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Abstract The present paper is the first installment where,
extending our previous work in pure Yang–Mills (YM) the-
ory, we compute the generating functional of correlators
of collinear twist-2 operators that enter the components
of balanced superfields – i.e., superfields with an equal
number of dotted and undotted indices in their spinor rep-
resentation – in N = 1 SUSY SU(N ) YM theory in
Minkowskian and Euclidean space-time, in the conformal
limit and renormalization-group (RG) improved form, and to
the leading and next-to-leading order in the large-N expan-
sion. Moreover, we compare our asymptotic RG-improved
generating functional to the next-to-leading large-N order
with the corresponding nonperturbative object arising from
the glueball/gluinoball one-loop effective action, which it
should be asymptotic to at short distances because of the
asymptotic freedom. Remarkably, we find that both have
the structure of the logarithm of a functional superdetermi-
nant. Hence, our large-N computation sets strong ultravio-
let asymptotic constraints on the nonperturbative solution of
large-N N = 1 SUSY YM theory that may be a pivotal
guide for the search of such a solution.

1 Introduction and physics motivations

Recently, we have computed [1] the short-distance (i.e., ultra-
violet (UV)) asymptotics of the generating functional of cor-
relators of collinear twist-2 operators in pure SU(N ) Yang–
Mills (YM) theory.

The present paper is the first of two installments, where
we extend the above computation toN = 1 supersymmetric
(SUSY) SU(N ) YM theory for twist-2 operators that are the
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components of balanced superfields – in the present paper
– and the components of unbalanced ones – in the second
installment.

We refer to operators – and superfields as well – as either
balanced or unbalanced [1,2] if in their spinor representation
they carry either an equal or a different number of dotted and
undotted indices, respectively.

To summarize our main result, we compute the UV asymp-
totics of the renormalization-group (RG) improved generat-
ing functional of correlators of twist-2 operators to the lead-
ing and next-to-leading – i.e., leading nonplanar – order in ’t
Hooft large-N expansion [3].

Remarkably, we find that our asymptotic generating func-
tional to the leading nonplanar order has the structure of the
logarithm of a functional superdeterminant that matches the
structure of the corresponding nonperturbative object arising
from the glueball/gluinoball one-loop effective action.

Hence, our computation sets strong UV constraints on the
yet-to-come nonperturbative solution of large-N N = 1
SUSY YM theory that may be a pivotal guide for the search
of such a solution.

Actually, our calculation involves twist-2 operators that
have maximal-spin component along the light-cone direc-
tion p+ in Minkowskian space-time – which we refer to as
collinear twist-2 operators [1,2] – and their analytic contin-
uation to Euclidean space-time, and it is based on a number
of innovations [1,2] described below.

Indeed, we have computed in pure YM theory by Feynman
diagrams the Minkowskian conformal correlators to the low-
est order of perturbation theory and reconstructed from them
the corresponding generating functional in the balanced and
unbalanced sectors separately [2]. We have also computed in
a much simpler way the complete generating functional of
conformal correlators by functional-integral methods [1] and
found perfect agreement with our previous computation [2],
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the equivalence occurring thanks to a dictionary established
by means of a tedious but straightforward calculation [1].

Moreover, we have lifted the generating functional of
the Euclidean conformal correlators to the generating func-
tional of the UV asymptotic correlators [1] by means of the
RG improvement and a careful choice of the renormaliza-
tion scheme – dubbed nonresonant diagonal according to
the Poincaré-Dulac theorem [4] – that involves a novel geo-
metric interpretation of operator mixing [4], which reduces
the mixing of collinear twist-2 operators to the multiplica-
tively renormalizable case to all orders of perturbation the-
ory [1]. Remarkably, the RG-improved correlators should be
asymptotic to the exact ones thanks to the asymptotic free-
dom (AF) [1,5,6].

Finally, we have expanded the latter generating functional
to the leading and next-to-leading order in ’t Hooft large-N
expansion [3].

All the above techniques and results extend straightfor-
wardly to N = 1 SUSY SU(N ) YM theory, the only differ-
ence being that the final result for the Euclidean asymptotic
RG-improved generating functional of connected correlators
in the SUSY YM theory has the structure of the logarithm of
a functional superdeterminant, instead of a determinant as in
the pure YM case.

Perturbatively, the logarithm of a superdeterminant occurs
because, in the light-cone gauge, collinear twist-2 operators
are quadratic in the fundamental fields and thus their gener-
ating functional to the lowest order arises from a Gaussian
integral [1] – also involving anticommuting variables in the
SUSY case.

We demonstrate that the above structure of the logarithm
of a superdeterminant is then inherited by the Euclidean RG-
improved asymptotic generating functional and its leading
and next-to-leading large-N expansion [3] – a nontrivial con-
sequence [1] of AF of the N = 1 SUSY SU(N ) YM theory
that also applies to its large-N limit.

Indeed, since the early days of large-N QCD [3] it has been
known at a qualitative level that AF applies to large-N cor-
relators, and specifically to the nonperturbative 2-point cor-
relators [7,8]. Accordingly, the UV constraints on the large-
N spectral representation of 2-point correlators that follow
from AF have been investigated at a quantitative level both
for multiplicatively renormalizable operators [9] and twist-2
operators that mix by renormalization [10]. Obviously, the
above considerations also apply to large-N N = 1 SUSY
YM theory for 2-point correlators [9,10] and n-point corre-
lators of twist-2 operators in the present paper.

Nonperturbatively, the logarithm of a (super)determinant
should arise to the next-to-leading order in the large-N expan-
sion from the glueball/gluinoball one-loop effective action,

according to the general principles of quantum field theory
as originally predicted in [11], and asymptotically verified in
detail in the pure YM case [1,5,6] and, in the present paper,
in the SUSY YM case.

Hence, the UV asymptotics of the generating functional to
the leading-nonplanar order in the present paper – that is only
consequence of lowest-order perturbation theory, renormal-
ization group and AF – matches the nonperturbative struc-
ture of the large-N theory to the leading-nonplanar order – a
remarkable fact in itself.

Therefore, the above computation sets strong UV con-
straints on the nonperturbative solution of large-N N = 1
SUSY YM theory and it may be a pivotal guide in the search
for such a solution.

2 Plan of the paper

In Sect. 3 – as a nonperturbative detour to motivate our per-
turbative and RG-improved computations – we work out
the general structure of the generating functional of large-
N correlators of balanced twist-2 operators arising from the
corresponding nonperturbative glueball/gluinoball one-loop
effective action in N = 1 SUSY YM theory.

Sections 4 to 9 instead concern our perturbative and RG-
improved computations involving gluons and gluinos:

In Sect. 4 we recall the definition of N = 1 SUSY YM
theory in the light-cone gauge.

In Sect. 5 we define the twist-2 operators that enter the
components of balanced superfields.

In Sect. 6 we evaluate to the lowest perturbative order
the corresponding Minkowskian conformal generating func-
tional as a superdeterminant of a quadratic form. We also
rewrite it as a Fredholm superdeterminant employing the
aforementioned dictionary in [1].

In Sect. 7 we analytic continue the Minkowskian confor-
mal generating functional to Euclidean space-time.

In Sect. 8 we work out the conformal generating functional
of supermultiplet balanced operators.

In Sect. 9 we work out the generating functional of
Euclidean RG-improved asymptotic correlators and its large-
N expansion.

Finally, Sect. 10 contains our main conclusions regarding
the matching of the structure of the logarithm of a superde-
terminant arising from the nonperturbative large-N one-loop
effective action – in terms of glueballs and gluinoballs in
Sect. 3 – with our asymptotic computation – in terms of glu-
ons and gluinos in Sect. 9 – to the leading nonplanar order.

In the Appendices we report basic definitions and several
relevant ancillary computations.
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3 Nonperturbative effective action in large-N N = 1
SUSY YM theory

It has been known for almost fifty years that N = 1
SUSY SU(N ) YM theory admits ’t Hooft large-N topological
expansion [3] for the n-point connected correlators of gauge-
invariant single-trace operators. The corresponding Feynman
diagrams in ’t Hooft double-line representation – after a suit-
able gluing of reversely oriented lines – are topologically
classified [3,12] by the sum on the genus g of n-punctured
closed Riemann surfaces, where each topology is weighted
by a factor Nχ , with χ = 2 −2g−n the Euler characteristic
of the Riemann surface.

Consequently, the corresponding nonperturbative large-
N effective theory involves an infinite number of weakly
interacting glueballs and gluinoballs with coupling of order
1
N [3,7,13] and masses proportional to the RG-invariant scale
�SY M .

By assuming ’t Hooft topological expansion in N =
1 SUSY SU(N ) YM theory, the generating functional
W E [JO , JM ] = logZ E [JO , JM ] of Euclidean connected
correlators of single-trace bosonic and fermionic balanced
operators O , M , respectively, with

Z E [JO , JM ] = 1

Z E

∫
D ADχ e−SSYM+∑s

∫
JOs Os+JMs Ms

(1)

reads

W E [JO , JM ] = W E
sphere[JO , JM ] + W E

torus[JO , JM ] + · · · .

(2)

Nonperturbatively, W E
sphere[JO , JM ], which perturbatively is

the (’t Hooft-)planar contribution [3], is a sum of tree dia-
grams involving glueball/gluinoball propagators and ver-
tices, while W E

torus[JO , JM ], which perturbatively is the
leading-non(’t Hooft-)planar contribution, is a sum of glue-
ball/gluinoball one-loop diagrams.

Nonperturbatively, W E
torus[JO , JM ] should have the struc-

ture of the logarithm of a functional (super)determinant, as it
has been originally predicted in the pure YM case [11] on the
basis of fundamental principles, and subsequently asymptot-
ically verified [1,5,6].

Indeed, in analogy with the pure YM case [5,6,11], in
the yet-to-come nonperturbative solution of large-N N = 1
SUSY YM theory, the very same correlators should be com-
puted by the correlators of glueball � and gluinoball � fields
with an infinite number of components, the corresponding
generating functional being schematically [5,6,11]

Z E
glueball/gluinoball[J�, J� ] = Z E−1

glueball/gluinoball

×
∫

D�D� e−Sglueball/gluinoball(�,�)+∫ �∗1 J�+�∗′
1 J� , (3)

with [5,6,11]

Sglueball/gluinoball(�,�)

= 1

2

∫
� ∗2 (−� + M2)� + � ∗′

2 (−� + M2)�

+ 1

N
(
1

3
� ∗3 � ∗3 � + � ∗′

3 � ∗′
3 �) + · · · , (4)

where ∗2, ∗1 and ∗′
2, ∗′

1 are fixed below, the ellipses
and ∗3, ∗′

3 respectively stand for n-glueball/gluinoball ver-
tices with n > 3 and some presently unknown oper-
ation on the glueball/gluinoball fields that, by assuming
locality and Euclidean invariance, may involve deriva-
tives. Hence, nonperturbatively the connected generating
functional W E

glueball/gluinoball[J�, J� ] = logZ E
glueball/gluinoball

[J�, J� ] reads to one loop of glueballs/gluinoballs [5,6,11]

W E
glueball/gluinoball[J�, J� ] = −Sglueball/gluinoball(�J , �J ) +

∫
�J ∗1 J� +

∫
�J ∗′

1 J� + · · ·

+ 1

2
log sDet

(∗′
2(−�+M2)+ 1

N ∗′
3 �J∗′

3
1
N ∗′

3 ∗′
3�J

1
N ∗′

3 ∗′
3�J ∗2(−�+M2)+ 1

N ∗3 �J∗3

)
, (5)

where �J , �J are determined by

δSglueball/gluinoball

δ�

∣∣∣
�J

= ∗1 J� (6)

and

δSglueball/gluinoball

δ�

∣∣∣
�J

= ∗′
1 J�, (7)

with the superdeterminant defined by [14]

sDet

(
A B
C D

)
= Det(A − BD−1C) Det(D)−1

= Det(A) Det(D − CA−1B)−1, (8)

where A, D are bosonic entries and B, C fermionic ones.
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The dictionary between W E [JO , JM ] and
W E

glueball/gluinoball[J�, J� ] is obtained by matching the cor-
responding spectral representations – as a sum of free prop-
agators with residues Rsm , R′

sm – for the 2-point correlators
at N = +∞ [13] of Os , Ms , respectively, that, by fixing
∗2, ∗′

2 according to the canonical normalization of the glue-
ball/gluinoball kinetic term, uniquely determines the cou-
pling of J�, J� to the tower of glueball/gluinoball fields �∗1

J� = ∑
sm �sm

√
Rsm J�s , � ∗′

1 J� = ∑
sm �sm

√
R′
sm J�s ,

respectively.
Until the present paper nothing has been known quantita-

tively on W E [JO , JM ] and W E
glueball/gluinoball[J�, J� ].

Indeed, in the next sections we will compute the UV
asymptotics of W E [JO , JM ] and W E

glueball/gluinoball[J�, J� ]
for balanced twist-2 operators to the planar and leading-
nonplanar order in the large-N expansion.

4 N = 1 SUSY YM theory in the light-cone gauge

The action of N = 1 SUSY SU(N ) YM theory in
Mikowskian space-time reads [15,16]

S =
∫

−1

4
Fa

μνF
a μν + i

2
χ̄aγ μ(Dμχ)a d4x (9)

with a = 1, . . . , N 2 − 1, where χ is Majorana spinor
χ = Cχ̄T in the adjoint representation of the Lie algebra
of SU(N ), C the charge conjugation, and

Fμν = ∂μAν − ∂ν Aμ + i
g√
N

[
Aμ, Aν

]

Dμχ = ∂μχ + i
g√
N

[
Aμ, χ

]
(10)

in matrix notation, with g2 = g2
YM N ’t Hooft coupling [3].

The action is invariant under the SUSY transformations [15,
17]

δAa
μ = −i ζ̄ γμχa

δχa = i

2
σμνFa

μνζ (11)

with σμν = i
2

[
γ μ, γ ν

]
and ζ a Majorana spinor. A Majorana

spinor can be decomposed into two complex-conjugate Weyl
spinors, λα and λ̄α̇ ,

χ =
(

λα

λ̄α̇

)
χ̄ = χ†γ 0 = (

λαλ̄α̇

)
. (12)

Correspondingly, the action reads

S = −
∫

1

4
Fa

μνF
a μν + i λ̄a α̇σ

μ
αα̇(Dμλα)a d4x . (13)

The fundamental fields, Aμ and χ , respectively interpolate
for the gluon and gluino. In the light-cone gauge A+ = 0,

χ− = �−χ =

⎛
⎜⎜⎝

0
λ2

λ̄2̇
0

⎞
⎟⎟⎠ (14)

and A− can be integrated out, with the projectors �± =
1
2γ ∓γ ±. The corresponding action is expressed in terms of
the physical fields only – the transverse components of the
gluon, A and Ā,

A = 1√
2
(A1 + i A2)

Ā = 1√
2
(A1 − i A2) (15)

and the plus component of the gluino, χ+,

χ+ = �+χ =

⎛
⎜⎜⎝

λ1

0
0

−λ̄1̇

⎞
⎟⎟⎠ . (16)

For simplicity we introduce two anticommuting fields, λ and
λ̄, so that their normalization

λ = 1

2
1
4

λ1

λ̄ = 1

2
1
4

λ̄1̇ (17)

matches the canonical normalization of the kinetic term of
the action in the light-cone gauge [16]

S(A, Ā, λ, λ̄) =
∫

− Āa�Aa − i λ̄a�∂−1+ λa

− 2
g√
N

f abc(Aa∂+ Āb∂̄∂−1+ Ac + Āa∂+Ab∂∂−1+ Āc)

− 2
g2

N
f abc f ade∂−1+ (Ab∂+ Āc)∂−1+ ( Ād∂+Ae)

− 2i
g√
N

f abcλ̄aλb(∂̄Ac + ∂ Āc)

− 2i
g2

N
f abe f cde∂−1+ ( Āa∂+Ab + Aa∂+ Āb)∂−1+ (λ̄cλd)

+ 2
g2

N
f abe f cde∂−1+ (λ̄aλb)∂−1+ (λ̄cλd)

+ 2i
g√
N

f abc Āa λ̄b∂−1+ ∂λc + 2i
g√
N

f abc Aaλb∂−1+ ∂̄ λ̄c

− 2i
g2

N
f abe f cde Āa λ̄b∂−1+ (Acλd) d4x (18)
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with

� = gμν∂μ∂ν = ∂2
0 −

3∑
i=1

∂2
i , (19)

where we employ the mostly minus metric gμν in Minkowskian
space-time (Appendix A). The v.e.v. of a product of local
gauge-invariant operators Oi that do not depend on A− and
χ− reads

〈O1(x1) · · ·On(xn)〉
= 1

Z

∫
D AD ĀDλD λ̄ ei S(A, Ā,λ,λ̄)O1(x1) · · ·On(xn).

(20)

To the leading perturbative order the above v.e.v. reduces to

〈O1(x1) · · ·On(xn)〉
= 1

Z

∫
D AD ĀDλD λ̄ e

∫ −i Āa�Aa+λ̄a�∂−1+ λa d4x

× O1(x1) · · ·On(xn). (21)

We obtain for the corresponding conformal generating func-
tional to the leading order

Zconf[JO ]
= 1

Z

∫
D AD ĀDλD λ̄e

∫ −i Āa�Aa+λ̄a�∂−1+ λa d4x

× exp

(∫
d4x

∑
i

JOiOi

)
(22)

that is the supersymmetric generalization of the conformal
generating functional in YM theory [1].

5 Twist-2 balanced superfields in N = 1 SUSY YM
theory

5.1 Collinear twist-2 operators

We list the gauge-invariant collinear twist-2 operators that
enter the components of balanced superfields – to be defined
below – in N = 1 SUSY YM theory [16,17]:

– gluon-gluon operators

OA
s = 1

2
∂+ Āa(i

−→
∂ + + i

←−
∂ +)s−2C

5
2
s−2

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
∂+Aa s = 2, 4, 6, . . .

≡ 1

2
ĀaY

5
2

s−2

(−→
∂+,

←−
∂ +

)
Aa (23)

Õ A
s = 1

2
∂+ Āa(i

−→
∂ + + i

←−
∂ +)s−2C

5
2
s−2

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
∂+Aa s = 3, 5, 7, . . .

≡ 1

2
ĀaH

5
2

s−2

(−→
∂+,

←−
∂ +

)
Aa (24)

with PT = (−1)s and C = +1, where P is parity, T
time-reversal and C charge conjugation.

– gluino-gluino operators

Oλ
s = 1

2
λ̄a(i

−→
∂ + + i

←−
∂ +)s−1C

3
2
s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
λa s = 2, 4, 6, . . .

≡ 1

2
λ̄aY

3
2

s−1

(−→
∂+,

←−
∂ +

)
λa (25)

Õλ
s = 1

2
λ̄a(i

−→
∂ + + i

←−
∂ +)s−1C

3
2
s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
λa s = 1, 3, 5, . . .

≡ 1

2
λ̄aH

3
2

s−1

(−→
∂+,

←−
∂ +

)
λa (26)
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with PT = (−1)s and C = +1.
– gluon-gluino operators

Ms = 1

2
∂+Aa(i

−→
∂ + + i

←−
∂ +)s−1P(2,1)

s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
λa s = 1, 2, 3, . . .

≡ 1

2
AaG (2,1)

s−1

(−→
∂+,

←−
∂ +

)
λa = 1

2
(−1)s−1λaG (1,2)

s−1

(−→
∂+,

←−
∂ +

)
Aa (27)

M̄s = 1

2
λ̄a(i

−→
∂ + + i

←−
∂ +)s−1P(1,2)

s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
∂+ Āa s = 1, 2, 3, . . .

