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Abstract The present paper is the first installment where,
extending our previous work in pure Yang—Mills (YM) the-
ory, we compute the generating functional of correlators
of collinear twist-2 operators that enter the components
of balanced superfields — i.e., superfields with an equal
number of dotted and undotted indices in their spinor rep-
resentation — in .4 = 1 SUSY SU(N) YM theory in
Minkowskian and Euclidean space-time, in the conformal
limit and renormalization-group (RG) improved form, and to
the leading and next-to-leading order in the large-N expan-
sion. Moreover, we compare our asymptotic RG-improved
generating functional to the next-to-leading large-N order
with the corresponding nonperturbative object arising from
the glueball/gluinoball one-loop effective action, which it
should be asymptotic to at short distances because of the
asymptotic freedom. Remarkably, we find that both have
the structure of the logarithm of a functional superdetermi-
nant. Hence, our large-N computation sets strong ultravio-
let asymptotic constraints on the nonperturbative solution of
large-N ./ = 1 SUSY YM theory that may be a pivotal
guide for the search of such a solution.

1 Introduction and physics motivations

Recently, we have computed [1] the short-distance (i.e., ultra-
violet (UV)) asymptotics of the generating functional of cor-
relators of collinear twist-2 operators in pure SU(N) Yang—
Mills (YM) theory.

The present paper is the first of two installments, where
we extend the above computation to .4 = 1 supersymmetric
(SUSY) SU(N) YM theory for twist-2 operators that are the
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components of balanced superfields — in the present paper
— and the components of unbalanced ones — in the second
installment.

We refer to operators — and superfields as well — as either
balanced or unbalanced [1,2] if in their spinor representation
they carry either an equal or a different number of dotted and
undotted indices, respectively.

To summarize our main result, we compute the UV asymp-
totics of the renormalization-group (RG) improved generat-
ing functional of correlators of twist-2 operators to the lead-
ing and next-to-leading —i.e., leading nonplanar — order in ’t
Hooft large-N expansion [3].

Remarkably, we find that our asymptotic generating func-
tional to the leading nonplanar order has the structure of the
logarithm of a functional superdeterminant that matches the
structure of the corresponding nonperturbative object arising
from the glueball/gluinoball one-loop effective action.

Hence, our computation sets strong UV constraints on the
yet-to-come nonperturbative solution of large-N A4~ = 1
SUSY YM theory that may be a pivotal guide for the search
of such a solution.

Actually, our calculation involves twist-2 operators that
have maximal-spin component along the light-cone direc-
tion p4 in Minkowskian space-time — which we refer to as
collinear twist-2 operators [1,2] — and their analytic contin-
uation to Euclidean space-time, and it is based on a number
of innovations [1,2] described below.

Indeed, we have computed in pure YM theory by Feynman
diagrams the Minkowskian conformal correlators to the low-
est order of perturbation theory and reconstructed from them
the corresponding generating functional in the balanced and
unbalanced sectors separately [2]. We have also computed in
a much simpler way the complete generating functional of
conformal correlators by functional-integral methods [1] and
found perfect agreement with our previous computation [2],
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the equivalence occurring thanks to a dictionary established
by means of a tedious but straightforward calculation [1].

Moreover, we have lifted the generating functional of
the Euclidean conformal correlators to the generating func-
tional of the UV asymptotic correlators [1] by means of the
RG improvement and a careful choice of the renormaliza-
tion scheme — dubbed nonresonant diagonal according to
the Poincaré-Dulac theorem [4] — that involves a novel geo-
metric interpretation of operator mixing [4], which reduces
the mixing of collinear twist-2 operators to the multiplica-
tively renormalizable case to all orders of perturbation the-
ory [1]. Remarkably, the RG-improved correlators should be
asymptotic to the exact ones thanks to the asymptotic free-
dom (AF) [1,5,6].

Finally, we have expanded the latter generating functional
to the leading and next-to-leading order in 't Hooft large-N
expansion [3].

All the above techniques and results extend straightfor-
wardly to .4 = 1 SUSY SU(N) YM theory, the only differ-
ence being that the final result for the Euclidean asymptotic
RG-improved generating functional of connected correlators
in the SUSY YM theory has the structure of the logarithm of
a functional superdeterminant, instead of a determinant as in
the pure YM case.

Perturbatively, the logarithm of a superdeterminant occurs
because, in the light-cone gauge, collinear twist-2 operators
are quadratic in the fundamental fields and thus their gener-
ating functional to the lowest order arises from a Gaussian
integral [1] — also involving anticommuting variables in the
SUSY case.

We demonstrate that the above structure of the logarithm
of a superdeterminant is then inherited by the Euclidean RG-
improved asymptotic generating functional and its leading
and next-to-leading large- N expansion [3] — a nontrivial con-
sequence [1] of AF of the .4/~ = 1 SUSY SU(N) YM theory
that also applies to its large- N limit.

Indeed, since the early days of large- N QCD [3] it has been
known at a qualitative level that AF applies to large-N cor-
relators, and specifically to the nonperturbative 2-point cor-
relators [7,8]. Accordingly, the UV constraints on the large-
N spectral representation of 2-point correlators that follow
from AF have been investigated at a quantitative level both
for multiplicatively renormalizable operators [9] and twist-2
operators that mix by renormalization [10]. Obviously, the
above considerations also apply to large-N .4~ = 1 SUSY
YM theory for 2-point correlators [9,10] and n-point corre-
lators of twist-2 operators in the present paper.

Nonperturbatively, the logarithm of a (super)determinant
should arise to the next-to-leading order in the large- NV expan-
sion from the glueball/gluinoball one-loop effective action,

@ Springer

according to the general principles of quantum field theory
as originally predicted in [11], and asymptotically verified in
detail in the pure YM case [1,5,6] and, in the present paper,
in the SUSY YM case.

Hence, the UV asymptotics of the generating functional to
the leading-nonplanar order in the present paper — that is only
consequence of lowest-order perturbation theory, renormal-
ization group and AF — matches the nonperturbative struc-
ture of the large- N theory to the leading-nonplanar order — a
remarkable fact in itself.

Therefore, the above computation sets strong UV con-
straints on the nonperturbative solution of large-N A4 = 1
SUSY YM theory and it may be a pivotal guide in the search
for such a solution.

2 Plan of the paper

In Sect. 3 — as a nonperturbative detour to motivate our per-
turbative and RG-improved computations — we work out
the general structure of the generating functional of large-
N correlators of balanced twist-2 operators arising from the
corresponding nonperturbative glueball/gluinoball one-loop
effective action in .#" = 1 SUSY YM theory.

Sections 4 to 9 instead concern our perturbative and RG-
improved computations involving gluons and gluinos:

In Sect. 4 we recall the definition of .4 = 1 SUSY YM
theory in the light-cone gauge.

In Sect. 5 we define the twist-2 operators that enter the
components of balanced superfields.

In Sect. 6 we evaluate to the lowest perturbative order
the corresponding Minkowskian conformal generating func-
tional as a superdeterminant of a quadratic form. We also
rewrite it as a Fredholm superdeterminant employing the
aforementioned dictionary in [1].

In Sect. 7 we analytic continue the Minkowskian confor-
mal generating functional to Euclidean space-time.

In Sect. 8 we work out the conformal generating functional
of supermultiplet balanced operators.

In Sect. 9 we work out the generating functional of
Euclidean RG-improved asymptotic correlators and its large-
N expansion.

Finally, Sect. 10 contains our main conclusions regarding
the matching of the structure of the logarithm of a superde-
terminant arising from the nonperturbative large- N one-loop
effective action — in terms of glueballs and gluinoballs in
Sect. 3 — with our asymptotic computation — in terms of glu-
ons and gluinos in Sect. 9 — to the leading nonplanar order.

In the Appendices we report basic definitions and several
relevant ancillary computations.
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3 Nonperturbative effective action in large-N ./ =1
SUSY YM theory

It has been known for almost fifty years that A4 = 1
SUSY SU(N) YM theory admits "t Hooft large- N topological
expansion [3] for the n-point connected correlators of gauge-
invariant single-trace operators. The corresponding Feynman
diagrams in "t Hooft double-line representation — after a suit-
able gluing of reversely oriented lines — are topologically
classified [3,12] by the sum on the genus g of n-punctured
closed Riemann surfaces, where each topology is weighted
by a factor NX, with x = 2 —2g — n the Euler characteristic
of the Riemann surface.

Consequently, the corresponding nonperturbative large-
N effective theory involves an infinite number of weakly
interacting glueballs and gluinoballs with coupling of order
% [3,7,13] and masses proportional to the RG-invariant scale
Asym.

By assuming ’t Hooft topological expansion in .4 =
1 SUSY SU(N) YM theory, the generating functional
WEJo, Inl = log ZE[Jo, Jy] of Euclidean connected
correlators of single-trace bosonic and fermionic balanced
operators O, M, respectively, with

1
QPE[]O’ Iyl = ﬁ / DADx e*SSYMJrZSfJox Os+Jm; My
(D

Indeed, in analogy with the pure YM case [5,6,11], in
the yet-to-come nonperturbative solution of large-N .4 =1
SUSY YM theory, the very same correlators should be com-
puted by the correlators of glueball ® and gluinoball W fields
with an infinite number of components, the corresponding
generating functional being schematically [5,6,11]

E _ aE-1
Ztuebavgluinoball [Jo» S ] = Z g chatietuinoball

> /@@@\y e_Sglueball/gluinuball(¢s\y)+f<I>*1J<I>+ll’*/ljlll’ 3)

with [5,6,11]

Selueball/gluinoball (P, ¥)

1
:5[ D xp (—A+MHP + U (—A + MHW

11
+N(§¢’*3CD*3CD+\II*/3CD*/3\IJ)+...’ )

where #, %1 and %), x| are fixed below, the ellipses
and %3, *} respectively stand for n-glueball/gluinoball ver-
tices with n > 3 and some presently unknown oper-
ation on the glueball/gluinoball fields that, by assuming
locality and Euclidean invariance, may involve deriva-
tives. Hence, nonperturbatively the connected generating

. E _ E
functional %lueball/gluinoball['] o, Ju] = log Qfglueball/gluinoball

[Jo, Jy] reads to one loop of glueballs/gluinoballs [5,6,11]

%ﬁ]eball/glumobau[qu Ju] = —Sglueball/gluinobal (P, Wy) + / Dy x Jo + / Wy Jy+ -

1
= log sDet
+20gs e(

1 .7
v *¥3 x5V

reads

Yo, Inl = Wgherel 0o Il + WignslJo, Il + - .
)

Nonperturbatively, %ghere[J o, Ju], which perturbatively is
the ("t Hooft-)planar contribution [3], is a sum of tree dia-
grams involving glueball/gluinoball propagators and ver-
tices, while #E [Jo, Ju], which perturbatively is the
leading-non(’t Hooft-)planar contribution, is a sum of glue-
ball/gluinoball one-loop diagrams.

Nonperturbatively, #Z [Jo, Ju] should have the struc-
ture of the logarithm of a functional (super)determinant, as it
has been originally predicted in the pure YM case [11] on the
basis of fundamental principles, and subsequently asymptot-
ically verified [1,5,6].

(A M)t 3 4 @) ¥ 5 ) , 5)
*¥ (= A+M7)+5 *3 Dy*3
where ®;, W, are determined by
5Sglueb;;11§1uinoball , — w1 Jo (6)
and
SSgluebe;u/qfluinobau .= <\ T, )
with the superdeterminant defined by [14]
sDet (é g) = Det(A — BD™'C) Det(D) ™!
= Det(A) Det(D — CA™'B)™!, ®)

where A, D are bosonic entries and B, C fermionic ones.
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The  dictionary  between  #%£[Jo,Jy] and
%ﬁleball/glumoba“[Jq>, Jy] is obtained by matching the cor-
responding spectral representations — as a sum of free prop-
agators with residues Ry, R}, — for the 2-point correlators
at N = +o0 [13] of O;, M, respectively, that, by fixing
s, %, according to the canonical normalization of the glue-
ball/gluinoball kinetic term, uniquely determines the cou-
pling of Jg, Jy to the tower of glueball/gluinoball fields P
Jo = Zsm D/ Rsmj<1>3a v */1 Jy = Zsm ‘Ijsm\/ RémJ\I/S,
respectively.

Until the present paper nothing has been known quantita-
tively on %2 [Jo. Ju) and 7 i coagruinobanl o Jv].

Indeed, in the next sections we will compute the UV
asymptotics of # E[Jo, Jy] and Wgﬁleball/gluinoball[‘]q}’ Ju]
for balanced twist-2 operators to the planar and leading-
nonplanar order in the large-N expansion.

