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This paper deals with the wetting-induced instabilities that can occur in unsaturated shallow slopes and cause the
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evolution of slides into flowslides. In particular, it examines the instability phenomena that manifest in the
unsaturated regime prior to shear failure, focusing on the triggering mechanism and predisposing factors. A
theoretical index to capture instability initiation is derived in a general form that is valid for all single-surface
isotropic hardening plasticity models, regardless of the assumption on the flow rule and the type of perturba-
tion applied. The criterion is then specialised to the case of the WR2-Unsat model and used to monitor the
stability of a soil element belonging to an ideal infinite slope during wetting processes. The results of the
parametric study suggest that particular attention should be paid to relatively steep slopes with a shallow cover
of no more than a couple of metres, consisting of highly collapsible and/or compressible coarse-grained soils with
a low fine fraction susceptible to liquefaction.

1. Introduction

Rainfall induced landslides are one of the most recurrent and
destructive geohazards worldwide, and their frequency has increased
significantly over time. Indeed, in recent years, several catastrophic
rainfall-induced landslides have been recorded in many regions of the
world as, for example, Italy (Salciarini et al., 2006; Cascini et al., 2008;
Montrasio and Valentino, 2008; Damiano et al., 2012; Cevasco et al.,
2013; Sorbino and Nicotera, 2013; Zizioli et al., 2013); Switzerland
(Laloui et al., 2009; Springman et al., 2013); China (Dai et al., 1999;
Fuchu et al., 1999; Yang et al., 2020); Vietnam (Nguyen et al., 2020).

These phenomena can exhibit very different kinematics depending
on the material involved in the unstable process. In coarse-grained soils,
landslides generally develop as first slope failures with velocities much
higher than those observed in fine-grained deposits. The high velocities
are due to the instability of the soil skeleton in totally or partially un-
drained conditions, which causes the evolution of slides into flowslides
(Chu et al., 2003; Picarelli et al., 2008, Sorbino and Nicotera, 2013). In
shallow unsaturated slopes, rainfall infiltration, which in general can
cause significant deformations and losses of shear strength (Oh and
Vanapalli, 2010; Rotisciani et al., 2017; Hou et al., 2019; Weng et al.,
2019; Lalicata et al., 2020; Wu et al., 2020), is the most common
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triggering factor for landslides.

In recent years, great efforts have been made to improve our un-
derstanding of the main mechanisms governing the triggering and
propagation of flowslides (see review by Cuomo, 2020). An interesting
approach is the one proposed by Chen and Buscarnera (2022), who
presented a spatially condensed modelling framework that allows for
straightforward use of soil constitutive models in the analysis of the
transition from triggering to runout of flowslides. An alternative
approach, mostly applied to landslide propagation problems, is the use
of Smoothed Particles Hydrodynamics (SPH) models (Bui et al., 2008;
Pastor et al., 2009; Bui and Nguyen, 2021; Lian et al., 2022; Tayyebi
et al.,, 2022). The latter are developed in a continuum mechanics
framework and well reproduce the strong coupling between the solid
skeleton and the fluids filling its voids, which affects properties such as
runout and velocity of the flowslides.

The work presented here focuses only on the triggering phase,
investigating the causes of the instability and modelling its activation.
Understanding how and when the unstable process occurs is crucial for
the correct assessment of slope safety.

The evolution into flowslides is often attributed to the unstable
behaviour of the soil under undrained loading conditions. A significant
drop in shear strength can lead to a transition from solid-like to fluid-like
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behaviour, i.e. static liquefaction of the deposit (Buscarnera and di
Prisco, 2013; Cuomo et al., 2019; Ng et al., 2022). Two scenarios can be
distinguished for the initiation and evolution of slides into flowslides.
The first is the most common and involves the occurrence of shear
failure under drained conditions (Wang and Sassa, 2001, 2003, Okura
et al., 2002; Damiano, 2003; Moriwaki et al., 2004; Cascini et al., 2005;
Olivares and Damiano, 2007; Pirone et al., 2015; Comegna et al., 2016;).
Failure usually occurs in the lower part of the potentially unstable soil
layer when the soil is already fully saturated. Such failure is due to the
reduction in available shear strength caused by the increase in pore
water pressure. Sliding of the soil mass can lead to the build-up of
positive excess pore water pressures and, consequently, to the occur-
rence of static liquefaction in the deformed portions of the deposit. For
this to occur, it is necessary that i) the movement is rapid, ii) the soil
layer consists of coarse-grained soil with a fine fraction that reduces the
permeability and justify the build-up of excess pore water pressures; iii)
the soil exhibits a tendency to liquefy.

The second scenario implies the static liquefaction being a conse-
quence of a previous instability activated by suction removal (Picarelli
et al. 2008; Buscarnera and di Prisco, 2013; Rotisciani et al., 2019;
Cuomo et al., 2021). In fact, in highly compressible unsaturated soils the
loss of suction can cause a sudden volumetric collapse, which in turn
leads to uncontrolled saturation of the material. In this case, the unstable
transition from unsaturated to fully saturated conditions is the triggering
factor for static liquefaction and thus for the evolution of landslides into
flowslides.

This paper investigates this second mechanism, focusing in partic-
ular on the early instability that occurs in the unsaturated regime. The
study has two main objectives.

The first is to provide an analytical criterion that allows i) to monitor
the stability of the soil response under loading and wetting processes,
detecting the onset of any instability, ii) to identify the factors that
contribute the most to the loss of control. Here the stability criterion is
derived following the strategy proposed in Buscarnera et al. (2011) and
Buscarnera (2014) in the context of plasticity theory. This is based on the
identification of the set of scalar variables that reveal the loss of defi-
nition of the plastic multiplier under specific loading conditions. The
choice and evaluation of these variables depend on the constitutive as-
sumptions adopted to describe the soil behaviour which, in turn, affects
the accuracy and reliability of the analysis results. In the following,
reference is made to the WR2-Unsat model, a versatile single-surface
hardening plasticity model that satisfactorily reproduces the key
hydro-mechanical features of fully and partially saturated soils, also
taking into account the effects of bond degradation (Boldini et al., 2019;
Rotisciani et al., 2021; Rotisciani et al., 2023). The shape of the yield and
plastic potential surfaces can vary depending on the class of material
considered. The flow rule can be associated or not, depending on the
shape of the two surfaces. The very flexible formulation allows the
model to capture soil instabilities in both unsaturated and fully saturated
regimes.

The second objective is to verify the ability of the above criterion to
capture the occurrence of wetting instabilities in an ideal infinite slope.
At this scope, the effects of water infiltration are evaluated with respect
to a single soil element located at the base of the shallow cover, thus
neglecting, for the sake of simplicity, any variation in the spatial dis-
tribution of the stress—strain components within the soil layer. This
approach facilitates the analysis of the failure mechanism by establish-
ing a direct correlation between changes in material state and loss of
suction. The results of the parametric study, carried out by modifying
one by one the soil properties and the slope geometry within the ranges
typically observed in natural deposits involved in flowslides, show the
activation of the unstable process and identify which factors contribute
the most to instability.

