
J
H
E
P
0
7
(
2
0
2
6
)
0
5
9

Published for SISSA by Springer

Received: January 8, 2026
Revised: March 23, 2026
Accepted: May 6, 2026
Published: July 8, 2026

Finite parts of inflationary loops II: A streamlined UV
in-in algorithm and distinguishable signatures

Guillermo Ballesteros ,a,b Jesús Gambín Egea b and Flavio Riccardi c,d

aDepartamento de Física Teórica, Universidad Autónoma de Madrid (UAM),
Campus de Cantoblanco, 28049 Madrid, Spain

bInstituto de Física Teórica UAM-CSIC,
Campus de Cantoblanco, 28049 Madrid, Spain

cDipartimento di Fisica, Sapienza Università di Roma,
Piazzale Aldo Moro 5, 00185, Roma, Italy

dINFN sezione di Roma,
Piazzale Aldo Moro 5, 00185, Roma, Italy

E-mail: guillermo.ballesteros@uam.es, j.gambin@csic.es,
flavio.riccardi@uniroma1.it

Abstract: We introduce a streamlined method for evaluating in-in loop integrals using
dimensional regularization for diagrams with an arbitrary number of external legs and vertices,
which complements earlier work and facilitates the extraction of the ultraviolet contributions.
The method leads us to identify an apparent difficulty to renormalize with Hamiltonian
counterterms within the in-in formalism. We also discuss the importance of the finite parts
of loop corrections that can be distinguished from their associated counterterm contributions.
As an application, we examine the one-loop primordial bispectrum in the context of the
effective field theory of inflation, considering a specific set of interactions, and identifying
a contribution distinguishable from its tree-level counterpart.

Keywords: Cosmological models, de Sitter space, Effective Field Theories, Renormalization
and Regularization

ArXiv ePrint: 2512.20467

Open Access, © The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP07(2026)059

https://orcid.org/0000-0001-8055-1563
https://orcid.org/0009-0002-5768-6712
https://orcid.org/0000-0001-6028-0217
mailto:guillermo.ballesteros@uam.es
mailto:j.gambin@csic.es
mailto:flavio.riccardi@uniroma1.it
https://doi.org/10.48550/arXiv.2512.20467
https://doi.org/10.1007/JHEP07(2026)059


J
H
E
P
0
7
(
2
0
2
6
)
0
5
9

Contents
1 Introduction 1

1.1 Simplifying the calculation of UV contributions to in-in correlators 1
1.2 Distinguishable loop effects 2
1.3 Renormalization of in-in correlators with several vertices 6
1.4 Summary and structure of the paper 6

2 Dimensional regularization: computing the UV contribution 6
2.1 The high-momentum limit of the loops 9
2.2 One-loop diagrams with a single vertex insertion 10
2.3 One-loop diagrams with two vertices 10
2.4 One-loop diagrams with more than two vertices 13

3 On the structure of tree- and loop-level contributions 13

4 P (ϕ, X) models in the effective theory of inflation 15
4.1 Background renormalization 18
4.2 M4

3 ̸= 0 in the decoupling limit 19

5 One-loop bispectrum for M4
3 ̸= 0 20

5.1 Renormalization of the bispectrum 26

6 Discussion 28

A Interaction Hamiltonian in the interaction picture 30

B Collection of bispectrum formulae 31

C One and two-point functions 36
C.1 One-point function 36
C.2 Two-point function 37

1 Introduction

Computing ultraviolet (UV) loop corrections to cosmological correlators using the in-in
formalism has long been considered notably difficult. In [1] we put forward a method for
solving in-in loop integrals in dimensional regularization. The method, which is a direct
application of dimensional regularization, splits momentum integrals into UV and infrared (IR)
pieces and attacks the computation of the UV part by expanding the integrand in the large-
momentum limit, which allows to identify the single poles at δ = 0 in 3+ δ spatial dimensions.
In [1], we illustrated the application of the method for single-field inflation by computing,
in the de Sitter limit, the one-loop power spectrum of tensor modes generated by scalar
fluctuations running in the loop; obtaining for the first time the finite contribution coming
from the loop at any time. It has also been recently used in [2–4] to explore scalar correlators.

1.1 Simplifying the calculation of UV contributions to in-in correlators

Despite its convenience, the method (as introduced in [1]) is limited by the complication,
inherent to the in-in formalism, of computing time integrals along the Schwinger-Keldysh
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contour [5–9]. This can seem particularly involved if the modes running in the loop do not
have a simple time dependence [10]. In this paper, we push further the program of simplifying
the full computation of loop level in-in correlators by noticing that the structure of the
inflationary modes in the large-momentum limit can be exploited to decouple momentum
and time integrals and, also, to trade (at least partially) time integrals for time derivatives
(which are much simpler to compute). This simplifies the method proposed in [1], making
it possible to tackle harder problems.

In this paper we apply this (improved) method for cosmological correlators to explore
the one-loop correction to the primordial scalar bispectrum of curvature fluctuations. The
motivation for choosing this quantity is two-fold. Firstly, we are interested in distinguishable
loop effects, meaning corrections that, given their functional form, can be distinguished from
counterterm contributions. As we will now explain, in general the power spectrum is not
necessarily sufficient for finding distinguishable loop corrections. Secondly, the bispectrum
allows us to provide a concrete example of a difficulty that can arise trying to renormalize
loop contributions with two or more insertions of the interaction Hamiltonian.

1.2 Distinguishable loop effects

A central question in the context of effective field theories is whether loop corrections to
a given observable encode genuinely new, intrinsic effects, or whether they can be fully
captured by suitable counterterms, in which case explicit loop computations are, strictly
speaking, not required.1 By counterterms we mean local operators that belong to the action
of an effective field theory, and whose coefficients are adjusted to cancel the UV divergences
of loop diagrams. The diagrams obtained using these operators define the corresponding
counterterm contributions to a given observable.

Throughout this work we focus on One-Particle Irreducible (1PI) one-loop diagrams2 and
on the associated tree-level, one-insertion counterterm contributions that renormalize them.
We call a loop contribution distinguishable if its momentum dependence cannot be reproduced
by any choice of the finite parts of the counterterm coefficients, and indistinguishable
otherwise. Since loop and counterterm contributions enter at the same perturbative order,
we are interested in knowing whether an observable computed at that order receives a
distinguishable or an indistinguishable loop correction.3 In the indistinguishable case, the
renormalized loop can be fully mimicked by tree-level counterterm operators: its effect is
entirely scheme-dependent and it carries no additional physical information.4

1Unfortunately, in practice it may not be obvious if a specific observable features distinguishable loop
corrections without computing them.

2The discussion of non-1PI diagrams follows cutting them.
3It may occur that non-divergent loop corrections to an observable arise at a certain order in perturbation

theory as, generically, increasing the number of vertices increases the degree of convergence. In that case, our
definition of distinguishable loop contributions may appear to lose its meaning, as no counterterms are needed
for renormalization. However, we can always compare those loop corrections with the tree-level ones that
appear at the same order, and the definition holds its value.

4The arbitrariness in the finite parts of the counterterm coefficients is removed by imposing as many
experimental (renormalization) conditions, at selected values of the external momenta, as there are free
parameters in the observable under consideration. Once fixed, the counterterm coefficients are uniquely
determined for all observables to which the corresponding operators contribute. Therefore, no scheme-
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To make this more concrete, let us consider an observable O –typically a primordial
correlator — computed at one loop:

O(t, {ki}) = g Otree(t, {ki}) + g2O1-loop(t, {ki}) + g2Octs(t, {ki}) +O(g3) , (1.1)

where Otree is the tree-level contribution, O1-loop the one-loop contribution, and Octs the
contribution from (tree-level) counterterm diagrams. The coupling g ≪ 1 (which we have
pulled out of the different contributions for convenience) organizes the perturbative expansion.
If the loop is indistinguishable, there exists a choice of the finite parts of the counterterm
coefficients such that O1-loop(t, {ki}) +Octs(t, {ki}) = 0 for all {ki} (the momenta external to
the loop), so that the loop carries no new physical information with respect to a higher-order
tree-level computation. This is because in an effective field theory –and using dimensional
regularization, which respects the symmetries of the action — the counterterms are operators
that (already) belong in the effective theory.

Let us consider for illustrative purposes the case of a primordial (either scalar or tensor)
power spectrum in the de Sitter limit. In that case, the quantity

P − Ptree = P loop + Pcts (1.2)

is, in general, not zero. If the effect of the loops, P loop, is indistinguishable from that of the
counterterms Pcts (i.e. they share the same scale dependence), the freedom in the coefficients
of the latter prevents that physical information is extracted from the loop. This role of the
counterterms has sometimes been overlooked in the literature, with attempts to read off
properties of the theory from finite (but scheme-dependent) loop results, leading to erroneous
conclusions. See e.g. [2], and also [11], which we will discuss below.

In [1] we computed the late-time one-loop (plus counterterms) correction to the primordial
spectrum of tensor modes in the de Sitter limit with scalar fluctuations of a canonical
scalar field running in the loop. We found this one-loop correction to be of the form
Ph(k) ∝ (H/MP )4 log(H/µ) (where µ is the renormalization scale) plus a (scheme-dependent)
constant piece. In this particular case, this contribution is featureless, in the sense of being
scale-independent, i.e. independent of the comoving momentum k. The one-loop contribution
is therefore indistinguishable from the tree-level counterterm contribution, Pcts

h ∝ (H/MP )4.5

This result occurs thanks to the absence of late-time divergences. If there were late-time
divergences we could have a scale-dependent power spectrum of the form log(k/µa(τ)), being
τ conformal time and a(τ) the scale factor of the Universe (which goes to infinity in the
late-time limit). Besides, there are other quantities with dimensions of energy (such as H

and the reduced Planck mass MP ) which could seemingly lead to terms like e.g. log(k/H),
inducing a scale dependence [9]. The fact that this does not happen is due to a symmetry
of the problem [12], as we explain now.

The background FLRW metric,

ds2 = a2(τ)(−dτ2 + dx2) , (1.3)

dependent contribution remains after renormalization. This does not affect the notion of a distinguishable
loop effect, which by definition cannot be reproduced by tree-level counterterm insertions.

5We point out that, in the de Sitter limit, the loop and counterterm contributions cannot be separated
either from the tree-level one at leading order, which is (H/(πMP ))2.
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is invariant under the scale redefinition

a → λ a , x → λ−1 x and τ → λ−1 τ . (1.4)

This symmetry strongly constrains the type of loop contributions that can arise in inflation.
We distinguish between physical energy scales (which are invariant under this transformation),
and comoving ones. The latter transform according to: E → λ E. An observable O(τ, k)
(such as the dimensionless power spectrum) must be invariant under these transformations.
Both τ−1 and k behave as comoving scales, while H, MP and µ are physical energy scales.
In the absence of additional comoving scales, the invariance of O(τ, k) under eq. (1.4) implies
that it can only be a function of the product kτ . In the limit τ → 0, there are only two options:
either O(τ, k) is constant (in time) or it exhibits a late-time divergence [13–15]. Therefore,
in the absence of late-time divergences, it must be constant [1, 2, 12]. These conclusions
apply order by order in perturbation theory, so they extend separately to tree-level, and to
loop and counterterm contributions. They are also robust under the introduction of other
physical scales, such as field masses [14, 16, 17], for instance. In these situations with no
late-time divergences and no additional comoving scales, the effects of the loops are expected
to be indistinguishable from those of the counterterms. In turn, this implies that the loop
corrections cannot have relevant observational implications (as all the physics is contained
in tree-level contributions, including counterterms).

As we have mentioned above, in [1] we computed the one-loop contribution to the
dimensionless power spectrum of tensor modes (with scalar modes running in the loop) in
the de Sitter limit, finding it to be scale invariant in the late-time limit. Moreover, in [18]
the same property for the late-time, large-scale, power spectrum of scalar modes (again, with
scalars inside the loop) was also found in a more complicated ultra slow-roll scenario. This
analysis was motivated by the work presented in [11], which originally contained a claim of a
significant loop effect at large scales from (UV modes running in) the loop in a somewhat
less sophisticated ultra slow-roll toy model. Such a claim appeared to contradict the basic
notion of decoupling between low and high energies and lead to a burst of activity around
the topic. In reality, the one-loop and tree-level (including counterterms) contributions to
the scalar power spectrum must be indistinguishable at large scales in models of that kind.
The renormalized one-loop contribution at large scales cannot be measurably larger than
the tree-level one, as it was incorrectly initially claimed in [11]. We also think that it is not
exactly zero in a scheme-independent way, as it appears to have been argued later in other
works, see for instance [19–24].6 This discussion highlights the importance of clarifying the
circumstances under which non-trivial loop effects may arise.

One could think that, in the absence of late-time divergences, an extra comoving scale,
ke, would be needed to obtain a (scale-dependent) distinguishable one-loop power spectrum,
that would be a function of the ratio k/ke, such as e.g. ∼ log(k/ke). While this idea sounds
superficially reasonable in spirit, in practice it is not guaranteed that a single comoving scale
can lead to a distinguishable one-loop contribution to the primordial power spectrum (either
for scalars or tensors). The reason is that before shouting scale-dependence one needs to

6In fact, some of these studies draw conclusions from a formally divergent, unrenormalized loop, omit-
ting counterterms.
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verify that the effect that is sought after cannot be generated by tree-level counterterms.
To illustrate this point, let us first consider the effect of the background metric evolution
including slow roll corrections, which will generically produce scale-dependent effects on
the tree-level power spectrum that mimic the ones that might be expected at loop-level.
Let us consider a small deviation from de Sitter parametrized by a single number, the
slow-roll parameter ϵ = −H ′/(a H2), where the prime denotes differentiation with respect
to conformal time. The Hubble function can be expanded in this case around a constant
value as H(τ) = H∗(1+ ϵ log(−k∗τ)+O(ϵ2)). At tree-level this will lead to a power spectrum
P ∝ (k/k∗)α = 1+α log(k/k∗)+O(ϵ2), where α is some constant linearly dependent on ϵ. At
one loop level, the same kind of correction could be expected because, working perturbatively
in ϵ, the only source of k∗ in the loop is through the combination ϵ log(k/k∗), see [25] for a
related discussion. Therefore, even if it is true that introducing an extra comoving scale may
lead to a scale-dependent loop, this alone is not sufficient to ensure that the loop cannot
be mimicked by counterterms.

This argument is sufficient to rule out any naive contribution of the type log(k/ke) from
loops as a distinguishable part, since its form coincides with that of slow-roll corrections at
tree-level. Furthermore, it emphasizes the importance of doing a proper treatment of the
effect of counterterms in order to extract intrinsic information from the loop. In appendix C
we show with a concrete example how this situation can occur. There, we consider the
effective theory of inflation [26] in the decoupling limit, where the background remains purely
de Sitter. In this case, an auxiliary comoving scale can be introduced via the time dependence
of the couplings of suppressed operators. This preserves the simplicity of the de Sitter mode
functions while, one could naively think, possibly allowing for a distinguishable one-loop
contribution to the two-point function. We will focus on the operator M4

3 (τ)(δg00)3 in the
unitary gauge, where δg00 is the fluctuation of the time-time component of the inverse metric
and we will expand M4

3 (τ) around a value of τ whose reciprocal plays the role of the extra
comoving scale. This mechanism alone is insufficient to generate a truly non-trivial running.

A possible origin for distinguishable loop effects arises instead naturally for correlators
that depend on more than one external comoving scale, the prime example of which is
the primordial bispectrum. Indeed, an observable O(τ, {ki}) can feature a distinguishable
one-loop effect, even in the absence of late-time divergences. Such an observable can only
depend on kiτ and ki/kj and in the limit τ → 0 it is either independent of τ (and therefore a
function of ki/kj and constant in time), or it exhibits a late-time divergence. To illustrate the
appearance of a distinguishable loop effect in the late-time de Sitter limit, we will consider in
section 5 the primordial scalar bispectrum in the context of the effective theory of inflation
with M4

3 (τ)(δg00)3, this time for constant M4
3 , which is sufficient for our purposes.

We also stress that there can be situations in which the loop correction is indistinguishable
from the counterterms, while the leading order tree-level contribution can be discriminated
from them. An example is given by a constant tree-level power spectrum and scale-dependent
one-loop and counterterm contributions that are indistinguishable from each other. The
key point here is the different scale dependence between the lowest order (at tree-level) and
the higher order contributions (one-loop and counterterms). A situation such as this could,
in principle, be of phenomenological interest (provided that the observational sensitivity
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were good enough to access the higher order corrections).7 See appendix C for a concrete
case in the de Sitter limit.

1.3 Renormalization of in-in correlators with several vertices

Let us also mention another motivation for considering the one-loop scalar bispectrum.
As we will discuss later in section 3, the method we propose to compute the UV part of
cosmological correlators allows us to identify an apparent difficulty to renormalize correlators
with more than one insertion of the interaction Hamiltonian. In essence, these correlators
contain terms whose field structure is substantially different from the one of the possible
Hamiltonian tree-level counterterms. The bispectrum calculation that we do in detail in
section 5 will help us to illustrate the issue with a concrete example. We hope to overcome
this difficulty in a future work.

1.4 Summary and structure of the paper

The paper focuses on three points. The first one is the presentation of a useful simplification of
the method we introduced in [1] for applying dimensional regularization to compute loop-level
in-in correlators. The second point is a discussion of the conditions under which such loop
corrections can be relevant, in the sense of being distinguishable from counterterm effects.
The third and final point draws attention to a seemingly general difficulty to renormalize
multi-point loop correlators.

In section 2 we give a brief review of the method of [1] and then discuss how to improve
it using the UV mode structure. Then, in section 3 we use the results of section 2 to
highlight the difficulty we find to renormalize multi-vertex loops. In section 4 we present
the model we use to illustrate the main points of the paper. In section 5 we proceed to
explore the one-loop bispectrum of that model to show the appearance of distinguishable
loop effects and the renormalization issue. We present our conclusions in section 6. The
paper contains three appendices. The first one, appendix A gives some general details about
the interaction Hamiltonian in the interaction picture. Appendix B provides a set of various
lengthy formulae that are needed to write our result for the one-loop contribution to the
bispectrum. Finally, appendix C considers the one-loop scalar power spectrum for the model
of section 4, showing that, even adding an additional comoving scale, no distinguishable
loop effects are possible for this observable.

