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Abstract We describe pentaquarks as ‘baryo-charmonia’
with a color octet c¢ core bonded to a color octet three-quark
system. Fermi statistics of the light quark cloud allows to
describe two pentaquark triplets: a lower one, well supported
by experiment, and a higher one with strangeness. For the
time being, the lowest line of the strange triplet has been
experimentally identified in a 30 peak. Data also suggest
two different production mechanisms for pentaquarks. We
show how this can be described in the proposed scheme.

1 Introduction

Let the pentaquarks be formed by three light quarks in color
octet (qqq)s orbiting in the mean color field of a charm-
anticharm heavy pair (cc)g, a sort of ‘baryo-charmonium’.
This is a different take with respect to [1], where the
heavy quarks are supposed to be far apart and the Born—
Oppenheimer (BO) method is used. In [2] the color configu-
ration (¢¢)1(gqq)1 is also considered.! Another approach on
pentaquarks as compact particles is found in [3], where the
MIT bag model is adopted. In Sect. 7, we will highlight some
of the differences with our model. Pentaquarks are described
in terms of meson-baryon molecules in several papers [4-8].

We will show that the Fermi statistics of the light quarks
leads to a determination of the spectrum of the best ascer-
tained J /v p pentaquarks, P.(4312), P.(4440) and P,.(4457)
[9,10], as well as to the prediction of two extra lines in the
strange sector, in addition to the observed one. The lighter
state in the strange pentaquark system is a 30 peak, dubbed
P.5(4459) by LHCD [11]. The two heavier ones we predict,
P!, P, see Fig. 2, have roughly a similar level of signif-

cs’ T cs?
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I We do not consider the case of color singlets, as done in [2], because
we assume that pentaquarks can result only from quark color forces.
Namely, we assume here that the lightest narrow states are 8 — 8 and
the mixing with 1 — 1, if any, has to be negligible.
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icance and are found in a region where present data show
fluctuations over the background. For both triplets we pre-
dict the same ordering of spins, namely J = 1/2,3/2,1/2,
for increasing masses.

The three P. pentaquarks are observed in Ag —
(J/¥p)K~ decays and the P.;(4459) peak is found in
E, — (J/¥A)K™. Data suggest at least two different pro-
duction mechanisms for pentaquarks, idependently on their
strangeness content (Table 1).

In addition to the associated production with K in heavy
baryon decays, the f’c(4337) has been reported by [12] in
the decay B? — (J/¥p)p. A strange partner of P., the
P.(4338), is found in [13] in associated production with
the anti-proton (B~ — (J /¥ A)p). We use the tilde to dis-
tinguish the pentaquarks produced in association with the
anti-proton from those produced in association with the K.
We will show how we can describe this pattern comprising P
and P pentaquarks and place the observed states P.(4337),
P.s(4338) in multiplets with their expected partners, which

we name P/, P/ and P/, P/.

2 Fermi statistics in baryo-charmonia

The light quarks carry color, in the adjoint representation,
flavor, spin and orbital quantum numbers and are identical
particles obeying Fermi statistics. Leta, b, ¢ be flavor indices
and «, B, y color indices. Requiring both color and flavor to
be in the adjoint representation we can form the tensor
Achy =WV, = VEW =V v = Vv
ey

which is anti-symmetric under the exchange of any two
quarks provided that

VaVh = —ypvs. )
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Fig. 1 The dotted line corresponds to the J /¢ A resonance P.;(4459)
reported by LHCb. We take the fitting (red) curve to the P.; peak from
LHCb as well [11]. The dashed lines, with uncertainty bands, corre-
spond to our predictions for P/; and P/;. The state P, is about 20 MeV
below the D* .. neutral or charged threshold (which would give aradius
r~ 1/2uB ~ 0.96 fm, compatible with a compact state). For the
two predicted lines, there are no other nearby molecular thresholds with
the right quantum numbers

Parentheses in (1) indicate symmetrization (round brackets)
or anti-symmetrization (square brackets) of a certain pair
of indices. The tensor A has the symmetries given by the
following Young Tableaux in the color (8¢) and flavor (8F)
spaces respectively

Olﬂ‘ ac‘_
P

If we first symmetrize 5 w}; ¥, with respect to o8 and
then antisymmetrize the result with respect to oy (YT on the
left) we obtain the middle term Eq. (1). If we first symmetrize
iy g ¥, with respect to ac and then antisymmetrize the
result with respect to ab (YT on the right) we obtain the right
hand side of (1).

