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ABSTRACT

We investigate the Maximum Cut (MaxCut) problem on different graph classes with the quantum approximate optimization algorithm
(QAOA) using symmetries. In particular, heuristics on the relationship between graph symmetries and the approximation ratio achieved by a
QAOA simulation are considered. To do so, we first solve the MaxCut problem on well-known graphs, then we consider simple and control-
lable perturbations of the graph and find again the approximate MaxCut with the QAOA. Through an analysis of the spectrum of the graphs
and their perturbations, as well as a careful study of the associated automorphism groups, we aim to extract valuable insight into how symme-
try impacts the performance of QAOA. These insights can then be leveraged to heuristically reduce the quantum circuit complexity, the num-
ber of training steps, or the number of parameters involved, thus enhancing the efficiency and effectiveness of QAOA-based solutions.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1116/5.0253160

I. INTRODUCTION

The pursuit of quantum computing has spanned decades, with
quantum algorithms offering exponential speedup for various compu-
tational tasks." Despite challenges in noise and qubit limitations, noisy
intermediate-scale quantum (NISQ) computers have emerged as state-
of-the-art devices to carry out quantum computations,” generating
excitement for achieving quantum supremacy.” On these bases, much
effort has been dedicated to developing practical algorithms, the so-
called variational quantum algorithms (VQAs),"” with an hybrid
approach, where the parameters of a quantum circuit are updated
using classical optimization routines, showing important results in
quantum chemistry, machine learning, combinatorial optimization,
and more.””

The quantum approximate optimization algorithm (QAOA)®
stands out as a promising VQA, capitalizing on the parallelism of
quantum systems. QAOA is designed to efficiently find approximate
solutions of combinatorial optimization tasks, usually quadratic
unconstrained binary optimization (QUBO) problems,‘)‘ 10 contributing
to real-world applications, from scheduling,' L12 routing,” and net-
work analysis,* to protein folding,"” drug discovery,' portfolio opti-
mization,”” and time series analysis.'®'* This kind of problems is
usually defined by an objective function of the form z — z7qz € R,

where z € {0,1}" and q = (g;) € R” are the problem-dependent
upper-triangular matrix for which we seek z* := argmax{quz}.

In this paper, we focus on the Maximum Cut (MaxCut) problem,
which is a paradigmatic combinatorial optimization problem on a
graphs, and focus on the effect of typical graph-transformations on the
performances of QAOA-type methods. The main results we obtained
pertain to the theory of the considered perturbations (i.e., changes in
the spectrum and in the symmetry group) and the heuristics behind
QAOA simulations on selected (perturbed) graph classes, which were
chosen to cover problem instances among the most investigated in the
literature. More precisely, with respect to the numbered properties and
propositions introduced in the following, we obtain the following:

¢ Closed formulas for the spectrum of each selected graph and their
corresponding perturbations (Propositions 1, 7, 9, 10, 11, and
other similar results which can be seen as exercises in graph the-
ory for which we did not find published results as Corollary 1
and Corollary 2 as well as Propositions 6, 8, and 12).

* An explicit description for each automorphism group associated
to the selected graphs and their perturbations (summarized in
Table I).

* Algorithms to compute the spectra and automorphism groups of
interest (and the corresponding implementations, in the compan-
ion available code).

* Heuristics about the influence of symmetries in the graph and
quality of the approximation ratio achieved by a QAOA simula-
tion (cf. Heuristics 1, 2, 3, and 4).
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TasLe I. Number of automorphisms of the considered graphs ang their perturbations. An ordered set (a, b, ¢, d) corresponds to a graph with n nodes with n orderly taken from
(4,6,8,10). The maximal element is taken across the graphs I obtained from I" by the deletion of an edge.

K, E045.n Tz,h R3,n
|Aut(T)| (4!,6!,8!,10!) (2,2,1,1) (2,2,2,4) (24,12, 12, 20)
|Aut(T™))| (41,61, 8!, 10!) (4,2,2,1) (2,2,2,4) (24,12, 12, 20)
|Aut(I?)] (2 x 41,2 x 61,2 x 8,2 x 10!) (12,4,6,2) (4,4,4,8) (48,24, 24, 40)
|Aut(I7*")| (41/4,61/6,8!/8,10!/10) (4,1,1,1) (2,6,2,12) (6,2,4,2)
max| Aut(I%)| (2 x 41/12,2 x 6!/30,2 x 8!/56,2 x 10!/90) (4,6,4,2) (8,12,12,16) (4,4,4,4)

The most interesting fact we noticed is quite surprising: the “qual-
ity” of the symmetries matters (cf. Heuristic 4). For example, even if
we double the number of symmetries in a graph the approximation
ratio is unchanged (up to some negligible error). Moreover, the effects
of the symmetries are “persistent” with respect to the number p of
QAOA layers (cf. Heuristic 2), i.e., if an effect is observed for p = 1,
the same effect (up to some negligible error) is observed for, say,
p =5. We conjecture that these behaviors are general, but, for the
moment, we only have experimental evidence for such claims.

We believe the results to be interesting in itself, indeed closed for-
mulas are not easy to come by and we provide them in some useful
cases (e.g., Propositions 9, 10, and 12) and explicit calculations on the
symmetry group of the graphs in relation to the QAOA circuit often
need case-by-case analysis that we contribute to simplify. However, it
is in concrete applications we think the main advantages can be seen,
in particular, in the Recursive QAOA™’ setting where graph perturba-
tions can be used to save some iterations (e.g., Proposition 13), thus
further speeding up the algorithm or reduce the complexity of the
QAOA circuit with less CNOT gates, or in real scenarios where the
original graph undergoes a modification as can happen in energy grids
(think of the case where a new power supply is connected, as a pendent
edge, to the existing grid) or social networks (think of the case where
a new user creates an account on a social network and can be seen,
for some time, as a “shadow” node). Moreover, with some care, via
Heuristic 1, we can extend the validity of a certificate for the solution
of the MaxCut problem to a vast class of instances.

Overall, the main results of this work rely on the analysis of the
effect of the perturbations on the spectrum of the graphs, on their sym-
metry group, and on the QAOA implementation. In Sec. II, some basic
notions about QAOA and MaxCut problem are given. Then, Sec. I1I
outlines each contribution: Sec. IIT A discusses the spectral properties,
Sec. III B presents the symmetry aspects, and Sec. IIIC shows the
impact on the QAOA implementation. In Sec. IV, the experimental
setup (code, dataset and evaluation metrics) is presented, while in
Sec. V, the numerical experiments supporting the theoretical study are
reported and discussed.

Il. PRELIMINARY KNOWLEDGE

This section is dedicated to introducing the QAOA algorithm,
the MaxCut problem, and fundamental preliminary concepts, such as
the graph spectrum and automorphism.

