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Motivated by the direct method in the calculus of variations in L°°, our main result
identifies the notion of convexity characterizing the weakly* lower semicontinuity
of nonlocal supremal functionals: Cartesian level convexity. This new concept
coincides with separate level convexity in the one-dimensional setting and is
strictly weaker for higher dimensions. We discuss relaxation in the vectorial case,
showing that the relaxed functional will not generally maintain the supremal form.
Apart from illustrating this fact with examples of multi-well type, we present
precise criteria for structure-preservation. When the structure is preserved, a
representation formula is given in terms of the Cartesian level convex envelope
of the (diagonalized) original supremand. This work does not only complete
the picture of the analysis initiated in Kreisbeck and Zappale (2020), but also
establishes a connection with double integrals. We relate the two classes of
functionals via an LP-approximation in the sense of I'-convergence for diverging
integrability exponents. The proofs exploit recent results on nonlocal inclusions and
their asymptotic behavior, and use tools from Young measure theory and convex
analysis.

©2022 Elsevier Ltd. All rights reserved.

1. Introduction

The existence theory for minimizers in the calculus of variations is closely linked to convexity notions. As

coercivity is usually achieved in function spaces endowed with weak(*) topologies, the central task to guaran-

tee the applicability of the direct method lies in verifying the (sequential) weak(*) lower semicontinuity of the

functionals. Over the decades, substantial effort has been put into finding necessary and sufficient conditions

for the latter. Depending on the class of functionals at hand, different types of generalized convexity come

into play. Fundamental results that identify the correct notions (under suitable growth assumptions) include

* Corresponding author.

E-mail addresses: carolin.kreisbeck@ku.de (C. Kreisbeck), antonella.ritorto@ku.de (A. Ritorto), elvira.zappale@Quniromal.it

(E. Zappale).

https://doi.org/10.1016/j.na.2022.113111

0362-546X/© 2022 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.na.2022.113111
http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2022.113111&domain=pdf
mailto:carolin.kreisbeck@ku.de
mailto:antonella.ritorto@ku.de
mailto:elvira.zappale@uniroma1.it
https://doi.org/10.1016/j.na.2022.113111

C. Kreisbeck, A. Ritorto and E. Zappale Nonlinear Analysis 225 (2022) 113111

in the classical integral setting: convexity for integral functionals on Lebesgue spaces [6,17], quasiconvexity
for integral functionals on Sobolev spaces with dependence on the weak gradients [2,38], A-quasiconvexity
for integral functionals subject to first-order PDE constraints [27], and in the branch of variational L*°-
problems [5,31]: level convexity for supremal functionals on W1 with supremands depending on weak
gradients in the scalar case [10,45], and strong Morrey quasiconvexity in the corresponding vectorial case [9].

If functionals fail to be weak(*) lower semicontinuous, the existence of minimizers is not readily guaran-
teed. In this case, the study of the relaxed problem, for which one replaces the functional by its weak(*) lower
semicontinuous envelope, allows deducing helpful information about the limits of minimizing sequences. The
difficulty is then to find explicit representation formulas for the relaxed functionals that are sufficiently
easy to work with. This includes in particular to answer the question whether the formulas are structure-
preserving, meaning whether they are again of the same type as the original functionals. The overall rationale
for integral and supremal functionals in case structure-preservation holds is then that the relaxation can be
obtained, from suitable convexification of its integrand and supremand, respectively; for an introduction to
relaxation theory, see e.g. [20,48].

Over the last years, the study of variational models with nonlocal features has attracted increased
interest in the community, motivated by the desire to develop a solid understanding of global effects,
long-range interactions, and singular behavior in physical phenomena and technical applications, which
standard local modeling approaches cannot capture. To mention but a few selected examples from the
recent literature, functionals with a nonlocal character appear in the theory of phase transitions [22,49],
in peridynamics [13,36], in new models of hyperelasticity [11,12], in image processing [15,23] or in machine
learning applications [4,30]. From the mathematical perspective, the presence of nonlocality in variational
problems requires substantially different techniques from standard ones, which often rest on localization
arguments and are therefore not applicable. Regarding double-integral functionals, essential insights have
been established by now. Yet, there remain gaps in the literature, especially when it comes to relaxation
theory; we give a brief overview of the current state of the art towards the end of the introduction, see also
Table 1. Another type of nonlocal integral functionals, namely, those involving Riesz fractional gradients
are studied in [33] (cf. also [12,50]). In this setting, a suitable translation procedure between classical and
fractional gradients shows in particular that quasiconvexity of the integrand provides the correct condition
for weak lower semicontinuity.

This paper revolves around a class of nonlocal variational problems in L. Precisely, our objects of interest
are nonlocal homogeneous supremal functionals of the form

Jw(u) = esssup W(u(z),u(y)),  uweLl>(2R"), (1.1)
(z,y)€NX N
where 2 C R" is a bounded open set, m € N and W:R™ x R™ — R is (mostly assumed to be)
lower semicontinuous and coercive; observe that the functional Jy is invariant under symmetrization and
diagonalization of its supremand W, as first shown in [34, Section 7.1], i.e.,

Jw =Js  with W(E,¢) = max W({&,¢} x {€,¢}) for (€,¢) € R™ x R™;

for more details on the role of diagonalization see Section 2.3. As our main contributions, we characterize
the L°°-weak* lower semicontinuity of Jy in terms of a new convexity condition on the symmetrized and
diagonalized supremand W and determine criteria for structure preservation under relaxation, see Theo-
rems 1.1 and 1.2 for the precise statements. It follows in particular that relaxations may generally not be
supremal functionals anymore in the vectorial setting m > 1. Our analysis provides a comprehensive result,
unifying and extending the work initiated in [34]. There, two of the authors solve the scalar case (m = 1) and
consider the vectorial case under rather restrictive assumptions, which, in particular, force the relaxations
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to be again of the type (1.1). The arguments in [34] build up around the notion of separate level convexity
in the vectorial components. Inspired by the local setting of L°°-functionals, where one studies functionals

L>®(2;R™) 5 u — esssup f(u(z))
€N
with a coercive and lower semicontinuous f : R™ — R, this may appear like a natural choice. Indeed, as
already mentioned above, in this local setting, level convexity of the supremand f is known to be a necessary
and sufficient condition for weak* lower semicontinuity [10], and relaxation is again a supremal functional
with the level convexification of f as the supremand [44], cf. also [1,18].

We show, however, that separate level convexity does not constitute the appropriate concept for charac-
terizing the weak* lower semicontinuity of nonlocal supremals in dimensions greater than one. Addressing
the general vectorial case requires a change of perspective along with a new concept of convexity for sets,
which we call Cartesian convezity:

A set E C R™ x R™ is Cartesian convex if A x A C FE implies A®® x A°® C E;

see Definition 3.1 and Lemma 3.2. Consequently, a function W : R™ x R™ — R is said to be Cartesian
level convex, if all its sublevel sets are Cartesian convex; an equivalent representation via a Jensen-type
inequality is presented in Proposition 3.11. Note that Cartesian (level) convexity is indeed identical with
separate (level) convexity if m = 1 and is strictly weaker for higher dimensions, c¢f. Remark 3.3.

With this terminology at hand, our key characterization result now reads as follows.

Theorem 1.1 (Characterization of Weak* Lower Semicontinuity). Let W : R™ x R™ — R be lower
semicontinuous and coercive, and let Jy be defined as in (1.1). Then, Jyw is (sequentially) weakly* lower
semicontinuous in L™ (£2;R™) if and only if

W is Cartesian level convex,

i.e., all sublevel sets of W are Cartesian convex.

Notice that the previous result can equivalently be stated for weak lower semicontinuity in L and its
sequential version, considering that the L°°-weak® topology admits a metrizable description on bounded
sets, cf. e.g. [26, A.1.5]; without further mentioning, we use the same reasoning throughout the paper.

The proof of Theorem 1.1 passes through the theory of nonlocal inclusions. Indeed, by an adaption of the
analogous statement for local supremals in [1] (see [34, Proposition 7.1]), the weak* lower semicontinuity of
Jw is equivalent to the weak* closedness of all its sublevel sets. The latter are given exactly by the functions
u € L®(2;R™) that solve an inclusion problem

(u(z),u(y)) € K for a.e. (x,y) € 2x 2 (1.2)

with a compact set K C R™ xR™, where K is chosen as the sublevel set L.(W) of the supremand W for each
level ¢ € R. With this viewpoint, Theorem 1.1 is a consequence of the following statement of independent
interest: the set of solutions to (1.2) remains invariant under weak*-limits if and only if the symmetrization
and diagonalization of K i.e.,

K={&0eK:{C x{£¢ e K},

is Cartesian convex, see Proposition 4.1. In showing this, we benefit from recent insights into alternative
representations of the solution sets and their asymptotic behavior as established in [34,35]. This allows us
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to break the complexity down to the study of nonlocal inclusions that are much easier to handle, namely,
problems of the form (1.2) with Cartesian squares of the form A x A C R™ x R™ as constraining sets.
Whenever Jy fails to be weakly* lower semicontinuous in L™ (§2;R™), we pass to the relaxed problem,
for which one replaces the functional by its weak™ lower semicontinuous envelope; precisely, the relaxation
of Jy is given by
JiF(u) = inf{liminf Jy (u;) : u; — u in L>*(2;R™)} (1.3)
j—oo

for u € L°°(£2;R™). For the scalar case m = 1, it was recently established in [34, Theorem 1.3] that

Jrlx = J~

Wsle» (14)

where the relaxed supremand Wsl° is the separate level convexification of W. This shows, in particular, that
the supremal structure of the functional is invariant under relaxation. The argument in [34] relies on the
observation that the separately convex hull of a compact set K (in particular, any sublevel set L.(W') with
¢ € R) has a specifically simple structure, namely it can be represented as a union of basic squares with
corners in K, in formulas,
K= |J 6%
(&,Q)eK

and that all maximal Cartesian products of K*¢ are necessarily contained in {[, (] x [£,(] : (§,() € K}.
An analogous property is no longer true in the vectorial case with m > 1, cf. [34, Remark 4.8(c)]. This
observation, when applied to the sublevel sets of W, can be viewed as the origin for the structural change
that Jy may undergo during relaxation. For illustration, we discuss two explicit examples of L>°-functionals
of multi-well type, one with and one without structure preservation, see Examples 5.5 and 5.6 respectively.
The latter relies on what we refer to as the effect of hidden Cartesian squares. It is related to the fact that

UAlXAz

i€T
with an index set Z and A; x A; C R™ x R™ for 4 € Z can contain B x B with B # A; for all i € 7,
for details see Definition 2.5. A condition ruling out the existence of such hidden Cartesian squares is the

a union of Cartesian squares

concept of a basic Cartesian convexification, as introduced in Definition 3.8. Essentially, it says that every
maximal Cartesian square of the Cartesian convex hull of a set in R™ x R™ coincides with the (classical)
convexification of a maximal Cartesian square of the original set. In fact, it turns out that this property
for the sublevel sets of W gives a full characterization of the cases when relaxation of Jy, is representable
as in (1.1).

