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Abstraci— This paper addresses the enforcement of Dis-
turbance String Stability (DSS) in connected autonomous
vehicle platoons subject to asynchronous communication,
sampling, and quantization in case of a constant time
headway spacing policy. Building on a mesoscopic control
framework, we design digital controllers that guarantee
DSS despite external disturbances and device limitations.
Simulation results demonstrate the effectiveness of the
proposed approach.

Index Terms— Traffic control; Sampled-data control; Au-
tonomous vehicles; String stability; Quantization; Meso-
scopic controller; Micro-macro traffic control systems.

[. INTRODUCTION

The transportation landscape has advanced considerably,
driven by the demand for efficiency and safety [22, 11,
23]. In this context, intelligent control paradigms such as
cooperative adaptive cruise controllers (CACCs), supported
by Vehicle-to-Everything (V2X) communications, increase the
complexity of ensuring safe behavior in connected autonomous
vehicles (CAVs). This work addresses String Stability (SS)
[22, 23, 11, 15], i.e., the ability of a platoon to attenuate
perturbations as they propagate downstream, and its extension
to account for exogenous disturbances, termed Disturbance
String Stability (DSS) [3]. Recent studies show that DSS can
be achieved through appropriate information exchange, either
via leader—follower strategies [3], which rely on pairwise
communication and partial leader information, or through Mul-
tiple Predecessor Follower (MPF) approaches [1, 25], which
employ broader communication among groups of vehicles
to compensate for the impracticality of leader information.
Similar to the MPF approach, this work avoids relying on
the impractical assumption of platoon’s leader information by
combining microscopic quantities, i.e., capturing each vehi-
cle and its predecessor, with macroscopic ones, density in
particular, that summarize the aggregate state of the platoon.
The resulting controller, termed mesoscopic [18, 17], leverages
both micro- and macro-level information while avoiding the
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complexity explosion of MPF methods, where the system state
grows with the number of vehicles.

Moreover, the proposed control law is designed with re-
alism in mind, accounting for device limitations in signal
transmission. In practice, controllers typically developed in an
ideal continuous-time framework are implemented via digital
devices [28, 21]. The reliance on sampled measurements and
piecewise constant inputs significantly affects performance and
stability properties of the closed loop, particularly when the
sampling frequency is not sufficiently high [14, 8]. In addi-
tion, measurements are unavoidably subject to quantization,
precluding global stability in favor of practical guarantees
[10]. Digital effects may even induce instability, such as inter-
vehicle gaps and string instability [6, 5]. Yet, few works
explicitly address the joint impact of sampling and quanti-
zation on SS at the design stage. Building on preliminary
results in [13, 4], this work advances in this direction by
developing mesoscopic digital controllers that ensure DSS
despite sampling, quantization, asynchronous communication,
and external disturbances. In particular, we extend the results
of [4] to another class of spacing policies, focusing on the
constant time headway spacing policy. This setting introduces
additional complexity: disturbances act through functional
terms in the sampled model, and the influence of preceding
vehicles becomes non-homogeneous. Consequently, the design
of feedback laws enforcing DSS presents methodological
challenges beyond those addressed in [4]. Notably, in contrast
with most existing works (e.g., [2]), the proposed mesoscopic
digital controller guarantees DSS independently of sampling
rates, quantization levels, thereby demonstrating the generality
of the approach. In addition, all of this is made with no
assumption and restriction on the values of the time headway
constant, contrary to most works available in the continuous-
time concerned literature.

The rest of the paper is organized as follows. Section II
provides the models and hypotheses considered, as well as
the problem statement. Section III introduces the main result
with respect to the aforementioned spacing policy. Section
IV shows the effectiveness of the proposed sampled-data
quantized solution in simulations, while Section V outlines
concluding remarks.

NOTATIONS.

C, N and R denote the set of complex, natural, and real
numbers. R™ denotes the set of positive real numbers. Given
a matrix A € R"*", g(A) C C is its spectrum. A is said to
be Schur if its spectrum is included in the open unit circle
of the complex plane. | - | € R denotes, depending on the



argument, either the cardinality of a set S, the absolute value
of a complex number A € C, or the norm of a matrix. Given
a set S, we denote by |- |s the distance between the argument
of the modulus and the set S. Given a continuous-time signal
w : Rt — R we define |[w||[® = = Supyeo,g |w(t)|. For a

discrete time 31gnal wq : N = R we define ||wd(tk)||[O K =
SUPkeo, |wa(tx)|- By quantizer, we mean a piecewise con-
stant function ¢ : R™ — R"™, with R"™ being a suitable subset
of R™. A quantizer is generally characterized by the parameters
D, p, respectively the range and the quantization error, such
that if |2| < D = |q(z)— q(z)| <D
for all x € R™ (see [9] and references therein for further
details). Along with the aforementioned literature, we assume
that D is large enough so that the quantizer never falls into
saturation.

