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ABSTRACT: We provide a new construction of superfield collinear twist-2 operators as infinite-
dimensional, irreducible representations of the collinear superconformal algebra in N/ = 1
superconformal field theories. As an application, we realize the above representations in terms
of free superfields, in a manifestly gauge-invariant and supersymmetric-covariant fashion, in
the zero coupling limit of N = 1 supersymmetric Yang-Mills (SYM) theory. This realization
makes manifest their mixing and renormalization properties at one loop. We also extend
to the superfield formalism the perturbative and nonperturbative techniques in [1-7] to a
large class of supersymmetric theories that are superconformal in the zero-coupling limit.
Specifically, we compute the generating functional of superfield twist-2 operators in N' =1
SU(N) SYM theory in the zero coupling limit. We also work out in a closed form the
corresponding asymptotic renormalization-group improved generating functional in Euclidean
superspace and its planar and leading nonplanar large- N expansion. We verify — as originally
predicted in [5] and verified in the component formalism [3, 4, 6, 7] — that the leading
nonplanar asymptotic RG-improved generating functional matches the structure of logarithm
of a functional superdeterminant of the corresponding nonperturbative object, which it should
be asymptotic to at short distances because of the asymptotic freedom. Hence, our large- N
computation sets strong ultraviolet asymptotic constraints on the nonperturbative solution
of large-N N =1 SYM theory that may be a pivotal guide for the search of such a solution.
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1 Introduction

Twist-2 operators are fundamental for the study of deep inelastic scattering in QCD ([§]
and references therein) because they dominate the operator product expansions on the light-
cone [8]. Besides, in the zero-coupling limit they transform under irreducible representations
of the conformal group' and, being conserved, are the Noether currents of higher-spin
symmetries [9, 10]. The above conformal properties also make the computation of their
one-loop anomalous dimensions especially simple [11-13].

More recently, the short-distance asymptotics of the generating functional of Euclidean
correlators of single-trace twist-2 operators has played a central role in constraining the
yet-to-come nonperturbative solution of large-N SU(N) YM theory [2, 5-7] and N' =1 SYM
theory [3, 4]. Remarkably, the above generating functionals have the structure of the logarithm

!These representations actually extend to the order g2 of perturbation theory in the so-called conformal
renormalization scheme [8].



of a functional (super-)determinant. Moreover, the above structure has a nonperturbative
interpretation in terms of the glueball/gluinoball one-loop effective action at large N as
originally predicted in [5] and verified in the component formalism [3, 4, 6, 7]. In addition, the
aforementioned structure nicely intertwines with the topology of leading nonplanar diagrams
in the large-N expansion of the SU(N) theory as opposed to the U(N) one [6, 7].

With the goal of extending the results of [1-7] to supersymmetric theories, possibly
including matter fields, it is of great interest to study and generalize the construction of
twist-2 operators in N' =1 SYM theory [3, 4] in a formalism that makes supersymmetry
manifest. This endeavour leads, in the present paper, to several technical developments.

First, following [2-7] we work out the general structure of the generating functional of
the large-N connected correlators of glueball /gluinoball superfields in ' =1 SYM theory.
We show in the superfield formalism that its leading nonplanar part can be expressed as
the logarithm of a functional superdeterminant, according to the previous result in the
component formalism [3, 4].

Second, we construct the N’ = 1 supersymmetric generalization of twist-2 operators.
Though this problem is not new in the literature [14-19], one of the original contributions of the
present work is the construction of the above operators in terms of superfields, in a manifestly
gauge-invariant and supersymmetric-covariant fashion. Indeed, contrary to the previous
approaches, our construction employs a covariant superfield instead of a (possibly non-local)
light-cone superfield [17], whose construction relies on the light-cone gauge Ay = 0. Our
approach has the advantage to yield an extremely compact expression of the superconformal
multiplets, whose elements are embedded inside a unique superfield, and can be extracted
by differentiating with respect to the superspace coordinates. Furthermore, our approach
makes the renormalization properties [14] of the twist-2 operators manifest.

In fact, the construction of composite superfield composite collinear twist-2 operators is
deeply tied to the direct-sum decomposition of the tensor product of two irreducible represen-
tations of the collinear superconformal algebra, isomorphic to the superalgebra s((2|1). We
perform this task in full generality, with minimal assumptions. Indeed, one of our new results
is the computation of the Clebsch-Gordan coefficients for the tensor product of two possibly
non-chiral representations. To the best of our knowledge, Clebsch-Gordan coefficients are
presently known only for either finite-dimensional representations [20-23] of sl(2|1) that have
no use in this context, or for chiral representations [14-19]. The direct-sum decomposition of
general non-chiral representations is not a mere mathematical curiosity, since it also makes pos-
sible to construct higher-twist operators from an arbitrary number of collinear superconformal
primaries by iterating the procedure to construct the superfield twist-2 operators.

Third, we construct free field realizations of the above representations of superfield twist-2
operators that are bilinear in the fundamental superfields.

Fourth, we work out the generating functionals of the corresponding connected super-
conformal correlators.

Fifth, we explicitly compute the above generating functional in the zero coupling limit
of N'=1 SYM theory in a manifestly supersymmetric form.

Sixth, we re-derive the renormalization properties of the supersymmetric twist-2 operators
first found in [14] by employing our new superfield formalism that makes them immediately
apparent.



Seventh, we work out the short-distance asymptotics of the RG-improved generating
functionals in Euclidean superspace in N' = 1 SU(N) SYM theory, in a renormalization
scheme first introduced in ref. [24], and referred to as non-resonant diagonal [1-4, 24] where
the mixing of the renormalized superfield twist-2 operators is reduced to the multiplicatively
renormalizable case.

Finally, we verify that the leading nonplanar asymptotic RG-improved generating func-
tional matches the structure of the logarithm of a functional superdeterminant of the corre-
sponding nonperturbative object — as originally predicted in [5] and verified in the component
formalism [3, 4, 6, 7] — arising from the glueball /gluinoball one-loop effective action, which
it should be asymptotic to at short distances because of the asymptotic freedom. Hence,
by creating a bridge between perturbative and nonpertubative physics, our results strongly
constrain the yet-to-come nonperturbative solution of large-N A =1 SYM theory and may
be an essential guide for the search of such solution.

2 Plan of the paper

In section 3, we recall the structure of the nonperturbative generating functional of the
correlators in large-N N = 1 SYM arising from the glueball/gluinoball one-loop effective
action, and adapt it to the superfield formalism.

In section 4, we construct the representations of the collinear superconformal algebra
with the highest-weight technique, and find the direct-sum decomposition of the product of
two such representations, including the computation of their Clebsch-Gordan coefficients.

In section 5, we calculate the abstract generating functionals of bilinear operators made
of free (super)fields of both bosonic and fermionic statistics.

In section 6, we concretely compute the above generating functionals in terms of superfields
in N' = 1 superconformal field theories arising as the zero-coupling limit of supersymmetric
gauge theories.

In section 7, we apply our results to N' = 1 SYM theory by deriving a manifestly
supersymmetric form of the conformal generating functional of superfield twist-2 operators.
We remark that our superconformal generating functional is the logarithm of a functional
(super-)determinant, according to the previous computations in pure YM theory [1] and in
N =1 SYM theory in the component formalism [3, 4]. Moreover, in subsection 7.7, we verify
for a certain spin tower of twist-2 operators that our result for the supersymmetric generating
functional coincides with its component version in refs. [3, 4].

In section 8, we derive the renormalization properties of twist-2 operators in ' =1 SYM
theory. Besides, we explicitly compute the short-distance asymptotics of the RG-improved
generating functional of superfield twist-2 operators in A/ =1 SYM theory that inherits the
structure of the logarithm of a functional superdeterminant as well.

In section 9, we verify that indeed the above asymptotic RG-improved generating
functional matches the structure of the logarithm of a functional superdeterminant of the
corresponding nonperturbative object arising from the glueball/gluinoball one-loop effective
action recalled in section 3.

In section 10, we draw the conclusions of our work.

In appendix A, we fix the notations and conventions that we follow throughout the paper.



In appendix B, we fix the notations and conventions regarding the analytic continuation
to Euclidean superspace.

In appendix C, we compute the 2-point correlators implied by the superconformal
symmetry in the coordinate and momentum representation.

In appendix D, we work out some useful identities about superdeterminants.

In appendix E, we employ our techniques of section 4 to re-derive in our language the
results in the non-supersymmetric theory [8].

In appendix F, we provide a proof of the identities involving the superconformal poly-
nomials in section 4.

In appendix G, we use the techniques of this work to construct the superfield twist-2
operators built by chiral matter superfields in A/ = 1 SQCD.

3 Nonperturbative effective action of ' =1 SYM theory

In this section we follow the treatment in refs. [3, 4], first recalling the general structure
of the large-N effective action in components [3, 4] in subsection 3.1 and then extending
it to the superfield formalism in subsection 3.2.

3.1 Effective action in components

It has been known for almost fifty years that A” =1 SU(N) SYM theory admits 't Hooft large-
N topological expansion [25] for the n-point connected correlators of gauge-invariant single-
trace operators. The corresponding Feynman diagrams in 't Hooft double-line representation
— after a suitable gluing of reversely oriented lines — are topologically classified [25, 26] by
the sum on the genus g of n-punctured closed Riemann surfaces, where each topology is
weighted by a factor NX, with y = 2 — 2g — n the Euler characteristic of the Riemann surface.

Consequently, the corresponding nonperturbative large- N effective theory involves an
infinite number of weakly interacting glueballs and gluinoballs with coupling of order % [25,
27, 28] and masses proportional to the RG-invariant scale Agyy.

Let us denote as Og(z%) and My(z¥) two sets of gauge-invariant single-trace composite
operators in N/ =1 SU(NN) SYM theory. The bosonic operators Oy create glueball states,
while the fermionic operators M, create gluinoball states. The generating functional of the

correlators of Ogs and M reads
1
ZE[Jo, JM] = ﬁ /[dA] [dx] e_SSYM+ZstOsOS+JILI,sMs (31)

where in the path-integral we denoted the integration measure over the gauge field as [dA] and
the integration measure over the gluino fields as [dy]. Here and in the rest of this subsection,
the symbol [ denotes the integration measure over Euclidean spacetime [ d*z*. The connected
generating functional W¥[Jo, Jyr] = log ZF[Jo, Jas] admits the large-N expansion

WE[JO7 JM] = Ws?)here[‘](% JM] + WtEorus[JO’ JM] +o (32>
Nonperturbatively, nghere[(fo, Jar), which perturbatively is the ('t Hooft-)planar contribu-

tion [25], is a sum of tree diagrams involving glueball /gluinoball propagators and vertices,



while WE_ [Jo, Ju], which perturbatively is the leading-non ('t Hooft-)planar contribution,
is a sum of glueball/gluinoball one-loop diagrams.

Nonperturbatively, WE . [Jo, Ju] should have the structure of the logarithm of a func-
tional (super)determinant, as it has been originally predicted in the pure YM case [5] on the
basis of fundamental principles, and subsequently asymptotically verified [2, 6, 7].

Indeed, in analogy with the pure YM case [5-7], in the yet-to-come nonperturbative
solution of large-N N =1 SYM theory, the very same correlators should be computed by
the correlators of bosonic and fermionic glueball/gluinoball fields ® and ¥ with an infinite
number of components, the corresponding generating functional being schematically [5-7]

1

E _ — i DU+ [ PxqJp+Ux! J
Zglueball/gluinoball[‘](b7 J\I}] = /[d(b] [d\I’] e~ “slueball/glui 1oba11( ) f P 14w

glueball /gluinoball
(3.3)

with [5-7]
1
Sglueball/gluinoball((bv \I/) = 5/ [¢ *2 (_A + Mz)q) + U */2 (—A + Mz)\I/
1 1 / /
+3N<I>*3<I>*3<I>+N\II*3<IJ*31D+~-- (3.4)

where %9, %1 and ), %] are fixed below, the ellipses and x3, *4 respectively stand for
n-glueball/gluinoball vertices with n > 3 and some presently unknown operation on the glue-
ball /gluinoball fields that, by assuming locality, Euclidean invariance may involve derivatives.

Hence, nonperturbatively the connected generating functional WgEluebau / gluinoban[Jq>, Jy] =

log Zguebau / aluinoball /@, Jw] reads to one loop of glueballs/gluinoballs [5-7]
Wgueball/gluinoball[J¢7 J\P] = glueball/gluinoball(q)Ja \IIJ) + /(I)J *1 Jo + / vy */1 Jy 4 -+
—l—llogsdet *’2(—A+M2)+%*é¢>(}*é %*g x5 W 7
2 %*g*g\IIJ *2(—A+M2)+%*3 D jx3
(3.5)
where ®;, W ; are determined by
0 Sglueball /glui 45, i
glueball /gluinoball glueball /gluinoball /
od oy e S v, *1Jw (3.6)

The superdeterminant in eq. (3.5) can be computed in terms of a supertrace by means of the
identity log sdet(X) = str log(X). The supertrace of a supermatrix is defined as [29]

AB
str (C D) = tr(A) — tr(D) (3.7)

In our case, the submatrices

AS1,52 (1’{3’952}3)’ D, s, (:U{E,xg) (3.8)



appearing in the supertrace are computed by expanding the logarithm in eq. (3.5). Since
they depend both on the discrete indices and the Euclidean spacetime coordinates, their
trace is defined as

tr(A) = Z/d4a:E Ag (2 2P tr(D) = Z/d4xE D, (2P 2%)  (3.9)

The dictionary between W¥[Jo, Jys] and ng;ueball /gluinoball[J‘I)7 Jy] is obtained by matching
the corresponding spectral representations — as a sum of free propagators with residues
Rsm, R.,, — for the 2-point correlators at N = oo [6, 7] of Os, Mj, respectively, that,
by fixing *9, x5 according to the canonical normalization of the glueball /gluinoball kinetic
term, uniquely determines the coupling of Jg, Jy to the tower of glueball/gluinoball fields

D x1 Jp =Y g PsmVRsmJo,, ¥ ) Jo = > o Ysm/ R, Jw,, respectively.

3.2 Effective action in superfields

Since in the present paper we write down A = 1 SU(N) SYM theory in the superspace
formalism, it is convenient to rewrite schematically the large- N effective action of subsection 3.1
by means of superfields as well.

Let us denote as O4(z?,0%,07) and My(x¥, 6%, 0%) two sets of bosonic and fermionic
gauge-invariant single-trace composite superfields in Euclidean N =1 SU(N) SYM theory (see
appendix B for definitions and conventions on Euclidean superspace). We assume that O, and
M, are non-chiral superfields? whose components are operators connected by supersymmetry
transformations that interpolate glueballs and gluinoballs, depending on their statistics. The
generating functional of the correlators of Oy and M, reads

25105, Tl = 5 [laV]e St 90,00y (3.10)
where we denoted the integration measure over the vector superfield (see section 7) as [dV].
Here and in the rest of this subsection, the symbol [ denotes the combined spacetime and
Berezin integration [ d*zPd?0F 3?0 in the whole Euclidean superspace. The connected
generating functional W¥[J5, Jy;] = log Z¥[J5, Jy;] in the superfield formalism admits a
large-N expansion as well

WE[JO’ JM] = Wslf)here[‘]o7 JM] + WtEorus[J07 JM] +oee (311>

In analogy with subsection 3.1, we get for the corresponding nonperturbative effective action
in the superfield formalism in terms of bosonic and fermionic glueball/gluinoball non-chiral
superfields ® and ¥ with an infinite number of components. Schematically,

1 b O - ueba uinoba %,6 + 5 J~+$ " J~
ZgElueball/gluinoball[JgaJ@] — ZE /[dq)] [d\:[’] g elueball/gluinob n(@¥) f FLIgTERYY

glueball /gluinoball
(3.12)

2See appendix A.3 for the definition of chirality in supersymmetric theories. We choose O, and M, to be
non-chiral because the twist-2 operators that we construct in section 7 are non-chiral.



with [3-7]

1 - -~ -
Sglueball/gluinoball(q)a \IJ) = 5 / |fI> *2 (_A + M2)(I) + U *,2 (—A + MQ)\I/

1~ ~ o~ 1~~~
+3N<I>>1<3<I>*3<I>—|—N\I/*é<l>*g\l’+---] (3.13)

where the corresponding symbols are defined analogously to subsection 3.1. Hence, nonpertur-
batively the connected generating functional Wguebau /gluinoball[J57 Jg] = log ZgEluebaH Jgluinoball

[J5,J5] reads to one loop of glueballs/gluinoballs [3-7]

Wgueball/gluinoball[Jga Jgl =~ Satueball/ghuinoball (P, ) + / D4 Jz + / Uy ¥ Jg +

+ 1logsdet (=4 M%) +~% %5 Bxy % 50 -
2 %*g*g\PJ *2(—A+M2)+%*3 D yxg
(3.14)
where ®;, U; are determined by
05, ; 05, ;
glueballiglumoball o >|<1J~, glueballiglumoball o *11J$ (315)
0 s ow 3

A subtlety arises in the evaluation of the superdeterminant in eq. (3.14), since the submatrices
in eq. (3.14) are now actually valued in superfields. The corresponding entries of eq. (3.7) read

Ay o (f,0F 0728, 05,67), Dy, (21, 07,01 25,05,05)  (3.16)
with traces defined by
tr(A) =3 / daP 207207 A, (7, 07,07 2", 6", 6")
(D) =3 / A 2B 28 26" D, (¥, 6F,§7; 4", 7 6F) (3.17)

The dictionary between W¥[J 5, Jy;] and Wgueban /gluinoban[J&;, Jg] is analogous to the one
in the component formalism.

4 The sl(2|1) superalgebra

4.1 Introduction

Suppose we have a A/ = 1 superconformal field theory in a superspace with coordinates
T, 0%, 6% (see appendix A.1 for notations and conventions on spinors). We define the
light-cone to be the surface (see appendix A.2 for notations and conventions on the light-cone)

(%, 27,6, éi) with all other coordinates being 0 (4.1)

This surface is closed under the action of the collinear superconformal algebra, which is
defined as the superconformal algebra projected onto the light-cone directions. Its generators



are related to those of the full superconformal algebra (see appendix A.3 for notation and
conventions) by [17]

(Ve (s (W [5G
ve(v)=(38) - wem (W) - (25,

L, = Ly +iLy — —iP. , L,:Ll—ingéK,7 L:L3:%(D+M,+) (4.2)
B— —"R4:M E-'D-M_,)
Ty T T2 -

with o = 21/4. The commutation rules of this subalgebra are in eq. (4.8), with the collinear
twist E and P_ commuting with all the other generators. This algebra, is isomorphic to
the Zy-graded algebra s[(2]1) [22]. Any superfield ®(z, 6, ) transforming irreducibly under
the algebra (4.2) is characterized by the numbers

La0)=j20), =g

B.90)] = 78(0),  T=D-s 43)
3 h

B.2(0)] =b2(0),  b="r+s

where s is the spin projection along the light-cone directions, h is the helicity and D is the
canonical dimension. j is called collinear conformal spin and 7 is called collinear twist and
b is called b-charge. If a superfield satisfies the further conditions

[L_,2(0)] = [V_, ®(0)} = [W_, ®(0)} = 0 (4.4)

it is called collinear superconformal primary.
As it will be shown in the next subsections, given a collinear superconformal primary
®(0), the operators

Py,...[P4,®(0)]...]
[Py,...[P4,[Q1, 2(0)}]. . ]
[P+, - {P+, [Qi,q)(o)H ]
[P+,... [P+, [Ql, [Qi,@(o)}}] }
form a Zy-graded vector space that is closed under the adjoint action of the algebra (4.2). In

other words, these objects furnish a representation of the collinear superconformal algebra.
The superfield translated along the light-cone directions

<I>(a:+, T, 91, él) _ 6+i(z+P++x*P_+€1Q1+Q1§i)(I)(O)e—i(:c+P++x*P_+01Q1+Q10_1) (4.6)

can be seen as a generating function for the operators (4.5). On this generating function, the

generators (4.2) act by differentiation on =T, 01, gt (see appendix A.3 for more details).
The goal of this section is to find the direct sum decomposition and the corresponding

Clebsch-Gordan coefficients of a tensor product of two representations of (4.2) i.e. a rule



to construct, from two collinear superconformal primaries ®;(0), ®2(0), a new collinear
superconformal primary that is bilinear in its constituent superfields.

(Super)conformal field theories enjoy the operator-state correspondence [30], according
to which any vector ¥ in the Hilbert space of states can be obtained by acting on a
(super)conformally-invariant vacuum W,. with some local operator evaluated at the origin.
In this section we will study the realization of the collinear superconformal algebra on the
Hilbert space of states of the theory, keeping in mind that the operator-state correspondence
ensures that any representation-theoretical result we will obtain applies also to the local
operators. The superconformal invariance of the vacuum allows us to write

U =3(0)Tyne, PiU =[P, 00)] Ty (4.7)

and so on. The Clebsch-Gordan coefficients for the s[(2|1) representations will be found
through the highest weight technique [31]. The main new results of this section are the
Clebsch-Gordan coefficients for general representations of the s[(2|1) algebra and a new,
concise form of the Clebsch-Gordan coefficients for the composition of a class of representations
called chiral representations, that will be defined below. These results are not only general,
but also easy to generalize even further, since they also allow us to construct collinear
superconformal primary operators also from the product of three or more primaries.

4.2 Generators and (anti)commutators

The Lie superalgebra s[(2|1) consists of four even generators L;—; 2 3, B and four odd generators
V=12, Wg=12. The commutation rules that define the algebra are [15, 32]

[Li, Lj] = igij Ly B,L;] =0
1 1
[Liyva] = i(o-i)bavba [Liywa] = §(Ui)bawb
(4.8)
1 1
[B,Va] = +§VCL1 [B7WCL] = _§WCL
{Va, Vi } ={W,, W} =0, {Va, Wi} = (i0204)apLii + (i02) B

where the 0;—1 23 are the Pauli matrices. For our purposes, it is useful to change the basis
by introducing Ly = Ly £iLo, L = L3, V4 = V13, W4 = W . In this basis, the last
anticommutator in (4.8) takes the form

(4.9)

-L-B -L_

{Va,Wb}:< 4L, —L+B>

The generators L;, B form a sl(2) & u(1) subalgebra, and the generators Ly, V1, W form
a one-dimensional super-Poincaré algebra. The quadratic Casimir element is

CP=L -B*+V,W_+W,V_ (4.10)

where L2 = L, L_ + L? is the quadratic Casimir of the s[(2) ® u(1) subalgebra.

,10,



4.3 Representations

Abstract construction. Each representation of s[(2|1) is uniquely identified by two real
numbers j and b. The basis vectors of the representation [j,b] are denoted as

Vi, (4.11)
The representation [j,b] has a highest weight vector W, ;. ;; satisfying

L_\P]’bm]a.]’b = V_\I’])bv.]ajub = W_ \Ijjvb7.77.77b = O

In a generic vector W;gc3 € [j,b], the numbers g, £ and B denote, respectively, the
eigenvalues of

L5038 =30 — 1)V 4503
LV va.c3 =LY 0508
BY;pg.c8=BY;u7.c3 (4.13)

The rest of the representation [, b] can be constructed from the highest weight by using the
generators Ly, Vi, W as ladder operators for L and B. Since s[(2|1) is a superalgebra the
vector space [j,b] is Zg-graded. The action of the supersymmetri generators V. and W
on the highest weight creates four vectors that are annihilated by L_

Wi
Vivirhiviory = Ve Vibiss
Vivitpirio-t = Walibigs
b+ b—j
Vjbig+1g+1b = <2jW+V+ + zjV+W+> Vit (4.14)

We call these vectors supersymmetric descendants of W;y.; ;1 or, equivalently, sl(2) @ u(1)-
highest weight vectors, since they are the highest weights of the s(2) @ u(1)-modules inside
[7,b]. All the other vectors of [j,b] are constructed by repeatedly applying L

Wbijtnb = LY W50

— n
Vibgtdgrtanbet = L0150 0041

— n
gt ns-y =Tt p1
Wjbij1g+14nd = LY Whp415410 (4.15)

We call these vectors conformal descendants of sl(2) & u(1)-descendants of the vectors in
eq. (4.14). The quadratic Casimir element defined in eq. (4.10) takes the value

C*Wjpj6 = (57 — b7V 0550 (4.16)

in the representation [j,b].
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Chiral representations (see appendix A.3 for more details on this notion) are defined
by one of the following conditions on the highest weight

L
woolh =0, viul =0 (4.17)

These two conditions define left-handed and right-handed chiral representations respectively.
The anticommutators {V4, W} = —L &+ B imply that the conditions (4.17) can be satisfied
consistently only if j +b = 0. Therefore, chiral representations are labelled by [j, Fj] and
the space consists only of the vectors

() n (L) (R) _rng®)

V5 Ziggn—i = W05 D Y jiigng = L 3:bid.d+i

L) oD (R) nw . g
j,—j;j+%,j+%+n,—j+% +V+ J,=150,0,—J 7533 J+2J+ _;,_n’J_, W+ 7,353,337 ( 8)

The quadratic Casimir element vanishes on chiral representations.

