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Abstract

Supply chains and logistics networks are complex, multi-actor systems in which decisions at
every level—strategic, tactical, and operational—are affected by pervasive uncertainty. This
thesis addresses three distinct problems arising in supply chain and logistics management
under uncertainty, each tackled with a different combination of methodologies, reflecting the
diverse nature of the problems considered. The problems are organized around two operational
contexts in which uncertainty plays a central and mathematically challenging role. The first is
the procurement and planning domain: effective purchase decisions require accounting for lead
time variability, since delays in supplier deliveries directly translate into excess inventory costs
or unmet demand. The second is traffic congestion under uncertain demand: road networks are
the physical backbone of supply chains, and congestion inflates lead times, increases logistics
costs, and introduces delivery variability that propagates upstream through the entire supply
chain. Understanding and managing uncertainty in both domains is therefore essential for
building resilient and cost-efficient supply chain operations.

In particular, the first contribution concerns supplier selection and purchase planning under
lead time uncertainty. A buyer must decide which suppliers to activate and how much to order
in each period, before actual delivery delays are known, so as to minimize worst-case total
costs—purchase prices, fixed ordering fees, inventory holding, and backlogging penalties. We
model the problem as a two-stage robust optimization problem over a structured uncertainty set
that captures both a budget on the total number of late deliveries and temporal correlations
across consecutive orders from the same supplier. Two solution methods are proposed: an
exact branch-and-cut algorithm based on a Benders-like reformulation, and a horizon-split
heuristic for large instances. A comprehensive computational study reveals managerial insights
on procurement strategies and the cost of robustness.

The second contribution studies worst-case traffic congestion under demand uncertainty. We
formulate a bilevel optimization model in which a traffic planner maximizes congestion by
selecting the origin—destination demand vector, while travelers respond by routing themselves
according to Wardrop equilibrium principles—either the user equilibrium or the system opti-
mum. Three families of uncertainty sets are considered: budgeted, ellipsoidal, and hose. The
bilevel problem is reformulated as a mixed-integer nonlinear program via KKT optimality con-
ditions, and several strengthening techniques are developed. Computational experiments on
the Sioux Falls network and SNDIib instances demonstrate the effectiveness of the approach
and provide insights into the impact of different congestion measures and uncertainty models.
The third contribution presents a complete, reproducible data pipeline for city-scale travel
demand modelling, implemented in the MATSim agent-based simulation framework for the
city of Barcelona. The pipeline synthesizes population, network, and multi-modal transport
demand from open-access statistical data, and is calibrated and validated against observed
mobility statistics. The resulting simulator serves as both an empirical foundation for the
uncertainty sets used in the congestion model and a testbed for evaluating urban mobility and
logistics interventions.
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Chapter 1

Introduction

1.1 Context and Motivation

Supply chains and logistics Management

In today’s globalized economy, supply chains have evolved into large-scale, interdependent
systems whose efficient management is widely recognized as a decisive source of competitive
advantage. The increasing complexity of these networks—driven by global sourcing, rising
customer expectations, and the proliferation of product variety—has placed supply chain man-
agement (SCM) at the center of both academic research and industrial practice. Effective SCM
is no longer a mere operational concern; it is a strategic imperative that determines whether
organizations can deliver the right product, at the right time, at the right cost. A supply chain
is defined as a network of organizations, processes, and flows through which raw materials are
sourced, transformed into products, and delivered to end customers. It involves several ac-
tors and decision-makers: suppliers, manufacturers, distributors, retailers, and logistics service
providers and requires the coordination of a wide range of activities, including procurement,
production planning, inventory management, transportation, and distribution. Supply chain
management is the discipline of integrating and coordinating these activities across organiza-
tional boundaries so that the chain as a whole operates efficiently and responsively. Logistics,
a central component of SCM, deals specifically with the planning and execution of the physical
movement and storage of goods: transportation routing and scheduling, warehousing, inven-
tory management, and last-mile distribution.

It becomes clear that supply chains and logistics are complex systems characterized by multi-
ple interacting components, hierarchical decision-making,and pervasive uncertainty. Relevant
decisions are made at multiple levels by multiple actors, and decisions at one level constrain
and shape those at others. At the strategic level, organizations make long-horizon, hard-to-
reverse choices: where to locate production facilities and distribution centers, which suppliers
to include in the network, how to design the transportation infrastructure. At the tactical
level, they plan over a medium-term horizon: production schedules, procurement quantities,
inventory replenishment policies, fleet sizing. At the operational level, day-to-day decisions
include vehicle routing and scheduling, order dispatching, and real-time traffic management.

Crucially, the actors involved at each level—suppliers, manufacturers, retailers, logistics opera-
tors, public authorities—often have misaligned objectives. A road authority sets tolls or traffic
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policies, and individual drivers react by choosing different routes; a manufacturer fixes whole-
sale prices, and downstream retailers adjust their order quantities accordingly. This interplay
gives supply chain and transportation systems a naturally hierarchical structure in which no
single actor controls the entire system, yet each actor’s decisions affect all others.

Beyond the multi-actor structure, supply chain and logistics systems are further complicated by
uncertainty and correlation in their data. Uncertainty pervades every planning level: demand
fluctuates due to market dynamics and unpredictable events, lead times vary because of supplier
reliability and transportation disruptions, and travel times on road networks change with con-
gestion and weather conditions. Moreover, supply chain parameters are often correlated—for
instance, a disruption in a shared transportation corridor may simultaneously delay deliveries
from multiple suppliers, or congestion on one road segment may cascade to adjacent links.

Finally, there is a strong and critical interconnection among supply chain parameters and
decisions. One of the most known examples to illustrate this phenomenon is the so-called
“bullwhip effect”, in which minor fluctuations in end-customer demand generate increasingly
larger and distorted swings in inventory and order quantities as they propagate upstream in
the supply chain from retailers to manufacturers. Typically triggered by delayed information
sharing, panic ordering, or extended lead times, it results in excess inventory accumulation,
elevated storage costs, and potential supply shortages. This phenomenon exemplifies how the
interplay of multi-level structure, multiple interacting actors, and pervasive uncertainty can
lead to complex dynamics that are difficult to predict and manage, yet have significant im-
plications for supply chain performance. This is the proof of how fundamental it is to make
informed decisions, at each level of the supply chain, that account for these complexities, and
to develop tools and methodologies that can support decision-makers in navigating this chal-
lenging landscape.

Over the past decades, a rich set of approaches has been developed for this purpose, including
mathematical optimization techniques—such as robust optimization, stochastic programming,
and bilevel optimization—as well as simulation-based methods, notably discrete-event simula-
tion and agent-based simulation. These tools support decision-making in settings where data is
uncertain, stakeholders interact strategically, and system dynamics are too complex for closed-
form analysis. Different methodologies are suited to different types of problems, and the choice
of the right tool is a critical step in the research process. For instance, robust optimization
is particularly effective for problems with uncertain parameters that can be bounded within a
known set, while stochastic programming is more appropriate when a probability distribution
over the uncertain parameters is available. Bilevel optimization is the natural framework for
problems with hierarchical decision-making and strategic interactions, while simulation meth-
ods are invaluable for capturing complex system dynamics and emergent phenomena that are
difficult to model analytically.

This thesis contributes to this line of research by addressing three distinct problems arising in
supply chain and logistics management under uncertainty. Each contribution employs a dif-
ferent combination of methodologies, reflecting the diverse nature of the problems considered.
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1.2 Contributions of this thesis

The themes introduced in the previous section—supply chain management, logistics, data
uncertainty, correlated parameters, hierarchical decision-making, and the need for optimization
and simulation methodologies—define the research landscape of this thesis.

In particular, this thesis focuses on two operational contexts within SCM where uncertainty
plays a central and mathematically challenging role: the planning and procurement domain,
and traffic demand and congestion in urban transportation networks.

Within the first context, i.e., the planning and procurement domain,we address the tactical-
level decisions of supplier selection and purchase planning under lead time uncertainty. Given
a time horizon and periodic demands for a single product, a buyer must decide which suppliers
to source from and how much to order from each, balancing competing objectives: minimizing
purchase prices and fixed ordering costs while avoiding the twin penalties of excess inventory—
which ties up working capital—and backlogging, i.e., unmet demand—which erodes service
levels and customer satisfaction. In practice, this already difficult trade-off is compounded by
lead time uncertainty: the elapsed time between placing an order and receiving the delivery
varies with supplier reliability, transportation conditions, and external disruptions. Orders
are committed before the actual lead times are known, so the buyer cannot wait to observe
delays before deciding how much to stock. This temporal decoupling—decisions before, uncer-
tainty realization after—naturally leads to a two-stage optimization framework. In this thesis,
we adopt a two-stage robust optimization approach in which decisions are partitioned into
a first stage—choices committed before the uncertain parameters are revealed (here: which
suppliers to activate and how much to order)—and a second stage, representing the recourse
actions taken once the actual lead times are known (inventory adjustments and backlogging
decisions). Rather than requiring a probability distribution over the uncertain lead times, the
model optimizes first-stage decisions against the worst-case realization within a prescribed un-
certainty set: a compact region that encodes all plausible combinations of delays without prior
distributional assumptions. We define an uncertainty set that captures correlations across time
periods and suppliers (e.g., simultaneous delays on shared shipping routes) and bounds the
total number of late deliveries via a budget parameter, controlling the degree of conservatism.
Two solution methods are proposed: (i) an exact algorithm, a branch-and-cut method based
on a Benders-like reformulation and (ii) a horizon-split heuristic that solves the near-term
periods exactly and approximates the remaining horizon, yielding near-optimal solutions for
large instances at a fraction of the computational cost.

This research was primarily conducted at the Institute for Systems Analysis and Computer
Science of the National Research Council of Italy (IASI-CNR), under the supervision of Clau-
dio Gentile (IASI-CNR) and Sara Mattia (IASI-CNR). Based on this work, a paper has been
produced and submitted for publication to an international journal and is currently under
review.

Within the second context, we study traffic demand and congestion in urban transportation
networks, a problem that sits at the interface of SCM, logistics and urban mobility. Road
networks are the physical backbone of supply chains: every shipment from a supplier, every
delivery to a customer, and every inter-depot transfer must traverse road networks shared with
all other urban and inter-urban mobility flows. Congestion inflates lead times, increases lo-
gistics costs, and introduces delivery variability that propagates upstream through the supply
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chain. For logistics network designers, toll-setting authorities, and supply chain managers,
understanding the worst-case congestion that can arise under uncertain demand conditions is
therefore a prerequisite for building resilient transportation infrastructures and robust logistics
plans. In this thesis, we address two complementary problemans in this domain: (1) estimat-
ing the worst-case congestion that can arise when travel demand is uncertain (a problem with
direct relevance for network design and toll-setting), and (2) designing a pipeline to model
the travel demand itself and validating it through an agent-based simulation that generates
realistic, city-level demand data and congestion estimations. These two aspects are naturally
linked: the simulation could provide the empirical grounding for the uncertainty sets used in
the congestion model. Moreover, it could represent an alternative methodology for estimating
worst-case congestion, complementing the optimization-based approach with a data-driven,
simulation-based one.

In the following, we provide a more detailed overview of each of these two aspects, outlining
the main features of the problem, the methodological approach, and the key results.

The first problem has been addressed with a more methodological focus, developing a novel
optimization model that combines bilevel optimization with Wardrop equilibrium principles to
estimate worst-case congestion under demand uncertainty.

Three features can be identified as central to this problem: (i) the hierarchical structure of the
decision-making process, in which a traffic planner seeks to identify the worst-case congestion,
while travelers independently choose their routes; (ii) the equilibrium behavior of travelers,
who react to the planner’s choice by selecting their routes according to a Wardrop principle;
and (iii) the uncertainty in travel demand, which is represented through a suitable model of
uncertainty. These three features —hierarchical decisions, equilibrium behavior, and demand
uncertainty—call for a combination of bilevel optimization, Wardrop equilibrium models, and
robust optimization. Formally, we formulate the problem as a bilevel optimization problem
in which the leader (the traffic planner) aims to maximize the congestion and selects the de-
mand, while the follower (the travelers) selects the optimal flows on the network according to a
Wardrop Principle (considering both the User Equilibrium and System Optimum cases). The
uncertain demand is represented, following the robust optimization paradigm, by an uncer-
tainty set—a compact region within which the origin—destination demand vector is assumed to
vary. Three families of uncertainty sets are considered: budgeted (bounding the total demand
deviation), ellipsoidal (accounting for correlations), and hose (constraining only aggregate traf-
fic at each node), each capturing a different notion of what “plausible demand variation” means.
The resulting bilevel problem is reformulated as a mixed-integer nonlinear program (MINLP)
by replacing the lower-level equilibrium conditions with their Karush-Kuhn-Tucker (KKT)
optimality conditions, introducing binary variables and valid big-M constants to handle the
complementarity constraints. Several strengthening techniques improve computational per-
formance. An extensive computational study on well-known benchmark networks (the Sioux
Falls network and SNDIib instances) serves a dual purpose: it demonstrates the effectiveness
and scalability of the proposed solution approach, and it yields managerial insights into how
key modeling choices—the congestion measure, the travel cost function, and the uncertainty
model—affect the worst-case congestion level.

This research was primarily developed by the author during a research visiting period at ESSEC
Business School in Paris, under the supervision of Professor Ivana Ljubi¢ (ESSEC Business
School) and in collaboration with Yasmine Beck (ESSEC Business School) and Sara Mattia
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(IASI-CNR). Based on this work, a paper has been produced and submitted for publication to
an international journal and is currently under review.

Finally, the second problem has been addressed with a more empirical and applied focus, de-
veloping a complete, reproducible data modelling pipeline for the city of Barcelona using the
MATSim agent-based simulation framework [72]. The primary objective of this problem is
to estimate and model urban travel demand at city scale, producing a tool that supports the
understanding of traffic flows and their efficiency—with direct consequences both on citizens’
quality of life and on the transportation and logistics activities that constitute the physi-
cal backbone of supply chain operations. The pipeline synthesizes population, network, and
multi-modal transport demand from open-access statistical data sources; the resulting model
is calibrated and validated against observed mobility statistics, and serves a dual role: it pro-
vides empirical grounding for the uncertainty sets used in the congestion model, and it acts
as a testbed for evaluating urban mobility interventions such as network redesigns, charging
station placement, or public transport fleet dimensioning. In agent-based simulation, each in-
dividual (here, each urban traveler) is explicitly represented as an autonomous agent endowed
with attributes and behavioral rules; system-level outcomes—traffic flows, congestion, modal
splits—emerge from the aggregate of millions of individual interactions rather than being pre-
scribed by a top-down equation. MATSim implements an activity-based variant in which each
agent carries a daily plan (a sequence of activities and trips) and iteratively re-optimizes it in
response to experienced congestion via a co-evolutionary algorithm, converging to a stochastic
user equilibrium.

This research was developed in collaboration with Spindox S.p.A. within the framework of
the European-funded research project “Optimizing Car-sharing and Ride-sharing Mobility in
Smart Sustainable Cities”, coordinated by Professor Angel A. Juan (Universitat Oberta de
Catalunya) and participated by Spindox among other partners. The project was co-funded by
the Barcelona City Council and the “la Caixa” Foundation under the Barcelona Science Plan
2020-2023 (grant 21509355-001), with the objective of providing efficient solutions to urban
mobility problems through a new family of agile-optimization algorithms capable of processing
big data to support real-time decision-making.

Based on this work, a paper has been published in the proceedings of the 2023 Winter Simula-
tion Conference (WSC 2023), the premier international conference on simulation. The paper
is co-authored with Jonas F. Leon (Spindox S.A. / Universitat Oberta de Catalunya), Andrea
Boccolucci (Spindox S.p.A.), and Mattia Neroni (Spindox S.p.A.) [85].

Figure 1.1 provides a visual summary of the three contributions of this thesis, highlighting the
different problem contexts within the supply chain and logistics domain.

1.3 Thesis Outline

The remainder of this thesis is organized as follows.

Chapter 2 introduces the background notions on supply chains, supply chain management, and
logistics that are necessary to contextualize the contributions of this thesis. It discusses the
main criticalities of supply chain systems, examines the link between traffic congestion and
logistics performance, and outlines the role of mathematical optimization and simulation in
addressing uncertainty.

Chapter 3 presents the underlying theoretical framework and the methodological tools neces-
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Figure 1.1. Visual summary of the thesis contributions.

sary to interpret and understand our contributions. In particular, it introduces the Branch&Cut
method for solving mixed-integer linear programs, the Benders decomposition algorithm, the
two-stage optimization problems, the principles of bilevel optimization and the fundamentals
of agent-based simulation.

Chapters 4, 6, and 6 present the three main contributions of this thesis, each addressing a
different problem in supply chain and logistics management under uncertainty and employ-
ing a different methodological approach. In particular, Chapter 4 focuses on the problem of
Multiple Supplier Selection and Purchase Planning under Lead time uncertainty and adopts
a two-stage robust optimization approach; Chapter 6 addresses the problem of Modeling Net-
work Congestion under Demand Uncertainty using Wardrop Principles and employs a bilevel
optimization framework; finally, Chapter 6 presents the problem of defining a Demand Mod-
elling Pipeline for an Agent-Based Traffic Simulation of the City of Barcelona through an
agent-based simulation.



Chapter 2

Background: Supply Chains,
Logistics, and Optimization
Approaches

This chapter provides the conceptual and technical foundations underlying the research pre-
sented in this thesis. We begin by defining the core notions of supply chain, supply chain
management, and logistics (Section 2.1). We then examine in detail the principal functional
areas that characterize modern supply chains (Section 2.2), followed by a discussion of the main
criticalities inherent in these systems (Section 2.3). Section 2.4 introduces traffic congestion
as a performance-critical factor for logistics. Finally, Sections 2.5 and 2.6 review the role of
mathematical optimization and the challenge of uncertainty that motivate the methodological
choices of this thesis.

2.1 Supply Chain, Supply Chain Management, and Logistics

A supply chain can be defined as a network of organizations involved, through upstream and
downstream linkages, in the different processes and activities that produce value in the form of
products and services delivered to the ultimate consumer [44]. In its simplest form, a supply
chain consists of at least three entities—a supplier, a focal company, and a customer—Ilinked
by the flow of products, services, finances, and information [100]. In practice, however, modern
supply chains are highly complex networks spanning multiple tiers of suppliers, manufacturers,
distributors, retailers, and logistics providers, often operating across several continents [130].

Supply chain management (SCM) is the task of integrating organizational units along a supply
chain and coordinating material, information, and financial flows in order to fulfill customer
demands, with the aim of improving the competitiveness of the supply chain as a whole [130].
This definition, broadly consistent with the one adopted by the Council of Supply Chain Man-
agement Professionals (CSCMP), captures the two main pillars of SCM: integration of the
organizations involved and coordination of the flows among them. [100] provide an extensive
review of SCM definitions and identify three complementary perspectives: SCM as a man-
agement philosophy (a systems approach to viewing the supply chain as a whole), as a set
of activities to implement that philosophy (information sharing, risk and reward sharing, co-
operation, process integration), and as a set of management processes (demand management,
order fulfillment, manufacturing flow management, procurement). The unifying principle is



8 2. Background: Supply Chains, Logistics, and Optimization Approaches

that competition has shifted from individual firms to supply chains: the competitiveness of a
product in the eyes of the end customer depends on the performance of the supply chain as a
whole.

Logistics is a foundational discipline within SCM. It encompasses the planning, execution,
and control of the efficient forward and reverse flow of goods, services, and related infor-
mation between the point of origin and the point of consumption, with the goal of meeting
customer requirements [44]. Logistics activities include transportation, warehousing, inven-
tory management, order processing, and the design of distribution networks. Its governing
principles—systems thinking, total cost optimization, and service-level orientation—aim at
achieving efficiency across the economic, technological, and ecological dimensions simultane-
ously [130]. While logistics focuses primarily on the physical movement and storage of goods,
SCM broadens this scope to include the strategic integration of all partners and the coordina-
tion of all flows—material, information, and financial—across the entire network.

Figure 2.1 provides an integrated overview of a supply chain. The top layer depicts the phys-
ical flow of goods through five canonical stages: suppliers, who provide raw materials and
components; production facilities, which transform inputs into finished products; warehouses,
which store and consolidate goods; distribution centers, which dispatch shipments toward final
destinations; and customers, who represent the end demand. The middle layer zooms into the
network structure, showing how multiple entities at each stage are interconnected by mate-
rial flows. The figure also highlights the main sources of uncertainty and the principal cost
components that characterize supply chain operations. On the uncertainty side, information
uncertainty (e.g., the bullwhip effect and forecast errors) and disruption risk (e.g., natural dis-
asters and pandemics) span the entire network; travel-time uncertainty affects all inter-stage
links; production, capacity, and delivery uncertainties are localized at the manufacturing, ware-
housing, and distribution stages, respectively; supply and demand uncertainties act at the two
extremes of the chain. On the cost side, each stage carries characteristic cost components—
material, manufacturing, inventory, distribution, and service costs—while transportation costs
arise on every inter-stage link. Two transversal cost layers underlie the whole network: co-
ordination and IT costs (ERP systems, data integration, contracts) and management costs
(overhead, administration, regulatory compliance). Understanding these cost and uncertainty
elements is essential for formulating the optimization models discussed later in this thesis.

2.2 Functional Areas of Supply Chain Management

The decision problems introduced above can be organized into five complementary functional
areas, each addressing a different aspect of supply chain management and spanning one or
more decision levels (strategic, tactical, operational). These areas map to the network stages
they primarily impact: Planning and Procurement governs suppliers, manufacturers, and ware-
houses; Production and Manufacturing focuses on the manufacturing stage; Warehousing and
Inventory Management covers warehouses and distributors; Transportation and Network Man-
agement spans every inter-stage link; and Demand Forecasting and Analytics propagates its
outputs to all five stages. A cross-functional coordination layer underpins the entire system.

For a comprehensive treatment of these topics, the reader is referred to Stadtler et al. [130]
and Christopher [44] for general supply chain management foundations; Garcia-Flores and
Wang [63] for an operations-research perspective on SCM; Simchi-Levi et al. [128] for inven-
tory and logistics theory; and Daskin [51] for network optimization. The subsections below



2.2 Functional Areas of Supply Chain Management 9

describe each area in detail, citing only the references most specific to each decision problem.

Physical flow of goods
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Figure 2.1. Integrated view of the supply chain. Top: the physical flow of goods across five stages.
Middle: the network connecting multiple suppliers, manufacturers, warehouses, distributors, and
customers; sources of uncertainty and cost elements are indicated alongside the network.

2.2.1 Transportation and Network Management

Transportation is responsible for the physical movement of raw materials, work-in-process
items, and finished goods across the supply chain network. This area impacts every inter-stage
link in the chain and spans all three decision levels—strategic (network design), tactical (mode
and carrier selection), and operational (daily routing and scheduling). The main decision
problems, ordered from the strategic to the operational horizon, are the following;:

o Network design and facility location. At the strategic level, the design of the distri-
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bution network—deciding how many facilities to open and where to locate warehouses,
distribution centers, and cross-docking facilities—determines the structure of all down-
stream transportation.

Fleet management. Fleet sizing, vehicle replacement, and maintenance policies are
strategic and tactical decisions that constrain the capacity available for routing and
scheduling.

Mode and carrier selection. Choosing the appropriate transportation mode (road,
rail, maritime, air, or intermodal combinations) and the corresponding carrier is a tactical
decision that balances cost, transit time, reliability, and environmental impact.

Vehicle routing and scheduling. At the operational level, the vehicle routing prob-
lem (VRP) and its many variants—capacitated (CVRP), time-windowed (VRPTW),
stochastic, multi-depot—seek to determine the optimal set of routes for a fleet of vehicles
to service a set of customers, while respecting capacity, time, and distance constraints.
Scheduling adds the temporal dimension, sequencing pickups and deliveries within plan-
ning horizons.

Transportation decisions are strongly affected by external factors such as traffic congestion,
weather, and regulatory constraints. In particular, the interaction between freight logistics
and urban traffic is a critical issue for supply chain performance, as discussed in Section 2.4.

2.2.2 Production and Manufacturing

Production and manufacturing activities transform raw materials into finished products. This
area primarily impacts the manufacturing stage and spans all three planning levels—strategic
(plant location and technology), tactical (capacity and master scheduling), and operational
(job sequencing). The main decision problems are:

Plant location and technology choice. Strategic decisions on where to locate pro-
duction plants and which manufacturing technologies to adopt determine the long-term
capacity and cost structure of the supply chain.

Master production scheduling. At the tactical level, the master production schedule
(MPS) translates aggregate plans into detailed production targets for individual products
over a planning horizon.

Capacity planning. Tactical-level decisions on workforce levels, overtime, and subcon-
tracting ensure that production capacity matches anticipated demand over the medium
term.

Lot-sizing. Determining the production quantities for each product in each period
involves balancing fixed setup costs against holding costs.

Production scheduling and sequencing. Operational-level decisions determine the
order in which jobs are processed on machines, with the goal of minimizing makespan,
tardiness, or setup costs, while respecting due dates and machine availability.
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2.2.3 Planning and Procurement

Planning and procurement activities ensure that the right materials are available at the right
time and cost. This area impacts the supplier, manufacturer, and warehouse stages and oper-
ates primarily at the strategic and tactical levels. The main decision problems are:

e Strategic sourcing. Long-term decisions on single vs. dual sourcing, domestic vs. global
procurement, and make-or-buy policies shape the structure and risk profile of the entire
supply chain.

e Supplier selection and evaluation. At the strategic—tactical boundary, choosing sup-
pliers involves multi-criteria assessment of cost, quality, reliability, lead time, flexibility,
and sustainability. Supplier evaluation is a recurring process that feeds into long-term
sourcing strategies.

e Contract design and management. Supply contracts—including wholesale-price,
revenue-sharing, and quantity-flexibility contracts—are tactical mechanisms to coordi-
nate decisions between buyers and suppliers and to allocate risk and profit along the
chain.

¢ Purchase and order planning. Once suppliers are selected, purchase plans define the
quantities, timing, and frequency of orders. Multi-period procurement problems must
balance ordering costs, quantity discounts, and inventory holding costs under demand
and lead-time uncertainty.

2.2.4 Warehousing and Inventory Management

Warehousing and inventory management bridge production and demand, buffering the supply
chain against variability and ensuring product availability. This area impacts the warehouse
and distributor stages and operates mainly at the tactical and operational levels. The main
decision problems are:

e Warehouse design and operations. At the strategic—tactical level, decisions on ware-
house layout, storage policy (random, class-based, dedicated), and the automation level
affect both space utilization and order-picking efficiency.

e Inventory control policies. Classical models provide rules for when and how much
to order. Modern extensions incorporate stochastic demand, lead-time variability, and
service-level constraints.

o Safety stock optimization. Safety stocks protect against demand and supply uncer-
tainty. Their dimensioning depends on the desired service level, demand variability, and
replenishment lead time.

e Distribution and cross-docking. At the operational level, cross-docking facilities
consolidate and re-sort incoming shipments for immediate outbound delivery, reducing
storage time and inventory holding costs.
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2.2.5 Demand Forecasting and Analytics

Demand forecasting is a prerequisite for virtually every other supply chain activity: produc-
tion planning, procurement, inventory management, and transportation all depend on reliable
estimates of future demand. The outputs of this area propagate to every stage of the network,
from suppliers to customers, and its decisions span all three levels—strategic (long-range de-
mand projections), tactical (seasonal planning), and operational (short-term demand sensing).
The main approaches range from classical causal and time-series models (econometric regres-
sions, exponential smoothing, ARIMA), which support strategic and tactical planning, to ma-
chine learning methods (neural networks, gradient boosting) that capture nonlinear patterns
for short-term forecasting, and demand sensing techniques that incorporate real-time signals
(e.g., point-of-sale data, weather) into operational planning,.

2.3 Ciriticalities in Supply Chain Management

Managing these intertwined activities is a formidable challenge due to several intrinsic charac-
teristics of supply chain systems:

Multiple independent decision-makers. A supply chain typically involves several legally
separated organizations, each pursuing its own objectives. Decisions made by one entity affect
all others, yet no single actor controls the entire system. This multi-player structure gives rise
to strategic interactions, incentive misalignment, and the need for coordination mechanisms
such as contracts, revenue-sharing schemes, or collaborative planning.

Interdependence across decisions. Supply chain decisions are deeply interconnected: pro-
curement choices affect production schedules, which in turn drive inventory levels and trans-
portation needs. Optimizing any single activity in isolation may lead to suboptimal outcomes
for the chain as a whole—a phenomenon well captured by the “bullwhip effect”, in which small
demand fluctuations at the retail level are amplified into large order swings upstream.

Multi-scale temporal structure. Decisions span very different time horizons: strategic
choices (network design, facility location) involve years of planning; tactical decisions (master
planning, inventory policies) operate on a monthly or quarterly basis; and operational decisions
(scheduling, routing) must be made daily or in real time. These levels are hierarchically linked,
and each phase depends on the others.

Uncertainty and variability. Real-world supply chains operate in environments pervaded
by uncertainty. Demand fluctuates due to seasonality, market dynamics, and unpredictable
events; lead times vary because of supplier reliability, transportation disruptions, and customs
delays; costs and prices are volatile. Ignoring this uncertainty leads to solutions that perform
poorly when confronted with actual conditions.

Dynamism and globalization. Supply chains must continuously adapt to changing mar-
ket requirements, technological developments, evolving regulations, and disruptions (natural
disasters, pandemics, geopolitical events). Global sourcing increases complexity by adding
exchange-rate risk, cross-cultural communication challenges, and longer lead times.
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2.4 Traffic Congestion and Supply Chain Performance

Because a large share of supply chain flows depends on road transport, traffic congestion
emerges as a critical factor for logistics performance. Empirical evidence shows that congestion
directly affects delivery times, transportation costs, and schedule reliability, with cascading
consequences on inventory management, vehicle fleet sizing, and the displacement of business
locations [124, 142]. From a strategic standpoint, recent work on supply chain network design
has demonstrated that planners should explicitly account for traffic congestion when making
location and allocation decisions, since it influences not only the economic efficiency of the
network but also its environmental sustainability [8, 9]. Traffic congestion can therefore be
regarded both as a disruptive factor to be mitigated in day-to-day logistics operations and as a
performance indicator for evaluating the effectiveness of strategic supply chain decisions [142,
124].

2.5 Quantitative Methods: Optimization and Simulation

The complexity of supply chain decision problems has motivated the development of a broad
arsenal of quantitative methods, mathematical optimization and simulation among the most
widely used.

Mathematical Optimization. Mathematical optimization provides a rigorous framework
for making the best possible decisions under given constraints and objectives. In the context
of supply chain and logistics management, optimization models allow practitioners to:

o minimize total costs (procurement, production, transportation, inventory, and backlog-
ging costs);

e maximize service levels and on-time delivery performance;

o balance trade-offs between conflicting objectives (e.g., cost vs. responsiveness);
¢ identify bottlenecks and critical points in the supply chain;

e evaluate and compare alternative strategies before implementation.

Classical approaches rely on well-established mathematical programming techniques, including
linear programming (LP), mixed-integer linear programming (MILP), and nonlinear program-
ming (NLP). These models have been successfully applied to a wide spectrum of logistics
problems, ranging from vehicle routing [136] and facility location [51] to lot-sizing [118] and
network design [92]. A critical limitation of deterministic models, however, is that they assume
all input data—demands, costs, travel times, lead times—are known with certainty. In practice,
this assumption rarely holds, which has motivated extensions such as Stochastic programming,
Robust optimization, and Distributionally robust optimization. Multi-player interactions have
been modeled using game-theoretic frameworks, including cooperative games, non-cooperative
games, and Bilevel optimization (Stackelberg games) [38].
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Simulation. Simulation provides a complementary approach that is especially valuable when
the system under study is too complex, stochastic, or decentralized for closed-form analytical
solutions. Discrete-event simulation models the system as a sequence of events occurring at spe-
cific points in time, allowing practitioners to evaluate the performance of supply chain policies
(e.g., inventory rules, scheduling heuristics) under realistic stochastic conditions. Agent-based
simulation goes further by representing each decision-maker (e.g., vehicle, customer, supplier)
as an autonomous agent with its own rules and objectives, making it possible to study emergent
behaviors in decentralized systems. Agent-based models are particularly suited to transporta-
tion and mobility applications, where thousands of individual travelers interact simultaneously
on a shared network.

Both optimization and simulation can be combined in hybrid frameworks—for instance, using
simulation to evaluate solutions proposed by an optimizer, or embedding optimization within
each agent’s decision logic. The specific methodologies adopted in this thesis are presented in
detail in Chapter 3.