4 _# =1SUSY YM theory in the light-cone gauge

The action of 4/ = 1 SUSY SUN) YM theory in
Mikowskian space-time reads [15,16]

. .
S:/—ZFgUF“‘“’+%)Z“y"(Dﬂx)“ d*x ©)

with a = 1,...,N%? — 1, where X 1s Majorana spinor
x = Cx7 in the adjoint representation of the Lie algebra
of SU(N), C the charge conjugation, and

Fuy = 94 Ay — 8yA,, + ij;ﬁ [Au AV
g
Dux = dux +i—=[A,, (10)
nX uX «/N[ I3 X]

in matrix notation, with g2 = g%, N "t Hooft coupling [3].
The action is invariant under the SUSY transformations [15,
17]

SA) = —ilyux"”

Sy = lza““Fgug (11)

witho*” = L [y*, y¥] and ¢ aMajoranaspinor. A Majorana
spinor can be decomposed into two complex-conjugate Weyl
spinors, Ay and Ay,

= (3)

Correspondingly, the action reads

% =x"v"=(%). (12)

1 _ .
S = _/ ZngF‘”“’ +i2 %l (D) dx. (13)

@ Springer

The fundamental fields, A, and yx, respectively interpolate
for the gluon and gluino. In the light-cone gauge A, = 0,

X_ = H_X = - (14)

and A_ can be integrated out, with the projectors [T+ =
%yﬂ/i. The corresponding action is expressed in terms of
the physical fields only — the transverse components of the
gluon, A and A,

L
V2
1
— (A —IA 15
ﬁ(l A7) (15)

and the plus component of the gluino, x4,

A= —(A] +iA))

A:

Al

xr =Ty = (16)

0
A

For simplicity we introduce two anticommuting fields, A and
A, so that their normalization

1

A= —lkl
23

_ 1 -

A=A (I7)
23

matches the canonical normalization of the kinetic term of
the action in the light-cone gauge [16]

S(A, A, x, ) =/—A“DA“ — 2007
- 2%f“bf(A“a+Abéa;1Ac + A%, APaa ! A°)
2
_ 2% fabCfadea_itl (Ab8+AC)a;] (Ad8+A6)

. 8 bcyaybiqpc AC
_ i85 fabeyazbAc 4 §Ac)
N

2
— Zi%fahe‘fcdeS;l(Aaa_‘rAh + Aaa_‘rgb)a;l(ickd)
2
+ 2% fabEdeEB_:] (iakb)all (XC)\.d)

. 8 bc yaybqg—1q4¢c . 8 abc paybqg—1377c¢
+ 20 5= fabe A3 195 4 20 o= b A9
VN VN

2
_ 2l.gﬁfabef6dega)_\.ha_;:l(AC)\.d) d4x (18)
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with We obtain for the corresponding conformal generating func-

tional to the leading order

3
O=g"9,0, =0 — Y 87, 19
& =9 ; 1 ) Sl o)

1 1 7 [ —iAOA+R4 007 A d*x
where we employ the mostly minus metric g,,,, in Minkowskian A f VADADAD e B

space-time (Appendix A). The v.e.v. of a product of local

gauge-invariant operators ¢; that do not depend on A_ and X exp ( / d*x Z Jo, ﬁ,-) (22)
X— reads i
(O1(x1) - O (xn)) that is the supersymmetric generalization of the conformal

1 _ . _ generating functional in YM theory [1].
= / DADADID ). & SAAXP) 01 (x1) -+ - O (x).

(20)
5 Twist-2 balanced superfields in ./ = 1 SUSY YM
To the leading perturbative order the above v.e.v. reduces to theory
(O1(x1) -+ - Op(xp)) 5.1 Collinear twist-2 operators
1 - - _iAa ayariqa—lya 44
=z f DADADA D ) TA DA R0 We list the gauge-invariant collinear twist-2 operators that
enter the components of balanced superfields — to be defined
X O1(x1) -+ On (). @D pelow —in 4" = 1 SUSY YM theory [16, 17]:
— gluon-gluon operators
A 1 iac: A ST 52 % _a)+_<a—+ a
Os =§8+A (18++18+) Cs—2 = 8+A S=2,4,6,...
oy + 0 4
1 - 3
= A2, (37, 94 ) 4 (23)
54 _ 1o ca .z T 5203 _3)+—(3_+ a
Os =§8+A (18++18+)‘ Cs—2 e —— 8+A S=3,5,7,...
0y + 0 4
1 - 5
= SA, (3. 54) A (24)
with PT = (—1)* and C = +1, where P is parity, T
time-reversal and C charge conjugation.
— gluino-gluino operators
) < apd (Bi-y
0\“ Z—Aa(l 3++l.8+)s Cﬁ—l( = P ))\a S=2,4,6,...
oy + 0 +
1- 3
=l (07, 94 ) (25)
T.-9
O =29 a4 +i0y) lcg_1<_>+ <_+)x“ s=1,3,5,...
o+ + 0 4+
1- 3
= SR (53,5 4) (26)
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and
with PT = (—1)* and C = +1.
— gluon-gluino operators
1 F
My == 0,A% 8 4 +i94) 1P,(2’11)(%))\“ s=1,23,...
2 G+ 04
1 1
= E ag(Z 1) (3+, 8 +) )\‘a — E(_l);_lka%(i’f) (i, <8_+) Aa (27)
— <«
7 - L5 s—1p)(( d+ = 04, 14 _
Ms b (18++18 ) P7] e — 8+A S—1,2,3,...
2 3+ 04
1- — <« _ 1 - — <« \ -
= Exﬂgjj‘f) (a+, P +) A= (1 1 jag @D (a+, p +) b (28)
@) 20 4, 9 4)
where Cy' are Gegenbauer polynomials, P, "’ Jacobi poly- \ _8> <a_
. ; — o0 3 —
nomials (Appendix B), and we have defined = (04 +i04)72C, (H)
. d4++ 04
3 = <«
D200 4, 94) (5+1)s1
~ = e 523 04— 04> +
=040 04+4+id4) Cio|==—=) 9+
++ 04 x (—1)“"*18+**"*13+" (32)
_ @3 +3). ;52 Z
- r(s)r(s+ 1) k—|—2 for odd s, with
Sk s —k—173 k+1
S ® T
and TS STy FUE I
=(18++18+) PX7] e —— 8+
3 “«— 8+ + 0 +
D204, 04) s—1
- <« _ sl SN(SH 1\, ko155 k— 137 k41
(_3) <a— )Y_zcg 04— 04 =1 k) \k+2 (=D 0+ 0+ (33)
=(@0d4++104) g\ k=0
’ _a’+ +9,
(S + 1) S 1 Z and
k+1
gD (@4,
X (_I)S—k—la+s‘—k—la+k (30) s—1 ( + +) = -
<~ = s mipen( 0+~ 94
= P - T
for even s, and 04004 +i04) s—1 <8—)+(8_ )
+ +
5 s—1 1
AT .50 eI e G
= - = k k+1
3 d4+— 0 B
= +(18++13 D 2C2 (H)ﬁ‘i’
d++ 04 for odd s. The spin projection on the p. direction is s for
I pin proj L
TG +3) s 02, 02 and 0%, O%, while itis s + 3 for M, and M. The
b ~ &
TG+ Z < ><k n 2) bosonic operators O, O and O}, O} are Hermitian. The
fermionic operators M, M, are Hermitian conjugate of each
s (= 1)k G sk A (31)  other.

@ Springer
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5.2 Balanced superfields

Suitable linear combinations of the above operators form irre-
ducible representations of the superalgebra of SUSY trans-
formations restricted to the light-cone [17,18]

SA = —2iA

SA =2iCh

SA=200,A

Sh =203, A, (35)

where ¢ is Majorana spinor satisfying I1,¢ = 0. Indeed,
since the restricted SUSY transformations are linear, the set
of the above operators is closed under their action. The opera-
tors that form supermultiplets —i.e., the aforementioned rep-
resentations — read as follows [16,18].

For even spin with s > 2

6
sV = TlOf -0y
S(2>=_£—0A+0A (36)
S s+2 N N

and for odd spin with s > 3

4 A4 _ Ar
SAS):_S_IOS _Os
@ 5A L A)
S§>=—mos + 0}, (37)
where égA is not defined for s = 1, while 6{‘ it is, and
S 52) = 0~{‘ The above operators also diagonalize the matrix

of anomalous dimension to order g2, where ./ = 1 SUSY
YM theory is actually conformal invariant in the conformal
scheme (Appendix C). The components of the above super-
multiplets enter the balanced superfields (Sec. 6.3 in [19])

Wi(x,0,8) ~S?| +6Myyy +06Meq +66S),,  (38)

s+2°

where S@ = {§@  §®} include both even- and odd-spin
operators.

6 Generating functional of Minkowskian conformal
correlators

The corresponding generating functional reads to the lowest
perturbative order

Zeont [‘IOA’ JOA’ Jor, J@M ‘]_M7 ‘IM]
-7 / DADADID e~/ IADAT =90 13 '
Z

X exp (/ Y 08oa+ 0l ga+ OLion
N
+ 02 gy + Tu, My + My Ty, d4x). (39)

The sources JOYA, J5a JOYA and J 55 are bosonic, while JMs
S K S s

and J), are fermionic, so that we make the formal association

<~ OSA (x)

8.]0;4 (.x)
A
SJOA_A()C) <« O (x) 40)
and
)

- <~ M(x)
8Jm, (x)

_ 8JMS(X) <~ M(x). 41

The generating functional of connected correlators #conf =
log Z:onf follows. For example,

5 1)

0 COl’l 42
(05 ()05 () = 8J0a (x) 8Joa (¥) ' J=0 -
and

_ 5 6
MS] MS2 — _ con
( (x) (y)> (SJMSI ()C)( (SJMYZ( )> ' J=0

(43)

For brevity we will omit from now on the specification | J—o’

6.1 Connected generating functional #¢onf as the log of a
superdeterminant of a quadratic form

The above functional integral is quadratic in the elemen-
tary fields and, therefore, it may be computed exactly [1].
Employing the symmetry properties [1] of the Gegenbauer
polynomials (Appendix B) we get

Zeont [Toas Jgas Tors Tgis Ims Tjp )

_ 1 / DADADLD ). exp ( - l/d“x
Z 2

x (A9(x) AY(x)) A ( ibg; )
% / d*x (A(x) M) MY ( )
! 4

+ Z/d X k”(x) A“(x) < )

@ Springer
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_ b M licitly, by Eq. (8
+%/d4x (A(x) A“(x))///“b<)\ (x))>’ ) ore explicitly, by Eq. (8)

AP () _
Zeont [Joas Joas Jors Jgis Ins Tjp ]
1 1 _

with = Det2 (#),.) Det ™2 (J//AA - ///A;\///Ml///m>

5
aab( L LR 0
= 5 5
0 0= 3%, Jos ® B2, + 53, 50 ® H2,
3
Sab( 0 = E D doy © 95 =3 DUy 9 0
- 3 3
71 5 2
0 —007 =5 Jor @Y + 53 Jor ® A7,
2 _
( - Y, @451 1)
2, 1)
2\, T, @9 0
_ (1,2)
ML =~ (1.2 I 2 it @917 (45)
Y JIu, ® %_’1 (=D 0

where the symbol ® implies that the right and left derivatives 1 .
do not act on the sources J . We group the above matrices = Det™ 2 (s 4) Det2 (///,\,\ — M), A///A_/i M, Ak) , (49)
into a single supermatrix
, y@b b where the two results depend on first integrating either on the
X = < t///;;;, ///)&?> , (46)  fermionic or bosonic variables.
Ax TTAA The entries of .# 45 A_Al M 4 read

1 B - 1 5 1 s B
%AA%AA%A)\ 1 — ng(ialz)(_l)s 1® JMS(lD— EJOAA] ®@512_2 - EjésAl ®%§12_2) 1%S(22 11)( 1)32 1® JMSZ
%)\A«%AA«%AA 1 =0
///)»A///A_A%Ak ) =0
— N - 1 1 1 s 3
i yfet],, = 39 © 15,60~ Sy @y 300y 72N © £

so that the generating functional reads

Zeont [Toas Jgas Tors Tgis Ims T
AP (x)
_ 1 / DADADLD ). exp ! / d*x (A%(x) A%(x) A%(x) A%(x)) 2% 1 () 47)
z 2 AP (x)
Ab(x)

that reduces to the superdeterminant [14]
where the sum over repeated spin indices is understood, and

_ | similarly
Zeont[Joas Jgas Jors Igns Jms Tz ] = sDet? (2) . (48)
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r _ T _ _ 1 1

| Mus M Mon | = 4%521“( D@ T, (<087 ~ Sy @@ it 5l ® !
M ps M Mo a L,=0

Mps M Mo a =0

Mt ] = 22D @ fy (—O97 — wi ]

| Aoan A5 04 |, = G- ® Jm, (=0 _EJO;\I@’ 511 2]@1@%&_

g(l 2)( 1)5‘2-1 ® J_sz

so—1

® Jja,,. (51)

From the above equations, we get for the connected generating functional corresponding to the third and second line of Eq.

(49), respectively,

Weont [Toa. Tgas Jors I 5. Ins Tz

1 5
=—§logDet</+—lD J0A®@ +§l|:’ J0A®%i)

1 H

S0 g0 ® A2,

7+ Lo, AT Nae S
+§ + J0§‘® s_1+§8+ JO”SA® s—l)

__ngaC¢+%ﬂT\@9®@£2—
(
(
(

1 1 3 1 3
+ 5 logDet (S — 2 (F + 2007 gp @ %2y — 50,07 g @ 2 )

— log Det

.d[\) —_ N =

I 3] ;
+ 5 logDet (7 + 30,07 g, @ %2, — 20,07, © 2 )

>—‘l\)

x 9.0 T, ®%§ll (=t
1., 1 RN e @0
X (j-{-il[j Jog ®@2 2+§l|:| JOA ® s2272) il JM; %% 1
1 1 3 1 3
+ ElogDet (/ - —(ﬂ + EaJrD_]JO;» Q @sz_l + §8+D_1J6SA ® jiiz_l)_l

x 0,07y ®%“ 2

s s3—1

1.,
x(ﬂ—i—le JOS";@@QZ 3

(=™

I s ;
— 5i07 gy @ 2 7Oy, 04

(52)
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and

Weont [Joa- Jgas Jors I I Tz ]
1 1 3 1 3
=+ log Det (/ + §8+D*IJOSA @Y, + EE)JFD”J(;SA ® ﬁ‘f;il)
1 1 3 1 3
+ ElogDet (] + §3+|:|_1J0§» ® Jl/&il — §8+|:|_1J0"SA ® %31)

1 1 51 5
— 5 log Det (f + EiD_IJOSA U, + EiD“JQA ® %2_2)

1 1 sl 5
— 5 log Det (7 + S0 o @2, — Si0 U ® Kz

5

1 1 1 s s
— 5 log Det (y — IS0 o @22, + 507 U @ A2y

S

xi0 g @9 (1!
51

s1—1

1 3
x (S + §a+D*‘JOA QX2
S2

1 _ 3 _ = 2 _
a1 — 5007 g @ DT 0, ® G (=) 1)
1 1 | E 3 -
—zlogDet (f—z(/—f-le JO;*‘X’@s—z_le J0~§4 ® H.25)
X iD_lJ_MSI @g®h

s1—1

1 _ 3 1 _ 3 _ 1,2
X (F + 50:0 oy @ FZ + 30,07 @ 2 )71 0.07 Uy @ 4Y), (53)
with .7 the identity in both color and space-time, and the and
sum over repeated spin indices understood. After rescaling
the operators O/A(x) = li0)‘()c)
N N s + 1 N
, 120G+ 1), LR N Y
0Ax)=—"""2"""0 0y (x) = =—— 07 (x)
SO =N Ters 1y W NN
~/ 12r¢6)r 1) ~ A
04 (x) = SI'(s + )OsA(x) 54 M= Ms (55)