2 Dimensional regularization: computing the UV contribution

We start this section summarizing the essence of the method we will employ to evaluate loop
integrals regularized via dimensional regularization, which preserves the symmetries of the
theory.8 See [30–33] for seminal references about dimensional regularization and e.g. [9, 12, 14]

7If both the leading tree-level contribution and the combined one-loop and counterterm correction share
the same momentum dependence, one might naively wonder whether the theory may lose predictivity and
the Hubble scale H or the slow-roll parameters could become unmeasurable. Nevertheless, assuming that
perturbation theory is valid, the observable is dominated by the tree-level contribution, so predictivity at
leading order is preserved, while the magnitude of the loop correction can still be consistently estimated.

8Except for symmetries that are related to the dimensionality of the problem [27–29].
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for earlier applications in the context of inflation. For further details about the method we
discuss immediately below, we refer to our previous work [1].

The vacuum expectation value of a generic (time-dependent) Hermitian operator O(τ) in
the Heisenberg picture (composed of fields and their conjugate momenta and where τ denotes
conformal time) can be obtained using the in-in formalism [9, 34–36]:

⟨O(τ)⟩ = ⟨0|F−1(τ,−∞+)OI(τ)F (τ,−∞−) |0⟩
∣∣∣∣
no bubbles

. (2.1)

In this expression,

F (τ,−∞−) ≡ T exp
{
− i

∫ τ

−∞−
dτ ′HI(τ ′)

}
, (2.2)

where T denotes time ordering and both OI and the interaction Hamiltonian HI belong to
the interaction picture (see appendix A); that is, the fields that compose them evolve under
the free Hamiltonian. We employ the iϵ prescription (τ± ≡ τ(1 ± iϵ)), which guarantees
the projection of the vacuum in the Heisenberg picture |Ω⟩ onto the interaction vacuum |0⟩
in the limit τ → −∞ [37]. As indicated in eq. (2.1), bubble diagrams do not contribute
to ⟨O(τ)⟩. This occurs by cancellation with the overlap ⟨Ω|0⟩, as demonstrated in [1] (see
also [38] for a discussion about this).

We can expand ⟨O(τ)⟩ perturbatively in powers of the interaction picture Hamiltonian,
HI , obtaining the following first three orders:

⟨O(τ)⟩(0) = ⟨OI(τ)⟩ , ⟨O(τ)⟩(1) = 2 Im
{∫ τ

−∞−
dτ ′ 〈OI(τ)HI(τ ′)

〉}
, (2.3)

⟨O(τ)⟩(2) =
∫ τ

−∞+
dτ ′

∫ τ

−∞−
dτ ′′ 〈HI(τ ′)OI(τ)HI(τ ′′)

〉
− 2Re

{∫ τ

−∞−
dτ ′

∫ τ ′

−∞−
dτ ′′ 〈OI(τ)HI(τ ′)HI(τ ′′)

〉}
. (2.4)

These rules allow to calculate correlation functions at one loop, which involves computing
momentum integrals that are often divergent in the ultraviolet (UV). In dimensional regular-
ization, the momentum integrals that arise in this context are typically of the following form:

I(δ) =
∫ ∞

0
dp pδf(δ, p) , (2.5)

where the function f(δ, p) encodes all model-dependent information, including interaction
couplings, the dynamics of both external and internal modes to the loop, and the structure of
time integrals associated with loop diagrams. The factor pδ originates from the Fourier volume
element in 3 + δ spatial dimensions and serves as the regulator that ensures UV convergence.

The method we presented in [1] to compute this kind of integral is a direct application
of dimensional regularization based on the following decomposition into an infrared (IR)
and a UV part:

I(δ) =
∫ L

0
dp f(0, p) +

∫ ∞

L
dp pδf(δ, p) +O(δ) , (2.6)
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where L is an arbitrarily large comoving scale. More specifically, this comoving scale has to
be chosen to be much larger than any other comoving scale of the problem. By construction,
the infrared contribution over the domain p ∈ [0, L] is finite in the absence of IR divergences
(which we will assume).9 Therefore, we have set δ = 0 in the first addend of eq. (2.6)
neglecting O(δ) corrections, as no regularization is required for that part of the integral. In
contrast, the UV contribution over p ∈ [L,∞) needs to be regularized and thus has to be
computed with δ ≠ 0. Therefore, obtaining the UV contribution to I(δ) requires knowing the
dynamics of the fields (as well as the dependence on the couplings) in 3+ δ spatial dimensions.

The idea used in [1] to compute the UV contribution to I(δ) consists in expanding f(δ, p)
around p = ∞. For the clarity of the argument, let us consider the case where f(δ, p) can
be expanded in a Laurent series around p = ∞. Assuming that infinity is not an essential
singularity, the series expansion stops at a given power pN , corresponding to the maximal
divergence of the integrand:10

f(δ, p) =
N∑

n=−∞
pn cn(δ) , (2.7)

where cn(δ) are dimensionful coefficients which may depend on the external momenta, and
which are analytic in δ = 0. After that, and integrating in p assuming that δ is such that
UV convergence is ensured (effectively regularizing the integral) the result is analytically
continued in the complex plane including δ = 0. The limit δ → 0 is finally taken to obtain
the (regularized) value of the integral in three spatial dimensions:

I(δ) = lim
L→∞

(∫ L

0
dp f(0, p)− c−1(0) logL −

N∑
n=0

Ln+1

n + 1cn(0)
)
− c−1(0)

δ
− dc−1(δ)

dδ

∣∣∣∣
δ=0

+O(δ) .

(2.8)
Importantly, this procedure preserves the independence of I(δ) on L, through the mutual
cancellation of L-dependent IR and UV terms. In practice, the procedure can be further
simplified by linearly expanding f(δ, p) around δ = 0, since I(δ) only has single poles at δ = 0
and the terms of O(δ2) (and higher) vanish in the limit δ → 0, see [1].

The procedure we have just summarized focuses on the computation of the momentum
integrals appearing in the in-in formalism but makes no mention of the time integrals, such
as the ones in eqs. (2.3) and (2.4). These may seem difficult to compute analytically, which
could impede obtaining ⟨O(τ)⟩ at any order in the interaction Hamiltonian above zero.
However, there is a way to deal with these time integrals, which allows to perform them
in a straightforward way, significantly easing the calculation of renormalized cosmological
correlators at loop level. The idea, which we introduce in the present work, exploits the
fact that the auxiliary scale L can be taken arbitrarily large. This allows to consider the
Fourier modes that run within the loop (in the UV part of eq. (2.6)) in the high momentum

9The generalization to the case with IR divergences is straightforward, once again cutting the loop integral
on an arbitrarily small comoving scale LIR and using the freedom in δ to impose the convergence in the limit
p → 0. See [2] for an example.

10This UV behavior of the integrand f(δ, p) is to be expected in inflationary scenarios due to the UV
behavior of the modes running into the loop (see eq. (2.15)). However, the procedure presented for calculating
in dimensional regularization is general and applies to more exotic UV behaviors (see [1] for details).
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limit, where they are simpler, complementing the method presented in [1] and making it
into a more efficient computational tool.

2.1 The high-momentum limit of the loops

In order to describe the simplification of the time integrals that we intend to do, let us start
by analyzing the large momentum limit for a real scalar field, ϕ(x), in an arbitrary number
(3 + δ) of spatial dimensions. In the interaction picture,

ϕ(x)=
∫ d3+δk

(2π)(3+δ)/2 eik·xϕk(τ) where ϕk(τ)=ϕk(τ)ak+ϕ∗
k(τ)a

†
−k with

[
ak,a†

p

]
=δ(k−p).

(2.9)
From ϕ(x), we can define a canonically normalized field u(x) ≡ c(τ)ϕ(x),11 where c(τ) is a
model dependent function of time. The Fourier counterpart of u(x) satisfies the equation of
motion determined by the free Lagrangian and with Bunch-Davies initial conditions:

u′′
k(τ) + ω2

k(τ)uk(τ) = 0 and uk(τ)
τ→−∞−−−−→ e−ikτ

√
2k

, (2.10)

where primes indicate derivatives with respect to τ (conformal time) and the frequency of
the modes depends on an effective mass (squared), m2

eff(τ):

ω2
k(τ) = k2 + m2

eff(τ) . (2.11)

We note that although from an EFT point of view meff could depend on k, in the in-in
formalism such an effect can be considered as part of the interaction terms, leaving the
free action unchanged.

Bunch-Davies initial conditions guarantee that the usual commutation rules between field
and conjugate momentum are satisfied. Following the spirit of the WKB method [39–41], in
order to describe the dynamics of uk(τ) in the limit k → ∞ we can assume the ansatz :

uk(τ) =
1√

2Wk(τ)

(
Ake−i

∫ τ
Wk(τ ′)dτ ′

+ Bkei
∫ τ

Wk(τ ′)dτ ′)
, (2.12)

translating the problem of solving uk(τ) to the problem of finding Wk(τ). Using the equation
of motion of uk(τ), we obtain:

W 2
k (τ) = k2 + m2

eff(τ) +
3
4

(
W ′

k(τ)
Wk(τ)

)2
− 1

2
W ′′

k (τ)
Wk(τ)

. (2.13)

This equation can be solved perturbatively in the limit k → ∞, obtaining:

Wk(τ) = k + m2
eff(τ)
2k

− m4
eff(τ) +

(
m2

eff(τ)
)′′

8k3 +O
(
k−4

)
. (2.14)

For the perturbative description to be valid, the conformal time derivatives of the effective
mass squared: m2

eff(τ) must satisfy
∣∣dn m2

eff(τ)/dτn
∣∣ ≪ kn+2 for all n and including n = 0

(no derivative). Otherwise, it may be impossible to describe Wk(τ) accurately truncating
11The Lagrangian for u(x) will contain the term u̇2(x)/2, so that this field satisfies Bunch-Davies initial con-

ditions.
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the series. Imposing Bunch-Davies initial conditions, we find Ak = 1 and Bk = 0, and
finally, returning to the original field,

ϕk(τ)
k→∞−−−→ e−ikτ

√
k

∞∑
n=0

ϕ(n)(τ)
kn

. (2.15)

The functions ϕ(n)(τ) are model-dependent and can be calculated explicitly using the WKB
approximation. However, their detailed form is not relevant to the discussion, as what
really matters is the fact that they come associated to a single phase exp(−ikτ). As we
will soon see, this phase will allow us to simplify the time and momentum integrals in the
UV one-loop contributions to ⟨O(τ)⟩, where O(τ) is any operator composed by the field
ϕ(x) and its conjugate momentum.

Let us note that the expansion eq. (2.15) will not be valid, in general, when m2
eff presents

abrupt changes, e.g. being piece-wise defined or being a Dirac delta. In such (over)simplified
scenarios, a mixture of phases in the UV limit can generically occur, deviating in a non-
smooth way from Bunch-Davies.

2.2 One-loop diagrams with a single vertex insertion

Let us now consider a diagram with a single (internal) propagator, which using eq. (2.3)
we can write as follows:

= 2 Im
{∫ τ

−∞−
dτ ′G(τ, τ ′; {ki}; δ)

∫ d3+δp
(2π)3+δ

ϕp(τ ′)ϕ∗
p(τ ′)

}
. (2.16)

For simplicity, we have assumed that the interaction is non-derivative, since the generalization
is straightforward. The function G(τ, τ ′; {ki}; δ), where {ki} denotes the ensemble of all the
external momenta, includes all the information related to the physics external to the loop.
In order to obtain the UV contribution to this loop integral, we can make an expansion
inside the integral in p → ∞ up to O(1/p). In this way, neglecting terms of O(1/p2

)
in the

integrand we will be making a vanishingly small error of O(1/L) in the computation of the
integral, see the discussion around eq. (2.6), as well as eq. (2.8). We note that the phases
exp(±ipτ ′) coming from the modes inside the loop in the high momentum limit cancel out
for this single-vertex diagram (which would also occur for derivative interactions). This fully
decouples the temporal and momentum dependencies in the loop, allowing the momentum
integral to be easily calculated, since the integrand depends on p through powers of it. Once
the momentum integral is done, the temporal integral is maximally simplified.

2.3 One-loop diagrams with two vertices

Let us now analyze the case of two propagators running in the loop. In Fourier space, the
kind of diagram we are referring to is:

=
∫ d3+δp

(2π)3+δ

[
I1 (τ, p; {ki}; δ) + I2 (τ, p; {ki}; δ)

]
, (2.17)
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<latexit sha1_base64="8NA2bcS7DdmpSEu6gqypInG+fKU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEqseiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS30WanffKFbfqzkFWiZeTCuRo9Mpf3X7CspgrZJIa0/HcFIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuyUnFmlT6JE21JI5urviQmNjRnHoe2MKQ7NsjcT//M6GUY3wUSoNEOu2GJRlEmCCZl9TvpCc4ZybAllWthbCRtSTRnafEo2BG/55VXSvKx6tWrt4apSv83jKMIJnMIFeHANdbiHBvjAQMAzvMKbo5wX5935WLQWnHzmGP7A+fwBhmuOhA==</latexit>

ω →

<latexit sha1_base64="pfhg0h0wunpaO8Cf+eMAhe3+e3A=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjF4IrvGoEeiF4+YyCOBDZkdZmFkdnYz02tCCP/gxYPGePV/vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFKzS7StFzuFUtuxZ2DrBIvIyXIUO8Vv7r9mKURV8gkNabjuQn6E6pRMMmnhW5qeELZiA54x1JFI278yfzaKTmzSp+EsbalkMzV3xMTGhkzjgLbGVEcmmVvJv7ndVIMr/2JUEmKXLHFojCVBGMye530heYM5dgSyrSwtxI2pJoytAEVbAje8surpHlR8aqV6v1lqXaTxZGHEziFc/DgCmpwB3VoAINHeIZXeHNi58V5dz4WrTknmzmGP3A+fwDoQI61</latexit>

ω →→

<latexit sha1_base64="1Lym2pIKMt9vtZz8fhSf8X6lEpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0HWRcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/Ua9cX9Za94UcZThBE7hHHy4gibcQQvaQGECT/ACr450np03533ZWnKKmWP4BefjGyS/jlM=</latexit>ω

<latexit sha1_base64="1Lym2pIKMt9vtZz8fhSf8X6lEpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0HWRcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/Ua9cX9Za94UcZThBE7hHHy4gibcQQvaQGECT/ACr450np03533ZWnKKmWP4BefjGyS/jlM=</latexit>ω <latexit sha1_base64="v9kDvYs+yf4SWx4dc4KSHXGzOxc=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcquSPVY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa/qXDjn/XLFqTlz4FXi5qQCOZr98ldvENM0YtJQQbTuuk5i/Iwow6lg01Iv1SwhdEyGrGupJBHTfjY/dorPrDLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2RDcJdfXiWty5pbr9UfriqN2zyOIpzAKVTBhWtowD00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfPxhRjZQ=</latexit>

(0, 0)

<latexit sha1_base64="esvArnCKkVkAzlC6fwbSt4+7Hxw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LXjxWsB/QhrLZbtqlm03YnQih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEbOE+xEdKhEKRtFK7YueUCFm/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBf0I1Cib5tNRLDU8oG9Mh71qqaMSNP5mfOyVnVhmQMNa2FJK5+ntiQiNjsiiwnRHFkVn2ZuJ/XjfF8MafCJWkyBVbLApTSTAms9/JQGjOUGaWUKaFvZWwEdWUoU2oZEPwll9eJa3Lqler1h6uKvXbPI4inMApnIMH11CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AEwAI9+</latexit>→↑

<latexit sha1_base64="esvArnCKkVkAzlC6fwbSt4+7Hxw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LXjxWsB/QhrLZbtqlm03YnQih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEbOE+xEdKhEKRtFK7YueUCFm/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBf0I1Cib5tNRLDU8oG9Mh71qqaMSNP5mfOyVnVhmQMNa2FJK5+ntiQiNjsiiwnRHFkVn2ZuJ/XjfF8MafCJWkyBVbLApTSTAms9/JQGjOUGaWUKaFvZWwEdWUoU2oZEPwll9eJa3Lqler1h6uKvXbPI4inMApnIMH11CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AEwAI9+</latexit>→↑

<latexit sha1_base64="8NA2bcS7DdmpSEu6gqypInG+fKU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEqseiF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS30WanffKFbfqzkFWiZeTCuRo9Mpf3X7CspgrZJIa0/HcFIMJ1SiY5NNSNzM8pWxEB7xjqaIxN8FkfuyUnFmlT6JE21JI5urviQmNjRnHoe2MKQ7NsjcT//M6GUY3wUSoNEOu2GJRlEmCCZl9TvpCc4ZybAllWthbCRtSTRnafEo2BG/55VXSvKx6tWrt4apSv83jKMIJnMIFeHANdbiHBvjAQMAzvMKbo5wX5935WLQWnHzmGP7A+fwBhmuOhA==</latexit>

ω →

<latexit sha1_base64="pfhg0h0wunpaO8Cf+eMAhe3+e3A=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjF4IrvGoEeiF4+YyCOBDZkdZmFkdnYz02tCCP/gxYPGePV/vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFKzS7StFzuFUtuxZ2DrBIvIyXIUO8Vv7r9mKURV8gkNabjuQn6E6pRMMmnhW5qeELZiA54x1JFI278yfzaKTmzSp+EsbalkMzV3xMTGhkzjgLbGVEcmmVvJv7ndVIMr/2JUEmKXLHFojCVBGMye530heYM5dgSyrSwtxI2pJoytAEVbAje8surpHlR8aqV6v1lqXaTxZGHEziFc/DgCmpwB3VoAINHeIZXeHNi58V5dz4WrTknmzmGP3A+fwDoQI61</latexit>