≡ 1

2
λ̄aG (1,2)

s−1

(−→
∂+,

←−
∂ +

)
Āa = 1

2
(−1)s−1 ĀaG (2,1)

s−1

(−→
∂+,

←−
∂ +

)
λ̄a (28)

where Cα
n are Gegenbauer polynomials, P(α,β)

n Jacobi poly-
nomials (Appendix B), and we have defined

Y
5
2

s−2(
−→
∂ +,

←−
∂ +)

= ←−
∂ +(i

−→
∂ + + i

←−
∂ +)s−2C

5
2
s−2

(−→
∂ + − ←−

∂ +−→
∂ + + ←−

∂ +

)
−→
∂ +

= �(3)�(s + 3)

�(5)�(s + 1)
i s−2

s−2∑
k=0

(
s

k

)(
s

k + 2

)

× (−1)s−k←−∂ s−k−1+
−→
∂ k+1+ (29)

and

Y
3
2

s−1(
−→
∂ +,

←−
∂ +)

= (i
−→
∂ + + i

←−
∂ +)s−2C

3
2
s−1

(−→
∂ + − ←−

∂ +−→
∂ + + ←−

∂ +

)

= (s + 1)

2
i s−1

s−1∑
k=0

(
s

k

)(
s

k + 1

)

× (−1)s−k−1←−∂+s−k−1−→∂+k (30)

for even s, and

H
5
2

s−2(
−→
∂ +,

←−
∂ +)

= ←−
∂ +(i

−→
∂ + + i

←−
∂ +)s−2C

5
2
s−2

(−→
∂ + − ←−

∂ +−→
∂ + + ←−

∂ +

)
−→
∂ +

= �(3)�(s + 3)

�(5)�(s + 1)
i s−2

s−2∑
k=0

(
s

k

)(
s

k + 2

)

× (−1)s−k←−∂ s−k−1+
−→
∂ k+1+ (31)

and

H
3
2

s−1(
−→
∂ +,

←−
∂ +)

= (i
−→
∂ + + i

←−
∂ +)s−2C

3
2
s−1

(−→
∂ + − ←−

∂ +−→
∂ + + ←−

∂ +

)

= (s + 1)

2
i s−1

s−1∑
k=0

(
s

k

)(
s

k + 1

)

× (−1)s−k−1←−∂+s−k−1−→∂+k (32)

for odd s, with

G (1,2)
s−1 (

−→
∂ +,

←−
∂ +)

= (i
−→
∂ + + i

←−
∂ +)s−1P(1,2)

s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)−→
∂ +

= i s−1
s−1∑
k=0

(
s

k

)(
s + 1

k + 2

)
(−1)s−k−1←−∂+s−k−1−→∂+k+1 (33)

and

G (2,1)
s−1 (

−→
∂ +,

←−
∂ +)

= ←−
∂ +(i

−→
∂ + + i

←−
∂ +)s−1P(2,1)

s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)

= i s−1
s−1∑
k=0

(
s + 1

k

)(
s

k + 1

)
(−1)s−k−1←−∂+s−k−→∂+k (34)

for odd s. The spin projection on the p+ direction is s for
OA
s , Õ A

s and Oλ
s , Õλ

s , while it is s + 1
2 for Ms and M̄s . The

bosonic operators OA
s , Õ A

s and Oλ
s , Õλ

s are Hermitian. The
fermionic operators Ms , M̄s are Hermitian conjugate of each
other.
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5.2 Balanced superfields

Suitable linear combinations of the above operators form irre-
ducible representations of the superalgebra of SUSY trans-
formations restricted to the light-cone [17,18]

δA = −2i λ̄ζ

δ Ā = 2i ζ̄ λ

δλ = 2ζ∂+ Ā

δλ̄ = 2ζ̄ ∂+A , (35)

where ζ is Majorana spinor satisfying �+ζ = 0. Indeed,
since the restricted SUSY transformations are linear, the set
of the above operators is closed under their action. The opera-
tors that form supermultiplets – i.e., the aforementioned rep-
resentations – read as follows [16,18].

For even spin with s ≥ 2

S(1)
s = 6

s − 1
OA
s − Oλ

s

S(2)
s = 6

s + 2
OA
s + Oλ

s (36)

and for odd spin with s ≥ 3

S̃(1)
s = − 6

s − 1
Õ A
s − Õλ

s

S̃(2)
s = − 6

s + 2
Õ A
s + Õλ

s , (37)

where Õ A
s is not defined for s = 1, while Õλ

1 it is, and

S̃(2)
1 = Õλ

1 . The above operators also diagonalize the matrix
of anomalous dimension to order g2, where N = 1 SUSY
YM theory is actually conformal invariant in the conformal
scheme (Appendix C). The components of the above super-
multiplets enter the balanced superfields (Sec. 6.3 in [19])

Ws(x, θ, θ̄ ) ∼ S
(2)
s+1 + θ M̄s+1 + θ̄Ms+1 + θ θ̄S

(1)
s+2 , (38)

where S
(i) = {S(i), S̃(i)} include both even- and odd-spin

operators.

6 Generating functional of Minkowskian conformal
correlators

The corresponding generating functional reads to the lowest
perturbative order

Zconf
[
JOA , JÕ A , JOλ , JÕλ , J̄M , JM̄

]

= 1

Z

∫
D AD ĀDλD λ̄ e− ∫

i Āa�Aa−λ̄a�∂−1+ λa d4x

× exp
( ∫ ∑

s

O A
s JOA

s
+ Õ A

s JÕ A
s

+ Oλ
s JOλ

s

+ Õλ
s JÕλ

s
+ J̄Ms Ms + M̄s JM̄s

d4x
)
. (39)

The sources JOA
s

, JÕ A
s

, JOλ
s

and JÕλ
s

are bosonic, while JM̄s

and J̄Ms are fermionic, so that we make the formal association

δ

δ JOA
s
(x)

←→ OA
s (x)

δ

δ JOλ
s
(x)

←→ Oλ
s (x) (40)

and

δ

δ J̄Ms (x)
←→ Ms(x)

− δ

δ JM̄s
(x)

←→ M̄s(x). (41)

The generating functional of connected correlators Wconf =
logZconf follows. For example,

〈OA
s1

(x)OA
s2

(y)〉 = δ

δ JOA
s1

(x)

δ

δ JOA
s2

(y)
Wconf

∣∣∣∣
J=0

(42)

and

〈Ms1(x)M̄s2(y)〉 = δ

δ J̄Ms1
(x)

(
− δ

δ JM̄s2
(y)

)
Wconf

∣∣∣∣
J=0

.

(43)

For brevity we will omit from now on the specification
∣∣
J=0.

6.1 Connected generating functional Wconf as the log of a
superdeterminant of a quadratic form

The above functional integral is quadratic in the elemen-
tary fields and, therefore, it may be computed exactly [1].
Employing the symmetry properties [1] of the Gegenbauer
polynomials (Appendix B) we get

Zconf
[
JOA , JÕ A , JOλ , JÕλ , J̄M , JM̄

]

= 1

Z

∫
D AD ĀDλD λ̄ exp

(
− 1

2

∫
d4x

× (
Āa(x) Aa(x)

)
M ab

AA

(
Ab(x)
Āb(x)

)

− 1

2

∫
d4x

(
λ̄a(x) λa(x)

)
M ab

λλ

(
λb(x)
λ̄b(x)

)

+ 1

4

∫
d4x

(
λ̄a(x) λa(x)

)
M ab

λA

(
Ab(x)
Āb(x)

)
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+ 1

4

∫
d4x

(
Āa(x) Aa(x)

)
M ab

Aλ

(
λb(x)
λ̄b(x)

))
, (44)

with

M ab
AA = δab

⎛
⎝i� − 1

2

∑
s JOA

s
⊗ Y

5
2

s−2 − 1
2

∑
s JÕ A

s
⊗ H

5
2

s−2 0

0 i� − 1
2

∑
s JOA

s
⊗ Y

5
2

s−2 + 1
2

∑
s JÕ A

s
⊗ H

5
2

s−2

⎞
⎠

M ab
λλ = δab

⎛
⎝−�∂−1+ − 1

2

∑
s JOλ

s
⊗ Y

3
2

s−1 − 1
2

∑
s JÕλ

s
⊗ H

3
2

s−1 0

0 −�∂−1+ − 1
2

∑
s JOλ

s
⊗ Y

3
2

s−1 + 1
2

∑
s JÕλ

s
⊗ H

3
2

s−1

⎞
⎠

M ab
Aλ = δab

2

(
0 −∑

s JM̄s
⊗ G (2,1)

s−1 (−1)s−1∑
s J̄Ms ⊗ G (2,1)

s−1 0

)

M ab
λA = δab

2

(
0

∑
s JM̄s

⊗ G (1,2)
s−1

−∑
s J̄Ms ⊗ G (1,2)

s−1 (−1)s−1 0

)
, (45)

where the symbol ⊗ implies that the right and left derivatives
do not act on the sources J . We group the above matrices
into a single supermatrix

X ab =
(
M ab

λλ M ab
λA

M ab
Aλ M ab

AA

)
, (46)

so that the generating functional reads

Zconf
[
JOA , JÕ A , JOλ , JÕλ , J̄M , JM̄

]

= 1

Z

∫
D AD ĀDλD λ̄ exp

⎛
⎜⎜⎝−1

2

∫
d4x

(
λ̄a(x) λa(x) Āa(x) Aa(x)

)
X ab

⎛
⎜⎜⎝

λb(x)
λ̄b(x)
Ab(x)
Āb(x)

⎞
⎟⎟⎠

⎞
⎟⎟⎠ (47)

that reduces to the superdeterminant [14]

Zconf
[
JOA , JÕ A , JOλ , JÕλ , J̄M , JM̄

] = sDet
1
2 (X ) . (48)

More explicitly, by Eq. (8)

Zconf
[
JOA , JÕ A , JOλ , JÕλ , J̄M , JM̄

]
= Det

1
2 (Mλλ) Det−

1
2

(
MAA − MAλM

−1
λλ MλA

)

= Det−
1
2 (MAA) Det

1
2

(
Mλλ − MλAM

−1
AAMAλ

)
, (49)

where the two results depend on first integrating either on the
fermionic or bosonic variables.

The entries of MAλM
−1
λλ MλA read

[
MλAM

−1
AAMAλ

]
11

= 1

4
G (1,2)
s−1 (−1)s−1 ⊗ J̄Ms (i� − 1

2
JOA

s1
⊗ Y

5
2

s1−2 − 1

2
JÕ A

s1
⊗ H

5
2

s1−2)
−1G (2,1)

s2−1 (−1)s2−1 ⊗ JM̄s2[
MλAM

−1
AAMAλ

]
12

= 0
[
MλAM

−1
AAMAλ

]
21

= 0
[
MλAM

−1
AAMAλ

]
22

= 1

4
G (1,2)
s−1 ⊗ JM̄s

(i� − 1

2
JOA

s1
⊗ Y

5
2

s1−2 + 1

2
JÕ A

s1
⊗ H

5
2

s1−2)
−1G (2,1)

s2−1 ⊗ J̄Ms2
, (50)

where the sum over repeated spin indices is understood, and
similarly
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[
MAλM

−1
λλ MλA

]
11

= 1

4
G (2,1)
s−1 (−1)s−1 ⊗ JM̄s

(−�∂−1+ − 1

2
JOλ

s1
⊗ Y

3
2

s1−1 + 1

2
JÕλ

s1
⊗ H

3
2

s1−1)
−1G (1,2)

s2−1 (−1)s2−1 ⊗ J̄Ms2[
MAλM

−1
λλ MλA

]
12

= 0
[
MAλM

−1
λλ MλA

]
21

= 0
[
MAλM

−1
λλ MλA

]
22

= 1

4
G (2,1)
s−1 ⊗ J̄Ms (−�∂−1+ − 1

2
JOλ

s1
⊗ Y

3
2

s1−1 − 1

2
JÕλ

s1
⊗ H

3
2

s1−1)
−1G (1,2)

s2−1 ⊗ JM̄s2
. (51)

From the above equations, we get for the connected generating functional corresponding to the third and second line of Eq.
(49), respectively,

Wconf
[
JOA , JÕ A , JOλ , JÕλ , J̄M , JM̄

]

= −1

2
log Det

(
I + 1

2
i�−1 JOA

s
⊗ Y

5
2

s−2 + 1

2
i�−1 JÕ A

s
⊗ H

5
2

s−2

)

− 1

2
log Det

(
I + 1

2
i�−1 JOA

s
⊗ Y

5
2

s−2 − 1

2
i�−1 JÕ A

s
⊗ H

5
2

s−2

)

+ 1

2
log Det

(
I + 1

2
∂+�−1 JOλ

s
⊗ Y

3
2

s−1 + 1

2
∂+�−1 JÕλ

s
⊗ H

3
2

s−1

)

+ 1

2
log Det

(
I + 1

2
∂+�−1 JOλ

s
⊗ Y

3
2

s−1 − 1

2
∂+�−1 JÕλ

s
⊗ H

3
2

s−1

)

+ 1

2
log Det

(
I − 1

4
(I + 1

2
∂+�−1 JOλ

s
⊗ Y

3
2

s−1 − 1

2
∂+�−1 JÕλ

s
⊗ H

3
2

s−1)
−1

× ∂+�−1 J̄Ms1
⊗ G (1,2)

s1−1 (−1)s1−1

× (I + 1

2
i�−1 JOA

s2
⊗ Y

5
2

s2−2 + 1

2
i�−1 JÕ A

s2
⊗ H

5
2

s2−2)
−1i�−1 JM̄s3

⊗ G (2,1)
s3−1 (−1)s3−1

)

+ 1

2
log Det

(
I − 1

4
(I + 1

2
∂+�−1 JOλ

s
⊗ Y

3
2

s−1 + 1

2
∂+�−1 JÕλ

s
⊗ H

3
2

s−1)
−1

× ∂+�−1 JM̄s1
⊗ G (1,2)

s1−1

× (I + 1

2
i�−1 JOA

s2
⊗ Y

5
2

s2−2 − 1

2
i�−1 JÕ A

s2
⊗ H

5
2

s2−2)
−1i�−1 J̄Ms3

⊗ G (2,1)
s3−1

)
(52)
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and

Wconf
[
JOA , JÕ A , JOλ , JÕλ , J̄M , JM̄

]

= +1

2
log Det

(
I + 1

2
∂+�−1 JOλ

s
⊗ Y

3
2

s−1 + 1

2
∂+�−1 JÕλ

s
⊗ H

3
2

s−1

)

+ 1

2
log Det

(
I + 1

2
∂+�−1 JOλ

s
⊗ Y

3
2

s−1 − 1

2
∂+�−1 JÕλ

s
⊗ H

3
2

s−1

)

− 1

2
log Det

(
I + 1

2
i�−1 JOA

s
⊗ Y

5
2

s−2 + 1

2
i�−1 JÕ A

s
⊗ H

5
2

s−2

)

− 1

2
log Det

(
I + 1

2
i�−1 JOA

s
⊗ Y

5
2

s−2 − 1

2
i�−1 JÕ A

s
⊗ H

5
2

s−2

)

− 1

2
log Det

(
I − 1

4
(I + 1

2
i�−1 JOA

s
⊗ Y

5
2

s−2 + 1

2
i�−1 JÕ A

s
⊗ H

5
2

s−2)
−1

× i�−1 JM̄s1
⊗ G (2,1)

s1−1 (−1)s1−1

× (I + 1

2
∂+�−1 JOλ

s2
⊗ Y

3
2

s2−1 − 1

2
∂+�−1 JÕλ

s2
⊗ H

3
2

s2−1)
−1∂+�−1 J̄Ms3

⊗ G (1,2)
s3−1 (−1)s3−1

)

− 1

2
log Det

(
I − 1

4
(I + 1

2
i�−1 JOA

s
⊗ Y

5
2

s−2 − 1

2
i�−1 JÕ A

s
⊗ H

5
2

s−2)
−1

× i�−1 J̄Ms1
⊗ G (2,1)

s1−1

× (I + 1

2
∂+�−1 JOλ

s2
⊗ Y

3
2

s2−1 + 1

2
∂+�−1 JÕλ

s2
⊗ H

3
2

s2−1)
−1∂+�−1 JM̄s3

⊗ G (1,2)
s3−1

)
, (53)

with I the identity in both color and space-time, and the
sum over repeated spin indices understood. After rescaling
the operators

O
′A
s (x) = 1

N

2�(5)�(s + 1)

�(3)�(s + 3)
OA
s (x)

Õ
′A
s (x) = 1

N

2�(5)�(s + 1)

�(3)�(s + 3)
Õ A
s (x) (54)

and

O
′λ
s (x) = 1

N

4

s + 1
Oλ
s (x)

Õ
′λ
s (x) = 1

N

4

s + 1
Õλ
s (x)

M ′
s = 2

N
Ms, (55)
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Wconf

[
JO ′A , JÕ ′ A , JO ′λ , JÕ ′λ , J̄M ′ , JM̄ ′

]
=

− N 2 − 1

2
log Det

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(i

−→
∂ +)s−k−1i�−1(JO ′A

s
+ JÕ ′ A

s
)(i

−→
∂ +)k+1

)

− N 2 − 1

2
log Det

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(i

−→
∂ +)s−k−1i�−1(JO ′A

s
− JÕ ′ A

s
)(i

−→
∂ +)k+1

)

+ N 2 − 1

2
log Det

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(i

−→
∂ +)s−k−1(i

−→
∂ +)i�−1(JO ′λ

s
+ JÕ ′λ

s
)(i

−→
∂ +)k

)

+ N 2 − 1

2
log Det

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(i

−→
∂ +)s−k−1(i

−→
∂ +)i�−1(JO ′λ

s
− JÕ ′λ

s
)(i

−→
∂ +)k

)

+ N 2 − 1

2
log Det

⎡
⎣I + 1

N 2

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(i

−→
∂ +)s−k−1(i

−→
∂ +)i�−1(JO ′λ

s
− JÕ ′λ

s
)(i

−→
∂ +)k

)−1

×
s1−1∑
k1=0

(
s1

k1

)(
s1 + 1

k1 + 2

)
(−1)s1−1(i

−→
∂ +)s1−k1−1(i

−→
∂ +)i�−1 J̄M ′

s1
(i

−→
∂ +)k1+1

×
⎛
⎝I + 1

N

s2−2∑
k2=0

(
s2

k2

)(
s2

k2 + 2

)
(i

−→
∂ +)s2−k2−1i�−1(JO ′A

s2
+ JÕ ′A

s2
)(i

−→
∂ +)k2+1

⎞
⎠

−1

×
s3−1∑
k3=0

(
s3 + 1

k3

)(
s3

k3 + 1

)
(−1)s3−1(i

−→
∂ +)s3−k3 i�−1 JM̄ ′

s3
(i

−→
∂ +)k3

⎤
⎦

+ N 2 − 1

2
log Det

⎡
⎣I + 1

N 2

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(i

−→
∂ +)s−k−1(i

−→
∂ +)i�−1(JO ′λ

s
+ JÕ ′λ

s
)(i

−→
∂ +)k

)−1

×
s1−1∑
k1=0

(
s1

k1

)(
s1 + 1

k1 + 2

)
(i

−→
∂ +)s1−k1−1(i

−→
∂ +)i�−1 JM̄ ′

s1
(i

−→
∂ +)k1+1

×
⎛
⎝I + 1

N

s2−2∑
k2=0

(
s2

k2

)(
s2

k2 + 2

)
(i

−→
∂ +)s2−k2−1i�−1(JO ′A

s2
− JÕ ′A

s2
)(i

−→
∂ +)k2+1

⎞
⎠

−1

×
s3−1∑
k3=0

(
s3 + 1

k3

)(
s3

k3 + 1

)
(i

−→
∂ +)s3−k3 i�−1 J̄M ′

s3
(i

−→
∂ +)k3

⎤
⎦ (56)
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and

Wconf

[
JO ′A , JÕ ′ A , JO ′λ , JÕ ′λ , J̄M ′ , JM̄ ′

]
=

− N 2 − 1

2
log Det

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(i

−→
∂ +)s−k−1i�−1(JO ′A

s
+ JÕ ′ A

s
)(i

−→
∂ +)k+1

)