[I. MODELING AND PROBLEM FORMULATION
A. Microscopic modeling

Let ZJV be the set of N + 1 vehicles composing a platoon,
including the leader. Each vehicle is described by its longi-
tudinal position, p; € R™, and its longitudinal speed, 0 <
¥ < Umax, Umax € RT, allowing to derive the microscopic

dynamics, ©; = col{vi,ui+&i} forall i € T}V, being

d; a disturbance acting on the i—th vehicle. For the sake
of simplicity (see [23, 27, 7, 12]) and to describe inter-
vehicular interactions, we adopt the leader-follower model
[19]. In detail, the system incorporates a virtual leader (labeled
as 7 = —1) preceding the entire platoon, enabling inclusion
of the vehicle ¢ = 0. The state of each car-following pair
(i — 1,4) is defined as (; = col{Ap;, Av;}, i€ Z} where
Ap; = p; — pi—1 and Av; = v; — v;_1. The microscopic
dynamical model reads

(i = AG + B (u;

with u;,d; € R the control input and a bounded disturbance,

0 1 0
Ry

The disturbance term d; := d; — d;_; aggregates unmodeled
effects, including powertrain dynamics, inaccuracies in com-
pensating acceleration signals, and predecessor-follower inter-
actions. As far as the virtual leader is concerned, we assume
that it maintains a constant reference speed with no disturbance
acting on it.

At this point, at the microscopic level, the problem con-
sists of guaranteeing asymptotic tracking of the time-varying
spacing policy

Ap} = —Ap — huy,

— w1 +d;), i €T (D

for all i € T} (3)

with Ap the minimum safe distance and h € RY the time
headway [26]. The zero speed distance is —Ap < 0. The cor-
responding equilibrium trajectory (. ;(t) := col {Ap](¢),0}
corresponds to vehicles maintaining constant velocity and
headway. For design purposes, we introduce coordinate trans-
formation

Xi = Gi — Ce,i = col{Ap; + Ap + hv;, Av;} “4)
yielding the refined microscopic dynamics

Xi=Axi + B (ui — ui—1 + di [ +Py (ui—l + Cii—l) 5

with B, = col{h,1} and P, = col{h,0} with x.; =
col {0,0}. Now, we associate to each vehicle i € Z}V, the
microscopic sampling sequence A, = {tg,t1,...,tk,...}
with Ty, = 11 —tx > 0 the microscopic sampling period. At
this point, the following assumptions are set.

Assumption 1 (Microscopic Sampling): The input w; of
each vehicle i € 7V is a piecewise constant signal over the
sampling period of length 73, > 0; namely,

u(t) = u(tk), te [tk,tk+1), with t, = kT, kK € N. (6)
Under the above assumption, at all sampling instants ¢ =
kT, the dynamics of each vehicle (1) is described by the
corresponding microscopic sampled-data (equivalent) model,
ie.,

Xi(th1)=AaXi(tr) +Bha(ui(te) — wi—1 (te))+ fite) (7)

with
_ AT, __ 1 Tm
Ad = e = |:0 1 s
Bra= [TedsB, =T, [ fh}
filtr) = f)" e (Brdi(tesr — 5)

+Pndi—1 (tge1 — 8))d5 + TuPrui—1 (tx).

Remark 2.1: The model above differs from the one used in
[13, 4, 16]. The disturbance term f; includes a term depending
on the inputs of the preceding vehicle, and the model matrices
explicitly depend on the constant h associated with the spacing
policy.

For control purposes, we now define the measures that are
available for the controller design.

Assumption 2 (Microscopic Measurements): Each vehicle
i € I}V measures its corresponding microscopic quantities,
ie., x; and u;_1, at all the sampling instants only, which are
then subject to quantization.