The main novelties of this work are therefore: i) the application of the
strategy proposed by Buscarnera (2014) to a recently formulated
constitutive model that reproduces well the main features of the
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experimentally observed unsaturated soil response. ii) The discussion
and identification of material stability in a more flexible and general
way as compared to what was done in Rotisciani et al. (2021). In fact, in
this work we generalise the instability criterion identified in the past
only with reference to specific perturbation conditions, analytically
deriving a formulation valid for any type of applied hydro-mechanical
perturbation, regardless of the flow rule assumed. iii) The application
of the criterion to an idealised, though realistic, slope stability problem,
consisting of an infinite unsaturated slope exposed to rainfall events,
whose behaviour is described with reference to a soil element located at
the base of the shallow unstable layer.

The paper is organized as follows. The following section presents the
strategy employed to define, in a general form, suitable indexes to
identify unstable processes. After a brief description of the constitutive
laws adopted for describing the hydro-mechanical soil behaviour, the
stability indexes are then specialized to the selected constitutive model
(Section 3). The effects of water infiltration on slope stability are
investigated numerically for a single element belonging to an ideal
infinite slope in Sections 4 and 5. Finally, concluding remarks are given
in section 6.

2. The general framework for defining stability criteria

The analysis of soil stability during water infiltration requires the
definition of suitable indexes to identify unstable conditions. At this
scope, the approach adopted here is that originally proposed in the
framework of plasticity theory by Buscarnera et al. (2011) and extended
to partial saturation conditions by Buscarnera (2014). Such a strategy is
based on the idea that, within the classical elasto-plastic framework, the
loss of uniqueness of the incremental response can be related to the
evolution of the hardening modulus. Indeed, critical values of the plastic
hardening modulus can be associated with the loss of positive definite-
ness of the second order work (Bigoni and Hueckel, 1991a, 1991b;
Hueckel and Maier, 1977; Maier and Hueckel, 1979). All the above
works neglect the crucial role of the control conditions on the material
stability, considering it as an intrinsic property of the current state of the
soil. To overcome this limitation, Buscarnera et al. (2011) proposed a
new family of scalar functions that act as a sort of generalised hardening
moduli governing the mechanical response under mixed stress-strain
control. Such indices depend on the current state of the material and the
control conditions imposed in the test. This strategy has been success-
fully used to capture the occurrence of diffuse unstable phenomena such
as static liquefaction, localised failure such as shear banding (Mihalache
and Buscarnera, 2014) and to evaluate the influence of suction on the
bifurcation potential (Buscarnera, 2014). More in detail, Buscarnera
(2014) adopted this theory to identify the elements of hydro-mechanical
coupling that affect the potential for a loss of uniqueness of the incre-
mental response. To simplify the mathematical derivation of the bifur-
cation conditions, the analysis was restricted to isotropic stress paths,
assuming associated flow rule and neglecting any soil deformations
within the elastic domain. The Author inspected the implications on soil
stability of the constitutive assumptions and of the different forms of
coupling between plasticity and state of saturation.

In this work, the above approach is extended to more general con-
ditions, including loading paths characterised by changes in both stress
invariants and/or hydraulic conditions, while also considering non-
associated flow rule. The stability indexes are derived in a general
form with reference to a specific class of constitutive models charac-
terized by: i) single-surface elastic-isotropic hardening plasticity
formulation; ii) non-associated flow rule; and iii) non-hysteretic
uncoupled retention behaviour. All the models belonging to this class
satisfies the following assumptions:

f=f@.¥) )

g=g(c ,¥) @)
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¥ = P(eP,S,) 3)
Sy = S,(s) @

Where f indicates the yield locus, ¢ is the Bishop’s effective stress tensor
defined as: 6 = 6 +S,s6 where ¢ is the total stress tensor coincident with
the net stress tensor assuming zero pore air pressure U, S; is the degree
of saturation, s is the matrix suction equal to the difference between u,
and the pore water pressure u,, 6 is the Kronecker operator. ¥ is the
hardening scalar variable that controls the dimension of the yield sur-
face, and evolves with plastic strains €’ and S,. g defines the plastic
potential function depending on the effective stress tensor and the

dummy variable P, the latter identifying the dimension of the g-locus
passing through the current stress state. The retention behaviour is
described by a unique analytical expression linking the degree of satu-
ration and the suction.

In this study, the conditions leading to the loss of uniqueness and
existence of the incremental response are inspected with reference to the
two sets of control variables: 6 and s or 6 and w, being w the water
content. The first set describes loading tests performed under constant
suction, namely under drained conditions, and wetting tests carried out
by gradually reducing suction level under constant total stress. The
second set is representative of water-undrained loading tests and wet-
ting paths performed by increasing water content under constant total
stresses.

In the first case, the plastic multiplier y takes the form (see Appendix
A):

.1 /o of.
yH<06/6+0SS> 5)

Where () are the McCauley brackets, 6 is the total stress tensor incre-
ment, § is the increment of suction, of /de’and df /ds are the partial de-
rivatives of the yield surface with respect to ¢’ and s, respectively. df /ds
is defined as follows:

LT (S

. of o¥ 9,
ds  do’ \ 0Os

Where 0f /0¥ is the partial derivatives of the yield surface with respect to
¥, 0¥ /0S, represents the partial derivative of the internal variable with
respect to S, 0S,/0s defines the variation of the degree of saturation with
suction. Finally, H is the hardening modulus defined as follows:
of 0¥ og

H= =50 o0 o0 @
Where 0¥/0¢P is the partial derivative of the hardening variable with
respect to €? and dg/do’ is the partial derivative of the plastic potential
with respect to &'

According to Eq. (5), the plastic strains are activated by loading and/
or wetting processes provided that the term (df/de’)" 6 +(9f/ds)s is
greater than 0. In these cases, the plastic multiplier is no longer defined
when:

H<O0 ®

This simple analytical result discloses that, under the control of suction
and net stresses, i) it is sufficient to check the sign of the hardening
modulus to assess the uniqueness and existence of the incremental
response; ii) no instability can take place in the hardening regime.

In the second case, the plastic multiplier is expressed as follows (see
Appendix B):

!
" H-H,

X . 1—-n_ .
V <mTa+ - ns,ew> ©)

Where n is the porosity, e, is the increment in the water ratio being e,
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the ratio between the water and solid volumes, 71, and 715, are defined by
the following expressions:
_ o S_

n, = o + Hns, (C%6) (10)

of /0S,
iy = f/
{1 — inrc;p (s + %s) }

being C° the elastic compliance matrix, C;, the elastic compressibility:

Cp= (C°6)"8, 0f/3S, the partial derivative of the yield locus with
respect to Sy

an

of of"(os of 0¥
s, " 9o a—srsr+s 5+67‘I’0$,. 12)
and H,, a sort of critical hardening modulus taking the form:
H, = ﬁsri $6 13)
n do’

Along stress paths activating plastic strains, such as water-undrained
loading (6 > 0, e, = 0) or water volume injection at constant stress
(6 =0,e, > 0), the uniqueness and existence of the solution is no longer
guaranteed when:

(H-H,) <0 14)

Such circumstance can occur also in hardening regime. In this case,
hence, there is no direct correspondence between the onset of unstable
processes and the softening regime. Moreover, the domain gathering
unstable stress states (the so-called instability domain) is no readily
apparent since it depends on soil properties and the evolving state of the
material.