A. MaxCut problem and QAOA-type methods

Given a graph I' = (V,E) in the MaxCut problem, we want to
find a partition {S, V' \ S} of the set of nodes V with the largest subset

Equ C E of edges connecting the nodes in S to those in V'\ S. In this
case, the objective function is

gr(z)= Y (1—-zz), (1)

(ij)eE

where z; = 1 means that the ith node v; is in S and z; = 0 means that
v; € V'\ S, and where the sum is extended over all edges connecting v;
to vj for 1 < i < j < n. The optimal solution of the MaxCut problem
with respect to I will be denoted as gr(z*). It is well-known that find-
ing gr(z*) is NP-hard;”' nonetheless, many classical approximate solu-
tions have been found,” notably within semi-definite programing,”
but such classical approaches have strong limitations that quantum
algorithms are set to overcome.” "’ )

Mapping every bit z; € {0, 1} to a Pauli-z gate o) e SU(2) and
mapping 1 to the identity matrix 1, € SU(4) allows us to associate to
the objective function an observable, denoted with a little abuse of
notation as gr = gr(e), with the bit string z replaced by a set of spin
matrices ¢ composed of Pauli-z gates with eigenvalues *1 (that is why
we add a term 1/2 in order to have unit contribution for each edge), of
the following form:

1 C
grie)=3 ) (li=a @al), @)
(ij)eE

which we can process with a NISQ device following the steps of the
QAOA here summarized:

1. Fix an integer p > 1 (i.e., the number of layers of the algorithm)
and choose basis encoding z — |z).

2. Prepare, using Hadamard gates H, the uniform superposition state
o) := H®"|0)*" = (1/v/2") 3, |2), where the sum is extended
over all standard basis elements of (C*)" encoding the strings
z€{0,1}".

3. For each k = 1, ..., p, define a cost operator Uy, (y;) = e~ /:8r(®)

e*i/fk ’

"0
and a mixer operator U(f;) = 2 in analogy with the

transverse-field Ising model”® with Pauli-x gates 6¥ € SU(2),
where y, € [0,2n) and 5, € [0, 7) are randomly chosen angles.
4. Let
p—1

[yB):= U(ﬁp)Uf(Vp) H [U(ﬁp—i) Ug (foi)] o) (3)

i=1
be the evolved state and consider the expected value F,r(y,f):

= (yPlgr(e)|yB), then use a classical device to solve for F,r(y*, f*)
= max, gF,r(y, ), and get an updated set of parameters y*

= (7 7) and B = (B, B).
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1. If needed, repeat the process with p — p’ =p+1 and, a new set
of random angles (,7) — (§',7') € [0,7)" x [0,2%)" and stop
when the approximation ratio

R
AR(p,T):= For 07 F) €[0,1] 4)
gr(z")

is as close as 1 as desired.

As p — +00 we are guaranteed that the maximum of F,r con-
verges to the optimal value gr(z*)," but, in practice, the technology
is not yet mature enough to let us explore this asymptotic behavior.
Moreover, despite many positive theoretical results about QAOA
circuits, such as Refs. 8 and 27-29, they face challenges in obtaining
nontrivial performance guarantees, especially for p > 1, due to the
complex underlying physics and mathematics of the problem.
Rigorous bounds are mostly established for small p values (e.g., p =
1 or p = 2) often in worst-case scenarios but lack consideration of
problem instance structures,”””" with some notable exceptions about
the well known Grover-type quadratic speedups,” as well as some
robust heuristics for certain graph classes.”’ General formulas seem
elusive precisely beyond small p values, although initial numerical
studies suggest that large p values are necessary to obtain a potential
quantum advantage.”* Nonetheless, some important heuristics have
been found, more efficient QAOA variants have been explored, and
fruitful connections with other VQAs have been established, shed-
ding some light on such challenges, at least, from an experimental
point of view.”

Considering these issues in general settings, an emerging
approach, inspired by analogies with problems in condensed-matter,”®
statistical mechanics,”” and related fields,” involves applying symme-
try ideas to quantum computations,” in particular, to QAOA applica-
tions."’ Leveraging insights from symmetries shared by the QAOA
quantum circuit and initial state, as well as those of the target classical
optimization problem, offers potential advancements."** Likewise, to
accelerate the QAOA evaluation, the use of symmetries has been suc-
cessfully exploited by associating the classical symmetries in the objec-
tive function to the symmetries in the cost operator of the QAOA,
leading to provable enhanced evaluation performances and results.*’
Moreover, symmetries of the local Hamiltonian describing the prob-
lem in a QAOA circuit have been related to the reduction of its param-
eters’ space dimension as well as to subtle properties of the problem
such as its associated Lie algebra.**

B. Graph symmetries and spectrum for QAOA
applications in the MaxCut problem

In this paper, we address the challenges faced by the QAOA
exploiting symmetry, with a particular focus on the MaxCut problem,
where the instances are graphs and their symmetries are certain groups
of automorphisms for which there is a vast literature > and, thanks to a
recent breakthrough in the graph isomorphism problem,” there are
also useful graph-automorphisms finder routines. In particular, we will
study typical MaxCut instances on different graph type classes by eval-
uating their symmetries and spectrum and solving the problem with
the QAOA on a simulator. We will then perturb the instances in a sim-
ple and controllable way and solve again the MaxCut problem with the
QAOA in order to gain insights about the relationship between prob-
lem instance characteristics (i.e., automorphism group and spectrum)

ARTICLE pubs.aip.org/aip/aqs

and quality of the approximate solution in terms of approximation
ratio. Specifically, we will perturb the graphs by considering the follow-
ing most elementary transformations:

* Adding one or two shadow nodes, that is changing I' = (V, E) to
I = (V',E), where V' = VU{¥} has an extra disconnected
node or V' = V U {¥,w} has two extra disconnected nodes.

e Selectively removing one edge at a time, without discarding the
associated nodes, that is changing I = (V,E) to I" = (V,E),
where E' = E \ {e} has been reduced eliminating an edge e € E.

* Adding a pendant edge, that is changing I' = (V,E) to I
= (V',E'), where V' = VU{¥} and F' = EU {e} with e con-
necting the degree-one node v to a random node v € V.

Clearly, these perturbations are elementary, in the sense that
every graph manipulation will involve either the set of nodes, the set of
edges, or both, as shown in Fig. 1.

The addition of shadow nodes corresponds to a modification of
the set of nodes, augmenting its cardinality by one or two units.
Likewise, selective removal of the edges decreases the cardinality of
the set of edges and the addition of a pendant edge is the simplest
way to nontrivially modify the set of nodes and the set of edges at
the same time. In this sense, the considered perturbations can:
change the symmetry group Aut(I") of I, change the spectrum o(I")
of I', change the QAOA circuit corresponding to I" as well as chang-
ing the MaxCut value in I'. We will evaluate the corresponding per-
turbed symmetry group and spectrum and observe the induced
modification in the associated QAOA circuit and the effect of this
perturbations on the simulation results. With these small perturba-
tions, we will see that it is possible to either (heuristically) reduce the
QAOA circuit complexity or to (heuristically) enhance the classical
search for the optimal QAOA parameters, and, even, find equivalent
instances with low dimension whose parameters are nearly optimal
for a related highly dimensional problem, generalizing some aspects
of the QAOA parameter transferability strategy’’ from a different
perspective.