ω →→

<latexit sha1_base64="1Lym2pIKMt9vtZz8fhSf8X6lEpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0HWRcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/Ua9cX9Za94UcZThBE7hHHy4gibcQQvaQGECT/ACr450np03533ZWnKKmWP4BefjGyS/jlM=</latexit>ω

<latexit sha1_base64="1Lym2pIKMt9vtZz8fhSf8X6lEpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0HWRcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/Ua9cX9Za94UcZThBE7hHHy4gibcQQvaQGECT/ACr450np03533ZWnKKmWP4BefjGyS/jlM=</latexit>ω <latexit sha1_base64="v9kDvYs+yf4SWx4dc4KSHXGzOxc=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcquSPVY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa/qXDjn/XLFqTlz4FXi5qQCOZr98ldvENM0YtJQQbTuuk5i/Iwow6lg01Iv1SwhdEyGrGupJBHTfjY/dorPrDLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2RDcJdfXiWty5pbr9UfriqN2zyOIpzAKVTBhWtowD00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfPxhRjZQ=</latexit>

(0, 0)

<latexit sha1_base64="esvArnCKkVkAzlC6fwbSt4+7Hxw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LXjxWsB/QhrLZbtqlm03YnQih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEbOE+xEdKhEKRtFK7YueUCFm/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBf0I1Cib5tNRLDU8oG9Mh71qqaMSNP5mfOyVnVhmQMNa2FJK5+ntiQiNjsiiwnRHFkVn2ZuJ/XjfF8MafCJWkyBVbLApTSTAms9/JQGjOUGaWUKaFvZWwEdWUoU2oZEPwll9eJa3Lqler1h6uKvXbPI4inMApnIMH11CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AEwAI9+</latexit>→↑

<latexit sha1_base64="esvArnCKkVkAzlC6fwbSt4+7Hxw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LXjxWsB/QhrLZbtqlm03YnQih9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEbOE+xEdKhEKRtFK7YueUCFm/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBf0I1Cib5tNRLDU8oG9Mh71qqaMSNP5mfOyVnVhmQMNa2FJK5+ntiQiNjsiiwnRHFkVn2ZuJ/XjfF8MafCJWkyBVbLApTSTAms9/JQGjOUGaWUKaFvZWwEdWUoU2oZEPwll9eJa3Lqler1h6uKvXbPI4inMApnIMH11CHe2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AEwAI9+</latexit>→↑

Figure 1. Integration domains (shaded regions) for the integrals eq. (2.18) (left) and eq. (2.19)
(right). The regions around which the integrals are expressed as an expansion in time derivatives,
eq. (2.23) (τ ′′ = τ ′ = τ) and eq. (2.24) (τ ′′ = τ ′) respectively, are indicated encircled.

where

I1 (τ,p;{ki};δ) =
∫ τ

−∞+
dτ ′

∫ τ

−∞−
dτ ′′ G1(τ, τ ′, τ ′′;{ki};δ)ϕp(τ ′)ϕ∗

p(τ ′′)ϕq(τ ′)ϕ∗
q(τ ′′) ,

(2.18)

I2 (τ,p;{ki};δ) =−2Re
{∫ τ

−∞−
dτ ′

∫ τ ′

−∞−
dτ ′′ G2(τ, τ ′, τ ′′;{ki};δ)ϕp(τ ′)ϕ∗

p(τ ′′)ϕq(τ ′)ϕ∗
q(τ ′′)

}
(2.19)

and {ki} denotes the set of external momenta. We have two momenta in the loop: p and
q, the latter defined as q = ktot − p, where ktot({ki}) is the total momentum entering one
of the vertices. Again, we are assuming non-derivative interactions for simplicity, but the
final result (eq. (2.25) below) is valid also for derivative interactions.

As we did for the single-vertex diagram, to extract the UV contribution to the loop
integral in eq. (2.17), we take the large momentum limit p → ∞ inside the integral, up to
O(1/p) (now with q = |q| = p +O(p0), so q is also considered a large momentum), making a
vanishingly small O(1/L) error in the integral. We can take this limit before solving the time
integrals since, as we are going to show, the time and momentum integrals also decouple for
this kind of diagram, i.e. the time integrals do not worsen loop convergence.

Let us start by expressing for convenience the integrands as follows, defining new func-
tions Gi:

Gi(τ, τ ′, τ ′′; {ki}; δ)ϕp(τ ′)ϕ∗
p(τ ′′)ϕq(τ ′)ϕ∗

q(τ ′′) = e−i(p+q)(τ ′−τ ′′)Gi(τ, τ ′, τ ′′; {ki}, p; δ) . (2.20)

Given eq. (2.15), the functions Gi(τ, τ ′, τ ′′; {ki}, p; δ) can be written in the large-p limit as
a sum in powers of p (with a maximum pN given by the degree of divergence of the loop),
where the coefficients of this expansion depend on time. This contributes to help solving the
integrals, but a further simplification is still needed to deal with the overall phase multiplying
each function Gi. The role played by these phases –and hence the key to simplify their
treatment — can be understood examining the effect of the iϵ prescription.
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If in the (large negative time limit of the) double integral I1 of eq. (2.18), defined over
the region τ ′, τ ′′ ∈ (−∞, τ ] (see the left panel of figure 1), we take into account the role of
the iϵ prescription in the phase, we notice that

e−i(p+q)(τ ′
+−τ ′′

−) = e(p+q)(τ ′+τ ′′)ϵe−i(p+q)(τ ′−τ ′′) (2.21)

presents a damping that causes the UV part of the integral to vanish, see eq. (2.6). However,
this is not true in the upper limit of the time integrals, τ ′ = τ ′′ = τ , where, since τ is
real, there is no damping (the phase in eq. (2.20) is equal to 1) and this contribution may
contain UV divergences.

Similarly, in the double integral I2 of eq. (2.19), defined over τ ′′ ∈ (−∞, τ ′] and τ ′ ∈
(−∞, τ ] (see the right panel of figure 1), taking into account the role of the iϵ prescription
in the phase in the early time limit:

e−i(p+q)(τ ′
−−τ ′′

−) = e−(p+q)(τ ′−τ ′′)ϵe−i(p+q)(τ ′−τ ′′) , (2.22)

we observe that the damping is effective in all the integration domain except along the
line τ ′ = τ ′′.

We can now proceed to write the time integrals, expanding their integrands over the
time regions where the damping is not present, getting

I1 (τ, p; {ki}; δ) =
∞∑

n,m=0
∂n

τ ′′∂m
τ ′ G1(τ, τ ′, τ ′′; {ki}, p; δ)

∣∣∣∣
τ ′=τ ′′=τ

in−m

(p + q)2+n+m
, (2.23)

I2 (τ, p; {ki}; δ) = −2Re
{∫ τ

−∞−
dτ ′

∞∑
n=0

∂n
τ ′′ G2(τ, τ ′, τ ′′; {ki}, p; δ)

∣∣∣∣
τ ′′=τ ′

in−1

(p + q)1+n

}
.

(2.24)

A priori, eqs. (2.23) and (2.24), which are general and applicable for any value of p,
do not present any advantage because solving them requires performing an infinite sum.
However, in the UV part of the loop integral,∣∣∣∣∣

UV
=

∫
{p>L}

d3+δp
(2π)3+δ

[
I1 (τ, p; {ki}; δ)

∣∣
UV + I2 (τ, p; {ki}; δ)

∣∣
UV

]
, (2.25)

a remarkable simplification is observed. The time derivatives of the functions Gi, in the
large-p limit, do not increase the degree of divergence because time and momentum have
been decoupled, as we have already discussed. This, together with the fact that for the
UV calculation it is only necessary to know the asymptotic behavior of the integrand up to
O(1/p), means that in practice it is sufficient to include only a finite number of terms in n

and m –up to O(1/p)– to obtain the full contribution to the UV part of the loop integral.
To finish the calculation, we only have to do the remaining time integral, as well as the
momentum integral in p. However, since the relevant momentum dependence is given by a
finite sum of powers of p, solving the momentum integral is straightforward.

Let us emphasize that the previous discussion is based on: 1) the UV dependence of
the modes, which allowed us to factorize the phase that mixes time and momentum in the

– 12 –



J
H
E
P
0
7
(
2
0
2
6
)
0
5
9

loop; and 2) the effect of the iϵ prescription. The first of these two points is the reason
why the discussion extends to the case with derivative interactions and, indeed, eqs. (2.23)
and (2.24) are also valid in that case. As we already mentioned at the end of section 2.1,
this result may not apply in simplified scenarios where the dynamics of the modes exhibit
abrupt transitions that modify the UV behavior.

2.4 One-loop diagrams with more than two vertices

Extending the previous results to the case with more than two propagators running in the
loop is straightforward. The procedure is always the same:

1. Write the loop contribution using the in-in rules.

2. Take the large momentum limit p → ∞ (keeping up to O(1/p)) in the integrand and
extract the phase relative to the different momenta running in the loop.

3. Using the iϵ prescription, analyze the time integration regime to extract the locus of
the integration domain that contributes to the momentum integral in the UV regime.

4. Expand the integrand around that region and integrate in time if possible.

This procedure will simplify the integrand to its minimal form, factorizing the momentum
and time integrals and making the momentum integral easy to evaluate.

3 On the structure of tree- and loop-level contributions

Loop-level UV divergences are usually tamed with a renormalization process. In particular,
renormalization is possible if the divergent contribution of loops to an observable (a cosmo-
logical correlator in our case) is indistinguishable from the one of tree-level counterterms,
whose couplings are to be determined via experiments or observations. That is, the UV
divergent effect of loops is equivalent to that of tree-level contact terms when renormalization
is possible, which happens if the coefficients of the counterterms contain a divergent part
that exactly cancels out the divergences coming from the loops. This indistinguishability
between UV divergences and counterterms makes both contributions inseparable from a
physical (experimental or observational) point of view.

Given an n-point, 1PI correlation at one loop, such as those analyzed in the previous
section, the UV divergences are expected to be renormalized by a counterterm diagram
of the type

(3.1)

To be specific, let us consider the n-point correlation of the field ϕ(x) associated with a given
general counterterm interaction in Fourier space:

= 2 Im
{

ϕk1(τ) · · ·ϕkn(τ)
∫ τ

−∞−
dτ ′ c(τ ′, {ki})ϕ

∗(a1)
k1

(τ ′) · · ·ϕ∗(an)
kn

(τ ′)
}

, (3.2)
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where we are using the notation ϕ
∗(a)
k (τ) ≡ ∂a

τ ϕ∗
k(τ). The function c(τ ′, {ki}), which contains

coefficients that are undetermined and that we use to absorb the UV divergences of the
loops, encodes both the counterterm coupling and the spatial derivatives of the interaction
(in Fourier space).

Before doing any calculation, we can already hint at a potential problem in the renor-
malization of in-in correlators, coming from the fact that, in principle, any UV divergence
must be reproducible by the type of counterterm contribution presented in eq. (3.2), or a
combination thereof. Whereas there are loop contributions that have a structure similar to
that of eq. (3.2), which helps towards their renormalization; other contributions have a very
different structure, which raises questions about their renormalizability.

Let us analyze the one-loop diagrams with a single insertion of HI(τ), of the form
eq. (2.16). Since the loop integral does not depend on the external momentum, it can be
reduced to a divergent, time-dependent coefficient,

= 2 Im
{

ϕk1(τ) · · ·ϕkn(τ)
∫ τ

−∞−
dτ ′ ceff(τ ′, {ki})ϕ

∗(a1)
k1

(τ ′) · · ·ϕ∗(an)
kn

(τ ′)
}

. (3.3)

The function ceff(τ ′, {ki}) contains both the integral over momentum (which may contain UV
divergences) and the coupling of the interaction under analysis. This diagram has precisely
the same structure as the counterterm diagram in eq. (3.2).

The case with two insertions of HI , see eq. (2.17), is more complicated because the modes
running inside the loop are sensitive to the external comoving momenta ki, so that the effect
of the loop cannot be reduced to a function of time. Using the procedure developed in the
previous section to simplify the UV part of this one-loop diagram, we can analyze its structure
and compare it to that of the counterterms. In particular, the UV analysis of this diagram
allows us to rewrite it in a simplified form, see eqs. (2.23) and (2.24). As discussed in the
previous section, a complete calculation requires computing the integral over momentum in
eq. (2.25), which is model-dependent but is always easy to do since the time and momentum
integrals have been decoupled. Let us write the contributions of eq. (2.23) and eq. (2.24)
in a specific case in which HI contains no derivative interactions:∫

UV

d3+δp
(2π)3+δ

I1 (τ, p; {ki}; δ)
∣∣
UV = ϕ∗

k1(τ) · · ·ϕ
∗
ki
(τ)ϕki+1(τ) · · ·ϕkn(τ)

×
∞∑

N,M=0
∂N

τ ′′∂M
τ ′

(
ϕk1(τ ′) · · ·ϕki

(τ ′)ϕ∗
ki+1(τ

′′) · · ·ϕ∗
kn
(τ ′′) c1eff(τ ′, τ ′′; {ki};N, M)

) ∣∣∣∣
τ ′=τ ′′=τ

+ perms. , (3.4)

∫
UV

d3+δp
(2π)3+δ

I2 (τ, p; {ki}; δ)
∣∣
UV = −2Re

{
ϕk1(τ) · · ·ϕkn(τ)

∫ τ

−∞−
dτ ′

×
∞∑

N=0
∂N

τ ′′

(
ϕ∗

k1(τ
′) · · ·ϕ∗

ki
(τ ′)ϕ∗

ki+1(τ
′′) · · ·ϕ∗

kn
(τ ′′) c2eff(τ ′, τ ′′; {ki};N)

) ∣∣∣∣
τ ′′=τ ′

}
+ perms. , (3.5)

where we have used the rules of the in-in formalism in eq. (2.4) to construct the functions
Gi of eqs. (2.23) and (2.24). We have encoded the effect of the momentum integral and the
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fields running inside the loop in the functions ci
eff , which can be complex. For simplicity, we

are considering a single channel in which the set of external fields ϕkj
(τ) with j ∈ {1, . . . , i}

are coupled to the insertion HI(τ ′), and those with j ∈ {i + 1, . . . , n} are coupled to the
insertion HI(τ ′′), see eq. (2.4):

k1

ki

ki+1

kn

τ ′ τ ′′
. (3.6)

The rest of the configurations are contained within the permutations.
Let us discuss eqs. (3.4) and (3.5). eq. (3.4) comes from ⟨O(τ)⟩⊃

∫
dτ ′∫ dτ ′′⟨HI(τ ′)OI(τ)HI(τ ′′)⟩

in (the first line of) eq. (2.4). Therefore, the fields coming from HI(τ ′) appear unconjugated,
while the external fields to which it couples appear conjugated; and the opposite happens
with HI(τ ′′). Instead, eq. (3.5) comes from ⟨O(τ)⟩ ⊃ −2Re

∫
dτ ′ ∫ dτ ′′ ⟨OI(τ)HI(τ ′)HI(τ ′′)⟩.

In this case, both Hamiltonian insertions are to the right of the operator OI(τ), and therefore
all the fields from the Hamiltonians appear conjugated, while the external fields to which
it is coupled appear unconjugated. We emphasize that the structure would be analogous
if HI contains derivative interactions.

The structure of the fields in eq. (3.5) is the same as that in eq. (3.2). We recognize this
structure without having to solve the time integral, which could allow for renormalization
even prior to its resolution.

In contrast, the structure in eq. (3.4) differs from that of eq. (3.2). Whereas in the
latter all the external fields appear unconjugated (ϕk1(τ) · · ·ϕkn(τ)), in eq. (3.4) the external
fields are a mixture of conjugated and unconjugated terms. Indeed, in eq. (3.4), after taking
the time derivatives, we find terms that cannot have the external field structure of the
counterterms (again, we are referring to the product ϕk1(τ) · · ·ϕkn(τ)).

The origin of the apparent issue can be traced back to the fact that the counterterms
come from ⟨O(τ)⟩ ⊃ Im

∫
dτ ′ ⟨OI(τ)HI(τ ′)⟩, whereas the kind of loop contribution we are

discussing comes from ⟨O(τ)⟩ ⊃
∫
dτ ′ ∫ dτ ′′ ⟨HI(τ ′)OI(τ)HI(τ ′′)⟩, where in both expressions

O denotes some unspecified operator (and in general not the same one). The presence of
the Hamiltonian insertions to the left and right of OI in the latter expression impedes this
contribution from being directly reduced to a contact term.

These observations are not a proof that the contribution of eq. (3.4) cannot be renormalized.
It only tells us that identifying an adequate counterterm does not appear to be obvious.
In the next section we will discuss a concrete example in which we find UV divergences
coming from this kind of loop contribution and argue that we cannot renormalize it with
counterterms of the type given by eq. (3.2).

Let us note that this apparent difficulty in renormalization is one of the reasons why,
in section 5, we focus on the three-point correlation function (bispectrum), which gives
us an example of it.

4 P (ϕ, X) models in the effective theory of inflation

We will now apply the method of section 2 with the goal of computing the renormalized
one-loop bispectrum of primordial curvature fluctuations in a single-field model of inflation
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with an action of the kind [42]:

S =
∫

d4x
√
−g

{
M2

P

2 R +
∞∑

n=0

fn(ϕ)
n!

(gµν∂µϕ∂νϕ)n

Λ4(n−1)

}
, (4.1)

where the series is characterized by the dimensionless functions fn(ϕ) and the energy scale Λ.
This action can be thought of as an effective field theory in which a canonically normalized,
minimally coupled scalar φ (defined by dφ/dϕ =

√
f1(ϕ) ) with a standard kinetic term

X = −gµν∂µφ ∂νφ and potential V (φ) = Λ4f0(ϕ(φ)) gets corrections from higher-dimensional
operators of the form (X/f1)nfn/Λ4(n−1), n ≥ 2, suppressed by powers of Λ. If instead we
leave total freedom to the functions fn(ϕ), the action eq. (4.1) can describe any model whose
Lagrangian is given by a function P (ϕ(φ), X). We choose to work with this action because
it is simple enough to illustrate the main points we are interested in.

