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Abstract

Most sensors and controllers are discrete-time devices, which may have a detrimental impact on the performance of continuous-
time control laws, even leading to unstable behaviors. This paper proposes a sampled-data passivity-based control approach
that solves the regulation problem for discrete-time underactuated mechanical systems. Moreover, in contrast to other discrete-
time controllers for these systems, the proposed control design method does not require the solution of partial differential
equations. To illustrate the approach, we consider three case studies with computational details and simulations.
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1 Introduction

Passivity-based control (PBC) techniques have proven
suitable for controlling complex nonlinear mechanical
systems (Bloch et al., 2000, 2001; Ortega et al., 2002;
Acosta et al., 2005; Chang, 2014; Donaire et al., 2016;
Ryalat and Laila, 2016; Gandhi et al., 2016). One of the
main reasons for their success is that these nonlinear
control techniques exploit the physics of mechanical sys-
tems, particularly their well-defined structure. Hence,
the control design process is based on finding desired
physical quantities that are adequate to solve the control
task at hand, e.g., the desired closed-loop energy, appro-
priate damping elements, and a suitable interconnection
pattern (Ortega et al., 2001). Consequently, the resulting
controllers often have a physical interpretation, making
the design process more intuitive and constructive than
other nonlinear control techniques that focus on cancel-
ing nonlinearities without considering the physical laws
that rule the behavior of the system to be controlled.

Literature on mechanical systems controlled via PBC
techniques is abundant—some recent references are
Franco (2021); Hamada et al. (2021); Ryalat et al.
(2021). Notably, most results consider continuous-time
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systems. However, customarily, the sensors and con-
trollers are discrete-time devices in practice, which may
hamper the implementation of control laws, including
PBC methods, in real-life applications. In this paper,
we consider sampled-data systems, i.e., we assume the
input piece-wise constant over a constant sampling pe-
riod and measurements available only at the sampling
instants Monaco and Normand-Cyrot (2007).

In the context of sampled-data systems, beyond simple
emulation (Laila et al., 2002; Mazenc et al., 2013), re-
cent re-design methods relying on PBC might be applied
for classes of mechanical systems modeled as discrete-
time port-Hamiltonian (pH) systems (Monaco et al.,
2022). By emulation-based or sample-and-hold control,
the literature generally refers to a feedback law that
is completely designed in the continuous-time frame-
work and, then, directly implemented in practice using
a zero-order hold (for the control signal) and sampled
measures of the states. In doing so, the effect of sam-
pling is completely neglected at the design stage Mazenc
et al. (2013); Nesic et al. (2009). On the other side, in
Mattioni et al. (2022b), the authors provide a discrete-
time PBC via energy-balancing that is applicable for
fully actuated systems. In that case, the design is con-
structive, and the feedback is defined starting from the
continuous-time counterpart with the aim of assigning
the same energy function to the discrete-time closed-
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loop system. In addition, those results have been ex-
tended to cope with input time delays (see Mattioni et al.
(2022a) for further details). Concerning underactuated
systems, the so-called interconnection and damping as-
signment PBC methodology has been recast in discrete
time in Moreschini et al. (2020). To this end, the au-
thors of the mentioned reference provide the definition
of discrete-time matching equality (DME) in the form of
an integro-differential equality. However, several difficul-
ties arise in this context. First, the result in Moreschini
et al. (2020) does not provide a constructive procedure
for designing the sampled-data stabilizer solution to the
DME, whose solvability cannot be guaranteed. More-
over, even if solutions to the partial differential equations
(PDEs) that often arise in the continuous-time control
design are known, such solutions might not be suitable
for the DME, i.e., finding a solution to the continuous-
time problem does not guarantee the existence of a solu-
tion to the discrete-time one. Additionally, sampled-data
equivalent models cannot be computed exactly. Hence,
the corresponding DME cannot be solved exactly un-
der sampling, as it might be characterized by a series
with an infinite number of terms. Finally, when a solu-
tion to the discrete-time problem can be computed, it
may completely lack a physical interpretation. We refer
the interested reader to (Moreschini et al., 2020, Sec-
tion V), where these aspects are illustrated in a sim-
ple linear mechanical system. We remark that similar
considerations hold for Laila and Astolfi (2005); Stimer
and Yalgin (2011); Aoues et al. (2013); Macchelli (2022)
where, in addition, the design is based on a priori fixed
approximations of the sampled-data model.

This work aims to solve some of the aforementioned is-
sues by providing a new constructive way of designing
sampled-data controllers that achieve asymptotic stabi-
lization of the desired equilibrium for a class of under-
actuated mechanical systems. To this end, starting from
the results for soft robots reported in Borja et al. (2022a)
and then extended to general mechanical (continuous-
time) systems in Borja et al. (2022b), we propose a
sampled-data controller that assigns the desired energy,
with a strict minimum at the target equilibrium, and
whose computation does not require solving DMEs (nei-
ther in the form of partial differential equations nor
integro-differential equations). Notably, the closed-loop
energy function is constructed by satisfying two alge-
braic conditions. In addition, we show that, in general,
the proposed sampled-data feedback assigns the same
energy function as in the continuous-time case. There-
fore, the closed-loop system preserves the physical prop-
erties as in the continuous-time design.

As customary in the under-sampling case, the control
law is the solution to a nonlinear algebraic equality. No-
tably, such a solution always exists and can be expressed
as a series expansion in powers of the sampling period
0. Accordingly, even if a closed form of the correspond-
ing controller is hard to compute in practice, we can
adopt different approximations to simplify its implemen-

tation, e.g., the corresponding series expansion can be
truncated at a desired order. Furthermore, all terms of
such an expansion can be easily computed via an it-
erative procedure solving a linear equation in the cor-
responding unknown at each step. Hence, contrarily to
standard results in the literature, the design we propose
is not based on any a priori fixed approximation of the
sampled-data model of the mechanical system to control
but rather on approximations (at any arbitrary order)
of the solution to the equality that the feedback needs to
solve. Accordingly, depending on the sampling period,
the order of the approximation can be fixed as a trade-
off between the required performance and the required
computational effort.

The remainder of the paper is organized as follows: the
preliminaries on discrete-time systems are given in Sec-
tion 2, where the problem under investigation is also for-
mulated. The main results are given in Section 3 and
illustrated over three case studies in Section 4. Conclud-
ing remarks and perspectives are provided in Section 5.

