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ABSTRACT. We prove the partial Holder continuity on boundary points for minimizers of qua-
siconvex non-degenerate functionals

F(u): :/Qf(m,u,Du)dz,

where f satisfies a uniform VMO condition with respect to the x-variable, is continuous with
respect to u and has a general growth with respect to the gradient variable.

1. Introduction. In this paper we study the boundary partial regularity of minimizers of the
following non-autonomous integral functional

F(u): :/Qf(x,u,Du)dx, (1)

where Q C R™ (n > 2) is an open bounded set of class Clandu:Q — RN with N > 2 —i.e,
we consider vectorial minimizers. We assume that the integrand f : Q x RY x RN>*" f(z,u, P),
satisfies a general growth and a quasiconvexity condition with an N-function ¢. Moreover, we
assume that f complies with a Vanishing Mean Oscillation (VMO) with respect to the spatial
variable x, hence it can be discontinuous. The specific assumptions on the function f will be
introduced in Section 1.1.

A brief review of the literature on the topic. The regularity theory for functionals of the form (1)
and related partial differential equations are one of the classical topics in the calculus of variations.
The study of functionals/equations with general growth has been initiated by Marcellini and
developed in a series of seminal papers, for example [45, 46]. A first C1'* local regularity for
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solutions of Euler-Lagrange elliptic systems depending on the modulus of the gradient with general
growth under suitable hypotheses was obtained by Marcellini&Papi, [47].

Subsequently, for an autonomous integrand f satisfying the Uhlenbeck structure [54] - that
is, f(z,u,P) = ¢(|P|) and ¢ is sufficiently regular and convex, complying with (©1)-(¢2) in
Section 1.1 below and such that ¢’ is Holder continuous off the diagonal - the minimizer of (1) was
shown to be locally C1'* with an excess decay estimate, see [24]. Within this setting, we consider
it appropriate to mention the result of global Lipschitz regularity for solutions to boundary
problems for elliptic systems of Uhlenbeck-type obtained in [16], where the domain is convex and
its boundary is weaker than Lipschitz (see [16, Theorem 2.1]). Going back to integral functionals,
if f is autonomous but does not satisfy the Uhlenbeck structure, i.e., f(z,u,P) = g(P), then
there are examples of regular and convex functions g whose minimizer is locally unbounded; see,
for instance, the survey paper of Mingione [48]. Therefore, only partial regularity is expected if
we consider a general non-Uhlenbeck structure. Here, “partial regularity” means the minimizer
u satisfies a desired regularity except a measure zero set.

Partial regularity results for quasi-convex functionals with p-growth, i.e., p(t) = t* in Sec-
tion 1.1, had been first studied in [1, 14, 31] by using the blow-up technique, which yields decay
estimates for the so-called excess functional. In particular, in [1], the integrand f = f(z,u,P) is
assumed to be Holder continuous in z and u, and the partial C*®-regularity is proved. Later,
Foss and Mingione [32] considered the integrand f = f(z,u,P) that is only continuous in x
and u, and proved the partial Holder regularity, which means partial C%®-regularity for every

€ (0,1), by using a different approach. They worked with an hybrid excess functional and used
the A-harmonic approximation and Ekeland’s variational principle. The A-harmonic approxima-
tion was introduced and applied to the partial regularity in [30]. The continuity assumption for
x was extended to the VMO condition in [10].

We note that the partial regularity results mentioned above consider non-degenerate function-
als, which means that the integrand f satisfies 0 < |D? f(x,u,0)| < oo. For degenerate functionals
with p-growth, Duzaar and Mingione [28] obtained the partial C*®-regularity in the autonomous
case by assuming an additional condition concerning the behavior of D? f(P) near 0 and using the
p-harmonic approximation [29]. Then, using the same argument, Bogelein [9] proved the partial
Holder regularity for non-autonomous problems with the VMO condition for z. We also refer to
[36, 49, 50, 52, 7, 18] for related partial regularity results for functionals or elliptic systems with
variable growth conditions, e.g., p(z)-growth, LP0) log L-growth and double phase growth.

Partial regularity results for quasiconvex functionals with p-growth, including the papers men-
tioned above, deal with the superquadratic case (p > 2) and the subquadratic case (1 < p < 2)
in different ways. They treat only one of the two cases, or the two cases separately, with dif-
ferent regularity assumptions on D?f and different approaches. However, in the general growth
case with ¢ satisfying (¢1)-(¢2), the functional can be neither superquadratic nor subquadratic
since it is possible that 1 < pu; < 2 < pg in (p2), and the blow-up technique is doomed to
failure. Therefore, a unified assumption and an approach are required in this general setting.
To this aim, Diening, Stroffolini and Verde [25] considered degenerate autonomous functionals
(i.e., f(z,u,P) = g(P) in (1)) with general growth and a unified assumption on D?f(P). They
introduced the @-harmonic approximation - i.e., the counterpart of the p-harmonic approxima-
tion in the setting of nonstandard growth - and derived excess decay estimates with a new excess
functional in terms of shifted N-functions, which implies the partial C1*®-regularity. As for the
quasiconvexity for general growth, in [23] an improved version of the A-harmonic approximation
in the Orlicz setting has been introduced by using the Lipschitz truncation technique and a du-
ality argument. In addition, they deduced via interpolation global Calderén-Zygmund estimates
in Orlicz spaces for A-harmonic maps in balls. This result has been extended to non-autonomous
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functionals in [15, 34, 53]. In particular, in [34], partial Holder-regularity is proved for non-
autonomous functionals with general growth and VMO cefficients.

Partial C1'*-regularity on boundary points for quasiconvex functionals with p-growth when
p > 2 was studied by Grotowski [35] and Hamburger [37], where they obtained the boundary
versions of A-harmonic approximation and the blow-up technique. Later, Beck [4] proved partial
Holder regularity results by using the approach in [32], and this result was extended to elliptic
systems with superquadratic general growth, i.e., pu; > 2 in (¢2), and VMO coefficients in
[51]. Here, we point out that the previous results are concerned with the superquadratic case.
On the other hand, Beck [5] also considered partial C1:®-regularity on the boundary in both
the subquadratic and the superquadratic cases. We recall also the contribution by Campanato
[13], where assuming merely the continuity of the coefficients with respect to (x,u) without any
further structural assumptions, he proved that the weak solution u is Hélder continuous with
every exponent 0 < a < 1 up to the boundary outside a negligible set, for the low dimensional
case, n < p+ 2. We also refer to [11, 12] for boundary partial regularity for parabolic systems.

As for the Hausdorff dimension of the singular set, the only known results are for integrands
f which are convex with respect to Du and Holder continuous with respect to (z,u), [41], or
for Lipschitz minimizers of quasiconvex functionals, [42]. Regarding the boundary regularity it is
worth mentioning the paper [43] where for regular integrands strongly convex in Du it is proved
that H"~!-almost every boundary point is regular. In addition, using the method introduced
in [41] about fractional differentiability, there are results for the general growth case in [19, 17].
Summarizing, the existence of regular boundary points so far has been proved only for special
structures [39, 27] or a-Holder continuous coefficients with « > %, see [26, 43, 6]. Therefore,
it is still an open problem even for systems or quasiconvex functionals with Holder continuous
coefficients with small Holder exponents and standard p-growth. We further refer to [6, Section
6] for existence of regular boundary points.

Description of our results. In this paper, we consider partial Holder regularity on boundary
points for quasiconvex functionals with general growth in the gradient and VMO in the z-variable
that can be neither superquadratic nor subquadratic, and characterize the set of regular boundary
points. More precisely, we prove that if the boundary and the boundary datum are of class C!
then the minimizer u of the functional (1) satisfying the general growth condition in Section 1.1
is locally Hélder continuous for every Holder exponent a € (0,1) at any boundary point that is
Lebesgue type, in some sense, with respect to Du. Moreover, we assume that the functional is
non-degenerate, and this allows us to convert the original functional with C* boundary datum to
a functional with the zero boundary value.

Finally we briefly comment on the strategies adopted in this paper. We consider minimizers of
functionals in half balls that have the zero values on the flat boundaries. Then we try to follow the
approach in [34], where, however, the main techniques consider balls as domains, and this does
not allow to apply directly these results to the boundary case. To overcome this difficulty, when
possible, we employ the zero and the odd extensions. Such extensions cannot be applied to the
A-harmonic approximation step in Section 2.5, since the odd extension of an A-harmonic map is
the solution to a (in general) different homogeneous linear equation with measurable coefficients
and the zero extension is more complicated. Nonetheless, simple computations show that the
method of odd reflection turns to be useful for systems with a special structure, as diagonal and
Uhlenbeck-type systems. A further issue to face is that differently to what happened in [23], global
Calderén-Zygmund type estimates for .4-harmonic maps in half balls are not clearly known since
half balls are not domains of class C! but just Lipschitz domains (see, e.g., [38, Theorem A] for
some well-known negative examples about the inhomogeneous Dirichlet problem for the Laplace
equation in Lipschitz domains). Therefore, we consider global Calderén-Zygmund estimates on
not half-balls but relevant C'-domains (see Theorem 2.7). Finally, we emphasize that in earlier



4 J. OK, G. SCILLA AND B. STROFFOLINI

papers singular sets were defined in terms of integrals involving shifted N-functions ¢, or the
vector-valued function V (see Section 2.2). Moreover, in the subquadratic case, the singular set
of boundary points had a complicated structure (see [5, Theorem 1.1]). On the contrary, in this
paper we define it in terms of L' integrals, hence the singular set becomes more clear and smaller.
This improvement is possible by deriving the reverse Holder type estimates in (26) and (33).

Outline of the paper. The paper is organized as follows. In Section 1.1 we specify the main
assumptions on ¢ and the integrand f, and we state the main result of the paper, Theorem 1.1.
In Section 2 we fix the main notation that we will use throughout the paper and recall some
basic definitions and preliminary results. Specifically, Sections 2.2-2.3 contain some facts about
N-functions and Orlicz-Sobolev spaces, while Section 2.4 collects few standard technical lemmas.
Finally, in Section 2.5, we prove the A-harmonic approximation lemma on upper half balls. In
Section 3 we derive Caccioppoli inequalities and higher integrability results for the minimizer of
our functional, and we introduce the relevant objects, as the excess functionals, that will come into
play later. With Section 4 we start with the analysis of the partial regularity for the minimizer.
In particular, in Section 4.1 we prove the necessary result of almost A-harmonicity in order to
obtain the excess decay estimate in Section 4.2. The last Section 4.3 is entirely devoted to the
proof of Theorem 1.1.

1.1. Assumptions and statement of the main result. We first list the main assumptions
on the integrand f in (1). As mentioned above, we consider a non-degenerate quasi-convexity
condition with general growth. We note that such conditions in the degenerate setting can be
found, for instance, in [23] for autonomous functionals, i.e. f(z,u,P) = f(P), and in [34] for
general functionals with VMO condition in z. Here the degenerate condition can be obtained
from assumptions (F1)—(F6) by removing the “41”. We also refer to [15, 53].

We start by introducing an N-function ¢ : [0,00) — [0, 00), and we assume that ¢ satisfies

(p1) ¢ € C([0,00)) N C*((0, 00)); 1" (1)
/(t

(¢2) 0 < pp —1 <infysg % Ssupysg gy S M2 — 1 for suitable constants 1 < p1 < ps.

Without loss of generality, we shall assume that 1 < g1 < 2 < po. The properties of ¢ complying
with the preceding assumptions will be introduced in Section 2.