Theorem 1.2 (Relazation of Nonlocal Supremal Functionals). Let Jy and Ji¥ be as in (1.1) and (1.3) with
W : R™ x R™ — R lower semicontinuous and coercive. If every sublevel set of W has a basic Cartesian
convexification according to Definition 3.8, then

Jrlx = Jﬁ\/xlcﬂ

where WXI© stands for the Cartesian level convex envelope of W, Otherwise, there exists no lower semicon-
tinuous and coercive G:R™ x R™ — R such that Ji¥ = Jg with Jg as in (1.1).

We remark finally that every subset of R x R has a basic Cartesian convexification, so that, in

correspondence with (1.4), Jix = J~ J=

frxtc = Jiac holds in the one-dimensional setting without further

restriction.
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To place the results above into a broader context, we establish a relation between nonlocal supremal
functionals of the form (1.1), which are defined on essentially bounded functions, with homogeneous double
integrals on LP-spaces, that is,

LP(Q:R™) 9u»—>// u(y)) dz dy (1.5)

with V : R™ x R™ — R lower semicontinuous with standard p-growth. The existence theory for minimizers
of this class of functionals was developed over the last two decades. In a series of papers, starting with [41]
and continued in [13,14,39,42,43], separate convexity of the double integrand has been identified as the
necessary and sufficient condition for their weak lower semicontinuity; for a discussion of conditions in
the inhomogeneous case, we refer to [13]. When it comes to the relaxation of (1.5), a comprehensive
understanding of the problem is still to be developed. Recent counterexamples in [34,37] indicate that even
in the one-dimensional case, weak lower semicontinuous envelopes of functionals like (1.5) may belong to a
different class in general. Beyond these specific examples, though, neither explicit formulas nor a general
characterization of structure preservation under relaxation are currently available. To what extent, the
results of this work can shed light on these open questions remains to be explored in future research.

It is well-known that the standard LP-norm converges to the L°°-norm as p goes to infinity. More
generally, LP-approximations hold in the local setting, connecting classical integral and supremal functionals
approximatively in the limit of diverging power-law exponents, see e.g. [3,19,25,46,47]. They have been used
as technical tools, e.g. for proving the existence of absolute minimizers of supremal functionals [8,19], a
homogenization result of L°-functionals [16] and for the mathematical analysis of dielectric breakdown in
composite materials [28].

Stimulated by the local power-law approximations, we provide here a parallel statement in the non-
local setting. Precisely, we perform a limit process of diverging integrability constants in terms of I'-
convergence (cf. Definition 2.2), which guarantees the convergence of almost-minimizers and infima of double
integral functionals to minimizers and minima of a I'-limit of nonlocal supremal type.

Theorem 1.3 (Nonlocal LP-Approzimation). Let ¢ > 1 and W:R™ x R™ — [0, 00) be lower semicontinuous
with standard q-growth, i.e., there exist constants c1,ca,C > 0 such that

al O = <W(EQ <C (&I +1)  for (§,() €R™ xR™. (1.6)

Forp>gq, let I, : LY(2;R™) — [0, 00] be defined as

() = (//W ))dwdy); ifue (QR™),

otherwise.

Then, (Ify,)p I'-converges with respect to the weak topology in LI(2;R™) as p — oo to the functional
Iy« L1(2;R™) — [0, 00] given by

rlx ifu oo .TRM
159 = {J W) ifue LO(&R™),

00 otherwise.

Moreover, any sequence (up), C L1(2;R™) with SUp,>,4 Iy (up) < oo is relatively sequentially compact in
the weak topology of L1(2;R™) and the limits of weakly converging subsequences lie in L (£2; R™).

Notice that the previous result does not require any type of convexity assumptions on the double-
integrand W, and is new even in the one-dimensional setting. The proof strategy for the compactness and the
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Table 1
Comparing properties of double-integrals and nonlocal supremals. Results marked with [*] are proven in this paper.
Double integrals Nonlocal supremals
Invariance under symmetrization Yes Yes
Invariance under diagonalization No Yes
Necessary and sufficient condition Separate convexity Cartesian level convexity for m > 1 [x]
for weak*) lower semicontinuity [13,14,39,42] Separate level convexity for m = 1 [34]
Structure preservation No [35,37] Yes for m =1 [34]
under relaxation No for m > 1 [%]
Criteria for Currently still open Basic Cartesian level convexification [x]

structure preservation

construction of recovery sequences (cf. Definition 2.2) is rather standard. To obtain the lower bound of the
I-limit, we take inspiration from [19], while exploiting recent results about the Young measure representation
of the weak™ closures of solution sets to nonlocal inclusions (see Remark 4.4, and also [35]).

Even though, the two types of functionals — double-integrals and nonlocal supremals — are linked
asymptotically in the limit of diverging integrability constants, they show qualitatively very different
features, as the table in Table 1 summarizes at a glance.

This paper is organized as follows. After the introduction, we start in Section 2 by fixing notations
and gathering some technical tools from asymptotic analysis as well as useful observations about maximal
Cartesian squares; other auxiliary results that require more specific terminology have been moved to the
Appendix. Section 3 is devoted to the definition and analysis of the new notion of Cartesian (level) convexity,
for both sets and functions, as well as the corresponding Cartesian convex hulls and envelopes. In particular,
we prove different alternative characterizations, including a Jensen-type formula in the case of functions,
discuss some relevant properties, and provide a comparison with standard notions of convexity, precisely with
separate convexity. In Section 4, Cartesian convexity is identified as the necessary and sufficient condition for
the weak™ closedness of the solution set for nonlocal inclusions, and we investigate when the weak® closures
give rise to a nonlocal inclusion of the same type, cf. Propositions 4.1 and 4.2, respectively. These findings
are then transferred to the context of nonlocal supremal functionals in Section 5, where the proofs of our
main results Theorems 1.1 and 1.2 are presented. We illustrate the two scenarios of structure preservation
during relaxation and the loss there of with examples of multi-well supremals. Finally, Section 6 contains the
proof of Theorem 1.3 and builds a rigorous bridge between the variational theories for nonlocal supremals
and double integrals.

2. Preliminaries

‘We use this section to introduce notation, to recall some well-known concepts, and to prove a few auxiliary
results that will be useful in the rest of the article.

2.1. Notation

Let m € N, £,¢ € R™, and | - | be the Euclidean norm in R™. We denote by [¢, (] = {t+(1-t)¢:t € [0,1]}
the segment in R™ with extreme points &, (. The set B.(a) C R™ is the Euclidean ball with center point a
of radius c. For a set A C R™, 14 is the characteristic function of A, meaning 14 =1in Aand 14 =0 in
R™\ A. By A, we mean the convex hull of A. The distance between a point £ € R™ and a set A C R™ is
dist(&, A) = infeca |€ — ¢|. In R™ x R™, we use the norm |(¢, )| = max{|{|, |¢|}. Then, for A, B C R™,

dist((ﬁ,(),A X B) = max{dist(&, A), dist(¢, B)}, (2.1)
6
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and dg (A, B) = max{supg, g dist(§, A),sup;¢ 4 dist(¢, B)} is the Hausdorff distance between A and B.

Let M(R™) be the space of positive finite Radon measures and by Pr(R™), the subset of probability
measures. The support of a measure v € M(R™), in formulas supp v, consists of all the points £ € R™ such
that v(O) > 0 for every open neighborhood O C R™ of £. For v € M(R™), we write

V] = (,id) = §dv ()
Rm
for its barycenter, and recall that the convex hull of any compact set C' C R™ can be represented as

C° ={[v] : v € Pr(R™), suppv C C}, (2.2)

cf. e.g. [24]. The product measure of v, u € M(R™) is denoted by v & p.

Let 1 < p < o0, v € MR™), and U C R™ be a bounded open set, then L2(U;R™) stands for the
standard Lebesgue spaces. If 1 < p < oo and (u;); € LP(U;R™) is a weakly convergent sequence with limit
u € LP(U;R™), we write u; — u in LE(U;R™). Analogously, u; —* u in L°(U;R™) stands for the weak*
convergence in L°(U;R™). When m = 1, we simply write LE(U) and L°(U), if v is the Lebesgue measure,
LP(U;R™) and L>(U;R™).

For A C R™, and v € M(R™), the v-essential supremum in A of a Borel function f: R™ — R is

V- ess su =inf{ceR: f<cr-ae in A} = inf su ;
ssup f(€) = inf{e € R f < b= et S S

in short-hand, v-esssup 4 f, or simply v-esssup f in case A = R™. If f is lower semicontinuous, then
v-esssup f(§) = sup f(§). (2.3)
EeR™m £esupp v

Let X be a normed space and V' : X — R. Then the sublevel set of V" at level ¢ € R is denoted by
L(V)={ze X:V(z) <c}.
As a simple consequence of this definition, V' can be expressed as
V(z)=inf{ce R:x € L.(V)} forzx e X. (2.4)

On the other hand, if a family of monotone increasing sets (Fi.)cer C X satisfies [ jenFe; = Fe for any

decreasing real sequence (c;); with ¢; — c as j — co and V(z) = inf{c € R:z € F,.} for z € X, then

F.=L.V) foreveryceR. (2.5)

2.2. Tools from asymptotic analysis

We start by recalling some elements from Young measure theory; for more on the topic, see e.g. [26,40].
A map v:U C R - M(R™) is called a Young measure if it is essentially bounded and weakly* measurable
with v, = v(z) € Pr(R™) a.e. x € U; we write v € LY (U; Pr(R™)).
If (v;); € LP(U;R™) with p > 1 and v € L (U;Pr(R™)), the sequence (v;); generates the Young
measure v, in formulas,
YM .
v —vasj— oo
if
i [ f@)p@)de= [ @) [ p@dn(e) i
Jzeo Ju U R™

for every f € LY(U) and every ¢ € Co(R™) in the closure of real-valued functions on R™ with compact
support.

The next proposition is a version of the fundamental theorem of Young measures (see [26,40]), as we use
it in the proof of Theorem 1.3 in Section 6.
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Proposition 2.1. Let ¢ > 1 and (v;j); C LY(U;R™).

