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Abstract

We present and compare two different optimal control approaches applied to SEIR mod-
els in epidemiology, which allow us to obtain some policies for controlling the spread of an
epidemic. The first approach uses Dynamic Programming to characterise the value function
of the problem as the solution of a partial differential equation, the Hamilton-Jacobi-Bellman
equation, and derive the optimal policy in feedback form. The second is based on Pontryagin’s
maximum principle and directly gives open-loop controls, via the solution of an optimality sys-
tem of ordinary differential equations. This method, however, may not converge to the optimal
solution. We propose a combination of the two methods in order to obtain high-quality and
reliable solutions. Several simulations are presented and discussed, also checking first and
second order necessary optimality conditions for the corresponding numerical solutions.

Keywords: Optimal control, SEIR model, Dynamic Programming, Hamilton-Jacobi, Pontryagin
maximum principle, Direct-Adjoint Looping

1 Introduction

The development of the Covid-19 pandemic has increased the interest towards the mathematical
modelling of epidemics and, in the last three years, a number of papers dealing with several aspects
of epidemiology have appeared. The number of topics is very large and ranges from the analytical
description of infections to the socio-economic impact of the pandemic. However, epidemiological
models have been introduced even before the Covid-19 pandemic (see e.g. [25] and the monography
[7]) as a useful tool to analyse and predict the development of an infective disease. In particular,
compartmental models describing the interactions between susceptible, infected and recovered
consist of a system of ordinary differential equations, where the variables represent the categories
which the population is divided into. One of the simplest model, the popular SIR model, dates back
to a paper by Kermack and McKendrick (1927) [44]. Nowadays the modelling can include several
aspects of an epidemic, such as space diffusion, age distribution, vaccination and local effects, and
models are becoming more and more complex.

This work is focused on the control of epidemiological models. More precisely, given the de-
scription of the infection, we introduce some control parameters in the model, accounting for the
possibility to get a vaccine, restrict social interactions or regulate the inflow of people from abroad.
Clearly, by varying these parameters we will modify the evolution of the infection and its distribu-
tion in the population. In order to compare these effects, we introduce a cost functional associated
with the development of the epidemic. This functional can contain different components, mea-
suring costs in terms of victims, hospitalization procedures (such as intensive care) and economic
impact. The final goal is to determine how restrictive measures and vaccines can affect the evo-
lution of the disease and possibly find the optimal controls that minimise the cost at each time.
To this end, we adopt two classical approaches based on general results in optimal control theory.
For the solution of an optimal control problem, one can look for controls that are expressed either
as a function of time (open-loop controls) or as a function of the state of the system (feedback
controls), depending on the method that is used to solve the problem.
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The first approach is based on Pontryagin’s maximum principle (PMP), a very well-known
variational framework which gives necessary conditions for a control to be optimal. However, the
corresponding open-loop controls cannot react to perturbations of the system or to uncertainties
in the model, since they are just a function of time, and this might be an issue in some cases. For
a general introduction to this theory we refer to [53, 33, 8].

The second approach follows the celebrated Dynamic Programming Principle (DPP) due to
R. Bellman [10], introducing the value function, a function of the state variables of the system,
corresponding to the best cost among all the possible control strategies. This function can be
characterised as the unique viscosity solution [21, 20] of a non-linear partial differential equation,
the Hamilton-Jacobi-Bellman (HJB) equation [27, 8]. Using a suitable numerical scheme of semi-
Lagrangian type [30], one can calculate the value function and obtain the optimal controls. General
results on this approach can be found in [8, 28, 29]. The main advantage of this strategy, despite
the high computational cost, is that it directly gives feedback controls.

There is a huge amount of literature on optimal control applied to epidemiological models,
aiming at describing different infectious diseases in different settings. These works, some of which
date back to several years before the Covid-19 pandemic, are mainly based on Pontryagin’s principle
and on the solution of the associated optimality system [9, 37, 62, 5, 18]. Moreover, the numerical
schemes for the solution of the optimality system are typically based on local descent methods, such
as Newton iterations [43, 35, 40] or the so-called Direct-Adjoint Looping algorithm, also known as
Forward-Backward Sweep [60, 13, 11]. To our knowledge, one of the less explored aspects of these
optimisation techniques is that – if they converge – they may not converge to the global minimum
of the cost functional [23], unless additional hypotheses are verified or the system is rather simple.

On the other hand, methods based on the Dynamic Programming approach are still scarcely
employed for real-world problems, which involve complex or high-dimensional systems, due to
their high computational cost. At present, the application of this approach to the control of
epidemiological models is more theoretical or limited to low-dimensional settings [47, 12, 36, 46,
58, 57, 39, 16]. However, the most relevant feature of this approach is the theoretical guarantee of
convergence to the optimal solution, i.e. to the global minimum of the cost. In addition, the latest
advancements in both CPU and GPU architectures make it possible to approximate the solution
of large scale problems in a reasonable time, especially resorting to parallel computing techniques.

The present work aims at exploiting Dynamic Programming to improve and validate the results
obtained with the variational approach. In particular, we combine the two approaches, using the
optimal controls given by a semi-Lagrangian scheme as a warm guess to initialise the Direct-Adjoint
Looping (DAL) method. Moreover, we evaluate the reliability of the optimal controls produced with
the combined SL-DAL scheme by checking first and second order necessary optimality conditions
along the computed numerical solutions. As it will be confirmed by our numerical experiments,
especially when the considered epidemiological model gets more complicated, the DAL algorithm
alone could provide various sub-optimal solutions, depending on the initial guess for the controls,
but this does not happen if we initialise it with the output of the semi-Lagrangian scheme. Similar
ideas, exploiting the theoretical connection between PMP and DPP, have been investigated in
different settings: in [22], a rough finite difference approximation of the value function at single
points is used for the initialization of a Newton-based shooting method for solving the PMP
optimality system; in [6, 61] PMP is interpreted as a representation formula for the solution of
HJB equations, and it provides an efficient way to reduce space complexity when solving high
dimensional control problems.

This paper is structured as follows. In Section 2, we present the general setting of the SEIR
compartmental model, then we introduce the control parameters representing restrictive measures
and vaccination, thus obtaining a controlled SEIR model. In Section 3, we briefly outline the
general theory of finite horizon optimal control problems and we formulate the cost functional.
In Section 4, we introduce the Dynamic Programming approach, the related Hamilton-Jacobi-
Bellman equation and its semi-Lagrangian numerical approximation. Section 5 is dedicated to the
variational approach to finite horizon problems, via Pontryagin’s maximum principle. In particular,
we describe the Direct-Adjoint Looping method to approximate the solution of the optimality
system associated with the control problem, together with the corresponding first and second order
necessary optimality conditions. Section 6 contains a more in depth comparison between the two
approaches, highlighting their differences and their strengths, and also the proposed combination
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of the two methods. In Section 7, we report the results of several numerical experiments performed
with both methods on some variations of the controlled SEIR model. In particular, we consider
the case of a control that can open or close the borders in a setting where there is a constant source
term, representing incoming people from abroad. Finally, we also consider some state constraints
that represent the limited availability of intensive care units, together with temporary immunity.

