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Abstract. Beam dynamics studies are performed in the context of a C-Band hybrid photo-
injector project developed by a collaboration between UCLA/Sapienza/INFN-LNF/RadiaBeam
[1, 2].These studies aim to explain beam behaviour through the beam-slice evolution, using
analytical and numerical approaches. An understanding of the emittance oscillations is obtained
starting from the slice analysis, which allows correlation of the position of the emittance minima
with the slope of the slices in the transverse phase space (TPS). At the end, a significant
reduction in the normalized emittance is obtained by varying the transverse shape of the beam
while assuming a longitudinal Gaussian distribution. Indeed, the emittance growth due to
nonlinear space-charge fields has been found to occur immediately after moment of the beam
emission from the cathode, giving insight into the optimum laser profile needed for minimizing
the emittance.

1. Introduction
In the new generation of high-brightness beams [3] a fundamental role is played by the
achievement of emittance compensation [4, 5]. This scenario includes the design of the Hybrid
C-band photo-injector and the in-depth study of the dynamics of its output beam [6]. To do
this, different approaches are exploited, such as beam slice analysis and the analytical study of
the phenomena under consideration, including space charge fields.

2. Beam slice analysis
Slice analysis has a key impact to understand beam dynamics and in the emittance compensation
process. Starting from the definition of the beam rms emittance it is possible to separate four
different components due to slice splitting [7]. In this analysis we will neglect the emittance
terms due to the linear and non-linear contributions of the transverse offsets between the slices
themselves because they give a negligible contribution to the total projected emittance [8].

The transverse rms emittance is defined starting from the second order moments according
to the equation [9]:

ε2rms = σ2
xσ

2
px − σ2

x,px. (1)

Let us take a beam of N particles, divided into S slices, each one populated by a variable
number of particles Mi. σ

2 moments can be written as function of sum of the slice second order
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moments:

σ2
x = ⟨x2⟩ =

S∑
i=1

Mi∑
j=1

x2j
N

=
S∑

i=1

Mi

N
⟨x2⟩i =

S∑
i=1

Mi

N
σ2
x,i (2)

where ⟨⟩ defines an ensemble average, and in the same way:

σ2
px ≡

S∑
i=1

Mi

N
σ2
px,i , σxpx ≡

S∑
i=1

Mi

N
σxpx,i (3)

By replacing equation (2), and (3) in to equation (1) the rms emittance becomes:

ε2rms =
∑
i=j

(
σ2
x,iσ

2
px,i − σ2

xpx,i

)
+
∑
i ̸=j

MiMj

N2

(
σ2
x,iσ

2
px.j − σxpx,iσxpx,j

)
(4)

where the first sum in the left-hand side is the emittance definition of i−th slice ε2rmsi , and the

second one defines the correlated slices emittance expression, ε2corr. Since our goal is to optimize
the emittance compensation process, a study on the double emittance oscillation at the gun exit
[10] is performed. We assume, as initial conditions, the ones at the exit from the photoinjector
and we study the evolution in a long drift.

Every single slice satisfies the envelope equation of a bunch in a free space, evolving under the
effect of space charge force and emittance pressure, and each slice has different initial conditions
(σ0i , σ

′
0i
) but also different charge denisty λi and energy γi. The second order moment in

equation (4) can be written as function in terms of of the envelope function σ and its derivative,
with respect to the longitudinal position z, σ′:σx = σ, σxpx = σγσ′ and σpx = γσ′. Assuming for
simplicity, that each slice is populated by the same number of particles M = S/N , the correlated
emittance term can be written as:

ε2corr =
1

2S2

∑
i ̸=j

(σiγjσ
′
j − σjγiσ

′
i)
2. (5)

2.1. Floettmann model
In Floettmann emittance compensation analysis [11] using the slice model, it was demonstrated
that to understand the emittance growth [12], it is well to know the orientation of the rms
distribution in phase space, in addition to the slice size. For thin slice, the slope m of the
distribution can be fitted by a straight line in the phase space: m = γ⟨xx′⟩/⟨x2⟩, where x and
x′ represent the phase space coordinates, and ⟨x⟩ = ⟨x′⟩ = 0 is assumed. It is possible to derive
the derivative of the beam envelope as function of the slope parameter m. In fact by definition:

σ′ =
1

2σx

∂

∂z
⟨x2⟩ = ⟨xx′⟩

⟨x2⟩1/2
, (6)

so that,

m =
γ⟨xx′⟩
⟨x2⟩

=
γσ′

σ
. (7)

Thus the spread of m of all slices shrinks: the sizes of the slices and their speed of rotation evolve
differently due to the difference in the space charge forces which they are subject to. Taking
into account only two slices, the condition for obtaining a minimum of emittance is:

∆m = 0. (8)
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In Floettmann the analysis takes into account two beam slices, respectively with high and low
perveance, and he proved equation (7), studying that the evolution of the slope m of the other
slices with the intermediate perveance must be included in the interval of the two examined
slices. In the two-slice case, the evolution equation is a second order equation, and hence the
condition in equation (8) is reached in two positions. For this reason, two minima are observed
in the emittance oscillation.

2.2. Multi-slice model
The goal is to explain why in a real physical beam, where the number of slices is greater than
two, only two minima of emittance are still observed. For this reason the Floettmann analysis
has been extended to a multi-slice model.

