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Abstract
Consider the operator on L*(RY) L, = (=A)*/? 4 alx|™® with 0 < a <

. . 207((d 4)2
min{2,d}. Under the condition a > —F(((‘(l%ﬂ()%z)

tive and selfadjoint. We prove that fractional powers EZ/ *fors € (0, 2] satisfy
the estimates || 7]| S (=20 e [l-AYRS, S |2

L v
for suitable ranges of p. Our result fills the remaining gap in earlier results from
Killip et al (2018 Math. Z. 288 1273-98); Merz (2021 Math. Z. 299 101-21);
Frank et al (Int. Math. Res. Not. 2021 2284-303). The method of proof is based
on square function estimates for operators whose heat kernel has a weak decay.

the operator is non nega-

Keywords: Fractional Laplacian, Hardy inequality, Hardy operator, heat kernel,
square function

Mathematics Subject Classification numbers: 35A23, 46E3, 35K08, 42B20.
1. Introduction

A non negative selfadjoint differential operator £ on L?(R") generates in a natural way a scale
of Sobolev type norms ||,C“'/ 2u|| ;- Establishing the equivalence of such norms with standard
Bessel potential norms |u/| i, = H(—A)’/ 2uH ,» 18 an important problem, with many applica-
tions in spectral theory, linear and nonlinear dispersive equations, and probability. We mention
for instance the equivalence H,C'/ zuH 2 = |lul|z for second order elliptic operators in diver-
gence form, known for a long time as the Kato square root problem and now a theorem [2]; and
the calculus of Schrodinger operators with electromagnetic potentials, which is an essential tool
to investigate scattering for the corresponding time dependent problem [9, 10, 14, 15, 20, 25].
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In this paper, we consider the following generalized Schrodinger operators on L2(R¢)
Lo = (=N +a|x|™* with o € (0,2 A d). (1

Throughout the paper, we use the notations a V b = max{a, b} and a A b = min{a, b}.

The two terms in this operator have the same scaling, thus powers £3/? are a natural can-
didate to generate homogeneous Sobolev type norms. The case v = 2 is well studied, and in
recent years the fractional case a € (0,2 A d) has attracted extensive attention.

The operator £, admits a non negative Friedrichs selfadjoint extension provided

2°T((d + ) /4)
R

aza =

This follows from Herbst” estimate [16]: for 0 < « < 1 and p € (1,n/«), we have

02|+ Weatn/ 1], > 0.
Here the constant U, 4(n/p') is sharp, and is expressed in terms of the function ¥, 4(0), defined
as follows: ¥, 4(0) = 0, ¥, 4(d — ) = 0, and for other values of § € (—a,d — «)

D()r (%)

\I/(y, (5) = _ZQT'
' LEr(s)
We have U, 4(8) = U, 4(d —90), Vuu(6) — +0c0 as § - —a or 6 -d— «, and ¥, 4(0) is

strictly decreasing for § < 4% and strictly increasing for § > %> with a minimumat § = 45

where it takes the value a* (see [5, 23] with a slightly different notation; see also [4, 6, 7] fzor
additional information).

Since ¥, 4(6) : (—a, d’T“] — (a*, 400] is strictly decreasing it is invertible. In the following
theorem, which is our main result, we shall denote its inverse by
-«
5 2)
Theorem 1.1. Letd € N, a € (0,2 A d)and s € (0,2]. Leta > a* and o = o(a) be defined
by (2).

(a) Ifﬁ <p< m with convention % = 00, then we have

o= \I/;’b(a), o:(a",+o0] = (—a,

o], <)
P

o) 3

(b) If1<p<oowithd+7v0<p< (m/ﬁ,thenwehave

We recall that estimates (3) and (4) for the case o = 2 were proved in [18]. The range
a € (0,d A 2) has been investigated recently in [22], limited to the case p = 2, and in [21] for
general p but with a > 0. Therefore, theorem 1.1 fills the remaining gap a € [a*, 0) and general
p. The main reason for the restriction a > 0 in [21] is the essential use of the spectral multiplier
theorem from [15], which requires the Poisson upper bound on the heat kernel. We note indeed
that when a < 0, the heat kernel fails to enjoy the Poisson upper bound.

In order to overcome the weak decay of the kernel, we employ a new approach, based on
square function estimates (see section 3). Although our approach is quite similar to that in

cif

Sl 4)
5| I,
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[8], here we encounter several additional obstructions. The method in [8] was built upon the
following heat kernel estimate, valid for £, in the Hardy case o = 2:

2
< et 0 | g

Jees

|L’1(F)

for all measurable subsets E, F C R?, all f € LP(E), and suitable 1 < p < g < oo. For the
approach in [8] (see also [18]), the exponential term in the above estimate plays an essen-
tial role. Unfortunately, this type of estimate fails to be true in our setting with o < 2 (see
section 3). To deal with this difficulty, we consider the L7 — L7 off-diagonal estimates on
balls and their corresponding annuli. This difference requires dedicated heat kernel and square
functions estimates, which form the main bulk of the paper.

The paper is organized as follows. Section 2 is devoted to auxiliary lemmas and estimates.
The heat kernel is analysed in detail in section 3, where sharp estimates of the kernel and its
derivatives are proved. Finally, section 4 is dedicated to square function estimates and to the
proof of the main result.

2. Preliminaries

We start with some notations which will be used frequently. We always write C and ¢ to denote
positive constants that are independent of the main parameters involved but whose values may
differ from line to line. We write A < B if there is a universal constant C so that A < CB
and A~ B if A < Band B S A. For a,b € R, we use the notations a VV b = max{a, b} and
a Ab = min{a,b}. For p € [1, 00], we denote by p/ = p%l the conjugate exponent of p. The
average of a measurable function f over a measurable set E with 0 < |E| < oo will be denoted
by

1
/Ef(x)dx = E/Ef(x)dx.