Similarly the tensor S can be formed

b
iy = nmgns, — mnyg = ni gy, — nign e 3
with

ol ‘ alc

vl 2]

the bar on the table indicating that we first anti-symmetrize

with respect to @f and then symmetrize with respect to ay .
This is symmetric under the exchange of any two quarks,
provided that

nang = +ngn. )

Let us derive the standard baryon octet from Sgb ¢ . Assume
for the moment that tensor S in (3) represents the flavor-
spin configuration of three quarks in the (87) baryon octet,
so that «, B, y are spin indices rather than color indices.
Assign the additional color indices i, j, k to quarks: i in
association with (a, «), j with (b, 8) and k with (cy). Anti-
symmetrize indices i, j, k, (so that we can eventually con-
tract with €; j in order to form a color-singlet). From (4) and
anti-symmetrizing i j
nl ngj — nzt & = _ngj nd (5)
so that we can use the symbol n — 1, as in (2). Symmetry
in spin-flavor space combined with anti-symmetry in color
space gives Fermi statistics and the standard baryon octet.
Indeed contracting S with the Levi-Civita €;;; to form the
singlet gives

. b
apy = €k Wig WUy H Ul V) = Bagh (O

Table 1 Pentaquarks discovered by the LHCb collaboration [9-13]. The first 4 states have light quarks content uud, the last two have uds. For

P0 (4338), the experimentally preferred J” is indicated next to the name

State Mass (MeV) Width MeV) Observed process Year
P.(4312) 4311.9+0.7%53 9.8+£2.737 A)— (J/y p) K™ 2019
P.(4337) 433717 12 29130 14 B — (J/yp) P 2022
P.(4440) 44403 £1.3%5) 20.6 £4.9757, A)— (J/Yy p) K~ 2019
P.(4457) 44573 +0.671) 6.4£2.077] A) = (J/Yp) K~ 2019
P.y(4338)2 43382407+ 0.4 70+12+13 B~ > (J/W AP 2022
P,;(4459) 4458.9 £2.9%7] 173 £6.5%, g, - (J/W A K™ 2021
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Fig. 2 Possible diagram for the decay A) — P K~

where the baryon octet is indeed usually reported in the form>

abc : _ pl21 :
Byg,, (for example the proton is p = B.g, the neutron is

n= Bé%%/ and so on). The property ng; = —ng; allows
to construct the dual B = 1/2 €4pq B“P¢ which can be rep-
resented in the well known baryon matrix form. The anti-
symmetric pairings [«, 8] and [y, B] correspond to the j = 0
representation of SU(2), so that each baryon component is
in the j = 1/2 representation of SU(2): the baryon octet has
spin 1/2.

Coming back to pentaquarks, differently from baryons, the
qqq system can either be in a color-flavor state A, Eq. (1),
or in S, Eq. (3). In the first case the spin-orbital state must
be symmetric whereas in the second case it must be anti-
symmetric, to enforce Fermi statistics. In our brief discus-
sion on baryons we took S and antisymmetrized the color
labels. In pentaquarks light quarks are in a flavor octet, like
in baryons, but can have both spins 1/2 and 3/2, differently
from octet baryons, since they are not in an antisymmetric
color configuration like (6).

Consider pentaquarks produced in the decay of a baryon
in association with a K~ meson. In the Ag baryon, the ud
diquark is in the antisymmetric spin zero state, symmetric
in color-flavor space. This is called the “good” diquark, as
opposite to the spin one bad diquark in the X . In the simplest
decay process, the initial light quarks propagate to the final
state as in Fig. 1. Assuming that the color-flavor symmetry of
the ud pair is maintained in the formation of the final state,
we choose S in Eq. (3), for the description of the light quarks
in the pentaquark. E ¢ baryons carry good diquarks as well.