N T3)(s +3)
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Wconf[JO/Aa J@’A, JO/A, X JM’ JM/ =

N> —1 1
— log Det
2 0

-2
—1 1, s
logDet | 1 E
oge(—i— <k

=0
-1

)
+ NZZ_ D og Det (1 L Z (Z)
()

k+2

2

k+1

2 _

1 s
+

]

i)
(22)07
(30)e7
(130)07

s
logDet | I —
og e( k1

k
2

+

k1=0

U0\ 2\ bt —
x | I+—= Z < )( )(l § 2o I(JO;? + J@;g)(l § )t

Nk2:0 ko) \ky +2

k3=0

N2 —1 1 12 s s
logDet |/ +— (I — —
ty e e +N2( N%(k><k+1

T o T S S I R =
x Z( )(k1+2)(l 8+)S1 ki 1(1 a+)l|:| IJMél (l a+)k1+l

ky + 2

1 s2—2
x 1+—Z<sz>( p >(za 2 krhinTly, 7o /A>(13 Lt
ko=0

(9O U + T A)(i_aZ)"*‘)

O S (R O PN IC Kl )"*‘)

gy s3+1 53 —
1 3—k3.——1 7 _ . k3
- Z( ks )(k +1>( DT D g, T "

s3—1

< s3+1 53 —k k

E 3 Bk, 3 3
) ( k3 ><k3+1)(l e M (00 +)

3

(0418 i T+ ) D +)")

(TG D0 U —J@;k)a&)")

—1
1 1 13 ! s — —
log Det | 1 I— STh=1G79 )0 N Iy — JA) G 0 4)F
ogDet | I + — ( kzo(k><’< +1) 34T IO g = T d 1)

s1—1
S1 S1 +1 s1—1 g s1—k1—1 P QNI g k1+1
x ) (m)(m +2)(—1) (i 94) (9 )iy (9 1)

-1
T s—k—1.:7 N\ Ok
>(l d+) (9 i (Jon +J5n) 0 +) )

(56)
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and

2 1?—2
— logDet | I + —
og e(—i—NZ i
k=0
Nz_ 1s—2 s
— logDet | I + —
og e(—i—NZ(k)
k=0
2 s—1

+

]

(12)
(i+2)
(3
(3

Z| =

s1—1
s1+ 1
) Z( ki )

k1=0

— —
(8 O g = )G 8 +)"+1>
1 s s - TR T S g
(1— Z() fo )G TN DIDT Ugn + )G a+)")
N2 -1 I ~— /s s — — —
+ ——— logDet (1— () o (ia+)f—"—1(ia+)iD—l(J0;A—Jo;~A)(ia+)k>

N2 -1 LS5\ s \.= - o
— logDet | I + — (1 +— ( )( )(i J ) O U ga — Ty D +)’<+1)
2 N = \kJ \k+2 s s

B )(—1)“‘(1'%)“’”1'5‘1@1 (7

-1

122 /s 52 — — —
1-— 0 )2 G IO Iy + T 500G 8 )R
x v 2 <k2)<k2 +1)(z ) (9 0™ oy + 1) G0 1)

ko=0

k3 ) \kz +2

k3=0

2

k=0

s1—1
s1+1 S1 R si—kp =17 =
: E:( ki ><k1+1>(’a+) i Jpy (00 +)

s3—1
3 1 -
x> (S3)(S3+ )(—1)53—1(1-‘32)”—“—1(i_a’+>iD—1JM;3(i5’+)"3+1

-1
1 1522 /s s R S S U =kt
logDet | I + m (1 + N E (k) <k+2>(l 9 .)° i (JO;A + JO~;A)(1 d4)

—1

1 so—1 5 5 N . .
I — — i 5 sp—ky—1 .- 5 .D_l F I ¥ ks
s N =0 <k2> (kz + 1>(l +) (9 4)i ( oy Os;)(l +)

s3 X si—ka—1,% =1 XNk
<k3+1)<za+>‘3 T IO g (T B (57)

where [ is the identity in space-time with kernel

I - 8%x—y) (58)

and, after performing the color trace, we have employed the
definitions in Egs. (29), (30), (31), (32), (33), (34) and [1]

07 9 = (R ! (59)

that follows from (minus) the propagator in the coordinate
representation [2]

@ Springer

1 1

-1
i ———.
42 |x — y|2 —ie

(60)
6.2 Connected generating functional ['¢opf as the log a
Fredholm superdeterminant

By means of the dictionary [1] we rewrite the generating
functional #¢ont — that is actually the logarithm of a superde-
terminant of a quadratic form as remarked above — as the
logarithm of a superdeterminant I'con¢ Of integral operators
formally of Fredholm type
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Fconf[jOA’jéAst)»,jé»\’]TM,jM]
2 _ 2 _
__ log Det [T+ 75" jou + 73" jgu ]| — log Det [T+ 75" jos = 73" jgu
2 _ - 2 _
n logDet [1— 27 jp — @;Um] + log Det [H — 27 o + 9;11@]
2 i -1 - -1
+ togDet |1+ (1= 7" jor = 7o) g it (T+ 25" on + 75 ) %IJ'M]
2 i 1. TR el R —1 1\ et
+ log Det H—i—(]l—.@k jor + 2, ]6A) D in (H-i-@A jor — 7,4 ]5A> Dy M (61)
and
FCOl’lf[jOAsjOAst)ujéAstst]
_ N1 y 1, 1 N1 .
=— ogDet |I+ P, joa + D, jya 5 logDet |1+ 2, joa — D4 ja
2- (v o—-1: 1. N?—1 o1 1.
+ logDet |1 — 2, jor — %5 jor |+ 7 logDet (1 — 2, jor + 2, jn
2 _ i -1 -1 -
_ togDet |1+ (14 73 jor + 73 jga) 25 i (1= 77 jor = 7 @,;,le]
2 _ i —1. -1 . -1 —1= —1. -1 . -1 —1.
— log Det H—I—(]I—l—.@A Joa — 9, jOA) QM M (H_-@x Jjor + 9, jO)L> Dy i | (62)
where I is the identity in space-time and discrete indices
defined below. The corresponding kernels are defined as fol-
lows:
— gluon-gluon kernel
1ra3r 3
‘@Xl - _ ( ) (Sl + )<Sl>( 52 )(_i8+)51—kl+k2l'|:|—l
20 )C (s + 1) \k1 ) \ka +2
_ I T'BG)I'(s1+3)[s1 ) o sk 1
g1 ey = AT g )Rtk © 63
IR e GRSV AU Ay e — yI? —ie ©?
— gluino-gluino kernel
gt = LSt ELIsN (s ) skt gyt
22\ e+t - *
_ I s1+1/5 52 . o _ . 1
1 ki+ky—1
- @Aslkl,szkz(x -y = SJT_ZT(lq)(kz i 1)(—13+)“ e (—13+)m (64)
— gluon-gluino kernels
_ i(s1+1 so+ 1Y\ | —ki+ko s =1
2, = —= a9, )i
v 2(k1+2)( k2 )“ - M
1 i (s1+1\[/s2+ 1)\ . kyko o 1
— i (1 52 . 61—k ko s ——1
9= —— 9% TR0
M 2(k1><k2+1>(l + l
-1 —y) = _L 51 52 ; 51—k1+k2;
~ Ditsist® T T T <k1><k2+1>(la+) 2 i€ (00
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The kernels are coupled to the currents j,, that are dual
to the component operators Oy employed to construct the
conformal operators O [2]

l
Oy = Z O (67)

Consequently, the n-point correlators are defined [1] by

7 Generating functional of Euclidean conformal
correlators

7.1 Analytic continuation to Euclidean space-time
The Minkowskian correlators can be analytically contin-

ued [2] to Euclidean space-time by substituting (Appendix
A)

<ﬁsl(xl)"'ﬁsn(xn)) .
. Xy —> —ixg (71)
- 1)
= ' . Ceontljo] (63)
Z J@m (X1) k=0 (Sjﬁxnkn(xn) and
d the following identity hold : : (72)
_— > ——.
and the following 1dentity holds Ix|? — e 32
The analytically continued operators read:
— gluon-gluon operators
s (0, -,
= “«— 3 —
0 — (=1 Tra, AL (3, + 0,)° 2c§_2<ﬁ>a AP = 0AF (73)
Z z
— gluino-gluino operators
s (3 -0,
P (D) T RED 4+ 9 el <—_§ ;>AE=0§E (74)
d; + 0,
— gluon-gluino operators
% -9,
) — <~ . -
My — i(—1)* ' 9, Tr AP (9, +i9,) ' P ”(H WE = ME (75)
d; + 0,
% -9,
My — (=1 Traf @ + 0t et 2><H)3ZAE:M5. (76)
9, + 0,
I 5 I 7.2 Analytic continuation of #¢onf
—_— : Teontljo] . . _
k=0 8]0k, (k1) k=0 8] Gyt () Therefore, the generating functional of Euclidean correlators
S S reads
= WeontlJ o] (69)
8oy oy

according to the dictionary [1]. Equivalently, according to the
above equation, Cconf[ jg,, ] coincides with #¢one[ /¢, ] by the
identification

Jog = Jo, (70)

for every k.
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£ -
Wconf [JO’AE, JO*’AE, JO’,\E, J0~’AE, J ME> JM’E] =

N2 1 Dt 1+1S2 : (=3 AT U yiar + Tga) (=8 )
f— O e —_— — ’ ~7 -
g Nk ~ k k+2 z 0/AE O/AE z
21 1 — 2 s — -
- —k—1 A —1 k+1
_ log Det (I + N ,; <k> <k 2)(— 3.)° A (JO;AE — J@;AE)(_ d7)
21 13 (s - - =
—k—1 —1 k
+ log Det ( - ];) <k> (k 1)(— 0N =) AT Ugne + Jgne) (=0 2) )
N2 -1 1 s s = k-1, = 1 -
+— log Det et (-3, (=0 )A" Ugne = Jone)(=02)
k:O

) -1

—1 1 1 s\ [ s -, = —
log Det I+m (I_Nz(k><k+1>(_ i) N =d)n I(JO;AE = Jone) (= 3z)k)
k=0

s1—1
s\ (s1+1 Sl = skl = 1 -
) Z (k1> <k1 + 2) (D" (=0 )T (=0 ) A JM,ESI (-3 )k

k1=0
-1

1 §s2—2 5 5 = N
I+ — 3 )2 AT T par + Tgae)(— 8 !
x | 1+ Nk20<k2)(k2+2)( 2) Uope + Jgae)(= 9 2)
-
s3—1
s3+1 _ _ —
x 3 ( n )(k3+ 1)( D= R A Wye (=020
k3=0 ‘

—1
-1 1 132 (s s = kel .- -
log Det I+m(1_ﬁz(k)<k+l>(_az)s k 1(—3Z)A I(JO;AE_’_JO";AE)(_BZ)/{)
k=0

s1—1
st [s1+1 = s1—ki—1, = 1 = \ki+1
» —0 )TN = ) AT T (= )Nt
X <k1><k1 +2>( z) ( z) Mle( Z)

2
+

k1=0
sp—2 —1
1 52 —kp—1 A—1 = \ko41
I+ — =3 )2 AT T pae = Tgap)(— 0 )T
s3—1
S s3+ 1 53 k ‘
3R AT J / 3k 77
Xk;)< ks )(k%-Irl)( J £, (702 (77)
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and

E -
W ont [JO’AE, Joraes Jones Janes e, JM’E] =

_Nz_llogDet <1+%; z<i><k+2)(— Y AT T pae + T gae)(— 8 )"“)
N - log Det 1+%§<Ii><kiz>( T AT U gar — Tgpae)(= 8 !
k=0
N e 1 %ZIC;)(I(—T—l)( T =T ) A g + ) (- »")
k=0
Nk::)<z)<k 1)( DT A g - O;Aw(—_a’z)")

—1

N2 -1 1 132 /s —
— —— logDet 1+—(1+ (k><k+2)( 0 AT U pae = Jgae) (=3 )M

s1—1
s1+1 51 1 T Nsi—k A—1 =k
—D% — 0 )R A Je(— 0 1
xz< . ) k1+1)( P =T 70
k1=0
—1

52 1
= -kl \ A-l -
: N = <k2) (kz + 1)(_ I )?TET(=0) A Gopr+J5pp)(=02) 2

s3—1
; 53\ [s3+1 ol kel = - I
) Z <k3> <k3 +2>(_1)Y3 (3 )%™ (=N ‘]M/ESS (-9 )k

k3=0

N1 1 152275\ ( s - - -
_ 7 logDet I+ m (1 + N Z (k) <k i 2)(_ d z)s—k—l A_I(JO;AE + Jé;AE)(_ d z)k+1)

k=0

S1 - _ 1= -
( 1)(—am “aTlypr (-3 N

P ki +
sp—1 -1
x(1-+ ” (=502 =T DA Ugne NICEPE
N ko k2 + 1 o
ko=0
g 53+ 1 53 — — —
— )R AT (= )8 |, 78
. Z( . )(k3+1)( DRI ET ) 8T e T 78)
k3=0
with 7.3 Analytic continuation of I"copnf

3

A =8,,0,0, =] + ) 0}
i=1

(79) The Euclidean conformal generating functional is obtained
by performing the analytic continuation of Egs. (61) and (62)

(80)
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Ff:mf [jOAE, JOAEs JOMEs JgiEs JmeE jME]
N —1 1 1 -
=— 2 logDetI:H-i-@EAjOAE+@EAj(§AE]—