2 The controlled SEIR model

In this section, we present one of the most simple and frequently used compartmental models, the
epidemic SEIR model, and an optimal control problem associated with it. Since our aim is to
formulate an optimal control problem, we will not go through all the analytical properties of the
model, and refer to [4, 25, 24] for further details.

The population - which is assumed to be homogeneous and well mixed - is divided into four
categories:

• S: the susceptible portion, individuals who can contract the disease,

• E: the exposed portion, individuals who have been infected but are not yet infectious,

• I: the infective portion, infected individuals who can transmit the disease,

• R: the recovered portion, those who have acquired immunity.

An individual can belong to any of the categories, but only to one of them at each time. If we
denote the total population with N , the model can be sketched as in Figure 1.

s i r
β (1-λ) s i γ i

ν s

δ

δ1 δ3δ2

s i r
β (1-λ) s i γ i

ν s

φδ

δ1 δ3δ2

S E I R
ε γβ I/N

Figure 1: Diagram of the epidemic SEIR model

The infection process is modeled with the usual law of mass action: the force of infection is
I/N ; β is the transmission rate, namely the product of the average number of contacts per unit
time for each individual and the probability of transmission per contact; 1/ε is the mean duration
of the latency period; 1/γ is the mean infectious period. The corresponding differential model is
therefore: 

S′ = −βSI/N

E′ = βSI/N − εE

I ′ = εE − γI

R′ = γI

(1)

In order to avoid working with large numbers, we can normalise the equations by dividing every-
thing by N , thus obtaining 

s′ = −βsi

e′ = βsi− εe

i′ = εe− γi

r′ = γi

(2)

with initial data (s(0), e(0), i(0), r(0)) = (s0, e0, i0, r0) such that s0+e0+ i0+r0 = 1. Usually, as it
is reasonable to assume, r0 = 0 and s0 ≈ 1. In the normalised model, each variable represents the
fraction of population within a certain compartment, instead of the absolute number of individuals.
We point out that the right hand side of both (1) and (2) sums to zero, implying the conservation
of the total population. Indeed, setting x := (s, e, i, r), it readily follows that the set

S =
{
x ∈ [0, 1]4

∣∣ ||x||1 = 1
}
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is positively invariant for system (2).
Finally, we observe that the fourth equation is independent from the previous three, hence we

can reduce the system to 
s′ = −βsi

e′ = βsi− εe

i′ = εe− γi

(3)

and then exploit the conservation property to obtain r(t) = 1− s(t)− e(t)− i(t).
As in the simpler SIR model, the basic reproduction number for this model is

R0 =
β

γ
.

This may seem surprising, but in fact, as long as we do not consider natural deaths, the duration
of the latency period has no influence on R0 [24].

What is peculiar of this model (see Figure 2) is the peak of infective, which is what the
authorities usually want to minimise – or at least “spread” over a larger period of time – in order
to avoid overloading health facilities.

Figure 2: Trajectories of the normalised epidemic SEIR model. From left to right, top to bottom:
susceptible, exposed, infective, recovered.

Taking inspiration from the measures adopted to fight the SARS-CoV-2 pandemic, we introduce
two types of controls that can act on the system at each time: restrictive measures (λ) and
vaccinations (ν). The two controls have quite different behaviours: while restrictive measures
have the effect of reducing the contacts among the individuals, vaccines cut down the number of
susceptible, making them immune without undergoing the infectious period. Considering directly
the normalised model and assuming that only the susceptible get vaccinated, the resulting model
can be sketched as shown in Figure 3. We multiply by (1 − λ) wherever the transmission rate
β appears in (2) and we add a new term containing ν which takes “mass” from the susceptible
and moves it into the recovered, without passing through the other compartments. The model we
obtain is thus the following: 

s′ = −β(1− λ)si− νs

e′ = β(1− λ)si− εe

i′ = εe− γi

r′ = γi+ νs

(4)
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Figure 3: Diagram of the normalised epidemic SEIR model with restrictions λ and vaccinations ν.

with the same initial data as before. In this way, the choice λ = 0 corresponds to not modifying the
contact rate at all, while λ = 1 deletes the transmission term completely, meaning complete lock-
down. Similarly, ν can be seen as a vaccination rate, where ν = 0 corresponds to not vaccinating
anyone. We remark that there is no a priori upper bound νmax for the vaccination rate, as it
depends on the resources available at each time in the society one is considering. Clearly, (4) can
be reduced as well and from now on we will always consider the following differential system:

s′ = −β(1− λ)si− νs

e′ = β(1− λ)si− εe

i′ = εe− γi

(5)

with initial data (s(0), e(0), i(0)) = (s0, e0, i0) such that s0 + e0 + i0 = 1.
In Section 7 we will also consider some extensions of the basic SEIR model, taking into account

state constraints, temporary immunity and incoming individuals from abroad.

3 Finite horizon problems and cost definition

In this section, we will briefly recall the theoretical setting for a finite horizon optimal control
problem and then define it in our particular case. To keep the notation lighter, we set x :=
(s0, e0, i0) ∈ [0, 1]3, α := (λ, ν) ∈ A, where A is a compact subset of R2, and consider a fixed time
interval [t, T ]. We will also refer to system (5) more concisely as{

ẏ(τ) = f(y(τ), α(τ), τ), τ ∈ (t, T ],
y(t) = x,

(6)

where y : [t, T ] → [0, 1]3 represents the state variables and f : [0, 1]3 × A × (t, T ] → [0, 1]3 is the
controlled dynamics. The expression “finite horizon” comes from the fact that T ∈ R is fixed,
whereas for other kind of problems one can be interested in controlling the system as T → +∞.
Since we are dealing with an epidemic model, the time scale is relatively short, months or at most
a few years, therefore it is natural to fix a finite time horizon. The optimal control problem itself
consists in finding a control function α∗ in the space of admissible controls

A := {α : [t, T ] → A | α measurable} ,

minimising a given functional that represents the cost associated with the evolution of the epidemic.
In general, the cost functional is of the form

Jx,t(α) =

∫ T

t

ℓ(yx,t(τ), α(τ), τ) dτ + g(yx,t(T )) (7)

where yx,t( · ) indicates the solution of (6) starting at time t with initial data x and implementing
the control α( · ). The functions ℓ : R3 × A × [0,+∞) → R and g : R3 → R, called, respectively,
the running cost and the final cost, are given bounded and continuous functions.

Given the dynamical system, it is crucial to define a suitable cost functional, in order to obtain
the optimal strategy to control the epidemic. One can include several terms related to the sanitary
impact and to other social effects. In particular, we take into account the following components:
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1. social and economic costs due to the disease itself; this includes lost working hours, psycho-
logical consequences of isolation, etc.,

2. hospitalisation costs, including those related to Intensive Care Units (ICU),

3. costs to implement the restrictive measures,

4. vaccination costs.

We assume that every cost component is an increasing convex function, for both regularity and
better representation of real costs (see [26]). For the socio-economic costs, we suppose that the
infective are affected more than the others, therefore we take

c1 i2 +
c1
2

(1− i)2,

where c1 > 0 is an appropriate constant. For the second component, hospitalisations, we simply
take

c2 i2, c2 > 0.