− N 2 − 1

2
log Det

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(i

−→
∂ +)s−k−1i�−1(JO ′A

s
− JÕ ′ A

s
)(i

−→
∂ +)k+1

)

+ N 2 − 1

2
log Det

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(i

−→
∂ +)s−k−1(i

−→
∂ +)i�−1(JO ′λ

s
+ JÕ ′λ

s
)(i

−→
∂ +)k

)

+ N 2 − 1

2
log Det

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(i

−→
∂ +)s−k−1(i

−→
∂ +)i�−1(JO ′λ

s
− JÕ ′λ

s
)(i

−→
∂ +)k

)

− N 2 − 1

2
log Det

⎡
⎣I + 1

N 2

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(i

−→
∂ +)s−k−1i�−1(JO ′A

s
− JÕ ′ A

s
)(i

−→
∂ +)k+1

)−1

×
s1−1∑
k1=0

(
s1 + 1

k1

)(
s1

k1 + 1

)
(−1)s1−1(i

−→
∂ +)s1−k1 i�−1 JM̄ ′

s1
(i

−→
∂ +)k1

×
⎛
⎝I − 1

N

s2−1∑
k2=0

(
s2

k2

)(
s2

k2 + 1

)
(i

−→
∂ +)s2−k2−1(i

−→
∂ +)i�−1(JO ′λ

s2
+ JÕ ′λ

s2
)(i

−→
∂ +)k2

⎞
⎠

−1

×
s3−1∑
k3=0

(
s3

k3

)(
s3 + 1

k3 + 2

)
(−1)s3−1(i

−→
∂ +)s3−k3−1(i

−→
∂ +)i�−1 J̄M ′

s3
(i

−→
∂ +)k3+1

⎤
⎦

− N 2 − 1

2
log Det

⎡
⎣I + 1

N 2

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(i

−→
∂ +)s−k−1i�−1(JO ′A

s
+ JÕ ′ A

s
)(i

−→
∂ +)k+1

)−1

×
s1−1∑
k1=0

(
s1 + 1

k1

)(
s1

k1 + 1

)
(i

−→
∂ +)s1−k1 i�−1 J̄M ′

s1
(i

−→
∂ +)k1

×
⎛
⎝I − 1

N

s2−1∑
k2=0

(
s2

k2

)(
s2

k2 + 1

)
(i

−→
∂ +)s2−k2−1(i

−→
∂ +)i�−1(JO ′λ

s2
− JÕ ′λ

s2
)(i

−→
∂ +)k2

⎞
⎠

−1

×
s3−1∑
k3=0

(
s3 + 1

k3

)(
s3

k3 + 1

)
(i

−→
∂ +)s3−k3−1(i

−→
∂ +)i�−1 JM̄ ′

s3
(i

−→
∂ +)k3

⎤
⎦ , (57)

where I is the identity in space-time with kernel

I → δ(4)(x − y) (58)

and, after performing the color trace, we have employed the
definitions in Eqs. (29), (30), (31), (32), (33), (34) and [1]

i�−1←−∂ s−k−1+ = (−1)s−k−1−→∂ s−k−1+ i�−1 (59)

that follows from (minus) the propagator in the coordinate
representation [2]

i�−1 → 1

4π2

1

|x − y|2 − iε
. (60)

6.2 Connected generating functional �conf as the log a
Fredholm superdeterminant

By means of the dictionary [1] we rewrite the generating
functional Wconf – that is actually the logarithm of a superde-
terminant of a quadratic form as remarked above – as the
logarithm of a superdeterminant �conf of integral operators
formally of Fredholm type
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�conf
[
jO A , jÕ A , jOλ , jÕλ , j̄M , jM̄

]

= −N 2 − 1

2
log Det

[
I + D−1

A jOA + D−1
A jÕ A

]
− N 2 − 1

2
log Det

[
I + D−1

A jOA − D−1
A jÕ A

]

+N 2 − 1

2
log Det

[
I − D−1

λ jOλ − D−1
λ jÕλ

]
+ N 2 − 1

2
log Det

[
I − D−1

λ jOλ + D−1
λ jÕλ

]

+N 2 − 1

2
log Det

[
I +

(
I − D−1

λ jOλ − D−1
λ jÕλ

)−1
D−1

M j̄M
(
I + D−1

A jOA + D−1
A jÕ A

)−1
D−1

M̄
jM̄

]

+N 2 − 1

2
log Det

[
I +

(
I − D−1

λ jOλ + D−1
λ jÕλ

)−1
D−1

M jM̄

(
I + D−1

A jOA − D−1
A jÕ A

)−1
D−1

M̄
j̄M

]
(61)

and

�conf
[
jO A , jÕ A , jOλ , jÕλ , j̄M , jM̄

]

= −N 2 − 1

2
log Det

[
I + D−1

A jOA + D−1
A jÕ A

]
− N 2 − 1

2
log Det

[
I + D−1

A jOA − D−1
A jÕ A

]

+N 2 − 1

2
log Det

[
I − D−1

λ jOλ − D−1
λ jÕλ

]
+ N 2 − 1

2
log Det

[
I − D−1

λ jOλ + D−1
λ jÕλ

]

−N 2 − 1

2
log Det

[
I +

(
I + D−1

A jOA + D−1
A jÕ A

)−1
D−1

M̄
jM̄

(
I − D−1

λ jOλ − D−1
λ jÕλ

)−1
D−1

M j̄M

]

−N 2 − 1

2
log Det

[
I +

(
I + D−1

A jOA − D−1
A jÕ A

)−1
D−1

M̄
j̄M
(
I − D−1

λ jOλ + D−1
λ jÕλ

)−1
D−1

M jM̄

]
, (62)

where I is the identity in space-time and discrete indices
defined below. The corresponding kernels are defined as fol-
lows:

– gluon-gluon kernel

D−1
A = 1

2

�(3)�(s1 + 3)

�(5)�(s1 + 1)

(
s1

k1

)(
s2

k2 + 2

)
(−i∂+)s1−k1+k2 i�−1

→ D−1
A s1k1,s2k2

(x − y) = 1

8π2

�(3)�(s1 + 3)

�(5)�(s1 + 1)

(
s1

k1

)(
s2

k2 + 2

)
(−i∂+)s1−k1+k2

1

|x − y|2 − iε
(63)

– gluino-gluino kernel

D−1
λ = 1

2

s1 + 1

2

(
s1

k1

)(
s2

k2 + 1

)
(−i∂+)s1−k1+k2−1(−i∂+)i�−1

→ D−1
λ s1k1,s2k2

(x − y) = 1

8π2

s1 + 1

2

(
s1

k1

)(
s2

k2 + 1

)
(−i∂+)s1−k1+k2−1(−i∂+)

1

|x − y|2 − iε
(64)

– gluon-gluino kernels

D−1
M = − i

2

(
s1 + 1

k1 + 2

)(
s2 + 1

k2

)
(i∂+)s1−k1+k2(i∂+)i�−1

→ D−1
M s1k1,s2k2

(x − y) = − i

8π2

(
s1 + 1

k1 + 2

)(
s2 + 1

k2

)
(i∂+)s1−k1+k2(i∂+)

1

|x − y|2 − iε
(65)

D−1
M̄

= − i

2

(
s1

k1

)(
s2

k2 + 1

)
(i∂+)s1−k1+k2 i�−1

→ D−1
M̄ s1k1,s2k2

(x − y) = − i

8π2

(
s1

k1

)(
s2

k2 + 1

)
(i∂+)s1−k1+k2

1

|x − y|2 − iε
. (66)
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The kernels are coupled to the currents jOsk that are dual
to the component operators Osk employed to construct the
conformal operators Os [2]

Os =
l∑

k=0

Osk . (67)

Consequently, the n-point correlators are defined [1] by

〈Os1(x1) · · ·Osn (xn)〉

=
l1∑

k1=0

δ

δ jOs1k1 (x1)

· · ·
ln∑

kn=0

δ

δ jOsnkn (xn)
�conf[ jO ] (68)

and the following identity holds

l1∑
k1=0

δ

δ jOs1k1 (x1)

· · ·
ln∑

kn=0

δ

δ jOsnkn (xn)
�conf[ jO ]

= δ

δ JOs1 (x1)

· · · δ

δ JOsn (xn)
Wconf[JO ] (69)

according to the dictionary [1]. Equivalently, according to the
above equation, �conf[ jOsk ] coincides with Wconf[JOs ] by the
identification

jOsk = JOs (70)

for every k.

7 Generating functional of Euclidean conformal
correlators

7.1 Analytic continuation to Euclidean space-time

The Minkowskian correlators can be analytically contin-
ued [2] to Euclidean space-time by substituting (Appendix
A)

x+ → −i xz (71)

and

1

|x |2 − iε
→ − 1

x2 . (72)

The analytically continued operators read:

– gluon-gluon operators

OA
s → (−1)s+1 Tr ∂z Ā

E (
−→
∂z + ←−

∂z )
s−2C

5
2
s−2

(−→
∂z − ←−

∂z−→
∂z + ←−

∂z

)
∂z A

E = OA E
s (73)

– gluino-gluino operators

Oλ
s → (−1)s−1 Tr λ̄E (

−→
∂z + ←−

∂z )
s−1C

3
2
s−1

(−→
∂z − ←−

∂z−→
∂z + ←−

∂z

)
λE = Oλ E

s (74)

– gluon-gluino operators

Ms → i(−1)s−1 ∂z Tr AE (
−→
∂z + i

←−
∂z )

s−1P(2,1)
s−1

(−→
∂z − ←−

∂z−→
∂z + ←−

∂z

)
λ̄E = ME

s (75)

M̄s → i(−1)s−1 Tr λE (
−→
∂z + ←−

∂z )
s−1P(1,2)

s−1

(−→
∂z − ←−

∂z−→
∂z + ←−

∂z

)
∂z Ā

E = M̄ E
s . (76)

7.2 Analytic continuation of Wconf

Therefore, the generating functional of Euclidean correlators
reads
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W E
conf

[
JO ′A E , JÕ ′ A E , JO ′λ E , JÕ ′λ E , J̄M ′E , JM̄ ′E

] =

− N 2 − 1

2
log Det

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−−→

∂ z)
s−k−1 �−1(JO ′A E

s
+ JÕ ′A E

s
)(−−→

∂ z)
k+1

)

− N 2 − 1

2
log Det

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−−→

∂ z)
s−k−1 �−1(JO ′A E

s
− JÕ ′A E

s
)(−−→

∂ z)
k+1

)

+ N 2 − 1

2
log Det

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−−→

∂ z)
s−k−1(−−→

∂ z)�−1(JO ′λ E
s

+ JÕ ′λ E
s

)(−−→
∂ z)

k

)

+ N 2 − 1

2
log Det

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−−→

∂ z)
s−k−1(−−→

∂ z)�−1(JO ′λ E
s

− JÕ ′λ E
s

)(−−→
∂ z)

k

)

+ N 2 − 1

2
log Det

⎡
⎣I + 1

N 2

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−−→

∂ z)
s−k−1(−−→

∂ z)�−1(JO ′λ E
s

− JÕ ′λ E
s

)(−−→
∂ z)

k

)−1

×
s1−1∑
k1=0

(
s1

k1

)(
s1 + 1

k1 + 2

)
(−1)s1−1(−−→

∂ z)
s1−k1−1(−−→

∂ z)�−1 J̄M ′E
s1

(−−→
∂ z)

k1+1

×
⎛
⎝I + 1

N

s2−2∑
k2=0

(
s2

k2

)(
s2

k2 + 2

)
(−−→

∂ z)
s2−k2−1 �−1(JO ′A E

s2
+ JÕ ′A E

s2
)(−−→

∂ z)
k2+1

⎞
⎠

−1

×
s3−1∑
k3=0

(
s3 + 1

k3

)(
s3

k3 + 1

)
(−1)s3−1(−−→

∂ z)
s3−k3 �−1 JM̄ ′E

s3
(−−→

∂ z)
k3

⎤
⎦

+ N 2 − 1

2
log Det

⎡
⎣I + 1

N 2

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−−→

∂ z)
s−k−1(−−→

∂ z)�−1(JO ′λ E
s

+ JÕ ′λ E
s

)(−−→
∂ z)

k

)−1

×
s1−1∑
k1=0

(
s1

k1

)(
s1 + 1

k1 + 2

)
(−−→

∂ z)
s1−k1−1(−−→

∂ z)�−1 JM̄ ′E
s1

(−−→
∂ z)

k1+1

×
⎛
⎝I + 1

N

s2−2∑
k2=0

(
s2

k2

)(
s2

k2 + 2

)
(−−→

∂ z)
s2−k2−1 �−1(JO ′A E

s2
− JÕ ′A E

s2
)(−−→

∂ z)
k2+1

⎞
⎠

−1

×
s3−1∑
k3=0

(
s3 + 1

k3

)(
s3

k3 + 1

)
(−−→

∂ z)
s3−k3 �−1 J̄M ′E

s3
(−−→

∂ z)
k3

⎤
⎦ (77)
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and

W E
conf

[
JO ′A E , JÕ ′ A E , JO ′λ E , JÕ ′λ E , J̄M ′E , JM̄ ′E

] =

− N 2 − 1

2
log Det

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−−→

∂ z)
s−k−1 �−1(JO ′A E

s
+ JÕ ′A E

s
)(−−→

∂ z)
k+1

)

− N 2 − 1

2
log Det

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−−→

∂ z)
s−k−1 �−1(JO ′A E

s
− JÕ ′A E

s
)(−−→

∂ z)
k+1

)

+ N 2 − 1

2
log Det

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−−→

∂ z)
s−k−1(−−→

∂ z)�−1(JO ′λ E
s

+ JÕ ′λ E
s

)(−−→
∂ z)

k

)

+ N 2 − 1

2
log Det

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−−→

∂ z)
s−k−1(−−→

∂ z)�−1(JO ′λ E
s

− JÕ ′λ E
s

)(−−→
∂ z)

k

)

− N 2 − 1

2
log Det

⎡
⎣I + 1

N 2

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−−→

∂ z)
s−k−1 �−1(JO ′A E

s
− JÕ ′A E

s
)(−−→

∂ z)
k+1

)−1

×
s1−1∑
k1=0

(
s1 + 1

k1

)(
s1

k1 + 1

)
(−1)s1−1(−−→

∂ z)
s1−k1 �−1 JM̄ ′E

s1
(−−→

∂ z)
k1

×
⎛
⎝I − 1

N

s2−1∑
k2=0

(
s2

k2

)(
s2

k2 + 1

)
(−−→

∂ z)
s2−k2−1(−−→

∂ z)�−1(JO ′λ E
s2

+ JÕ ′λ E
s2

)(−−→
∂ z)

k2

⎞
⎠

−1

×
s3−1∑
k3=0

(
s3

k3

)(
s3 + 1

k3 + 2

)
(−1)s3−1(−−→

∂ z)
s3−k3−1(−−→

∂ z)�−1 J̄M ′E
s3

(−−→
∂ z)

k3+1

⎤
⎦

− N 2 − 1

2
log Det

⎡
⎣I + 1

N 2

(
I + 1

N

s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−−→

∂ z)
s−k−1 �−1(JO ′A E

s
+ JÕ ′A E

s
)(−−→

∂ z)
k+1

)−1

×
s1−1∑
k1=0

(
s1 + 1

k1

)(
s1

k1 + 1

)
(−−→

∂ z)
s1−k1 �−1 J̄M ′E

s1
(−−→

∂ z)
k1

×
⎛
⎝I − 1

N

s2−1∑
k2=0

(
s2

k2

)(
s2

k2 + 1

)
(−−→

∂ z)
s2−k2−1(−−→

∂ z)�−1(JO ′λ E
s2

− JÕ ′λ E
s2

)(−−→
∂ z)

k2

⎞
⎠

−1

×
s3−1∑
k3=0

(
s3 + 1

k3

)(
s3

k3 + 1

)
(−−→

∂ z)
s3−k3−1(−−→

∂ z)�−1 JM̄ ′E
s3

(−−→
∂ z)

k3

⎤
⎦ , (78)

with

� = δμν∂μ∂ν = ∂2
4 +

3∑
i=1

∂2
i (79)

and

−�−1 → 1

4π2

1

(x − y)2 . (80)

7.3 Analytic continuation of �conf

The Euclidean conformal generating functional is obtained
by performing the analytic continuation of Eqs. (61) and (62)
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�E
conf

[
jO A E , jÕ A E , jOλ E , jÕλ E , j̄ME , jM̄ E

]

= −N 2 − 1

2
log Det

[
I + D−1

E A jOA E + D−1
E A jÕ A E

]
− N 2 − 1

2
log Det

[
I + D−1

E A jOA E − D−1
E A jÕ A E

]

+ N 2 − 1

2
log Det

[
I − D−1

E λ jOλ E − D−1
E λ jÕλ E

]
+ N 2 − 1

2
log Det

[
I − D−1

E λ jOλ E + D−1
E λ jÕλ E

]

+ N 2 − 1

2
log Det

[
I +

(
I − D−1

E λ jOλ E − D−1
E λ jÕλ E

)−1
D−1

E M j̄M
(
I + D−1

E A jOA E + D−1
E A jÕ A E

)−1
D−1

E M̄
jM̄

]

+ N 2 − 1

2
log Det

[
I +

(
I − D−1

E λ jOλ E + D−1
E λ jÕλ E

)−1
D−1

E M jM̄

(
I + D−1

E A jOA E − D−1
E A jÕ A E

)−1
D−1

E M̄
j̄M
]

(81)

and

�E
conf

[
jO A E , jÕ A E , jOλ E , jÕλ E , j̄ME , jM̄ E

]

= −N 2 − 1

2
log Det

[
I + D−1

E A jOA E + D−1
E A jÕ A E

]
− N 2 − 1

2
log Det

[
I + D−1

E A jOA E − D−1
E A jÕ A E

]

+ N 2 − 1

2
log Det

[
I − D−1

E λ jOλ E − D−1
E λ jÕλ E

]
+ N 2 − 1

2
log Det

[
I − D−1

E λ jOλ E + D−1
E λ jÕλ E

]

− N 2 − 1

2
log Det

[
I +

(
I + D−1

E A jOA E + D−1
E A jÕ A E

)−1
D−1

E M̄
jM̄

(
I − D−1

E λ jOλ E − D−1
E λ jÕλ E

)−1
D−1

ME j̄M
]

− N 2 − 1

2
log Det

[
I +

(
I + D−1

E A jOA E − D−1
E A jÕ A E

)−1
D−1

E M̄
j̄M
(
I − D−1

E λ jOλ E + D−1
E λ jÕλ E

)−1
D−1

E M jM̄

]
, (82)

with the kernels:

– gluon-gluon kernel

D−1
E A = 1

2

�(3)�(s1 + 3)

�(5)�(s1 + 1)

(
s1

k1

)(
s2

k2 + 2

)
∂s1−k1+k2
z �−1

→ D−1
E A s1k1,s2k2

(x − y) = − 1

8π2

�(3)�(s1 + 3)

�(5)�(s1 + 1)

(
s1

k1

)(
s2

k2 + 2

)
∂s1−k1+k2
z

1

(x − y)2 (83)

– gluino-gluino kernel

D−1
E λ = 1

2

s1 + 1

2

(
s1

k1

)(
s2

k2 + 1

)
∂s1−k1+k2−1
z ∂z �−1

→ D−1
E λ s1k1,s2k2

(x − y) = − 1

8π2

s1 + 1

2

(
s1

k1

)(
s2

k2 + 1

)
∂s1−k1+k2−1
z ∂z

1

(x − y)2 (84)

– gluon-gluino kernels

D−1
E M = i

2

(
s1 + 1

k1 + 2

)(
s2 + 1

k2

)
(−∂z)

s1−k1+k2∂z �−1

→ D−1
E M s1k1,s2k2

(x − y) = − i

8π2

(
s1 + 1

k1 + 2

)(
s2 + 1

k2

)
(−∂z)

s1−k1+k2∂z
1

(x − y)2 (85)