The primordial curvature fluctuation ζ (that we define a few lines below) lives on a FLRW
background given by the time evolution of the scalar field ϕ. Unlike the fluctuation of the
scalar field, this variable freezes once it crosses the horizon, making it particularly useful
to connect with observations [43–45] (see also [46–49] for discussions at the quantum level).
It is therefore convenient to work directly with an effective theory for ζ, that inherits the
properties of eq. (4.1). The framework that allows us to do this is the effective field theory of
inflation of [26]. See also [50] for an EFT description of inflation in the (covariant) language
of ϕ. In order to build the effective action for ζ that we are interested in, we start by writing
the spacetime metric using an ADM decomposition:

ds2 = gµνdxµdxν = −N2dt2 + γij

(
N idt + dxi

) (
N jdt + dxj

)
, (4.2)

where N and N i are the Lapse and the Shift, which are non-dynamical variables and thus act
as Lagrange multipliers in the action. The spatial part of the metric is decomposed as follows:

γij = a2
(
eΓ
)

ij
, where Γij = 2ζδij + ∂ijE + ∂(iEj) + hij (4.3)

and
(
eΓ
)

ij
denotes the exponential of the matrix Γij .

We will now use this decomposition of the metric to obtain an action for a variable,
usually called π, that is directly related to ζ. First, we write the action eq. (4.1) in the
unitary gauge, in which the fluctuations of the inflaton field are set to zero (δϕ = 0):

S =
∫

d4x
√
−g

{
M2

P

2 R +
∞∑

n=0

fn(ϕ0(t))
n!

1
Λ4(n−1)

(
g00ϕ̇2

0(t)
)n
}

. (4.4)

Then, if we note that expressing g00 = −N−2 as g00 = −1 + δg00, eq. (4.4) can equivalently
be written as the following action:

S =
∫

d4x
√
−g

{
M2

P

2 R +
∞∑

n=0

M4
n(t)
n!

(
δg00

)n
}

, (4.5)

where

M4
n(t) =

∞∑
m=0

fn+m(ϕ0(t))
m! Λ4

(
ϕ̇0(t)
Λ2

)2(n+m)

. (4.6)
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The action eq. (4.5) is a particular case of the effective field theory of inflation (in the unitary
gauge), which is meant to describe the most general action for fluctuations in single-field
inflation [26].12 This action is invariant only under spatial diffeomorphisms, as the temporal
ones have been broken by the background evolution of ϕ.

Clearly, the functions M4
n(t) receive corrections from all powers of Xφ. Assuming that all

fn(ϕ) are of the same order, there is a hierarchy M4
n+1/M4

n ∼ (ϕ̇0(t)/Λ2)2 ≪ 1. Breaking this
assumption, which has been done in many studies of primordial inflation, allows to look for
specific signatures of concrete operators in cosmological correlators. A well-known example
is that of DBI inflation [51], which is a specific case of a P (ϕ, X) model. Later on, we will
focus on a model in which we tune all M4

n to zero, except M4
3 . However, before getting there,

we still need to make the connection with the curvature perturbation ζ. We will do this
by restoring full diffeomorphism invariance using Stückelberg’s trick and then relating the
Stückelberg field (which, as we anticipated, is called π below) to ζ.

Indeed, starting from the action in the unitary gauge, eq. (4.5), we can restore the
temporal diffeomorphisms by introducing a field π(x) which transforms under diffeomorphisms
x → x′ = x + ξ(x) as π(x) → π′(x′) = π(x) − ξ0(x) [26]:13

S =
∫

d4x
√
−g

{
M2

P

2 R +
∞∑

n=0

M4
n(t + π)

n!

[
− 1

N2

(
1 + π̇ − N i∂iπ

)2
+ γij∂iπ∂jπ + 1

]n
}

.

(4.7)
Now that time diffeomorphisms are restored, we recover the original number of variables: ten
from the metric and one from the scalar field ϕ(x). The latter can be easily linked to π(x).
To see this, we just need to make a gauge transformation from a system of coordinates where
π and δϕ are non-zero, to the unitary gauge where they cancel simultaneously, obtaining:

ϕ(x) = ϕ0(t + π(x)) = ϕ0(t) + δϕ(x) . (4.8)

It is important to stress that both objects, π and δϕ, are expressed in the same gauge in the
above equation, and so this relation is nothing more than a field redefinition. Consistently,
if we start from the original action for ϕ, eq. (4.1), using that

gµν∂µϕ∂νϕ = gµν ϕ̇2
0(t + π(x)) ∂µ(t + π(x)) ∂ν(t + π(x)) (4.9)

and the relation between fn and Mn that we previously found, we recover the action for π

once full diffeomorphism invariance is restored, eq. (4.7).
The relation between the scalar fluctuations ζ and π can be expressed at linear order,

through a gauge transformation, as follows [52]:

ζ = −Hπ +O(π)2 . (4.10)

In what follows, we will work on what is known as the decoupling limit, whereby corrections
suppressed by powers of the slow-roll parameters are neglected. In this limit, the self-
interactions of π dominate over the coupling to gravity [26]. In practice, this allows us to
neglect fluctuations arising from algebraic variables, taking N = 1 and Ni = 0.

12We are not including terms in the unitary gauge that depend on the extrinsic curvature of hypersurfaces
of constant time or derivatives of δg00.

13The EFT for the fluctuation π(x) respects the symmetry under the scale redefinitions of eq. (1.4), since it
descends from a generally covariant theory and therefore inherits the correct dependence on the scale factor.
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4.1 Background renormalization

Since we will be later using dimensional regularization, we are going to work in 3+δ dimensions
from now on, noting that all the previous equations of this section are valid just replacing
the integration measure as follows:

d4x
√
−g → µδd4+δx

√
−g , (4.11)

where µ, the renormalization scale, is a quantity with dimensions of energy that we need
to introduce to keep the dimension of the fields the same as in the δ = 0 case, and that is
invariant under the symmetry transformation of eq. (1.4).

The action for π, which as we discussed earlier can be interpreted as a perturbation,
must start at quadratic order because the linear term has to vanish to ensure that we are
expanding around the correct time-evolving background, ⟨π⟩ = 0. Varying the action with
respect to the metric and setting the fluctuations to zero, we obtain:[

M2
P

2 G0
µν − 1

2g0µνM4
0 (t)

]
δgµν + M4

1 (t)δg00 = 0 . (4.12)

The (exact) solution of eq. (4.12) is

M4
0 (t) = −M2

P (1 + δ/2)
(
2Ḣ(t) + (3 + δ)H2(t)

)
and M4

1 (t) = M2
P (1 + δ/2) Ḣ(t) .

(4.13)
That is, these two functions are not free in the effective theory of inflation but are fixed by
the background (once a function H(t) is assumed). More precisely, we already see that they
decompose into renormalized and counterterm components as

M4
i ≡ M4

i,r + δM4
i (4.14)

with i ∈ {0, 1}. The renormalized parts M4
i,r are solely determined by the (assumed)

background evolution, eq. (4.13), while the counterterms δM4
i are determined by the renor-

malization condition ⟨π⟩ = 0 at loop level, as we discuss in appendix C. It is sometimes said
that this procedure includes the backreaction of the fluctuations on the background, but that
can be misleading. Here, we are assuming that the background evolution is known and there-
fore has to remain unchanged including loop corrections, which returns the renormalization
condition ⟨π⟩ = 0. However, we could take a different approach: we could start with a given
background, not known, but which we seek to determine. In that case, we would have to
correct the evolution of that background with the effect of interactions inducing ⟨π⟩ ̸= 0.
This correction could be interpreted as a backreaction, whereas the previous procedure (the
one we use) is instead setting a renormalization condition imposed precisely so that the
background is not altered.14

14This represents one of the advantages of the effective theory of inflation: fixing the background only
determines the first two coefficients of the EFT. In contrast, in the language of ϕ, introducing higher order
EFT terms modifies the background evolution, as we see in the relation between fn and Mn, eq. (4.6).
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4.2 M4
3 ̸= 0 in the decoupling limit

We choose to tune the functions Mi so that only M3 and M0 and M1, which are determined
by the assumed background, are non-zero. Loop corrections break this tuning and excite
operators beyond those. Aiming to renormalize the primordial bispectrum, we will later
consider more terms in the effective theory of inflation. For the time being, ignoring possible
counterterms, the action we are going to work with in the decoupling limit, and neglecting
the tensor fluctuations of the metric, is:

S3 =
∫

dτ d3+δx µδa4+δ

{
− M2

P (1 + δ/2)
(
2Ḣ(t + π) + (3 + δ)H2(t + π)

)
+ M2

P (1 + δ/2) Ḣ(t + π)
(
−2π̇ − π̇2 + a−2 (∂π)2

)
+M4

3 (t + π)
3!

(
−2π̇ − π̇2 + a−2 (∂π)2

)3}
. (4.15)

Expanding in powers of π, we get:

S3=
∫
dτ d3+δxµδa4+δ

{
M2

P H2ϵδ

(
π̇2−a−2(∂π)2

)
+M4

3 (t+π)
3!

(
−2π̇−π̇2+a−2(∂π)2

)3}
,

(4.16)
where we have defined ϵδ ≡ ϵ (1 + δ/2), which is the only effect beyond the factor µδaδ

that the change in the number of spatial dimensions has on the dynamics of the modes.
However, this modification of the slow-roll parameter ϵ plays no role in the following, so we
can take ϵδ = ϵ. In order to compute the three-point correlation of π(x) at one loop, we
need to keep the interactions up to order five. Therefore, the free and interaction Lagrangian
densities that we are going to use are:

L0=µδa2+δM2
P H2ϵ

(
π′2−(∂π)2

)
, (4.17)

Lint=−µδa−2+δM4
3 (t+π)

(4
3a3π′3+2a2π′2

(
π′2−(∂π)2

)
+aπ′

(
π′2−(∂π)2

)2
+O

(
π6
))

.

(4.18)

In the interaction picture, we express the field π in terms of creation and annihilation
operators:

π(x) =
∫ d3+δk

(2π)(3+δ)/2 eik·xπk(τ) , where πk(τ) = πk(τ)ak + π∗
k(τ)a

†
−k . (4.19)

The dynamics of the Fourier modes πk is completely determined by the solution of the free
equations of motion assuming Bunch-Davies initial conditions:

π′′
k + (2 + δ) a H π′

k + k2πk = 0 and lim
τ→−∞

πk(τ) =
1√

2µδaδϵ MP a H

e−ikτ

√
2k

, (4.20)

where the normalization factor in the initial conditions comes from the canonical normalization
of the modes. Solving this equation perturbatively in δ, at first order, we obtain:

πk(τ)=
ie−ikτ (1+ikτ)
2MP

√
k3ϵ

{
1+ δ

2

(
2+(1−ikτ)(iπ−Ei(−i2kτ))ei2kτ

1+ikτ
−log(µa(τ))

)
+O(δ2)

}
,

(4.21)
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where Ei(z) = −
∫∞
−z dx e−x/x is the exponential integral function. Corrections of orders

greater than δ do not contribute to the loop integral [1, 12].

5 One-loop bispectrum for M4
3 ̸= 0

The general structure of the three-point correlation of the field π is:

⟨π(τ,x1)π(τ,x2)π(τ,x3)⟩=
∫ [ 3∏

i=1

d3+δki

(2π)3+δ
eiki·xi

]
(2π)3+δδ(k1+k2+k3)Bπ(τ ;{ki}) .

(5.1)
The conservation of momentum makes Bπ(τ ; {ki}) depend on only two momenta. Furthermore,
homogeneity and isotropy imply that Bπ(τ ; {ki}) only depends on the modulus of these
two momenta and the angle between them. Let us then work with {k1, k2, θ1}, where we
define θ1 in such a way that k1 · k2 = k1k2 cos θ1. In 3 + δ spatial dimensions and for any
function j of k1, k2 and θ1:∫ [ 3∏

i=1

d3+δki

(2π)3+δ

]
(2π)3+δδ(k1 + k2 + k3) j(k1, k2, θ1) =

C(δ)
∫

dk1 dk2 dθ1 k2+δ
1 k2+δ

2 sin1+δ θ1 j(k1, k2, θ1) ,

(5.2)

where C(δ) is a constant that depends on the number of dimensions but plays no role of
physical relevance. For convenience, we can change the angular variable θ1 to k3, the modulus
of k3 = − (k1 + k2). Therefore, k2

3 = k2
1 + k2

2 + 2k1k2 cos θ1. In this way, the volume element
is modified such that:∫ [ 3∏

i=1

d3+δki

(2π)3+δ

]
(2π)3+δδ(k1 + k2 + k3) j(k1, k2, θ1)

= C(δ)
2δ

∫
d log k1 d log k2 d log k3 V(δ; {ki}) j(k1, k2, θ1) ,

(5.3)

where

V(δ; {ki}) = k2
1k2

2k2
3
[
(k1 + k2 + k3)(k1 + k2 − k3)(k1 − k2 + k3)(−k1 + k2 + k3)

]δ/2
. (5.4)

Thus, we define the rescaled bispectrum15 in 3 + δ dimensions as

Bπ(τ ; {ki}) ≡
1

8π4V(δ; {ki})Bπ(τ ; {ki}) , (5.5)

where k1,2 ∈ [0,∞) and k3 ∈ [|k1 − k2|, k1+k2]. We have also added the 1/(8π4) factor coming
from the angular integrals in three spatial dimensions, which is nothing more than C(0).

The dominant contribution to the one-loop bispectrum comes from a single insertion of
the quintic interaction from the interaction Hamiltonian (HI =

∫
d3+δxHI), see eq. (4.18),

HI ⊃ µδa−1+δM4
3 π′

(
π′2 − (∂π)2

)2
, (5.6)

15We define the dimensionless bispectrum for the curvature perturbation as Bζ = −H3Bπ.
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where M4
3 is assumed to be constant and leads to a diagram that scales as follows:

Bquintic
π = ∝ H M4

3
M8

P ϵ4
. (5.7)

To obtain this order of magnitude we have taken into account that the vertex introduces a
factor M4

3 while each field π(x) introduces a factor 1/(MP
√

ϵ), see eq. (4.21).
The loop in this diagram is not sensitive to the external momenta structure and therefore

plays the role of a time-dependent, effective cubic coupling at tree level. This implies that in the
limit in which the expansion of the Universe is exactly de Sitter, it must be indistinguishable
from the effect of counterterms. We will see this in detail later on. Furthermore, there is
no other loop diagram that scales like this one.

Other quintic interactions arise from eq. (4.18) expanding M4
3 (t + π) in series around

π = 0. We neglect such contributions to the bispectrum because they are suppressed if a
slow variation of M4

3 is assumed.16

The leading term contributing to the one-loop bispectrum is then of the form (see
eq. (2.16))

Bquintic
π =

V(δ;{ki})
8π4

∫ d3+δp
(2π)3 4Im

{
πk1(τ)πk2(τ)πk3(τ)

∫ τ

−∞−

dτ ′µδa−1+δM4
3 π′∗

k1

[
π′∗

k2
π′∗

k3

(
5
∣∣π′

p

∣∣2−p2|πp|2
)

−π∗
k2

π∗
k3

(
(k2·k3)

(
p2|πp|2−3

∣∣π′
p

∣∣2)+2(k2·p)(k3·p)|πp|2
)]∣∣∣∣

τ ′

}
+perms, (5.8)

where we have used that the odd terms in p vanish, and where the sum over the permutations
represents all possible exchanges of external momenta, which are six in total.17 Furthermore,
we have set δ = 0 in the Fourier factor 1/(2π)3+δ of the loop integral, as it gives rise to a
global factor that can be absorbed by counterterms [1].

To do the loop integral we have to take into account that the integration measure in d

dimensions, expressed in spherical coordinates, is

ddp = pd−1(sin θ1)d−2 · · · (sin θd−2) dpdθ1 · · · dθd−2 dθd−1 , (5.9)

where p ∈ [0,∞) and θi ∈ [0, π], with the exception of θd−1 ∈ [0, 2π). Therefore, the
integration measure in this simple case in which the integrand is just a function of the
momentum p is:18 ∫

ddpf(p) = 4π C(d)
∫ ∞

0
pd−1f(p) dp , (5.10)

16Assuming a time dependence on M4
3 (t) would introduce an additional comoving scale 1/τ∗. This is not

required to obtain a distinguishable loop contribution to the bispectrum, as mentioned in section 1. See
appendix C, where a time dependence on M4

3 (t) is considered for the calculation of one- and two-point
loop correlations.

17We note that, in loop correlations, we must symmetrize the fields that appear Wick-contracted coming from
the same interaction Hamiltonian, since this must be Hermitian. Those terms in which this symmetrization
has been required are, however, odd in p, and we have not reported them.

18We have used that ∫
ddp pi pj f(p) = 1

d
δij

∫
ddp p2 f(p)

for any generic function f(p).
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for any generic function of the momentum f(p). The global constant C(d) is such that
C(3) = 1, whose O(d − 3) effects can be absorbed with counterterms.

Following the method described in section 2, the late-time contribution to the bispectrum
associated to eq. (5.6) is:

Bquintic
π = τ→0−−−→ 3H M4

3
1024M8

P π6 ϵ4
K3

3
(
11K2

1 − 4K2
2
)
+ K1

(
K2

1 + K2
2
) (

K2
1 − 4K2

2
)

K2
1 K3

3
,

(5.11)

where we define

K1 ≡ k1 + k2 + k3 , K2
2 ≡ k1k2 + k1k3 + k2k3 , K3

3 ≡ k1k2k3 . (5.12)

This diagram does not feature UV divergences (in dimensional regularization) because |πp|2

depends on the loop momentum through powers of the latter (except the power 1/p, see
eq. (4.21)) at O(δ0), which in dimensional regularization leads to a vanishing contribution.

Late-time divergences are not present either for this diagram, the basic reason being that
the interactions involved are shift symmetric. Derivative interactions, either with respect to
conformal time or to space, are accompanied by scale factors in the denominator that improve
the convergence of the time integrals in the limit τ → 0. Furthermore, in the superhorizon
and the late-time limit, the dynamics of the modes can be written as:

πk(τ)
kτ→0−−−→ c1k + c2k

∫ τ

τ∗

dτ ′

a2+δ(τ ′) +O
(

k

aH

)
, (5.13)

where τ∗ is an auxiliary time, and cik are constants (in time). Therefore, there is a constant
and a decaying solution to the free equation of motion [44]. The derivative π′

k(τ) selects the
decaying solution, which further improves the convergence of the time integrals.