Fic. 1. Examples of graph perturbations. In (a), a complete graph I' with three
nodes and three edges; in (b), the same graph has been perturbed with the addition
of a shadow node; in (c), I' has been expanded with a pendant edge; and in (d), I
has been transformed into a graph with three nodes and two edges with the deletion
of the bottom edge.
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I1l. SMALL PERTURBATIONS OF SELECTED GRAPHS
AND QAOA CIRCUIT

In the spirit of using symmetry ideas to gain insight about the
relationship between QAOA performances in terms of approximation
ratio and graph characteristics in the MaxCut problem, we will focus
on small perturbations of the problem instance, as discussed in Sec. II.
Here, we analyze the effect of shadow nodes, pendent edges, and
deleted edges on the spectrum and automorphism group of the graphs
we will use in the simulations, which are representative of the main
problems addressed in the literature and in the applications. These
instances belong to

1. The class K, of complete graphs with n nodes, which have con-
nections among every pair of nodes.

2. The class E;, of Erdos-Rényi graphs with an edge probability
q = 0.5 (following a Bernoulli distribution, as often considered
in the literature), which have random edges assigned with proba-
bility g to node pairs.

3. The class T, of rooted full binary trees with height h and »n +
1 = 2" nodes, in which every parent node or internal node has
either two or no children.

4. The class Ry, of (random) regular graphs with degree d = 3 and
n nodes, where the nodes have all the same degree d (and one
such graph is selected at random among the family of d-regular
graphs).

These instances give both best-case scenarios in terms of connec-
tivity and performance analysis (complete graphs) and worst-case sce-
narios (binary trees).” We did not consider important classes, such as
triangle-free graphs, as most of them would need a separate discussion
due to the peculiar role they have in QAOA theory.® We plan to dedi-
cate a separate analysis for those instances.

We will discuss with more details these instances in Sec. 1l A,
here, let us set some conventions: Ky = @ is the null graph (with zero
nodes and no edges), K; is the empty graph with one node and no
edges, P; := K; is a simple path of length one given by a single edge,
T,0 = Kj, and P; := T, is a simple path of length two given by two
consecutive edges as in Fig. 2.

Remark 1. If not stated otherwise, for the theoretical results of
Secs. III AandIIIB, all the unperturbed graphs considered will be
finite, simple, connected, and undirected. In the numerical experi-
ments, the connectedness assumption can be false due to the presence
of random edges in some of the generated graph instances.

A. Spectrum of the selected graphs and their
perturbations

Recall that if a(I") is the adjacency matrix of a graph I = (V, E),
its spectral decomposition is a(I") = S_N | ;p;, where /; is an eigen-
value of a(I") with corresponding eigenspaces ES(4;), where p; is the

QHA

Tro = K,

pubs.aip.org/aip/aqs

orthogonal projector onto ES(/;), and where N is the number of dis-
tinct eigenvalues of a(I"). The collection of the eigenvectors of a(I") is
the spectrum o (I"), which is completely determined by the characteris-
tic polynomial ¢ (2) := det(a(I') — A1,), where 1, is the n x n
identity matrix, with n = | V.

Proposition 1. The addition of s > 0 shadow nodes to a graph T’
generates a graph T with n + s nodes containing I whose characteristic
polynomial is (1) = (= 1) dr(A).

Proof. For s = 1, it holds

)= (7 )

where ¢ € {0,1}, x = (x1,...,x,)" € {0,1}", and y" = (y1, ..., y)

€ {0, 1}"71. Since'?
det(a(T")) = x — yTa(T") 'edet(a(T)),

being a shadow node disconnected from all the other nodes, we have
x; =0 for each i=1,...,n, yi=0 for each j=1,...,n—1, and
¢ = 0. In particular, provided that the graph is non empty, it holds

det(a(T") — A1,41) = ((x — 2) — yT(a(T) — 21,) " "¢)
x det(a(I') — A1,),

so ¢ (1) = —A¢r(4), and the thesis follows by induction on the
number of shadow nodes. O

Proposition 2. Removing an edge (u, v) from a graph T" generates
a graph I' — uv contained in I” whose characteristic polynomial is

t

brow(2) = ¢r(2) — br_,(2) +2¢r(1) >

i=1

P
-7

where I — u — v is the graph obtained from I' by deleting node u, node

v, and all the edges connected to them and where pf,'v) is the (u, v)-entry
of the projector p; in the spectral decomposition of a(T).*

Note that the calculations needed to get ¢r_,_,(1) are not as
straightforward as in Proposition 1, since the deletion of a set nodes
affects also the associated incident edges. We just mention a well
known formula to compute ¢r_,_,(4).

Proposition 3. With the notations as in Proposition 2, it holds

pffﬁ t

‘ (0 ‘ 2
rous(2) = e ()| D777 },p—wii B (Z ) '

We have discussed the effect of adding shadow nodes and the
effect of deleting an edge, now we will see the effect of extending a
graph with a pendent edge (i.e., an edge where there is at least a node
of degree one), which in turn will also tell us something about specific
formulas for the spectrum of some graphs of interest.

N

P3 = Tg‘l

49

Y
pyy

Fie. 2. Conventional graphs Ki, Kz, Ks,
and Tp4.
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Proposition 4. If I',, is the graph obtained from I" by adding a
pendant edge at vertex u, then ¢r (1) = Apr(A) — ¢r_, (1), where
I' — u is the graph obtained from I" by removing node u and all the
edges connected to it.”’

From the previous result, it is possible to obtain the spectrum of a
tree, not necessarily binary. Consider a rooted tree I' = (V, E) with
root o € V, where the successor of every node v € V is denoted as
> (v), and the predecessor as pred(v). Define for any node u # , the
subgraph C(u) as the component of I' — uv containing u when
v = pred(u), define also

C'(u) = C(~ (u);) UC(- (w)y) U... UC(- (u)y),

where k is the number of successors of u. Clearly C(w) = I" and if u is
a leaf ¢, (4) = 4 and ¢,y (4) = 1. By the well known fact’ that
the spectrum factorizes over the components of a graph, we have for
any forest F, the formula

d
¢F()) = )“(tbF—u(;“) - Z d)F—u—v,()")a
i—1
where v; s are the d neighbors of a node u in F. Applying this formula
to the forest C(u) yields the following result.
Corollary 1. With the above notations:

d
Do [[

and

i )v
bt (h) = bew <AE¢C A).

By a recursive application of the formulas in Corollary 1, we can
get ¢, (1) starting from the nodes at level & and going up, determin-
ing at each step P (u))(4) and g () )(4), with a linear-time
algorithm.”

Proposition 5. If I' = (V, E) is a r-regular graph with n nodes,
and T = (V,E) is its complement [where (u,v) € E if and only
if (u,v) ¢ E), then ¢r(7) = (-1)'(A—n+r+1) A+r+1)7"
dr(—7—1)."