D−1
E M̄

= − i

2

(
s1

k1

)(
s2

k2 + 1

)
(−∂z)

s1−k1+k2 �−1

→ D−1
E M̄ s1k1,s2k2

(x − y) = i

8π2

(
s1

k1

)(
s2

k2 + 1

)
(−∂z)

s1−k1+k2
1

(x − y)2 . (86)
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8 RG-improvement of the Euclidean correlators

8.1 Operator mixing

We briefly summarize the construction of the RG-improved
asymptotic generating functional following [1,4]. The renor-
malized Euclidean correlators

〈Ok1(x1) · · ·Okn (xn)〉 = G(n)
k1...kn

(x1, . . . , xn;μ, g(μ)) (87)

satisfy the Callan-Symanzik equation

(
n∑

α=1

xα · ∂

∂xα

+ β(g)
∂

∂g
+

n∑
α=1

DOα

)
G(n)

k1...kn

+
∑
a

(
γk1a(g)G

(n)
ak2...kn

+ γk2a(g)G
(n)
k1ak3...kn

· · · + γkna(g)G
(n)
k1...a

)
= 0, (88)

with solution

G(n)
k1...kn

(λx1, . . . , λxn;μ, g(μ))

=
∑
j1... jn

Zk1 j1(λ) · · · Zkn jn (λ) λ−∑n
i=1 DO i

× G(n)
j1... jn

(
x1, . . . , xn;μ, g

(μ

λ

))
, (89)

where DOi is the canonical dimension of Oi (x) and γ (g) =
γ0g2 + · · · the matrix of the anomalous dimensions, with

(
∂

∂g
+ γ (g)

β(g)

)
Z(λ) = 0 (90)

in matrix notation, and

Z(λ) = P exp

(∫ g( μ
λ
)

g(μ)

γ (g′)
β(g′)

dg′
)

. (91)

Equation (89) greatly simplifies if a renormalization scheme
exists where Z(λ) is diagonalizable to all orders of perturba-
tion theory, and specifically one-loop exact, with eigenvalues
ZOi (λ) [4]

ZOi (λ) =
(
g(μ)

g(μ
λ
)

) γ0O i
β0

, (92)

where γ0Oi are the eigenvalues of γ0. Indeed, in the above
scheme Eq. (89) contains only one term

G(n)
j1... jn

(λx1, . . . , λxn;μ, g(μ))

= ZO j1
(λ) · · · ZO jn

(λ) λ−∑n
i=1 DO i

× G(n)
j1... jn

(
x1, . . . , xn;μ, g

(μ

λ

))
. (93)

Then, as λ → 0, in any renormalization scheme, the renor-
malized correlator in the right-hand side above admits the
perturbative asymptotic expansion in terms of the renormal-
ized coupling g(μ

λ
) at the scale μ

λ

G(n)
j1... jn

(
x1, . . . , xn; μ, g

(μ

λ

))

∼ G
(n,0)
j1... jn

(x1, . . . , xn; μ) + g2
(μ

λ

)
G

(n,2)
j1... jn

(x1, . . . , xn;μ)

+ g4
(μ

λ

)
G

(n,4)
j1... jn

(x1, . . . , xn; μ) + · · · . (94)

Of course, the first term in the above expansion, being inde-
pendent of the coupling, is the conformal contribution at zero
coupling

G (n,0)
j1... jn

(x1, . . . , xn;μ) = G(n)
conf j1... jn

(x1, . . . , xn) , (95)

since the renormalized operators at zero coupling coincide
with the conformal ones.

The higher-order corrections in Eq. (94) arise from the
nonconformal interaction due to the nonvanishing beta func-
tion, so that the conformal contribution is corrected at higher
orders in the renormalized coupling as displayed, the renor-
malized operators being nonconformal at higher orders in
any renormalization scheme.

Yet, provided that the conformal contribution is nonva-
nishing, for fixed x1, . . . , xn , all the higher-order terms in
Eq. (94) are suppressed with respect to the conformal one by
powers of

g2(
μ

λ
) ∼ 1

β0 log(
μ2

λ2�2
SY M

)

⎛
⎜⎝1 − β1

β2
0

log log(
μ2

λ2�2
SY M

)

log(
μ2

λ2�2
SY M

)

⎞
⎟⎠

∼ 1

β0 log( 1
λ2 )

(
1 − β1

β2
0

log log( 1
λ2 )

log( 1
λ2 )

)
, (96)

– i.e., asymptotically by inverse powers of log λ – despite
being in general nonconformal.

Hence, the corresponding UV asymptotics in Eq. (93),
with fixed x1, . . . , xn , reads as λ → 0

〈O j1(λx1) · · ·O jn (λxn)〉

∼ ZO j1
(λ) · · · ZO jn

(λ)

λDO 1+···+DO n
G(n)

conf j1... jn
(x1, . . . , xn) (97)

that is the RG-improved asymptotic correlator in the afore-
mentioned renormalization scheme.

We refer to the above scheme as nonresonant diagonal [4],
according to the Poincaré–Dulac theorem that is involved in
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the following differential-geometric interpretation of opera-
tor mixing [4]. We interpret a finite change of basis of the
renormalized operators

O ′(x) = S(g)O(x) (98)

in matrix notation as a real-analytic invertible gauge trans-
formation S(g) that depends on g. Then, the matrix

A(g) = −γ (g)

β(g)
= 1

g

(γ0

β0
+ · · ·

)
(99)

that enters the differential equation for Z(λ)

( ∂

∂g
− A(g)

)
Z(λ) = 0 (100)

defines a connection A(g)

A(g) = 1

g

(
A0 +

∞∑
n=1

A2ng
2n

)
, (101)

with a regular singularity at g = 0 that transforms as

A′(g) = S(g)A(g)S−1(g) + ∂S(g)

∂g
S−1(g) (102)

under the gauge transformation S(g), with

D = ∂

∂g
− A(g) (103)

the corresponding covariant derivative. Consequently, Z(λ)

is a Wilson line that transforms as

Z ′(λ) = S(g(μ))Z(λ)S−1(g(
μ

λ
)). (104)

It follows from the Poincaré–Dulac theorem [4] that, if any
two eigenvalues λ1, λ2, . . . of the matrix γ0

β0
, in nonincreasing

order λ1 ≥ λ2 ≥ · · · , do not differ by a positive even integer

λi − λ j − 2k �= 0 (105)

for i ≤ j and k a positive integer – i.e., they are nonresonant
– then a gauge transformation exists that sets A(g) in the
canonical nonresonant form [4]

A′(g) = γ0

β0

1

g
(106)

that is one-loop exact to all orders of perturbation theory.
Hence, if in addition γ0

β0
is diagonalizable, Eq. (92) follows.

8.2 Nonresonant diagonal renormalization scheme

To make the present paper self-contained we provide the con-
struction order by order in perturbation theory of the nonres-
onant diagonal scheme [4].

The construction proceeds by induction on k = 1, 2, . . .

by demonstrating that, once A0 and the first k − 1 matrix
coefficients A2, . . . , A2(k−1) in Eq. (101) have been set in
the canonical nonresonant form in Eq. (106) – i.e., A0 diag-
onal and A2, . . . , A2(k−1) = 0 – a real-analytic gauge trans-
formation exists that leaves them invariant and sets the k-th
coefficient A2k to 0 as well.

The 0 step of the induction consists in putting A0 in diag-
onal form – with the eigenvalues in nonincreasing order – by
a constant gauge transformation.

At the kth step we choose the gauge transformation

Sk(g) = 1 + g2k H2k, (107)

with H2k a matrix to be found below. Its inverse reads

S−1
k (g) = (1 + g2k H2k)

−1 = 1 − g2k H2k + · · · , (108)

where the dots represent terms of order higher than g2k . The
action of Sk(g) on the connection A(g) furnishes

A′(g) = 2kg2k−1H2k(1 − g2k H2k)
−1 + (1 + g2k H2k)A(g)(1 − g2k H2k)

−1

= 2kg2k−1H2k(1 − g2k H2k)
−1 + (1 + g2k H2k)

1

g

(
A0 +

∞∑
n=1

A2ng
2n

)
(1 − g2k H2k)

−1

= 2kg2k−1H2k(1 − · · · ) + (1 + g2k H2k)
1

g

(
A0 +

∞∑
n=1

A2ng
2n

)
(1 − g2k H2k + · · · )

= 2kg2k−1H2k + 1

g

(
A0 +

k∑
n=1

A2ng
2n

)
+ g2k−1(H2k A0 − A0H2k) + · · ·

= g2k−1(2kH2k + H2k A0 − A0H2k) + A2(k−1)(g) + g2k−1A2k + · · · , (109)

where we have skipped all the terms that contribute to an
order higher than g2k−1, with

A2(k−1)(g) = 1

g

(
A0 +

k−1∑
n=1

A2ng
2n

)
(110)
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that is the part of A(g) that is not affected by the gauge
transformation Sk(g), and therefore verifies the hypotheses
of the induction – i.e., that A2, . . . , A2(k−1) vanish.

Thus, by Eq. (109) the kth matrix coefficient A2k may
be eliminated from the expansion of A′(g) to order g2k−1

provided that an H2k exists such that

A2k + (2kH2k + H2k A0 − A0H2k)

= A2k + (2k − adA0)H2k = 0, (111)

with adA0Y = [A0,Y ]. If the inverse of adA0 − 2k exists,
the unique solution for H2k is

H2k = (adA0 − 2k)−1A2k . (112)

Hence, to complete the induction, we should demonstrate
that, if the eigenvalues of A0 are nonresonant, adA0 − 2k is
invertible, i.e., its kernel is trivial.

Now ad�−2k, as a linear operator that acts on matrices, is
diagonal, with eigenvalues λi −λ j −2k and the matrices Ei j ,
whose only nonvanishing entries are (Ei j )i j , as eigenvectors.
The eigenvectors Ei j , normalized so that (Ei j )i j = 1, form
an orthonormal basis for the matrices. Therefore, Ei j belongs
to the kernel of ad� − 2k if and only if λi − λ j − 2k = 0.
Consequently, since λi − λ j − 2k �= 0 for every i, j by
assumption, the kernel of ad� − 2k only contains 0, and the
construction is complete.

8.3 Anomalous dimensions of twist-2 operators in N = 1
SUSY YM theory

The eigenvalues of γ0 forOs = S(1)
s , S(2)

s , S̃(1)
s , S̃(2)

s , Ms, M̄s

read [16]

γ0Os = 1

4π2

(
γ̃ 0
Os

− 3

2

)
(113)

with

γ̃
0 S(1)

s
= ψ(s + 2) + ψ(s − 1) − 2ψ(1) − 2(−1)s

(s + 1)s(s − 1)

γ̃
0 S(2)

s
= ψ(s + 3) + ψ(s) − 2ψ(1) + 2(−1)s

(s + 2)(s + 1)s
(114)

and [16,17]

γ̃
0 S̃(i)

s
= γ̃

0 S(i)
s

γ̃0 Ms = γ̃
0 S(2)

s
(115)

Besides [16],

γ0 Õλ
1

= 1

4π2

2

3
= 1

6π2 . (116)

We have verified that the first 104 eigenvalues of γ0
β0

are non-

resonant, with β0 = 3
(4π)2 . Moreover, the proof of the non-

resonant condition [20] in the pure YM case applies with
minor modifications to the balanced twist-2 operators in the
present paper.

8.4 Conformal generating functional of correlators of
supermultiplet operators

By noticing that

S(1)′ E
s J

S(1)′ E
s

+ S(2)′ E
s J

S(2)′ E
s

= 6O
′A E
s

(
J
S(1)′ E
s

s − 1
+

J
S(2)′ E
s

s + 2

)

+ O
′λ E
s

(
−J

S(1)′ E
s

+ J
S(2)′ E
s

)
(117)

and

S̃(1)′ E
s J

S̃(1)′ E
s

+ S̃(2)′ E
s J

S̃(2)′ E
s

= −6Õ
′A E
s

(
J
S̃(1)′ E
s

s − 1
+

J
S̃(2)′ E
s

s + 2

)

+ Õ
′λ E
s

(
−J

S̃(1)′ E
s

+ J
S̃(2)′ E
s

)
, (118)

we get

JO ′A E
s

= 6

(
J
S(1)′ E
s

s − 1
+

J
S(2)′ E
s

s + 2

)

JÕ ′A E
s

= −6

(
J
S̃(1)′ E
s

s − 1
+

J
S̃(2)′ E
s

s + 2

)
(119)

and

JO ′λ E
s

= −J
S(1)′ E
s

+ J
S(2)′ E
s

JÕ ′λ E
s

= −J
S̃(1)′ E
s

+ J
S̃(2)′ E
s

. (120)

Substituting the above formulas into Eqs. (77) and (78), we
obtain the generating functional of Euclidean conformal cor-
relators of supermultiplet operators.

We display some important special cases, the complete
expression being reported in Appendix H.

For bosonic operators

123



Eur. Phys. J. C          (2025) 85:1161 Page 21 of 50  1161 

W E
conf

[
0, JS(1)′ E , 0, 0, 0, 0, 0

]

= −(N 2 − 1) log Det

(
I + 1

N
6
s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−−→

∂ z)
s−k−1 �−1

J
S(1)′ E
s

s − 1
(−−→

∂ z)
k+1

)

+ (N 2 − 1) log Det

(
I + 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−−→

∂ z)
s−k−1(−−→

∂ z)�−1 J
S(1)′ E
s

(−−→
∂ z)

k
)

(121)

and

W E
conf

[
0, 0, 0, JS(2)′ E , 0, 0, 0

]

= −(N 2 − 1) log Det

(
I + 1

N
6
s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−−→

∂ z)
s−k−1 �−1

J
S(2)′ E
s

s + 2
(−−→

∂ z)
k+1

)

+ (N 2 − 1) log Det

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−−→

∂ z)
s−k−1(−−→

∂ z)�−1 J
S(2)′ E
s

(−−→
∂ z)

k
)

. (122)

For fermionic operators

W E
conf

[
0, 0, 0, 0, 0, J̄M ′E , JM̄ ′E

]

= +(N 2 − 1) log Det

(
I + 1

N 2

s1−1∑
k1=0

(
s1

k1

)(
s1 + 1

k1 + 2

)
(−−→

∂ z)
s1−k1−1(−−→

∂ z)�−1 JM̄ ′E
s1

(−−→
∂ z)

k1+1

×
s3−1∑
k3=0

(
s3 + 1

k3

)(
s3

k3 + 1

)
(−−→

∂ z)
s3−k3 �−1 J̄M ′E

s3
(−−→

∂ z)
k3

)
. (123)

9 RG-improved generating functionals

9.1 W

In ’t Hooft large-N expansion the generating functional of the Euclidean n-point correlators decomposes into its planarW E
sphere

and leading-order nonplanar W E
torus contributions [1,5,6]. The UV asymptotics as λ → 0 of W E

sphere and W E
torus follows from

the RG-improved correlators in Eq. (97) and from the conformal generating functionals in Eqs. (121), (122) and (123), with

W E
asym[JO ′E , λ] = W E

asym sphere[JO ′E , λ] + W E
asym torus[JO ′E , λ] (124)
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and

W E
asym sphere[JO ′E , λ] = −N 2W E

asym torus[JO ′E , λ]. (125)

For bosonic operators

W E
asym

[
0, JS(1)′ E , 0, 0, 0, 0, 0, λ

] =

− (N 2 − 1) log Det

(
I + 1

N
6
s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−−→

∂ z)
s−k−1 �−1

λs+2 ZS(1)′ E (λ)
J
S(1)′ E
s

s − 1
(−−→

∂ z)
k+1

)

+ (N 2 − 1) log Det

(
I + 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−−→

∂ z)
s−k−1 (−−→

∂ z)�−1

λs+2 ZS(1)′ E (λ)J
S(1)′ E
s

(−−→
∂ z)

k
)

(126)

and

W E
asym

[
0, 0, 0, JS(2)′ E , 0, 0, 0, λ

] =

− (N 2 − 1) log Det

(
I + 1

N
6
s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−−→

∂ z)
s−k−1 �−1

λs+2 ZS(2)′ E (λ)
J
S(2)′ E
s

s + 2
(−−→

∂ z)
k+1

)

+ (N 2 − 1) log Det

(
I − 1

N

s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−−→

∂ z)
s−k−1 (−−→

∂ z)�−1

λs+2 ZS(2)′ E (λ)J
S(2)′ E
s

(−−→
∂ z)

k
)

. (127)

For fermionic operators

W E
asym

[
0, 0, 0, 0, 0, J̄M ′E , JM̄ ′E , λ

] =

+ (N 2 − 1) log Det

(
I + 1

N 2

s1−1∑
k1=0

(
s1

k1

)(
s1 + 1

k1 + 2

)
(−−→

∂ z)
s1−k1−1 (−−→

∂ z)�−1

λs1+2 ZM (λ)JM̄ ′E
s1

(−−→
∂ z)

k1+1

×
s2−1∑
k2=0

(
s2 + 1

k2

)(
s2

k2 + 1

)
(−−→

∂ z)
s2−k2

�−1

λs2+2 ZM (λ) J̄M ′E
s2

(−−→
∂ z)

k2

)
. (128)

9.2 �

We also provide a more compact formula for the asymptotic RG-improved generating functionals expressed as Fredholm
(super)determinants.
For bosonic operators

�E
asym

[
0, jS(1)′ E , 0, 0, 0, 0, 0, λ

]

= −(N 2 − 1) log Det

⎡
⎣I δs1s2δk1k2 + 1

N
6

(
s1

k1

)(
s2

k2 + 2

)
∂s1−k1+k2
z

�−1

λs2+2 ZS(1)′ E (λ)

j
S(1)′ E
s2k2

s2 − 1

⎤
⎦

+ (N 2 − 1) log Det

[
I δs1s2δk1k2 + 1

N

(
s1

k1

)(
s2

k2 + 1

)
∂s1−k1+k2−1
z

∂z �−1

λs2+2 ZS(1)′ E (λ) j
S(1)′ E
s2k2

]
(129)
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and

�E
asym

[
0, 0, 0, jS(2)′ E , 0, 0, 0, λ

]

= −(N 2 − 1) log Det

⎡
⎣I δs1s2δk1k2 + 1

N
6

(
s1

k1

)(
s2

k2 + 2

)
∂s1−k1+k2
z

�−1

λs2+2 ZS(2)′ E (λ)

j
S(2)′ E
s2k2

s2 − 1

⎤
⎦

+ (N 2 − 1) log Det

[
I δs1s2δk1k2 − 1

N

(
s1

k1

)(
s2

k2 + 1

)
∂s1−k1+k2−1
z

∂z �−1

λs2+2 ZS(2)′ E (λ) j
S(2)′ E
s2k2

]
. (130)

For fermionic operators

�E
asym

[
0, 0, 0, 0, 0, j̄M ′E , jM̄ ′E , λ

]

= +(N 2 − 1) log Det
[
I δs1s2δk1k2

+ 1

N 2

(
s1 + 1

k1 + 2

)(
s2 + 1

k2

)
(−∂z)

s1−k1+k ∂z �−1

λs+2 ZM (λ) jM̄sk

(
s

k

)(
s2

k2 + 1

)
(−∂z)

s−k+k2
�−1

λs2+2 ZM (λ) j̄Ms2k2

]
(131)

that follow from the corresponding conformal objects (Sect. 7).