Given a ball B, the associated annuli are the sets S(B) = 2/B\2/"'B for j = 1,2,3, ..., while
we write So(B) = B.
For r > 0, the Hardy—Littlewood maximal function M, is defined as

1 1/r
M, f(x) = sup (—/|f(y)rdy> , x€eRY
B>x ‘B‘ B

where the supremum is taken over all balls B containing x. When r = 1, we write simply M
instead of M. The following estimate is well known:

Lemma 2.1 ([25]). Let O < r < oc. Then for p > r, we have

IMefll, S 1L
The following estimates are elementary and we omit their proof.
Lemma 2.2.

(a) Let k € (—00,d). Then there exists C > 0 so that for all r > 0

/ <i> dx < CH.
B(0,1) |x|

173
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(b) For e > 0, there exists C > 0 such that

1o e —y
/Rd 1d/a ( /o dy <C

uniformly in x € R?.
(¢) For e > 0, there exists C > 0 such that

1 —y\
/Rd la (#) |f@ldy < CMf(x)

uniformly in x € RY.
We next recall two criteria for singular integrals to be bounded on Lebesgue spaces, which
will play an important role in the proof of the boundedness of the square functions. The first

theorem gives a criterion on the boundedness on LP(R?) spaces with p € (1,2), while the
second one covers the range p > 2.

Theorem 2.3. Let 1 < py <2 and let T be a sublinear operator which is bounded on
L*(RY). Assume that there exists a family of operators { A}~ satisfying that for j > 2 and

every ball B
/2 1/po
(/ T — ArB)f2> < a()) (/f”“) ; &)
5(B) B

and

1/2 1/po
( / IA,-Bf|2> < a()) ( / f”“) , (6)
Si(B) B

for all f supported in B. Ifzj a(j)2/ < oo, then T is bounded on LP(R?) for all p € (p,, 2).

Theorem 2.4. Let2 < g, < oo. Let T be a bounded sublinear operator on L*(R?). Assume
that there exists a family of operators { A;}~o satisfying that

1/2
(/T(I - ArB)fzdx> < CMa(f)(x), (7
B

and

/90
(/TA,Bﬂqux) < CML(|Tf(x), (8)
B

for all balls B with radius r, all f € C°(R?) and all x € B. Then T is bounded on LP(RY) for
all2 < p < q.

For the proof of theorems 2.3 and 2.4, see [1].
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3. Some kernel estimates
Given 6 € (—o0, d], we write

d
-, 0>0
dp=1<¢0

00, 0 <O,

and dj is the conjugate exponent of d. It is easy to see that dj = d;_gyo for 6 € (—o0,d].
For 6§ € R, we also denote

tl/a ¢
Dy(x,1) = (1 + )
|x]

fort > 0 and x € R

Theorem 3.1.  Let {T,},~¢ be a family of linear operators on L*(RY) with their associated
kernels T,(x,y). Assume that there exist C,c > 0 and 6 € (—o0o,d] such that for all t > 0 and
x,y € RN\ {0},

e tl/(y+ x—y —d-a
el < e (AN ponionn, ©)

Assume that djy < p < q < dy. Then for any ball B, for every t > 0 and j € N, we have:

1/q d/q ; —d—a 1/

rg NP / rp \d /o 2irg P
T.f19) < Cmax (—) (—) }(1+ . 14 / r
</sj(3>| ! ) { /e /e 2irg /e B|f|

(10)

forall f € LP(RY) supported in B, and

la g\ [ 205\ " Aoy 9/ 2rg\ 40 1/p
! = — — i) )
(/BIT,f\ ) < Cmax{(tl/a> ,(tl/u> (1 + ) (1+ tl/”> /Sj(B)IfI
(11)
forall f € LP(S(B)).

Proof. We will prove only (10) since the proof of (11) is completely analogous. For conve-
nience, we set /' = §;(B) and E = B. We have obviously

1a _ —d—a q 1/q
1A < { / l Jree (S Df)(x,r)De(y,rnf(y)dy} dx}

Sh+hL+6L+1,
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where

o 4 |x —y|

q
“”“( T ) De(x,t)De(y,t)\f(y)ldy dx
FﬁB(Otl/“) EmB(Otl/a) t

a1 =y !
! (%) Dy(x, DDg(y, D] f )y | dx
FﬁB(Otl/“) E\B(Ozl/ﬂ) t

tl/"—|—|x—y| —d-a q 1/q
/ e (1/a> Dy(x, )Dp(y, | f()|dy| dx
F\B(0.,:!/®) EmB(O /oy t

q
—d/o t/a+ X
L = / / Y (#) De(x,t)De(y,t)lf(y)\dy dx
F\BO.11/%) E\B(o,t‘/“) !

We now consider the first term /;. By Holder’s inequality,

e d(E,F)\ 1/q 1/p 1/
neerde (e SBR[ pnar] ([ir) [ b
t FNB(O./1/) E B/

Note that

qﬁ/(y

/ Dgo(x, t)dx ~ o0 dx
FNB(0,11/) FNB(O,11/a) \x\

tqﬂ/a
< / Cdx < ol fd-ania _ o,
B/ x|

where in the last inequality we used lemma 2.2 since g6 < d. For the same reason,

d
| Dty S
B(O,tl/”)
Substituting the two estimates into the bound for /; we get

,%(l,l,L’) d(E,F)
N (R I T

Q11 d(E,F)\ ™
v p g (l + tl/(l ) ||f||U’(E)’

which implies

ais-1) 2r v
. i P B
‘SJ(B)| /a X Il S - /q(tl/(y) (1 l‘l/“’> </|f|p>
d 1/« d/q J 1/
B \» ! 2 s
(o) (”m) (1 M) (/Ifl) . (12)
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For the second term /», in this situation we have Dy(y, t) ~ 1. Hence,