Since everyone is affected by social restrictions, we assume the third component to be proportional
to the entire population, which is equal to N = 1, so we simply get

cλ λ2, cλ > 0.

Finally, for the vaccination costs, we suppose that there is a fixed cost, not proportional to the
amount of people that are vaccinated, plus a second term that is indeed proportional to the
susceptible, thus getting

(c0ν + cν s2) ν2, c0ν , cν > 0.

Summing all the components, we obtain the following running cost:

ℓ(s, e, i, λ, ν) = (c1 + c2) i
2 +

c1
2

(1− i)2 + cλ λ2 + (c0ν + cν s2) ν2. (8)

We point out that the choice of the constants c1, c2, cλ, c0ν , cν is a rather delicate task, as they
should be fitted according to experimental data for the particular disease and population one is
considering, but this goes beyond the scope of the present work. We also remark that what is
most important in this control approach is not the precise value of each constant, but rather their
relative magnitudes. For all the simulations in Section 7 we have used the values reported in
following table:

Constant Value
c1 3.5
c2 14
cλ 0.35
c0ν 0.025
cν 0.05

These values were chosen in order to prioritise the different cost components we considered. For
the case of Covid-19, it has been estimated [59, 3, 32] that hospitalisations are more expensive
than lock-down policies, which are in turn way more expensive than vaccinations. In particular,
the cost of a hospital bed in an intensive care unit is several orders of magnitude higher than a
vaccine.

For the final cost, we can take into account the distance from a given desired state for each
of the compartments. In our case, we want to penalise the scenarios in which the epidemic is not
over by time T , therefore we set

g(s(T ), e(T ), i(T )) = ci (i(T )− i)2 + ce (e(T )− e)2, (9)

with ci = ce = 10 · c1 and i = e = 0.
We can also take into account a global bound for the Intensive Care Units (ICU), since their

number is limited and it is one of the strong constraints for healthcare systems. In practice, this
implies that the global number of people in ICU must stay always below that bound. One way to
deal numerically with state constraints is described in Section 6.
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4 The Dynamic Programming approach and semi-Lagrangian
schemes

In this section, we present the Dynamic Programming (DP) approach to optimal control problems
and the related semi-Lagrangian scheme to obtain the numerical solution. We refer to [30, 8, 28, 29]
for a complete description of the method.

We start by defining an auxiliary function, called the value function,

v(x, t) := inf
α∈A

Jx,t(α), (10)

which represents the best price we can pay starting from x at time t. By means of the Dynamic
Programming Principle [10, 8], the value function, which is typically non-differentiable in optimal
control problems, can be characterised as the unique viscosity solution [21, 20, 27] of the following
Hamilton-Jacobi-Bellman equation for x ∈ R3 and t ∈ (0, T ):{

−vt(x, t) + max
a∈A

{−f(x, a, t) · ∇v(x, t)− ℓ(x, a, t)} = 0,

v(x, T ) = g(x).
(11)

Viscosity solutions of partial differential equations, introduced by Crandall and Lions in the 1980s
[21, 20], allow us to consider non-differentiable functions that satisfy (11) in a pointwise weak sense.
Nonetheless, unlike other notions of weak solutions, we can still get uniqueness results [8, 28] for
viscosity solutions of Hamilton-Jacobi equations, which are essential for the well-posedness of the
problem.

Once the value function is known, optimal controls in feedback form can be computed by solving
the following optimisation problem:

a∗(x, t) = argmax
a∈A

{−f(x, a, t) · ∇v(x, t)− ℓ(x, a, t)} . (12)

Due to its non-linearity, equation (11) typically does not admit solutions in closed form, hence
numerical schemes are needed to obtain an approximate solution. Constructing an approximation
of a nonlinear partial differential equation has two main difficulties: the first is to deal with non
regular solutions – typically just Lipschitz continuous – and the second is the high-dimensionality
of the problem, since the number of equations can be rather high for compartmental models. We
briefly describe the semi-Lagrangian method, which naturally follows the continuous control prob-
lem, via a discrete Dynamic Programming principle (see [28, 29] for details). First, we introduce a
semi-discrete scheme with time step ∆t := [(T − t)/nmax], where nmax is the number of time steps,
for x ∈ R3: {

V nmax(x) = g(x),

V n(x) = min
a∈A

[V n+1(x) + ∆t ℓ(x, a, tn)], n = nmax − 1, . . . , 0,
(13)

where V n(x) := V (x, tn), tn = t+ n∆t, tnmax
= T and x = x+∆t f(x, a, tn). This is a backward

problem, where we start from the final condition and we get back to the initial time. In order to
obtain a fully discrete, explicit scheme, the term V n+1(x) is treated by interpolation on a grid,
since x = x+∆t f(x, a, tn) in general is not a grid point. This approximation leads to an a priori
error estimate in terms of ∆t and ∆x that typically shows convergence of order 1/2 to the value
function, due to the fact that v is just Lipschitz continuous (see [30] for details).

With the discrete value function at hand, still from (13), we can also synthesise the discrete
feedback controls a∗(x, tn) and then reconstruct the optimal trajectories:{

y∗(tn+1) = y∗(tn) + ∆t f(y∗(tn), a
∗(y∗(tn), tn), tn),

y∗(t0) = x.
(14)

Note in particular that α∗(tn) := a∗(y∗(tn), tn) provides the corresponding discrete open-loop
control.
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It is worth noting that the semi-Lagrangian scheme is intrinsically parallel, since the compu-
tation of the value function on each grid node can be assigned to a single processor. Moreover, a
single synchronisation among the processors is needed at each time step, but the computation of
the new values only depends on the previous iteration and it requires the same amount of opera-
tions per node, including the location of the foot of the characteristic, the interpolation and the
update. Finally, we point out that for our problem the structured grid and the positively invariant
region make it possible to reduce the actual computation to a subset of the discrete state-space
containing approximately 18% of the nodes.

5 The variational approach and the Direct-Adjoint Looping
method

We now describe an alternative approach to Dynamic Programming, based on Pontryagin’s max-
imum (or minimum) principle, for a finite horizon optimal control problem [53, 45]. We keep the
same notation adopted in the previous section. Instead of defining the value function, we want to
find some conditions that make the cost functional Jx,t(α) stationary.

Assuming that the final cost g is regular, the cost functional can be expressed as

Jx,t(α) =

[∫ T

t

ℓ(yx,t(τ), α(τ), τ) +
d

dτ
g(yx,t(τ)) dτ

]
+ g(x). (15)

Since t and x = yx,t(s)
∣∣
s=t

are fixed, minimising Jx,t is equivalent to minimising

J̃x,t(α) =

∫ T

t

ℓ(yx,t(τ), α(τ), τ) +
d

dτ
g(yx,t(τ)) dτ =

=

∫ T

t

ℓ(yx,t(τ), α(τ), τ) + [∇g(yx,t(τ))]
T · ẏx,t(τ) dτ.