Notations and instrumental definitions. The sets
C, R, and N denote the set of complex, real, and natural
numbers (including 0), respectively. C* and C~ denote
the right and left half of the complex plane, respectively.
The symbols > 0 and < 0 denote positive and negative
definite functions while > and < (> and <) positive and
negative (semi-)definite matrices. I,, denotes the iden-
tity matrix of dimension n > 1, while the zero-matrix
of suitable dimensions is denoted by 0. For a square
matrix A € R"*", g(A) C C denotes its spectrum.
Given m column vectors g; € R”, with j € {1,...,m},
diag{g1,...,9m} € R™*™ denotes the block-diagonal
matrix whose main diagonal elements are g;. Further-
more, col{gy,....gm} = [g7 ...g}]T € R". Given
a differentiable real-valued function V' : R® — R and
x € R™, VV(x) represents the gradient column-vector
with V = col{a%}, fori e {1,...,n}, and V2V (z) de-
notes the Hessian of V(z). In addition, rewriting « =
col{za, 2} € R™ x R™ (where n, + ny = n) we denote
Vi Vi(z) = %E%V(x). For v,w € R™, the discrete
gradient is a vector-valued function of two variables de-
fined as VV(v)[¥ : R" x R" — R"

TV ()| = /O YV (0 + s(w — v))ds

satisfying V(w) — V(v) = (w — v)VV(v)|? with
VV(v)|} = VV(v). When V(v) = 20T Powith P = PT,
one gets VV (v)[? = 1 P(v + w). Given a smooth vector
field f(-) over R", Ly =>"" | fl(x)% is the Lie opera-
tor with, recursively, L = LfLép_1 and L} = I4 with Iy
the identity operator. Accordingly, the exponential Lie



series operator is defined as

=1
e =Iat+ ) Sl
i=1

satisfying, for all smooth functions V : R" — R,
V(e"rz)=e“V(x)=V(x)+ ) LV (@).
i=1

A function R(z,0) = O(dP) is said to be of order 67, p >
1 if, whenever it is defined, it can be written as R(zx, d) =
6P~ R(x,8) and there exists a function § € Ko and
6* > Osuch that V& < 6*,|R(z, 0)| < (). Given a scalar
function b : R — R and = = col{z1,...,z,} € R", we
denote h(xz) = col{h(z1),...,h(zn)} : R™ — R", that
is the application of the scalar function component-wise
to all elements of x € R™. When clear from the context,
the arguments of functions are omitted in the proofs.
2 Preliminaries and problem statement
2.1 Passivity and PBC for discrete-time systems
Consider a discrete-time system of the form

2t (u) =2+ F(z,u), y=h(z,u) (1)
with z € R", u,y € R™, F : R®" xR™ — R™, and
h:R"™ x R™ — R™ and denote

xt =27(0) = z + Fy(o);
G(z,u)u = F(z,u) — Fy(z).

Fy(x) := F(x,0)

For simplicity, the time subscripts are dropped out when
clear from the context; i.e., z = xp, u = ug, y = yr and,
consequently, *(u) := xj41. Then, the following def-
initions and conditions involving passivity are recalled
(Byrnes and Lin, 1994; Monaco and Normand-Cyrot,
2011).

Definition 1 A discrete-time system (1) is said to be
passive if there exists a non-negative function H(x) :
R™ — R (the storage function) satisfying, for all k €
N, the dissipation inequality

E
H(wpg1) — H(zo) <Yy uy
j=0
or, equivalently,
AH(z) := H(z(u)) — H(z) <y u.

The system (1) is said to be lossless if the dissipation
inequalities above hold as equalities, that is

k
H(wpg1) — H(zo) = Yy, u;
=0

or, equivalently,

AH(z) =y u.

In contrast to the continuous-time case (Byrnes et al.,
1991), necessary and sufficient conditions to guarantee
that a discrete-time system is passive are not available.
However, below, we recall some propositions that are in-
strumental to this work (Byrnes and Lin, 1994; Monaco
and Normand-Cyrot, 2011).

Proposition 1 If the discrete-time system (1) is pas-
sive, then it has relative degreeQ; i.e., there exists z° € R™
such that, for all x in a neighborhood of x°,

%(w, u) # 0.

Note that Proposition 1 highlights that a direct input-
output feed-through term in (1) is necessary for passiv-
ity in discrete time. Also, for the passive discrete-time
system (1), asymptotic stabilization can be achieved by
damping injection (Byrnes and Lin, 1994; Monaco and
Normand-Cyrot, 2011), i.e., computing u = ug; () solu-
tion to the damping equality

u=—Kh(z,u), K = 0. (2)

2.2 Discrete-time systems as sampled-data dynamics
and problem formulation

We restrict our attention to discrete-time dynamics ob-
tained from the discretization of sampled-data underac-
tuated mechanical systems. In particular, we consider
continuous-time pH systems of the form

M 0 I VyH(q.p) 0

= u  (3a)

p —1 —D(q,p)] [VpH(q,p) B
y=B"M ' (q)p (3b)

H(q,p) = lpTM “Hop+Vig), (3¢)

2

where ¢, p € R™ denote the generalized coordinates and
momenta, respectively; u,y € R™, with m < n, repre-
sent the input-output pair, where v is the input and y
the output; M : R™ — R™*" is the inertia matrix, which
is positive definite; B : R® — R™*™ ig the input matrix,
which has full (column) rank by definition; D : R™ x
R™ — R™*"™ is the dissipation matrix, which captures the
dissipation terms in the dynamics and is positive semi-
definite. Moreover, V' : R" — R>( denotes the potential
energy. Similarly, T(q,p) = 3p' M ~'(q)p is the kinetic
energy. Hence, the Hamiltonian H : R™ x R" — Ry
represents the total energy of the system. Alternatively,
(3) admits a more compact representation of the form



with z = col{g,p} € R* x R"; B € R?"*™ defined as
B:=1[0 B"]T such that rank{ B} = rank{B} = m.

The assignable equilibria for (3)—alternatively, (4)—are
the elements of the set

E={(¢,p) e R" xR" | BLVqV(q) =0; p=0}

where B+ € R™*" denotes the full-rank left annihilator
of B, i.e., verifying B*B = 0. Hence, ¢, € R" is an
admissible configuration if z, = col{g,,0} € &.

The pH framework used in (3) is suitable to represent a
broad range of mechanical systems. Moreover, this rep-
resentation permits showing the passivity properties of
these systems in a transparent manner. In particular,
given (3), some simple computations show that

H = —p"M~Y(q)D(q,p)M~Y(q)p+p"M~(¢q)Bu
<y'u.

We refer the reader to Duindam et al. (2009); van der
Schaft and Jeltsema (2014) for further details on pH
systems.

The following assumptions characterize the class of (un-
deractuated) mechanical systems that can be stabilized
by the approach proposed in this work. In particular, As-
sumptions 1 and 2 are taken from Borja et al. (2022b),
where the authors solve the stabilization problem for a
class of continuous-time mechanical systems.

Assumption 1 The input matriz in (3) is of the form
T
B:{%o].

Under the assumption above, the general coordinates
naturally split into actuated and unactuated, i.e.,

Ga . Ga DPa
q= . 4g=1"1, p=
qu qll u
with ga, Ga, pa € R™ and gy, Gu, pu € R*™™. In addition,

from (3a), we have that M~'(q)p = ¢. Therefore, As-
sumption 1 implies that the passive output (3b) reads

Y = Ga,
and the set of assignable equilibria is given by
E={qeR"|V,V(q) =0}.