(1) If (v;); is bounded in LI(U;R™), then there exists a subsequence (not relabeled) and a Young measure
v e Ly (U;Pr(R™)) such that v; M) as j — 0o

(it) If (vj); € LYU;R™) generates a Young measure v, then

j—o0

Jim inf / Gla,v;(x)) dz > / G(a, €)dv, (€) da
U U Jrm
for any nonnegative, normal integrand G:U x R™ — R such that (G(-,v;(-))); is equi-integrable.

The natural notion for capturing the asymptotic behavior of parameter-dependent variational problems
is I'-convergence of the associated functionals, which we state here in a setting relevant for this paper; a
comprehensive introduction to the theory can be found in [21].

Definition 2.2 (I'-Convergence). Let X be a Banach space with separable dual and I; : X — [—o00, 00] for
J € N equi-coercive functionals, that is, I; > ¥ for every j € N with ¥(z) — oo as ||z]|x — oo, where |- || x
stands for the norm in X.

Then (I;); I'-converges to I : X — [—00, co] with respect to the weak topology in X, in formulas I; I
as j — oo or I' —lim;_,o I; = I, if these two conditions hold:

(i) for all u € X and for every sequence (u;); C X with u; = v in X,

I(u) < liminf I;(u;);

J—00

(i) for all w € X with I(u) < oo there exists a sequence (u;); C X such that u; — v in X and

I(u) > limsup I (u;).
j—o0
The main feature of the I'-convergence is that it implies the convergence of minimizers of (I;); to
minimizers of I, precisely, if u; is a minimizer for I; for each j € N and u is a cluster point of (u;);,

then v is a minimizer of I and
I(u) = lim I;(u;),

J]—00
cf. [21, Cororally 7.20]. When a family (I,), of functionals I, : X — [—oc0,00] with a real parameter p is
considered, the I'-convergence I, — I as p — 0o means that ij — I as j — oo for every sequence (p;); C R
converging to co.
We close this section with a well-known classic, the standard LP-approximation of the L*°-norm. Let
v € Pr(R™) and f € LY(R™) for p > 1. Then, the map p — || f|[ 5 @m) is monotone increasing and

plgglo ||fHL§,’(R"L) = [[fllzge@m); (2.6)

in particular, f € Ly(R™) if and only if sup,4 || f|| 2 gm) < co. For any bounded measurable set U C R™,
one obtain as a special case that

Jim, [ lr @y = [l oo ) (2.7)
2.3. Diagonalization and mazimal cartesian squares

A set E C R™ x R™ is called symmetric if (£,{) € E if and only if ((,£) € FE, and following [34],
we say that F is diagonal if (£,€),(¢,() € FE for every (£,() € E. Let E denote the diagonalization and
symmetrization of F, that is,

E={&¢) e E:{ ¢ x {£,¢ C B}

8
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These concepts can be carried over to functions by applying the above definitions to their sublevel sets.
Precisely, we introduce the symmetrization and diagonalization of W:R™ x R™ — R as

W (&, ¢) = max {W(&,¢), W(C,€), W(,€),W((, ¢} for (§,¢) € R™ x R™. (2.8)

It holds then for any ¢ € R that .

A closely related notion to diagonality, which is central for our analysis, is that of maximal Cartesian
squares. As indicated in the introduction, the identification of certain maximal Cartesian squares allows
us to obtain explicit representations for weak™ closures on nonlocal inclusions and relaxation formulas for
nonlocal supremals. For an arbitrary £ C R™ x R™, a set B x B C E with B C R™ is said to be a maximal
Cartesian square of E if every A C B with A x A C F satisfies A = B. We refer to the set of all maximal
Cartesian squares of E as Pg. Notice that the existence of a maximal Cartesian square in Pg containing an
arbitrary square A x A C F is guaranteed by Zorn’s Lemma.

It was shown in [34, Lemma 4.3] that any symmetric and diagonal set F C R™ x R™ is equal to the union
of its (maximal) Cartesian squares, i.e.,

E= |J AxA= |J BxB (2.9)

AXACE BxBePg

On the other hand, if a subset of R™ x R™ can be written as the union of Cartesian squares, say

E= U A; x A, (2.10)
i€z
with a (possibly uncountable) index set Z and nonempty sets A; C R™ for i € Z, it is clearly symmetric and
diagonal. However, in contrast to what may seem intuitive at first glance, the maximal Cartesian squares of
E do not necessarily coincide with Cartesian squares in (2.10), meaning that in general,

i€l

The next example illustrates this effect.

Example 2.3. Consider three sets A, A3, A3 C R™ with no common element, but pairwise nonempty
intersections, that is, ﬂ‘?:l A; =0and A;NA;j # 0 fori,je {1,2,3} with i # j; see Fig. 1 for an illustration
in two dimensions. With E = U?:1 A; x A; and the nonempty set

M= (A1 NA3)U (A2 N A3) U (AsN Ay), (2.11)

it is straightforward to check that M x M C E and M # A; fori € {1,2,3}. Hence, Pg ¢ U?:1{Ai XA} A

Before following-up on this example, let us slide in three brief comments.

Remark 2.4. (a) The primary reason for us to study sets of the form (2.10) is their relevance for our
discussion of nonlocal supremal functionals of multi-well type in Section 5.2. In fact, the sublevel sets of the
associated supremands have exactly this type of structure with a finite index set Z.

(b) We point out that the representation of E C R™ x R™ as in (2.10) in terms of a union of Cartesian
squares is in general not unique, even if one supposes that each A; with ¢ € Z is not contained in any A;
with j € Z'\ {i}. As a simple example, take m = 1 and

E= U {a, B} x {a, B} =[0,1] x [0,1].

(a,8)€[0,1] x[0,1]
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As Ay

Fig. 1. Illustration of sets A;, As, Az, and M as in Example 2.3 for m = 2 .

(c) Let £ C R™ x R™ be as in (2.10). If A; \ U,z j; Aj # 0 for some i € Z, then A; x A; € Pp. To show
that the Cartesian square A; x A; C FE is actually maximal, suppose to the contrary that C; = A4; U {~}
with v € Ay \ A; for some k € T satisfies C; x C; C E. This implies that (,7) with £ € 4; \ U, ez ;4 4;
lies neither in A; x A; nor in any other A; x A; with j € Z\ {i}. Thus, (§,v) € (C; x C;) \ E = 0, which is
a contradiction. A

With motivation from Example 2.3, we now introduce the following terminology.

Definition 2.5. Let E be given as in (2.10). Then, M x M C E is called a hidden Cartesian square of F
if M # A; for every i € Z. If M x M € Pg, we speak of a hidden maximal Cartesian square.

Even though the concept of hidden Cartesian squares is easily accessible in theory, finding ways to identify
all of them explicitly for a given set is less obvious. The next result provides two basic conditions, a necessary
one and a sufficient one, useful for detecting hidden Cartesian squares.

Lemma 2.6. Let T be an index set and E = | ;.7 Ai X A; with nonempty A; C R™ fori € I. Further, let
Mz =, jeqriz; AiNA;j for any ' C T.
(i) f AX ACE, then AC A; for somei €T or

AcMr= | Ain4;.
i,j€T,i#]
The latter means that each element of A lies in at least two different sets A; and A; withi,j € L.
(i3) If T’ C T is such that one can find for anyl,i,j,k € T' withi # j and k # 1 an index s = s(4,j,k,1) € T
with
(AiﬂAj)U(AkﬁAl) C Ag, (212)
then Mz x Mz C E.

Proof. (i) Arguing by contradiction, let A x A C E be nonempty and assume that for each i € Z there is
(i € A\ A;, and that there exist k € Z and &, € A with the property that &, € Ay \ UjeI,j;ék A;. Then,
(&, Cr) ¢ Ar x Ap as well as (§, (k) € Aj x Aj for all j € T\ {k}, and consequently, (&, (k) ¢ E. This
contradicts (&,Ck) € Ax ACE.

(i1) Let (£,¢) € Mz x Mg Then, there are 4,5 € 7' and k,l € 7' with ¢ # j and k # [, such that
€ A;NAjand ( € Ay NA;. By (2.12), we find s € T such that ({,{) € A, x A, C E. O

Finally, we collect some useful consequences of the previous lemma, in particular, two simple cases where
the existence of hidden Cartesian squares can be ruled out and a result for unions of three Cartesian squares.
Note that for unions of four (or more) Cartesian squares, a variety of scenarios can occur, as illustrated
in Fig. 2.

10
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As As Ay Ay A
A4 A g
L 3 A4 : 4
Ay Ay M M
#Pp =8 (4 hidden) #Pp = 6 (2 hidden) #Pp = 4 (0 hidden)

Fig. 2. Number of maximal Cartesian squares for three examples of £ = 4 N A; X A; with Ay, Ay, As, Ay C R? and the corresponding
i=
M = My, 2,3,43-

Conclusion 2.7. Let E = J;c; Ai X A; with an index set T and nonempty sets A; C R™ fori € T. Suppose
that the sets A; with i € T are as large as possible, in the sense that

U A; ¥ U A ¢ E (2.13)
€7’ €T’
for any index set T' C T with cardinality greater than one. In particular, (2.13) implies that A; ¢ A; for any
1,7 € T with i # j. The following statements are immediate consequences of Lemma 2.6.
(a) In case the sets A; with i € T are pairwise disjoint, one has Mz =0, and thus, P = J
in view of Lemma 2.6(i) and Remark 2.4(c).
(b) If T = {1,2}, then Mz = A1 N Ay and we obtain P = {A1 x A1, As x A3}, i.e., E does not have any
hidden maximal Cartesian squares.
(c) The assumption (2.12) is automatically fulfilled whenever #I' < 3. Therefore, if T = {1,2,3}, the
combination of Lemma 2.6(ii) and (i) implies

i€l

3
PE C U{AZ X Az} U {MI X MI}

i=1

This shows that E can have at most one hidden maximal Cartesian square. For an example with #Pg = 4,
we refer back to Fxample 2.3 and Fig. 1.

3. Cartesian convexity

This section revolves around our new notion of convexity for sets and functions, called Cartesian (level)
convexity. As pointed out in the introduction, it plays a crucial role in characterizing the lower semicontinuity
of nonlocal supremal and their relaxations.

3.1. Cartesian convezity of sets

Recall that a set E C R™ x R™ is separately convex (with vector components) if

[€1,&] X [C1,¢] C E for all (£1,¢1), (&2,C2) € E such that & = & or (1 = (o.

The separately convex hull of F is denoted by E*°.
With the motivation to introduce a suitable (in general) weaker concept of convexity for subsets of
R™ x R™, we give the following definition.