Representation by differential operators. We now construct a representation on the
space of functions in superspace. The generating function of the descendants for the rep-
resentation [j,b] is now defined as

Fip(s,mn)=e —SL VAW Wb
) i (b b— b i
—e sLy 1_1_77V+ _1_77\7\7+ —|-7]17 (2]'7W+V+ + ]V+W+) - ZUT]LJF

v

j7b;j7j7b
(4.19)

where in the second lines we have expanded with respect to the Grassmann variables 7 and
7. The resulting action of the generators as differential operators on the super-coordinates

(s,m,1) is

L Fjy=L_Fjy L =-d,
Vi Fip = W_Fy W =0, + %1783
W Ty = VoFj Vo= 054 g0,
L_Fjp = L+ Fjp Ly =5+ 8(778 +707) + 2js + b7y
V_Fip=WiFjp W, =sW_ + 517776,7 + (j + D)7
W_Fip=ViFip Ve =sV_+ %7777877 +(j —b)ny
LF;, = LFj =505+ = L (778 + 105) +
BFjp = BFjp B = 577817 - 577877 +b (4.20)

The correspondence Ly <> L=, Vi < W+, Wi < Vz is needed to leave unchanged the
commutation rules between the generators of the differential representation.® Integrating

3This redefinition is also employed for the sl(2) algebra in ref. [8].
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these infinitesimal transformations, one finds the finite transformation laws
M Fip(sn ) = Fials = Ao, )

_ €n _
eW=Fiv(s,m, 1) = Fip (s +5.n+e n)

2
— 6 ey
eV=Fin(s,m,1) = Fip (S + 577777777 + 5)
B 1 s n n
AL
et Fip(s,m,1) = ]:j’b<1—)\s’1—)\s’1—)\s)

(o o)

= —\j S n+es _
W Fipls,m,i) = (1+ ey ' F (1_77 1_a v”)
2 >

_ - S N+ e€s
eV Fip(s,m,m) = (L+en)°F (1 —_ap'h 77_ ")
2

1
2
eAL]:j,b(sa m, 77) = )\jfjvb ()\37 )\1/2777 )\1/27—7)
AP Fps 1) = N Fp (5,220, A720) (4.21)

which are easily obtained by combining eqs. (4.19) and (4.20), with A and € being bosonic and
fermionic parameters respectively of the finite transformations. This representation encodes
the right-action of the algebra on the group elements. The left-action of the generators V.,
W, is encoded in the chiral covariant derivatives D, D defined as

o SL TV ATW o (Vi CWo _ (DHCD ,—sLiAnV+7W (4.22)

where ¢ and ¢ are odd variables. The Baker-Campbell-Hausdorff formula yields, as a result

1
D=W_+iL. =0 — 570

D=V_+nL_=0;— %7783 (4.23)
with the anticommutator
{D,D} = -0, (4.24)
We introduce the quantities s, p = s F %nﬁ with the property
Ds;, =Dn=Dsp=Dij=0 (4.25)
Imposing the conditions (4.17) on (4.19), one obtains generating functions of the form

Fij—j(sL,m) = f;,of)j(sL) + "fyg,lf)j(sL)

= _ =(0 _=(1
Fiwi(sr,) = Fii(sr) + 7 Fs ) (sR) (4.26)
where?
0 —s 1 —s
F2i(s) = MW g FiDi(s) = e VLW
(0 —s ~(1 —s
‘7:1(,+)j(5) =e L+\I’J’J§J}j7j ) -7'—](7+)j(5) =€ L+W+\Ijj,j;j7j7j (4.27)

“In our notation, the subscript indices of the generating functions for the descendants denote the collinear
conformal spin and the b-charge of the superconformal primary, and not of the descendant.
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Before concluding this subsection, we show that the chiral covariant derivatives D, D allow us
to extract the sl(2)-highest weights (4.14) from a general generating function (4.19) as follows

Fls=n=i=0 = Y b:jjb
DF|gepimo = ¥

DF ’s:n:ﬁio =V

Jbigt+ai+5 b+
Jibii+3.i+5.b+3

b—j - b+
< 2];7 DD + 2j] DD> Flomn—rzo = U pj415410 (4.28)

4.4 Direct sum decomposition

We are looking for the direct sum decomposition of a tensor product of two representations
of 5[(2|1). To achieve this goal we introduce another realization of the representations on
a space of polynomials. This realization was defined for the first time in ref. [15]. Our
method is far from new in representation theory, see e.g. [33] and reference therein. Roughly
speaking, it is the same as finding the Clebsch-Gordan coefficients of the algebra so(3) using
traceless symmetric tensors.

In the special case where the tensor product of two copies of the same representation
[7,b] ® [7,b] is involved, we will consider the graded-symmetrized vector space

sliebn)={; (Mot - )L n) e i) @)

where |Uy|,|¥s| € {0,1} are the Za-gradings on the vectors ¥; and Wy. This choice is
necessary to have a sensible field theory interpretation of our results. It reflects the possibility
to exchange fields inside a product e.g. ¢1(x1)d2(x2) = ¢2(x2)P1(z1) for a pair of bosonic
fields. We will discuss the consequences of this assumption case by case later in this subsection.

The reader who is not familiar with these techniques is encouraged to read appendix E.3
in which this same procedure is implemented in the easier case of the algebra sl(2).

4.4.1 The polynomial realization

It is convenient to introduce the new variable

b
t = —nn 4.
s+2jm7 (4.30)

and express the infinitesimal transformations (4.20) as

Ly = t20, + t(no, + n0;) + 2jt L =-0

1 1 1

L:t8t+§(n87,+ﬁaﬁ)+j Bzinan—iﬁaﬁjtb
j—b _ : j—b
=tV_ + =—nn0o; —-b =05+ ——
Vi Vo + 2 nn; + (J n V. 05 + 2 10
4+ b _ . _ + b
W, =tW_ + jij]a” +(j+b)7 W_ =0, + jTeas (4.31)
Consequently, the chiral covariant derivatives take the form
j—b_ _ j+b

— 14 —



In this variables, we can construct a representation [7,b] on the vector space of polynomials
in t,n,7.

The rules and notation are the same of appendix E.3.

The polynomial corresponding to the vector W, 4. ¢ ¢ € [4,b] is denoted as Pjp.5 ¢ 5(5,1,7).
The vector ¥;, b,.9,.01.8 @Yy by:da, L0, Bs € [J1,01]®[J2, b2] is represented by a product of polyno-
mials Pj, b1:91.00,8:, (E1,71:71) Pja bo:ds, 00,82 (t2,72,72). Recall that we are dealing with graded
objects, and their order is not arbitrary.

The action of a generator G € s[(2|1) on a product of two polynomials depends on
the Zo-grading of the representations they belong to. Denoting as (—1)|‘I’1| the Zo-grading
of the highest weight W}, 4.5, 1.0 € [j1,b1] and as (—1)I¢l the Zs-grading of the generator
G, we define

1 v |G 2
Gpjl7b1;31,L1731Pj2,b2;327£2,32 = (G( )+ (_1)‘ 2l |G( )) le,bl;Hl,Ll,BlPj27bz;32752732 (4'33)

where GU) is the generator acting on the first polynomial and G2 on the second, both from
the left. The factor (—1)/¥1lI6 € Zy has been introduced by hand to mimic a property of
Zo-graded vector spaces: if vy, vs are graded vectors and A, B are graded matrices, then
(A® B)(v1 ® vp) = (—1)!BllMl(Av; @ Buy).5 There is no trouble in doing this, as long as the
generators (G(l) + (—1)|‘I’1HG\G(2)) continue satisfying the (anti)commutation rules of s[(2]1).

We now turn to the explicit construction of the polynomials in a representation [j, b].
As in section 4.4, the highest weight of this representation, which must be annihilated by
L_, V_, W_, can be only the constant polynomial, which we normalize to unity. The
descendants are obtained by repeatedly applying the creation operators L, Vi, W, as
in (4.14). In the end, one obtains the monomials

Pijbgtnb = (2§)nt"
Pj7b;j+%,j+%+n,b+% = (j = b)(2j + Dnt"n
Pj,b;j+%,j+%+n,b7% = +b)(2j+1),t"n

Pyt trins = (= 1) 25 (21 + 20" (130
where we used the notation (a),, = I'(a+mn)/I'(a). This representation makes the search for the
direct sum decomposition of the tensor product two generic representations particularly easy.

4.4.2 General case

Suppose we have two representations [j1, b1] and [j2, bo], and that the Zs-grading of highest-

[Ty

weight vector W, 4.5, 4, », of the first representation is (—1) The polynomials P in t1 2, 71,2,

71,2 corresponding to the highest weights in [ji, b1] ® [j1, ba] must satisfy the three conditions
(20 + L) P = (v 4 (@) p = (W ()W) P =0 (4.35)

Relabeling the variables 71 2 as ni 5 and 712 as Mo and the difference t19 = t; — t9 for
convenience, we see that there are six independent towers of polynomials satisfying these

5See refs. [34, 35] for more properties of graded vector spaces.
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requirements
J1Fbe 4 JaEtby | !
PE = (t12 + 0 s + B ks 4+ (— )Wl Fof
251 272

JiFby o Jatby . _ "
Pit = (tlz £ = gy + () gng ) (0 = (—1)M™ )
2j1 2J2

Piir = (tlz + j12:;bzm+m + j22zb2n§772 + (—1)'“1’1'77?77%)” (nf = (=0)"™yF)  (4.36)
We again proceed as in appendix E.3 and apply the generators L, B to identify the repre-
sentation to which these polynomials belong. We find that

P U
Pij i\I’;igfﬁi;;j+§+n,j+%+n,bi%

+ + g, J1,01552,02
Pint Vi L inbr ij L ang+ 1nbs (4.37)

where j = ji + j» and b = by + by. The T have been used to label distinct vectors in
[71,b1] ® [j2, ba] transforming under the same s[(2|1) representation, and have nothing to do
with their Zs-grading, chirality, or any other intrinsic property of the representation. The
upper indices of the vectors in eq. (4.37) indicate that these vectors belong to the tensor
product of representations [j1,b1] ® [j2,b2]. We thus infer that

[j1,01] ® [fo, bo] = Pl +n, T @+ 5 +nb+ 3T @[+ 5 +nb—3]"
n=0
e@li+nd @j+3+nb—3"@+5+ndb+i"  (4.38)
n=0

To find the Clebsch-Gordan coefficients for this tensor product we have to expand eq. (4.36)
in a sum of monomials, and identify in each of them the monomials in eq. (4.34), in analogy
with eq. (E.31) of appendix E.3.

Before writing the result of the calculation, we note that the first of the three conditions
in (4.35) implies that the vectors in eq. (4.37) can be written as a linear combinations of
sl(2)@u(1)-highest weight vectors in [j1, b1]®[ja, bo]. For this reason, we introduce the following
notation. Let Wy, p,5jo o ba € [J1,01] and Wy, by, 5 by € [j2,b2] be the s[(2) & u(1)-highest
weight vectors of two s[(2) @ u(1)-modules of [j1,b1] and [ja, bo] respectively, which means that

LW b1sjajasbe = L=Wsbasjsisbs = 0 (4.39)
and that
. . o1 1 o1 N
(Jarba) € {(Jl,bl), (]1 + 5.0+ 2) : (.71 + 50— 2) , (g1 + 1,b1)}
. . o1 1 o1 N .
(Js, bg) € {(Jz,bz) : (]2 + 5502 + 2) , <J2 + 502 - 2) , (2 + l,bz)} (4.40)

As discussed in appendix E, from these two vectors it is possible to construct an infinite
tower of s[(2) & u(1)-highest weight vectors inside [j1,b1] ® [j2, b2]. We denote the n-th of
these sl(2) & u(1)-highest weight vectors

Jo
(:

%

w) = U, o s B (T4 D)W

b/, jubassdpbg s MEN (4.41)
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where P%? is the polynomial

n (=)™
Pa’b(l‘l, SL‘Q) = e e (4.42)
n m%:n n ) T(2a+n)L(2b+ng) ' 2
Note that in (4.41) the pairs (ja,ba), (jg,bs) uniquely identify the sl(2) @ u(1)-modules
involved.

We pause for a moment to see how the polynomials (4.42) are related to the Jacobi

P’r(laﬁ)

polynomials and the Gegenbauer polynomials C, defined as

Pé“’ﬁ)(z):]g)(nza) <ZI§> (Z;)k(z;l)n_k (4.43a)

n « a+i Loa—1
[(n+2 )F( +2>P§ 7073 () (4.43b)

Calr) = o)l (n+a+ 1)

The relation is

! T9 — X1
pab — n n p(2a—1,2b-1) ( 2 ) Ll
n' (21, 22) I'(2a 4+ n)'(2b+ n) (1 +22)" Py o + 1 ( a)
Lload) 1(gal (2 -
Pﬁ(ah)’z(aﬂ)(m,m) = il (2a) (21 + 22)"CY (962 x1>
[(n+a+3)TRa+n)l (a+1) 2 + 21

(4.44D)

For the details on the properties and use of this polynomial see ref. [8], the appendices of
refs. [1, 2] and also appendix E.

We are now ready to show the direct sum decomposition for a tensor product two general
s[(2|1) representations

:I:\Iljlybl§j2,b2 _ (jl

] 502 — 2) L 201 (ji+1
J+n1b7‘7+n7‘7+n7b bl n

. s

J2 +n J1

2 TEN E,s Jo F b2 (:
i+ 201 202 (i+dii+d

bzi% n—1

j1 & b1 jo F bo \01F3
j2+1 4.45
), (4.45a)

20 2j2 i+
ba
J'2+%
bot 3 "

j2+1>
b n—1

+n(-1)

+n(n—1)

jiEbijoFbe \ 01

) 24 .

J2 w41 4J2 <J1
+ (-1 -

b2>n ( ) J2 :FbZ by

jot+3

byt1 et

J’?,gl) (4.45D)
n—1

j2+%
bQ:F% n

+ gy J1,b1352,b2 — 2j1 1t+3
JrgtnbELitstngtitnbts ) F by \bits
(I 2 2 (s

J1FbrjaFba \ ™

271 22 [ji+d

n- . b1
J1Fbrj2 Fbo \I1%3

1 1,1 - L = jz) +(_1>|\1/1|+1ﬂ <j1
Jt+5+nbF5i+5+ng+5+nbF; jl + b bo . j2 by by
Fn 2 2J2 (j1+% j2+1>
jl Zl:bl j2:|:b2 bl:F§ ba n—1

2j 23 ; o+ L
oy _2J1 _ 4J2 (Jl+1 32+2> 4.45
JiEbrja by \ bt l2F3 ), (4.45¢)

+

& 1 buiga by _ 2 (h
biF3

Fn(-1)
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where the upper indices indicate that these vectors belong to the tensor product [j1, b1]®[j2, ba].
Note that these expressions are singular when at least one of the representations satisfy the
condition j +b = 0. Actually, for our purposes this is the most interesting scenario, since
j£b = 01is a necessary condition for a representation to be chiral. We shall elaborate about this
in the next paragraphs. Due to the assumption in eq. (4.29) and to the symmetry properties
of the polynomial (E.15), some of the terms appearing may vanish when some j,, jg are equal.

4.4.3 Chiral representations
To work out the direct sum decomposition for a tensor product of two chiral representations,
we have to impose the conditions by 2 & j12 = 0 from the beginning and the polynomials
must satisfy additional chirality conditions. Again, we relabel the chiral covariant derivatives
as D = Dt and D = D~ for later convenience, and also write

j=n+d2,  J=j1—j2 (4.46)
We have the following cases:

Same chirality (j1 £ b1 = j2 £ b2 = 0). The polynomials must satisfy the additional
conditions

(DHDp = (dHPP =0 (4.47)

The only available polynomials are
PLme) = iy (nf — (—1) ") (4.48)
This implies the direct sum decomposition
= 1 1
71, Fi1] ® [j1, Fj2] = EB {j +n+ > FJ £ 2] (4.49)
n=0
and the decomposition

P12, 52 —
JH3n =it gttt s 4n,—j+s

v+ﬂl+%,j2(f+7 f+) . (_1)\\111|[P%17j2+%(f+7 f+) 7+

=Wy, —jisrgn,—i W o —jasjo,jo,—jo
(4.50a)
J1,J1592,52 _
Jti+nAi—iitingtsn,+i—3
j1+1,52 =4 V] j1,j2+1 =4
= \I’j17+j1;j17j17+j1 W+PZZ 2 (f+, L+) - (71)| 1‘Ml 2(r+v L+) W+ \I’j27+j2;j27j2,+j2

(4.50D)

Opposite chirality (j1 = b1 = j2 F b2 = 0). The polynomials must satisfy the additional
conditions

(DHDp = (PHPP =0 (4.51)
The only available polynomials are

n

PP = (t12 + (—1)|%‘77T772_) (4.52)
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This implies the direct sum decomposition

o0

i1, Fi1] @ [, £2] = P + n, F] (4.53)

n=0
and the decomposition
J1,—J1592,52 _
‘Ijj-&-n,—i;j—kn,j-&-n,—j B
i1 e v j1+5.d2+ 5 =
= \Ijjh—jl;jhjh—jl [Pﬁ’p (f-i-: L +> - (_1)‘ 1|nv+]p';712 : (f-i-a L +) W-ﬁ- \I/j2,+j2;j27j27+j2
(4.54a)

Jujigz,—Jj2
Jtngsjtngtng
Pﬁ}’”(tﬁ Li)- (‘UWlanJrPZ;—iQJﬁQ (er, L) v,

W1 —jasja.dz,—o

(4.54D)

= \Ijj1,+j1§j1»]'1,+j1

We also performed this calculation as in the first part of appendix E.3, without working
in any specific realization of the representations, and obtaining the same results.
Remarkably, the vectors in eqgs. (4.50a), (4.50b), (4.54a) and (4.54b) can be put in a
more compact form by means of the identities
Vir=0 = LiU=(Vy+W)"I, W,LIU=(V,+W, )"y
W, 0=0 = LU= (Vy+W,)"U, VLU = (Vi + W )2 (4.55)

We introduce the generator Uy = V + W, and write concisely

J1Fi1352F g2
J+gtnFiEgiitgtngtstnFits

2 L
= nl (—1)ITl* ‘I’jl,m;jl,ﬁ,m(c%%ﬁ((6+7I_Jz+)‘1’j2,¥j2;jg,jz,¢jz (4.56a)

and
Ju,Figete -
J+nFgi+n,g+n,Fj
= 1 Wy v O (01 U)Wy oo (4.56b)
The polynomial Ci1+2(q, 3) is defined as

k41— |
2

Cthz( 6) _ Z (_1)L Jaklﬁb
A T (L )T (L U2 )T (201 + (B) T (27 + 1251

with «, § being odd variables squaring to some even variable. The proof of this statement in

(4.57)

one of the four possible cases can be found in appendix F. The importance of this result in
the context of the present work should not be underestimated. It is thanks to the existence of
this polynomial that we can write the generating functionals of sections 5, 6, 7 in an elegant
closed form. When j; = js, instead of the ordinary tensor product of two representations,
we consider the graded-symmetrized vector space in eq. (4.29). Consequently, if the two
representations are Zo-even, eq. (4.56a) is nonzero only for n odd while eq. (4.56a) is nonzero
only for n even. If the two representations are Zs-odd, eq. (4.56a) is nonzero only for n
even while eq. (4.56a) is nonzero only for n odd.
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4.4.4 Chiral supersymmetric descendants and generating functions

The repeated application of V1 and W, according to (4.14) allows us to extract the
s[(2) @ u(1)-highest weight vectors inside the s[(2]1) multiplet. In this subsection, we use
the following condensed notation

L o —
U= g U= Yo DT = wipe (T T8 (458)

and so on. We list the sl(2)-highest weight vectors as follows. If U is a sl(2|1)-highest weight
vectors in egs. (4.50a), (4.50b), (4.54a), (4.54b), then following eq. (4.14) we write

Uy =0
Uy =V, 0
Uy = W, 0
bt j b—j
Ty = (;;_‘7w+v+ n 2,‘7V+W+) v (4.59)
J

We also show the component expansion of the generating function of a representation. As
explained in eq. (5.49), the generating function is obtained by applying e st+7V++1W+ {4
the highest weight vectors that we found, and their components are obtained by applying eI+
to the supersymmetric descendants (4.59). Again, we use a condensed notation, for example

. -
FiCI Fy = Fi(sp,m)C (D + D, B + B) Falspn) (4.60)
which decomposes in many terms, we show as an example the product
FOpii g0 = 7O (s)piriz(F,, 3 ) FO(s) (4.61)

where the symbols F; = Fj, _j, denote the generating functions of the elementary represen-
tations. F; = Fj, 1, and the components .7-"( ) ]:1( ) are defined in eq. (4.27).

o For the highest weight vector in eq. (4.50a) we have the descendants

Ty = 0, erIP%H-QJz _ (_1)|\1;1|IP)ZL1732+2v+ o,

Uy = —(=1)"1(251 + 245 +n) ‘If1v+]}]’£+2’j2+27+\112
Uy =~ P2y,
2j1+2ja+n

201 +j2+n+3)
. . l
Uy |21+t 1) VP 4 @y 1 () WIERE Y, (462)

Uyw =+
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and its generating function is
nl(—1)" I m g =
" ]:1(1)ML1+§,J2]__2 ) (71)|\I/1|]:-1(0)lel,j2+%f1(1)
oy (<)M 2y 4 2y +n) FORET R ED
+7 FUB Y

251+ 2j2+n . 1,524
B 2(3'1]:- Jo -Jl—Qn +1 {(2‘71 +n+1) ~7:1(1 P;ff 7 + (2o +n+1)(-1 )\q/1|]_—1(0)]1;>;1+]12+2]_-2(1)
_ —n—J2t +1 0 0)pd1sd2+nts (1
+m7—2 0s {fl Pr 2P R — () FOR T Y (4.63)
2 (]2 + jo + )

o For the highest weight vector in eq. (4.50b) we have
B . 1, T 1 _
‘1’0 _ \1’1 {W-JP%H—QJQ . (_1)|\D1|M11,32+2W+} \1,2
Uy = — 0, P2,
_ Dl gl -
Uy = — (D24, + 2o +n) T, W, PL 222 W, 3,

2714+ 252+ n
201 +jo+n+3)

_ oy ot L _
0, {(2;’1 +n+1) WP 2 (2 40+ )DL By (4.64)

Vyw = —

and the generating function is
nl (=) A ORI =
{;1(1>Pg;3+%7jzféo> _ (*1)‘%'f{°)ﬂ”?’”+%ﬂ“)}
v OB A
17 (=D)L, 1 2y +n) FORL TR ED

_ 2]1 +2]2 +n |: . (1 1+ 32 0) ) @, £(0) '1,j2+l ~(1)
+ 2j1+n+1 P 2o +n+ 1) (-1 RV F
nm 2(j1—|—j2+n+%) (251 ) F. + (2)2 )(=1) 1 +1 2
> S l _ . l . _ _ . . 1 _
i L2 2 0, [fl(”PQ“’”féo) — (~)I IO B (4.65)
2(ja+ia+n+}) '

o For the highest weight vector eq. (4.54a) we have
o Gl gl _
o =Wy Bl = (1)l G B ] 0,
Gl gy =
Uy = (24 +n) UV, BL T2
gt _
Uy = (—1)1"11(255 + n) \111[?3117J2+2W+‘I/2

2+'I’L 2+n o . i '+l,'+l _
Yvw = o 321(j1 +)§2]—in) : U | P+ (=1)"11(2j1 + 252 + n) vJr]P)gbl 20 2W+ Uy
(4.66)
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The generating function is
nl(=1)"FiCL2 Fy =
o palaoi1
FORRFY 4 (1) VR T EY

+n (251 + n)fl(l)PZL1+2’]2]:2(0)
T N
_ (291 +n)(252 +n
1y 202 ){
2(j1 + j2 +n)
_ =t
+ 17 1 2

S SR S-SRI S
FOREFY — (1)1 + 2j5 +n) FOPRTPTED

o1 . 1
A L —) [F(O)Pg’;,jz]}(o) + (=1 |\I/1\n]:'(1)P]1+§7]2+§f.(1) 167
2(j1 +j2+n) 1 2 (=1 1 Fnt1 2 (4.67)

o For the highest weight vector in eq. (4.54b) we have

- o L
Uy = Uy |:]P>%1»]2 _ (_1)\\1/1|n W+Pi1_-l-12d2+2v+

Vo

o
Wy = (—1)¥1(2y + n) BRIV 0,

_ o1
\I’W = (2]1 + n) qleJrPg—LlJ’_QJz\I/Q

21 + 1) (22 + 1) - [ o Lot
Yvw :+( 321(]'1 +)§'2J—|2—n) ) T {Pﬁl&rjl? + (=D)™(241 + 22 + n) WJrszl 272 2v+ Uy

(4.68)

and its generating function is
nl(—1)"FCLL2 R =
FORFD 1 (1) F VR A
£ 2o + (1) O ED
1 2+ OB D
—m (2‘?(; ?52‘1 Z)n) [ PRI Y — (1)) + 2y +n) FOBLTERTE £
_ g
TGyt gt )

oy (1) 14 L ot L
o [FORLAF 4 () AR R (4.69)

4.5 Field realization

To go back to field theory in superspace we recall from section 4.1 that in the notation
introduced in subsection 4.2 a highest weight vector W;,.; ;, formally corresponds to a
collinear superconformal primary field ®;;(0) evaluated at the origin, with collinear conformal
spin j and b-charge b

Vjbiggb = Pip(0)Prac (4.70)
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For the descendants, eqs. (4.2) and (4.7) entail the correspondence
LiW,ui6=(=0)"[Py,...[Pr,®;p(0)]...] Tyac

n commutators with P

LIV U550 = ()7 () P [P [Qu B (O] W

n commutators with P

LYW 0050 = (=0)" (—é)) {P+, e [P+= [in ‘I’j,b(O)H } Pac

n commutators with P

L'V, W00 = (—i)" (229) (-5) P [P [Q1 Q20 ] ] P (471)

n commutators with P

From (4.6) it follows that the generating function (5.49) corresponds to°

Fin(s,n,m) = @jp(zt,0",0") Wi (4.72)
provided that we identify
2 2
s=at, p=260", 5="0'
¢ ¢ (4.73)
D - QDl 5 Z_) = % _1
2 2

where again o = 21/4 Thanks to this correspondence we know that, after passing to the
units (4.73) the collinear superconformal algebra (4.2) acts on a superfield @ ,(z ", 27, 61, 9_1)
living on the light-cone as in eq. (4.20), with the 2~ coordinate being inert under these
transformations.