10 Conclusions

We are now ready to state the main results of the present paper.
Nonperturbatively, the generating functional of the glueball/gluinoball one-loop correlators reads (Sect. 3)

W E
glueball/gluinoball 1-loop [J�, J� ]

= 1

2
log sDet

(∗′
2(−� + M2) + 1

N ∗′
3 �J∗′

3
1
N ∗′

3 ∗′
3�J

1
N ∗′

3 ∗′
3�J ∗2(−� + M2) + 1

N ∗3 �J∗3

)

= +1

2
log Det

(
∗′

2(−� + M2) + 1

N
∗′

3 �J∗′
3

)
− 1

2
log Det

(
∗2(−� + M2) + 1

N
∗3 �J∗3

)

− 1

2
log Det

[
I − 1

N

(
∗2(−� + M2) + 1

N
∗3 �J∗3

)−1

∗′
3 ∗′

3�J

(
∗′

2(−� + M2) + 1

N
∗′

3 �J∗′
3

)−1 1

N
∗′

3 ∗′
3�J

]
,

(132)

where we have employed the second line in Eq. (8). Setting J� = 0, we get for bosonic operators up to an irrelevant constant

W E
glueball/gluinoball 1-loop [J�, 0] = +1

2
log Det

(
I + (∗′

2(−� + M2))−1 1

N
∗′

3 �J∗′
3

)

− 1

2
log Det

(
I + (∗2(−� + M2))−1 1

N
∗3 �J∗3

)
. (133)

Similarly, setting J� = 0, we obtain for fermionic operators up to an irrelevant constant

W E
glueball/gluinoball 1-loop [0, J� ] = −1

2
log Det

[
I −

(
∗2(−�+M2)

)−1 1

N
∗′

3 ∗′
3�J

(
∗′

2(−�+M2)
)−1 1

N
∗′

3 ∗′
3�J

]
.

(134)
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The corresponding RG-improved objects that follow from
Eqs. (129), (130), (131) and the identification in Eq. (70)
read for bosonic operators

�E
asym torus

[
0, jS(1)′ E , 0, 0, 0, 0, 0, λ

] = + log Det

⎡
⎣I δs1s2δk1k2 + 1

N
6

(
s1

k1

)(
s2

k2 + 2

)
∂s1−k1+k2
z

�−1

λs2+2 ZS(1)′ E (λ)

j
S(1)′ E
s2k2

s2 − 1

⎤
⎦

− log Det

[
I δs1s2δk1k2 + 1

N

(
s1

k1

)(
s2

k2 + 1

)
∂s1−k1+k2−1
z

∂z �−1

λs2+2 ZS(1)′ E (λ) j
S(1)′ E
s2k2

]

(135)

and

�E
asym torus

[
0, 0, 0, jS(2)′ E , 0, 0, 0, λ

] = + log Det

⎡
⎣I δs1s2δk1k2 + 1

N
6

(
s1

k1

)(
s2

k2 + 2

)
∂s1−k1+k2
z

�−1

λs2+2 ZS(2)′ E (λ)

j
S(2)′ E
s2k2

s2 − 1

⎤
⎦

− log Det

[
I δs1s2δk1k2 − 1

N

(
s1

k1

)(
s2

k2 + 1

)
∂s1−k1+k2−1
z

∂z �−1

λs2+2 ZS(2)′ E (λ) j
S(2)′ E
s2k2

]
,

(136)

and for fermionic operators

�E
asym torus

[
0, 0, 0, 0, 0, j̄M ′E , jM̄ ′E , λ

]

= − log Det
[
I δs1s2δk1k2

+
(
s1 + 1

k1 + 2

)(
s2 + 1

k2

)
(−∂z)

s1−k1+k ∂z �−1

λs+2 ZM (λ)
1

N
jM̄sk

(
s

k

)(
s2

k2 + 1

)
(−∂z)

s−k+k2
�−1

λs2+2 ZM (λ)
1

N
j̄Ms2k2

]
. (137)

They are are UV asymptotic as λ → 0 to the above corre-
sponding nonperturbative objects according to the AF, where
in the following, to keep the notation simple, the rescaling
of the coordinates by the factor of λ in the nonperturbative
generating functional is understood: Respectively,

�E
asym torus

[
0, . . . , jS′(i)E , 0, . . . ; λ

]
∼ W E

glueball/gluinoball 1-loop [J�(i) , 0] (138)

and

�E
asym torus

[
0, 0, 0, 0, 0, j̄ME , jM̄ E , λ

]
∼ W E

glueball/gluinoball 1-loop [0, J� ]. (139)

for a suitable choice of the glueball, �(i), i = 1, 2, and
gluinoball, �, interpolating fields (Sect. 3).

Remarkably, the aforementioned structure of the loga-
rithm of a functional (super)determinant nicely intertwines
with the topology of leading nonplanar diagrams in the large-
N expansion of the SU(N ) theory as opposed to the U(N )
one [5,6], including the resolution of the issue about the spin-
statistics theorem in the N = 1 SUSY YM theory [21] that
is analog to the pure YM theory [5,6].

Hence, the matching of the log Det structure of the above
nonperturbative and UV-asymptotic RG-improved generat-
ing functionals of correlators of balanced twist-2 operators

in the large-N expansion to the leading-nonplanar order sets
strong qualitative and quantitative UV constraints on the yet-
to-come nonperturbative solution of large-N N = 1 SUSY
YM theory and it may be an essential guide for the search of
such a solution.
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Appendix A: Notation and Wick rotation

We follow the conventions in [22]. We choose the mostly
minus Minkowskian metric

(gμν) = diag(1,−1,−1,−1) (A.1)

and define the light-cone coordinates

x± = x0 ± x3

√
2

= x∓. (A.2)

The corresponding Minkowskian (squared) distance is

|x |2 = 2x+x− − x2⊥, (A.3)

with

x2⊥ = (x1)2 + (x2)2. (A.4)

We denote the derivative with respect to x+ by

∂+ = ∂

∂x+ = ∂x+ = ∂

∂x−
= ∂x− (A.5)

and define the light-like vectors nμ and n̄μ

nμn
μ = n̄μn̄

μ = 0 nμn̄
μ = 1 (A.6)

that respectively read (nμ) = 1√
2
(1, 0, 0, 1) and (n̄μ) =

1√
2
(1, 0, 0,−1). Correspondingly, the Minkowskian metric

decomposes into transverse and longitudinal components
with respect to the light-like vectors

gμν = g⊥
μν + nμn̄ν + nν n̄μ. (A.7)

The Euclidean metric reads

(δμν) = diag(1, 1, 1, 1) (A.8)

with Euclidean (squared) distance

x2 = 2xzx z̄ + x2⊥ (A.9)

where

xz = x4 + i x3

√
2

= x4 + i x3√
2

= xz̄ (A.10)

and

x z̄ = x4 − i x3

√
2

= x4 − i x3√
2

= xz . (A.11)

We define the Wick rotation by

x0 = x0 → −i x4 = −i x4 (A.12)

and

p0 = p0 → i p4 = i p4. (A.13)

Equation (A.12) ensures that exp(i SM ) → exp(−SE ), where
SM and SE are respectively the Minkowskian and Euclidean
actions, with SE positive definite. By defining p · x =
pμxμ and 〈px〉 = pμxμ respectively in Minkowskian and
Euclidean space-time, Eq. (A.13) ensures that by the Wick
rotation p · x → 〈px〉, so that the pairings p · x and 〈px〉
are actually independent of the Minkowskian and Euclidean
metric. Therefore, by a slight abuse of notation, we also
write p · x in Euclidean space-time, instead of 〈px〉. Besides,
|x |2 → −x2 and |p|2 → −p2. As a consequence, the Wick
rotation of the scalar propagator of mass m in Minkowskian
space-time

〈φ(x)φ(y)〉 =
∫

d4 p

(2π)4 eip·(x−y) i

|p|2 − m2 + iε
(A.14)

reads in Euclidean space-time

〈φE (x)φE (y)〉 =
∫

d4 p

(2π)4 eip·(x−y) i2

−p2 − m2

=
∫

d4 p

(2π)4 eip·(x−y) 1

p2 + m2 (A.15)

as it should be. The Wick rotation of the light-cone coordi-
nates

x+ = x− → −i x z = −i xz̄ (A.16)

and

x− = x+ → −i x z̄ = −i xz (A.17)

implies the Wick rotation of the derivative with respect to x+

∂+ → i∂z = i
∂

∂xz
. (A.18)
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Appendix B: Jacobi and Gegenbauer polynomials

We work out some formulas for the Jacobi and Gegenbauer
polynomials employed in the present paper. For x real the
Jacobi polynomials P(α,β)

l (x) admit the representation [23]

P(α,β)
l (x)

=
l∑

k=0

(
l + α

k

)(
l + β

k + β

)(
x − 1

2

)k ( x + 1

2

)l−k

,

(B.19)

with α, β real and l a natural number. Besides, they satisfy
the symmetry property

P(α,β)
l (−x) = (−1)l P(β,α)

l (x). (B.20)

The Gegenbauer polynomials Cα′
l (x) are a special case of

the Jacobi polynomials

Cα′
l (x) = �(l + 2α′)�(α′ + 1

2 )

�(2α′)�(l + α′ + 1
2 )

P
(α′− 1

2 ,α′− 1
2 )

l (x), (B.21)

with the symmetry property

Cα′
l (−x) = (−1)lCα′

l (x). (B.22)

We set

x = b − a

a + b
, (B.23)

so that

(
x − 1

2

)k ( x + 1

2

)l−k

= (−1)l−k al−kbk

(a + b)l
. (B.24)

Equation (B.19) becomes

P(α,β)
l (x) =

l∑
k=0

(
l + α

k

)(
l + β

k + β

)
(−1)l−k al−kbk

(a + b)l
.

(B.25)

Moreover, putting l = J − α′ + 1
2 in Eq. (B.21) and α =

β = α′ − 1
2 in Eq. (B.19), we obtain

Cα′
J−α′+ 1

2
(x) = �(J + 1

2 + α′)�(α′ + 1
2 )

�(2α′)�(J + 1)

×
J−α′+ 1

2∑
k=0

(
J

k

)(
J

k + α′ − 1
2

)

× (−1)J−α′+ 1
2 −k a J−α′+ 1

2 −kbk

(a + b)J−α′+ 1
2

. (B.26)

Specializing the above equation to J = s and α′ = 5
2 , we get

C
5
2
s−2 (x) = �(s + 3)�(3)

�(5)�(s + 1)

×
s−2∑
k=0

(
s

k

)(
s

k + 2

)
(−1)s−k as−k−2bk

(a + b)s−2 . (B.27)

Moreover, for J = s and α′ = 3
2 , we obtain

C
3
2
s−1 (x) = �(s + 2)�(1)

�(3)�(s + 1)

×
s−1∑
k=0

(
s

k

)(
s

k + 1

)
(−1)s−k−1 as−k−1bk

(a + b)s−1 . (B.28)

We restrict α, β to the natural numbers and, correspondingly,
α′ to the positive half-integers and J to the natural numbers.
By employing the identity

(
l + α

k

)(
l + β

k + β

)

= (l + β)!(l + α)!
l!(l + α + β)!

(
l

k

)(
l + β + α

k + β

)
, (B.29)

it follows from Eq. (B.25) that

P(α,β)
l (x) = (l + β)!(l + α)!

l!(l + α + β)!

×
l∑

k=0

(
l

k

)(
l + β + α

k + β

)
(−1)l−k al−kbk

(a + b)l
. (B.30)

Correspondingly, Eq. (B.21) reads

Cα′
l (x) = �(l + 2α′)�(α′ + 1

2 )

�(2α′)�(l + α′ + 1
2 )

× (l + α′ − 1
2 )!(l + α′ − 1

2 )!
l!(l + 2α′ − 1)!

×
l∑

k=0

(
l

k

)(
l + 2α′ − 1

k + α′ − 1
2

)
(−1)l−k al−kbk

(a + b)l
(B.31)

that reduces to

Cα′
l (x)

= �(α′ + 1
2 )�(l + α′ + 1

2 )

�(2α′)�(l + 1)

l∑
k=0

(
l

k

)(
l + 2α′ − 1

k + α′ − 1
2

)
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× (−1)l−k al−kbk

(a + b)l
. (B.32)

Appendix C: Conformal properties of the standard basis

The gauge-invariant collinear twist-2 operators in the light-
cone gauge that enter the balanced superfields read in the
standard basis [2,16,17]

OA
s = 1

2
∂+ Āa(i

−→
∂ + + i

←−
∂ +)s−2C

5
2
s−2

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
∂+Aa

Õ A
s = 1

2
∂+ Āa(i

−→
∂ + + i

←−
∂ +)s−2C

5
2
s−2

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
∂+Aa

Oλ
s = 1

2
λ̄a(i

−→
∂ + + i

←−
∂ +)s−1C

3
2
s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
λa

Õλ
s = 1

2
λ̄a(i

−→
∂ + + i

←−
∂ +)s−1C

3
2
s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
λa

Ms = 1

2
∂+Aa(i

−→
∂ + + i

←−
∂ +)s−1P(2,1)

s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
λa

M̄s = 1

2
λ̄a(i

−→
∂ + + i

←−
∂ +)s−1P(1,2)

s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
∂+ Āa,

(C.33)

where Cα′
l (x) are Gegenbauer polynomials (Appendix B)

with the symmetry properties

Cα′
l (−x) = (−1)lCα′

l (x). (C.34)

They are the restriction to the components with maximal-spin
projection s along the p+ direction of linear combinations of
twist-2 operators of the kind

OAT =2
s = Tr Fμ

(ρ1

←−
D ρ2 · · · −→D ρs−1 Fρs )μ − traces

Õ AT =2
s = Tr F̃μ

(ρ1

←−
D ρ2 · · · −→D ρs−1 Fρs )μ − traces

OλT =2
s = Tr χ̄γ(ρ1

←−
D ρ2 · · · −→D ρs−1)χ − traces

ÕλT =2
s = Tr χ̄γ(ρ1γ5

←−
D ρ2 · · · −→D ρs−1)χ − traces

MT =2
s = Tr Fν

(ρ1

←−
D ρ2 · · · −→D ρs−1)σνλ − traces

M̄T =2
s = Tr λ̄ σ̄ν

←−
D (ρs−1 · · · −→D ρ2 F

ν
ρ1)

− traces,

(C.35)

with all the possible combinations of right and left deriva-
tives [24,25], where the parentheses stand for symmetriza-

tion of all the indices in between and the subtraction of the
traces ensures that the contraction of any two indices van-
ishes.

Suitable linear combinations of the above twist-2 opera-
tors are conserved [24,25] to the leading order of perturba-
tion theory and automatically transform [24,25] as primary
operators with respect to the conformal group [26]. By pro-
jecting on the maximal-spin component along the p+ direc-
tion they restrict to

OA
s = 1

2
f a11(i

−→
∂ + + i

←−
∂ +)s−2C

5
2
s−2

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
f a
1̇1̇

Õ A
s = 1

2
f a11(i

−→
∂ + + i

←−
∂ +)s−2C

5
2
s−2

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
f a
1̇1̇

Oλ
s = 1

2
λ̄a(i

−→
∂ + + i

←−
∂ +)s−1C

3
2
s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
λa

Õλ
s = 1

2
λ̄a(i

−→
∂ + + i

←−
∂ +)s−1C

3
2
s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
λa

Ms = −1

2
f a
1̇1̇

(i
−→
∂ + + i

←−
∂ +)s−1P(2,1)

s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
λa

M̄s = − 1

2
λ̄a(i

−→
∂ + + i

←−
∂ +)s−1P(1,2)

s−1

(−→
∂ + − ←−

∂ +−→
∂+ + ←−

∂ +

)
f a11

(C.36)

that are primaries with respect to the collinear conformal
subgroup SL(2, R) [27] and reduce in the light-cone gauge
to the operators in Eq. (C.33) with f11 = −∂+ Ā. By allowing
operator mixing with derivatives of twist-2 operators of lower
spin they may be extended to primary conformal operators to
the next-to-leading order in the conformal renormalization
scheme [22] that differs from the MS scheme by a finite
renormalization.

Appendix D: Minkowskian conformal correlators

We derive from the generating functional in Eqs. (52) and
(53) the n-point conformal correlators in several sectors.

Appendix D.1: OA and Õ A correlators

We get
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〈OA
s1

(x1) · · · OA
sn (xn)Õ

A
sn+1

(xn+1) · · · Õ A
sn+2m

(xn+2m)〉
= δ

δ JOA
s1

(x1)
· · · δ

δ JOA
sn

(xn)

δ

δ JÕ A
sn+1

(xn+1)
· · · δ

δ JÕ A
sn+2m

(xn+2m)
Wconf

[
JOA , JÕ A , 0, 0, 0, 0

]

= −1

2

δ

δ JOA
s1

(x1)
· · · δ

δ JOA
sn

(xn)

δ

δ JÕ A
sn+1

(xn+1)
· · · δ

δ JÕ A
sn+2m

(xn+2m)

×
[

log Det
(
I + 1

2
i�−1 JOA

s
⊗ Y

5
2

s−2 + 1

2
i�−1 JÕ A

s
⊗ H

5
2

s−2

)

+ log Det
(
I + 1

2
i�−1 JOA

s
⊗ Y

5
2

s−2 − 1

2
i�−1 JÕ A

s
⊗ H

5
2

s−2

)]
(D.37)

that reproduces the known result [1,2]

〈OA
s1

(x1) · · · OA
sn (xn)Õ

A
sn+1

(xn+1) · · · Õ A
sn+2m

(xn+2m)〉

= 1

(4π2)n+2m

N 2 − 1

2n+2m 2
∑n+2m

l=1 sl i
∑n+2m

l=1 sl �(3)�(s1 + 3)

�(5)�(s1 + 1)
· · · �(3)�(sn+2m + 3)

�(5)�(sn+2m + 1)

×
s1−2∑
k1=0

· · ·
sn+2m−2∑
kn+2m=0

(
s1

k1

)(
s1

k1 + 2

)
· · ·

(
sn+2m

kn+2m

)(
sn+2m

kn+2m + 2

)

× (−1)n+2m

n + 2m

∑
σ∈Pn+2m

(sσ(1) − kσ(1) + kσ(2))! · · · (sσ(n+2m) − kσ(n+2m) + kσ(1))!

× (xσ(1) − xσ(2))
sσ(1)−kσ(1)+kσ(2)

+(|xσ(1) − xσ(2)|2
)sσ(1)−kσ(1)+kσ(2)+1 · · · (xσ(n+2m) − xσ(1))

sσ(n+2m)−kσ(n+2m)+kσ(1)

+(|xσ(n+2m) − xσ(1)|2
)sσ(n+2m)−kσ(n+2m)+kσ(1)+1 , (D.38)

where Pn is the set of permutations of {1, . . . , n} and the −iε prescription in the propagators is understood.