Let the integrand f : Q x RV x RV*" R f = f(x,u,P), in (1) be Borel-measurable and
the partial map P — f(-,-,P) € C2(RV*"). We denote by Df and D?f the corresponding first
and second gradients, respectively, for fixed x and u. Then, with the N-function ¢ and some
constants 0 < v < L, f is assumed to satisfy the following conditions:

(F1) (¢p-growth condition I) for every x € Q, u € RY and P € RVx"
vo([P|) + f(z,u,0) < f(z,u,P) < Lo(1+ [P]);
(F2) (p-growth condition II) for every € Q, u € RN and P € RV*"
[Df(z, 0, P)| < Lg'(1+[P]) and  |[D?*f(x,u,P)| < L (1 + [P);

(F3) (p-quasiconvezity) for every z € Q, u € RY and P € RV*" and every n € C5°(B,RY)
with ball B C Q,

/Bf(ar,u,P +Dn(y)) — f(z,u,P)dy > v /Bw”(l + [Pl + [ Dn(y)]) [Dn(y)* dy ;
(F4) (VMO-condition for x) with respect to the dependence on the z-variable we do not impose

a continuity condition, but we assume that the function z — f(z,u,P)/p(1 4 |P|) satisfies
the following VMO type condition, uniformly with respect to (u,P): for every u € RY and
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P € RY*" and every Q,(zg) := QN B,(x) with 29 € Q and r € (0, 1],
[f (2,0, P) = (f(- 0, P))ag | < 0o r(2) (1 + [P])  for all z € By (z0),

where vy, : Qp(x0) — [0,2L] are bounded functions such that

lim V(p) =0 with V(g) := sup sup ][ Vo r () dz,
0—0 0<r<p IOEQQ (20)
r(zo

and .
f '7u7P T0," T Ty 7o N1 f SU,U.,P d.’E;
e PDeor = 1000l Joen T &)

(F5) (Uniform continuity for u) for every € Q, u,uy € RY and P € RVxn
[f(z,u,P) — f(x,u0, P)| < Lo(|u —uo|)p(1 + [P]),
where w : [0,00) — [0, 1] is a non-decreasing, concave modulus of continuity; i. e., lim; o w(t) =
w(0) =0.
(F6) (Continuity of D*f for P away from 0) there exists a non-decreasing, concave function
w1 : [0,00) — [0,1] with lim; o ws (t) = w1(0) = 0 such that for every z € Q and u € RV,
and every P,Q € RV*" with 0 < |P| < 3(|Q[ + 1)

ID*f(z,0,Q) = D*f(w,u, P+ Q)| < Lg"(1+]Q]) wr <1 |+P||Q> '

Without loss of generality, we assume that the map t — w1 (¢t)/t is almost decreasing with
constant L > 1 (see the next section for the definition of “almost decreasing”).
Note that the p-growth and the -quasiconvexity conditions (F2) and (F3) imply the following
strong Legendre-Hadamard condition:

7" (1+[P)[E[IC)° < (D*f(,u, P)E @ ¢ [€®C) < Le" (1 + [P])IELICI (2)
forallz € Q, u,€ € R”, ¢ € RN and P € RV*" and for some 0 < 7 < L depending on n, N, v, L.
In addition from the first inequality in (F2),

fuP) ~ (e w QI < LIP - Q1+ [P+ 1Q) S cpl+ P +1Q).  (3)

Now we state our main regularity result (for the notation, we refer to Section 2.1 below).

Theorem 1.1. Let Q C R" be a bounded C* domain, g € C*(Q,RY) and ¢ be an N-function
satisfying assumptions (¢1) — (¢2). Consider a minimizer u € ngW()l"p(Q,RN) to the functional
(1) under assumptions (F1) — (F6). Then the set of reqular points on the boundary 0 given by
0Ny = ﬂ {xg €02 : uec C*U,, NGRY) for some Uy, },
a€e(0,1)

where Uy, is an open neighborhood of xq, satisfies 00\, C Sing,(02) where

Sing,, (09Q) =< xo € 0N : 1im\%1f ][ |Du — (Dy, W), (zy) @ V| dz >0
e
Q2 (z0)

U zo € 0Q: limsup (| Dy, ul)o,(z,) = +00 ¢ -
oNO

where vy, is the inward unit normal vector at xo € 0S2.

2. Preliminaries and basic results.



6 J. OK, G. SCILLA AND B. STROFFOLINI

2.1. Notation. We denote by B,(zg) the ball of radius r > 0 centered at zy € R™. We also
consider the upper half ball
Bf(zg) :={z €R": 2, >0, |xr—z0| <7},
where 7o € R"~! x {0}, and the part of B,(zg) in
O (x0) := Br(z) N Q.
We write
Tr(zo) i={z = (z1,...,2n) ER": | —m¢| <7, 2, =0}
for zo € R"~! x {0}. In the case x¢p = 0, we will use the shorthands B, B;", Q, and T, in place
of B,.(0), B;F(0), £,(0) and I',-(0), respectively.
For U C R" and f € L'(U,R?) for some d € N, we denote the average of f by

1
U ZJ[fdx = [l / fdz and, in particular, (f)aer = (f) s+ (40)»
U
U

where zo € R"~! x {0}.

We say that a function ¢ : I — R, where I C R is an interval, is almost increasing, or almost
decreasing, with constant L > 1, if ¢(s) < La(t), or ¥(t) < Li(s), for all s,t € I with s < ¢.
In particular, when L = 1, we say f is non-decreasing, or non-increasing. Regarding the almost
decreasing condition, we introduce the following Jensen type inequality:

Lemma 2.1. Suppose 9 : [0,00) — [0, 00) is a non-decreasing function such that 1 (t)/t is almost
decreasing in t € (0,00) with constant L, and f € L*(Q). Then

][w (Iff)do < (L+1 <][|f|dx>

Proof. By the same argument in the proof of [50, Lemma 2.2], there exists a concave function
such ¢ : [0,00) — [0,00) that () < ¥(t) < (L 4+ 1)3(t), for all ¢ > 0. Therefore, applying
Jensen’s inequality to 1, we have the desired inequality. O

2.2. Some basic facts on N-functions. We recall basic notation and properties about Orlicz
functions. The following definitions and results can be found, e.g., in [40, 44, 8, 2].

A function ¢: [0,00) — [0,00) is called an N function if it is convex with ¢(0) = 0 and ¢
admits ¢’ : [0,00) — [0,00) such that (¢ fo ¢'(s)ds, where ¢’ is right continuous, non-
decreasing and satisfies ¢'(0) = 0, ¢'(¢) > 0 for t>0, and lim;_, o0 ¢’ (t) = 0co. From now on, ¢ is
always an N-function.

We say that ¢ satisfies the Ag-condition if p(2t) < ce(t) for all ¢ > 0 and for some ¢ > 1.
Here, we denote the smallest possible such constant ¢ by As(p). Note that the As-condition is
equivalent to ¢(2t) ~ ¢(t) and implies ¢(t) ~ t ¢’ (¢) uniformly in ¢ > 0.

We define by the right inverse of ¢’

(¢)7H(t) :=sup{s € [0,00) : ¢(s) <t}, t>0,

which is well-defined by the definition of N-function. If ¢ is strictly increasing (')~ is the usual
inverse of ¢'. We further define the Young-Fenchel-Yosida conjugate function of ¢ by

t
o= [N ds ez
0
Then ¢* is again an N-function with (0*)'(¢t) = (¢')71(¢), (¢*)* = ¢ and
(1) = sup (at — p(a)).
a>0



BOUNDARY PARTIAL REGULARITY FOR MINIMIZERS OF DISCONTINUOUS QUASICONVEX INTEGRALS?

For convenience, Ay (¢, ¢*) stands for Ay(p) and As(p*), and As(p, p*) < co means ¢ and ¢*
satisfy the Ag-condition. If As(p, p*) < oo, we have ¢*(¢'(t)) ~ ¢(t) uniformly in ¢ > 0 and,
from the last identity above, the following Young’s inequality: for any § > 0 there exists ¢s > 0
depending on Ay (¢, ¢*) and ¢ such that

at < dp(t)+csp*(a) forall t,a>0.

In particular, if § = 1, we can take ¢5 = 1.
Now, we consider an N-function ¢ satisfying (¢1) — (¢2). We recall [34, Proposition 2.1] that
collects elementary properties of such .

Proposition 1. Let ¢ be an N-function complying with (¢1) — (¢2). Then
(i): it holds that

(11 =)' (t) <t"(t) < (n2 = 1)@'(t) <= ¢'(t) =te" (1)
uniformly in t > 0. The constants p1 and po are called the characteristics of ¢;
(ii): it holds that
to'(t to'(t
1y < inf so()Ssu ¢'(1)
>0 @(t) T >0 @(t)

> 25
(iii): the mappings

¢'(t)  ¢(t)
thi—17 ¢

¢'(t) et
=17 fu2

t € (0,400) — and t e (0,4+00) =

are non-decreasing and non-increasing, respectively;
(iv): as for the functions ¢ and ¢’ applied to multiples of given arguments, the following inequal-
ities hold for every t > 0:

a2 o(t) < plat) <ao(t) and a7l (t) < ¢'(at) <@ TH(t) if 0<a<1;
a"(t) < plat) < a'?@(t) and a1 (t) < ¢'(at) < a2 Q' (t) if a > 1.

In particular, it follows that both ¢ and ¢* satisfy the As-condition with constants As(p)
and Aq(p*) determined by py and ps.

We remark from the the preceding proposition that
pt) ~ '), et) ~ ", @ (¢(1) ~ e (b)) ~ (),
and for every a,t > 0

min{aﬁ,afg}ga*l(t) <o Hat) < max{aﬁ,ai} o H1).

For a given N-function ¢, we define shifted N-functions ¢,, a > 0, introduced in [19] by
t
t
plt)i= [ dlds  with (0= ¢lat ). ()
0 a+ t

Note that ¢o = ¢. If ¢ satisfies (¢1) — (¢2), then families {¢q}a>0 and {(¢q)* }a>0 satisfy the
As-condition uniformly in a > 0 and

: platt), ¢lati)
eult) ~ )0 = A0 e EE D,
pla+1) ~ [pa(t) + p(a)]
toa(t
¢a(t)
see [19]. Moreover, by [22, Corollary 26] we have the following lemma, which deals with the
change of shift for N-functions.

~ go’/(a+t)t27 (5)

~— >

mina, (41 — 1)} < < max{(ss — 1), a}
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Lemma 2.2. Let ¢ be an N-function with As(p, ™) < oo. Then for any n > 0 there exists
¢n > 0, depending only on n and Ay (p), such that for all a,b € RY, deN, andt >0

Pla) (t) < cpppp)(t) + npjal(la = bl). (6)
We further define V, : R™ — R™, where a > 0 and m € N, by
Q
Va(Q) = \/%(|Q|)|QI@ :
where ¢/, is defined in (4) with ¢ satisfying (¢1) — (©2). We write V(Q) = Vo(Q) = @’(|Q|)\Q|%.
Then we have that
Va(Q)F = ¢, (1QDIQI ~ »a(1Ql)
and, by Young’s inequality,

PL(1QDIP| < 5 (2a(1QD) + @alIPl) ~ ¢a(IQ) + wal(IP]) ~ [Va(Q)* +[Va(P)[?

uniformly in P, Q € R™ and a > 0. Moreover, we have from [19, Lemma 3], replacing ¢ with 1,
that

[Vi(P) = Vi(Q) ~ o14p|(P-Ql), P,QeR™, (7)
and from [21, Lemma A.2], replacing V with V7, that for g € W19 (B,.(z0); R™),
f Ve - Vil@s)Pde~ Vi) = (Vi) do. )
BT(I(]) BT(CEO)

Remark 1. In recent contributions (see [20, 3]) a new definition of shifted N-function has been
devised; namely,

t
wlaVs)

o(t) = ——sds, t>0, 9

eult) = [ L sas )

where s1 V so := max{sy, sa} for every s1,so € R. The two versions of shifted N-function

share almost all properties. The main difference is that the new definition yields the equality
(©")a = (¢*)y/(a), in place of the equivalence relation provided by the original definition (4).
Then this equality implies sharper constants in some estimates, as in the “removal of shift”
lemma, [3, Lemma 13] which improves, with the new definition (9), the result of Lemma 2.2 with
b =0.