Given two chiral collinear superconformal primary operators ®;, +; (0) and ®;, +;,(0),
we can translate to the units 21, 0!, f! the expressions of 4.4.4 and immediately infer that
the operators

. <~ -

@), 45, (0)CH (D1 +iDy, Dy +iD1) By 25 (0)
o — — (4.74)

B, 2, (0)C3 7 (D1 +iDy, Dy +iDj) B, 1,(0)
are two-particle collinear superconformal primaries. Translating these operators along the
light-cone, one obtains four objects that transforms irreducibly under the representation (4.20)
(after passing to the units s,7,7 in eq. (4.73)) and that can be seen as generating functions
for the descendants (4.71).

One can also lift these operators to the whole superspace. In this case the corresponding
superfields will be lifted to representations of the whole superconformal algebra. This is
what we will do in sections 6, 7. This lifting is necessary to study the renormalization
properties of these operators to order g2, in which the theory is still superconformal [8]. The
results of subsection 4.4.4 allow us to easily extract the component fields of the operators
in (4.74) when the only nonzero odd coordinates are 6 and 6. We shall perform this
calculation in subsection 6.3.

SFor the sake of brevity we write, as arguments of a (super)ﬁeld7 only the coordinates that are nonzero e.g.
<I>j,b(x+,01,91) = (bj’b(CL‘Jr,CEi =0,x; = 0,91,91,92 = 0,02 =0).
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5 Generating functionals

5.1 Introduction

In the previous section, we formulated a recipe to construct towers of local collinear su-
perconformal primary superfields in /' = 1 supersymmetric field theories out of two local
primary superfields.

In refs. [1-4] it was found that the generating functional of connected correlators of bilinear
operators made of free fields has the form of the logarithm of a functional superdeterminant
of a Fredholm-type operator. So far, this object has been explicitly found only in some
particular cases, namely YM theory, QCD, and N’ =1 SYM theory in ordinary spacetime.
In this section, we are going to generalize this construction to the operators (4.74) in a
superconformal field theory in superspace constructed out of free superfields.

The generating functional of connected correlators in superspace for the operators con-
structed in 4.5 and realized in a free superconformal theory is shown in the subsections 5.4, 5.5.
Since working directly with the bilinear operators (4.74) is notationally demanding, in the
two subsections 5.2, 5.3 we preliminarly derive some general formulae involving Gaussian
functional integrals, involving both bosonic and fermionic variables, using an abstract notation.
These formulae extend and generalize to superspace several identities that were employed
in the previous works on the subject [1-4].

5.2 Generating functionals for bilinear operators

In this subsection we compute the generating functional of connected correlators of bilinear
operators made of free fields. We use an abstract notation, in which the bosonic fields are
Dia, <Z_>m and the fermionic fields are 14, 1,/_1Z-a. The subscripts 7 and a denote two kinds of indices
the field may carry: the indices 4, j, ¢, ... mimic the superspace coordinates, while the indices
a,b, ... mimic the discrete indices. In order to construct the analogous of the polynomials
CJ172 | we introduce the matrices (Cn)ij ¢ acting on the two-boson or two-fermion monomials as

S (@) B0 = (unk) 65 (van)i'dly)

7.0 3.0,k (5 1)
STC) WG = ()0 ()i
YR G0,k

where (uy, k)  (Un, k) are matrices that mimic the (D;+iD;)* and (D;+iD;)"~* in the Cj172.
In particular the indices n, k keep track of the number of derivatives in each matrix, while the
indices 1, j represent the action of the derivative on the superspace coordinates a certain field.

Note that (unk)lj , (vnyk)ij act on the fields from the left. The right action is defined as

> (ung) oY) = Z% (k)

J
Z(vnk)]¢(1) 1)Lz Z¢§a (Un,k)
J
Z (un,k’)z‘j ]('(lz) — (_1)|un,k|+L§ ij(a) Ji(un,k:)
j j
S ) /0 = (~1)r TS ) () (5.2)
J J
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where the notation (—1)|'| represents the statistics of a certain object, here of u and v, and
the floor function [z] is the largest integer k£ < x.

These definitions do not coincide with the supertransposition defined in super-linear
algebra literature (see e.g. [36]), and in the present work they have been postulated only
to mimic the properties of objects like (D; + iDi)k, which, when acting on a function
f(x,0,0) satisty (Dy +iD;)*f(x,0,0) = f(x,0, é)(%l + i%i)k(—l)k|f|ﬂ§J. We also assume
the symmetry properties of the polynomials

> (C)i* #)e) = (— L”“JZ )i ¢D gl
73,0
> (€ iy = ”*”“z 5 gDl 53)
7,0

which are analogous to those found in appendix F.2. We assume the statistics of the (C’n)ij ¢
to be the same as of the polynomials in eq. (4.57)

(_1)|u"’k| = (—l)k, (_1)|Un,k| _ (_1>n—k
(—1)‘Cn| — (_1)|un,k\ (—1)‘Un,k| _ (_1)k‘(_1)n—k _ (_1)71 (54>

notice that the statistics of C), is by definition the product of the statistics of its components u
and v. We also introduce a set of matrices (t*)® acting on the a, b, . . . indices of the superfields.
We choose a basis in which each of these matrices is either symmetric or antisymmetric

(t%)° = (=) ) (5.5)
The matrices t* have even (41) statistics.

Bosonic case. Let us consider a theory of bosonic free fields ¢ and ¢, with propagator
<qu-q5bj> = A;ilbj and the bilinear operators that we denote, omitting the ¢, and a,b
indices, as

0% = (Cy, @ 1) - ¢, Sy = (Cong1 @ t%) - 90, S = (Conp1 ®t*) - dp (5.6

The symmetry properties of eqs. (5.3) and (5.5) require that in the operators S and S
the t“ are chosen so that

(—)" T = 41 for 8,82 (5.7)

No similar condition is required for the OF. The generating functional for the correlators
of arbitrary strings of these operators is

2(7) = [1d6)lde] exp $(6,6..7) (5.9
with:
S(¢, 0, J) == > ia AP+ " [(Og)i(Jog)i + (SD)i(Jse) + (Sg)i(jsg)i] (5.9)

i,7,a,b 7,M,Q
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Here and in the rest of this section, the symbol A% represents the quadratic kernel of some
kinetic term, and is not necessarily a Laplacian operator. If the theory has a gauge symmetry,
some gauge-fixing is intended. Note that the external currents are on the right and that they
also possess an index i. Since the action must be even, eq. (5.4) require that we choose

(_1>|Jog| =1, (_1)“]8%‘ = (_1)|j5%| =—1 (5.10)

Using the decomposition (5.1), displacing the currents between the u’s and the v’s, and
symmetrizing, the exponent takes the form

S(¢7¢_57J) = _d_) A¢

k - k - —
3¢ Ui (D)L g0 van 1 kG ug, g (— DTN Jga w0010 16
n,k

Jos

_ o Ja _
16 ub (DT s g () T 5 ()

where we used egs. (5.4) and (5.10) to displace the terms past each other, and the symmetry
properties in egs. (5.3) and (5.5) to symmetrize action. We have omitted the i, j,... and
a,b, ... indices to make the expression clearer, and ugk is the index-free notation for ij (Un,k)-

In order to write this expression more compactly, we introduce a matrix notation for
the fields and propagators

P = @) ., A= (A A) N (A—l Nl) (5.12)

the components of the polynomials can also be organized as follows

Un . | Un.k te
U= " Vir=1" to = 5.13
nyk ( uﬂ”k> ’ n7k < U’I’L,k‘) 7 ( ta) ( )

the sources in matrix notation also read

N _qyltel Jox N Jsa
Jon = (J@% - 2 Jont1 = " Jse (5.14)

2

and we introduce a matrix M such that

(=1)F L8, S Loxea n,n’ odd
(—1)lz]
M:L_k:,n’k’ = 5nn’5klg’ , n,n, even (515)
+1
0, otherwise

which allows us to write Z[J] as

Z.[J] = / [d®] exp (P, .]) (5.16)
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with:
1
S(®,J) = —SPAD + @ UL (~ )M 62 T8 Vi g (5.17)

we again used the index-free notation. The resulting generating functionals of correlators
and of connected correlators are

[‘]] det77 (5 5 ’ 22 Z gAmléa’M;'L—k,n’k’(ta)a/b(‘]ﬁ’)j(v’n’,k’)jil> (518)

£,5,a’ n,k,n’ k'

and

Wi lJ] = log Z,[J]

= —ftr log (5 0" =23 3 (Uni)i AL Myt (6 (T) (Vn,7k/)//)

£,5,a' n,kn' k'
(5.19)

notice that A~! is the 2 x 2 matrix defined in eq. (5.12) and where we have interchanged U
and A~! and restored the 7,7, ¢... indices. In eq. (5.19) we used the property log det = tr log.
All we have to do now is to mimic the procedure of ref. [2], with the appropriate modifications
due to the Zs-grading of the quantities: one has to expand the logarithm in a formal power
series, and in each term displace the rightmost (V;, );? on the left. In this way one can turn
a trace in the indices 7 in a trace in the indices (i,n, k). However, since the Zg-grading of
the (Vn,k)ij generally depends on the indices n, k, when (mG)ij is odd the corresponding
term changes takes an overall sign after the displacement. Hence, one finally ends up with
a supertrace, namely

W J] =

i’ 3" a' n' k!

1 i’ / .
= _§Str log (6 da 5711761,712/62 2 Z Z nl,k1 3 (Un',k')] i’ aj a’M 'k na ko (t%) b(J;TNQ)J)

1 / .
- _isu‘ o8 (6 g 5“1k1 nake 2 Z n1k1 n’k’)m?J‘l,M?—l’—'k'ﬂz,kQ (ta)a b(‘]gz )]> (5'20)
/ k/ /

where we used the notation

—1

, _ A

S = D 0o s 87l Ak = (s ) o2
i’j nk,n’k’

The supertrace is taken on the space of the indices n, k,7 and to the 2 x 2 indices introduced
with the matrices in eq. (5.12). It is defined as

str X = Z (—1)niktr2><2Xnkia,nkia (5'22)

n,k,i,a

n—k

where tr is the partial trace over the 2 x 2 indices. The factor (—1) is the Zg-grading of

the index (n, k,i,a). Here, in the rest of this section and in the rest of this paper we will
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denote this quantity as deg(n,k,i,a) € {—1,+1}. Recall that the supertrace satisfies the
familiar relation str log(X) = log sdet(X) with the superdeterminant. More details on this
procedure and on the appearance on the supertrace are shown in appendix D. Using the
definitions (5.13), (5.14), (5.15) one finally finds

W, [J)=log Z.[J]
Tty maka 0700’ = (AL ko g, Diagor (0 (JOg Y Oz my 250 (AL by 2t kyViager (8 (Tsg Y (= 1)%Gans1.m,
25 (A ant ki ()P (T8 ) (1) 280m 4 1ms  Onsks maka0i 0= Sn (A0 4y 00 1 iasgar (%) (Jog ) (= 1)1 851 1,

(5.23)
The residual trace over the 2 x 2 indices can be computed with the rules in eq. (D.8).

1tl
=—_strlo
B g

Fermionic case. In the fermionic case, the procedure above can be carried out step by step,
with minor modifications. Now, the bilinear operators are

On=(Con®@1t%) -9, Sy =(Cont1 @) -9,  Sp=(Cont1 @) -9 (5.24)
where, in analogy to the bosonic case, we choose the t“ that satisfy
(—1)" I =41 for 82,82 (5.25)
One has to use the integral [37]

/ [dW] 3¥AY — Pr(a) (5.26)

where Pf(A) is the Pfaffian of the antisymmetric matrix A, which, as a polynomial in the
matrix entries, enjoys the property Pf(A)? = det(A). Throughout the derivation, one obtains
a generating functional analogous to that of eq. (5.19), except for the overall sign and for
the appearance of the matrix

Onn/ Okkr Lax2 n,n’ odd
(_1)L%J+k+1
Moy = Snn'Okkr »,  mym’ even (5.27)
’ (-1
0, otherwise

In the end, one ends up with

1 : _ _ , :
W-[J] = +5str log 07 00" Oy maks — 2 > (ALY i iaga Moy gy (8 (1)

n' k' ,a’

;n2,k2

(5.28)
or, more explicitly

W_[J]=log Z_[J]
Ok naks 070" = 0, (A k1.2n ks iasja! (i/“)a/b(r]m)j(*l)k’fszmnz =2 (A antt gy iasal (ta),a/b(js;; ) 69n+1,m2 ) )
=25, (A ks a1k iaga (2" (Jsg) Sont1ns Onkr naks 0700 = X0 (AL L o iy Viagar ()7 (Jog Y (— 1)1k,
(5.29)
where again deg(n, k,i) = (—1)""*. The residual trace over the 2 x 2 indices can be computed

with the rules in eq. (D.8).

1
= +§str log (

— 28 —



5.3 Connected correlators

By differentiating the generating functionals, one can obtain the connected correlators between
the operators O,,, S,, S, of subsection 5.2. Before performing this computation, we present
some simple identities that will be used. If u; are even variables, we have

0 0
C BT Ujy - - - Uj, = Z 5i1jg(1> s 5inja(n) (530>
in oeP,

8Ui1

where P, is the group of permutations of n elements. If ¢; and 7; are odd variables, and
f is an analytic function, we have

<8Zl> (02) fle-n) =eiy-..ei, f™(e ) (5.31)

Using this identity with f(z) = z™ one can prove that

0 0 n(n—1)
e =N . = (—1)7 2 sgn(o)0; i oo 04 i 5.32
87%1 8777/71 77,]1 n]n ( ) J;n g ( ) 11Jo(1) nlo(n) ( )

(-52) (o) (-a) (v
Oeiy onj, )\ Oey, o, ey - - - €k, N0,

=(-1)" Z sgn(o) sgn(p) 5@1j0(1) ...(5gnja(n) 5161%},(1) ...5;%1»0(”)
o,pE Py,

(5.33)

From these rules, it follows that given some odd operators F), and currents .J,, the correct
differentiation rule to obtain the correlators of the F), from its generating functional Z[J] =

/exp (S + FoJy,) is

(Fo, .. Foy) = Zh)] (— &il) . <_8Jam> Z[J]‘JZO (5.34)

The same differentiation rule is valid for the generating functional of the connected correlators
WIJ]. In the following paragraphs we will always omit the i,7,¢... and a,b, ... indices to
have clearer expressions. The rule to recover them is the following

-1 a -1 a\b'as
Anlkl,TLQth (Anlkl’n2k2>i1a1,igb/ ¢ )

aA—1 ayar b’ -1 5.35
t Amkl,nz]w — (t ) (A”1k17”2k2)i1b’,i2a2 ( ' )

T — (Jg)n

When, after this replacement, at least one lower and one upper i, index appear together,
the sum over them over them is intended.
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Oy correlators in the bosonic theory. Setting the currents Js, Js to zero, one obtains
the generating functional

1 _
W+[‘]O] = _§ log Sdet |:6n1k‘1,7’l2k‘2 A2n1 k1,2n9 kgt Jong’]

1 _ o
5 log sdet [5n1k17n2k2 A2n1 k1,2no kg( 1)n2+‘t |ta°]o%2}

fe'e] 1 +(_1>Zi"i+|tai| N . .
= Z Z 2 (_1) 1A2n1 k1,2n9 k}gta2 te 'AQT'L]\/] kar,2na kltal J(’)ffll te JO%%
M=1 n’Lyk’Ha’L
(5.36)
Differentiating M times one obtains the connected correlator
aq anM —
<O’I’Ll ’ OnM >COHH o
11+ (—1)2mitle] |
—_ 0’(1) o(i+1)
M 2 22 H 2"a<z)ka< >72"o<z+1>’%<z+1)t (5.37)

ki o€Pyy

O,, correlators in the fermionic theory. The derivation is perfectly analogous to that
of the previous paragraph. In the end, one obtains the result

nn

11+ (_1)M+Zini+\t0‘i| N M . ‘
— — a(1) — 0( ) Qo (i+1)
M 2 Z Z (=1 1:[( A2no(z)kg(i)v2n0(i+l)ka(i+1)t i

(5.38)

(om..ome) =

S., S, correlators in the bosonic theory. Setting the currents Jo to zero, one obtains
the generating functional
Wy lJs, Js) =

1 - 7 - k241
) log sdet [5n1k1 naks =4 A2n1+1 k2nt1 kT Isg (= Ol A2n+1 k2na+1 kot 2Js;’22(*1) >t ]

o 221\/]—1

— k +1 1 ks
- M Z ' HAQn +1 ki,2n)+1 k’t JS ;( 1)k AZn LK 204041 k1+1 +J ;:Ll( 1)Fi+t
M=1 n;,ki o :
ket
(5.39)
Displacing all the currents to the left and differentiating, one obtains
—a —o/ 22M71
Q@ « M —
<sml$n1 SSE) =YY smosen(o)
conn ki Kk, p,o€Pp
"(1) p( ) Qg (i41)
H A2n0<z)+1 ko (i) an( >+1 kp( )t A ( )+1 k:p( ),2n0(2+1>+1 k0(1+1)t (54(])
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S,, S, correlators in the fermionic theory. The derivation is perfectly analogous to that
of the previous paragraph. In the end, one obtains the same selection rule for the correlators
with a different number of S,, and S,, and the result

B 22M71
(smel smysiy) =5 XX smlo)min)
conn ki,k?; p,0€Pyp

AT DA L %o (i41)

M
k +K! 1
o(1) I | _1 ko i) o) A
) J ( +1 ’“;m p( )+ K () 2o (i41) T1 ko(it1)

271,(7(1)4»1 k,,.(z) 2np( )

(5.41)
5.4 From abstract notation to superspace

We now see to what the quantities introduced above correspond when we have a field theory
living in superspace. The variables ¢, ¢, 1,1 are free chiral superfields transforming under
some irreducible representation of the collinear superconformal algebra. We consider two free
superfields with collinear conformal spin j, Zo-gradings (—1)I®l = (—1)|‘i’|, and write them as

®y(xr,0), Do(zg,0) (5.42)

where a denotes any other index (e.g. color or flavor) that is inert under the action of the

collinear superconformal algebra. We indicate as
Z = (2", 6%, 6%
(.0%0%) 543
5(8) (Zl, Zz) = (5(4) (:L'1 — $2)5(4)(91 - (92)

a general element of superspace and the delta function over superspace. The integration
on superspace is defined as

/ 7 = / d*z d*0d*0 (5.44)

where the [ d*z is an ordinary integration over spacetime, and the Ik d%0d?0 is the Berezin
integration over the odd coordinates [38]. Using this notation, we denote the two-point
function as

(2u(20)84(22)) = (A (21, Z2) (5.45)

-/

We choose the operators (u,);" and (vn,k)ii/ to be

& 1 _ xc—2|q>|J = \k _ n
(Un,k)i T(1+L§J)F(2J+L%J)( 1) (D1 + Dj) (k=1,...,n)

it 1 = \n— _
(Un k)i P Ry & [ ) (D1 + Dj)"* (k=1,...,n) (5.46)

which means that
AL iy < ! ! (-1l
it D(L+ [ 25502 + |25 ) T+ (B )02y + [ £ )
1

(DS +iD{")"* (D +iD§2>>k’<A—1>ab<zl,zz> (5.47)



The relative order of the chiral covariant derivatives acting on Z; and Zs (with superscripts
(1.2) respectively) is not arbitrary due to their odd statistics. The matrices (t*)® that act
on the discrete indices of the superfields ar defined as in subsection 5.2.

In this dictionary, the abstract index ¢ corresponds to the superspace coordinate Z, while
the index a and the indices (n, k) have the same meaning of subsection 5.2. The supertrace
of a matrix X possessing (Z,a,n, k) and the 2 x 2 indices introduced above is defined as

str X = > / d®Z deg(n, k) traxoaXnkanka(Z,Z),  deg(n,k) € {—1,+1}  (5.48)

n,k,a

The residual trace over the 2 x 2 indices can be computed with the rules in eq. (D.8). A
possible source of confusion is that although the spacetime coordinates Z = (z#, %, %) are
respectively even, odd and odd, they do not possess a Zs-grading as long as this definition of
supertrace in eq. (5.48) is concerned. The Zs-grading associated to the statistics, and the
Zs-grading as defined by the supertrace (5.48) are two independent notions.