2 The baryon flavor octet is usually reported as

) ik

BUE = €iji (M”bc);jﬂy , (N

where abc are flavor indices, ijk are color indices and «fy

are spin indices. The symbol M“* corresponds to symmetriz-

ing/antisymmetrizing the product % 1/fb" w;k, in the flavor space abc,

as prescribed by the tableaux v What is found in (6) corresponds to
c

Sgg‘}'/ = B;‘;%, i.e. to a simultaneous renaming of indices b <> ¢ and
B < yin B.

The different production mechanism of the P pentaquarks
leads us to distinguish them from the P pentaquarks by using
A,asinEq. (1), inplace of S. This will be discussed in Sect. 5.

Each quark pair, say quark 1 and quark 2, can either be
in a anti-symmetric S = 0 state or in a symmetric S = 1
state. The orbital wave-function of the quark pair (we will
call W the spin wave-function, and ® the orbital one) will be,
accordingly, symmetric or anti-symmetric

1
D(ry,r) = ﬁ (1 (r)d2(r2) £ d1(r2)d2(r1)) , (8)

where ry ;> are centered in the cc core.

3 Exchange interaction

Let U be the color interaction potential between, say, quark
1 and quark 2. The expectation value

(U)o = f O (r1, 1) U(r) — 1) D1, 1) 1 2 (9)

can be written as C £ J, with the £ signs corresponding to &
being symmetric/anti-symmetric. This in turn can be written
as (U)ep = C + (V)y provided that (V)y = +J depending
on W being anti-symmetric (S = 0) or symmetric (S = 1)
respectively. The potential V is given by [14]

1
V=- Z Jab <5 +28, - sb) (10)
pairs

where
Jap = /(¢a(ra)¢b(rb))* U(ra —rp)

X (Pa(Tp)pp (ra)) d°ra drp. (11)

Using the basis of states | — ++), | + —+), | + +—) (in
Appendix A, we provide a demonstration of the following
equations using 6j-Wigner symbols) one obtains that (V )y
splits the two spin 1/2 states, obtained by the combination
of three spins 1/2, by

AEyp = i\/sz + I+ I — JinJi3— Ji2Jo3— J13J23.

(12)
The spin 3/2 shift is readly obtained by | +++) (or | — ——))
to be
AE3p = —Jip — Ji3 — Jos. (13)

In the case of baryons, where a full color anti-symmetry
holds, we have J12 = J13 = Jo3 = J sothat AE;» =0
and, as commented above, there is no 3/2 spin.

Orbital wave functions are not known. As for the color
potential U, we might use the one-gluon exchange interac-
tion concluding that if the i, j quark pair were in a color-
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symmetric configuration we would get a positive, repulsive ~ which gives
coupling Jg, which, in modulus, is half the negative coupling unt
J 4 of the color anti-symmetric configuration’ S — _0.7+0.1, (23)

1
Js = —=Jx. 14
s 574 (14)

Let us consider the case gqg = uud in the color-flavor
configuration S. Then from (3)

Sy = tiadpiity +up, dpiug (15)

since the uu cannot be anti-symmetric in flavor space. The
pentaquark contains the light quarks u,, dg and u, with the
u quarks, uy and u,, in a color symmetric (repulsive) repre-
sentation and ud in color attractive, anti-symmetric pairings.*

Therefore from (14) we require
1
Ji = = ud (17)

and we can write

Jo=J¥" >0 Jiz=Jp=Ji<0. (18)

The pentaquarks discovered in the J/vp channel, from
Ap decays, are found at mass values [9,10]
Mp,(4312) = 4311.9] g MeV,
Mp, (4440) = 444073 MeV,
Mp, (4457) = 4457.377 « MeV. (19)
The spins are not known so far. Assume that the ordering in
mass corresponds to the lower one being spin 1/2 and the

higher two being 3/2 and 1/2 respectively. Then we have to
solve the simultaneous equations