3. WR2-Unsat model

The stability criteria presented in a general form in the previous
section can be specialized with reference to any constitutive model
satisfying Eqgs. (1)-(4). The model selected for this study is the WR2-
Unsat model developed by Rotisciani et al. (2021) by extending to un-
saturated conditions the formulation originally proposed by Boldini
et al. (2019).

The WR2-Unsat model is a critical state-based hardening plasticity
model aimed at reproducing the main features of the hydro-mechanical
response of structured unsaturated soils under monotonic stress paths.
The hierarchical model formulation permits to activate or exclude the
various features of the model, depending on the specific kind of geo-
material to be modelled. Since the study here presented is restricted to
unsaturated soils lacking of cementation bonds, the parts of the hard-
ening law describing the destructuration phenomena are not considered
in the following.

Here, the model formulation is summarised, specializing the
constitutive functions to the class of material of interest. More details on
the implications of the mechanical destructuring processes can be found
in Rotisciani et al. (2021) and Boldini et al. (2019), the last one limited
to the case of dry or fully saturated soils.

3.1. Constitutive laws

The WR2-Unsat is a single surface elasto-plastic model formulated in
terms of Bishop’s effective stress. The yield locus f delimiting the elastic
domain is based on the expression proposed by Bigoni and Piccolroaz
(2004), covering a wide range of frictional-cohesive materials:

q

f: —Np/(® — ™) [2(1 — @)@ + a] +@:0 (15)
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where @ is defined as: ® = p//p.; p’ and q are the mean effective and
deviatoric stress invariants; a (0<a<1) and m (m > 1) define the shape of
the curve in the (g, p’) plane whereas N (N>0) controls the pressure
sensitivity; p. is the hardening variable governing the current size of the
yield locus. The function h(6) expresses the dependence of f on the Lode
angle 0 and is defined as follows:

1

h(6) = cos(n/3 — pr/6 — 1/3cos~1(ycos30) ) 0

Where y (0<y <1) and j (0<p <2) govern the shape of the yield locus in
the deviatoric plane.

The plastic potential function g is expressed by a function similar to
the one adopted for the yield locus:

)®g + g ] +%:0 a7)

&: *NgPC-dummy\/(q’g - %) [2(1 —
where @ is defined as: p/pc gqummy; Pc,dummy has no physical meaning and
only identifies the dimension of the g-locus passing through the current
stress state; a,, mg, and N define the shape of the plastic potential in the
(g, p’) plane. Depending on the values of the shape parameters of fand g,
the flow rule results as associated or not. In the deviatoric section, g
always coincides with f.

Within the elastic domain, the reversible behaviour is described by
the hyperelastic formulation which accounts for the non-linear de-
pendency of the elastic stiffness on effective stress, originally proposed
by Houlsby et al. (2005) and extended in Amorosi et al. (2020). The
adopted free energy potential W has the following expression:

2-n.
2-n,

no [k(e)” + 1 (e)? | as)

Pa .
W= e/ (2=2ne) (1 _
2—-n, (

where ¢ and ¢ are the volumetric and deviatoric elastic strain in-
variants, p, is a reference pressure corresponding to the atmospheric
pressure, n,, k, and g are dimensionless parameters to be determined
experimentally.

The activation of plastic strains and/or any variation in saturation
induce a homothetic evolution of the yield locus. The isotropic hard-
ening law reads as follows:

b =pe le’ - bs}} 19)

where & is the volumetric plastic strain rate, 4° is the modified
compression index evaluated in the bi-logarithmic compressibility plane
and b is the coupling parameter controlling the hardening effects
induced by the variations of the degree of saturation. The latter
parameter has a clear geometrical meaning since it defines the relative
position on the normal compression line (NCL) related to the current S,
with respect to the saturated one.

The non-hysteretic uncoupled retention behaviour is described by
the well-known Van Genuchten Water Retention Curve (WRC):

sr = Sr.res + (1 - Sr.res)/[l + (aws)nw ]mw (20)
where a,, is linked to the air-entry value, n,, and m,, control the shape of
the curve and are related by the relationship: m, =1 —1/ny; S res is the
residual saturation degree.

3.2. Stability criteria

The stability criteria expressed by Egs. (8) and (14) are here
specialized to the case of the WR2-Unsat model. In this model, the
hardening variable controlling the dimension of the yield locus is p that,
as mentioned above, evolves with the volumetric plastic strains and the
degree of saturation.
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In net stress and suction-controlled loading tests, thus, the soil
response is no longer defined when:

e P& _, [3))

ope 2" 0p'

On the wet side, dg/dp’ > 0, the unique incremental solution can always
be computed. The potential instability domain coincides with the dry
side of the yield surface, where the soil exhibits a strain-softening
response.

Under loading paths imposed controlling net stress and water flux,
the potential instability occurs when Eq. (14) is satisfied. Considering
the constitutive assumptions of the WR2-Unsat model, Eq. (14) can be
rewritten in the following form (see Appendix C):

{ (s+o S) ‘)Cbpc}
A
Being K the elastic bulk modulus.

On the wet side, the previous expression can be rearranged as fol-
lows:

Sr <0 (22)
n

%flo%“

df o X 0s S,
[( L 7)( ass>+b/1 521 @3)
By placing:
_[(_ /s~ Js ¢
= [(= 55 o)+ 358 o s @
Eq. (23) can be simplified into:
n < Mym (25)

According to Eq. (25), the uniqueness of the incremental response under
a water-undrained loading path or an imbibition process at constant net
stress is no longer guaranteed when the porosity becomes lower than
Ny, The latter defines the porosity below which the hydro-mechanical
coupling becomes critical, causing the triggering of an instability
mechanism before attaining critical state conditions.

Eq. (25) suggests an important difference between this case and the
previous one. Under water content-controlled conditions, it is impos-
sible to define a priori an instability domain: any stress path is poten-
tially unstable, even the isotropic one. The activation of the instability
depends on the material state and its evolution under the imposed
loading process rather than on the specific stress path followed.

Moreover, the control of water content involves a strong coupling
between the hydraulic and mechanical response that can cause the onset
of unstable conditions also in the hardening regime (H>0). Under a
given perturbation, the changes in suction and saturation degree modify
the effective stress distribution causing soil deformations that, in turn,
affect the values of suction and saturation degree. This process can lead
to an unstable response resulting from an uncontrolled growth of the
pore water pressures and soil deformations.

