,,(h) with n > 0 (T,,(s) is defined in (2.1)).
The proof is standard and it is based on an application of the Schauder fixed point. We will
sketch it for the sake of completeness.

Lemma 3.4. Let a satisfy (3.1)-(3.3) with 1 < p < N, then there exists a nonnegative u, €
WP (@) 0 L%(R) which satisfies

/a(x, i, Vi) - Vo + / on () Vitn] P = / (i) fop. Yo € WP (2) N L®(Q).
Q Q Q

Proof. We set
S:LP(Q) — LP(Q),

as the map that, for any v € L?(2), gives the weak solution w to

(3.10)

—div(a(x, w, Vw)) + go (W) |Vw|? = h,(Jv]) fn  in 2,
w=0 on 9%2,

whose existence is guaranteed from [9, Theorem 1]. In particular w € WO1 P(Q)NL®() satisfies

[a(x,w,Vw)-V¢+/gn(w)|Vw|p§0=/hn(lvl)fnfp, Yo e Wy P (@) NL®(R). (3.11)
Q Q Q

We claim that w is nonnegative; indeed, one can fix in (3.11) ¢ = —w~ e~ "%, for some ¢ > 0
to be chosen later, and, here, w™ > 0 denotes the negative part of w. This yields to

—/a(x,w,Vw).Vw_e_'w—l—/ta(x,w,Vw)~wa_e_“”—/gn(w)WwI”w_e_’w
Q Q Q

z_/hn(IUDfnw_e_tw <0,
Q
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which, recalling (3.1), implies

Ol/ [Vw™ |Pe™™ + / IVw|Pw™e ™ (at — g,(w)) <O0.
Q Q

Hence it is sufficient requiring # > Z in order to deduce that w > 0 almost everywhere in Q.
Now we show that the map S has an invariant ball, it is continuous and relatively compact in
LP(2), so that the Schauder fixed point Theorem can be applied.
Let us fix ¢ = w in (3.11) yielding to

G.1)
oz/IVwV’ < /a(x,w,Vw)~Vw+/gn(w)|Vw|"w
Q

¢ ¢ (.12)

1
:/hn(|v|>fnw5n2|sz|p’ lwlLr),
Q

after an application of the Holder inequality on the right-hand. Using the Poincaré inequality on
the left-hand, one deduces

1
cP(p, Qn*\7 T 1
lwlr@ < (T |2]7,

where c(p, 2) is the Poincaré constant; observe that these estimates are independent of v. Thus,

c? (p,2)n?
a

1
=1 1
we can affirm that the ball of radius ( ) "' Q|7 is invariant for S.

Moreover from (3.12) one deduces that

where C is independent of v. This is sufficient to deduce that S(L?(£2)) is relatively compact in
L?(£2) by Rellich-Kondrachov Theorem.

It is left to show that S is continuous in L7 (2). Let consider vy € LP(2) converging to
veLP(RQ) as k — oo.

If we denote by wy = S(vi) then wy is bounded in Wol’p(Q) with respect to k thanks to (3.13).
Moreover, exists w € WO1 "7 (Q) to which wy, up to subsequences, converges weakly in WO1 P(Q).
Now, as hy, (|vk]) fn < n? by the classical Stampacchia’s argument (see for instance [9, Lemma
2]), one has that wy < C almost everywhere in 2 where C is independent of &, i.e. w € L°° ().

Now we need to show that w = S(v); i.e. we need to pass to the limit with respect to k in the
following formulation

/a(x,wk,Vwk)-V¢+/gn(wk)|Vwk|P¢=/hn<|vk|)fn¢, Ve e WP @NLR@.  (.14)
Q Q Q

For the right-hand of (3.14) one can apply the Lebesgue Theorem since A, (|vk|) fne < np e
L' (). Now observe that, once one proves that wy converges strongly to w as k — oo in
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WO1 "P(Q), one can safely pass to the limit on the left-hand of (3.14). Indeed it will be sufficient
recall that g, is bounded and that a satisfies (3.2).

The proof of the strong convergence in Wol’p (£2) of w is also quite classical under the above
assumptions. Anyway, for the sake of completeness, we will sketch it.

Let consider ¢, (s) := sePs? (p > 0) which satisfies

2
"
n9,(s) — wlep()| = =, VseR, Vi, u>0, sz4—’72. (3.15)

N

We fix ¢ = ¢, (ur) in (3.14) where uy :=wy — w € Wol’p(Q) N L*°(2), then we have

/a(wikvvwk)'V”k(p;)(uk)+/8n(wk)|vwk|p§0p(uk):/hn(|vk|)fn¢p(uk)- (3.16)
Q Q Q

By (3.1) we find

/a(xs Wk, Vwk) : Vwk|(ﬂp(uk)|,
Q

RIS

—fgn(wk)kalpgop(uk) Sn/ IVwil?gp (ur)] <
Q Q

which gives

n
—/gn(wk)IVwkl”wp(uk) < E/a(wikvvwk)‘Vuk|(ﬂp(uk)|

¢ ¢ (3.17)

n
+;fa(x,wk,wk)-Vw|<pp(uk)|.
Q

Observe now that, since a(x, wr, Vwy) is bounded in Lp,(Q)N and since Vw|g, (uy)| strongly
converges to zero in LP(Q)" as k — oo, one has

Jim [ a i, V) - Vwlg, (u) | =0. (3.18)
—> 00
Q

Moreover, an application of the Lebesgue Theorem gives that

kl_i)n;o/hn(lvknfn(pp(uk) =0. (3.19)
Q

Gathering together (3.16), (3.17), (3.18), and (3.19) we have

n
/a(x,wk,Vwk)Vukfp;,(uk) < ;/a(x,wk,Vwk%Vuklwp(uk)lerk,
Q Q

where w; denotes an infinitesimal quantity as k — oo.
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n2

1g2> One has

Thus, using (3.15) fixing p =

fa(x, wk, Vwg) - Vug < wy,
Q

which implies
/ (a(x, wg, Vwg) — a(x, wg, Vw)) - V(wg —w) < —fa(x, wi, Vw) - Vug +wy. (3.20)
Q Q

It follows from (3.2) and from the fact that wj converges to w in LP(2) as k — oo that
a(x, wg, Vw) strongly converges in L”/(Q)N toa(x, w, Vw) as k — oo. Moreover, as u; weakly
converges to 0 in W(;’p(Q) as k — oo, from (3.20) and (3.3) one has that

klim (a(x, wg, Vwg) —a(x, wg, Vw)) - V(wg — w) =0,
— 00
Q

which allows to apply Lemma 5 of [9] in order to deduce that

wi — w  strongly in W(}’p(Q).