2.3. Orlicz-Sobolev spaces. L¥ and W¥ are the classical Orlicz and Orlicz-Sobolev spaces,
ie, fe L¥iff [o(|f])dz < co and f € Wh¥ iff f,Df € L¥. Note that equipped with the
Luxemburg norm L¥ is a reflexive Banach space, hence so is W%, The space W&’”(Q;RN)
denotes the closure of C§°(Q;RY) in WL (Q;RY), and for g € WH¥(Q,RY), we denote g +
Wy ? (RN ;= {f+g : f e W,?(QRY)}. We also introduce the following notation for W-
functions defined on some half-ball B, (z() with zo € R"~! x {0} and which vanish (in the sense
of traces) on the flat part of the boundary:

WE (B} (20); RY) := {u e WH(BF (0); RY) : u=0 on I',(0)} .

We next introduce Poincaré and Poincaré-Sobolev type inequalities in the Orlicz-Sobolev space
on Lipschitz boundaries. The first lemma is a Poincaré type inequality for Sobolev functions with
zero value on the flat boundary, that can be found in [51, Lemma 2.4]. In this case, compared
with a usual Poincaré type inequality, the gradient on the right-hand side is replaced by the
directional derivative D,u. We also note that in [51, Lemma 2.4] the N-function ¢ is assumed
to satisfy (p1) — (©2), but the result still holds for any N-function ¢ satisfying As (¢, ¢*) < oo.
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Lemma 2.3. Let ¢ : [0,+00) — [0,400) be an N-function complying with Ax(p, p*) < oo.
There exists ¢ > 0 depending on n, N, As(p, ¢*) such that if u € WH1(BF (z0); RY) with u =0
on T'.(x9), where o € R*~1 x {0},

/ s0<|u|) dr<e oDl dr. (10)

B (z0) B (20)
The second lemma is Poincaré-Sobolev type inequalities for Sobolev functions. We can deduce
these results from the standard Poincaré-Sobolev inequality in [19, Lemma 7).

Theorem 2.4. Let ¢ : [0,400) — [0,+00) be an N-function complying with As(p, 9*) < oo,
There exist o € (0,1) and ¢ > 0 depending on n, N, As(p, ¢*) such that if u € WH(B,;RN)

1

fo(Bm) < ( f e (vu) dz> (1)
B, B,

moreover, if u € WH(B,;RN) with u =0 on B,, oru=0 in A C B, with |A| >0,

][<p (':') dz < c<][ & (|Du]) da:) é, (12)

d T

where in the second case, the constant ¢ depends also on Iﬁﬂ‘,

2.4. Some useful lemmas. The following lemma is useful in order to re-absorb certain terms
(see [33, Lemma 6.1] and also [23, Lemma 3.1]).

Lemma 2.5. Let ¢ be an N-function with As(¢)) < co. For 0 < r < p, let h € LY(B,) and
g : [r, 0] = R be nonnegative and bounded such that for allr < s <t <p

|h(y)| B
< A —
o <o)+ 4 [ o (F2) ay+ s w0
where A,B,C >0, >0 and 0 € [0,1). Then, for all0 < r < p,

We now state another useful iteration lemma (see, e.g., [33, Lemma 7.3]).

g (T) < C(Ga A2(¢)»ﬂ)

Lemma 2.6. Let ¢ : (0, 9] = R be a positive and non-decreasing function satisfying
() < 9 (0% 0) + &% o)™ for every k=0,1,2,...,
where ¥ € (0,1), A € (0,n) and ¢ > 0. Then there exists ¢ = c¢(n,9,\) > 0 such that

A
P(t) <c { (2) ¥(o) + Et*} for every t € (0,0].

2.5. A-harmonic approximation on half balls. We introduce here a flat boundary version of
the A-harmonic approximation result in the setting of Orlicz spaces proven in [23, Theorem 14].
As remarked in the Introduction, the lack of global Calderén-Zygmund estimates in the Orlicz
spaces L¥ for A-harmonic maps in half balls leads us to adopt a trick to prove an A-harmonic
approximation lemma on half balls. The idea is to construct a suitable “smooth neighborhood”
of the upper half ball; i.e., a domain U of class C' containing the half ball in such a way that
the flat part of the boundary be a proper subset of U (see Fig. 1), and then to obtain global
Calderén-Zygmund estimates in this domain (see Theorem 2.7).
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Let A be a bilinear form on RV*". We say that A is strongly elliptic in the sense of Legendre-
Hadamard if for all € € RV, ¢ € R™ it holds that

ral€l?[¢)? < (A€ @ Q)€ ® ) < Lalef1¢) (13)

for some 0 < k4 < Ly, and ¢ be an N-function with Ay(p, *) < co. We say that a function
w € Whe(Q; RY) is A-harmonic on € if it satisfies —div(ADw) = 0 in the sense of distributions;
i.e.,

/ (ADw|Dn)dz =0, forall ne C(Q;RY).
Q

Let us denote by U the set of all x = (2, 2,) € R"! x R = R" such that 0 < z,, < p and 2’
satisfies

|(E/‘2+15721:Q2 if §§xn§97
2 .

(2] = 43 + (on = §)* = £5 i 0 <wn <,

] < 43 i =0

(see Fig. 1), and U the interior region of OU. Note that OU consists of portions of spheres with
radii o and /4, and is of class C! with C! semi-norm depending only on n . Moreover, we also

+ + . . . : ” +
have Bﬂg/2 C U C By, hence 9U can be considered as a “smooth neighborhood” of Bﬂg/z

with the flat part of the boundary in common with that of 83%9/2.

Tn

F1GURE 1. The smooth neighborhood U.

We then consider the Dirichlet problem

—div(ADw) = —divF in U, (14)
w=0 on OU,

and have the following result of existence and uniqueness of weak solutions in Sobolev Orlicz
spaces (see [23, Theorem 18]).

Theorem 2.7. Let A be strongly elliptic in the sense of Legendre-Hadamard, ¢ be an N -function
with As (@, 9*) < 00, and U C R™ as above. Then for every F € L¥(U;RN*"), the A-harmonic
system (14) admits a unique weak solution w € W3¢ (U; RN) such that

| DW|| ey < cl|Fl e

and
/ o(|Dw))dz < / S(F))dz (15)
U U

where ¢ depends on n, N, k4, La and As(p, ¢*).
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Note that the constant ¢ in the above theorem is independent of the structure and the size of
0U, since QU is constructed by connecting in a smooth way a flat region with only portions of
spheres whose radii are g and o/4.

We next introduce regularity estimates for the weak solution to
—div(ADh) =0 on Bf
h=0 onI',.

We refer to [33, Section 10.2], in particular, Eq. (10.22) and Remark 10.1. Note that the condition
As(p,9*) < oo implies that Wr? (B RY) € WAP(B;;RN) for some p > 1. Hence, in what
follows we can take advantage of the classical regularity theory results.

Theorem 2.8. Let A be strongly elliptic in the sense of Legendre-Hadamard, and ¢ be an N -
function with As(p,¢*) < oo. If h € WE?(B;RN) is a weak solution to (16), then h €
WQ"X’(B:%;RN) and we have

sup (|Dh| + r|D?h|) < c][ |Dy,h| d. (17)

+
Br/2 B:—

where ¢ = ¢(n, N, k4, LA).

The following is a flat boundary version of the .A-harmonic approximation in the setting of
Orlicz spaces in [23].

Theorem 2.9. Let A be strongly elliptic in the sense of Legendre-Hadamard, ¢ be an N -function
with As(p, p*) < oo, and let s > 1. Then for every e > 0, there exists 6 > 0 depending only
onn,N,ka, La,Aa(p, ") and s such that the following holds. Let v € W;"P(B;‘,RN) be almost
A-harmonic in the sense that

‘][ (ADv|Dn)dz| < 6][ |Dv| dz|| Dnl| oo 54 for all p € C5°(BF;RY). (18)
Bf Bf
Then there exists z € WE’W(B;/Q;RN) such that z is a weak solution to
—div(ADz) = —div(ADv) on BJ@
z=0 on Fé, (19)
and
][ <p<|zg|> dz + ][ ©(|Dz|)dz < 5((][ <p3(|DV|)dx) ’ + ][ cp(|DV|)dx> .
o2 o/ Bf By

Proof. Let U be the set constructed in the beginning of this subsection. The argument of [23,
Theorem 14] holds true (with minor changes) for U in place of B. We then prefer to omit the
details, just providing a sketch of the proof.

Our aim is to find the A-harmonic function h € W1#(U; RY) with the same boundary values
as u; i.e., the solution of the problem

—div(ADh) =0 inU
h=u on OU .
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Setting z := h — v, the previous problem can be rewritten as

{div(ADz) = —div(ADv) in U (20)

z=0 on OU

in the sense of distributions. Now, as a consequence of Theorem 2.7, there exists a unique solution
z to the equation (20) in Wy'#(U; RN). Note that z is also a weak solution to (19) and complies
with the estimate

[ etpdass [ eipahas<e [ sqpvhasse [ sovias.

3 e
o

From this point on, the proof follows exactly (with the obvious minor changes) along the lines
of [23, Theorem 14]. Indeed, [23, Lemma 20] can be applied to z in order to obtain the necessary
variational inequalities involving test functions, then one can exploit the result of Lipschitz trun-
cation in Orlicz spaces ([23, Theorem 21]), which holds for open sets 2 with Lipschitz boundary
whose Lipschitz semi-norms depend only on n, and in particular for Q = U. O

Remark 2. We will exploit the previous approximation result in a slightly modified version.
Indeed, as already remarked in [15, Lemma 2.7], under the additional assumption

1

s

][ o(IDv])dz < ][ S(Dv)dz | < o(u)

By By

for some exponent s > 1 and for a constant p > 0, and (18) replaced by

< 6pllDnl oo (g »

'][ (ADv|Dn) dx

it can be also seen with minor changes in the proof that the function z above satisfies

f w('g') do+ f (Da)do < o).

B@/Z Bg/z

3. Caccioppoli type inequalities and higher integrability.

3.1. Caccioppoli type inequality I. We derive Caccioppoli type inequalities near the boundary
for the minimizer of the functional (1), where f : @ — RN x RV*" — R satisfies the following
assumptions:

V‘P(|P|) < f($7u7P)_f($’ua0) < L(p(1+|P|) and |f($L',u,P)—f(x,UQ,P)| < L@(l""‘Pl) (21)

for all P € R™" and u,ug € RY and for some 0 < v < L, and ¢ is an N-function with
As(p, ™) < 0o. Then, using these inequalities, we obtain higher integrability results. We note
that the assumptions (F1), (F2) and (F5) imply (21), see (3).

We first introduce a Caccioppoli inequality on a boundary region for the minimizer of (1).
This is a boundary, and also non-degenerate, counterpart of [34, Lemma 3.1].

Lemma 3.1. Suppose that Q is a Lipschitz domain, B,(zo) ¢ Q with xg € Q, f : Q x
RN x RV*n 5 R satisfies (21) with an N-function ¢ complying with As(p,*) < oo, and
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g € Whe(Qu(z0);RY). Let u € Wh?(Q,(z0); RY) be a minimizer of (1), replacing 0 with
Qy(x0), such that u—g =0 on 0Q N B,(x). Then, for every r € [0/2, o) there holds

u -

/ o(1+ |Dul)dx < c/ Lp(l+g|) da:—i—c/ »(|Dgl) dz (22)
Qr(z0) Q2 (z0) o—r Qy(z0)

for some constant ¢ = ¢(L, v, As(p, 9*)) > 0.