The proposed criterion highlights all the variables that influence soil
stability. It should be noted that some of them are parameters, i.e. do not
vary during any process (b, 4, the shape of WRC), while others can
evolve along a generic stress path (p’, 7, pe, S, Sp). The influence of the
latter variables is thus highly dependent on the specific case under
consideration. This paper evaluates their relevance with reference to the
case of shallow unsaturated slopes exposed to rainfall events.

4. Material stability during water infiltration

The stability criteria presented in the previous section are here used
to capture the initiation of uncontrolled deformation processes during
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water infiltration. Such processes can cause the triggering of static
liquefaction and, thus, the evolution of slope failure into flowslides. The
main purpose of this first part of the study is to provide a consistent
explanation of the above processes by i) clarifying their causes; ii)
modelling their activation; and iii) defining the impact of boundary
conditions on the stability scenarios.

The investigation refers to the case of an ideal infinite slope subjected
to rainfall events. The slope is composed by a shallow layer resting on a
rigid bedrock inclined at 30° to the horizontal. The unsaturated shallow
cover consists of a lightly over-consolidated coarse-grained soil with low
plasticity fine. Its hydro-mechanical soil behaviour was modelled by
combining the WR2-unsat model and the Van Genuchten water reten-
tion model, as discussed in § 4.1.

The numerical study was conducted using the finite element code
Abaqus/Standard, where the WR2-unsat model was implemented
adopting an explicit Euler scheme with error control (Boldini at al.,
2019, Rotisciani et al., 2021). The study was developed in two steps. The
first one is devoted to the analysis of the geostatic stress distribution
within the infinite slope (§ 4.2), while the second inspects the effects of
water infiltration with reference to a soil element located at the base of
the shallow cover (§ 4.3). This portion of the shallow deposit is the most
critical for the triggering of landslides, especially when rains are light
and prolonged in time. Therefore, the numerical simulations of the
wetting process are essentially material point-level analyses and aim to
identify the conditions under which wetting instabilities become
possible.

4.1. Model calibration

The set of hydro-mechanical parameters used in the numerical sim-
ulations is listed in Table 1. The model was calibrated with reference to
typical data reported in the literature for coarse grained soils with non
plastic silty fraction, which represent the class of materials most
commonly involved in flowslides.

The distorted shape of the elastic domain (@=0, m = 2, N=1.1) in the
(g,p") plane stems from the results of undrained compression triaxial
tests carried out on real non-plastic materials including sand and sandy
silt (Zlatovic¢ and Ishihara, 1997; Zlatovi¢ and Ishihara, 1998). The yield
locus shown in Fig. 1a is characterized by a stress ratio at the maximum
deviatoric stress 1, equal to 0.9 and a dry side flattened on the critical
state line (CSL), this latter being characterised by a slope N, equal to
1.33. For the sake of simplicity, the yield surface is assumed to be in-
dependent of the Lode angle (8 = 1, y = 0). In the deviatoric section,
thus, the yield surface degenerates into a circle.

The plastic potential function coincides to the ellipse of the Modified
Cam Clay model (ag = 0, mg = 2, Ny = 1.33). Therefore, the material
exhibits a contractive behaviour along all the stress—strain paths
attaining yielding at stress ratios lower than Ng.

The dimensionless shear stiffness parameter that controls the soil
response in the elastic domain was determined according to the ex-
pressions available in literature for coarse-grained soils (Hardin and
Black, 1966; Seed et al., 1986; Lo Presti, 1989), assuming for n, and p,
the values of 0.5 and 1 kPa, respectively. The dimensionless bulk
modulus k was derived from the corresponding shear one, g, assuming a
Poisson’s ratio equal to 0.25 under isotropic stress conditions.

The position and the slope of the NCL of the adopted ideal material

Table 1
Constitutive parameters.
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was selected based on available data for sands, silty sands, and sandy
silts (Olson and Stark, 2003; Olson and Mattson, 2008; Jefferies and
Been, 2015). The hydro-mechanical coupling term was determined ac-
cording to the data reported in Gallipoli et al. (2003, 2008), Wong et al.
(2014), Rotisciani et al. (2014), Catteneo et al. (2014). The experimental
data reveal a large variation range for both hardening parameters:
0.01—0.05 for 1%, 1-5 for b. The values adopted in the analysis are
intended to emphasize the potential for wetting collapse.

Finally, the parameters controlling the retention behavior derive
from the analysis of a large set of experimental data related to sands and
silty sands (Benson et al., 2014; Gallage and Uchimura, 2010; Likos and
Godt, 2014; Nicotera et al., 2015). The WRC adopted in this study is
characterized by a low air-entry value and a residual degree of satura-
tion close to zero (Fig. 1b).

4.2. Phase 1: geostatic conditions

The infinite slope considered in this study consists of a shallow un-
saturated soil layer 1.2 m thick covering a bedrock inclined at 30° to the
horizontal (Fig. 2a). Given the initial overconsolidated state, throughout
the geostatic initialization stage the soil behaves as a hyperelastic ma-
terial. At this stage, pore water pressure is uniformly distributed within
the soil layer and equal to about —10 kPa. The degree of saturation S,y
resulting from the WRC is 0.76. The total vertical stresses increase with
depth with a gradient of 19 kN/m®. The vertical effective stress o, varies
linearly with depth, assuming at the soil surface a value corresponding
to the product between suction and saturation degree, consistently with
the Bishop’s effective stress definition (Fig. 2b). Horizontal effective o,
and shear 7y, stresses also increase linearly with depth, though with
smaller gradients. The stress ratio  exhibits a nonlinear variation with
depth and reaches a value of 0.8 at the base of the soil layer (Fig. 2c).

4.3. Phase 2: effects of water infiltration on soil response

The effects of water infiltration on soil response were inspected by
restricting the numerical analyses to a single soil element located at the
base of the shallow cover of the idealised slope under study (at a depth 2
equal to 1.1 m).

The wetting tests presented in this section were conducted on a single
eight-node element under axial-symmetric loading conditions by keep-
ing constant the applied total stresses. Those conditions do not coincide
with the plane strains ones imposed in the previous geostatic stage,
while being consistent with those adopted in §3.2 where the stability
indexes were derived. This modelling choice was suggested by the re-
sults of preliminary analyses, which confirmed the good match between
wetting-induced soil responses under axisymmetric and plane strain
conditions, provided that the yield locus is independent of the Lode
angle, as assumed here. Another evidence emerging from the pre-
liminary analyses was that the out-of-plane net stress experiences small
changes during wetting, again confirming the validity of the hypothesis
of axisymmetric analysis conditions here assumed.

The wetting processes were modelled using two strategies: i) by
reducing the suction level at a constant rate (Test 0); ii) by imposing a
water inflow of constant intensity (Test 1). The first scenario reproduces
the boundary conditions imposed in geotechnical laboratory experi-
ments aimed at investigating the soil response during wetting (see

Elastic parameters Yield surface parameters

Plastic potential function parameters

Hardening parameters Water retention curve parameters

ne 0.5 a 0 ag 1.0
Pa 1 kPa m 2.0 mg 2.0
k 6666.7 N 1.1 N, 1.33
g 5000 i 1

4 0
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Fig. 2. a) geometry of the ideal infinite slope; b) profiles with depth of effective horizontal, vertical and shear stresses; c) profile with depth of stress ratio.