This is sufficient to conclude that w = S(v), i.e. S is continuous.
We finally apply the Schauder fixed point theorem to conclude that S has a nonnegative fixed
point u,, € W()]’P(Q) N L% () that is a solution to (3.10). O

3.2. A priori estimates

In this section we collect all the estimates from which one could derive the existence of a limit
function for u of u,.

Lemma 3.5. Let a satisfy (3.1)-(3.3) with 1 < p < N, let u,, be a nonnegative solution to problem
(3.9). Then u,, is bounded in W(}’p(Q) with respect to n. Moreover g, (u,)|Vuy|? is bounded in
LY(Q) and h,,(up) f,, is bounded in LIIOC(Q) with respect to n.

Proof. We start proving that u, is bounded in W(}’p (2). Let us first observe that, from (3.5),
there exists k > 0 such that for all s € [k, c0) one has g(s) > n > 0 for some n > 0. Then we
choose Ty (u,) as test function in the weak formulation of (3.9) in order to deduce that

/ a5 s Vit) - VTclity) + / g (1) |Vt [P Tt = / T (1) o T,

Q Q Q

which implies that
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/ a(x,uy, Vuy) - Vu, + / &n(n) |V, |Puy +k / 8n ()| Vu,|?

{un SE} {un SZ} {un >E}
= / h (Un) futtn “I‘E / h (n) fo.
{un=<s1} {un>s1}

Without loosing generality let assume n > n and, using that g, (u,) > n on {u, > k), (3.1) and
(3.6), one yields to

o / |Vun|? + kn f |Vu,|? < e / un ' fu+k sup h(s) fu-

_ _ s€[s1,00)
{un <k} {n >k} {un=s1} {un>s1}

From the previous it follows

min{a,%n}fwu,,v’ < (qsll_y +k sup h(s)) 1Nz
Q

s€[s1,00)

namely u,, is bounded in Wol’p (€2) with respect to n since y < 1 and thanks to (3.7).
Now we focus on proving the L'-estimate on g, (u,)|Vu,|? in n. Let us take T} (u,) as test
function in the weak formulation of (3.9), obtaining

/a(x,un,w,»-vn(m+/gn(un>|wn|l’n(un>=/hn(un>fnn(un),

Q Q Q

which, recalling (3.1) and (3.6), gives

/gn(un)IWnl”fq / un ' fu4 sup h(s) fn

un=1) {un =51 e
Up= Up=S Up>s
: : (3.21)
l_
< <61S1 "+ sup h(S)> (RAIVARSE
SE€[s1,00)
Moreover one can observe that
/ 8n () |Vuy|P < n%gﬁ]g(S)/ |Vu,|? < C, (3.22)
s€|,
{u, <1} Q

where C does not depend on = since u,, is bounded in WO1 P () with respect to 7. Then it follows
from (3.21) and (3.22) that g, (u,)|Vu,|? is bounded in L'(€2) with respect to n.
We finally show that A, (u,) f,, is bounded in L} () with respect to n.

loc
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Let consider 0 < ¢ € C Cl (£2) as a test function in the weak formulation of (3.9), obtaining

/hn(un)fn<0=/a(x,un,wn)~V¢+/gn(un)IVun|”<p§C,
Q Q Q

where C does not depend on n. Indeed we have already proven that g, (u,)|Vu,|? is bounded
in L1(£2). Moreover, as u,, is bounded in WO1 "P(Q) and thanks to (3.2), it is easy to check that
a(x, un, Vi) is bounded in L? ()N with respect ton. O

In the next lemma we show the existence of a limit function for u, with respect to n and we
show that any truncation of u,, strongly converges in W(} P(Q) asn — oo.

Lemma 3.6. Let a satisfy (3.1)-(3.3) with 1 < p < N, let u,, be a nonnegative solution to problem
(3.9). Then there exists u € WO1 P (Q) to which u,, up to subsequences, converges as n — 00

almost everywhere in Q. Moreover Ti(u,) converges, up to subsequences, strongly in Wé P(Q)
to Ty (1) as n — oo for any k > 0. Finally g(u)|Vu|P € LY(Q) and h(u) f € L (Q).

loc

Proof. The existence of a limit function u follows from a standard compactness argument once

that Lemma 3.5 is in force. From the same lemma one also has that &, (u,) f,, is bounded in

LIIOC(Q) with respect to n; then an application of the Fatou Lemma as n — oo gives that h(u) f €
(€2).

Ll
loc
To show the strong convergence of Ty (u,) in n, we re-adapt a classical idea of [8].

We recall that the function ¢, (s) := sePs? (p > 0) satisfies (3.15) and we define for any k > 0
Wn i := Tie(up) — Tie(u) .
We take @, (wp k) as a test function in the weak formulation of (3.9); one has

/a(xvunsvun)'an,k(p,/g(wn,k)+/gn(un)|vun|pr(wn,k):/hn(un)fn‘/)p(wn,k)- (3.23)
Q Q Q

We can write the first term on the left-hand of the previous as
f a(x, un, Vitg) - Vwy k@), (Wp k) — / a(x, up, Vp) - VT ()@, (Wy k)
{un <k} {up >k}

> /a(x, Tic(un), VTic(n)) - Vn k@), (W k)
Q

6 [ (b0 a9, 19Tl 0
{up>k}

where in the last step we used (3.2). Gathering the previous inequality into (3.23) one has
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/a(x’ Tk (upn), VI (up)) - V(T (up) — Tk(“))ﬁo,/g(wn,k) + [ 8n (un)|vun|p(pp(wn,k)
Q Q

< [t fugptwni + 6 [ (60 a1 190,17 19T a0
Q {un>k}

Since |V T ()| X{u, >k} — O strongly in L?(Q) as n — oo while B (b(x) + [un|?~' 4+ |Vu, |P71)

|<p;)(w,,,k)| is bounded in Lp/(Q) since i, is bounded in Wol’p(Q) with respect to n, then the last
term in previous inequality tends to zero as n tends to infinity. Hence,

/a(x, Tic(un), VT (un)) - V(Tic(un) — Te )@, (Wi k)
Q

=< _/gn(un)|vun|pfpp(wn,k)+/hn(un)fn(pp(wn,k)+wn,
Q Q

(3.24)

where, again, w,, is a quantity that tends to 0 as n — oo.
Now observe that for the first term on the right-hand of (3.24), one has