Proof. We assume that zo = 0 for simplicity. Let r < s <t < p, n € C§°(By) withn >0,n=1
on By, and |Dn| < ¢(n)/(t — s), and set & := u — n(u — g). Since n(u —g) € W, ?(Q;), by the
minimality of u and (21),

[ etpuds < [ (w0 - fan0)ds < 5 [ [f(0€DE) = fon.0))ds

1% Q

IN

[ lep1+ D€ + £(2.6.0) - f(wu.0) do
v Q,

<o cipupdsre [ [o(52E) +o008) 4 o) o

S

This implies

/@(1+|Du\)dx§ % /ap(1+|Du|)dx+c/
Q. T+co Jo,

Q

7 <|u_g|> d“C/Q [o(|Dg]) +p(1)] da.

t—s
e
Therefore, applying Lemma 2.5, we have the desired estimate. O

Using the preceding lemma, we prove the following higher integrability result up to the bound-
ary on a Lipschitz domain satisfying the following exterior uniform measure density condition:
there exist ¢ > 0 and rg > 0 such that

|B,| < cqlQ°N B.(z9)] for all zg € 9Q and all r € (0, ro]. (23)

Theorem 3.2. Suppose that Q0 is a Lipschitz domain satisfying (23) with constants cq,r9 > 0,
By(zo) ¢ Q with g € Q and 0 < p < 19/2, f : Q x RN x RV*" — R satisfies (21) with
an N-function ¢ complying with As(p,0*) < 0o, and g € Wh#(Q,(x0); RY) satisfies p(|Dg|) €
L5 (Qp(x0)) for some s1 > 1. There exist an exponent so € (1, s1) and a constant ¢ > 0 depending
only on n, N, L,v, As(p,¢*), s1,cq such that if u € Wh?(Q,(20); RY) is a minimizer of (1),
replacing Q with Q,(xg), and u—g = 0 on 00N B,(xg), then, for every Bs,(y) C By(xo) with
y e,

][ <ps°(1—|—|Du|)dx§c< ][ @(1+|Du|)dx> +c][ oo(Dgl)dz.  (24)

Q- (y) Qsr(y) Qs (y)

Proof. Fix any Bs,(y) C Bo(xo). If By, (y) C , in view of [34, Theorem 2.7 and Lemma 3.1] we
infer that

][ o(1 4 |Dul)dz < ¢ ][ @(1+W> dx§c< ][ <pa(1+|Du|)dx>

B (y) Bar(y) B2 (y)

for some o = a(n, N, Aa(p, ¢*)) € (0,1) and ¢ = ¢(n, N, L, v, Aa(p, ¢*)) > 0. On the other hand,
if Bo-(y) N OQ # 0, applying Lemma 3.1 with (g, 6r, 3r) in place of (zg, 0,r) and (12) with u — g

a
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in place of u, we infer that

/ ©(1+ |Du|)dx < / ©(1+ |Du|)dx
Q- (y) Q3 (9)

gc/ (p<1+|u—g|> dx+c/ o(|Dg|) dz
Q6. () " Q6 (9)

a

SCBT'|(1+CQ)< ][ @a(ID(u—g))dﬂf)

+ c/ (1 + | Del) de
~ fla.,‘(’!])
Ber(9)

Here we extended u — g to B,.(xp) \ © by 0 and used the fact that B,.(y) C Bs, () C Besr(4) C
Bs,(y). Therefore, we obtain that for every Bs,(y) C B,(xo),

1

a

][ e(1+ |Du|)lgdx < 6( ][ [¢ (14 |Dul) ]lg]o‘dx> +c ][ o(|Dg|) 1 dx
B (y) Bsr(y) Bsr(y)

for some ¢ = &(n, N, L, v, As(p, 9*),cq) > 0, where 1g is the characteristic function of . Then,
by virtue of Gehring’s Lemma (see e.g. [33, Theorem 6.6]) we prove (24). O

From the preceding theorem with a covering argument, we derive the following two corollaries
that will be used later. The first corollary is a higher integrability result on the flat boundary.
Its interior version in the degenerate case can be found in [34, Lemma 3.2].

Corollary 1. Suppose zg € R"™! x {0}, and f : Bf (z0) x RN x RN*" — R satisfies (21) with
an N-function ¢ complying with Aq(p, p*) < co. Let u € WE’”(B;F(xO);RN) be a minimizer of
(1) with Q = Bg'(xo). There exist an exponent sg > 1 and a constant ¢ > 0 depending only on
n, N, L,v, As(p, ©*) such that for every s € (1, s0] and every radius r € [0/2, 0), one has

S

][ ©*(14 |Du|)dz < ¢ <Q E T)”(Sl) ( ][ o(1+ |Du|)dm> . (25)

B (z0) BJ (z0)

Moreover, we also have for any t € (0,1]

][ @(1+Dnu)dm§ct< ][ 30(1—|—|Dnu|)tdx> , (26)

33/2(900) Bj (z0)
where ¢; > 0 depends on n, N, L,v, As(p, ™) and t.

Proof. Set Q = R’}. Note that R" satisfies the uniform measure density condition (23) with
co = 2 and any rg > 0. By Theorem 3.2 with g = 0, we infer that

][ ¢5(1+|DU|)dISC< ][ p(1+ |Du|)dx>

+ +
B,_.(y) By (o—rm @)

for every r € [0/2,0) and every y € B;f(xg). Therefore, by a standard covering argument, we
prove (25).
Moreover, from (25), (22) and (10) we deduce that for every 1 <7 <7 <1
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1

< ][ <P(|Dnu|)sod$> SW ][ o(1+ |Dpu|)de.

B, o(wo0) B (z0)

for some By = Bo(n,sp) > 0. For ¢t € (0,1), set 6§ € (0,1) such that t = 503(017::). Then an

application of Holder’s inequality and Young’s inequality yields

1

( / @<|Dnu|>50dw> <= f el IDaude

B, o(wo) B (z0)
6 1—6

(72671)30< ][ (14 [Dyul)™ dx) ’ ( ][ o1+ D”u)tdx>

%
B"tz@(zo) B:—rgg(xo)

< ;( ][ o(1 + |Dpul)® dx) i +(7-2—j-1)1%< ][ ¢(1+|Dnu|)tdx>

B, o (x0) B3, (z0)

IA

1
t

Finally, applying Lemma 2.5, we have (25). O
The second corollary is a global higher integrability result in an upper-half ball.

Corollary 2. Suppose that xo € R"™' x {0}, f: Bf (x0) x RY x RN*" — R satisfies (21) with
an N-function ¢ complying with As(p, ¢*) < 00, and g € Wh?(B/ (20), RY) satisfies o(|Dg|) €
L (Bf (x0)) for some sy > 1. There exists an exponent so € (1,s1) and a constant ¢ > 0
depending only on n, N, L,v, Aa(p, ©*),s1 such that if u € Wl’S"(B;(xO);RN) 18 the minimizer
of (1) with Q = B} (x0), and u =g on dBJ (x0), then ¢(|Dul) € L* (B, (x0)) with the following

estimate: for every s € (1, s¢)

/ ©* (14 |Dul)dx < c/ ©*(1+|Dg|)dz. (27)
Bf (z0) Bf (z0)

Proof. First, we observe that B (zo) satisfies the exterior measure density condition in (23) with

cq = 2 and ¢ = p; hence, we obtain (24) for all Bg,(y) C B,(zo) with r < ¢/16 and y € By(zo).
Therefore, applying a standard covering argument and the fact that, by (21) and the minimality
of u,

[ eipuhas<y [ g Du) - fu0)ds
B V JBF (x0)

1 / f(z.8,Dg) — f(2.8,0) + f(z,g,0) — f(z,u,0)dz
B (z0)

IA

14
Sc/ o(1+ |Dgl) dz,
B (z0)

we obtain (27). O

3.2. Caccioppoli type inequality II. Next, we derive the following Caccioppoli inequality of
second type for the minimizers of (1), where f : Q x RY x RV¥X" gatisfies (F1) — (F5) with an
N-function complying with (¢1) — (¢2). We note that f satisfies (21), and Aa(p) and Ag(¢*)
are finite and depend on pq and po.
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Lemma 3.3. Suppose that o € R"~* x{zo}, ¢ satisfies (o1) — (p2), and f : Bf (x9) xRN x RN "
does (F1) — (F5). Let u € WI}’“’(B;(xO)) be a minimizer of (1). Then, for every & € RN and
every s € (1, s¢],

][ Pi11e/(|Du—€®e,|)dz < c ][ Preel (|uf€n§|> dz

0
B;/Q(ro) Bj (z0)
11 (28)
+ cp(1 + [€]) w( ][ |u|+u—£xn|dl”> +V(9)1i]
Bf (o)

for some ¢ = ¢(n, N, p1, p2,v, L) > 0, where s > 1 is the constant determined in Lemma 1 with
@ and f given in the present lemma; hence it depends only on n, N, uy, o, v, L, and V and w are
given in (F4) and (F5), respectively.

Proof. We may adapt the interior argument of [34, Lemma 3.4] to the boundary setting, with
minor modifications due to the different assumptions (F1) — (F2) therein. Assuming, without loss

of generality, that zo = 0, we fix any § <7 <7 <t < % with 7 := TT'H, and a cut-off function

n € C5°(By;[0,1]) such that n =1 on B, and |Dn| < % on B,. Correspondingly, we define the
test functions ¢ := n(u — ,&) € WH?(BF;RN) and ¢ == (1 — n)(u — z,€) € WH? (B ;RY).
From this point, the proof goes on as in [34, Lemma 3.4]. We then omit the details. O

For a minimizer u € Wll"p(B;(xo);RN) of (1) with Q = B (x0) and 2o € R"~! x {0}, we set

O(xo, 0) := 9901< ][ p(1+ IDnUI)dz> : (29)

Bf (z0)
Then, we obtain some upper bounds for the remainder term inside w in (28).
Lemma 3.4. Let ¢ be an N-function complying with (p1) — (p2), and u € Wll’“"(B;‘(:Eo);RN)
with o € R*™1 x {0}. Then, for every & € RY, if the smallness assumption
f ereDu-goends < Apl1 +[e) (30)
B{ (z0)

holds for some A > 0, then

1

i
£t dx) < O(w0.0) < e(L + ) (1 + [€]) (31)
B{ (w0)
for some ¢ = c(n, N, u1, u2) > 0.

Proof. First, we note from (¢2) that @(t'/#1) is convex for ¢t > 0. Applying Jensen’s inequality,
the Poincaré type estimate in Lemma 2.3 and the change-shift formula (6) with a = 0, and using
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assumption (30), we obtain

A 7] )< f o(5)mse f o

B¢ (x0) B{ (x0) B{ (20)

< ][ o(|Du — € @ e, ) do + cp(€])

B{ (z0)
<c f erallDu-goends+col+ €)
Bj (z0)
<c(l+A)p(1+[E)),
which yields (31) up to applying ¢! to both the sides and Proposition 1(iv). O

Next, we establish an higher integrability result for ¢14j¢|(|Du — & @ e,|) under assumption
(30).
Lemma 3.5. Suppose that xo € R"~' x {x0}, ¢ satisfies (p1) — (¢2), and f : Bf (xg) x RV x
RN*" does (F1) — (F5). There exist an exponent o > 1 and a constant ¢ > 0 depending on
n, N, pi1, 2, v, L such that if u € Wé’w(Bj(mo);RN) is a mingmizer of (1) and the inequality in
(30) holds for some for some € € RN and A > 0, then, for every s € (1, s¢],

1

( ][ o711/ (|1Du - € ®enl) dfc)

B, )2(wo)

<c | erliDu g en o+ apll+[g) [(1+ 17w (o1 + 1)) + V(0]
B{ (z0)
(32)

where sg > 1 is the exponent determined in Lemma 1 with ¢ and f given in the present lemma;
hence it depends only on n, N, u1, pa,v, L, and V and w are given in (F4) and (F5), respectively.
Moreover, we also have that for every t € (0, 1]

( ][ ‘Pﬁla(D“_ﬁ@e"')dx) Sci( ][ ‘P1+IE<|Du‘£®e”|)tdx>

B*,_(20) BY (20) (33)

0/2
1+ 160) [(1+ )5 (ol1 + IE)~* + V(02

for some ¢; > 0 depending on n, N, pu1, p2, v, L and t.

t

Proof. We follow the argument in the proof of Theorem 3.2. We extend u and u — &z, to
By(xo) \ Bf (w0) by 0, and consider any ball Bg,(y) C By(xo). If Ba,(y) C Bf (20), in view of
[34, Lemma 3.4] with o = 2r, 29 =y, ug = (u)y,2,, and Q = £ ® e,,, we obtain

][ P111e/(|Du—€@ey|)dz <c ][ S01+£<Iu—(u)y,zr—(#£<§<>en)(ac—y)l> e

2r
B (y) B2 (y)

(J

2r (¥)

(34)

s

1—1
+ cp(1+ [€]) lu— (u)y,2r| + |€]]z — ¥ da:) + V(27=)1l] i
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Here, we observe that

f @yl +lglle-yldo<e f |u|dx+c|£|r<c<@(1i|£|) / |u|dx+1>g<1+|s|>

Bar(y) Bar(y) B2 (y)

which with the concavity of w and w(0) = 0, precisely, w(ct) < cw(t) when ¢ > 1, yields

1—1
—(u T — T S c # uldz w 1-5
w< £ o= @ya + el y|d> < <g<1+|£|> £ i +1) (o1 + lED)' .