L5 / / Dy(x, e/
FNB(O,r1/) | JE\B(0,11/)
tl/a—l— |X—y\ —d—a q 1/q
X (t””) f(y)|dy1 dx}

a d(E,F)\ 1/q
(1 Ry ) 11l (/ Dy,(x, t)dx)
! B(0,11/a)

Lagn (L AERDY TN
< rad q)<1+ A/a ) EM 1A ey

where in the last inequality we used lemma 2.2 and Holder’s inequality. It follows that

) ) 1/p
sj<B>|—1/qx125z-$<'-é>|3|213—1/q( I/rf) (/W)

A
NI
o

da-1y 2 1/p
s ()" (1 ,Jf) (firr)
aN 4/q —d—a 1/p
rg \¢ [1/ 2/rp
< [ = - p
S (tl/a) (”2%) (1 M) (/f ) : (13)

For the third term /3, using the fact that Dy(x, ) ~ 1 we have

/e + ‘x o y| —d—a q 1/q
I < / / td/a<l/”> Dy, )| f()|dy| dx
F\B(O,tl/“’) ENB(0,¢1/2) /o
d(E,F)\ ™
set(1+S52) Doy, DI f3)]dy.
~ l/a
! ENB(0,11/)

By lemma 2.2 and Holder’s inequality,

1/
[ ool 5 ([ Do)l
ENB(0,1/) BO,r1/@)

N

d
7\ fll oy

Asa consequence,

d(E,F)
et (1 4 ) FY N ey
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which implies

i —d—a 1/p
_d ) 27r
S;(B)| "1 x Iy < 1 ar|B|'! (1 + z1/5> (/Ifl”)
rg \ 4 27 l/p
(ITB)O ,l/f) (/Ifl”) : (14)

It remains to estimate the term /4. Note that in this case Dy(x, f) >~ Dy(y, t) ~ 1. Hence,

q 1/q
e tl/(y+ x—y
Ls {/V " (N) FOldy| dx
F E
i d(E,F)\ "
td/ <1+ /e > |F‘1/q||fHL1(E)

ajaf, | dEF)\ /
! <1+ fi/a ) FIYEM | £l

1

N

N

where in the last inequality we used Holder’s inequality. Thus we obtain

27‘3 —d—« 1/p

ISB)| 7V x Iy S f“|B|<1+ l/a) </|f|p>

rr \d 2'r v

G (i) () e

and this completes the proof of (10). ([

A

Theorem 3.2. Let {T,},~¢ be a family of linear operators on L*(R?) with their associated
kernels T,(x,y) satisfying the estimate (9). Then for every dy < q < dy, there exists C such that

1Tillyq <
uniformly in t > 0.
Proof. Using the same notations as in the proof of theorem 3.1, we have
HT,qu SL4+L+L+1,
where I, 1,15 and I, are terms defined similarly to those in the proof of theorem 3.1 with

respect to E = F = R%
Similarly to the proof of theorem 3.1, we have

L < Cfllg-

Similarly to the estimate of the term /, in the proof of theorem 3.1, we also have

tl/(l_|_|x ‘ —d-a 1 /e
L < / Dyy(x, 1) / e e L fDdy| dxp .
B/ R\ B(0,11/) /o
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Using Holder’s inequality and lemma 2.2 (b),

“d/a tl/(y + |X _ y| —d—a
! /a |f()|dy
Rd\B(O,tl/Q) 1

_ / /d
1o B @+ay 7!
—% —d/a 1 + ‘)C y|

t q”qu [Adt ( tl/(y dy

_d
]| fllg-

N

A

This gives

4 1/q
B EI [ D]
B(O,tl/”)

S [ llg

where in the last inequality we used lemma 2.2 (a).
In a similar way, we have

IS 17l

and using the same argument as in the proof of theorem 3.1,

tl/a+‘x_y| —d—o q 1/q
Iy < {/]Rd [/Rdtd/a<tl/a> |f(y)dy] dx}

1/q
s {/ Mf(x)qu}
R4
S Al
where we used lemma 2.2 (c) in the second inequality and the L7-boundedness of the maximal
operator M in the last inequality. (]

The following heat kernel estimates are taken from [3, 5, 11, 17, 26].

Theorem 3.3. Letrd e N, 0 < a <2Ad, a>a* and let o be defined by (2). Let p,(x,y)
be the kernel associated to the semigroups e~"*«. Then for all t > 0 and x,y € R4\ {0},

—d—a
tl/(y _
p(x,y) = Dy(x,HDy(y, )" %%) '

The following result show that the upper bound for the kernel p,(x,y) can be extended to
the complex heat kernel p_(x,y) forz € C./y:={z € C:|arg z| < 7/4}.

Proposition3.4. Letd € N0 < o <2 Ad,a > a*,and let o be defined by (2). Let p_(x,y)
be the kernels associated to the semigroups e **« with z € C,)q:={z € C: |arg z| < 7/4}.
Then there exists a constant C such that
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1/04 . —d—«
|2V + |x yl) (16)

] < €D Dot ey (1 1

Proof. We adapt the standard argument in [12, lemma 3.4.6] to our present situation. Thus
it is sufficient to prove that

C
WP < (17)

where w(x) = D_,(x, |z]).
Now for f : R — R, we define the norm

[flwre = sup | f(x)w(x)|

so that (17) is equivalent to

C

L e S W'

w 1

e

Write z = 2t + is for some ¢ > 0 and s € R. Since |arg z| < 7/4, we have ¢ ~ |z| and hence