To familiarize with this notation, it is useful to rewrite the two generating function-
als (5.23), (5.29) making the indices run in superspace

WelJ]=

(5(8)(21 22)5 ]12><25n1k1 noke 2 Z n1k1 n/k/)aa (ZlaZ2)M n’'k’ anQ(ta)a,ngg(ZQ)

n' k' o

1
tr 1
:1:2sr og

(5.49)

where the upper sign is for bosonic theories and the lower sign is for fermionic theories. The
supertrace is taken over all indices. The 2 x 2 and superspace indices are not graded, while
the grading of (n, k) is deg(n, k) = (—1)""*. Following the same passages in section 10 of
ref. [1], it is possible to express eq. (5.49) in momentum space. If we define

/d4$1 d4$2 (A_l)ab(xla01751;$27€2752) e—ip11‘1—ip2x2

= (2m)* 0" (p1 + p2) (A" )b (p13 01,01, 03, 65) (5.50)

we obtain
1
Wi [J] — :F§Stl' 10g [(2ﬂ)46(4) (pl _p2)6(4) (91 _‘92)6ab]12><25n1k1 ;noka

=2 > (A ik )aa (P15601,601,02,0) Moy, (ta)a/bj%(pl—pz;91,91,92,6’2)1

n' k' ,a’

(5.51)

5.5 From superspace to ordinary space

Let us consider the (unnormalized) generating functional of connected correlators of some
set of composite operators O, (2)

WIJ] = log / 1] exp (5(¢) + / &7 og(Z)J:;(Z)) (5.52)
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The operators O5(Z) admit a component expansion (the order matters)

On(Z) =Y OpH(x)ea(0) (5.53)
A

where the e4(6) form a complete basis of monomials in the odd coordinates ,0. We choose
the source, without any loss of generality, to be

JNZ) = TS ()6 (0 — 0" (5.54)
and formally define
malx) = ea(t') ] (x) (5.55)
our generating functional can be rewritten as
WIK) = log [1d6] exp (S(6) + [ d's O} a) (o)) (5.56)
which generates the connected correlators of the O (x) as
0 0
Ot (1) ... Op A (2ag)) = (i KT (@, ) (i K (227) ) W[m\
< 1 M >conn aKniAl (551) aKn]]\\//[I7A]VI (QSM) K=0
(5.57)

where the signs are positive for bosonic operators and negative for fermionic operators.
What is the form of the resulting generating functional? As a preliminary consideration,
we note that the vectors e4(6) form an algebra

ea(f)ep(0) = > Tap“ec(0) (5.58)
c

where the T4 the structure constants of the algebra. To make it concrete, let us consider the
case in which the operators in the generating functional are restricted to the light-cone (4.1).
We only have two odd coordinates ' and #'. We choose the vectors e () to be
eq(0) = 06"

ea(0) =0, (5.59)

Of course, this basis is not unique, and can be changed through any invertible linear
transformation. The corresponding structure constants written in matrix form are

+1000 0 4100
| 0o000f g2 _|+1 000
0000 0 000
0000 0 000
00410 0 0 0 +1
p_| 0000l p_ |0 0410
+10 0 0 0 -10 0
0000 410 0 0
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Let us now consider the generating functional (5.49). To lighten the notation, we omit the
color /flavor-like indices introduced in eq. (5.42). We can choose the currents as in (5.54)
and decompose each kernel as (the order matters)
(At e (2,2') = 3~ eaO) (AL et (w2 )ear(6)) (5.61)
AN
Plugging this expression into the generating functional, displacing the e4(6), by using the
rules (5.58), we end up with a new generating functional

1
Wi K] = F 5 str log |6 (21— 22) 64 Blaxadn, ky nokyOa’

K2 AA + 'b c
i2 Z ( )leB|(| |+|€C|)(An11k1 n’k:’)a“/ (xl?mQ)Mn/k/,ang (ta)a TAIB 1?:2 C(‘/L‘Z)
A’,Cn' k' a
(5.62)

where the Zs-grading of the indices is deg(n, k, A) = (—1)*"#*leal A significant example
of application of this method can be found in appendix 7.7.

6 Application to free SCFTs

In this section, we apply the constructions of sections 4, 5 to a superconformal field theory
with bosonic and fermionic free fields in N’ = 1 superspace transforming irreducibly under
arbitrary representations of the collinear superconformal algebra. The analysis of this section
relies on the dictionaries described in subsections 4.5, 5.4.

6.1 Superfields

We consider a pair hermitian conjugate of chiral bosonic superfields ®, ® and a pair of
hermitian conjugate chiral fermionic superfields ¥, ¥ with additional discrete indices denoted
by lowercase Latin letters a,b,.... We assume these superfields to be elementary, and we
work in a gauge in which they are primaries under the collinear superconformal algebra. As
in appendix C, we assume to be the components with maximal spin along the light-cone of
some superfields, and hence they transform irreducibly under the collinear superconformal
group. They are free fields with nonzero two-point correlators”

(z5)"
( 32)2]

_ _ .1'
<‘1/a($L,1>91)\Ijb($R,2a02)> = Cydap VA2, Z5) = C\If&zbiw

<‘I)a($L,1791)‘i’b($R,2a§2)> = Cpbay, *A™N(Z1, Z9) = C56? (6.1)

(6.2)

The components of the Superﬁelds along the light-cone are

Dy = ¢W(aT,27) + 91 o@D (@t 27), e =Wt 27) + 91 @ (2T, 27)

é‘l.c. = qg(l)(x—i_vx_) - 501 ¢(2 (:U ax_)a \Tl|l.c. = &(1)('7}—’—7'%_) - 501@&( )(x+7x_) (63)

"In Minkowski spacetime, the denominators of the propagators must be intended to include a negative
positive imaginary infinitesimal —ie e.g. mfé must be read as xfé — ie and p? as p? + ic. We will omit them in
the rest of the paper.
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where to lighten the notation we omitted the remaining discrete indices. We remind the reader
that in this paper o = 21/4 and that x‘fi is the supertranslation invariant interval defined as

B b gk

ok = —at, = 2l —ah — 07 (0")aalf — 05 (0")acbly + 2007 (0")aal (6.4)
for future use we also define
12 =07 —05, 7?2 = é? - ég (6.5)

See also appendix C. Expanding the two-point correlators (6.1) in the odd coordinates, one
can obtain the two-point correlators for the components

<¢gl)(x1)q31()1)(3:1)> — 5Ca (1’12)Z

. 2o )atl
(2w 1)) = b (o) 2
)b
<1/)( V(@) ( )> _5abo‘1’((11;))2y\p
. Ly +1
(V2 @)y () = 6ab(+410w>((f))m+l 0

We hope that the similarity of this symbol with the standard translation invariant interval
zhy = xf — 2 will not be a source of confusion for the reader.

6.2 Superconformal operators

We now construct the superconformal operators. Since we are interested mostly in the
applications to N' =1 SQCD (see section 7) we will not construct superconformal operators
that mix the bosonic and fermionic superfields.

We have three towers of superconformal operators made of bosonic superfields

0% (x,0,0) = Cz it (1) &, (2, §) CLI (51 + ff)i, D+ 51) Oy (21, 0)

*50(2,0,0) = O3 (%) B, (xy, 0) CIte (51 +iD;, B+ 51) By (1, 0)

*S%(x,6,0) = O 1" (1) &, (xR, 0) CRIY (51 +51,Bl +¢Bi) ®y(zg.0) (6.7)
and three towers of superconformal operators made of fermionic superfields

Y02 (x,0,0) = Cg it (1) Ty (g, ) ChI (31 +iD;. Dy +¢31) Uy(w1,0)

Y2 (2,0, 0) = O i (1) W, (ay, 0) CLIY (51 +iD B+ 51) Wy(z1, )

VS (2,0,0) = O it (1) By (g, B) CEI (E +iD;. B+ 51) Uy(2r,0) (6.8)

We refer to the operators made of the two fields of opposite chirality as balanced, and to those
made of two fields with the same chirality as unbalanced [1]. The matrices (t%)4, act on the
discrete indices of the elementary superfields, and they are chosen to have definite parity

(t%)7 = (=) ) (6.9)
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¢ ¢ j b
0, | lo+n lo+n %jg +n 0
*Sn | 2 +n+1 n 2o +n+31 —2jo+3
*Sn n Wp+n+1 2p+n+l +2g—1
Y0, | ly+n by +n %y +n 0
S, | 20y +n+1 n 2j\p—|—n—|—% —2j\1,+%
vs,, n 20 +n+1 2jg+n+; +2j\1,_%

Table 1. Collinear superconformal charges of the operators in egs. (6.7), (6.8).

and satisfy the conditions (5.7), (5.25) so that none of the operators in egs. (6.7), (6.8)
vanishes. Thanks to the factors i"t1**l we have the hermiticity relations

(o) =" o, (1) ="

T T -
(Yog)' = of, ("sp) =" s, (6.10)
The collinear superconformal charges of these operators are shown on the table 1.

6.3 Components

The components of the operators in (6.7) and (6.8) evaluated along the light-cone (4.1) form
superconformal multiplets. According to the analysis of subsections 4.1 and 4.5 it is possible
to obtain the component fields of our operators evaluated on the light-cone by starting from
the generating functions (4.63), (4.65), (4.67), (4.69) by replacing

s — ™ 0s — 04
2 . 20
n— —0 n— —0
0 0
D — ng D— %D1
FO (5) — o) ) FO(5) — M) 1)
FO(s) — ¢, FO(s) — 3@, 5 (6.11)

where ¢ = 2%, In each of the operators (6.7), (6.8) the two fields appearing on the left
and on the right have the same collinear superconformal spin. Hence, it is convenient to
express their components not in terms of the /12 introduced in eq. (4.42), but through the
Jacobi and Gegenbauer polynomials, whose relation with the P/1+/2 is shown in eqs. (4.44).
Hence, we define the quantities

. 1 . 1
2jo = ag + 5 2jy = oy + 5 (6.12)
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To obtain clearer expressions, we omit all the discrete indices of our fields and use the
condensed notation

%
SN = M (0)(i D4 +id 2 )rC (3*—‘@) 6™ (0)
94+ 94
9, -7,

o) p2ie—1250) () = (2_5(1)(0)(@<5+ + 15}+)n (2j0—1,22) < ) »?(0) (6.13)

04+ ng

and simﬂgly foi all the other possible combinations of component fields. The i’s inside the
factors (i @ +1i 0 )™ have been inserted to make contact with the previous literature [1-4].
One has to be careful in keeping track of the i’s that are absent from the definition of P12
but appear in eq. (6.13). After these warnings, we are ready to show the results. For the
bosonic sector, we have

(—1)"ilt*123"T (2a)
T (n+a¢+%> I'ag+n)T (a¢+%>

{ (gz)(l)cg@ ¢<1>_%¢(2>0331+1¢<2>>

2p+n

@@n — er:l

9 TI'Cag+n)T ap+i) ap—1 aptl
+ip 1< Q)qb(”Prﬁ vaeets) 4 (6.14a)
4 F(n+a<1>+§ I'(2a4)
T(2 r :
—261 ( OZ(I)"_TL) (OZ<I>+ 2)) QE(Q)P’rgaqﬁ»%,a@*%)qb(l)

_ovapat (Mt (q;(l)cgil(b(l)Jr%(;(z)Cgﬁl ¢(2)) }
+200 n

(1l ent

"Sh= _C%IF (aq>+n+%) r (a¢+n+%)

{ (¢(2)Pr(baq>+§,aq>—é)¢(1)_(b(l)Péacp—;,a@-i-é)(b(g))

1
2, P(200+2)T (aa+n+3)
¢ T'(2ag+n+1)T (0@—}—%)
5 (n+1)T(200)0 (ag+n+})

+29 (b(l)cf:@ oM
0 P(2aq>+n+1)l“(aq>+%) !

¢(2)CS<1>+1 ¢(2)

; gi|.  (2ag+n+1)(n+l) (aa+3.00—73) (ca—3%,00+3)
9v/3013l (209 ((Q)P 209-3) (1), 4(p 500+ s (2))
Hi2V2 [ZQ(Oz@—i—n—i-l)(qu:—i-n-i-%) e A i

_ o @) ploetses—3) (1) (1) plee—3.00+3) (2))
2(a¢+n+1)a+<¢ n 9 =g Pn ¢ (6.14b)
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while for the fermionic sector we have

" _ (=1l 1237 D (20
0, =Cy* .
r (n+a\p+ ) I' 2ay+n)T (a\p+§)

{ <¢(1)Caw<”+ ¢(2)Caw+1¢(2))

200 +

2) p plvienti)ye (6.15a)

N
Q
S
+
3
—
Q
/—\e
+

+1

Ve (—1)n4lt"123 @n+1)
Sn—cxy 3
[ (ag+n+3)T (ap+n+3)

{ <¢(2)P7§oup+2,a\pé)w(l)_,'_w(l)Prga\p%,a\p+é)w(2)>

201 I'(209 +2)T (ag +n+3)
0 T'(2ag+n+1)T (ag+3)
2 i (n+ )T (2a9)T (aw+n+3)
o TQag+n+1)T (ay+3)

(2a\1,+n—|—1)(n—|—1) w(Q)P(a\er%,a\p*Z)w(l) w(l)P(a\p b Ot\p+ )1/1(2)
2(ay+n+1)(ay+n+3) el

¢(2)070Lw+1¢(2)

1+i2v/2010" | i

ay (Ot\I/Jrl»aq/*l) 1 1 (Oéw*%,a\er%) 2
o 5 (e plevtien=3) a) ) pl @)
2ag4n+1) " (1/1 v v v

} (6.15Db)

with o = 21/4 The operators ®S, and ¥S,, can be obtained from ®S,, and ¥S,, with the
substitutions

0r = i0t, ol — —ip!
sV 5 50 ORI
» O 25 50 @ 5 i) (6.16)

6.4 Two-point correlators

From the values in table 1 and the results in appendix C, it is immediate to infer the form of
the two-point correlators between superconformal operators. They are

(*05(2,)°05,(22)) = * il e (1947 6 "G )Zj::ggj%ij:n
o) A )
(#8805 20) = e, (P e 1),

<‘llSa (Z1) \IIS,B (Z5) > _ \IICS n [t |+|t6|tr (to‘tﬁ) . Ei% ;Zz:?lg )1551 (6.17)
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where the factor (—1)7i**+*’| comes from the factors i**1*°l in eqs. (6.7) and (6.8). The
computation of the normalization constants in eq. (6.17) relies on the following identity [1]:

let x(x), x(z) and £(z),&(z) be pairs of hermitian conjugate ordinary fields with two-point
correlators

(z75)"™ (z1p)"

xx) = (a2)%x <§§> = (a2,)%% (6.18)

We omitted the argument of the fields inside the correlator for brevity. Then, by using the
same condensed notation of eq. (6.13), we have

o 2i=12je=1) ¢ 7p(2ie=12 =D\ _ s 1 i\n (o (202 +m ) ()Xt
<XPn ffpn X>—5nm( 4) (2Jx)n(2]£)n< n ($%2)2(j><+j§+”)

(6.19)

— €X+€§
(RO X XCEN) = b (—4)" [(205), ] (2%2”“) ((:”12)
T

2 \2(ay+n+i
12) (e 2)

where, as in section 4, we used the symbol (2a), = I'(2a + n)/T'(2a) and the binomial
— [(a+1)

- LB (a—p+1)”
since we cannot assume a prior: that the arguments are nonnegative integers. This identity

coefficients in these and in the following expressions must be read as (g)

can be proven by evaluating the correlators (6.19) on the light-cone, and using the Schwinger
parametrization

I'(2 0
(ng ;lz)a = /0 du 2! e , for x5, > 0 (6.20)
12

Thanks to this parametrization, the Jacobi and Gegenbauers polynomials take, as arguments,
the Schwinger parameters, and after a change of variables it is possible to apply on them
the orthogonality relations

+1 . o .
[, s (L= 2P @ 2R PR () =
-1

22t T (n4+ 1+ 1) T (n+j2+1)

Onm — — 6.21
n+j1+542+1 n!ll'(n+j51+j2+1) (6.21)
and
+1 2172ar 2
[ mon = st 2 (622
-1 nl(n + ) [['(o)]

One then must substitute everything back into the original expression and use Lorentz
invariance to lift the correlator from the light-cone to the whole spacetime.

In our case, the identities (6.19) must be applied to the lowest component of the
operators (6.14), (6.14), using the propagators for the components shown in eq. (6.6). The
resulting expression must be compared with eq. (6.17) evaluated at % = §% = 0. We stress
the fact that there is no loss of generality in this procedure, since the form of the correlators
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in eq. (6.17) is dictated by superconformal invariance alone. The results of the matching are

‘I)C@ _ on 1 4jp +2n +1
" [L(2j0)T (250 +n)]*\  n+1

o g 1 (43@ +2n + 1)
" [T(2jw)T(25¢ + n)]? n+1

eo. — _obn+3 . 1 <4 &+ 2n+ 1)
" (2o +n) [['(2]0)T 2Jq> + n)]

Vo _gntd__ 1 (4]\1; +2n + 1) (6.23)
" (27w +n) [['(259)T 2]@ + n)]

6.5 Generating functionals

In this subsection, we summarize the results of section 5 applied to the our case. Since the
®- and the W-sector are decoupled, the generating functional for the connected correlators

is then a sum of a “bosonic” and a “fermionic” generating functional
WIJ]| = Wa[J] + W[ J] (6.24)
where

1
Wa[J] = —58‘61“ log [5(8)(21, Z2)6ab12x20n, k1 moks (6.250)
. a

— 92 (I)A’r:lkl n’k:’(Zl’ZQ) (I)Mn’k’, I. 2 ||t (ta)ab @Ja ( )]
and

1
Wy [J] = +—str log [5(8)(Z1, Zg)(sab]lgxg(snlkmwk?
2 (6.25b)
— 92 \PAT_Lllkl,n’k/(Zl’Zz) \IIMn’k’, L 2 |+t |(ta)ab \I!Ja (Z )}

The factor il211*°l comes from the normalization of the operators in eqs. (6.7) and (6.8).
For brevity we omitted the sum over n’, k’. We remind the reader that deg(n, k) = (—1)"*
and the partial supertrace over the 2 x 2 indices is computed by means of the matrix identities
in the appendix D. The matrices ®*M and Y M are

(=) 16,0k Loxa,  n,n’ odd

—nlzlo
(DMnkm/k’ = (( ) 1) 6nn’5kk”a n,n' even

0
0, otherwise
Onn/ Okk Lax2 n,n’ odd
(_ )L J+k+1 0
\IIMnk,n’k’ = Opn/Okkr , mM,m even (6.26)
0 (—1)k
0, otherwise
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The currents ®J,, and Y.J, are

o) PJoa(2)
®Jsa(Z) 0 0 (-1t
P 7o _ S’n ¢ 7o _ 2
Jon1(Z) = ( 0 e(z)) J(Z) = q,J@g(Z) ) (6.27a)
and
o) YJga (2)
YJsa(Z) 0 0 (-1t
LY _ Sg ¥ 7o _ 2

The matrix t¢ is

o — (t“ ta> (6.28)

We now turn to the kernels, which, with the same notation of section 5.2, are

0 CAL (21, Zs)
P A —1 kn/k/ \Z1 42
Shec )= (uy Lz
nk,n'k’/ s
_ 0 \I]A_l ’ ,(Zl,ZQ)
@Ané,n’k’(zlvz2) = (\I/Akl N (Zl ZQ) nk,TLkO (629)
nk,n’'k’ ’

where the entries *A ! (Z1, Zo) and YA (21, Z5) are computed from eq. (5.47) applied

to eq. (6.1). The final result for the entries is quite involved

B 1 1 1)L
nkn'k = (1§ | 255 DT (250 + 22 ) T + |5 )T (250 + L%J% 1)

P (2o + P4 152) (o) )

I' (2j0) (a2 )2j¢+tn—ch+1J+L%J

(_1)L%'J

) (n—k) mod 2

[ (4i(213012)1 (4i(0121)1)" ™ ? +

93 [(n — k)mod 2] [K'mod 2 . _
2][.; n LnlkJ n Bk/[QHJ 1 ](JC%Q) <($1§)+ - 12\/5(912)1(912)0] (6.30a)
1 1
I(1+ [ %55 )0(2je + [ 25 ) T+ |5 DE(25e + (55 )

. o1 W 5, o\ L2EE LA
v D (2 + (2= 4 (B ) (28 ()
7 |

I (2jw) (a2, 2wt L L

k/

(-1)L=!

U A—1 _
Ank,n’k’ -

(-1t
5

. — (n—k)mod 2 'mo
[ (4i(z13012)1 ) (4i(Br213)1)" ™ 2 +

25 [(n — k)mod 2] [K'mod 2]
2ju + ["3%) + M3t - 1

(2%) ((212)+ — 12V2(012)1(012);) ] (6.30b)
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K
120
in momentum space, which are

where 2%, 65, and 0%, are defined in eq. (C.2). We now show the same generating functionals

1
(I)W[J] = 7§Str log l(2ﬂ)45(4) (pl 7p2)5(4) (91 792)50‘17]12)(25'",1]{:1,%2]627

—9 @B—l

nlkl,n'k}’

(p1301,01,02,02) * Mo nokyi T (geryab ¢jgz(p1_p2§9la§1,9279_2)‘|
(6.31a)

1
YWJ] = +5str log [(2%)46(4) (p1—p2)d™@ (01 —02)0% L o200, 1y mahs —

-2 Wﬁﬁllkl,n/k/(P1;91,§1,92,52) Y Morie ey iEF I HE T (£) 20 \I/jﬁ2(p1—1?2;91,91792792)1

(6.31D)

For brevity we omitted the sum over n/, k’. Everything is the same as before, except for some
currents appearing through their Fourier transform with respect to the even coordinates.
The Fourier transforms of the kernels are

PASL S — R S — .
T DA+ [P0 + [P T+ LE DT (250 + [55H)
(DU (—izdp ) TS [ (20pf12) 7 ™) (20020 ?) -
— [(n — k) mod 2] [k'mod 2] (\/§p+)}exp(a -p)Ga(p) (6.32a)
A1 1 1

An n'k! = n— . — 7 , 7
PP [ P+ [P )T+ S DR+ [F5))
(1)L (—iakp )T (2(ph10) "7 701 %) (2(010p) 0 2) —

—[(n — k) mod 2] [k'mod 2] (\@p+)}exp(a )Gy (p) (6.32b)
where
at = 910’”@1 + 920“@2 — 2910“@2 (6.33)

and the Fourier transforms CNLI,, Gy of the propagators in eq. (6.1) can be found in appendix C.

The Euclidean version of these generating functionals can be obtained through a Wick
rotation according to the rules of appendix B. The Wick-rotated generating functionals for
the bosonic and fermionic correlators in position space are

1
WELT"] = — st log |62, 237)0° Lasabs by ok
— .| 2 al L ana E «
— 2 V(AN (28, Z8) My i F N )0 2 7% (20
(6.34a)

and
1
WT"] = + st log |62, 257)0° Lawabus i ke

- | L2 | rrana «
-2 \II(A 1)E1k17n’k’(Z1E’ ZQE) ‘I}Mn'k’,nzlwll' z e ‘(t ) b \IIJTLE; (ZZE)}
(6.34D)
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For brevity we omitted the sum over n’, k. The Euclidean currents are the same of egs. (6.27)
except for the Wick rotation of their argument, and the matrices *M and Y M are those
in eq. (6.26). The Euclidean kernels are obtained by a Wick rotation of the kernels (6.35a)
times a factor —i that comes from the rotation of the delta functions according to eq. (B.34).
We obtain

e s (D
DL+ 2F2 020+ "5 ) DA+ |5 D020+ 557 ])
W F(Zy’@ﬂ”;’““JH@J) (23(—231315)3)LanMkQIJ
Loy 2 2 12

(_1)L2 : : —k+1 K41
I'(2js) (_(mll‘%)z)?mH%HLT*J

[(4(53{529{52)1)(”%) mod 2 ( (052, )k’mod 2+

23 [(n—k)mod 2] [k'mod 2]
2jo+ |50+ [ F5 ] 1

AN o =~

(a13)? (<xf2>z+m<eﬁ>1<9ﬂ>i)]

(6.35a)
YA e =~ ! / ! / (—1)L%’J
- DL+ %52 )T 2w+ =5 ) T+ 5 )T 25w + [ ¥57])
1) T (2je+ L*"*’SflJ +1E£1]) (23(—ixf§)5)izmil
I'(2j9) (_(x%)2)2jxp+\_TJ+LTJ
[( ($120 ) )(n—k)mod 2( ((912$12) )k’mod 2+
23 [(n—k)mod 2] [K'mod 2], g
sttt (B -1 ) () 2V RN OR), ﬂ
(6.35b)

The Euclidean generating functionals in momentum space are
1
(I)WE[JE] = _§Str log [(2W)46(4) (plE _p2E)5(4) (efj_92E)§ab]12><25ﬂ1k1,n2k2_

-2 (p(A_l)nlkl,n'k’(plE;alEvélEaQQE?éQE) (PMn’k’,anziLTzJJrlta‘(ta)ab <I>an2 a(plE_pZE;alE’Q{Z?92E792E)‘|
(6.36a)

1
\I}WE[JE] = +§Str IOg [(2ﬂ)46(4) (plE _p2E)6(4) (91E_02E)5ab]12><25n1k1,n2k2_

-2 W(A_l)flkl n'k’

(PF;0F 08 0F 0F) Y Mgy popyil T (£2)20 T TE o (pF pf;efﬁf,ﬁ@f)]
(6.36b)

For brevity we omitted the sum over n’,k’. Again, the Euclidean currents are the same
of eqs. (6.27) except for the Wick rotation of their argument, and the matrices M and
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Y M are those in eq. (6.26). We obtain

® A —1\E _ 1 ! - L%J
(A7 )ik T(1L+ %52 )T(2je + |25 )T (1+L%J)F(2j¢+L%J)( g

(1)U @EpE) T I [ (2ot o ?) (2600 ) -

~[(n— k) mod 2] [K'mod 2] (iv2p?)|exp(a” - pP)GE (")

(6.37a)
L 1 (_1)L%/J
1+ {"—_’CJ)I (249 + I_LMJ)F(l LI;/J)F(2J\I} Lk’+1J)

(-1 )L J(22p )L" nokly | & J[( (szé{fQ)g”*k) mod 2)( (QE E)kmod 2)

— [(n — k) mod 2] [K'mod 2] (i\@pf)}exp(aE p)GE(P")

YA =

(6.37Db)

where

(P =i0F (B 0F + i0% (oT)H0F — 2i0F (oF)HF (6.38)
The Gq,, GE are the Wick-rotated Fourier transforms of the propagators in eq. (6.1), that
are shown in appendix C.