Moreover, and importantly, the finite contribution of this diagram is identical to that
generated by the cubic term

S = −3
4

H2M4
3

M2
P π2ϵ

∫
dτ d3x a π′

(
π′2 − ∂π2

)
(5.14)

at tree level, so this loop has no intrinsic component.
A different (and subdominant) contribution to the one-loop bispectrum that we can

consider comes from a diagram in which the cubic and quartic interaction of π in eq. (4.18)
intervene:

Bc×q
π = ∝ M8

3
H M10

P ϵ5
. (5.15)

This contribution is interesting because, in principle, it can be distinguished from purely
tree-level effects, as we will argue. Other diagrams with the same scaling also contribute to the
bispectrum. The first one, which we can represent as , arises from the combination in

the interaction Hamiltonian of cubic and quartic interactions from the Lagrangian proportional
to M3, coming from HI ⊃ 1

4g0

(
∂Lint
∂π′

)2
(see appendix A). Although we do not report its

exact expression, this diagram is finite in dimensional regularization (see the discussion below
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eq. (5.12)) and it does not give rise to intrinsic contributions to the bispectrum distinguishable
from tree-level counterterm effects. Therefore, we will not consider it any further.19

We are now going to focus on eq. (5.15), which, as we are going to see does lead to an
intrinsic contribution. This diagram can be written as:

Bc×q
π =

V(δ;{ki})
8π4 16µ2δM8

3

∫ d3+δp
(2π)3+δ

2Re
{

π∗
k1(τ)πk2(τ)πk3(τ)

∫ τ

−∞+
dτ ′
∫ τ

−∞−
dτ ′′F1(τ ′,τ ′′;{ki},p,q)

−πk1(τ)πk2(τ)πk3(τ)
∫ τ

−∞−
dτ ′
∫ τ ′

−∞−
dτ ′′F2(τ ′,τ ′′;{ki},p,q)

}
+perms., (5.16)

where q = k1 − p and we have defined(
a(τ ′)a(τ ′′)

)−δ
F1(τ ′,τ ′′;{ki},p,q)≡

6
(
aπ′

k1π′
pπ′

q

) ∣∣∣∣
τ ′

(
π′∗

k2π′∗
k3π′∗

p π′∗
q

) ∣∣∣∣
τ ′′

+
(
aπ′

k1π′
pπ′

q

) ∣∣∣∣
τ ′

(
π′∗

k2π′∗
k3π∗

pπ∗
q (p·q)+4π∗

k2π′∗
k3π∗

pπ′∗
q (p·k2)+π∗

k2π∗
k3π′∗

p π′∗
q (k2·k3)

) ∣∣∣∣
τ ′′

, (5.17)

(
a(τ ′)a(τ ′′)

)−δ
F2(τ ′,τ ′′;{ki},p,q)≡

6
(
aπ′∗

k1π′
pπ′

q

) ∣∣∣∣
τ ′

(
π′∗

k2π′∗
k3π′∗

p π′∗
q

) ∣∣∣∣
τ ′′
+6
(
aπ′∗

k1π′∗
p π′∗

q

) ∣∣∣∣
τ ′′

(
π′∗

k2π′∗
k3π′

pπ′
q

) ∣∣∣∣
τ ′

+
(
aπ′∗

k1π′
pπ′

q

) ∣∣∣∣
τ ′

(
π′∗

k2π′∗
k3π∗

pπ∗
q (p·q)+4π∗

k2π′∗
k3π∗

pπ′∗
q (p·k2)+π∗

k2π∗
k3π′∗

p π′∗
q (k2·k3)

) ∣∣∣∣
τ ′′

+
(
aπ′∗

k1π′∗
p π′∗

q

) ∣∣∣∣
τ ′′

(
π′∗

k2π′∗
k3πpπq(p·q)+4π∗

k2π′∗
k3πpπ′

q(p·k2)+π∗
k2π∗

k3π′
pπ′

q(k2·k3)
) ∣∣∣∣

τ ′
. (5.18)

To solve these integrals we will follow the procedure described in section 2. We note that in
addition to the dependence on p, we also have a dependence on q, the modulus of q = k1 −p.
We deal with this dependence by changing the variables of integration from {p, θ} to {p, q}.
In order to do so, it is convenient to make a rotation such that k1 falls on the pz-axis. Thus,
we have that: q =

√
k2
1 + p2 − 2k1p cos θ which, for any function f(p, q), leads to:20∫

ddpf(p, |k1 − p|) = 2πC(d)
∫ ∞

0
dp pd−1

∫ π

0
dθ (sin θ)d−2f

(
p,
√

k2
1 + p2 − 2k1p cos θ

)
= 2πC(d)

k1

∫ ∞

0
dp p1+δ

∫ k1+p

|k1−p|
dq q [sin θ(p, q)]δ f(p, q) . (5.19)

19It should be noted that the proper renormalization of the one- and two-point functions modifies the
interaction Hamiltonian HI , generating additional tree-level contributions with the same scaling as eq. (5.15);
see appendix C for details. Since these terms are purely tree-level, we do not display them explicitly here and
instead focus on characterizing the distinguishable part of the one-loop contribution in eq. (5.15).

20We also note that in order to compute the momentum integral of some of the terms it is necessary to use
the relation ∫

ddpY(p, |k1 − p|) (k2 · p) = k1 · k2

k2
1

∫
ddpY(p, |k1 − p|) (k1 · p) ,

where Y(p, q) represents any function that is symmetric under the exchange of p and q. This relation can be
derived taking into account that the contribution to the integral of the component of k2 that does not go in
the direction of k1 has an odd integrand and therefore vanishes.
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After this consideration, the next step, following the method discussed in section 2, is to
separate the loop integral into the IR and UV parts.

We can express the final result conveniently decomposing Bc×q
π into finite (fin) and

divergent (div) parts:

Bc×q
π (τ ; {ki}) =

1
δ
Bdiv

π (τ ; {ki}) + Bfin
π (τ ; {ki}) . (5.20)

At late times (τ → 0), we obtain:

Bfin
π (0;{ki})=

M8
3

HM10
P π6ϵ5

{
gπ({ki})+fπ({ki})

[
log 2k1

k1+k2+k3
+(k1↔k2,3)

]}
+Bdiv

π (0;{ki})
[1
2 log

((k1+k2−k3)(k1−k2+k3)(−k1+k2+k3)
(k1+k2+k3)3

)
−3log

(
µeγE

H

)]
,

(5.21)

where the functions fπ({ki}), gπ({ki}) and Bdiv
π (τ ; {ki}) are given in appendix B.21 The

absence of late-time divergences again follows from the fact that the interactions entering
the one-loop bispectrum under consideration are shift symmetric; see the discussion around
eq. (5.13).

The second line in the expression above originates from the volume factor in Fourier
space, eq. (5.4), accompanying the rescaled bispectrum being in 3 + δ spatial dimensions,
combined with the UV divergence 1/δ, see eq. (5.5). This term can be anticipated expanding
the volume factor at first order in δ. As we will show in the next section, this contribution
is exactly canceled by the finite counterterm contribution that is fixed when renormalizing
the UV divergences of the loop.

The first line is, instead, more interesting: that term cannot be anticipated without
computing it (and is model-dependent). Although it is possible that scheme-dependent
effects may alter parts of that first line, it is to be expected that it contains a part coming
from the loop that cannot be reabsorbed with counterterms.22 An argument supporting
this expectation will be given below.

After renormalization, the finite parts of the counterterms cannot generate the kind
of logarithmic term in the first line of eq. (5.21). In addition, not only the logarithmic
pieces are intrinsic to the loop (in the sense of not appearing at tree-level), but so are the
non-logarithmic parts encoded in the function gπ({ki}). In particular, gπ({ki}) contains
contributions with denominators of the kind (k1 + k2 − k3) (and permutations). In contrast,
the counterterms –being tree-level contributions with a single Hamiltonian insertion and one
time integral — can only produce denominators of the type (k1 + k2 + k3) (with all moduli
added). This is the case at least in the strict de Sitter setup we are considering, where the
modes evolve with a specific phase πk(τ) ∝ e−ikτ , see eq. (4.21). As we will now see, these
terms are of vital importance for the consistency of the loop contribution.

21In [53, 54], the bispectrum is calculated in a setup similar to the one presented here. The result of the
(unrenormalized) loop, however, does not respect invariance under the transformation in eq. (1.4).

22Our discussion is restricted to counterterms within the single-field inflationary EFT under consideration.
Nevertheless, a momentum dependence similar to that of eq. (5.21) may already arise at tree level in theories
where the inflaton couples to additional degrees of freedom; see e.g. [55].

– 24 –



J
H
E
P
0
7
(
2
0
2
6
)
0
5
9

Let us discuss the result in some more detail. The first thing one can notice is that,
in the equilateral limit, we trivially lose the logarithmic scale dependency. Moving away
slightly from the equilateral limit, a linear dependency in the (difference of) momenta arises.
However, such a dependency can be generated without loops, and so we cannot expect to
extract relevant information from the equilateral limit.

More interesting is the squeezed limit, since it is constrained by the consistency relation [43]
(see also [56, 57])

lim
p→0

Bζ(τ ;p, k,−k) = −d logPζ(τ, k)
d log k

Pζ(τ, k)Pζ(τ, p) , (5.22)

where Pζ and Pζ are the dimensionless power spectrum and power spectrum, respectively,
of ζ. This relation is valid at any order in perturbation theory, as it comes only from the
possibility of including a large-scale constant (independent of space and constant in time)
metric perturbation into the scale factor of the Universe with a redefinition of the coordinates.
The finite, one-loop contribution to the bispectrum that we have found from the diagram

shows potentially problematic contributions of the type ∝ (k1 + k2 − k3)−α (and
permutations) with α > 0, or ∝ log ki, that explode in the squeezed limit (see the explicit
form of the expressions gπ({ki}) and fπ({ki}) in appendix B). Therefore, checking the validity
of the consistency relation would be a non-trivial test of the calculation. Let us then analyze
the first line of eq. (5.21) in the squeezed limit configuration k1 ≡ p ≪ k, k2 ≡ k and
k3 ≡ k + p ξ, where ξ ∈ [−1, 1]:

Bfin
π (τ →0,{ki})⊃

M8
3

HM10
P π6ϵ5

(
gπ+

{
fπ log

2k1
k1+k2+k3

+(k1↔k2,3)
})

p→0−−−→ M8
3

6451200HM10
P π6ϵ5

p

k

(
276757−1762ξ2+

(
420−6720ξ2

)
log
(

p

k

)
+O

(
p

k

))
. (5.23)

We see that in the squeezed limit p/k → 0, the divergent terms cancel out exactly, giving
rise to a suppressed contribution O(p/k). This is consistent with the one-loop scale-invariant
power spectrum featured by the model under analysis, see appendix C. This cancellation
occurs separately in both contributions to the diagram: the contribution coming from the
quartic interactions π′4 and π′2(∂π)2. Furthermore, it occurs independently in the different
contributions of the in-in formalism: first and second line of eq. (2.4).

Beyond the squeezed limit, the presence of divergences due to the factors ∝ (k1+k2−k3)−α

(and permutations) with α > 0 can, in principle, become manifest in configurations where the
three momenta are aligned (often referred to as collinear or folded configurations). Assuming
without loss of generality k1 > k2, we have k3 = k1 + k2 ξ with ξ ∈ [−1, 1], so there exist
potentially problematic contributions in the ξ → ±1 configurations. However, analyzing
these configurations in the first line of eq. (5.21), we observe that these divergences are again
canceled independently (in the same sense as above), giving rise to a finite result as ξ → ±1.
In particular, taking the limit ξ → 1 –the remaining collinear configurations being obtained
by permutations of the external momenta — one finds

Bfin
π (τ →0,{ki})⊃

M8
3

HM10
P π6ϵ5

(
gπ+

{
fπ log

2k1
k1+k2+k3

+(k1↔k2,3)
})

ξ→1−−−→ M8
3

491520HM10
P π6ϵ5

1
u3

(
j1(u)+j2(u)logu+30

(
k2
k1

−k1
k2

)
j3(u)log

k2
k1

)
+O(ξ−1), (5.24)

– 25 –



J
H
E
P
0
7
(
2
0
2
6
)
0
5
9

where u = (k1 + k2)2/(k1k2), and we have introduced the polynomials

j1(u)=1260u8−11850u7+34350u6−29675u5+1647u4−298u3+21664u2−37362u−27960,

(5.25)

j2(u)=−30(u−1)(21u8−208u7+638u6−546u5−88u4−82u3−80u2−84u−42), (5.26)

j3(u)=21u8−187u7+514u6−446u5+56u4−2u2−40. (5.27)

Taking k2 → 0 within the collinear configurations reproduces the squeezed limit of eq. (5.23)
in the cases ξ = ±1.

It is worth mentioning a couple of aspects. In the second line of eq. (5.21), the presence of
the logarithm adds a new type of divergence in the case of alignment of the three momenta;
however, as we already mentioned, this term disappears after the renormalization process.
Although the analysis we have done of the different limits of the bispectrum has not taken
into account the renormalization, which modifies the functions gπ and fπ, the conclusions
remain unchanged, as we will discuss next.

5.1 Renormalization of the bispectrum

The counterterms needed to renormalize the diagram of eq. (5.15) have to scale as follows:

L ∼ ∂7π3

Λ̃6
U

, (5.28)

where, ∂7 is used here to denote a total seven derivatives which can be both spatial and
temporal (and some of the latter may act on the scale factor), and where for dimensional
consistency and for convenience, we have introduced the quantity Λ̃U , which is related to
the energy scale ΛU , at which perturbative unitarity is expected to break.23

As shown by the functions of appendix B, the UV divergences show up in a variety of
functional forms. In addition, since the diagram involves many derivatives, renormalization
can be expected to require a large number of counterterms reproducing those divergences.
The most general cubic Hamiltonian term can be written in Fourier space as:24

HI(τ) = C
∫ 3∏

i=1

(
d3+δki

(2π)3/2

)
(2π)3δ(k1 + k2 + k3) (aH)4−n

× H3π
(a1)
k1

π
(a2)
k2

π
(a3)
k3

k2b1
1 k2b2

2 k2b3
3 (k1 · k2)c12(k1 · k3)c13(k2 · k3)c23 , (5.29)

where a1, a2 and a3 count time derivatives, n = a1 + a2 + a3 +2(b1 + b2 + b3 + c12 + c13 + c23)
is the total number of derivatives (temporal and spatial) and C is a dimensionless coupling,
that in general is time-dependent but is constant in shift-symmetric invariant scenarios, as is

23The quantity Λ̃U can be expressed as follows: Λ̃6
U = (

√
ϵ H MP )−3Λ6

U , where ΛU is the unitarity breaking
scale, such that in terms of the canonically normalized field πc ∼

√
ϵ H MP π (with dimension of energy), the

interaction eq. (5.28) would read L ∼ ∂7π3
c /Λ6

U (which has dimensions of energy to the fourth power in three
spatial dimensions).

24We do not include terms with a single Levi-Civita symbol ϵijk because they cancel out due to momentum
conservation (in real space, it can be written as a boundary term). Furthermore, a higher power of Levi-Civita
symbols can be rewritten as products of Kronecker deltas.
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the case with constant M3. The Dirac delta ensures momentum conservation in the vertex
and comes from integrating over space.

The aforementioned diversity of UV divergences can be classified into two types that have
different origins. As we saw in section 2, in diagrams with two Hamiltonian insertions we
have two sources of UV contributions in the loop, defined by eqs. (2.23) and (2.24), which
we will henceforth refer to as first- and second-type contributions, respectively. As we are
going to explain, we find that the divergences of the first type cannot be renormalized at
all times (except at τ → 0) with the usual procedure by using counterterms of the form
given in eq. (5.29).

Both types of UV divergences are described with eqs. (B.14)–(B.17). We can write the
action responsible for renormalizing the second type of divergences, using a basis of operators
with seven derivatives distributed across the three fields, where each field in each element of
the basis contains at least one derivative (to preserve shift symmetry explicitly):

Scts=
1
δ

M8
3

H4M4
P π2ϵ2

∫
dτ d3+δxµδa4+δ−7

[351
32 π′π′′′2+157

720∂iπ∂jkπ∂ijkπ′+7
6∂iπ∂jπ∂ijπ′′′

+297
16 ∂iπ∂ijπ∂jπ′′′+103

6 (∂ijπ)2
π′′′−241

16 π′′∂iπ∂iπ
′′′−8371

480 ∂iπ
′∂jπ′∂ijπ′−219

16 π′∂iπ
′∂iπ

′′′

−1831
144 ∂iπ∂jπ′∂ijπ′′+6521

576 π′∂ijπ∂ijπ′′+139
48 ∂iπ∂jπ′′∂ijπ′−2431

288 ∂ijπ∂iπ
′∂jπ′′

+15317
576 π′′∂ijπ∂ijπ′−29629

2880 π′∂iπ∂iπ
′′′′+2923

576 π′′′′∂iπ∂iπ
′+1849

480 π′(∂ijπ′)2
]
+O(δ0).

(5.30)

This is the divergent part of the counterterms, which ignores a finite part that should be
fixed by renormalization conditions and that gives rise to a rich and complex structure in the
external momenta. Eq. (5.30) is, instead, solely determined by requiring that the (second
type of UV divergent) bispectrum must be finite (i.e. non-divergent).

However, in dimensional regularization, the contribution to the bispectrum from eq. (5.30)
leaves a finite remnant due to the effect of the modes and the Fourier volume element (see
eq. (5.5)) in 3 + δ spatial dimensions. This finite contribution exactly cancels out the second
line of eq. (5.21), as we had already anticipated in the previous section, so only the first line
of eq. (5.21) represents an intrinsic contribution of the loop to the bispectrum. Furthermore,
as in the late-time limit (τ → 0) the quantity Bdiv(τ, {ki}) comes only from second-type
divergences (because the first-type divergences begin at O(kτ)4), eq. (5.30) is sufficient to
ensure that the bispectrum remains finite in the late-time limit.