_fgn(”n)|vun|p¢p(wn,k)§ / gn(”n)|vun|p|(pp(wn,k)|7
Q {un <k}

since ¢, (wy, k) > 0 on {u, > k}. Furthermore, using (3.1), one deduces

- / 0 (1) Vitn| P (wn ) < ma"+’”g“) / a e, TG, VT ) - VT ()0 (0] -

Q Q

Since a(x, Ty (uy,), VI (uy)) is bounded in LP,(Q)N while VT} (u)|¢,(wy k)| strongly converges
to zero in L” ()N as n — oo, one yields to

lim /a(x, Tic(un), VI (un)) - VT (u)|@p (wn k)] =0,
n—oo
Q
which implies

- / an () [Vitn| P9 ()
Q

< rr“""%”"m)/au, TiCn), VTe(n)) - V(Telttn) — T (@)@ (W i)| + on.
Q

Then gathering the previous into (3.24) one has
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[a(x, Tic(un), VT (un)) - V(Tic(un) — T ()@, (Wi k)
Q

< ma"+’”g(” / a(x. Te(n), VTi(un)) - V(Te(ttn) — Te())|@p (wn )|
Q

+/hn(un)fn(pp(wn,k)+a)nv
Q

2
which, using (3.15) with p = ("=424£) )", implies that

/a(x, Tie(un), VT (up)) - V(Ti(un) — Tre(u)) 52/hn(un)fn<ﬂp(wn,k)+wn. (3.25)
Q Q

Now observe that it follows from (3.2) and from having u, weakly converging in WO1 "P(Q) that

Jim_ / a(x, Tiun), VIe@)) - V(Ti(atn) = i) =0,
Q

Then by adding and subtracting this quantity into (3.25), one has

/(a(x, Ti(un), VI (uy)) — alx, Ty (uy), VI (W))) - V(Ti (un) — T (1))
Q

<2 / ot fo0p (W) + 0.
Q

We claim that the right-hand of the previous inequality converges to 0 as n — oo, for every fixed
k > 0. If h(0) < oo then this passage to the limit follows from the convergence in L'(2) of f;,
coupled with the *-weak convergence of ¢, (w, ) to zero in L*°(£2).

Hence, we assume /(0) = oo. We fix 0 < § < s1. Then, using (3.6) one yields to

/ ot o0 () < 1 f 5—;<pp<wn,k)+ sup h(s) | fagplwnp).  (3.26)
Q lnss) SEo0) )

The second term on the right-hand of (3.26) converges to 0 as n — oo since f, converges in
L'(€2) while ¢, (wp k) converges *-weakly in L®°(€2) to 0 as n — oo. For the first term of (3.26)
one reason as

2

ci L;(/)p(wn,k)fzcl / 817V f etk
u

(unss) 1<)
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Applying the Lebesgue Theorem we can say that (here we may assume § < 1)
lim 2¢; / 517 f Pk = 2¢, / 8177 F <2¢ / 1,
n—oo
{un <8} {u=<d} {u<é}

since y < 1. We have already shown that h(u) f € LlloC
up to a set of zero Lebesgue measure, which gives

li =
tim [ 1
}

{u<é

(€2). This implies that {u =0} C {f =0}

/f:O.
)

{u=0

This allows to deduce that for every k > 0

nl_i)lgof(a(x, Tic(un), Vi (up)) — a(x, Ti(un), VIi(w))) - (VI (un) — VI () =0,
Q

which is sufficient to apply [9, Lemma 5], deducing
Ty (un) — Ty (u) strongly in Wol’p(Q),

for every k > 0. This also implies that Vu,, converges almost everywhere in 2 to Vu as n — oo.
Moreover, as Lemma 3.6 guarantees that g, (u,)|Vu,|? is bounded in LY () with respect to
n, an application of the Fatou Lemma in n gives that g(u)|Vu|? € L' (). This concludes the
proof. O

Remark 3.7. In Lemma 3.6 we have shown T (u,) converges, up to subsequences, strongly in

WOI'I)(Q) to T () as n — oo for any k > 0. From this fact we have that Vu,, converges almost
everywhere in Q2 to Vu as n — oo. This can be used to deduce below that a(x, u,, Vu,) strongly
converges to a(x, u, Vu) in L? ()N as n — oo thanks to (3.2).

3.3. Proof of the existence result
We are now ready to prove the main existence result of this section, i.e. Theorem 3.3.

Proof of Theorem 3.3. Let u, be a solution to (3.9) whose existence is guaranteed by

Lemma 3.4. Moreover it follows from Lemma 3.6 that there exists u € WO1 "P(Q) which is, up
to subsequences, the almost everywhere limit in €2 of u,, as n — co. Moreover the same lemma
gives that g(u)|Vu|? € L' () and that h(u) f € LI]OC(Q).

To conclude the proof, it remains to show that u satisfies (3.8), namely that one can pass to

the limit with respect to n:

/a(x,un,Vun)-V<p+/gn(un)|Wn|”<p=/hn(un)fn<p, (3.27)
Q Q Q

where ¢ € C}(Q).
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It is a consequence of both (3.2) and Lemma 3.5 that a(x, u,, Vu,) strongly converges to
a(x,u,Vu) in L”/(Q)N as n — oo. This is sufficient to take n — oo in the first term of (3.27)
(see also Remark 3.7).

For the second term we show the equi-integrability of the sequence g, (u,)|Vu,|?.

To this aim we introduce the following function:

0 s <k,
Syk(s) i= % k<s<k+n,
1 s> k+n,

where k > 0 is a fixed parameter. Let us take S; x(u,) with k > 0 as a test function in the weak
formulation of (3.9), yielding to

/a(x, Up, Vity) - VMnS:;,k(un) + / gn(un)|vun|PSn,k(un) = /hn(un)fnsn,k(”n)a

Q Q Q
which, thanks to (3.1), implies
/gn(un)|vun|psn,k(un) < sup h(s) f

k,
Q selk.0) {un >k}

We take n — 0 applying the Fatou Lemma, obtaining
/ gn(un)|vun|p§ sup h(s) / Ve

s€lk,00)
{up>k} {u, >k}

Recalling that T} (u,,) strongly converges in WO1 "P(Q) with respect to n and that g is continuous,
the former inequality gives the equi-integrability of the sequence g, (u,)|Vu,|” with respect to
n. This fact, jointly with

&)\ Vu,|? — g)|Vul? ae.in Qas n— oo,

and recalling that g(u)|Vu|? € L'(S), allows to apply the Vitali Theorem to deduce that

&n ()| Vu,|? — g)|Vu|? strongly converges in LI(Q) as n — oo.