2.6 The Challenge of Uncertainty

Real-world supply chains operate in environments characterized by pervasive uncertainty. De-
mand fluctuations are driven by market dynamics, seasonality, and unpredictable events; lead
times vary due to supplier reliability, transportation disruptions, and customs delays; travel
times on transportation networks change due to congestion, weather, and incidents. Ignor-
ing this uncertainty in optimization models can lead to solutions that perform poorly when
confronted with actual conditions—plans that appear optimal on paper may result in stock-
outs, excessive inventory, or unacceptable congestion levels in practice. The recognition of
this challenge has motivated the development of optimization methodologies that explicitly
account for data uncertainty. The literature on this topic is vast. For a general perspective
on optimization under uncertainty, the reader is referred to [123], which reviews the interplay
between optimization and uncertainty across operations research, to [62], which surveys ro-
bust optimization methods and their applications, and to [147], which focuses on adjustable
(multi-stage) robust optimization. [88] provides a comprehensive review of robust optimization
approaches in the context of operations management. A comprehensive treatment of stochas-
tic programming—including two-stage and multi-stage formulations, scenario generation, and
decomposition algorithms—can be found in [86]. Regarding supply chain applications specifi-
cally, [68] survey network design models that incorporate demand, supply, and cost uncertainty
and [116] classify quantitative models for supply chain planning under uncertain conditions.
Finally, for simulation-based approaches, [131] survey the use of discrete-event and agent-
based simulation for analyzing supply chain dynamics, inventory policies, and coordination
mechanisms.
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Chapter 3

Methodological Framework

This chapter offers a self-contained overview of the mathematical methodologies underlying
the contributions of this thesis. The presentation is not intended to be exhaustive; rather, it
focuses on the specific frameworks and tools that are directly relevant to the developments in
the subsequent chapters. For a more comprehensive treatment of the topics covered here, we
refer the reader to the cited references and to the textbooks listed in the bibliography. The
chapter is organized into four sections, each dedicated to a different methodological pillar.
Section 3.1 reviews exact solution methods for mixed-integer programming—mnamely Branch-
and-Bound, Branch-and-Cut, and Benders Decomposition—which constitute the algorithmic
foundation of the solution approach proposed in Chapter 4. Section 3.2 introduces Bilevel Op-
timization, the modeling framework for hierarchical decision-making that plays a central role
in Chapter 6. Section 3.3 presents Robust Optimization, the uncertainty modeling paradigm
adopted in Chapter 4. Finally, Section 3.4 outlines Agent-Based Simulation, the methodolog-
ical framework underlying Chapter 6.

3.1 Mixed-Integer Programming

Many supply chain and logistics optimization problems involve discrete decisions—whether to
open a facility, which supplier to select, how to assign routes—and are naturally formulated
as mized-integer linear programs (MILPs). A generic MILP can be written as

Inxin{ch:Abe, r; €ELVj eI, v >0}, (3.1)

where c € R", A € R™*" b € R™, and Z C {1,...,n} is the set of indices corresponding to
integer-constrained variables. When Z = {1,...,n}, the problem is a pure integer program;
when Z = (), it reduces to a linear program (LP). In general, MILPs are NP-hard [146], and
solving them exactly requires specialized enumeration techniques.

3.1.1 Branch-and-Bound

The Branch-and-Bound (B&B) algorithm, introduced by Land and Doig [82], is the founda-
tional enumeration method for solving integer programs. The key idea is to systematically
partition the feasible region into smaller subproblems (branching) while using bounds derived
from LP relaxations to prune portions of the search space that provably cannot contain an
optimal solution.
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The LP relazation of the MILP (3.1) is obtained by dropping the integrality requirements:
2p = ml@n {cTaf; : Az < b, x > 0}. (3.2)

Since every feasible solution to (3.1) is also feasible for (3.2), the LP relaxation value zpp
provides a lower bound on the optimal MILP objective (for a minimization problem). If the
LP relaxation solution z* satisfies all integrality constraints, then z* is optimal for the MILP;
otherwise, a fractional variable z; with j € 7 is selected for branching.

Branching. Given a fractional solution component a:;‘ ¢ 7, two child subproblems are created
by imposing the disjunction

z; < |77] or z; > [7].
This partitions the current region into two subsets, each of which is further explored recursively,
forming an enumeration tree.

Bounding and pruning. At each node of the enumeration tree, the LP relaxation of the
corresponding subproblem is solved. Let z* denote the value of the best integer-feasible solution
found so far (the incumbent). A node can be pruned (i.e., discarded without further branching)
in three cases:

e by bound: the LP relaxation value at the node satisfies z;p > z*, so no descendant can
improve upon the incumbent;

e by infeasibility: the LP relaxation of the subproblem is infeasible;
o by integrality: the LP relaxation solution is integer-feasible, and z* is updated if z;p < 2*.

The algorithm terminates when all nodes have been pruned, and the current incumbent is
certified as an optimal solution. The effectiveness of B&B depends critically on the quality of
the LP relaxation bounds and on the branching strategy; comprehensive discussions of these
aspects can be found in the textbooks by Wolsey [146] and Nemhauser and Wolsey [108].

3.1.2 Cutting Planes and Branch-and-Cut

The cutting plane method, pioneered by Gomory [66], strengthens the LP relaxation by iter-
atively adding wvalid inequalities (cuts) that are satisfied by all integer-feasible solutions but
violated by the current fractional LP solution. Given a fractional LP relaxation solution x*,
a valid inequality o'z < f is a cutting plane if a"2 < § holds for all z feasible to (3.1) but
a'z* > B. Adding such inequalities tightens the LP relaxation, potentially yielding integer-
optimal solutions without branching.

Several families of general-purpose cuts have been developed, including Gomory mized-integer
cuts [67], mized-integer rounding (MIR) cuts, and lift-and-project cuts [11]. In addition,
problem-specific cuts exploit the combinatorial structure of particular formulations to produce
stronger relaxations.

The Branch-and-Cut (B&C) algorithm [114] integrates cutting planes into the Branch-and-
Bound framework: at each node of the enumeration tree, before branching, the algorithm
attempts to tighten the LP relaxation by generating cutting planes. If the cuts suffice to make
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the LP solution integer-feasible or to raise the lower bound above the incumbent, branching at
that node is avoided. This combination significantly reduces the size of the enumeration tree
in practice and is the algorithmic backbone of modern MILP solvers [146].

3.1.3 Benders Decomposition

Benders decomposition (BD) is a decomposition method introduced by Benders in [23] for
solving large-scale mixed-integer programs whose variables naturally partition into two groups:
a set of complicating variables (typically discrete) and a set of remaining variables (typically
continuous) that, once the complicating variables are fixed, give rise to a much easier problem.
The central idea consists in projecting out the continuous variables entirely, so that the original
problem is reformulated in terms of the complicating variables alone by means of iteratively
generated constraints known as Benders cuts. Since its introduction, BD has been extended
well beyond its original scope and is now widely applied in stochastic programming, robust
optimization, and network design, among other fields [120].
Consider a mixed-integer program with continuous variables y and discrete (complicating)
variables x:

ngfcnyn {¢"e+ fTy: Av+ By >d, z € X, y >0}, (3.3)

where x € X CZ™ y € R, A e R™™M B e R™™ d e R™ ¢ce R™, and f € R".
Crucially, the objective function is separable in z and y, and fixing = to any value & € X
reduces (3.3) to a linear program in y alone. This separability can be exploited to eliminate
the continuous variables and to work exclusively with the discrete ones. Indeed, (3.3) can be
rewritten as a nested optimization problem:

. T . T . _
min {c x—l—r;lzlg{f y:By>d Am}}, (3.4)

Q(x)

where the outer problem optimizes over the complicating variables x and the inner problem
evaluates the best possible continuous decisions y for each candidate z. The function Q(z),
called the wvalue function (or recourse function), encapsulates the cost contribution of the
continuous variables. In the BD literature, the outer optimization is termed the master problem
and the inner one the Benders subproblem.

Dual reformulation of the subproblem. For a given & € X, the Benders subproblem is
the linear program

Q(z) = m>i{)1 {fTy:By>d— Az}. (3.5)
y=>
Applying LP duality, we obtain the equivalent dual representation
Q) = max {7"(d— Az): B"w < f}, (3.6)

where m € R™ is the vector of dual multipliers. A fact of central importance for BD is that

the dual feasible region
F={reR":B'n<f n>0} (3.7)

is entirely determined by B and f, and thus does not depend on the choice of . The compli-
cating variables enter only the dual objective 7' (d — Az), which means that varying # changes
the objective coefficients but leaves the feasible polyhedron unchanged.
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Optimality and feasibility cuts. Since F is a polyhedron, it is characterized by a finite set
of extreme points {r',... , 77} and extreme rays {r',..., 7} (the latter spanning its recession
cone). Two cases arise depending on the feasibility of the subproblem for a given #. When the
subproblem (3.5) is feasible and bounded, strong LP duality guarantees that the dual optimum
is attained at some extreme point 7 of F, so that

Q(3) = max (7)' (d— Az).

p=1,...,P
Introducing an auxiliary variable > Q(x), the requirement 1 > (7P)T(d — Azx) for every ex-
treme point 7P defines the Benders optimality cuts, each providing a linear outer approximation
of the value function Q(z). If, on the other hand, the primal subproblem is infeasible for z,
then the dual is unbounded: by Farkas’ lemma, there exists an extreme ray r? of the recession
cone of F such that (r9)"(d — A%) > 0. To exclude such infeasible first-stage decisions, the

Benders feasibility cut
(r1)T(d — Az) <0

is appended to the master problem.

Benders reformulation. Combining both types of cuts, the original problem (3.3) admits
the reformulation

min ¢z + n
m’n

st. n>(#P)"(d— Az), p=1,...,P, (optimality cuts)
(r)T(d— Az) <0, ¢=1,...,R, (feasibility cuts)
re X, n=0,

(3.8)

expressed solely in terms of the complicating variables z and the auxiliary variable n. The
continuous variables y have been completely projected out: their contribution to the objective
is captured by 7, and the coupling constraints are encoded implicitly through the Benders cuts.

Iterative solution procedure. Because the number of extreme points and extreme rays
of F can be exponential, enumerating all Benders cuts a priori is impractical. Instead, the mas-
ter problem (3.8) is solved via a relazation-and-cut strategy that generates only the constraints
that are actually needed. The procedure alternates between two phases:

1. Master phase. Solve a relazed version of (3.8) containing only the cuts generated so far,
yielding a candidate solution (%,7) and a lower bound LB = ¢'Z + 7 on the optimal
value.

2. Subproblem phase. Fix x = & and solve the dual subproblem (3.6):
e If the dual is unbounded, identify an extreme ray r¢ and add the corresponding

feasibility cut to the relaxed master problem.

o If the dual is bounded with optimal solution 7P and value Q(Z), compute an upper
bound UB = min{UB, 'z + Q(2)} and add the corresponding optimality cut to
the relaxed master problem.
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At each iteration the lower bound is non-decreasing, since additional cuts can only tighten the
relaxed master problem. The algorithm terminates when UB — LB < ¢ for a user-specified
tolerance € > 0, at which point the best incumbent solution is certified as e-optimal. Finite
convergence is guaranteed because X is a finite set and the number of distinct extreme points
and rays of F is finite [23].

Classical versus modern implementation. The iterative scheme described above is known
as the classical or multi-tree variant of BD, because the master problem is re-solved from
scratch at every iteration and a new Branch-and-Bound tree is constructed each time. While
conceptually clean, this approach has a significant practical drawback: all the enumeration
effort (branching decisions, bounds, incumbent solutions) accumulated while solving the mas-
ter problem at one iteration is discarded before the next, leading to substantial redundant
computation.

Modern implementations overcome this limitation through a single-tree strategy commonly
referred to as Branch-and-Benders-Cut (B&BC) [120]. The idea is to embed the Benders cut
generation directly inside a single Branch-and-Cut tree for the master problem. In practice,
this is realized through the lazy-constraint callback mechanism offered by state-of-the-art MILP
solvers such as CPLEX, Gurobi, and SCIP: whenever the Branch-and-Cut process encounters
an integer-feasible node during its exploration, it triggers the callback, which solves the Benders
subproblem for the candidate Z and, if necessary, adds the resulting optimality or feasibility
cut as a lazy constraint—i.e., a constraint that is only checked and possibly generated when a
new incumbent is found. This way the solver continues exploring the same enumeration tree,
extending it with the newly added cuts, rather than restarting from scratch. The Branch-
and-Cut framework also ensures that all general-purpose cutting planes (Gomory cuts, MIR
cuts, etc.) are generated alongside the Benders-specific cuts, combining the benefits of both
methodologies in a unified solution process. The result is typically a substantial reduction in
computation time, especially for large-scale instances, and makes it possible to leverage the
full algorithmic arsenal of modern MILP solvers [120].

Beyond the choice of single- versus multi-tree implementation, several acceleration techniques
can further improve convergence. Among the most common are: warm-starting the master
problem with cuts derived from heuristic solutions; selecting Pareto-optimal cuts [91], i.e.,
choosing among alternative dual optima the one that yields the deepest cut; disaggregating the
subproblem when it has a block-diagonal structure (e.g., independent scenarios in stochastic
programming), so as to generate one cut per block rather than a single weaker aggregated cut;
and regularization, which adds penalty terms or trust-region constraints to the master problem
to prevent large oscillations in the first-stage solution between successive iterations.

As explained so far, the classical BD framework relies on LP duality to derive the cuts. [64]
generalized this paradigm to settings where the subproblem is a convex (possibly nonlinear)
optimization problem, replacing LP duality with nonlinear duality theory. The resulting Gen-
eralized Benders Decomposition (GB) is relevant whenever the subproblem features nonlinear
constraints or objectives, as occurs in certain classes of robust and bilevel optimization prob-
lems.
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3.2 Bilevel Optimization

Bilevel optimization models hierarchical decision-making settings involving two levels of opti-
mization: a leader (upper-level decision-maker) and one or more followers (lower-level decision-
makers). The leader chooses first, anticipating the optimal response of the followers; the fol-
lowers then optimize their own objectives, taking the leader’s decision as given. This nested
structure arises naturally in network design, pricing, toll setting, and supply chain coordi-
nation, where different agents operate at different levels of authority. Bilevel problems are
notoriously hard to solve. [70] have shown that even linear bilevel problems, i.e., those with
continuous variables, linear objective functions, and linear constraints, are strongly NP-hard
in general. The prevailing strategy for solving bilevel problems consists in transforming them
into equivalent single-level formulations, which—after possible additional reformulations—can
be solved with general-purpose optimization solvers. Here we give a brief overview of bilevel
optimization, focusing on the general formulation in Section 3.2.1 and on the KKT-based re-
formulation in Section 3.2.2, which are relevant for the methodologies used in this thesis. For
a comprehensive treatment of bilevel optimization, we refer the reader to [52] and [48], as well
as to the surveys [77] and [55].

3.2.1 General Formulation

A bilevel problem is an optimization problem of the form

min  F(z,y)
st. G(z,y) >0, (3.9)

y € S(z),

where z € X C R"™ are the leader’s (upper-level) variables, y € Y C R™ are the follower’s
(lower-level) variables, F': R™ xR™ — R and f: R™ xR"™ — R are the upper- and lower-level
objective functions, and G: R™ x R™ — R! and g: R™ x R™ — R™ define the upper- and
lower-level constraints, respectively. The set S(x) is the rational reaction set of the follower, i.e.,
the set of optimal solutions to the lower-level problem parameterized by the leader’s decision x:

S(z) = argmin{f(z,y) : g(z,y) = 0}. (3.10)

The bilevel feasible set is the set of all pairs (z,y) that satisfy the upper-level constraints and
for which y is an optimal response to x for the lower level:

{(z,y) e X XY : G(z,y) >0, y € S(x)}. (3.11)

Note that, for a solution (x,y) to be bilevel-feasible, it is not enough that y satisfies the upper-
level constraints G(z,y) > 0: it must also be an optimal response to = for the lower level,
which is a much stronger requirement. Differently, the shared constraint set

Q= {(z,y) e X xY : G(z,y) >0, g(z,y) > 0},

collects all pairs (x,y) satisfying both levels’ constraints without requiring y to be optimal for
the lower level. Its projection onto the leader’s space, 2, = {x € X : Jy s.t. (z,y) € Q},
represents the set of leader decisions that are jointly feasible.
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Optimistic and pessimistic approaches. The problem in (3.9) could happen to be ill-
posed when the rational reaction set S(x) is not a singleton for some x: different follower
choices within S(z) may yield different upper-level objective values, yet the formulation does
not specify which one the follower selects. Two standard conventions resolve this ambiguity. In
the optimistic approach, the leader assumes cooperative behavior on the part of the follower:
the follower selects, among all his optimal responses, the one that minimizes the leader’s
objective F'. The resulting optimistic bilevel problem is

m)i(n {F(z,y): G(z,y) >0, y € S(x)}, (3.12)
rTEX, Y

where both x and y are treated as joint decision variables subject to the lower-level optimality
constraint on y. Under the pessimistic approach, by contrast, the follower is assumed to
choose among his optimal responses the one that is least favorable to the leader, who must
hedge accordingly [52]. Throughout this thesis we adopt the optimistic convention, which is
standard in the bilevel optimization literature.

3.2.2 Single-Level Reformulation via KKT Conditions

The KKT reformulation, pioneered by [61], converts the bilevel problem into a single-level one
by replacing the lower-level optimality constraint y € S(z) in (3.12) with a finite system of
constraints that fully characterize lower-level optimality.

This approach requires that the lower-level problem admit a compact optimality certificate.
To this end, we consider the case in which the lower-level problem is convex: we assume that
the objective y — f(z,y) is convex in y and that the constraint functions y — g;(x,y) are
concave for all i € {1,...,m}. We further assume that all follower variables are continuous
(Y = R™) and that f and g are continuously differentiable in y. Finally, we assume that
Slater’s constraint qualification holds for every x € €.

Under all of the above assumptions, the Karush-Kuhn-Tucker (KKT) conditions are both
necessary and sufficient for lower-level optimality, and y € S(x) if and only if there exists a
multiplier vector A € RZ satisfying the KKT system

vyﬁ(ya A7 .’IJ) = 07
i gz(x7y) =0, i€ {17 cee am}7 (313)
g(z,y) =20, yeY, A>0,

where the Lagrangian gradient of the lower-level problem is

VyL(y, X x) = Vyf(z,y) =Y A Vygi(z,y).
=1

Replacing y € S(z) in (3.12) with the KKT conditions (3.13) yields the single-level KKT
reformulation, a mathematical program with complementarity constraints (MPCC):

min  F(z,y)

[RTIDN

st. G(x,y) >0,
g9(z,y) 2 0, (3.14)
vyﬁ(ya )\7 x) = 07

)\Zgl(xay) :O’ (A4S {1""7m}a
reX, yeyY, >0
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The KKT reformulation (3.14) and the optimistic bilevel problem (3.12) are globally equivalent—
every global solution of (3.12) can be extended to a global solution of (3.14) and vice versa—
under the above convexity and Slater conditions [52, 77]. The main challenge in solving (3.14)
is the nonlinearity of the complementarity constraints \; g;(x,y) = 0; standard approaches to
handle them include big-M linearization and SOS1 constraints. In the big-M approach, for
each complementarity pair (a;, b;), a binary variable u; € {0, 1} is introduced and the nonlinear
condition is replaced by the linear disjunction

aiSM(l—ui), bl SMUZ, Ul’E{O,l},

where M > 0 is a sufficiently large constant [61]. This transforms the MPCC (3.14) into
a mixed-integer linear program (MILP) solvable by standard MILP solvers. A considerable
drawback of this approach is the need for valid big-M values: constants that are too large
weaken the LP relaxation, while constants that are too small may incorrectly cut off lower-
level optimal solutions, as demonstrated in [117]. Complexity questions related to finding and
validating correct big-M constants have been further addressed in [37] and [78]. An alternative
that avoids the sensitivity of big-M constants is the use of special ordered sets of type 1 (SOS1).
A SOSI constraint imposed on a pair {a;, b;} enforces that at most one of the two variables
is nonzero, directly encoding the complementarity condition without requiring any explicit
constant bound. Modern MILP solvers handle SOS1 constraints natively through dedicated
branching rules, making them less prone to the numerical issues of the big-M approach.

3.3 Robust Optimization

Robust optimization [20, 24| provides a framework for decision-making under uncertainty that
does not require knowledge of probability distributions. Instead, uncertain parameters are
assumed to belong to a deterministic uncertainty set, and the goal is to find a solution that
performs well under all possible realizations within that set. This worst-case (min-max) per-
spective makes robust optimization particularly suitable when distributional information is
scarce or unreliable, or when the decision-maker is risk-averse. An alternative paradigm is
stochastic programming [30, 126], which models uncertainty through explicit probability dis-
tributions and minimizes expected cost over all scenarios. While stochastic programming can
yield less conservative solutions when reliable distributional information is available, it may be
sensitive to distributional misspecification; moreover, the requirement of enumerating a finite
set of scenarios often leads to very large deterministic equivalents. Robust optimization, by
contrast, requires no probabilistic assumptions, optimizes against the worst-case realization
in U, and typically preserves the tractability class of the nominal problem. The choice between
the two approaches depends on the quality of available data, the risk attitude of the decision-
maker, and the computational requirements of the specific application; a detailed comparison
can be found in [20] and [30].

3.3.1 Static Robust Optimization

Consider the nominal linear program, in which all problem data are known exactly:

m>il(r)1 {cTx: Az < b}, (3.15)
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where ¢ € R" is the cost vector, A € R™*" is the constraint matrix, and b € R™ is the right-
hand side. In practice, one or more of these data elements may not be known precisely at the
time the decision must be made, owing to measurement errors, demand variability, or other
sources of uncertainty. We capture this by parametrizing the uncertain data through a vector
¢ € R, where L is the total number of uncertain scalar parameters (e.g., individual entries
of A or b that are not known with certainty). The data thus become functions ¢(£), A(),
and b(§) evaluated at the true—but unobservable—realization of ¢, and the uncertain version
of (3.15) reads

min {c(&) Tz : A(€)z < b(€)}. (3.16)

x>0

A solution that is feasible and optimal for one realization of £ may be infeasible or highly
suboptimal for another. Robust optimization addresses this by seeking a single decision z
that remains simultaneously feasible and cost-effective for every realization £ in a prescribed
uncertainty set U C RE, which encodes all plausible parameter values. The resulting static
robust counterpart of the nominal problem (3.15) is:

151218 {?35{ &) 'z A(§)x <b(§), VE GU}. (3.17)
The feasibility constraint A({) x < b(§) must hold for all scenarios in U simultaneously, while
the objective minimizes the worst-case cost over Y. This formulation is inherently conserva-
tive: it protects against the most adverse scenario, at the potential cost of suboptimality for
typical realizations. The degree of conservatism is governed by the size of U: as U shrinks to
the singleton {5_} of nominal parameter values, the robust counterpart recovers the nominal
problem (3.15).

The earliest robust formulation, due to [129], considers column-wise interval uncertainty and
yields a highly conservative solution. Subsequent developments by [22, 20] and by [26] in-
troduced more refined uncertainty sets that allow the decision-maker to control the trade-off
between robustness and conservatism.

3.3.2 Two-Stage (Adjustable) Robust Optimization

In many practical settings, not all decisions need to be made before the uncertainty is revealed.
Two-stage (or adjustable) robust optimization (ARO) [21, 147] distinguishes between first-
stage (here-and-now) decisions z, which must be taken before any uncertain parameter is
observed, and second-stage (wait-and-see, or recourse) decisions y(§), which can adapt to the
realized uncertainty . Compared to the fully static robust counterpart (3.17), ARO reduces
conservatism by deferring part of the decision until information becomes available, while still
providing worst-case feasibility and cost guarantees over the entire uncertainty set U.

The generic two-stage robust problem takes the min-max-min form

: : T T
) 3.18
mip max i {e ot Syl (3.18)

where X C Z™ x R™ is the first-stage feasible set and Y (z,§) = {y > 0 : By > d(§) —
Az} defines the set of feasible recourse decisions for given x and §. The structure of (3.18)
captures the sequential nature of the decision process: the leader (first stage) commits to x
to minimize the worst-case total cost, and the recourse decision y is then chosen optimally
for the realized scenario. A fundamental requirement for the well-posedness of (3.18) is that
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Y (z,&) # 0 for every z € X and every £ € U, a condition known as relatively complete recourse.
When this condition fails, a worst-case realization of £ may render the second-stage problem
infeasible for a given first-stage decision x, causing the objective in (3.18) to become +oo. In
practice, relatively complete recourse can be ensured by including additional constraints on the
first-stage decisions (feasibility cuts), by augmenting the second-stage problem with penalty
variables for constraint violation, or by appropriately restricting the uncertainty set U.

Robust Optimization and Benders Decomposition. The Benders decomposition frame-
work of Section 3.1.3 can be adapted to the min-max-min structure of (3.18), yielding an exact
solution algorithm for ARO with continuous recourse and polyhedral /. The master problem
optimizes over the first-stage variables * € X and an auxiliary variable n representing the
worst-case recourse cost:
. T
Join, {c' z+n}.

For a candidate first-stage solution Z at a node of the Branch-and-Bound tree, the Benders
subproblem evaluates the worst-case recourse cost by solving the adversarial problem

. T A

max min : By >d(§) — Az},

max min {f 'y : By > d(¢) }
Dualizing the inner minimization over y converts this to a bilinear maximization over (&, 7),
where m > 0 are the dual multipliers associated with the recourse constraints:

T N T
dl§) —Az): B'm < f}.
max {=7(d§) - A2): B < )
For polyhedral U, this bilinear program can be solved exactly by enumerating the extreme
points of U or via linearization. The optimal pair (£*,7*) yields an optimality cut

0= (7)1 (d(€) - Az),

which is appended to the master problem as a lazy constraint. If the subproblem is unbounded
(relatively complete recourse fails), a feasibility cut is generated analogously.

In the Branch-and-Benders-Cut (B&BC) implementation [120], the cut-generation callback
is embedded directly inside a single Branch-and-Cut tree for the master problem (see Sec-
tion 3.1.3): whenever an integer-feasible node is encountered, the adversarial subproblem is
solved and, if the current 7 underestimates the true worst-case cost, the optimality cut is in-
jected as a lazy constraint and the search continues in the same tree. This single-tree strategy
avoids the redundant enumeration of the multi-tree variant and fully exploits the cutting-plane
and branching machinery of modern MILP solvers [120].

Robust Optimization and Bilevel Optimization. The robust counterpart (3.17) can
be interpreted as a bilevel optimization problem (Section 3.2): the outer minimization over z
represents the decisions of a leader who seeks to minimize cost, while the inner maximization
over £ € U models an adversarial follower who selects the worst-case parameter realization in
response. This bilevel interpretation is structural and holds for any choice of U. The two-stage
robust problem (3.18) extends this structure to a three-level (min-max-min) hierarchy, in which
a third decision-maker—the recourse optimizer—responds optimally to the adversary’s choice
of €.
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3.4 Agent-Based Simulation

When analytical models become intractable or insufficiently detailed to capture the complex-
ity of real-world transportation and logistics systems, simulation provides a complementary
approach. In particular, agent-based simulation models individual entities—vehicles, travel-
ers, shipments—as autonomous agents whose local decisions and interactions produce emer-
gent system-level dynamics such as congestion patterns, queue formation, and delivery bottle-
necks [72]. Unlike equation-based models, agent-based simulation can represent heterogeneous
behaviors, stochastic events, and spatiotemporal dynamics at an arbitrary level of detail.

3.4.1 The MATSim Framework

MATSim (Multi-Agent Transport Simulation) [72] is an open-source, activity-based, agent-
based transport simulation framework designed for large-scale scenarios involving millions of
agents. In MATSim, each agent represents an individual traveler who executes a daily activity
plan—a sequence of activities (e.g., home, work, shopping) interleaved with trips specifying
departure times, modes, and routes.

The core of MATSim is an iterative co-evolutionary loop consisting of three modules that are
repeated over multiple iterations until the system reaches a relaxed equilibrium:

1. Mobility simulation (mobsim). All agents execute their current plans simultaneously
on a shared network infrastructure. The traffic simulation is mesoscopic: each link has
a finite flow capacity and a free-speed travel time, and vehicles interact through queue-
based dynamics. Congestion arises endogenously when link capacity is exceeded.

2. Scoring. After the simulation, each executed plan is evaluated by a scoring function
that quantifies the utility experienced by the agent. The default scoring function in
MATSim, based on the Charypar—Nagel utility model [41], assigns positive utility for
performing activities (increasing logarithmically with duration) and negative utility for
traveling (proportional to travel time and, optionally, monetary costs):

Splan = Z Sact,q + Z Strav,qa (319)
q q

where Syct,q4 is the utility of performing activity ¢ and Siray ¢ is the (dis)utility of traveling
to activity q.

3. Replanning. A fraction of agents is selected to modify their plans through innova-
tion strategies (e.g., rerouting via shortest-path computation, adjusting departure times,
changing transport modes), while the remaining agents select among their previously
memorized plans based on a logit model. Over iterations, poorly performing plans are
discarded from each agent’s memory.

3.4.2 Convergence and Equilibrium

Through repeated iterations of the co-evolutionary loop, the agent population converges to-
ward a stochastic user equilibrium: agents have explored alternative plans and no agent can
significantly improve their score by unilaterally changing their plan. This process mimics a
day-to-day learning dynamic in which travelers adjust their behavior based on past experience.
Convergence is typically assessed by monitoring the average population score and its variability
across iterations [72].
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Chapter 4

Multiple suppliers purchase
planning problem under lead time
uncertainty: an exact Benders-like
approach and a horizon-split
heuristic !

4.1 Introduction

Procurement planning is one of the most critical functions in supply chain management. In
many industrial, retail, and healthcare settings, a buyer must periodically replenish a single
product from a set of available suppliers over a finite planning horizon, deciding both which
suppliers to activate in each period and how much to order from each of them, so as to satisfy
the demands while minimising the total cost of purchases, inventory holding, and backlogging.
This problem is known as the Multiple Suppliers Purchase Planning (MSPP) problem [133].
When no capacity constraints are present, it can be viewed as an uncapacitated single-item lot-
sizing problem with multiple suppliers (MSLSP). The multi-supplier structure is practically
motivated: sourcing from several suppliers simultaneously provides flexibility and resilience
against supply disruptions, enables price competition among vendors, and allows the buyer to
exploit volume discounts or delivery guarantees that differ across suppliers.

The main difficulty in solving MSPP instances arising from real applications is the presence of
data uncertainty. In particular, we focus on lead time uncertainty: the interval between placing
an order and receiving it is not known in advance and may vary due to transportation delays,
congestion, or suppliers’ reliability issues. When lead times are uncertain, orders placed in
different periods may arrive out of sequence, complicating the management of inventory levels.
As a consequence, the robust version of the problem is harder, both theoretically and compu-
tationally, than its deterministic counterpart (see the discussion in Section 4.2.4).

!The work presented in this chapter has been developed in collaboration with Claudio Gentile (TASI-CNR)
and Sara Mattia (IASI-CNR)
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In this work we focus on the Multiple Suppliers Purchase Planning problem with backlogging
allowed and no capacity constraints. Inventory backlog refers to customer orders that have
been received but not yet fulfilled or shipped, representing pending revenue and allocated
stock. Allowing backlogging provides the buyer with additional flexibility to manage supply
disruptions, as it can choose to delay fulfilling some demand rather than incurring high costs
from expedited shipping or holding excessive inventory. However, it also introduces additional
complexity into the problem, as the buyer must balance the cost of backlogging against the
cost of holding inventory and purchasing from suppliers.

We formulate the problem as a two-stage robust optimization problem [21]. In the two-stage
framework, the supplier activation and the order quantity decisions constitute the first-stage
variables, committed before the lead times are revealed, while the inventory holding and back-
logging levels form the second-stage variables, which can be adjusted after observing the real-
ized delays. We assume unrestricted recourse, i.e., second-stage decisions can be adapted with
no restrictions; this maximizes solution flexibility at the cost of increased computational diffi-
culty. The uncertainty is modelled through a structured uncertainty set that captures both the
budgeted number of delayed deliveries and the temporal correlation of delays from the same
supplier, providing a flexible and interpretable representation of lead time variability.

We tackle the 2rMSPP with two complementary approaches. First, we develop an exact branch-
and-cut algorithm based on a Benders-like reformulation of the problem. Benders decomposi-
tion [23] is a popular technique, that have been successfully used for many applications, such
as telecommunication network design [7, 97], blackout prevention [29] and personnel schedul-
ing [99]. We also study the polyhedral structure of the uncertainty set of the single supplier,
and derive valid inequalities for the separation subproblem, we show that these inequalities
are facet-defining and we test their effectiveness in computational experiments. Second, for
large instances, we propose a horizon-split heuristic that applies the exact two-stage model to
the near-term portion of the planning horizon while approximating the cost of the remaining
periods through the robust counterpart formulation. The idea behind this heuristic is that
the exact two-stage model provides the most value in the near term, where the uncertainty
has a more immediate impact on inventory levels and backlogging costs, while a single-stage
approximation may suffice for the more distant future, where the effect of current decisions is
less direct. Moreover, in real-life applications, the reliability of the input data, even for the
known demand, typically decreases as the time horizon extends. Thus, focusing on a shorter
exact window can be more aligned with the practical decision-making process, but still con-
sidering the long-term implications of current decisions through the robust approximation. By
adjusting the size of the exact window, the decision-maker can trade off solution quality against
computational time.