However, a problem arises when attempting to renormalize the first-type divergences
at τ ≠ 0 using the same procedure. We find that no combination of local counterterms of
the form given in eq. (5.29) can renormalize these divergences. This conclusion remains
even if we try to include effects that explicitly break the shift symmetry (i.e. considering
operators without derivatives of π). The treatment of these divergences goes beyond the
scope of this paper, and we postpone their analysis to future work, emphasizing that they
play no role in the late-time limit.
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In summary, at late times, including the effects of the counterterms described above that
renormalize the second-type divergences, we obtain the renormalized bispectrum Bc×q

π,ren ≡
Bc×q

π + Bcts
π :

lim
τ→0

Bc×q
π,ren(0,{ki})=Bdiv

π (0,{ki})log
(

H

µeγE

)
+ M8

3
HM10

P π6ϵ5

(
gπ,ren({ki})+fπ,ren({ki})

[
log 2k1

k1+k2+k3
+(k1↔k2,3)

])
,

(5.31)

where gπ,ren and fπ,ren are defined in appendix B. As we explained earlier, the effect of the
momenta-dependent logarithm in the second line of eq. (5.21) was an artifact of working in
3+δ spatial dimensions; so once the renormalization is performed, it disappears. Similarly, the
remainder log(H/µeγE) can also be eliminated with the finite part of the counterterms, which
we are not writing in this expression because we are focusing on the intrinsic contribution
of the loop.

The effect of the counterterms in 3 + δ spatial dimensions also modifies the contributions
of the second line of eq. (5.31), although this contribution cannot be completely eliminated.
Furthermore, since we have already removed the UV divergences, only finite effects of
counterterms, coming from physics in 3 spatial dimensions, are missing in this equation.
These contributions cannot modify the second line of eq. (5.31), as explained in the previous
section, so it corresponds to a truly intrinsic part of the loop correction to the bispectrum.
Although we do not prove it here,25 the result reported in eq. (5.31) is insensitive to the
basis chosen for renormalization.

We mention that in the squeezed limit the consistency relation is still satisfied, as it should;
and there are no collinear divergences, since the potentially problematic term associated to
the first line of eq. (5.21) disappears after renormalization.

6 Discussion

The phenomenological relevance of loop corrections is ultimately tied to whether they encode
information that cannot be absorbed into counterterms. In the context of the application of
the in-in formalism to compute primordial correlators, this amounts in practice to determining
if the (comoving) momentum dependence of a renormalized loop contribution is distinguishable
from that produced by local counterterm insertions. If the loop is indistinguishable, its finite
effect can be removed by a scheme choice (i.e. by shifting the finite parts of counterterm
coefficients), and an explicit loop computation carries no scheme-independent physical content
for that observable beyond what is already captured by the leading tree-level contribution
and the freedom in the counterterms.

For observables whose loop corrections are free of late-time divergences, the available
comoving scales strongly constrain the allowed momentum dependence. This follows from
the invariance of the background under the rescalings a → λa, τ → λ−1τ and x → λ−1x.
This symmetry implies that loop contributions can only depend on scale-invariant combina-
tions –such as H/µ and k/(aH) (where µ is the renormalization scale and k is an external

25We postpone this to a future work.
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comoving momentum) and, if several external legs are present, on ratios ki/kj . This severely
restricts the situations in which loop effects can lead to genuinely new information. For
instance, the standard de Sitter corrections log(H/µ) to the power spectrum are a prime
example of contributions that are scale-invariant and typically fall into the indistinguishable
class. Moreover, mild departures from exact de Sitter (e.g. slow-roll corrections) do not, by
themselves, guarantee an intrinsic loop signal (e.g. in the power spectrum), since their effect
can be reproduced by an appropriate choice of counterterms.

A main goal of our work has been to streamline the computation of the UV part of
in-in loop integrals within the dimensional-regularization framework introduced in [1]. In
that approach, the loop is split into an IR piece (finite and computable directly in 3 spatial
dimensions) and a UV piece that must be treated consistently in 3 + δ spatial dimensions.
The main difficulty that one faces applying the method of [1] comes from the fact that
the UV part involves time integrals along the Schwinger-Keldysh contour and is sensitive
to the dynamics in 3 + δ dimensions. We have now shown that a large loop-momentum
expansion of the UV part of the momentum integrals, together with the iϵ prescription,
imply a damping of the integrand over appropriate regions of the time integrals. Exploiting
this property, one can expand over those regions and systematically trade the difficult time
integrals for time derivatives, which can be evaluated analytically. As a result, the one-loop
UV computation reduces, in general, to a single remaining time integral, while the momentum
integral becomes straightforward because it is controlled by the UV limit of the modes in the
loop. Importantly, this simplification relies only on the universal UV behavior dictated by
the Bunch-Davies phase e−ipτ and does not require assumptions about the specific regulator
used to handle UV divergences.

Beyond simplifying the UV calculation, our analysis also exposes an additional structural
issue: in multi-vertex in-in correlators there can appear UV-divergent terms whose field
structure is not manifestly reproducible by the insertion of local Hamiltonian counterterms.
We have noted this aspect as an apparent renormalization obstruction: within the standard
framework of single-vertex local counterterm insertions, certain divergent structures do not
appear to match the pattern one would expect from counterterm renormalization.

To illustrate the above three points with a concrete example, we have computed the
one-loop primordial scalar bispectrum within the decoupling limit of the effective theory of
inflation, considering in particular the interaction (δg00)3 in unitary gauge. This example
serves three purposes. First, it illustrates the applicability of the improved UV method in a
non-trivial loop computation. Second, it provides an explicit instance where loop corrections
are distinguishable: the presence of several (three) external comoving momenta allows the
late-time bispectrum to depend on their ratios, yielding a scheme-independent functional
form that cannot be replicated by local counterterms. Third, it exposes the renormalization
difficulty that we have identified in a controlled setting: we verified that, at finite times, the
insertion of a single local counterterm vertex is not sufficient to renormalize the problematic
UV-divergent structures that we encounter in the computation. While the bispectrum
becomes finite in the late-time limit, a complete understanding of how to renormalize these
UV divergences at all times remains to be achieved.

Finally, the renormalized late-time bispectrum we obtain respects the expected invariance
under scale-factor rescalings and it also satisfies the one-loop consistency relation of [43]. This
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agreement with the consistency relation is non-trivial: it requires cancellations of divergences
that appear as singularities in external-momentum aligned configurations (including the
squeezed limit), and that originate from qualitatively different contributions to the loop. In
the late-time limit, the renormalized result contains both logarithmic terms and additional
contributions that are free of logarithms and depend only on ratios of momentum configura-
tions. Although one might naively associate the intrinsic, scheme-independent part primarily
with logarithmic running, the ratio-dependent terms play an equally essential role: they
are crucial for the cancellations required by the consistency relation in the squeezed limit,
and their functional form cannot be mimicked by counterterms. Overall, this underlines
the main message of this work: extracting intrinsic information from cosmological loops
requires a controlled UV computation together with a careful treatment of counterterms,
and multi-legged correlators (including the bispectrum) constitute a natural arena where
genuinely distinguishable loop effects arise.
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A Interaction Hamiltonian in the interaction picture

Let us derive the most general possible form of the interaction Hamiltonian in the interaction
picture [46], HI . We start by making the separation

L = L0 + Lint , where L0 = g0π
′2 + f(π) (A.1)

is the free Lagrangian, and the interaction Lagrangian must be, by definition, suppressed.
That is, we require perturbation theory to be valid. In a theory without interactions, i.e.
in the free case, the conjugate momentum is just p = ∂L0/∂π′ = 2g0π

′ and therefore the
free Hamiltonian is:

H0 = pπ′(π, p)− L0(π, π′(π, p)) = p2

4g0
− f(π) . (A.2)

In the general case where we have non-zero interactions, the conjugate momentum is

p = ∂L
∂π′ = 2g0π

′ + ∂Lint
∂π′

∣∣∣∣
π,π′

. (A.3)

We can invert this relation, so that

π′(π, p) = p

2g0
− 1

2g0

∂Lint
∂π′

∣∣∣∣
π,π′(π,p)

. (A.4)
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Since the second term is suppressed with respect to the first, we can solve this equation
perturbatively:

π′(π, p) = p

2g0
− 1

2g0

∂Lint
∂π′

∣∣∣∣
π, p

2g0
− 1

2g0
∂Lint

∂π′ |
π,...

= p

2g0
− 1

2g0

∂Lint
∂π′

∣∣∣∣
π, p

2g0

+ 1
4g20

∂Lint
∂π′

∣∣∣∣
π, p

2g0

∂2Lint
∂π′2

∣∣∣∣
π, p

2g0

+ · · · . (A.5)

The interaction Hamiltonian is obtained by subtracting the free Hamiltonian from the total
Hamiltonian,

Hint=H−H0=

pπ′(π,p)−L(π,π′(π,p))−
(

p2

4g0
−f(π)

)
=− 1

4g0

(
p−2g0π

′(π,p)
)2−Lint(π,π′(π,p)).

(A.6)

In the in-in formalism, one needs the interaction Hamiltonian in the interaction picture,
where the fields (and their conjugate momenta) evolve freely. That is, we have to substitute
π → π0 and p → p0 = 2g0π

′
0, being the terms with the subscript 0 governed by the free

Lagrangian, obtaining:

HI =− 1
4g0

(
−∂Lint

∂π′

∣∣∣∣
π0,π′

0

+ 1
2g0

∂Lint
∂π′

∣∣∣∣
π0,π′

0

∂2Lint
∂π′2

∣∣∣∣
π0,π′

0

+ · · ·
)2

− Lint

(
π0, π′

0 −
1
2g0

∂Lint
∂π′

∣∣∣∣
π0,π′

0

+ 1
4g20

∂Lint
∂π′

∣∣∣∣
π0,π′

0

∂2Lint
∂π′2

∣∣∣∣
π0,π′

0

+ · · ·
)

=− Lint(π0, π′
0) +

1
4g0

(
∂Lint
∂π′

∣∣∣∣
π0,π′

0

)2

− 1
8g20

(
∂Lint
∂π′

∣∣∣∣
π0,π′

0

)2
∂2Lint
∂π′2

∣∣∣∣
π0,π′

0

+ · · · . (A.7)

B Collection of bispectrum formulae

We recall the result obtained in section 5 for the bispectrum coming from the diagram
:

Bc×q
π (τ, {ki}) =

1
δ
Bdiv

π (τ, {ki}) + Bfin
π (τ, {ki}) , (B.1)

and in the late time limit

Bfin
π (0, {ki}) =

M8
3

H M10
P π6ϵ5

{
gπ({ki}) + fπ({ki})

[
log 2k1

k1 + k2 + k3
+ (k1 ↔ k2,3)

]}
+ Bdiv

π (0, {ki})
[1
2 log

((k1 + k2 − k3)(k1 − k2 + k3)(−k1 + k2 + k3)
(k1 + k2 + k3)3

)
−3 log

(
µeγE

H

)]
. (B.2)

In this appendix we provide the functions fπ({ki}), gπ({ki}) and Bdiv
π (τ, {ki}). Concretely:

gπ = g
(1)
π′4 + g

(2)
π′4 + g

(1)
π′2∂π2 + g

(2)
π′2∂π2 , (B.3)
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where the functions g
(1)
π′4 , g

(2)
π′4 , g

(1)
π′2∂π2 and g

(2)
π′2∂π2 are given below. For clarity, we denote the

contributions from the quartic interactions π′4 and π′2∂π2 with their corresponding subscripts.
The superscripts denote instead the contributions coming from the two different kinds of
time integrals: the ones corresponding to integrals over the “square” region τ ′ ∈ (−∞, τ ]
and τ ′′ ∈ (−∞, τ ] are denoted with (1) (left panel of figure 1), whereas those defined over
the “triangle” region τ ′ ∈ (−∞, τ ] and τ ′′ ∈ (−∞, τ ′] are indicated with the superscript (2)

(right panel of figure 1). Their full expressions are the following:

g
(1)
π′4 =

K3
3

5120K3
1
(
K3

1−4K1K2
2+8K3

3
)6
(
16384K1K15

3
(
69K2

1−584K2
2
)
−2048K2

1 K12
3
(
1291K4

1−3208K2
1 K2

2

−4464K4
2
)
+128K4

1 K6
3 (K1+2K2)(K1−2K2)

(
51K6

1+1288K4
1 K2

2−9512K2
1 K4

2−3104K6
2
)

+K6
1
(
K2

1−4K2
2
)3(39K6

1−892K4
1 K2

2+464K2
1 K4

2−1600K6
2
)
+16K5

1 K3
3
(
K2

1−4K2
2
)2(422K6

1

−3079K4
1 K2

2+2816K2
1 K4

2−6288K6
2
)
−256K3

1 K9
3
(
2559K6

1−22708K4
1 K2

2+52592K2
1 K4

2

+12224K6
2
)
+3538944K18

3
)
, (B.4)

g
(2)
π′4 =

K3
3

5120K7
1
(
K3

1−4K1K2
2+8K3

3
)6
(
786432K18

3
(
3795K4

1−11688K2
1 K2

2−10400K4
2
)
+32768K1K15

3

×
(
34627K6

1−207248K4
1 K2

2+99072K2
1 K4

2+746880K6
2
)
+4096K2

1 K12
3
(
62629K8

1−548168K6
1 K2

2

+956528K4
1 K4

2+2733056K2
1 K6

2−7440384K8
2
)
+64K4

1 K6
3 (K1+2K2)(K1−2K2)

(
26479K10

1

−308284K8
1 K2

2+503840K6
1 K4

2+5624704K4
1 K6

2−24638208K2
1 K8

2+29223936K10
2
)

+K6
1
(
K2

1−4K2
2
)3(1491K10

1 −13988K8
1 K2

2+18368K6
1 K4

2+308480K4
1 K6

2−1308416K2
1 K8

2

+1545216K10
2
)
+8K5

1 K3
3
(
K2

1−4K2
2
)2(1681K10

1 −10680K8
1 K2

2−300992K6
1 K4

2+3238464K4
1 K6

2

−10439936K2
1 K8

2+11326464K10
2
)
+1024K3

1 K9
3
(
31653K10

1 −379888K8
1 K2

2+1183480K6
1 K4

2

+1783648K4
1 K6

2−14743936K2
1 K8

2+19717632K10
2
)
+3460300800K1K21

3
)
, (B.5)

g
(1)
π′2∂π2 =

1
122880K3

1 K3
3
(
K3

1−4K1K2
2+8K3

3
)6
(
131072K1K21

3
(
1461K2

1+2138K2
2
)
+65536K2

1 K18
3
(
2011K4

1

−4066K2
1 K2

2−6240K4
2
)
−512K4

1 K12
3
(
1367K8

1−44596K6
1 K2

2+154128K4
1 K4

2−78848K2
1 K6

2

+399616K8
2
)
+4K6

1 K6
3
(
K2

1−4K2
2
)2(1015K8

1+40832K6
1 K2

2−138720K4
1 K4

2−320896K2
1 K6

2

+77056K8
2
)
+K8

1
(
K2

1−4K2
2
)4(

K8
1−27K6

1 K2
2+114K4

1 K4
2−1744K2

1 K6
2+864K8

2
)

+2048K3
1 K15

3
(
9379K6

1−42456K4
1 K2

2+64848K2
1 K4

2+187136K6
2
)
+K7

1 K3
3
(
K2

1−4K2
2
)3(223K8

1

+2478K6
1 K2

2−6552K4
1 K4

2−83296K2
1 K6

2+38016K8
2
)
−64K5

1 K9
3 (K1−2K2)(K1+2K2)

(
2780K8

1

−74613K6
1 K2

2+268188K4
1 K4

2−67760K2
1 K6

2+227904K8
2
)
−78643200K24

3
)
, (B.6)

g
(2)
π′2∂π2 =

1
1843200K7

1 K3
3
(
K3

1−4K1K2
2+8K3

3
)6
(
9437184K24

3
(
235043K4

1−1023000K2
1 K2

2+312000K4
2
)
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+131072K1K21
3
(
7304513K6

1−65072692K4
1 K2

2+161149968K2
1 K4

2−76464000K6
2
)

+16384K2
1 K18

3
(
14537465K8

1−191743680K6
1 K2

2+900891856K4
1 K4

2−1671398784K2
1 K6

2

+875197440K8
2
)
+1280K4

1 K12
3
(
2801033K12

1 −60947464K10
1 K2

2+545896224K8
1 K4

2

−2563989248K6
1 K6

2+6529769728K4
1 K8

2−8220727296K2
1 K10

2 +3698491392K12
2
)

−12K6
1 K6

3
(
K2

1−4K2
2
)2(297579K12

1 +1547176K10
1 K2

2−61249472K8
1 K4

2+425422848K6
1 K6

2

−1230317824K4
1 K8

2+1349617664K2
1 K10

2 −152248320K12
2
)
−K8

1
(
K2

1−4K2
2
)4(2701K12

1

−29951K10
1 K2

2+100518K8
1 K4

2−401200K6
1 K6

2+2993792K4
1 K8

2−11309568K2
1 K10

2

+14123520K12
2
)
+6144K3

1 K15
3
(
6202983K10

1 −106152316K8
1 K2

2+719605600K6
1 K4

2

−2356991360K4
1 K6

2+3554491136K2
1 K8

2−1792834560K10
2
)
−K7

1 K3
3
(
K2

1−4K2
2
)3(157595K12

1

−749230K10
1 K2

2−8776008K8
1 K4

2+75192256K6
1 K6

2−170676224K4
1 K8

2−47881728K2
1 K10

2

+389928960K12
2
)
+32K5

1 K9
3 (K1+2K2)(K1−2K2)

(
3932767K12

1 −112054592K10
1 K2

2

+1159118832K8
1 K4

2−5930590912K6
1 K6

2+15794888192K4
1 K8

2−19741578240K2
1 K10

2

+7883735040K12
2
)
+2146015641600K1K27

3
)
, (B.7)

where we recall the definitions:

K1 ≡ k1 + k2 + k3 , K2
2 ≡ k1k2 + k1k3 + k2k3 , K3

3 ≡ k1k2k3 . (B.8)

Similarly:

fπ = f
(1)
π′4 + f

(2)
π′4 + f

(1)
π′2∂π2 + f

(2)
π′2∂π2 , (B.9)

where

f
(1)
π′4 =
3k3

1k2k3(k2+k3)(k1+2(k2+k3))
32(k1−k2−k3)7 ,

f
(2)
π′4 =

− 3k1k2k3(k2+k3)
32(k1−k2−k3)7(k1+k2+k3)7

(
k10

1 +9k9
1(k2+k3)+k8

1
(
65k2

2+60k2k3+65k2
3
)
+77k7

1(k2+k3)3

+7k6
1
(
41k4

2+80k3
2k3+90k2

2k2
3+80k2k3

3+41k4
3
)
+91k5

1(k2+k3)5+7k4
1(k2+k3)2(29k4

2+12k3
2k3

+26k2
2k2

3+12k2k3
3+29k4

3
)
+15k3

1(k2+k3)7+4k2
1(k2+k3)4(5k4

2−17k3
2k3+19k2

2k2
3−17k2k3

3

+5k4
3
)
−2k2k3(k2+k3)6(k2

2−4k2k3+k2
3
))

, (B.10)

f
(1)
π′2∂π2 =

k1

15360k2k3(−k1+k2+k3)7

(
2k8

1−14k7
1(k2+k3)+k6

1
(
8k2

2+84k2k3+8k2
3
)
−k5

1(k2+k3)
(
127k2

2

−155k2k3+127k2
3
)
+k4

1
(
103k4

2+917k3
2k3+3068k2

2k2
3+917k2k3

3+103k4
3
)
+2k3

1(k2+k3)
(
88k4

2

+10k3
2k3+129k2

2k2
3+10k2k3

3+88k4
3
)
−2k2

1(k2+k3)2(59k4
2+400k3

2k3−203k2
2k2

3+400k2k3
3

+59k4
3
)
−35k1(k2+k3)3(k4

2+3k3
2k3−14k2

2k2
3+3k2k3

3+k4
3
)
+5(k2+k3)4(k4

2+3k3
2k3

−14k2
2k2

3+3k2k3
3+k4

3
))

, (B.11)
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f
(2)
π′2∂π2 =

− 1
15360k1k2k3(k1−k2−k3)7(k1+k2+k3)7

(
−2k17

1 +4k15
1
(
12k2

2+7k2k3+12k2
3
)

+295k14
1
(
k3

2+k3
3
)
+2k13

1
(
519k4

2−322k3
2k3−2402k2

2k2
3−322k2k3

3+519k4
3
)
+2k12

1 (k2+k3)

×
(
2179k4

2−4244k3
2k3−11856k2

2k2
3−4244k2k3

3+2179k4
3
)
+8k11

1 (k2+k3)2(146k4
2−2189k3

2k3

−9170k2
2k2

3−2189k2k3
3+146k4

3
)
−k10

1 (k2+k3)
(
147k6

2+64995k5
2k3+214807k4

2k2
3+301598k3

2k3
3

+214807k2
2k4

3+64995k2k5
3+147k6

3
)
−2k9

1(k2+k3)4(2211k4
2+6920k3

2k3+65338k2
2k2

3

+6920k2k3
3+2211k4

3
)
−2k8

1(k2+k3)
(
5728k8

2+25814k7
2k3+115623k6

2k2
3+181534k5

2k3
3

+207274k4
2k4

3+181534k3
2k5

3+115623k2
2k6

3+25814k2k7
3+5728k8

3
)
+20k7

1(k2+k3)6(48k4
2

+1231k3
2k3−2842k2

2k2
3+1231k2k3

3+48k4
3
)
+k6

1(k2+k3)3(4529k8
2+83713k7

2k3−99146k6
2k2

3

+111231k5
2k3

3+75122k4
2k4

3+111231k3
2k5

3−99146k2
2k6

3+83713k2k7
3+4529k8

3
)
+10k5

1(k2+k3)8

×
(
121k4

2+726k3
2k3−1094k2

2k2
3+726k2k3

3+121k4
3
)
+2k4

1(k2+k3)5(1167k8
2+11112k7

2k3

−59428k6
2k2

3+32840k5
2k3

3−37494k4
2k4

3+32840k3
2k5

3−59428k2
2k6

3+11112k2k7
3+1167k8

3
)

+k2
1(k2+k3)7(91k8

2+581k7
2k3−6700k6

2k2
3+10371k5

2k3
3−13838k4

2k4
3+10371k3

2k5
3−6700k2

2k6
3

+581k2k7
3+91k8

3
)
−2(k2−k3)2(k2+k3)9(2k6

2+14k5
2k3+17k4

2k2
3+190k3

2k3
3+17k2

2k4
3

+14k2k5
3+2k6

3
))

. (B.12)

And finally,

Bdiv
π = M8

3
H M10

P π6ϵ5

(
d
(1)
π′4 + d

(2)
π′4 + d

(1)
π′2∂π2 + d

(2)
π′2∂π2

)
, (B.13)

where

d
(1)
π′4 =

81K1K3
3

2048 τ4+
K3

3
(
−77K3

1+174K1K2
2+480K3

3
)

4096 τ6

−
K3

3
(
K3

1 K2
2+78K2

1 K3
3−8K1K4

2−16K2
2 K3

3
)

4096 τ8 , (B.14)

d
(2)
π′4 =
3K3

3
(
K2

1 K2
2+3K1K3

3−6K4
2
)

32K7
1

(
2+
(
K2

1−2K2
2
)
τ2)

−
3K3

3
(
33K7

1+16K5
1 K2

2−160K3
1 K4

2+16K3
3
(
3K4

1−4K2
1 K2

2−48K4
2
)
+384K1K6

2+384K1K6
3
)

2048K6
1

τ4

+
K3

3
(
71K7

1+22K5
1 K2

2−64K3
1 K4

2+16K3
3
(
5K4

1+2K2
1 K2

2−48K4
2
)
+192K1K6

2+384K1K6
3
)

4096K4
1

τ6

+
K3

3
(
−41K5

1 K2
2−314K4

1 K3
3+104K3

1 K4
2+472K2

1 K2
2 K3

3−32K1
(
K6

2+3K6
3
)
+192K4

2 K3
3
)

20480K2
1

τ8 , (B.15)

d
(1)
π′2∂π2 =

1
49152K3

3

(
−13K7

1+91K5
1 K2

2+33K4
1 K3

3−244K3
1 K4

2−324K2
1 K2

2 K3
3

+16K1
(
22K6

2+83K6
3
)
−352K4

2 K3
3
)
τ4
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+ 1
245760K3

3

(
−9K5

1 K4
2−116K3

1 K6
2+8K1K6

3
(
1528K2

2−339K2
1
)
+K3

3
(
18K6

1+393K4
1 K2

2

−2084K2
1 K4

2−608K6
2
)
+608K1K8

2−480K9
3
)
τ6

+
K3

3
(
47K5

1−296K3
1 K2

2−4K3
3
(
279K2

1+392K2
2
)
+784K1K4

2
)

245760 τ8 , (B.16)

d
(2)
π′2∂π2 =

1
15360K7

1 K3
3

(
6K6

3
(
279K4

1−1520K2
1 K2

2+1440K4
2
)
+K1K3

3
(
64K6

1−821K4
1 K2

2+3672K2
1 K4

2

−3600K6
2
)
+K2

1 (K1+2K2)(K1−2K2)
(
2K6

1+2K4
1 K2

2−21K2
1 K4

2+180K6
2
)
+5760K1K9

3
)

×
(
2+
(
K2

1−2K2
2
)
τ2)

+ 1
245760K6

1 K3
3

(
−192K9

3
(
399K4

1−2000K2
1 K2

2+1440K4
2
)
+8K1K6

3
(
−1853K6

1+11192K4
1 K2

2

−37248K2
1 K4

2+31680K6
2
)
+K2

1 K3
3
(
−275K8

1+5040K6
1 K2

2−25776K4
1 K4

2+64704K2
1 K6

2

−34560K8
2
)
+K3

1 (K1+2K2)(K1−2K2)
(
47K8

1−141K6
1 K2

2+396K4
1 K4

2−1056K2
1 K6

2

+2880K8
2
)
−184320K1K12

3
)
τ4

+ 1
245760K4

1 K3
3

(
32K9

3
(
387K4

1−1760K2
1 K2

2+1440K4
2
)
+4K1K6

3
(
427K6

1−618K4
1 K2

2+8416K2
1 K4

2

−7680K6
2
)
−3K3

1 K4
2 (K1+2K2)(K1−2K2)

(
5K4

1+68K2
1 K2

2+80K4
2
)
+3K2

1 K3
3
(
10K8

1

+169K6
1 K2

2−624K4
1 K4

2−1792K2
1 K6

2+320K8
2
)
+30720K1K12

3
)
τ6

+ K3
3

245760K2
1

(
−77K7

1+4K5
1 K2

2−1632K4
1 K3

3+656K3
1 K4

2+880K2
1 K2

2 K3
3+192K1

(
7K6

2−8K6
3
)

−2304K4
2 K3

3
)
τ8 . (B.17)

Also, after renormalization,

gπ,ren=
1

153600K6
1 K3

3
(
K3

1−4K1K2
2+8K3

3
)5
(
−32768K1K21

3
(
217711K2

1−873360K2
2
)
+8192K18

3

×
(
329156K6

1−2593059K4
1 K2

2+5235768K2
1 K4

2−348000K6
2
)
+512K1K15

3
(
2586953K8

1

−30846854K6
1 K2

2+123613064K4
1 K4

2−169120064K2
1 K6

2+12898560K8
2
)
+640K2

1 K12
3

×
(
338569K10

1 −5390867K8
1 K2

2+32382800K6
1 K4

2−87062576K4
1 K6

2+91337344K2
1 K8

2

−9093120K10
2
)
+K4

1 K6
3 (K1+2K2)(K1−2K2)

(
617319K12

1 −11869444K10
1 K2

2

+93034784K8
1 K4

2−363336384K6
1 K6

2+703942144K4
1 K8

2−570521600K2
1 K10

2 +59289600K12
2
)

+2K6
1
(
K2

1−4K2
2
)3(21K12

1 −231K10
1 K2

2−692K8
1 K4

2+17580K6
1 K6

2−91428K4
1 K8

2

+183872K2
1 K10

2 −127680K12
2
)
+2K5

1 K3
3
(
K2

1−4K2
2
)2(3967K12

1 −67242K10
1 K2

2

+455188K8
1 K4

2−1361284K6
1 K6

2+1084080K4
1 K8

2+1699136K2
1 K10

2 −2323200K12
2
)

+80K3
1 K9

3
(
211830K12

1 −4192499K10
1 K2

2+33457268K8
1 K4

2−133889616K6
1 K6

2

+270556352K4
1 K8

2−232125440K2
1 K10

2 +28200960K12
2
)
−29542318080K24

3
)
, (B.18)
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and

fπ,ren=
k1(k2+k3)

7680k2k3(−k1+k2+k3)6(k1+k2+k3)6

(
295k10

1
(
k2

2−k2k3+k2
3
)
+k8

1
(
2233k4

2−5773k3
2k3

−25222k2
2k2

3−5773k2k3
3+2233k4

3
)
+2k6

1(k2+k3)2(83k4
2−15417k3

2k3−48100k2
2k2

3−15417k2k3
3

+83k4
3
)
−2k4

1(k2+k3)4(1223k4
2+10049k3

2k3+21522k2
2k2

3+10049k2k3
3+1223k4

3
)
−k2

1(k2+k3)6

×
(
253k4

2+1205k3
2k3+584k2

2k2
3+1205k2k3

3+253k4
3
)
+5(k2+k3)8(k4

2+3k3
2k3−14k2

2k2
3

+3k2k3
3+k4

3
))

. (B.19)

C One and two-point functions

In this appendix we compute the one- and two-point functions for the model defined by
eq. (4.16). For the former, the calculation is supplemented by the renormalization condition
⟨π(x)⟩ = 0 that guarantees that our perturbative expansion is carried out around the correct
vacuum configuration. For the latter, we work in a framework where an auxiliary scale τ∗ is
introduced to search for a distinguishable loop contribution in the late-time dimensionless
power spectrum. We will show, however, that the one-loop dependence on this scale can be
absorbed into the tree-level counterterm contribution, indicating that it does not correspond
to a genuine, intrinsic one-loop contribution.

C.1 One-point function

The interaction Hamiltonian to be used is

HI = µδa−1+δM4
3 (t)

4
3a2π′3 , where in general HI(t) =

∫
d3+δxHI(x) . (C.1)

We have that

⟨π(x)⟩1l= =
∫

d3+δkδ(k)8Im
{∫ τ

−∞−

dτ ′µδa1+δ(τ ′)M4
3 (t′)πk(τ)π′∗

k (τ ′)
∫ d3+δp

(2π)3+δ

∣∣π′
p(τ ′)

∣∣2}.

(C.2)
This expression is both UV and late-time divergent. The latter divergence will be cured auto-
matically after the renormalization, that is done considering linear counterterms associated
to M0 and M1.

The action of the effective theory of inflation in the decoupling limit contains:

S ⊃
∫

dτ d3+δx µδa4+δ

{
δM4

0 (t + π)− δM4
1 (t + π)
a2

(
2aπ′ + π′2 − (∂π)2

)}
, (C.3)

where δM4
0 and δM4

1 come from eq. (4.14), so that the linear operators in the Lagrangian
that serve as counterterms of the one-point function are:

L(1)
δ

= µδa4+δ
{

∂t(δM4
0 (t))π − 2

a
δM4

1 (t)π′
}

. (C.4)
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Taking HI = −L(1)
δ

(neglecting terms O(M8
3
)

coming from eq. (A.7) in appendix A) we
find the counterterm contribution:

⟨π(x)⟩cts = =
∫

d3+δk δ(k) 2 Im
{∫ τ

−∞−
dτ ′µδa4+δ(τ ′)πk(τ)

×
[ 2

a(τ ′)δM4
1 (t′)π′∗

k (τ ′)− ∂t(δM4
0 (t′))π∗

k(τ ′)
]}

. (C.5)

Imposing the renormalization condition ⟨π(x)⟩1l + ⟨π(x)⟩cts = 0, we have:

∂t(δM4
0 (t)) = 0 , δM4

1 (t) = − 2
a2M4

3 (t)
∫ d3+δp

(2π)3+δ

∣∣∣π′
p(τ)

∣∣∣2 = −3
4P

0
ζ M4

3 (t) , (C.6)

where we have defined P0
ζ = H2/(8π2M2

P ϵ). Although we have imposed the renormalization
condition prior to performing the time integrals, the result obtained by integrating in time
first would be the same.

C.2 Two-point function

To compute the two-point function, we need to consider the following contributions in the
Lagrangian

Lδ = µδa2+δM4
3 (t + π)34P

0
ζ

(
2aπ′ + π′2 − (∂π)2

)
, (C.7)

Lint = −µδa−1+δM4
3 (t + π)

(4
3a2π′3 + 2aπ′2

(
π′2 − (∂π)2

)
+ π′

(
π′2 − (∂π)2

)2)
, (C.8)

whose associated HI is (see eq. (A.7)):

HI = −Lδ − Lint +
1

4µδa2+δM2
P H2ϵ

(
∂Lδ + Lint

∂π′

)2
+O

(
M12

3

)
. (C.9)

In general, the connected structure of the two-point correlation will be:

⟨π(τ, x)π(τ, y)⟩ =
∫ d3+δk

(2π)3+δ
eik·(x−y)Pπ(τ, k) , Pπ(τ, k) ≡ k3+δ

2π2 Pπ(τ, k) , (C.10)

where Pπ(τ, k) is the rescaled power spectrum. While this quantity has mass dimension
−2, it is convenient to define it in analogy with the dimensionless spectrum of curvature
perturbations, Pζ = H2Pπ, where we have used the linear order relation ζ = −Hπ.

In order to introduce an auxiliary scale τ∗, we will consider the following explicit functional
form for M3(t):

M4
3 (t(τ)) = M4

3,∗

(
1− ε∗ log

τ

τ∗
+O

(
ε2∗

))
, (C.11)

where the breaking of the π-shift symmetry is controlled by the parameter

ε∗ =
Ṁ4

3
HM4

3

∣∣∣∣
τ∗

, (C.12)

whose reference value ε∗ ≡ ε
∣∣
τ=τ∗

is ≪ 1 in absolute value.
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The leading contribution in the coupling M3 comes from the quartic interaction:

Pq
π = ∝

M4
3,∗

M6
P ϵ3

. (C.13)

As in section 5, the vertex gives the factor M4
3 , while each field (6 in total) introduces a

factor 1/(MP
√

ϵ). As mentioned, this object has energy dimensions −2. This diagram has
the same overall size as the quadratic tadpole-counterterm contribution,

Pδ
π = ∝

M4
3,∗

M6
P ϵ3

. (C.14)

Both contributions must be included to obtain a finite late-time result.
The interaction Hamiltonian (density) we have to consider is:26

HLO
I = µδaδM4

3

[4
3ε∗ aH π π′3 + 2π′2

(
π′2 − (∂π)2

)
− 3

4a2P0
ζ

(
2ε∗ aH π π′ + π′2 − (∂π)2

)]
.