Corollary 2. For n > 1, it holds

bk (A)=(—n+1)(A+1)""

Proof. The empty graph with n nodes has characteristic polyno-
mial (—1)", being K, its complement, the thesis follows from
Proposition 5. O

Remark 2. We have characterized o(I") for some perturbation I'
in terms of o(I"), where we derived explicit formulas when I' = K, and
I' = T, . In the other two cases of interest, I' = R3 , and I' = E ,, we
cannot do the same because of the randomness involved in their con-
struction. Ad hoc computations will be discussed in Sec. III B.

B. Automorphisms of the selected graphs and their
perturbations

Recall that an isomorphism between two graphs is an edge-
preserving bijective map among them that we call automorphism

pubs.aip.org/aip/aqs

when the two graphs coincide. An automorphism « of a graph I' =
(V,E) can be seen as permutation of its nodes such that (u,v) € E if
and only if (a(u),a(v)) € E. The group Aut(I") < Sym(V) = Sy, is
a subgroup of the symmetric group acting on V [where Sym(V) is
isomorphic to the finite group Sy of permutations acting on
{1,...,|V|}]. Recall, also, that « € Aut(I") if and only if the adjacency
matrix a(I') of T satisfies a(T") =48] a(T")d,, where, for each
i,j €{l,...,n}, the matrix 0, = (Jy(;;) is the permutation matrix
associated with o with entries J,(;); = 1 if the o(7) th node is different
from the jth node, and d,,;); = 0 otherwise.

Proposition 6. For any graph-isomorphism f it holds
(') = a(f(I")), and we say that the two graphs are cospectral. Vice
versa, there exists non-isomorphic cospectral graphs.

Proof. This is a well known fact™" that we show for completeness.
One implication is trivial, vice versa the two graphs I'; and I'; in Fig. 3
share the same spectrum {0, =2}, but there is no edge-preserving
bijective map I'y — T since I'; is connected, while I'; is not. O

Proposition 7. If T = (V,E), and T = (V' E) is obtained from
I adding s > 1 shadow nodes, then Aut(I") = S, x Aut(T'), with
S1 x Aut(T") = Aut(T).

Proof. If s = 1 and ¥ is the added shadow node, since by defini-
tion ¥ is disconnected from every other node v € V, every o' €
Aut(T”) acts on V' = V U {¥} by permutation of the elements v € V
and fixes 7. In particular, the restriction o, of &' € Aut(I") to Vyields
an automorphism of ', and Aut(I") = Aut(T"). When s = 2, we can
reason analogously. If V/' = V U {¥,w} is the set of nodes of I', then
o/ € Aut(I"") will permute every v € V and fix {¥,w}, where either
o/(v) =wand o/ (w) = v,0r o/ (v) = v and o/ (W) = w. In the general
case in Aut(I"), there is a transposition t interchanging ¥ and w which
yields a factor isomorphic to S,, and all the remaining permutations
yield a factor isomorphic to Aut(I"). The general case s > 2 is obtained
with the same arguments, replacing t € S, with 7’ € ;. O

Remark 3. If we perturb a graph by adding a pendant edge or by
removing an edge, we cannot say much about the effect of the pertur-
bation on its symmetry group. For example, in Fig. 3, we have a star
graph I'; whose symmetry group is isomorphic to S, since any auto-
morphism will fix the degree-four node and permute the other four
degree-one nodes, but removing an edge yields a star graph with a
node of degree three, then three nodes of degree one and a discon-
nected node, so the resulting automorphism group is isomorphic to Ss.
Similarly, adding a pendant edge to the highest-degree node in I'y
yields a star graph with 5 leaves of degree one and a node of degree 5,
whose symmetry group is isomorphic to Ss. On the other hand, in
Fig. 3, the graph I'; is a square plus a shadow node, so its symmetry
group is isomorphic to the dihedral group Dy 2 S44S, obtained as a

ry

Fie. 3. Two non-isomorphic co-spectral graphs.
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semidirect product. If we remove an edge from I', we obtain a path of
length three plus one shadow node with symmetry group isomorphic
to S, (there is only one non-trivial permutation acting on the two
degree-one nodes). If we add a pendant edge on the shadow node in
I',, instead, we get a symmetry group isomorphic to S, x D, since the
two connected components of such perturbed graph must remain
fixed by an automorphism, generating a factor isomorphic to Dy,
and the two shadow nodes can be interchanged by a factor isomorphic
to Sz.

Despite the difficulties in finding the automorphisms of a per-
turbed graph with an extra pendant edge or with a deleted edge, for
some graphs of interest we can say something more.

Proposition 8. The automorphism group of T, , is given by iter-
ated wreath products of S. In particular Aut(T,,) = (Sy X S) XS, =
S, and Aut(Tz"g) = (Aut(szz) X Aut(Tz‘z))NSZ = (32232)252

Proof. This is an exercise in graph theory that we show for
completeness. Let Gy := Aut(Ty ), clearly G; = S;. Also G, = (S,
x8;) XS, since there are automorphisms o, a, interchanging the
pair of leaves on the left and the pair of leaves on the right, generat-
ing (o, ) =2 8, X Sy, and there is the additional automorphism o
interchanging the branches, so G, =2 (x;, o, 03) with §; X $, <G, a
normal subgroup. For h > 2, by the same reasoning, we have the
recursive formula Gy = GiSs. O

Proposition 9. Deleting one edge from T,y at level 0 <r < h
generates a graph T contained in Ty, such that:

L. Ifr=hthen Aut(I") = Aut(T5 1) x Aut(T2) X -+ X Aut(Tap-1).
2. If r<h—1 then Aut(I")=Aut(T;, ,)><Aut(T2 P)XAut(Ts 1)
X XAut(Tz‘h,])

Proof. Without loss of generality we can suppose that the deleted
edge is in the rightmost branch of the tree. If = h then the rightmost
bottom level is given by a path of length two plus a shadow node and a
tree T3 | given by T, with an extra edge at its root (see Fig. 4) yielding
a factor Aut(T},) = Iz x S, = Aut(T5,1), where I, is the identity. At
level i — 1, we have a factor Aut(T,,) since the corresponding com-
ponent is a full binary tree with 7 nodes and an extra edge at its root,
and we cannot swap this sub-branch of T” with the other sub-branch
containing the deleted edge. Going up level by level we get components
of the form T ,, given, as before, by T, ; plus a pendent edge at its root,
yielding factors Aut(T,;) for i =3,....h— 1. If r = h — 1, we can
reason analogously, noting that in the rightmost branch there is a
disconnected component with symmetry group Aut(T5;) =S, (see
Fig. 5) which gives the first factor in the second point, then there is the

Aut(Ty) |

Fic. 4. Sketch of the proof of Proposition 9 with r = h.

pubs.aip.org/aip/aqs

Aut(Ty )

e h
1 ] I“I e

Fie. 5. Sketch of the proof of Proposition 9 with r = h — 1.