We conduct an extensive computational study on a large set of instances, showing that the
exact algorithm effectively solves all instances for medium-sized problems, while the heuristic
allows to tackle larger instances efficiently. We also perform a robustness analysis studying
the sensitivity of the optimal solutions to the two main characteristics of the uncertainty set,
i.e., the uncertainty is limited by a budget on the total number of delayed deliveries and or-
ders from the same supplier in consecutive periods will exhibit similar delays. The analysis
reveals interesting structural properties. As the delay budget increases, the model exhibits two
distinct procurement regimes: a diversification regime, where more orders are placed from a
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wider set of suppliers to hedge against delays, and a consolidation regime, where the model
reverts to fewer, larger orders to save on fixed activation costs. This transition is economically
intuitive: when the uncertainty budget is large, diversification loses effectiveness because even
orders spread across many suppliers can be simultaneously delayed, making cost efficiency a
more effective strategy than risk mitigation. When the delay budget is small, the correlation
parameter has a stronger influence on the solution cost, since tighter correlation constraints
limit the possibility of highly disruptive delay patterns when only few orders can be delayed.
As we relax the correlation constraints, the cost increase is evident, since there are more ways
in which the uncertainty can manifest in a disruptive way. Both aspects exhibit strong satura-
tion effects: beyond moderate thresholds the solution cost plateaus, implying that the model
is robust to parameter misspecification, a desirable property for practical applications where
precise estimation of the uncertainty budget is difficult.

The rest of the chapter is organised as follows. Section 4.1.1 surveys the relevant literature on
multi-supplier lot sizing under lead time uncertainty. Section 4.2 formally states the problem,
introduces the two-stage robust formulation, and discusses the differences between the deter-
ministic and robust settings. Section 4.3 defines the structured uncertainty set, characterises its
polyhedral properties, and derives facet-defining valid inequalities for the separation subprob-
lem. Section 4.4 develops the Benders-like reformulation and presents the exact branch-and-cut
algorithm. Section 4.5 introduces the horizon-split heuristic, designed to tackle large-scale in-
stances efficiently. Section 4.6 describes the computational setup and instance design, while
Section 4.7 reports the numerical results, including a robustness analysis and managerial in-
sights. Finally, Section 4.8 draws conclusions.

4.1.1 Literature Review

This section surveys the literature relevant to the problem studied in this contribution, namely
the robust optimization of multi-supplier purchase planning under lead time uncertainty. We
initially focus on the classical single-item single-supplier dynamic lot-sizing problem and its
deterministic extensions, which provide the foundational framework for our work. We then
review the multi-supplier generalisation of the lot-sizing problem in the deterministic setting,
highlighting the additional complexities introduced by supplier selection decisions. Finally,
we survey existing models of lot-sizing under uncertainty, distinguishing between demand and
yield uncertainty on one hand and lead time uncertainty on the other.

The dynamic lot-sizing problem (DLSP) asks for an optimal ordering plan over a finite horizon
T so as to satisfy known, time-varying demands while minimising the total cost of ordering se-
tups and inventory holding. The foundational model is due to [139], who presented a dynamic
programming (DP) that solves the single-item uncapacitated DLSP with deterministic demand
and no backlogging in O(T?) time. Their analysis established the most important structural
property of the problem: there exists an optimal solution in which an order is placed in period
t only if the inventory entering period t is zero. This property is the basis of every exact
DP algorithm for the uncapacitated problem. The polyhedral structure of the uncapacitated
DLSP has been studied extensively. [118] provide a comprehensive treatment of MILP for-
mulations and valid inequalities for lot-sizing problems, including the classical facility-location
and shortest-path reformulations that yield exact LP relaxations for the uncapacitated case.
Comprehensive surveys of the single-item DLSP and its extensions are provided by [145], [35]
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and, more recently, by [34]. [35] classify the literature along several dimensions—cost structure,
capacity constraints, backlogging, time windows—and identify classes that admit polynomial-
time algorithms. [34] update and extend this survey, covering remanufacturing, sustainability
objectives, and stochastic demand. Together, these surveys document the evolution of the field
from the classical DP algorithm presented in [139] to modern branch-and-cut methods.

One of the most practically important extensions of the basic model is the one including back-
logging, i.e., the case in which unmet demand can be satisfied in a later period at a penalty cost;
the uncapacitated backlogging variant remains polynomial [139, 148], whereas the capacitated
version is NP-hard in general [31]. [148] also extends the zero-inventory ordering structural
property of the case without backlogging, to this more general setting. He states that there
exists an optimal solution in which, for each period ¢, either the demand d; is satisfied entirely
by orders arriving in ¢ or it is served entirely by inventory/backlogging.

Another important extension is the multi-supplier case (MSLSP, or equivalently, MSPP). When
multiple suppliers are available, the procurement problem requires the joint determination of
(i) which suppliers to activate in each period and (ii) how much to order from each selected
supplier. This combined decision introduces binary variables representing supplier activation,
coupling the lot-sizing decisions across suppliers in a non-trivial way. Surveys of supplier se-
lection and order allocation in this framework are provided by [4] and [104]. [4] review models
combining supplier selection with lot sizing, classifying contributions by the number of items
and suppliers, the presence of capacity constraints, and the solution method employed. The
single-item MSLSP was formulated as a MILP by [14], who established that the problem is
NP-hard and proposed an exact enumeration algorithm and a heuristic. The NP-hardness
result distinguishes the MSLSP fundamentally from its single-supplier counterpart: while the
uncapacitated DLSP with one supplier is polynomial, adding supplier selection variables makes
the problem hard even without capacity constraints. [14] also establish an important struc-
tural property for the single-item uncapacitated MSLSP: there exists an optimal solution in
which, for each period ¢, no product is ordered from two (or more) suppliers in the same period
t. This result implies that, when a single supplier dominates across every period of the time
horizon, i.e., he his cheaper than every other supplier in every period, the MSLSP reduces
to a single-supplier problem, solvable by dynamic programming. However, in many practical
settings, no supplier is dominant across all periods and items, and the optimal solution may in-
volve complex patterns of supplier selection and order allocation. [149] studied the polyhedral
structure of the single-item uncapacitated MSLSP, derived necessary and sufficient conditions
for facet-defining inequalities, and gave a full description of the convex hull for special cases.
[39] extended this polyhedral analysis to the multi-item case, showing that the multi-item un-
capacitated MSLSP is NP-hard and proposing a facility-location extended formulation, valid
inequalities, and an effective MIP heuristic. [65] provide a more recent survey covering multi-
criteria supplier selection, resilience, and sustainability objectives; the paper contextualises the
lot-sizing-based models within the broader supplier evaluation literature.

Finally, the last extension of the problem we aim to review is the introduction of data uncer-
tainty. As we already mentioned, data uncertainty is very common in this type of problems,
but nevertheless, the literature on lot-sizing under uncertainty is relatively limited, especially
when compared to the vast body of work on deterministic lot-sizing. Data uncertainty in
optimization problems is usually addressed by simulation [12, 122], stochastic programming
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[30, 76] and robust optimization [20, 80]. These techniques have been applied to many real-
life problems, like healthcare applications [1], network design [96], personnel scheduling [99],
container logistics [10] and to the MSPP problem itself [133]. In particular, we focus our at-
tention on robust optimization approaches. These approaches are particularly relevant in the
context of supply chain management, where historical data may be limited, and the underly-
ing probability distributions of uncertain parameters may be difficult to estimate accurately.
Robust optimization provides a framework for making decisions that are protected against the
worst-case realizations of uncertainty, without relying on specific distributional assumptions.
The uncertainty is modelled by a set of possible values that the uncertain parameters can take,
i.e., the uncertainty set, and the goal is to find a solution that is feasible for all realizations
of the uncertain parameters within this set and optimizes the worst-case objective value. The
uncertainty set can be defined using a general framework (see, e.g., [26]) or a model depending
on the specific application (see, e.g., [59, 99, 133]).

In the context of lot-sizing problems, uncertainty can arise from various sources, such as de-
mand variability, supply disruptions, and lead time fluctuations. Most of the present literature
focuses on demand uncertainty [27] or yield uncertainty [101, 45]. In the context of robust
optimization, [27] developed a robust inventory management framework in which demand
uncertainty is modelled by a budgeted uncertainty set. They derive closed-form base-stock
policies that are optimal for the robust problem and show that these policies are substantially
less conservative than those obtained under box uncertainty. The result provides a theoreti-
cal foundation for applying budgeted uncertainty sets to inventory problems. [45] studied a
lot-sizing problem with joint supply and demand uncertainty under budgeted uncertainty sets.
Their model includes both demand variability and supplier yield uncertainty and establishes
structural properties of the robust optimal solution. [2] considered a robust single-item lot-
sizing problem with uncertain demands and proposed a row-and-column generation algorithm.
Yield uncertainty—in which a random fraction of a received order is usable—is closely related
to the supply disruption literature. [101] studied an adaptive robust lot-sizing problem under
yield uncertainty, proposing a two-stage robust model where the second-stage ordering deci-
sions respond to realised yields. They established complexity results and developed an exact
branch-and-cut algorithm. While yield uncertainty is structurally different from lead time
uncertainty, the two-stage modelling paradigm and the use of budgeted uncertainty sets are
directly relevant to the present work. A survey of models under random supply and demand
is given by [65].

Lead time uncertainty, while highly relevant in multi-sourcing environments, has received com-
paratively less attention [104]. Lead time is the interval between the placement of an order and
its arrival. In many supply chain contexts, lead times exhibit variability due to congestion,
transportation delays, and suppliers reliability issues. When lead times are uncertain, orders
placed in different periods may arrive out of sequence, and the inventory balance constraints
must account for all possible arrival patterns. Classical models treat lead time as a fixed and
known parameter. For the single-supplier case, the extension to stochastic lead times was stud-
ied by [17], who considered a single-supplier replenishment planning problem with stochastic
lead times drawn from a known probability distribution. They established structural prop-
erties of the optimal policy and provided analytical results for specific distribution families.
In the robust optimization paradigm, [134] considered a single-item, single-supplier inventory
problem with joint demand and lead time uncertainty modelled by a budgeted uncertainty set.
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They proposed a Benders decomposition algorithm and demonstrated that the robust optimal
policy can differ substantially from the stochastic optimal policy when the true distribution is
unknown. The model of [134] does not include fixed ordering costs. [71] studied a discrete-
scenario lead time uncertainty model for the single-item single-supplier lot-sizing problem and
established NP-hardness. An important structural result is that the zero-inventory ordering
property presented in the deterministic case [139, 148], i.e., that there exists an optimal solu-
tion in which for each period ¢, either the demand d; is satisfied entirely by orders arriving in
t or it is served entirely by inventory/backlogging, does not hold under lead time uncertainty:
when lead times are uncertain, it may be optimal to maintain positive inventory even at the
time of order placement, since early orders provide a buffer against late arrivals. This finding
sharply distinguishes the robust lot-sizing problem from its deterministic counterpart and has
implications for both solution algorithms and managerial policy. The combination of supplier
selection decisions with lead time uncertainty is the setting most directly relevant to the present
work. Surprisingly, this combination has received limited attention in the literature. Recently,
[18] considered the multi-supplier settings under stochastic lead times, characterising optimal
replenishment policies under distributional assumptions. The only work—to the best of our
knowledge—that addresses multi-supplier lot sizing with lead time uncertainty modelled by
polyhedral uncertainty sets is [132]. Their model includes per-period fixed activation costs
for each supplier, unit purchase costs, inventory holding and backlogging costs. The objective
is to minimise the worst-case total cost over all realisations of lead times consistent with the
uncertainty set. The authors propose a row-and-column generation algorithm that iteratively
adds adversarial scenarios to a master problem, and complement this with a fix-and-optimize
matheuristic for large instances. We share the same problem but we model lead time uncer-
tainty using a different structured uncertainty set and propose a different solution approach,
based on a Benders-like reformulation and a horizon-split heuristic.

4.2 Problem statement

We study the Multiple Suppliers Purchase Planning (MSPP) problem under lead time uncer-
tainty, which consists in determining a purchasing plan for a given time horizon 7" and a set
of suppliers S, to satisfy the demand of each time period at minimum cost, while accounting
for the possibility that some orders may be delayed. The cost of the purchasing plan includes
the fixed and variable costs of the orders, as well as the inventory holding and backlogging
costs. Here we present the two-stage model for the MSPP problem with and without lead time
uncertainty. We will refer to the problem without uncertainty as to the deterministic problem,
while we call robust problem the one with lead time uncertainty.

4.2.1 The notation
In what follows, we will use the parameters below.

T is a discrete time horizon and, for each time period t € T

d¢ > 0 is the demand of period ¢;
¢;” > 0 the unit inventory cost for period ¢;

¢; > 0 the unit backlogging cost for period t.

S is the set of the suppliers and, for each supplier s € S:
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0® > 0 is the fixed cost of s for managing the orders, which is the same, independently
of the time period where the order is placed and of the ordered amount;

p; > 0 is the unit variable cost (cost depending on the ordered amount) of s at time ¢.

Viy is a binary parameter that takes value 1 if an order placed from supplier s € S in time
period h € T arrives in time period ¢ € T}’ and 0 otherwise.

Parameters v control the actual arrival time of the orders. If v is fixed, there is no lead time
uncertainty and the problem is deterministic (see Section 4.2.2), i.e., |T}| = 1. We will later
assume 7 to be uncertain according to the uncertainty model in Section 4.3, with T} = {t €
T:h+0°<t<h+ L}, where:

¢% >0 is the minimum lead time (time periods needed to deliver the order) of supplier s;
L% >0 is the maximum lead time of supplier s.

We also define T5 = {t € T : t + L* < |T|} as the set of time slots where it is possible to
place an order from supplier s that can arrive within the time horizon 7. The formulation
of the deterministic model is reported in Section 4.2.2 and the one of the robust problem is
illustrated in Section 4.2.3. We will use the following decision variables. Let:

y; be a binary variable that takes value 1 if an order is placed in time period ¢ € T from
supplier s € S and 0 otherwise;

g; be an integer variable representing the amount purchased from supplier s € S at time
period t € T';

I; be a continuous variable corresponding to the inventory level at the end of period t € T
B; be a continuous variable indicating the backlogging level at the end of period ¢t € T

In the two-stage robust model, variables y and ¢ are the first stage variables, whose value must
be the same independently of the realization of the uncertain parameters v, whereas variables
Iy, By are the second stage ones, whose values can be changed according to the actual value of
parameters 7.

4.2.2 The deterministic formulation

Assume that 7 is a fixed (not uncertain) parameter. The deterministic MSPP problem can be
formulated as below.

dAMSPP  min Y > (0®y; +pia;) + (i I + ¢; By) (4.1)
teT ses teT
st. Ay+Dg>b (4.2)
q < My;, teT,seS (4.3)
t t t
Li=Bi= > > it~ Y dn teT (4.4)
s€S h=1k=h h=1

y e {0, 1}7x1s1 g e RITXIST 1 B e RIT!
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The objective function (4.1) minimizes the sum of the purchase and the inventory/backlogging
costs. Constraints (4.2) may be present or not, depending on the specific problem, and rep-
resent possible commercial agreements between the purchaser and the suppliers and other
restrictions depending on the purchaser or on a supplier, such as: minimum and/or maximum
amounts for the orders from a given supplier; minimum and/or maximum number of orders
that a supplier can receive; minimum and/or maximum number of total orders that the pur-
chaser can place; periods where orders cannot be placed and/or received, depending on the
suppliers or the purchaser; maximum budget that can be used for placing orders from a given
supplier; minimum and/or maximum number of suppliers that must be selected. Constraints
(4.3) forbid to order any amount from supplier s at time ¢, if s has not been selected as an avail-
able suppliers at time . Amount M can be set equal to Y, di. Constraints (4.4) calculate
backlogging and inventory levels of each time period.

A common assumption in the literature is that inventory and backlogging are empty at the
beginning and at the end of the time horizon, which implies that all demands must be served
within the time horizon T

Assumption 1. Inventory and backlogging are empty at the beginning and at the end of the
time horizon.
IO :BO :IlT‘ :B|T‘ =0

This implies
qgr=0 if~;, =0for h<t<T (4.5)

that means that no order is placed in time period h from suppliers that cannot deliver it within
the end of the considered time horizon. Assumption 1 also implies that the quantity ordered
in the time horizon equals the total demand:

Y g=Yd (16)

teT seS teT

inequality (4.6) is valid and can be added to the model. Also note that the model contains the
implicit assumption that only one order is placed from each supplier at each time period.

4.2.3 The robust model

We now consider the problem with uncertainty. The parameters v are uncertain and take
values within a given uncertainty set I'. We make the following assumption:

Assumption 2. The uncertainty set I' is non-empty and bounded.

The robust problem takes the form of a multilevel optimization program. In multilevel pro-
gramming, each level corresponds to a distinct optimization subproblem whose feasible region
or objective depends on the decisions made at the levels above it; the different levels are nested
as follows. The outermost minimization selects the first-stage variables y and g—the purchas-
ing plan—before the uncertainty is revealed. The intermediate maximization represents an
adversary that, given the first-stage solution, selects the worst-case realization v € I" of the
uncertain lead times. The innermost minimization then computes the optimal recourse, i.e.,
the values of the inventory I and backlogging B, for the given first-stage solution and the
adversarially chosen scenario. Iand Bare the second-stage variables.
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A critical modelling choice concerns the recourse policy adopted for the second-stage variables.
In a static recourse policy, I and B would be fixed independently of the realization ~; however,
since the balance constraints (4.4) are equality constraints, their right-hand side varies with ~,
and a single fixed assignment cannot remain feasible across all scenarios simultaneously [21].
The second-stage variables must therefore be adapted to each realization, yielding an adjustable
(or dynamic) recourse policy.

The resulting model is the following two-stage robust optimization problem, which we refer to
as 2rMSPP.

2rMSPP min » > (osy; + psq;) + A (4.7a)
teT seS
st. Ay+Dg>b (4.7b)
Z Z q = Z dy (4.7c)
teT ses teT
@ < My, s€S,heT (4.7d)
qr, =0, seS,heT , h+ L°>|T)| (4.7e)

y € {0, TS g e RITXIS N e Ry

A = max min Z(c?’[t +¢; By) (4.7f)
7er teT
tot t
Li=Bi=3_ > > %t~ D dn teT (4.7¢)
s€S h=1k=h h=1
I,BeR!T

The objective function (4.7a) minimizes the fixed and variable costs of the orders plus the
worst case costs of the inventory and the backlogging, whose amount is represented by auxiliary
variable A\. These worst case costs depend on the realization of the uncertain parameters -
and on the first stage choices y, ¢ that have been made. Value A is computed by the inner
maxmin problem, where in the max the worst case realization of v is chosen and in the inner
min the associated cost is computed. In the inner min, amounts y, ¢ and v are given and can
be regarded as constant parameters, while the variables are only I and B. Observe that the
inner min is always feasible and bounded for ¢ and 7 by (4.7¢) and Assumption 2. Equalities
(4.7e) are the generalization to the uncertain framework of the condition expressed by equality
(4.5) and impose that we cannot place an order from suppliers s at time h if this order is not
guaranteed to arrive within the end of the time horizon. We need to impose such a restriction
to guarantee that all demands within the time horizon 1" can be potentially satisfied. In the
literature, different ways have been used to model this requirement:

(a) Replace Bjp = 0 with the relaxed condition By > 0.
This allows demand that cannot be fulfilled within the horizon to be recovered by orders
arriving after period |T|, penalising unmet demand at the backlogging cost -

(b) Order surplus quantities to ensure that sufficient supply arrives within the time horizon.
This requires relaxing (4.6) to 3> _,cr D seg @& = Y ier di (see [133]); however, it may yield



36 Multiple Suppliers Purchase Planning under Lead Time Uncertainty

overly conservative—and therefore costly—purchasing plans, as the model may order
substantially more than total demand to hedge against worst-case delays.

(c) Replace the maximum delay £° with the period-dependent bound £§ = min{L*, |T'| —h},
where h is the period in which the order is placed.
Although this ensures feasibility by construction, it distorts the uncertainty set: orders
placed in later periods face a tighter delay bound, making them artificially appear less
uncertain than earlier ones and introducing an asymmetry across time periods.

Some of these options have been compared in [133], where the results show that (c) leads to
models that can be solved faster, with no significant cost increase. Hence, we decided to adopt
this option and to model the requirement that all demands must be potentially satisfied by
imposing the explicit constraints (4.7e) in the formulation. Nevertheless, the model we propose
can be easily adapted to the other options.

The presented model is a two-stage robust optimization problem with adjustable recourse,
which is known to be computationally challenging in general [21]. In particular, the robust
MSPP is NP-hard, as it includes the robust problem with a single supplier, which is NP-
hard already [71]. In Section 4.4.1 we show how to reformulate 2rMSPP using a Benders-like
approach.

4.2.4 Deterministic vs robust

As discussed in Section 4.1.1, the deterministic problem has been extensively studied in the
literature and admits two structural properties that are key to its efficient solution. First, for
each time period ¢, any optimal solution satisfies the demand d; exclusively from one of three
sources: orders arriving in ¢, existing inventory, or backlogging; this property underlies the
dynamic programming algorithms of [139, 148]. Second, in the multi-supplier setting, there
always exists an optimal solution in which, for each period ¢, no product is ordered from two
(or more) suppliers in the same period t [14]. As already discussed in Section 4.1.1, this result
implies that, when a single supplier dominates across every period of the time horizon, i.e., he
his cheaper than every other supplier in every period, the MSPP reduces to a single-supplier
problem, solvable by dynamic programming. However, in many practical settings, no supplier is
dominant across all periods and items, and the optimal solution may involve complex patterns
of supplier selection and order allocation.

Neither property carries over to the robust setting.

We start showing in Example 1 that, in case of uncertainty, we may need to order from multiple
suppliers in the same time period, even when there is one supplier that has strictly smaller
costs than the others. This means that, in the robust case, we can not use the definiton of
"dominant/dominated" supplier and this provides also a counterexample to what is stated in
see Definition 3.1 in [133].

Example 1. Consider a problem with two suppliers (1 and 2), T = {1,2} and demands
dy < dy. Assume that the backlogging costs ¢; are much larger than the production/inventory
costs. All other costs are negligible. Suppose that I is the following set: at most one order may
be late and it can arrive either in the same period when the order is placed or in the next one.
Because of constraints (4.7e), no order can be placed in t = 2. Hence, we are forced to order
in t = 1 either from one supplier (and, then, from the cheapest one) or from both suppliers.
The orders placed in time period t = 1 may arrive either int =1 or int = 2. Since the largest
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costs are associated with the backlogging, the smaller the backlogging the better the solution.
If we order only from one supplier, the worst case realization of the uncertainty is when the
unique order is delayed and arrives in t = 2, so that we have to pay the backlogging amount
A = c; di. If we order from both suppliers, the worst case realization is when one of the two
orders is delayed and arrives int = 2, but no backlogging is possible, because at most one order
can be late and, hence, demand dy can be entirely served by orders arriving in t = 1. If we
order from both suppliers amounts qi > di, ¢3 > dy and ¢ + ¢¢ = d1 + da, no backlogging is
possible: at most one order can be late and demand d; can be entirely served by orders arriving
int=1.

Hence, under uncertain conditions, ordering from multiple suppliers in the same time period
can be a way to hedge against the risk of delays, even when one supplier is cheaper than the
others.

Note that the worst case realization for a given ¢ is not necessarily the one where some orders
are delayed, but can also be the one where every order is on time, as discussed in Example 2.

Example 2. Consider again the problem in Example 1. Let q be the solution where, in time
period t = 1, we order amount dy from supplier 1 and amount do from supplier 2. In this case,
the worst case realization is when both orders arrive on time (and, hence, int = 1), so that
we have to pay amount A\ = cf dy to serve the demand of time period t = 2 by inventory. In
fact: if the order from supplier 2 is late, we pay no inventory/backlogging costs; if the order
from supplier 1 is late, we pay inventory cost A = c{ (da — dy).

Finally, we show in Example 3 that neither the single-source property ([139], [148]) holds in
the robust case, i.e., that it may be optimal to satisfy demand d; in period ¢ by a combination
of orders arriving in ¢, inventory, and backlogging. A similar example is also provided in [71].

Example 3. Consider again the problem in Example 1, but assume that di > ds. As we
have already discussed, ordering from a single supplier at time t = 1 would imply to serve dq
entirely by backlogging, paying cost A\ = cj d1, because the worst case realization is when the
unique order is late. If we order from both suppliers, differently to what done in Erample 1,
here we can no longer order at least di from each supplier, since 2dy > di + dso, which is the
mazimum total amount that can be ordered. Hence, dy can never be entirely served by orders
arriving int = 1, as in any worst case realization the largest order would be delayed to increase
the backlogging cost. Hence, irrespective of the amounts that we order from the suppliers, any
solution having ¢t > 0 and ¢3 > 0 will be cheaper than any solution where a single order is
placed and, in all those solutions, di will be served partially by the order that is not delayed and
arrives in t = 1 and partially by backlogging (the order that is delayed and arrives in t = 2).
In follows that any optimal solution also has this property. The optimal solution is to order
(d1 4 d2)/2 from both suppliers and to pay backlogging cost A = c{ (d1 — da2)/2.

4.3 The uncertainty set

Robust optimization models are defined by the choice of the uncertainty set, which captures
the decision-maker’s assumptions on how the uncertain parameters may vary and interact.
The models and algorithms described in the previous sections are independent of the specific
uncertainty set, provided that it is non-empty and bounded (Assumption 2). Here we describe
the set we are interested in.
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Definition 1. Set I is defined as follows.

r= {7 e {0, 1}ISIXITIXITT (4.8)
Y =0, seS, hyteT:h+L°>|T)| (4.9)
h+L3
Soowm=1, s€S, heT (4.10)
t=h+03
h4L* h—1+L¢ ~
Sootvi— >, vy <K, se8 heT\{1} (4.11)
t=h+03 t=h—1+4¢¢

h+L?
S5y sen 12)
5€S heT t=h+£5+1
Inequality (4.12) imposes a maximum of H delayed orders over the whole time horizon, where
an order placed at period h by supplier s is considered delayed if it does not arrive at the
minimum lead time h + ¢°. [133] use similar constraint, which corresponds to assume that the
uncertainty is somehow bounded, as in the model by [26]. Constraints (4.9) set to zero 7;,
values corresponding to infeasible orders (i.e., orders placed at time h that arrive outside the
interval {h+/¢% ... h+ L} or orders placed at time h that are not allowed because they would
not arrive within the planning horizon). Constraints (4.10) ensure that any order placed in
h € T* arrives in the interval {h + £°,...,h + £*}, and that it arrives only once. Inequalities
(4.11) model correlation among time periods, imposing that orders placed from the same
supplier at consecutive time slots must have similar delays. [99] use similar constraints to model
correlation among the demands for a personnel scheduling problem. Note that, differently
from the sets defined in [133], set ' contains integer variables, modeling the restriction that
the orders cannot be split and the whole amount of the order must be delivered in a unique
occurrence. This avoids to split the delivery into multiple arrivals of small amounts, causing
problems to the production process, which may not proceed until the whole quantity arrives.

4.3.1 The single supplier set I'*

Let us consider the set I'*, where only supplier s is considered and constraint (4.12) is removed.

s = {78 e {0, 11771 (4.9), (4.10), (4.11)} (4.13)

The set I' C [[,csI'® and thus, any inequality that is valid for I'* is valid for I'. We aim to
analyze the polyhedral properties of I'¥ and then to derive valid inequalities for I'. For the
sake of simplicity, since in the following anlysis we focus on a single supplier s, we omit the
superscript s. We define P = conv(I'®).

4.3.2 Valid Inequalities

Theorem 1. The inequalities (4.14) and (4.15) are valid for P.

h+L h—14L

Z Yht S Z Yh—1t W E {07"'aW}7 h GT\{l} (414)
t=h+{+K+w t=h+Ll+w
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h+L h+1+L _
Z Tht < Z Yh+1t i € {07-~'7I}7 h’u h+1eT (415)
t=h+L+K+2+1i t=h+{+2+1i

W=(h+L)—(h+l+K)=L—-{—K and w is an integer. [ = (h+ L) —(h+1+ K +2) =
L—0—K—2 andi is an integer.

Proof. We prove validity for (4.14); the proof for (4.15) is analogous. By contradiction, suppose
there exists 7 € I'* violating (4.14) for some h and w. Both sides of (4.14) sum ¥ variables
over a subset of the arrival window of the respective period. By (4.10), exactly one variable
in each full arrival window equals 1 and the rest are zero, so each side is either 0 or 1. For
the inequality to be violated, the left-hand side must equal 1 and the right-hand side must
equal 0. The left-hand side being 1 means that the order at time h arrives at some time
t1 > h+ ¢+ K +w. The right-hand side being 0 means that the order at time h — 1 arrives
outside the range {h + £ +70,...,h — 1+ L}, contradicting (4.11). O

4.3.3 The description of conv(I'*)

We prove that P is completely described by inequalities (4.14), (4.15), (4.10), (4.9), and non-
negativity (Theorem 6). The proof proceeds in three steps.

(i) Dimension (Section 4.3.3). We prove that dim(P) = NR. This result is a prerequisite
for the next step: by definition, an inequality defines a facet of P if and only if the face
it induces has dimension dim(P) — 1, so the dimension of P must be known beforehand.

(ii) Facet-defining inequalities (Section 4.3.3). We prove that (4.14), (4.15), and non-
negativity inequalities are facet-defining for P. This establishes that the description is
irredundant: each inequality defines a maximal proper face of P and cannot be removed
from a minimal description.

(iii) Completeness (Section 4.3.3). We prove that the above inequalities are also sufficient
to describe P, i.e., no additional inequalities are needed. This is achieved in two parts:

(a) We prove that the constraint matrix M of (4.14), (4.15), (4.10) is Totally Unimod-
ular (TU).

(b) We prove that (4.14) and (4.15) together imply (4.11), so no feasible point of I'* is
lost by dropping (4.11).

Combining the results from the three steps above yields Theorem 6.

The dimension of P

We start by proving the dimension of P in the following theorem.

Theorem 2. Let N = |T| and R = L — ¢, then dim(P) = NR.

Proof. Rename the second index of v so that t ranges from 0 to £ — £. The variables are v
with h € {1,...,N} and t € {0,..., R}.

Since there are T' — L equality constraints, then dim(P) < NR.

We now need to prove that there are no other equality constraints satisfied by every point in
I'* that are linearly independent from (4.10).

We define two families of points in I'®:
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1. p; for 7 € {0,..., R}: Y4, = 1 for every h, and vy, = 0 for t # 7,

2. gjrforje{l,...,N}and 7 € {0,..., R—1}: vjr41 =1, 74 = 1 for h # j, and all other
Ynt = 0.

Points p; trivially satisfy the delay constraint since all orders arrive at the same time, and thus
with the same delay; points g;; have a maximum delay of 1 < K between consecutive slots,
and thus satisfy the delay constraint as well.

Let ay = ag be any equality satisfied by every point in I'®.

The points p, and ¢, differ only in period j: in p, an order placed in j arrives at 7, in g;; it
arrives at 7 + 1. All the other periods are identical.

Since both points satisfy ay = ag, subtracting yields oj; — o 41 = 0, and thus oj; = o 1.
Since the argument holds for every period j € {1,...,N} and every 7 € {0,...,R—1}, we
obtain that, for each period h, all coefficients «y; are equal:

Qpo = ®p1 =+ = QhR.

Let ¢, = apg denote this common value. Then ay = Zthl ch Zf;o Yt Since every point in
I'® satisfies Zf;g Ynt = 1 for each h, the expression above evaluates to Zthl cp, = aq for every
feasible point.

Hence ay = oy is just a linear combination of the N equality constraints (4.10), and no valid
equality can be linearly independent from them. Therefore dim(P) = NR. O

Facet-defining inequalities

We now aim to prove that inequalities (4.14), (4.15) and non-negativity inequalities are facet
defining for P. In the following, we report the proof for (4.14); the proof for (4.15) and
non-negativity inequalities is analogous and thus omitted.

Theorem 3. Inequalities (4.14) are facet defining for P.

Proof. Let us suppose that an inequality (4.14) for a pair h and w is not facet defining for P,
then there exists an inequality ay < g, which defines a facet containing the solutions that are
tight for that inequality (4.14).

We consider two types of tight solutions for (4.14):

« the set SY of solutions such that both sides evaluate zero,
o the set St of solutions such that both sides evaluate one.

Let T(h—1)={h—1+4+4,....h—1+ L} and T'(h) = {h+¢,...,h + L}. The solutions in
v € S° are such that Yh—1m, , =1 with 7,y € {h=14+4,... ,h+{+w— 1}, yp,, = 1 with
TH € {h+€,...,h+€+K+w—1}, and ‘Th—Th,1| <K.