7 N =1SYM theory

We apply the results of the previous sections to N' = 1 SYM theory in the limit of zero
coupling, where the theory is superconformal.

7.1 Introduction and conventions

We adopt the same conventions of ref. [39]. The only elementary field of the theory is a
vector superfield V' = V*T'* in the adjoint representation of the gauge group. The generators
1 5ab
2

of the gauge algebra su(N) are normalized as tr(T%T?) = . The gauge transformation

laws of this field is

Vi giheV it (7.1)

where A, A are a left-handed and a right-handed chiral Lie algebra-valued functions. The
spinorial field strengths that we can construct out of V are

1 _ . .
W, = gD2 (eiVDaeJrV) , W, — e MW, e
_ ]_ _ _ A — e
Wo =3 D2 (eV Dde*V) : W — e M Wae A (7.2)

The spinorial covariant derivatives V,, and V4 and the vectorial covariant derivative Vag =
—%{VQ, V) are constructed accordingly. The lagrangian of the theory is

2
N a afrra C. 7.
£SY1\4—(2/d9W LLQ—FIIC) ( 3)
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¢ ¢ j b T
wil1 0 3 -3
wilo 1 3 43 1

Table 2. Collinear superconformal charges of the building blocks of the twist-2 operators.

where g is the (real) 't Hooft coupling, with g2 = g2,;N. We take g to be real, so that theta
terms are absent. To express the lagrangian (7.3) in terms of the component fields, we write
the component expansion of the vector superfield V' in the Wess-Zumino gauge

V% (x,0,0) = —20%(0")aad A5 (x) — 2i0°0%N% () + 2i60°6,1° (x) + 6°6°D%(x)  (7.4)

Inserting these fields in eq. (7.3), integrating over the odd variables #%, %, and eliminating
the auxiliary field D one finally obtains

_Zumi N 1 —.
;C(S\é//i/sls Zumlno) = 72131' |:—2FMVFHV + 2'i)\aDad)\a (75)
g
Where the symbol D,, denotes a covariant derivative.

In the limit g — 0, field strength is a free fields, and its only nonzero two-point functions is

<9 1Wa(xL,1,01) g 1Wg($R,2792)>0 = 272Cwd b(gﬂi_)f (7.6)
12
where Cyy = —m. The propagator between the two components W7, Wi is
_ C1r ~ 1 (x43)
lyy7a 177/b 12)+
W 0 W ) - _
<g F(xr1,601) g~ Wi (zRe, 2)>0 VAN (22,
1 1
= \/§N8+ﬁ(xli) (7.7)

7.2 Twist-2 operators

We construct the twist-2 operators out of the components of maximal spin along the light-cone
of W, and Wy. The collinear superconformal charges of these operators are shown in table 2.
The gauge-invariant twist-2 operators constructed out of the gluon superfields are

_ 33 — e
W,, = 2(¢>N) 1Oy it {(e" WieV) €32 (%1 +iVy, Vit iVi> Wl]
<« =
1 <$1 + iVi,el + iV1> Wl]

_ 33 < - _
W, = 2(g2N) 105 N1ty [Wi ciz, (%l iV, Vit iVi> Wi] (7.8)

J’_NJ\DJ

n

3
W, =2(¢2N)"tCy N~ tr [Wl c3

The factors 2 in front of the them have been added to compensate for the % appearing in the
normalization of the su(NV) generators. The operators satisfy the hermiticity relations

(W) = W,, (W;[)T =W (7.9)
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1 0 j b
W, | n+1 n+1 n+2 0
Wi 2n+3  2n  2n+5 -

W, | 2n 2043 2n+3 +

NN N

N N

Table 3. Collinear superconformal charges of the twist-2 operators of N'=1 SYM theory.

Note that although the lagrangian (7.3) is written in Wilsonian normalization and the
two-point function of the field strength in eq. (7.6) vanishes in the limit of zero coupling,
the correlators of the operators in (7.8) are well-defined for ¢ — 0 thanks to our choice of
the normalization. The collinear superconformal charges of these operators are shown in
table 3. In the Wess-Zumino and light-cone gauge, the components of the gluon fields in
the light-cone directions of superspace are

2 _
Wilie = +io (A + 9018+A)

_ _ 9
We used the notation
A= gfl)\l , A= Q*1X1
A+ 145 - Al — 1Ay
A= , A= 7.11
NG NG (7.11)

with o = 21/4.

7.3 Components

We write the explicit component expansion for the twist-2 operators (7.8) in terms of the Jacobi
and Gegenbauer polynomials. We use the same notation and conventions of subsection 6.3.
The operators are expressed in the Wess-Zumino and light-cone gauge, which is the reason

why no covariant derivatives appear. We have

1, v— ( 1)n2§n+§ <_a 3/2ya 6 a 5/2 a)
W,, = A A
("N)"'C Won+1)!(n+2)! e

2 (” s 2) AP, A - 30’1 (” . 2) 0y A® P21 )

0
— /26 91"1 (A“C3/2 AT — fa L AC5/29 A“) } (7.12a)
2377/"'1 _ _
+ _ 1 1 ap2)ya ap(1,2) a
Wi = —(¢’N)"'cy) (2n+1)(2n+2)!{(a+14 PP 4 AP} 8+A)
2 1 12 5/2 — 2—1 2(2n+1) 3/2
“ Aa Aa “ a a
* 90 (2n—|—2)(2n—|—3)aJr Con O A" + 99 (2n+2)(2n + 3) A" Cona A

. ~i|. (2n+1)(2n +4)
21/26%61 (
+i2v2 220+ 3)(2n + 2)

(0 A Py = A PL 2 0, A7)

3

_ 1a (2,1) a a (1,2) 1a
5 (0 APt + 3PP, A )]} (7.12b)
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where o = 24, The components of W~ can be obtained from those of WT with the
substitutions

ol il ol 5 —igt A=\ 9.A% — 9 A° (7.13)

These result coincide with those in the literature. In particular, the operators S;f, 73;[}2, Ujp,
Vj¢ of ref. [14] are components of the supermultiplets

OLTW; ~ P+ 01 (Ui + Vi) + 0" (Uje — Vie) +0'0'S),, (j even)

O TW; ~ 82+ 01 Uje + Vye) + 0" (Uje — Vio) + 0101PL, (j odd) (7.14)
It can also be shown, using the identities of section E.3, that in the language of ref. [17] the
supermultiplets W,,, W W correspond to the ®¥, W¥ and P sectors respectively.
7.4 Two-point functions

In the limit of zero coupling, the two-point functions and their normalizations can be obtained
by simply substituting the values of the table 3 into the results of subsection 6.4. One obtains

)L (et
<Wn(Zl)Wm(ZQ)> = (1 — J\lfg> Cw,, (—=1)"6pm Ex%z;n+2§$%z;n+l

1 (.%_—)2”(1'—_ )2n+3
Wi (ZW(Z0) = (1= 33 ) Cong b o B (7.15)
< > N2 n (w1§)2 +4(xi2)2 +1
with the normalizations
1 2n+5
C — 2577,7
W = (n+1)!2<n+1>
9 1 n+5
— _210n+9 1
Cors “CnrDi2nr 2!\ 2n (7.16)

7.5 Minkowskian generating functionals

Again, the results of this subsection are just a special case of those of subsection 6.5. In the
present case, the generating functional of the connected correlators of the twist-2 operators
of eq. (7.8) in the zero-coupling is given by

WLJ] =
N2 —1 _ .| 2 Jn Z
str log {8®)(Z1, Z2)Daxabnkymaky — 2 Ay, i (21, Z2) Mokt kgt 22J2]82)
(7.17)

that has obviously the structure of the logarithm of a functional superdeerminant. For brevity

we omitted the sum over n/,k’. The matrix A Y (71, Z2) is

niki,n

(7.18)

0 Arp (21, 22)
/k/(Zly ZQ) 0

Ar_zkl,n’k/<Zl7 Zy) = <A_1

nk,n
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whose entries are the kernels in (6.30b) with jp = 1

Arp e = : :
R 4 |25 D@ 4 2R ) T+ | B ) + [ FE)

>L”JJ+L’§J

n—k+1 K +1 ) (22(551—5)
(

+ 7
1Tl x%)zﬂ"%k“m%J

(—)L5 T <2+L

(n—k)mod 2 'm
) (4i(0121) )" ™ 2 +

(4i($13512)1
23 [(n — k)mod 2] [k'mod 2]
LR+ 5+

An alternative way to write the kernel using (5.47) and (7.7) is
1 1

+

(23) ((212)+ — i2\/§(912)1(912)1>] (7.19)

AL = —(27%) — - / (D
wok D1+ 22T+ =5 ) T+ [5 )T+ [F4])
_ _ / 1
(DY DM )=k (DP 4 iDP)yk Or —=(@13) (7.20)
The matrix M,k nok, is just the matrix @Mn’k',nm defined in eq. (6.26)
5nn’6kk’]l2><2 , n, n’ odd
(_1)\_%j+k+1 0
Mok iy = Opn/Okkr s m,n’ even (7.21)
0 (—1)k
0, otherwise

The entries of the currents are J,(Z) are

Jui(2) 0 A
J4n+1(Z) = ( W%( ) J (Z)) y JQn(Z) = <an(Z) (2) s J4n+3(Z) =0 (722)
W 2

n

The factor N? — 1 in W[J] appears because of the trace over the su(N) indices in the adjoint
representations. In subsection 7.7 we provide a check of the generating functional of the
correlators of the W,, superfield in the super Yang-Mills sector, thus showing that our methods
are compatible with the ordinary space techniques used in [3, 4].

7.6 Euclidean generating functionals

The notion of Wick rotation in superspace is explained in details in appendix B and its effect
on our generating functionals is discussed int subsection 6.5. The notation is explained in
appendix B and in subsection 7.5. In this subsection, we will show only the final results
of this procedure.

The Euclidean generating functional of the connected correlators of the twist-2 operators
in the zero-coupling limit is

WE[JF] =

N2-1 B ng JE(ZE
str log 6(8)(vazf)12X25ﬂ1k1,n2k2_2 (A 1)51k1,n/k’(ZlE7Z2E)Mn’k’,n2k22|‘ 22JM

(7.23)
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The external currents and the matrices M are defined as in eq. (7.21). The matrix
(Aflﬁlkhn,k/(Zl,ZQ) is

0 (A_ ! ’) (ZlEa ZQE)
(An) (20, 25) = ( - ok (7.24)
monk ' ’ (Ankl,n’k’)E(ZlE"Zg) 0
whose entries are the kernels in (6.35b) with jg = 1
(A (28, 2F) = =i : 1 (-1)!%!

DA+ %20+ =52 ]) T+ [F)rE + [55)
) 2t T (24 1254 + |55)

(—(@By) =

( (xlzﬁ ) )(nfk)mod 2( (012 12) )k’mod 2+

23 [(n — k)mod 2] [k'mod 2

T EIEEE e (x12)2<a;12) +2v/2(673)1(6] ))]
2 2
(7.25)
The entries of the currents are JZ(ZF) are
JE (ZF) 0 0 T, (Z%)
Jin(Z7) = ( Wno JE_(zB) ] Ton(2") = JE (2) (2) s Jines(ZF) =0
Wn 2
(7.26)

7.7 Matching with the conformal generating functional in the component
formalism

In this subsection we apply the rules of subsection 5.5 to find the generating functional of
the conformal connected correlators of the lowest component of the balanced operators W,
defined in eq. (7.8). This computation shows that in this special case our results exactly
coincide with those in refs. [3, 4] by the component formalism.

To find contact with refs. [3, 4], we define the rescaled superfield

N2Cw sl(s+1)!

Ws = W,_
2 (_1)371235’ !
N s! 1! - 33
= ﬁM tr (e_V Wiev) ((:22(’S2 N <$1 +2V1,€1 +1V; > %] (727)
9 (-1l

where we have used the definition of W,_; in eq. (7.8). In the language of refs. [3, 4], its
lowest component in the Wess-Zumino and light-cone gauge is

6

N /- _
Wilgmimo = 53 (WOYIN + g0, a7CY 0. A1)

2)
_ { S( O)‘ s+20A s even (7.98)

S =02~ 5,04 sodd

— 49 —



where s is the collinear spin of the lowest component. We omitted the spacetime indices
and, contrarily to refs. [3, 4], the operators are expressed in Wilsonian normalization. For
simplicity, we will consider only the operators w, with even s.

We rewrite the N’ =1 SYM theory generating functional of eq. (7.17) in the limit g — 0
in ordinary space by using the results of subsection 5.5

N2 —
W[K] = str IOg 5(4) (.131 - :E2)5AB]12X25n1k1,n2k‘2
9 len|(|Kg2 | +ecl) ( A1 AN n2 | Ky, 0(22)
_ Z ( ) (Anlkl n’k’) (1‘1,1‘2),/\/{ ket 712]{21_1,4/3 L2 T
A.Con' K
(7.29)

We are interested only in the lowest component of wy with even s. Hence, we must put to
zero all sources except K, 1, where, according to the second line of eq. (7.27)

ng =2(sg — 1), (s even) (7.30)
Since the matrix M is diagonal in n, the indices that survive in the sums are
ni=2(s1—-1), n' =2 -1), (s1,s" even) (7.31)

In the rest of this subsection, we will always take s1,s2 and s’ to be even. Given that we
only consider Ky(s,_1),1, and hence the index ©in eq. (7.29) is equal to 1, the only structure
constant we need (see eq. (5.60)) is

£1000

0000
Tag! = 7.32
AB 0000 (7.32)

0000

Therefore, by inspection of T4 the indices A, A’, B in the expression (7.29) can be only
equal to 1. This means that

(—1)leBl(KE Heel) — (7.33)

because (—1)I¢1l = 1 as shown in eq. (5.59). The generating functional now takes the form

N2 -1 (4)
WIK] = 5 str log |6\ (1 — 1172)]12><25S1k1782k2

oo—1 Ko(sp—1)1(22)

-2 Z/ 2o 1) kr2(sr1) k) (@1 22) Mo(e 1) b a(s, 1) kot N
! (7.34)
We recall that by eq. (6.26)
Mo(er—1) 1 2(s0—1) ko = (—1)¥ 655, Oprky Lo (7.35)
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Looking at the definition eq. (5.55) and eq. (7.22), we see that the matrix Ky(,_1)(7) can
be decomposed as

(7.36)

NCyw sl(s+1)! 0 K=
Kos—1)1(2) = w sl ) ( 2

2 (_1)8—12%8 Ksz(‘r) 0

The c-number current K appearing in the r.h.s. is defined by the above expression. The
normalizaton has been chosen so that K is coupled to the ws defined in eq. (7.27).

Since the operators w, are balanced, we can take the determinant over the 2 x 2 indices
by using eq. (5.36) and by recalling that the indices s1, so are even

WIK] = (N2 — 1) str log 5(4)(331 — 22) 05, k1 5oks

NCw (52 + 1)!(§2 + 2)!
2 Z’§22%§2+%

— (=D)F (A58 k28, ke (21, 22) Kzy1(w2)|  (7.37)

For clarity, we introduced the new indices
51281—1, 52282—1 (7.38)

that are always taken to be odd. We will restore the original indices si, so near the end
of this subsection. Since the

WIK]=(N?~1)

_ NC So+1)(594+2)!
(tr log {5(4)(551—%2)55141,5252—(A )3k, 20, 28, 20, (T1,72) QW( 2+1)!(5212)

K§2+1($2)]

§529552+5

NCw (32+1)!(3242)! §2+1($2)] )

2 i529582+3

—tr log {5(4) (991*12)55141,52@2*(Ail)%él 201+1,23, 2£2+1(991»552)

(7.39)

Now we need to determine the kernels (A™1)31 90, 23, 20,71, T2) and (A™1)35, 26,4128 26541
(x1,x2). They can be found using eqgs. (5.47), (7.8) and (7.27). We obtain

—1y11
(A )251 201,259 209 (71, 72) =

i 1 1
T T ESEra T (B 10+ e + (5))

_ - _ 1
(DY +z‘D§1))251_%(D§2) +z’D§2))%3+_7D($1§) (7.40a)

0=0=0

(A_l)%l 201 41,25 25+1(T1,T2) =
1 1 26941
- (27T2) §1—20, — 31— (_1)L 2
D(L+ 22021 )P + | 2525 ) D1+ 255 ))r2 + | 25#2))

(DP +z‘D§1))2§1*2€1*1(D§2) +Z-D§2))2£2+13+_71D($12) (7.40Db)

0=6=0
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where x5 is the supertranslation-invariant interval defined in eq. (C.2). The properties of
the floor function allow us to write

L%IQ%IJ _ L2§1_§€1+1J S
[251—351—1J a1
20 20 1
e
[%; ZJ =l+1 (7.41)

We also have the identities

(D +iD")" (D +iD{)" L o)

- _
0=0=0
s = 5 1
(~1)f oG gt e (), ifm = 2(8 - 6), n =20
= - - = 1
(_1)51—512%(81—214—42)63_1*[14%27D($12) , ifm= 2(51 -V — 1) +1, n=20+1

(7.42)

that follow trivially from the very definition of the supertranslation invariant interval z3.
In this way the kernels become

—1\11
(A )251 201,259 242 (l’l,ZL'Q) =

2 2) 1 1
(51—51)!(51—51%—1)! fg'(ﬁgﬂ-l)'

—1\11
(A7)23, 20,41,25, 26041 (T1,22) =

1 1 . < 1
— (272 _1)sit1-bitbe S1+1—C1+62 L 43b
(2m )(51—e1—1)!(.§1—el+1)!52!(52+2)!( ) % —g(®2)  (743b)

< 5 1
(—1)5rHi-brtagi =ttt ﬁ(mm) (7.43a)

or, with a slight change

NCw (§2+1)!(§2+2)! _
(A 1)%é1 251,252 252 (.’171,1’2) =

] ;52 514 1) (852 +1) 5 1
:W’<52+2><Sl+ ><+ )611“‘“”2@12)

2 1'522%524*%

T5941,00 22 El +1 62 -0
NCW (82+1)!(82+2)! _
2 '522%524'% (A 1)%él 201,252 203 (xl’xQ) =
1
/ -3 ~ ~
T5141,01 (A 51+1 S2+1 EI ) 1
_ - S + 2 a 1 1 2_ = T
T22+17£2 22 ( 2 ) f1 42 2 . —D( 12)
where we introduced the sequences of nonzero numbers
—1)f236==Dp 4 1)1 —1)f23(s==1) (¢ 4 2)]
bl CDRCE ()R -
’ (s —0)!s! ’ (s —0)!s!
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and we repeatedly used the fact that 31, 53 are odd. We can finally plug everything into
the expression (7.39) and restore the original indices s1, s2. We find

P Ty 0y 152 51 59 04y T
W[K] = (N — 1) tr log [551g1752421R4 — 77“5;52 5(82 + 1) <£1 " 1) <€2> 83_1 1 2ﬁ KS2

52

/ . .
r 7 S1 S9 40,
(N2 -1 trl ) T s1,01 % " 1 o1ttt K
( ) tr og[ s101,80621Re + r;%& 5 (s2+1) o+2)\ e, i — B

(7.45)

where we omitted the spacetime indices for brevity and introduce the symbol Ips = 5(4)(961 —
x2). We can now use the possibility to redefine the kernel according to eq. (D.6) to eliminate
the factors containing rg, and 7y . We finally obtain

:S9

7 S1 52\ As —1
W[K] = (N2_1) tr log [65161752€21R4 —§(52+1) <£1+1> <£2> a+1+€1+€2_7|j Kg;|

152 S1 S92 g1 — —1
—(N%-1) tr log [55151752@[]1{44—22(52—{—1) <€1+2> <€2>8+1 £1+bﬁ ngl (7.46)

This formula can be compared with the corresponding result of ref. [3]. We start from the
conformal generating functional of eq. (62) of ref. [3]. We put al the external currents to
zero except for jOAk and jO/\k. The resulting generating functional is

Lot [jOA7 0, jOM 0,0, O] =
+ (N2 - 1) log det |:5S1k1752k25(4) (1‘1 - .%'2) - D;ilkl,Ska (.1'1 - w2)j0§\2k2 (xQ):|

— (N? = 1) log det {5slk1,s2k25(4) (@1 = 22) + Dk ooy (€1 — wQ)jng2(x2):| (7.47)

The kernels are defined as
D (@ = 2L (% ) cipn (i) =L (@)
Asik,soko \F) T 5T by ) \ ko + 1 10+ WOr) T\

Dyl o (@) = ;m <}2> (kzs—i 2) (—id +)s1—k1+k2_;é(x) (7.48)

We recall that in these expressions the indices si, so are always even. Substituting the kernels
into T¢ons and omitting the spacetime indices, one finds

Fconf [jOA 3 OajOA ) 07 07 0] =

N?—1)logdet |4 Lo TR (3 (2 gsi—kitks L
N =Dlogdet | Ok ook It = 22 (s1+1) ki) \ko+1) 7" —07%%k,
-\s1—ky+ko .
2 —)7 S1 S2 s1—ki4ke ¥ .
—(N®—1)logdet [531]61752@]]1{{4-1—24(81-1—1)(814—2) (kl) <k2+2)8+ 2 _D]ngJ

(7.49)
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Since the currents joxk and jOAk generate the insertion of the k-th monomial in O} and

0;4 respectively, we choose

Jor (z) = Ks(z), 1=0,1,...,s—1
6
Joa(@) = 5 K(@)., i=0,1,...,5—2 (7.50)

where K is the current appearing in eq. (7.39) that for even s generates the insertions of the

operator S§2) defined in eq. (7.28). With this choice, the generating funtional becomes

TCeont 04,0, jor, 0,0,0]|j=x =

2 (—i)s—Rathe 2 s1—kiths —
-+ (N — 1) trlog 551]“752]@[]1{4 — 7(51 + 1) k 8 1—k1 QEK

22 ko +1
(—i)orhaths 51 52 s —
f(]\mil)trlog [6s1k1,sszIR4+p(51+l) . by +2 8 1— erQiDK
(7.51)

where the symbol |;=x denotes the condition (7.50) and used the property log det = tr log.
The equality between eq. (7.51) and eq. (7.39) follows by applying the identity (D.6).

8 Renormalization-group improvement

In this section, we follow ref. [2] to improve the results of sections 6 and 7 with the aid
of the renormalization group. This method allows us to show that for asymptotically free
theories that are free in the zero-coupling limit the generating functional of those asymptotic
correlators that do not vanish in the conformal limit retains the form of a logarithm of a
functional determinant. In this section, all operators and correlators are assumed to be
Wick-rotated. Euclidean objects will be denoted with a superscript . Except when the
subscript pare is present, operators are intended to be renormalized. We denote their infinite
renormalization constant with the letter Z and the finite renormalization constant arising
from the Callan-Symanzik equation as Z.