associated component given by T} , as before, and from level h — 2 we
have the same subgraphs as in the first point. If ¥ < h — 1 the first fac-
tor in Aut(I") is a Aut(T5,) since the deletion of an edge at level r
generates a connected component in I equal to T5,. The remaining
factors are obtained as in the first point, starting from the component
T, , given by T, plus an extra edge at its root, and going up level by
level. O

Proposition 10. A pendent edge added to T,y at level 0 < r < h
generates a graph T such that

1. If r=hthen Aut(I") = Aut(T,;) X Aut(T2,) X -+ X Aut(Tj—1).

2. If r=h—1 then Aut(T") = S; x Aut(T21) X Aut(Tz,) X - -+ ¥
Aut(Tz‘h_l).

3. If r<h—1 then Aut(I") = Aut(Ts,_1) X Aut(T5,—1) X Aut(T>,)
X X Aut(Tz‘h,I).

Proof. The first and last points are the analog of the first and sec-
ond points in Proposition 9. The second point is obtained noting that
for r = h — 1 there are three nodes of degree one in I"’ that can be per-
muted by any element of S; (see Fig. 6). O

Proposition 11. Removing an edge from K, generates a graph T"
with

Aut(F’) = Sz X Aut(anz) = Sz X Sn,z .

Proof. Removing an edge from K, yields two nodes v, w in I of
degree n — 2 and any automorphism must fix them and acts on the
remaining nodes as a permutation of S, _». O

Proposition 12.

Adding a pendent edge to K, generates a graph T with
Aut(T") = Aut(K,_).

Fic. 6. Sketch of the proof of Proposition 10.
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Proof. For every o € Aut(I"”), the node of degree one and the
node of degree n + 1 in the added pendent edge must be fixed by o
and o acts as permutation of S,,_; on the remaining nodes. O

C. QAOA circuits associated with the selected graphs
and their perturbations

We have seen that for graphs of type K, and T, ;, we can compute
closed formulas for the spectrum and the symmetry group, as well as
closed formulas for their perturbed spectrum and symmetry group under
the addition of shadow nodes or pendent edges and the deletion of an
edge. We have also remarked that for graphs of type E,;, and Rz, we
cannot deduce such formulas due to the randomness intrinsic in their
construction. In Sec. IV, we will generate specific graphs and compute
directly the spectrum and the symmetry group, here, we will discuss the
effect of the perturbations introduced above on a QAOA circuit.

Proposition 13. For a QAOA circuit with p = 1 layers, we have
that

1. If I" = (V', E) is obtained from I" by addition of s > 1 shadow
nodes, then the mixer operator of the QAOA circuit for I is
obtained from the mixer operator U(f5) of the QAOA circuit for

TasU(B) [T, e and Ugy = Uy
2. If I" = (V,E') is obtained from I' by deletion of an edge, then

the mixer operator of the QAOA circuit for I" is U(f) as the
mixer operator of the QAOA circuit associated to I', and g (o)
= Z(W)GE,(LI — aﬁ“) ® a(zv)); thus, Uy, () (7) = e iigr (o),

3. If T' = (V' E') is obtained from I adding a pendent edge
(u,v') with u € V and v/ ¢ V, then the mixer operator of the
QAOA circuit for T” is obtained from the mixer operator U(f)
of the QAOA circuit for I as U(ﬁ)eiiﬁ“(; " and U (7)) = U ()
x e-i(1-atoal"))

Proof. A straightforward calculation in the mixer operator associ-
ated with I plus s shadow nodes yields

—iﬁio‘i}) —iﬂio‘i’) 71‘/;%63) s )
j=1 j=1 e j=n — U(ﬁ) H e*l/fdx .
=1

e =e

The first point is then proved observing that I" and T have the
same set of edges. The second point is obtained also with a similar
straightforward calculation and by definition of cost operator. The last
point follows from the fact that the mixer operator in the QAOA cir-

. . . o (V) .
cuit associated with T” has an extra term e %% corresponding the
degree-one node in the pendant edge, and its cost operator has an

(1) o (V) .
extra term ¢~ /(li—0: @) corresponding to the pendent edge. O

We can immediately generalize Proposition 13 for p > 1: for
every layer, the operators corresponding to the perturbed graphs must
be changed in the same way as they where changed for p = 1.
Concretely, once we have the QAOA circuit with p > 2 layers associ-
ated with a graph I', we can obtain the QAOA circuit, with the same p,
corresponding to one of its perturbations I'"" either by adding a qubit
and a rotation e~ "+, or by keeping the same number of qubits and
remove a rotation e 7%%% from the circuit, or by adding a qubit
together with a rotation e~"#*» and a rotation e 7%, as illustrated
in Fig. 7.

ARTICLE pubs.aip.org/aip/aqs

U A ]
S 5 2 5
sllzlil|e] ]|z
» »
o =B .
'E—i'yo"z@mzi
Extra Pauli-X ; it Extra Paull
Extra qubit E et
o — H —e—wavzﬂ o0

Extra Hadamard Extra Pauli-ZZ Extra Pauli-ZZ

p=1 p=2

Fie. 7. QAOA circuit with p=2 for a generic perturbation of a graph
I'=(V,E) - T" = (VU{v},EU{e}). There is an extra H gate for the qubit
corresponding to v at p = 1, then, for each layer, there is an extra Pauli-x rotation
corresponding to the action of the mixer operator on v, then the Pauli-zz gate acting
on the edge e connectingu € Vto v.

Example 1. Consider the unperturbed graph I' = K3 with V
={1,2,3} and E = {(1,2),(2,3),(1,3)}. Since K3 contains an odd
cycle, no bipartition cuts all three edges and the maximum cut value is
2. For p = 1, the QAOA operators are

U(B) = ¢iBle +o+a)

and

(u) _(v)
. 1—0,'0
Ug (7) = H exp (—zy %) .

(u,v)€E

Therefore, one layer uses three two-qubit ZZ(y) rotations and
three single-qubit R,(B) rotations. Consider the perturbation T
obtained by deleting edge (1,3),s0 E' = {(1,2),(2,3)} (the path P5).
Now I" is bipartite, hence its MaxCut is |E'| = 2, immediately, with-
out enumerating cuts. By Proposition 13 (edge deletion), the mixer is
unchanged and the cost operator omits the (1, 3) interaction

- 1-oe? 1-0P6
Uy, (7) = exp| —iy e\

Thus, a p = 1 layer now has two two-qubit ZZ(y) rotations and
the same three single-qubit R, (f}) rotations. By adding a shadow node
to I we obtain the sixth graph in the dataset, that is, "' = (V", E”),
where V" = {1,2,3,4} and E” = E'. The MaxCut value is unchanged
(the shadow node has no incident edges) and remains trivial to jus-
tify via bipartiteness of the nontrivial component. By Proposition 13
(adding a shadow node), the cost operator is unchanged while the

mixer gains one extra X rotation: U”(ff) = U( ﬁ)e*"ﬁ“w and Uy, (7)
= U, (y). Consequently, a p =1 layer has two two-qubit ZZ(y)
rotations (as in P3) and now four single-qubit R,(f) rotations (one
per qubit). Along the sequence K3 — P; =T — T
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* the optimal value becomes easier to certify at the P; stage due to
bipartiteness (and remains so after adding the shadow node);

* the QAOA circuit simplifies when deleting the edge (one
fewer ZZ gate per layer) and changes only mildly when adding
the shadow node (one extra R, per layer with no new ZZ
terms).