If we consider 7 € S° such that Y1+, , = Vs, 41 =1for 71 €{h—14+¢,...,h— 140+
w—l}, and then ’:Y € S such that ’:}/h_177—h71+1 = ’?hTh71+1 =1, and ypp = ’:yh/t/ for A’ #h,h—1,
we then get ap—1,7, | = QGh_1,r, ,+1-

So, all the coefficients for a1, with 7 € {h—14+¢,...,h+{+w — 1} are equal one another.
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If we consider 7,7 € S° such that

Vhr = Vh—1,7, = 1 form, e {h+4¢,...,h+{+w}
F_>/h77h+1 7: ’_Yhfl,‘l'h =1
’?h’t’ = ’;/h/t/ for h/ ;é h, h—1

then we get ap,r, = ap 7, 41-

If we consider 7,7 € SY such that

’E’hfh ::Yhf_lﬂ'h*izl form,=h+{4+w—1+7iand i€ {1,,K}
Yhyn—1 = Yh—1,m,—i = 1

e = Ynv for ' #h,h —1

then we get apr, = apr,,—1. So, all the coefficients o, with 7 € {h+¢,... . h+{+ K+w—1}
are equal one another.
Now, let us consider 7,5 € S! such that

Yh—1,7 1 = Vi, = 1 form,_ye{h+l+w,....h—14+L—1}
and 7, = min{7,_1 + K,h + L}

/?h—l,Th__l-i-l = ’?h,’rh =1

Twe = Yne for W' # h,h — 1

then we get ap—17, , = ap—1.5, ,+1. So, all the coefficients 7 € {h + ¢+ w,h — 1+ L} are
equal one another.
If we get 7,7 € St such that

Yhry = Yh-17y—k = 1 form, e {h+{+K+w,...,h+L—1}
VYh—mn+1 = Vh—1,m—K =1
’7h/t/ = ’?h’t/ fOI‘ h/ # h, h -1

then we get ay, ;, = ap r,+1. S0, all the coefficients 7 € {h+{¢+ K +w,...,h+ L} are equal
one another.

For b’ # h and I/ # h — 1 we can take a solution in S and complete it in two different ways
for (W', t) and (R, t + 1), thus obtaining oy = gy ¢41-
As the dim(P) = NR= N(R+1) — N, we can choose N + 1 coefficients:

ag = 0

apy =0 for M #h W #h—-1te{W+{(. ... +L}

ap—14=0 forte{h—1+¢...,h+0+w—1}
ape =1 forte{h+{+K+w,...,h+L}.

Finally, if we consider a solution 7 € S', we get oy = Qp—14, + apg, = ag = 0, that is,

Qp—14; = —Qpt, = —1; if we consider a solution 7 € S0 we get ay = ap—1,4, +apt, =ag =0,
that is, ap 1, = —ap—14, = 0; thus ary < ag is proved to be exactly as the selected inequality
(4.14). O

So, we can conclude that inequalities (4.14), (4.15), and non-negativity inequalities are facet
defining for P.
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Completeness

Total Unimodularity of M Let’s now define M as the constraint matrix defined by the
inequalities (4.14), (4.15), (4.10). We prove that M is Totally Unimodular (TU). Before
proving that, we need to recall some preliminaries.

Definition 2. Let G = (V, A) be a directed graph and let T = (V, A1) be a directed spanning
tree of G, i.e. AT C A. For each a € A let the a-path be the unique path in T with extreme v
and w where a = (v,w). A network matriz N € RIATIXIAl generated by T and G is defined as
follows:

+1, if the unique a-path in T traverses a' forward,

Nyo =< —1, if the unique a-path in T traverses a’ backward,

0,  if the unique a-path in T does not traverse a’.
We can now recall the following result by [137]:
Theorem 4. A network matriz is TU.
A simpler proof is present in [125], Volume A, Section 13.3.
Definition 3. A matriz is a co-network matrixz if it is the transpose of a network matriz.
Remark 1. A matriz is TU if and only if its transpose is TU.
We can now proceed to prove that the matrix M is TU.

Theorem 5. The matrix M defined by inequalities (4.14), (4.15), (4.10), and non-negativity
inequalities is TU.

Proof. By Theorem 4, Remark 1, and Definition 3, a co-network matrix is the transpose of a
network matrix, and thus it is TU. In the following, we show that the matrix M is a co-network
matrix, and thus it is TU. In particular, we will show that [M7|I] is a network matrix. We
proceed by showing that there exists a directed graph G = (V, A) and a directed spanning tree
T, such that [M7|I] corresponds to the network matrix generated by 7 and G.

Let £, = h+ ¢ and L}, = h + L for each h such that h € T.

We define the graph as follows.

e The set of nodes is

V={v}U{op | heT,t €Ty}
e The set of arcs A is partitioned into different subsets:
A=A, UA)UA UAQU Ap

where:

Ap = {(vah,ﬁh) ‘ h e T}_’

Ao = {(vnt,vnt—1) |h €T, t € {lp+1,....Lpn}}s

Av={(v,vnp,) | hET}

AQ = {(h-1,1,Vnt) | h €T\ {1}, ts = h+ L+ w,to =h+ L+ K +w,w e {0,...,W}}
A = {(Uhs1ay,hsy) | h € T\{|T|}, 11 = htl4+2+i,ty = h+0+ K +2+i,i € {0,...,1}}.
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We define the directed spanning tree 7 = (V, A7) where A7 = A, U Ay.

Each row of the matrix M associated with a constraint (4.14) for h € T \ {1} and w €
{0,..., W} corresponds to the path in 7 linking the extremes of the arc (vn—1,h4r4w, Vh htt+K+w) €
Ag, indeed the subpath from vp_1 p4¢4 to v is traversed backward and the subpath from v

to U 44K+ 18 traversed forward.

Each row of the matrix M associated with a constraint (4.15) for h € T\{|T|} and i € {0,...,I}
corresponds to the path in 7 linking the extremes of the arc (vp41 hr42+is Un hto+K+2+i) € AB,
indeed the subpath from vj41 n4¢424; to v is traversed backward and the subpath from v to
Uhara k1o, 18 traversed forward.

Each row of the matrix M associated with a constraint (4.10) corresponds to the path in T
linking the extremes of the arc (v,vp4¢) € A; that is completely traversed forward.

In conclusion, N = [MT]|I] is a network matrix and therefore it M is TU. O
An example is given below.

Example 4. The problem is defined by the following parameters: T = 10, £ = 2, L = 7,
K = 2. Let’s consider a reduced example for h € {2,3}.
The matrix M is shown below.

t 3 4 5 6 7 814 5 6 7 8 915 6 7 8 9 10
(4.14) (h=2,w=0) 0 -1 -1 -1 -1 -1lo o0 1 1 1 1|0 0 0 0 0 0
(414) (h=2,w=1) 0 ©0 -1 -1 -1 -1/0 0 o0 1 1 1|0 0 0 0 0 0
(414) (h=2,w=2) 0 0 0 -1 -1 -1/0 0 0 ©0 1 1|0 0 0 0 0 0
(414) (h=2,w=3) 0 0 0 0 -1 -1/0 0 0 0 0 1|0 0 0 0 0 0
(4 14) (h 3, w= 0) 0 0 0 0 0 o(j06 -1 -1 -1 -1 —-110 0 1 1 1 1
(4 14) (h 3, w= ].) 0 0 0 0 0 01]0 O -1 -1 -1 —-110 0 0 1 1 1
(414) (h=3,w=2) 0 0 0 0 0 0|0 O 0 -1 -1 -1/0 0 0 0 1 1
(4.14) (h=3,w=3) 0 0 0 0 0 010 0 0 0 -1 —-1]0 0 0 0 0 1
(4.15) (h=1,4=0) 0 0 0 0 1 110 -1 -1 -1 -1 —-1]0 0 0 0 0 0
(4.15) (h=1,i=1) 0 0 0 0 0 110 O -1 -1 -1 —-110 0 0 0 0 0
(4.15) (h=2,i=0) 0 0 0 0 0 010 0 0 0 1 110 -1 -1 -1 -1 -1
(415) (h=2,i=1) 0 0 O 0 0 0|0 O O 0 0 1|0 0 -1 -1 -1 -1
(?7) (h=1) 1 1 1 1 1 110 0 0 0 0 010 0 0 0 0 0
(?7) (h=2) 0 0 0 0 0 011 1 1 1 1 110 0 0 0 0 0
(77) (h=3) o 0 0 0o 0 o0/0 0O O 0 0 O|1 1 1 1 1 1

Table 4.1. Matrix M for the illustrative example with T=10, /=2, L =7, K = 2.

The header contains the first index h and the second index t for variables ~ypi. The rows
correspond to: (i) the constraints (4.14) for h € {2,3} and w € {0,1,2,3}; (i) the constraints
(4.15) for h € {1,2} and i € {0,1}; (iii) the constraints (4.10) for h € {1,2,3}.

The graph illustrated in Fig. 4.1 corresponds to the matriz [M7|I], where the tree arcs (solid
red) correspond to the columns of M, while the dashed blue arcs correspond to the rows of M
associated with constraints (4.14), the dotted teal arcs correspond to the rows of M associated
with constraints (4.15), and the dash-dot purple arcs correspond to the rows of M associated
with constraints (4.10).
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Figure 4.1. Graph representation G(V, A) corresponding to matrix [M7 |Z] for the illustrative example.

where:
« Av={g,p,2}
o Ag=A{a,b,....fYU{h,i,...,0o}U{q,r, ..., 0}
o A1 ={a,B,7}

« Ag=1{1,2,...,5}U{9,10,...,13}

e Ap={6,7,8} U{14,15,16}

The directed tree identified is T = (V, A1) where AT = Ax U Ag = {a,b, ..., z2}.
It can be easily shown that the network matriz represented by G and T is equivalent to [MT|I].

Sufficiency Finally, we need to prove that constraints (4.14), (4.15), (4.10), (4.9), and non-
negativity inequalities are sufficient to satisfy constraints (4.11). This is done by the following
two propositions.

Proposition 1. If all inequalities (4.14) are satisfied, then the following inequalities are sat-

isfied for each h € T':
h+L h—14+L

dootme— Y tmew <K (4.16)
t=h+¢ t=h—1+7

Proof. Suppose, for contradiction, that there exists h such that an inequality of type (4.16) is
violated. If we sum all the inequalities (4.14) for h = h and all w € {0, ..., W}, we obtain:

L—0—K+1 L—{—K+1 L—K
Z TVh, htb+ K—1+7 — Z TVh—1, h—14t47 T Z (L—0—-K+ 1)7]_1,71,]_7,7K+T <0
T=1 T=1

T=1

(4.17)
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is satisfied. By subtracting (4.17) to (4.16) for h = h and recalling that the last one has been
supposed to be violated, we obtain the following:

h0+K—2 B h+L
oty (hHl+K-1) Y
t=h+t t=h+(+K—1
h+L—-K h—1+L
—(h=1+0 > v+t D>, (—LHE+K-1)yy_ | >K.
t=h—1+¢ t=h+L—K+1
We can rewrite the above as follows:
K-2 -
Z (h+ 0+ i)%’z,i’zwﬂ +(h+l+K-1) Z Vh, hte+i
i=0 i=K—1
B L—K—t
—[(h=1+1) Z Yh=1, h— 1+]+Z =14+ l+ ),y 1ok | > K
7=0 i=1
By using equalities (4.10), we can further rewrite the above as follows:
K-2 - K—2
Soh+l+ i) i+ AL+ K =11 = Y % harrs)
=0 i X X izO
- l(h 1+ 0@ =D Wt hetie—rrd) O L O Vg oo | > K-
i=1 i=1
And finally, we get
K— 2 K
K — DV i — D Vo1 e 1ar— ki > K
z:0 =1
and, hence, we get a contradiction. ]

Similarly, we can prove the following proposition:

Proposition 2. If all inequalities (4.15) are satisfied, then the following inequalities are sat-
isfied for each h € T':

h+L h—14-L
- >ttt Y tmeu <K (4.18)
t=h+( t=h—1+¢

Proof is analogous to the one of the previous proposition and thus omitted.

Theorem 6. P = conv(I'®) is completely described by inequalities (4.14), (4.15), (4.10), (4.9),
and non-negativity inequalities.

Proof. By Proposition 1 and Proposition 2, inequalities (4.14) and (4.15) together imply (4.11).
Hence I'? is equivalent to the set

{y € {0,1}/TXIT1 . (4.10), (4.9), (4.14), (4.15)}. (4.19)

By Theorem 5, the extreme points of the LP relaxation of the set defined by (4.14), (4.15),
(4.10), (4.9), and non-negativity inequalities have {0, 1} coordinates. Therefore those inequal-
ities completely describe P. O
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4.4 An exact algorithm

We present in this section an exact approach for the Multiple Supplier Production Planning
problem. In Section 4.4.1 we reformulate the model 2rMSPP[4.7] through a Benders-like ap-
proach and in Section 4.4.2 we present the branch-and-cut algorithm to solve the reformulated
model, along with some techniques to speed up the solution process.

4.4.1 The Benders-like reformulation

We can now derive a Benders-like reformulation of model 2rMSPP[4.7], using an argument
similar to the one in [99]. Note that the derivation and the final formulation is different from
model (23)—(28) in [133], as we introduce Benders-like inequalities based on the values of dual
variables, as we discuss below.

Observe that the inner min in the maxmin that computes A is a linear programming problem.
Below we report the problem and its dual. Recall that ¢ and v can be regarded as fixed
constants when this problem is solved.

P(g,7) min Y (¢ I + ¢; By) (4.20a)
teT
t t t
sto(z) Li—Be=>_ Y > vwah—> dn teT (4.20b)
seS h=1k=h h=1
I,BeR! (4.20¢)

SUREES 919 IV ED STAF (4.210)
h=1

teT \se€S h=1k=h
st. (I) = <c, teT (4.21b)
(By) —z <¢, teT (4.21c¢)
ze R/ (4.21d)

We observe that the primal problem is feasible and bounded. It is always feasible, as we can
adapt the values of I and B to satisfy the constraints. Also, it is bounded, as the objective
function is linear and the variables are non-negative. Therefore, by linear duality theory, the
dual problem is also feasible and bounded, and the optimal values of the primal and dual
problems are equal.

We can show that both the primal and the dual problem can be solved in closed form.

Theorem 7. The optimal solution (I, B) of P(q,~) can be computed in closed form as follows.

t t t
I, = max {o, SN i@ - dh} teT (4.22)
s€S h=1 k=h h=1
t

t t
Bt:max{o,—ZZZﬁquJerh} teT (4.23)

s€S h=1k=h h=1
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The optimal solution z of D(q,7) can be computed as below.

2 = ci_ Zf ZSG;.S Zl;z,:l Zi:h ")/quz - ZZ:I dh > 0 teT (424)
—c otherwise

Proof. Let (o!,0%) be a primal solution and suppose that there exists u € T with o > 0 and
0B > 0. For the sake of simplicity let u be the only time period with this property and assume
that ol > oB. Consider solution (r!, 7P) defined as: rf = of, rB = 0B, for t € T\ {u};
rB =0,rl =l —oB. Solution (r!,rP) is feasible and it has an objective cost smaller than
(¢7,0B). Then, any optimal primal solution (I, B) has the property that I;B; = 0 for all t € T..
It follows that the optimal solution is unique and that it is computed by (4.22)—(4.23). By the
complementarity conditions of the linear duality theory, if I; > 0, then the corresponding dual
constraint must be satisfied with equality. The same happens if By > 0. This implies that the

optimal dual solution is computed by (4.24). O

Denote by V' the set of the vertices (extreme points) of the polyhedron that defines the feasible
region of the dual problem and note that it does not depend on ¢ or .

Theorem 8. Model 2rMSPP can be reformulated as follows.

bMSPP mmzz o°y; +pigi) + A
teT ses

st. Ay+Dqg>b

2.2 @ =2 di

teT seS teT
¢ < My; teT,ses
g =0 seS,heT,h+L°>|T|

t t t
AZD w(d oY D> viwdh— D dn)  vEVyET (4.25)
h=1

teT s€S h=1k=h =
y e {0, 1}1TXIS1 g ¢ RPN e ry

Proof. Recall that the optimal solution of a linear programming problem, if any, corresponds
to a vertex of the feasible region. As we discussed above, P(q, ) is always feasible and bounded
and, by the linear duality theory, the same applies to D(q,7). Consider a vertex v € V. By
the weak duality theory, any v provides a lower bound on the optimal primal value and, hence,
inequalities (4.25) are valid. By the strong duality theory, for any « and ¢, there exists a vertex
v?7 € V that exactly provides the optimal value of problem P(q,~). Hence, inequalities (4.25)
implement a correct formulation of the 2rMSPP problem. O

We refer to inequalities (4.25) as to the benders cuts. Note that, although exponential in
number, the Benders cuts are finitely many, as we must consider one inequality for any vertex
of the I" polytope (provided that we know the convex hull of the integer feasible solutions) and
any vertex of V. Model bMSPP can be solved by a branch-and-cut approach.

4.4.2 Branch-and-cut

The Benders-like formulation bMSPP can be solved by starting with a formulation without
Benders cuts, which are added iteratively. Two approaches are possible: either adding a



48 Multiple Suppliers Purchase Planning under Lead Time Uncertainty

Algorithm 1 Processing a node of the branch-and-bound tree

1: solve the linear relaxation of the problem at the node,
let (y,q,\) be the current solution and C'sol its value,
let Bsol be the current best upper bound

2: if C'sol > Bsol then

3: prune the node and exit

4: else

5: if y is integer or we are at the root node then

6: solve the separation problem

7: if there exists a violated inequality (4.25) then
8: add it to the current formulation and go back to step 1
9: else

10: exit

11: else

12: branch and exit

Benders-cut only after computing an integer solution or adding them during a unique branch-
and-bound exploration, that is, using branch-and-cut. We decided to use this second policy.
At each iteration we solve the linear relaxation of the current formulation, if we are in the
root node or the solution is integer, we look for a violated Benders cut by solving a separation
problem. If a violated cut has been found, the corresponding inequality is added to the current
model, otherwise we either branch (if the solution was fractional) or we have found a feasible
solution (if it was integer). The procedure we use at each node of the branch-and-bound tree
is summarized in Algorithm 1.

The separation problem consists of solving the inner maxmin of formulation 2rMSPP[4.7].
Although the inner min can be solved in closed form (see Theorem 7), we can use an argument
similar to the one in [133], to prove that the separation problem remains hard.

There exists two different ways to solve the separation problem. The first is to solve problem
psep(q) below, which is equivalent to problem (17)—(22) in [133]. However, differently from
what done in [133], we then use the optimal solution of psep(q) to compute the corresponding
optimal dual vertex v?7, to be used to define the Benders cut (see the proof of Theorem 8).

psep(q) max Z(czr]t +¢; By)

teT
t t ¢
Li=Bi=Y 3> viwah— Y dn teT
h=1seS k=h h=1
I < Moy teT
By < M(1— o) teT

I.BeR aec{o, 1} yer

Recall that ¢ can be considered a constant parameter when the separation problem is solved.
M can be set to Y4_; di. Binary variables a are used to replace the inner min of the maxmin
problem, as they enforce the optimality condition I;B; = 0 for all t € T discussed in Theorem
7. Once the worst case realization v € I' is known by the optimal solution of sep(q), the
optimal dual vertex v?? to be used for the Benders cut is computed by (4.24).
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Another possibility is to compute the worst case realization v and the dual vertex v directly,
solving problem dsep(q).

dsep(q) max (D> > vikdh — Y dn)ve
h=1

teT seS h=1k=h

vtgcz’ teT
—v < ¢ teT
veR|T|,76F

This problem has a quadratic objective function. However, since + is binary, the quadratic
product v;,v; can be linearized as follows. Replace v; by vf —vP and let niy = vl i, and
pikh = vtB’yflk. The constraints of the problem are replaced by the ones below.

317k <Mt’7hk seS hkteT
pih < MPAi, se S hkteT
Mk < vf se S hkteT
pih = vf — M1 =) se S hkteT
UtSMtXt teT

B B

vy < M7 (1= xq) teT

ol 0P e R e RISHITE e (0,1} 7 eT

where M/ can be set to ¢ and MP can be set to ¢; . Some preliminary computational tests
showed that solving psep(q) is faster than solving dsep(q), thus we decided to adopt the first
approach for the separation problem.

4.4.3 Speeding up the convergence

Some techniques have been adopted to speed up the convergence of the branch-and-cut algo-
rithm.

Valid Inequalities. In the separation problem, constraints can be replaced by the valid in-
equalities (4.11) and (4.12) derived in Section 4.3.2, as discussed. These inequalities strengthen
the polyhedral structure of the uncertainty set and improve the performance of the algorithm,
as shown in the computational results in Section 4.7.1.

Cut Separation Strategy. To avoid generating a large number of Benders cuts, we adopt
a cut separation strategy that generates cuts only for integer solutions or at the root node, as
illustrated in Algorithm 1. In particular,

o Separation at integer solutions: Invoked at every integer solution to ensure feasibility.
The separation problem sep(q) is always solved for integer solutions to add violated
Benders cuts. This guarantees that all integer solutions satisfy the two-stage robust
constraints.
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e Separation at fractional solutions: This is more computationally expensive and may
generate many cuts that are not effective in pruning the search tree. Thus, we limit the
separation at fractional nodes to only the root node, where it can significantly improve
the lower bound early in the search. We compare four different strategies for invoking the
separation problem at fractional nodes: (i) at every node (for all fractional solutions), (ii)
only at the root node (for all fractional solutions at the root), (iii) at the root node every
5 iterations, and (iv) never (no user cuts for fractional solutions). Some computational
tests show that the strategy (iii) provides a good balance between computational overhead
and solution quality and achieves the best performance. This is the strategy we adopt
for all experiments reported in Section 4.7.1.

Feasible Solutions. At each node, whenever a new incumbent solution is found for the
master problem variables (x,y,\), the separation problem sep(q) is solved to identify any
violated Benders cuts. Thus, putting together the incumbent solution from the master problem
and the solution of the separation problem, we obtain a complete feasible solution for the
original two-stage robust problem and we submit it to the solver, using it to help identify
high-quality feasible solutions early in the search process.

Priority Branching. To guide the branching strategy, we assign higher branching priority
to the first-stage binary variables y (supplier selection and ordering decisions). This ensures
that the solver explores the search tree by first fixing the supplier selection decisions, which are
the most critical decisions from a modeling perspective, before branching on other variables.

Lower bounds

Since the Benders cuts are generated iteratively, the initial formulation of the master problem
is a relaxation of the original problem and, hence, it may provide a very loose lower bound on
the optimal value for the A\ variable, which represents the worst-case inventory cost. To obtain
tighter lower bounds on A throughout the branch-and-cut search, we derive a valid inequality
that exploits the structure of the inventory-backlogging cost as a function of when the first
and the last order are placed.

Let Lyn = mingeg #° and Lz = maxgeg £° denote the shortest and longest possible lead
times across all suppliers. Define cumulative demand quantities D = >"¥_, d, and D; =

Z:u—l—l dT'
We introduce four families of auxiliary binary variables:

o pr € {0,1}, equal to 1 if at least one order has been placed in some period 7 < t;

o ny € {0,1}, equal to 1 if at least one order will be placed in some period T > t;

o b € {0,1}, equal to 1 if ¢ is the first period in which an order is placed (by = py — pi—1);
o f1 €{0,1}, equal to 1 if ¢ is the last period in which an order is placed (f; = ny — nyy1).

The variables p; and n; are enforced to be non-decreasing and non-increasing, respectively, by
the monotonicity constraints

ptZPt—l Vtzza"'aTa
ntht+1 Vtzl,...,T—l.
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Their activation is governed by the ordering decisions through
pe>yi, m>y, Vi seS,

while cumulative upper bounds ensure that p; (resp. n;) can be 1 only if at least one order has
actually been placed up to ¢ (resp. from ¢ onwards):

t

T=1s€S

T
Y>> ypzn VL

T=t s€S

The "marker" variables b; and f; are linearised as

bi > pt —pi—1, b <1—p_1, by <py Vt,
fezng—n1, fi <l—mp1, fi<m vt,

which together force b; = 1 if and only if ¢ is the unique period where p switches from 0 to 1,
and f; = 1 if and only if ¢ is the unique period where n switches from 1 to 0.

The lower bound on A is then derived from two structural observations. If the first order is
placed in period ¢ (i.e. by = 1), no goods can arrive before period ¢ + fin; hence, in every
period 7 < t + fyin the system faces a backlog of at least D=. Symmetrically, if the last order
is placed in period t (i.e. f; = 1), all orders have been received by period t + Lyax at the latest;
hence, in every period 7 > t + L.y the inventory is at least D7, i.e. the residual demand that
has not yet occurred. This yields the valid inequality

t+émin T

T T
A= Dby >, DE+ D> fe >, D7, (4.26)
=1 t=1

t=1 T=t+Lmax

which is active only when b, = 1 (first order period) or f; = 1 (last order period), respectively.
Inequality (4.26) is a valid lower bound since it accounts for the unavoidable inventory costs
at the two ends of the planning horizon, regardless of the specific scenario v € I.
Nevertheless, it is not tight in general, as it does not consider the inventory costs incurred in the
intermediate periods between the first and last order. Some preliminary computational tests
showed that adding inequality (4.26) to the formulation does not speed up the convergence of
the branch-and-cut algorithm significantly. For this reason, we decided not to include it in the
final formulation.

4.5 A heuristic approach

Although the exact algorithm of Section 4.4 solves 2rMSPP [4.7] to optimality, its compu-
tational cost may become prohibitive on instances with many time periods. To address this
limitation, we propose a hybrid heuristic grounded in a simple but effective planning princi-
ple: decisions concerning near-term periods have an immediate operational impact and should
therefore be based on an exact evaluation of the worst-case cost; decisions concerning the
medium-to-long term, by contrast, have a less immediate impact—and, by the time they are
actually executed, the underlying data (even those considered "known" at the time of planning,
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such as demands, costs, lead times) may have changed. It is therefore acceptable, for these
periods, to base the decisions on a conservative approximation of the cost rather than on its
exact worst-case value.

This principle motivates a partition of 7' into two complementary sub-horizons, 7! C T and
T? = T\T". The former contains the first 3 € {0,1,---,|T|} time periods, which are modelled
through the formulation 2rMSPP [4.7] and solved exactly via the branch-and-cut algorithm of
Section 4.4; the latter contains the remaining periods, which are modelled through the robust
counterpart formulations sMSPP [4.27] and included in the master problem of the branch-
and-cut algorithm as a single-stage approximation of the original two-stage problem. Robust
counterpart is computationally lighter and provides a conservative upper bound on the inven-
tory /backlogging costs. The resulting formulation, which we call h(MSPP, is described in detail
in Section 4.5.2.

4.5.1 The robust counterpart model

In this section we present the robust counterpart model sMSPP [4.27], which is used as a
building block for the horizon-split heuristic. The formulation is based on the one proposed by
[133]. The key difference between 2rMSPP[4.7] and sMSPP [4.27] lies in how the adversary is
modelled. In 2rMSPP, a single scenario v € I" governs all time periods simultaneously, so the
worst-case inventory/backlogging cost is evaluated jointly across 7. The robust counterpart
relaxes this coupling: each period ¢t € T is allowed to face its own, independent worst-case
realization of ~, yielding a separate maximization problem per period. This period-by-period
decoupling is a relaxation of 2rMSPPand therefore provides an upper bound on its optimal
value.

sMSPP  min Z Z o'y +pigi) + A (4.27a)
teT ses

st. Ay+Rg>b (4.27b)

g < My; teT,seS (4.27¢)

A=) e (4.27d)
tel

ct > InaX {ct (Z Z Z Yhedn — Z dh> } teT (4.27e)
¢t 2 max {ct <Z dp — > Z Z thqh> } teT (4.27f)

s€S h=1k=h
y e {0, 1}1TxI81 g e RIS (4.27g)
I,BeRT AeRr, (4.27h)
Contraint 4.27d computes the total inventory/backlogging cost A as the sum of the costs ¢; for
each period t € T. (4.27e) (resp. (4.27f)) computes the worst-case backlogging (resp. inven-

tory) cost for period ¢ by maximizing over all possible realizations of the uncertainty v € T'.
The optimal A value provides an upper bound on the inventory /backlogging costs for optimal
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values (y*, gx). Here the computed (I, B) does not have the property that, for a single period
t, at most one of I; and B; is positive (I;B; = 0 for ¢t € T), as it happens in 2rMSPP. In
fact, the worst case inventory/backlogging is computed independently for any ¢ € T', so it may
happen that, for a given t, the worst case for inventory is obtained for a different v than the
one for backlogging, yielding I; > 0 and B; > 0 at the same time. This is a consequence of the
decoupling of the periods in the robust counterpart, which allows each period to see a different
realization of the uncertainty. In 2rMSPPinstead, all the time periods see the same realization
at the same time, so the worst case inventory /backlogging is computed jointly across T'.

To derive a compact reformulation of this problem using linear duality, we have to relax the
constraint the v must be binary. Any solution of the relaxed problem also provides an upper
bound for the problem where 7 is binary. Consider the max problem in constraints (4.27e)
and (4.27f). Once the integrality of ~ is relaxed, they are linear programming problems in the
continuous variables v, while ¢ can be regarded as a constant. Since those problems are feasible
and bounded, it is well known that they can be replaced by their duals to obtain a compact
reformulation [26]. In fact, while the max of the primal version is not redundant, the min of
the dual is redundant and it can be removed, obtaining a compact single level reformulation
of the problem. We omit the details of the reformulation, that can be obtained using the same
procedure illustrated in [26, 133].

4.5.2 The horizon-split heuristic

In this section we present the horizon-split heuristic hMSPP, which combines the exact two-
stage formulation 2rMSPP [4.7] on a near-term sub-horizon with the single-stage robust coun-
terpart SMSPP [4.27] on the remaining periods. Formally, given a parameter g € {0,1,...,|T},
we partition 7" into 7' C T containing the first 3 periods (T! = {1,...,3}) and T? C T con-
taining the periods from 8 + 1 on, if any (T? = {8+ 1,...,|T|}). On T, we solve the exact
two-stage model to obtain precise cost estimates; on T2, we use the robust counterpart to
compute an upper bound on inventory and backlogging costs. The splitting parameter 8 con-
trols the trade-off between solution quality and running time: a larger 8 implies more periods
treated exactly, improving the bound at the cost of increased computation. The two limiting
cases recover existing methods: when T = T (i.e. 8 = |T), the heuristic reduces to the two-
stage formulation 2rMSPP [4.7]; when T2 = T (i.e. 8 = 0), it reduces to the robust counterpart
sMSPP [4.27]. When both sub-horizons are non-empty, we obtain the horizon-split heuristic
hMSPP [4.28].

Note that, since T' does not extend to the end of the horizon, the terminal condition I, 7| =
B = 0 imposed in the exact model (see Section 4.2) must be relaxed for the two-stage
subproblem on T'; otherwise, the subproblem may become infeasible. Another way to ensure
feasibility of the two-stage subproblem on 7! is by imposing 8 > max.csL, to guarantee that
at least one order can be placed and delivered within 7.

We choose the first option for full flexibility, allowing § to take any value in {0, 1,...,|T|} and
letting the model determine the optimal inventory/backlogging levels at the end of 7. The
resulting formulation is below.

hMSPP  min Y > (0} + pig;) + A (4.28a)
teT seS
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st. Ay+Rqg>b (4.28b)
q; < My; teT,seS (4.28c¢)
A=A+ N (4.284)
A> D (4.28e)
teT?
t ot t
ct > Igleag( {CQL (Z Z Z ViRdn — Z dh> } teT? (4.28f)
s€S h=1k=h h—1
¢
ct > max {ct (Z dp, — Z Z Z th‘Ih> } teT? (4.28g)
s€S h=1k=h
y € {0, 1}/7xIs1 g e RITIIS] (4.28h)
T2 14,2 .
I,BeR, ', MAAeRy (4.281)
A= T s 4.28j
glggmmtgl o It + ¢y I) (4.28j)

=> Z Z Vindh — Z dy teT' (4.28K)

s€S h=B+1k=h
1,BeRr" (4.281)

The inner maxmin in 4.28j computes the worst-case inventory /backlogging cost A! for the first
B periods, while constraints 4.28f-4.28g compute an upper bound on the inventory/backlogging
cost A\? for the remaining periods. The value of X is computed as the sum of the two contribu-
tions in constraint 4.28d.

The inner maxmin in 4.28j can be replaced by Benders cuts as we do in 2rMSPP, while the
max problems in 4.28f-4.28g can be relaxed and replaced by their dual as in sSMSPP.

One could decide, in principle, to decompose the original problem into more than two prob-
lems. However, the more you decompose, the more expensive the combined solution becomes.
Hence, we chose a binary decomposition.

4.6 Computational Setup and Experimental Design

In this section, we discuss the setup and design of our computationalstudy. In Section 4.6.1,
we elaborate on the hardware, the software, and the solver used in our computational study.
Afterward, in Section 4.6.2, we describe our test instances.

4.6.1 Computational Setup

All experiments were performed on a 64-bit Linux system with an Intel Core i9-13900K (3 GHz)
and 128 GB RAM using 4 threads. The models and algorithms were implemented in Python
3.10.15 and solved using IBM ILOG CPLEX 22.1.1. We set a time limit of 600 seconds
per instance and use a relative optimality gap tolerance of 1073. To guide the branching
strategy, we assign higher branching priority to the first-stage binary variables y. All the
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other parameters are the their default values. We employ two types of callbacks in CPLEX to
dynamically generate Benders cuts: the Lazy constraints callback and the User cuts callback.
We also use the Heuristic Callback to pass to the solver the best solution obtained combining
(y,q) provided by the master and A obtained in the separation phase (see Section 4.4.3).
Code and instances are publicly available at
https://github.com/fragiancola/mspp-under-uncertainty.

4.6.2 Instances

The test instances were generated taking inspiration from [133], but adapted to our setting
with some modifications to account for the specific characteristics of our two-stage robust
model and uncertainty set formulation.