(C.15)

We have expanded M4
3 (t + π) = M4

3 (t)(1 + Hεπ), which induces terms that break the shift
symmetry of π explicitly. This Hamiltonian induces the two contributions discussed above,
associated respectively to the quadratic tadpole-counterterm and to the quartic interaction.
We report them here before doing the respective time integrals, as well as the resulting
expressions in the late-time limit:

Pδ
π = −k3+δ

2π2 3Im
{

π2
k(τ)

∫ τ

−∞−

dτ ′µδa2+δM4
3P0

ζ

(
2ε∗aHπ∗

k (π∗
k)

′+(π∗
k)

′2−k2π∗2
k

) ∣∣∣∣
τ ′

}
τ→0−−−→−

3M4
3,∗

256M6
P π4ϵ3

{
1+ε∗

[
2−γE−log

(
−2kτ2

τ∗

)]}
, (C.16)

Pq
π = =

= k3+δ

2π2

∫ d3+δp
(2π)3 8Im

{
π2

k(τ)
∫ τ

−∞−

dτ ′µδaδM4
3

(
2ε∗aH

[
π∗

k (π∗
k)

′ ∣∣π′
p

∣∣2+(π∗
k)

′2 1
2

(
πp

(
π∗

p

)′+π∗
pπ′

p

)]

+6(π∗
k)

′2 ∣∣π′
p

∣∣2−[k2π∗2
k

∣∣π′
p

∣∣2+p2(π∗
k)

′2 |πp|2+4π∗
k (π∗

k)
′ (k·p)

2

(
πp

(
π∗

p

)′−π∗
pπ′

p

)])∣∣∣∣
τ ′

}
τ→0−−−→−

M4
3,∗

256M6
P π4ϵ3

{
9+ε∗

[
−2+15γE+3log

(
−32k5τ2τ3

∗
)]}

. (C.17)

The loop contribution, calculated using the procedure developed in section 2, is finite in
dimensional regularization as only polynomial divergences are present. Although both
contributions contain late-time divergences associated with interactions of eq. (C.15) that
break shift symmetry (see discussion around eq. (5.13)), combining these two results to
calculate the total power spectrum, we obtain a precise cancellation of the divergences
at late-time:

Pq
π + Pδ

π = + τ→0−−−→ −
M4

3,∗
64M6

P π4ϵ3
{3 + ε∗ [1 + 3γE + 3 log (−2kτ∗)]} . (C.18)

26We have omitted a time dependence for simplicity, e.g. M4
3 = M4

3 (t) ̸= M4
3,∗.
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This result shows a dependence on k, unlike the free (tree-level) power spectrum, which, in de
Sitter, is exactly scale invariant in the late-time limit: P0

π
τ→0−−−→ (8π2M2

P ϵ)−1 = P0
ζ /H2. As we

discussed in section 1, this does not indicate that the loop calculation contains an intrinsic scale
dependence, or as we have defined, that it is distinguishable. Before reaching such a conclusion,
it is necessary to make a comparison with the contribution of the counterterms. However,
there are two arguments that allow us to anticipate that the loop will be indistinguishable:
(i) the external scale k does not enter the loop, so it is reduced to an insertion of a quadratic
coupling, as mentioned in section 3; (ii) the calculation of the quadratic tadpole-term induces
a k-dependence of the same type as the loop, log(−kτ∗), and it is a tree-level contribution.

This motivates exploring the possibility that the following (next-to-leading order in
M3) diagram, suppressed by an extra power of M4

3 , but with two vertex insertions, may
contain distinguishable parts:

Pc
π = ∝

M8
3,∗

H2M8
P ϵ4

, (C.19)

where H completes the dimensional analysis. This diagram has the same scaling as the
following induced quartic and quadratic diagrams:

Pc×c,ind
π = ∝

M8
3,∗

H2M8
P ϵ4

and Pc×δ ,ind
π = ∝

M8
3,∗

H2M8
P ϵ4

. (C.20)

These terms arise from quadratic operators generated by combinations of cubic or cubic-
tadpole linear interactions. Specifically, they are obtained from HI ⊃ 1

4g0

(
∂Lint
∂π′

)2
in eq. (A.7).

At next-to-leading order in M3 one may worry about consistency with the leading-order
tadpole renormalization. That is, we have renormalized the tadpole by imposing + = 0,
but one can ask whether it would be necessary to impose + + = 0 for consistency with
a calculation of the power spectrum at next-to-leading order (in M3).27 By including this
last term, having four π’s more than the leading-order loop, we have that

Pδ
π = ∼ O

(
M4

3,∗
M6

P ϵ3

)
+O

(
M8

3,∗
M10

P ϵ5

)
. (C.21)

The second contribution, associated to the renormalization of , presents a suppression
with respect to the diagram we are studying, eq. (C.19), and therefore it is not necessary
to renormalize the tadpole to next-to-leading order in M3.

The relevant interaction Hamiltonian at next-to-leading order in M3 is:

HNLO
I = µδaδM4

3 π′2
[
4
3a π′ + M4

3
M2

P H2ϵ

(
4π′2 − 3

2a2P0
ζ

)]
. (C.22)

Again, this Hamiltonian contains contributions of a different nature. We have a mixing induced
term between the tadpole counterterm and the cubic interaction, as well as an induced quartic

27We do not include in the discussion the two-loop diagram associated with a quintic insertion because it is

suppressed with respect to .
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contribution, which generate respectively the following contributions to the power spectrum:

Pc×δ ,ind
π = = − k3

2π2 3 Im
{

π2
k(τ)

∫ τ

−∞−
dτ ′ a2M4

3P0
ζ

2M4
3

M2
P H2ϵ

(π∗
k)

′2
∣∣∣∣
τ ′

}
τ→0−−−→

3M8
3,∗

256H2M8
P π4ϵ4

[1 + ε∗ {2γE + 2 log (−2kτ∗)}] , (C.23)

Pc×c,ind
π = = k3+δ

2π2

∫ d3+δp
(2π)3 8 Im

{
π2

k(τ)
∫ τ

−∞−
dτ ′ µδaδM4

3
2M4

3
M2

P H2ϵ
6 (π∗

k)
′2
∣∣∣π′

p

∣∣∣2 ∣∣∣∣
τ ′

}
τ→0−−−→ −

9M8
3,∗

128H2M8
P π4ϵ4

[1 + 2ε∗ {γE + log (−2kτ∗)}] . (C.24)

Unlike the case of the leading order (in M3) power spectrum, now these contributions
separately do not present late-time divergences, as it is to be expected, because these
interactions respect shift invariance.

The diagram of eq. (C.19), that is associated to the cubic interaction, can be written as:

Pc
π = = k3+δ

2π2

∫ d3+δp
(2π)3 43

×
[∫ τ

−∞+
dτ ′

∫ τ

−∞−
dτ ′′F1(τ ′, τ ′′; k, p, q)− 2Re

{∫ τ

−∞−
dτ ′

∫ τ ′

−∞−
dτ ′′F2(τ ′, τ ′′; k, p, q)

}]
,

(C.25)

where we have defined

F1(τ ′, τ ′′; k, p, q) ≡ cδ(τ ′, τ ′′) |πk(τ)|2π′
k(τ ′)π′∗

k (τ ′′)π′
p(τ ′)π′∗

p (τ ′′)π′
q(τ ′)π′∗

q (τ ′′) , (C.26)
F2(τ ′, τ ′′; k, p, q) ≡ cδ(τ ′, τ ′′)π2

k(τ)π′∗
k (τ ′)π′∗

k (τ ′′)π′
p(τ ′)π′∗

p (τ ′′)π′
q(τ ′)π′∗

q (τ ′′) , (C.27)

and
cδ(τ ′, τ ′′) ≡ µ2δa1+δ(τ ′)M4

3 (τ ′)a1+δ(τ ′′)M4
3 (τ ′′) . (C.28)

We solve these integrals following the procedure established in section 2. The first step is
to separate the UV and IR contributions (which is calculated in three spatial dimensions). A
concise summary of the procedure to extract the IR part of the cubic loop diagram is the
following: We first perform the time integrals, whose convergence is ensured by the usual
iϵ prescription. The remaining momentum integrals involve both p and an angular variable
q ∈ [|k − p|, k + p]. Most q-integrals are elementary, except for∫ k+p

|k−p|
dq

e−i(k+p+q)τ Ei (i(k + p + q)τ) qα

(k + p + q)3(k − p − q)3 with α = 0, 1, 2 . (C.29)

To deal with these terms, we use the integral representation

Ei(i(k+p+q)τ) = −
∫ ∞

0
dy e−y

(
iπ + ei(k+p+q)τ

y − i(k + p + q)τ

)
where (k+p+q)τ < 0 , (C.30)

which introduces the Schwinger-Feynman parameter y. Swapping the order of integration
allows us to first solve the q-integral, then the p-integral, reducing the whole expression to a
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single integral in y. In fact, only a few y-integrals cannot be computed analytically:∫ ∞

0
dy

e−y

yα(iy + 2kτ)3 log
(
−1− i

y

2Kτ

)
where α = 1, 2, 3 and K = k, L, k + L .

(C.31)
The exponential suppresses the large-y region, so the dominant contributions arise at small
y. This allows the integrals with K = L to be handled analytically through an expansion
as L → ∞, keeping the leading terms at O(1/L). For the remaining integral, we perform
the substitution y = −2kτ ỹ, obtaining∫ ∞

0
dỹ

e2kτ ỹ

ỹα(iỹ − 1)3 log (−1 + iỹ) . (C.32)

In the late-time limit τ → 0, the exponential becomes irrelevant in the region where the
integrand contributes, and the integral can be solved exactly. Since it is convergent in the
large y-limit even without exponential damping, it is consistent to work at O(kτ). Thus,
in the τ → 0 limit we obtain a closed analytical expression for the IR loop contribution,
without relying on the auxiliary parameter y.

Obtaining the UV contribution is straightforward, simply using eqs. (2.23) and (2.24),
where the time integrals have been replaced by derivatives when possible. Furthermore,
taking the asymptotic limit of the integrand as p → ∞ (up to O(1/p)), the remaining time
integral is easily solved, also obtaining a closed result for the UV contribution of the loop
valid for all times.

The final result of this procedure to compute Pc
π can be decomposed into its finite and

divergent contributions:

Pc
π ≡ 1

δ
(Pc

π)
div + (Pc

π)
fin . (C.33)

The divergent part is:

(Pc
π)

div =−
M8

3,∗
480H2 M8

P π4 ϵ4

((
2 + 2(kτ)2 + 10(kτ)4 − 3(kτ)6

)(
1− 2ε∗ log

τ

τ∗

)
+ 4ε∗Re

{
e2ikτ (i + kτ)2 (iπ − Ei(−2ikτ))

}
− ε∗

8
(
35 + 33(kτ)2 + 156(kτ)4

))
.

(C.34)

In the late-time limit, the sum of the divergent and finite parts is

Pc
π

τ→0−−−→
M8

3,∗
240H2 M8

P π4 ϵ4

(
1 + ε∗

16 (32 (γE + log(−2kτ∗))− 35)
)

×
(
−1

δ
+
(
5581
960 + 2γE + log

(
4π

µ2

H2

)))
, (C.35)

where we omit k-independent constants, since they are scheme-dependent and indistinguishable
from counterterm effects. We observe that no late-time divergences appear, and the divergent
part shares the same log(−kτ∗) structure as the finite piece. Thus, once the divergence is
absorbed by appropriate counterterms, all the k-dependence may also be absorbed by the
finite remainder of the same, implying that the cubic loop contribution is indistinguishable.
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As already noted in the discussion of the leading-order loop correction (∝ M4
3,∗/(M6

P ϵ3)),
the presence of a k-dependent term of the form log(−kτ∗) breaks the exact scale invariance
of the free de Sitter power spectrum. Nevertheless, this effect is not physically meaningful on
its own, since the coefficient multiplying log(−kτ∗) is not fixed by the loop calculation itself
but corresponds to an undetermined finite contribution arising from the counterterms.

This behavior is expected. At late times the only comoving scales are k and τ∗, which
enter through the scale-invariant combination (−kτ∗). Working at linear order in ε∗, the
loop contribution can only produce a dependence of the form

Pπ = C1 + C2 ε∗ log(−kτ∗) , (C.36)

and we will see that the counterterms generate exactly the same structure.
Consider the counterterm Hamiltonian

Hcts
I (τ) = C(τ)

Hn+m−6 µδa4+δ−n−m∂n
τ π ∂m

τ π , (C.37)

whose dimensionless coefficient has the shift-symmetry-breaking time dependence

C(τ) = C∗

(
1 + c∗ε∗ log

τ

τ∗
+O

(
ε2∗

))
. (C.38)

The resulting contribution to the power spectrum is:28

Pcts
π = = H2C∗

M4
P

(
α0+α2(kτ)2+···+αn+m(kτ)n+m

)(
1+c∗ε∗ log

τ

τ∗

)
−H2C∗c∗ε∗

M4
P

[
α0Re

{
e2ikτ (i+kτ)2(iπ−Ei(−2ikτ))

}
+
(
β0+β2(kτ)2+···

)]
+O(δ).

(C.39)

We assume that n + m is even –if it were odd, the final power spectrum would scale as
(kτ)n+m−1– and we also choose n, m to avoid late-time divergences. The coefficients αi and
βi are fixed for a given value of n and m. In the late-time limit:

Pcts
π = τ→0−−−→ H2C∗

M4
P

[α0 (1− c∗ε∗ log(−kτ∗))− c∗ε∗β0] .

Since the finite parts of the counterterms are not fixed, they leave an undetermined finite
remainder proportional to log(−kτ∗). This k-dependence mimics that generated by the
different loop diagrams, making them indistinguishable.

Thus, without completing the full renormalization procedure, we can already conclude
that the leading and next-to-leading one-loop contributions to the power spectrum are

PLO
π

τ→0−−−→
M4

3,∗

M6
P ϵ3

(
αLO+βLOε∗ log(−kτ∗)

)
and PNLO

π
τ→0−−−→

M8
3,∗

H2M8
P ϵ4

(
αNLO+βNLOε∗ log(−kτ∗)

)
.

(C.40)
No intrinsic one-loop signature survives: the loop effect is entirely degenerate with suitable
tree-level EFT counterterms.

28Although the coefficients of the counterterms include terms ∝ 1/δ to absorb loop divergences, which leaves
a finite remainder δ C(τ) = O

(
δ0), we report the finite, indeterminate part of the counterterms.
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Once these points are taken into account, we can proceed with the renormalization of
the UV divergences. The only divergent diagram is

, (C.41)

arising from the cubic interaction, which after canonical normalization takes the form

L ∼ 1
Λ2

U

(
π′

c

)3 = (
√

ϵHMP )2

Λ̃2
U

π′3 . (C.42)

Since the diagram inserts two cubic vertices, the associated counterterm must scale as

∼ 1
Λ4

U

, (C.43)

corresponding to a quadratic operator of the schematic form

L ∼ 1
Λ4

U

∂6π2
c = 1

Λ̃4
U

∂6π2 . (C.44)

The required number of derivatives can also be related to the highest power of kτ in the
divergence.29 The UV divergence in eq. (C.34) indeed reaches (kτ)6, consistent with six-
derivative counterterms. Since the couplings and a(τ) depend on time, derivatives may
act on them, generating additional operators with fewer derivatives on the fields but still
compatible with the structure of the divergence.

With these considerations, we introduce the dimension-eight quadratic counterterms [12]:

S ⊃
∫

dτ d3+δx µδa−2+δ
(
C1(τ)

(
π′′′)2 + C2(τ)

(
∂iπ

′′)2 + C3(τ)
(
∂ijπ′)2) . (C.45)

These operators renormalize the logarithmic divergence and the Ei(−2ikτ ) term in eq. (C.34),
but the polynomial terms at order ε∗ cannot be absorbed by them. To complete the
renormalization we must include dimension-eight operators where one derivative acts on
the coupling:

S⊃
∫
dτ d3+δxµδa−2+δε(τ)aH

(
C4(τ)π′′π′′′+C5(τ)∂iπ

′∂iπ
′′+C6(τ)∂ijπ∂ijπ′) . (C.46)

Since the shift symmetry is softly broken, the time dependence of the couplings must be

Ci(τ) = Ci,∗

(
1 + ci,∗ε∗ log

τ

τ∗
+O

(
ε2∗

))
. (C.47)

The constants Ci,∗ and ci,∗ absorb the UV divergences. The couplings Ci(τ) are independent
since they originate from distinct operators, e.g.

(
∂2

t g00
)2 or (∂tδK)2 in the first list of

counterterms and ∂tg
00∂2

t g00 or δK∂tδK in the second one. We take HI = −LI because the
corrections to this relation are suppressed by M4

3,∗.

29As seen in (C.39), this power fixes the number of derivatives in the counterterms.
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The counterterms that cancel the divergences are

C1(τ) =
1
δ

M8
3 (τ)

24H4M4
P π2ϵ2

+ Cfin
1 (τ) , C2(τ) = −1

δ

M8
3 (τ)

24H4M4
P π2ϵ2

+ Cfin
2 (τ) , (C.48)

C3(τ) =
1
δ

M8
3 (τ)

60H4M4
P π2ϵ2

+ Cfin
3 (τ) , C4(τ) = −1

δ

M8
3 (τ)

16H4M4
P π2ϵ2

+ Cfin
4 (τ) , (C.49)

C5(τ) = −1
δ

61M8
3 (τ)

96H4M4
P π2ϵ2

+ Cfin
5 (τ) , C6(τ) = −1

δ

M8
3 (τ)

32H4M4
P π2ϵ2

+ Cfin
6 (τ) . (C.50)

The finite parts Cfin
i (τ) have the same structure as in eq. (C.47): the coefficients Cfin

i,∗ and cfini,∗
remain undetermined and must be fixed by renormalization conditions.

The divergent contributions are always proportional to M8
3 (τ)/δ. While the divergent

pieces of the constants ci,∗ are constrained to be −2 (see eq. (C.11)), their finite parts remain
unconstrained and therefore Cfin

i (τ) need not scale as M8
3 (τ). As a consequence, the power

spectrum approaches the form of eq. (C.40) in the late-time limit.
To close this appendix it is important to stress that slow-roll modifications to the de Sitter

expansion will generically induce loop corrections to the primordial power spectrum that are
precisely of the form αSR + βSR log(−kτSR), where βSR is small constant made of slow-roll
parameters and τSR is a fiducial conformal time scale. This means that only in the de Sitter
limit we can separate the lowest order tree-level contribution P0

ζ from the scale-dependent
loop (or counterterm) effect proportional to M4

3,∗.
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