Appendix D.2: Oλ and Õλ correlators

Similarly, from

〈Oλ
s1

(x1) · · · Oλ
sn (xn)〉 = δ

δ JOλ
s1

(x1)
· · · δ

δ JOλ
sn

(xn)
Wconf

[
0, 0, JOλ , 0, 0, 0

]

= δ

δ JOλ
s1

(x1)
· · · δ

δ JOλ
sn

(xn)
log Det

(
I + 1

2
∂+�−1 JOλ

s
⊗ Y

3
2

s−1

)

= (N 2 − 1)
δ

δ JOλ
s1

(x1)
· · · δ

δ JOλ
sn

(xn)

∞∑
l=1

(−1)l+1

l

1

2l
∑
s′1

· · ·
∑
s′l

×
∫

d4y1 · · · d4yl∂y+
1
�−1(y1 − y2)Y

3
2

s′2−1 ⊗ JOλ

s′2
(y2) · · · ∂y+

l
�−1(yl − y1)Y

3
2

s′1−1 ⊗ JOλ

s′1
(y1) (D.39)
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we obtain

〈Oλ
s1

(x1) · · · Oλ
sn (xn)〉

= (N 2 − 1)
∑
σ∈Pn

(−1)n+1

n

1

2n
∂x+

σ(1)
�−1(xσ(1) − xσ(2))Y

3
2

sσ(2)−1(
←−
∂ x+

σ(2)
,
−→
∂ x+

σ(2)
)

× · · · ∂x+
σ(n)

�−1(xσ(n) − xσ(1))Y
3
2

sσ(1)−1(
←−
∂ x+

σ(1)
,
−→
∂ x+

σ(1)
). (D.40)

Employing the definition in Eq. (30), we get

〈Oλ
s1

(x1) · · · Oλ
sn (xn)〉

= N 2 − 1

2n
(−1)n+1

n
i
∑n

l=1 sl−n (s1 + 1)

2
· · · (sn + 1)

2

×
s1−1∑
k1=0

(
s1

k1

)(
s1

k1 + 1

)
(−1)s1−k1−1 · · ·

sn−1∑
kn=0

(
sn
kn

)(
sn

kn + 1

)
(−1)sn−kn−1

×
∑
σ∈Pn

∂x+
σ(1)

�−1(xσ(1) − xσ(2))
←−
∂

sσ(2)−kσ(2)−1

x+
σ(2)

−→
∂

kσ(2)

x+
σ(2)

× · · · ∂x+
σ(n)

�−1(xσ(n) − xσ(1))
←−
∂

sσ(1)−kσ(1)−1

x+
σ(1)

−→
∂

kσ(1)

x+
σ(1)

. (D.41)

It follows from Eq. (60)

〈Oλ
s1

(x1) · · · Oλ
sn (xn)〉

= N 2 − 1

2n
(−i)n

(4π2)n

(−1)n+1

n
i
∑n

l=1 sl−n (s1 + 1)

2
· · · (sn + 1)

2

×
s1−1∑
k1=0

(
s1

k1

)(
s1

k1 + 1

)
(−1)s1−k1−1 · · ·

sn−1∑
kn=0

(
sn
kn

)(
sn

kn + 1

)
(−1)sn−kn−1

×
∑
σ∈Pn

∂x+
σ(1)

1

|xσ(1) − xσ(2)|2
←−
∂

sσ(2)−kσ(2)−1

x+
σ(2)

−→
∂

kσ(2)

x+
σ(2)

× · · · ∂x+
σ(n)

1

|xσ(n) − xσ(1)|2
←−
∂

sσ(1)−kσ(1)−1

x+
σ(1)

−→
∂

kσ(1)

x+
σ(1)

. (D.42)

We now employ [2]

∂ax+∂by+
1

|x − y|2 = ∂ax+∂by+
1

2(x − y)+(x − y)− − (x − y)2⊥

= (−1)a(a + b)! 2a+b (x − y)a+b+
(|x − y|2)a+b+1 , (D.43)
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so that

〈Oλ
s1

(x1) · · · Oλ
sn (xn)〉

= N 2 − 1

2n
(−i)n

(4π2)n

(−1)n+1

n
i
∑n

l=1 sl−n (s1 + 1)

2
· · · (sn + 1)

2

×
s1−1∑
k1=0

(
s1

k1

)(
s1

k1 + 1

)
(−1)s1−k1−1 · · ·

sn−1∑
kn=0

(
sn
kn

)(
sn

kn + 1

)
(−1)sn−kn−1

×
∑
σ∈Pn

(−1)kσ(1)+1(sσ(2) − kσ(2) + kσ(1))!2sσ(2)−kσ(2)+kσ(1)
(xσ(1) − xσ(2))

sσ(2)−kσ(2)+kσ(1)

+
(|xσ(1) − xσ(2)|2)sσ(2)−kσ(2)+kσ(1)+1

× · · · (−1)kσ(n)+1(sσ(1) − kσ(1) + kσ(n))!2sσ(1)−kσ(1)+kσ(n)
(xσ(n) − xσ(1))

sσ(1)−kσ(1)+kσ(n)

+
(|xσ(n) − xσ(1)|2)sσ(1)−kσ(1)+kσ(n)+1 . (D.44)

Relabeling the permutations, σ(n) → σ(2), σ(n − 1) → σ(3) and so on, while keeping σ(1) fixed, we obtain

〈Oλ
s1

(x1) · · · Oλ
sn (xn)〉

= N 2 − 1

2n
(−i)n

(4π2)n

(−1)n+1

n
i
∑n

l=1 sl−n (s1 + 1)

2
· · · (sn + 1)

2

×
s1−1∑
k1=0

(
s1

k1

)(
s1

k1 + 1

)
(−1)s1−k1−1 · · ·

sn−1∑
kn=0

(
sn
kn

)(
sn

kn + 1

)
(−1)sn−kn−1

×
∑
σ∈Pn

(−1)kσ(1)+1(sσ(n) − kσ(n) + kσ(1))!2sσ(n)−kσ(n)+kσ(1)
(xσ(1) − xσ(n))

sσ(n)−kσ(n)+kσ(1)

+
(|xσ(1) − xσ(n)|2)sσ(n)−kσ(n)+kσ(1)+1

× · · · (−1)kσ(2)+1(sσ(1) − kσ(1) + kσ(2))!2sσ(1)−kσ(1)+kσ(2)
(xσ(2) − xσ(1))

sσ(1)−kσ(1)+kσ(2)

+
(|xσ(2) − xσ(1)|2)sσ(1)−kσ(1)+kσ(2)+1 (D.45)

that simplifies to

〈Oλ
s1

(x1) · · · Oλ
sn (xn)〉

= −N 2 − 1

2n
1

(4π2)n
i
∑n

l=1 sl 2
∑n

l=1 sl
(s1 + 1)

2
· · · (sn + 1)

2

×
s1−1∑
k1=0

(
s1

k1

)(
s1

k1 + 1

)
· · ·

sn−1∑
kn=0

(
sn
kn

)(
sn

kn + 1

)

× 1

n

∑
σ∈Pn

(sσ(1) − kσ(1) + kσ(2))! · · · (sσ(n) − kσ(n) + kσ(1))!

× (xσ(1) − xσ(2))
sσ(1)−kσ(1)+kσ(2)

+
(|xσ(1) − xσ(2)|2)sσ(1)−kσ(1)+kσ(2)+1 · · · (xσ(n) − xσ(1))

sσ(n)−kσ(n)+kσ(1)

+
(|xσ(n) − xσ(1)|2)sσ(n)−kσ(n)+kσ(1)+1 . (D.46)
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The 2-point correlators follow

〈Oλ
s1

(x1)O
λ
s2

(x2)〉

= −N 2 − 1

4

1

(4π2)2 i
s1+s2 2s1+s2

(s1 + 1)(s2 + 1)

4

×
s1−1∑
k1=0

s2−1∑
k2=0

(
s1

k1

)(
s1

k1 + 1

)(
s2

k2

)(
s2

k2 + 1

)
(−1)s2−k2+k1(s1 − k1 + k2)!(s2 − k2 + k1)!

× (x1 − x2)
s1+s2+

(|x1 − x2|2)s1+s2+2 (D.47)

that can be rewritten as

〈Oλ
s1

(x1)O
λ
s2

(x2)〉

= −N 2 − 1

4

1

(4π2)2 i
s1+s2 2s1+s2

(s1 + 1)(s2 + 1)

4

×
s1−1∑
k1=0

s2−1∑
k2=0

(
s1

k1

)(
s1

k1 + 1

)(
s2

k2

)(
s2

k2 + 1

)
(−1)k1+k2+1(s1 + s2 − k1 − k2 − 1)!(k2 + k1 + 1)!

× (x1 − x2)
s1+s2+

(|x1 − x2|2)s1+s2+2 (D.48)

by substituting

k′
2 = s2 − k2 − 1 (D.49)

into Eq. (D.47) and dropping the primed index. By employing (Appendix F.1)

δs1s2

s1

s1 + 1
=

s1−1∑
k1=0

s2−1∑
k2=0

(
s1

k1

)(
s1

k1 + 1

)(
s2

k2

)(
s2

k2 + 1

)
(−1)k1+k2

1( s1+s2
k1+k2+1

) (D.50)

the 2-point correlators become

〈Oλ
s1

(x1)O
λ
s2

(x2)〉 = δs1s2

N 2 − 1

4

1

(4π2)2 (−1)s1 22s1(2s1)! s1(s1 + 1)

4

(x1 − x2)
2s1+

(|x1 − x2|2)2s1+2 . (D.51)

Similarly, we obtain the correlators of Oλ and Õλ from their definition

〈Oλ
s1

(x1) · · · Oλ
sn (xn)Õ

λ
sn+1

(xn+1) · · · Õλ
sn+2m

(xn+2m)〉
= δ

δ JOλ
s1

(x1)
· · · δ

δ JOλ
sn

(xn)

δ

δ JÕλ
sn+1

(xn+1)
· · · δ

δ JÕλ
sn+2m

(xn+2m)
Wconf

[
0, 0, JOλ , JÕλ , 0, 0

]

= 1

2

δ

δ JOλ
s1

(x1)
· · · δ

δ JOλ
sn

(xn)

δ

δ JÕλ
sn+1

(xn+1)
· · · δ

δ JÕλ
sn+2m

(xn+2m)

[
log Det

(
I + 1

2
∂+�−1 JOλ

s
⊗ Y

3
2

s−1 + 1

2
∂+�−1 JÕλ

s
⊗ H

3
2

s−1

)

+ log Det
(
I + 1

2
∂+�−1 JOλ

s
⊗ Y

3
2

s−1 − 1

2
∂+�−1 JÕλ

s
⊗ H

3
2

s−1

)]
(D.52)
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that yields

〈Oλ
s1

(x1) · · · Oλ
sn (xn)Õ

λ
sn+1

(xn+1) · · · Õλ
sn+2m

(xn+2m)〉

= −N 2 − 1

2n+2m

1

(4π2)n+2m i
∑n+2m

l=1 sl 2
∑n+2m

l=1 sl (s1 + 1)

2
· · · (sn+2m + 1)

2

×
s1−1∑
k1=0

(
s1

k1

)(
s1

k1 + 1

)
· · ·

sn+2m−1∑
kn+2m=0

(
sn+2m

kn+2m

)(
sn+2m

kn+2m + 1

)

× 1

n + 2m

∑
σ∈Pn+2m

(sσ(1) − kσ(1) + kσ(2))! · · · (sσ(n+2m) − kσ(n+2m) + kσ(1))!

× (xσ(1) − xσ(2))
sσ(1)−kσ(1)+kσ(2)

+
(|xσ(1) − xσ(2)|2)sσ(1)−kσ(1)+kσ(2)+1 · · · (xσ(n+2m) − xσ(1))

sσ(n+2m)−kσ(n+2m)+kσ(1)

+
(|xσ(n+2m) − xσ(1)|2)sσ(n+2m)−kσ(n+2m)+kσ(1)+1 . (D.53)

Appendix D.3: M and M̄ correlators

The correlators of gluon-gluino operators involve the same number of Ms and M̄s , otherwise they vanish, as follows from the
generating functional. Therefore, the nonvanishing correlators read

〈Ms1(x1)M̄s′1(y1)Ms2(x2)M̄s′2(y2) · · · Msn (xn)M̄s′n (yn)〉

= δ

δ J̄Ms1
(x1)

⎛
⎝− δ

δ JM̄s′1
(y1)

⎞
⎠ · · · δ

δ J̄Msn
(xn)

⎛
⎝− δ

δ JM̄s′n
(yn)

⎞
⎠Wconf

[
0, 0, JM̄ , J̄M

]

= δ

δ J̄Ms1
(x1)

⎛
⎝− δ

δ JM̄s′1
(y1)

⎞
⎠ · · · δ

δ J̄Msn
(xn)

⎛
⎝− δ

δ JM̄s′n
(yn)

⎞
⎠

1

2

[
log Det

(
I + 1

4
i∂+i�−1 J̄Ms1

⊗ G (1,2)
s1−1 (−1)s1−1i�−1 JM̄s3

⊗ G (2,1)
s2−1 (−1)s2−1

)

+ log Det
(
I + 1

4
i∂+i�−1 JM̄s1

⊗ G (1,2)
s1−1 i�−1 J̄Ms3

⊗ G (2,1)
s3−1

)]
.

(D.54)

The two determinants above are equal (Appendix I)

log Det
(
I + 1

4
i∂+i�−1 J̄Ms1

⊗ G (1,2)
s1−1 (−1)s1−1i�−1 JM̄s3

⊗ G (2,1)
s3−1 (−1)s3−1

)

= log Det
(
I + 1

4
i∂+i�−1 JM̄s1

⊗ G (1,2)
s1−1 i�−1 J̄Ms3

⊗ G (2,1)
s3−1

)
, (D.55)
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so that

〈Ms1(x1)M̄s′1(y1)Ms2(x2)M̄s′2(y2) · · · Msn (xn)M̄s′n (yn)〉

= δ

δ J̄Ms1
(x1)

⎛
⎝− δ

δ JM̄s′1
(y1)

⎞
⎠ · · · δ

δ J̄Msn
(xn)

⎛
⎝− δ

δ JM̄s′n
(yn)

⎞
⎠Wconf

[
0, 0, JM̄ , J̄M

]

= δ

δ J̄Ms1
(x1)

⎛
⎝− δ

δ JM̄s′1
(y1)

⎞
⎠ · · · δ

δ J̄Msn
(xn)

⎛
⎝− δ

δ JM̄s′n
(yn)

⎞
⎠

log Det
(
I + 1

4
i∂+i�−1 JM̄s1

⊗ G (1,2)
s1−1 i�−1 J̄Ms2

⊗ G (2,1)
s2−1

)

= δ

δ J̄Ms1
(x1)

⎛
⎝− δ

δ JM̄s′1
(y1)

⎞
⎠ · · · δ

δ J̄Msn
(xn)

⎛
⎝− δ

δ JM̄s′n
(yn)

⎞
⎠

(N 2 − 1)

∞∑
l=1

(−1)l+1

l

1

22l

∫
d4u1 · · · d4uld

4v1 · · · d4vl
∑
s1

· · ·
∑
sl

∑
s′1

· · ·
∑
s′l

× i∂u+
1
i�−1(u1 − v1)G

(1,2)

s′1−1 (
←−
∂ v+

1
,
−→
∂ v+

1
) ⊗ JM̄s′1

(v1)

× i�−1(v1 − u2)G
(2,1)
s2−1 (

←−
∂ u+

2
,
−→
∂ u+

2
) ⊗ J̄Ms2

(u2)

× · · · i∂u+
l
i�−1(ul − vl)G

(1,2)

s′l−1 (
←−
∂ v+

l
,
−→
∂ v+

l
) ⊗ JM̄s′l

(vl)

× i�−1(vl − u1)G
(2,1)
s1−1 (

←−
∂ u+

1
,
−→
∂ u+

1
) ⊗ J̄Ms1

(u1). (D.56)

Performing the functional derivatives, we obtain

〈Ms1(x1)M̄s′1(y1)Ms2(x2)M̄s′2(y2) · · · Msn (xn)M̄s′n (yn)〉

= (N 2 − 1)
∑
σ∈Pn

∑
ρ∈Pn

(−1)2n+1

n

1

22n sgn(σ )sgn(ρ)

× i∂x+
σ(1)

i�−1(xσ(1) − yρ(1))G
(1,2)

s′
ρ(1)

−1(
←−
∂ y+

ρ(1)
,
−→
∂ y+

ρ(1)
)

× i�−1(yρ(1) − xσ(2))G
(2,1)
sσ(2)−1(

←−
∂ x+

σ(2)
,
−→
∂ x+

σ(2)
)

× · · · i∂x+
σ(n)

i�−1(xσ(n) − yρ(n))G
(1,2)

s′
ρ(n)

−1(
←−
∂ y+

ρ(n)
,
−→
∂ y+

ρ(n)
)

× i�−1(yρ(n) − xσ(1))G
(2,1)
sσ(1)−1(

←−
∂ x+

σ(1)
,
−→
∂ x+

σ(1)
), (D.57)

where sgn(σ ) denotes the sign of the permutation σ . Substituting Eq.(60) in the above equation, we get

〈Ms1(x1)M̄s′1(y1)Ms2(x2)M̄s′2(y2) · · · Msn (xn)M̄s′n (yn)〉

= (N 2 − 1)
in

(4π2)2n

∑
σ∈Pn

∑
ρ∈Pn

(−1)2n+1

n

1

22n sgn(σ )sgn(ρ)

× ∂x+
σ(1)

1

|xσ(1) − yρ(1)|2 G
(1,2)

s′
ρ(1)

−1(
←−
∂ y+

ρ(1)
,
−→
∂ y+

ρ(1)
)

1

|yρ(1) − xσ(2)|2 G
(2,1)
sσ(1)−1(

←−
∂ x+

σ(2)
,
−→
∂ x+

σ(2)
)

× · · · ∂x+
σ(n)

1

|xσ(n) − yρ(n)|2 G
(1,2)

s′
ρ(n)

−1(
←−
∂ y+

ρ(n)
,
−→
∂ y+

ρ(n)
)

1

|yρ(n) − xσ(1)|2 G
(2,1)
sσ(1)−1(

←−
∂ x+

σ(1)
,
−→
∂ x+

σ(1)
). (D.58)
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Employing Eqs. (33) and (34)

〈Ms1(x1)M̄s′1(y1)Ms2(x2)M̄s′2(y2) · · · Msn (xn)M̄s′n (yn)〉

= (N 2 − 1)
in

(4π2)2n i
s′1−1

s′1−1∑
k′

1=0

(
s′

1

k′
1

)(
s′

1 + 1

k′
1 + 2

)
(−1)s

′
1−k′

1−1 · · · i s′n−1
s′n−1∑
k′
n=0

(
s′
n

k′
n

)(
s′
n + 1

k′
n + 2

)
(−1)s

′
n−k′

n−1

× i s1−1
s1−1∑
k1=0

(
s1 + 1

k1

)(
s1

k1 + 1

)
(−1)s1−k1−1 · · · i sn−1

sn−1∑
kn=0

(
sn + 1

kn

)(
sn

kn + 1

)
(−1)sn−kn−1

×
∑
σ∈Pn

∑
ρ∈Pn

(−1)2n+1

n

1

22n sgn(σ )sgn(ρ)

× ∂x+
σ(1)

1

|xσ(1) − yρ(1)|2
←−
∂

s′
ρ(1)

−k′
ρ(1)

−1

y+
ρ(1)

−→
∂

k′
ρ(1)

+1

y+
ρ(1)

1

|yρ(1) − xσ(2)|2
←−
∂

sσ(2)−kσ(2)

x+
σ(2)

−→
∂

kσ(2)

x+
σ(2)

× · · · ∂x+
σ(n)

1

|xσ(n) − yρ(n)|2
←−
∂

s′
ρ(n)

−k′
ρ(n)

−1

y+
ρ(n)

−→
∂

k′
ρ(n)

+1

y+
ρ(n)

1

|yρ(n) − xσ(1)|2
←−
∂

sσ(1)−kσ(1)

x+
σ(1)

−→
∂

kσ(1)

x+
σ(1)

(D.59)

and Eq. (D.43), we obtain

〈Ms1(x1)M̄s′1(y1)Ms2(x2)M̄s′2(y2) · · · Msn (xn)M̄s′n (yn)〉

= (N 2 − 1)
in

(4π2)2n i
s′1−1

s′1−1∑
k′

1=0

(
s′

1

k′
1

)(
s′

1 + 1

k′
1 + 2

)
(−1)s

′
1−k′

1−1 · · · i s′n−1
s′n−1∑
k′
n=0

(
s′
n

k′
n

)(
s′
n + 1

k′
n + 2

)
(−1)s

′
n−k′

n−1

× i s1−1
s1−1∑
k1=0

(
s1 + 1

k1

)(
s1

k1 + 1

)
(−1)s1−k1−1 · · · i sn−1

sn−1∑
kn=0

(
sn + 1

kn

)(
sn

kn + 1

)
(−1)sn−kn−1

×
∑
σ∈Pn

∑
ρ∈Pn

(−1)2n+1

n

1

22n sgn(σ )sgn(ρ)

× (−1)kσ(1)+12s
′
ρ(1)

−k′
ρ(1)

+kσ(1) (s′
ρ(1) − k′

ρ(1) + kσ(1))! (xσ(1) − yρ(1))
s′
ρ(1)