We consider five different time horizons |T'| € {20, 30, 40, 50,60} and four different sets of sup-
pliers |S| € {5,10, 15,20}. For each combination of time horizon and number of suppliers, ten
instances were generated, yielding a total of 200 instances. The performance of the algorithm
is evaluated by averaging the results over the various instances in each group.

Demand for each period is drawn from a uniform distribution in [20,40] starting from the
first period. For each supplier s € S, the base value for the unit purchasing cost and for the
fixed ordering cost are generated randomly in [5,20] and in [12, 14] respectively. For each time
period t € T, this base value of cost is then varied within +50% to account for time-dependent
cost fluctuations. Similarly, inventory and back-ordering costs also vary across time within
+50% of their base values ¢t = 0.2 and ¢~ = 2.4, respectively, making it much more expensive
to backlog than storing inventory.

For each supplier s € S, lead time intervals [¢*, £®] are generated by first drawing a mean
lead time Lyean from {2,4,6}, a lower deviation Loy from {0,1,2,3}, and an upper deviation
L., from {0,1,2,3}. Then, ¢* = max{0, Lmean — Liow} and £°% = min{Lmyean + Lup, T}
This procedure generates a variety of lead time profiles, including some rare cases with zero
variability (¢* = £°) and some with larger variability (width of 5 or 6), for an average interval
width of 3 periods.

Regarding the uncertainty set, the parameter K, representing the maximum delay difference
between consecutive orders from the same supplier, is randomly sampled from [2,5] for each
instance.

The parameter H, which bounds the total delay across all suppliers, is set based on practical
considerations. Specifically, we assume that at most 20% of the total orders placed may
experience delays. Accordingly, for each planning horizon T', we compute the average number
of orders in the optimal deterministic solution and use this value to calibrate H.

4.7 Computational Results and Discussion

4.7.1 Exact Algorithm Performance

Scalability Analysis We analyze the scalability of the exact branch-and-cut algorithm with
respect to the dimensions of the problem, focusing on the two most relevant parameters: the
time horizon |T'| and the number of suppliers |S|. Figure 4.2 displays the success rate as a
heatmap over the (|7|,|S|) grid. The success rate is computed as the percentage of instances
solved to optimality within the time limit. For |T| < 40, all 120 instances are solved to
optimality. When |T'| increases to 50, the success rate drops to 80% for |S| = 5 and to 20%
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for |S| = 20. For |T'| = 60 and |T| = 80, only 7 and 1 instances are solved, respectively.
This transition between |T'| = 40 and |T'| = 50 is sharp: below the threshold, all instances are
tractable and easily solved; above it, the algorithm fails on the majority of cases. Thus, we
can identify a first region (|7 < 40), where all the problems are easily solved, and a second
region (|T'| > 50), where this is not always the case.

% —
(=] (=3
(=]

S|

Success rate (%)

20 30 40 50 60 80
|T|

Figure 4.2. Success rate (%) for each (|T],]S|) configuration, where T is the time horizon and S is
the number of suppliers. The success rate is computed as the percentage of instances solved to
optimality within the time limit.

Table 4.2. Average execution time for solved instances (|T| < 40) and average optimality gap for
unsolved instances (|7'] > 50).

Avg. Time (s) Avg. Gap (%)
S| IT] 20 30 40 50 60 80
5) 03 3.1 15.7 09 25 43
10 06 84 633 3.1 3.3 10.7
15 1.3 219 130.1 74 7.4 19.3
20 1.9 293 222.7 7.8 12.8 16.2

Within the second region, |S| becomes a critical factor in determining tractability. We further
analyze the impact of |T'| and |S| on execution times (for the instances solved to optimality,
with |T| < 40) and optimality gaps (for the instances not solved to optimality, with |T'| > 50).
Table 4.2 presents a detailed view of these metrics across the different configurations (|T,|.S]).
For the solved instances, execution time increases with both |T’| and |S|. Moreover, the impact
of the two parameters is correlated: a larger number of suppliers has a more evident effect on
execution times as the length of the time horizon increases. This is evident when comparing
the time increase due to |S| for the same values of |T'|. Similarly, for the unsolved instances,
the optimality gap at termination increases with both |7 and |S|. However, when the number
of suppliers is small, the gap remains below 5%. As |S| increases, the gap grows: it exceeds
10% for |S| > 15 and reaches 19.3% for |T'| = 80 and |S| = 15.
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Impact of Valid Inequalities We compare the performance of the branch-and-cut algo-
rithm with and without the inequalities defined in Section 4.3. Table 4.3 reports the computa-
tional results aggregated by |T'|. Valid inequalities provide a modest but persistent computa-
tional benefit. On the 145 instances solved by both formulations, the use of valid inequalities
yields an average speed-up of 1.23x, with improvements ranging from 1.07x when |T| = 20 to
1.45% if |T| = 30 and 1.36x at |T|=50.

Table 4.3. The number of instances solved to optimality (“#opt”), the average execution time (“time”,
in s) and the average optimality gap (“Gap”, in %) are reported for the two-stage formulations for
different values of |T|. Additionally, the speed-up ratio (“speed-up”), and the difference in the
optimality gap (“AGap”) are reported to compare the two formulations.

With VI Without VI Comparison
|T|  #opt time(s) Gap(%) #opt time(s) Gap(%) speed-up AGap
20 40/40 1.0 - 40/40 1.1 - 1.07 -
30  40/40 15.7 - 40/40 22.8 - 1.45 -

40  40/40  101.3 - 39/40  128.6 - 1.27 -

50 19/40  133.3 9.5 19/40  181.7 11.1 1.36 -1.6
60 7/40 82.6 8.4 9/40 75.8 11.1 0.92 -2.7
80 1/40 113.9 13.2 1/40 98.7 14.7 0.87 -1.6

Tot. 147/240 74.63 10.7  148/240 84.78 12.6 1.23 -1.9

For the 90 instances unsolved by both formulations, the version with valid inequalities yields
lower optimality gaps, with a reduction of 1.9 percentage points on average. The gap improve-
ment is more evident for |T|=60 (—2.7%).

Time Distribution In this paragraph, we provide detailed insights into the algorithmic
behavior of the branch-and-cut method, analyzing how computational effort is distributed
across different components. Figure 4.3 shows how computational time is distributed across
different algorithmic components for each (|7, |S|) configuration. Figure 4.3 (a) displays the
share of time spent at the root node versus the rest of the branch-and-bound tree. Figure 4.3 (b)
shows the relative time spent on the separation subproblem versus the master problem.

The figure reveals two key patterns. First, the time spent at the root node decreases as
instances become larger. Second, the separation consumes most of the total execution time,
especially for larger instances.

4.7.2 Heuristic Algorithm Performance

Recall that the heuristic is based on a hybrid approach controlled by the parameter 5 €
[0, |T"|], which determines the extent of exact two-stage optimization versus robust-counterpart
approximation.

Solution Quality Analysis We consider instances with || € {20, 30,40} and |S| € {5, 10, 15,20}.
Out of the 120 instances, we restrict our analysis to the 112 instances solved to optimality
within the time limit for every value of 3, to avoid bias due to incomplete data. These in-
stances include all 40 instances with |T'| = 20, 39 out of 40 instances with |T'| = 30, and 32 out
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Figure 4.3. Time breakdown across (|T, |S|) configurations. (a): share of total time spent at the root
node versus the branch-and-bound tree. (b): share of combined master and separation time spent
on the master problem versus the separation subproblem.

of 40 instances with |T'| = 40. For each of these instances, we compare the heuristic objective
value (for varying /) against the optimal value obtained by the exact method. Figure 4.4(a)
reports the deviation from the optimal objective value as a function of 3/|T|, with one curve
per horizon length (|T'| € 20,30, 40). Each point on a curve is obtained by averaging over all
instances sharing the same |T'| and 3, across all values of |S|. The deviation from optimality
decreases steadily as § increases, for all values of T'. The rate of decrease is steeper for small
B/T and gradually moderates as /T approaches 1. Although the change in slope is mild,
three regions can be identified in the plot: when /T € [0,0.25], the decrease in deviation is
steepest, meaning that small increases in 8 yield significant improvements in solution quality;
when 3/T € [0.25,0.75], the deviation continues to decrease, but the improvement per unit
increase is more moderate; when /T € [0.75, 1], the marginal gain becomes less pronounced,
indicating diminishing returns as the solution approaches the exact two-stage formulation.
Figure 4.4(b) disaggregates the results according to |S|. The deviation when 5 = 0 ranges from
3.5% (|T'| = 20, |S| =5) to 8.0% (|T| = 30, |S| = 20), confirming that the robust counterpart
leaves a non-negligible gap with respect to the exact solution. Increasing S reduces this gap.
When = T/2, the residual deviation is already below half of its initial value. Overall, these
results indicate that a moderate two-stage window covering approximately half the planning
horizon captures a substantial portion of the benefit of the full exact formulation.

Scalability We now analyze how the heuristic scales with instance size. Figure 4.5 shows
the success rate (percentage of instances solved within the 600-second time limit) for |T'| €
{50,60,80} and |S| < 20 as a function of S.

The results show that the heuristic enables solving instances that would be intractable with
the exact approach. For |T'| = 50, the heuristic solves the majority of instances to optimality
for 8 < 20, with success rates above 75%, while the exact algorithm (5 = 50) solves only about
40% of instances. For |T| = 60, where the exact approach struggles further (solving only 22%
of instances), the heuristic achieves success rates around 55% for 8 < 20. For |T'| = 80, the
instances become impossible to solve exactly within the time limit. The heuristic still provides
value for smaller numbers of suppliers: for |S| =5 and 5 < 30, the success rate reaches 90%,
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Figure 4.4. Effect of 8 on solution quality. (a) Deviation from optimality as a function of 3/|T| for
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compared to only 20% for the exact algorithm. As |S| increases, both the exact and heuristic
approaches face greater difficulty. The heuristic nonetheless enables scaling along the time
dimension, which is the most relevant parameter from a practical standpoint.

4.7.3 Robustness Analysis

We now investigate how the uncertainty parameters H and K affect the purchaising choices and
provide suggestions on the policies to be adopted. We recall that H represents the maximum
number of late orders across the entire planning horizon, while K controls the maximum delay
difference between consecutive orders from the same supplier. For this analysis, we restrict
our attention to a subset of instances with |T'| = 20 and |S| € {5, 10}, and systematically vary
H e {1,2,...,10,30} and K € {1,2,3,4,5,20}. For each (H, K) configuration, 20 instances
(10 per value of |S|) are solved to optimality. All results are compared against the deterministic
case, which serves as a benchmark for the cost components and solution structure. With
deterministic case we refer to the solution of the problem without uncertainty, i.e., assuming
that all orders are delivered on time (at £9).

Parameter H Parameter H controls the maximum number of late orders over the entire
planning horizon. As H increases, a wider range of delay scenarios must be considered. Fig-
ures 4.6 and 4.7 provide a graphical representation of the effect of H on cost components and
solution structure. The deterministic case is included as a reference point, indicated by the
dashed horizontal lines in the plots. For this analysis, to isolate the effect of H we fix K = 20,
thus removing the correlation constraint.

The behavior is qualitatively identical for |S| = 5 and |S| = 10: while the absolute volumes
differ due to the different number of suppliers, the trends remain nearly invariant. This suggests
that the effect of H on solution structure is driven by the nature of the uncertainty rather
than by the size of the supplier pool. The detailed numerical results, disaggregated by |S|, are
reported in the Appendix.

Figure 4.6(a) shows that total cost increases monotonically with H, but with diminishing
returns, indicating that the first few units of additional uncertainty have the major impact on
solution cost, while further increases yield progressively smaller effects. The increase is driven
primarily by backlog costs; nevertheless, purchasing costs also rise, meaning that hedging
against uncertainty forces the model to deviate from the cost-optimal plan by using more
expensive suppliers, less favorable times, or suboptimal quantities.

Figure 4.7 shows how the structural characteristics of the solution—number of orders placed
during the planning horizon, number of suppliers from which orders are placed, and number
of periods in which orders are placed, and finally, the number of late orders— evolve with H.
The solution structure reveals two distinct regimes. For H < 4, the model diversifies: for
|S| = 10 orders rise from 6.5 to 8.5, active suppliers from 2.4 to 3.2. This diversification
strategy—placing more, smaller orders from a wider set of suppliers—reduces the exposure to
any single supplier’s delays. Note that while the number of ordering periods increases, the
growth is less pronounced than that of total orders, indicating that some of the additional
orders are placed in the same periods already identified as cost-effective by the model. For
H > 5, a reversal occurs: orders drop to 4 (below the deterministic level of 4.3), suppliers
to 2.2, and ordering periods to 3.8. We move from a diversification strategy to a consolidation
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Figure 4.6. Effect of H on cost components.
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strategy, where fewer, larger orders are placed from a smaller set of suppliers. This could seem
counter-intuitive at first, but the behavior admits an explanation based on the nature of the
uncertainty and the model’s response to it. When H is large, a large fraction of the orders can
be delayed: diversification no longer provides effective protection, because even orders spread
across many suppliers can all be simultaneously delayed. The model therefore switches to a
different strategy: placing fewer, larger orders to save on fixed ordering costs, prioritizing cost
efficiency over risk mitigation. Figure 4.7(d) shows the number of late orders as a function of
H. The number of late orders increases with H, reaching a maximum of 3.5 at H = 6, before
declining slightly to 2.1 for H > 8. This peak coincides with the transition between the two
regimes described above. For H < 6, the model still places many orders (thus exposing more
orders to potential delays), so the number of late deliveries grows. Nevertheless, the number of
late orders remains relatively low with respect to the total number of orders. This confirms one
of the greater difficulties of this problem: the worst-case scenarios are not those in which all
orders are delayed, but rather those in which a small number of strategically chosen orders are
delayed, which makes the problem more complex and less intuitive. For H = 30 (all orders can
be delayed), the results are nearly identical to H = 10, indicating saturation beyond H = 8.

Parameter K Parameter K controls the maximum absolute difference in delay between
consecutive orders from the same supplier. As K increases, the delay patterns can become more
diverse and less predictable across consecutive orders from the same supplier, thus increasing
the complexity of the problem. As before, the deterministic case is included as a reference
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Figure 4.8. Effect of K on cost components. Dashed horizontal lines indicate the deterministic
benchmark for each value of |S].

point, indicated by the dashed horizontal lines in the plots. For this analysis, to isolate the
effect of K we fix H = 30, thus removing the budget constraint. Figure ?? and Figure 77?7
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show the effect of K on cost components and solution structure, respectively. The effect of K
on cost is more limited than that of H, with total cost increasing by about 5% as K increases
from 1 to 5, and then stabilizing, while the effect on solution structure is even more limited,
with the number of orders, suppliers, and ordering periods remaining relatively stable across
different values of K. Thus, what emerges is that, when H is unconstrained, K has a negligible
effect on both cost and solution structure. This shows that when all the orders can be delayed,
the temporal correlation constraint becomes redundant.
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Figure 4.9. Effect of K on solution structure.

Joint effect of H and K After analyzing the effects of H and K separately, we now
examine their joint impact on cost and solution structure. Table 4.4 reports the percentage
cost increase over the deterministic baseline for each (H, K) pair. The table reveals a clear
saturation pattern.. In the low-uncertainty region (H < 3, K < 2), costs increase steeply with
both parameters, with the cost increase ranging from 4.1% to 19.1%. In the high-uncertainty
region (H > 7, K > 3), the cost increase saturates at approximately 32.8%, and further
increases in either H or K have negligible effect. This saturation corresponds to a situation
where the uncertainty set is large enough that the worst-case delay pattern is already close to
the unconstrained maximum.

Figures 4.10 and 4.11 provide a detailed view of the combined effect of H and K on cost com-
ponents and solution structure, respectively. In both figures, the z-axis enumerates all (H, K)
configurations with K nested within each value of H, and the deterministic baseline is reported
as the leftmost point. The interaction between H and K is critical: for small to moderate val-
ues of H, the parameter K becomes a major driver of the cost of robustness. Notably, the
temporal correlation of delays can have a significant impact on the cost of robustness, contrary
to what emerged in the previous paragraph, for the case where H is unconstrained.
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K\H 1 2 3 4 ) 6 7 8 9 10

1 4.1 279 289 295
2 7.4 319 322 325
3 9.9 32.6 32.7 32.8
4 11.2 32.7 328 328
5

(U8
o
(079)

11.9 32.8 32.8

Table 4.4. Percentage increase in total cost over the deterministic solution.
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Figure 4.10. Effect of (H, K) on cost components.

Within each H group, for moderate values of H, increasing K produces a substantial cost
increase. This increase is driven especially by purchasing costs and backlogging costs. In
particular, for H < 5, the purchasing cost is the main driver of the total cost increase, while
for H > 5, the backlogging cost becomes more significant. This suggests that relaxing the
temporal correlation constraint forces the model to alter its procurement plan (ordering more
often, from more expensive suppliers or at less favorable times) to hedge against more diverse
delay patterns. Nevertheless, when the number of potential late orders is large, the temporal
correlation constraint becomes less relevant, as the adversary already has enough flexibility to
construct worst-case scenarios regardless of K.
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Figure 4.11. Effect of (H, K) on solution structure.

Figure 4.11 showing the joint effect on solution structure, confirms the previous insights. For
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moderate values of H (3 < H < 5), increasing K strongly increases the number of orders: at
H = 3, orders rise from 4.7 (K = 1) to 7.4 (K = 5), a span of 2.8, comparable to the full range
across all H values for fixed K. For H > 7, the effect of K on solution structure becomes
negligible: the model has already shifted to the consolidation regime regardless of K. Regarding
the number of suppliers, the solutions consistently select between 2.0 and 3.3 suppliers on
average, even when |S| = 10 are available (the maximum in any single instance is 5). This
implies that scalability with respect to |S| is less critical in practice, as the model naturally
selects a small subset of suppliers. Finally, both figures exhibit a clear saturation effect: in the
high-uncertainty region (H > 7, K > 3), cost and structural metrics stabilize, indicating that
the uncertainty set has become large enough for the worst-case delay pattern to be effectively
unconstrained.

4.7.4 Managerial Insights

The computational results presented in the previous sections yield several actionable insights
for practitioners involved in robust procurement planning under supplier uncertainty.

The choice of optimization method should be driven primarily by the length of the planning
horizon |T'| and the size of the supplier pool |S|. For horizons up to 40 periods, the exact
algorithm reliably finds optimal solutions within acceptable runtimes, and decision-makers can
confidently rely on it. Beyond this threshold, tractability deteriorates sharply, and the heuris-
tic becomes the method of choice. Importantly, the heuristic offers a flexible lever: by tuning
the parameter 3, practitioners can control how many periods are solved to optimality before
switching to robust approximations. Setting 3 to cover roughly half the planning horizon al-
ready captures a large share of the exact solution’s quality, and smaller values of § can be
used when computational resources are limited. The size of the supplier pool |S| also affects
tractability: instances with a large number of candidate suppliers can be challenging even for
moderate horizons, and practitioners should be mindful of this when specifying the input.

A key observation from the computational experiments is that the optimal solution almost
never activates more than five suppliers simultaneously, regardless of how large |S| is. This
structural regularity suggests a natural two-phase workflow for practitioners. In the first phase,
the exact algorithm is run on an instance with the full candidate set (e.g., |S| = 20) and a
sufficiently long horizon (but still tractable, e.g., |T'| = 40), with the goal of identifying which
suppliers are selected most frequently across the optimal solution. This step is run only once,
producing a small preferred subset of suppliers. In the second phase, the heuristic is applied
with this restricted supplier set and a long planning horizon (up to |T'| = 80), allowing to solve
instances that would be intractable with the exact method while still capturing the most rele-
vant suppliers identified in the first phase. This two-phase approach leverages the strengths of
both methods and provides a practical pathway to robust procurement planning in real-world
settings with long horizons.

The robustness analysis reveals that the model responds to increasing uncertainty through
two qualitatively different strategies, depending on the regime of H. In the low-uncertainty
regime (small H ), the model adopts a diversification strategy: orders are spread across multiple
suppliers and multiple periods so that if one delivery is delayed, alternative sources and orders
can compensate, reducing the impact of any single disruption. As H increases and the worst-
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case scenario becomes more severe, diversification alone is no longer sufficient: splitting orders
across many suppliers exposes more deliveries to potential delays, increasing vulnerability.
The model therefore transitions to a consolidation strategy, concentrating orders on a smaller
number of highly reliable suppliers and adjusting order timing to build safety buffers. The
idea is that, if risk cannot be mitigated after all, it is better to focus on cost efficiency and
save money on purchasing and ordering costs.

4.8 Conclusions

This chapter studied the Multiple Suppliers Purchase Planning problem under lead time un-
certainty, formulated as a two-stage robust optimization problem. In this setting, a buyer must
decide which suppliers to activate and how much to order from each, before the actual lead
times are revealed, so as to minimize the worst-case total cost—comprising purchase prices,
fixed ordering fees, inventory holding, and backlogging penalties—over all realizations of delays
consistent with a prescribed uncertainty set. We design of a structured uncertainty set I' that
captures two practically motivated properties of lead time variability: a budget H bounding
the total number of late deliveries across the entire planning horizon, and a correlation pa-
rameter K limiting the maximum absolute difference in delay between consecutive orders from
the same supplier. Unlike continuous uncertainty sets used in prior work, I' contains integer
variables, reflecting the requirement that each order arrives in its entirety at a single point in
time. We studied the polyhedral structure of the single-supplier projection I'*| identifying two
families of valid inequalities that are facet-defining for I'* and can be used to strengthen the
formulation. We also derived some polyhedral properties and found the complete description
of the convex hull of I'*. We then developed an exact Benders-like branch-and-cut algorithm
to solve the two-stage robust model and a horizon-split heuristic to approximately solve larger
instances that are intractable for the exact approach. We observe a sharp tractability tran-
sition for the exact algorithm around 50 periods, while the heuristic enables the solution of
instances with up to 80 periods. Finally, we conducted a comprehensive computational study
to evaluate the performance of the proposed algorithms and to analyze the model’s robust-
ness properties and managerial implications. In particular, we identify two distinct regimes of
behavior as the uncertainty parameters H, i.e., the maximum total number of late deliveries,
and K, i.e., the maximum absolute difference in delay between consecutive orders from the
same supplier, vary: a diversification strategy that spreads orders across many suppliers and
periods when uncertainty is limited, and a consolidation strategy that concentrates orders on
fewer suppliers when uncertainty is pervasive. We also observe strong saturation effects, indi-
cating that the model’s behavior stabilizes beyond certain thresholds of H and K, which has
practical implications for parameter calibration. Also, we find that the cost of robustness—i.e.,
the increase in total cost compared to a deterministic benchmark with no uncertainty—can be
significant, especially when H is large, highlighting the importance of accounting for lead time
variability in procurement planning. Finally, we propose a two-phase decision-making frame-
work to guide practitioners in solving larger instances. We suggest using the exact algorithm
to solve a smaller instance with a reduced number of periods, but a larger set of suppliers,
to choose the most promising subset of suppliers to consider in the full-size instances. As
a second step, we recommend using the heuristic approach to solve a full-size instance with
larger number of periods, considering the selected subset of suppliers. The present work fo-
cuses on a single-item, uncapacitated setting with backlogging allowed and lead time as the
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sole source of uncertainty. A natural direction for future research is the multi-item generaliza-
tion, where demand interactions across products—shared suppliers, joint ordering economies,
or substitution effects—would enrich both the modeling and the algorithmic challenges. On
the uncertainty modeling side, it would be interesting to consider joint uncertainty in both
lead times and demand, which would require a more intricate uncertainty set and a three-stage
or rolling-horizon formulation. Finally, a data-driven approach to calibrate the uncertainty set
parameters H and K from historical delay records could strengthen the connection between
the theoretical model and real-world procurement practice.
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Chapter 5

Modeling Network Congestion
under Demand Uncertainty Using
Wardrop Principles !

5.1 Introduction

Congestion is one of the central challenges in urban transportation, leading to increased travel
times, fuel consumption, and emissions. To mitigate these effects, effective traffic manage-
ment requires anticipating how travelers respond to changing network conditions, especially
variations in travel demand arising from, e.g., daily fluctuations, seasonal trends, or unfore-
seen events. Because such variations are inevitable and often difficult to predict accurately,
understanding the potential worst-case congestion in a traffic network is crucial.

In this chapter, we study the problem of determining the worst-case congestion in a multi-
commodity traffic network subject to demand uncertainty. Effectively, we stress-test a given
network by identifying demand realizations and corresponding travelers’ route choices that
maximize congestion. To this end, we propose a novel bilevel formulation in which a traffic
planner acts as the leader and the users of the traffic network act as the followers. In the leader’s
problem, we explicitly model the uncertain travel demand against which the traffic planner
wants to hedge. For this purpose, we exploit ideas from robust optimization [129, 20, 24] so
that demand realizations are drawn from a predefined uncertainty set. We use both ellipsoidal
and polyhedral uncertainty sets, including the hose polyhedron [59, 57] and the budgeted
uncertainty set [25, 26, 127]. To model the travelers’ route choices, we consider the two Wardrop
principles—the user equilibrium and the system optimum [141, 140]. In a user equilibrium
(UE), travelers select routes that minimize their individual travel costs so that no traveler
can improve their travel time by unilaterally changing routes. In contrast, under the system
optimum (SO), a central planner coordinates or assigns traffic such as to minimize the total
travel time across the network. Overall, we thus consider a single-leader multi-follower bilevel
problem in which Wardrop principles govern the followers’ decisions. An accessible overview
of the two Wardrop principles can, e.g., be found in [50]. Moreover, we refer to [52, 13, 53],
and the surveys in [48, 47, 77| for a general overview of bilevel optimization. Let us further
mention that bilevel problems are notoriously hard to solve. [70] have shown that even linear

!The work presented in this chapter has been developed in collaboration with Yasmine Beck (ESSEC Business
School), Ivana Ljubié¢ (ESSEC Business School), and Sara Mattia (IASI-CNR).
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bilevel problems, i.e., those with continuous variables, linear objective functions, and linear
constraints, are strongly NP-hard in general.

Building on the modeling choices described above and acknowledging the computational chal-
lenges of bilevel optimization, the congestion models studied in this work are reformulated as
mixed-integer nonlinear problems that exploit binary variables and big-M constants, which
can be tackled using state-of-the-art general-purpose solvers. We prove the existence of opti-
mal solutions to these problems, derive valid big-Ms, and propose several enhancement tech-
niques that exploit the network topology and structural properties of optimal flows to further
strengthen the formulations. To measure congestion, we consider three different functions: the
maximum utilization function, which focuses on the most congested arc; the total utilization
function, which accounts for congestion on all arcs of the network; and the Bureau of Public
Roads (BPR) function, which penalizes arcs with very high congestion levels. To compare the
different variants of the congestion models and to assess the effectiveness of the proposed en-
hancement techniques, we conduct an extensive computational study on instances of the Sioux
Falls network [84] and instances from the SNDIib [113, 112]. We analyze both user equilibrium
and system optimum formulations in terms of congestion levels and computational perfor-
mance. Moreover, we compare different problem variants arising from the choice of congestion
measures and uncertainty models, as well as from different travel cost functions, including
linear, quadratic, and BPR functions. Our computational study reveals several key insights.
First, the proposed enhancement techniques significantly improve computational performance,
enabling the solution of larger instances that would otherwise remain unsolved. Second, the
choice of the travel cost function has a greater impact on the computational tractability of the
congestion models than the choice of the congestion measure. Third, the UE formulation can
be solved considerably faster than the SO formulation, while congestion levels under the UE
are typically close to those under the SO. Fourth and finally, we observe a trade-off between
worst-case congestion and computational cost across different uncertainty models, as conges-
tion estimates over larger uncertainty sets are typically obtained at increased computational
effort.

Related Literature

Many applications of bilevel optimization arise in the context of transportation; see, e.g., [102]
for a general overview. In particular, bilevel models have been studied in network design
[83, 94, 19, 60, 121], network pricing [81, 36, 75, 54, 56, 16], or pricing with routing [40].
Among these contributions, however, only a few works consider bilevel formulations in which
the lower level is modeled using Wardrop principles. To the best of our knowledge, [16, 54, 121]
are the closest related studies in this context. In [121], the authors study the discrete network
design problem in which travelers’ act according to the Wardrop user equilibrium principle.
To solve the resulting bilevel model, the authors present a branch-and-price-and-cut approach.
In [54], the authors consider a bilevel toll-setting problem in which travelers again follow
the Wardrop user equilibrium principle. In their work, the authors focus primarily on the
theoretical properties of the model, but a closely related toll-setting problem is studied in [16]
from a computational point of view. In addition, [16] incorporate robust Wardrop equilibria
to model travelers’ route choices subject to uncertain travel costs. Overall, our work thus
differs from the above contributions in two main aspects. First, while [121] address network
design and [54, 16] focus on network pricing, we study the problem of determining the worst-
case congestion that can arise in a given traffic network. Second, we explicitly account for
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uncertainty in the travel demand, whereas [16] consider uncertainty in the travel costs and
[54, 121] study deterministic settings. To the best of our knowledge, no existing work considers
the problem of stress-testing a traffic network under uncertain travel demand using a bilevel
formulation with Wardrop principles governing the travelers’ behavior. Although we focus on
existing traffic networks, let us mention that the insights provided by our models may also be
useful in network design contexts, for example to identify which parts of a network are most
susceptible to congestion under uncertain travel demand.

Outline

The remainder of this chapter is organized as follows. In Section 5.2, we define the congestion
models under the user equilibrium and the system optimum. In Section 5.3, we present mixed-
integer nonlinear reformulations of these problems that exploit binary variables and big-M
constants and prove the existence of valid big-Ms and optimal solutions. In Section 5.4,
we propose several enhancement techniques to strengthen the formulations of the congestion
models. In Section 5.5, we discuss further practical modeling techniques and elaborate on
our specific choice of congestion measures, travel cost functions, and uncertainty models. In
Section 5.6, we describe the experimental setup and the design of the computational study.
The results of this study are discussed in Section 5.7. Finally, we conclude in Section 5.8.

5.2 Problem Statement

We study the problem of determining the worst-case congestion in a traffic network under
uncertain travel demand. To this end, we first introduce the network model and discuss how
to account for congestion and demand uncertainty in Section 5.2.1. Afterward, in Section 5.2.2,
we elaborate on the behavior of the network users, who are assumed to act according to one
of the two Wardrop principles—the user equilibrium or the system optimum.

5.2.1 Congestion Model

To model the multi-commodity traffic network, we consider a directed graph G = (V, A) with
vertex set V and arc set A C V x V. Moreover, vertex subsets S C V and T' C V denote the sets
of origin and destination vertices, respectively. The set of all commodities to be routed through
the network is given by K C S x T" and each commodity k¥ € K has a fixed demand dj, € R>¢
to travel from its origin to its destination. For the ease of presentation, we consider a single
commodity for each origin-destination (OD) pair and all other pairs of vertices are assumed
to have zero demand. For the remainder of this chapter, we make the following connectivity
assumption, which is standard in the transportation literature; see, e.g., Assumption 2.A in
[115].

Assumption 3. For every commodity k = (s, tr) € K, there exists at least one dipath that
connects s and ty in G.

Let f = (fa)aca € R4l denote the vector of all arc flows used to model traffic. To assess the
network under adverse conditions, we consider the worst-possible realization of the travel de-
mand and the corresponding travelers’ route choices. This leads us to considering the problem

max L(f) st. del, fe F(d). (5.1)

)
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Here, we assume that the travel demand d = (dg)rex is not known exactly but that it takes
values within a given uncertainty set #. Moreover, we use F(d) to denote the set of traffic
flows corresponding to the optimal travelers’ responses for a given demand realization d. For
the uncertainty set, we impose the following throughout the remainder of this chapter.

Assumption 4. The set of origin-destination pairs K is fized across all realizations of the
uncertain demand. The uncertainty set U is non-empty, convex, compact, and contained in
the nonnegative orthant R'if)'.

We assume that the uncertainty set U/ is non-empty and compact to ensure the existence
of optimal solutions to the congestion models. Moreover, we assume convexity to obtain
formulations that are more computationally tractable and amenable to state-of-the-art general-
purpose solvers. In Assumption 4, we further require that I/ is contained in the nonnegative
orthant and that the set of commodities is fixed, which guarantees the existence of optimal
flows for all demand realizations. Note that, if the travel demand is perfectly known, i.e., if the
uncertainty set U is a singleton, Problem (5.1) reduces to a deterministic traffic assignment
problem aimed at determining the worst-case congestion. Throughout this chapter, we refer
to this setting as the deterministic case and use it as a baseline for assessing the impact of
demand uncertainty on network congestion.

For the latency function L(f) used to measure congestion, we make the following assumption.

Assumption 5. The latency function L : ]R‘fo‘ — R>q, f+— L(f) is continuous.

Next, we elaborate on the Wardrop principles used to model traffic flow for a given d € U.

5.2.2 Wardrop Principles

For computational tractability, we adopt a fully aggregated node-arc formulation in which all
commodities with the same origin are treated as a unique commodity with a single source and
multiple destinations. In the transportation literature, it is well known that such an aggregation
preserves the set of optimal flows, provided there are no commodity-dependent costs; see, e.g.,
Section 5.2.3 in [33], [28], and [43] in which similar settings are studied. In what follows, we

model aggregated commodity flows using variables x = (2°)ses with z° = (23)4eca € R';ﬂ for
all s € §. The overall arc flows are then given by

f=>a". (5.2)
seS

Moreover, for every source s € S, we define the set of commodities that originate in s as
K :={k = (s, tx) € K: s, = s}.