Bar(y) Bar(y)

Moreover, as f32 () U~ (u)y.2r — (E®e,)(z—y) dz = 0, by the Sobolev—Poincaré type inequality
in (11),

][ P1+¢l (|u — (Wyar 72(5 Sen)l - y)|) de <c ][ 80?+\g|(|Du —-€Q® en|)d:17> ’

Bar(y) Bar(y)

for some « € (0,1). Therefore, inserting the preceding two estimates into (34), we obtain

o

][ ¢1+5|(|Du—€®en|)d$SC< ][ <P?+|g(|D“_§®en|)dx>

B (y) Bar(y)
p(1+ [€)w(e(l + [€])!—* -1 1
e o(1+ ) B][( )|“|d$+090(1+|£|) [W(9(1+I£D) +V()' ">
2r Y

On the other hand, if B, (y) N (R™~! x {0}) # 0, by Lemma 3.3, the Sobolev—Poincaré type
inequality in (12) and the same argument in the case that By,(y) C BJ (xo) in above, we obtain

][ P11jg([Du—€@ey|)dz <c ][ P111e/([Du—€@ey|)dx

B;-(y) B.(9)
-
<c f P141¢| <u6:'n£|) d$+C§0(1+|€|) w( f |u|+|£xn|dx> +V(6T)11‘|
Bg,.(9) Bg,.(9)
<C< ][ @?+|g|(|Du—§®en|)d$>
Bsr(y)
p(1+ [€)w(o(1 + (€)= -1 1
R ][( flde o1+ ) [ (et +16)) + V(o)
8rlY

Here, § € R"~! x {0} is chosen to satisfy B,(y) C Bs,(4) C Be(§) C Bsr(y).
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Consequently, since u € L*1 (B, (x9)), by virtue of Gehring’s lemma there exists o = o(n, N, 1, po, v, L) €
(1, p1) such that for every £ <r; <ry <o,

1

/ <p‘{+|g(|Du—£®en|)dx>

B (z0)
n(o—1)
T2 “
<c< ) ][ P14le|(|Du— €@ ey|)dr
To —T1
B;"—Q(‘TO)
o(1 + [€])w(o(1 + |€)L 3 ][ i
+c ul? dz
o+ &) o
B, (o)
n(o—1)
T 7 _1 1
o) T e leh [wlet + ) 4 v
To —T1
n(oc—1)
T “ 1 1
<e(2 Fera(Du—g@en)do c(1+ ) o(1 + [€l)ulol1 + €)'
B;"—Q(‘TO)

n(o—1)

*C( - ) e+ leD [w e+ 1€t + V(0]

Ta —T1

where we apply Lemma 3.4 to the last inequality. Therefore, when ro = ¢ and r; = p, we obtain
(32). On the other hand, the estimate in (32) can be obtained by using the same argument as in
the proof of (26). O

We conclude this section by introducing the excess functional and other tools useful in the
sequel. For a minimizer u € WIE’“’(B;(‘%O)) of (1) with Q = BJ (x) and 2o € R"™* x {0}, we
define the excess functional as

Do o) = PreiDey o (1D0  (Drtig o @ €] ds (35)
B (o)
and
U(zg, 0) := ][ @ <1 + |u|> dz. (36)
B (z0) ¢

Moreover, we define also

1
H(anQ) = 1 1
(1+A)=z + (20) %

(1 + M) (o + [(Daw)ey o) ™F + V() (37)

and 1
H(xzg,0) := - -
(1+A)7 +(20)17%
where s = s(n, N, u1, po,v, L) € (1,p) is determined in the proof of Lemma 4.2 below (see the
line above from (41)) and ©(xzo, o) is the “Morrey-type” excess defined in (29). Since w < 1 and
V(o) < 2L, we have that H(zo,0) < 1, H(zo,0) < 1.
Under the assumption @(xg,0) < Ap(l + [(Dpu)s,,,|) in (30) with A € (0,1], by virtue of
Lemma 3.4,

(A+ 20O, )~ + V(@) F) . (38)

H(.’IJQ, Q) < CH(:EOa Q) .
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We can rewrite the Caccioppoli inequality (32) as
P(z0,0/2) < c@(w0,0) + (1 + [(Dnt)zy ol ) H (70, 0) - (39)

In the case 29 = 0, we will use the shorthands @(o), ¥(p), ©(0), H(p) and H(p) in place of
&(0, 0), ¥(0,0), ©(0,0), H(0, 0) and H(0, g), respectively.

4. Boundary partial regularity. In this section, we provide a linearization strategy for the
minimization problem along the lines of [34, Sections 3.2 and 3.3], where an analogous analysis
has been performed in the interior and degenerate setting.

Throughout this section, we always assume that f : B (x0) x RN x RV*" 5 R satisfies (F1)
— (F6) with an N-function ¢ complying with (p1) — (¢2), and that u € Wll"p(Bg(zo);RN) is a
minimizer of (1) with Q = B () and zo € R"~! x {0}.

4.1. Approximate A-harmonicity. In this subsection we show that u — (D,u), 2, is an
almost A-harmonic function for a suitable elliptic bilinear form A, see Lemma 4.3 below. To prove
this result, we employ a suitable comparison function that is obtained by a freezing argument in
the variables (z,u) based on Ekeland’s variational principle. We recall below a version of this
classical tool, whose proof can be found, e.g., in [33, Theorem 5.6].

Lemma 4.1 (Ekeland’s principle). Let (X,d) be a complete metric space, and assume that F :
X — [0, 00] be not identically oo and lower semicontinuous with respect to the metric topology on
X. If for some u € X and some k > 0, there holds

F(u) < i%fF‘i’ﬂ,
then there exists v € X with the properties
d(u,v) <1 and F(v) < F(w) + rd(v,w) Ywe X.
We start with setting

9(€) = Guo,0(€) = (f(-,0,£ @ ey))ny,, forall £€RY

and

K(:EO, Q) = H(iﬂo, 9)\11(1'0, Q) 5

where H(zg, 0) and (20, 0) are defined as in (38) and (36), respectively. Then, we introduce the
following metric d in X :=u+ VI/'OL“"(B;’/2 (m0); RM):

1

w1 w2) = e K o))

][ |Dwy — Dwsldz, wi, wo €u+W(}’“’(BQ+/2(:EO);RN),
By (o)
where ¢, > 0 is determined in Lemma 4.2 below. Then (X, d) is a complete metric space and the
following functional is lower semicontinuous in this metric topology:
Glw] = ][ g(Dw) dz, weu+ Wol"p(B;/Q(xo);RN) , (40)
B} ,(z0)

In the next lemma, we find a suitable comparison map v € X = u+ W&’“"(BZ/Q(QJO);RN) by
applying Ekeland’s variational principle.
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Lemma 4.2. Under the setting above, there exists a minimizer v € u + W&’“"(B;'/Q(xo);RN) of
the functional

1 K(I‘O, Q)
B:/Q(wo) B:/z(““))
that satisfies
][ |Dv — Du|dz < .o (K (0, 0))

B:/2(wo)

for some constant ¢, = c.(n, N, p1, po, v, L) > 0. Moreover, v fulfills the following Fuler-Lagrange
variational inequality:

K(x0,0)
][ (Dg(Dv)|Dn) dz Sm ][ |Dn| dz
B2 (w0) BJ4(0)

for every m € 080(32'/2(950);]1%1\/).

Proof. The proof of this result can be obtained as in [34, Lemma 3.8], where its interior coun-
terpart has been proved, by also exploiting the higher integrability results in Corollary 1 and
Corollary 2 with (u,g, 0) in place of (V,u, 0/2) to infer that for some s € (1,sy) depending on
naNa/Jfl»/vaVva

<][ <ps(1+D\7|)dx>s §c<][ ¢5(1+|Du)dz>3 <ec ][ o1+ |Du|)dx < c¥(p), (41)

By By B3/
where v € X is a minimizer of the functional (40). We then omit the details. O

Corollary 3. Let v € u+ Wol’“D(BZ'/Q(wo);RN) be as in Lemma 4.2. Then there exists T =

7(n, N, p1, 2, v, L) € (0,1) such that

¢(|Du— Dv|)da < c[H (o, 0)]"""¥ (w0, 0) (42)
B:/4($0)
for some constant ¢ = ¢(n, N, py, po,v, L) > 0.

Proof. WeNfollow the proof of [15, Corollary 3.4]. First, we derive the following higher integrability

result for G:
( ][ ©*(1 4 |Dv|) dx) <c ][ o(1+ |Dv|)dz + cK(x0,0), (43)
B}, (o) B} ,(z0)
where s > 1 and ¢ > 0 depends on n, N, 1, p2, v, L. The proof is exactly the same as the one

of Theorem 3.2 by obtaining the Caccioppoli type estimates for the functional G in interior and
boundary regions. For the Caccioppoli type estimate in interior regions, we refer to [15, Step 1
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in the proof of Corollary 3.4], and, thus, obtain that for every By, (y) C B/ (xo0),

][ o1+ |Dv]) de < ¢ ][ ¢(1+

Br(y) Ba.- (y)

v — (V)y,2r

) dz + cK(zg, 0)

< c( ][ e (1+|Dv])” d:c) + cK (g, 0) .
B?r(y)
Here, we used the Sobolev—Poincaré type inequality in (11). In a similar way (see, e.g., Lemma 3.1),
when By, (y) C B,(zo) with y € TI',(z¢), we also obtain the above estimate, extending v to
Ba,(y) \ B,.(y) by 0, replacing (v), 2, with 0 and using the Sobolev—Poincaré type inequality in
(12). Therefore, by Gehring’s lemma, we obtain (43).
Then, by following [15, Step 1 in the proof of Corollary 3.4], we obtain (42), where 7 € (0,1)
is explicitly defined such that
.
;4‘(1—7')#2:1,
where o denotes the bigger of the characteristics of . O
We are now in the position to prove the approximate .A-harmonicity of u, where

_ D2(Du)sg, @ en) _ (P00, (Dntey o @en)),, (44)
¢ (1+ [(Dnt)ag o) @" (14 [(Dntt)q o)
We notice that, by (2), A defined above satisfies the Legendre — Hadamard condition in (13).
Before stating the next lemma, we define
B1(t) == wy (t/2)E1/2, (45)

where wy (+) is defined in (F6). Then one can see that wy(t)/t and @;(t)/t are almost decreasing
in t € (0,00) with the same constant L > 1.