The proof is then concluded once we pass to the limit in the right-hand side of (3.27) for any
0<gpeC Cl (2), as the case of ¢ with general sign will easily follow. If #(0) < oo the passage to
the limit is trivial. Hence, without loss of generality, we assume that /(0) = oo.

We choose § > 0 such that § & {n : |{u = n}| > 0} and we split (3.27) as follows

/a(xv Up, Viy) - Vo + / gn(un)lvun|p¢ = / hn(Uy) fup + / h(uy) fup.  (3.28)

Q Q {un=<8} {un>38}
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We first show that

lim lim sup / hu(un) fap =0.

3—>0 n—soo
{un <8}

(3.29)

Let fix Vs(u,)e (Vs is defined in (2.2)) with 0 < ¢ € Cc1 (€2) as test function in the weak formu-

lation of (3.9), and we deduce

[a(x,un,Vun)-V(Vs(un)w)+/gn(un)|Vun|st(un)<p=/hn(un)ana(un)§0-

Q Q Q

Then one has

/ hn(un)fn(/)thn(”n)ﬁzv8(un)¢

{un <8} Q

Sfa(X, Up, vun)‘V(pvé(un)+/gn(un)lvun|pvﬁ(un)¢-

Q Q

Now we can take the limsup as n — oo in the previous inequality; indeed for the first term
on the right-hand one recalls Remark 3.7 and the fact that V5 < 1. For the second term on the
right-hand we have already proven that g, (u,)|Vu,|? strongly converges in LY (Q) to g(u)|Vu|P

as n — 00. Then one has

lim sup f hn(un>fngosfa(x,u,vw-wva(m+/g(u)|W|"va(u><o.

n—>0oo
{1 <8} Q Q

Now let § — 0 in (3.30) applying the Lebesgue Theorem, deducing that

lim lim sup / hn(uy) fro < / a(x,u,Vu) -V + / g)|Vu|Pp =0,

=0 n—oo
{un <4} {u=0} {u=0}

since u € Wé’p(Q) and a(x,0,0) =0 for all x € 2 (recall Vu =0 a.e. on {u = 0}).
Now we focus on the second term on the right-hand of (3.28). Observing that

B () fu@ Xy =5y < sup h(s) fo € LY(RQ)

s€[§,00)

then one can take n — oo, yielding to

im [ k) foo = / hw) fo.

n—od
{un>8} {u>38}

since [{u =6} =0.
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Moreover, as h(u) f € LIIOC(Q), one can take § — 0

§—0n—00
{1, >8} {u>0}

lim lim ho (un) frp = / h(u)f¢=/h(u)f§0, (3.31)
Q

where the last equality follows from the fact {u = 0} C {f = 0} up to a set of zero Lebesgue
measure since i (u) f is locally integrable.

Finally observe that (3.29) and (3.31) allow us to pass to the limit as n — oo, for fixed § > 0,
and then as § — 0 in (3.28) and the proof is concluded. O

Remark 3.8.In Theorem 3.3 we found a distributional solution u € W(}’p (2) satisfying
g)|Vul? € LY(Q). Then it is worth mentioning that in this case we can extend the class of
test function given in (3.8) to Wol’p(Q) N L>®(Q).

Indeed, for any 0 < v € Wol’p(Q) N L*°(2), there exists ¢, € Ccl (€2) such that ¢, — v
strongly in WO1 "7 (Q) as n — oco. Moreover let pn be a standard mollifier. We note that v, ; =

on *min{v, ,} € C Cl (2) for n > 0 small enough, hence it is an admissible test function for the
problem (3.4), so we can write

fa(x,u,w)-vwn,n+/g<u>|wwwn,n =/h(u)f1/fn,n. (332)

Q Q Q

We recall that ¥, , — ¥, = min{g,, v} as n — 0 strongly in WLP(Q) and *-weak in L®().
Then, as a(x, u, Vu) € LP ()N, g)|Vul? € L' () and h(u) f € L (), one can take 1 — 0
in (3.32) obtaining

/a(x,u,VM)-Vlﬂn+/g(u)|Vu|an=/h(u)f¢n- (3.33)

Q Q Q

Now note that ¥, — v strongly in WLP () and *-weak in L°(§2) as n — 00, so we can take
n — oo in the first two terms of (3.33).

For the term on the right-hand of (3.33) one can reason as follows. Firstly observe that an
application of the Fatou Lemma with respect to n gives that

/h(u)fvSljlrgicgf/h(u)flﬁn=/a(x,u,Vu)-Vv+/g(u)|Vu|‘”v,
Q Q Q Q

whose right-hand is finite. Then, as 4 (u) fv € L'(S2), one can apply the Lebesgue Theorem to
obtain

Tim / h(w) f Y = / hw) fo.
Q

Q

Therefore, as the case of a function v with generic sign easily follows, we have proven that the
solution u to (3.4) found in Theorem 3.3 satisfies
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/a(x,u,Vu)-Vv+/g(u)|Vu|pv:fh(u)fv,

Q Q Q
forall v e Wy” () N L™(Q).
4. Main assumptions and existence result for p =1

In this section we address the limit case p = 1. In particular we are interested in proving
existence of nonnegative solutions to the following Dirichlet boundary value problem

A.1)

—Ayu+gw)|Dul=h(u) f ing,
u=>0 on 0€2,

where f is a positive function in L1(€), g : [0, 00) — [0, 00) is a positive, bounded and con-

tinuous function such that (3.5) is in force. The function % : [0, co) — [0, oo] is continuous and

possibly singular with 4(0) # 0, it is finite outside the origin and such that (3.6) and (3.7) hold.
Here is how the notion of solution for problem (4.1) is intended.

Definition 4.1. Let 0 < f € L'(Q). A nonnegative u € BV () is a solution of problem (4.1)
if D/u=0, gu) € L (Q,|Dul) and h(u) f € L] () and if there exists a vector field z €

DM (), with 1zl poo (v < 1 satisfying

loc

—divz 4+ gw)|Dul =h@) f inD' (), (4.2)
(z, DTy (u)) = |DTi(u)| as measures in €2 for any k > 0, 4.3)

and
ux)=0 forH" '-ae. x €. 4.4)

Remark 4.2. Let us spend a few words on Definition 4.1. Formula (4.3) is the weak way in
which the vector field z plays the role of the singular quotient Du|Du|~'. Hence the (4.2) and
(4.3) represent the weak way the first term in (4.1) is intended.