11
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Definition 3.1 (Cartesian Convezity of Sets). We say that E C R™ x R™ is Cartesian convex if

[€1,&] x [, ] C E
for all (&1,¢1), (§2,C2) € E such that {£1,8a, (1,2} X {€1,82,(1,¢2} € Eand § = &3 or (1 = (a.

The next lemma states useful alternative characterizations of Cartesian convexity.

Lemma 3.2. For any E C R™ x R™, the following conditions are equivalent:

(i) E is Cartesian convez;
(i7) (A x A)° = A% x A C E for all A CR™ with Ax A C E;
(#ii) any mazimal Cartesian square of E is convex.

If E is symmetric and diagonal, then (i) — (iii) are also equivalent to

(iv) E=Unpncp A% x A° = Upy pep,, B® x B

Proof. As for (i) = (ii), let A x A C FE and consider a maximal Cartesian square B x B € Pg
with A C B. We claim that B is convex. To show this, take £1,&2 € B and observe that (¢) implies
([61, &) x {a}) U ({B} x [&1,&2]) C E for any «, 3 € B, or in other words,

([&1,&] x B)U (B x [£1,&]) C E. (3.1)

On the other hand, one can deduce from the Cartesian convexity of E that

[€1,82] x [€1,82] C B

indeed, for a € [¢1,&2] it follows from (3.1) and (4) that ([£1,&2] X {a}) U ({a} x [&1,&]) C E.
Summing up, we have that

([61,6] U B) x ([&1,&] U B) C E.
Due to the maximality property of B x B, this yields [¢1,&2] C B, proving the convexity of B.
Consequently, A°® C B and therefore, (A x A)® = A% x A C B x B C E, as stated in (ii).
The remaining implications are straightforward to verify. Indeed, (ii) = (i) is a direct consequence of

Definition 3.1, the equivalence (i7) < (i4i) is clear considering the definition of maximal Cartesian squares,
and (i7) < (iv) holds in light of (2.9). O

Remark 3.3 (Comparison with Separate Convezxity). Let E C R™ x R™ be symmetric and diagonal. It is
evident that separate convexity is sufficient for Cartesian convexity. Whether it is also necessary depends
on the dimension m.

(a) In the scalar setting, where m = 1, the set E is Cartesian convex if and only if it is separately convex.
Indeed, if E C R x R is Cartesian convex, we invoke [34, Lemma 4.7] to find that the separately convex hull
of E can be expressed as the union of all symmetric squares with corners in the points of E, formally,

E= | [oB8x[ap].
(a,B)EE
Then, along with Lemma 3.2(iv),
¢ — U {0676}(:0 « {a7ﬁ}co C U A0 % A% — E,
{a,8}x{a,8}CE AXACE

which shows the separate convexity of E.

12
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(b) If m > 1, separate convexity is strictly stronger than Cartesian convexity, as this example illustrates.
Consider the symmetric and diagonal set

E= (A1 X Al) @] (A2 X AQ),

where A;, Ay C R™ are two convex sets with nonempty intersection such that (A; U A2) \ (A1 U Ay) #
(. Since Pg = {A; X A1, A2 x Ay} according to Conclusion 2.7(b), the set F satisfies the condition
in Lemma 3.2(444), and is thus Cartesian convex. To see that E is not separately convex, we argue that

E*=FU [(Al N Ag) X (Al @] Ag)co] U [(Al @] AQ)CO X (Al N Ag)} 7& E,

cf. [34, Remark 4.6 (b)]. Observe that £ and E do coincide after diagonalization, though, i.e., E<=E. A

3.2. Cartesian convezification

If E C R™ x R™ is not Cartesian convex, one may consider the smallest Cartesian convex set containing
E, which we call the Cartesian convex hull of E' and denote by E*¢; precisely,

EXc = ﬂ F with Fg = {F CR™ xR™ : E C F, F is Cartesian convex}.
FeFg

Note that E*° is well-defined by the simple observation that intersections (even uncountable) of Cartesian
convex sets are again Cartesian convex. If F is symmetric and diagonal, so is E*°.

In the spirit of [20, Theorem 7.17] on the representation of separately convex hulls, we prove the following
analogue for Cartesian convex hulls of symmetric and diagonal sets.

Lemma 3.4 (Representation of E*). Let E C R™ x R™ be symmetric and diagonal. Then,

EX¢ = U E;C
keN
with inductively defined sets B¢ == E and
Ef= |J A°xA*= U B°xB® forkeN (3.2)
AXACEIZ(_CI BXBE’PE:(;l

Proof. The argument is quite standard. Applying Lemma 3.2(i) iteratively shows that E*¢ contains all
the nested sets E, ¢ for k € N. The reverse inclusion follows from the Cartesian convexity of J,cy By =: E.
Indeed, given (£1,(), (£2,¢) € E with {&,&,¢} x {&,£,(} C E, one can find k& € N such that

{\,617 £2a C} X {gla 627 C} - E]:C7 and hence, {617 627 C}CO X {517627 C}CO C E]:ﬁl C E In partiCUIa’r7 [517 62] X {C} -
E, which concludes the proof. [

Next, we determine explicitly the Cartesian convex hulls for two examples. The second one shows in
particular that E;° is not Cartesian convex in general.

Example 3.5. Let E = U?:1 A; x A; with A; c R™ fori=1,2,3.
(a) Suppose that A; are convex and A; N A; # 0 for i # j. With M = (J
Pe C U?:l{Ai x A;} U{M x M} by Conclusion 2.7 (¢), and thus,

ij=123.i2; Ai N Aj, we obtain

3
JA5° x A%y U (M x M), (3.3)

=1

Xc
El

13
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Fig. 3. Illustration of Example 3.5 (b) for m = 2.

Lemma 2.6(i) then shows that E[ as represented in (3.3) does not have any hidden squares, so that
3
Pmmc[JL%OXA?}UUMWxAF%zzU?OXBw:Bxl3€PE}
i=1

In view of Lemma 3.4, this implies E*¢ = E°.
(b) Suppose now that A; are pairwise disjoint such that the convex hulls A$° have pairwise nonempty
intersection and satisfy M \ A§° # () for ¢ = 1,2,3 with M = Agen AS°.

i.j=1,2,3,i%]
Then, P = U, {4; x A;} by Conclusion 2.7 (a) gives

3
Xc __ co co
Ey© =[] AP x A,
~

and we infer from Conclusion 2.7 (¢) that EJ° contains exactly four maximal Cartesian squares, namely,
Ppxe = U2_ {A% x A%} U {M x M}. Hence,

EX¢ = EX°U(M® x M)

Since E*¢ D EX° 2 E°, we conclude that E[° cannot be Cartesian convex. In fact, it holds that

=

E*¢ = EJ°, which we can see by applying (a) to the convexifications of the sets A;, see Fig. 3. A

It is well-known that the convex hull of a compact set is again compact. However, this is no longer true
for the separately convex hull, see [7, Example 2.2] and [32, Example 2.1] (or [20, Remark 8.7]). Whether
Cartesian convexification preserves compactness is currently an open question. Nevertheless, the following
result holds.

Lemma 3.6. Let K C R™ x R™ be symmetric, diagonal, and compact. Then, K; ¢ is compact for any
keN.

Proof. We prove the statement first for k¥ = 1. Since K[ C K, it is clear that K;*° is bounded. To see
that it is also closed, let (¢;,(;) € K[ for j € N and suppose that (§;,¢;) — (£,¢) as j — oo for some
(&,¢) € R™ x R™. We aim to show that (¢,¢) € K.

In light of (3.2), there exists a sequence of compact sets (B;); C R™ such that B; x B; € Pk and
(§5,¢j) € B§° x Bs° for all j. From Lemma A.1, we can infer the existence of a compact B C R™ with
B x B C K and

dp(Bj° x Bj°, B® x B®) <dy(Bj°,B“) — 0 asj— oo,

14
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if necessary, after passing to a (non-relabeled) subsequence. Hence,

0= lim dy(BY x B, B® x B%)
j—00
> lim dist((¢;,¢;), B x B®) = dist((€, ¢), B x B®),

J]—00

which implies (§,¢) € B® x B C K{*°, recalling that B x B is a subset of K.
The compactness of K; ¢ with k € N can be obtained inductively by repeating the above argument. O

Remark 3.7. In (2.2), we state the well-known characterization of convex hulls of compact sets via
barycenters of probability measures. An analogous representation formula holds for K¢ with K C R™ xR™
symmetric, diagonal, and compact. Precisely,

K ={[A]: A = v ® p with v, u € Pr(R™) such that supp(v ® p) C B x B for some B X B € Pk}.
This is straightforward to verify, given (2.2) and the observation that B is compact for every BxB € Px. A

Next, we introduce a condition regarding the Cartesian convexification of symmetric and diagonal sets
that turns out to be the key to characterizing structure preservation of both nonlocal inclusions under L>°-
weakly™* closure and nonlocal supremals under relaxation in the vectorial setting, c¢f. Propositions 4.2 and
5.2.

Definition 3.8 (Basic Cartesian Convezification). Let E C R™ x R™ be symmetric and diagonal. We say
that E has a basic Cartesian convexification, or a basic Cartesian convex hull, if

Ppxe C{B® x B®: B x B € Pg}. (3.4)
Let us make a few basic observations and discuss some useful properties of this notion.

Remark 3.9. Let E C R™ x R™ be symmetric and diagonal.
(a) Any Cartesian convex set F has a basic Cartesian convexification. This is due to

PEXC :PE :{BCO XBCOZB XBEPE}7

where the last identity exploits the maximality property of the elements of Pg as well as Lemma 3.2.
(b) Suppose that E has a basic Cartesian convexification, then

E*¢ = E[°. (3.5)
Indeed, we deduce from (2.9) and (3.4) that
E*= |J AxAc |J B®xB®=E“cCE"
AXAGPEXC BxBePg

If F is additionally compact, then E*¢ is also compact by Lemma 3.6.
(c) Note that (3.4) can be replaced by

PE1XC C{B® x B®:Bx B € Pg}. (3.6)

To see this, recall Lemma 3.4 and apply (3.6) iteratively to obtain E*° = ES¢ = ... = B¢ for every k € N,
and thus, E*¢ = E[“.

15
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(d) In the scalar setting and for compact sets, the condition of having a basic Cartesian convexification
is no restriction. If £ C R x R is compact, we know E*® = E* by Remark 3.3 (a), and therefore, due to [34,
Lemma 4.7],
Ppxc = Pgse C {[a, B] x [o, f]: (o, ) € E} C {B“° x B**: B x B C E}.