−k′
ρ(1)

+kσ(1)

+
(|xσ(1) − yρ(1)|2)s

′
ρ(1)

−k′
ρ(1)

+kσ(1)+1

× (−1)
k′
ρ(1)

+12sσ(2)−kσ(2)+k′
ρ(1)

+1
(sσ(2) − kσ(2) + k′

ρ(1) + 1)! (yρ(1) − xσ(2))
sσ(2)−kσ(2)+k′

ρ(1)
+1

+
(|yρ(1) − xσ(2)|2)sσ(2)−kσ(2)+k′

ρ(1)
+2

× · · ·

× (−1)kσ(n)+1 2s
′
ρ(n)

−k′
ρ(n)

+kσ(n) (s′
ρ(n) − k′

ρ(n) + kσ(n))! (xσ(n) − yρ(n))
s′
ρ(n)

−k′
ρ(n)

+kσ(n)

+
(|xσ(n) − yρ(n)|2)s

′
ρ(n)

−k′
ρ(n)

+kσ(n)+1

× (−1)
k′
ρ(n)

+12sσ(1)−kσ(1)+k′
ρ(n)

+1
(sσ(1) − kσ(1) + k′

ρ(n) + 1)! (yρ(n) − xσ(1))
sσ(1)−kσ(1)+k′

ρ(n)
+1

+
(|yρ(n) − xσ(1)|2)sσ(1)−kσ(1)+k′

ρ(n)
+2

(D.60)
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that simplifies to

〈Ms1(x1)M̄s′1(y1)Ms2(x2)M̄s′2(y2) · · · Msn (xn)M̄s′n (yn)〉
= (N 2 − 1)

1

(4π2)2n 2
∑n

l=1 sl+
∑n

l=1 s
′
l−ni

∑n
l=1 sl+

∑n
l=1 s

′
l−n(−1)

∑n
l=1 sl+

∑n
l=1 s

′
l

×
s′1−1∑
k′

1=0

(
s′

1

k′
1

)(
s′

1 + 1

k′
1 + 2

)
· · ·

s′n−1∑
k′
n=0

(
s′
n

k′
n

)(
s′
n + 1

k′
n + 2

)

×
s1−1∑
k1=0

(
s1 + 1

k1

)(
s1

k1 + 1

)
· · ·

sn−1∑
kn=0

(
sn + 1

kn

)(
sn

kn + 1

)

×
∑
σ∈Pn

∑
ρ∈Pn

(−1)2n+1

n
sgn(σ )sgn(ρ)

× (s′
ρ(1) − k′

ρ(1) + kσ(1))! (xσ(1) − yρ(1))
s′
ρ(1)

−k′
ρ(1)

+kσ(1)

+
(|xσ(1) − yρ(1)|2)s

′
ρ(1)

−k′
ρ(1)

+kσ(1)+1

× (sσ(2) − kσ(2) + k′
ρ(1) + 1)! (yρ(1) − xσ(2))

sσ(2)−kσ(2)+k′
ρ(1)

+1
+

(|yρ(1) − xσ(2)|2)sσ(2)−kσ(2)+k′
ρ(1)

+2

× · · ·

× (s′
ρ(n) − k′

ρ(n) + kσ(n))! (xσ(n) − yρ(n))
s′
ρ(n)

−k′
ρ(n)

+kσ(n)

+
(|xσ(n) − yρ(n)|2)s

′
ρ(n)

−k′
ρ(n)

+kσ(n)+1

× (sσ(1) − kσ(1) + k′
ρ(n) + 1)! (yρ(n) − xσ(1))

sσ(1)−kσ(1)+k′
ρ(n)

+1
+

(|yρ(n) − xσ(1)|2)sσ(1)−kσ(1)+k′
ρ(n)

+2
. (D.61)

By substituting

kσ(i) → sσ(i) − 1 − kσ(i) k′
ρ(i) → s′

ρ(i) − 1 − k′
ρ(i), (D.62)
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we get

〈Ms1(x1)M̄s′1(y1)Ms2(x2)M̄s′2(y2) · · · Msn (xn)M̄s′n (yn)〉
= (N 2 − 1)

1

(4π2)2n 2
∑n

l=1 sl+
∑n

l=1 s
′
l−ni

∑n
l=1 sl+

∑n
l=1 s

′
l−n(−1)

∑n
l=1 sl+

∑n
l=1 s

′
l

×
s′1−1∑
k′

1=0

(
s′

1 + 1

k′
1

)(
s′

1

k′
1 + 1

)
· · ·

s′n−1∑
k′
n=0

(
s′
n + 1

k′
n

)(
s′
n

k′
n + 1

)

×
s1−1∑
k1=0

(
s1

k1

)(
s1 + 1

k1 + 2

)
· · ·

sn−1∑
kn=0

(
sn
kn

)(
sn + 1

kn + 2

)

×
∑
σ∈Pn

∑
ρ∈Pn

(−1)2n+1

n
sgn(σ )sgn(ρ)

× (sσ(1) − kσ(1) + k′
ρ(1))!

(xσ(1) − yρ(1))
sσ(1)−kσ(1)+k′

ρ(1)

+
(|xσ(1) − yρ(1)|2)sσ(1)−kσ(1)+k′

ρ(1)
+1

× (s′
ρ(1) − k′

ρ(1) + kσ(2) + 1)! (yρ(1) − xσ(2))
s′
ρ(1)

−k′
ρ(1)

+kσ(2)+1
+

(|yρ(1) − xσ(2)|2)s
′
ρ(1)

−k′
ρ(1)

+kσ(2)+2

× · · ·

× (sσ(n) − kσ(n) + k′
ρ(n))!

(xσ(n) − yρ(n))
sσ(n)−kσ(n)+k′

ρ(n)

+
(|xσ(n) − yρ(n)|2)sσ(n)−kσ(n)+k′

ρ(n)
+1

× (s′
ρ(n) − k′

ρ(n) + kσ(1) + 1)! (yρ(n) − xσ(1))
s′
ρ(n)

−k′
ρ(n)

+kσ(1)+1
+

(|yρ(n) − xσ(1)|2)s
′
ρ(n)

−k′
ρ(n)

+kσ(1)+2
. (D.63)

The 2-point correlators read

〈Ms1(x)M̄s2(y)〉
= i(N 2 − 1)

1

(4π2)2 2s1+s2−1i s1+s2(−1)s1+s2

×
s1−1∑
k1=0

s2−1∑
k2=0

(
s1

k1

)(
s1 + 1

k1 + 2

)(
s2 + 1

k2

)(
s2

k2 + 1

)
(s1 − k1 + k2)!(s2 − k2 + k1 + 1)!

× (x − y)s1−k1+k2+
(|x − y|2)s1−k1+k2+1

(y − x)s2−k2+k1+1
+

(|y − x |2)s2−k2+k1+2 (D.64)
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that become

〈Ms1(x)M̄s2(y)〉
= −i(N 2 − 1)

1

(4π2)2 2s1+s2−1i s1+s2

×
s1−1∑
k1=0

s2−1∑
k2=0

(
s1

k1

)(
s1 + 1

k1 + 2

)(
s2 + 1

k2

)(
s2

k2 + 1

)
(s1 − k1 + k2)!(s2 − k2 + k1 + 1)!

× (−1)s1−k2+k1
(x − y)s1+s2+1

+
(|x − y|2)s1+s2+3 . (D.65)

Finally, employing (Appendix F.2)

−δs1s2

s1

s1 + 2
=

s1−1∑
k1=0

s2−1∑
k2=0

(
s1

k1

)(
s1 + 1

k1 + 2

)(
s2 + 1

k2

)(
s2

k2 + 1

)
(−1)s1−k2+k1

1( s1+s2+1
s1−k1+k2

) (D.66)

we obtain

〈Ms1(x)M̄s2(y)〉 = δs1s2 i(N
2 − 1)

1

(4π2)2 22s1−1(−1)s1
s1

s1 + 2
(2s1 + 1)! (x − y)2s1+1

(|x − y|2)2s1+3 . (D.67)

Appendix D.4: Vanishing correlators

By inspecting Eqs. (52) and (53), the mixed conformal correlators of OA, Õ A and Oλ, Õλ vanish for n,m ≥ 1 and l, k ≥ 1

〈OA
s1

(x1) · · · OA
sn (xn)Õ

A
s′1

(y1) · · · Õ A
s′m (ym)Oλ

s′′1
(z1) · · · Oλ

s′′l
(zl)Õ

λ
s′′′1

(t1) · · · Õλ
s′′′k

(tk)〉 = 0. (D.68)

They also vanish for l, k = 0 and m odd or n,m = 0 and k odd.

Appendix E: Euclidean conformal correlators

We work out a few examples of the Euclidean n-point correlators.

Appendix E.1: OA E correlators

The OA E correlators read

〈OA E
s1

(x1) · · · OA E
sn (xn)〉

= 1

(4π2)n

N 2 − 1

2n
2
∑n

l=1 sl (−1)
∑n

l=1 sl
2(s1 + 1)(s1 + 2)

4! · · · 2(sn + 1)(sn + 2)

4!

×
s1−2∑
k1=0

(
s1

k1

)(
s1

k1 + 2

)
· · ·

sn−2∑
kn=0

(
sn
kn

)(
sn

kn + 2

)

× 1

n

∑
σ∈Pn

(sσ(1) − kσ(1) + kσ(2))! · · · (sσ(n) − kσ(n) + kσ(1))!

× (xσ(1) − xσ(2))
sσ(1)−kσ(1)+kσ(2)
z

((xσ(1) − xσ(2))2)sσ(1)−kσ(1)+kσ(2)+1 · · · (xσ(n) − xσ(1))
sσ(n)−kσ(n)+kσ(1)
z

((xσ(n) − xσ(1))2)sσ(n)−kσ(n)+kσ(1)+1 . (E.69)
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Appendix E.2: Oλ E correlators

The Oλ E correlators read

〈Oλ E
s1

(x1) · · · Oλ E
sn (xn)〉

= −N 2 − 1

2n
1

(4π2)n
(−1)

∑n
l=1 sl 2

∑n
l=1 sl

(s1 + 1)

2
· · · (sn + 1)

2

×
s1−1∑
k1=0

(
s1

k1

)(
s1

k1 + 1

)
· · ·

sn−1∑
kn=0

(
sn
kn

)(
sn

kn + 1

)

× (−1)n

n

∑
σ∈Pn

(sσ(1) − kσ(1) + kσ(2))! · · · (sσ(n) − kσ(n) + kσ(1))!

× (xσ(1) − xσ(2))
sσ(1)−kσ(1)+kσ(2)
z

((xσ(1) − xσ(2))2)sσ(1)−kσ(1)+kσ(2)+1 · · · (xσ(n) − xσ(1))
sσ(n)−kσ(n)+kσ(1)
z

((xσ(n) − xσ(1))2)sσ(n)−kσ(n)+kσ(1)+1 . (E.70)

Appendix E.3: ME and M̄ E correlators

The 2n-point correlators of ME and M̄ E read

〈ME
s1

(x1)M̄
E
s′1

(y1)M
E
s2

(x2)M̄
E
s′2

(y2) · · · ME
sn (xn)M̄

E
s′n (yn)〉

= (N 2 − 1)
1

(4π2)2n 2
∑n

l=1 sl+
∑n

l=1 s
′
l−n

×
s′1−1∑
k′

1=0

(
s′

1 + 1

k′
1

)(
s′

1

k′
1 + 1

)
· · ·

s′n−1∑
k′
n=0

(
s′
n + 1

k′
n

)(
s′
n

k′
n + 1

)

×
s1−1∑
k1=0

(
s1

k1

)(
s1 + 1

k1 + 2

)
· · ·

sn−1∑
kn=0

(
sn
kn

)(
sn + 1

kn + 2

)

×
∑
σ∈Pn

∑
ρ∈Pn

(−1)2n+1

n
sgn(σ )sgn(ρ)

× (sσ(1) − kσ(1) + k′
ρ(1))!

(xσ(1) − yρ(1))
sσ(1)−kσ(1)+k′

ρ(1)
z

((xσ(1) − yρ(1))2)
sσ(1)−kσ(1)+k′

ρ(1)
+1

× (s′
ρ(1) − k′

ρ(1) + kσ(2) + 1)! (yρ(1) − xσ(2))
s′
ρ(1)

−k′
ρ(1)

+kσ(2)+1
z

((yρ(1) − xσ(2))2)
s′
ρ(1)

−k′
ρ(1)

+kσ(2)+2

× · · ·

× (sσ(n) − kσ(n) + k′
ρ(n))!

(xσ(n) − yρ(n))
sσ(n)−kσ(n)+k′

ρ(n)
z

((xσ(n) − yρ(n))2)
sσ(n)−kσ(n)+k′

ρ(n)
+1

× (s′
ρ(n) − k′

ρ(n) + kσ(n) + 1)! (yρ(n) − xσ(1))
s′
ρ(n)

−k′
ρ(n)

+kσ(n)+1
z

((yρ(n) − xσ(1))2)
s′
ρ(n)

−k′
ρ(n)

+kσ(n)+2
. (E.71)
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Appendix F: Normalization of 2-point correlators

We compute the normalization of the 2-point correlators by
a technique [28] involving the orthogonality of Gegenbauer
and Jacobi polynomias that makes manifest the vanishing of
correlators of operators with different spins.

Appendix F.1: 2-point correlators of gluino-gluino operators

The 2-point point correlators of gluino-gluino operators read

〈Oλ
s1

(x)Oλ
s2

(y)〉

= −1

4

N 2 − 1

(4π2)2 Y
3
2

s1−1(∂x+
1
, ∂x+

2
)Y

3
2

s2−1(∂y+
1
, ∂y+

2
)

× ∂x+
1
∂x+

2

1

|x1 − y2|2
1

|x2 − y1|2
∣∣∣y1=y2=y

x1=x2=x
. (F.72)

Initially, we restrict to (x − y)⊥ = 0, so that |x − y|2 =
2(x − y)+(x − y)−. For x− > y− we get

�(k)

(x − y)k−
=
∫ ∞

0
dτ τ k−1e−τ(x−y)− . (F.73)

By the above equation we convert derivatives into multipli-
cations

∂x+
1

→ −τ1, ∂x+
2

→ −τ2

∂y+
1

→ τ2, ∂y+
2

→ τ1. (F.74)

By the symmetry properties (Appendix B)

Y
3
2

s−1(−τ1,−τ2)

= (−1)s1−1(iτ1 + iτ2)
s1−1C

3
2
s1−1

(
τ1 − τ2

τ1 + τ2

)

Y
3
2

s−1(τ2, τ1)

= (−1)s2−1(iτ1 + iτ2)
s2−1C

3
2
s2−1

(
τ1 − τ2

τ1 + τ2

)
, (F.75)

we obtain

〈Oλ
s1

(x)Oλ
s2

(y)〉

= −1

4

N 2 − 1

(4π2)2 i
s1+s2−2 1

4(x − y)2+
(−1)s1+s2

×
∫ ∞

0
dτ1dτ2 (τ1 + τ2)

s1+s2−2τ1τ2 e
−(τ1+τ2)(x−y)−

× C
3
2
s1−1

(
τ1 − τ2

τ1 + τ2

)
C

3
2
s2−1

(
τ1 − τ2

τ1 + τ2

)
. (F.76)

Changing variables

τ1 = τα, τ2 = τ(1 − α), (F.77)

we get

〈Oλ
s1

(x)Oλ
s2

(y)〉

= −1

4

N 2 − 1

(4π2)2 i
s1+s2−2 1

4(x − y)2+
(−1)s1+s2

×
∫ ∞

0
dτ

∫ 1

0
dα τ s1+s2+1α(1 − α)e−τ(x−y)−

× C
3
2
s1−1(1 − 2α)C

3
2
s2−1(1 − 2α). (F.78)

The τ integral yields

∫ ∞

0
dτ τ s1+s2+1e−τ(x−y)− = �(s1 + s2 + 2)

(x − y)s1+s2+2
−

. (F.79)

The α integral

∫ 1

0
dα α(1 − α)C

3
2
s1−1(1 − 2α)C

3
2
s2−1(1 − 2α) (F.80)

can be written as

∫ 1

−1

du

2

(
1 − u2

4

)
C

3
2
s1−1(u)C

3
2
s2−1(u) (F.81)

where u = 1 − 2α. The orthonormality property of Gegen-
bauer polynomials reads

∫ 1

−1
dz (1 − z2)α− 1

2 Cα
n1

(z)Cα
n2

(z)

= δn1,n2

π21−2α�(n1 + 2α)

n1!(n1 + α)�(α)2 (F.82)

so that for α = 3
2 we obtain

∫ 1

−1

du

2

(
1 − u2

)
4

C
3
2
s1−1(u)C

3
2
s2−1(u)

= δs1,s2

1

4

s1(s1 + 1)

2s1 + 1
. (F.83)

Collecting all the above factors

〈Oλ
s1

(x)Oλ
s2

(y)〉

= −1

4

N 2 − 1

(4π2)2 i
s1+s2−2(−1)s1+s2

× 1

4
s1(s1 + 1)δs1,s2

�(s1 + s2 + 2)

2s1 + 1

× 1

4(x − y)2+(x − y)s1+s2+2
−

(F.84)
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and employing the identity

1

4(x − y)2+(x − y)s1+s2+2
−

= 2s1+s2
(x − y)s1+s2+

(|x − y|2)s1+s2+2

(F.85)

yields the desired result

〈Oλ
s1

(x)Oλ
s2

(y)〉

= −δs1s2

1

4

N 2 − 1

(4π2)2 i
2s1−2(−1)2s1 22s1

× s1(s1 + 1)

4

�(2s1 + 2)

2s1 + 1

(x − y)2s1+
(|x − y|2)2s1+2 . (F.86)

Incidentally, equating the above equation to Eq. (D.48) we
deduce the identity

δs1s2

s1

s1 + 1

=
s1−1∑
k1=0

s2−1∑
k2=0

(
s1

k1

)(
s1

k1 + 1

)(
s2

k2

)(
s2

k2 + 1

)
(−1)k1+k2

× 1( s1+s2
k1+k2+1

) . (F.87)

Appendix F.2: 2-point correlators of gluon-gluino operators

The 2-point point correlators of gluon-gluino operators read

〈Ms1(x)M̄s2(y)〉
= (N 2 − 1)

i

(4π2)2

1

22 ∂y+
1

1

|y1 − x2|2 G
(1,2)
s2−1 (∂y+

1
, ∂y+

2
)

× 1

|y2 − x1|2 G
(2,1)
s1−1 (∂x+

1
, ∂x+

2
)

∣∣∣y1=y2=y

x1=x2=x
, (F.88)

where

G (1,2)
s−1 (∂y+

1
, ∂y+

2
)

= (i∂y+
1

+ i∂y+
2
)s−1P(1,2)

s−1

(∂y+
1

− ∂y+
2

∂y+
1

+ ∂y+
2

)
∂y+

2

G (2,1)
s−1 (∂x+

1
, ∂x+

2
)

= ∂x+
1
(i∂x+

1
+ i∂x+

2
)s−1P(2,1)

s−1

(∂x+
1

− ∂x+
2

∂x+
1

+ ∂x+
2

)
. (F.89)

Employing Eqs. (F.73), (F.74) and the symmetry properties
(Appendix B)

G (1,2)
s−1 (−τ1,−τ2)

= (−1)s1τ2(iτ1 + iτ2)
s1−1P(1,2)

s1−1

(
τ1 − τ2

τ1 + τ2

)

G (2,1)
s−1 (τ2, τ1)