Furthermore, the boundary datum is given by (4.4) which is something strongly related to the
presence of g. Indeed, it is classical nowadays that solutions to 1-Laplace Dirichlet problems
do not attain, in general, the boundary datum pointwise when g = 0, and in this case, a weaker
condition involving [z, v] is usually required (see for instance [3,4,16]).

Let us finally explicitly observe that if #(0) = 00, as h(u) f € LIIOC(Q), then, again, {u =0} C
{f = 0}. So that in this case, as f > 0, then u > 0.

We define the following function which will be widely used in the sequel

S

p(s) :=/g%(o) do.

0
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Moreover, we denote by I'(s) :=I'1(s). Let explicitly observe that, as g is bounded, I'(s) is a
Lipschitz function satisfying assumptions of Lemma 2.2. In Section 5.2 we briefly discuss the
case of a g possibly unbounded at infinity.
A very similar reasoning to the one of [26, Remark 3.4] gives the following result.
Proposition 4.3. Let u be a solution of the problem (4.1) in the sense of Definition 4.1, then
—div(ze "Wy = h(u) fe W in D' (Q). 4.5)
Proof. By (4.3) and [23, Proposition 3.3] we have that

0z, D0l—e "Wy x)=1 |D(1—e T®W)|—ae.in Q,

where 0(z, Dv, x) is the Radon-Nikodym derivative of (z, Dv) with respect to |Dv| provided
v € BV (2). Consequently, for all Borel sets B C €2,

/(Z, D(1 — e—F(M))) =/9(Z, D(1 — e—l"(u))’x) ID(1 — e—F(M))| — / ID(1 — e—l"(u))|.
B B

B
Therefore
(z,D(1 —e "®W)) = |D(1 — e "®)| as Radon measures in €. (4.6)
On the other hand, by (2.5), (4.6), (4.2) and Lemma 2.2, we have

—div(e "™z =div((1 — e T®)z) —divz=(z, D1 — e T®)) 4+ (1 — e TW) divz — divz
=ID(1 — e ") — (e "Wy divz = (e ") g )| Du| — (e ") (~h(u) f + g(u)|Dul)
=e "W h(u) f,

i.e. we obtain (4.5). O
Let us then state the main result of this section.

Theorem 4.4. Let g be positive, bounded and satisfying (3.5) and let h satisfy (3.6) and (3.7).
Finally let 0 < f € LY(Q). Then there exists a solution to (4.1) in the sense of Definition 4.1.

4.1. Approximation scheme and existence of a limit function

The proof of Theorem 4.4 will be presented as an application of a series of lemmas. We
introduce the following approximation scheme:

—Apup+gup)|Vupl? =h(up)f inQ,

4.7
u,=0 on 92, “.7)
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whose existence of u, € W(;’p (£2) in the sense of Definition 3.1 has been proven in Theo-
rem 3.3. Let us explicitly observe that, as long as we deal with the solution found in the
mentioned theorem, Remark 3.8 is in force; this means that the set of test functions is enlarged
to Wy’ (@) N L¥(Q).

We firstly look for some uniform estimates on u, for p > 1 small enough. Without loss of
generality and for the sake of exposition, by uniformly bounded with respect to p we mean the
existence of pg > 1 with some estimate holding for any 1 < p < po.

Lemma 4.5. Let g be positive, bounded and satisfying (3.5), let h satisfy (3.6) and (3.7) and let
0< fe LY Q). Let u, be the solution to (4.7) obtained in Theorem 3.3. Then u, and I p(up)
are uniformly bounded with respect to p in BV (2). Moreover there exists u € BV (S2) such that

u, converges to u (up to a subsequence) in L(2) for every q < % and Vu, converges to Du
*-weakly as measures. Finally, I'(u) € BV(2) and h(u) f € L} (2).

loc

Proof. We observe again that, as (3.5) is in force, there exists k > 0 such that for all s € [k, 00)
one has g(s) > n > 0 for some n > 0.

We choose Ti(up) € W(}’p () N L*®(Q) as test function in the weak formulation of (4.7)
(recall Remark 3.8), so that

[ 1912, V1) + [ )9y ) = [ by 70,
Q Q Q
from which

min{a,En}/wu,,v’ < (clslly + sup h(s)E> 1f 1l - (4.8)
Q

s€[s1,00)

It follows from (4.8) and from an application of the Young inequality that

1 1 1 - _ 1
[Vu IS—/IVM P+—=1Ql < ————=—cas; "+ sup Ak ) fllLi+—=I92l
9/ ’ Pa T pminfe kn} ! selsp, o0l EET

which shows that u, is bounded in BV (£2) with respect to p since the right-hand of the previous
is bounded with respect to p and u, has zero trace on 9€2.

Then standard compactness result for BV functions assures that there exists u € BV (£2) such
that, up to a subsequence, u,, converges in L9(£2) for any g < % almost everywhere in 2 and

Vu, converges to Du *-weakly as measures as p — 1.
To show that I"(u,) is bounded in BV (£2) it is sufficient to reason as for (3.21) and (3.22) in
order to deduce

/g(up)lvuplp <C, (4.9)
Q

where C is a constant independent of p, and to use the Young inequality to get
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1
/IVFp(up)IZ/g(Mp)”IVMpI S/g(up)IVup|p+|Q| <C+Qf; (4.10)
Q Q Q

observe that, in particular, by weak lower semicontinuity one has that I'(u) € BV (%2).
Now we focus on showing that A (u) f is locally integrable. We choose 0 < ¢ € Cg (Q)asa
test function in the weak formulation of (4.7); this yields to

/h(up)f<ﬂ=/|VMpl"_2VMp'V€0+/g(up)|VMpI”¢

Q Q

Q
! po ! p p
f? |V”p| +; [Vol” + g(”p)|vup| Q.
Q Q Q

4.11)

As the right-hand of (4.11) is bounded with respect to p thanks to (4.8) and (4.9), one has that
h(up) f is locally bounded in LY() with respect to p.