Assumption 1 is not restrictive from a physical perspec-
tive. Indeed, a broad range of mechanical systems satisfy
it. Moreover, in Borja et al. (2022a), it is proven that if

the input matrix is constant, there exists a change of co-
ordinates such that the system satisfies this assumption
in the new coordinates.

Assumption 2 Given the desired configuration q, € R"
and the energy function (3c), the potential energy related
to the unactuated coordinates satisfies

V2 Vig.) > 0.

The assumption above refers to the behavior of the unac-
tuated coordinates near the desired equilibrium. While
this assumption is more restrictive than Assumption 1,
it is still satisfied by a wide range of mechanical sys-
tems. For instance, fully actuated mechanical systems,
which are present in numerous industrial applications—
e.g., most industrial robots—satisfy this assumption.
When considering underactuated mechanical systems,
Assumption 2 is satisfied by numerous systems with
practical relevance, including a large class of soft robots
(see Borja et al. (2022a)), cranes, and devices involv-
ing mass-spring-damper configurations. Therefore, As-
sumptions 1 and 2 characterize a family of systems that
might seem limited yet it is highly relevant in prac-
tice. This work proposes new sampled-data controllers
for these systems based on the same assumptions as
the continuous-time strategies reported in Borja et al.
(2022a) and Borja et al. (2022b). Basically, this shows
that no further assumption is needed to design a new
digital stabilizer aimed at compensating for the effect
of sampling. Three examples illustrate the applicability
of these sampled-data controllers in Section 4. The next
assumption sets the digital framework we adopt.

Assumption 3 The inputs are piecewise constant sig-
nals over the sampling period of length § > 0, that is
u(t) =u, te ko, (k+1)4[

In addition, measurements of the outputs and states are
available only at the sampling instantst = kd, k € N.

Under the assumption above, the evolution of (4), at all
sampling instants t = k§ for k € N, is described by the
so-called discrete-time equivalent model that is given by
(Monaco and Normand-Cyrot, 1985)

't (u) =z + 6F°(x,u) (5)
with = x5, = 2(kd), u = ur, = u(kd) and the map

SE(x,u) = k(fﬂ)& (f(z(0) + éuk)dé

= S@Lstls)y — .

Remark 1 In Monaco and Normand-Cyrot (1985), it
was shown that, given the definition of the Lie exponen-
tial, the discrete-time equivalent model (5) admits an



asymptotic series expansion in powers of § with an infi-
nite number of terms, i.e.,

7t (u) = e¥TLrtlon)y —(Ly +LBu)ix

N‘Qﬂ

7

1
z+6(f(2) +Eu) +

0(6?).
——

higher order terms

usual Euler model

Note that because the series expansion above ideally has
an infinite number of terms, in general, a closed-form
expression for (5) is generally not computable in practice.

Under Assumptions 1, 2, and 3, we solve the regulation
problem for (3)—i.e., we ensure that the system con-
verges to the desired configuration g,—via a piecewise
constant passivity-based controller. More precisely, the
problem consists of designing a feedback of the form
U = Ues(qk, Pk ) +ai (g, Pk ) based on the sampled-data
equivalent model (5) with the aim of fulfilling the fol-
lowing specifications.

(ES) Compute a feedback ur = ues(qk, pr) + vi such
that the closed-loop dynamics

2 (tes (¢, p) +v) = & + 0F (2, ues(g,p) +v)  (6)
satisfies the new dissipation inequality
AHqy(q,p) < 0v ' ya (7)

where Hy(g, p) is the new total energy function with a
(local) minimum at col{gy, 0} and yq € R™ is the new
passive output. The control ues(g, p) is generally re-
ferred to as energy-shaping component and guarantees
(local) stability of the desired equilibrium col{q,, 0}.

(DI) If necessary, inject damping to guarantee that the
trajectories of the closed-loop system converge asymp-
totically to the desired configuration. To this end, set
Vg = Uai(qr,Pr) = —Kaiya,, where Kq; € R™*™ is
positive semi-definite.

Moreover, we are interested in control design methods
that do not require solving PDEs, as they can be an
implementation problem.

Given the problem described above, we need to address
two issues: (7) the passivity property of the continuous-
time map u — y = ¢, in (4b) is not preserved under sam-
pling because the zero-relative degree condition is not
satisfied (Proposition 1); (i7) there is no (computable)
closed-form expression for the sampled-data equivalent
model (5) and the corresponding quantities.

Remark 2 Concerning (i), as explained in Remark 1,
a closed-form expression for (5) cannot be computed in
practice. This represents an obstacle in the control de-
sign. In particular, the energy shaping process given in
(ES) explicitly depends on (5). Hence, a solution to this

problem cannot be exactly computed. In the following sec-
tions, we show how to overcome this issue by avoiding
the exzact characterization of (5).

3 Digital PBC design

The sampled-data equivalent model associated with the
continuous-time dynamics (3a) does not preserve passiv-
ity of the same continuous-time map u — y = ¢,—see
(3b) and Assumption 1. However, the next result pro-
vides an output ensuring that the sampled-data equiv-
alent system (5) is passive, considering the same en-
ergy function as in continuous time. Remarkably, such
an output is not the same as in (3b)—alternatively,
(4b). Indeed, the output corresponding to the sampled-
data equivalent model is obtained from the concept of
passive discrete-time systems (Monaco and Normand-
Cyrot, 2011), and it is instrumental for the technical de-
velopments leading to the main results of this paper.

Proposition 2 Consider the underactuated mechanical
system (3a), satisfying Assumption 1. The corresponding
sampled-data equivalent model (5), with output

() = 306 () — ) Q

and storage function (3c) is passive. Furthermore, it sat-
isfies the dissipation inequality

AH(q,p) < ou'h’(g,p,u) =u' (¢f (u) —qa).  (9)

Proof. Given its pH structure, the continuous-time un-
deractuated mechanical system (3) is passive with re-
spect to the energy function (3c) and passive output
(3b), i.e., it satisfies the continuous-time dissipation in-
equality

H=—(V,H) DV,H +u'V,H <u' BT M~ 'p.

Moreover, because of Assumption 1, we get that
BTM~'p = ¢,. Hence,

H<u'g,. (10)

Integrating the inequality above over the sampling in-
terval [kd, (k + 1)d[ and because the input is constant
over the sampling period, we get

(k+1)8
AH(q,p) = / (), pls)ds

< uT (ga((k +1)0) - aa(k0))
= u' (¢ (u) — ga).