—zLy —isLy,

a

< e

—tL
H ¢ 12512 ||e

L' —wL® L2wL>® ||e L' -2
w w

—isLq

Since L, is nonnegative and self-adjoint, we have ||e
follow as soon as we prove that

122 < 1, and the claim will

1Ly —L 1Ly — AL
e L2 St% and |l P ST
We shall prove that ||e~ T < 1% the second inequality e | oy S 3 can
be proved in the same manner. Indeed, for f € Lq'“,1 we have, by theorem 3.3,
e ) 1/2
e 4 |x —
e sl < / / Dy (x, DD, (3, 1) 17|y‘ [fO)ldy| dx
R4 | JRd t /a
1/2
—d—al?
B tl/a + X _y
< [ ffrpn(S5E20 el poolrols
R | JR re
1/2
—d—a|?
e 4 |x —
< sup / 4D, (x, t)<l|y|> dx Ifll -
d /o w1
yGRd R w
Hence, it suffices to prove that
—d—a|? 12
tl/a _

sup / t—d/(yD(T(x, ,)<+1/xy> dx < ;-%_ (18)
yG]Rd R4 /o

Indeed, we break the integral into two parts: the first part corresponding to the integral over
B(0,1'/*) and the second corresponding to the integral over B(0, 1'/*)¢, and denote them by I;
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and I, respectively. For the first integral, we use the fact that 20 < d — o < d and lemma 2.2
(a) to bound it by

, 112
{/ 4D, (x, t)’ dx] =t d/a [/
B(O,/) B

Using the factthat D, (x, 1) ~ 1 asx € B(0, 1/%)¢ and lemma 2.2 we can dominate the second

integral by
[A(Qﬂ/u)ﬂ

These two estimates ensure (18). Hence,

Jees

1/2 ,
Doy (x, t)dx] <t

(07[1/(1)

1/2

—2(d+a)
e 4 x —
’2dﬁl<tlﬂly> dx] <,

_d
e SOFNl
w

which implies

—tLy,

||e JA ) <
-

This completes our proof. U

As a direct consequence of proposition 3.4 and Cauchy formula, we obtain the following
result.

Proposition 3.5. Letd € N, 0 < a <2Ad,a>a* and let o be defined by (2). For any
k € N, there exists Cy > 0 such that for all t > 0 and x,y € R?\{0},

—d—a
ﬂm+h—ﬂ>

P, )| < Cut™ 9D, (x, D, (3, 1) ( Ta

where p,,(x,y) is an associated kernel to Lke=tra,

Proof. Applying Cauchy formula, for every t > 0 and k € N,

o (—DR! de
e 15027./ o—ELa ’
2mi |e—t|=nt -0k

where 7 > 01is small enoughso that {& : | — 7| = nt} C C, ), and the integral does not depend
on the choice of 7.
We now apply proposition 3.4 and the fact that || ~ |£ — | ~ ¢ to deduce that

Mo e —y\ "
/e

P, )| < Cut V9D (x, D, (y, 1) (

forall x,y € R? and ¢ > 0.
This completes our proof. U

In the previous estimates k is an integer. By a suitable interpolation argument, we now
proceed to extend the estimates to the fractional case:
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Proposition 3.6. Letd € N,0 < a <2 Ad,a> a* and let o be defined by (2).

(a) Foranys € R,s > 0and d,, < p < d,, there exists C such that

[@Laye ™|, < C

forallt > 0.
(b) Foranys € R,s > 1 + max{0,0/a}, there exists C; > 0 such thatforallt > 0and x,y €

R\ {0},

e 4 x =y
/e ’

s, V)| < Crt= ST ID (x, D, (3, 1) (

where p, (x,y) is an associated kernel to L3eEa,
Proof.

(a) Due to proposition 3.5 and theorem 3.2, we need only to verify (a) for s ¢ N. To do this, we
write s = k — ~y, where k € N and v € (0, 1). Using the following subordination formula

1 *© du
L,” = —/ ue e —,
T Jo u

we have
(tL,) e Ea = 1 /Ootsu')’ﬁ/;e—(u+l)ﬁad_“,
T Jo u
which implies that
1 © Su? du
t[,a seftﬁu _ U+t kﬁkef(mH)Ca =
(k) TSy oDk u

This, along with proposition 3.5 and theorem 3.2, yields
L[> rfu ok —
—_ R t ﬁ (u+1)Lq
o A re R

/°° rfu’ du_/°° fu”  du
o Wk u Jy Wt ou

<1

du
P u

[(tLa) e

N

This completes our proof.

(b) Due to proposition 3.5, it suffices to prove proposition 3.6 for s ¢ N. In this situation, we
canfind k € Nand v € (0, 1) such that s = k — . Using the above subordination formula,
we can write

du

‘Cse—tﬂa —_ 1 Oouwﬁke—(zt+t)£a -
¢ L' Jo ¢ u
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It follows, by proposition 3.5, that

—d—«
o (4w +|x —y| du
()| < - D,(x,t D, (y,t u
[prsCe, 0| < TR (x, 2+ u)Dy(y, t + u) ( (t + u)l/a u
¢ 00
:/ .+/ .
0 t
=:1) + Db.

For the term /;, using the fact thatr 4+ u ~ rasu < t,

n< [ poop 0 =y du
RSN i o (%, Do (¥, 1) i —

u
tl/a ol — —d—a
D, (x, DD, (7, 1) (W)

< b oy Lt
~ tS-‘rd/(l J(-x’ t) O'(y3 t) tl/” M

t

<
~ tk+d/a

Likewise, for the term I», since ¢t + u ~ u as u > t, we have

v u/e 4 |x —y| T

“ u
I 5/; WDU(X’“)D”@’“)<T) u

| w7 4 x —y|\ ¢ du
< [ - = J s
S / us—&-d/aDU(x’ u)Dy(y, u)( e > .