Lemma 4.3. Suppose that
(0, 0) < ©(1+ [(Dnlt)zy,0])- (46)

+

Then, u is approximately A-harmonic on the upper half-ball Bg/4(x0), in the sense that there

exists By = PB1(n, N, u1, pa,v, L) € (0, %) such that

][ (A(Du = (Dpu)gg, © €4)[Dn) dz| < (1 + |[(Dnt)ag,0])[[D7]|o

B)4(wo)

L EP(Z‘ ,Q) ~ 1 q’)(g; ’Q)
X {H(xo,g)ﬁ o0 \(l;nu)zo,gl) T (H(Q’O’Q)ﬁ o |(1§nu)mo,gl))}

holds for every m € Cgo(Bz/zl(mo); RY) for some constant ¢ = c(n, N, py, pa, v, L) > 0, where

1 1 1
Blzzmin{,l—,1—7}<. (47)
2 H1 2

In (47), 7 is that of Corollary 3, and p1 and pe are the characteristics of .

Proof. The proof is exactly as in the interior setting [34, Lemma 3.9] (see also [15, Lemma 4.3]),

considering the comparison map v € u + VVO1 "P(BJ/Q,RN ) provided by Lemma 4.2, with minor
Bo+
2

changes due to the presence of function @, defined in (45), that was ¢ * for some Bo > 0 in
[15, 34]. For instance, we use Lemma 2.1 in the proof instead of Holder’s inequality. We omit the
details. O
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We introduce the hybrid excess functional

D, (20, 0) = P(0, 0) + (1 + |(Dyt)ay o) H (z0, 0)”" - (48)

where 8y is the exponent defined in (47). Since H(xg,0) < 1, we deduce, in particular, that
H(x, 0) < [H(z0, 0)]?*. Thus, the Caccioppoli inequality (39) can be re-read as

@(;L'O’ 9/2) < P, (I()a Q) 5
where ¢ = ¢(n, N, u1, pa, v, L).
4.2. The excess-decay estimate. We start by establishing excess improvement estimates. The

strategy of the proof is to approximate the given minimizer with A-harmonic functions, for which
suitable decay estimates are available from Theorem 2.9.

Lemma 4.4. For everye € (0,1) there exist 61,02 € (0,1], where §; = 0;(n, N, 1, po, v, Lywi(+),€),
i = 1,2, with the following property: if

D(x0, 0)

<0 (49)
(1 + |(Dn)eg,ol)
H(zo,0)"" < 6y (50)
then the excess improvement estimate
€
P(z0,70) < Cdec?’ [1 + W] P (o, 0) (51)

holds for every ¥ € (0,1) for some constant cgec = Cdec(n, N, pi1, pia, v, L) > 0, where @, is defined
in (48).

Proof. The proof is an adaptation of [34, Lemma 3.10] to the flat boundary setting. Without loss
of generality, we assume that zo = 0, and we set £, := (Dpu)o, and Q, := &, ® e,. We fix any
¥ € (0, 15]. Note that if ¥ € ({5, 1), the inequality in (51) is trivial.

Step 1: A-harmonic approximation. For §; > 0 small enough, the assumption (46) is
satisfied. Thus, if A is defined as in (44), in view of Lemma 4.3, for every n € C§°(B,4; RY)

with ||Dn]|ec <1 we have

£ (m) D) d
B (52)

o/4
) (e

. P (ON L b, P
: 1{(H(Q> *oaren) * 1<(H(9) * D)

for some constant ¢; > 0. Note that, by assumptions (49)-(50), it holds that

2.(0)
(14 &)

[N

<61 +9s. (53)

Now, we define the N-function

_ P, (1 +[€])1)
(1 + &)

and taking into account the properties of ¢ and the fact that 1 is, actually, a shifted function
(see [15, eq. (4.2)] for details), we can show that, for a suitable constant ¢y > 0,

2 <ep(t), telo,1]. (54)

P(t) : . t>0,
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From Lemma 3.5, we have also

1 1

(fw('iﬁ 5‘59) dx>°: <][ [¢1+|ZQ(|1<|1+>11€Q)Q9)]50 dx>5°

39/4 Bz—/4
¢ 1 55)
< %) Du—Q,|)dz + cH(p)? (
o(1+1£&,]) f 14161 (| o (
B
2.(0)

= SO IE,)

for some constant ¢z > 0. Then, with the constants ¢, co, c3 determined above and (53), by
choosing §; and 2 small enough we obtain

K := max{cy, /23 } [(1+(|2|)} : < max{cy,/cac3}V/ 01 + 2 < 1. (56)
Now, combining (55), (56) and (54), we get
|Du — Q,| z K2 K2
(J[ o(Trer) dx) = naxfen, v~ e = 57

Bg/4

and, plugging (56) and (49) into (52), we infer

Du-Q, c1 (Vo1 + 62 + w1 (Vo1 + 02))
][ <A< 1+ &, > [Pa) dz = max{ci, \/C2Cs} "

B4
Therefore, up to choosing d1,d2 small enough, we can apply Theorem 2.9 and the subsequent
u—§&,x .
Remark 2 to the function v := U= et with s = sg and u = kK, so that there exists an

1+ €]
A-harmonic function h in B;r/2, with h =v =0 on I',/;, such that

STty | eeel(Du- Q= (4 le)Dh)dr = v(Dy - Dhlydr < v(s). (58)
B:/AL B:;r/z;

In addition, since

1 o )(L+kK)) 4 9
009 <D <o (ke o)

applying (56), we conclude that

J erveaiDu - Qu ~ (1+]6,)Dhi)do < = (o). (59)

+
BQ/4

Step 2: Estimates for A-harmonic maps. From (57) and (58) we infer that

][ " |Dh|)dx<c][ " |Dv|)d;v+c][ ¥(IDV — Dh)dz < (1 + )ib(x) < cth(r)

BT

e/4 B,

Bt

e/4 o/4
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which combined with the property (17), Jensen’s inequality and (56), gives

sup |Dh| < cq/;1< ][ (| Dhl) dx) <ck <y +d2 < % (60)
By BY,

up to choose §; and dy small enough. Here, we recall ¢ € (0, %] Taking into account (60), we

observe that

P 1 by + (14l (D)) < 218D (61)
and
(1 + |£Q|)(1 + (|Dnh|)g/4) > (1 + |£Q|)(1 +?9(|Dnh|)g/4|) > %(1 + ‘ég‘)(l + (|Dnh|)9/4)

which together with (5) and Jensen’s inequality implies that
P11, (V1 + €)1 Duh]) g/a) < c@1y1e, (1 + [€)) (| Drhl))a)
< [ i) (1+€DIDa]) do. (62)
B+

o/4

In addition, applying the Calderén-Zygmund estimate (2.5) to h, we have

][ o116 (14 EoDIDh]) dz = (1 + |E,]) ][ (| Dh) dz

B, B!,
(63)
< ep(1+ &) f $(IDv]) de < ().
B+

o/4

Finally, since h — (D,h)g,z, is also an A-harmonic map with h — (D, h)g,2, =0 on T'y/4, in
view of Theorem 2.8 together with the Poincaré inequality, we have

sup |Dh — (D,h)y, ® e, < ¢ ][ |Dpyh — (Dyh)yg,| dz

+
Bﬂg B;ﬂg
(64)
< o ][ |D?h|dz < ¢¥g sup |D?h| < cif |D,h|dz.
+
By, Bore By,

Step 3: Estimation of ®(g). First, we denote by u and h the odd extensions of u and h in
B, 4, respectively. Then we note that, for every r € (0, 0/4],

(Dﬁ)Br = (][ Dnde> ®e, =& ®e, =Q,, hence |(Dﬁ)BT| = |(Dnu)r| = ‘57"‘7

BY

and also
(DH)B7, = (Dyh), ®e,.
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Now, we estimate $(Jp). By (7) and (8) with the preceding identities, we obtain

200) = § prriesn (D0 Quu)ds = | 1wy, (108 - (D)5, ) ds

+
Bﬂg By,

<e ][ V1(DW) - Vi(D)g,, )2 de < c ][ V(D) — (Vi (D)), |2 de

By,o Byo
< [ IVa(D) = Vi (D), + (14 (D)5, ) (DBs,, ) P da
Bgl_,
<c ][ P14+((DT) 5, +(1+(DT) 5, ) (Dh) 5, | (’Dﬁ_ [(Da)p, + (1 + |(Dﬁ)Bg|)(DE)BogH) dz
ng
< eriie e onmol (D= Q= (14 [€)(Da)oy  ea]) da
B;g

Then, from (61), we immediately infer that

B(00) < o ][ e, (DU = Qp — (1+ [€o))(Duh) gy © ) da.
B;Q

Finally, by (64), (59), (62) and (63),

B(9g) < ¢ ][ 1416, (1Du — Q, — (1 + |€,]) Dhl) da

+
By,

4 ][ 116, (1+ [€o))| Dh — (Dah) g © e,]) da

+
Yo

<" ][ P11, (|Du = Qo — (1 4 [€o]) D) dz + @141, (V(1 + €o]) (| Dnh]) 5/a)

By

< 9"z, (0) + i ][ oraie, (1 + €| Dh) da

+
Be/4

< "ed, (o) + c?*D(p) < (1 + #) b, (o),
and the proof is complete. O

4.3. Proof of Theorem 1.1. We first prove the partial regularity for the minimizers u €
Wh?(BF) of (1) with Q = B},

Theorem 4.5. Let ¢ be an N -function complying with (o1) = (¢2), and f : Bf xRN xRV*" - R
satisfies (F1) — (F6) with Q = B. Ifu e WE’W(BE) is a minimizer of (1) with Q = B}, then
the set of reqular points on 'y given by

Ty = ﬂ {xo €TR: ue C¥Uy, OFE;RN) for some Uy, C BR} ,
a€e(0,1)
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where Uy, is an open neighborhood of xg, satisfies Tr\I'y C Sing,(I'r) where

Sing, (T'r) ::{xo €lgr: lim\iglf ][ |Du — (Dpu)z,, @ €| de > 0}
0

B (z0)

U< xo € Tr: limsup (|Dyul)zy,, = 400 ¢ .
(Y

Proof. We fix any « € (0,1), and set
A=n—pu(l—a)€(n—p,n). (65)

Step 1: Boundary decay estimates and Morrey type estimates. We start by fixing
various parameters. First, we choose ¥ > 0 such that

11 1
9 <P i= min{(6~2"zcdec)_2, — ,HQ} <1, (66)
it 2nox

where cgec is the constant in Lemma 4.4, hence 91 depends on n, N, uy, po, v, L, a. Correspond-
ingly, let 0; = d;(n, N, u1, po, v, L,w1(+),¥), ¢ = 1,2, be the constants determined in Lemma 4.4,
applied with the choice ¢ = ¥"+2. Then we choose €, > 0 such that

oy O 9" }

L — 67
27 2¢,, 2m2tle,, (67)

€y < €1 :=min {51,

where ¢;, and ¢, are the constants in the change-shift formula (6) with 7y := § and 7y := 27271,
respectively. Finally, with a fixed €., we choose constants 1, 01 > 0 so small that

w(k1)' 7% ﬁlzg and V(o) "+ ﬁlzg (68)
1+ (20)'+ ’ 1+ (2L)' % "

where s > 1 is the exponent appearing in the definitions of H and H in (37) and (38), and f3; is
given in (47). As a consequence, £; depends on the choice of ¥, k; does on the choice of ¢, and
w(+), and g1 on that of €, and V().

Now, we prove that the excess-decay estimate in (51) can be iterated, as the conditions in
(49) and (50) are also satisfied on any smaller upper half-ball By, (7o) C B} with m € N,
2o € R"1 x {0} and p € (0, p1]. Precisely, we prove the following: if the conditions

P(x0, 0) <e and Wl( ][ <p(1+|Du|)dx>§/<c* (69)

(1 + |(Dnu)oco,g|) B
Bf (z0)

hold for some e, € (0,£1], k« € (0, k1] and g € (0, 1], where (g, p) is defined in (35), then

@(xo,ﬁmg) -1 ][
<e, and V"pp ©(1 4 |Du|)dz | < k. (70)
o1+ (D) zg,0ml) 5 o)

Bﬂh’LQ Zo

for every m =0,1,2,.....