Olivares and Damiano, 2007, Cuomo et al., 2017). The second mimics
the boundary conditions expected in unsaturated slopes during rainfall
events, although they are not exactly the same. In situ, the intensity of
water inflow is likely to vary with time, according to the temporal
variation of rainfall intensity and the evolving state of the material, and
with depth. The variation in water content is therefore unknown a pri-
ori, but the imbibition process at the local level is certainly due to a
water inflow. Consequently, wetting tests performed by imposing a
water inflow should give a more realistic picture of the in situ response
than standard wetting tests where suction is controlled. However,
experimental evidence for these non-standard tests is not yet available
because of the difficulties in performing them in the laboratory. Indeed,
the standard devices should be modified to allow the water content to be
controlled by injecting a constant water flow while keeping the net
stresses unchanged.

The initial conditions, soil properties and boundary conditions for
the wetting tests are summarized in Table 2. The initial stress state stems
from the preliminary analyses conducted on the infinite slope under
geostatic conditions. Consistently with the selected modelling approach,
the initial stress state was slightly modified by assuming a zero Lode
angle. The material is lightly over-consolidated with an over-
consolidation ratio R of 1.1, where R is defined as ratio between p,
and the intersection with the p’ axis of the yield locus passing through
the initial stress state. Given the low compressibility in the elastic

domain, the initial specific volume vy coincides with that corresponding
to p. on the NCL for the assumed initial degree of saturation S,y
(Rotisciani et al., 2020). Tests 0 and 1 differ only in the imposed
boundary conditions.

Consider now suction-controlled Test 0. Fig. 3 shows a 3D repre-
sentation of the wetting-induced stress path. The loss of suction entails a
gradual reduction in mean effective stress under constant deviatoric
stress (path AF). The current stress ratio increases, never exceeding Ng.
Despite the stress unloading, the initial homothetic contraction of the
yield surface due to the increase in S, is such to intercept the current
stress state and maintains it in the elasto-plastic regime. Upon exceeding
the stress ratio 1, the yield locus starts to increase in size following the
stress state. This response results from the development of positive
plastic volumetric strains that counterbalance the softening induced by
S; changes.

Fig. 4 shows a) the evolution of both saturation degree and volu-
metric strains with pore water pressures, b) the evolution of hardening
modulus and water ratio with pore water pressures. The reduction in
suction causes the onset of volumetric collapse resulting in a contractive
soil behavior (Fig. 4a). Assuming an uncoupled retention response, the
changes in the degree of saturation follow the ones imposed on the
suction. The simulation ends upon reaching full saturation. The attain-
ment of final stationary values of ¢, and S, proves the stability of the soil
response. The uniqueness and existence of the solution are further

Table 2

Initial conditions and soil properties adopted in the numerical simulations.
Test po'(kPa) qo (kPa) o so (kPa) Sro Peo (kPa) Vo b A cv
0 19.66 15.9 0.8 10.0 0.765 29.4 1.79 5 0.05 iy
1 19.66 15.9 0.8 10.0 0.765 29.4 1.79 5 0.05 [

CV: stands for Control Variable.
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Fig. 4. Results of Test 0: a) evolution of degree of saturation and volumetric
strains, b) evolution of hardening modulus and water ratio during wetting.

confirmed by the positive values of the hardening modulus H that
exclude the onset of a drained shear failure (Fig. 4b). The latter is the
only instability mechanism that can take place under the imposed
boundary conditions. During the wetting process, the water ratio e,
increases up to a peak value and then slightly decreases (Fig. 4b). The
final reduction in water volume stems from the combined effect of the
volumetric collapse of the solid skeleton and the imposed variation of
the degree of saturation. In other words, when fully saturation condi-
tions are approached, the fulfilment of the constraint on S, in a
collapsible soil sample, as the one considered in this test, forces the

Computers and Geotechnics 176 (2024) 106703

water to flow out from the soil element. This result suggests a latent
instability that can be activated switching from suction-controlled to
water content-controlled test, as confirmed by the results of the Test 1.

Test 1 differs from the previous one only for the imposed boundary
conditions (see Table 2). The injection of water volume entails a
reduction in suction and consequent stress unloading at constant
deviatoric stress, similarly to what observed in Test 0 (path AF in Fig. 5).
The pore water pressure exhibits an abrupt increase upon exceeding —3
kPa (Fig. 6). At the same time, the rate of volumetric strains starts to
increase steadily, highlighting the inability of the soil to further sustain
the applied loading. The onset of the volumetric instability causes the
immediate end of the simulation, preventing the attainment of full
saturation. This instability develops with an uncontrolled growth of the
pore water pressures and continuous changes in soil particle configu-
ration. Such mechanism is similar to the one activating static liquefac-
tion in fully saturated soils. Both unstable phenomena are diffuse
instabilities, occur in the hardening regime, i.e. before classical shear
failure, and are due to the strong interplay between mechanical and
hydraulic variables that mutually interact leading to the loss of control
of soil response.

It is important to note that the simulation ends at the same suction
level observed in Test O after reaching the maximum water ratio.
Moreover, the volumetric instability occurs when the current stress ratio
is in the range 0.89-1.33, corresponding to the undrained instability
domain. The latter circumstance reveals the possibility of two successive
instability mechanisms leading to the evolution of landslides in flow-
slides. A first instability might occur before full saturation is attained, as
in the above simulation, then followed by further catastrophic evolution
towards static liquefaction upon attainment of saturation. What above
provides a new perspective in the interpretation of the complex trig-
gering of real flowslides that occurred in the past (e.g., in the Campania
region at the foothills of Mt. Pizzo d’Alvano mountain (Pirone et al.
2015) or in Mount Cornito hillslope (Comegna et al., 2016)) though here
only developed with reference to an idealised, yet realistic, case.

The instability conditions emerging in this simulation can be pre-
dicted by monitoring the stability index derived in §3.2. In detail, under
the imposed boundary conditions, the initiation of instability can be
captured by monitoring separately the evolution of ny, and n during
wetting (Fig. 7a). The porosity is initially greater than the threshold
value, consistently with the initially stable response of the soil. The in-
jection of water volume causes i) a small reduction in soil porosity
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Fig. 5. Stress path followed in Test 1.
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Fig. 6. Evolution of degree of saturation and volumetric strains during wetting
in Test 1.

resulting from the collapse of the solid skeleton; ii) a significant increase
in nyy,. Initially, ny, varies almost linearly with S;, with a slope mainly
depending on the b and 1" values. In the first phase, the small suction
level and the low slope of the WRC make the first term in Eq. (24) barely
relevant. When approaching full saturation, the curve (nyy, Sy) exhibits a
marked increase resulting from the significant reduction in the slope of
the WRC. Consequently, the ny;,, values appreciably increase making the
onset of an instability mechanism highly probable. The simulation ends
when n equals ny;,. The latter circumstance corresponds to the occur-
rence of the abovementioned instability mode that gives rise to uncon-
trolled growth of pore pressures and soil deformations.