IV. IMPLEMENTATION AND EXPERIMENTAL SETUP

As discussed in Secs. IT and I1I, we will solve the MaxCut problem
using the QAOA on some graphs of interest and their perturbations.
Here, we present the dataset used in the experiments and the experi-
mental methodology.

A. Dataset

We have considered K, with n e {4,6,8,10}, T,;, with
h e {1,2}, E;, with g =0.5 and n € {4,6,8,10}, and R3, with
n € {4,6,8,10}. To strengthen our experimental methodology, we
have also considered full r-ary trees with r = 2 and n € {4,6,8,10}
nodes, which we will denote as Tz‘n, and are binary trees with all non-
leaf nodes having exactly two successors and all levels are full except
for some rightmost position at height #, as shown in Fig. 8.

pubs.aip.org/aip/aqs

Remark 4. The symmetries and spectrum of T, can be easily
deduced by combining Proposition 9 and Proposition 10. In particular,
such graphs are of the form T, ;1 — v with v the bottom rightmost
node or of the form T7 ,,, where T}, has a pendent edge at its bottom
rightmost node. In this way, we can consider tree structures with an
even number of nodes comparable with the other problem instances
considered. We note also that the fourth graph in the dataset is P3 with
an additional shadow node and that the sixth graph can likewise be
viewed as a perturbation of a connected graph. In this sense, we could
either relax the connectedness assumption stated in Remark 1 or sim-
ply classify these disconnected graphs as perturbed versions of con-
nected ones. In both interpretations, the main results remain
unaffected, and the methodology naturally extends to other discon-
nected graphs, such as those obtained from probabilistic edge assign-
ments, which can also be included in the experiments, beyond Erdds-
Rényi graphs with g = 0.5.

We generated the dataset containing the graphs described above
within the Python wv.3.11 environment using the library
NetworkX v.3.3. All the implemented code is available in the
repository associated with this paper, which can be accessed at https://
github.com/leonardoLavagna/Arxiv2408.15413. All the results can be
replicated with the Jupyter notebook get results.ipynb in the

graph_0 graph_1 graph_2

S\

2

graph_4 graph_5 graph_6

N

"™

Fic. 8. Selection of graphs in the dataset
chosen. In particular, graph i for i
=0,1,2,3 are complete graphs,
graph i for i=4,5,6,7 are Erdfs-

graph_11 Rényi graphs, graph i for i = 8,9,
10,11 are full binary trees, and
graph i fori =12, 13,14, 15 are ran-
dom 3-regular graphs.

py

graph_8 graph_9 graph_10
graph_12 graph_13 graph_14 graph_15
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above-mentioned repository, whereas the dataset itself has been gener-
ated in https://github.com/leonardoLavagna/qaoa (under the directory
data) as it is transversal to multiple applications.

B. Experiment setup and evaluation criteria

For each graph in the dataset, we have considered their four pertur-
bations: addition of s € {1,2} shadow nodes, addition of a pendent
edge, and deletion of an edge. For each of these graphs, we executed the
QAOA on a simulator using Qiskit v.0.45.2 onagiskit-aer
v.0.13.2 backend. For robustness and reproducibility, we considered
three different seeded executions, from which we extracted the perfor-
mance metrics taking averages and standard deviations, with optimiza-
tion criteria that follow the best practices established in the literature. In
particular, we used the COBYLA optimizer with its default settings from
the scipy.optimize module. Different optimization strategies have
been explored in the literature, for example, in Ref. 35, and the same
observations regarding the impact of the optimizer on the experimental
results also apply in our case. When closed formulas about the automor-
phisms of the graphs were unavailable, we used the module pynauty
v.2.8.6 to compute them. For spectral calculations, we used the mod-
ule numpy v.1.26.3. All the requirements and associated code are
available in the companion repository of the paper.

Since the results about graphs T, and T, are practically the
same, we experimentally focused only on T, in order to keep a coher-
ent number of nodes among all the simulations. The corresponding
performances were measured by solving the MaxCut problem on the
selected graphs and their perturbations. The metrics are summarized
below.

* The mean approximation ratio:

:upf = E(AR(P» r))7 (5)

where the mean is taken across each graph type with respect to either
the number of nodes 7 or the number of layers p.

* The quotient:

L
=t ©)
.
where I is a perturbation of the problem instance I".
* The symmetry index:
gr(z)|Aut(I")|
Igym (=S — 2 (7
T gr(2)|Auy(I)]

where gr(z*) and gr(z*) are the optimal solution of the MaxCut
problem with graphs I' and T”, respectively.

* The approximate index:

 pprlAu()|

J A LA (8)
Sm = A (D)

These metrics measure different aspects of the perturbation effect:
Hpr is a value in [0, 1] where 1 means the algorithm reaches the global

pubs.aip.org/aip/aqs

optimum and 0 means the algorithm can’t compute the maximum cut
of I at all, I is a value in [0, 00) typically in a neighborhood of x = 1
where, if ¢ > 0, a value of I' = ¢ means that u, 1 = ¢ut, - and we can

say that the perturbation I' — T" has an impact of ¢ on the algorithm
performances. The metrics Iym and I(, are essentially the same,
where the latter is a relaxed version of the former, where each global
optimum gr(z*) and g (z*) is normalized by the size of the corre-

gr(z’) /grf(Z‘)
[Aut(T)]/ |Aur(T)["

sponding automorphism group

V. NUMERICAL RESULTS

In this section, we present our main findings: we calculated the
spectrum and symmetry group for each of the considered graphs,
and we calculated the MaxCut value, the relationship between the
graph perturbations and the metrics considered, as well as the experi-
mental performance of the QAOA with respect to these metrics.
From these theoretical results and experiments, we deduced some
interesting heuristics that can be applied to solve high-dimensional
problems with a QAOA approach, by leveraging symmetry and spec-
tral information.

Let p(I") be the spectral radius of a graph I', namely, the largest
absolute value of the eigenvalues of its adjacency matrix. If p(K]) is
the spectral radius of the graph K/, obtained from K, adding s > 0
shadow nodes, then p(K,) = p(K) =n—1 by Corollary 2 and
Proposition 1. With a similar argument we can deduce also that
p(T) = p(T") when T is obtained from T" € {T,,Rs,} by adding
s > 0 shadow nodes, indeed the addition of shadow nodes yields
eigenvalues in a(I"") smaller than p(T"). For what concerns E,, we
note that Eg 54 is P3 plus a shadow node (Fig. 8 second row first col-
umn), so, by direct calculation, p(P;) = V2, and the addition of
another shadow does not change the spectral radius’ value.
Moreover, Ey s and Ej 5 1o are connected (Fig. 8, second row second
and last columns) and Proposition 1 also applies in this case. In con-
clusion, Ey5g decomposes as a connected graph on seven nodes and
a shadow node (Fig. 8 second row third column), so we can reason
as in Proposition 12; thus, for all the graphs I" considered, it holds
the following result.