We argue by induction on m. As usual, we omit the explicit dependence on xg. Since (70) are
trivially true for m = 0 by assumption (69), our aim is to show that if (70) holds for some m > 1,
then the corresponding inequalities hold with m + 1 in place of m. We first prove the second
inequalities in (70). Applying the shift-change formula (6) with n =, = %, the first inequality
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in (70) at step m, and the facts that ¢, 9 "e, < % from (67) and 2#29#1 < 1 from (66), and
Jensen’s inequality, we obtain

][ (14 |Du|)dz < Pl ( ][ ¢(|Du — (Dpu)ym, ® ep|) dz + (1 + |<Dnu>19mg|)>

(cn D)
< g1 (19 e ) (14 (D))
(o

omtl, 197n+1
9" ) ][ o(1 + | Dul) de

9M g

K K Ko
< QH2 < QH2 9K <
- s0<19’”Q) - @(ﬁm+19> _w(ﬁmHQ)

which corresponds to (70) with m 4+ 1 in place of m.
Next, we prove the first inequality in (70) with m + 1 in place of m. From (70) at step m and
the choices of €., k1 and g1 as in (67)-(68), we have
D™
Who) . <4,
P(1+ [(Dnu)gm,l)

1 1 Bl
m B w(k)s + V()5
H(9™ )™ < [ ! ] <

< 2#2*1

3
I D(9" o) + 5ap(l + |(Dpu)ygm

< gr2t

(71)

B1
<2, < 52,

1

V(o)™
1+ (2L)+

1 61
w(k1)'"F
1+ (20)'%

and
D0 0) = P(0™ 0) + (1 + [(Dp)gm o) IH (97 0)]7 < Bewp(1+ |(Dnta)gm]) -
Moreover, using the shift-change formula (6) with n = 7y := 274271 the first inequality in (70)
at step m and the fact that 2#271¢,,97"e, < 1 from (67),
P(1+ |[(Dnw)gm,|) < 2727 Hp(1+ [(Dp)gmes,|) + 2427 ][ ¢(|Dpu — (Dpua)ym|) da
B

< 2827 (1 A+ |[(Dn)gmeo|) + 20271y, 07" B(0™ 0) + 31+ |[(Dnta)gm,|)

< 2/”_190(1 + |(Dnu)19’"+19|) + (2H2_1cn219_n5* + i)@(l + |(Dnu)19mg‘)

< 2827 (1 A+ |(Dnw)yme1o]) + 30(1+ [(Dna)gm,|).-
Therefore, we obtain

(1 + |(Dnu)19’"9|) <2021+ ‘(Dnu)ﬂ""JrlgDa
hence
D, (0M0) < 3-2M2e,0(1 + [(Dpu) gm+1,]) .

Finally, by virtue of Lemma 4.4, applied with radius ¥ p in place of p, and the fact that 6 -
212¢4,.92 < 1 from (66), we get

DI 0) < 2¢4ec®? P (V™ 0) < 6+ 212 Cqece?p(1 + |(Dptt) gme1,)
< 5*90(1 + |(Dnu)19m+lg|)
which yields the first inequality in (70) with m + 1 in place of m.
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Consequently, from (70), applying the shift-change formula (6) with n =7, = 1, (70) and (67),
we obtain

[ et IDul)dr < 202 07" 0(0"0) + 3001+ |(Duwoeo))
BTt
9m+ly

< (2#2 7 ey, 0 el + 320272 ][ (1 + |Dul) dz

Bim,
< 2#2 ( ][ o(1 + |Du|)dm> ,
Bim,

whence, by (66),

/+ o(1 + |Dul) de < 2#279”/+ o(1 + |Dul) dz gw/+ o(1 4 |Dul) da
B

Ftt, Bfm, Bfm,

Consequently, by iterating the above inequality for m = 0,1,2,..., we have that for every
r € (0,0,

A
/ o(1 +|Dul)dz < 0> <’“) / o(1 + |Dul) dz, (72)
B e :
if the inequalities in (69) hold.
Step 2: Interior decay estimates and Morrey type estimates.

In Step 1, we derived Morrey-type estimates (72) on half balls by proving excess-decay estimates
in (70). Moreover, in the same way with minor modifications, we can also get the interior
counterpart of (72) on balls in B;' by proving interior versions of Lemma 4.3 and the results in
Step 1. In fact, these were obtained in [34] for degenerate problems. Therefore, we only state the
interior counterpart of the results in Step 1 without proofs.

There exists a small 93 = ¥2(n, N, p1, po, v, L, &) € (0,1) such that the following holds: for any
¥ € (0,02] there exists €3 = (n, N, p1, pi2, v, L, w1 (+), ) such that if e, < &5 and if k. € (0, k2) and
B,(y) C Bg with o € (0, 2], where k2 and g9 are the constants satisfying the interior counterpart
of (68), then

Dint (y,9™0)
o(1+ [(Du) By, (1))

<e, and Y"pp ! ][ o1+ |Du|)dm> < Ky (73)
Bﬂ"”g(y)

for every m =0,1,2,..., where

Pins (y,7) = ][ P14+](Dw) 5, | (DU = (DW) B,y |) de,
By (y)

if (73) hold when m = 0. Moreover, (73) implies

r

A
/ ©(1+ |Du|)dz < 9~ () / ©(1+ |Dul) dez. (74)
B, (y) e By (y)

Step 3: C*-continuity. Now, we fix ¢ := min{¢;,J2}. Then &; and e5 are determined, and set
£, := min{ey, 2}, so that also k1, K2, 01, and g are determined. Finally we set k., := min{xy, k2 }.
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Suppose that for B;QO (z0) C B, with 0 < g < %1’@2} and zg € I'g, the following holds:

0(§.200) Ve
P(L+[(Dnw)g2e]) = @

<e, and 2g <p1< ][ (1 + Du|)dx> < K (75)
B

oo (@)

for every § € I'p,(z0), where ¢; > 1 is determined in (77) below. Then, we prove that u €
C*(B{ (20)).

Let W be the odd extension of u in By, (o), and y = (4, yn) € B, (x0) UT,,(20) be arbitrary,
and set § = (y',0). We first assume r € [y,,po]. Then, since B,(y) C Bar(§) C Bap,(J) C
By, (20), by (75), we have (72) with Bj, (7) in place of B/, hence

A
/ o(1 + | D) de < 2/ o(1 + |Dul)dz < 20~ (r> / o(1 + |Dul) dz
B.(y) B3,.(9) Po Bf,, (@)

A
<c <r> / ©(1 4 |Du|)dz for all r € [yn, pol-
Po B3, (z0)

(76)

We next consider r € (0,y,), when y,, > 0. Note that 97 1o < y,, < 9™ p for some m € NU{0}.
Then, by (7) and (8),

B (4 yn) < ][ V1(Du) — (Vi(D))g, |2 dz

By, (y)
< [ VAD — (Vi(DW) s
Bﬂ?ng(g)
<9 ][ [Vi(Du) — V(D) gy, ()| dz
Bﬂmg(y)
<" ][ 501+\(Dﬁ)379mg(g)|(|Dﬁ — (DU) gy, (p|) dz
Bﬂmg(g)
<cd™" ][ Pl ((Dpu)ggm,| ([P0 = (D) gomp ® €p]) da
B, (@)

= "P(g,9"0) ,

where we used the fact that (DU)p,,.,(5) = (Dn)g,9m, @ €,. Moreover,

P(1+ [(Dnu)g.ome

) S 2.“’2*180(1 + |(Dnu)Byn (y)|) + 2’”‘271 f 80(|Dnu — (Dnu)g7ﬂ'rrLQ )dfr

By, (y)
<227 (14 (D), () + 22 e, 07 B(5,9™ 0) + 1o(1 + |(Dntt)g,oml)
< 227 (1 + (D), () + (227 e 0" e + D(1+ [(Dn)gom,l)
< 227 (1+ [(Dnu) g, (n)|) + 59 (1 + [(Dnt)g,0m ).

From the preceding two inequalities, we obtain
P(7,9™0)
e(1+ |(Dnu)gomel)

@int(yv yn)
45(1 + |(l)nu)By71 (y)|)

S 6119771 (77)
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for some ¢; = ¢1(n, N, p1, p2, v, L) > 1. Therefore, by (75), we prove that

glv)int (Z/: yn)
B(1+|(Daw)p, ()

< ey (78)
In addition, by arguing as for (71), we get

][ ©(1+ |Du|)dz < 2+2~1 ][ o(|Du — (Dput)g.9m, @ e,) dz + 2027 1p(1 + [(Dpua)g,9m,))

By, (y) By, (y)

<t (cﬂ B3, 070) + (1 + [(Dyw)zoma) )
<2 (e 3 ) o1+ [(Dagom)
<2~2—1( ) f e+ ipupas

Bjm (@)
K a K K
< QH2 — ) < 2K29nm — 1< —
- S0(19”%)) - W(W“Q) _@(yn> ’

which implies

Yn 9071 (

Therefore, in view of Step 2, in particular, (74), with (78) and (79), we obtain

©(1+ |Dul) dx) < K- (79)

Byn (y)

r

A
/ ©(1+ |Du|)dz < 9~ (> / o(l+|Dual)dz, 7 <yn,. (80)
Br(y) Yn/ By, ()

Now, combining the previous two estimates (76) and (80), we get

A—n
][ e(1+|Du|)dz <c (;) ][ ©(1+4 |Dul)dz for every y € BJ and r € (0, 0],
0

B (y) B, (x0)

where the constant ¢ depends on n, N, u1, o, v, L, a, which together with the choice of A in (65)
implies the C'* continuity of u in Bg‘(xo). Indeed, for a.e. x,y € Bg‘ with 901 = |z — y|, applying
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Poincaré inequality and the last inequality above, we infer
o0 o0
lu(z) —u(y)| = Z |(ﬁ)132—1:91(90) - (ﬁ)BQ—H—lgl(ﬂc)l + Z Kﬁ)BQ—iQ] (y) — (ﬁ)Bg—H—lQl W
i=0 i=1

+ (@) Bsy, (v) — (W, ()]

S CZ ( f |ﬁ - (ﬁ)BQ_i+191 ($)| dZ + f |ﬁ - (ﬁ)Bg—i+1gl (y)| dZ)
=0 By—it1,, () By—it1,, (¥)
< 02271‘91 ( ][ |Du|dz + ][ | Du| ,dz)
=0 By—it1,, (2) By—it1,, (¥)
) _ B 27i+191 A—n
3022 019 1<<p0) ][ ¢(1+ |Du|)dz
i=0 "
By, (z0)
i 2—2'9 %"'1
1 _
SC{Z( o ) 190@ ( ][ @<1+|Du|>dx>
1=0 B;rgo(ﬁo)

<l —y|%oy " ( ][ ©(1 + |Dul) dﬂf)'
B3, (o)

Step 4: Choice of regular points on the flat boundary. Finally, we prove that if zy €
I'z \ Sing,(I'r) then, for some gy € (0, 3) satisfying 0y < % and By, (zo) C Bf, the
inequalities in (75) hold for every § € T',,(x¢), hence zy € I'y,. For this, we start with assuming
that xy € I' satisfies

lim inf @ = lim inf Du— (D = 1
im inf &(zo, ) = lim in ][ PL (D )y ol [P0 = (D)0 ® €5 ]) dz = 0 (81)
Bf (z0)
and
My, = lHmsup (| Dpul) gy, < +00. (82)
o0

We first recall the constants ., k4, 01 and g2 determined in Step 3. We then set
exp(1) "
= —— 83
o (220) (53)

where ¢y is determined in (87) below, respectively. Then, in view of (81) and (82), we can find
00 > 0 such that