In particular, it follows then from (b) that E*¢ = EJ*°.
(e) An example of a set that fails to satisfy the necessary condition (3.5) and does therefore not possess
a basic Cartesian convexification, has been discussed already in Example 3.5 (b). A

Finally, let us comment on the relation between E*¢ and E*. Even though we know that E*¢ is Cartesian
convex by Lemma 3.2 and clearly, E*¢ C Es¢, it is currently still open whether the identity

EXC:E;

holds in general in the vectorial case. For m = 1, it follows immediately from Remark 3.3 (a), and it is also
satisfied for the higher-dimensional example in Remark 3.3 (b). Besides, the question whether Fs¢ and E*¢
are always compact provided E is compact remains to be resolved.

3.3. Cartesian level convezity of functions

Our new notion of convexity for sets can be carried over to functions by requiring that their sublevel sets
are Cartesian convex.

Definition 3.10 (Cartesian Level Convezity). A function W : R™ x R™ — R is called Cartesian level convex
if all sublevel sets of W, i.e., L.(W) with ¢ € R, are Cartesian convex.

As we prove next, there is a (generalized) Jensen-type inequality for Cartesian level convex functions.
Proposition 3.11. Let W:R™ x R™ — R be lower semicontinuous. Then, the following statements are
equivalent:

(i) W is Cartesian level convex;
(%) for any &1,&2,C1,Ce € R™, it holds that

W(avﬁ) < max {W(glacj)v W(giagj)v W(givgj)’ W(Czy CJ)}

i,j€{1,2}
= max W (¢,
(&,0)€{€1,62,C1,C2} x{€1,€2,C1,C2} (&:¢)

fOT’ all (Oé, B) S [51752] X [4-17 CQ];
(iii) for every v,u € Pr(R™),

W([v], [p]) < max {(v ® p)-esssup W, (@ v)-esssup W, (v @ v)-esssup W, (1 ® p)-esssup W}.
(3.8)
Proof. (i) = (it) Let &,&,¢(1,( € R™ and (o, 8) € [£1,&2] X [C1,(2]. Moreover, let ¢ be the right-hand
side of (3.7). Setting A := {&1,&2, (1, (2}, it holds that
AxACL(W).
It follows then by the Cartesian convexity of L.(W) that
[61352] X [ClaCQ] C A x A% - LC(W)7

which implies W(a, §) < c.
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(’LZ) = (Z) Let c e Rand (51, Cl), (62, <2) S LC(W) be such that {51,527 Cl, Cg}X{fl, 52, Cl, CQ} C LC(W) We
then infer from (3.7) that W (a, 8) < ¢ for all («, 8) € [€1,&2] X [(1, (2], and hence, [£1, &) X [¢1, ] C Leo(W).

(t9i) = (it) Ha=s& + (1 —s)éa and B =t(1 + (1 — t)(s for s,t € [0,1] and &1, &2, (1, € R™, then (i)
follows directly from the choice of the probability measures

v=250 +(1—5)d¢, and p=1td; + (1—1t)d,.

(i1) = (i1i) Let v, € Pr(R™) and denote the right-hand side of (3.8) by c. Since [v] € (suppv)® and
[u] € (supp p)°°, by Caratheodory’s formula for convex hulls [20, Theorem 2.13|, there exist & € suppv,
¢; € supp p and t;,s; € [0,1] for 7,5 = 1,...,m+ 1 such that Z:Z'{l t,=1= E;’Sl s; and

m+1 m+1
([, (1) = (2 i, S0 s5¢5).
We will show next that

AXACLC(W) WithA:{51,...,£m+1,C1,...,Cm+1}. (39)

Indeed, for all ¢, j, one obtains in view of (¢;,(;) € supp v x supp p and the identity (2.3) that
W(,()< sup W= (v®pu)-essupW <g,
supp(v®pu)
and therefore (;,(;) € L.(W); an analogous argument shows that (¢;,&;), (&,€;), ((i,¢j) € Le(W). This
implies (3.9).
Since the sublevel set L.(W) is Cartesian convex, we can invoke Lemma 3.2 to conclude that

([V],[u]) € A® x A C L(W). O
In parallel to Section 3.1, let us comment briefly on the relation between Cartesian and separate level

convexity. Recall that a function W : R™ x R™ — R is separately level convex if all sublevel sets of W are
separately convex.

Remark 3.12 (Comparison with Separate Level Convezity). The equivalence of these three conditions for a
lower semicontinuous W : R™ x R™ — R is known from [34, Lemma 3.5]:

(i) W is separately level convex;
(’LZ) for any 61, 52, Clv (o e R™ it holds that

Wl f) < oy W )= et " &) (310)
for all (o, B) € [&1,&2] x [C1, Gl
(7i1) for every v, u € Pr(R™),
W([v], [u]) < (v @ p)-esssup W. (3.11)

It is apparent that (i¢) and (¢i7) imply Proposition 3.11(é4) and (4i%), which reflects that any separately level
convex function is also Cartesian level convex. When m = 1 and W is also symmetric and diagonal, the
notions of Cartesian and separate level convexity are identical in light of Remark 3.3 (a). Therefore, the
Jensen’s formulas (3.7) and (3.10) as well as (3.8) and (3.11) coincide in that case. A

When W fails to be Cartesian level convex, the corresponding envelope defined by

WX(g,¢) == sup{V(£,¢) : V: R™ x R™ — R is Cartesian level convex and V < W}, (3.12)

for (£,{) € R™ x R™ provides the largest Cartesian level convex function not exceeding W. The next
lemma, which is based on the results of Section 3.2, implies under suitable assumptions on W and under
consideration of (2.4) a natural representation of W !¢, namely,

WXe(e,¢) = inffc € R+ (€,¢) € L(W) ™} for (§,¢) €R™ x R™.
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Lemma 3.13. Let W : R™ x R™ — R be symmetric, diagonal, lower semicontinuous and coercive. Then,
WXle js also symmetric, diagonal, and coercive, and satisfies for any ¢ € R that

Lo(WXIe) = L (W)*¢. (3.13)

If all sublevel sets of W admit a basic Cartesian convexification in the sense of Definition 3.8, then W*1°

s also lower semicontinuous.

Proof. To show (3.13), let ¢ € R be fixed. Since W*!¢ < W, and thus, L.(W) C L.(W*!¢), one has
LC(W)XC C LC(WXIC)XC _ LC(WXIC)7

where the last identity follows from the Cartesian level convexity of W >
For the reverse inclusion, consider the auxiliary function

W(E, Q) =inf{c€R: (£,¢) € La(W)*}  for (£,¢) € R™ x R™.

Since Lemma A.2 gives
) £y 9% = Ly
JEN

it follows with (2.5) that Lo(W) = L.(W)*°. Consequently, W is Cartesian level convex and therefore,
Wxle > W. This implies
Le(W¥) € Le(W) = Le(W) ™,
completing the proof of (3.13).
The coercivity and lower semicontinuity of W !¢ results from the observation that its level sets are

bounded and closed, respectively. The latter holds under the additional assumption of a basic Cartesian
convex hull due to Remark 3.9 (b) and Lemma 3.6. O

Finally, we relate W !¢ with the separately level convex envelope of W, defined in analogy to (3.12) and
denoted by W*le,

Remark 3.14 (Comparison with Separate Level Convezification). Let W : R™ x R™ — R be symmetric,
diagonal, and lower semicontinuous. Then, W*!¢ > Wslc is a consequence of Remark 3.12 along with the
symmetry and diagonality of W*!¢ (cf. Lemma 3.13). The validity of the identity

—_—
Wxle = pysle

remains an open question, but we can show that Wsle is Cartesian level convex by the generalized Jensen’s
inequality in Proposition 3.11(i4¢). Indeed, for any v, u € Pr(R™),

max{ (v ® p)- esssup W3¢, (u @ v)- esssup W3¢, (v @ v)-ess sup W5, (u ® p)- esssup Wsle }
> max { (v @ p)- esssup W (11 ® v)-esssup W3, (v ® v)- esssup W5, (4 @ p)- esssup W51C}

> max{W([v], [u]), W (], [v]), W ([v], [V]), W (1], []), }
= Wete([v], [u]),

where we have exploited (2.8) along with the observations of Remark 3.12. A
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4. Weak™ closures of nonlocal inclusions

The relaxation of nonlocal L°°-functionals is closely interlinked with the characterization of weak™ limits
of sequences satisfying nonlocal inclusions. Building on previous findings in [34,35], we approach this problem
from a different angle and investigate the issue of structure preservation in the general vectorial setting.

For E C R™ x R™, we introduce the set of solutions u € L*(£2;R™) to the nonlocal inclusion
(u(z),u(y)) € E for a.e. (x,y) € £2 x 02,

Ag ={u € L®(2;R™): (u(z),u(y)) € E for a.e. (z,y) € 2 x 2}.
In [34], for a compact set K C R™ x R™ it was proved that

Ax= |J A= | L=%B), (4.1)

BxBEPK BxBePg

where L°°({2; B) denotes the essentially bounded Lebesgue measurable functions from (2, taking values in
B. Moreover, the inclusion A is invariant under symmetrization and diagonalization of K, i.e.,

Ak = Az,

and that the order principle
A C Ar ifand only if K CL (4.2)

holds for all K, L C R™ x R™ compact.
We define the weak* closure of Ag as

AZ ={u e L>®(2;R™):u; =" win L*(2;R™) with (u;); C Ag}
in analogy to [34]. If K C R™ x R™ is compact, then this weak* closure can be expressed as

A= |J Apeoxpo= |J LX(Q;B®), (4.3)

BxB€EPg BxBePk

see [35, Remark 3.2 (b)] and [34, Theorem1.1]. We point out the strong structural resemblance between (4.3)
and the representation formula for Ay in (4.1). In both cases, it suffices to consider the nonlocal inclusions
restricted to the maximal Cartesian sets of K, whose solutions trivially correspond to essentially bounded
functions with a suitably restricted codomain.

Our guiding question in this section is the following:

Under what assumptions on K does the weak* closure of Ag preserve the structure of the nonlocal
inclusion, that is, when is A% = Ay with a suitable L C R™ x R™?

According to [34, Theorem 1.1], structure preservation of Ax under weak* closures is always guaranteed
when m = 1, and it was shown to hold under specific assumptions in the vectorial case. As the first step
towards a complete picture for arbitrary dimensions, we start by identifying the Cartesian convexity of K
as a necessary and sufficient condition for Ax being weakly* closed in L>°(£2;R™), or in other words, for

A% = Ay

Proposition 4.1. Let K C R™ xR™ be symmetric, diagonal, and compact. Then, Ax is L -weakly* closed
if and only if K is Cartesian convex.