B. Macroscopic modeling

In a real-traffic scenario, each vehicle i € IéV experiences
influences from its immediate predecessor and reacts to them
according to the state of the traffic ahead, that is, on the
platoon interactions [24, p. 353]. The former information is
embedded in the microscopic measurements (defined in the
previous section), whereas the latter is here synthetized in the
so-called macroscopic function

Yi—1(X0s s Xi—1) : R? x - x R? — R? (®)
satisfying, for all i € Z3
[im1(x0, -+ 5 Xi—1)| < emax;ezy [xi-1], )

with some constant ¢ € RY and 9,1 (Xe,1, Xe,2, "+ » Xei) =
col{0,0}. We express macroscopic information in terms of
microscopic variables, inspired by the link between macro-
scopic traffic density and microscopic variance of distances
and speed differences described in [24]. Therefore, Eq. (8)
is concerned with macroscopic density. Moreover, condition
(9) depicts the realistic situation where density stays finite.
In practice, density cannot exceed a maximum threshold,
commonly defined as traffic jam density. Referring to infinite
density would portray a scenario where vehicles are infinitely
close together, which is unfeasible since each vehicle has a
finite length.



As one would expect, the macroscopic quantities are avail-
able to each vehicle at sporadic and intermittent time instants,
and are subject to quantization. To endow this into the design
model, we denote the macroscopic sampling sequence by
Ay = {tom,tln, DRI 72 } C A, with tinpy — tpn = MT,
for M € N\ {0}.

Assumption 3 (Macroscopic Sampling): Each vehicle i €
T} receives the quantized macroscopic information function
(8) at all ¢;» € Ay with corresponding macroscopic sampling
period Ty := MT,, = tguy1 — tjn for some M € N\ {0}.

We highlight that macroscopic and microscopic measure-
ments are asynchronous, thus reflecting the delay in transmis-
sion related to V2I communication, in contrast with quicker
V2V ones, enabled by onboard sensors.

C. Problem statement

Given the assumptions 1 to 3, let us consider a piecewise
constant feedback law wu;(¢;) that asymptotically tracks the
desired distance and velocity profile using asynchronous micro
and macroscopic information, to ensure a desired behavior
under quantized and sampled-data measurements. By desired
behavior, we mean that the closed-loop platoon is practically
and disturbance string stable, as defined below. Let the con-
troller u;(¢x) be of the form

(tr) — Kaxi(tx) + Rab]_; (tgn), (10)

with uf_y(tk) = qlui—1(te)). X{(t) = alxi(te)),
VL (tre) = Yic1(q(xi—1(tr))), Ka, Ra € R'™?, making
Xe = col{0,0}. Let us consider the closed loop system (7)-
(10).

Definition 2.1 (Practical String Stability , pSS): For  all
i € IV, considering d; = d; = 0, the closed loop system is
said to be practically string stable if there exists ¥, > 0 such
that the following conditions hold for all NV € N:

(¢) forall e > 0 there exists c. > 0 such that, for all t;, € A,

w;(ty) =ui_,

max |x;(0)] < e = max |x;(tx)| <e+9Y,; (A1)
€Ly i€

i)

(ii) the trajectories asymptotically approach the set By, (x) =
{x eR?: |x| <V,.}, ie,

Jm xa(te)ls,, = 0. (12)
Besides quantization, to cope with the presence of exogenous
perturbations, we consider this definition based on [3]:

Definition 2.2 (Disturbance practical String Stability, DSS):

For all i € 7}V, the origin of the closed loop system is said
to be disturbance practically string stable under quantization
if there exist functions (3, of class KL, pg of class K, and
constants § > 0,04 > 0 such that, for any initial condition
x:i(0) and disturbance d; satisfying

max;ezn [Xi(0)| < 6, maxjezn |d; (t2) |0t < 64 (13)

the solution x;(tx) exists for all ¢, > 0, and satisfies, for all
N eN,

1€

max |x;(tk)|,, < Ba(max |xi(0)],tx) + pa(max |d;|[*).
N # ez ey

In this sense, the problem we address concerns the design
of a digital control law simultaneously enforcing DSS in
presence of exogenous perturbations and pSS with respect to
quantization, as stated below.