Mp, (4457) — Mp,(4312) = 2| — J4d),

(20)
1
Mp_(4440)— 3 (Mp,(4312) + M p,(4457)) =—J " —2Jj(d
2D
The first equation corresponds to the AE 5 splitting in (12)
with the conditions (18) and the second to the AE3,; shift
in (13). This system of equations has two sets of solutions,
but only one is compatible with the condition of having one
positive and two negative couplings. These are found to be
JU = 299722 MeV,
J4 = —42.871¢ MeV, (22)

3 The quadratic Casimir in the repulsive, symmetric, 6 representation
is C(6) = 10/3 so that 2(C(6) — 2C(3)) = —(C(3) —2C(3))).

DBC _ pABC

4 The ¢¢ core has color ¢A¢pe and the color neutral

pentaquark is obtained by
Puud [0 MABC G(QﬁA ey)Bc Solt%;i/ (16)

symmetrizing the oy pair as in S

@ Springer
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not far from the —1/2 factor in (14) we aimed to. To conclude,
let’s define M as the degenerate mass of the triplet, i.e., the
mass that the three particles analyzed in this section would
have if we turned off the exchange interactions. The value of
My is given by the average mass of the particles with spin
1/2.

1
Mo = 5 (Mp (4312) + Mp, (4457)) = 438474 Mev. (24)

If we consider the spin ordering 1/2,1/2, 3/2 for increas-
ing mass values, we would get S/A =~ —0.321’8:8;. This
gives a preference to (23) and to the ‘inverted’ spin order-
ing 1/2,3/2,1/2 which we will apply also to the strange
pentaquarks in the next section.

We will take this S/A >~ —0.7 ratio as a benchmark in
pentaquarks (also in the case of strange pentaquarks) and
assume that J4¢ = J" = J9 = J99 in both A or §
symmetries.

4 Strange pentaquarks

In addition to the three pentaquark lines described above, a
strange J /¢ A pentaquark has been discovered, with a mass
value of [11]

Mp,,(4459) = 4458.87% | MeV. (25)

Its mass difference with M p, (4312) is approximately equal
to the baryon mass difference M (A) — M (p). This suggests
to assume that P, is also a spin 1/2 state, and like the Pc+, it
is the first of a higher strange triplet. In the following we will
determine the triplet with strangeness extending the analysis
done above.

Along the same lines we consider the A-like color-flavor
symmetric combination

12
Saﬁ?/ = u[adﬁ]sy + u[ydﬂ]sa. (26)
From this we can infer that ¥ and s are in a symmetric,
repulsive, pairing J¢* and u,d are in an anti-symmetric
pairing J ud " which will be taken from (22). As for ds, we
can symmetrize and anti-symmetrize color indices so that
JU = (J¥54J4)/2 where we assume J§y = Jng =J$y.

We will derive J}}* from J¢* using the same S/A = 1/k ratio
given in (23) so that

14k
Jo = TJ;IS, (27)

where k >~ —1.43, i.e. the inverse of the number in (23).
We know from data on baryons that the ratio of chro-
momagnetic couplings in the constituent quark model is
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k% /k4? ~ 0.6 [15]. Applying the same scaling law to J4’s,
and consequently to Js’s, we have J¢' = 17.9 + 2 MeV
which leads to J4° = —3.9 +2 MeV. The splitting formulae
then give

AEy =533+£23MeV, (28)
AE3;; =28.7+£3.5MeV. (29)

The degenerate mass of this new triplet is
My = Mp, + AE12 =4512 £ 6MeV, (30)

with Ay = Mg — My = (127 & 6) MeV to be compared to
the analogous A; >~ 177 MeV known from the baryon octet.
The mass spectrum is

Mp: 3/2) = My + AE3;5 =4541 £6MeV,

MPL{Q(I/Z) = MS + AEy;; =4565 £ 6MeV. 31
Therefore the strange pentaquark spectrum is superimposed
on available data in Fig. 2. The predicted states end up in a
region of ~ 2¢ fluctuations over the background, so that it

is difficult to make any definite conclusion different from an
hint to look better at this region.