Proof. To prove the sufficiency, observe that the Cartesian convexity of K implies

K= |J B“xB®
BxBePg
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by Lemma 3.2(iv). Therefore, along with (4.3),

Ax C AR = Apcoygeo C A cos meo = AkK.
K U B<°x B UBXBG'PKB % B K

BxB€ePg

As this chain of inclusions turns into identities, the weak™ closedness of Ay follows.
For the necessity, suppose that A% = Ag. Then, again by (4.3), it holds for any B x B € Pk that
Apcoygeo C AR = Ak, so that B x B C K in view of (4.2). Consequently,

K= |J B“xB>,
BxBePg

which, according to Lemma 3.2, shows that K is Cartesian convex. [

The previous statement provides a natural candidate for the compact set L C R™ x R™ in the
representation A% = Ay (if existent), namely,

L=K*° (4.4)

Indeed, since L needs to be Cartesian convex by Proposition 4.1 and contains K because of Ax C AR = AL
in view of (4.2), clearly, L D K*°. On the other hand, it follows from (4.3) that

A =A% = |J Apeoxpeo C Agxe,

BxBEePk

which implies L C K;*° C K*¢ in view of (4.2). Notice that K¢ is, besides being symmetric and diagonal,
also compact according to Lemma 3.6.
However, A® = Ay xc cannot be true for all K; we have implicitly encountered a limitation already in
the previous reasoning, which requires
K*¢ =K.

Recalling that the Cartesian convex hull of K is called basic in the sense of Definition 3.8 if Ppxec C
{B® x B® : B x B € Pg} allows us to deduce the following characterization result.

Proposition 4.2. Let K C R™ x R™ be symmetric, diagonal, and compact. Then,

% = Agxe if and only if K has a basic Cartesian convexification.

The proof is a direct consequence of the next lemma.

Lemma 4.3. Let K,L C R™ x R™ be symmetric, diagonal, and compact. Then, A% = Ay, if and only if

L=K* and Py C{B®xB®:BxBecPx}. (4.5)

Proof. If A = Ay, then L = K*¢ by (4.4). To show also the second part of (4.5), let D C R™ with
D x D € Pr,. Moreover, take D' = {dy,ds, ...} to be a countable dense subset of D, e.g. D’ = DNQ™, and
set D; == {dy,...,d;} for i € N; note that these sets are nested, that is, D; C D;y; for i € N, and satisfy
D" =Usen Di-

If we consider for each ¢ € N a simple function u; : 2 — D, such that each preimage u;l(dj) for
j = 1,...,i has positive Lebesgue measure, then, by construction, u; € Ay, = A% and thus, by (4.3),
u; € L°°(£2; BS®) for some B; X B; € Pk.
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Applying Lemma A.1 to the sequence of compact sets (B;); gives a compact set B C R™ with Bx B C K
such that
sup dist(§, B) = lim sup dist(¢, B) < liminf dg(B;°, B°) = 0.

§€D’ 1— 00 fGDi 11— 00

Hence, D’ C B, and taking the closure implies D C B and
D x D C B® x B® c K*°.

After enlarging B, we may assume that B x B € Pk, and it follows due to the maximality of D x D in
L = K*¢ that D = B°.
Now, suppose that (4.5) holds. Since L = K *¢ is Cartesian convex, we infer from Proposition 4.1 that
?° = Ap. It follows then together with (4.1), (4.3), and K C K*° = L that

Ar= |J L=D)c |J L®(2B®) =A% CAY = Ay,
DxDePy, BxBePg

which yields A% = Ar. O

Observe that the previous findings are consistent with [34, Theorem 1.1], which is actually a special case
of Proposition 4.2. Suppose K C R™ x R™ is symmetric, diagonal, and compact such that K¢ is compact
and satisfies

Ksc = U [, B] x [, B] and Pz = Prse C {[e, B] x [, B] : {av, B} x {e, B} € K} (4.6)
(a,B)EK
Under these assumptions, one can mimic the one-dimensional argument of Remark 3.3 (a) to derive the
inclusion K¢ C K[*°. Together with K*¢ C K*°, it follows that
K¢ = K¢ = K%, (4.7)

Since the second part of (4.6) in combination with (4.7) implies that the Cartesian convex hull of K is basic,

we can apply Proposition 4.2 to infer A% = A and hence,

K[
A?{o == AI?;C = AKSC,
as stated in [34, Theorem 1.1].

We conclude our discussion of nonlocal inclusions with an alternative representation of A% via barycenters
of Young measures. It serves as a useful technical tool in the final section of this paper on LP-approximation.

Remark 4.4 (Young Measure Representation of A%). For any K C R™ x R™ symmetric and compact, let
Vi ={v € Ly (2;Pr(R™)) : supp(v, @ v,) C K for a.e. (x,y) € 2 x 2}. (4.8)

We claim that
% ={ue L>®(2;R™) :u=[v],v € Vk}, (4.9)

or in other words,
v e Vg if and only if [v] € A%. (4.10)

This characterization of A% is essentially a reformulation of the results in [35, Theorems 3.3 and 3.1]. A
sketch of the corner points of the derivation is included below for the reader’s convenience; for further details,
see [35, Section 3]. As for notation, we associate with every u € L>°(£2;R™), the nonlocal vector field

vy (z,y) = (u(x),u(y)) for (z,y) € 2 x £2. (4.11)
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The principal identity behind (4.9) and (4.10) is
Vi =Yk (4.12)
from [35, Theorem 3.3], where
Vi ={Ae LT(2 x 2 Pr(R™ x R™)):v,, 5 A, with (u;); € Ax}
and

Vg ={A € Ly (2 x 2;Pr(R™ x R™)): Az = Ve ® vy with v € Ly (02;Pr(R™)),
supp(vy @ vy) C K ace. (z,y) € 2 x 2}
={A e Ly (2 x 2;Pr(R™ x R™)): Az = Ve ® vy with v € Vi }.

The proof of (4.12) relies on characterization results of Young measures generated by sequences of both exact
and approximate solutions to the nonlocal inclusion problem, together with an approximating argument for
elements in Vg by suitable inhomogeneous convex combinations of Dirac masses.

By taking barycenters, we obtain with the same reasoning as in the proof of [35, Theorem 3.1] that

% = {u € L%(0:B)u, = (4], 4 € V¥ = {u € L(QR™) v, = 4], 4 € Vi)
={ue L®(2;R"):u=[v,v eV}, A

as stated (4.9).

5. Lower semicontinuity and relaxation of nonlocal supremals

In this section, we consider nonlocal supremal functionals of the form Jy as defined in (1.1), with a lower
semicontinuous and coercive supremand W : R™ x R™ — R. Since Jy = i that is,

esssup W(u(x),u(y)) = esssup W(u(a:), u(y)) (5.1)
(z,y)e22x 2 (z,y)e22%x 2
for every u € L>°(2; R™) (see [34, (7.3)]), we may assume without loss of generality that W is also symmetric
and diagonal.

With Proposition 4.1 from the previous section at hand, we are now in the position to prove Theorem 1.1,
which identifies Cartesian level convexity of the supremand as necessary and sufficient for the weak* lower
semicontinuity of nonlocal L>-functionals. Considering that the notions of Cartesian level convexity and
separate level convexity coincide in the scalar case (cf. Remark 3.3 (a)), this generalizes the findings of [34,
Theorem 1.3 (4)] to arbitrary dimensions.

Proof of Theorem 1.1. By [34, Proposition 7.1], the L>-weak* lower semicontinuity of Jy is equivalent
to the L>°-weak™ closedness of Ay () for any c¢ € R. Since all sublevel sets of W are symmetric, diagonal,
and compact in light of the assumptions on W, the stated equivalence is an immediate consequence of
Proposition 4.1. O

When Jy fails to be weakly* lower semicontinuous, finding a good representation of its weakly™ lower
semicontinuous envelope (see (1.3)) is a central question in relaxation theory. Our next auxiliary result
establishes the connection between the relaxation of nonlocal supremal functionals and the L°°-weak* closure
of their supremands’ sublevel sets; it can be viewed as an extension of [34, Proposition 7.1].
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Lemma 5.1. Let W : R™ x R™ — R be symmetric, diagonal, lower semicontinuous, and coercive, and let
I:L>®(2;R™) = R be a functional. Then, the following identities are equivalent:

(i) 1= 7
(i) L.(I) = AT oy for all c € R;
(iii) I(u) =inf{ceR:u € Az"c(w)}.

Proof. The proof is straightforward, nevertheless, we detail the arguments here for the reader’s convenience.

(i1) = (i) To prove that I is a lower bound on the relaxation of Jy, consider (u;); C L*(£2;R™) such
that u; — u in L>(2;R™), assuming without loss of generality that

liminf Jy (u;) = lim Jw(u;) = ¢ < 0.

J—00 J—00
Fixing ¢ > 0, we find (u;); C Ag_, w) for j sufficiently large, and thus, u € A%"C+E(W), so that
I(u) < ¢+ ¢ = liminf; , Jw(u;) + €. Since (u;); is an arbitrary weakly* converging sequence with limit
u, taking the limit € — 0 gives I(u) < Ji¥(u).

For the reverse inequality, we observe that any u € L*(£2;R™) satisfies u € Ly, (1) = Ai‘}(u)(W) and
can therefore be approximated in the sense of L™°-weak* convergence by a sequence (u;); C Ap 1wy (W)s 5O
that

¥ (u) <limsup Jiy (u;) = limsup esssup W (uj(z),u;i(y)) < I(u).
j—oo Jj—oo  (z,y)ENXN

(i) = (ii) We show first that any u € L.(I) = L.(J4¥) for ¢ € R is the weak* limit of a sequence in
Apr.w). To that end, let € > 0 and take a recovery sequence (u;); C L=(£2;R™) for u. Then, u; = u in
L2 (2;R™) and lim; 0 Jw (u;) = J5¥(u) < c. The latter implies u; € Ap...w) for all j € N sufficiently
large. Hence, u € AE‘;E(W), and since € > 0 was arbitrary, u € AE‘;(W) by Lemma A.3.