Keeping in mind that along the optimal trajectories

f(y(τ), α(τ), τ)− ẏ(τ) = 0,

we form the augmented cost functional

Ja
x,t(α) =

∫ T

t

ℓ(yx,t(τ), α(τ), τ) + [∇g(yx,t(τ))]
T · ẏx,t(τ) + pT(τ) · [f(yx,t(τ), α(τ), τ)− ẏx,t(τ)] dτ

(16)
by introducing the Lagrange multipliers p(τ) = (p1(τ), p2(τ), p3(τ)). From now on, to keep the
notation lighter, we will omit the dependence of the solution from the initial data {x, t} and
all the explicit dependencies on time. Moreover, we assume for a moment that the controls are
unconstrained. We then define the Hamiltonian

H(y, α, p, τ) := ℓ(y, α, τ) + pT · f(y, α, τ) (17)

and, by imposing stationarity on Ja
x,t at α

∗, we get the following optimality system

ẏ∗(τ) =
∂H
∂p

(y∗, α∗, p∗, τ)

ṗ∗(τ) = −∂H
∂y

(y∗, α∗, p∗, τ)

∂H
∂α

(y∗, α∗, p∗, τ) = 0,

(18)

for all τ ∈ (t, T ) and with mixed initial and final conditions{
y∗(t) = x

p∗(T ) = ∇y g(y
∗(T )).

(19)
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More explicitly, omitting all the dependencies for simplicity, we can write the following two-point
boundary-value problem: 

ẏ∗ = f

ṗ∗ = −∇y f
T · p∗ −∇y ℓ

∇α fT · p∗ +∇α ℓ = 0

y∗(t) = x

p∗(T ) = ∇y g(y
∗(T ))

(20)

which in our case is composed of eight equations: three for the state y∗ = (s∗, e∗, i∗), three for the
co-state (or adjoint variables) p∗ and two for the optimality condition, plus the initial and final
conditions.

We now briefly summarise the basic Direct-Adjoint Looping method to solve system (20) and
we refer to [45] for further details:

1. discretise the time interval [t, T ] into N subintervals, thus generating the discrete times
t0 = t, . . . , tN = T , and set a descent step σ < 1 and a tolerance ϵ ≪ 1;

2. select an initial discrete approximation of the control

α(0) = (α
(0)
0 , . . . , α

(0)
N )T and set k = 0;

3. once the control is fixed, integrate the forward equations for y with initial data y(t) = x,

obtaining a discrete approximation of the state y(k) = (y
(k)
0 , . . . , y

(k)
N )T;

4. integrate backwards the equations for the co-state p with final data

p(T ) = ∇y g(y
(k)
N ),

thus obtaining p(k) = (p
(k)
0 , . . . , p

(k)
N )T;

5. if ∣∣∣∣∣∣∣∣ ∂H(k)

∂α

∣∣∣∣∣∣∣∣ := ∣∣∣∣∣∣∣∣∇α fT · p(k) +∇α ℓ

∣∣∣∣∣∣∣∣ < ϵ,

terminate the procedure and the approximation of the optimal couple (α∗, y∗) is (α(k), y(k));
otherwise, set

α(k+1) = α(k) − σ
∂H(k)

∂α

and repeat the procedure from step 3.

Multiple techniques for nonlinear optimisation problems can be found in literature, in order to
refine the algorithm and make it faster or more reliable, e.g. choosing the best descent step σ(k)

at each iteration or using inexact line search algorithms, see for instance [52]. Moreover, to deal
with constraints on the controls, the third equation in (18) has to be replaced by the minimum
principle

H(y∗(τ), α∗(τ), p∗(τ), τ) ≤ H(y(τ), α(τ), p(τ), τ) for a.e. τ ∈ (t, T ) and α ∈ A ,

or rephrased as a variational inequality

∂H
∂α

(y∗(τ), α∗(τ), p∗(τ), τ) · (a− α∗(τ)) ≥ 0 for a.e. τ ∈ (t, T ) and a ∈ A,

and the optimality system can be solved using classical methods in nonlinear constrained optimi-
sation [38, 54].

In our experiments, we always employ box constrained controls, i.e. the control set A is just
the rectangle [0, 0.9] × [0, νmax]. Hence, we combine the update of the controls in step 5 of the
algorithm with a projection step on the control set A, yielding

α(k+1) = ΠA

{
α(k) − σ

∂H(k)

∂α

}
,
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where, recalling that α = (λ, ν), the projection ΠA = (Πλ,Πν) acts component-wise, respectively as
Πλ{ · } = max{0, min{ · , 0.9}} and Πν{ · } = max{0,min{ · , νmax}}. In addition, we use a simple
bisection method on the descent step σ in order to guarantee a strictly monotone decrease in the
cost functional, while checking the convergence of the optimisation procedure using the following
criterion: ∣∣Jx,t(α(k+1))− Jx,t(α

(k))
∣∣ < ϵ.

We finally observe that, in the present setting, the above variational inequality for α∗(·) =
(λ∗(·), ν∗(·)) simplifies, component-wise and for a.e. τ ∈ (t, T ), into

∂H
∂λ

(y∗(τ), α∗(τ), p∗(τ), τ)


= 0 if 0 < λ∗(τ) < 0.9

≥ 0 if λ∗(τ) = 0

≤ 0 if λ∗(τ) = 0.9

(21a)

and

∂H
∂ν

(y∗(τ), α∗(τ), p∗(τ), τ)


= 0 if 0 < ν∗(τ) < νmax

≥ 0 if ν∗(τ) = 0

≤ 0 if ν∗(τ) = νmax

. (21b)

This, together with the positive semi-definiteness of the Hessian ofH (Legendre condition), provides
first and second order necessary conditions for an optimal control to be a local minimum, and it
can be readily checked just after the convergence of the algorithm. More precisely, we verify that,
for a.e. τ ∈ (t, T ),

∂2H
∂α2

(y∗(τ), α∗(τ), p∗(τ), τ) ≥ 0 if α∗(τ) is not on the boundary of A, (22a)

∂2H
∂λ2

(y∗(τ), α∗(τ), p∗(τ), τ) ≥ 0 if λ∗(τ) is internal and ν∗(τ) on the boundary, (22b)

∂2H
∂ν2

(y∗(τ), α∗(τ), p∗(τ), τ) ≥ 0 if ν∗(τ) is internal and λ∗(τ) on the boundary. (22c)

6 Comparing and combining semi-Lagrangian schemes and
the Direct-Adjoint Looping method

In this section, we briefly discuss the features of the two approaches we presented above, in partic-
ular their pros and cons, which depend on the problem one wants to solve. Moreover, we propose
a simple but effective way to couple them in order to produce reliable solutions. The key point
is to exploit the theoretical convergence of the semi-Lagrangian scheme to the global minimum of
the cost functional.

6.1 Feedback vs. open loop

The major perk of the Dynamic Programming approach is that it provides feedback controls, i.e.
controls that are a function of the state of the system. This means that the control policy can
instantly react to small perturbations or uncertainty in the data. The variational approach, instead,
leads to open loop controls, i.e. controls that are only a function of time. As a consequence, they
can be no longer optimal if there are, for instance, some model errors or external disturbances.