The formulation of supersymmetric field theories in Euclidean superspace is extensively de-
scribed in ref. [40] and summarized in ref. [41] and in appendix B. We assume the existence of a
gauge-invariant regularization procedure that preserves four-dimensional supersymmetry®[43].

8.1 Operator mixing: generalities

In order to keep the notation light, we work in ordinary space following ref. [2]. Everything
that we say also applies to theories defined on superspace [44]. Consider the Euclidean
connected correlator

G 1@l alimg(w) = (OF @), ,OF al)) (8.1)

8Since the operators we are interested in have nice transformation properties under the collinear super-
conformal algebra, one may also employ a regularization procedure that preserves supersymmetry along the
light-cone directions only, in analogy to ref. [42].

,54,



where the local operators OF (z) form a basis of operators that mix under renormalization, and
have canonical dimension D; and an anomalous dimension matrix v;7(g). These connected
correlators satisfy the Callan-Symanzik equation

n a 8 n
(Zz:l xf - w + 5(9)6*9 + ZDA) GEIQ..J”(%E; s g(p))+

=1
+ 3 (7 @G, 1, @ gw) + -+ 91, (0)G s g()) =0 (8.2)
J

whose solution is

GE o, (0 p,g(n) =

A XY 2 2L 2L NGE L (@ gy (8)
J1,J24ee s dn

The matrices Z;7(\) satisfy the matrix differential equation

2 (9 _
(ag + i) (g)) Z(\) =0 (8.4)
whose solution is
P oex g(p/N) v(g)
Z(\) =P exp (/g(#) dgﬁ(g)) (8.5)

where P denotes path-ordering.

Suppose now that there is a renormalization scheme in which v(g)/8(g) is diagonal and
one-loop exact (we will refer to such a scheme as non-resonant diagonal, and we will justify
its existence at the end of this subsection). In this scheme

Zr7(\) = Z1(\)ér? (8.6)
with
4§
~(g(w) \

In an asymptotically free theory [y > 0 that implies
1
1 B log log ( 52
PN ~ —— | 1- QU (8.8)
=0 By log (5% )
Then, in the non-resonant diagonal scheme, eq. (8.3) reduces to
Gyt Ol 1, g(1) = A2 PR 21 (N2 - 20, (NG, (@ 9/ V) (8.9)

In perturbation theory, the correlator Gf ;. ; (zF;u, g(p/))) in the r.h.s. of eq. (8.9) admits
the asymptotic expansion in powers of the running coupling g%(u/\)

GEIQ...In (CUZE; s g(p/A)) = Gchnf Iils... I, (%E) + Z g%(ﬂ/)\) ng;hb...ln (CCZEQ 1) (8.10)
k=1
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The first coefficient of this expansion Gf;nf I I,..1,(%i), being independent of the coupling,
coincides with the conformal correlator at zero coupling computed as in sections 5, 6. If
Gchnf does not vanish, since in asymptotically free theories the coupling goes to zero in the

limit A — 0, for fixed coordinates all the remaining terms in eq. (8.9) are subleading with
respect to the conformal one. As a consequence, asymptotically

Gliryr, (@ 1, 9(1/ ) e Ghont 1115...1, (F) (8.11)
Hence it follows that, asymptotically

Gﬁh...ln()\xf; s g(ie)) o A2 Py ZLNZLN) . Z,(NGE L1y In (zF) (8.12)

Consequently we define the asymptotic correlator

Glivmp N1, A1, 9(0) = A~ 2 PLzr (N2 2L (NG ., (@) (8.13)

that is the object we are interested in.

To conclude this section, we state three theorems that allow us to establish whether or
not there is a scheme where v(g)/5(g) is diagonal and one-loop exact.

The anomalous dimension matrix of twist-2 operators in QCD was first calculated in
refs. [45—47]. Subsequently, the problem of its diagonalizability was tackled in refs. [48-53].
In these works, it was noticed by direct computations, that conformal symmetry played
a significant role in the construction of a diagonal basis of twist-2 operators for the one-
loop anomalous dimension matrix ~y. The role of conformal symmetry and unitarity was
systematically understood by the formulation of the following theorems. The first of which has
been proven in refs. [54, 55], and establishes the diagonalizability of vy under certain conditions.

Theorem 8.1. Consider a massless asymptotically free QCD-like theory that is conformal
up to order g>. Let OF be a gauge-invariant operator of given collinear twist T that at g =0
for each s =0,1,2,... reduces to a collinear primary conformal field of scaling dimension
Dg =71+ s. Let us assume that the one-loop mizing matriz in an minimal subtraction (MS)
scheme® reads )
07 =3 2k (i0F)" 7 OF pare (8.14)
k=0

where Z j; are the divergent multiplicative renormalization factors.

Then, (70)s,k and Zs j are diagonal at one loop and OSE are multiplicatively renormalizable
at order g>.

Theorem 8.1 applies to twist-2 operators [56] in pure YM theory [2] and in N = 1
SYM theory [3, 4].

More recently, a stronger version of theorem 8.1 was proven by noticing that, beyond
conformal symmetry, also unitarity in the gauge-invariant sector poses further constraints

on the one-loop renormalization properties of the twist-2 operators [57].

9We recall that in the minimal subtraction scheme the conformal symmetry is lost at one loop. The
conformal renormalization scheme can be reached through a finite scheme change at order g* [11] that does
not affect the diagonal form of 7.
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Theorem 8.2. Consider a massless quantum field theory that is conformal up to order g* in
perturbation theory (specifically, a massless, asymptotically free, QCD-like theory). Let Oy a
set gauge-invariant hermitian operators. Up to order g2, conformal symmetry allows us to
construct a set of states |Oi) and (Ogut| by means of the operator-state correspondence (see
appendiz C.2). Let

G = (On|Oows) = Go + ¢°G1 + ... (8.15)
Conformal symmetry up to order g implies
7%Go — Goyp =0 (8.16)

Then, if vo is diagonalizable, v commutes with Gy in the diagonal basis, and thus g
and Gg are simultaneously diagonalizable.

Moreover, if vo is nondiagonalizable, Gy has mecessarily both megative and positive
eigenvalues, and the theory cannot be unitary in its free conformal limit.

Finally, the criteria for the existence of the non-resonant diagonal scheme are established
by the following theorem.

Theorem 8.3. Let v(g) be the anomalous dimension matrix of a set of gauge-invariant
operators that mix under renormalization in a massless, asymptotically free, QCD-like theory
with beta function B(g). Suppose that the matriz vo/Bo is diagonal and non-resonant, i.e. the
sequence of its eigenvalues in nonincreasing order Ai, As, ... satisfies

for any nonvanishing integer k. Then, there exists a scheme in which the matriz v(g)/5(g)
is diagonal and one-loop exact to all orders of perturbation theory.

It was verified numerically up to s = 10% in ref. [2] and refs. [3, 4] that theorem 8.3
respectively applies to twist-2 operators in pure YM theory and N = 1 SYM theory, so
that the non-resonant diagonal scheme exists and the asymptotic estimates in eq. (8.12)
hold for the above operators.

In ref. [58] it was theoretically demonstrated that ~g/3p is non-resonant in pure YM
theory for twist-2 operators. In an upcoming publication [59] it will be proven that ~vo/80
is non-resonant in A/ = 1 SYM theory for twist-2 operators.

In the next section we will describe how the above theorems intertwine with super-
symmetry.

8.2 Operator mixing: supersymmetric field theories

In supersymmetric theories, renormalization mixes superfields only with other superfields.
Consider a set of superfields OF (¥, 0F §F) that mix under renormalization and that have
canonical dimension Dj. The solution of the Callan-Symanzik equation for their Euclidean

n-point correlators is
Gh 1, (Al N 208 N260F: 1, g(n) =

AP N 22RO 2, NG, 2080 i g(u/N)  (8.18)
J1,J2,000dn
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Theorem 8.2 also applies to superfields with no additional assumption. If ~y/fy satisfies
the non-resonance condition (8.17), the asymptotic correlators for the superfields in the
non-resonant diagonal scheme take the form

(AeE N20F NV20F 1, g(n) =
=N\ X PEZ (N2 (N . 20 (N) GE e o (P68 6F)  (8.19)

GE

asymp I11s...1,

As in the nonsupersymmetric case, this relation is valid as long as Geons does not vanish.

Our goal is now to extend Theorem 8.1 to supersymmetric field theories as well. Consider
a set of Euclidean superfields OF(Z) with the component expansion

OF(28) = OVE(2F) 4 (07)' 0P E (2) + (67) 0PF (2F)

2]S(C“?’E)O(l)( Py (8.20)

To avoid irrelevant technical complications, we neglect the terms of the superfield component
expansion that include (%)% and (6F )2 We assume that the superfields OF (ZF) for each s
at g = 0 reduce to a superconformal primary that in Minkowski signature transforms under
the irreducible representations [js, bs| of the collinear superconformal group. Notice that
under this assumption each component of the superfield has a definite R charge compatible
with the irreducible representation [js, bs] (section 4). We also assume that each component
of the superfields C’)SE (ZF ) mixes with the other components with the same spin and R charge,
and with the derivatives of the components of the superfields with lower spin.

Since super-Poincaré-covariant objects are allowed to mix only with super-Poincaré-
covariant objects, the only possible mixings consistent with the symmetries are

b b
0F = Zz} i0F) ko bare+2z§2 zaf)s—l—k< T O Ik pEpE | k;;]kDEDE> OF bare

=0 Jk
(8.21)
pfof =% 20 @fy*pfop,,,, (8.22)
k=0
DFoOF = Zz W (i0F)yFDFOF e (8.23)
k=0
s+1
<b - —Js DEDE 552-;]3 DEDE> OE Z ng) ZazE)SH_kOl;Ebare
s k=0

b br+
Zzg(? 9E s— k( k2jkjk DEDE k2]]k DEDE> Ok b
(8.24)

where all the superfields and their spinor derivatives are evaluated at § = 0. Moreover,
applying the differential operators Df, Df on both sides of each of these relations, we find

,58,



the constraints that follow from supersymmetry

-5 a0,
O rizve (B 28 (k<)
23412 = { Z% ’ ) —j 2 =)
’ 2} +iava (i) 28, (k<s) (8.25)

(5) { 0 s (k? =s+ 1)
s 1 b "FJ bs _js (3) b _.7 bs+js (4)

i [(5) (5420 () () 28] oo

bs + Js\ o(3) bs — Js '\ o(4)
= () - ()2

s,k 2]8 s,k 2]3 s,k
Thanks to the R symmetry, the conformal primaries in egs. (8.22) and (8.23) automatically
satisfy the assumptions of theorem 8.1. As a consequence, Z®) and Z(*) are in fact diagonal
that by (8.25) also implies that (1), 2(2) 20) and 2() are diagonal as well. Therefore,
the combination of supersymmetry and theorem 8.1 implies that each superfield Oy is
multiplicatively renormalizable at one loop in the MS scheme

OSE - Z’SOsEbare (826)
As a consequence, g is diagonal
(70)55’ = (70)5585’ (827)

8.3 Renormalization-group improved generating functional

In the non-resonant diagonal scheme the generating functional of the UV-asymptotic connected
functions of the operators under consideration retains the same functional form of the
generating functional of the generating function of conformal connected correlators, as can
be seen by [2]

WE

asymp

=33 [dF) Gy 1y, a1 g/ ) I ) T ()
n=0 I;

= 33 [ A 2 ) By NG 1y, )T ) T )
n=0 I;

AR

cont [JIZI(/\)YD’] (8.28)

The results and observations of this subsection including eq. (8.28) apply to supersym-
metric field theories defined in superspace with no modification. Suppose that in some
supersymmetric field theory we find a set of superfields OF(Z¥) to which the results of
this section apply. Suppose also that the generating functional of conformal connected
correlators in superspace has the form of the logarithm of a functional superdeterminant
as those in sections 5, 6, 7

WE ¢ [J] = const. x log sdet [51J(5(8)(Z1E, ZPy — (Aa™HYE(ZE, ZQE)JJ(ZQE)} (8.29)

conf.
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Superfield Content
W, (n even) 5’,(521 Mpy1 My 57(3422

W, (nodd) | S, M, M, S,
Wi Ton  Styio Stnrz Tonn

_ GA a -
Wn Top SQn+2 S%n—‘rQ Tont1

Table 4. Twist-2 operators of refs. [3, 4] contained in the superfields of eq. (7.8).

Then eq. (8.28) implies that in the non-resonant diagonal scheme there the generating
functional of asymptotic connected correlators takes the form
WE

asymp.

[J] = const. x log sdet |:6[J6(8)(21E1, zZEy —(a™hHE(ZE, ZQE‘)A_D‘]ZJ(A)JJ(ZE)}
(8.30)
where Dy is the canonical dimension of (’)}E .

8.4 Application to N =1 SYM theory

This theoretical machinery allows us to write the superspace form of the generating functional
of the Euclidean UV asymptotic, connected correlators of twist-2 operators in N'=1 SYM
theory. The ordinary spacetime version of this object was first worked out in refs. [3, 4].

The superfield twist-2 operators in N'=1 SYM theory are those of eq. (7.8) with the
light-cone components in egs. (7.12). The correspondence between our superfields in eq. (7.8)
and their components in refs. [3, 4] is shown in table 4.

In agreement with the results of section 8.2, the one-loop anomalous dimensions of
W,, and Wi given by!?

" = gz (Wt v 1) 200 - (nt 1)(27(:)27;(7@ T3 3)
W) = ﬁ <2¢(2n +3)—2¢(1) — ;) (8.31)

are constant along each supermultiplet [3, 4, 17]. The canonical dimensions are
7

by table 3. This result shows that eq. (8.26) is satisfied as expected from superconformal
symmetry.

To lighten the notation, we denote the renormalized superfields in the non-resonant
diagonal scheme with the same symbol of the bare operators i.e. W,, and W with the
renormalization factors

W) L)
050 + ( ) 0/30
2 () = (9(‘;)) ;2D = (9 L ) (8.33)
g9 (%) g9(%)
the asymptotic behaviour of g (§) being given in eq. (8.7) with fy = ﬁ and 8 = ﬁ [39].

9 (2) = T’(2)/T(2) is the Digamma function.
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We now construct the generating functional of Euclidean UV asymptotic, connected
correlators in this scheme. This can be done applying the formula (8.28) to the Euclidean
generating functionals of subsection 7.6. To write the generating functional we define the
2 x 2 matrices

+
Zon(A) = ZW) (M 1oxa,  Zang1(V) = 2V N 1oxe, Zang1 (V) =0 (8.34)

and the quantities

7
Doy, =n+3, Dypt1=2n+ 7,

5 Dinys =0 (8.35)

In this notation, the asymptotic generating functional of the connected correlators of the
twist-2 operators in N' = 1 SYM theory is simply

WaEsymp[JW7 Jw+, Jw—; )\] =
N2 -1 _ i JE
st 108 [ LoxaGn by maka s — 2 (ADE 1 ik Mok gy A P72 Z,,(V)il T 222

(8.36)

where we omitted the dependence from the Euclidean superspace coordinates ZF =
(2 6F 0F) to lighten the notation and introduced the symbol

,uﬂ a’Va
15, = 6D (@f — 28)s@ (0F — 05)6® (0F — 6%) (8.37)

The r.h.s. of eq. (8.36) inherits from the corresponding superconformal object in eq. (7.23)
the structure of the logarithm of a functional superdeterminant, and it is the main result
of this work.

We explain once again the meaning of the symbols appearing in eq. (8.36), that were
first defined in subsection 6.5 and specialized to N/ = 1 SYM theory in the free limit in
subsections 7.5 and 7.6. The matrix (AH)E . (71, 2,) is

niki,n
0 (At NP2, Z¥)
A ) P2, 23) = nha'k AL 52 8.38
( nk,nk) ( 1542 ) (A;kl,n’k’)E(Z{E’Zf) 0 ( )
whose entries are the kernels in (6.35b) with jp = 1
CI\E E E : 1 1 L& ]
(A )nk,n'k/(Zl ,Zy) = —i (=1)tz

L1+ 22T+ =5 ) T+ (ST + [F4])
. st g &) T (24 |28 | 4 [E5L))
(— (@) 5

( (leQ ) )(nfk)mod 2 ( (0 2$12) )k’mod 2+

23 [(n — k)mod 2] [k'mod 2]
+ L%J“‘L%J*’l (x12) < ) +2\/>(9 )( ))1

(8.39)
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The matrix M/ pok, s

Onn Okkr Lo, n,n’ odd
(_1)L%J+k+1 0
Mnk,n’k’ = 6nn/5kk/ , n, 7'1,/ even (840)
0 (—1)k
0, otherwise

The entries of the currents are JE(ZF) are

JE+(ZE) 0 0 Jy, (Z7)
Jégz+1(Z) = ( W”O JE (ZE) ) JQETZ(ZE) = JE (727) (2) ) J4EFL+3(ZE) =0
f

N[ —~

(8.41)
Using the properties of subsection 5.3, we can also write the RG-improved generators of
connected correlators for the bosonic superfield twist-2 operators W,, and the fermionic
superfield twist-2 operators W:. We find, for the bosonic superfields

WE w, Jwe = 0, Jy— = 0;\] =

asymp
‘- E k 1 E 3 2(Whn,) I,
. _ e . oy
+ str log 5n1k1,n2k2IR4l4 - (_1) 2" (Ain k1,2n2 kg) AT Z e (>‘)W2
? - E k 1 1 E 3 =z (W ‘]E
. _ o . oy
+ str log 5n1k1,n2k2IR4l4 - (_1) rnatlyna (Azm k1,2n2 kz) AT Z( 2)()‘) N2
(8.42)
and for the fermionic superfields
Wazymp[‘]w =0, JWJN, Jw-; )‘] =
N? -1 B -1 Ey-2n/—1 (W7, J"Ig’;/ -1 Ey—2np-1 2(Wi) J@;r,
str 1Og 6n1k1,n2k21R4M - 4(A4n1+1 k1,4n/+1 k’) A 22w (/\)T(A4n’+1 K Ang+1 kz) A 220 ()‘) N
(8.43)

We can write the generating functionals egs. (8.36), (8.42) and (8.43) in a slightly different
way that will turn out to be useful for their nonperturbative interpretation in section 9. In
the space of the indices (n, k) on which the supertraces are taken, we define the subspaces
of positive and negative Zo-grading as defined below eq. (5.48)

Sy = {(n, k)€ Z3neZ, ke {0,1,...,n}, deg(n, k) = (—1)"F = +1}
S- = {(n, k)€ Z?n € Z, k€ {0,1,...,n}, deg(n, k) = (-1)"* = _1} (8.44)

We define the traces try as the traces over the subspaces Si. By the definition of eq. (5.48),
the supertraces in egs. (8.36), (8.42) and (8.43) uniquely split into

str(X) = try(X) — tr—(X) (8.45)
where

tr+(X) = Z /dSZEtr2><2Xnk,nk(ZE¢ZE)
(n,k)eS+

tr_(X)= > / B ZFtrowo Xt i (25, ZF) (8.46)
(n,k)eS—
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for some graded matrix X in the space of the (n, k). The superspace integration measure is
defined as [d®ZF = [d*2Pd?0Fd?0”. With these definitions, we find

Widymp[Fs Jars Jw—; Al =

asymp
i E WE D ng  JE
+ B) tI‘_;,_ log [12X26”1k17n2k2[R4|4 -2 (Af )n1k1,n’k’ Mn’k’,ngkg A Pna an()\)ZLT ]7\;2‘|
N2 -1 - ) o JE
2 - o [12X26n1k1’n2k21154|4 -2(A 1)E1k1,n’k’ Mk ks A Dny an()\)ZL 2 ]7\?‘|
(8.47)
and
Wagymp[JW7 JW+ =0, z]\\}\\]— =0 )\] =
N2 -1 [ . - - JE
- b4 108 |G ks maky Igits = (=120 (A50 4y 2, 1) A" 3Z<Wn2><x>ﬁ]
N2 -1 : ' - - JE
N tr— log 5n1k1,n2k21]§4\4 - (_1)k22n2(A2n11 k1,2n2 IC2)EA " 3Z(Wn2)()\)]7\}2‘|
‘- - E k 1 1 E 3 (W JE
+ tr+ log 5n1k17n2k21R4‘4 B (_1) 2inat " (AQ_nl k1,2n2 kz) AT Z( n2)(A)]?<;1
N2 -1 : . B - JE
] L N I R D Sz<Wn2><A>J@2]
_ (8.48)
and

WE ol T = 0, Jyge, Jy—; A =

symp

2

E E
E - Ey—2n'—1 (W, W oa— Ey—2np—1 (W}, w
tr+ log |:6mk1,?12k‘2[]R44 - 4(A4731+1 ki, 4n'+1 k’) A n QZ( " )()‘)T(AM”}’-%J k' Ang+1 kz) A 2n2 ZZ( 2)(/\)7

JF
N2 -1 JE- JE,
- _ _on/—T - L A= Ong—1 + o
— tr_ log {5mkw2k21@4 — AL 1 k) AT Qz(wn/)(/\)Tn(AMl,H Wdmai 1) AT 2z(wn2)(>\)N}
(8.49)

9 Nonperturbative matching

As explained in section 3, the generating functional of the connected correlators of glueball
and gluinoball composite superfields O, M in Euclidean N = 1 SU(N) SYM theory admits
the large-N expansion

WE T, Tzl = Whierel T Tit) + WraslJ Jig] + -+ (9.1)

In section 7 we specialized to the non-chiral superfields W, W;' and W,, defined in (7.8) and
computed the corresponding asymptotic generating functional in eq. (8.47). The corresponding
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objects in the decomposition furnished by eq. (9.1) read as follows

WtEorus, asymp[JW7 Jw+, Jw—; A] =

1 _ _ .
B itr"' log [12X25nlk1,n2k21£44 —2 (A 1)7€1k1,n’k’ Mn’k’,mkz A~ P2 Zn,y O‘)ZL

m‘g

~ <
ST
| I

1 _ _ | n2
+ itr_ log [12X25n1k1,n2k21£44 -2 (A 1)51]{17”/]6/ Mn’k’,ngkg A D, Zn2 ()\)lL 22J ‘|

with

Wg)here, asymp[‘]W’ v+, Jw—; )‘] = _NQWtEorus, asymp[‘]W7 S+ s Jw-; )‘] (9'3)
We recall that the identity in Euclidean superspace I]Ra , is defined in eq. (8.37).

In the nonperturbative solution of N'=1 SU(N) SYM theory, Ws?)here is the sum of
glueball and gluinoball tree diagram, while WE_ . is the sum of glueball and gluinoball
one-loop diagrams. Because of this correspondence, WE = can be read nonperturbatively

from eq. (3.14)

E

ngueball/ gluinoball, one—loop[‘]g’ JE] =
EStI‘ log #5(—A+ MZ) +~% *g’) &)J*é % *é *é‘ij] _ (9.4)
2 Lol s xo(—A 4+ M?) 4 £ 3 O3

Therefore, eq. (9.2) proves that, in the short-distance limit, the generating functional Wiorys
does have the structure predicted by the large-N arguments of section 3. Indeed, because of
asymptotic freedom, it should hold for some choice of the interpolating superfields ¢, ¥

WtEorus, asymp[JW’ JW+7 JW*; A] /\: WE

o glueball/gluinoball, one—loop[‘]$7 Ja; )‘] (95>

E SR SO : E I~ i _
where ngueball/gluinoball, one—loop[Jq>’ J\l/’ )\] 18 ngueball/gluinoball, one—loop[‘]cb’ J\l/] with the coor

dinates rescaled by a factor A. More specifically, we verify the following structures

Wt%rus, asymp[JW; JW+ = 0, wa = 0; )\] )\:0 WE

glueball /gluinoball, one—loop[‘]57 J@ = 0; >‘] (96)

and
WtEorusv aSymP[JW = 0’ JW+7 ‘]W*; )\] )\:;0 VVgEl‘uebaLll/gluinoball7 one—loop[‘]% = 07 JE’ )‘] (97)

where

1 41 ~
Wgueball/gluinoball 1-loop [‘]57 O] =+ §tI‘ log (I + (*/2(_A + M2)) IN */3 ‘I)J*,g)

1 1 ~
- itr log (I + (*2(—A+ M2))_1N *3 CIDJ*g) (9.8)
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and
WtEorus, asymp[JW> JW+ =0, Jyy- =0; )‘] =

1 e o JE
- §tr+ log 5n1k1,n2k2[1§4l4 - (—1)k22n2(Azr}1 k1,2n9 kQ)EA " SZ(WM)()‘);\?]