1
log Det [I[ + D5 jorr — @Ei‘jmg]

+ N e et []1 D5 jorr — Qg;jw] LNt log Det [11 — D jore + @gijw]

+ logDet []I + ( E)Ljo)LE — @Eij(;w)_l QE}V]]TM (]I + _@E}L‘jOAE + @Ekj@u)_ .@bf}l;[]ﬂ]

+ N e et []1+ ( D5 jore + @E“Ow)*1 D7\ (11+ Dy hione — @ELJ@AE)A 9‘}4"1‘4] 81)
and

Fg)nf[jOAE7jéAE’jOKEajOAE7]TME7jME]
NZ—1 . . 2
= — 2 logDet[H—i-@EA]OAE+9EA]5AE]—

1
log Det [T+ 7 4 jore = T higae ]
2

N 1
+ logDet I-— E)JO“" —Qgij(;w]+ log Det [H—@EUOAE'F@E%J'ONAE]

—1 -1 -
L og Det [0+ (1+ Z5hjore + T hione) T i (1= Zibiors = Diligne)  Zykin]
—1 _
! og Det [0+ (1+ Z5hjorr = Tihione)  Z5in (1= Zibiows + T5hige)  Zihials  (82)
with the kernels:

— gluon-gluon kernel

@_1 _ lr(3)r(sl+3) S1 52 351 k1+k2A 1
EAT2rB)(s1+ D) \ki ) \ka +2

1 1 (3)] (S1 +3) S1 §2 1
1 s1—k1+k
— 9 X — A —— P L L — 83

EAs'kl’szkz( Y) 8m2 1 S)Tr(s1+ 1D <k1><k2 +2) < (x — y)2 (83)

— gluino-gluino kernel

B 1s;i+1 /s Ky _
@ 1 — 8&‘1 —k1+ky— 18 A
) (k1)<k2 + 1)

1 s1+1/s s 1
-1 _ 1 1 2 —ki+ky—1
7 e = T (m)(mu)” Br—E (84

— gluon-gluino kernels

_ i(s1+1 52+ 1 ki 4k 1
Doy == —d )Rtk A
EM 2<k1+2)< ko >( ) ‘

i [(s1+1\[/so+1 ki4k 1
- ‘@EMSNQ Szkz(x Y= _m<k1 + 2>< ko )(_aZ)SI " zazm ®5)
- (s 52 —ki+k 1
9 1_ — ) S1—K1 2 AT
EM 2<k1>(k2+1>( )
-1 — V) = l_ 51 52 _ g \s1—ki+k2 1
— @EMslkl Szkz( y) = 82 (k1> (kz 4 1>( ;) = y)z. (86)
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8 RG-improvement of the Euclidean correlators
8.1 Operator mixing
We briefly summarize the construction of the RG-improved

asymptotic generating functional following [1,4]. The renor-
malized Euclidean correlators

(O, (x1) - Ok, (o)) = G (1t 1 g()) (87)

1

satisfy the Callan-Symanzik equation

Xn:x sl Zn:D G\
* oxg dg O Ky .k
a=1 a=1
+ 3 (e @GS, 4,
a
+ Vhaa (G 4+ Va @G ) =0, (89)

with solution

G',(::?“kn AX1, ooy Axps 1, g(1))
- Z Ziji ) -+ Ziy j () 27 2i=1P0
J1ewdn
I
L ins(®).

where D, is the canonical dimension of &;(x) and y (g) =
v08% + - - - the matrix of the anomalous dimensions, with

9 y@

— 42700 =0 90
(3g+ﬂ(g)> » ©0
in matrix notation, and

g /
2y,
ZA) =P —=d . 91

() ew(/gw) 5(g) g) o1

Equation (89) greatly simplifies if a renormalization scheme
exists where Z (1) is diagonalizable to all orders of perturba-
tion theory, and specifically one-loop exact, with eigenvalues
Zg, (1) [4]

00 ;
g(u)) Po
g(5) ’

Z5,0) = ( 92)

where yp, are the eigenvalues of yy. Indeed, in the above
scheme Eq. (89) contains only one term
(m)
Gj1~~~jn (Axy, ..
=25, (V- Zg, (W) 27 i1 Do,

* )"xn; /1" g(M))

@ Springer

(n) . H

XGj1...jn (xl,...,xn,u,g(k)>. (93)
Then, as . — 0, in any renormalization scheme, the renor-
malized correlator in the right-hand side above admits the
perturbative asymptotic expansion in terms of the renormal-
ized coupling g(%) at the scale &

(n) . ﬁ))
Gjl-»-jn <x17"'7xl’l!“’g<)\‘

,0 123 2
~ g o) + 8 (5) 90D e

+¢* (5) 9 @i (94)

Of course, the first term in the above expansion, being inde-
pendent of the coupling, is the conformal contribution at zero
coupling

,0 .
G0 (k1w ) = G

s Xn) 95)
since the renormalized operators at zero coupling coincide
with the conformal ones.

The higher-order corrections in Eq. (94) arise from the
nonconformal interaction due to the nonvanishing beta func-
tion, so that the conformal contribution is corrected at higher
orders in the renormalized coupling as displayed, the renor-
malized operators being nonconformal at higher orders in
any renormalization scheme.

Yet, provided that the conformal contribution is nonva-
nishing, for fixed x1, ..., x,, all the higher-order terms in
Eq. (94) are suppressed with respect to the conformal one by
powers of

u?
() ! p oG )
)Y ——————5 2 . 2
A 24 23
Polog(srr—) By log(7757—)
1 . p1 loglog(5) 06)
Polog(5) By log(:)

— i.e., asymptotically by inverse powers of log A — despite
being in general nonconformal.

Hence, the corresponding UV asymptotics in Eq. (93),
with fixed xq, ..., x,, readsas A — 0

(O, (Ax1) - - O, (Axp))

20,020,
- )\,D”l +-+Dg, Gconfjl,,,jn (X150 05 Xn) 97

that is the RG-improved asymptotic correlator in the afore-
mentioned renormalization scheme.

We refer to the above scheme as nonresonant diagonal [4],
according to the Poincaré—Dulac theorem that is involved in
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the following differential-geometric interpretation of opera-
tor mixing [4]. We interpret a finite change of basis of the
renormalized operators

0'(x) = S(8)0(x) (98)

in matrix notation as a real-analytic invertible gauge trans-
formation S(g) that depends on g. Then, the matrix

v _ L/w
Alg) = -2 = — (=4 99)
Bl g (/30 )
that enters the differential equation for Z (1)
0
(5 - 4@)z0 =0 (100)
8
defines a connection A(g)
1 % 2n
A@ =~ A0+ Aug™), (101)
8 n=1
with a regular singularity at g = 0 that transforms as
/ -1 9S(8) -1
A(g) = S(9)A(R)S (g) + ?S (&) (102)
under the gauge transformation S(g), with
0
7 =——A@) (103)
dg

the corresponding covariant derivative. Consequently, Z ()
is a Wilson line that transforms as

ANES S(g(M))Z()»)S_l(g(%))- (104)

fori < j and k a positive integer —i.e., they are nonresonant
— then a gauge transformation exists that sets A(g) in the
canonical nonresonant form [4]

A =21

106
Bo g (106)

that is one-loop exact to all orders of perturbation theory.
Hence, if in addition g—g is diagonalizable, Eq. (92) follows.

8.2 Nonresonant diagonal renormalization scheme

To make the present paper self-contained we provide the con-
struction order by order in perturbation theory of the nonres-
onant diagonal scheme [4].

The construction proceeds by inductionon k = 1,2, ...
by demonstrating that, once Ao and the first k — 1 matrix
coefficients Ay, ..., Apk—1) in Eq. (101) have been set in
the canonical nonresonant form in Eq. (106) —i.e., Ag diag-
onal and A», ..., Ay—1) = 0 — areal-analytic gauge trans-
formation exists that leaves them invariant and sets the k-th
coefficient Ay to 0 as well.

The 0 step of the induction consists in putting A in diag-
onal form — with the eigenvalues in nonincreasing order — by
a constant gauge transformation.

At the kth step we choose the gauge transformation

Se(g) = 1+ g* Hy. (107)
with Hp; a matrix to be found below. Its inverse reads
S @) =+ g*Hp) ' =1—g*Hy +---, (108

where the dots represent terms of order higher than g*. The
action of Si(g) on the connection A(g) furnishes

A'(9) = 2kg™ T Hy (1 — g% Hoy) ™' + (1 4 g Ha) A() (1 — g Hap) ™!

1 o
= 2kg™ ' Hy (1 — g Hy) ™' + (1 + gzksz)g <Ao +y Azngzn) (1 — g™ Hy)™!

n=1

_ 1 -
= 2kg™ ' Hy(1— ) + (1 + gzkszg (Ao + ZAzngz") (1— & Hy +--)

n=1

k

- 1 -
= 2kg** " Hy + 2 (Ao + ZAzngZ") + % (Hu Ao — AoHap) + -

n=1

= g? 7k Hop + Ha Ao — AoHar) + Az—1)(g) + & "Ag + -+,

(109)

It follows from the Poincaré—Dulac theorem [4] that, if any
two eigenvalues A1, A2, . .. of the matrix X in nonincreasing
order A > Ay > ---, donot differ by a positive even integer

hi—hj—2k#£0 (105)

where we have skipped all the terms that contribute to an
order higher than g?*~!, with

(110)

k—1
1
Axk-1)(8) = 2 (Ao + A2ng2")

n=1
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that is the part of A(g) that is not affected by the gauge
transformation S (g), and therefore verifies the hypotheses
of the induction —i.e., that Ay, ..., Ap—1) vanish.

Thus, by Eq. (109) the kth matrix coefficient Ap; may
be eliminated from the expansion of A’(g) to order g2~!
provided that an H»y exists such that

Aok + Rk Hyy + HopAg — Ao Hak)

= Ay + 2k — ada,)Hoy = 0, (111)
with ady,Y = [Ag, Y]. If the inverse of ads, — 2k exists,
the unique solution for Hyy is

Ho = (ada, — 2k) "' Ay (112)

Hence, to complete the induction, we should demonstrate
that, if the eigenvalues of A are nonresonant, ada, — 2k is
invertible, i.e., its kernel is trivial.

Now adp —2k, as alinear operator that acts on matrices, is
diagonal, with eigenvalues A; — A ; — 2k and the matrices E;;,
whose only nonvanishing entries are (E;;);;, as eigenvectors.
The eigenvectors E;;, normalized so that (E;;);; = 1, form
an orthonormal basis for the matrices. Therefore, E;; belongs
to the kernel of ady — 2k if and only if ; — A; — 2k = 0.
Consequently, since A; — A; — 2k # 0 for every i, j by
assumption, the kernel of ad — 2k only contains 0, and the
construction is complete.

8.3 Anomalous dimensions of twist-2 operators in .4~ = 1
SUSY YM theory

The eigenvalues of yg for 5 = S§l), SS(Z), Ss(l), Ss(z), M, M,
read [16]

1/, 3
o, =7 2(7/@ - 5) (113)
with
y Y(s+2)+ (s — 1) —2¢(D) 2

= S S — —_ -_—_—
Yos 6+ DsGs — 1)
7 o = s £ 3) + p(s) — 20 (1) + — )
Yos@ =V s (s +2)(s + s

(114)
and [16,17]
Yoso = Vo5
YoM, = V5@ (115)
Besides [16],
1 1

%o} = 735 = a3 (116)

@ Springer

We have verified that the first 10* eigenvalues of g—g are non-
resonant, with Sy = ﬁ. Moreover, the proof of the non-
resonant condition [20] in the pure YM case applies with
minor modifications to the balanced twist-2 operators in the

present paper.

8.4 Conformal generating functional of correlators of
supermultiplet operators

By noticing that
Ss(l) EJSQI)/ e+ Ss(z) EJS(2)/ E

, J(l)/E J(2)’E
— 60 AE Sy Ss
s (s—l + s+2

+ O;AE <_JS(1)’E + ]S(2)’E> (117)
and
Ss(l)/Efg(l)’E I gs(z)/EJg(Z)’E
- Jare  Jiore
— _60AE Ss + Ss
$ ( s—1 s+2
+ O;AE <_J§(l)’E + Jg(z)’5> , (118)
we get
Joave  Joore
s, s
Joir =62 4+ 55
oAF < s—1 + s+2
Jsare  Jzore
J = = -6 —=—— 4+ = 119
OSAE §— 1 s + 2 ( )
and
JOé)LE = — S(,]),E +JS(2)/E
JO~;)LE = _Jg(l),E + JS(Z)/E~ (120)

Substituting the above formulas into Eqgs. (77) and (78), we
obtain the generating functional of Euclidean conformal cor-
relators of supermultiplet operators.

We display some important special cases, the complete
expression being reported in Appendix H.