6.2 The role of initial data

In the Dynamic Programming approach, the variables of the value function are the initial data
(x, t) of the dynamical system. This implies that if the initial data change, we do not have to
compute the value function again, but only the optimal trajectories. This allows us to build a
static controller that takes the initial data as an input and outputs the control policy in (14). This
property can be useful in case different strategies have to be computed, starting from various initial
data. The DAL algorithm, instead, must be run again completely if we change the initial data of
the dynamical system.
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6.3 Convergence and error estimates

For semi-Lagrangian schemes, theoretical results show convergence to the optimal solution, i.e. to
the global minimum of the cost functional, with an a priori error estimate of order 1/2 in the case of
a Lipschitz continuous value function, depending on the time and space discretisations [30, 28]. On
the contrary, the variational approach only uses necessary conditions for a control to be optimal,
therefore we have no guarantee that the iterative procedure will converge to the global minimum.
Unless further hypotheses on Jx,t are verified, such as convexity or coercivity, it may converge
to different stationary points depending on the initial choice for α(0), σ and ϵ. It may even not
converge at all for some choices of the initial parameters. Nevertheless, when it converges, the
accuracy is much higher than that of a semi-Lagrangian scheme, since only the temporal interval
is discretised; both the state-space and the control set are treated as continuous. Moreover, there
is no interpolation error in the DAL algorithm: the only source of error is the integration of the
ordinary differential equations, which can be treated with a high-order numerical scheme. In the
simulations presented in Section 7, in fact, we will observe some differences in the control policies
given by the two methods. In particular, those obtained with DAL appear smoother and their
cost, computed a posteriori, is slightly smaller. Nevertheless, the difference in the trajectories is
always compatible with the magnitude of the discretisation steps.

6.4 State constraints

The need to impose some state constraints in an optimal control problem is not uncommon: one
may need the optimal trajectories to stay inside a certain subset Ω of the state-space. This implies
substituting the space of admissible controls A with its subset

AΩ = {α ∈ A | yx,t( · ;α) : [t, T ] → Ω} .

Numerically, we can force the trajectories to stay inside Ω (or, conversely, drop all the control
strategies that let them outside Ω) by simply changing the running cost ℓ(y, α, τ) so that it rapidly
increases as soon as the trajectories y leave Ω.

6.5 Computational cost

The main difference between the two methods lays in their computational cost. Although the total
number of iterations of the DAL algorithm cannot be known a priori, each iteration is going to be
rather fast, since it mainly consists in integrating a system of ordinary differential equations. On
the other hand, we can set the total number of temporal steps for the semi-Lagrangian scheme, but
each iteration is going to be very expensive, since we need to build a local interpolation operator
for every single node in the discrete state-space, for every single discrete control. As a result,
the computational cost of semi-Lagrangian schemes drastically grows with the dimension of the
state-space, i.e. with the number of equations in the dynamical system. This phenomenon is
known as the curse of dimensionality, expression coined by Bellman himself [10], and makes serial
implementations of SL schemes unfeasible for systems with more than 4 or 5 equations. However, in
order to mitigate the computational efforts, several acceleration methods for particular Hamilton-
Jacobi equations have been developed, such as Fast Marching [56] and Fast Sweeping methods
[34], domain decomposition methods (for example [14]) or schemes based on unstructured grids
[2, 15, 55, 31].

6.6 Combination of the two approaches

The theoretical connection between Dynamic Programming and Pontryagin’s principle has been
widely investigated in literature. In particular, it is well known that, under smoothness assump-
tions, the gradient of the value function coincides with the adjoint variable along the optimal
trajectory. In other words, the solutions of the optimality system (20) correspond to the charac-
teristic curves of the HJB equation (11), thus providing a representation formula for its solution.
This result has been generalized in different directions to handle the non-smooth case, e.g. em-
ploying the notion of viscosity solutions or minmax solutions (see [8, 6, 61] and references therein).
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From a numerical point of view, this connection has been exploited in different contexts and with
different goals. In [22], under the assumption that the optimal control in (18) can be expressed as
a function of the state and the adjoint variables only, the optimality system (20) can be rewrit-
ten as a Cauchy problem for (y(·), p(·)) with a forward-forward structure, where the initial value
y(t) = x is given, while p(t) is an unknown. The system is then solved by a Newton-based shooting
method to match the final condition p(T ) = ∇y g(y(T )), using the gradient of the value function
at (x, t) as a good initial guess for p(0). On the other hand, under similar assumptions in the
smooth case with nonlinear, control-affine dynamics and unconstrained controls, in [6] the opti-
mality system (20) is solved keeping the forward-backward structure and combined with a gradient
descent method to minimize the cost functional of the problem. This provides a fast and accurate
approximation of the value function and its gradient at single points in the state space without
solving the HJB equation. These data are then employed as a training set for a polynomial model
for the value function on the whole state space, thus remarkably reducing the complexity in the
case of high-dimensional control problems.

We now propose a combination of the semi-Lagrangian scheme and the DAL method, which
shares similarities with both techniques discussed above. We first use SL to compute offline an
approximation of the value function on a reasonably fine grid on the whole state space. Then,
given the initial data y(t) = x, we repeatedly synthesise online an optimal feedback control, using
(12) while integrating the forward dynamics in (20) up to the final time. This provides the initial
guess for the control in the DAL method. Note that here the control is defined for all the discrete
times, not only at the initial time t, as for the adjoint variable p(t) in [22]. From this point on, the
DAL method proceeds until convergence, using the forward-backward structure of the optimality
system to reduce the cost functional as in [6]. Nevertheless, we observe that we do not need
any further assumptions on the optimal control and on the cost functional to produce a descent
direction: it is obtained by using the current control and the updated state/adjoint variables to
evaluate the gradient of the Hamiltonian with respect to the control, possibly using a projection
to easily handle the case of box constrained controls. Finally, we remark as well that the choice
of nonlinear, control-affine dynamics is more related to the SEIR models considered in this paper
than to the proposed resolution method. As long as the gradient of the dynamics with respect to
the control can be computed analytically, the DAL method can work out of the box without any
modification.

7 Numerical simulations

In this section, we report the numerical results we obtained applying the two approaches and
their combination to some variations of model (5). The Direct-Adjoint Looping algorithm was
implemented in C++ and run on a 1.4 GHz Intel Core i5 quad-core CPU, whereas a parallel
version of semi-Lagrangian scheme was implemented in CUDA C++ and run on a single NVIDIA
GeForce RTX 2070 GPU. The temporal interval we consider is 3 years and the time unit is one
trimester, therefore, in the notation adopted above, t = 0 and T = 12. The time step is ∆t = 0.05,
meaning 600 temporal iterations for both methods. For the the semi-Lagrangian scheme, we take a
uniform 3D mesh in the state-space [0, 1]3 made of 1503 nodes. To set some reasonable parameters,
we consider an ideal infectious disease for which the latency period lasts on average 1/ε = 10 days
and the mean infectious period is 1/γ = 3 weeks, hence ε = 9, γ = 4. In addition, we set

β(τ) =

{
4 if 2 ≤ t ≤ 3,

16 otherwise,
(23)

where t ≡ τ mod 4, so that Rt = R0 = 4 all year long except for one trimester, where it drops to
1. This choice of β is to represent the natural decrease in the transmission rate that we observe
during summer time for many infectious diseases, like chickenpox, influenza and even Covid-19
[49, 50, 48]. Moreover, we consider a vaccine with p = 90% efficacy, meaning we substitute ν with
p · ν in (5) wherever it appears. Finally, we assume that there are 1000 infective, 3000 exposed
and no recovered at time t = 0. We normalise these quantities with the total Italian population
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N = 58, 983, 122 [42], obtaining the initial data

e0 =
3000

N
= 5.09 · 10−5,

i0 =
1000

N
= 1.70 · 10−5,

r0 = 0,

s0 = 1− e0 − i0.