1 | A o JE
+ St 108 Ok ok Tgia — (=)0 (A2, §, 0y £,)7AT" 33<Wn2>(x)]’ﬂ

1 : E ko+no+1:no —1 Ey\—no—3 (W ) JnEQ
- itr—i- 10g 5n1k1,n2kQI]R4I4 - (_1) ? (A2n1 k1,2n2 k;2) A A ()‘)W

1 | s A . JE
30 108 gty ot T — (1AL o)A 32(“’"2’@)]&2]

while for the fermionic superfields

E —
ngueball/gluinoball 1-loop [O’ Ja] -

1 -1 1 ~ -1 1 ~
-5t log {I - (*2(—A - M2)> ¥ 5 x50 (*Q(—A + M2)> N x5 *g\I’J:| (9.10)

and

Vvtgrus7 asymp[JW =0, JW*: JW* ; )‘] =

. B JE.

B §tr+ e {5"1&,712142[@4 - 4(A;«}1+1 Ky, 4n/+1 kJE)C%LgZ(W;l)()‘)%(AL}’H K dna+1 kg)E)‘angZ(sz)(/\)\?\;n/}
. B JE.
+ Qtr, log {5n1k17n2k21§44 - 4(AL«}1+1 k1,4n/+1 k')E)‘ignL%Z(W’:’)()\) ‘J/Vi,"/ (Aan/H K 4na+1 kQ)E)anr%Z(WIQ)(/\)%

(9.11)

The generating functionals on the r.h.s. of egs. (9.6) and (9.7) were defined in egs. (8.48)
and (8.49) respectively. Egs. (9.8) and (9.10) were computed from eq. (3.14) using the defini-
tion of superdeterminant given in eq. (D.10). Hence, the matching of the logsdet structure of
the above nonperturbative and UV-asymptotic RG-improved generating functionals of corre-
lators of twist-2 operators in the large- N expansion to the leading-nonplanar order sets strong
qualitative and quantitative UV constraints on the yet-to-come nonperturbative solution of
large-N N =1 SYM theory and it may be an essential guide for the search of such a solution.

10 Conclusions

We now summarize the results of this work.

In section 3, the general structure of the generating functional of connected correlators
of glueball and gluinoball operators in large-N A =1 SU(N) SYM theory is discussed in the
superfield formalism, following the analogous treatment in the component formalism [3, 4].
A general fundamental nonperturbative argument [5-7] did show that its large-N leading
nonplanar part should have the form of the logarithm of a functional superdeterminant [3, 4].
In section 9, employing the superfield formalism introduced in the present paper, and
following the techniques of refs. [1-4] developed in the component formalism, this statement
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is successufully verified in the short-distance limit confirming the previous result in the
component formalism [3, 4]. In order to perform this test in the superfield formalism the
following technical innovations (sections 4, 5, 6, 7, 8) are necessary.

In section 4, we construct gauge-invariant superfield twist-2 operators that in the free
limit of the theory transform under irreducible representations of the collinear superconfor-
mal group. A group-theoretical recipe to construct the above superfield twist-2 operators
from superconformal primaries in general superconformal field theories is provided. A com-
plete classification of the infinite-dimensional irreducible representations of the superalgebra
s[(2|1) is given, and the direct-sum decomposition rule for tensor products of irreducible
representations is worked out.

In section 5, it is shown how to compute the generating functionals of correlators of
bilinear operators made of free elementary (super)fields.

In section 6, the above formalism is applied to superfield twist-2 operators in N/ = 1
superconformal free field theories.

In section 7, we specialize to N/ = 1 SYM theory. We construct the gauge-invariant twist-2
operators, for the first time in a manifestly gauge-invariant and supersymmetric-covariant
fashion. Using the rules of sections 5 and 6, we compute the generating functional of their
connected correlators in the zero-coupling limit and demonstrate that it has the structure
of the logarithm of a functional superdeterminant.

In section 8, we extend the conformal results of refs. [54, 55] to AN/ = 1 supersymmetric
theories and apply it to superfield twist-2 operators N' =1 SU(N) SYM theory. We prove
that the superfield twist-2 operators are multiplicatively renormalizable at one-loop by a
new argument based on our manifestly supersymmetric construction. We also compute the
short-distance limit of the renormalization group-improved generating functional of connected
correlators of superfield twist-2 operators in Euclidean NV =1 SU(NN) SYM theory, finding
that it also inherits the structure of the logarithm of a functional superdeterminant from
the corresponding superconformal object.

Finally, as alluded to at the beginning of this section, we verify in section 9 that the
UV-asymptotic generating functional computed in section 8 in terms of gluons and gluinos
matches the structure of the logarithm of a functional superdeterminant of the corresponding
nonperturbative object — which should be asymptotic to according to asymptotic freedom

— computed in terms of glueballs and gluinoballs in section 3. This matching sets strong
qualitative and quantitative UV constraints on the yet-to-come nonperturbative solution of
large-N N =1 SYM theory and it may be an essential guide for the search of such a solution.
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A Conventions

A.1 Spinors

The Pauli four-vectors are defined as
ot =(1,0y), ot =(1,—0y) (A.1)

and the Dirac matrices as
0 o#
H p— A.2
gt (W 0 ) (A.2)
Note that, in this representation
(’Yu)T = (’Yoa _71”72’ _73) ) (/ylu)* = (707 717 _723 73) (AS)

From which it follows that

Py = ()t OO = ()T (A4)
where
C = (‘Z"Q 0 ) ., Ccl= (*wz 0 > (A.5)
0 +ioa 0 —iog
is the charge conjugation matrix. One can also define a fifth Dirac matrix
—i1 0
prm— pr— A.-6
Yx = V0717273 ( 0 +z’]l> (A.6)

that anticommutes with all the other v*. The Dirac matrices can be used to construct the

generators of the (%, 0) & (0, %) representation of the Lorentz group

i ooy — 0,5,) 0

1224 2 [7# PYV} < 0 %(5’,110'1/ . 6_110_“) ( )

This representation is, of course, reducible, and pseudounitary. We introduce also the matrices
i i

O = Z(O'H&V — 0,0,), O = Z(&,pV — 0,0y) (A.8)

It is easy to see that they are self-dual and anti-self-dual respectively. If A = exp (—%GWJ m )
is an element of the Lorentz group and D(A) = exp (—%QWE/“’ ), then
D™'(A) =4°Df(A)y° (A.9)

A Dirac spinor V¥ is an objects transforming under this representation. Given a spinor ¥,
one can define the adjoint spinor ¥ and the charge conjugated spinor ¥¢ as

=00 9=’ (A.10)
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With these definitions, ¥¥ and W€ ¥ are Lorentz scalars. The spinors satisfying the condition
UC = U are called Majorana spinors. We now decompose a generic spinor ¥ as

U = (”;) (A.11)
X

1
2
pass from the (3,0) to the (0, ) representation and vice versa through hermitian conjugation

where )\, and Y% are Weyl spinors that transform as (5,0) and (0, %) respectively. One can

A=A, =K' (A.12)

or, component by component
=) X =Y (A.13)
With these definitions, the decomposition of the adjoint spinor in Weyl spinors looks like
¥ = (x* A) (A.14)

We can raise and lower the indices of Weyl spinors through the operation of charge conjugation

; B

io

g€ = (Xeo| _ ((Zio2)agx (A.15)
A (—l-ZO' Q)O‘ﬂ A ,3

The quantities Ao A® and Y%Yg are clearly Lorentz-invariant, so the matrices that raise

and lower spinor indices can be seen as a matrix in the space of Weyl spinors. These

matrices charge conjugation matrices for Weyl spinors can be rewritten in covariant form as
two-dimensional Levi-Civita symbols that raise and lower spinor indices

A =P Ng, Ao = Eap)\’
Xa = 45X, X* =% (A.16)
with N
e = g == —€j5 =1 (A.17)

The matrices (0/)a4 and (6#)%* allow us to express any tensor V,, . in spinor notation
with the rules [39]

Val---an;dl---dn = ‘/Nl---lln (Uﬂl)aldl M (aun)andn

! e (5, )0 (A.18)

_ . (A dran
Vigopim = QTLVal..-an;a:l..-an(Um)

Hence, the most general tensor structure for a quantity V' transforming in the Lorentz
representation (g, %) is

Val...al;dl..az (Alg)
In the expressions for the kernels in the subsections 6.5, 7.5, 7.6, we will often use the notation
(00)a = v,(0")aaf* and (0v)s = v,0%(0")aa, Where v is some vector.
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A.2 Light-cone notation

We mostly follow the notation in [8]. We define the Minkowskian metric as:
(g,LW) = dlag(+17 _17 _L _1) (A20)

The light-cone coordinates are:

gt = mo\j/:;g =t (A.21)
The corresponding Minkowskian (squared) distance is:
|z|? = 2072 — 22 (A.22)
where
2] = (2')? + (2)” (A.23)
We denote the derivative with respect to 2™ by:
B g (A.24)
We define the light-like vectors n* and n*
nnt =n,nt =0 n,nt =1 (A.25)

that can be parametrized as (n*) = %(17 0,0,1) and (n*) = %(1,07 0,—1). More broadly,

we define the light-cone components of a vector V# as

Vi =Vktn, = VO:/%V?’ . Vo=V, = VO\;?V?’ (A.26)

and the two transverse components

(A.27)

With this notation, we can write concisely

Vot =2 (“/j “;/_ > (A.28)

By using eq. (A.18) we see that the + indices are related to the 11 indices in the spinor
representation. For four-spinors, the projectors onto the light-cone are [8]

(A.29)

where the Dirac matrices are defined below in eq. (A.2).
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A.3 The superconformal algebra

The full superconformal algebra in the four-spinor notation is

[ ;wv (gupM gupM;m' - g;m'Mlzp + gyaMup)

pol =
M, P, = —i(gpPy — 90pPL), My, K, = —i(g,, Ky — 60,K,.)
[P, P,] = [D M;w] K, K,]=0
[ Pu= 7 D, K] = +iK,, [P, Ky] = 2i(gD — My,
M., Q] = —§EWQ, [M,.,,S] = —%zws o
P, Q= [K,S]=0, [PyS|=-%Q, [K.Q =S '

[R,M/W] = [R,Ku] = [Ra Pu] = [R, D] =0
[Da Q] = _§Qa [Da S] = +§S7 [Rv Q] = _Z’YXQa [Ra S} = +Z’YXS
{Qa Q} = 27MP/M {Sv S} = 27MK;L
{S,Q} = =,,M" + 2iD + 3iv, R
the Dirac matrices and the chirality matrix v, are defined in appendix A.1. The four-spinors
Q and S satisfy the Majorana condition. The representations of the conformal algebra on

superspace coordinates are found through the induced representations technique [60]. In a
field theory, we define a local operators ®(0) with support in the origin, satisfying

[©(0), My, = §,,®(0),  [®(0),D] =iD®(0),  [®(0),R] =r®(0) (A.31)

under the stability subgroup of the origin. We then define

B(z,0,0) = e {(@Putt*QatQab®) g () o Hi(# Put07 QatQab?) (A.32)
where z* is a vectorial even coordinate, and 0, 8 are spinorial odd coordinates. The action
G of some superconformal generator G on these coordinates is defined as

G &(z,0,0) = [@(g;,e, é),G} (A.33)

where [-, -} denotes the anticommutator when both arguments are fermionic and the commuta-
tor otherwise. We will not need the representations of the full superconformal algebra, which
are found in ref. [61] with slightly different conventions. In our conventions, the generators
of supersymmetry are represented by

P, =id,
Qu =iy — (010D
a 1890‘ o 1
= 0
Q = —187 + (00’”) 8,u
, 1 9 1, .9
M, =i(x,0, — x,0,) + 5(00’”) P00 5(00,”) gy +Suw (A.34)

This group action on the coordinates arises from a left group action of the generators on the
group element g(x,0,0) = eTil@P+0-Q+Q0) The right group action of the supertranslations
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allows to define the chiral covariant derivatives D, Dg

Da(r.0,0) = 9(r.0.0) [B(0), ~Qu} g7 (2,0.0), Do =+ 70— i(rB)ad

= 0
Da®(,0,0) = g(x,0,0) |®(0), ~iQa } g~ *(2,0,0), Da= —ogi Hi09")a,  (A.35)
The chirality conditions Da® = 0 and Dg® = 0 are compatible with the action of the
superconformal algebra only if

_ P
D=0 = r= —l—gD, S* anti-selfdual

_ 2

Dy®=0 =r= —gD, S selfdual (A.36)

When this conditions are satisfied, the dependence of chiral fields ® and ® on the coordinates
is constrained to be

Dy® =0 = &= d(z,0), = zM — ™0

y
Daé = O — é = (E(J,‘R79) s .CL'/;% = J}’u =+ i@a“é (A37)

This kind of chirality is stronger than that of super-Poincaré-invariant theories, in which
the only conditions that chiral fields ® and ® are required to satisfy are Do® = 0 and
Ds® = 0. Furthermore, the definition of chirality given in eq. (4.17) translated in the
field theory language is

Di® =0, D1®=0 (A.38)

which is weaker than (A.37) because the vanishing of the chiral fields under the action of D,
and Dy is not required. Also, the condition j £+ b = 0 is implied by (A.37), but the converse
is not true. We conclude that the chirality condition in the superconformal sense is stronger
than the chirality condition in the collinear superconformal sense, which is stronger than
the chirality condition in the super-Poincaré sense. The existence of this hierarchy is not a
surprise, since the algebras with which the chirality conditions are required to be compatible
are different. However, it is common in literature to use the word “chirality” with no further
specification to denote any of these three notions (see e.g. ref. [19]). In sections 5, 6 and 7,
the elementary fields considered are assumed to be chiral in the strongest sense.

B Euclidean superspace

B.1 Wick rotation in ordinary spacetime

We define the Euclidean metric
(0pr) = diag(+1,+1,+1,4+1) (B.1)

The Wick rotation for the positions ad momenta is defined as

:L'O::ro—>—z'acf, xi:—xi—>3:iE
_ 0 B _ i E
po=p — +ipys, pi=—p" = p (B.2)
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With these choices we have

p-x=puat —pP.af B3
2 EN2 2 EN2 (B.3)
U _(:U ) ’ pr— _(p )
The transformation (B.3) acts on the light-cone coordinates (A.21) as
0, .3 E | ;. E
zt = rta N _iw - —z'(xE)Z - _m«g
V2 V2
20 — a3 o —ixl B3
= 0 —i—— = —i(z”)* = —ix B.4
73 7 (%) (B.4)
The Euclidean Dirac matrices are defined by the relations
Y=, A=t (B.5)
We also define the Wick rotation for the gluon field
Ag= A% - +iAF | Ay =—A" 5 AP (B.6)
while spinor fields are Wick-rotated trivially
(S T (B.7)

We recall that after the Wick rotation the two Dirac spinors UF and WF~, are not related by
hermitian conjugation. Let us consider the QCD action in Minkowski space

N _
Sy = /d4ZL‘ [_292Tr Fu F* 4+ Wint (0, — iA“)\I/] (B.8)
Our Wick rotation acts on this object as
1S M — -S E (B.Q)
with N
Sp= / d*z® [+292Tr FEpEmw 9 (4P of — iAf)qu} (B.10)
Contrarily to ref. [39], our conventions allow to pass from the Minkowski to the Euclidean
action without any redefinition of the spinor fields.
B.2 Euclidean spinors

From the definition (B.5) it follows that the Euclidean Pauli four-vectors are

o, = (—ioi, 1), 7 = (+ioy, 1) (B.11)

The new generators of the ( %, 0) and (0, %) representations of the Euclidean Lorentz group
i.e. SO(4) are

E _Z E-FE E_FE
O'HU—Z<O'HO'V —0,/0 )
) 7Z ~F _E ~FE _E
Oy = 7 (O'M o, — 0, Uu> (B.12)
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We define two finite left-handed and right-handed SO(4) spinor rotations as

L =exp (—;9“”05,,) , R =exp (—;0“”&5,,) (B.13)
Inspection of these formulae reveals the following properties
(o) = —0o20f,00 = (c],)"
(61)" = —020 )00 = (5),,)" (B.14)
which for finite SO(4) rotations translate into
L* =o9Loy = (L™YH)T,  R*=09Roy = (R°HT (B.15)

Let us consider a left-handed and a right-handed Euclidean spinors A, and x¢ (the right-
handed spinors has not been denoted with a bar for reasons that will be clear soon) trans-
forming as

Ao — La®Xg,  x*— R%x° (B.16)

From the relations (B.15) it follows that the complex conjugated spinors transform under
the dual representations of (1,0) and (0, 3)

[e%

(Aa)” = 3% — ML),
(x)* = Xa > X(L71)" (B.17)
The relations (B.15) also tell us that the spinor indices can be raised and lowered with the
exactly the same rules of appendix A. It may be tempting to identify

A=\ Y& = ¢ (B.18)

but these Majorana conditions would prevent the Euclidean spinors to carry any U(1) charge.
Because of this, we will consider them to be independent complex variables.

The correct way to relate spinors belonging to representations of opposite chirality is
by the Osterwalder-Schrader (OS) conjugation [62-65] which is defined as the product of
a Euclidean time reversal and a hermitian conjugation

Lt Xé

¢ &3, (B.19)

B.3 Euclidean superspace

From the previous discussion it is evident that a Euclidean superspace must have at least
four independent complex Grassmann coordinates [40, 41], namely

e (2 e () L ) (B.20)

«
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Spinor indices can be raised and lowered as in eq. (A.16). The pairs related by OS con-
jugation are

(07) 5 9%
(0F)s 25, g (B.21)
To construct a N = 1 Euclidean superalgebra, we can define the OS-self-conjugate subspaces

St = (2P0, 05)

wo Vo Vo
S™ = (zF,6F 0¥) (B.22)

puorYar Vo

From now on, we will focus on the subspace S*, but analogous results follow for S~ too.
We can define a A/ = 1 Euclidean supersymmetry algebra acting on S*. In two-spinor

notation, the commutation rules of the algebra are
(ME, ME | = —i(8,ME, = 6,,ME, — 5,,ME, + 6,0ML)
[Mfw PE: = —i(55pr - 5VPPE)
[@F ME] = (05)"QF
(@) M5 ] = (35)%,Q5
[Py Py] = {az.af} = {@f.Qf} =0
{QF.QF} = 2i(0"") . P) (B.23)

One can also define Euclidean superfields depending only on the coordinates in S*. This

latter condition is usually referred in literature as Grassmann analiticity. An example of
Grassmann-analytic superfield is the Euclidean vector multiplet

VE(P 0P 6F) (B.24)

Contrarily to its Minkowskian counterpart, this superfield is not real, but OS-self-conjugate,
and becomes real only after analytic continuation to Minkowski space. The action of the
algebra (B.23) on 8T and the Euclidean superfields defined thereof can be found by means
of the method of induced representations as in appendix A. We quote only the results for
the generators

E _ .aE
P, = z@u
.0 ) —
Qa = Y 9gEa ~ i(o™1")a0y
QL = _iaﬁ_Ed + i(@EUE“)daf
uy Z(wu v — Ty u)+ 5( O-;w) HPE - 5( U,ul/) aéEd + v ( : )
and the Euclidean chiral covariant derivatives
o) _
E _ EupE\ oFE
Da _+89Ta+(a “9 )aau
_ 0
E _ E_Ep\ qE
& = e~ (070ad, (B.26)
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In analogy to their Minkowskian counterparts, Euclidean chiral covariant derivatives can be
employed to define Euclidean chiral superfields through the conditions

DEY®F =0 = ¥ =" (2,0"),  (a7)" = (@") + 0% (c")"0"
DE®E =0 — oF = dP(2E 0%), (B = (2P) — 9F (o F)roF (B.27)
Some examples of Euclidean chiral superfields are the quark superfields QF, Q¥ and the

spinorial field strength WaE , Wf . In Euclidean superspace, these pairs of chiral superfields
are no more hermitian conjugates, but rather OS-conjugates.

B.4 Wick rotation in superspace

The Wick rotation in superspace maps Minkowski superspace into ST. The even coordinates
and the momenta are mapped as in eq. (B.2). The odd coordinates are rotated as

0o — 0 04 — OF (B.28)

Whenever they occur, the Pauli four-vectors must be expressed in terms of their Euclidean
counterparts defined in eq. (B.11)

o = Jf, o' =1o0;
=sF, & =ik (B.29)

The chiral left-handed and right-handed coordinates in eq. (A.37) transform into those of
eq. (B.27) as

2y — —i(@l)s,  ap — (@L)i

:UOR — —i(x£)4, x}’% — (xg)Z (B.30)

The supertranslation-invariant interval in eq. (C.2) transforms as

.. B .. B
2y = —ay — —i(zg3)a = +i(2h)a
2l = —why — (x15)i = —(¢f))i (B.31)

where we introduced the Euclidean supertranslation invariant interval
oty = —2F = ol + 0F o B0F + 05 0"05 — 20707 0F (B.32)

The light-cone components of these coordinates and their scalar products are rotated according
to the same rules in ordinary space in egs. (B.4) and (B.4). The integration measure over
superspace is rotated as

/ Bz = / d*zd*0d*0 — —i / d'zPd?0F d*6F = —i / 8 zF (B.33)
Consequently, delta functions are rotated as

88 (21, Z9) — +i6®(ZE | ZE) (B.34)
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Although in the present work we do not need it in the present work, we show the Fuclidean
lagrangian of N' = 1 SYM theory

ﬁE——(i;ﬁ/d%WWﬂﬁ+osg> (B.35)

where “OS.c.” denotes the Osterwalder-Schrader conjugation. This lagrangian can be obtained
by performing the Wick rotations described in this subsection on the superfields and on the
superspace integration measure, and transforming their physical components according to
egs. (B.6) and (B.7). The details on this procedure are described in refs. [40, 41].

C Two-point correlators

C.1 Solution of the superconformal Ward identities

The superconformal Ward identities severely constrain the structure of Minkowskian cor-
relators. Let us consider two conjugate operators Omu.ae;m...dp @61-..&7'61”.5@ of dimension

D, transforming under the representations (%, g) and (g,%

with R-charges +r respectively. Their components with maximal spin projections along the

) of the Lorentz group, and

light-cone will be denoted as O, O,. Their spin projection and heliticy are

(41 -1
- h=-_—" C.1
= . (1)
which can be substituted into the definitions in eq. (4.3). We use the following notation

S

for the supertranslation-invariant intervals
T3 = —T{9g = T12 — 191051 — i920’(§2 + 2@'61052 (C 2)
02 =01 — 02, 012 = 61 — 0, '

The Euclidean two-point correlators can be found by applying the rules of appendix B.

Position space. According to ref. [66], the two-point correlator of O and O is

A — xli(alﬁl e ':L‘liaé)ﬁ'exh(ﬁldl 1286,
. . .\ _9—s 7)%
<0061---0%%041---0‘20[31.‘.ﬁg;ﬂl..ﬂg> =2"Co (a2,)7b(a2,)7+

where the brackets denote the symmetrization with respect to the undotted indices only.