O

Remark 3 The sampled-data passifying output (8) is
generally referred to as §-average output (Costa-Castelld
and Fossas, 2006) because it is obtained by integrating



the continuous-time dissipation inequality H(gc) <ylu
over the sampling period. In general, it takes the form of
the asymptotic series expansion in powers of § given by

(k+1)o
R (z,u) := %/M h(z(€))de

with h(x) given in (3b). Thus, one easily gets that
lim5_>0 h (I‘,’UJ) = h(l‘) = BTMfl(q)p = Qa-

The following lemma represents one of the main results
of this work, namely, a discrete-time passivity-based con-
troller suitable to stabilize underactuated mechanical
systems at their desired configuration without solving
DMEs.

Lemma 1 Consider the system (3), satisfying Assump-
tions 1-3, and the desired configuration q, € R™. Let
® : R™ — R be a twice differentiable function such that

vqav(q*) + anq)(qm) =0 (11a)

—1
VaaV (@) (ViV(g)) Ve Vi) <
Ve V(g) + Ve, ®(qa,). (11b)

The following holds:
(1) Given Kq; € R™*™ positive definite and

1
Vol = [ V(e sal () - a)ds, (12)
0
there exists T* > 0 such that for all 6 € [0,T*[, the
equality

S, (13)

u = —@CI)|ZZ+(")

admits a unique solution u = u’(q,p) of the form

Hap=ulen) + X igen) 09
uo(q,p) = ~Vg,(¢a) — Kas BT M~ (q)p, (15)

with u;(gx, 0) = 0;

(i) The controller u = u®(q,p) solution to (13) (locally)
stabilizes the system at col{qy, 0};

(#i1) If the largest invariant set contained in
{(g,p) eR" xR™ | BTM~*(g)p=0}  (16)

for the continuous-time system (3) is the point
col{q., 0}, then the feedback solution to the equality
(13) makes col{qs, 0} (locally) asymptotically stable.

Proof. Consider the following series in powers of §

— t(u Ki
8(g.pu) = w+ Vo[ = (g (u) — )

It follows from (13) that
S%(¢q,p,u) =0, V4&>0.

Thus, noticing that (12) reads

_ +(u
VoL W = [V (g + s(gF (u) — ga)))ds
= V(I)(qa)

+6 [ [ V2 D(gy + LhO (g, p, u))déds b (g, p, u)

— Vo(g) + O()

and using the argument of Remark 3, one gets that

SO(q7p7 u) ;%85(Q7P7 u)

u+ V®(ga) + Kas BTM~(q)p.

Hence, substituting the continuous-time control (15)
into the expression above yields

So(q,p,uo0(q,p)) = 0.

Moreover,

is invertible. Hence, it follows from the Implicit Function
Theorem that S?(q,p,u) = 0 admits a unique solution
of the form (14), proving ().

To prove (i), we first adopt the approach used in Borja
et al. (2022b) to show that the target Hamiltonian

Hy(q,p) = H(q,p) + ®(ga) (17)

possesses a strict minimum at the desired equilibrium.
To this end, note that, from (3c), we get that

V. V() V. ®(ga,)
VH4(qx,0) = |V V(ge)| + 0
0 0

However, given the definition of assignable equilib-
ria, Vg, V(g.) = 0. Consequently, (11a) implies that
V Hy(qx,0), i.e., the desired equilibrium is an extremum
of Hy(q,p). To prove that the equilibrium is an isolated



minimum, we analyze the Hessian of the closed-loop
energy function at the desired equilibrium, given by

vqp-I:Id(q ) v (Q*, 0) =0
anHd(qﬂO) VqTand(q*,O)

VQHd(q*v 0) =
a vquand(q*v 0) vgqu(Q*v 0)

where

Vg,,Hd(q*70) = VgaV(Q*) + V?,a‘l’(qa*)

unand(Q*vo) = vquan(Q*)
Ve Ha(qx,0) = V7 V(q,).

Note that the Hessian of the closed-loop energy function
is positive definite at the equilibrium if Vng(q*, 0) > 0.
To prove that such an inequality holds, observe that As-
sumption 2 guarantees that Vgu‘/(q*) = 0. Moreover,
(11b) implies that the Schur complement of V2 Ha(q.,0)
is positive definite, ensuring that this matrix is also pos-
itive definite. Consequently, V Hg(qy,0) = 0. Therefore,
(17) possesses a strict minimum at the desired equilib-
rium. Furthermore, given (17) and (5), we have that

AHqa(q,p) = AH(q,p) + A®(ga)
< (g (u) — ga) "u+ AP (ga).

Thus, using the discrete gradient, we obtain

A®(q.) = D7 (1) — B(ga) = (a5 (u) — ga) T VD|2E ).

So,

— +(u
AHa(g,p) < (g7 (w) — qa) T (u + VO[& ).

Substituting (13) into the inequality above yields

AHy(q,p) < —(qF (u) — ¢a) 5' (g (u) — qa) <0,

which implies that H4(g,p) is non-increasing. Sincethe
closed-loop energy function has a strict minimum at
the desired configuration and is non-increasing, then
V(q,p) := Ha(q,p) — Ha(gs,0) qualifies as a Lyapunov
function to prove the stability of the desired equilibrium,
proving (ii).

The statement (ii¢) follows from the continuous-time
zero-state detectability property of the passive out-
put. To show this, we consider the points such that
AHy(g,p) =0 for all § > 0 and u = u®(g,p) as in (14).

Then, considering

Ha(q " (u), pT(u)) = e®Lr9lon Hy(q, p)

= 5 i
= H(q,pH) ﬁ(Lf +Lg,) Halg,p)
i=1

and substituting (14) into the equality above, we express
the one-step increment of the target Hamiltonian as

00 1
gAqup Z Lf+LBu) Ha(q,p).

So, by regrouping terms with the same power of § > 0,
we obtain

1
SAHa(g,p) = AoHa(g,p) + Z —

AoHa(q,p) = 4, VP(ga) + qauo(qm) — 4" D(q,p)d
— pTM (D n BKdiBT)M‘lp.

AiHa(q,p)

Thus, (as in continuous time)

AHy(q,p) =0 V6>0
< A;Hy(q,p)=0foriec{1,2,...} (18)
< AgHa(q,p) =0

because, by construction, A;Hy(g+,0) = 0 for i €
{1,2,...}. Correspondingly, the largest invariant set
contained in

{(a,p) € R" x R™ | AHa(q,p) = 0}
for the sampled-data dynamics coincides with the one
contained in (16) for the continuous-time system. Fi-

nally, note that, in both cases, the largest invariant set
contains only col{g,, 0}, proving (7). O

The equality (13) highlights two components of the feed-
back law: (i) the energy shaping component

ues( ) V(I)|qa (U)

which assigns (17) as the closed-loop energy function,
and (ii) the damping injection component

B8 g () - a0).

ugi(q) = —

In addition, we highlight that the energy we assign un-
der sampled-data control is the same as the continuous-
time case. This simplifies the sampled-data design while
endowing the resulting controller with a physical under-
standing.