5 Pentaquarks produced in association with
anti-protons

There are two more pentaquarks reported by experiment as
of today. These are found at the mass values [12,13]
M (4337) = 43371’1 MeV,

M (4338) =4338.2+0.8 MeV.

(32)

We use the P notation to underscore the fact that these
two resonances have a different production mechanism with
respect to the pentaquarks discussed above. For example, Py
isfoundin B~ — (J/y¥ A) p, differently from its P, partner
observed in Ay, — (J/¥A)K. The 1‘30Y (4338) pentaquark,
differently from all other states, has also an experimental
spin assignment, namely J© = %_. The P.(4437) is found
in B? — (J/¥p)p. We attempt a description of these two
pentaquarks as belonging to a different spectroscopic series,
which in our picture is characterized by the antisymmetric A
color flavor configuration (1).

Consider the f’C 5(4338). For this we have an experimental
determination of J = % We consider that the color-flavor
state is described as in (1)

Al = uidp)sy — uqydp)Sa, (33)
with Ag’[g; = —A’)‘,%fx. The spin-orbit in this case works in the

opposite way with respect to what we did above: a quark pair
with § = 0 has to have an anti-symmetric orbital,i.e. (V)¢p =
—J.. So the overall sign of the V in (10) changes to positive.

Following the same steps as before we have: J gd, Jy T ds
and we will use the same k = A/ S factor. Adopting the same
couplings we already computed it is found

AE3p = (J4 4 T4 + J%) = +4 MeV,

(34)
AEy =48.5£2.1 MeV.

Given that M = M+ AE1;; = 4386 + 2.2 MeV, the
two additional states in the spectrum would be

Mﬁés(?’/z) = M(S) + AE3, = 4387 £ 4MeV,

My (12 = M + AE1 2 = 4435 £ 4 MeV. (35)
However in B decays, both are kinematically forbidden, so
they must be searched for in other decay channels.

Let us move to the analysis of };C(4337). We consider
color-flavor is described by

AL = uadpyty — ug,dp)ig (36)
. . d . d _ d
The combination A**¢ = 0 and AZ,SL;/ = —Aagl]‘/. From

this we have that the ud pair is found in a symmetric color
pairing, J. g‘d, whereas uu in in a anti-symmetric J;" pairing.
This allows to determine the shifts

AEsp =278 4+ Ji =273 4 99 = 17+ 6 MeV,

(37)
AEy =7277+£4MeV.

We will asume that Mo = M — A; = 4259 + 6 MeV, with
the same A computed above. The mass spectrum is:

Mo+ AE3p = 4276 £ 12 MeV = M, 3 ),
Mo+ AE ), = 4332 £7MeV — P (4337),

Mo — AEy; =4187£7MeV = M;, (38)

1/2)°
We want to point out that, contrary to previous cases, for
the spectrum of P., we did not take the observed particle
P.(4337) as a reference point to obtain other predictions.
Instead, we relied on the spectrum of P.s and on the previ-
ously determined couplings.

6 P production channels

Assuming that the color-flavor of the spectator ud pair is
maintained in the final state, the process Ag — f’c K~
is expected to be suppressed, as suggested by observation,
because in the diagram in Fig. 1 the initial [ud] diquark is in
a color-flavor symmetric configuration as opposite to the ud
pair in P, which has to be in a antisymmetric configuration
as concluded in Eq. (36).

The assumption above suggests in turn that since baryons
belonging to the sextet, namely X5, &) and 2y, carry a color-
flavor antisymmetric light quark pair, the process E;; —
P.; K~ should be allowed. The ¥, baryon predominantly
decays strongly, whereas observed pentaquarks are produced
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Table 2 Possible new decay processes of sextet baryons into a pen-
taquark and a meson. We divide the processes into dominant and
Cabibbo suppressed

Dominant Cabibbo suppressed
- g0 - P.K~
E/b_ —> Ly K~ E;7 — ﬁ(,-s T
~ 40 — ~
E;,O — P K C‘,bo — P 770

Q, — P K~

mainly in weak decays. We summarize in Table 2 the allowed
P production processes initated by a baryon. We divide
them into dominant and Cabibbo suppressed. These pro-
cesses have large phase spaces allowing the production of
the pentaquarks P/ and P”..