The value for s0 is calculated keeping in mind that s0 + e0 + i0 + r0 = 1, since the four variables
represent the fractions of population in each compartment.

Regarding the controls, we set

A = A(τ) := [0, 0.9]× [0, νmax(τ)],

where

νmax(τ) =


0 if τ < 4,

(τ − 4) if 4 ≤ τ < 5,

1 if τ ≥ 5,

(24)

in order to mimic the initial unavailability of vaccines when a new virus emerges. Although it
is theoretically possible, we do not allow λ to reach 1, as it would mean preventing any contact
between susceptible and infectious individuals and that is impossible to achieve, even with the
strongest lock-down policies adopted for the Covid-19 pandemic. For the SL scheme, the control
set A is discretised with a uniform 2D mesh composed of 1502 discrete controls.

From now on, the superscript SL will indicate the optimal solutions obtained with the semi-
Lagrangian scheme and the reconstruction (14), whereas DAL will be assigned to the results of the
Direct-Adjoint Looping algorithm. The superscript SL-DAL indicates the results of the combined
scheme. For comparison purposes, in each test we evaluate the corresponding cost functional Jx,t
in (7) along the optimal trajectories computed by the two algorithms, discretised with a simple
rectangular quadrature rule using the same step ∆t for the time interval [0, T ].

7.1 Test 1: basic model

We begin with the simplest case, that is the basic model (5) with running cost (8) and final cost (9),
meaning that our final goal is to end the infection by time τ = T . We repeat the DAL algorithm
with various initial guesses for λ(0) and ν(0), including λSL and νSL, always obtaining the same
results, which are reported in Figure 4.

As already anticipated, the controls we get from the two methods are slightly different, but
qualitatively the same. In particular, the optimal trajectories (dashed lines in Figure 4) are nearly
indistinguishable. We observe that the typical peak of infective (see Figure 2 for reference) is cut
using mobility restrictions, then, when a second peak is about to form, some milder restrictions
are applied in order to bring the infective down to zero. Vaccination is never applied with this
model.

7.2 Test 2: temporary immunity

For the second simulation we consider a scenario in which immunity – whether acquired by infection
or vaccination – is not permanent. Suppose its mean duration is 1/µ = 9 months. This means we
have to add a path from R back to S in the diagram in Figure 1, leading to the following dynamical
system: 

s′ = −β(1− λ)si− νs+ µr

e′ = β(1− λ)si− εe

i′ = εe− γi

r′ = γi+ νs− µr

(25)
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Figure 4: Test 1. Optimal trajectories (dashed lines) and controls (full lines) for system (5).
Solutions obtained with the semi-Lagrangian scheme on the left, with Direct-Adjoint Looping on
the right.

with the same parameters and initial data as before, plus µ = 1/3. Now the fourth equation is not
independent anymore, since r appears in the first equation, but we can still use the conservation
property to express r(τ) = 1− [s(τ) + e(τ) + i(τ)] and thus reduce the system to

s′ = −β(1− λ)si− νs+ µ [1− s− e− i]

e′ = β(1− λ)si− εe

i′ = εe− γi

(26)

As before, we run the DAL algorithm with various initial guesses for λ(0) and ν(0), including λSL

and νSL. In this case as well, the results are always the same and are shown in Figure 5. The

Figure 5: Test 2. Optimal trajectories (dashed lines) and controls (full lines) for system (26).
Solutions obtained with the semi-Lagrangian scheme on the left, with Direct-Adjoint Looping on
the right.

two numerical schemes give slightly different results, but qualitatively the same. What is peculiar
of models with temporary immunity is the oscillations in the trajectories due to the different
rates with which the susceptible and recovered compartments exchange individuals, which are also
reflected in the control policy. As a matter of fact, we can observe four different periods of mobility
restrictions, the first between the first and second trimester and the last at the very end of the 3-
year window, together with two waves of vaccination, a first small one around the eighth trimester
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and a bigger one at the end. The restrictions are milder and milder with the passing of time, while
the vaccination rate increases.

7.3 Test 3: border control

For this simulation, we go back to system (5), but we introduce a constant source term δ in the
model, representing incoming people from the outside. Let δj , j = 1, . . . , 4, be the fractions of
δ going respectively into the s, e, i, r compartments. In order to show that restrictive measures
and vaccines are not the only possible controls that one can apply to epidemiological models, for
this simulation we will not consider vaccinations; we keep the restrictive measures λ as before and
introduce a new control ϕ representing the opening of borders, so that we can control the influx of
individuals. We want ϕ = 0 to correspond to closing all the borders and ϕ = 1 to be equivalent to
the uncontrolled scenario. A diagram of this variation of the SEIR model is represented in Figure
6.

Figure 6: Diagram of the normalised epidemic SEIR model with restrictions λ and a control ϕ over
incoming individuals.

In this case the controlled differential system becomes
s′ = −β(1− λ)si+ ϕδ1

e′ = β(1− λ)si− εe+ ϕδ2

i′ = εe− γi+ ϕδ3

r′ = γi+ ϕδ4

(27)

Note that the conservation of population does not hold anymore, since

d

dτ
[s(τ) + e(τ) + i(τ) + r(τ)] = δϕ(τ) ≥ 0. (28)

However, the variable r still does not appear in the first three equations, so it is always possible to
solve the reduced system first and then eventually get r(τ) by integration of the fourth equation.

For the optimal control problem, we have to modify the running cost in order to:

• eliminate the vaccination cost, since vaccines are not considered,

• take into account that the population is not constant,

• penalise closing the borders.

Therefore, we take out the term (c0ν + cν s2) ν2 from the running cost, modify the restrictions cost
to cλλ

2N(τ) add a new term cϕ(1− ϕ)2N(τ), where N(τ) is the total population at time τ . The
reason for this is that we want the cost components relative to λ and ϕ to be proportional to the
entire population, since everyone is affected by the closure of the borders. The issue is that now,
as already mentioned, the sum of the four variables is not equal to 1 for all τ ≥ 0, but only at
τ = t = 0. From (28) and the initial data we get

N(τ) = 1 + δ

∫ τ

0

ϕ(ξ) dξ, (29)
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which we approximate as N(τ) ≈ 1 + δ τ ϕ(τ), obtaining the following running cost:

ℓ(s, e, i, λ, ϕ, τ) = (c1 + c2) i
2 +

c1
2
(1− i)2 + cλ λ

2(1 + δτϕ) + cϕ (1− ϕ)2(1 + δτϕ). (30)

Note that now ℓ explicitly depends on time. Moreover, we set the final cost
g(s(T ), e(T ), i(T )) = 0.