Remark 4 In certain circumstances, damping injec-
tion might be unnecessary. This includes, for instance,
mechanical systems with natural dissipation—i.e.,
D(q,p) # 0—guaranteeing (local) asymptotic stability
of the desired equilibrium. In this case, the desired equi-
librium is the largest positively invariant set contained
n (18). While the damping injection term might be un-
necessary for stability purposes, it can be used to modify
and possibly improve transient performance.

Remark 5 Given Assumptions 1 and 2, the function
®(qa) can always be constructed to satisfy the algebraic
expressions (11). Notably, these expressions characterize
a family of controllers such that the closed-loop potential
energy function has an isolated minimum at the desired
configuration. Consequently, it is straightforward to use
the closed-energy function as a Lyapunov function cer-
tificate for the stability of the desired equilibrium. In par-
ticular, given Assumption 2, there exists K1 > 0 large
enough so that

1
D(ga) = —qa Vo, V(ge) + 5(0a — 4a,) " K1(¢a — 4a,)

satisfies (11). Moreover, this choice recovers a control
architecture commonly used in robotic manipulators,
and it is associated with PI controllers plus the so-called
steady-state gravity compensation at the desired equi-
librium (see, for instance, De Luca and Book (2016)).
Additionally, further choices of ®(ga) can be used to
solve different problems—e.g., saturation of the control
signals—as shown in Borja et al. (2022a).

3.1 Computational aspects

As typical under sampling, the feedback is implicitly de-
fined as the solution to (13). This solution, provided in
(14), is unique and it is given by a series expansion in
powers of § around a continuous-time controller. Accord-
ingly, as ¢ tends to zero, the continuous-time control (15)
is naturally recovered.

If closed-form expressions for the control law (13) cannot
be computed in practice, the terms of the corresponding
series expansion (14) can be obtained through an itera-
tive and constructive procedure by solving, at each step
i € {1,2,...}, a linear equation in the corresponding
unknown u; (g, p). This is achieved by substituting (14)
into the equality (13) and equating the terms with the
same powers of §. In particular, considering Kg; = 0—
only to simplify the presentation, avoiding simple but

tedious computations—we have

ui(q,p) = —V*®(¢a)da
uz(q,p) = —5V2®(qa) BT M~ (q) (p — M(q)q)

qg— aiqa (qu)(qa)el)

Ga 52 (V2®(ga)em)

where e; € R™ represents the i*" canonical vector of
R™. We note that, when V2®(g,) = P,, we have that

g—;(VZQ(qa)ei) =0 for all i € {1,...,m}. Hence, the
terms above are simplified as

Ul(va) = - ada
us(q,p) = —5PaBT M~ (q) (5 — M(q)q).

Based on the discussion above, only controllers com-
puted as approximate solutions to (13) can be imple-
mented in practice. We define the *"-order approximate
feedback solution to (13) as the truncation of (14), at
any desired order r > 0, as

u (g, p) = uo(q, p) + Z (ifl)!“i(q’p)' (19)

Remark 6 We stress that the truncated control law (19)
solves the equality (13) when neglecting higher-order
terms of the form O(6"+1). Thus, it guarantees, by con-
struction, that AHy(q,p) < O(6"2). This implies that
the closed-loop energy function is not increasing except
for the contribution of the higher-order terms O(5"+2).
Newvertheless, the effect of these terms becomes negligible
as the order of the approximation r in (19) increases.
Therefore, the practical asymptotic stability property of
the closed-loop equilibrium can be proved following the
arguments provided in (Mattioni et al., 2017, Proposi-
tion 4.2), i.e., the trajectories of the closed-loop system
under (19) asymptotically converge to a ball with center
at col{qs,0} and radius 6" 2.

Remark 7 By fizing r = 0 in (19), one recovers the so-
called emulation-based feedback, which is the continuous-
time solution directly implemented via sample-and-hold
devices (Nesic et al., 2009; Mazenc et al., 2013), i.e., the
direct implementation of the controller designed in con-
tinuous time without considering the effect of sampling.
In this sense—see (19) —one easily gets that the proposed
sampled-data solution improves the performance of the
closed-loop system with respect to emulation-based con-
trol laws by including correcting terms that compensate
the effect of sampling.



We underline that other alternative ways of defining ap-
proximate control laws are available as shown in Section

4.

4 Examples
4.1 Planar manipulator with flexible joints

Consider a planar manipulator with two degrees of free-
dom and flexible joints such that its workspace is a sub-
set of the horizontal plane, i.e., there is no potential en-
ergy due to gravity. We denote the angular position of
the links and motors as ¢, € R? and q. € R?, respec-
tively; p, € R? and p, € R? represent the links and mo-
tors momenta, respectively; v € R? is the input vector
which corresponds to the torques of the motors. Hence,
the behavior of this system admits a representation of
the form (3) with

M, 0

M) = l 0 Malgay)

] ) M, = diag{zln 7Im2}a

ay + az + 2bcos(qy,) a2 + bcos(qu,)
Mu(quz) =
az + bcos(qu,) az
V() =3 (qa—¢a)" Ke(gu—0a),

K = diag{ksu k52}7
(20)
where a1,a9,b,In,,In,, ks, , ks, are positive and con-
stant.

The following proposition provides a continuous-time
controller that stabilizes this system at the desired con-
figuration. The corresponding proof can be found in Wes-
selink et al. (2019).

Proposition 3 Consider the system described by (3)
and (20), the desired position for the links ¢, € R?, and

1. -
P(qa) = §anK1qa,
where ¢, := g2 —
The control law !

¢ and K7 is a positive definite matrix.

u = 7vqaq)(qa) - Kdiq:a = *KIQa - Kdi(jaa (21)
with Kg; € R2X2 positive definite, renders asymptoti-
cally stable the equilibrium point (gx, ¢, 0, 0), with Lya-

punov function

1_ _
=G, K1Ga. (22)

Hq(q,p) == 5

H(q,p) +

Based on the results of Proposition 3 and Lemma 1, the
following proposition provides a sampled-data controller
to stabilize the planar manipulator with flexible joints.

1 We recall that V,H(q,p) = M ~*(q)p = q.

Proposition 4 Consider the system given by (3) and
(20), satisfying Assumption 3, and the desired position
for the links ¢, € R2. The control law solution to the
equality

1

K
u=——Ka(q (v) — ) — = (g

5 5 (@ (1) +da = 2q.), (23)

where the matrices Kg;, K1 € R2*2 are positive defi-
nite, renders asymptotically stable the equilibrium point
col{gx, g%, 0,0}, with Lyapunov function (22).

Proof. To show the result, we first compute

AHqa(q,p) = AH(q,p) + AP(qa) (24)

with
A@(qg — () —qF) vapE
vels ™ = 71( u) + g7 —Qq*)

AH(p) = (4 () ) .