The relation in equation (7) is exploited by substituting it in the correlated emittance equation
of the slices (equation (5)):

ε2corr =
1

2S2

∑
i ̸=j

(σimjσj − σjmiσi)
2 =

1

2S2

∑
i ̸=j

σ2
i σ

2
j (mi −mj)

2. (9)

The validity of this model is confirmed for two slice. As can been see from the multi-slice
equation (9), it is not so easy to identify a condition on m in the multi-slice case. In fact,
the squared slope difference in the phase space for each pair of beam slices is weighted by the
product of their slice sizes. To show that, we applied this analysis to the case of the C-band
hybrid photoinjector. The beam is split into 10 slices as described in [13], and evolves in a one
meter drift long.

Figure 1. Evolution of the TPS slope m (equation (7)) as a function of the position in the
drift. Each color represents one of the 10 slices the bunch has been divided into, where slice
number 0 and 9 represents respectively the tail and the head slice.

Starting from the knowledge of the distributions in the TPS, the evolution of m for each slice
along the drift is obtained using equation (7): the slices exiting from the photoinjector have a
negative m value as they are still affected by the focusing effect of the solenoid. After reaching
the minimum, the space charge forces dominate the focusing effects and the slices rotate in the
opposite direction until they reach a positive defocusing slope.
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Figure 2. The slope spread σm of the TPS (blue curve) as a function of the drift position, in
comparison with the rms emittance oscillation (red curve). The two vertical black dotted lines
represent the exact position of the two emittance minima.

Whereas in the two-slices Floettman model the emittance minimum condition is reached when
the slices are exactly overlapping (equation (8)), in the multi-slice model the minimum emittance
conditions should occur when the difference of all the slopes of the slices mi is minimal. For this
reason the trend of the spread of m of the 10 beam slices along the drift has been studied and
compared, in figure 2, with the emittance oscillation. What figure 2 shows is that, in the multi-
slice case, the positions of the emittance minima do not coincide precisely with the positions
for which the spread is the smallest one, but they remain in a close range. The reason for this
behavior is implicit in equation (9). In fact it is not possible to extract a direct dependence
on the spread σm, since the differences |mi −mj | are weighted by the dimensions of the slices
themselves, which change along the drift.

In any case, observing the slices evolution in the TPS, it is possible to obtain information on
why only two minima of emittance occur even in the case with many slices. The slices leaving
the photoinjector have a negative slope in the TPS (figure 1), which indicates their focusing
behavior. Since they rotate with different speeds, they can reach a condition of maximum
alignment with each other already in the focusing half-plane, and therefore identify the first
emittance minimum. When, due to compression, the effect of space charge forces becomes
dominant with respect to the effect of the focusing kick, the slices change direction of rotation in
the phase space and assume a positive slope value. Also in this half-plane they will reach a second
alignment condition, which determines the identification of the second emittance minimum. We
could expect that continuing to have different speeds, the slices can re-align other times and
therefore identify other positions of minimum emittance. What actually happens is that the
slices now have a de-focusing behavior, and therefore their size tends to increase significantly.
This means that even if they were re-aligned among themselves, the weight of the contribution
of the size product in equation (9) would be so significant that the emittance value would still
be high, and therefore not significant for the emittance compensation goal.
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3. Space charge at the cathode
Beam shaping at the photocathode injection has been investigated with two different transverse
laser distributions assumed with the aim of emittance compensation [2]. The first form is a
simple uniform transverse distribution in r (“flat-top”), while the second one has the shape
of a 1σ Cut-Gaussian. Indeed, using a uniform transverse laser illumination, the optimized
rms normalized emittance has been found to be near 0.75 mm − mrad, while when one uses
the truncated Gaussian laser profile on the photocathode, this normalized emittance decreases
dramatically, to 0.46 mm−mrad. Slice analysis was used to explain the reason for this.

Figure 3. Slices comparison in the TPS for the beam just generated by the cathode. The two
different colors in each plot represent the Cut-Gaussian and Flat-top distributions respectively,
for each of the 10 slices.

Both beams are divided into 10 slices of equal length, and the TPS is analyzed. As shown in
figure 3, it is evident that, by overlapping the same beam slices, the beam with the Cut-Gaussian
distribution has a more linear trend than that of the Uniform case. This effect is visible already
near of the photo-cathode, where the two distributions are generated. The reason is in the space
charge forces expression [14].

Starting from the scalar potential solution of the not-homogeneous wave equation and using
the Green function method [15], it is possible to obtain the radial space charge field expression
as a function of the radial (R(r)) and longitudinal (λ(z)) distributions, for a fixed longitudinal
position ẑ:

E(sc)
r (r, ẑ) = −Q

∫
dk

2π
eikẑλ̃(k)

∂S(r, k)
∂r

, (10)

where S represents the surface integral:

S(r, k) = 2π

∫ a

0
G̃(r, r′, k)R(r′)r′dr′, (11)

and k is the wave vector in the Fourier space.
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Figure 4. Normalized radial space charge field as a function of the normalized radial position.
The field is compared with the same Gaussian longitudinal distribution while the transverse
distributions varies from 1σ Cut-Gaussian (red curve) to Flat-Top (black dashed curve).

Plotting equation (10) for the two distributions, the behaviour in figure 4 is obtained. This
shows that in the Cut-Gaussian case the space charge forces are more linear than in the Flat-
Top case and, therefore, the contribution to the emittance is lower since the blow-out regime is
reached earlier.

4. Conclusion and future goals
Several criteria for emittance compensation were analyzed using the slice analysis. In particular,
the Floettmann model for the emittance oscillation has been extended to the multi-slice case,
allowing the understanding of the presence of only two emittance minima, even in the multi-slice
case.

Furthermore, a study on the dependence of the emittance on the laser distribution on the
photocathode surface was performed, leading to derive the generic expression of the space charge
fields for newly generated beams (equation (10)). The latter paved the way for a more complete
study of the distributions used in the field of high-brightness accelerators, in order to reduce the
beam emittance.
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