In what follows, we use §™(v) and d°**(v) to denote the sets of in- and outgoing arcs of
vertex v € V, respectively. Flow conservation can then be stated as

Z xy — Z x, =d;, veV,sels, (5.3)
a€dout(v) aedin(v)
with
+ZkeK$ dg, v=s,
df}: —dy, k= (S,U) € K,

0, otherwise.
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With the constraints in (5.2) and (5.3) at hand, which characterize feasible flows in the traffic
network, we now extend the model to incorporate travel costs. These costs determine how
users choose their routes and, consequently, how flows distribute across the network. For each
arc a € A, we define a travel cost function

A
ca: RE = Roo,  f s calfo)s

which captures the time required to traverse the arc as well as additional expenses such as
fuel consumption or congestion-induced delays. In line with standard terminology, we use the
terms travel time and travel cost interchangeably. Moreover, the following will be a standing
assumption for the remainder of this chapter.

Assumption 6. For every arc a € A, the function c, : ]R'fo‘ — Reo, [+ ca(fa) is conver,

non-decreasing, and continuously differentiable in f.

In particular, we assume that travel costs are separable, i.e., the cost of traversing an arc a € A
only depends on the flow on that arc but not on the flows on other arcs of the network.
Assumption 6 is satisfied by many travel cost functions studied in the literature such as, e.g.,
the BPR function; see also Section 1.5 in [115] for further discussions. Let us now formalize
the behavior of users in the traffic network. To this end, we follow the Wardrop principles
[141, 140] and distinguish between the user equilibrium and the system optimum. For both
settings, we assume that travelers have complete knowledge of available paths and that traffic
flows remain stable over time.

User Equilibrium

In the user equilibrium, travelers act selfishly by selecting their routes such as to minimize
their own travel times. This behavior leads to a stable state in which no individual user can
reduce their travel costs by unilaterally changing routes. Consequently, in a Wardrop user
equilibrium, all paths used by a given commodity have equal travel costs. For separable travel
cost functions, the UE can be obtained as an optimal solution to the problem

. fa
min ; /O cal€)dE st (5.2), (5.3). (5.4)

fz>0

Hence, under the user equilibrium, the set F'(d) corresponds to the set of optimal solutions to
Problem (5.4). A similar problem is, e.g., considered in Section 3.6.2 in [58].

System Optimum

The system optimum seeks to minimize the total travel time across the network by coordinating
the flow of all users. This corresponds to a situation in which the marginal travel times are
the same on all routes used by a given commodity. Otherwise, shifting flow from a higher- to a
lower-cost route would reduce the overall travel time. The SO can be obtained as an optimal
solution to the problem

min > ca(fa)fa st (5.2), (5.3). (5.5)

>
220 a€A

Hence, under the system optimum, the set F'(d) corresponds to the set of optimal solutions to
Problem (5.5). For further discussion of the SO, see also Section 2.4 in [115].
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a

Figure 5.1. The traffic network considered in Example 5.

To sum up, for each demand realization d € U, both the UE and the SO can be obtained
by solving appropriately chosen nonlinear optimization problems (NLPs). The two models
share the same linear feasibility constraints, i.e., the only nonlinearities arise in the respective
objective functions. As a result, the Abadie constraint qualification is satisfied for all feasible
points. Moreover, under Assumption 6, Problems (5.4) and (5.5) are convex NLPs, so that
the Karush-Kuhn—Tucker (KKT) conditions are both necessary and sufficient optimality con-
ditions. Finally, let us mention that the main difference between the UE and SO models lies in
their behavioral assumptions. The UE reflects decentralized, selfish route choices by individual
travelers, whereas the SO represents a centralized assignment of traffic flows that minimizes
total travel time.

5.2.3 Congestion Ratio

To compare the congestion levels under the user equilibrium and the system optimum, we
introduce the so-called congestion ratio (CR), which we define as

UE
cr— L)
L(f59)

Here, fUP and f5° denote optimal arc flows in the UE and the SO formulation, respectively.
A congestion ratio of 1 indicates that the user equilibrium solution achieves the same overall
congestion as the system optimum. Values greater than 1 indicate higher congestion under the
UE, whereas values lower than 1 indicate higher congestion under the SO.

Note that the congestion ratio differs from the price of anarchy [79], a widely used metric in the
transportation literature for comparing UE and SO solutions. The price of anarchy measures
the efficiency loss caused by selfish routing by comparing aggregated travel costs under a given
demand realization and is, by definition, always at least 1. In contrast, the CR focuses on
congestion rather than total travel cost and may compare UE and SO flows corresponding
to different demand realizations in our framework. As a result, the CR captures worst-case
congestion levels and, unlike the price of anarchy, can take values below 1. We illustrate such
a behavior with the following example.

Example 5 (CR < 1). We consider the network depicted in Figure 5.1 with a single com-
modity k = (2,1) whose demand is uncertain and takes values in the interval [30,50]. For
all arcs a € A = {a1,a2,a3}, we use the travel cost function cq(f,) = 1+ 0.15(f,/20)* and
measure congestion as L(f) = Y ,ca fa, which captures the overall traffic load. In this net-
work, there are two paths from the origin vertex 2 to the destination vertex 1, namely 2 — 1
and 2 — 3 — 1.

Under the UE formulation, the worst-case demand is dUF = 50 with optimal flows fa[{E = 33.2
and ng = aUgE = 16.8, which results in a congestion value of L(fY¥) = 3.34. Under the SO
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formulation, the worst-case demand is still d°° = 50 but the optimal flows are fflo = 284
and f(f';O = fio = 21.6, which yields L(f5°) = 3.58. Hence, the congestion ratio is

L(fUF)  3.34
CR L(f50) = 358 0.93 < 1,

which shows that the UE solution can achieve lower worst-case congestion than the SO solu-
tion, a behavior that cannot occur with the price of anarchy. Note that, in this example, both
formulations yield the same worst-case demand realization, but this does not have to be the
case in general.

5.3 Single-Level Reformulations

Because of its nested structure, the congestion model (5.1) is intrinsically hard to solve. Mo-
tivated by common approaches in bilevel optimization, we thus reformulate it as a single-level
problem, which can then be tackled using state-of-the-art general-purpose solvers. Under
Assumption 6, the lower-level problems (5.4) and (5.5) are convex d-parameterized NLPs,
which allows to use their KKT conditions to obtain equivalent single-level reformulations. We
present the single-level reformulations of the congestion models under the user equilibrium
and the system optimum in Sections 5.3.1 and 5.3.2, respectively. As the resulting problems
are mathematical problems with equilibrium constraints (MPECs)—see, e.g., [89] for a gen-
eral overview—we further reformulate them as mixed-integer nonlinear problems (MINLPs),
following the same ideas as in [61]. To this end, we introduce auxiliary binary variables and
sufficiently large big-M constants, which we derive in Section 5.3.3. Finally, we prove the
existence of optimal solutions to the congestion models in Section 5.3.4.

5.3.1 Congestion Model under the User Equilibrium

For a given demand realization d € U, the KKT conditions of Problem (5.4) can be stated as

f= Z$s, (5.6a)

seS
SNooar— > ap=d;, veV,ses, (5.6b)
aeéout(v) aeéin(v)
0<cofa) +77—77 Lag >0, a=(i,j) €A, seS. (5.6¢)
Here, the variables 7 = (7%);cg with 7% = (73)sev € RV correspond to the Lagrangian

multipliers associated with the flow conservation constraints in (5.3). Here the notation 0 <
a 1 b>0 is used for the complementarity condition meaning that a > 0, b > 0, and a - b = 0.
Because the KKT conditions are necessary and sufficient for Problem (5.4), we can replace
Problem (5.4) with System (5.6) to obtain the single-level reformulation of the congestion
model (5.1) given by
max L(f) st. delU, (5.6a)-(5.6¢). (5.7)
d,f,x,T
Problem (5.7) is an MPEC because of the complementary constraints in (5.6¢). Nevertheless,
we can exploit the disjunctive nature of these constraints to derive an MINLP reformulation of
the overall congestion model. To this end, we introduce auxiliary binary variables y5 € {0,1}
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and sufficiently large constants M;, N; € R>( for all arcs a € A and all origin vertices s € §
so that we can equivalently re-write the constraints in (5.6c) as

0<cu(fa) +77 =717 < M;(1—yg), a=(i,j)€ A, s€S, (5.8a)
0<zl <Ny, ac€ A seSs. (5.8b)

For a € A and s € S, the binary variable y; indicates whether any flow originating in s uses
arc a. The MINLP reformulation of Problem (5.1) then reads

oo L(f) st. del, (5.6a), (5.6b), (5.8),ys € {0,1},a€ A, s€S. (5.9)
b 7x’T7y

In general, Problem (5.9) is a nonconvex MINLP because the constraints in (5.8a) are nonlinear
and nonconvex for general convex travel cost functions; cf. Assumption 6. Nevertheless, we
emphasize that the structural properties of Problem (5.9) depend strongly on the specific choice
of travel cost and latency functions. For instance, if both are linear, Problem (5.9) is a convex
mixed-integer linear problem (MILP). We elaborate on problem variants in Section 5.5, where
we study different choices of travel cost and latency functions in more detail.

5.3.2 Congestion Model under the System Optimum

For a given demand realization d € U, the KKT conditions of Problem (5.5) can be stated as

f=> 4", (5.10a)

seS
Yooap— Y ab=di, veV,seS, (5.10D)
a€dout(v) a€din(v)
0 < calfa) + faCy(fa) + 70 — 75 Ly >0, a=(i,j) € A, s€S. (5.10c)

Here, c,(f,) denotes the derivative of the travel cost function c¢,(f,) with a € A. Because
the UE formulation (5.4) and the SO model (5.5) only differ in their objective functions, the
corresponding KKT conditions only differ in (5.6¢) and (5.10c). As before, we obtain a single-
level reformulation of the congestion model (5.1) by replacing Problem (5.5) with its necessary
and sufficient KK'T conditions. This yields

Jnax L(f) st. delU, (5.10a)—(5.10c). (5.11)

Again, we introduce auxiliary binary variables y5 € {0, 1} and sufficiently large constants M?, N2 €
R>g for all a € A and s € S to obtain an equivalent MINLP reformulation of (5.7), which is
given by

max  L(f) (5.12a)
d,f,z, 1,y

st.  del, (5.10a), (5.10b), (5.12b)

0 < co(fa) + falh(fa) + 75 — 75 < Mg (1 —ya), ac A seS, (5.12c¢)

0<uzl <Ny, a€ A seSs, (5.12d)

ys € {0,1}, acA ses. (5.12¢)
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5.3.3 Variable Bounds and Big-Ms

Note that the equivalence of Problems (5.9) and (5.12) to the original congestion models under
the UE and the SO relies on choosing appropriate values for the constants M7, N; for alla € A
and s € S. In this section, we show that such sufficiently large constants exist by proving valid
bounds for the variables f, x, and 7.

Proposition 3. Let d € U be given arbitrarily. Then, under Assumptions 3, 4, and 6, Prob-
lems (5.4) and (5.5) each admit an optimal solution (f,x) that satisfies

0<uz < de, ac€A ses,
keKs

as well as

0<fa<d > di, acA

seES keK

Proof. Because the travel cost functions are positive and non-decreasing under Assumption 6,
any positive flow on a cycle would increase the objective function value and therefore cannot
occur in an optimal solution; cf., e.g., Theorem 3.8 in [3]. Hence, we can, w.l.o.g., add the
constraints 0 <z < 3 pcf, di for alla € A and s € S to Problems (5.4) and (5.5) without af-
fecting their sets of optimal solutions. As the variables x are linearly coupled to the arc flows f
via (5.2), this directly implies finite bounds for f, i.e., all flow variables are bounded. The
feasibility of Problems (5.4) and (5.5) follows from Assumptions 3 and 4. Moreover, as the fea-
sible sets are described by finitely many linear constraints, they are compact. Finally, because
the objective functions of the UE and SO problems are continuous, the Weierstrass theorem
yields the existence of optimal solutions to Problems (5.4) and (5.5); see, e.g., Theorem 2.4 in
[115] for similar arguments. O

Proposition 4. Let d € U be given arbitrarily and suppose that Assumptions 3, 4, and 6
hold. Then, for every (f,z) € F(d), there exists T such that 0 < 75 < oo holds for all v €
V oand s € S, and (f,z,7) solves (5.6) or (5.10) under the user equilibrium or the system
optimum, respectively.

Proof. The claim can be shown in analogy to Remark 1 and the proof of Proposition 3 in
[16]. O
Finally, we mention that sufficiently large constants M; and N3, a € A, s € S, to be used in
Problems (5.9) and (5.12) can be obtained by exploiting Propositions 3 and 4 together with
Assumption 6 and the specific structure of the travel cost functions; see, e.g., [16] for further
details.

5.3.4 Existence of Solutions

To conclude this section, we now prove the existence of optimal solutions to the congestion
model (5.1) under the UE and the SO.

Theorem 9. Under Assumptions 36, the congestion model (5.1) admits an optimal solution
under both the user equilibrium and the system optimum.
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Proof. The function L is continuous because of Assumption 5. Moreover, the set U is non-
empty and compact due to Assumption 4 and, by Propositions 3 and 4, the set F(d) is non-
empty and bounded for all d € Y. In addition, the graph of the set-valued map F' is closed as
it is described by finitely many continuous equality and inequality constraints. Applying the
Weierstrafl theorem completes the proof. O

5.4 Strengthened Formulations

We now describe the main strategies used to improve the computational tractability of the con-
gestion model (5.1). These techniques reduce the problem size and strengthen the formulation
by exploiting the network topology and structural properties of optimal flows. In Section 5.4.1,
we discuss graph partitioning techniques based on cut vertices and blocks that can be used to
derive tighter bounds for the flow variables f and x, which is what we do in Section 5.4.2. In
Section 5.4.3, we present valid inequalities that eliminate cycle flows in the traffic network.

5.4.1 Graph Partitioning

Given the directed graph G = (V, A), we denote its underlying simple undirected graph
as G = (V, E), in which each arc (i, j) is replaced by edge {i,j} and no multiple edges are
allowed. Before proceeding, we introduce some basic graph-theoretic concepts that will be used
throughout this section; see, e.g., Chapter 4 of [143] for further details.

Definition 4 (Connected Component). A connected component of G is a mazimal subset C' C
V' such that, for all u,v € C, there exists a path connecting u and v.

Definition 5 (Cut Vertex). A Cut vertex (or Articulation vertex) is a vertex whose removal
increases the number of connected components of G.

Definition 6 (Bridge). An edge e € E is a bridge (or cut edge) if the graph (V, E \ {e}) has
more connected components than G.

Definition 7 (2-Connected Graph). An undirected graph G is said to be 2-connected (or
vertex-biconnected ) if it is connected, has at least three vertices, and contains no cut vertez.

Definition 8 (Block). A block B = (Vp, Eg) of G is a mazimal connected subgraph of G that
has no cut verter. If a block has a single edge, it is called a trivial block or bridge, otherwise
it is called a non-trivial block.

Note that G itself is a block if it is connected and has no cut vertex. Moreover, we emphasize
that every edge of G belongs to exactly one block and that two blocks share at most one vertex,
which must be an articulation vertex.

Definition 9 (Block-Cut Tree). The block-cut tree of a connected graph G is a tree T whose
vertex set consists of the blocks and articulation vertices of G, with an edge between a block B
and an articulation vertex v whenever v € B.

For a set of vertices S C V, we denote by G[S] and G[S] the subgraphs of G and G induced by S,
respectively. In the following, we consider graph decomposition techniques based on blocks and
articulation vertices. Such decompositions are not only theoretically appealing but also relevant
for real-world networks. Empirical evidence indicates that many practical networks contain
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(a) Graph G

.Bg

C3

r—o—@ l ! ®
B €1 By C2 By Bg

.Bs

(b) Block-cut tree T

Figure 5.2. The graph considered in Example 6 with articulation vertices shown in black (a) and its
block-cut tree (b).

a non-negligible fraction of articulation points, e.g., [135] document substantial articulation
structure in U.S. road networks, underscoring the practical relevance of such decomposition
techniques.

Example 6. We consider the undirected graph G = (V, E) with vertex set V. = {1,...,11}
and edge set E = {e1,...,e1s} illustrated in Figure 5.2 (a). This graph has three articulation
vertices, ¢y =1, co =5, and c3 = 9, and six blocks:

Bl = ({1,2,3}, {61,62,63}), BQ = ({1,4,5}, {64,65,66}),
By = ({5,6,7},{e7,es,e9}), Bs = ({5,8,9}, {e10, €11, €12}),
Bs = ({9,10}, {e13}), Bs = ({9, 11}, {e14}).

Here, By, B, B3, and By are non-trivial blocks (2-connected subgraphs), whereas Bs and Bg
are trivial blocks (bridges). The corresponding block-cut tree is shown in Figure 5.2 (b).

Under Assumption 6, UE and SO solutions cannot have positive flow on directed cycles; see,
e.g., Theorem 3.8 in [3]. This property also holds for the source-aggregated formulation in
Problems (5.4) and (5.5); see, e.g., Section 5.2.3 in [33] for further details. The absence of
directed cycle flows allows us to strengthen the formulation of the congestion models by fixing
the values of certain variables in a preprocessing step. Specifically, any dipath that exits a
block through an articulation vertex and re-enters it through the same vertex forms a directed
cycle. Hence, all optimal flows with origin and destination vertices in the same block can be
restricted to dipaths entirely contained in that block.

Proposition 5. Suppose that Assumption 6 holds. Let B = (Vp,Ep) C G be a block and
let u,v € Vg be such that there exists a dipath from u to v in G. Then, the following state-
ments hold.

(i) There exists at least one dipath from u to v in G that is entirely contained in G[Vp].

(i) Any dipath from w to v used in an optimal UE or SO solution is entirely contained
in G[Vg].
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Proof. We first recall a key property of block-cut trees that will be used in the proof. To this
end, let T be a block-cut tree of G, i.e., a block B is a vertex of T and its neighbors in T" are
precisely the cut vertices of G contained in B. If a path in G leaves B through a vertex w € Vg,
then w must be a cut vertex. This is because the edge connecting w to a vertex outside of Vg
belongs to a different block B’ and w € BN B’ implies that w is a cut vertex. Once the path
leaves B through w, it continues within the subtree of T — B that contains w. Because T
is a tree, the only way for the path to return to B is through vertex w. Because every arc
in G corresponds to an edge in G, the same property holds for dipaths in G: any dipath that
exits G[Vp| must re-enter through the same cut vertex w, thereby forming a directed cycle
through w.

We now prove the two statements. By assumption, there exists a dipath from u to v in G. As
shown above, each time this dipath leaves G[Vp], it must re-enter through the same cut vertex,
forming a directed cycle. Removing all such cycles yields a dipath from w to v that is entirely
contained in G[Vp], which proves (i). Under Assumption 6, optimal UE and SO solutions do
not carry flow on directed cycles. Due to (i), any dipath that leaves and later re-enters G[Vp]
forms a directed cycle. Hence, all dipaths carrying positive flow in an optimal solution must
be entirely contained in G[Vp], which proves (ii). O

By Part (ii) of Proposition 5, we can a priori fix certain variables of the congestion model (5.1)
to zero. More formally, we have the following result.

Corollary 1. Suppose that Assumptions 3-6 hold. Let (d, f,x,T,y) be an optimal solution to
either Problem (5.9) or Problem (5.12). Further, let s € S be given arbitrarily and let By denote
a block of G containing s. For each k = (s,ty) € K, let By, be a block of G containing ty
and let By, be the set of blocks on the unique path from By to By, in the block-cut tree T' of G.
Moreover, let

Bs = U Bi and Ap, ={(i,j) € A: {i,j} € Ep for some B € B} .
keKs

Then, it holds
fo:07yZ:07 a¢ABs'

We can also fix additional variables that would take the value of zero in any optimal solution.
For instance, we can a priori fix the variables x and y; for all arcs a € A that are not reachable
from an origin s € S.

Lemma 1. Let d € U be given arbitrarily. For each s € S, let the set of vertices that are
reachable from source s be given by

Vs = {v € V: there exists a s—v dipath} .

Then, for any (f,z) > 0 that satisfies (5.2) and (5.3), it holds xi = 0 for all s € S and a =
(1,7) € A with i ¢ V.

Proof. The claim immediately follows from the definition of the set Vs, s € S. O

We use Lemma 1 to fix some of the binary variables y7 in Problems (5.9) and (5.12), which
indicate whether arc a € A is used by any commodity with origin s € S.
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Corollary 2. Suppose that Assumptions 3—6 hold. Let (d, f,x,T,y) be feasible for either Prob-
lem (5.9) or Problem (5.12). For each s € S, let the set of vertices Vs reachable from source s
be defined as in Lemma 1. Then, y5 =0 holds for all s € S and a = (i,j) € A with i ¢ V;.

Lemma 1 also allows us to reduce the number of constraints in the model by removing the
redundant flow conservation constraints

Y. za— Y, 2,=0, seS vV,

a€dout(v) a€din(v)

from the original congestion model.

5.4.2 Improved Variable Bounds

Building on the results of Section 5.4.1, we now compute tighter bounds for the flow variables f
and z, which can be used to obtain smaller values for the big-M constants in Problems (5.9)
and (5.12).

Proposition 6. Suppose that Assumptions 3, 4, and 6 hold, and let d € U and (f,z) € F(d)
be given arbitrarily. For each s € S and each k € K, let By, be defined as in Corollary 1, and
define

A, :={(i,j) € A: {i,j} € Ep for some B € By} .

Moreover, let the set of vertices Vs reachable from source s be defined as in Lemma 1. Then,
foralla = (i,5) € A and s € S, the flows satisfy

0< xfb < :i‘z = Z dkl{aEABk}v
keKs

as well as

0< fa<fai=D>_> dk1{ac g, }>

seSkeK

where 1{a€ABk} is an indicator function that equals 1 if a € Ap,, and 0 otherwise.

Proof. The claim immediately follows from Proposition 3, Corollary 1, Lemma 1, and the
constraints in (5.2). O

5.4.3 Cycle-Elimination Constraints

Because UE and SO solutions cannot carry positive flow on cycles, we can leverage this property
to further strengthen the MINLP reformulations of the congestion models by adding cycle-
elimination constraints. To this end, let R denote the set of all simple directed cycles in the
network. Then, for all » € R and s € S, the associated cycle-elimination constraint is given by

Z?JZ <|r|—1. (5.13)

acr
Here, y; is the binary variable indicating whether arc a € r is used by any commodity originat-
ing in s € S and |r| is the number of arcs in (or the length of) the cycle r € R. Constraint (5.13)
ensures that at most || — 1 arcs can carry positive flow, thereby preventing any directed cycles
in an optimal solution. To reduce the number of cycle-elimination constraints added to the
model, we exploit Corollary 1 so that Constraint (5.13) only needs to be imposed for cycles
contained within the blocks associated with a source node s.
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Proposition 7. Suppose that Assumptions 3—6 hold. Let s € S be given arbitrarily and let the
set Bs be the set of blocks associated with s as defined in Corollary 1. For each B € B, let Vp
denote the set of nodes in block B. Further, let

Rs={reR:V(r) C Vg for some B € Bs}, (5.14)
where V(1) denotes the set of vertices visited by cycle r € R. Then, the inequalities

Yo <lrl=1, reRr, (5.15)

acr
are valid for Problems (5.9) and (5.12).

Proof. We prove the claim for the UE as the SO case can be shown analogously. Let (d, f, z, 7,y)
be feasible for Problem (5.9). We prove the claim by contradiction. To this end, suppose that
there exist s € S and r € R, with

Zyg > |r| —1.

acr

Because y* € {0,114l this implies 43 = 1 for all @ € . By constraints (5.8a), we then
have cq(fa) + 77 — 77 = 0 for all @ = (4,j) € . Summing these equalities over all arcs a =
(i,7) € r yields

Z Ca(fa) = Oa

acr

which contradicts Assumption 6. This concludes the proof. O

5.5 Congestion Measures, Travel Cost Functions
and Demand Uncertainty Modeling

In the previous sections, we have presented a general framework for modeling and solving the
congestion model under demand uncertainty. The framework is applicable to a wide range of
congestion measures, travel cost functions, and uncertainty sets, as long as they satisfy the
assumptions stated in Section 5.2. In this section, we discuss the specific modeling choices
for these components that we adopt in our computational study in Section 5.6. In particular,
we consider three different congestion measures and present them in Sections 5.5.1, along
with practical considerations for their implementation, we consider three different travel cost
functions in Section 5.5.2, and three different uncertainty sets in Section 5.5.3, respectively.
Throughout this section, we use 0 < u, < oo to denote the practical capacity of an arc a €
A, which represents the maximum flow that an arc can accommodate under ideal operating
conditions without causing congestion; see, e.g., Section 1.5 in [115] for further details.

5.5.1 Latency Functions

We measure congestion using one of the following three latency functions. We emphasize
that all three considered congestion measures are continuous in the flows f, i.e., they satisfy
Assumption 5.
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Maximum Utilization Function

We measure congestion by focusing on the most heavily used arc in the network. To this end,
we consider the function

L(f) = max & (5.16)

In particular, (5.16) can be used to identify the network’s most severe bottleneck.

Total Utilization Function

Whereas the previous function focuses on bottlenecks in the network, we also study the overall
traffic load in the network by considering the linear function

L(f)=> Ja, (5.17)

ac€A Ua

Bureau of Public Roads (BPR) Function

Another congestion measure that is widely used in the literature is the BPR function [13§],
which is given by

L(f) =Y _ BPR(fa) (5.18)
a€A
with 5
BPR(f,) = ¢ix <1 + a(;f“) ) . acA. (5.19)

Here, ch € Ryg is the free-flow time of arc a € A, i.e., the travel time experienced if the
arc is used under ideal conditions. Moreover, the parameters «, 8 € R~y can be adjusted to
account for how quickly travel times increase as flows approach the practical capacity of an arc.
Commonly used values are o« = 0.15 and 8 = 4, which reflect typical empirical observations of
congestion effects and will also be used in our computational study in Section 5.6. Note that
the BPR function (5.19) is convex for f > 0 in this case.

We point out that the maximum utilization function (5.16) and degree-4 polynomials such
as those in the BPR function are not directly supported by general-purpose solvers such as
Gurobi. To handle these cases, we thus apply the following reformulation techniques.

Reformulation of the Maximum Utilization Function

When measuring congestion using the maximum utilization function, we consider the problem

Ja
— s.t. F(d). 2
max max ” st. del, fe F(d) (5.20)

Because the outer maximization corresponds to an optimization problem and the inner maxi-
mization is taken over a discrete set of arcs, the resulting max—max structure cannot be refor-
mulated using a standard epigraph reformulation. Nevertheless, an equivalent MINLP reformu-
lation of Problem (5.20) can be obtained by introducing auxiliary binary variables w, € {0,1}
for all a € A as well as a sufficiently large constant M € R~(. Specifically, Problem (5.20) is
equivalent to
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max A (5.21a)
d,f,x,A
st. A< j:—a + M(1—w,), a€A, (5.21Db)
> wa =1, (5.21c)
acA
wy € {0,1}, a€ A, (5.21d)
del, (f,x) e F(d). (5.21e)

In Problem (5.21), exactly one of the w variables takes the value 1. If w, = 1 holds for some
arc a € A, the corresponding constraint in (5.21b) enforces A < f,/u,. Because the objective
is to maximize A, this inequality is satisfied with equality for the arc attaining the maximum
utilization ratio. All other w variables take the value 0. Nevertheless, to ensure the correctness
of the formulation, it is essential to select a sufficiently large constant M. A valid choice is

M := max {fa} , (5.22)

a€A | Ugq

where f, denotes an upper bound on the arc flows; see Proposition 6.

Handling Degree-4 Polynomials

Nowadays, general-purpose MILP solvers such as Gurobi can handle convex quadratic programs
(MIQPs), but higher-degree polynomials are not directly supported. To address the congestion

model with the BPR latency function, we thus introduce auxiliary variables ¢ € ]R'zA(l modeling

¢a:fa'fa> GEAa

so that degree-4 polynomials are expressed using only quadratic terms.

5.5.2 Travel Cost Functions

We use the BPR function presented in (5.18) for the travel costs. In this work, we focus on
settings with &« = 0.15 and 8 € {1,2,4}. For 8 = 1, the cost functions are linear; for § = 2, they
are quadratic; and for S = 4, we obtain the classic BPR function that is commonly studied
in the literature and also used as the latency function in this work. In all three cases, the
travel cost functions are convex, non-decreasing, and continuously differentiable in f € R|>AO‘,
i.e., they satisfy Assumption 6. To handle the degree-4 polynomials in the travel cost functions
with 5 = 4, we apply the reformulation described in Section 5.5.1.

Remark 2. In Problem (5.12), the derivatives c,(fa) are polynomials of one degree lower
than the original travel cost functions c,(fs). Hence, the terms fuch(fa), a € A, in (5.12¢) are
polynomials of the same degree as cq(fy). As a result, considering the SO instead of the UE
does not affect the structural properties of the MINLP reformulation of the congestion model.

Given the above reformulation techniques and modeling choices, we now summarize the prob-
lem variants arising from different selections of the latency function and travel cost functions in
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Table 5.1. Properties of the MINLP reformulations of the congestion model depending on the choice
of 8 € {1,2,4} in the BPR travel cost functions and the choice of the latency function L(f), i.e.,
maximum utilization (5.16), total utilization (5.17), or BPR (5.18).

B L(f) convex feasible set problem type
1 (5.16), (5.17) v MILP
1 (5.18) v MIQP
2 (5.16), (5.17), (5.18) X MIQP
4 (5.16), (5.17), (5.18) X MIQP

fa,s +90

Figure 5.3. The network considered in Example 7. Arc labels represent the travel cost functions
associated with each arc.

Table 5.1. Note that the MINLP reformulations of the congestion model under the user equi-
librium (5.9) and the system optimum (5.12) have the same structural properties, as discussed
in Remark 2.

Finally, let us briefly comment on the monotonicity of the latency function with respect to
travel demand. We note that increasing the travel demand of a single commodity does not
necessarily lead to higher congestion levels, even if the travel cost functions are linear. The
following example illustrates that higher travel demand may in fact reduce congestion levels due
to route reallocation effects. For related monotonicity phenomena and paradoxes in congestion
games, we also refer to [49].

Example 7. We consider the network shown in Figure 5.3, which is taken from Ezample 3
in [49]. We consider three OD pairs given by (1,2), (2,3), and (1,3) with demand 1, 100,
and 20, respectively. The resulting equilibrium flows under the UE are f2) =4, f13) = 17,
and f 3y = 103. Let us now assume that all arcs have a practical capacity of 1, i.e., uq =1 for
alla € A=1{(1,2),(2,3),(1,3)}. Considering the mazimum utilization function (5.16) as the
congestion measure, the worst congestion is attained on arc (2,3), namely f(273)/u(273) = 103.
As observed in [49], if we now increase the travel demand of commodity (1,2) from 1 to 4, some
of its flow is reallocated. The new equilibrium flows are given by f 2y = 6, f1,3) = 18, and
f2,3) = 102, which leads to the worst-case congestion level of 102 < 103. Hence, increasing the
travel demand of a commodity can in fact lead to reduced congestion.

The previous observation implies that the demand realization causing the worst-case congestion
in our framework does not necessarily lie on the boundary of the uncertainty set. Due to route
reallocation effects, intermediate demand realizations can produce higher congestion, which
contrasts with classic robust optimization settings in which worst cases typically occur at the
boundary of the uncertainty set.



86 5. Network Congestion under Demand Uncertainty and Wardrop Principles

5.5.3 Uncertainty Set

We assume that the travel demand d = (dj)rex is uncertain. In this work, we consider three
approaches to model this uncertainty: budgeted uncertainty, ellipsoidal uncertainty, and the
hose model.

Budgeted Uncertainty

As it is unlikely that all demands simultaneously realize in a worst-case manner, a common
approach is to adopt a budgeted (or I'-robust) uncertainty modeling [25, 26, 127]. This model
has been widely used in transportation contexts, including network design [97, 98], traffic
assignment [110, 111, 74], and network pricing [16].

In the budgeted uncertainty model, each commodity k has a nominal demand dj, € R>g, which
corresponds to the demand value provided in the original instance data, and a maximum
deviation d; € R>¢ from the nominal value so that dj, € [Jk — Ok, d, + k] holds for all k € K.
Each commodity may deviate by an arbitrary fraction of its maximum deviation J; from the
nominal value as long as the budget I' € {0,...,|K]|} for the aggregated percentage deviation
is not exceeded. Overall, this can be modeled using the uncertainty set

Unudget = { d € RIEI dp = Jk + 0z, 2z € [-1,1], k € K, Z |z] <T 3. (5.23)
keK
Here, the parameter I' controls the size of the uncertainty set. For I' = 0, no uncertainty is taken
into account, i.e., we consider the deterministic case, whereas for I' = | K|, all commodities may
simultaneously experience their maximum deviation. Note that U,uqget is non-empty, convex
and compact. By assuming 6, < dj, for all k € K, we ensure d € R';g', i.e., Assumption 4 is
satisfied.