This, in combination with the following inequalities
u ) max{0,0/a}

Dy, 0Dy (v, 1) < Dy(x, Dy (v, 1) (;

and

W g x—y\ _ e —y\ T fuy 1+asa
ul/a ~ /e (;) ?

implies that

—d—a
/e 4 |X _ y| R | u\ 1+d/a+max{0,0/a} dy

< - = “J7 —
12 ~ Da(x, I)Da(y, t)( [1/0‘ / us+d/a (l) u

B N e S A
~ ts+d/(¥ O'(X?t) O'(yat) tl/” 1)

as long as s > 1 + max{0,0/a}.
This completes our proof.

4. Equivalence of Sobolev norms involving £,

This section is devoted to prove theorem 1.1. Before coming to the proof of the main result,
we need some estimates for square functions which play a key role in the argument.
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Given v > 0, we consider the following square function

= dr\ /2
Seanf(x) = (/0 |(t£a)'ye—z£af2t> .

Note that by the functional calculus in [20], the square function S, is bounded on L?. In the
following theorem, we prove the L estimates for S, -.

Theorem 4.1. Letd € N,0 < a <2Ad,a > a* and let o be defined by (2). Let v € (0, 1].
Then forall d, < p < d,,

1Scar S W, ~ N1l

As a consequence, for s € (0,2] and d., < p < d,,

> dr\ /2
H (/ tst[,ae":“f|2> ~ ‘
0 '
14

Proof. We divide the proof into two steps.

L f

P

Step 1 Proof of the boundedness of S¢, , on L? for d), < p < 2.
Fix r € (d),2] and m > 1 + - For every ball B we define

ar!
Ay =1— (I — e "BEaym,

We will claim that

1/2 1/r
(/ Sza,«I—ArB)fzdx) 52‘f<d+“></ |f|"dx> . =2 (19)
Si(B) B

]
1/2 1/r
( / Ar3f2> <2 ( / |f|’d> (20)
Si(B) B

for all balls B and all f € C™ supported in B. Once these two estimates have been proved,
the boundedness of S¢, , on L” for d/, < p < 2 will follow directly from theorem 2.3.
We rewrite

,

J

and

T

12 . 12
i 2 dr
B)\Sﬁm(l - A,B)fzdx> = (/0 [(tLa) e "ol — A"B)fHL2(Sj(B)) ) '

Hence, we are reduced to prove the following inequality:

i 7 Vil ; any '
s ([ l0tre - ap iy ®)

r

1/r
< 27t ( / f’dx> 1)
B

for j > 2, all balls B, and all f € C* supported in B.
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We note that for every g € L? and s > 0,

/ LsTle Thagdr = Lo hag — [3e hag,

1

This, along with Minkowski’s inequality, implies

[Lhe " eg

o0
|L2(sj(3)) </t ||['Z+1eiTl:agHLz(Sj(B))dT'

Thus we have

- 1L (|2 dr)'”? R A T
(/0 |(tLa) e “g|‘L2(S,_(B))7> < /0 o (/ |cote g
: t

< [ [ llaor e
0

1/2
q 2de
‘L2(5_,-<B>) T

2 ar]'?
|L2(sj<B>) 1|

where in the last inequality we used Hardy’s inequality.
By iteration we have, for every N € N,

. o ) dr 1/2 0 - 5 dr 1/2
(/0 Loye tl:agHLz(Sj(B))t) < Cy UO (L) e tl:agHLz(Sj(B))[:l :

Taking g = (I — A,,)f, we have, forevery N € N,

o o dr 1/2
(/() H(lﬁa)’e ’ﬁa(l— Arg)f”iZ(S}.(B))T)

o 2 ar'?
< CN |:A H(f[,a)"/‘FNe*tCﬂ(I — ArB)fHLZ(Sj(B)) :|

i
Due to this inequality it suffices to prove (21) assuming v > 1 + max{0, o/a}. To do
this, we write

00 2 dr 1/2 3 1/2 00 1/2
( / aLaye™ e = Ay f Hms-(m)—) < ( / ) + ( / )
0 U 0 o

:ZEl +E2

We now estimate E;. Since

(ULa)e (0 = Apy) = (La) €0l — e MHEy" = QLY e e
k=0

m
= (L) e+ Y CR(L,) e HEEe,

k=1
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applying proposition 3.6 with v > 1 4+ max{0,0/a} and the fact that ¢+ kr§ ~ rg
for t € (0,r3) and k> 1, we get the following upper bound for the kernel of
(tLy) e "Fa(l — e "EFay™:

[l/a . —d—ao
D (x, Dy (y, 1) (%)

g+ lx =y
I'p

t v
+ (7) 7" Do (%, 1) rzr)(

B

At this stage, using (10) from theorem 3.1 and the fact that r < r§, we can write, for d,, <
r<2,

SB[ Ly e et = A 265,

- d erB —d—a . 1/r ¢ 0% i . 1/
<G Gr) ()« () ()

Plugging this into the expression of E; we obtain

1/
s i s 20 firr)
B

For the second term E,, we note that

N rg rg
[— A, =1—e8hay" = / / Lre Gt tmla gs, (22)
0 0

where ds’ = ds; . . . ds,,. Therefore,

lGLaye e = A 25 iy < / [y tme ot ot ds

(0.1 fHLz(S"(B))

Hence, using proposition 3.5 and (10) in theorem 3.1 with the fact thatt + s; + - - - + 5, >~
tass € [0,rg]" and t > rg, we have

ISBN " [@La) e = A || 2

d/2 —d—a
_ rg \4/r /e 2J r /
P 1 o 1+ d
/l;)«’”g]m (l‘l/“‘) ( + 2];‘3 tl/(l |f| S
rg m s djr { tl/a dj2 . 2JVB —d—a . 1/r
(t) (tl/‘k) ( +2jr3> ( tl/a) </|f| ) :