Finally an application of the Fatou Lemma as p — 17 gives that h(u) f € L}OC(Q). The proof
is concluded. 0O

In the next Lemma we find a vector field z which is the weak limit of |Vu ,,|P_2Vu p as
p— 1T,

Lemma 4.6. Let g be positive, bounded and satisfying (3.5), let h satisfy (3.6) and (3.7) and let
0 < f € LY(2). Moreover; let u be the function found in Lemma 4.5. Then there exists a vector
field z € DM () with ||z|| poo(qyn < 1, such that

e TW e DM®(Q), (4.12)
—div(ze "y = h(u) fe "™ inD'(Q), (4.13)

and
—divz+ |DTw)| <h@w)f inD(Q). (4.14)

Proof. Let u,, be the solution to (4.7) obtained in Theorem 3.3. Then it follows from (4.8) and
from an application of the Holder inequality that, for 1 < g < p’, it holds

q(p=1)

P

_ q _ 1—4p=b
/‘wupv’ Zvup‘ =/|wp|‘1<1’ D < /|Vup|p To ki
Q

Q Q

q(p—1) 1—4p=b
<C r |9 r .

(4.15)

Hence |Vu,|P~>Vu, is bounded in L9 ()" with respect to p and there exists z, € L ()N
such that |Vu ,|P~2Vu, — z, weakly in L4 (Q)", for all ¢ < co. Moreover it follows from the
lower semicontinuity in (4.15) with respect to p that
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1
lzll oy <1214, Vg < oo,

and thus letting ¢ — oo then z € L>°(Q)N with ||z o g < 1.

Let us now show (4.13); let us take e ' ®»)¢ as a test function in the weak formulation of
(4.7) where 0 < ¢ € C1(), yielding to

/|Vu,,|p_2Vup~V<pe_r(”l’):/h(u,,)fe_r(”")w.
Q Q

We can pass to the limit in the left-hand of the previous since e~ |Vy pII’_ZVu p converges
to e '@z in LI(Q)N for any ¢ < oo as p — 17. This shows that

lim |Vup|p*2vup . Vgoe*r‘(up) — / z-Vo e*F(u)'
p—>1F

Q

For the right-hand we distinguish two cases: if h is finite at the origin then the passage to the limit
is trivial. Hence, without losing generality we assume that #(0) = co. We first split the integral
as

/h(u,,)fe—””p>¢= / h(up) fe "0 g + / h(up) fe"rlg, (4.16)
Q {up<8} {up>8)

where 8 & {n : |{u = n}| > 0} which is at most a countable set.
Observe that it follows from Lemma 4.5 that 4 («) f is locally integrable. Since 4 (0) = co and
f > 0, then u > 0 almost everywhere in 2. Moreover, since

Xtup>syhup) fe P < sup h(s)fpe L (),

s€[§,00)

and

Xu=syh @) fe "W < h(u) fo € L'(),

one can apply twice the Lebesgue Theorem, deducing that

lim lim h(up) fe " P g = lim / h(u)fe_r(“)rpuéo/h(u)fe_r(”)gp. 4.17)
8—=0p—>1+ §—0

{up>8} {u>8} Q

Now we analyze the first term on the right-hand of (4.16), we fix Vs(u p)e_r("!’)go (Vs is
defined in (2.2)) with0 < ¢ € Cc1 (2) as test function in the weak formulation of (4.7), obtaining

/ [Vuup|P Vi (up)e " r g — / g )| VuplP Vs (upy)e T
Q Q
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+/|Vup|1’*2w,,-wvs(u,,)e*”“v) +fg(u,,)|Vu,,|Pv5(u,,)e*”"P><p
Q

_ / h(up) f Vs p)e g,

Q

which implies

/ hup) fe g < /h(up)fva(up)e_r(”p)w = / IVup|”2Vu, - VoVs(uy)e "“r).
{up=8} Q Q

Through the Lebesgue Theorem we deduce

alin%hmsup / h(up) fe T4 g < / 7-Vge T =g, (4.18)
— 1+
P s {u=0}

From (4.17) and (4.18), one gets

11m / h(up) fe"Ur)g / h(u) fe T®g (4.19)
Q
Hence we have shown (4.13).
Observe that as h(u)fe_r(”) > 0 then, by [18, Lemma 2.3], ze T ¢ DM>®(£2), namely
4.12).

Finally we show (4.14). Recalling (4.10) one has that, up to subsequences, I'j,(u) — I'(u)
ae.as p— 17, and

/|Dr(u)|(p §liminf/ |VFp(up)|”<p <C,
p—1t
Q Q

by weak lower semicontinuity (again we also used Young’s inequality as for (4.10)). Observe
that C does not depend on p thanks to (4.8).
Hence this allows to take p — 17 in (3.4) obtaining

[z-ve+ [1prale < [ nase. (4.20)
Q Q Q
where for the right-hand we have reasoned analogously as to proven (4.19). Indeed, one has that

=D

1

lim lim sup / h(up) fe < lim lim sup — / h(up) fe TUr g =0.

80 1+ 5=0 M
{upffs} {u,,ga}

Let also note that (4.20) gives z € DMy (2). This concludes the proof. O

360



F. Balducci, F. Oliva and F. Petitta Journal of Differential Equations 391 (2024) 334-369

4.2. Identification of the vector field z and boundary datum

For the next two lemmas we need to define the following function
s
- 1
Lp(s) :=/(Tk(0)g(6))" do, 4.21)
0

where l:(s) =T (s).
The next result clarifies the role of z.

Lemma 4.7. Let g be positive, bounded and satisfying (3.5), let h satisfy (3.6) and (3.7) and let
0 < f € LN(Q). Moreover, let u be the function found in Lemma 4.5 and let z be the vector field
found in Lemma 4.6. It holds both

—divz+ g)|Du|l=h) f inD(Q), (4.22)
and
—Ti(w)divz + T ()| DT ()| = h(u) f T () in D' (Q) for any k > 0. (4.23)
Finally it also holds
D/u=0, (4.24)
and
(z, DT (w)) = |DTi(u)| as measures in 2 for any k > 0. 4.25)

Proof. We highlight that here we need to make use of the new pairing introduced in (2.9) applied
to B(s) = —e~F and v =T'(u).
One has

414
e T Drw) < @ Ty £+ @ TO) dive “L) —dive T 2) + T div.

(4.26)
2.10
(2. pi—e ") U< Do) CLD (T pry

which implies that all the inequalities in (4.26) are actually equalities.
In particular,

(2 DU=eT)*) = |D(=e 7T

Recalling (4.14), we observe that one can apply Lemma 2.3 with a(s) = s, B(s) = —e™*, and
w = I'(u) in order to deduce that |D/T"(u)| = 0 and, as I is increasing, that (4.24) holds.