For bosonic operators
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%onf[o Js(l)/E,O 0,0,0, O]

) 1 s—2 s I JS(I) E _) el
k

=0
1 A ! K N
+ (N2 — 1) log Det (I + — (k) (k N 1>( Bt —k— 1(_ 3. A_IJS§'>’E(_ 3 z)k> a2
k
and
Wconf [07 0’ 07 Js(Z)’E s 01 07 O]

= —(N?>=1)logDet | I + léH s s 9 S*“‘A*‘JS(M S las
— — t — — 8 (—
( ) log e( N4 <k)<k+2>( 2 s+2( 2 )

=0
s—1
+<1\12—1>logDe>t(1—1 (“‘)( . )(—?as—k—l(—?z)A—‘Jskgzy,s(—?ak). (122)

For fermionic operators

yﬂconf [Ov 07 0, 0, Oa -]_M’E, JM’E]

s1—1
s1+1 — — —
— +(N? — 1) log Det <1 + Z < )( ' )(— TN ) AT e (- R

ki +2
s s3+ 1 53 — —
—d ) kATl (=3 )k ). 123
xkzo( . ><k3+1)( ) w7 (123)
-

9 RG-improved generating functionals
0O W

In ’t Hooft large- N expansion the generating functional of the Euclidean n-point correlators decomposes into its planar V/S;:h ere
and leading-order nonplanar #;£ . contributions [1,5,6]. The UV asymptotics as A — 0 of #.E . and #L  follows from
the RG-improved correlators in Eq. (97) and from the conformal generating functionals in Eqgs. (121), (122) and (123), with

here torus

asym[Jﬁ/E Al = asym sphcre[‘lﬁ’E Al+ Wasym torus[Jo7E Al (124)
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and
E 2.4/ FE
Vﬂasym sphere[Jﬁ’/E’ Al=-—-N yﬂasym torusl S > A1 (125)

For bosonic operators

WE 0, Jgay£.0,0,0,0,0,1] =

asym
1 22 s — A1 Joare
2 —k—1 Ss k+1
— (N? — 1) log Det <1 + Né,;) (k) (k +2)(— 0 S Zsar e (-8 ) )
5 152 /s s — S,k,l(—_a)z)ﬁfl = Nk
+ (N* —1)logDet ( I + N};} iy (=92 a2z Zsre M gare(= 92 (126)
and
Wb [0.0.0, Jgay £, 0,0,0,1] =
1 322 /s s — N Joe
2 —k—1 Ss k+1
— (N? = 1) log Det (1 + Nékzo (k) (k +2)(— 0" S Zser e () 5 (=92 )
5 ls_1 s N = X,kfl(__a)z)Ail =k
+(N? — 1) logDet ( I — N};) )T T T Zeer e W ey (= 91 ). (127)
For fermionic operators
. B}
%sym [0507070507 JM/E9 JM/E7)"]=
4 (N? = 1) log Det IJFLSIX_:1 S (S )Sl*k'*‘ﬂz g (— 3 k!
& N? = \ky ) \ki +2 ‘ As1+2 MR Im gt ¢
-
$2-1 sy 41 52 — AL —
ko=0
92T

We also provide a more compact formula for the asymptotic RG-improved generating functionals expressed as Fredholm
(super)determinants.
For bosonic operators

FaEsym [07 jS(l)’E7 07 03 Os Ov Os )"]

2 L (s 2 \osi—tike 27 ISt
= —(N°—1)logDet | 18;,5,6k,k, + N6 o —hith Zaye(W)

ki) \ka +2 As2+2 53— 1
1 /sy K} _ 0 AL
2 . s1—ki+ky—1 %2 , .
4+ (N — 1) log Det |:18S1S28k1k2 =+ N (kl) (kz + 1)311 1752 K52+2 ZS(]) E()\')JSEZI;CZE (129)

@ Springer



Eur. Phys. J. C (2025) 85:1161 Page 23 of 50 1161

and
dsym [0 0 0 ]S(z)/E,O 0 O )\.]
_ J@E
1 (s K Al N
— 2 1 2 —ky+k 52k
= —(N° —1)logDet | 185,5,0kk, + N6<k1><k2 +2)3;1 1 2)\S2+2 S E(k) 1
1 /s s 9, A1
2 _ B 2 si—ki+ka—1 %2 , ,
+ (N 1) IOg Det [1831525](1](2 N (kl) <k2 1 1)8Z )\'52"1‘2 S(z) E()\.)]Sfj)2 ] (130)
For fermionic operators
asym [O 0,0,0,0, JM/E,JM/E,A]
= +(N? — 1) log Det [laslszaklkz
1 /s1+1 sy +1 k+k8A s 52 —k+k A

that follow from the corresponding conformal objects (Sect. 7).

10 Conclusions

We are now ready to state the main results of the present paper.
Nonperturbatively, the generating functional of the glueball/gluinoball one-loop correlators reads (Sect. 3)

E
Y glieball/gluinoball 1-loop [/ Jw]

= llog sDet *2(=A +1M2) AR % ¥ *’3\1111
2 N*g */3‘111 *2(_A+M2)+N*3 D ;%3

1 1 1 1
= +§ log Det <*’2(—A + M%) + v ) @1*3) ~5 log Det (*2(—A + M%) + v @1*3>

-1

1 1 1 - 1 1
— zlogDet |:f -y (*2(—A + M?) + 3 CD]*3> e (*&(—A +M>) + v %5 QDJ*g) v %5 *’3\111:| ,

(132)
where we have employed the second line in Eq. (8). Setting Jy = 0, we get for bosonic operators up to an irrelevant constant
E 1 / 2\y—1 1 / /
Y glucbali/gluinoball 1-loop L@ 01 = ‘*‘5 log Det (f + G (A + M7)) N3 cI’J*3>
— %logDet <ﬂ + (k2(—A + MZ))*% *3 @,*3) ) (133)
Similarly, setting Jo = 0, we obtain for fermionic operators up to an irrelevant constant

1 -11 -11
Y ghuehallgluinoball 1-100p [0 Jw] = ) log Det [f - (*2(—A+M2)> N *3 %30 (*/2(—A+M2)) v *3 *’3‘I’J:| :

(134)
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The corresponding RG-improved objects that follow from
Egs. (129), (130), (131) and the identification in Eq. (70)
read for bosonic operators

. 1 S1 ) ki 4k A
Fiym torus [0, jS(1)/E, O, O, 0, O, 0, )\.] =+ log Det 1831Y28k1k2 + 6( > (k2 + 2) 8;1 e )\,S2+2 S(l) E()\') 1

1 (s 52
—logDet| Pusduie 0 Niy 1)

and

Fiym torus [0’ 0,0, jS(ZV £, 0,0,0, )‘] = +logDet | 185,5,0k,k, +

— log Det |:15s1s28k1k2 -

and for fermionic operators

E i .
l_‘asym torus [O’ 0,0,0,0, IMEs JpE> k]

— log Det [lsslszaklkz

S1+l s2+1 o1 —k kazA
—9.)%! 1+
+<k1+2)< ka >( ) At

1 s\( s2 gy A7 1
—ZyN)— JMYk<k)<k2+1>( ) “WH Zu(M)— ]Mszkzjl

Hence, the matching of the log Det structure of the above
nonperturbative and UV-asymptotic RG-improved generat-
ing functionals of correlators of balanced twist-2 operators

-1 J W' E

A2k2
ki
_ 10, AT
s1—k1+ka l;s2+2 (I)E()\)JS(U’ ]
Y2 2
(135)
_1 Jgore

1 S1 52 s1—k1+ka A s2ko
6Q)Qﬁ4%z o ser e W T
s1—ky+ka—1 9z ATt

1 /s 52 5
N\ki/\ky+1)* As2t2

Zsoye(W)] SOE }
spko

(136)

(137)

They are are UV asymptotic as A — 0 to the above corre-
sponding nonperturbative objects according to the AF, where
in the following, to keep the notation simple, the rescaling
of the coordinates by the factor of X in the nonperturbative
generating functional is understood: Respectively,

E : )
I asym torus [ 0,....jg0E, 0,...5 )»]

~ W grueballigluinoball 1-100p [/ 0] (138)
and
Ffiym torus [O’ 0, 0, 0, Os JTME, jME, )»]

E

~ W glueball/gluinoball 1-loop [0 Jw]- (139)

for a suitable choice of the glueball, ®® ; = 1,2, and

gluinoball, W, interpolating fields (Sect. 3).

Remarkably, the aforementioned structure of the loga-
rithm of a functional (super)determinant nicely intertwines
with the topology of leading nonplanar diagrams in the large-
N expansion of the SU(N) theory as opposed to the U(N)
one [5,6], including the resolution of the issue about the spin-
statistics theorem in the .4#” = 1 SUSY YM theory [21] that
is analog to the pure YM theory [5,6].

@ Springer

in the large- N expansion to the leading-nonplanar order sets
strong qualitative and quantitative UV constraints on the yet-
to-come nonperturbative solution of large-N .4~ = 1 SUSY
YM theory and it may be an essential guide for the search of
such a solution.
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Appendix A: Notation and Wick rotation

We follow the conventions in [22]. We choose the mostly
minus Minkowskian metric

(guv) = diag(l, —1, =1, 1) (A.1)
and define the light-cone coordinates
4 20+ 53 (A2)
X = = Xz. .
V2 i

The corresponding Minkowskian (squared) distance is

x> =2xTx™ — 71, (A.3)
with

2 =hHr+ ()2 (A.4)
We denote the derivative with respect to x* by

oy = Py 0+ = FY Oy_ (A.5)
and define the light-like vectors n** and n*

nynt* =nat =0 nuat =1 (A.6)

that respectively read (n#) = \/LE(I’ 0,0,1) and (n*) =
\%(1, 0, 0, —1). Correspondingly, the Minkowskian metric

decomposes into transverse and longitudinal components
with respect to the light-like vectors

8uv = &ipy + ity + Myt (A7)
The Euclidean metric reads

(8yv) = diag(1,1,1,1) (A.8)
with Euclidean (squared) distance

X2 =2x%% + xi (A.9)
where

R LA TE - N (A.10)

V2o 2

and

xi= x4;§ix3 . ;Em = x,. (A11)
We define the Wick rotation by

0 =xp > —ix* = —ix (A.12)
and

po=p’ = ips=ip". (A.13)

Equation (A.12) ensures thatexp(i Sys) — exp(—Sg), where
Sy and Sg are respectively the Minkowskian and Euclidean
actions, with Sg positive definite. By defining p - x =
puxt and (px) = p,x* respectively in Minkowskian and
Euclidean space-time, Eq. (A.13) ensures that by the Wick
rotation p - x — (px), so that the pairings p - x and (px)
are actually independent of the Minkowskian and Euclidean
metric. Therefore, by a slight abuse of notation, we also
write p - x in Euclidean space-time, instead of (px). Besides,
Ix|? > —x%and |p|* > —p%. Asa consequence, the Wick
rotation of the scalar propagator of mass m in Minkowskian
space-time

I
_ A.14
m? +ie ( )

_ d4p ip-(x—y)
(p)p() = [ We T

reads in Euclidean space-time

d4p ) i2
E E _ ip-(x=y) _
(97 ()™ () / @) € —p—m?
4
_ / °p_ip—y 1
Qm)4 p*+m?

as it should be. The Wick rotation of the light-cone coordi-
nates

(A.15)

xt=x_ — —ix® = —ixz (A.16)
and
X" =xp —> —ix? = —ix; (A17)

implies the Wick rotation of the derivative with respect to x™

ap = 00, =i— (A.18)

axz’
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Appendix B: Jacobi and Gegenbauer polynomials
We work out some formulas for the Jacobi and Gegenbauer

polynomials employed in the present paper. For x real the
Jacobi polynomials Pl(a’ﬁ ) (x) admit the representation [23]

P[(“sﬁ) (x)

_ ! I4+a\[(1+B\ (x—1\\/x+1\*
2 ) (5

) (B.19)

with «, B real and / a natural number. Besides, they satisfy
the symmetry property
PP (—x) = (=1)'PP (). (B.20)

The Gegenbauer polynomials Cl‘)‘/ (x) are a special case of
the Jacobi polynomials

' + 20T + %) @-1a'—1)

' (x) = 27, (B2I
e rEa)rd+ao +15) " (0. (B2D
with the symmetry property
¢ (—x) = (=D (. (B.22)
We set
b—a
= , B.23
=10 (B.23)
so that
x— I\ x+1\F lkal’kbk
=(-D" . B.24
(2><2> VT (524
Equation (B.19) becomes
! I—kpk
@B) I+a\(l+p 1 a7k
P = —1 .
e g( k )(k+ﬁ Ve Ty
(B.25)

Moreover, putting [ = J — o’ + % in Eq. (B.21) and o =
B=a — % in Eq. (B.19), we obtain

P'(J+%+a)0(@ + %)
F'2a)HI'(J + 1)
J—a'+}

< D

= (D <k+aj/ - %)

c’ )=
J—a'+5
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J—o+5—kpk

x (-l ~ 2 (gog)
(a +b)]—a’+§

.. . 5
Specializing the above equationto J = s and &’ = 3, we get

; (s +3)TA3)
S CIFE)
: Zz @ <k N 2) (_l)w%' B:27
Moreover, for J = s and &’ = 3, we obtain
o= L
x g} <;> <k i 1)(—1)S—’<—l %. (B.28)

We restrict «, B to the natural numbers and, correspondingly,
o' to the positive half-integers and J to the natural numbers.
By employing the identity

I+a\[/l+8
(%))
S a1y (145 )

BT RV IAN Y (B.29)

it follows from Eq. (B.25) that

A+ Pl +a)!
(I +a+Pp)!

l I—kk
N(l+B+ta —x a' D
XZ(}«)( K+ >(_” @by

k=0

P[(a’ﬁ) ()C) —

(B.30)

Correspondingly, Eq. (B.21) reads
, Ol +2a) (' + 3
o (i = D20 )
o' +a' + 5)

I+o =D +a' =)
(1 + 22’ = 1)!

l

I\ (1+2 -1 I=kpk
() e
o W \kta' =5 (a+b)

that reduces to

(B.31)

CF ()

_F(a’+%)F(l+a/+%)il [+2d —1
- reard+h = \k) ke -3
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X (—1yk b (B.32)
(a+ b)! '

Appendix C: Conformal properties of the standard basis

The gauge-invariant collinear twist-2 operators in the light-
cone gauge that enter the balanced superfields read in the
standard basis [2,16,17]

— <«
A 1 Ta T S s d4+— 04 a
Os =§8+A (13++z8+) CS—Z — = 8+A
oy + 0 4
— <«
A s—2 g a+_a+ a
OY ——3+A (18++18+) CS—Z — P 8+A
o+ + 0 4+
A a T sl % 5)*‘_(8_4‘ a
O =30+ +i0 el | =—=F)x
o+ + 0 4
— <~
d+— 0
Ol =29 ++i0y) 1cs2]<_j — e
9+ 04
F—
My == 08,A% 8 4 +i0 +)Y“P§E*1“< S R +>A“
I+ 04
F
M, = —A“(18++13 e ‘P(”)(_j (_+>8+A“,
0+ 0 4+
(C.33)

where Cl“/ (x) are Gegenbauer polynomials (Appendix B)
with the symmetry properties

C¥ (—x) = (=) (x). (C.34)

They are the restriction to the components with maximal-spin
projection s along the p direction of linear combinations of
twist-2 operators of the kind

- < -
o 7= = Tr F“ Dy, Dy, Fpyu — traces
A = —>
o} 7= = Tr F Dp2 - D, Fp)u — traces
- <— —
027=2 = Tt fyp Dpy--- Dp_yx — traces
0:7=2 = Tryg D, ---D _
s = Ir xvp Vs Dpy -+ Dp,_x — traces
M7=2 — TrF D B A—t
s = (or Doy )0 races
- 7 -«
Msy_z = TrioyD - DPZFpl) traces,

(C.35)

with all the possible combinations of right and left deriva-
tives [24,25], where the parentheses stand for symmetriza-

tion of all the indices in between and the subtraction of the
traces ensures that the contraction of any two indices van-
ishes.