Disturbance And Practical String Stability Under Quantization
Digital Control Problem (gDSS-DCP): Consider a platoon
of vehicles described by (1), under Assumptions 1, 2 and
3 with the macroscopic information (8) verifying (9). The
equilibrium y. = col{0,0} of the closed-loop system (7)-
(10) is Disturbance String Stable under quantization (qDSS)
if the following properties hold:

1) pSS with respect to quantization in the sense of Def. 2.1;
i1) DSS with respect to d; in the sense of Def. 2.2. A

The controller (10) relies solely on asynchronous, quantized,
and sampled measurements. It consists of two main parts:
the first two addends represent macro-information available
at all vehicles at the microscopic sampling instants, while
the last one represents the macro-information available at the
corresponding sampling instants. This information is shared
via V2X communications, as seen in [20].

Remark 2.2: Both Def. 2.1 and Def. 2.2 and the inequali-
ties therein are independent on the choices of the quantizer
parameters u, D, the asynchronism scaling factor and the
microscopic sampling period M, T,, and time headway h.

[1I. CONTROL DESIGN

The problem is solved by modelling the effect of quantiza-
tion as an endogenous perturbation in the sampled equivalent
model (7). DSS is ensured with respect to both disturbances,
and gDSS is attained by separating the quantization compo-
nent. The main result is stated in the following, with the proof
in the Appendix.

Theorem 3.1: The gDSS-DCP is solved by the control (10)
with ;1 (txx) as in (8), provided that the matrices K4 and
Ry fulfill the conditions below:

1) the matrix Fq = Agq — Bj a4 is Schur;

2) for some M € N\ {0} the parameter

v, By ke, h) = B(1 — a) L (bhcr(l + BaM)(1— )

+bper(1 + 8+ hTy) + Tmim)

(14)
with a € (0,1) and 8 > 0 such that |FF| < Ba*
forall k € N, r = |Ry4|, k = |Kq|, bp = |Bp,| =
T/ 1+ (Tu/2 + h)? verifies y(a, 3,7, K, h) € (0,1).

Then, the control law (10) ensures qDSS for the platoon of

vehicles (7) in the sense of Def. 2.1 and Def. 2.2, with p4(s) =
g8, and

9q=(G7) " (Bbn(2by + hTy))

15
9,=(a7) " Bbn (b, + hT) (u(ﬁ )+ hTmD> .

with @ = (1 — «) and 4 = (1 — 7).

Remark 3.1: The parameter (14) depends on «, 3, r, x, and
h, which the designer can set. For a fixed sampling rate 7,
DSS can be achieved by balancing regulation (via «, 3) and
time headway policy constraints (via h).

IV. NUMERICAL RESULTS

In this section, we consider a platoon of N = 9 vehicles
plus the leader. The choice for the minimum safe distance is
Ap = 20 m while h = 0.1, with initial desired speed of the
leader of 20 m/s. Moreover, we saturate the control for each
vehicle by |u;| < 5 m/s% The simulation time is 60s. The
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(b) Zoom of Fig. 2a between ¢t = 30 s and ¢t = 60 s.

construction of the macroscopic functions presented in Section
II-B follows the same procedure presented in previous works
(see [4, 16]). More in detail, for all ¢ € Iév and omitting the
function arguments, we define for [ € {Ap, Av}

i—1 i—1
1 1
fri—1 =2 Zli7 Ulz,z‘—1 = Z(lj —pui-1)? (16)
=0 =0

computed from vehicle 0 to vehicle ¢ — 1.
Then, the macroscopic function (8) is given by ;1 =
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Fig. 3: Macroscopic information function.

T . .
[q/;f_pl Z?‘_”J , with the components being

iy = sign(ui1 — Xi)\ /o7, L€ {Ap, Avy  (17)
with Yap = —Ap and xa, = 0.