Now we want to show the reverse inequality of (4.14) in order to get (4.22). For a fixed ¢ > 0
and for any k > 0 one has
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(4.14)
e T praw)| < e TT) (hu) f + divz)
(4.13) e~ TTe@)

T ¢ <_ divie™2)+ (71 divz)

—I(Ty (w))
+e (hG) f +dive) ="~ —

(= DI=eTTO1) 41

2.4) ¢~ T Tk ()

@2.11)
e e I S O
e

where n, = ce T) (p (u) f + div z) is a sequence of measures that vanish as ¢ — 0. So that,
letting & go to zero in (4.27) one gets a chain of equalities between measures that in particular
implies that for any k > 0

e TTW) (_divz 4+ DT (w)|) = e " T D) £ in D'().
As e~ TTk@) 5 0 one in particular gets the reverse inequality of (4.14), so that
—divz+ |DT )| =h@)f inD(Q), (4.28)
which, in turn, by applying Lemma 2.2 gives (4.22).

To prove (4.23) we test (4.28) with (p¢ * Ty (#))p where k > 0,0 < ¢ € CCl (2) and pe is a
sequence of smooth mollifiers. For & small enough, this takes to

- f(pe * Tie(u))g divz + /(pe * T (u)) | DT ()| Z/h(u)f(pe * Ty (u))g.
Q Q Q
Now observe that (p¢ * Ty (1)) converges HN-1 ae. to Ti(u)* as € — 0 and Ty (u)* < k. Then,
as it follows from Lemma 4.5 that h(u) f € Llloc(Q) and I'(u) € BV (L), one can take € — 0
applying the Lebesgue Theorem. This implies that (4.23) holds.

It is left to show (4.25); we take Ty (up)p with0 <¢p € C Cl (€2) as a test function in the weak
formulation of (4.7); this takes to

/ VT p) P + / Vip| P2V - VT up) + / VE ()P / hup) fTeup)g,  (4.29)
Q Q Q Q

where I" p is defined in (4.21). Now observe that an application of the Young inequality gives

/|vrk<up)|<p+/|vr <up>|¢<—/|wk(u,,)|”

/IVF(u P+ 2P )/w

Q

(4.30)

Hence gathering (4.30) into (4.29) yields to

362



F. Balducci, F. Oliva and F. Petitta Journal of Differential Equations 391 (2024) 334-369

/ VT ()l +/ IV, (up)le
Q Q

2p—1) 4.31)
< f hup) £ TG ) — / Vi P2V, Vi) + 2 / p

Q Q Q

Hence we can take the liminf as p — 17 in (4.31) using weak lower semicontinuity for the left-
hand. For the first term on the right-hand one can use the Lebesgue Theorem since (§ < 51 < k)

h(up) fTie(up) < Clgliny{upf(ﬂ +k sup h(s)fX{upNS},

sS€[§,00)

which is strongly compact in L!(€2) with respect to p. The second term on the right-hand passes
to the limit while the third term degenerates as p — 1. Hence one has

/|DTk(u>|¢+f|Df<u>|gasfh(u)ka(uyp—fz-WTk(u)
Q Q Q

Q

(4é3)—/Tk(u)divz§0+/IDI:(M)KO—/Z'V(ﬂTk(M)
Q

Q Q

:/(Z, DTk(u))goJr/IDf“(u)lw

Q Q

where we also got advantage of Diu=0, by writing Ty ()| DI (u)| = |Df(u)| In particular this
means

/ IDTi()lp < / (2, DTe(0)9,
Q Q

and, being the reverse inequality trivial, this shows (4.25).
The proof is concluded. O

Remark 4.8. We explicitly remark that the request of positivity on g is needed to deduce that I"
is an increasing function. It is worth mentioning that Theorem 4.4 continues to hold in case g is
only nonnegative but I' is still a well defined increasing function.

Finally we deal with the boundary datum.

Lemma 4.9. Let g be positive, bounded and satisfying (3.5), let h satisfy (3.6) and (3.7) and let
0 < f € L"(Q). Moreover, let u be the function found in Lemma 4.5 and let z be the vector field
found in Lemma 4.6. Then u(x) =0 HN~! almost everywhere in Q.

Proof. Let u, be the solution to (4.7) obtained in Theorem 3.3. Then let us take T (u,) as test
function in (4.7), obtaining
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[|VTk(up)|p+/Tk(”p)g(up)|vup|p:/h(up)ka(”p)-
Q

Q Q

For the right-hand once again one observes that (k > §)

hup) fTie(up) < 8" fxpu,<sy +k sup () f X(u,>s)-

s€[8,00)

which is strongly compact in L'(€2) with respect to p. This allows to apply the generalized
Lebesgue Theorem for the right-hand. Hence one can take the liminf as p — 17 in the previous;
indeed one can use weak lower semicontinuity on the left-hand after an application of the Young
inequality, recalling also that u, is zero on the boundary of €.

This proves that

/|DTk(u)|+/Tk(u) dHN‘1+/|Df(u)|+/f(u) dHN1 5/h(u)ka(u), (4.32)
Q Q2 Q 0Q Q

where I is defined in (4.21).
Since h(u) fTi(u) € LY(Q) and T(u) € BV (), one has

/ B f TG 2 — / Ty divz + / \DF ()|
Q

Q Q

‘i”/(z,DTk(u))—/[Tk(u)z,v] dHN! +/|Df‘(u)| 433)
Q a2 Q

= / |DTy(u)| — /[Tk(u)Z, v dHN !+ / DT (u)|.
Q Q2 Q
Then gathering (4.33) into (4.32), one yields to
/([Tk(M)Z» v]+ Te(u)) dHV ! +/f(u) dHN ' =0,
a0 a0

which, since |[T; (u)z, v]| < T (u) on 02 (recall (2.8)), it gives that ['(u) (and so u) is identically
null on 9€2. This concludes the proof. O

As consequence of the previous results we can now prove Theorem 4.4.

Proof of Theorem 4.4. Let u,, be the solution to (4.7) obtained in Theorem 3.3. Then the proof
follows from Lemmas 4.5, 4.6, 4.7 and 4.9. O
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5. Some extensions and remarks
5.1. The case of a nonnegative datum f

Up to now we have required the positivity of the datum f. Now we want to consider the case
of a datum f which is only nonnegative; i.e. we consider

5.1)

—Aju+gw)|Dul =h)f inQ,
u=0 on 0€2,

with f € LI(Q) being a nonnegative function, and %, g as before.