The constants relative to the incoming individuals that we used in this simulation are reported
in the table below, while all the others are the same as the previous tests.

Constant Value
δ 0.75
δ1 0.5 · δ
δ2 0.01 · δ
δ3 0.005 · δ
δ4 0.485 · δ
cϕ 0.15

Figure 7: Test 3. Optimal trajectories (dashed lines) and controls (full lines) for system (27)
obtained with the DAL method. On the left with initial guess λ(0) = [0, . . . , 0] and ϕ(0) = [1, . . . , 1],
and on the right with initial guess λ(0) = ϕ(0) = [0, . . . , 0].

We perform a first test with the DAL algorithm, selecting as initial guess for the controls
λ(0) = [0, . . . , 0] and ϕ(0) = [1, . . . , 1]. This choice corresponds to the uncontrolled scenario, where
no restrictions are applied and the borders are open. The results are shown on the left part of
Figure 7 and we will indicate them with the superscript left. We observe an initial lockdown,
followed by three other periods of mild mobility restrictions; the borders are shut only around the
first trimester and after that they are partially closed twice. We then repeat the test changing the
initial guess on the borders to ϕ(0) = [0, . . . , 0], obtaining the results reported on the right side of
Figure 7, which we will indicate with the superscript right. They are drastically different from those
obtained in the first run and resemble the solution relative to the basic model in Figure 4. In fact,
the algorithm is keeping the borders closed all the time, and setting ϕ(τ) = 0 for all τ is precisely
equivalent to the basic model (5) with no vaccination. This means that at least one of the two
solutions we obtained is only a local minimum (or just a stationary point) of the cost functional.
A quick comparison between the value of the cost functional computed along the two solutions
confirms that the first is cheaper than the second: J left

x,t = 20.092728, whereas Jright
x,t = 22.321380.

As a consequence, we can be sure that the solution obtained with ϕ(0) = [0, . . . , 0] is not optimal.
At this point, we run the semi-Lagrangian scheme, obtaining some discrete controls λSL and ϕSL,
and then initialise the DAL algorithm with λ(0) = λSL and ϕ(0) = ϕSL. In this way, we obtain
the solutions reported in Figure 8. We observe that the two solutions are rather different from
the ones we had obtained before: there are three distinct periods in which the borders are shut,
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Figure 8: Test 3. Optimal trajectories (dashed lines) and controls (full lines) for system (27).
Solutions obtained with the semi-Lagrangian scheme on the left, with Direct-Adjoint Looping,
taking the solution given by the SL scheme as initial guess for the controls, on the right.

while the restrictions are still applied four times, more strictly in the beginning and then lowered
progressively. The cost functional computed along the solutions given by the SL scheme and the
combined SL-DAL algorithm is equal to, respectively, JSL

x,t = 19.988674 and JSL−DAL
x,t = 19.977807.

This final check confirms that the actual minimum of the cost functional was not computed in any
of the first two simulations, due to the different initialisation of the discrete controls, and that the
combination with the semi-Lagrangian scheme can really make a difference.

7.4 Test 4: state constraints

For this simulation we go back to the basic model, but we adopt a different approach to the
problem. Instead of penalising the infective through their cost, we impose a state constraint on the
system. This is not an abstract hypothesis, since every country has a limited number of hospital
beds and, most importantly, of Intensive Care Units (ICU). We assume, for simplicity, that a fixed
percentage pICU of those who contract the disease end up in intensive care. This hypothesis can be
misleading in models with heterogeneity, but since we are working with the epidemic SEIR model,
the fundamental assumption is that the population is homogeneous and well mixed, as already
mentioned in Section 2. For this reason, our assumption is reasonable and we set pICU = 0.05%.
In this way, the constraint on intensive care units translates into a constraint on the state variable
i. Taking the total number of intensive care units available in Italy before the Covid-19 pandemic
[1] and normalising it as we previously did for the initial data, we obtain an upper bound on i(τ):

imax = 0.13.

We keep only the components of the running cost (8) related to restrictions and vaccines and add
the penalisation term discussed in Section 6.4. Once again, we run the DAL algorithm with various
initial guesses, always obtaining the trajectories and controls reported in Figure 9. Comparing this
scenario with that of Test 1, without the state constraint, we notice that the strategy is not the
exact same. Here we have a six-month period of mobility restrictions as soon as the disease starts
spreading, but still no vaccination as in the unconstrained case. Since in this case the goal is not to
minimise the number of infective at each time, but only to keep them strictly below the threshold
imax, there is no need for further restrictions after the second trimester.

7.5 Test 5: temporary immunity and state constraints

Similarly to what we did for the previous simulation, we impose the same state constraint on i,
representing the limited availability of Intensive Care Units, on the model with temporary immunity
(26). We use the same running cost of Test 4, run the DAL algorithm with λ(0) = ν(0) = [0, . . . , 0]
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Figure 9: Test 4. Optimal trajectories (dashed lines) and controls (full lines) for system (5) with
a state constraint on i. Solutions obtained with the semi-Lagrangian scheme on the left, with
Direct-Adjoint Looping on the right. The horizontal red line represents the threshold imax.

and obtain the solution reported in Figure 10. We observe two restriction periods, one in the first

Figure 10: Test 5. Optimal trajectories (dashed lines) and controls (full lines) for system (26) with
a state constraint on i. Solutions obtained with the with the Direct-Adjoint Looping initialised
with λ(0) = ν(0) = [0, . . . , 0]. The horizontal line represents the threshold imax.

six months and another one during the fourth trimester, while vaccines are practically never used.
The cost functional evaluated along this solution is JDAL

x,t = 0.362150. We then run the SL scheme

and the DAL algorithm initialised with λ(0) = λSL and ν(0) = νSL, obtaining the results shown in
Figure 11. Similarly to what we found in Test 3, the solution we obtain is different from the one we
get for λ(0) = ν(0) = [0, . . . , 0]. Although the profile of λ(τ) is similar to what we obtained before,
there is a remarkable difference in ν(τ). The cost of this solution is JSL−DAL

x,t = 0.333978 < JDAL
x,t ,

confirming that this is indeed the minimum of the cost functional.

7.6 Summary

For the sake of completeness, we summarise in Table 1 the results of all the tests we performed.
In particular, we report the values of the cost functional Jx,t evaluated along, respectively, the
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Figure 11: Test 5. Optimal trajectories (dashed lines) and controls (full lines) for system (26)
with a state constraint on i. Solutions obtained with the semi-Lagrangian scheme on the left, with
Direct-Adjoint Looping initialised with λ(0) = λSL and ν(0) = νSL on the right. The horizontal
line represents the threshold imax.

trajectories of the uncontrolled system (JU
x,t), those computed by the semi-Lagrangian scheme

(JSL
x,t ), and those obtained with the Direct-Adjoint Looping method initialised with the output of

the SL scheme (JSL−DAL
x,t ). In addition, we report the discrete L∞ norm of the difference between

the optimal trajectories obtained with the two algorithms:

||∆y||∞ :=

||sSL − sSL−DAL||∞
||eSL − eSL−DAL||∞
||iSL − iSL−DAL||∞

T

.