Proposition 14. For each generated graph I' and each associated
perturbation T, it holds p(T') = p(T"").

Using the results in Sec. I1I in combination with automoprhism-
finding routines, we obtain in Table I the size of Aut(I") and Aut(T")
for the graphs considered and their perturbations I € {T'"", ', %,
[P}, where I for s € {1,2} corresponds to the perturbation with s
shadow nodes, I'**" corresponds to the addition of a pendent edge to
I, and I'* corresponds to the perturbation of I" given by the deletion
of an edge.

We also report in Table II the exact MaxCut values gr(z*),
gr(z*), computed with a brute-force approach for each graph and
their perturbations, as well as the corresponding highest approxima-
tion ratio.

Remark 5. If I is obtained from I" by the addition of s > 0
shadow nodes, clearly the exact MaxCut value gr(z*) with z* €
{0,1}" is the same as the exact MaxCut value g (z'*) for the perturbed
graph with z/* € {0,1}""*. On the other hand, the addition of a pen-
dent edge or the deletion of an edge change the corresponding MaxCut
value. As before if I'**" = (V',E') is obtained from I' = (V,E) by
the addition of a pendent edge connecting u € V to v € V' \ V, then
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TasLe Il. MaxCut values and highest approximation ratio. An ordered set (a, b, ¢, d) corresponds to a graph with n nodes with n orderly taken from (4, 6, 8, 10). The maximal
elements are taken across the different number of layers p considered.

K, E045.n Tz,h R3.n
g(z") (4,9,16,25) (2,7,7,16) (3,5,7,9) (4,7,10,15)
max, - (0.998,0.990,0.959,0.959)  (0.997,0.781,0.831,0.700)  (0.997,0.781,0.831,0.700)  (0.999,0.807, 0.843, 0.659)
maxt, (0.998,0.980,0.969, 0.952) (0.998,0.849,0.802, 0.784) (0.999,0.848, 0.802, 0.784) (0.997,0.817,0.818, 0.645)
max, - (0.993,0.969,0.978, 0.948) (0.994,0.855,0.814, 0.658) (0.994,0.855,0.814, 0.658) (0.994,0.855,0.814, 0.658)
max/i, pren (0.999, 0.986,0.981,0.972) (0.998,0.815,0.843,0.643) (0.998,0.815,0.843,0.643) (0.998,0.815,0.843,0.643)
Maxp, ra (1.000,0.999,0.996, 0.994) (1.000,0.869, 0.849, 0.667) (1.000,0.869, 0.849, 0.667) (1.000,0.869,0.849, 0.667)

either grm: (z°7") = gr(z*) + 1 with 2% € {0,1}""" when u € §
and v € V’\ S are nodes in the two distinct elements of the MaxCut
partition {S, V'\ S}, or grw:(z*7*") = gr(z*) when {u,v} CS or
{u,v} C V'\'S. Likewise given the perturbation I'' = (V,E') we
have either g« (z*%) = gr(z*) — 1 when the deleted edge connected
two nodes u € Sand v € V '\ S, or g (z*%!) = gr(z*) when the edge
is used to connect nodes in the same element of the MaxCut partition.
Since the addition of a pendent edge, and the deletion of an edge
change the corresponding MaxCut problem we have reasoned as fol-
lows: if f,...,f, and 7,,...,7,, are initial angles where f§; = f for
eachi=1,...,n and y; =y for each j = 1,...,m, and if fi], ..., ,,
¥, .. 7, are the corresponding optimal parameters of the MaxCut
problem on I'?*" achieved by a QAOA simulation with p layers, then to
compute AR(p,I") we considered f}, ..., 5, 1,75, ..., 75, only the
parameters corresponding to the nodes and edges of I'. Since for I'*!
we have gra (2°%') < gr(z*) we kept the parameters corresponding to
AR(p, T%) by extending them arbitrarily, which we noticed does not
affect AR(p, I') significantly.

By evaluating the spectral radius and the number of symmetries
for each graph, we deduce the following heuristics.

Heuristic 1. We have from a classical result™ that

&r(@) <5+ 3(D), ©

which, for the graphs considered and their perturbations, can also be
written as

() g%%p(r') . (10)

Moreover, the inequality gr(z*) < gr(z) allows to write, for
p — o0, the asymptotics

Bor(B77) ~ grl") <5 +5(I), (i

which grants us an upper bound to the MaxCut solution obtained
by the QAOA. This is particularly useful in real applications where
the approximation ratio AR(p,T") cannot be evaluated being the
MaxCut value g(z*) unknown. It is important to highlight that
especially for large graphs p(T"') might be easier to compute com-
pared to p(I).

Having upper bounds M for the MaxCut is often important, not
only to get a substitute metric of the form F, (", y*)/M when g(z*) is
unavailable but also to get a certificate for the solution. It is often easy

for a graph I" and a cut value of ¢ to certify that maxgr > ¢ since it suf-
fices to exhibit a single bipartition z of I such that gr(z) > ¢. In con-
trast it is unclear how to certify statements of the form maxgr < ¢
since to verify this case we must rule-out an exponential number of
possible bipartitions. Many results in this sense (e.g., Ref. 54) show
that large classes of classical algorithm based on Linear Programing
relaxations fail to distinguish such instances.

Heuristic 2. The two metrics I' =I'(p, I, I") and I, = I, (p,
I, T") remain constant for the considered number of layers p € {1,
2,3,4,5,6,7,8} (up to a negligible error, cf, Propositions 9, 10, 11,
and 12 and Figs. 9, 11, and 10).

We conjecture that the same heuristic holds for p > 8, but we did
not test this case. In particular, Fig. 9 shows the variation of the metric
I' across different p € {1,2, ..., 8}. We clearly see that this variation is
within 0.01¢ < 0.06 from the stationary value I’ = 1, with an almost
flat linear fit. Likewise, in Fig. 10, we see the same characteristic curves
representing the metric I’ across different graphs and increasing values
of p. Interestingly, Fig. 11 shows an almost perfect superposition of the
unperturbed version of the symmetry metric Iy, and its perturbed
version I, independently of the perturbation.

Heuristic 3. The effect of adding a shadow node has no effect on
the approximation ratio achieved by QAOA. The addition of a pendent
edge and the deletion of an edge positively influence trees and random
regular graphs (Table I and Fig. 11).