Suitable linear combinations of the above twist-2 opera-
tors are conserved [24,25] to the leading order of perturba-
tion theory and automatically transform [24,25] as primary
operators with respect to the conformal group [26]. By pro-
jecting on the maximal-spin component along the p4 direc-
tion they restrict to

Al = = 23 G- 0 a
O =§f11(18++13+) Cio|l == f11
8++ aJr
~A s—2 % _8)+_(8_+ a
0, _—f11(18++13 )L == fii
8++ aJr
T-9
Ol = 0% d4++id4) 1C52—1<—>+ <—+>)‘a
3++ a+
— P
~ 3 dy— 0
S)‘:—)\a(13++13+)3 ICS2_1<_)+ (_+ Aa
3++ 3—}-
P
M, = —— f“(la++l3 ) 1P(211)<+—<—+>)‘a
+ 0+
— 1'a g T as—1 (1,2) +—(3_+ a
My == 5208+ +i 04" P Wf“
3++ 8+

(C.36)

that are primaries with respect to the collinear conformal
subgroup SL(2, R) [27] and reduce in the light-cone gauge
to the operators in Eq. (C.33) with fi; = —d, A. By allowing
operator mixing with derivatives of twist-2 operators of lower
spin they may be extended to primary conformal operators to
the next-to-leading order in the conformal renormalization
scheme [22] that differs from the MS scheme by a finite
renormalization.

Appendix D: Minkowskian conformal correlators

We derive from the generating functional in Egs. (52) and
(53) the n-point conformal correlators in several sectors.

Appendix D.1: 04 and O correlators

We get
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(05(x1) -+ 0L ()02 (xns1) -+ O (Xniam))

. 1) 1) 1) )

 8Jop(x) 6109<xn)3J6A1<xn+1) 8Jga (nsom)
n Sp+

n+2m

1 8 8 8 8
28Jpp(x1)  8Jpp (xn) 85 ](xn+1) SJOA (Xn+2m)
n Sn+

Sn+2m

conf[JOA, OA,O 0 0 O]

1 3 1 5
x |:10gDet (ﬂ + EiD_IJOSA @Y7, + EiD_lJQA ® %SZ_Z)
1.1 3L 3
+ log Det (ﬂ + EID JOXA Yz, — EID JO"SA ® %ﬁ_z)

that reproduces the known result [1,2]

(0f@xxp---0 (xn>os,l (ns) O (tngom))
+ +
1 —122,”2»,31 srm PG 1+3) TG (Sngam +3)
~ (n2ym 2"+2m TG +1) TG (Sutom + 1)

S ) )
o ki +2 kn+om ) \Kn+2m + 2

(_ 1)n+2m

- o) — ko) ko @)! - Somr2m) — koma2m) + ko (1))!
o €Pytom

So (1) —ko (1) ko 2) So (n+2m) —Ko (n+2m) ko (1)

(Xo(1) = Xo2)) 5 (X6 (nr2m) — Xo (1)) 4

(Ixo (1) — X (2)?)

2\Sa (1) —Ke (1) +ke2)+1 o 2\So (n+2m) —ko (n+2m)+ke 1) +1"’

(|xa(n+2m) - xa(1)| )

(D.37)

(D.38)

where P, is the set of permutations of {1, ..., n} and the —ie prescription in the propagators is understood.

Appendix D.2: O* and O* correlators

Similarly, from

8 1)
5.]05\1 (xl) (SJOA (xn)

(0} (x1) -+ O} (xp)) = Weont [0.0, J 2., 0,0, 0]

8
- 8Jop (x1) 8 ()

) B ) (=Dt
=(N“—1 —
( )Mml (x1)  8Jpn (xn) 121: [ 2 Z Z
s Sn = Sl

/
S]

3
logDet (7 + Eam—l.@ ®%2,)

3 3
x /d4y1 cedty 9 07 o — Y ® Jon (12) - 0+ 07 (o — YL ® Jor, 1)
2 *1

(D.39)
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we obtain

<0§1 (x1) -+ OF (xn))

[CREN _ L
-ny —— O "o = x0@)% 10,

2n o)

oeP,

%
-0 +(n)D (xg(n) - xa(l))@

Bl
]( x:(l)’ )

d .+
o ()~ Yo (1)

Employing the definition in Eq. (30), we get

(0} (x1) -+ O} (x))

N D kD) et D)
Y n 2 2

s1—1 sp—1
51 si—ki—1 Sn Sn Su—kn—1
szo(kl)<k1+1>( . Z(k)(k +1>( .

kn=0

So ko 1= ks
X Z a + |:| (.xU'(l) —xg(z)) 3 (2) @= 0 <2)
0(2)

2
oebP, ”( )

Su(l) ko(1)—1 _>ka(l)

0

.- 8x+ 0! (.xo'(n) xO'(l)) J
o(n) rr(l) rr(l)

It follows from Eq. (60)

(0} (xn S OF (xn))
2oL DT D et D)
n (47r2)" n 2 2
1

s1—1 Sp—
S1 si—ki—1 . Sn sn—kn—1
ng()(kl)(kwl)( ot 3 () () e

kn:0
1 <550 —koy—1 = ko2
XY B g TP
o) [Xg(1) — Xo@)|®  Fo *o)
1 <—So(1>*ka(1)*1_a>ka<1)
X Oyt i3 0 e
o0 [ X5 () — Xo (1) a() o)

We now employ [2]

ahl_ab 1

04,07, ——— =09%.0
T =y T T 20—y — ) — (= )
a+b

(x =Y

= (—l)a((l + b)' 2a+b(|x|m,

+
X5 2)

(D.40)

(D.41)

(D.42)

(D.43)

@ Springer



1161  Page 30 of 50 Eur. Phys. J. C

(2025) 85:1161

so that

(0} (x1) -+ OF (x))
_NZ—1 (=)" (=D (S s G1+1D a1

21 @r2)n g 2 2

s1—1 sp—1
51 S1 s1—k1—1 Sn Sn Sn—kn—1
< () ) e

k1=0 kn=0

802 ~ko @) ko (1)
(Xo(1) = Xg2) 4 77T

% — D)W (50 02) — ko (2) + ko (1))1257@ ko ko)
Z( 0@ 7 fe@ T Ra() (IXe (1) — X (2) 2@ ke Fhay 1

(x o — X (1))55(1>*ka(1)+ka(n)

ko (my+1 S (1) —kor (1)K an o))+

X oo (= DR F (50— ko 1y + kg y)1257 O ke TR .
M M @) (Xo(n) = Xo(1)|2)Se® ko Hhom+1

oeP,

Relabeling the permutations, o (n) — ¢(2), 0 (n — 1) — o(3) and so on, while keeping o (1) fixed, we obtain

(0} (x1) -+ OF (x))
NZ—1 (=" (=Dt} (S s (s1+1) (s, + 1)

21 @r2)n g 2 2

si—1 Sp—1
51 S1 s1—k1—1 Sn Sn Sn—kn—1
(e )

k1=0 kn=0

8o (m) ~ko (n) ko (1)
(Xg(1) = Xom) 4~ T

X Y (=D (5o ) — ko) + ko 1)) 1270 Rom o
Z (X0 (1) = Xo (ny|2) o koo Fhaa) T

o€eP,
So(1) ko (1) Tko (2)
Xo2) —Xe))y T °

o (=ke 1 —k k 1250 (1) —ko (1) Fko (2)
X ( ) (SO'(]) o (1) + 0'(2)) (|xa(2) _ xa(l)|2)S0(1)—kg(1)+k5(2)+1

that simplifies to

(0} (x1) -+ OF (x))
_Nz_l 1 iZlnzlslzZlnzlsl (Sl+1) (Sn+1)
2

T (4nyn 2
s1—1 51 51 sp—1 s s
n n
x 2 (h)(kl +1>”' 2 (k><k+1)
k1=0 k=0

1
x Z o) — ko) k@)l Som) — ko) + ko1))!

oebP,
So (1) ~ko (1) ko (2) So () ko () Fko (1)
Xo() = Xe2)y 7 Koy = Xo) L T
— - __ .
(IXo (1) — X (@) [2)e O Fe et (|x; 1y — (1) [2)So0 Ko Thom+

(D.44)

(D.45)

(D.46)
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The 2-point correlators follow
(0} (x1) O, (x2))
N1 e G D24 D)
4 (472)? 4
s1—1 sp—1 5
x D27 R (g — &y + k)52 — ko + k1)
2:0](2:0( )(k1+1)<k2)(k2+1>( ) (s1 — ki +k2)!(s2 — ko + k1)
(x] — xp)3 2
(Jx] — xp[2)s1+52+2 (D.47)
that can be rewritten as
(0}, (x1) 0}, (x2))
_ _N —1 1 l-Sl-i-szzsl-i-Sz (s1+ D@2+ 1)
4 (4m2)? 4
s1—1 sp—1 5 5
—lithat — ki — ko — Dk + k1 + 1!
XZOkZ( )(k1+1><k2><k2+1>( ) (s1+s52—ki —ky = Dl(ka + k1 + 1)
2
(x] — xp)§ 2
* at — P2 (D49
by substituting
ké =50 —ky—1 (D.49)
into Eq. (D.47) and dropping the primed index. By employing (Appendix F.1)
s1—1 sp—1 5 5 1
k1+ko
e o a( [ e T
51 +1 —0k>=0 kit 1\ /e +1 (et 1)
the 2-point correlators become
N2—1 1 . sii+ 1D (1 —x)f)
—1)%122s1 !
(05, () 03, (42)) = 8y = oy (S22 Qo)== = e (D.51)
Similarly, we obtain the correlators of O* and O* from their definition
(0L (x1) -+ O} () OF, (xni1) -+ OF . (Xniam))
1) ) 1) 1)
= o o Weont [0, 0, Jo1, 52, 0, 0]
3]031 (x1) 3]03;1 (xn) 5‘]0~§‘ N (Xn+1) 5-]55)\ " (Xn4+2m)
1 1) 1) 1) 1)
) 5‘]0?1 (x1) SJOan (xn) 8]0”% » (Xn+1) 8‘]5‘3 o (Xn+2m)
[P SR P 5
log Det (ﬂ + 5007 @2 + 20,075, @ %,1)
1 _1 3 1 _1 2
+ log Det (ﬂ + 5007 g @ % - 2007y ® sti]) (D.52)

2
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that yields

(0L (x1) -+ OF () OF | (Xns1) -+ OF . (Xntam))

Sn+2m

_ N2 -1 1 D San szZZ}'if’” 51 (s1+1) o (Sn+2m + 1)

- on+2m (4n2)n+2ml 2 ’ 2
s1—1 51 51 Snt2m—1 Sns2m Sms2m
) k12=:0 (kl) (kl + 1) o kn§=0 <kn+2m) (knJer + 1)
X ! Z o) — ko) T ke@)!+ Som+am) — ko (+am) + ko (1))!
n+2m 0€Pyiom

So (1) —ko (1) Fk, S, —k —+k
(.xa'(l) _ xU(z)):(l) o(l) o(2) (-xg(n+2m) _ xU(l))j(rH—Zm) o (n+2m) o (1)

(X (1) = Xo @)oo HRo@ T (1 (1 gy — X (1) [2)Po2m —Fomsam Fhom+1”

(D.53)
Appendix D.3: M and M correlators

The correlators of gluon-gluino operators involve the same number of M; and My, otherwise they vanish, as follows from the
generating functional. Therefore, the nonvanishing correlators read

(M, (1) My (y1) M, (x2) My (v2) - - - M, (x) My ()

8 5 5 8
8w, () 811, D) 8, i) \ 8757, ()

%Ol’lf [07 07 JMv J_M]

s 5 5 5
(SJ_MXI (x1) 8J5z, (1) 8Jm,, (xn) 8Jiz, (yn)
1 n

s1—1 sp—1

1 1 -
§|:10gDet (ﬂ—l— Zi8+iD_1JMS1 ®g(1’2)(_1)S1—1iD—1JMM ®g(2,1)(_1)x2—1)

.. . (1.2) . -1 7 @1
+1ogDet(ﬂ+Zza+zD Ty, ®9 0 Ty, ®9 )

s3—1
(D.54)
The two determinants above are equal (Appendix I)
1 - , ,
log Det (.7 + 210407y, @G ()"l @ sIC iy
1 -
= logDet (7 + io,i0 Uy, @40y, @47). (D.55)
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so that

(M, (x1) My (1) M, (x2) My (32) - - - M, () My ()

1) ) 1)
8w o\ 8, 00 | 8T, () SJM/(yn

)
@ mm) ()
|

Wconf 0,0, JMa JM]

" odw, 00 \ 8, 00 ) 8T, () 3JM,(yn
sp—1

1
log Det (] + Zi8+iD_1JA;,‘ g(l z)tD Iu, ® 9>

8 8 8
8w, o\ 8, 00 | 8T, () 8JMS,<yn>

(- 1)l+1 1

(N2_1)Z l 22’fd4u1 d4u1d4v1---d4v12~~22---z
51 ST s 5]