Plugging this into the expression of E;,

00 a\ M d/r tl/(y d/2
SB V2% E </ B (r_B) 1 ‘
1Si(B)| XS w \ 1 /e + 2irg

N

N
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We break the integral in df into two pieces, i.e. the integral over the interval (r§, 2/74) and
the integral over (2/“rg, 00):

AN N Y AN 1
SBI"V?2 < E </ B (_B) -5 bl / r
| j( )‘ 2 S " t /a /o P B‘f‘
LY Gy () e )
2j t tl/e 2irg t B ’

Keeping in mind that m > 1 + -4, and using a straightforward calculation, we obtain

or

1/r
SiB)"* X Ey S {2”“”‘” + 2’j(’"+d/2)} </|f|r>
B

) 1/r
27j(d+04) (/fr> .
B

From the estimates of £ and E, we obtain (19).
It remains to prove (20). Since

N

m
e
Ay = E Cle krgLa,

k=1

by using theorem 3.3, we can dominate the kernel A4,,(x, y) of A, by

7 g —d—a
constant x (1 T r_3> (1 + r_B) r§d<w> _
|X| ‘y‘ Ip

Therefore, applying (10) in theorem 3.1,

(f

)

1/2 "
A f (X)Izdx> < g idto) ( / r (x)|"dx) |
®) f

which proves (20). This completes the proof of step 1.
Step 2 Proof of the boundedness of S, , on LF for 2 < p < d,,.
By theorem 2.4, for any g € (2, d,,) it suffices to prove that

1/2
(/Sca,n,(l - A,B)f|2dx> < CMa(f)(x), (23)
B

and

1/q
( / sca,ﬁ,Arqudx) < CMo(Se, D) (24)
B

for all balls B with radius r, all f € C°(R?) and all x € B with A,, = I — (I — e "5 a)y™,
m > 1 + d/2. The proof of these two inequalities is quite similar to that of step 1; however,
since the decay is different, we give full details of the argument.
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To prove (23), we write

1/2 00
( s~ A,-B>f|2dx) <y ( s A)-B)szdx>
B ‘= \JB

1/2

where f; = fxs;®)-
For j = 0, 1, using the L*-boundedness of S Loy and A,, we have

1; S Ma(H)(x).
Hence, it suffices to prove that

1/2
<2 / fPdx
Si(B)

)

for j > 2.
Arguing similarly to the proof of step 1, we are reduced to prove the following
inequality

1/2
o i dr\ V/? ,
|B|”2< / ||<t£a)'e’“(1—A,,,>fj||i<g>,> SW(/S(B)ﬁdx) (25)
0 N

)

fory > 1+ max{0,0/a} and j > 2.
To do this, we write

o 1/2 1/2
~ _ 2 dr\'? "B o0
(/O ||(t£a)we tﬁu(l - 'A"B)fjHLZ(B)t) < (/0 .. ) + </ﬂ .. )
"B

=:F + F,.

Arguing similarly to the estimate of E; in step 1, but using (11) instead of (10) for
t<rg,

12
. o t\’ —jo
BP0ty = A < () 2 </ f2>
B 58

)

. d . —d—a 1/2
211’3> ( 217‘3> / D)
+ (2 (1422 T
(tl/a /e 5,8)

Inserting this into the expression of F, we obtain

12
BI7'2 x Fp S 270 (/ |f|2> :
5i(B)
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For the second term F,, using an argument similar to that of the estimate for E; in step 1,
but using (11) instead of (10) from theorem 3.1, we have

‘B\*l/zH(tﬁa)"’e*m"(l - -Arg)fjHL2(B)

erB d erB a/2
< —m I i
~ A,rﬁ]mt maX{(ﬂ/(k) ’(tl/a
o 1/2
tl/(y /2 2J d—a
< (14 1+ 28) g P
l/a
rp 1 Sj(B)
< r}g“ " Zjl’B ¢ erB 42 pl/e 42
< () mey (o) - e .
. g 1/2
o d—a
x (1+ 272 i
tl/(l
Si(B)

as long as ¢ > rj. Inserting this into the expression of F, we obtain

00 /_a\ M j d j d/2 1/a d/2
‘3‘71/2 x F, 5 / (rB> max (21rB> , (2 VB) <t>
AN t'/a /e rp
i —d—a 1/2
2'rp dt
t t 5i(B)

Splitting the integral in dt into the integral over the interval (r§,2/*r%) and the integral
over (2975, 00), we find that

B AN Y P N W Y
P -1/2 < rﬁ “'B (73) B
‘S](B)| XFZ /\,4/)g (t) ([1/&) tl/a tl/a t
1/2 m . /2
< g 2'r,
X / |f|2 +/ <_B> (1/f>
Si(B) 2jora \ 1 re
1/2
Ao\ gt
(55 S f v
rp 1 Sj(B)
1/2
sor(f o)
S/(B)

aslongasm > 1+ ﬁ. Collecting the estimates of F'; and F, we obtain (25).
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It remains to prove (24). We first write

1/q
(/B|Sga,ﬂ,ArBf(x)|”dx>

m 2 a/2 ] 1/a
> m ,—kri L Py dr
= N cpe ity et fo| < | dx
B\Jo |i5 t
) q/2 1/q
S o dr
S Z / / ZC/Te_k'Bl“[(fﬁa)we_m“szj(B)](x) — | dx
20 [7B\70 k=1 t

which, along with Minkowski’s inequality, theorem 3.3, and (11) in theorem 3.1, gives

1/q
(/ ‘Scm"! ArBf(‘x) |qd‘x>
B

) 5 1/2
s S| [T et e s )
>0 0 k=1 L4(B)
i a7 La g2 ar)'?
g 227/a|5j(B)‘7 / (/(; H(tﬁa)’\%'ﬂ‘ af |L2(Sj(B))t>
720

‘ 12
< Yo n( fnlsen o)

j=0
This implies (24). Hence the proof of step 2 is completed.