= (−1)s2−1(iτ1 + iτ2)
s2−1P(1,2)

s2−1

(
τ1 − τ2

τ1 + τ2

)
τ2, (F.90)

we obtain

〈Ms1(x)M̄s2(y)〉
= (N 2 − 1)

i

(4π2)2

1

22 i
s1+s2−2 1

4(y − x)2+
(−1)s1+s2

×
∫ ∞

0
dτ1dτ2 (τ1 + τ2)

s1+s2−2τ1τ
2
2 e−(τ1+τ2)(y−x)−

× P(1,2)
s1−1

(
τ1 − τ2

τ1 + τ2

)
P(1,2)
s2−1

(
τ1 − τ2

τ1 + τ2

)
. (F.91)

Changing variables

τ1 = τα, τ2 = τ(1 − α), (F.92)

we get

〈Ms1(x)M̄s2(y)〉
= (N 2 − 1)

i

(4π2)2

1

22 i
s1+s2−2 1

4(x − y)2+
(−1)s1+s2

×
∫ ∞

0
dτ

∫ 1

0
dα τ s1+s2+2α(1 − α)2 e−τ(x−y)−

× P(1,2)
s1−1 (1 − 2α)P(1,2)

s2−1 (1 − 2α). (F.93)

Integrating on τ yields

∫ ∞

0
dτ τ s1+s2+2e−τ(y−x)− = �(s1 + s2 + 3)

(y − x)s1+s2+3
−

. (F.94)

Then, we rewrite

∫ 1

0
dα α(1 − α)2 P(1,2)

s1−1 (1 − 2α)P(1,2)
s2−1 (1 − 2α) (F.95)

as

∫ 1

−1

du

2

(
1 − u

2

)(
1 + u

2

)2

P(1,2)
s1−1 (u)P(1,2)

s2−1 (u), (F.96)

with u = 1 − 2α. The orthonormality property of Jacobi
polynomials reads

∫ 1

−1
(1 − u)α(1 + u)β P(α,β)

m (u)P(α,β)
n (u) du

= δnm
2α+β+1

2n + α + β + 1

�(n + α + 1)�(n + β + 1)

�(n + α + β + 1)n! ,

(F.97)
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so that for α = 1 and β = 2 we obtain
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(
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1
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�(s1 + 3)(s1 − 1)! . (F.98)

Collecting the above results

〈Ms1(x)M̄s2(y)〉
= δs1s2(N

2 − 1)
i

(4π2)2

1

22 i
2s1−2(−1)2s1

× 1
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�(s1 + 1)�(s1 + 2)
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× �(2s1 + 3)

4(y − x)2+(y − x)2s1+3
−

(F.99)

and employing the identity

1

4(y − x)2+(y − x)s1+s2+3
−

= 2s1+s2+1(−1)s1+s2+1 (x − y)s1+s2+1
+

(|x − y|2)s1+s2+3 , (F.100)

we get

〈Ms1(x)M̄s2(y)〉
= δs1s2(N

2 − 1)
i

(4π2)2 i
s1+s2�(2s1 + 3)22s1−1

× 1

2s1 + 2

s1

s1 + 2

(x − y)2s1+1
+

(|x − y|2)2s1+3 . (F.101)

Incidentally, equating the above equation to Eq. (D.65) we
deduce the identity

− δs1s2

s1

s1 + 2

=
s1−1∑
k1=0

s2−1∑
k2=0

(
s1

k1

)(
s1 + 1

k1 + 2

)(
s2 + 1

k2

)(
s2

k2 + 1

)

× (−1)s1−k2+k1
1( s1+s2+1

s1−k1+k2

) . (F.102)

Appendix F.3: Conformal generating functional of
correlators of supermultiplet operators

We write the complete generating functional of Euclidean
conformal correlators of supermultiplet operators
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Appendix G: Connected generating functional in the
momentum representation

The conformal generating functional in the momentum rep-
resentation is defined by the functional integral

Zconf[JO ] = 1

Z

∫
D AD ĀDλD λ̄e

∫ −i Āa�Aa+λ̄a�∂−1+ λa d4x

× exp

(∫
d4 p

(2π)4

∑
i

JOi (−p)Oi (p)

)
.

(G.105)

Hence, we get for the correlators in the momentum represen-
tation [1]

〈Os1(p1) · · ·Osn (pn)〉
= (2π)4 δ

δ JOs1
(−p1)

· · · (2π)4 δ

δ JOsn
(−pn)

W [JO ].
(G.106)

The generating functional is obtained by means of the kernels
in the momentum representation

i�−1 → −i

|q|2 + iε
(G.107)

and

(i∂+)ki�−1 → (−q+)k
−i

|q|2 + iε
, (G.108)

where we employ the measure in momentum space [1]

∫
d4q

(2π)4 . (G.109)

We also get for the identity in space-time

I → (2π)4δ(4)(q1 − q2), (G.110)

for the sources

JO → JO (q1 − q2) (G.111)

and the differential operators
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. (G.112)

The explicit expression in the momentum representation [1] follows from Eq. (B.25). We report the generating functional
restricted to several sectors

Wconf
[
JOA , 0, 0, 0, 0, 0

]

= −(N 2 − 1) log Det
(
(2π)4δ(4)(q1 − q2) − 1

2

i

|q1|2 + iε
JOA

s
(q1 − q2) ⊗ Y

5
2

s−2(q2+, q1+)
)
, (G.113)

where by a slight abuse of notation we have displayed as argu-
ment of the functional determinant the corresponding kernel
in the momentum representation [1].

We write the generating functional of the correlators of
fermionic operators, Ms and M̄s , as a single object by means
of an equality of determinants (Appendix I)
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Wconf
[
0, 0, 0, 0, J̄M , JM̄

] = log Det
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Then, we get
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Besides,
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Explicitly,
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Correspondingly, �conf
[
JS(2)

]
reads
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with
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. (G.119)

Appendix H: RG-improved generating functional of cor-
relators of supermultiplet operators

From the above construction of the conformal generating
functional and RG-improved correlators, it follows the com-
plete generating functional of the Euclidean asymptotic cor-
relators W E

asym[JO ′E , λ]
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Õλ

1
(λ)

λ3
�−1 J
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Õλ

1
(λ)

λ3
�−1 J
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Appendix I: An equality of determinants

We prove the equality of the two functional determinants in
Eq. (D.55) arising from fermionic integration. Their expan-
sion reads
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In Eq. (I.122) employing the property of the Jacobi polyno-
mials
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and the cyclicity of the trace, we obtain
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where we have employed

∂v+�−1(v − u) = −∂u+�−1(u − v) (I.126)
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and cyclically permuted the anticommuting sources, so that
the factors of (−1)n arising from Eq. (I.126) and the permu-
tation of the anticommuting sources cancel out. Relabeling
the variables xi si ki → xl−i+2sl−i+2kl−i+2 for 2 ≤ i ≤ l
and keeping x1s1k1 fixed with x = u, v, we obtain

i∂u+
1
i�−1(u1 − v1)G

(1,2)

s′1−1
⊗ JM̄s′1

(v1)(
←−
∂

v+
1
,
−→
∂

v+
1
)

× i�−1(v1 − ul )G
(2,1)
sl−1 (

←−
∂ u+

l
,
−→
∂ u+

l
) ⊗ J̄Msl

(ul )

× i∂u+
l
i�−1(ul − vl )G

(1,2)

s′l−1
(
←−
∂

v+
l

,
−→
∂

v+
l

) ⊗ JM̄s′l
(vl )

× i�−1(vl − ul−1)G
(2,1)
sl−1−1(

←−
∂ u+

l−1
,
−→
∂ u+

l−1
)

⊗ J̄Msl−1
(ul−1)

× · · · i∂u+
2
i�−1(u2 − v2)G

(1,2)

s′2−1
(
←−
∂

v+
2
,
−→
∂

v+
2
) ⊗ JM̄s′2

(v2)

× i�−1(v2 − u1)G
(2,1)
s1−1 (

←−
∂ u+

1
,
−→
∂ u+

1
) ⊗ J̄Ms1

(u1)

=
i∂u+

1
i�−1(u1 − v1)G

(1,2)

s′1−1
(
←−
∂

v+
1
,
−→
∂

v+
1
) ⊗ JM̄s′1

(v1)

× i�−1(v1 − u2)G
(2,1)
s2−1 (

←−
∂ u+

2
,
−→
∂ u+

2
) ⊗ J̄Ms2

(u2)

× · · · i∂u+
l
i�−1(ul − vl )G

(1,2)

s′l−1
(
←−
∂

v+
l

,
−→
∂

v+
l

) ⊗ JM̄s′l
(vl )

× i�−1(vl − u1)G
(2,1)
s1−1 (

←−
∂ u+

1
,
−→
∂ u+

1
) ⊗ J̄Ms1

(u1). (I.127)

It follows

log Det
(
I + 1

4
i∂+i�−1 J̄Ms1

⊗ G (1,2)
s1−1 (−1)s1−1i�−1 JM̄s3

⊗ G (2,1)
s3−1 (−1)s3−1

)

= log Det
(
I + 1

4
i∂+i�−1 JM̄s1

⊗ G (1,2)
s1−1 i�−1 J̄Ms3

⊗ G (2,1)
s3−1

)
. (I.128)

References

1. M. Bochicchio, M. Papinutto, F. Scardino, UV asymptotics of n-
point correlators of twist-2 operators in SU(N ) Yang–Mills the-
ory. Phys. Rev. D 108(5), 054023 (2023). https://doi.org/10.1103/
PhysRevD.108.054023

2. M. Bochicchio, M. Papinutto, F. Scardino, n-point correlators
of twist-2 operators in SU(N ) Yang–Mills theory to the lowest
perturbative order. JHEP 08, 142 (2021). https://doi.org/10.1007/
JHEP08(2021)142

3. G. ’t Hooft, A planar diagram theory for strong interac-
tions. Nucl. Phys. B 72, 461 (1974). https://doi.org/10.1016/
0550-3213(74)90154-0

4. M. Bochicchio, On the geometry of operator mixing in massless
QCD-like theories. Eur. Phys. J. C 81(8), 749 (2021). https://doi.
org/10.1140/epjc/s10052-021-09543-5

5. M. Bochicchio, M. Papinutto, F. Scardino, On the structure of
the large-N expansion in SU(N) Yang–Mills theory. Nucl. Phys.

B 1015, 116887 (2025). https://doi.org/10.1016/j.nuclphysb.2025.
116887

6. M. Bochicchio, M. Papinutto, F. Scardino, Topology of the large-
N expansion in SU(N ) Yang–Mills theory and spin-statistics the-
orem. EPJ Web Conf. 314, 00025 (2024). https://doi.org/10.1051/
epjconf/202431400025

7. E. Witten, Baryons in the 1/N expansion. Nucl. Phys. B 160, 57–
115 (1979). https://doi.org/10.1016/0550-3213(79)90232-3

8. A.M. Polyakov, Gauge Fields and Strings, Contemporary Concepts
in Physics, vol. 3 (Taylor & Francis, 1987)

9. M. Bochicchio, Glueball and meson propagators of any spin in
large-N QCD. Nucl. Phys. B 875, 621–649 (2013). https://doi.org/
10.1016/j.nuclphysb.2013.07.023

10. M. Bochicchio, Higher-spin currents, operator mixing and uv
asymptotics in large-n QCD-like theories. Universe 9(2), 57
(2023). https://doi.org/10.3390/universe9020057

11. M. Bochicchio, An asymptotic solution of large-N QCD, for the
glueball and meson spectrum and the collinear S-matrix. AIP Conf.
Proc. 1735(1), 030004 (2016). https://doi.org/10.1063/1.4949387

12. G. Veneziano, Some aspects of a unified approach to gauge, dual
and Gribov theories. Nucl. Phys. B 117, 519–545 (1976). https://
doi.org/10.1016/0550-3213(76)90412-0

13. A.A. Migdal, Multicolor QCD as dual resonance theory. Ann. Phys.
109, 365 (1977). https://doi.org/10.1016/0003-4916(77)90181-6

14. J. Zinn-Justin, Quantum Field Theory and Critical Phenomena
(Oxford University Press, Oxford, 2021)

15. L. Brink, J.H. Schwarz, J. Scherk, Supersymmetric Yang–Mills
theories. Nucl. Phys. B 121, 77–92 (1977). https://doi.org/10.1016/
0550-3213(77)90328-5

16. A.V. Belitsky, S.E. Derkachov, G.P. Korchemsky, A.N. Manashov,
Dilatation operator in (super-)Yang–Mills theories on the light-
cone. Nucl. Phys. B 708, 115–193 (2005). https://doi.org/10.1016/
j.nuclphysb.2004.11.034

17. A.V. Belitsky, S.E. Derkachov, G.P. Korchemsky, A.N. Manashov,
Superconformal operators in N=4 super Yang–Mills theory. Phys.
Rev. D 70, 045021 (2004). https://doi.org/10.1103/PhysRevD.70.
045021

18. A.V. Belitsky, D. Mueller, A. Schafer, Implications of N=1 super-
symmetry for QCD conformal operators. Phys. Lett. B 450, 126–
135 (1999). https://doi.org/10.1016/S0370-2693(99)00146-X

19. G. Santoni, F. Scardino, Superfield twist-2 operators in N =
1 SCFTs and their renormalization-group improved generating
functional in N = 1 SYM theory. https://doi.org/10.1007/
JHEP04(2025)159

20. F. Scardino, Nonresonant renormalization scheme for twist-2 oper-
ators in SU(N ) Yang–Mills theory. Eur. Phys. J. C 84(11), 1229
(2024). https://doi.org/10.1140/epjc/s10052-024-13590-z

21. M. Bochicchio, M. Papinutto, F. Scardino, arXiv
22. V.M. Braun, G.P. Korchemsky, D. Mueller, The uses of conformal

symmetry in QCD. Prog. Part. Nucl. Phys. 51, 311–398 (2003).
https://doi.org/10.1016/S0146-6410(03)90004-4

23. G. Szegö, Orthogonal Polynomials, American Mathematical Soci-
ety colloquiumpublications, vol. 23 (American Mathematical Soci-
ety, 1959). https://books.google.it/books?id=3hcW8HBh7gsC

24. Yu.M. Makeenko, On conformal operators in quantum chromody-
namics. Technical report, USSR (1980). http://inis.iaea.org/search/
search.aspx?orig_q=RN:12597206

25. A.V. Belitsky, J. Henn, C. Jarczak, D. Mueller, E. Sokatchev,
Anomalous dimensions of leading twist conformal operators. Phys.
Rev. D 77, 045029 (2008). https://doi.org/10.1103/PhysRevD.77.
045029

26. N. Beisert, G. Ferretti, R. Heise, K. Zarembo, One-loop QCD spin
chain and its spectrum. Nucl. Phys. B 717, 137–189 (2005). https://
doi.org/10.1016/j.nuclphysb.2005.04.004

123

https://doi.org/10.1103/PhysRevD.108.054023
https://doi.org/10.1103/PhysRevD.108.054023
https://doi.org/10.1007/JHEP08(2021)142
https://doi.org/10.1007/JHEP08(2021)142
https://doi.org/10.1016/0550-3213(74)90154-0
https://doi.org/10.1016/0550-3213(74)90154-0
https://doi.org/10.1140/epjc/s10052-021-09543-5
https://doi.org/10.1140/epjc/s10052-021-09543-5
https://doi.org/10.1016/j.nuclphysb.2025.116887
https://doi.org/10.1016/j.nuclphysb.2025.116887
https://doi.org/10.1051/epjconf/202431400025
https://doi.org/10.1051/epjconf/202431400025
https://doi.org/10.1016/0550-3213(79)90232-3
https://doi.org/10.1016/j.nuclphysb.2013.07.023
https://doi.org/10.1016/j.nuclphysb.2013.07.023
https://doi.org/10.3390/universe9020057
https://doi.org/10.1063/1.4949387
https://doi.org/10.1016/0550-3213(76)90412-0
https://doi.org/10.1016/0550-3213(76)90412-0
https://doi.org/10.1016/0003-4916(77)90181-6
https://doi.org/10.1016/0550-3213(77)90328-5
https://doi.org/10.1016/0550-3213(77)90328-5
https://doi.org/10.1016/j.nuclphysb.2004.11.034
https://doi.org/10.1016/j.nuclphysb.2004.11.034
https://doi.org/10.1103/PhysRevD.70.045021
https://doi.org/10.1103/PhysRevD.70.045021
https://doi.org/10.1016/S0370-2693(99)00146-X
https://doi.org/10.1007/JHEP04(2025)159
https://doi.org/10.1007/JHEP04(2025)159
https://doi.org/10.1140/epjc/s10052-024-13590-z
https://doi.org/10.1016/S0146-6410(03)90004-4
https://books.google.it/books?id=3hcW8HBh7gsC
http://inis.iaea.org/search/search.aspx?orig_q=RN:12597206
http://inis.iaea.org/search/search.aspx?orig_q=RN:12597206
https://doi.org/10.1103/PhysRevD.77.045029
https://doi.org/10.1103/PhysRevD.77.045029
https://doi.org/10.1016/j.nuclphysb.2005.04.004
https://doi.org/10.1016/j.nuclphysb.2005.04.004


 1161 Page 50 of 50 Eur. Phys. J. C          (2025) 85:1161 

27. A.V. Belitsky, D. Mueller, Broken conformal invariance and spec-
trum of anomalous dimensions in QCD. Nucl. Phys. B 537, 397–
442 (1999). https://doi.org/10.1016/S0550-3213(98)00677-4

28. V. Kazakov, E. Sobko, Three-point correlators of twist-2 operators
in N=4 SYM at Born approximation. JHEP 06, 061 (2013). https://
doi.org/10.1007/JHEP06(2013)061

123

https://doi.org/10.1016/S0550-3213(98)00677-4
https://doi.org/10.1007/JHEP06(2013)061
https://doi.org/10.1007/JHEP06(2013)061

	Generating functional of correlators of twist-2 operators in mathcalN = 1 SUSY Yang–Mills theory, I
	Abstract 
	1 Introduction and physics motivations
	2 Plan of the paper
	3 Nonperturbative effective action in large-N mathcalN=1 SUSY YM theory
	4 mathcalN = 1 SUSY YM theory in the light-cone gauge
	5 Twist-2 balanced superfields in mathcalN = 1 SUSY YM theory
	5.1 Collinear twist-2 operators
	5.2 Balanced superfields

	6 Generating functional of Minkowskian conformal correlators
	6.1 Connected generating functional mathcalWconf as the log of a superdeterminant of a quadratic form
	6.2 Connected generating functional Γconf as the log a Fredholm superdeterminant 

	7 Generating functional of Euclidean conformal correlators
	7.1 Analytic continuation to Euclidean space-time
	7.2 Analytic continuation of mathcalWconf
	7.3 Analytic continuation of Γconf

	8 RG-improvement of the Euclidean correlators
	8.1 Operator mixing
	8.2 Nonresonant diagonal renormalization scheme
	8.3 Anomalous dimensions of twist-2 operators in mathcalN = 1 SUSY YM theory 
	8.4 Conformal generating functional of correlators of supermultiplet operators

	9 RG-improved generating functionals
	9.1 mathcalW
	9.2 Γ

	10 Conclusions
	Acknowledgements
	Appendix A: Notation and Wick rotation
	Appendix B: Jacobi and Gegenbauer polynomials
	Appendix C: Conformal properties of the standard basis
	Appendix D: Minkowskian conformal correlators
	Appendix D.1: OA and tildeOA correlators
	Appendix D.2: Oλ and tildeOλ correlators
	Appendix D.3: M and barM correlators
	Appendix D.4: Vanishing correlators

	Appendix E: Euclidean conformal correlators
	Appendix E.1: OAE correlators
	Appendix E.2: OλE correlators
	Appendix E.3: ME and barME correlators

	Appendix F: Normalization of 2-point correlators
	Appendix F.1: 2-point correlators of gluino-gluino operators
	Appendix F.2: 2-point correlators of gluon-gluino operators
	Appendix F.3: Conformal generating functional of correlators of supermultiplet operators

	Appendix G: Connected generating functional in the momentum representation
	Appendix H: RG-improved generating functional of correlators of supermultiplet operators
	Appendix I: An equality of determinants
	References