Accordingly, substituting the relations above and (23)
into (24) one gets

AHg(q,p) aall%,,

= llaf () -

so proving that Hy(g, p) is non increasing at all sampling
instants. Moreover, some simple computations show that

Ky O
VHd(Q*»Q*,O) = Oa VQHd(q*aq*aO) = [ ¢ ] Oa
*
(25)
where
Ks _Ks
Kd =
K Ks+ K1

Accordingly, Hy(q,p) has an isolated minimum at the
desired equilibrium. Thus, the stability of the equilib-
rium point follows from discrete-time Lyapunov theory,
see, for instance, Bof et al. (2018). Furthermore,

q (u )—qafora11§>0 = f(kH)é a(s)ds =0

— g ,53;*”“ 2(8)ds = pa + Ying omipt) =
= p{ —Oforallze{O 1,...}

= pa=0and p, =0

= Ks(qu — ¢a) — K13a =0

= Ks(u — ¢a) — K1ga = 0.



Setting the passive output to zero, i.e., ¢, = 0, from the
last implications we get that
Qu:0<:>pu:0:>pu:0<:>Ks(Qu Qa):O
(26)
Consequently, K1G@, = 0, which implies that q, = ¢. =
¢x. Thus, the passive output is detectable. O

Based on the result above, all feedback laws solutions to
(23) guarantee stabilization of the robot at the desired
configuration. Still, even in this case, an exact solution
to such an equality cannot be computed due to, at first,
the lack of an exact form for the sampled-data equivalent
model of (3) with (20). However, approximate solutions
can be computed differently by rewriting (23) as a series
expansion in powers of §. To this end, we further develop
(23) exploiting that

(k+1)6
=(a +/ Ga(s1)ds1

(k4+1)5 ps1
=@a + 0¢s + / / Ga(s2)dsadsy
k ks
=(@a + 6Qa + M

5 (Ks(qu —a) + u)

k+1 51 S2 CE
+M K, / / / (Gu(sa)
ké ké ké ké

_Qa(s4))d84d83d82d81

qa (u)

Y
=qa + 6Qa + ?Ma (KS(CIu - Qa) + U)
53 54

gy M K (G — da) + 7 R (0,0, 0)

with

54 (k:Jrl S1 S4
4! R4 q,p,u / / / 6;(85)d55...d51
ké ko ké

Rewriting (23) as

1 ~
u=- 5N<qa+(U) qa) — Ki1Ga
0 0
L:<I+§NM;1), N:(Kdi+§KI)
and considering the expression above for ¢ (u) — qa, (23)
reads
Lu= _N(ja - Klqa
+ENM K (qw — ga
oM, Ks(gu = ¢a) 27)

2 . .
+%NM;1KS (Qu - Qa)
3
+r NRi(g,p,u).

At this point, approximate controllers can be computed
according to different procedures as illustrated below.
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4.1.1  Controllers as solutions to approximate equalities
A first way of deducing an approximate feedback con-
sists in solving an approximate equality deduced from
(27) when neglecting the higher order terms O(§%) in
RS (q,p, ), i.e., considering

Lu = _NQB - KIQa
+gNM;1Ks(Qu - Qa) (28)
2 . .
+%NM;1KS (Qu - Qa)
that is solved by
uyla,p) = L7 (N + K
+SLTIN M K (qu — ga) (29)

+ELINM Ky (¢u — da)-

Thus, the feedback (29) is the solution to the approxima-
tion of the equality (27) in O(§%), that is, when neglect-
ing R}(q, p,u). As the intuition suggests, more accurate
control laws can be computed by truncating equation
(27) at higher orders in 4.

4.1.2  Controllers as truncations of the series expansion
A second way of deducing an approximate feedback of
the form (19) is given by the procedure briefly illus-
trated in Section 3.1 and here detailed more precisely.
In Lemma 1 it is proved that the solution of (27) ad-
mits a series expansion in powers of §, Accordingly, we
can compute each term of the expansion iteratively by
substituting (14) into (27), getting

L(uo(q,p) +> mui(q,p)) + Nga
i=1 :
+KI(’]va - gNMgle(Qu - qa)
2 . . 3
—%NMa_le(qu — qa) — %NRi(q,p, u) = 0.

Regrouping terms

uo(q,p) + KasGa — K1Ga + S (u q,p) + Kaiuo(q, p)
+Kds — KMy Ka(u = 02)) + 5 (u2(a.p)
+3 KMy ug(q, p) + 3 Kasui(g,p) — 3 Kt M Ko (

Ko MK (6o — qa)) L O =0

Gu — Qa)



and equating the ones with the same power of §, one gets

the equalities

uO(qap) +Kdi(ja - KIQa =0

U1 <Qap) +Kdiu0(Q7p) + KIQa - KdiMa_le(qu - (Ia) = O

us(q,p) +2K1 M ug(q,p) + 2 Kasui(g,p)
_%KIMa_le(Qu -

and thus

uo(q,p) = — Kaida — K1Ga

u1(q,p) = — Kasuo(q,p) — K1da

+ Kas M Ko(u — ¢a)

— (K& — K1)a

+ Kas (Kr + Kas My ') (qu — ¢a)

3 _
UZ(Qap) = iKIMa 1U0(q,p) -

3
iniul(%p)

3
+ iKIMa_le(QU - Qa)
+ KdiM;IKs(Qu - (ja)

Accordingly, fixing » = 2in (19) one gets the correspond-
ing 2"-order approximate control that solves the exact
equation (27) in O(6%). Thus, the proposed approximate
controllers are different in both principle and form.
4.1.8  Simulations

We perform simulations comparing the approximate
controller in (28) with the sample and hold implementa-
tion (i.e., emulation) of the continuous-time one in (21).
The performances under the continuous-time feedback
are also reported for completeness. In particular, start-
ing from the rest position ¢y = 0, we want to stabilize
the manipulator at ¢, = col{0.6, 0.8} when fixing the
parameters of the model as in Chan-Zheng et al. (2021).
Hence,

ay = 0.1547, az = 0.0111, b = 0.0168
Ky = diag{5,2}, K = diag{30,10}
K, = diag{8.43,16.86}, M, = diag{0.0628,0.0026}.

In particular, Fig. 1 highlights that the common sample
and hold implementation fails in stabilizing the robot
at the desired position even when the sampling period
is very small, whereas the redesigned sampled-data con-
troller we propose, even if approximate, ensures sta-
bilization with good performances (comparable to the
ideal continuous-time implementation) even for higher
values of §. On the other hand, Fig. 2 highlights that, in
this particular case, the proposed sampled-data redesign
exhibits better performance than the continuous-time

qa) - KdiMa_le(qwu - q.a) =0
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Fig. 1. PBC Regulation of the planar manipulator
at ¢« = col{0.6, 0.8} under: continuous-time control
(in light blue); emulation-based control (in yellow with
§ = 2.5 x 107%); sampled-data PBC control (in red with
§=25x107?).

controller in terms of convergence rate and, most im-
portantly, control efforts. Concerning the latter aspect,
the magnitude of the control signals in the sampled-data
controller is smaller. Moreover, us exhibits fewer oscil-
lations in the sampled-data case than in its continuous-
time counterpart.