It is worth noting that ||∆y||∞ is always at most of order O(10−2), which is compatible with the

JU
x,t JSL

x,t JSL−DAL
x,t ||∆y||∞

Test 1 20.990463 20.526586 20.521155 (0.028566, 0.005591, 0.009907)
Test 2 20.180178 19.897859 19.865984 (0.095190, 0.010398, 0.018655)
Test 3 21.443343 19.988674 19.977807 (0.039488, 0.008750, 0.013415)
Test 4 6.413498 0.412412 0.296018 (0.033831, 0.020147, 0.017608)
Test 5 6.936510 0.530465 0.333978 (0.051467, 0.027062, 0.020124)

Table 1: Costs of the uncontrolled scenario and of the optimal policy for each simulation of Section
7, obtained with the semi-Lagrangian scheme and the Direct-Adjoint Looping method initialised
with the output of the SL scheme. The rightmost column contains the discrete L∞ norm of the
difference between the optimal trajectories obtained with the two algorithms.

magnitude of the discretisation steps in the SL scheme.
Finally, to further validate the solutions found by the combined scheme, we check first and

second order necessary optimality conditions (21)–(22) for all the tests we performed in this section.
In Figures 12–16 we can see that (21) is always verified. We point out that for Tests 1, 2, 4, 5
we do not report ∂H

∂ν (τ) for τ ∈ [0, 4), since ν(τ) = 0 for τ ∈ [0, 4) in force of (24). Regarding
second-order conditions, we observe that for Tests 1, 2, 4, 5 the Hessian matrix ∂2H/∂α2, where
α = (λ, ν), is diagonal and its eigenvalues are non-negative, making (22) immediately verified. For
Test 3, instead, we have

∂2H
∂α2

=

(
2 cλ (1 + δ τ ϕ) 2 cλ λ δ τ

2 cλ λ δ τ 2 cϕ (1 + δ τ (3ϕ− 2))

)
, (31)
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which is symmetrical, therefore diagonalisable with real eigenvalues. Since (31) is a 2× 2 matrix,
in order to check (22a), it is sufficient to verify that its trace and determinant are non-negative
whenever the controls are not on the boundary of the control set. We can see in Figure 17 that

Tr

[
∂2H
∂α2

]
> 0 and det

[
∂2H
∂α2

]
> 0 if (λ, ϕ) ∈ (0, 0.9)× (0, 1),

∂2H
∂ϕ2

> 0 if (λ = 0 ∨ λ = 0.9) ∧ ϕ ∈ (0, 1),

∂2H
∂λ2

> 0 if λ ∈ (0, 0.9) ∧ (ϕ = 0 ∨ ϕ = 1),

meaning (22) is verified for Test 3 as well and the inequalities are strictly respected.

Figure 12: First-order necessary conditions (21) for the solutions obtained with the combined SL-
DAL approach for Test 1.

Figure 13: First-order necessary conditions (21) for the solutions obtained with the combined SL-
DAL approach for Test 2.

It is worth noting that, unlike the finite-dimensional setting, verifying (22) strictly is still not
sufficient to prove that the solution of (18) is a local minimum of (17). In general, point-wise
conditions such as the strong Legendre or Legendre-Clebsch condition, must always be coupled
with additional ones, like the strong Jacobi condition or the existence of a bounded solution of
a particular Riccati equation (see [51, 19, 41, 17] for reference). This, however, goes beyond the
scope of this paper and will be addressed in future works.
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Figure 14: First-order necessary conditions (21) for the solutions obtained with the combined SL-
DAL approach for Test 3.

Figure 15: First-order necessary conditions (21) for the solutions obtained with the combined SL-
DAL approach for Test 4.

Figure 16: First-order necessary conditions (21) for the solutions obtained with the combined SL-
DAL approach for Test 5.

The results above confirm that the Direct-Adjoint Looping algorithm, if initialised with the
output of a semi-Lagrangian scheme, produces solutions that are in agreement with those given
by the SL scheme and verify first and second order necessary optimality conditions. Moreover, as
expected, JSL−DAL

x,t < JSL
x,t for all simulations, since the state-space and the control set are not
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Figure 17: Second-order necessary conditions (22) for the solutions obtained with the combined
SL-DAL approach for Test 3.

discretised in the variational approach, leading to more precise solutions. In particular, Test 3 and
Test 5 are a concrete example in which the Dynamic Programming approach can significantly help
to retrieve reliable control policies when the cost functional presents multiple stationary points.

8 Conclusions

We presented some variations of the epidemic SEIR model, including a variable transmission rate,
the initial unavailability of vaccines, temporary immunity, state constraints on Intensive Care
Units and interactions with external populations. We formulated some finite horizon optimal con-
trol problems associated with them, considering vaccines, restrictive measures and the possibility
to close the borders as controls. We presented two different theoretical approaches, Dynamic
Programming and Pontryagin’s Maximum Principle, in order to devise suitable approximation
procedures for the computation of optimal strategies. We performed several numerical simulations
and showed that descent methods based on the variational approach can be highly sensitive to
the initial guess on the controls, and this can lead to sub-optimal solutions. We showed that a
combination of the two methods, where we initialise the descent algorithm with the solution given
by the semi-Lagrangian scheme, can help to obtain high-quality, reliable approximations of the
optimal controls. In order to test the quality of the solutions obtained by the combined SL-DAL
algorithm, we checked numerically first and second order necessary optimality conditions.

The aim of this work is to give an idea of the potential and the advantages of the combination
of the two approaches for optimal control problems in epidemiology. This idea can also be applied
to more complex models, aiming at capturing more realistic scenarios. In this case, a collaboration
with epidemiologists would be needed in order to estimate the parameters from real data, not only
for the dynamical system, but for the cost functional as well. The same framework can be applied
to other compartmental models and different controls can be considered, based on the particular
characteristics of the infectious disease or on the containment instruments that are available in a
certain area. Even more in general, the techniques we presented can be adapted to other differential
systems in biomathematics for which it may be interesting to study some optimal control problems.
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Boston, MA, 1999, pp. 289–303.

[31] M. Falcone, G. Kirsten, and L. Saluzzi, Approximation of optimal control problems for
the Navier-Stokes equation via multilinear HJB-POD, Applied Mathematics and Computation,
442 (2023), p. 127722.

[32] R. R. A. Fernandes, M. da Silva Santos, C. A. da Silva Magliano, B. R. Tura,
L. S. D. N. Macedo, M. P. Padila, A. C. W. França, and A. A. Braga, Cost utility of
vaccination against COVID-19 in brazil, Value in Health Regional Issues, 31 (2022), pp. 18–24.

24



[33] W. Fleming and R. Rishel, Deterministic and Stochastic Optimal Control, Springer New
York, 1975.

[34] S. Fomel, S. Luo, and H. Zhao, Fast sweeping method for the factored eikonal equation,
Journal of Computational Physics, 228 (2009), pp. 6440–6455.
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