(C.3)

The factor 27° in front of the normalization constant has been inserted for convenience.
Projecting all the Lorentz indices on the light-cone, we obtain

V(=
(‘Tli) (xig)

EARENE

(0,01) =Co (C.4)

Putting the coordinates on the light-cone (4.1) one finds

_ . 1 1
OLO0 ) |1e. =279 Cp— .
< >C (z12)7 (275)7 0 (2 )7+

At 07, = 0% = 0, this two-point function takes the values

_ 1 Tqe 3
0+O+|LQ::2*C@<”> (C.6)
< > 6=0 (293125@2)]) fo

that coincides with the conformal results of ref. [8].
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Momentum space. We now specialize to the two-point correlator between a left-handed
and a right-handed chiral operators transforming under the representations (£/2,0) and
(0,¢/2) of the Lorentz group respectively. Neglecting the normalization, their two-point
correlator in position space is

(z75)" T i 1
G(xy3) = —525 = (—2) F——e 00 (C.7)
(712) = (2 = 2 pgyy¢ gy
with ¢ = 2s, while

/ dizy dizy G(ayz) e ProrP22 — (9145 (p) 4 py) G(p1)e®P (C.8)

where we have defined

G(p) = /d4x G(x)e P

() (z) (©.9)

at = 610’“51 + 920”“52 — 2910’“52

and 7 is the collinear superconformal twist defined in eq. (4.3). All the dependence on the
odd coordinates in contained in the factor e®?. é(p) can be obtained by a standard Fourier
transform in Minkowski space, that, we recall, is defined as the analytic continuation of
the Fourier transform of the corresponding Euclidean two-point function. Since the Fourier
integral may be UV-divergent at the origin, we need to analytically continue the spacetime
dimension to d = 4 — 2e. After subtracting the divergence as ¢ — 0 we obtain

Gp) = _i(_4)Dr(éj;r(7- - 1)ep'“(ip+)é(—p2)77210g (47:;2) (C.10)

After Wick-rotation, this expression turns into

=~ )2 BB £y2
G0) = = R e (1) e
where
(B = i0F (oB)HOF + i0F (aP)HOE — 2i0F (o®)10F (C.12)

The meaning of the breaking of the conformal symmetry due to the appearance of the new
mass scale p is extensively discussed in refs. [67, 68].

C.2 Superconformal inner product

The operator-state correspondence holds in superconformal field theories. Given a local
Euclidean superfield OF (¥, 0%), we can create in and out states by acting on the vacuum
|0) as follows [38, 44, 69]

0) = 0%(0,0)|0)
<0\=( lim 0<O|IOE(xE,0E)I (C.13)

2B §E)
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where the operator I is the inversion operator, that is idempotent and acts on the Euclidean
superconformal generators as

IPI=K/, ID"I = -D”, IM;I=M},
IRFI = —RP, 1QPT =S, IQ 1 =s” (C.14)

The action of this operator on coordinates and superfields can be found through the method of
induced representation as in section 4. From the definition (C.13) it immediately follows that

(0110,) = LA (107 (7, 0%)10%(0,0)) (C.15)

is an inner product on the Hilbert space.

We now see how to compute the matrix (O7|O;) from the Euclidean version of the
two-point functions (C.3). Thanks to superconformal symmetry, we can restrict to the
anaylitic continuation to Euclidean spacetime of the light-cone coordinates

zZE = (l’E :BE) (C.16)

zZIrvz

all the remaining coordinates being 0, including the odd ones. Let OIE be a spin s FEuclidean
superfield, and let Oy be its component of maximal spin along the Euclidean light-cone.
From refs. [38, 44, 69] we know that the action of the inversion operator I on Euclidean
coordinates and superfields on the light-cone is

E\* J
107+ (Z1.c)1 = <$}}> (ezAIOg\/W)I O+ (122

Lz

1 1
_ E EY _
7. = (If, 12F) = <xE xE) (C.17)
where A is the matrix of scaling dimensions, possibly nondiagonal in logCFTs [57]. We then
write the generalization of eq. (C.6) on the Euclidean light-cone with nondiagonal A

!

E\°® I’ J
<@IE+(ZIEC|)O§+(O)> — (a:Z) (eAlog\/ Q/J«Qxfsz)I g]/J/ (eATlog\/QlﬂszxZE) (C18)

J

z
where G is a constant matrix. This expression follows from the Callan-Symanzik equation,
as shown in ref. [57]. It then follows that

(Or+]04+)
. o
- 2sz1£1?_>0 <IOI+(ZI.C.)IOJ+ (0)>
I J/
= Jim (e SenVBREE) Tg, ) (oraTon/ BT (C.19)
2fag =0 I J

From the independence of coordinates in the Lh.s. of the above equation it follows that [57]
AG —GAT =0 (C.20)

that implies
7%Go — Goyg =0 (C.21)

according to theorem 8.2. Then, the derivation of the unitarity constraint in theorem 8.2
follows step by step as in ref. [57].
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D Super-matrix identities

Let (Ag)ij and (B%)% be two sets of supermatrices such that (A4,B%); is always even.
Consider the object

I = —log det (@j — i (AaB“)ﬂ) (D.1)

a=1

where the determinant is taken over the 7j indices. Using the identity log det(M) = tr log(M)
and Taylor-expanding the logarithm, we find

I= Z Z tr(Aq, B™ ... Ay, B™) (D.2)
{az
We can use the cyclicity of the trace to displace B*™ on the left. However, since B* has

Zs-grading (—1)/B*| and I is even, the monomials acquire a factor (—1)5*"|
I= Z Z IBMltr (B A, B ... BWM-1 A, ) (D.3)
{az}

We can see (B%Ap)* ; as a matrix B ® A with two distinct pairs of indices ab and ij. In
this way, we can write

o0

=y %tr (-)F(BeAM) (D.4)

M=1

where this time the trace is taken over both the ab and ij indices, and (—1)¥ is an operator

with eigenvalues +1 defined as [(—I)F]m il = (—1)‘Ba‘5ii/5aa/. Because of this factor, we
must resum the series as

I = —str log (§;0% — (B"4,)';) (D.5)

The Zy-grading of the indices is assigned by hand as det(a,i) = (—1)!Pal. One can again use
the identity log sdet(X) = str log(X). The ‘kernel’ (B“Ab)ij is, to some degree, arbitrary.
Given a sequence of nonzero numbers r, it is always possible to perform the rescaling

(B*Ap)'; — i(BaAb)lj (D.6)
leaving I invariant. This property follows from the expansion (D.4).

We also report here two useful formulae. The first, is the definition of the determinant
of an ordinary block matrix M. If the matrix has the form

AB
M:<CD> (D.7)

where A, B, C, D are bosonic submatrices, its determinant is [70]
det(M) = det(A) det (D — CA™'B) , if A is invertible
det(M) = det(D) det (A - BD™'C) if D is invertible (D.8)
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The second formula, is the definition of the superdeterminant of a graded matrix X. If

A B
x-(22) o5

where A, D are bosonic submatrices and C, D are fermionic submatrices, its superdeter-

the matrix has the form

minant is [29]

det(A) R, .
X) = fA 1
sdet(X) det(D — CA-1B) " if A is invertible

det(A— BD™!C
sdet(X) = et( det(D) ) , if D is invertible (D.10)

The supertrace is defined as

str(X) = tr(A) — tr(D) (D.11)
The superdeterminant and the supertrace satisfy the property

log sdet(X) = str log(X) (D.12)

for any supermatrix X that admits a logarithm.

E The sl(2) algebra

In this appendix, we will repeat the analysis of section 4 for the algebra s[(2), which is
isomorphic the collinear conformal algebra. This appendix is only pedagogical, and has
the aim to show what our method of section 4 looks like when it is applied to an already
well-known situation (see [8] and references therein).

E.1 Generators and commutators

The Lie algebra s[(2) consists of three generators Ly, L satisfying the commutation rules
Ly, L_]=2L, [L,Ly] =+Ly (E.1)
This algebra has a quadratic Casimir element
L>’=L,L +L?’-L=L L, +L*>+L (E.2)
The Lie algebras sl(2) is isomorphic su(2) although the groups SL(2) and SU(2) are not.

E.2 Representations

Abstract construction. We are looking for representations of s[(2) with a highest weight
vector ¥ satisfying

LU=0, LU= U (E.3)
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As a consequence of this definition, in each representation the quadratic Casimir takes the value
L2 = j(j — 1)¥ (E.4)

which means that each representation is univocally identified with its highest weight j. We
denote each representation as [j]. Descendants can be obtained by repeatedly acting with
L. on the highest weight vector

W jn o< LW 5 (E.5)

We label each state as VU ,,, where j is the highest weight and m is the eigenvalue of L. From
now on, we will choose the proportionality constant in eq. (E.5) to be 1. This completely fixes
the action of the other generators on the vectors. Note that the representations here defined
cannot be unitary, as unitary representations of su(2) = s((2) must be finite-dimensional.

Representation by differential operators. The abstract representations [j] can be used
to construct a representation in the space of holomorphic functions on the complex plane.
The action of the algebra is defined as follows. Let s € C and

fj(s) = 6_5L+\I/j,j (EG)

This object is a vector in the representation [j] and can be seen as a generating function
of its elements according to the rule

LY W; 5 = (=05)"Fj(s)ls=0 (E.7)

The action of the generators L4, L on ¢;(2) can be written as a differential action on s

LF;(s) = LFj(s) L=s0s+j
L, Fj(s) = L-Fj(s) L_=(-0s)
L_Fj(s) = L1 F;(s) Ly = s%0s +2js (E.8)

We use the boldface letters to denote the generators acting on vectors to distinguish them
from the generators acting on coordinates. The correspondence Ly <+ L+ is needed to leave
unchanged the commutation rules between the generators of the differential representation.
This redefinition is also employed in ref. [8]. These infinitesimal transformations integrate to

A F ) = (12005 (101
L (3) = V()

AL Fi(s) = Fils — ) (E.9)

E.3 Direct sum decomposition

Abstract construction. Let us consider two representations [j1] and [j2]. We want to find

the expression of a vector WIY2. € [ji] ® [j2] satisfying
L W, =0, LULP. =0 +h+n)Pir,, (E.10)
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where, for brevity, we labelled j = j; + j2. In other words, ¥, j4, must be the highest
weight vector of the [j1 + j2 +n] C [j1] ® [j2] representation, if it exists. The second condition
means that this state must be of the form

n
. ;~ k: 7k
\Ijg'lﬁrijJrn = § :akL—s—\Ijlel ® LY, 5, (E.11)
k=0

For the moment, let us assume ji,jo > 1. Applying L_ on the left, one obtains

n—1
S a1 (k4 1251+ k) + ap(k — n)(2jz +n— k— D] LAW, , @ L1, ) (B.12)
k=0

This condition is satisfied only if

ki1 _ - n—k2jp+n—k-1 N, :a0<n> (-1) (F.13)

Which, up to an arbitrary multiplicative constant, yields the expression

A " ( LW, 5 @ L0,
Jj+n,j+n nl—;:n <n1> F(le +n1)F(2j2 _|_n2) + *J1,1 + *72,)2
= ‘I’jl,ijgfl’”)(fJﬁ L)Yy, (E.14)

where, for brevity, we introduced the symbol

n —1)™ ny o
Pot(ay,20) = Y < >F(2a+§11)f)‘(26+n2)x1 Ty (E.15)

ni+n2=n ni

Descendants can be obtained simply by multiplying both sides by powers of L

s = (i —

U itk = \Iljlyjl(t‘i’ + L)k L) (r+a L+) U, o (E.16)
When at least one between j; and jy is negative, the solution of the recursion in (E.13) must
be constructed by taking the initial condition for max(0, —2j; + 1) < k < min(n,n + 2jz — 1).
The resulting solution for the highest weight vectors have the form

o min(n,n+2j2—1) (_1)k‘
U an = > ( ) Lo, oL e, ., (BE.17)
Jt+n,j+n A - — YW ™ a2

k=max(0,—2j1+1) k)T(251 + k)T'(2j2 +n — k)

If j1 < 0 and j2 > 0, we have

T(n+1) TR -
Vi = g gy Vs L) PR (L T (B

If both ji,j2 < 0, we have

\I,]i;jz F(n + 1)

. . . % % .
. . = \Ij L. _i 172]1]}])1_.7171_]2 f L L 172]2\11'
Jjt+n,g+n F(n 4 2]1 + 2]2 o 2) .717]1( +) ( +> +)(+ +) J

n+2j1+2j2—2
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We tacitly defined P%*(z1,25) = 0 whenever n < 0. We can thus state the direct sum

decomposition
o0

1] @ [j2) = €D [i1 + j2 + n) (E.20)

n=0
where the two bases are connected by the Clebsch-Gordan coefficients shown above.
The polynomials P, are related to the Jacobi polynomials P, and the Gegenabuer
polynomials C), by

n!
I'(2a 4+ n)T'(2b + n)
n!l'(2ar)

F<n+a+%>F(2a+n)F<a+%)

Pt (21, 2g) = (21 + mo)" P2a=120-1) (M) (E.21a)

T2+ T

P (w1, 29) =

Tro — 1
nce | —— E.21b
(@1 +22)"Cy <$2+$1) ( )

where in the second equation 2a = o + % The properties of the Jacobi and Gegenbauer
polynomials are extensively discussed in refs. [1, 2, §].

Polynomial realization. A shortcut for the previous results makes use of the polynomial
realization of s[(2), in which the generators act as the differential operators (E.8) in the
space of polynomials of the s. In a representation, say [j], we denote the polynomial
corresponding to the vector ¥; iy, as Pjiin(s). A vector belonging to a tensor product
of two representations, say U, j,1n; ® ¥j, jotn, € [J1] ® [j2] is simply the product of the
two states i.e. Pjy ji4ny (1) Pja,jana (52)-

Let us construct the representation [j] in the space of polynomials. The highest weight
vector corresponds to a polynomial P; ;(s) satisfying

L_'PjJ(S) = —83733'0'(8) =0 (E.22)

The only solution to this equation is the constant polynomial, which we may normalize
to unity. Hence

Pj(s) =1 (E.23)
The descendants can be obtained applying repeatedly L. We find
Pjj+n(s) = (2))ns" (B.24)

where (27), = T'(2j + n)/T'(2j).

We now use the polynomial realization to find the direct sum decomposition of the
tensor product [j1] ® [j2] with ji,j2 > 0. A polynomial P(s) corresponding to a primary
satisfies the condition

L_P(s1,82) = (L(_l) + L(_Q))P(sl, s2) = —(0s, + 0s,)P(s1,52) =0 (E.25)

Hence, the condition L_P(s1,s2) = 0 tells us that P must be invariant under simultaneous
translations of sq, s i.e. can depend only on s; — s3. The only possibilities are then

Pn<31, 82) = (81 — 82)”, n €N (E.QG)
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The meaning of the index n can be understood by applying to each P, the generator
L=LW 4+ L® = 510, + j1 + 5205, + jo (E.27)
What is found is
LPp(s1,52) = (j1 + J2 + n)Pu(s1, 52) (E.28)

We conclude that the polynomial Py, (s1,s2) corresponds to the primary W; 4, +n ji+jotn Of
the representation [j; + j2 + n] C [j1] ® [j2]. Hence, we choose the label

ijllig32+n,j1+j2+n(sl7 32) = (31 - 32)n (E.29)

Thanks to this technique, we proved (E.20) with almost no effort. We now use this same
technique to write the vector W, 1,15 j;+jo+n in the basis W; ;4 p @V, 4,1 Let us expand
the corresponding polynomial as

lelﬁ;2+n,j1+j2+n(81’ 82) = Z <n > <_1)n1 8?1 832 (E'30>
ki1i+ko=n 1
Substituting eq. (E.24) into this expression we find
ij'll—;i{52+n,j1+jg+n(517 S2) =
n I'(2j1)T'(22)
. , (—=1)"*Pj, j1+n1 (51) P jatna (52) (E.31)
kl'%:n (”1> ['(2j1 +n1)L(2)2 + n2) e e

From which it follows

13 I'(251)T(252)
NIZARERE o = n 1M QW E.32
Jitj2+n,ji+j2+n nﬁ%:n <n1> F(le + nl)F(2j2 + n2)( ) J1,J1+n1 J2,J2+n2 ( )

which coincide to the result of eq. (E.14) up to an irrelevant normalization factor.

F The polynomials (C{ll’j2

F.1 Example of proof

In this appendix we show how to obtain eqgs. (4.56) from egs. (4.50a), (4.50b), (4.54a), (4.54b)
using the relations (4.55) and the notations (4.58), (4.46). Since the proofs for each case are
very similar, we will only show the equivalence of eq. (4.54a) and eq. (4.56b). Let us write
J1,—J1552,+72 _
Jn—gigtngitiatn,—j
= nl U CP (U4, U,

k1+1*“1’1\J
2

Z (_1)L
riiamon T (14 51T (14 52) T (20 + 552) T (270 + [22572))
SRRVANCR Sk e (F.1)

=n!

— 84 —



Since k1 4+ ko = 2n, k1 and ko must be simultaneously even or odd. Hence, we write

Ju,=Jj2, 2

j-‘rTLJ-‘r’I’L,—]

Yy (-1

aimen D14+ 12 )T (1+ 122]) T (271 + 1 252)) T (272 + 1252
U @ U0, +

2€1+1—\‘1’1\J
2

201 +2— |0 |
|2l

(=1

+n! Z
baimn T (14 (252 T (14 | 255 ) T (20 + [25522]) T (242 + [ 2322))
U%fﬁ-lq/i‘r ® U%rb-&-l\I,Q— (FQ)

where in the first line we chose k1 = 201, ko = 2¢5 and in the second line we chose k1 = 201 +1,
ko = 205 + 1. Using the properties of the floor function |-| we find

(_1)LMJ _ (_1)81 (_1)L%+Wj — (_1)Z1+\\I/1|+1
201 . 201 +1 o 209 o 205 + 1 o
T =T =n Z ==
201 + 2 205 + 2
| 5 |=t+1 ] 5 |=t+1 (F.3)
Hence, we obtain
Ju,—Jjestje
n (-~ 20 26 g, —
= , ‘ U ol @ U0, —
€1+zfz:=n <€1> F(le —|—€1)F(2]2 —|—£2) + 1 + 72
-1 (-4 _
_ (=¥l n . . U2htlgt o uetly
- €1+€22=n1 ( 6 )T +1+6)T(25+1+06) + 15—+ 72
(F.4)
From eq. (4.55) we have
vl = LYot
Uty = LoV, oS
202\, — l2,—
U tloy = LW, o, (F.5)
Comparing with eq. (E.15) we finally arrive to
Ju,—juig2.g2
.]+n7]+n7_j B
- — ii+L 41 —
=0 (BT o) - ()M VPRI LT ) W, ()

as we wanted to show.
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F.2 Symmetry properties

Let V1 ® V4 be the tensor product of two graded vector spaces and let x be the map

X V1oV, — Vel
V1 & vy —> (—1)‘U1HU1|’U2 ® M (F7)

that in the field theory language corresponds to the exchange of two fields inside a product.
We want to determine the behavior under the action of x on a

QIC%17j2(6+7ﬁ+)\P2 (FS)

where ¥y and Wy are highest weight vectors in some chiral representation. After applying x
and exchanging the indices k1 and ks (defined in eq. (4.57)) in the resulting expression we find

(= 1)L I o+ ) (ko + )
UM o,0UPw,  (F.9)

D

bbb D (1 2T (1 [521) T (20 + B8] T (20 + [ 22

3 |E2 R (b W ) (k[ Wa])

We now consider the phase factor (— The reader can check

case by case that

(=)L a0 kot 2]) () LB+ D)) gy L2 (F.10)
It follows that

0,0 (T, T )0y 25 (— D)D) g, i (T, T, ), (F.11)

G Twist-2 quark operators in N/ =1 SQCD

In this appendix, we show how to construct twist-2 quark operators in N’ = 1 supersymmetric
QCD (SQCD). We closely follow subsections 7.1, 7.2, 7.3.

In addition to the vector superfield V', SQCD possesses also Ny chiral scalar superfields
Q" in the fundamental representation, and N ¢ chiral scalar superfields Qir. We denoted
the (anti)fundamental color indices of the fields as a lowercase ¢, and the flavor indices as
an uppercase . The gauge transformation laws of the superfields are

Q+— Q) Q+— Qe

Qr— Qe ™, Qr— et (G.1)

where A, A are a left-handed and a right-handed chiral Lie algebra-valued functions. The
lagrangian of the theory is'!

Ny Ny
N _ ~ =
Lsqep = (492 [azowe ews + h.c.) +3 [ Qe Q + Y [d9 QG (G2)
I=1 I=1

UFor simplicity we omit any possible mass term and superpotential.
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¢ 0 b T
Qlo 0o 3 -3 1
Q0 0 3 +i 1
Qo o & -3 1
Qlo o L +1 1

Table 5. Collinear superconformal charges of the building blocks of the twist-2 quark operators of
N =1 SQCD. Their gluon counterparts are shown in table 2.

where g is the (real) 't Hooft coupling, with g? = g%,;N. Again, we take g to be real, so
that theta terms are absent.

To express this lagrangian in ordinary spacetime, we write the component expansion
of the quark superfields

Q”(ﬂf 0) = ¢ (x1) + V20° ¢l (x) + 6*F" (z)
Qir(z1,0) = Gir(v1) + V20“Pair (1) + 0°Fir(zy)
Qir(zr,0) = Gir(xr) + V205055 (xR) + 6°Fif(xR)
O (x5, 0) = G (xr) + V20:0°" (x5) + 02F (z5) (G.3)

and insert it in the lagrangian (G.2) together with the vector superfield in the Wess-Zumino
gauge in eq. (7.4). Integrating over the odd variables 6, 6%, and eliminating the auxiliary
fields F, F', F,F one finally obtains

Zaming N[ 1 -
Ligen "™ =yt 5 F ™ 4 2N Do + D

Ny
+ 3 [DutrDq" + ithar DL + iV2a X — iv/20ar ]
I=1

Ny _
+ Z [DMQID#Q?I + ii;?paaﬂ;. - wa?Aa + Z\/>ql>\ d)al}
I=1
Ny
+D°y (qIT“qI — T ) (G.4)
=1

where the symbol D,, denotes a covariant derivative. The quark propagators are

i ) j. ' 1
(Q"(010,00Qjs(2n2,02)) =030 1Cor 5
<Qu($R,17§1)QjJ(va2’ 92)> - 5ij5[JCQ (90112)2 o

where Cg = i/4n>.
The twist-2 gluon operators of ' = 1 SQCD are the same in eq. (7.8). The quark
operators are constructed from the building blocks in table 5. We have four distinct towers
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14 0 j b T
Qn n n+1 0 2
@n n n n+1 0 2
Qf|n+1 n n+3 -1 2
Q, n n+l n+3 +1 2

Table 6. Collinear superconformal charges of the twist-2 quark operators of A/ =1 SQCD. Their
gluon counterparts are shown in table 3.

of operators
Q2 = N~z eIy Qp evey? (%1 VLY ﬁi) Q’
Qe = N—%Célinﬂto‘\(ta)fjc}f e‘VCQ%;% (%1 + ﬁiﬁl - 231) Q’
Qat = N_%Célinﬂta‘(ta)IJQICZ%TfH (ﬁ + i%ia Vit ﬁi) Q’
Qe = N7%Célin+|t&‘(ta)IJQICQ%,é_ ($1 + le, Vi+iV; > Q’ (G.6)

where the t“ are a complete set of Ny x Ny matrices and the spinor covariant derivatives
Va, @d have been introduced in section 7. The operators satisfy the hermiticity relations

@) =qs, (zt) =
(@) =as. (@) =@ (@7)

The charges of the elementary quark operators are shown in table 6. The components of
the quark fields in the light-cone directions of superspace are

Qle.=q+ ZHW Qlic. =G+ 29%
o Qe =7 20'9 (G8)
where we used the notation
v =0, V=0
$=o v, b =07 (G.9)

with o = 21/4,

We now show the component expansion of the operators (G.6) in the light-cone directions.
We work the Wess-Zumino and light-cone gauge, and use the same notation and conventions
of subsection 6.3, omitting discrete indices. The components of Q,, are

—1)milttlg3n 2 2 4 -
Q, = Nfécél()Z—Qz (qC’l/Q ¢ 3/2 ) + 29GP0y — 21 P10y
n! Y 0

‘[9 91< G2+ —2 — qpci’*/%p) } (G.10)
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The components of Q can be obtained from those of Q with the substitutions

o' — ol ol — —ip!
q—q, q—q
W — i, i — 1) (G.11)

The components of Q; are

(=1 ni|t°‘|2%(2n+1) 5 20 )
Q;r — _N"2 ( )n'(n — 1)' (wpél,O) qP (0, 1)1/}) T ¢03/2¢ + qcl/flq
+2iv20'01 | i T 2 (WD (L0), 4 5p©: 1)¢) #3 (@p(l,o) _ ~P(0,1)¢)
2n n+1 4 n+1 2(2n + 3) + n 4= 4y

(G.12)

with o = 21/4. The components of Q™ can be obtained from those of Q1 with the substitutions

0r = 0t ot — —ip!
q—q q—q
I Iy (G.13)
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