The decay &, — I3CS (4338) K~ has not been observed
either. If we consider the decay process of g, , we have
another diagram, as shown in Fig.3b, which is not possi-
ble in the case of Ag. In absence of experimental evidence,
we conclude that both diagrams in Fig. 3a and b have to
be suppressed. In [16] Han et al. have studied the produc-
tion of pentaquarks through weak decays of b-baryons in the
SU(3)r symmetry. Following [16] it can be found that, if
the process in Fig. 3b is suppressed, then

) > P@3I)KT)E
(B, — Ps(4338) K2

(39)

If this is not confirmed by data, a strong SU(3)r breaking

effect would emerge, and the E should be effective at pro-
ducing P pentaquarks.

7 Summary

We summarize in Tables 3 and 4 the values of the J couplings
and the masses of the observed and predicted Pentaquarks.

Table 3 Couplings between light quarks. The ratio S/ A is the same for
strange and non-strange pentaquarks S/A ~ —0.7 £ 0.1

Symmetric (MeV) Antysimmetric (MeV) No symmetry (MeV)

J49 29.972-3
J9S 17.9+2

+2.4
—42.8777 -
—257+2 -39+£2

Table 4 In this table we summarize all the masses of the pentaquarks.
Pentaquarks in boldface, P, are predictions: six particles are predicted.
Experimental values are in parentheses and are taken as input to obtain
predictions on the J couplings and masses of the pentaquarks P. An
exception is the P..(4337) for which we have both the prediction and
the experimental value (see Sect. 5). Each triplet is ordered from top to
bottom with J = 1/2,3/2,1/2

Mass (MeV) Mass (MeV)
P.(4312) (4311917 ) Pes(4459)  (4458.815 )
P.(4440)  (4440.0%%) P, 4541+ 6
P.(4457)  (4457.317 ) P/, 4565+ 6
P/ 4187 +£7 Pus(4338)  (4338.240.8)
P, 4276 + 12 P 4387 + 4
P.(4337) 4332474337113 B 4435 + 4

Up to this point we have not discussed the spin of the cc
pair. All the considerations made so far would hold for both
Scz = 0, 1 although we have been tacitly assuming S.z = 0.
The J/¥ — n. mass splitting, § = 283 MeV, would suggest
higher multiplets in the 300 MeV mass span. The splittings
due to S, - S ¢ couplings are known to be indeed hyperfine,
giving effects on the spectrum difficult to resolve [17].

Pentaquarks made of diquarks were first considered in
[18] and in [19,20]. For a review on the use of diquarks in
exotic spectroscopy see [15,21]. Pentaquarks as antiquark—
diquark—diquark systems have also been considered recently
in [22]. Since the time of those papers, the experimental situ-
ation of the observed spectrum has changed qualitatively and
the picture we have now is more complicated. It is the aim

Fig. 3 Possible diagrams for the decay E, — P.s K. The diagram on the left is analogous to the one in Fig.2 and is suppressed for the Pes.
The diagram on the right, however, does not have an analogue in the case of the pentaquarks P but must be suppressed too since the process

E, — Pcs K™ is not observed

@ Springer
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Table 5 Comparison between the spin assignments predicted in this work and those in [2] for the observed pentaquarks. The spin of the P.(4312)
in the second row is an assumption and the other spins are calculated accordingly

P.(4312) P.(4440) P.(4457) P, (4337) P.;(4459) P, (4338)
This work 1/2 3/2 1/2 1/2 1/2 1/2
Lietal. [2] 3/2 1/2 3/2 1/2 1/2 1/2

of this letter to attempt a step in a unified description of the
states we have by now, including those whose final assess-
ment is still work-in-progress, as for the P.; and its possible
partners.

Differently from [1], we consider the exchange interac-
tions among light quarks rather the color c¢(c) — ¢ interac-
tions. These exchange interactions are supposed to generate
the observed mass splittings. No such splittings are occur-
ring in ordinary baryons. The exchange interaction leads us
to combine color-flavor quantum numbers instead of flavor-
spin, as done in [1]. We can also provide an assignment for
the spin and flavor of the observed and predicted pentaquarks,
as well as a hint on their masses.