Alternatively, soil stability can be checked by monitoring the evo-
lution of the difference between ny;,, and n, normalized with respect to
the initial porosity ng, (n—nym)/no (Fig. 7b). Besides making readily
apparent the onset of instability, the use of this variable is convenient
since: i) it combines the effects of the two variables affecting soil sta-
bility, ii) simplifies the graphical representation of the numerical results,
and iii) facilitates the comparison between the results related to
different tests. It is worth noting that because of the small variations of n,
the changes in (n —nyy,)/no reflect the ones observed for the threshold
value.

In conclusion, the results of the numerical simulations demonstrate
that the volumetric instability occurring under water content controlled
conditions can be captured by monitoring:

i) the variable (n —ny,)/no, which acts as a sort of compact descriptor
of the current stability conditions. Its positive values indicate stable
conditions, while zero values point out the occurrence of actual or po-
tential instabilities, depending on the set of the imposed state variables.
In slope stability analyses, this variable can help to interpret a-posteriori
the soil response during rainfall events, by promptly pointing out the
triggering of an unstable process at the local level. However, the large

0.5

n,n lim
[}
W
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1
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number of variables on which it depends prevents its inclusion or
adoption in early warning systems.

ii) the evolution of e,. Such a variable can be measured indirectly
using the data provided by the monitoring systems commonly installed
in situ (e, is a function of S, and e) without additional costs related to the
installation of new devices. Taking into account the strong correlation
between (n—mnyy)/no and é,, (the former vanishes when the second at-
tains its maximum value), the analysis of the gathered data should focus
on the global trend of the curves (S;, e,) or (u, e,). Particular attention
should be paid to any reduction in slope, which could indicate a po-
tential loss of slope stability.

5. Influence of soil properties and slope geometry on soil
stability

Here we aim at generalizing the outcomes of the previous section,
exploring the influence of soil properties and slope geometry on the
stability of a soil element at the base of a shallow slope deposit. This is
achieved by parametrically modifying the key parameters prior to
numerically subjecting the soil element to a costant rate water inflow
under constant net stresses, i.e. the conditions adopted in Test 1 of the
previous section. The range explored for each of the parameters was
defined based on those characterizing real slopes involved in rainfall-
induced flowslides. The final objective of the analyses is to identify
the most critical scenarios for slope stability, providing a guideline to
recognize slopes prone to instability, for which detailed coupled hydro-
mechanical stability analyses are recommended.

As previously discussed, the imposed water inflow boundary condi-
tions activate instability, reproducing locally what occurs globally in
real slopes; it allows the identification of the exact moment when such a
phenomenon occurs, which coincides with the attainment of the volu-
metric instability in the soil.

The main characteristics of the tests are listed in Table 3. Tests from 1
to 7 inspect the influence on slope stability of the material properties,
while those from 8 to 11 focus on the role of the slope geometry. In the
first series of tests, the range of variation of each parameter (b, 4, WRC)
covers the one typically observed for coarse-grained soil with non-
plastic fine. Tests 8 to 11 correspond to slope angle w ranging from
20° in Tests 8 to 38° in Test 9 whereas the thickness of the shallow
deposit H, goes from 0.5 m in Test 10 to 2 m in Test 11.

5.1. Influence of soil properties

Tests 1, 2, and 3 investigate the influence of b, the parameter con-
trolling the hydro-mechanical coupling on the soil response. While
modifying the interaction between hydraulic and mechanical variables,
the increase of the b-value entails an increase in vy resulting from the
increasing distance between the saturated NCL and the one related to
Sro- In all the tests, the response becomes unstable before attaining full
saturation. The triggering of the volumetric instability causes the
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Fig. 7. Test 1: evolution of a) n and nym,; b) (n —nym)/ne during wetting.
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Table 3

Slope geometry, initial conditions and soil properties adopted in the parametric study (Bold identifies the reference analysis).
Test po qo 1o So Sro Pco Vo b A% o (%) H¢ (m)

(kPa) (kPa) (kPa) (kPa)

1 19.66 15.9 0.8 10.0 0.765 29.4 1.79 5 0.05 30 1.0
2 19.66 15.9 0.8 10.0 0.765 29.4 1.75 3 0.05 30 1.0
3 19.66 15.9 0.8 10.0 0.765 29.4 1.72 1.5 0.05 30 1.0
4 19.66 15.9 0.8 10.0 0.765 29.4 1.87 5 0.03 30 1.0
5 19.66 15.9 0.8 10.0 0.765 29.4 1.95 5 0.01 30 1.0
6 15.92 12.74 0.8 2.5 0.765 23.82 1.81 5 0.05 30 1.0
7 47.19 37.75 0.8 65.1 0.765 70.57 1.71 5 0.05 30 1.0
8 20.70 13.52 0.65 10.0 0.765 26.32 1.80 5 0.05 20 1.0
9 17.06 16.67 0.97 10.0 0.765 32.63 1.78 5 0.05 38 1.0
10 12.45 7.51 0.6 10.0 0.765 16.12 1.84 5 0.05 30 0.5
11 29.81 29.36 0.98 10.0 0.765 54.74 1.73 5 0.05 30 2.0

immediate stop of the numerical simulation. The injection of water
volume entails a progressive reduction of the mean effective stress,
keeping unaltered the deviatoric stress component (Fig. 8a), thus lead-
ing to an increase of the stress ratio, though never exceeding the critical
state one. This circumstance excludes the possibility that the instability
results from a more conventional drained shear failure. It is worth noting
that, irrespectively of the value of b, the volumetric instability takes
place within the potential liquefaction domain (grey region in Fig. 8a).
Such an evidence suggests the possibility of a subsequent instability
upon attaining full saturation, leading to the triggering of static
liquefaction.

Fig. 8b shows the evolution of (n —nyy,)/ne during wetting. In all the
three cases, (n—nuy)/no decreases with increasing saturation levels,
vanishing before the complete removal of suction. This result confirms
the triggering of the volumetric instability characterized by an uncon-
trolled growth of soil deformations and pore water pressures. Increasing
the value of b intensifies the hydro-mechanical coupling, enhancing
instability. This tendency is confirmed by the reduction in the initial
value of (n—nyy)/no and its increasingly rapid decrease with S; as b
increases.

Tests 1, 4, and 5 explore the impact of compressibility 1* on soil
stability. The reduction of A* entails an increase in the specific volume
corresponding to the initial stress state, this latter being kept unaltered
in the three tests. The results shown in Fig. 9a share several features with
the ones depicted in Fig. 8a. The stress paths move horizontally towards
decreasing mean effective stresses. The final stress states lie below the
CSL within the potential liquefaction domain.