1 _1 gxp(1
ap(2 4 may) [ e0(2 + 1)) 4 V(o) ] < SEL), (81)
. Kox 01 02
< min s 0 85
00 > {2§01 (CSSD(mz:o 4 1)) 3’3 } ( )
where the constant c¢g > 0 is determined in (88) below,
][ |Du — (Dp) gy 140, @ €n]dz <o and  (|Dpu|)zg, 1400 < Mgy + 1. (86)

By, (%0)
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Now, we prove (75) for § € I',, (o). By (7) and (8), we have

<?@,mm)étf.f V(D) — (V1(DD) gy, () do
BQQO ('g)
<e f VA(DT) — (Vi(DT)) 3y, (o) s
B3eo (‘TO)
Sc({ V1 (DW) — Vi (o  en) 2 da

B390 (z0)

<ec ][ 141 (|1Du— & ® e, |) da

By, (o)

for some ¢y = ca(n, N, i1, o) > 0, where U is the odd extension of u and & = (D,u) .10 -
Note that by Lemma 2.2, (22), (10), Lemma 2.1 we have

} eipu-goehdre § o(Du)dot ot +]g)

By, (x0) Bg,, (x0)

SC(% (| Dyul) dz + ep(1 + [€])

B, (o)

H2
g{ f awWWMQ +ep(1 + &)
Bify, (%0)

< Ap(1 + [€ol)

for some A > 0 depending on n, N, uu1, pto, v, L. Therefore, from the preceding estimate, we can
exploit the reverse Holder estimate (33) in Lemma 3.5 with ¢t = i Using this, Lemma 2.1, and

(86), we obtain

(7], 200) < ¢ ][ orsies (1D — &0 ® e,]) da

B, (o)

_1 .
< CP1t | ( ][ |Du —&o @ en| dx) + cp(1 + &) [w (00(1 + €))% + V(0o)-F] (87)
By, (z0)
< oo™ + cop(2 4+ mZO) |:w (00(2 + Mmo))lié + V(Qo)li%} ,
where ¢; > 0 depends only on n, N, fi1, 2, v, N. Then, taking into account (83) and (84), (87)
implies

é(:% 290) <e
(14 [(Dnu)g,20.]) ~

This is the first inequality in (75).
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Moreover, by (22), (10), (26) with t = -, Lemma 2.1, (86), we have

][ o1+ |Du|)dz <c ][ o(1+ |Du|)dz < ¢ ][ ©(1 4 |Dpul|) dz

By, (@) By, (o) B, (o)
(88)
< chcga( ][ |Dnu|dz> < eso(l 4+ my,)
By, (o)
for some c3 > 0 depending only on n, N, uy, pe, v, A. Therefore, by (85) we obtain
K
1+ |Dul)dz < < * ) .
f et ipudr<e (e
B, (@)

This implies the second inequality in (75), and the proof is concluded. O

We are now in position to prove the main result of the paper.

Proof of Theorem 1.1.

We convert the minimizing problem in Theorem 1.1 on a boundary region near each boundary
point into the one in Theorem 4.5 by a standard flattening argument. Then Theorem 1.1 follows
from Theorem 4.5.

Since 90 € O, for each & € 9N there exist a coordinate system x = (z1,...,2,) with the
origin at ¥ and vz = (0,...,0,1) and, in this coordinate system, a C! function v : R*~! — R
such that B,,(0)NQ = {x = (&', z,) € B.(0) : &, > v(2')} for some sufficiently small rq > 0,
and v;,(0) =0, i =1,2,...,n — 1. Note that sup{|D'y(z')| : |2'| <r} < M, for every & € Q
with M, > 0 satisfying that lim,_,o M, = 0, where D'y = (y4,, ..., %V, _,). From now on, we fix
Z € 09, the relevant coordinate system and the C'-function 7. Note that since the functional
(1) and the assumptions in Theorem 1.1 are invariant under rotations of the coordinate system,
without loss of generality we write the relevant coordinate system as x = (x1,...,Z,).

Then we define T : R® — R” by T(2/,2,) = (2/,2, — v(2')) and its inverse by T~}(y) =
(v, yn+7v(y")). We choose sufficiently small R € (0,7¢/4) such that for every x € Bag, y € T(Bagr
and 7 € (0,2R],

1B <19, (59)
271 <|DT(x)| <2, hence 27! <|DT (y)| <2; (90)
B,5(T(x)) C T(By(x)) C Bar(T(2)),  Bpjo(T™H(y)) € T H(B,(y)) € BT '(y)). (91)

1

Note that B, C T(BarNQ), |U| ~ |T(U)| and |V| ~ |T~Y(V)]|. In addition, since DT, DT~
and Dg are uniformly continuous, we denote

wo(r) = sup |DT(z1)— DT(x2)|, ws(r):= sup |DT '(x1)— DT '(z2)],
|z1—z2|<r ly1—y2|<r
wa(r):= sup |Dg(z1)— Dg(x2)|.

|z1—z2|<r
Note that ws,ws,w, are non-decreasing, vanishing at 0, and, without loss of generality, assumed
to be concave. Hence, we have w;(cr) < cw;(r), i = 2,3,4, for all ¢ > 1 and r > 0.
Now we set

and

fly,w, Q) := DT ' (y)| /(T (v), w+ (T~ (y)),QDT(T ' (y)) + Dg(T ' ())).
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Then we see that u is a minimizer of

v E WE’W(BE) — /B+ f(y,v,Dv)dy.
R

Moreover, f satisfies the analog of (F1) — (F6) in the setting of the y-coordinate system with
BE in place of €2, where relevant constants v and L depend on the ones for f, n, N, u1, po, and
| Dgllos. We only show that f satisfies the VMO assumption (F4). The other assumptions are
relatively easy to check, since they are pointwise conditions, and we refer to [4, 51] for the proof.

Now, we start proving (F4) for f. Let r € (0,R] and yo,y € B, and set zg := T~ (yo),
z =T (y),

w, =w+g(T'(y), Q,:=QDT(T }(y)+Dg(T (y)).
U, = W) =w+g(2), Pr:=Qryu =QDT(x)+ Dg(x).
Then we first observe that

|f~(y7wv Q) - (fN('awv Q))B,,,(yo)ﬁB;|
=||DT-1<y>|f(x,um,Pm>— / f(T-1<g>,Wg,Qg>|DT—1@>|dz;|

Br(yﬂ)mB;

IDT= ()| = (IDT™ ), () 1 (2, 10, P

n ] [ Py - 5@ @) DT ) dg’
Br(yo)ﬂBE
n \ [ @ - 0 @) w5, Q) DT ) dg\

B (yo)NB}
= I+ II+1II.

We then estimate the three terms I, I, I11, separately. By (F1), (90), and the definition of ws,
we have

IN

I < cws(2r)p(1 +|Q[ + [ Dglles) < (1 + [| Dglloo)**ws (2r)e(1 + Q) -
As for IT, by the change of variable # = T~1(5), (89) — (91) and (F4), we obtain

w;Pw - ~a xapx d~
'|B — B+|/ R SEFER ST

|f(z, 0, Py) = (f(, uiE7PiE))sz-(fL‘0)| + (@ us, Py) — (f (-, 0, Pf))ﬂm(wo)‘ dz
Q2r(20)
< C(”mo,QT(z) + ][ Vgg,2r () df) e(1+1Q[ + || Dgllo)

Q2r(70)
< ¢(1+[|Dglloo) ! (vr-1(yg) 20 (T~ ) IDT ()| +V(2r)) 0(1 + Q) -

Finally, with the change of variable # = T~!(§) and a similar argument as in the preceding
inequalities for I, we get the estimate

Qar(z0)
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Note that, by (F5), (3), (90) and the definitions of wy and wy,
[f(#, 0z, Py) = f(Z,uz, Po)| < cw(lg(z) — g(@)))e(1 + Q[+ [|Dgllc)
< e(1+ [ Dgllee)*  lw(r)e(1+1Ql)

and

< ' (1+1Q[+ [ Dgllc) [Qwa(r) + wa(r)]
< e(1+ || Dglloo)* ™ Hwa(r) +wa(r)p(1+]Q).
Combining the preceding three estimates, we then have
ITT < (1 + | Dglloo)*  @(r) +ws(r) +wi(r))e(1+ Q).
Consequently, collecting the estimates for I, I1 and I11, we obtain
(W, Q) = (F (W, Q) g, oyt | < Tyor (W)o(1+1Q)),
where
Tyo.r(y) :=c(1 + || Dgloc)* !
X {vm-1(y0), 20 (T7HY)) DT H(y)| + V(2r) + w(r) + wa(r) + ws(r) +wa(r)} -

Moreover, since

][ o1 gy e (T ()| DT ()] dy =

B, (yo)NB},

_— Vgo,2r (x) dz
|Br(yo) N Bl J1-1(B.(yo)nBE)

<c ][ Vgg.2r (@) dz < cV(2r),

Q2r(x0)

for every B,(yo) with yo € ?E,

lim
r—0

sup sup ][ Uyor(y) dy | < lim ¢ (V(2r) + w(r) + wa(r) + ws(r)) = 0.
0<g§ry GE r—0
7R Bo(yo)nBf

=:V(r)

This implies the validity of assumption (F4) for f. Here, we stress that ||Dg|l. can be easily
handled due to the term “14” which implies the non-degenerate condition. Within the degenerate

setting, instead, the flattening argument above seems quite unclear.
Finally, we will prove that

0 ¢ Singg(0Q) <= T(0) =0 ¢ Singg(T,).

We only show the implication “=", as the other one can be obtained in a similar way. Note

that vy = e, and T(vg) = T(e,) = e,.
We first show that

limsup (|D,10l), < .
oNO

For this, we preliminarily note that

(ID, ), < ][ \Dnu(T‘l(y))DnT‘l(y)ldy+][ 1Dyg(T™ (y)) DT (y)| dy .

By By



BOUNDARY PARTIAL REGULARITY FOR MINIMIZERS OF DISCONTINUOUS QUASICONVEX INTEGRAL®

Now, the second integral on the right hand side converges as ¢ — 0 since Dg, T~! and D, T~!
are continuous at 0. As for the first integral, by the change of variable x = T~1(y), we have

10T )DL W) dy < ¢ f [Dau(@)] DT ()] IDT(@)]de < ¢ f |Dyuo)]de,
BJ Q2p Q2
Therefore, since the limsup of the right hand side above is finite as ¢ — 0, so is the limsup of

(IDnal)e.
We now show that
lim inf Du— (D, nldy =0.
imint { [Pt~ (D), | dy
Bf
Since 1 = 0 on I'g, we extend 1 to Bg such that u(y’,y,) = —u(y’, —y,). Then, with Py =
Qr(0) := [(Du)g,, — (Dg)q,,|DT~(T(0)), we have

][|Dﬁ—(Dnﬁ)g®en|dy:][ |Dﬁ—(Dﬁ)Bg\dygc][|Dﬁ—Po|dy:c][ Dii — Po| dy
B B

B;r e e BgJr

<c ][ [Du(z) - Dg()] DT~ (T(z)) - Po| dz

Qgg
< DT (1) f 1Du(e) - (Duja,,| + Dg(@) - (Dgas, | da
QQQ
+aun(o) f |Dga)]ds + cwale) | 1Du~ (Dua, el do + ca(0)(Doul)a,
Q2, Q2,0

where w3 is the modulus of continuity of DT~!. Since 0 ¢ Sing,, (92) and Dg is continuous, the
liminf of the right hand side as ¢ — 0 is zero, and so is the liminf of the left hand side.

Conclusion. Suppose xg & Sing(99). We set 9 = 0. Then by (92), T(zo) = 0 & Sing;(T'r).
Therefore, in view of Theorem 4.5, we infer that @ is locally C% at 0 for every a € (0,1) in the
y-coordinate system, which together with the C' regularity of T and g implies that u is locally
C% at 2y = 0 for every a € (0,1) in the a-coordinate system, hence zg € . O
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