Thus we have proved that the square function S¢, , is bounded on LP(R?) for all &/, <
p < d,, that is to say

1Scar s N, S N1l
To prove the converse inequality we use duality. By functional calculus, for any g €
L” (RY) we have
* _ dr
/ F)gx)dx = () / / (tL,)* Ve e f(x)g(x)— dx,
R rdJo !

where c(a) = [;?Ve 2% Using Holder’s inequality we obtain

/ F(x)g()dx = cle) / / UL e L e g0 dn
Rd reJo

A

/R Sty f(DS 800

1820 1L IScongll
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By using the direct inequality [|S¢,g[,, < [1l],/, we get

F)gdx < ([Sc, 1,8l
R !
As a consequence,

£, S IScan S,

which completes the proof. (]

The following result on the boundedness of square functions involving the difference
1L e — ((—A)*/2e~ =" will play an essential role in the proofs of the main results.

Theorem 4.2. [etd e N, 0<a<2Ad, and s € (0,2]. Let a > a* and o be defined by
(2). We have the following estimate

& «, 2 1/2
H </ £ (1Lae 50 — o= a2 A ] dt)
0

t
provided thatd!, < p < d,.

f

‘x‘sa/Z o

~

We will provide the proof of theorem 4.2 later on. We now introduce the following two
functions for the bound of the kernel of #(—A)*/2e~ 12" _ ¢ o=tLa.

4/ t2/(1 o+
La(x,y) ::1 X R r Q( )
t {(x[viyhr <t} Ix][y]

¢ tl/a I+
i) e (1 YA |y|> ’

and

tlfd/a t1+d/04
M (x,y) = 1{(\x\V\y\>a>t}1{%\.x\g\y\gz\x\} (x| A [yhe (1 A X — yd+a>’

where o = max{0, ¢}, thatis,c; =0ifc > 0ando = o if o < 0.
These two functions were used in [22] in the proof of the upper bound for the kernel of the

1 2
difference e "£a — ¢ 127,

We have the following lemma.

Lemma 4.3. Let o € (—a,(d — )/2]. Suppose that T,(x,y) and H/(x,y) are two measur-
able functions defined by

—d—a
ara (P |x —
Tl(x’y) =t d/ (%) D(T(x, t)DU(y, t)a

and

1/a _ —d—o
_ —d/a ! + |X y|
Hz(x,)’) _t ( tl/a .

forallt > 0and x,y € R\ {0}.
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Then there exists C > 0 such that
t
Uy, y) = / d / H, (902 To(z y)ds de < CILE () + M2 (x, )],
R4 J0

whenever |y| > 11/ and L|y| < |x| < 2|y|.

Proof. The proof of this lemma has the same spirit as that of lemma 3.1 [22]. For the sake
of completeness, we sketch it here.
Since D, (y,s) ~ 1 as |y| > 1'/* > s'/*, we have

! f—le g x—z\
U,(x, < —d/a t— —d/a | ( g
() S /Rd/os (t— )" (s

sV gz =y "
—_— D,(z,s)dsdz
sl/a
t t
B(0,|x[/8)/0 B(0,|x|/8)¢ /0
— E\+E,.

For the term E,, in this case s'/* < 1'/* < |y| < |x| < |2/, and hence D, (z,s) ~ 1. This, along
with the fact that [z|* < |x|~, implies

t 1/« —d—a
—a —d/a —d/a (t—S)/ +|x—2z
B ol [ [ -
rd.Jo (t—s)

1/a . —d—a
m ds dz.
sl/a

—1(~ )%/

Denote by p,(x,y) the kernel of e . Then we have

1/a —d—a 1/a —d—a
/ Sfd/a(t _ S)fd/a (1= / + |X — Z‘ s / + ‘Z — y‘ dz
R (t—s)l/ st/

N / Bres(6, DBz, )z
]Rd

—d—a
M+ |x =y
tl/(l ’

= px,y) >~ td/a<

where in the second line we use theorem 3.3 for a = 0 and in the last line we used the semigroup
property. Substituting this into the bound of E, we get

PN N
Bog e (T [
0
—d—a
< Lt*d/a tl/a+‘x_y‘
~ ‘X‘Q /e

S MP(x, ).
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Let us move on the term E;. In this situation, we have |x — z| ~ |x| and |y — z| ~ |y| as

|z| < |x[/8and 1|y| < |x| < [y|. Hence,

- / /zsd/a(t S)—d/a| a( ‘x‘ )da
| - 4 =77
B0,x/8))J0 (t—s)l/e

—d—«
(ﬁ) D,(z,s)ds dz

1 /’
~——— [ s(t—5) |z| “D,(z, s)dz ds.
(xllyha+e Jo B(O.Jx/8))

By lemma 2.2,

/ 2| Dy (z, $)dz
B(O.|x/8)

Plugging this into the bound of Ej,

d—a
g <

N

t3‘x‘dfa

™~ (fxllypdter

A

o ot ot
/ 4 15 1] d
B(0,|x/8)

+

‘x‘d—a+s%‘x‘d—a—a ~ ‘x‘d—a.

7(\x||y|)d+”/0 s(t — s)ds

Since in this situation |x| ~ |y| and |x|, |y| > '/, we have

< £
E [
L ey

t
~|yldte

S Li(xy).

This completes our proof.