On the other hand, if u € A7 ) with u; S win L®(2;R™) and (u;); C Ar,(w), then

¢ > liminf Jy (u;) > JiX(u) = I(u),

J]—00

meaning u € L.(I).
(ii) < (iit) This follows from (2.4) and (2.5) while taking Lemma A.2 into account. O

By combining the statement of the previous lemma with the characterization of weak* closures of nonlocal
inclusions in (4.3), we infer that

Ji¥(u) = inf{c € Riu € L™ (£2; B*) with B x B € P )}

for u € L*°(§2;R™). Even if this provides a new and simpler representation of the relaxation of Jyy, it is not
obvious from this formula whether (and — if not in general — under what assumptions) Ji¥ corresponds
again to a supremal functional of the form (1.1). We give a characterization result about when J{/‘l}‘ is

structure-preserving in the next section.

5.1. Structure preservation under relaxation

As a consequence of Theorem 1.1, we can immediately deduce a lower bound on the relaxation of Jy as
in (1.1) in the form of another nonlocal supremal of the same type, precisely,

T > I

W xles (52)

where > is the Cartesian level convex envelope of /W, see Definition 3.10.
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Our second main result of the paper, formulated in Theorem 1.2, characterizes the conditions on W under
which equality holds in (5.2). It is a direct implication of the following proposition, which again relies on
the characterization of weak™ closures of nonlocal inclusions from Proposition 4.2.

Proposition 5.2. Let W : R™ x R™ — R be symmetric, diagonal, lower semicontinuous, and coercive.
Then, the following two statements are equivalent:

(i) all sublevel sets of W admit a basic Cartesian convezification;

(i) there exists a symmetric, diagonal, lower semicontinuous, and coercive function G : R™ x R™ — R such
that Jix = Jg.

If these conditions are fulfilled, then J5* = Jyxic.
Proof. (i) = (ii) The Cartesian level convexification W *!¢ is symmetric, diagonal, lower semicontinuous,

and coercive, and satisfies
Le(WXI) = L(W)*¢  for all c € R,

according to Lemma 3.13. Moreover, we infer from Lemma 5.1 and Proposition 4.2 (see also (2.4)) that
J¥(u) =inf{ceR:u € Af oyt =inf{c eR:u € Ay (yyxe}
=inf{c € R:u € Ay yyxiey} = inf{c € R:u € Le(Jypxie) } = Jyyrxae(u)

for u € L>°(2;R™). Hence, setting G = W*!¢ proves (i1).
(#4) = (i) As (47) holds, we can use once again Lemma 5.1 (and (2.4)) to obtain

Ja(u) = Ji¥(u) = inf{ceR:u € AT oy}

and consequently,

ooy = Le(Ja) = Ap o) for every c € R

by (2.5) under consideration of Lemma A.3. Now, the claim follows immediately from Lemma 4.3. O

Summing up, we have seen that, in general, J{S}}‘ is not a supremal functional of the form (1.1). The

next section discusses different (counter)examples of representation formulas in cases when W are specific
multi-well supremands.

5.2. Relazation of nonlocal supremals in multi-well form

The intention of this section is to illustrate the previous results, using the example of L*°-functionals

Jw(u) = esssup W(u(x),u(y)) forue L*(2;R™)
(z,y)eNX N

with multi-well supremands of the form

W = min W;,
i=1,...,
where W, : R™ x R™ — R is symmetric, diagonal, lower semicontinuous and coercive for i = 1,..., N with

N eN.
Below, we will often specify this setting further by choosing W; as single-well functions

Wi(€,¢) =dist((£,¢), 4; x A;)  for (§,¢) € R™ x R™ (5.3)
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with compact sets A; C R™ such that (2.13) holds. Moreover, for (§,¢) € R™ x R™,

N
W(E,¢) =dist((¢,¢), K)  with K = | ] 4; x A;. (5.4)
i=1
Observe for the sublevel sets that
N N
L(‘(W) = U(Az)c X (Az)c = U Lc(Wz)
i=1 =1

with ¢ € R and A. := A+ B.(0) for A C R™.
Before we focus on relaxation formulas with and without structure preservation (see Examples 5.5 and
5.6), let us provide the following basic representation for general multi-well L>°-functionals.

Lemma 5.3. Let W; : R xR™ — R fori = 1,...,N with N € N be symmetric, diagonal, lower
semicontinuous, and coercive, and suppose that W = min;—; . n W; satisfies

N
PrLew) C U PrLew;) for all c € R. (5.5)
i=1
Then,
Jw = ,min Jw,. (5.6)

Proof. Since the sublevel sets of W are given by L.(W) = Ufil L.(W;) for ¢ € R, it is immediate to check
that the properties of the functions W; carry directly over to W, that is, also W is symmetric, diagonal,
lower semicontinuous, and coercive. Considering (2.4), (4.1), and (5.5), this can be seen like this: For any
we L®(Q;R™),

Jw(u)=inf{ceR:ue A, )} =inf{ceR:ue UBXBEPLC(W) L>(2;B)}
>inf{ceR:ue UBXBEPLC(Wi) L>({2; B) for some i € {1,...,N}}
= min inf{ceR:u€Up,pep, e L>~(2; B)}

i=1,...,N

= min_inf{ceR:u€ A w,} = ‘_IlninN Jw, (u).

i=1,..,N

The reverse inequality is trivially satisfied due to W < W, for all i. O

Notice that the assumption (5.5) is necessary for proving (5.6) for N > 2, as we show below for three-
well supremands W. In particular, this highlights what implications the intrinsic non-uniqueness in the
representation of W as minimum of the functions W; has for the representation of Jy and illustrates the
role of hidden squares of the sublevel sets of W.

Example 5.4. Let W and W; fori=1,...,N be as in (5.4) and (5.3).
(a) In case W is a double-well supremand, which corresponds to N = 2, one always has Jy =
min;—; 2 Jw,. Indeed, the condition (5.5) is satisfied here, as Conclusion 2.7 (b) implies

Preow) C{(A1)e x (A1)e} U{(A2)e X (A2)c} = Prowy) U PLe(wy)

for all ¢ € R.
(b) If N = 3, meaning that W is a three-well supremand, it is in general not true that Jy =
min;—y 2,3 Jw,. This observation is tied to the occurrence of hidden maximal Cartesian squares, which can
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affect the structure of nonlocal supremal functionals. Taking for instance compact sets Ay, As, A3 C R™ as
in Example 2.3, then M x M € Px = Pr,w) with M defined in (2.11), but M x M ¢ Pr w,) = {Ai x A}
for any i =1,2,3.

However, we will prove that it is possible to express W as the minimum of four functions so that the
condition (5.5) is satisfied. To this aim, consider the function Wy : R™ xR™ — R defined for (§,¢{) € R™xR™
by

Wy(&,¢) =inf{c e R:(£,() € M x M°} (5.7)
with
M= ) (A)en(4;). forallceR. (5.8)
4,§=1,2,3,i#]
Then, L.(Wy) = M¢x M¢ C L. (W) = Ule L.(W;) in view of (2.5) implies W < Wy and thus,
W = min4Wi. (5.9)

i=1,...,

By Lemma 2.6, it is straightforward to verify that (5.5) is indeed fulfilled for this representation of W, and
we conclude from Lemma 5.3 that

Jw = in Jw.. A
W e
In view of Lemma 5.3, it is not hard to see that the relaxation of Jy with W = min;—;,  nW;

satisfying (5.5) can be obtained via minimization over the relaxed supremals associated to the more basic
functions W;, that is,
T = min Jis (5.10)

1=1,...,

Indeed, as a consequence of (5.6), we infer for the relaxation of Jy that

rlx rlx : rlx ) 11X
T, 2 T 2 ( apin )

for all j € {1,...,N}. The identity (5.10) follows then by taking the minimum over j, along with the
observation that the minimum of finitely many weakly* lower semicontinuous functionals is again weakly™*
lower semicontinuous.

Without further hypotheses on W, it is not possible to deduce J, “’; = Jyy xle,
If W; is a single-well supremands like in (5.3), though, then Jyy, is actuallgl a classical L*°-functional, that

as Proposition 5.2 indicates.

is,
Jw,;(u) = esssup dist((u(z),u(y)), Ai x A;) = esssupdist(u(zx), A;),
(z,y)€NR X2 zef?
cf. (2.1). The relaxation of Jy, can therefore be determined via the classical theory of L*-functionals
(see [44, Theorem 2.5]), which gives

J‘rﬁl}z‘(u) = esssup dist(u(z), A5°)
e
for u € L°°(£2;R™), or equivalently,

1
J“; = JWiCO = JW_xlc;

here W/'¢(£,¢) = WO(,¢) = dist ((£,¢), A% x A°) for (£,() € R™ x R™ and W denotes the convex
envelope of W.

With these preparations, we now present two qualitatively different examples of relaxation results for
nonlocal supremals of three-well type, which build on the insights from Examples 3.5 and 5.4. Even though,
the relaxed functionals can both be calculated via the same formula through minimization over four nonlocal
supremals (see (5.11) below), one case is structure-preserving, while the other is not.
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Example 5.5 (Structure Preservation During Relazation). Consider W and W; for ¢ = 1,2,3 as (5.3) and
(5.4) with convex sets A1, Ay, A3 C R™ with pairwise nonempty intersections. Then not only do the three
sets A1, Ag, As fit into the framework of Example 5.4 (b), but more generally, also (4;). = A4; + B.(0) with
i =1,2,3 for any ¢ € R. Hence, all sublevel sets of W have a basic Cartesian convexification and
3 4
Le(W) e = [ JI(A0)e x (Ai)e] U IO x (M)°] = | Le(Wi) ¢

i=1 1=1
for any ¢ € R with M¢ and Wy as in (5.8) and (5.7), respectively. This allows us to conclude with
Proposition 5.2 that

Jix = Jyy e,

where the Cartesian level convex envelope of W can be determined via

WXl = min W= min We. A
i=1,2,3,4 i=1,2,3,4

Example 5.6 (Loss of Nonlocal Supremal Structure During Relazation). Let W and W; for i = 1,2,3 as (5.4)
and (5.3) with three sets Ay, A2, A3 C R™ as in Example 3.5 (b). Then Lo(W) = K does not admit a basic
Cartesian convexification, since

3
Prywye = Proxe = [JTA® x AU (M x M}
=1

but M x M ¢ Pr,w). As a consequence of Proposition 5.2,

T # Tyxie. O

We point out that in both examples above, J{,Il}‘ can be expressed through minimization over the
relaxations of the more basic supremal functionals, namely,

J = min JEX= min Jye = min J, 5.11
W 4034 Wi T 0347 Wi i=1,2,34° W (5.11)

where Wy is defined in (5.7); this is a consequence of (5.10) and (5.9). And still, only Example 5.5 allows us

to rewrite J{,[l}‘ as a nonlocal supremal functional.