=1
. .——1 (1 2) 5 _
Xlaul+l|:| (uq —vl)g (8U1+, 3U1+)®JM_/ (v1)
N 1
, 0

x i07 () — upy)@® 1)( p)

sp—1

) ® J_MS2 (u2)
« =

0,07 =) 2)( 0 s 3 ,0) @ Jjg, ()
i

x i07 (v —un@> ”(3 , 0 u1+)®fol (u1). (D.56)

s1—1

Performing the functional derivatives, we obtain

<Ms1 (xl)M5{ (yl)Msz (XZ)M ! ()’2) ce Msn (xn)Ms,’l ()

) ( 1)2n+l 1
=(N"—-1 Z Z " n ——sgn(o)sgn(p)
oeP, peP,
X i3x+| 0 (xg(l) — yp(l))g 71( }p(]) yp(])
0~ FIT ]
< i07 Ve — X0 )%, W) - oy ;(2))
0~ %( 9.7
00 o) — yp(n)) _1( SIS
%
x i07 (Yo — xo(l)) sa(l) 1( , 0 ":(1))’ (D.57)

where sgn(o) denotes the sign of the permutation . Substituting Eq.(60) in the above equation, we get

(M, (x1) My (yl)Msz (x2) My (y2) - - - My, (x) My (yn))

) ( 1)2n+1 1
(V=D 2 Y o en@)sente)
oeP, peP,
I 1 @
_— + ,0 4+ )— _ + ,0 +
Yo IXo (1) = Yoy |2 =1 7 Yo" T Yo yp1y — Xpy|2 O T e T Y
1 1,2 <— —> 1 2,1 —)
Koot 7 5 s( )1 i O e 2 S(a<1>) 1( ) (D.58)
a(n) |.xU'(n) — yp(n)| p(n) p(n) p(n) |)’p(n) — x0(1)| ﬂ(l)
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Employing Egs. (33) and (34)

(M, (xl)Ms{ (Y1) Ms, (X2)Ms/ (y2) -+ My, (xn) My (yn))

sh—1
i" s, + 1 ’_ ’ < S/ S/ + 1 ’ ’
— N2 _ 3171 1 | si=ki=1 . s, —1 n n —1 sy, —k,—1
( D ! Z( )(k’+2 b l ,;o 6 )\, +2) Y
gl 51+ 1 51 il e+ 1 s
X .s1—1 1 51 k]*] . | n n -1 Sp—kn—1
' Z(kl )(k1+1>( ) DY ko Ny +1)P
k1=0 kp=0
( 1)2n+1 1
x D D sen(@)sgn(p)
o€eP, pePy
3 1 es;(l)—k;(])—l—gk;“ﬁl 1 (_50<2)7ka(2)_8)k0(2)
x;(l) Ix — B ¥t vt | — 2 0+ T
o(l) — Yp(1) p(1) o 1Yp(1) — Xo(2)l o(2) o (2)
X o0t —1 <_v"(") Ko™ l_a>k"<">+1—1 Z%Sﬁl)fk”(l)_a)ki(” (D.59)
o0 |Xe () = Y2 Yo Yo Yoy — Xem? oy Lo (1)
and Eq. (D.43), we obtain
(M, (x) My (y1) Mg, (2) My (32) - - - M, (xa) M ()
1 n
| ) s\ s+ 1
— (N2 -1 si—1 1 1 si—ki—=1 51 n n 1 s —kl,—1
N =) Gt Z( ><k1+2>( ) m (g 42) Y
cs1—1 SIX_:I Sl+1 51 ( 1)51 —kj—1 .5 _lsni:l Sn+l Sn ( 1)s ko —1
X 1 RN A —1)™ "
ki ki +1 ky kn + 1
k1=0 kp=0
( 1)2n+1 1
x D D prsen(@)sgn(p)
oeP, pePy

—k’ +kg(1)
(xa(l) yp(l)) 0(1) p(1)

(xe (1) = Yoy |»)* )

_ ke FlpSom "Ry TRy (f g !
x (=D 2 oy = Kpay T ko)) Ko A

Sg(2)— kg(z)-‘rkp(l)-i-l
o) — Xe(2)) 4

2)s5(2)—k5(2)+k;(1)+2

« (—l)k;’(l)+1ZSU(Z)_k0(2)+k//’<1)+1(Sg(z) . ka(2) + k;)(l) + 1)
Uyp1) — X5 2|

L (Xo(n) — Yomn)) + Spm Koy o
x (= 1)ko+12%0m Ko Thow o) — Ky + kom)! o)~ el

—k ko)t
(IXom) — y,o(n)lz) o0 =Ko Hhow

So () =Ko (1) FK), (1
o) — X)) &

2)So<1>—ka<1>+k;<,.)+2

x (= Dfom w00 ke o (g ) g1y 4 Ky + D! (D.60)

Uyom) — Xo )l
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that simplifies to

(M, (xl)Ms{ (Y1) Ms, (X2)Ms§ (y2) -+ My, (xp) My (yn))
1

DX Sy S ey S+ S [yl ST 8]
I

2)2

(4mr2)n

= (N?*—1)

s —1

sp—1 , , Sp— , ,
s\ (s)+1 sp\ (s, +1
> (H)(ki +2) 2 (kf) (k; +2
K|=0

k=0

s1—1 sp—1
s1+1 S1 Sy + 1 Sn
XZ( ki >(k1+1)"'z< 3 )(k +1>
k1=0 kn=0 " "
(_1)2n+1

x ) ) —— ——sen(@)sgn(p)

oeP, pePy

st o=k 4k, )
Koty = Ypa) L 70T

x (s =Kk +k m)! 7 y
p(1) p(1) o (|x0(1) _ yp(l)|2)sp(1)7kp(l)+kg(1)+l
o) = xa(z))i:(z)_ka(zﬂrk;“ﬁr1

So(2) —kg(z) +k;)(1)+2

X (So2) — ko) + k;(l) + 1! 5
Yoy = Xe@1%)

X e
s’ n —k n +kg(n)
(xo(n) - yp(n)).(_)( o
(|xo(n) - )’p(n)|2)xp(")_

S,T(])—kg(])-l-k;(n)-i-l
o) — Xo (1)) 4

SD'(I)_kD'(l)+k/ﬂ(n)+2 ’

/!

X (p01) = Koy T Karm)!

Koy Fhom+1

X (So(1) — ko (1) + k;)(n) + 1!

(Iypm) — Xo(1)1?)
By substituting

Koty = So) =1 = ko) Koy = Spiy = 1= ki)

(D.61)

(D.62)
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we get

(M, (e1) My (y1) My, (x2) My (v2) - - - M, (xn) My, (3n))
= (N? - 1) ! DYEELD YTV R DV S/—”(_1)27=1 Si+21=1 8]

(47.[2)2n
sp—1 ’ ’ s5,—1 ’ /
si+1 s} s+ 1 Ry
x Z( K )(/«/Jrl)"'Z (nk’ K
k=0~ 1 ! k=0~ " "
s1—1 sp—1
s1\ (s1+1 Sn\ (s + 1
X)) Z)E)
k1=0 k=0
(_1)2n+1
x D ), ——sg(o)sg(p)
oeP, pePy n

’

So (1) —ko () Tk},
(Xo1) = Yo1)) 4
S0(1)7k0(1)+k;)(1)+1

X (So(1) = ko) + Kpp))! 2
(o) = yoml%)
T e

/ !
X (s —k 1+ ko) + D! ;
Gpay —kpy tho) + D TSR

(Yp(1) — Xo@)[2) PO~

X oo

’

S0 (n) =Ko () K, )

(xo(n) - yp(n))+
Z)Sa(ﬂ)_ka(ﬂ)—"_k;)(n)-‘rl

X (o) = ko) + Kpn)!
(lxo'(n) — yp(n)|
()’p(n) — x(,(]))iﬂn)_k;)(n)"'knu)—&-l

Tk
(Ypn) — Xo(1y|2)p®

X (S/ k,/o(n) + ko’(l) + 1)!

p(n) ;)(n)+ka(|)+2 :

The 2-point correlators read

(M, (x) My, ()

I o lositss s ot
= i(N? = D 2

si=1s2-1 S1 s1+1 sp+ 1 52
— ki +k)!(s2o —ky + Kk 1)!
X,qz_()kzz_()<k1)(k1+2)< o N -h e+

s1—k1+k so—ko+k1+1
=3 (=0

X (|x _ y|2)s17k1+k2+1 (|y _ x|2)s27k2+k|+2

(D.63)

(D.64)
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that become

(Ms, (x) My, (1))

1
— (N2 1 +52—1 ;51 +s
= <IN = D2

si—1 s5—1 St [/s1+1\/s2+1 52
— ki +k)!(s2 —ka + k1 + 1!
Xzz<k1)<k1+2>< ky )<k2+1>(51 1+ k)2 —ka + ki + 1)

k1=0 k=0

s1+s2+1
(x =)y

_ s1—kp+kq
S MO T

(D.65)

Finally, employing (Appendix F.2)

s1—1 sp—1
S1 st (s1+1\[(s2+1 §2 otk 1
Tonn s S s e D.66
o 5142 Z Z (kl)(k] +2>< ko ><k2 + 1>( ) (S1+S2+1) ( )

k1=0ky=0 s1—k1+kz
we obtain
2s1+1
- N ) 251 —1 81 (x—y)
(M, (X) M5, (y)) = 851550 (N" — 1) (47_[2)22 (=D 51+ 2(231 + 1)!W~ (D.67)

Appendix D.4: Vanishing correlators
By inspecting Egs. (52) and (53), the mixed conformal correlators of 04, 0 and O*, O vanish for n,m>1landl, k>1
(04 G1) - 04 i) O (31) -+ Oy (ym) Oy (21) -+ 03 (21) Oy (11) -+~ O (1)) = 0. (D.68)

They also vanish for /, k = 0 and m odd or n, m = 0 and k odd.

Appendix E: Euclidean conformal correlators

We work out a few examples of the Euclidean n-point correlators.
Appendix E.1: 04 F correlators

The OAF correlators read

(08E(x1) -+ OLE (x))

1 N?-— 122?:1”(_1)2?:1” 2651+ D(s14+2)  2(sp + D(sn +2)
C @r2n 2 4! 4!

s1—2 51 51 Sp—2 s s
n n
> (h)(kl +2)"' 2 (kn>(kn+2)
k1=0 k=0

1
x Z o) — ko) ko) Som) — ko) + ko1))!

oebP,

So(1) —ka(1) ko (2) So (n) ko () Tko (1)
Koy —Xo@)z T Fom) —Xoy) T

X —x 2o koo 1 ((x —x 2o (n) ko () Thkom+1°
o(l) o(2) o(n) o(l)

(E.69)
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Appendix E.2: O* £ correlators

The O*£ correlators read

(0}F (1) -+ OFF (xn))
2
Sl W SN YRR ST B G )
2n (4g2)n 2 2

: Zl ( )(/q - 1) kzzz) (isc> (knsi 1)

(_1 n ' ‘
X Z o) — ko) +hka@)! - Som) — ko) + ko(1))!

n
oebP,

So(1)~ka (1) ko (2) 8o (n) ko () Tko (1)

(Xo(1) — X0 2))2 (Xo(n) — X5 (1))

((xa(l) - xU(2))2)AU(1)_ka(l)+k0(2)+1 ce ((xa(n) _ xa(1))2)3001)_ka(n)+kcr(l)+1 '

Appendix E.3: ME and M¥ correlators
The 2n-point correlators of M and M read

(M (1) MG (yl)ME(xz)M%? (32) Mg o) M7 ()

= (N =1 92— sy S
(4 2)2n

! s+ 1 s g st +1 s
> ( ¥ )(k/il)'”z (nk/ )(k il)

ki=0 1 1 k;l:() n n
EEED-EE0E)

Py ki) \ki +2 Papar ko) \kn +2

( 1)2n+l

x Y ————sgn(o)sgn(p)

oeP, peP,

So () —ko (1)K},
(Xo (1) = Yo(1)z

)2)30(1)*ka(1>+k},(1>+1

X (Sa(l) - ko—'(l) + k,,O(l))'
(o) = Vo)
o) — xa(2))Zp(l>_k;(1>+ka(z)+l

((Vp(1) — Xo ()P

/ /
X (Sp) =Koy Fho@ + D Ko 2

X e

So (n) ka(n)+k
(xa(n) - yp(n))z

(o) = Yom)?)'

p(n)

/
X (So(n) = ko) + Kp))! Sa () ~ko () K,y +1
o(n o(n p(n

5! " —k’ " +k”(n)+l
(yp(n) _ xa(]))zp( ) Tp)
X (Sp<n) kp(n) + ko'(n) + 1! T
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(E.70)

(E.71)
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Appendix F: Normalization of 2-point correlators
We compute the normalization of the 2-point correlators by
a technique [28] involving the orthogonality of Gegenbauer

and Jacobi polynomias that makes manifest the vanishing of
correlators of operators with different spins.

Appendix F.1: 2-point correlators of gluino-gluino operators

The 2-point point correlators of gluino-gluino operators read

(05 ()05 ()
IN?2—1 3 3
T4 (4n2)? P10 0,71 Oy 8,2)
1 1 YI=y=y
X 0 +0 + (E72)

2 xy = yol? xp — yif? l=x=a

Initially, we restrict to (x — y); = 0, so that |x — y? =
2(x —y)+(x —y)_.For x_ > y_ we get

I'(k) _ /oo dr ke t@—n-
(x —nk 0

By the above equation we convert derivatives into multipli-
cations

(E.73)

8x1+ — —11, 8x2+ — -7
8y1+ — 17, 3y2+ — 1. (E74)
By the symmetry properties (Appendix B)
3
Y2 (—1,—12)
1. . i3 -1
= (=% 1 S1 1C2
(=D (n +in) e s
3
Y2 (12, 1)
1. . - )
= (-n"! 2-lcl , E75
(=27 (n +in) e\ 0T (E75)
we obtain
(05 () 05, ()
__lNz_l-S|+S2—2 _1)S1+s2
= Yk > (=D
4 (47°) 4(x — )%

o
y / dT1dTs (11 + 7)1 T2 g 1y e~ M+ =)
0

3
x C2

1 — 1 C% 1 — T
s1—1 T+ s2—1 40 :

(E.76)

Changing variables

1=t ©=1t(1—0a), ETT)
we get
(05, (0) 05, (»)
2
_ _lN — 1i51+52_2;(_1)51+32
4 (4m2)? 4x — )3
00 1
X / dt/ doa 912 g (1 — @)e TE Y-
0 0
3 3
X CS2|71(1 — Za)Cszzfl(l —2a). (F.78)
The t integral yields
/ B G - i B )
si+s2+2 7 :
0 (x—y_

The « integral

1 3 3
/ daa(l — oc)Cszl_l(l — 20:)CX22_1(1 —2a) (F.80)

0

can be written as

Vdu (1 —u? 3 3
/_1 > < ) ) Cy 1 )Cy_y(u) (F.81)

where u = 1 — 2«. The orthonormality property of Gegen-
bauer polynomials reads

1
f dz (1 — 2% 3C% ()C2, ()
-1

721722 (ny 4 2a)
ni!(n; + o)T'(@)?