Fig. 9b, illustrating the evolution of (n —nyy,)/ne with Sy, reveals the
marked influence of A* on soil stability. In low compressible soils, the
response remains stable even after the complete removal of suction (see
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Test 5 for example). For higher values of 1* the response becomes un-
stable before attaining full saturation. In such circumstance, increasing
compressibility leads to a loss of control taking place under decreasing
degrees of saturation. As already noticed with reference to parameter b,
high A*values facilitate wetting collapse, enhancing the coupling be-
tween mechanical and hydraulic variables. Such a tendency increases
the chances of occurrence of unstable phenomena, as confirmed by the
reduction in the initial distance between n and ny;, and the rapid van-
ishing of their difference.

Tests 1, 6, and 7 investigate the influence of the retention behaviour
on the soil response. The WRCs employed in the numerical analyses are
representative of the retention behaviour of coarse-grained soils with
different fine fractions (Fig. 10). Materials lacking of fine fraction pre-
sent sub-horizontal WRCs with very low air entry values (see WRCg in
Fig. 10). In materials with non-negligible fine fractions, the shape of the
WRC depends on soil grading: increasing fine fraction involves
increasing air-entry values, controlled in the Van Genuchten model by
the parameter a,, and increasing slope of the curve, defined by
parameter n,, (see WRCy in Fig. 10). Such changes entail a variation in
the suction level corresponding to the initial degree of saturation that, in
turn, reflects on the initial values of all state variables. In detail, going
from Test 6 to Test 7, stress invariants and p.y increase whereas the
specific volume decreases.

Even in these cases the stress paths move horizontally towards
decreasing mean effective stresses (Fig. 11a). All final stress states lie
within the potential liquefaction domain. The results depicted in
Fig. 11breveal that the soil response remains stable only in Test 6. In this
case, the current porosity keeps greater than the threshold value even
when full saturation is approached. In this test, despite the contractive
soil behaviour, the combined effect of high porosity, low slope of the
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Fig. 8. Influence of the b-value on soil stability: a) wetting-induced stress path (full symbols: Initial conditions; empty symbols: final conditions); b) evolution of

(n —nygim) /o with S,.
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Fig. 10. WRCs adopted in the numerical simulations.

WRC, and small suction levels limits the hydro-mechanical coupling
making the triggering of the volumetric instability unlikely. In the other
two cases, n equals ny,, before the complete removal of suction. The
transition from a stable to unstable response occurs under saturation
levels that decrease as the a,- and n,-values decrease. Such a result
highlights that critical conditions may occur when intense rainfalls
involve deposits consisting of coarse-grained soils with non-negligible
fine fractions.

In summary, the results shown in this subsection reveal that the most
critical scenarios for slope stability are those involving:

- materials characterized by high b or A*values. Such materials expe-
rience a volume compaction upon saturation, sufficient to trigger an
uncontrolled saturation that can lead to a subsequent undrained
instability in soils susceptible to liquefaction;

coarse-grained soils with non-negligible fine fractions. The presence
of fine materials i) enhances the tendency to collapse, favouring
instability in the unsaturated regime; ii) reduces soil permeability,
allowing positive excess pore water pressures to be retained until the
final occurrence of instability in the fully saturated regime.

5.2. Influence of slope geometry

Tests 3, 8, and 9 explore the influence of the slope angle ® on soil
stability. The increase in @ from 20° to 38° entails an increase in the
stress ratio 579 due to the increase in the deviatoric component and a
reduction in the isotropic one (see Table 3). The changes in the initial

effective stress state also involve variations in the initial
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Fig. 11. Influence of the WRC on soil stability: a) wetting-induced stress path (full symbols: Initial conditions; empty symbols: final conditions); b) evolution of
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preconsolidation pressure (p, increases) and specific volume (vy
decreases).

Fig. 12a shows the wetting-induced stress path and the initial yield
locus for each test. In all the three cases, the stress path moves hori-
zontally and ends before attaining the classical shear failure. The final
stress ratio differs in the tests but in all cases is greater than 7.

Starting from low stress ratios (gentle slopes), the soil response re-
mains stable during the injection of water volume (Fig. 12b). In fact, the
soil attains fully saturated conditions for positive values of (n —nyy,)/no.
On the contrary, for relatively steep slopes, characterised by high stress
ratios, the sample already exhibits an unstable response in the unsatu-
rated regime. The instability reveals the inability of the soil to withstand
the applied loadings and takes place at decreasing degrees of saturation
for increasing #o. Correspondingly, the numerical results highlight a
marked influence of 75, on the position and shape of the
(n —ny, ) /no-curve. More specifically, the curve shifts downwards and its
slope increases decreases as 7, increases. This trend indicates that the
risks associated with the onset of instability mechanisms increase
significantly at high stress ratios (steep slopes), where small changes in
S and n are sufficient to trigger the instability. These results confirm the
marked influence of the initial stress ratio on the wetting-induced soil
response, as already observed experimentally in several laboratory tests
under triaxial and simple shear conditions (Olivares and Damiano, 2007:
Cuomo et al., 2017).

Finally, Tests 1, 10 and 11 explore the influence of the thickness H, of
the shallow soil deposit on the overall soil stability, with H, equal to 1.0,
0.5 and 2 m respectively. The suction level was kept unaltered in all the
three tests and, as in the other cases, the simulations were carried out
with reference to an element located at the base of the soil deposit.
Besides affecting the single stress components, any change in the H,
influences the ratio between the two stress invariants. As the thickness of
the shallow cover decreases, its weight decreases and so does the initial
stress ratio, the value of which is increasingly influenced by the product
of suction and degree of saturation. As a side effect, the reduction of the
stress state entails a reduction of p, and an increase in the specific
volume.

Fig. 13a shows the stress paths followed by the three elements and
the initial yield locus for each test. In all three cases, the material is
initially overconsolidated and experiences a reduction in the mean
effective stress under constant deviatoric stress upon wetting. The final
stress state lies on the portion of the yield locus included between 7, and
Ng.

Regardless of the value of H, the simulation ends before attaining
full saturation. The transition from stable to unstable conditions is
pointed by the vanishing of the difference between the current and
threshold porosities (Fig. 13b). Despite the beneficial effect of the
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reduction in 7, the instability occurs before in Test 10 than in the other
tests. This evidence proves that the increase in stress state due to the
deepening of the shallow cover improves soil stability, limiting the
wetting-induced volumetric collapses and the resulting changes in pore
water pressures. In brief, i) the risk of instability is surely higher at
shallow depths, ii) the most critical scenario is not known a priori since it
results from the combination of the two competing factors 59 and H,.

6. Concluding remarks

This study aims at providing a novel explanation for the triggering of
landslides in partially saturated coarse-grained soils evolving into
flowslides, emphasising that such phenomena may result from the
combination of two successive instabilities. The first occurs when the
soil is still in the unsaturated regime and develops through uncontrolled
build-up of pore water pressures and continuous evolution of the soil
skeleton configuration. This instability can then catastrophically evolve
into static liquefaction upon the attainment of full saturation.