Compared to [2] we consider only the 8 — 8 component
for the color part and not the singlet. In [2], it is assumed
that P.(4312) has J© =3 /2~ whereas we deduce it has to
be J¥ = 1/2. Moreover we parametrize the chromomag-
netic interaction differently from [2]: the parameters of the
exchange-interaction are fitted from the observed spectrum
rather than taken from the baryonic spectrum. In Table 5, we
compare to the spin assignment obtained in [2].

In [3] the MIT bag model is used and the Young-
Yamanouchi basis for the wavefunctions. The spin interac-
tion is treated as in [2], using the chromomagnetic coeffi-
cients. Additionally a lower bound for the masses of ccuud
pentaquarks is found, suggesting that the P.(4312) and
P.(4337) cannot be compact states but rather molecular ones.

In addition we address the issue of the observed suppres-
sion of P pentaquarks in the decays of Aj, and & baryons.

The Fermi statistics of the light color-octet cloud ggq
bound to the compact cc core to form a color singlet,
together with restrictions on the signs of J couplings
and the ratio S/A, repulsive/attractive coupling ratio in a
color pair, allows to accomodate the observed P.(4312),
P.(4440) and P.(4457) and predict the full strange triplet
P5(4459), P/, P/, as long as Mp, — Mp, =~ My —
M. Both triplets are preferred in the spin ordering J =
1/2,3/2,1/2 for increasing mass. The states observed in
association with anti-protons, I3C and f’w may also be
accompained by partners. We identified two states, with no
strangeness, dubbed I3c’, 13;/ having J = 3/2, 1/2 respec-
tively. The difference between the P and the P series is traced
back to different color-flavor organization quarks, S for the
the P and A for the P.
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Appendix A: Three fermions exchange interaction

In this appendix, we want to provide a demonstration of (12)
and (13) using the 6j-Wigner symbols. The interaction we
will study is given by (10):

V==> Ju <%+2su-sb>. (40)

pairs

V commutes with S, S7,,, and Sl.2 with i = 1,2,3.
Therefore, we can take the basis of the space as the kets
1S12, S3; Stors Sipe), Where S12 = S+ S, = 0, 1. Explicitly,

! 13 +3 | 13 +l
32’25 ) ) 72725 P s
1 3 1 13 3
19 PRl B 15_;_7__; (41)
2°2 2 22 2
LIy
’2721 ) P 12723 B P
11 1 11 1
1, ==, —=), 10, =s =, — =< ). (42)
22 2 22 2
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The matrix associated with V in this basis is a 2-block matrix:
one for the total spin 3/2 with size 4 x 4 and one for the
total spin 1/2 with the same size. Also, since there is no
dependence on S;,,, the eigenvalues are independent of this
value. Thus, the first block is a multiple of the identity, while
the second one can be decomposed into two 2 x 2 blocks,
one for Sf,, = +3 and one for Sf,, = —7 that have the same
eigenvalues. We can, therefore, omit S;,, in the notation as
it does not affect the eigenvalue calculation.

Stor = 3/2

For the total spin 3/2, there is only one matrix element to
calculate:

22

13 13
—2:1-'—2 Syl =3 2). 4
<5272| S(l Sb|7252> (3)

l 3 1 3 1
|V|1 =—§(J12+113+Jz3)

The matrix elements on the right-hand side are easily calcu-
lable. Starting with the casea = 1 and b = 2:

3 3
281-82=S%2—§=512(512+1)—§
3 .
-3 if S =0
_{ Poe (44)
2 1 12 =
So
1 3 1 3 1
1, —; =125 -$,]1 = =Js. 45
< 551281821, 2 2> 57 45)

To calculate the other two matrix elements, it is neces-
sary to change the basis and switch to |S23, St1; Stor) O
|S13, S2; Sior). In the next section, we will see how to use
6j-Wigner symbols to make this change of basis. For spin
3/2, there is no need because to obtain S;,; = %, the only
way is for the spin S;; = 1 for any pair a, b. Therefore,

1) 13\ 1
28, -85 1 o~ 46
< | 2831, X 2> 5 I3 (46)
! 3|2s i1, L3y _ 1, (47)
D UL A Y R S

This result was predictable considering that spin—% states are
completely symmetric under the exchange of any pair of par-
ticles.