Ellipsoidal Uncertainty

Using an ellipsoidal uncertainty modeling, we replace the cardinality constraint in the budgeted
uncertainty set with a quadratic constraint on the vector of deviations, also called perturbation
vector in the following. The ellipsoidal uncertainty set is thus given by

uellipsoid = {d € RlKl dy, = Jk + (5kzk> ke K, HZHQ < P} ) (524)

where p > 0 is the radius of the ellipsoid and z = (z;)rex is the perturbation vector. To have a
fair comparison between the ellipsoidal and the budgeted uncertainty modeling, we select p such
that the uncertainty sets Unudget and Uetipsoid cover a comparable range of demand realizations.
As shown in [87], there exists a geometric relationship between these two sets, and it depends
on the choice of parameters p and I'. In their analysis, they describe two cases:

1. If p = T, the ellipsoid is the smallest one containing the polyhedron of the budgeted
uncertainty model.

2. If p =T/+/| K|, the ellipsoid is the largest one contained in the polyhedron of the budgeted
uncertainty model.

In this work, we introduce a third intermediate case with p = /T, which yields uncertainty
sets of comparable size. In Figure 5.4, we illustrates all three cases. As before, we assume
that d; < dj, holds for all k € K so that the set Uepiipsoia satisfies Assumption 4.
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Figure 5.4. Comparison of budgeted and ellipsoidal uncertainty sets.

Hose Model

The hose model, originally introduced in the telecommunications network design literature
[59, 57], aggregates demand uncertainty at the node level rather than at the commodity level.
This model has been applied in various network design contexts; see, e.g., [5, 42, 95]. For
each node ¢ € V', a bound b; for the total traffic generated by that node is specified. Here, we
consider the so-called symmetric hose uncertainty set given by

Unose = § d € R 3 dp <bj i€V, (5.25)
{keK: sp=i or t=i}

where s; and tj denote the source and the destination node of commodity k, respectively. To
ensure a fair comparison between the hose model and the budgeted and ellipsoidal uncertainty
sets, we determine the node bounds as follows

- min{T", |K;|} .
b, = Z dy + Z 5](3),
keK; 7j=1

where K is the set of commodities with source or destination at node ¢ € V and 5,(3 ) are the
deviations of the commodities in K; sorted in non-increasing order. Hence, we consider the I
largest deviations among the commodities in K;. By construction, we have Upuqget € Unose

and Upese Satisfies Assumption 4.

5.6 Computational Setup and Experimental Design

In this section, we discuss the setup and design of our computational study. In Section 5.6.1,
we elaborate on the hardware, the software, and the solver used in our computational study.
Afterward, in Section 5.6.2, we describe our test instances.

5.6.1 Computational Setup

All experiments were performed on a 64-bit Linux system equipped with a 13th-generation
Intel Core i9-13900K processor featuring 24 physical cores and 32 threads, 128 GB of RAM,
and a 3 GHz base clock frequency. The models were implemented in Python 3.10.15 and solved
using Gurobi 12.0.1. The time limit for each instance was set to 2h. The parameter MIPGap
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was set to 1072 and we disabled Gurobi’s presolve, as preliminary experiments showed that
these features did not significantly improve performance for our instances and sometimes even
led to worse results due to some numerical instability issues. All other parameters were left at
their default settings. For each instance, we first solve the deterministic version of the problem,
i.e., the problem in which all demands are set to their nominal values, and use the solution to
this problem as a warm start for solving the model under demand uncertainty, as this approach
has been observed to improve the solver’s performance.

Code and instances are publicly available at
https://github.com/fragiancola/congestion-bilevel-under-uncertainty.

5.6.2 Test Instances

In our computational study, we consider instances of the Sioux Falls network [84], whose
data is publicly available at https://github.com/bstabler/TransportationNetworks, and
instances from the SNDIib [113, 112], which can be accessed at https://sndlib.put.poznan.

pl.

Sioux Falls Instances

We consider a set of subnetworks derived from the Sioux Falls network, with varying sizes and
levels of complexity, to evaluate the performance and scalability of the proposed optimization
approach

We analyze two classes of subnetworks: five small instances with 12 nodes and five medium
instances with 18 nodes, which correspond to the subgraphs induced by 50% and 75% of the
original nodes, respectively.

All generated subnetworks are strongly connected, while their underlying undirected graphs
are not biconnected. This structure allows us to assess the effectiveness of the enhancement
techniques introduced in Section 5.4.

Figure 5.5 provides visual representations of the subnetworks including the number of nodes
and arcs for each case. For each subnetwork, multiple demand configurations are considered
by varying the number of commodities |K| € {20, 30,50, 75,100}. Commodities are randomly
selected from the set of all origin-destination pairs, ensuring heterogeneous demand patterns.
Since the original Sioux Falls instances assume deterministic demands, for each commodity &,
we define as dj the demand value in the original instance, but we introduce uncertainty by
allowing the demand to vary within a specified range around this original value. In the I'-
robust formulation, this value is used as the nominal demand dj,, and the maximum deviation
is set to 6, = 0.25d;. The parameters of the ellipsoidal and hose uncertainty sets are then
derived from dj, and d), as described in Section 5.5.3.

To mitigate numerical instability in the solver, all demand values and practical arc capacities
are scaled by a common factor, preventing the occurrence of very small coefficients in the
formulations.

SNDIlib Instances

Because the SNDIib instances have originally been created for telecommunication network
design, they do not include all parameters required for traffic assignment problems, such as
arc capacities and free-flow travel times. Therefore, we extract the network topology and
demand data from SNDIib and generate the missing parameters as follows. From each SNDIib
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Figure 5.5. In the first row, the five small-sized subnetwork with 12 nodes each; in the second row,

the five medium-sized subnetworks with 18 nodes each. In purple are highlighted the nodes and the

arcs included in the subnetworks.
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Table 5.2. SNDIib network instances characteristics. The number of commodities for each demand
level is reported.

Instance |V| |A] [10%|K|] [25%|K|] [50%|K|] [75%|K]|] |K]

abilene 12 30 13 33 66 99 132
atlanta 15 44 21 52 105 158 210
nobel-us 28 42 9 22 45 68 91
pdh 11 68 2 6 12 18 24
(a) abilene (b) atlanta (c) nobel-us (d) pdh
€]
= o
=~
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Figure 5.6. Network topologies of the considered SNDIib instances.

instance, we take the set of nodes V with their geographical coordinates, the set of links,
and the traffic demands representing origin-destination pairs with associated traffic volumes.
The instance generation procedure consists of the following steps. First, we parse the graph
topology from the SNDIib native format, duplicating each undirected link to create a directed
bidirectional graph. Second, arc capacities are set proportionally to the total demand across
all commodities, introducing heterogeneity through a random perturbation: u, = % -&,. Here
D = %, ck di denotes the total demand; p = 10 is a scaling factor that controls the overall
capacity level relative to the aggregate demand; and &, ~ U[0.1,2.0] is a uniformly distributed
random factor that introduces variability across arcs. Finally, to set the free-flow travel time 2
of each arc a = (4, 7), we consider the Euclidean distance between its endpoints, computed from
the geographical coordinates provided in the SNDIib data and normalized with respect to the
maximum distance in the network. The free-flow cost ¢V is then obtained by linearly scaling
the normalized distance to a given cost range [c2. 2 1= [1,50].
Similarly to the Sioux Falls instances, we consider multiple demand configurations by varying
the number of commodities for each network: let |K| be the total number of commodities
available in the original instance, we consider five demand levels corresponding to 10%, 25%,
50%, 75%, and 100% of the original commodities. Commodities are randomly selected from
the set of all origin-destination pairs, and the demand dj for each commodity k is set equal
to the corresponding original demand value. For the I'-robust formulation, this value serves
as the nominal demand dj,, with the maximum deviation set to d; = 0.25dj. The parameters
of the ellipsoidal and hose uncertainty sets are then derived from dj and d; as described in
Section 5.5.3.

Table 5.2 summarizes the main characteristics of the considered SNDIib instances, while Fig-
ure 5.6 illustrates their network topologies.

As before, to mitigate numerical instability in the solver, all demand values and practical arc
capacities are scaled by a common factor, preventing the occurrence of very small coefficients
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in the formulations.

5.7 Computational Results and Discussion

In this section, we present and discuss the results of our computational study. When it is
not explicitly stated otherwise, results refer to the Sioux Falls subnetworks described in Sec-
tion 5.6.2 under the budgeted uncertainty set introduced in Section 5.5.3, considering the User
Equilibrium formulation (5.9) and the enhancement techniques described in Section 5.4. For
each instance, we consider all combinations of the three travel cost functions (BPR with dif-
ferent B values) and the three latency functions (Maximum Utilization, Total Utilization, and
BPR) presented in Section 5.5. The section is organized as follows. In Section 5.7.1, we discuss
the computational performance and the scalability of our approach. In Section 5.7.2, we ana-
lyze the sensitivity of the optimal solutions to the choice of the different travel cost and latency
functions. In Section 5.7.3, we compare the User Equilibrium and System Optimum models
in terms of congestion levels and computational performance. In Section 5.7.4, we compare
the different uncertainty sets introduced in Section 5.5.3. Finally, in Section 5.7.5, we present
results on the SNDIib instances described in Section 5.6.2.

For the ease of presentation, we abbreviate the maximum utilization and total utilization
latency functions as max_ratio and sum_ratio, respectively. Moreover, we refer to the travel
cost functions with 8 =1, § = 2, and 8 = 4 as linear, quadratic, and BPR, respectively.

5.7.1 Performance analysis

In this section, we analyze the performance of the proposed optimization approach considering
the enhancement techniques presented in Section 5.4, the scalability of the approach, and the
performance across different combinations of cost and congestion functions.

Impact of Enhancement Techniques

By tightened formulation, we refer to the formulation obtained after applying the enhancement
techniques described in Section 5.4. These techniques reduce problem size and strengthen the
formulation by exploiting network topology and structural properties of optimal flows. With
standard formulation, we refer to the original formulation without any of these enhancements.
Table 5.3 reports the impact of the enhancement techniques on solver performance for five
demand levels, corresponding to |K| € {20, 30,50, 75,100}. Results are aggregated over the
different latency functions and reported for each travel cost function, since this parameter
has the largest impact on execution time, as further discussed in the scalability analysis in
Section 5.7.1.

The results show that, for smaller demand levels (|K| € {20,30}), for both formulations all
instances are solved to optimality within the time limit, with tightened formulation reducing
execution time by more than 93%. As |K| increases, the enhancement techniques start affecting
also the solvability. The number of additional instances solved to optimality increases from 1
at |K| =50 to 13 at |K| = 75 and 17 at |K| = 100. Summarizing, the tightened formulation
improves both efficiency and success rate, with larger effects for higher values of |K| and for
the BPR travel cost function.
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Table 5.3. Performance comparison between tightened and standard formulations for different values
of |K| and travel cost functions. Columns report the number of instances solved to optimality,
average execution time in seconds (on instances solved to optimality in both configurations), speed-
up ratio (time tightened/time standard), percentage of time saved, and difference in the number of
optimal solutions.

Tightened formulation | Standard formulation Comparison
#opt avg time (s) #opt avg time (s) speed-up time saved (%) A #opt
|K|=20 90 0.08 90 1.77 21.34 95 0
linear 30 0.03 30 1.12 32.56 97 0
quadratic 30 0.06 30 1.95 34.37 97 0
BPR 30 0.16 30 2.25 14.22 93 0
|K|=30 90 0.29 920 9.97 34.53 97 0
linear 30 0.07 30 2.95 40.55 98 0
quadratic | 30 0.17 30 6.68 38.85 97 0
BPR 30 0.62 30 20.30 32.63 97 0
|K|=50 90 2.14 89 59.06 27.61 96 1
linear 30 0.23 30 4.68 20.56 95 0
quadratic | 30 1.04 30 17.89 17.16 94 0
BPR 30 5.25 29 157.90 30.08 97 1
|K|="75 90 16.56 77 125.97 7.61 87 13
linear 30 0.96 30 12.61 13.16 92 0
quadratic 30 5.14 28 69.60 13.55 93 2
BPR 30 58.02 19 388.03 6.69 85 11
|K|=100 81 27.44 64 438.14 15.96 94 17
linear 30 4.86 30 407.82 83.84 99 0
quadratic 30 26.43 26 345.65 13.08 92 4
BPR 21 127.98 8 911.62 7.12 86 13
Total 441 7.89 410 106.64 13.51 93 31
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Figure 5.7. Scalability analysis for different configurations of travel cost and latency functions. (a):
execution time versus problem size measured as the product of variables and constraints. (b):
execution time versus number of commodities with fitted power-law models ¢t = a - |[K|*, where | K|
is the number of commodities and « is the growth exponent (written in the legend).

Scalability Analysis

We evaluate the scalability of the optimization approach across different configurations of
travel cost functions c¢(f) and congestion measures L(f). Figure 5.7 presents some results
according to two complementary measures of problem size. In Figure 5.7 (a), the problem size
is measured as the number of variables and constraints, #var and #constr in the figure, while
in Figure 5.7(b), it is measured by the number of commodities.

Both plots in Figure 5.7 reveal a certain dispersion in execution times: for comparable for-
mulation sizes or identical values of |K|, execution times span several orders of magnitude.
This variability indicates that problem size alone is not sufficient to explain the computational
behavior and that structural properties of the formulation play a major role. In both cases,
the dominant factor affecting scalability is the choice of the travel cost function ¢(f). Instances
with BPR costs show the highest execution times and the steepest growth trends, whereas linear
costs lead to the lowest execution times across all configurations. This behavior is visible in
Figure 5.7 (a) through the vertical separation of color groups and is confirmed in Figure 5.7 (b)
by the larger scaling exponents associated with BPR costs. Quadratic costs show intermediate
behavior between linear and BPR costs. In contrast, the impact of the latency function L(f)
is less evident. For a fixed cost function, differences among sum_ratio, max_ratio and BPR
congestion models result in smaller variations in execution time, as indicated by the overlap
of points of the same color but different shades in Figure 5.7 (a) as well as in the proximity of
curves with the same color but different line styles in Figure 5.7 (b). Nevertheless, it is possible
to observe that, for all three cost functions, the BPR congestion measure yields the longest
execution times, followed by max_ratio, while sum_ratio provides the fastest solution times.
Overall, the figure indicates that algorithmic scalability is primarily determined by the choice
of travel cost function c¢(f), with BPR costs exhibiting the least favorable scaling behavior,
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Table 5.4. Performance metrics by function combination. The execution time is averaged over in-
stances solved to optimality.

Execution Time (s) Success Rate (%)
c(f) max_ratio sum ratio BPR | max ratio sum ratio BPR
linear 0.33 0.32 3.05 100.0 100.0 100.0
quadratic 3.72 3.65 19.23 100.0 100.0 100.0
BPR 27.52 83.42 303.24 92.0 94.0 96.0

while the choice of latency function L(f) plays a secondary role, but still influences execution
times within each cost function category in a non-negligible manner.

Performance Across Function Combinations

As observed in the scalability analysis, the choice of travel cost function ¢(f) has a stronger
impact on computational performance than the choice of latency function L(f). To quantify
these differences, we aggregate performance metrics across all instances solved to optimality
for each combination of travel cost and latency functions.

Table 5.4 summarizes average execution times and success rates for each configuration. The
results confirm that the travel cost function ¢(f) is the main factor affecting the computational
performance. Congestion measures also have their influence, but in a different manner: there
is not an absolute ranking that holds across all cost functions. For example, when using linear
costs or quadratic costs, all instances are solved to optimality and the max_ratio congestion
measure shows execution times comparable to sum_ratio, and faster than BPR. Nevertheless,
when considering BPR tarvel costs, max_ratio leads to more challenging optimization problems,
increasing the fraction of instances that fail to reach optimality within the time limit.

5.7.2 Sensitivity of Network Congestion to Travel Cost and Latency Func-
tions

We examine now the impact of travel cost function ¢( f) and latency function L(f) on congestion
estimates. To keep the analysis consistent, we consider only instances that were solved to
optimality for all nine combinations of travel cost and latency functions, for each value of | K|
(number of commodities).

Impact of the Travel Cost Function on Congestion Estimates

Figure 5.8 presents the evolution of congestion levels as a function of the number of commodities
| K| for different travel cost functions ¢(f), when optimizing for each latency function L(f).
The analysis reveals the impact of travel cost functions on congestion estimates. For a fixed
latency function L(f) (within each panel), the choice of cost function ¢(f) significantly affects
the magnitude of estimated congestion. BPR cost functions yield lower congestion estimates
than linear or quadratic costs across all three measures.

Figure 5.8a shows this effect for the max_ratio latency function: BPR costs produce estimates
approximately 15%-20% lower than linear costs for large instances, indicating that nonlinear
cost functions with steeper penalties near capacity are more effective in limiting extreme arc
saturation. Figure 5.8c confirms this pattern for the BPR latency function, where BPR costs
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Figure 5.8. Congestion estimates when optimizing for each latency function. (a): optimization for
max_ratio. (b): optimization for sum_ratio. (c¢): optimization for BPR congestion measure. Each
panel shows how the average objective value varies with the number of commodities for different
cost functions.

achieve the lowest congestion values overall, with a more pronounced effect for instances with
larger |K]|.

In contrast, Figure 5.8b shows that the sum_ratio metric is less sensitive to the choice of travel
cost function, with all three functions yielding similar values across the entire range of | K|. This
behavior is explained by the aggregate nature of the metric: while different cost functions lead
to different flow distributions at the arc level, these local variations tend to compensate when
summed over the network, as higher utilization on some arcs is balanced by lower utilization
on others. The small size of the network further amplifies this effect, since the limited number
of alternative paths constrains the degree to which flows can be redistributed in response to
changes in the cost function.

Impact of the Latency function on Congestion Estimates

To assess the impact of the congestion measure used in the objective function, we analyze
how solutions obtained by optimizing one latency function perform, when evaluated under
alternative measures. Specifically, for a given latency function Loy, we compute the optimal
flow fzopt and evaluate its congestion level using a different measure Ley,1. We remark that in
this analysis we do not consider the issue of multiple equilibria: there may exist an equilibrium
solution that is optimal (or equivalent) with respect to Lopt but performs better when evaluated
under Ly, Here, we limit ourselves to evaluating the solution returned by the solver.

For each ordered pair (Lopt, Leval), We define the relative gap

Leval(f1,,,) = Leva(f7,,,)
gap(LOPtu Leva,]) = eva Lpt l(f* eV&) eval
eva. L

where f; denotes the flow that optimizes congestion measure L.

By construction, fzeval maximizes Leya), and therefore the gap is non-positive. Values close
to zero indicate that optimizing for L yields solutions that are nearly optimal when eval-
uated under Lgy,1, while more negative values indicate a larger discrepancy between the two
formulations.

x 100%, (5.26)

eval
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Table 5.5. Relative absolute gap (%) on Leya when optimizing for Loy, by number of commodities | K.
Values are averaged over all cost functions. Negative values indicate underestimation of worst-case
congestion relative to direct optimization for Leya).

Leval Lopt |IK| =20 |K|=30 |K|=50 |K|=75 |K|=100
max_ratio sum_ratio 3.1 2.3 3.8 5.0 7.8
BPR 1.6 0.5 0.7 1.1 2.9
sum_ratio max_ratio 2.3 3.3 3.2 3.1 6.0
BPR 1.3 1.3 1.2 1.6 1.4
BPR max__ratio 0.1 0.3 0.9 2.7 10.2
sum__ratio 0.2 0.7 2.1 5.6 7.8

Table 5.5 reports the gaps for all off-diagonal combinations of (Leyal, Lopt) and for each value
of |K|. For small instances (|K| € 20,30), the discrepancies between latency functions are
limited, with gap values remaining within 3.3% for all metric combinations. As |K| increases,
larger differences emerge. For example, for |K| = 100, optimizing with respect to sum_ratio
instead of max_ratio results in a gap of approximately 8%. Similarly, optimizing for max_ratio
or sum__ratio instead of BPR leads to gaps of up to 10%. Conversely, flows obtained by optimiz-
ing for BPR exhibit smaller discrepancies when evaluated under the other latency functions,
with gap values below 3% in most cases. These results indicate that BPR-optimized flows
lead to Maximum Utilization and Total Utilization levels close to their respective worst-case.
Overall, the magnitude of the discrepancy between latency function increases with the number
of commodities.

5.7.3 User Equilibrium vs. System Optimum

We now compare the User Equilibrium (UE) and System Optimum (SO) formulations of
the congestion model. We analyze both computational performance and congestion levels
achieved by the two formulations. We focus on instances that were solved to optimality by
both formulations for a fair comparison.

Computational Time Comparison

Figure 5.9 presents the computational time comparison between UE and SO formulations.
Figure 5.9a shows a scatter plot of execution times on a logarithmic scale, where each point
represents a single instance. Points below the diagonal line indicate instances where UE requires
less time than SO. The plot reveals that UE formulations consistently require shorter execution
times across all problem sizes. Moreover, as the number of commodities increases (lighter
colored points), the relative advantage of UE becomes more pronounced.

Figure 5.9 (b) aggregates execution time ratios by function combination. The mean time ratio
ranges from approximately 0.4 to 0.6 across all configurations, indicating that UE requires only
40-60% of the computational time needed by SO. Linear cost functions exhibit the highest ratios
(approximately 0.6), while quadratic and BPR cost functions yield progressively lower ratios,
indicating that the computational advantage of UE over SO increases for more complex travel
cost structures. No particular pattern is observed with respect to the latency function choice.



5.7 Computational Results and Discussion 97

(a) (b)
10* T T T — 100 T T T T T T T T T
— L . 1.0
UE = SO 7 0.60 0.60
103 L i i 190 — _ -
= 7 2 0.59
~ s 480 m 08[ 043 1
g 02 L // ] . 5 047 045 T 0.43
= % v < 0.36
= S 170 = 3 0.38 -
1L ¥ X | = = 0.6 F —— —1 .
o 10 ol S g
=) 4859 = g &
= ol ] L
§ 10 4 2 50 § g 04k _
F 107!k E 40 z
=8 =
- O 02F e
1072 . 30 2
‘e
l()l’l l(l)] l(l)3 20 00 N < <
QO O O O O Q
. . RS S L SRS SR A SR S)
SO Execution Time (s) SITITFTITIT TSR
SRS KX Y FTSH &
SIS RNV S )
.Qx ‘Qx b>< S N <z~>< Q_><
NS AN > g
A NI

Figure 5.9. Computational time comparison between UE and SO formulations. (a): scatter plot of
execution times (log scale) for UE versus SO, with color indicating the number of commodities. (b):
mean time ratio (UE/SO) with standard deviation (error bars) for each combination of travel cost
and latency functions. The mean values are annotated above each bar.

Congestion Levels under UE and SO

We now compare congestion levels achieved by the UE and SO formulations by analyzing
the distribution of the Congestion Ratio, introduced in Section 5.2.3, across all instances and
function combinations.

Figure 5.10a shows a histogram of CR values, revealing that most instances achieve CR values
close to 1, indicating that UE solutions typically yield congestion levels comparable to SO solu-
tions. However, there are notable outliers with CR. values up to approximately 1.45, indicating
that in some cases, UE solutions can lead to significantly higher congestion than SO solutions.
At the same time, there are instances with CR values below 1, consistent with Example 5.
Figure 5.10 (b) shows the distribution of CR values across different combinations of travel cost
and latency functions using violin plots. Coherently with what shown in Figure 5.10 (a), the
distributions are generally concentrated near 1. The combinations including the max_ratio
congestion measure tends to exhibit higher CR values, indicating that UE solutions under this
measure can lead to more pronounced congestion levels compared to SO solutions. In contrast,
the sum_ratio function yield the smallest CR values, suggesting that UE solutions under this
measure can also lead to more favorable solutions. Finally, combinations with BPR, costs show
a wider spread of CR values, indicating greater variability in congestion outcomes between UE
and SO formulations.

5.7.4 TUncertainty Set Comparison

We now present a comprehensive comparison of five uncertainty sets introduced in Section 5.5.3:

1. Budget (I'-robust): the polyhedral budgeted uncertainty set (5.23);
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Figure 5.10. Distribution of Congestion Ratio (CR = UE/SO) across instances. (a): histogram
showing the overall distribution with mean and median values indicated. (b): violin plots showing
CR distribution for each combination of travel cost and latency functions, with mean (red) and
median (blue) markers.

2. Ellipsoidal with p = V/T: ellipsoidal set (5.24) with comparable size to budget;

3. Ellipsoidal with p = T': ellipsoidal set (5.24) with budget polyhedron contained in the
ellipse;

4. Ellipsoidal with p = I'/+/|K|: ellipsoidal set (5.24) with ellipse contained in the budget
polyhedron;

5. Hose: the symmetric hose uncertainty set (5.25).

We restrict the analysis to instances derived from the first Sioux Falls subnetwork with 12
nodes and 26 arcs (Figure 5.5), considering | K| € {20, 30, 50, 75,100} commodities and all nine
combinations of travel cost and latency functions, for a total of 45 instances per uncertainty
set.

Computational Tractability

Figure 5.11 visualizes the number of instances solved to optimality within the time limit for
each uncertainty set and function combination.

The results indicate a clear hierarchy in computational complexity: budget uncertainty is the
most tractable, followed by the smaller ellipsoidal sets (p = I'/y/|K| and p = vT), the hose
model, and finally the larger ellipsoidal formulation (p = I'). This ordering reflects both the
geometric properties of the sets (contained vs. containing) and the nature of the resulting
optimization problems (polyhedral vs. second-order cone).



5.7 Computational Results and Discussion 99

Instances solved to optimality

BN Budget [ Ellipsoidal(Yr) MEE Hose
[ Ellipsoidal(r//k) EEE Ellipsoidal(r)

linear linear linear quadratic quadratic quadratic BPR BPR BPR
max_ratio sum_ratio BPR max_ratio sum_ratio BPR max_ratio sum_ratio BPR
c(f) + L(f

Figure 5.11. Number of instances solved to optimality by uncertainty set and function combination.

To ensure a fair comparison of computational times, we restrict the analysis to the 30 instances
(out of 45) that were solved to optimality by all five uncertainty sets. Table 5.6 reports the
average execution times for each configuration.

The budget uncertainty set achieves the fastest solution times across all function combinations.
The ellipsoidal set with p = I' is the set requiring longest computation times, often exceeding
other methods by two to three orders of magnitude. Notably, the combination of travel cost
and latency functions has a significant impact on solution times: the BPR cost functions tend
to yield longer execution times and lower success rates.

Impact on Worst-Case Congestion

We now assess the impact of each uncertainty set on worst-case congestion by comparing with
the deterministic case (where demand equals the nominal value d).

Figure 5.12 presents heatmaps of the percentage increase over the deterministic case for each
uncertainty set, disaggregated by travel cost and latency function. First of all, we observe that
all uncertainty sets lead to increased worst-case congestion levels compared to the deterministic
scenario, with a clear hierarchy across sets. The lowest worst-case congestion is achieved by the
ellipsoidal set with p = I'/\/[K][ (contained in the budget polyhedron), followed by the budget
set, the ellipsoidal set with p = /T, the ellipsoidal set with p = T (containing the budget
polyhedron), and finally the hose model, which yields the highest worst-case congestion. This
ordering is consistent with the geometric relationships established in Section 5.5.3. When
comparing the impact of travel cost and latency functions, we observe distinct patterns. The
heatmaps reveal that the max_ratio congestion measure leads to larger increases across all
uncertainty sets, while sum_ratio yields the smallest deviations. The hose model and the
largest ellipsoidal set exhibit the darkest colors, confirming that they yield higher worst-case
congestion. It is interesting to observe that for the budgeted and the the budgeted and the
smaller ellipsoidal uncertainty sets, the choice of the travel cost function has a limited effect
on congestion increases. In contrast, a clearer dependence on the travel cost function emerges
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Table 5.6. Average computational time (seconds) by uncertainty set and function combination. Times
are computed only for the 30 instances solved to optimality by all five methods.

_I

e(f) L(f) #solved | Budget E( m) E(VT) E@) Hose

linear 12 0.05 0.60 1.55 150.72 1.14

sum_ ratio 4 0.01 0.11 1.29 3.90 1.62

max_ ratio 5 0.07 0.83 1.97 24.34 0.87

BPR 3 0.06 0.87 1.18 557.09 0.94

quadratic 10 1.20 9.93 33.30 446.52 5.54

sum_ ratio 3 0.05 1.75 1.99 4.36 1.16

max_ ratio 5 2.34 18.65 65.19 884.85 9.99

BPR 2 0.08 0.38 0.53 13.95 0.52

BPR 8 0.05 1.76 1.68 42.07 21.34

sum_ ratio 3 0.65 3.17 2.85 98.01 55.90

max_ ratio 3 0.72 1.12 1.11 12.92 0.47

BPR 2 0.12 0.59 0.78 1.86 0.81

Budget Ellipsoidal(r/VK) Ellipsoidal(VT) Ellipsoidal(I)
%- 199 127 164 |{ 123 86 89 |{ 225 157 18.6
%% 219 127 164 |{ 143 86 89 |{ 260 156 18.6
g- 219 127 196 |{ 143 86 109 |{ 261 157 23.0
méx. su}n. BF"R méx. su}n. BF"R méx. su}n. BF"R
L(f) L(f) L(f)
\ _ TTT—S—-
20 40 60 80 100 120

Increase relative to the deterministic case (%)

Figure 5.12. Percentage increase in worst-case congestion relative to the deterministic case, by un-
certainty set and function combination. All panels share a common color scale for comparability.
Darker colors indicate larger deviations from the deterministic solution.
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Table 5.7. SNDIib instances: number of instances solved to optimality (out of 9) and average execution
time (in seconds) by graph and demand level.

10% 25% 50% 5% 100%
Graph #0pt Time #Opt Time #Opt Time #Opt Time FOpt Time
abilene 9 2.2 9 7.0 9 11.9 6 249 6 28.0
atlanta 7T T73.5 9 6374 5 1993.4 3 299 4 1320.1
nobel-us 9 1.5 9 67.1 4 1094.1 3 883 3 67.7
pdh 9 0.6 9 7.2 6 48.5 3 170 3 43.8

for the larger ellipsoidal set and for the hose model. In particular, the hose model shows over
50% increase in worst-case congestion for most function combinations, with peaks exceeding
90% for the cases with linear and quadratic cost functions.

5.7.5 SNDIlib Instances Results

To evaluate the behavior of our approach on heterogeneous network instances, we consider the
SNDIib instances described in Section 5.6.2. These instances feature different network topolo-
gies and demand patterns compared to the Sioux Falls subnetworks, providing an independent
validation of the observed trends.

Table 5.7 reports the number of solved instances and average execution time for each network
and demand level, i.e., with different numbers of commodities. At low demand levels (10%
and 25% of the total number of commodities), almost all instances are solved to optimality
across all networks. As the number of commodities increases, the computational difficulty
grows considerably. The atlanta network is the most challenging, with only 5 out of 9 instances
solved at the 50% level and higher execution times even for the easiest cases. The nobel-us
and pdh networks show a similar pattern: both are fully solved at low demand levels, but the
success rate drops to 3 out of 9 at the 75% and 100% levels. In contrast, abilene remains the
most tractable network, solving all instances up to the 50% level and maintaining a success
rate of 6 out of 9 even at the highest demand levels.

Table 5.8 presents the computational performance by travel cost and latency function combi-
nation. Overall, 125 out of 180 instances (69.4%) are solved to optimality. The results confirm
the trends observed on the Sioux Falls subnetworks: all 20 instances with linear travel costs are
solved to optimality (100%). The success rate decreases to 65.0% for quadratic and 43.3% for
BPR costs. Among the latency functions, sum_ratio tends to require longer execution times
when combined with quadratic costs (916.9 seconds on average), while max_ratio remains faster
across all cost functions.

Overall, these SNDIib instances are more challenging than the Sioux Falls subnetworks, espe-
cially when considering non-linear travel cost functions. This is likely due to the more complex
topology of the SNDIib networks, specifically the absence of articulation points, which limits
the effectiveness of some of the enhancement techniques described in Section 5.4.

5.7.6 Managerial Insights

The computational study yields several insights relevant for practitioners and network opera-
tors.
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Table 5.8. Computational performance by travel cost and latency function combination. The table
reports the number of instances solved to optimality and the average execution time (in seconds).

c(f) L(f) #Optimal Time
linear sum__ratio 20/20  39.3
max_ratio 20/20 24.8
BPR 20/20 22.2
quadratic  sum_ratio 14/20 916.9
max__ratio 12/20  29.0
BPR 13/20 538.7
BPR sum__ratio 8/20  70.0
max__ratio 9/20 577.7
BPR 9/20 475

When selecting travel cost functions, congestion measures, routing policies and uncertainty
sets for robust congestion modeling, practitioners must balance model realism, computational
tractability, and solution quality.

The choice of travel cost function has a stronger impact on computational tractability than
the choice of congestion measure. Linear cost functions provide the fastest solution times
and highest success rates. BPR cost functions, while more realistic in capturing congestion
effects, require longer solution times and may fail to reach optimality for large instances.
For operational settings requiring frequent re-optimization, linear or quadratic costs offer a
practical compromise between model realism and computational efficiency. Nevertheless, BPR-
optimized flows produce congestion levels that are close to the worst-case across all latency
measures, suggesting that BPR may serve as a robust default choice when the appropriate
congestion metric is uncertain or when one aims to consider simultaneously the worst-case
scenario across multiple congestion measures.