4.2 2D spider crane

Consider the 2D spider crane system whose behavior
can be represented as a pH system of the form (3), with
¢a = col{q1, g2} €R? ¢, = g3 € R, u € R? and

my +my 0 may L cos g,
M(q.) = 0 my +my miLsing, |
( ) 1 1 q (30)
maLlcosqe miLsing, miL?
V(g) = —myge L cos gy + (my + m)grga.

In detail, the generalized coordinates represent the re-
spective ring positions along the X and Y axes, denoted
by g1 and ¢2, and the payload angle about the vertical
axis g3 € [0,27). Moreover, g, is the gravitational ac-
celeration; L denotes the cable’s length; m; and m, are
the load and ring masses, respectively; and the inputs
u=[F, F,]T are the forces acting on the corresponding
axes. The control objective is to stabilize the system at

Ls = COl{q*? 0}7 qx = COl{qlm(JQ*?O}a qQ,,92, € R (31)



12 — Continuous-time .
——Sampled-data

Angular Position [rad]
Angular Position [rad]

02

0 1 2 3 4 5 6 0 1 2 4 5 6

3
Time [s]

Time [s]
20 8
7
s f
5
—10 —a
g E]
Z Zs
5 g
S s S 2
1
4
s 2
0 1 2 3 4 5 6 0 1 2 3 4 5 3
Time [s] Time [s]

Fig. 2. PBC Regulation of the planar manipulator at
g« = col{0.6, 0.8} under: continuous-time control (in
light blue); ; sampled-data PBC control (in red with
§=25x1072).

while keeping the forces F,, F bounded.

Based on the controllers proposed in Borja et al.
(2022a,b), the continuous-time controller for this system
can be designed as follows

2
D(qu) = 3 5 (cosh(B)) — (me -+ m)geas
= 2 (32)
u = —V®(ga) = Y g, tanh(Ba,di)e;,

=1

4.8 Sampled-data control design

Proposition 5 Consider the 2D spider crane system
described by (3) and (30), satisfying Assumption 3 and
the desired configuration (31). Consider the sampled-
data control law solution to the equality

u= —Vd(g)E ™ - aditanh(%ﬁqa) (33)

12

with Aga = ¢ (u) — ¢a

@(Qa) = aﬂillﬂ(@(ﬂQa)) - (mr + ml)grQ2

= af (u)_~2 oy [COShBi(q;r(u)*qz‘*)] )
Ve(2a) & _Zizl B (q;r(u)—q,) In cosh B;(qi—qi, ) €

—(ma + m1)grea

Qg = diag{aduadz}’ ﬁd = diag{ﬂd17ﬂd2}7 o =
diag{ai,as}, B = diag{p1, B2}, scalar coefficients
ai, Bis aa,, Ba, > 0 and e; € R? the i** canonical vector
of R?, for i € {1,2}. The point (31) is an asymptoti-
cally stable equilibrium for the closed-loop system, with
Lyapunov function

Ha(q,p) = %pTM_l(Qu)p — magrL cos g,

+aB” ' In(cosh(Bda)). (3

Proof. The proof follow noticing that (32) satisfies the
conditions in Lemma 1. Accordingly, under the feedback
solution to (33) one gets

AHa(g,p) == AH(g,p) + A@(qi)
= 0 0 (s Fora) i)

qa

= —(gF (u) — ¢a) T atanh (5 (gF (u) - ga)) <0

(35)

so proving that Hy(q, p) is non increasing at all sampling
instants. Moreover, some simple computations show that

VHd(q*,O) = 0
V?Ha(gx,0) = diag{ls, m1g- L, M(0)} > 0.

Accordingly, H;(g,p) has an isolated minimum at z, =
col{gy,0}. Thus, the stability of the equilibrium point
follows from discrete-time Lyapunov theory, see, for in-
stance, Bof et al. (2018). Furthermore, for ¢, € (—7, )
one gets that

g (u) = go forall § > 0 <= [EDC g (5)ds =0
k+1)5 . . i )
= 1L pals)ds = pe + Spa+ 72, it =0
— pi =0forallic {0,1,...} = pa=1pa=0

= ¢a=¢sand p, =0 = sin(¢q,) =0 = ¢, =0.

From the last implications, asymptotic stability of (31)
follows. O

Remark 8 In the equation (33), the term
Ba
fadtanh(TAqa), ag -0

defines a monlinear damping injection from the passive
output (8).



Remark 9 By virtue of (33), the overall feedback is al-
ways bounded and satisfies

2
Z(adi + i) + (mz + ma)ge
i=1

lull <

As in the previous case, all feedback laws solution to (33)
guarantee stabilization of the spider crane at the desired
configuration. Albeit exact solutions to such an equal-
ity cannot be computed, approximations can be deduced
in different ways rewriting (33) as a series expansion in
powers of §. As developed in Section 3.1, approximate
control laws can be defined as the truncation at an arbi-
trary order r € N of (19), the power series expansion of
the solution to the equality (33); this yields, for the first
terms,

—P(qa) — adtanh(ﬂdqa)

= —V?®(qa)B" M~ (qu)p
—agBal(Bada) BT M~ (qu)(VoH (q,p)
+M(qu)M_1(qu)p))-

Alternatively, one can compute approximate control
laws by solving approximate equalities deduced by trun-
cating (33) at a finite order O(6"*!). In the sequel, we
develop computations for » = 1. To this end, along the
lines of the previous example, we first notice that

6 (W) = ga+ [5 7 dals)ds
=g+ 6B M~ u) - %BTM_l(Qu)(VqH(%p)
V()M (a)p — Bu) + 5 Ri(g,p, )
with
5 (k+1)5 S1 So
31 S R3(a.p,u / / / Ga(s3)dszdsadsy.
kS kS ké

Based on this, the discrete gradient can be rewritten in
powers of § as

V‘b(qa) @ -
= V(I)(Qa)
o o V20 (ga + Lo(g (u) — ga)dladly (g (u) —

fo VO(qa + £1(q5 (u) — qa))dly

Ga)

= V®(ga) + 5 V2®(ga) (45 (u) — ¢a) + O(ll g5 (u) — qall?)