O

Let Q,(x, y) be the kernel of 1(—A)*/ 2012 o~1a 'We have the following estimates:

Proposition 4.4. Letd e N, 0<a <2Ad,and s € (0,2]. Let a > a* and o be defined

by (2). Then for all x,y € R? and t > 0,

|0:(x, )| S LY (x,y) + M (x, y).

Proof.

(26)

Let T;(x,y) and H,(x, y) be two functions as in lemma 4.3. Denote p,(x, y) and p, ;(x, y)

by the kernels of e —2"? and (—A)*/2e~=2" respectively. Then from theorem 3.3 and

proposition 3.5 for a = 0, we have

[P, )| + 1| i (x, p)| S Hilx,y)

forall# > 0 and x,y € R%
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Moreover, from proposition 3.5,

P, )| + 1| pea(x, y)| S T, y)

forall# > 0 and x,y € R%
By symmetry we may assume that |x| < |y|. We now consider two cases.

Case 1: |y| < /%, or [y| = 1'/* and |x| < [y|/2. Then, if o < 0 we have

—d—o
tl/(y _
0| 5 tn) =4 (=)

S LY, y).
On the other hand, if o > 0 we have

e ll/a+ Y —d—«
10:x, )| < Ti(x,y) =14 (Tyg Dy(x,0)Dy(y, 1)

2 o
~ /e e
|||

S Li(x,y).

Hence, in this case
|0i(x, Y| S L (x, ).
Case 2: |y| > 1"/ and |y|/2 < |x| < |y|. In this case by Duhamel’s formula,

Di(x,y) — pi(x,y)

t
=a / / Pr—s(x,2)|z| " ps(z, y)dz ds
0 JRI
/2
=a / / Di—s(x,2)|z] " py(z, y)dz ds
0 Rd

/2
+a/ /i%(x,z)\zl’“ptfs(z,y)dzds.
0 R4

Differentiating both sides with respect to ¢ and then multiplying by ¢, we come up with,
by simple manipulations,

Oi(x,y) = at / di?t/z(x,z)IZ\’“pz/z(z, y)dz
R
/2
+at / / Di—s1(x,2)|z| " ps(z, y)dz ds
0 R4

t
+ at / / li)t_s(x, 2)|z] " ps1(z, y)dzds
t/2J R4

=L +5L+1. (27)
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We can estimate the term /; as follows:

/2
‘ / B2 DI pya(ay)dz = 6 / / Bua, D2 pya(z )iz ds.
R /3 JRrd

Note that for s € [1/3,1/2], HH("')ﬁHz/z(',')Zf’z/z(w) and  Ty(-, ") ~
Ty2(-s) 2 pyo(» ). Consequently,

/2
t / P26, 2z pya(zy)dz S / H,_(x,2)|z] Ty(z,y)dzds
R4 t/3 JRA

t
< / / H,_o(x,2)|z| *Ty(z, y)dz ds.
0 RrRd
Then applying lemma 4.3,
I < CILY (x,y) + M[ (x, 9)].
For the second term, note that for s € (0,1/2),
t‘i)tfs,l(xa Z)‘ x~ (t - S)|i’l‘7s,1(xa Z)‘ S HI*S()Q Z)a
which implies that
/2
LS / / H; ((x,2)|z| *Ty(z,y)dzds
0o Jrd
< CILY (x,y) + M (x, )],

where in the second inequality we used lemma 4.3.
Likewise,

!
L g / / H,_y(x,2)|z| Ty(z,y)dzds
t/2JRd
< CLLY (x,y) + M7 (x, y)].
This completes our proof. U

Remark 4.5. 1In [22], a similar upper bound was obtained for the kernel of the difference
N However, this is not suitable for our purpose since the square functions used

here are different.
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We now turn to the proof theorem 4.2.

Proof of theorem 4.2. Using proposition 4.4

(/
0
22(/+1)

< Z/z e iLa t(_A)a/zeft(,A)u/z)f(x)r#

(t[, e La _ f(—N) eI A)“/z)f( )‘Zdt>1/2

12

1/2
za(/+1) /

@ « ’ dt
/ (LY (x,y) + M7 e I fO)dy | —
R t

<Z/2

< Zz ﬁa/z/ a0 (x,¥) + M (2, )] | £ () |dy

JEL

where in the last inequality we used the fact that /; < ¢,. At this stage, arguing similarly to
the proof of proposition 3 in [21] we deduce the desired result.
This completes our proof. U

‘We now recall the Hardy’s inequality for the operator £, in [21].
Theorem 4.6. Letd € N, 0 < a <2 Ad,a > a* and let o be defined by (2). Suppose 0 <
sa/2 < d. Then for d,, < p < dso /24, we have

H|x|—(1s/2pr < E;/Zf

P

Finally, we are ready to give the proof of theorem 1.1.

Proof of theorem 1.1. Fix 0 < s < 2,d, < p < dyo/245v0- Then by theorems 4.1, 4.2 and

4.6 we have
sa _g a _ /2 dt
|arey| < H(/ N )
P 0
> o, 2dr\'?
- HU | aLue e = Ay e A g 7)
0 P
o ar\ \/?
+ (/ t_“|t£ae_’5"f2—>
0 1
<l e
|x|sa/2 » »
S|

where in the first inequality we using theorem 4.1 for a = 0.
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Conversely, for d, < p < (w/ﬁ, we have
, o ar\ /2
Jever], = | (e ere)
p 0 !
P
> o, 2dr\'?
: H(/ |1 e — i AP | t)
0 P
o I A
+ (/ 5|t(=A) e A) /2f|2t>
0 P
< |1+ -
‘x‘sa/Z » »
S ary]
P
where in the last inequality we used theorem 4.6 for a = 0.
This completes our proof. (]

Remark 4.7. 1t is possible to extend the results in theorem 1.1 to the operator (=AY 4+,
where V is a function satisfying
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