Among congestion measures, sum_ratio provides the best balance between computational ef-
ficiency and solution quality. The max_ratio measure, while effective at limiting extreme arc
utilization, leads to more challenging optimization problems when combined with nonlinear
cost functions.

The UE formulation requires 40-60% of the computational time needed by SO. This compu-
tational advantage makes UE preferable for real-time or repeated-solution applications. The
Congestion Ratio between UE and SO typically remains close to 1, indicating that selfish
routing does not lead to substantial efficiency losses/gains for most network configurations.
However, configurations with max_ratio congestion measures show higher variability, suggest-
ing that network operators concerned with peak congestion should consider coordinated routing
strategies.

Finally, the analysis highlights the importance of considering uncertainty in congestion mod-
elling. Accounting for demand uncertainty is essential: even the smallest uncertainty set
(ellipsoidal with p = T'//]K]) increases worst-case congestion by at least 4.7% compared to
the deterministic case. On average, solutions under uncertainty exhibit 11-72% higher conges-
tion than their deterministic counterparts, depending on the choice of uncertainty set. This
confirms that ignoring uncertainty can lead to significant underestimation of network conges-
tion.
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Table 5.9. Summary of uncertainty set performances: percentage of instances solved to optimality,
average computational time (on commonly solved instances), and average percentage increase in
worst-case congestion relative to the deterministic case.

Uncertainty Set Solvability Avg. Time (s) Avg. Increase (%)
Budget (I-robust) 100% 0.56 17.7
Ellipsoidal (p = T'/\/[K]) 95.6% 4.02 11.1
Ellipsoidal (p = vT) 86.7% 12.17 20.9
Ellipsoidal (p = I') 68.9% 920.35 63.8
Hose 80.0% 7.96 72.3

The choice of uncertainty set involves a trade-off between robustness and computational
tractability, as summarized in Table 5.9.

Budgeted uncertainty offers the most favorable balance: it provides protection against demand
fluctuations with moderate increases in worst-case congestion, while achieving good solvabil-
ity and the fastest computation times. Among ellipsoidal formulations, the smallest variant
(p = T'/\/IK]) provides a favorable trade-off between tractability and worst-case congestion.
The ellipsoidal set with p = v/T yield similar worst-case congestion levels to the budget uncer-
tainty set, but the second achieves better computational tractability. Therefore, the budget set
may be preferred when computational efficiency is a priority, accepting a moderate increase in
worst-case congestion estimation. The hose model and the ellipsoidal set with p = I' yield the
highest worst-case congestion, with average increases of 72% and 64%, respectively. These ap-
proaches should be reserved for applications where strong protection against correlated demand
deviations is critical. However, practitioners should be aware of the reduced computational
tractability of these formulations.

For typical operational planning, it may be preferable the combination of budgeted uncertainty
with the sum_ratio congestion measure and linear or quadratic cost functions. This configu-
ration provides robust solutions in reasonable computation times for networks with up to 100
origin-destination pairs. When peak congestion is the primary concern, the max_ratio mea-
sure should be used, with awareness that some solvability challenges may arise. For long-term
planning where solution time is less constrained, BPR cost functions provide more realistic
congestion modeling.

5.8 Conclusion

We study the problem of determining the worst-case congestion in a multi-commodity traffic
network under demand uncertainty. Our aim is to stress-test a given network by identifying
demand realizations and corresponding travelers’ route choices that maximize congestion. To
this end, we propose a novel bilevel formulation in which a traffic planner acts as the leader
and the users of the traffic network act as the followers. In the leader’s problem, we account
for demand uncertainty using ideas from robust optimization, whereas the follower’s problem
models a traffic equilibrium in which travelers follow one of the two Wardrop principles—the
user equilibrium (UE) or the system optimum (SO). We develop single-level mixed-integer
nonlinear reformulations for the resulting congestion models that exploit binary variables and
big-M constants, prove the existence of optimal solutions, derive valid big-Ms, and propose
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several enhancement techniques to strengthen the formulations. Moreover, we perform an
extensive computational study on instances of the Sioux Falls network and the SNDIib, which
provides several key insights.

First, we observe that the proposed enhancement techniques significantly improve computa-
tional performance, reducing solution times by over 90 % and enabling the solution of larger
network instances that would otherwise remain unsolved within the time limit. Second, the
choice of travel cost and latency functions has a substantial impact on both the computational
tractability of the congestion models and the estimated worst-case congestion. In particular,
we observe that the choice of the cost function has a stronger impact on the tractability of
the model than the congestion measure. Whereas considering linear cost functions leads to
the fastest solution times and the largest number of solved instances, the BPR cost function
generally requires longer computation times but provides a conservative choice when the most
suitable congestion measure is uncertain. Third, solving the UE formulation can be done con-
siderably faster than solving the SO formulation, whereas congestion levels under the UE are
typically very close to those under the SO. Indeed, by studying the congestion ratio, we show
that the two equilibrium concepts yield similar worst-case congestion levels, suggesting that,
under demand uncertainty, centralizing routing decisions, as in the SO, does not provide a
significant advantage over the decentralized UE in terms of congestion reduction. We further
note that, although the SO aims at minimizing the total travel time in the system, it does not
always lead to less congestion compared to the UE in our framework. Fourth and finally, our
analysis of different uncertainty sets—budgeted, ellipsoidal, and hose uncertainty—reveals a
clear trade-off between conservatism and computational cost: the budgeted uncertainty model
achieves the fastest solution times, whereas ellipsoidal and hose models provide more conser-
vative estimates at the expense of increased computation time. Based on these findings, we
derive managerial guidelines for choosing the most appropriate modeling of congestion, travel
costs, and uncertainty.

This work provides a first step towards designing traffic networks that are more resilient to
congestion under demand uncertainty. Building on our stress-testing framework, a natural
next step is to embed our framework into a network design model, resulting in a robust bilevel
optimization problem in which infrastructure decisions are made while anticipating traffic
equilibrium responses under demand uncertainty.
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Chapter 6

A Demand Modelling Pipeline for
an Agent-Based Traffic Simulation
of the City of Barcelona !

6.1 Introduction

In recent years, urban mobility has become increasingly complex due to several interrelated
factors: (i) population growth and its concentration in cities, (%) the proliferation of new
mobility options and modes of transportation, and (7i) the evolution of citizens’ habits and
behaviors, including the shift toward e-commerce, car-sharing, and new work-from-home prac-
tices following the Covid-19 pandemic. Due to these changes, understanding how people move
through cities — and how efficiently — becomes increasingly complex. Traffic patterns fluc-
tuate throughout the day in ways that directly affect citizens’ quality of life, contributing to
greenhouse gas emissions, noise pollution, and disruptions to urban supply chains. For legisla-
tors, public administrations, network and logistics operators, and other stakeholders, gaining a
clear picture of these dynamics is no longer optional but essential. It is the foundation for in-
formed decision-making on interventions such as road network redesigns, restrictions on vehicle
types, charging station placements, or public transport fleet dimensioning — all of which have
direct implications for both urban mobility and supply chain performance and sustainability.
The main challenge is that urban travel demand is latent: it cannot be directly observed at
the individual level, yet it is precisely this individual-level demand—who travels, when, where,
and by which mode—that determines the emergent congestion patterns observed on a net-
work. Traditional analytical or aggregate models (e.g., four-step models) provide macro-level
demand estimates but are unable to capture the rich behavioral heterogeneity and the feedback
dynamics between individual choices and network conditions.

To address these problems, this work combines two elements: open-access data from the local
government of Barcelona (the “Open Data BCN” repository and periodic statistical surveys on
mobility and sociodemographics) with the open-source simulation tool MATSim. In particular,

'Based on the work presented in this chapter, a paper has been published in the proceedings of the 2023
Winter Simulation Conference (WSC 2023), the premier international conference on simulation. The paper is
co-authored with Jonas F. Leon (Spindox S.A. / Universitat Oberta de Catalunya), Andrea Boccolucci (Spindox
S.p.A.), and Mattia Neroni (Spindox S.p.A.) [85].
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it involves constructing a complete, reproducible data pipeline to generate city-level, multi-
modal travel demand and feeding it into an agent-based traffic simulation. Concretely, given
a large metropolitan area (the city of Barcelona), the problem consists in:

1. synthesizing a population of agents endowed with realistic sociodemographic attributes
(age, gender, employment status, home location), derived entirely from open-access cen-
sus and survey data;

2. building a multi-modal transportation network (road, bus, metro, tram, walking, cycling)
from open geographic sources;

3. generating individual activity plans for each agent—sequences of activities (home, work,
education, leisure, health) with associated locations, timing, and travel modes—so that
the aggregate demand matches observed mobility statistics;

4. calibrating the resulting simulation so that emergent traffic patterns replicate the real
mobility behavior of the city.

The simulation engine used is MATSim [72], an open-source activity-based micro-simulator
in which agents iteratively re-optimize their plans in response to experienced travel times,
converging to a stochastic user equilibrium.

In terms of academic contributions, the generation of reliable transport demand profiles based
on purely open-access data through a reproducible pipeline is lacking in the literature [73].
Furthermore, although partial models of the city of Barcelona exist, none covers multi-modal
transport for the whole urban area. To the best of the authors’ knowledge, this is the first
work proposing a pipeline to synthesize transport demand in the city of Barcelona considering
a multi-modal network and using purely open-access data and open-source tools.

The rest of the chapter is structured as follows. Section 6.2 presents a literature review on the
key topics covered in this chapter. Section 6.3 describes the simulation tool and datasets used.
Section 6.4 details the proposed modelling approach. Section 6.5 presents the calibration and
results. Section 6.6 draws conclusions and outlines future research directions.

6.2 Related Work

The simulation of the traffic at a city level is a complex challenge that spans across multiple
dimensions, such as the spatial coverage of the model, the level of detail to be considered or
the interaction between the modeled components [144]. Historically, there have been different
approaches to study urban mobility, ranging from macroscopic wave-like modelling, to detailed
agent-based simulations [103]. Regardless of the simulation paradigm employed (micro-, meso-
or macro-simulation, discrete-events or discrete-time, trip- or activity-based, etc.), researchers
identify the same types of problems, namely: (i) data acquisition [15], (7) model calibration
and validation [32] and (%) model scaling [90]. In recent years, activity-based micro-simulation
seems to be gaining ground, since some of the aforementioned problems are diminishing due
to the improved access to data at agent level or the increase in computational processing
power [105]. The data acquisition has been simplified by the effort of state agencies, private
companies and volunteers from the open community, that provide tools and data to the general
public [109]. On the other hand, the increase in computational power has allowed the scientific
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community to exploit the advantages of agent-based traffic micro-simulations, such as their
interpretability and adaptability by controlling individual interaction between agents [69].

In order to implement this type of traffic micro-simulation, there are numerous possible al-
ternatives available to researchers and practitioners. There are some software dedicated to
traffic micro-simulation like SUMO, MATSim or libraries like Python CityFlow. These soft-
ware packages provide ready-to-use environments for simulating traffic and to handle road
networks, vehicles, etc. Equally, powerful commercial options like Vissim, Aimsun or Paramics
exist, but in spite of offering free-trial versions, their source code is proprietary, limiting repro-
ducibility and community-based extensibility. Finally, generic agent-based simulation software
can also be used to build traffic models, such as NetLogo, Python libraries like Mesa or Pan-
dora, or commercial software like AnyLogic [106]. These non-specific agent-based software
has the advantage of being more flexible, but they require much more effort in order to be
able to describe the road network and the dynamic and interaction of the agents. In [93], a
comprehensive review of different traffic simulation software is provided. For the particular
case of MATSim, apart from enjoying the already mentioned micro-simulation advantages, its
open modularity contributes also to expand its simulation capabilities. For instance, it allows
incorporating the study of multi-modal public transportation [119], or the investigation of new
mobility trends in urban areas, such as car-sharing [46].

For the city of Barcelona, there are some publications that have covered the study of its
mobility dynamics using a micro-simulation description. In [6], researchers approached the
modelling of Barcelona similarly as in the present work, but using SUMO as their simulation
package and being limited to private cars as the only mode of transport. In [15], researchers
employed MATSim for simulating the city of Barcelona, but the main data source for modeling
the demand were mobile phone records. The results helped to study different policies in the
Metropolitan Area of Barcelona. Finally, [107] considers a traffic flow simulation, modeled us-
ing AIMSUM, but it is limited to a single Barcelona district. Our simulation model, covering
the multi-modal mobility of the entire city of Barcelona, can help public and private organiza-
tions to make better and more informed decisions, such as, for instance: where to place electric
charging stations, which roads to open or close to traffic, or how to dimension the public bus
fleet.

6.3 Data Sources and Simulation Tool

MATSim [72] is an open-source simulation framework that allows mobility analysis for large-
scale scenarios, in the present case, at city level. In MATSim, individual agents (people) are
modeled by assigning them a spatial location, some interaction rules and an activity plan
(i.e., a series of time-scheduled activities) that they try to undertake. In aggregate, these
individual agents constitute the population to be simulated (or a representative percentage
of it), and their activity plans constitute the aggregated transport demand. In that sense, it
could be considered an agent-based, and also an activity-based, simulation model. It can also
be classified within the traffic micro-simulation paradigm, since the interaction of individual
vehicles-like agents can be studied directly, following a queue-based approach as opposed to
the more computationally expensive car-following behavior. The different agent plans compete
with one another following a stochastic co-evolutionary algorithm that reaches an equilibrium
after a certain number of iterations. In the equilibrium, every agent is carrying out its preferred
plan to the best of its possibilities (e.g., without delays), and cannot further improve it without
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deteriorating another agent’s plan.

This study has been produced using both open-access data and open-source software, allowing
the wider scientific community to consult and modify the code, and potentially to reproduce
the pipeline presented in the following sections. Table 6.1 presents the main data sources that
were employed to feed the demand pipeline.

Table 6.1. Open data sources.

Source Description

Open geographic database used to extract the nodes and
A. OpenStreetMap  links that compose the network of Barcelona used for the
simulation.

Public repository of data for the city of Barcelona. It con-
B. Open Data BCN tains hundreds of datasets regarding population, transporta-
tion and services.

Sociodemographic survey of Barcelona for the year 2020. It
C. ESDB contains comprehensive social and economic data for the city
of Barcelona.

Working day mobility survey for the city of Barcelona
D. EMEF (2021). The survey summarises the daily transportation
habits of Barcelona’s citizens.

6.4 Modelling Approach

In this section, the modelling approach followed is described in detail. In particular, the
generation process for the three main ingredients of the simulation model is described, namely
the network, the population and the transportation demand. The demand generation pipeline
is graphically described in Figure 6.1. It is important to stress that the proposed pipeline
is merging together very different and huge datasets, that are mostly related to spatial and
sociodemographic distributions of people, and, after synthesizing a population of individual
agents, trying to infer the mobility dynamic of an entire city.

6.4.1 Network Generation

In this section, the geographical scope of the simulation is defined, and the first two steps of the
demand pipeline are explained. The steps consist in the generation of the network composed
of nodes and links, and the localization of facilities within that network. The modelled area
covers the approximately 101 km? of the urban area of Barcelona, and includes the 10 districts
in which it is divided, with its corresponding 73 neighborhoods. Figure 6.2 shows a map view
of the target extension of the simulation.

Nodes and links (Step 0)

The network is modeled as a direct graph, where each arc (i.e., link) represents a road or
street, and each node represents a road junction. While a node is described solely by its
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Figure 6.1. Demand generation pipeline. The steps followed are described in detail in Section 6.4
and the input data sources are contained in Table 6.1. Infographics are inspired and adapted from
Simunto MATSim tutorials.

coordinates (using EPSG:2062 as spatial reference system), the links contain more information.
Firstly, the link needs to indicate the two nodes that are connected, indicating the direction.
The other characteristics relate to the length of the link, the maximum allowed speed, the
maximum number of agents that can leave the link per unit time (called capacity), the number
of lanes, the direction of the link, and the allowed means of transport in the link. Regarding
the means of transport, an agent can move through a link on foot, by bicycle, by car or by
public transport. In order to extract the spatial coordinates of nodes and links, the open-data
community-maintained OpenStreetMap tool was employed. Some level of data processing
was necessary for properly defining intersections and for classifying the type of road for the
purpose of importing the data into MATSim. At the end, more than almost 100,000 nodes
and approximately 260, 000 links were included in the simulation model. The public transport
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Figure 6.2. Map of the city of Barcelona, showing the districts and neighborhoods consid-
ered in the simulation. Source: Interactive map available at Barcelona City Council webpage:
https://ajuntament.barcelona.cat/es/

considered, which include buses, underground (metro) and trams, were merged into the model
network after obtaining the data from GTFS and employing the MATSim module pt2Matsim
to properly format the data.

Facilities (Step 1)

Given Barcelona’s network of nodes and arcs representing the city’s streets, the first step is to
enrich this network by adding “facilities”, which represents the places where agents perform
activities. The different types of facilities can be divided into six categories: (1) Home: Rep-
resents the places where the agents live, from where they start their daily activities and where
they return at the end of the day; (2) Work: Represents the places where the agents work
(office buildings, shops, factories...), normally places visited once a day, during a certain num-
ber of hours, by those agents that represent adult citizens that are employed; (3) Education:
Represents the places (schools, universities, etc.) where younger agents, and those whose main
occupation is studying, spend a number of hours every day, normally travelling there only
once; (4) Leisure: Represents shopping centers, sport centers, parks or other facilities where
all type of agents go from time to time to spend a variable amount of time for amusement;
(5) Pharma: Represents hospitals, pharmacies, and other facilities where agents go to take
care of their physical or mental health; (6) Other: This category was introduced to handle
the parking procedure that is explained in Step 5 (Subsection 6.4.3). For defining the agent
homes, random coordinates were taken within each residential area, according to the polygo-
nal representation of the city of Barcelona. To define the facilities in which work, education,
leisure and health-related activities take place, the Open Data Barcelona dataset reporting the
economic activities census of the city of Barcelona was considered (see Table 6.1). At the end
of this step, the list of facilities for each neighborhood, classified by the type of activity that
can be carried out in it, is available.


https://w33.bcn.cat/planolBCN/ca/
https://gtfs.org/
https://github.com/matsim-org/pt2matsim
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6.4.2 Population Generation

In practical terms, generating the population means setting up a .xml file containing all the
information regarding the agents to be considered in the simulation. The characteristics of each
agent, such as their home location, their age and gender, have to be provided to the simulator.
The process of generating the “synthetic” population to be used in the MATSim simulator
is explained in this section, making also reference to the data sources employed. The city of
Barcelona had approximately 1.6 million inhabitants in 2021. Simulating this amount of agents
is not feasible if reasonable computational resources are to be employed, and for that reason,
only the 1% of the total population was used. Using a percentage of the total population
is a common approach since the aim is only to simulate the mobility flow and to study the
congestion patterns in the city of Barcelona. In other words, since the model is interested in
the global behavior of the agents, rather than in the interaction details in a specific area (e.g.,
a roundabout or a neighborhood), a subset of the population can be used as proxy of the total
mobility configuration.

Sociodemographic profile (Step 2)

The second step in the pipeline is the creation of groups of agents per neighborhood, with
basic sociodemographic attributes. These agents were generated by combining information
contained in different datasets from Open Data Barcelona and from the “ESDB” Barcelona
sociodemographic survey (see Table 6.1), specifically, the datasets related to: (7) Number
and composition of households per neighborhood; (i) Number of people by address; (%ii)
Population per neighborhood (according to gender and age); (iv) Level of employment and
education. Having defined the agents and the neighborhood in which they live, it is possible
to assign a home location (generated in Step 1 — see Section 6.4.1) to each agent, considering
the household composition. At the end of this step, a list of agents with sociodemographic
characteristics (gender, age, home location, occupation and education), is available.

6.4.3 Demand Generation

The last piece of information required to run the simulation is the travel demand. This demand
represents the sequence of activities (and their associated movements through the network) that
each agent wants to perform during the day. Therefore, the location, the start and end-time,
and the mean of transport employed must be specified for each activity. Obviously, the agents’
demand should reflect the mobility habits of the inhabitants of the city of Barcelona. It should
be noted that the agents’ plans can be subject to variations according to the traffic state of the
network, which evolves following the stochastic co-evolutionary algorithm of MATSim, until
an equilibrium state is reached. In fact, the activities’ start times are set as the ideal start time
according to agents’ wishes, but the duration of the travel between two consecutive activities’
locations may vary over time.

Activity chain (Step 3)

The third step consists in assigning an activity chain (i.e., a sequence of activities to be
performed during the day) to each agent. The activity chains are defined using the “EMEF”
Working Day mobility survey (see Table 6.1) as a baseline, on top of which more elaborated
activity chains were added. All activity chains are a sequential combination of the six types
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of activities defined by their associated facilities, as described in Step 1 (Subsection 6.4.1).
In general, an activity can be repeated more than once throughout the day. Some examples
of activity chains are: “Home-Work-Home”; “Home-Education-Home”; “Home- Work-Leisure-
Home”; “Home-Education-Home-Leisure-Home”; “Home-Pharma-Home”. It is important to
note that the activity-chain-to-agent assignment considers the sociodemographic characteristics
of the agent (e.g., an activity chain containing the activity “Work” will not be assigned to an
agent without employment), and also respects the percentage of population carrying out each
type of activity as included within the “EMEF” Working Day mobility survey. At the end of
this step, the activity-chain has defined for the agents, which represents the skeleton of their
daily plan. In the following steps, this initial plan will be enriched with detailed information
on each activity and with the movements between the different activities in the plan.

Activity location (Step 4)

The fourth step determines where the agents will perform each activity of their plans. The
activity-to-location assignment was done following the procedure detailed in Algorithm 2,
where different sources of statistical data were combined. This intricate data processing was
required because no direct source of information is publicly available for linking particular
agents to locations. In fact, it would be difficult to obtain this type of information without
compromising the privacy of agents, since the residence, workplace, or regularly visited venues
will be linked to every agent, together with their typical schedule. The information is extracted
mainly from the “ESDB” Sociodemographic survey of Barcelona (see Table 6.1), taking into
account: (7) the probability of changing area/district within a trip depending on the origin,
(ii) the average distances traveled per trip, and (7ii) the average distances traveled by activ-
ity type. At the end of this step, the agents have each activity of their plan associated to a
location.

Leg mode (Step 5)

The fifth step consists in choosing the mode of transport for each trip (or leg) that the agents
must take to perform the activities of their plan. The modes considered were introduced in
Subsection 6.4.1. For assigning the mode of transport to each leg, information extracted from
“ESDB” Sociodemographic survey of Barcelona (see Table 6.1) was used. In particular, the
statistical data referring to: (i) the average traveled distances by mode of transportation, (i)
the probability of using a mode as a function of the agent sociodemographic characteristics
(mainly age and gender), (7ii) the probability of using a mode as a function of the type
of activity. To continue with the details regarding the choice of transportation mode, it is
necessary to introduce the concept of “round-trip”. A round-trip is defined as a subset of
activities in a plan where the first and last activity is a “Home” type activity. For instance,
the plan “Home- Work-Home-Leisure-Home”, contains two round-trips, namely: “Home- Work-
Home” and “Home-Leisure-Home”. This is an important concept, since it was assumed that
the agents can change their transportation mode only at the end of a round-trip. This means,
for instance, that if the agents leave home by car, they cannot return home by public transport;
but if they return home and leave again, the second trip can be made by public transport. This
implies that the mode of transportation will be defined at the round-trip level. The procedure
is detailed in Algorithm 3.

A computational problem arises when the selected mode of transportation is “car” but the
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Algorithm 2 Activity-to-location assignment

Input: population of agents > Each agent has its Home location and set of activities
Output: location for every agent activity

1: for every agent in population do

2
3
4
5
6:
7
8
9

10:

11:
12:

for every agent activity do

origin <— Home(agent)
P <+ probability of changing district(origin)
d < distance travelled(activity)
if random(0,1) > P then > Decide whether the agent changes district or not
neighborhoods < filter districts # origin
for every remaining neighborhood do
if distance(origin, neighborhood) > d then
neighborhoods <« filter out of reach
for every remaining neighborhood do
{neighborhood;, p;} < assign probability based on number of facilities dedicated

to (activity)

13:

destination neighborhood < select random considering probabilities

({neighborhood;, p;})

14:
15: end

location < select random in (destination neighborhood)

Algorithm 3 Mode-to-leg assignment

Input: population of agents > Each agent has a plan (set of activities)
Output: mode for every round-trip

1: for every agent in population do

2
3
4:
5
6

daily

7

8:

9:
10: end

for every agent activity plan do

round-trip < split(plan)
for every round-trip do
dmaz  calculate maximum distance(round-trip)
modes < remove modes based on(d,,.;) > E.g., not reasonable to walk 25km

for every remaining mode do
{mode;, p;} < assign probability based on(agent, activity)
mode < select random considering probabilities ({mode;, p;})
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facility to be reached is on a link of the network that cannot be traveled by car. In order
to overcome this problem, a “parking” procedure is invoked, introducing additional activities
of type “Other” which represent parking locations and allow the route to be broken up into
several parts. With this logic, the extreme links of the route can be covered on foot while the
central links can be covered by car. An example of this is shown in Figure 6.3. At the end
of this step, the agents’ plans have a location associated to every activity and also the travel
mode between each pair of activities.

0 walk ‘O car Lo walk Lm walk Lo car Lo walk 0

Home location Parking A Parking B Work location Parking B Parking A Home location

Figure 6.3. Result of applying the “parking” procedure to a Home- Work-Home activity plan, where
the Work facility is not reachable by car.

Activity time (Step 6)

In this final step of the pipeline, the timing is added to each activity in an agent’s plan.
Technically, for each activity it is possible (i) to indicate its duration or (i) to indicate an
activity end time. This means that, after the agents arrive at a node and start an activity,
they will remain at the node for the timespan indicated (the activity duration), or until the
activity end time is reached, whichever comes first. Moreover, activities cannot overlap in
time. The “EMEF” Working Day mobility survey (see Table 6.1) was used to assign an end
time for every activity, considering the survey data and the total number of activities to be
performed within the plan, i.e., time windows were defined to make sure that each activity’s
end-time leaves time to perform subsequent activities. For the “parking” activities explained
in Step 5 (Subsection 6.4.3), a fixed activity duration was assumed. At the end of this step,
the complete information for every agent’s plan is available, namely the activities, with their
associated location, mode of transport and timing.

6.5 Results: Calibration and Validation

The simulation pipeline described in previous sections contains a number of parameters that
could be modified in order to calibrate the simulation. This calibration is an important activity
that aims to adjust the simulation in order to reproduce the actual mobility behavior observed
in the city as accurately as possible. The first pipeline calibration parameter considered was the
possible set of activity chains, as indicated in Step 3 (Section 6.4.3). This means that, in order
to better approximate the right number of movements per hour, some activity chains were
modified, always maintaining the statistics at a macro-level. The second pipeline parameter
tuned was the maximum distance d,,q,, used for defining the mode of transport in Step 5
(Section 6.4.3). This parameter was explicitly introduced in line 6 of Algorithm 3. On the
other hand, some of the critical MATSim parameters to be tuned are the parameters related
to the flow through the links and their storage capacity. These parameters, were adjusted
to compensate for the reduction in the percentage of the simulated population, as detailed
in Section 6.4.2. Also, the number of iterations considered for the co-evolutionary algorithm
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has an effect in the quality of the results. The results of the calibrated model can be seen in
Figure 6.4.

Total
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Figure 6.4. Comparison between the results of the Barcelona MATSim simulation against the real
data provided in “EMEF” (see Table 6.1). The percentage of population that is travelling over the
total is shown for each time bucket. Time bucket “1” covers from 00:00 until 00:59, bucket “2”
covers from 01:00 until 01:59, and so on.

In terms of the mobility patterns, it can be observed that around 07:00 the transportation
activity begins in the city of Barcelona, with a first traffic peak around 09:00, coinciding with
the start of the activities in schools and work places. Throughout the central hours of the
day, people move about in a somehow constant manner, probably reflecting the dynamism of
a metropolis of the size of Barcelona, where different activities contribute to maintain a stable
condition. Although the simulation captures this behavior, it underestimates the amount of
movements in the city during this period. Around 16:00 there is a change in trend and the
amount of journeys increases steadily up until around 20:00, when it starts to decrease at
approximately the same rate. Once again, the simulation captures perfectly the dynamic of
the mobility demand, but a slight delay can be observed in the second peak, which occurs
later. In terms of intensity of the plateau area and the peaks and valleys, it can be seen that
the simulation also matches the actual intensity levels.
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Figure 6.5. Comparison between the results of the Barcelona simulation against the real data provided
in “EMEF” (see Table 6.1). The percentage of population that is travelling over the total is shown
for each time bucket, and split by mode of transport. The time buckets are the same as in Figure 6.4.

Since one of the contributions of this study is the multi-modal capability of the MATSim
implementation, the same comparison for population movements can be made segregating by
mode of transport, as presented in Figure 6.5. Since these graphs are the decomposition of
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Figure 6.4, the conclusions that can be extracted are very similar. If we analyze them one by
one, it is interesting to observe that the simulation underestimates the use of active mobility
(walking and biking) in the morning period. This underestimation is compensated with the
use of cars and public transport, and for all of them it is clear the delay in the last part of
the graph. That fact, namely that in the simulation there is a concentration of movements at
the end of the day, could be explained by the way the activities are slotted in the pipeline. As
explained in Step 6 of the pipeline (Section 6.4.3), activities can be of fixed duration or have
a fixed start/end-time. Even considering well-defined times for the activities does not ensure
that these take place as scheduled. In fact, the duration of travel between two consecutive
activities is affected by at least two factors: (i) the traffic conditions on the network, that vary
as a result of the co-evolutionary algorithm of MATSim; and (i) the adjustment to the plan
introduced by the parking procedure, which was necessary to ensure consistency in the data.
Delays accumulate and this is reflected as a consequence on the latest activities of agents’
plans, leading to more trips to be performed in the last hours of the day. This fact could be
improved in a subsequent version of the model in order to distribute the activities end-times
in such a way that reflects with more realism the actual mobility demand dynamic. Finally,
in order to quantitatively evaluate the overall adjustment of the MATSim model to the real
data, in Table 6.2, a summary of the gap between the obtained results and the real mobility
data is provided for groups of time buckets and per mode of transport. Additionally, the Mean
Average Percentage Error (MAPE) is calculated for each mode and also in total.

Table 6.2. Quantitative numerical results of the simulation model.

Gap in time bucket group
Mode of transport 6 712 15183 1994 MAPE
Active 1% 5% 3% 7% 37%
Car 0% 1% 6% 8% 24%
Public Transport | 0% 3% 9% 12% 27%
Total 0% 3% 5% 8% 31%

As explained above, the gap increases towards the end of the day bucket groups, with values
between 7% to 12%. The MAPE was used to quantify the difference between the actual and
simulated values, obtaining figures close to 30%, which could be interpreted as a model accuracy
level of roughly around 70%. This accuracy varies depending on the transport mode, being
greater for the car than for the public transport and active mobility, probably reflecting the
fact that the software logic was conceived initially for road traffic simulation. The presented
model could greatly benefit from further efforts in order to increase its validity, specially when
looking at street level traffic comparison. The match between simulation and reality at this
maximum granularity level were difficult to obtain given the current state of the model.

6.6 Conclusions and Future Work

In this work, a detailed step-by-step pipeline for generating the demand for mobility for the city
of Barcelona has been defined. The pipeline was entirely developed considering open-access
data (mostly from the Barcelona City Council open-access initiatives) and open-source tools
(MATSim simulator). The generated demand was represented by a population of agents with
sociodemographic characteristics and a plan of activities to be carried out during the day. This
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population of agents was feed into MATSim, which simulates the interaction between them, as
they to move throughout the network of the city, using multiple modes of transportation, i.e.
not only cars, but also bikes and public transport. From this agent-based micro-level interaction
emerges the mobility patterns that characterize the city of Barcelona. The simulation model
has been calibrated in order to reproduce the real behavior as faithfully as possible, with the
final results showing a remarkable correspondence between the model and the reality.

A calibrated simulation model that replicates the dynamics of citizen mobility at the level of the
city of Barcelona is an extremely useful tool on its own for researchers and decision-makers,
and opens many future lines of research and application. Omne direct use of the simulator
could consist in studying the impact of different public policies on the traffic profile of the
city, such as the changes in people mobility as a consequence of restricting certain types of
vehicles in some areas, changing the availability or the routes of some public transport lines,
or moving the car-sharing service stations. Furthermore, health and sustainability aspects can
be considered and the effects of different policies on CO2 emissions reductions evaluated. One
very interesting line of research is considering the use of this tool in combination with other
developed scientific fields, like optimization and operations research, where the simulator could
be an essential part in advanced simulation-optimization algorithms. As concluding remarks,
it is worth mentioning that the details provided for the demand pipeline construction, and
the use of publicly available tools and dataset, should encourage other researchers to try and
replicate this modelling methodology in other cities, where similar data is available. Also,
the study’s result has demonstrated that a synergetic alliance between public administrations
and the research community can help towards creating powerful tools that empower citizens
and companies towards smart city with the final goal of increase efficiency and reduce carbon
emissions.
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