= V&(qa) + 5V2®(qa) BT M~ (qu)p + O(6?)
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and, similarly,

tanh (52 Ag,) = tanh(B4da)
~$8aA(Bade) BT M (q0) (V4 H(a. )
+M(q) M~ (@)p — Bu) + O(5?)
with

V‘I)(Qa) = O‘M(IBQa) -
VQ(I)(Qa) = a/BA(/BQa)
A(BGa) = diag{l — tanh® (8:G), i € {1,2}}

(my + m1)gres

Considering the quantities, (33) reads

(12 + %adﬂdA(ﬂdqa)BTM’l(qu)B)u
= —V®(qa) — adm(Ban)
-5 (VQ‘I’(qa)BTM_l(qu)p
—agBal(Bada) BT M~ (qu) (VqH(CL )
+M(g) M (a)p) ) + O(6?).
At this point, approximate solutions to (33) can be com-

puted in two possible ways: (i ) solutions to the truncated
equality in O(6?) so getting, in this case,

U = —K%(¢,p) [P (qa) — catanh (Bods)
=3 (V2@(q) BT M (au)p
—0tafal(Bada) BT M~ (qu) (Vo H (g, p)
+M(qu)M_1(qu)p))]

(36)

4.8.1  Simulations

We performed simulations comparing the approximate
controller in (36) with the sample and hold implementa-
tion (i.e., emulation) of the continuous-time one in (32).
The performances under the continuous-time feedback
are also reported for completeness. In particular, start-
ing from the rest position at ¢o = col{1, 0,0}, we aim at
stabilizing ¢, = col{4, 1,0} when fixing the parameters
as in

Ma =15 m =3, L =05, g, =9.81
a1 = 5,

61:1,

oy =95, ag, =3, ag, =3

62:1a ﬁd1 :15 ﬁdz =1

The results reported in Fig. 3 highlight that, even
when the sampling period is large (6 = 0.5), the pro-
posed feedback law preserves the performances under
the continuous-time control while emulation fails in
stabilizing the desired equilibrium.



TN At T\ it

¢» [m]

/

0 5 10 15 20 25 0 5 10 15 20 25

Time [s] Time [s]
04
0.3
0.2
i)
= {7 — Continuous-time
Ao ;E}g M}ww”"’mﬂ""‘*—"—' —— Sampled-data
& 01 E‘;{ Emulation
02
03
04
0 5 10 15 20 25
Time [s]
6 49
A 48
\ a7
2 w ﬂ 46 E
= bl 1 o
a2 | TS E f\\/" e
s E % 7
43
) i..‘ @ 3‘/
6 = @
-8 40
0 5 10 15 20 25 0 5 10 15 20 25
Time s Time [s]

Fig. 3. PBC Regulation of 2D crane at ¢, = col{4, 1, 0} un-
der: continuous-time control (in light blue); emulation-based
control (in yellow with § = 5 x 107'); sampled-data PBC
control (in red with § =5 x 1071).

4.4 One-segment soft robot

A one-segment soft robot bending in a 2D plane admits
a representation of the form (3), with

q ’ B = ) D—ﬁdlag{2,1}>0,
oL 0
1 sin — 9
V(q) = 5 (ka’ﬁQ + kuég) + mgr (LO + (SL) T;

Mii(q) Miz(q)
Mi2(q) 2M22(q)

699 cos(¥) — 12sin(d) + 92 + 60
Mu(g) = () () ;

M(q) =m (Lo + &) l

3095
~ 3sin(¥) — O cos(V) — 20
Mia(q) == (Lo + 0p) 04 ;
Y —sin(¥)
Ma2(q) = o+ 00) P

(37)
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where ¢, = ¥ represents the bending angle and ¢, =
0p the segment’s length variation; Lg is the length at
rest; m is the segment’s mass; g, is the gravitational
acceleration; 3, k, and k, are positive parameters. The
control objective is to stabilize, via sampled-data state
feedback, the system at a desired curvature ¢,, = V.
corresponding to the desired length variation

myx (qa* - Sin(qa*)>

ky a2,

Gu, = (38)

Note that, from (37), Assumption 1 holds. Moreover,
given V(q), also defined in (37), we get that V2 V(g.) =
k. > 0. Hence, Assumption 2 is also satisfied.

Based on Borja et al. (2022a), the problem is solved in
continuous time by the control law

Ga — Sin(qa
@(Qa) = mgy (LO + Qu*) (]2()

a

1 1
- §kaq3 + §KICI§
u=—V&(qa) — KaiGa;

(39)
with Ga = ¢a — ¢a,. Given continuous-time control law
(39), the sampled-data design proceeds similarly to the
one developed in Section 4.1 as summarized by the fol-
lowing result. 2

Proposition 6 Consider the one-segment robot bending
in 2D described by (3) with (37). The desired configura-
tion col{qa, , qu, , 0,0}, with ¢, in (38) is asymptotically
stable under the sampled-data feedback solution to the
equality

u= K (g (o) — g8) — 52 (0 () + 00— 20a,), (40)

with Kdi > 0 and KI > 0.

Again, it is not surprising that the feedback law is de-
fined as the solution of the nonlinear equality (40) that
cannot be exactly computed in practice. Accordingly, ap-
proximations can be defined along the lines of what has
been done for the planar manipulator with flexible joints
(Section 4.1). Among those, we exploit the approximate
sampled-data controller

ngp(q,p) = L_l(q) (V(I)(qa) + Kdi(ja
+ 2 (V2 0(g)in + KaBTM (@)n(0.) )
(41)
with

n(q,q) =D(q)¢ — VV(q) — C(q,4)q

Lig) =1+ 3 KuBTM ™' (@)B,

2 The proof follows the same rationale as the proof for

Proposition 4, and it is omitted for brevity.
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Fig. 4. PBC Regulation of the one segment soft robot in 2D
at ¥, = 5 under: continuous-time control (in light blue);

emulation-based control (in yellow with § = 10™'); sampled-
data PBC control (in red with § = 1071).

where C(q, ¢)q¢ represents the vector of centrifugal and
Coriolis’ terms. The controller above is computed by
solving the truncation of the corresponding equality (40)
in O(62), along the same lines as in Section 4.1.1.

We perform simulations comparing the approximate
sampled-data controller (41) with the sample-and-hold
implementation of the continuous-time one in (39). As
before, the performances under the continuous-time
feedback are reported as well for completeness. In par-
ticular, starting from the rest position, we wish to sta-
bilize the manipulator at ¥, = I when considering the
parameters of the model and controller as

m=1; ka=ky=1; 8=Lo=%; Kg; = 30; K = 10.
The results depicted in Fig. 4 highlight that, even if the
sampling period is large (6 = 107!), the proposed con-
trol law succeeds in stabilizing the desired equilibrium
while guaranteeing performances that are comparable to
the ideal continuous-time case. Yet, emulation fails. We
also observe that the proposed sampled-data exhibits no
initial control overshoot as the continuous-time counter-
part.

5 Concluding remarks and future work

In this paper, a new sampled-data control design method
has been proposed for stabilizing a class of underac-
tuated mechanical systems via passivity-based control.
Contrarily to standard solutions employed in the litera-
ture, the design requires no solution of discrete match-
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ing equalities in the form of PDEs or integro-differential
equation. Future works concern the generalization of
those arguments to further classes of physical systems
and the inclusion of time delays in the input signals.
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