The platoon leader is fed with a piecewise constant ref-
erence profile v,.s(t), as noticeable inspecting Fig. 1. In
opposition, with reference to the disturbance acting on the
platoon, we assume the simulation time to be divided into
distinct phases: 1) for ¢ € [0,10)U[15,20) U[25, 40)U[50, 60],
no disturbance is acting over, i.e., d;(t) = 0 for all i € Z3°; 2)
for t € [10,15)s, a constant disturbance d;(t) = 3 acts on the
first vehicle only; 3) for ¢ € [20,25)s a constant disturbance
dy(t) = —3 acts on the first vehicle; 4) for ¢ € [40,50)s, a
sinusoidal disturbance is acting on each vehicle of the platoon.
The microscopic sampling period is chosen as 7, = 0.1s
and the macroscopic one is 7y = 1.5s, hence, M = 15.
This choice results in v = 2 - 1074, In Figs. 2a-2b, we
provide the plots for the distances, speed differences, and
control inputs for each vehicle in the platoon, thus adopting
the constant time-headway spacing policy. Looking at the
first figure, we can see the harmonization in the transient
phase achieved incrementally for each vehicle, as we move
towards the end of the platoon, via the use of the macroscopic
information. This is not surprising, since such a harmonizing
effect was well inspected in [18], hinting that a traffic-aware
controller could, in principle, enhance the transient phase. This
is reflected in the proposed simulation, since the tailing vehi-
cles experience no overshooting, compared with the previous
ones. Another important aspect is that the disturbance acting
does not amplify, but rather they are attenuated towards the
trailing vehicles, proving the achievement of DSS. Inspecting
Fig. 2b, which zooms in on Fig. 2a between ¢ = 30 s
and t = 60 s, one can observe the achievement of the pSS
property. At the instants when the leader reference changes,
each vehicle experiences perturbations that persist due to the
mismatch between past control actions and their quantized
values used in the controller. The resulting perturbation could,
in principle, propagate, thus violating the desired properties.
Nonetheless, the proposed controller succeeds in enforcing
pSS, that is noticed by the offset the trajectory converges with,
deviating from the expected distance. Indeed, the proposed
choice for h would lead to an equilibrium of 22 m, which is
not the case since the quantized controller induces an offset
that implies a different equilibrium. Regardless, performances
are still satisfactory, proving both DSS and pSS. Again, the



estimate of 1, is quite conservative; thus, the offset can be
different depending on the case. In the same figure, one can
easily see how the tracked distance changes depending on how
the velocity for each vehicle changes, thanks to the specific
spacing policy. At last, in Fig.3 we provide the plot for the
macroscopic information hereby considered, both computed
with respect to distance and speed. Thus, as the definition
suggests, such a function vanishes when the platoon reaches
its equilibrium.

V. CONCLUSION

We presented a digital mesoscopic controller that enforces
DSS and pSS in a vehicle platoon while mitigating the effects
of quantization, sampling, and asynchronous communication.
The design relies on a novel platoon model implementing
a constant time headway spacing policy. Future work will
focus on reducing the information required by each vehicle,
making the macroscopic function dependent only on a subset
of preceding vehicles.
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APPENDIX
PROOF OF THEOREM 3.1

The closed-loop platoon reads as the cascade

Xi(th1)

= Faxi(tr) + Gavi—1 (tin) + wi(ty), i€ Iy



with ¢o(tkm) =0,

wi(ty) = fi(tk) + BraKa (X§ (tr) — xi(tr))
+Ga (Vi (twr) — i1 (tar))

+Bp.a (ul_ (t) — ui—1(tr))

and wo(tx) = fo(te) + BnaKa(xg(tk) — xo(tx)). The term
above is composed of f;(t), the actual exogenous perturba-
tion, and the one induced by quantization errors associated to
each signal. Keeping in mind that ¢t = kT, € A, tjn =
KM*MT, € Ap and tgx < i, one can rewrite k = ME" + k,
k € {0,1,---,M — 1} . Accordingly, the explicit dynamics
of each vehicle reads

Xalt) = FExa(0)+ 30 Fs™ ™ "y (t) + FrGatbioa ()
+Fyy Zf:o Fcf _(ZH)MGd%q(tz) -
where Fy = (I — Fy)~'(I — F¥) for £ € {M,k}. We
proceed iteratively and by induction by considering the platoon
composed of the virtual leader and the first vehicle (i.e.,
t = 0 and ¢ = 1) at first. By condition 1), the matrix Fy
is Schur stable and there exist 3 > 0 and « € (0, 1) such that
|FF| < BaF yielding

IXo0 (k)| < Bak|x0(0)] + B~ wo(te) || OH. (19)

As far as ¢ = 1 is concerned, keeping in mind the form (18)
and that |FF| < Ba*, one gets