Let explicitly underline that the extension of Theorem 4.4 is straightforward in the case 1(0) <
oo and f nonnegative the proof being de facto the one already presented. Hence, without loosing
generality, here we assume /(0) = co.

As we will see the existence of a solution can be obtained with some technical modifications
both in the definition of solution of (5.1), which needs to be properly intended, and in the proof
that is a suitable adaptation of the one of Theorem 4.4.

Here is how the notion of solution to (5.1) has to be intended.

Definition 5.1. A nonnegative u € BV (2) is a solution to (5.1) if x>0y € BVioc(2), Diu=0,
g(u) € L} (2, |Dul), h(u) f € L (), and if there exists z € DM () with [|z]| o gyv < 1

loc loc loc
such that

—X{*”>0} divz + g)|Du| = h(u) f in D' (), (5.2)
(z, DTy (u)) = |DTr(u)| as measuresin €2 for any k > 0, 5.3)
u(x)=0 forHV l-ae. x €dQ. (5.4)

Remark 5.2. As one can see the main difference with respect to Definition 4.1 consists in the
presence of the characteristic function x,-0j in (5.2) which is a natural request as, in this case,
we cannot infer u > 0 from h(u) f € LIIOC(Q) as in Remark 4.2

Let us state the existence result for this section.

Theorem 5.3. Let g be positive, bounded and satisfying (3.5) and let h satisfy (3.6) and (3.7)
with h(0) = oo. Finally let 0 < f € L'(Q2). Then there exists a solution to (5.1) in the sense of
Definition 5.1.

Sketch of the proof. Here we only highlight the authentic differences with the proof of Theo-
rem 4.4. We consider u), € W(; "P(Q), solution to the approximating problems in (4.7) and whose
existence is proven in Theorem 3.3.

First observe that Lemma 4.5 continues to hold in this case. Therefore, there exists a non-
negative limit function u € BV (Q2) for u,, as p — 1*, such that g(u) € LY(2, |Du|) and
h(u)f € LIIOC(Q). Moreover, reasoning as in the first part of the proof of Lemma 4.6, one gains
the existence of a bounded vector field z such that |z| < 1 in  with [Vu,, |P*2Vup — z weakly in
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L4(Q)V forall ¢ < co. Let also underline that, as —Apup=h(up)f—gup)|Vu,|?P is bounded
with respect to p as measures, so that one deduces that z € DM, ().

Now we focus on showing both D/u =0 and (5.2).

LetO<ge CLI.(Q) and let us take (1 — Vs(up))¢ (Vs is defined in (2.2)) as a test function in
the weak formulation of (4.7). Then, taking the liminf as p — 17, one gains x{,>0} € B Vioc (),
yielding to

—div(zxu=0)) + D X(u=0)l + X(u=0) | DT @] < h @) f xu>0}, (5.5)

in D'(2). Moreover, as |z| < 1 in &, one has

. . (2.5) .
—div(zXgu=0)) + D x>0yl = —div(zx{u=0}) + (2, DxXu=>0) = —X{u0) divz,

which, gathered into (5.5), gives

Xm0 41V 2+ X{iim0) | DT @)] < h(w) f x{u=0) (5.6)

in D'(R2). Let us stress that (5.5) gives that zx(,>0) € DM%. () (recall (2.5)).
NowletO<gpeC Cl () and let us take e T r) ¢ as a test function in the weak formulation of
(4.7). Then, taking the liminf as p — 17 applying the Fatou Lemma, it allows to deduce

—div(ze ") > h(u) fe T®., (5.7)

One has

_ (5.6) _ _ .
€ Y x| DT < e ") f xpuso0) + (7T xji sy divz

u>0
Gn _ _
< —div(ze F(”)))({*M>()}+(e 1‘(“))#x{* ydivz

u>0
(2.9) _
= Xjuwy (2. D=7 "))

(2.10) _ B
o L2 B s Wt 1 NI

where in the last equality we used Lemma 2.2. This proves that
Xius0) (z, D(—e*””)#) = X{usoy | De . (5.8)

Now, as in the proof of Lemma 4.7, we want to apply an easy variation of Lemma 2.3. In fact,
as X{*u>0} >0 HNlae on Jr(), then the very same proof is still valid, and then, using both

(5.6) and (5.8) one deduces that D’/ u = 0, and that (5.6) is equivalent to

—Xgu=0ydivz + DT @)| < h () f X{u=0}- (5.9

From now on the proof follows step-by-step the proof of Lemma 4.7; in particular, a suited

version of (4.27) involving X{*u>0} holds allowing us to prove the validity of (5.2). Also as for
(4.23) one readily gets
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~ T () X{,y0) div z + Tk @)| DT ()] = h() f T () in D' () for any k > 0.

In particular, this means that Ty (1) € L' (R, divz).

The proof of (5.3) is not affected by the sign of the datum and follows as for (4.25).

Finally one has that Lemma 4.9 applies without any modification in the proof. Indeed, as
Ty (1) € L1(, div z), one uses that T (u)z € DM () from Lemma 2.1. This shows (5.4). The
proof is concluded. O

5.2. The case of a nonnegative g possibly blowing-up at infinity

In Section 4 we only dealt with positive bounded functions g; this has been necessary to apply
Lemma 2.2, i.e. to deduce

|DT ()| = g(u)| Du.

By the way one can suitably modify Definition 4.1 in order to gain the existence of a solution in
a weaker sense. Let explicitly fix the notion of solution in which, due to what we just said, do
not need to ask for D/u = 0.

Definition 54.Let 0 < f € L'(Q). A nonnegative u € BV (R2) is a solution to (5.1) if I'(u) €
BVioc(2), h(u) f € LIIOC(Q), and if there exists a vector field z € DM?&(Q), with ||z||LOO(Q)N <
1 satisfying

—divz + |DT(w)| =h@)f in D'(RQ), (5.10)
(z, DTy (u)) = | DTy (1)| as measures in 2 for any k > 0, (5.11)

and
ux)=0 forH" lae x €. (5.12)

In case of a nonnegative g possibly blowing-up at infinity we then have the following result.
Theorem 5.5. Let g satisfy (3.5) and let h satisfy (3.6)-(3.7). Finally let 0 < f € L (2). Then
there exists a solution u € BV (2) to problem (5.1) in the sense of Definition 5.4. Moreover, if g

is positive, then DJu = 0.

Proof. The proof is identical to the one of Theorem 4.4 apart from the application of Lemma 2.2
which is not needed in order to get (5.10). O
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