This work focuses on the first instability occurring in the unsaturated
regime and proposes an analytical criterion to capture the onset of
wetting instabilities. The criterion is first derived theoretically in a
general form and then specialised to a recently proposed constitutive
model for fully and partially saturated soils, which also takes into ac-
count the effect of bond degradation. Finally, the criterion is used to
monitor the stability of an ideal infinite slope consisting of a shallow
unsaturated cover resting on a rigid bedrock during rainfall events. The
effects of water infiltration are assessed by focusing on an elementary
soil volume located at the base of the unsaturated cover. This portion of
the shallow deposit is the most critical for the triggering of landslides,
especially when rains are light and prolonged in time. The numerical
results shown in the previous sections reveal that:

- unstable deformation patterns can take place during wetting pro-
cesses when the soil is still in the unsaturated regime;

the occurrence of these instabilities depends on the imposed
boundary conditions: the control is lost only in water content-
controlled tests. Such a scenario mimics the actual boundary con-
ditions occurring in unsaturated shallow slopes during rainfall
events;

the volumetric instability is due to the strong interplay between
mechanical and hydraulic variables that mutually interact leading to
uncontrolled increases in pore water pressures, pore saturation, and
soil deformation. This mechanism shares several aspects with the one
controlling static liquefaction in fully saturated soils;

the variable (n—ny,)/no captures the initiation of unstable defor-
mation processes during wetting and, thus, results in a suitable index
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Fig. 12. Influence of the slope angle on soil stability: a) wetting-induced stress path (full symbols: Initial conditions; empty symbols: final conditions); b) evolution of
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Fig. 13. Influence of the thickness of the shallow cover on soil stability: a) wetting-induced stress path (full symbols: Initial conditions; empty symbols: final

conditions); b) evolution of (n —nyp,)/ny with S,.

for interpreting the response of shallow unsaturated slopes at the
local level;

- The strict correlation linking (n —ny;,)/ne and €, suggests the use of
the latter variable to monitor in real time the local stability of
shallow unsaturated covers;

- the most critical scenarios for slope stability are those involving i)
relatively steep slopes; ii) materials susceptible to liquefaction; iii)
highly collapsible and/or compressive coarse-grained soils with low
fine fractions; iv) shallow covers, with thickness lower than a couple
of meters.
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This section illustrates the analytical derivation of the stability criterion for unsaturated soil samples under loading paths imposed by controlling
net stresses and suction. In single-surface isotropic hardening plasticity models formulated in terms of Bishop’s effective stresses, the Prager’s con-

sistency condition expresses as follows:

FT, o
a—g/a+a—q]‘{‘70

Where ¥ is defined as follows:
o¥., ¥

p :@e" +a—srs,

& denotes the plastic strain increment tensor controlled by the flow rule:

.0g

(A1)

(A.2)

(A.3)

By substituting Eq, (A.2) and (A.3) in Eq. (A.1), the latter can be rewritten as follows:

T
'.,a_fb.’

F 6f<,6‘1‘0g aw.>:0

=0’ Tow\"aw ae T s

Equation (A.4) can be simplified in the form:

(A4
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. v
f —ﬁ H+% (%s 0 (A.5)

By introducing the hardening modulus H defined as:

of oW og

" T OY 0e? 06’ (0
Bearing in mind that ¢ =6 + <s'S, +Srs> 8, Eq. (A.5) can be rearranged as follows:
fi= gﬁ/ +ﬁ (ss +s,s)6 yH-&-% %Fs 0 (A7)
Assuming an uncoupled retention behavior, Eq. (A.7) can be rewritten in the following form (since S, = ”S's)
f::%rﬁg—"; <sS +0—ss>6— H+%§%’%ro (A.8)
which corresponds to:
f'.f%fo- 7H+ (af ( = >5+;’;gd§>s’_o (A.9)

Given that the factor multiplying the rate of suction coincides to the partial derivative of yield surface with respect to suction, Eq (A.9) can be rewritten
as:

fi= (‘;—f/a yH+%fs—0 (A.10)

and, thus, the plastic multiplier results:

o . U,
ST

Along stress paths activating plastic strains, positive values of the hardening modulus guarantees the uniqueness and existence of the soil response.

Appendix B

This section illustrates the analytical derivation of the stability criterion for unsaturated soil samples loaded under net stress-water content control
conditions. In this case, the Prager’s consistency condition expressed in Eq. (A.7) can be rewritten as follows:

f:*ia yH+ ¥ g

P ()SS =0 (B.1)

Being df /0S, the partial derivative of the yield locus with respect to S, defined in Eq. (12) and S, linked to ¢, and volumetric strain increment &, from
the relationship:

1- s
éy = Set+568 —— e, +7, (B.2)
n n

The volumetric strain increment is given by the sum of the elastic and plastic components:

éV:é5+é5:(ceo)5+y§§6 (B.3)

Bering in mind the definition of ¢, Eq. (B.3) can be rewritten in the form:

_ (peT 05 .\ g ag"
= (C%) §+<Ce<s+ass>s,6> 6+y00_, ] (B.4)

By substituting Eq. (B.4) in Eq. (B.2):

1-n, § e \T 0s ; og”
(C%) &+(Ce<s+asr5r>8,6) 6+76d 8

.
ey +—
n

§ = (B.5)
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It, thus, follows that:

. . . 00T
1ong, 4 5:(C%6)T6 + 5§

(1 - nc;p (s +;§s,) )

S =
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(B.6)

By substituting the expression of S, in the consistency condition, the latter modifies as follows:

0fT of =1, +5(C6)"8 +S'y‘)g )

fi==X 6—jH+-—> =0
a0 3, . ]
(1 s (s + ;?s,) )

(B.7)

Equation (B.7) can be simplified by introducing the definitions of 7, (see Eq. (11)) and 71, (see Eq. (10)):

. . _ l—n S,.08
- =
f=n. yH+ns,( n w + ydo" 6) 0

(B.8)

Accounting for the definition of H,, (see Eq. (13)), Eq. (B.8) can be rearranged as follows:

. 1-n
f=7l6—y(H—H,)+is—— %, =0

(B.9)

In conclusion, in shearing process under undrained conditions and water injection under constant total stresses, the uniqueness and existence of the

incremental response is guaranteed by hardening moduli greater than H,,.

Appendix C

In this section, the stability criterion related to water content and net stress-controlled conditions is specialized to the WR2-Unsat model. Ac-

counting for the isotropic hardening law, Eq. (14) reads as:

I s _9
g [He035) -]

ap. A" op' , s ) |
17%0;,‘, s+2S,

Sr
n

<0

¥

Assuming a diagonal elastic stiffness matrix and placing C;, = 1/K:

Eq. (C.2) can be simplified as follows (since 1 —S,/nK(s +S;0s/0dS;) # 0):

«giiigj[lfll(%< ;ss)] [g(”gS) ;I{bp}sgg_o

On the wet side where dg/dp’ > 0, Eq. (C.3) can be rearranged in the form:

LG L) e 3

From which derives the stability criterion reported in Eqgs.(23), (25).
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