Xi(te)] < Bak|x1(0)] + Ba|wi (te) |10
+Bbra (1 + Ba™ )| (te) [0+
+Bbra (1 + Bak) [ (te) |0+

for &4 = 1 — a > 0. At this point, (9) implies

[0 (xo (t)) T < cllxo(te) ¥ < cllxo(te)|[1*) that,
combined with (19), yields

(o)l < Ba¥[xu(0)] + Ba ! lwy (te)[|

)
+eBbura2 (1 + Ba)||xo (te) |4
+eBbrra ! (1+ B)|xo(te) 4.
Since the terms f;(¢x) and ws (t) are such that
11t < (2bp, + hTw)da + Tuhlluo(te) M
< (2by, + WT3)8a + &Tah (p + [[xo(te) |4

[[wn () 10 < (2bn + AT7)3a + KT (1 + hllxo(te)[|H)
+bp K.

where p is the quantization error. By definition of (14), the
following inequality holds true

Ix1(tr)| < Baxa(0)] + Ba~ 1 (2by + hThn)da
+Ba Ybprp + fa kphT,
+Bbra=2(er(1+ Ba™)|xo(te) |10
+8bpater(1 4 B)|xo(t)[|OF]
+Ba Tuhss | xo(te) |0
< Bk (1 + ) maxje 0,1y {Ix;(0)}
+Ba (1 4 ) (2bp, + hTy)d4
+Ba (1 4+ v)ku(by, + hTy).

Consider now the i vehicle with the trajectories in (18). As
before, exploiting (9), one gets

()l < Bk xi(0)] + 25 lwi(te)]| O
+cﬁbhr&_1( (1 + ﬁaM) a~t

+(1+ ﬂ)) Max; ¢ i1 {”Xj(te)H[O,k]}

(20)

At this point, noting that the term u;_1(tx) and f;(tx) verify

i —a (M < o () [OF + Kl (£) ]|
[ iza(te) | + (5 + )
< Dt il xi—a () [OH 4 i (t) | F)
+(k+1)p,

1) |M < (2bn + hTa)8a + Thlui -1 (t) M

with D the quantizer range, one gets, for the disturbance
w; () that

Jlwi (b)) < (201, + AT)8a + Tmh(D + #ilxi— (£0) M

+T||¢i71(te)||[0’kn] +(k+ r)u)
+hTobp(k + 1) 1.
Combining (20) and (21) and exploiting (9) yields

Ixi(te)| < Ba¥[x:(0)]

+Ba " AT (k| xi1 () [OH + rl[hi o (k) [ 1F)
+Ba~t (WTuD + (2bp, + h1y)d4)

+Bua ! (RTy + by) (K +7)

b (1 + B )& fapis (t)]| O

+Bbpra (14 B)[|pi—1 (te) [+

< Ba*|xi(0)| + &~ hT,D

+B(2by, + hTy)dq01

+Ba " (WTy + bp) (K + 1)

+Bbpra (1 + 6aM)5flcmaxj€Iéﬂ {Ilxi—1(te)[|OH}

+Bbpera= (14 B) Max;czi-1 {lxi—1(te) [ 1041}

+B8bpa " (WTn(k + cr)) max;ezy {Ilx; (t)|| 04}
By definition of (14), one has

Pslti)l < Ba¥|xi(0)] +ymax; cpir {1 (t) |4}

4 BE& b hTaD + B~ by (2bp + hTa)6a
+Ba (W + bp) (K + 7).

As for all [ € If)_l,

it < Bak 3oy max;eq {x;(0)]}
+8G Yo7 (WTuD + (W + bn) (s + 1))
+BaL 47 (2b, + hTy)dg
with v in (14), one gets, for all i € ZJ
xi(tk)] < Bat Z;;o v max;er; {[x;(0)[}
+Ba YA ((hTmD + (WTy + ba) (5 + T)u)
+B671 Yo 77 (2bn + hTy)da.

As v € (0,1), one gets Zi‘:() 49 < (1 —~)~". Therefore, by
taking the max operator, tl%e following inequality holds true

max;ery {[xi(te)[} < B(1 —7) " aF max;ezv {Ixi(0)[}
-‘1-79“ + 9404.

2n

Accordingly, pSS is proved (Def. 2.1) as, in particular: (7)
follows setting for all ¢ > 0, a, = 5(17;7) and 9, as in
(15); (47) holds as (22) implies that, for d; = 0 (and hence
da = 0), |xi(tx)| — ¥, and hence |x;(tx)|s, — 0. Finally,
fixing B4(m, s) = B(1 — )" ta®m and py(s) = V4s with ¥y
as in (15), DSS follows (Def. 2.2).