We conjecture that adding a single pendent edge yields the
same effect of deleting a random edge in terms of approximation
ratio achieved. In particular, if a graph has disconnected nodes
they can be eliminated without QAOA performances decrease, but
with a corresponding reduction in the number of qubits employed
(Proposition 13). Likewise, the deletion of few edges from a graph
may not affect QAOA performances, yielding on the other hand a
smaller circuits (with less CNOT gates in the implementation of the
rotation e~ "7%:%:),

Heuristic 4. The quality of the symmetries in a graph matters: by
adding two shadow nodes the number of symmetries is doubled
(Proposition 7), but the effect on the QAOA approximation ratio is neg-
ligible. Likewise the deletion or the addition of some edges could reduce
the number of symmetries available (Propositions 9, 10, 11, and 12),
without hampering the QAOA performance (Figs. 10 and 12).

Remark 6. The results obtained are dependent on the graph clas-
ses considered and it is not clear if they can be generalized to other
instances. In this sense, we are working on the following program,
where the current work represents a first step and the final goal is to
complete it in a reasonable time:
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Fic. 9. Variation of the quotient /" on a selected graph per graph class across different p values. The red line is the regression line associated with the data points in each panel.

We see that the regression line is almost horizontal and the metric /' is approximately I = 1 in every case.
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Fie. 10. Quotient /' for each graph type and their perturbations, where graph i fori = 0, 1,2, 3 are complete graphs, graph_i fori = 4,5, 6, 7 are Erdés-Rényi graphs,
graph i fori=8,9,10, 11 are full binary trees, and graph i fori = 12,13, 14, 15 are random 3-regular graphs.
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graph i fori=4,5,6,7 are Erdos-Rényi graphs, graph i for i = 8,9, 10, 11 are full binary trees, and graph_i fori = 12, 13,14, 15 are random 3-regular graphs.
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Fie. 12. Number of symmetries for each graph type and their perturbations, where
graph i fori=0,1,2,3 are complete graphs, graph i fori =4,5,6,7 are
Erd6s-Rényi graphs, graph i for i =8,9,10,11 are full binary trees, and
graph i fori = 12,13, 14,15 are random 3-regular graphs.

* Find heuristic proof that there is a relationship between Aut(I")
and the approximation ratio AR(I") achieved by the QAOA;

e Is there a functional relationship between Aut(I') and AR(T)?
More precisely, if g € Aut(I") can we find a function f such that
AR(g(T")) = f(AR(I"))? In this work, we have an heuristic indica-
tion of this fact but further analysis is needed.

e If there is such an f, what are its properties? Can we use them to
manipulate the graph and find AR(T") using the hopefully simpler
f(AR(T"))? Some of the properties of f could be (as our heuristics
seem to suggest) that it should mildly depend on the number of
layers p.

VI. CONCLUSIONS

Our study has provided valuable insight into the behavior of the
QAOA when applied to graph optimization problems. Proposition 13
established a clear framework for understanding how perturbations in
the graph structure translate into modifications in the QAOA circuit.
We identified that certain alterations, such as the addition of shadow
nodes or pendent edges, have predictable effects on the mixer operator
and the associated cost function, thus offering a method to manipulate
the QAOA’s behavior in response to graph modifications.
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Furthermore, the heuristics derived from our analysis offer practi-
cal guidance for leveraging these insights in real-world applications.
We demonstrated that certain graph modifications, such as the addi-
tion of shadow nodes or the deletion of edges, have minimal impact on
the QAOA’s approximation ratio. This suggests avenues for optimiz-
ing QAOA performance by strategically adjusting the graph structure
without compromising solution quality in terms of approximation
ratio.

Moreover, our findings suggest that the computation of certain
graph properties, such as the spectral radius, may be more tractable for
modified graphs, thus facilitating the assessment of solution quality,
otherwise inscrutable. Additionally, we observed that certain graph
transformations can affect the symmetry properties of the graph, but
these alterations do not significantly worsen the QAOA performances,
as shown in the Heuristics of Sec. V.

These findings support also the idea that near-optimal QAOA
parameters found for a perturbed (simpler or smaller) instance can
often be transferred to the original instance with little to no loss in per-
formance. In particular, adding shadow nodes or pendant edges can
create low-complexity surrogate graphs where training is cheaper, and
the resulting parameters remain effective when mapped back to the
original structure.

In summary, our experimental analysis shows that QAOA perfor-
mance is robust to specific graph perturbations and that certain struc-
tural changes can even act as circuit simplification heuristics. These
insights enhance the feasibility of recursive or transferable QAOA
strategies, with potential applications in large-scale or evolving graph
scenarios (e.g., networks, infrastructure systems, and social graphs).

Future works might formalize these heuristics, in order to extend
the analysis to other graph families (e.g., triangle-free graphs), and
design optimized workflows for parameter transfer using perturbation-
based graph decompositions.

ACKNOWLEDGMENTS

The contribution of L. Lavagna, A. Ceschini, and M. Panella in this
work was in part supported by the “NATIONAL CENTRE FOR HPC,
BIG DATA AND QUANTUM COMPUTING” (CN1, Spoke 10)
within the Italian “Piano Nazionale di Ripresa e Resilienza (PNRR),”
Mission 4 Component 2 Investment 1.4 funded by the European
Union—NextGenerationEU—CN00000013—CUP B83C22002940006.

We also wish to thank Isak Lyngfelt from Chalmers University
of Technology (Gothenburg, Sweden) for the useful discussions
about the relationship between graph perturbations and QAOA
parameter transferability.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

L. Lavagna: Conceptualization (equal); Data curation (lead);
Investigation (equal); Methodology (equal); Software (lead); Writing -
original draft (lead); Writing — review & editing (equal). S. Piperno:
Investigation (equal); Methodology (equal); Validation (equal);
Writing - original draft (equal). A. Ceschini: Conceptualization

ARTICLE pubs.aip.org/aip/aqs

(equal); Investigation (equal); Methodology (equal); Validation (equal);
Writing - review & editing (equal). M. Panella: Conceptualization
(equal); Formal analysis (lead); Project administration (lead);
Resources (lead); Supervision (lead); Validation (equal); Writing -
review & editing (lead).

DATA AVAILABILITY

The data that support the findings of this study are openly avail-
able in GitHub at https://github.com/leonardoLavagna/qaoa, Ref. 55.

NOMENCLATURE
AR(p,T')  Approximation ratio as in (4)
Aut(T')  Automorphism group of graph I’
Fpr(y,B)  Expectation value of gr (o) as in (3)
gr(z)  MaxCut value for input z on graph I, defined

asin (1)

gr(z")  Maximum value of gr(z)

gr(e)  Observable version of gr(z) as in (2)

I'I,, Indexes measuring the effect of graph
perturbations

Graph classes: complete, Erdos-Rényi, binary

tree, 3-regular graphs

Cost and mixer operator of the QAOA:

einar(e) o7 >

[7,) Quantum state after p layers of the QAOA
circuit

p(I")  Spectral radius (largest absolute eigenvalue) of
the graph

(') Spectrum of the graph: set of eigenvalues of its
adjacency matrix

¢r(4)  Characteristic polynomial of the graph

Km EqJ’H T2¢h7 R3.n
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