6. LP-Approximation

This section provides the proof of the I'-convergence result formulated in Theorem 1.3. Some of the
arguments are inspired by [19, Theorem 3.1], where the authors show a power-law approximation result
connecting single integrals and classical (local) supremal functionals.

Proof of Theorem 1.3. We subdivide the proof into three natural steps, starting with the relative
weak sequential compactness in L7(£2; R™) of sequences of uniformly bounded energy and followed by the
lower and upper bounds for the I'-limits of (I}},),>4, see Definition 2.2. Both bounds exploit the classical
LP-approximation of the L*°-norm as well as the relaxation result established in Section 5.

In the following, let (p;); C [g,00) be a sequence that converges indefinitely to oo, ie., p; — oo as
j — oo. Besides, suppose that ¢ = 0 in the growth condition (1.6); otherwise, consider the translated
double-integrand W + ¢; in place of W.

Step 1: Compactness. Let (uj); C L9(£2;R™) with

sup Iy (uj) < oo. (6.1)
JEN
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We show that (u;); is bounded in L?(£2;R™) which yields the existence of a subsequence of (u;); that
converges weakly in LI(£2; R™).

The growth condition on W from below (see (1.6) with ¢ = 0) along with Hélder’s inequality and p; > ¢,
gives for each such j that

2(-L

1
A-b
Pi W (vu) Lacaxa) (6.2)

n (L-*l) n l
> Lt(2) 0 HquHLQ(QxQ;Rmem) > c L") ||ujl| La(oirm),

Iy (uj) = W (vu)ll 75 (2x ) = £7(£2)

where v,; are the nonlocal fields as defined in (4.11) and ¢ > 0 is a constant independent of j.
In light of (6.1) and lim;_,., £*(2)'/Pi = 1, this shows that (u;); is uniformly bounded in L7(£2;R™),
which implies immediately the existence of a weakly convergent subsequence of (u;); in LI(§2;R™).

Step 2: Lower bound. Let (uj); C L(£2;R™) and u € L9(2;R™) such that u; — u in LI(2;R™). To show
that

lim inf I} v (ug) > I (u),

‘]*}OO

we may assume without loss of generality that

lim Iy (u;) = hmmf[ v (ug) < oo,
‘]‘)

and thus, u; € LPi(2;R™) for all j € N. As a consequence of the estimate (6.2), one has for any r > ¢ > 1
that

lim Iy (u;) > £™(2)” 7 lim inf Iy (uj), (6.3)

j—o0 j—o0

and (u;); can be regarded as uniformly bounded in L”(£2;R™). The latter allows us, in view of Proposi-
tion 2.1(7), to extract a subsequence (not relabeled) generating a Young measure v € L2 (§2; Pr(R™)) with
u = [v], that is,

YM )
Uj — ¥V as j — oo.
Then, by [41, Proposition 2.3], also the associated nonlocal fields (qu );j generate a Young measure, namely,
YM . .
vy, —> A as j— o0 with A ) = v, @ vy for ae. (z,y) € 2 x 2,

and Proposition 2.1(i¢) implies

lim inf Iy (u,) _hmlnf (/ / W7 (u;(z), u;(y ))dxdy)

- (/9 /_Q /mXRm W(E, Q) d(ve @ vy)(&, C) dﬁ?dy>% .

For any r > s > 1, we can exploit the convexity of the map t — ¢5 to obtain

timinf Iy (u;) (/ / ( L. wedmem)e 4))dedy>
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Now, passing successively to the limits r — co and s — oo leads via iterative classical approximation of the
L>-norm by (2.6) (see also (2.7)). to

|

lim inf lim inf 1§}, (u;) > liminf esssup (/}Rm . We(£,¢) d(ve ® uy)(f,C))

r—00  j—00 §—00 ($7y)EQXQ

> esssup [(vy @uy)-  esssup  W(, Q).
(zy)€02x N (&,0)ER™ xR™

To sum up, we conclude together with (6.3) and lim,_, L”(Q)% =1 that

lim Iy (u;) > hmlnfhmmflw(uj) > esssup  fw. (2, y) = [[fwullreoxo),
Jj—o0 r—00  j— (z,y)ENX N2

where fy, is defined as

Jwol,y) = (va ®@1y)-  esssup  W(E, ()
(§,Q)€R™ xR™

for (z,y) € 2 x 2. The proof of the liminf-inequality will be complete, once it is shown that

Il fwllLoeox oy = Ly (). (6.4)
To this end, observe that the lower semicontinuity of W implies
fW,V(x7y) = sup W(&?C)

(€,¢)€supp(vz@ry)
for (z,y) € 22 x {2 (see (2.3)), and therefore,
lfwullLoo(oxo) =inf{c € R: fw,(2,y) < cfor ae. (v,y) € 2 x 02}
inf{c € R : supp(vy @ vyy) C L(W) for a.e. (x,y) € 2 x 2}
=inf{ceR:v eV, },

with Vi w) as introduced in (4.8). In combination with the equivalence from (4.10), stating that
u=[v] € AT, w) if and only if v €V (w)

for any ¢ € R, it follows that

Jix(u)  for u € L>®(12),

l poe =inf{ceR:uec AP =
[ fwullze(@xa) { LC(W)} {oo otherwise,

which is  (6.4). Note that the last identity uses Lemma 5.1 and the simple fact that u ¢ A7 ;) for any
ceRifug¢ L*(2;R™).
Step 8: Upper bound. Let w € L>(£2; R™). The construction of a recovery sequence (u;); C L7(£2; R™) with
the properties that u; — w in LI(§2;R™) as j — oo and
lim sup Iy3 (uj) < JoX(u)
j—o0
is straightforward. Indeed, the definition of the relaxed functional in (1.3) provides a sequence (ux)r C
L>(£2;R™) such that up, —=* v in L*°(2;R™) as k — oo and
lim Jy (ug) = JoX(u).
k—oo
Since W (vy, ) is essentially bounded on {2 x {2 due to the growth assumption on W in (1.6), (2.6) and (5.1)
imply

Jim 137 () = T W (0,125 ) = W (@)l = o (ue);

recall the notation in (4.11). Hence7 in the limit £ — oo,

lim hm I (ug) = i (u),

k—o00 j—
and we conclude by taking a diagonal sequence in the sense of Attouch, cf. [6, Corollary 1.16]. O
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Appendix. Basic technical tools

We collect here a few auxiliary results that are useful for our analysis of Cartesian convex hulls.
The following sequential compactness for sequences of compact sets with respect to the Hausdorff distance
is a version of a classical statement (see e.g. [29, Section 3.9]) tailored to our needs.

Lemma A.1. Let (K;); C R™ x R™ be a sequence of compact sets with K;11 C Kj for all j € N and
K = ﬂjeN K. For any sequence of nonempty compact sets (A;); C R™ such that A; x A; C K; for all
j €N, there exists a nonempty compact set A C R™ satisfying A x A C K and

liminf dp (A5°, A°°) = 0.

j—o0
Proof. Since the projection onto the first vector variable of Kj, denoted by m;(K7), is compact and
A; C m(K,) for all j € N, we exploit the compactness of the metric space of nonempty compact subsets of a

compact set in R™ equipped with the Hausdorff distance to find a compact set A C 71 (K1) as the Hausdorff
limit of a (non-relabeled) subsequence of (A4;);, that is,

dy(Aj;,A) =0 asj— oo. (A1)

A well-known result [29, Theorem 3.9.4] on the relation between Hausdorff distances and convexifications
states that any two nonempty and compact sets C, D C R™ satisfy

A (C°, D) < dg (C, D).

Applied to (A.1), this yields dy(A$°, A°) — 0 as j — oo.
To show that A x A C K, one observes that for any (£,{) € A x A and j € N,

dist ((¢,¢), K) < dist((&,0), K;) + du (K;, K) < dig(A x A, A; x A) + dy (K;, K)
< dH(AJ,A) + dH(Kj,K).

Together with (A.1) and lim;_,o du (K, K) = 0, which follows from the fact that the limit in Hausdorff
distance of a sequence of nested nonempty compact sets is exactly their intersection, we conclude that
€ QekK. O

The next lemma can be seen as the counterpart of [34, Lemma 4.9] for Cartesian convex hulls in place of
separately convex ones.

Lemma A.2. Let (K;); C R™ x R™ be a sequence of nonempty, symmetric, diagonal, and compact sets

with Kj+1 C Kj for all j € N. Then, (\;en 5 = (Mo £5) .

30



C. Kreisbeck, A. Ritorto and E. Zappale Nonlinear Analysis 225 (2022) 113111

Proof. Let K := (o K. While K¢ = ((;cn K£;)*¢ C [;en(K;) € is clear, the reverse inclusion follows
based on the previous lemma and Lemma 3.4. Indeed, we show below that

(V(K))re C K€ (A.2)
jEN
for any k£ € N. Then, Lemma 3.4 allows us to infer
M= N U= U s U s =i
jEN jeNkeN kEN jEN kEN

which yields the statement.
We prove (A.2) via induction. Starting with k£ =1, let (§,¢) € (K;); ¢ for all j € N. Then there exists for
each 7 € N a set B; C R™ with

BjXBj EPKj:P and f,CEB;O.

(Kj)5e

Notice that all these B; are compact as maximal Cartesian squares of compact sets. According to

Lemma A.1, there is then a nonempty compact set B C R™ such that B x B C K = [;cy(K;)g © and

max{dist(¢, B®), dist(¢, B®)} < 11;25# d(BS°, B®®) = 0.

This shows (,() € B® x B C K;*°. Repeating the same argument successively for k € N, taking into
account Lemma 3.6, yields (A.2). O

For an arbitrary sequence of sets (E;); C R™ x R™ it holds that

ﬂ Ap; = Anjenb;

jEN

see [34, Lemma 5.2]. We provide an asymptotic version of this identity when the sets are compact and nested.

Lemma A.3. Let (K;); C R™ x R™ be a sequence of nonempty, symmetric, diagonal, and compact sets

with Kj41 C Kj forallj € N, and let K = ﬂjeN K;. Then,
() AR = A%.
JEN

Proof. To address the nontrivial inclusion, take u € (;cy

there exists a sequence (B;); C R™ with B; x B; € Pg; for all j € N such that

A%"j. In light of the representation formula (4.3),
U € ﬂjeN L>(02; B§°) = L“(Q;ﬂjeN Bj°).
We can use Lemma A.1 to infer the existence of a nonempty compact set B C R™ with B x B C K and
() Bs® ¢ B*;
JEN

the details of this argument are similar to those in the proof of (A.2). Then, u € L*(2;B®°) C A%,
exploiting again (4.3). O
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