(F.82)

= Ony,ny

so that for @ = % we obtain

U du (1 —uz) 3 3
| F5 el wedw

Lsi(sy+1)

= S F.83
24 26 + 1 (F83)

Collecting all the above factors

(0], ()0L ()

2
— _l N™— liS1+32*2(_1)S|+52
4 (4m?)2

1 [(sp+s2+2)
X ZSI(SI + 1)551,32T

1
T i (x — y)itet? 59
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and employing the identity

1 o5 (x _ y)s1+52
T FRC Iy R (R IO RS
(F.85)
yields the desired result
(O (X)O )
IN2—1
A1A24 (47[2)2 2&‘1 2( 1)2S122S1
251
HIre 2 -
y si1+DT2s1+2) (x— )7 (ES6)

4 2514+ 1 (lx — yP)2i+2°

Incidentally, equating the above equation to Eq. (D.48) we
deduce the identity

S1
s1+1

=30 5{ ) A8 [ (R PR S
oo kiJ\ki+1)\ky ) \ky + 1

1
X — .
(100

Appendix F.2: 2-point correlators of gluon-gluino operators

85152

(F.87)

The 2-point point correlators of gluon-gluino operators read

(My, (x) My, (y))

= (N? - )(4 22 2128yl " _1x B 5(21 21)(3 5 0,4)
x m%jf ORI (E88)
where
gL (@), 9,5)
= (0, +i9, ) ' PL 12)<—2 ; +z +)a +
4000050,
=0, (i, +i0,) " PO (%) (F.89)

Employing Egs. (F.73), (F.74) and the symmetry properties
(Appendix B)

1.2
gs(_’l)(—fl, —12)

. . T — 172
= (=D (it +in) e L2
(=D'na(ity 2) SR e

@ Springer

2,1
ffs(,’l (w2, 1)

= (1) (it +iwy? P 2)<TZ>12, (F.90)
we obtain
(M, (x) My, ()
=N -1 )(4 5 2121““2 2—(y_1x)2+(—1)““2

o
X / dridty (11 4 1)1 7221y f e~ (TR 0)-
0

a2(T1—\, 02Tl — T2
P — )P — . FI1
X 51—1 <T1+'C2) S2—1 (T]+T2) ( )
Changing variables
T = Ta, n=1t(1—-a), (F.92)
we get
(My, () My, ()
i 1 1
— (N2 _ 1) _i51+S2—2—(_1)51+32
(472)2 22 4(x — )3
00 1
x/ d‘L’/ doa 91220 (1 — @)? e 7))~
x PR (1= 20) P (1 = 200). (F.93)
Integrating on t yields
o r(y— [(s1 + 52+ 3)
dr g1ttt _ ZEL T2 T ) (F.94)
- SIS +3 :
0 (y—x2=

Then, we rewrite

: 2 p(l1,2) (1,2)
/0 dao(l —a) P (1- 20[)PS2’_l (1—-2a) (F.95)
as

Vadu (1—u\ (1+u P2 (1,2)
L5 (5 (57 mawriiw

with u = 1 — 2a. The orthonormality property of Jacobi
polynomials reads

(F.96)

1
/ (1 —w)*(1 +u)? PP (u) PP (u) du

—1
a+p+1

"on+a+p+1

Fb+a+DIn+B+1)
I'h+a+ B+ 1)n!

3

(F.97)
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so that for « = 1 and 8 = 2 we obtain we get
| _
du (1 —u 14+u (Mg, (x)My, (y))
/1 2 < 2 )( 2 ) S(ll 21)( )Ps(zl 21)(u) ) szzy 2s51-1
- — _ iS1+s2 S1—
s 1 TGi+DMei+2) T Boiny (N7 = Dz 2T (251 432
T 2e 42 T(sy +3)(s1 — D! ‘ | o -yt

(F.101)

2\25143
Collecting the above results 25 14251 +2(Jx = y[H)=

Incidentally, equating the above equation to Eq. (D.65) we
deduce the identity
28| 2( 1)2&1

(M, (x) My, (y))
i
S1

:8 N2 -
slsz( ) (4 2)2 22 - (lesz—
1 T(si+DI(s1+2) o

X 251 +2 TGt +3) (51 — ! ii( ><s1+1>(s2+1)< 5 )

25143 =0kr=
4y — 02y -0

1
_\S1—kotky

. _ _ x (—1) (S1+S2+1 ) (F.102)
and employing the identity s1—kj+ko

1 Appendix F.3: Conformal generating functional of
4(y — x)i(y — )" +s2+3 correlators of supermultiplet operators

(x )S 1+s2+1 ) . . .
— psitstl (st ﬁ’ (F.100)  We write the complete generating functional of Euclidean
(Jx — [

conformal correlators of supermultiplet operators
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E i}
W eont [Jél“fv Jsares Jsares Jgor e, Jser e, Jye, JM/E:I =

2 5—2 Jay J oy Jzar Tsere
—1 1 s s = kel a1, sV E SPE s E 57 F Ft
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% e( +N k—o<k)<k+2>( 2 (s—1+s+2 s—1 )( "
2 5—2 J.ay J sy Jzar IT5er
-1 1 s s = g UsWE SPE SVE $VE 3
B 1 Dt I _6 _ 8 s—k IA 1 s s s S — 8 k+1
% e( +N k—0<k)<k+2>( 2 (s—1+s+2+5—1+5+2)( &
N? -1 [
+ log Det I_NA J(jle
s—1
E:S (=3 KA T ye + T v — Trare + ) (= 3 )F
Nz k +1 ‘ s BT g E R E T @k )
21 [
4 log Det I+NA Jo”{\E

ls—l s R
— N};)(k) <k+ 1>(_ Z)Y kA (= JS(I)/E +JS§2)/E +J§s(1)/E — JSSZ)/E)(_ P Z)k)

—1
logDet | 1

s—1 —1
+L I+—A 00 — l § S (—_8) )s—k AN =T e+ Jore + Ty e — Jeoy )(__3> )k
o1~ k+1 2 SO E SY'E SWE SOE z

s1—1
s1\ [(s1+1 T T = ka1
» D=9 )T AT T (= )T
X : (k1><k1+2>( ) ( Z) MAIE( z)

s2—2 J / J / J~ / J~ /
<1+ 16 22: 52 52 (- 8 o k=1 p— I 53(21) E N 5§§> E B szl) E ~ Sg) E)(__a> )kz-H
N ko) \ka +2 so—1 542 s—1 s+2 ‘
’=

ka=0
(sl 1 K k
153 a $3— 3AT J , a 3
XZ(@)@+J IRCED (=0
k3=0
N2 —1
+ logDet | 1

— -1
1 1 132 /s s -
= v 2 e =5 2o (), ) E T e Tgare = g + Tgere)(= 92

k=0
pi K s1+1 — —
1 1 —ki A1 ki+1
— 9 )NVTAT T g (— 0 )
X Z (k])(k] +2)( Z) MYIE( z)
k1=0
Joye Joore Jey e Joore -1
S N 3 3 —
J+ — 3 .)%2~ —ky—1 A~ 52 52 ) ) _5 ko+1
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e s34+ 1 53 — —
X — 0 )R ATIT (= )k F.103
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and

., )
W[ Tores g Tsares Jgeres Jseres Jyes Jige | =

N2 -1 1 =2 Joaye Joore Jeay e JooyE
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Appendix G: Connected generating functional in the
momentum representation

The conformal generating functional in the momentum rep-
resentation is defined by the functional integral

1 - - P Aa a_yyaa—lya
ZentlJol = — / DADAD)G el —ADATTIDI T d'

d4
X exp ( / DY Jﬁ,.<—p)@<p>>.

The generating functional is obtained by means of the kernels
in the momentum representation

—i

.——1

0! — g2 +ie (G.107)
and

. —— —1

Gopkio! - (—q+)km, (G.108)

where we employ the measure in momentum space [1]

(G.105)
4
Hence, we get for the correlators in the momentum represen- d_q4. (G.109)
tation [1] Q2r)
We also get for the identity in space-time
(O (p1) -+~ O, (pu)) £ yimsp
_omt—2 et —C . I — 2m)*s%(q — q0). (G.110)
8Jo, (=p1) 8Jg,, (=pn)
(G.106) for the sources
Jo = Jo(q1 — q2) (G.111)
and the differential operators
5 <« 5 _ 3 2+ + g1
Y234, 04) = X2 (@4 q14) = q14(q2+ — q14)° 2C2, <w) a2+
92+ — 41+
3 3 23 (94 tq
2T, 00 = B2 (@2 q14) = (@2 — 14)° °C %)
92+ — g1+
3} o« 3 2.3 [P+t aq
A 1, 0 4) = (@t 1+) = Qi+ (@ — 1) 2C2, <¥> qQ+
92+ — 91+
I 3 2.3 [P+t a
AT 1, 0 1) = A (@2 1) = (q24 — 1) T2CL <¥)
92+ — 41+
1.2), % 1.2 . —1 5,012 ((2+ T+ q1
%s(_l (04, 04) = {fs(_] N @orrq14) = i(@2+ — q14)° IPS(_1) (%) 92+
92+ — 41+
PR Pl -~ 2.1 . s—1 oD [ 92+ T q1
9200+, 00 > 92 @ a0 = —iqis (@2 — i) T P2 (g) : (G.112)

92+ — q1+

The explicit expression in the momentum representation [1] follows from Eq. (B.25). We report the generating functional

restricted to several sectors

Weont [J04,0,0,0,0,0]

1
= —(V? = Dlog Det (2m)*s¥ (g1 — 42) - 5

J (q ) ®@_2 ( ’ ))1
T, . 2, ()A _92 s—2 q2+ ql-‘r

(G.113)

@ Springer

where by a slight abuse of notation we have displayed as argu-
ment of the functional determinant the corresponding kernel
in the momentum representation [1].

We write the generating functional of the correlators of
fermionic operators, M and M, asa single object by means
of an equality of determinants (Appendix I)
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_ 1
Weont [0,0,0,0, Jyr, Jj5] = log Det (,ﬂ+ Zi04i07 © %20 Ty, @ 4% 1)) (G.114)

so—1
Then, we get

Weont [0,0.0,0, Jar, Jjz] = (N* — 1) log Det ((271) 5@ (g1 — )

1 d'q g
Qm)* |q1*> +ie

T, @ — 0 @9y, qmrmnw 42 @97 (q2+.42)). (G.115)

Besides,

i

6
— _ (N2 _ 40(4) _ -7
Weont [Js2] = —(N? — 1) log Det ((27T) 8 (g1 — q2) 5 |q1|2 s 2155_2) (g1

5
— ) QX (q1+, 612+)>

i 3
+ (N* — 1) log Det ((2n)4 89 (g1 — q2) — —| |‘§“ T (@1 — 42) © F2 (1 +, q2+)>- (G.116)
Explicitly,
-2
i s+ 1 . K K
Weont [Jsor] = — (N? — 1) log Det ((277)48(4) @ =) = e g e ) (k> (k + 2)qf+k l‘ﬁf)

2 asy oy daiy s+l _ S\( 5 \,s—k-1k
+ (N 1)10gDet((2ﬂ) (g1 — q2) P tic 4 JS§2>(Q1 q2) k 91+ 4924+ )
(G.117)

Correspondingly, [conf [J S<2>] reads

6
eonf [Js0] = —(N* — l)logDet( sikisaky Q) 8D (g1 — q2) + D) s @ =5 50 @1 = qz))

+(N? — 1) log Det (5slkl,szk2 @m)* 601 = 42) + Ty i @5, (@1 = qz)) , (G.118)
with
ITG)I (1 +3) 92\ kil i
@AS ki, Szkz( P=55cr T P+ T2 1.
] 201+ 1 kl ko +2 Ipl> +ie
_ Isi+1 52 si—ki+ka—1 —iP+
‘@lblkl szkz(p) 27 2 <k1)<k2+ 1>P+ m (G.119)

Appendix H: RG-improved generating functional of cor-
relators of supermultiplet operators

From the above construction of the conformal generating
functional and RG-improved correlators, it follows the com-
plete generating functional of the Euclidean asymptotic cor-
relators #.E [JpE, A

asym
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Appendix I: An equality of determinants

We prove the equality of the two functional determinants in
Eq. (D.55) arising from fermionic integration. Their expan-
sion reads

1 ] _
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(1.123)

In Eq. (I.122) employing the property of the Jacobi polyno-
mials

FEOGYP (5T g

= )T T D f ) (1124)

and the cyclicity of the trace, we obtain
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where we have employed
30" w—u) =—-0,0'(u—v) (1.126)
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and cyclically permuted the anticommuting sources, so that
the factors of (—1)" arising from Eq. (I.126) and the permu-
tation of the anticommuting sources cancel out. Relabeling
the variables x;jsik; — xj_jto8/—itoki—i4o for2 <i <1
and keeping xs1k; fixed with x = u, v, we obtain
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It follows
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