Combining (43) with (45), (46) and (47),

1 3 13
LsisIVIL 55 5
22 2 2

1 1
=-3 (Ji2 + Jiz + J23) — 7 (J12 + J13 + J2»3)
—Ji2 — Ji13 — J23. (48)

AE3p

@ Springer
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The eigenvalues of S;y; = % are obtained by diagonalizing
the 2 x 2 matrix:

_ (VI (1] V|0)
= (<0|V|1> <0|V|0>)' (49)

To calculate the matrix elements, we need to evaluate terms
of the form:

(S12, 833 Stor| 28; - S 1812, S35 Stor) (G, J) # (1,2).(50)

A transition from one coupling scheme to another is per-
formed by a unitary transformation which relates the states
with the same total spin S;,;. From [23], the unitary transfor-
mation we are looking for is

(812, 835 Storl 823, S1; Stor)

= (= )SI+SESHS [0S, 1 1) (2853 +1) {51 $2 512}

83 Stor $23
(5D

where the last term is called 6j-Wigner symbol. From this
relation, follows:

(812, 835 StorlS13, 825 Stor)

= (— )= 25+ 1) 2815 + 1) {SZ ! S”}

83 Stor S13
(52)
(823, S15 Stor 13, 825 Stor)

= (—1)S1+Smt+523\/(2523+1)(2S23+1) {Sl S3 S13}

82 Stor 523
(53)

which collectively provide all possible relations for transi-
tioning from one basis to another. Specifically, the 6j-Wigner
symbols are defined from Clebsh—Gordan coefficients as:

Z CI™ (jramia, jsms) C/2™2 (jimy, joma)

mjp,maz,ms3,
mi2,mi3

CI™ (joamas, jim1) CB™3 (jomy, jzm3)

= (=D)HRTBY 20 £ 1) (2723 + 1 {]1 p) ]12}
= (-1) V22 + D23 Wi 7

(54)

Now, let’s calculate the matrix element (50) explicitly. Start-
ing with the term 2S, - S3, we use (51) to transition to a more
convenient basis:

(812, 835 Stor1 282 - S31812, S35 Stor)

_ Z(—1)2(51+S2+S3+S"”)\/(2512 DS, + 1)
823

253 +1) {

S1 S 512}
83 Stor 523
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S S S{z} |: 3i| References
$233(S3+1)— = |. 55
{ S5 St Sos 23(S23 + 1) > (55)

For the term 2S; - S3, we use (52):
(S12, 835 Stor1 281 - S3 |5127 833 Stor)

— Z(_1)2S2+2S3+2S13+512+S12\/(2512 + 1)(2542 + 1)
S13

2813+ 1) {

Sy S Siz
83 Stor S23

AN 512}
83 Stor S23

3
} |:Sl3(S13 +1)— 5] . (56)

For a numerical example, let’s calculate the matrix element
(1] V |0) for which contributions come only from the terms
2S, - S3 and 2S; - S3

1 1-1|2s S50 L1
92’2 2 3 1272

=v3 > (2523+1){Sl 2 1 }

83 Stor S
Sra—0.1 3 Otor 923

S1 S O }|: 3i|
$23(S23+1) — =
{53 Stor 823 23(523 + 1) 2

SOE DO E-S

(57)
11 11

1, —; =|2S; - — =)= (-1

<,2,2| S ss|o,2,2> (V3

S S5 1 Sy S 0}
2813+ 1
52_(:) 2513 ){Ss Stor 513} {53 Stor S13
13=0,1

3
[513(513 +1) — 5]

()
SOOO-2

NOTE: There is a minus sign between the two matrix ele-
ments due to the fact that in (52) the exponent of the factor —1
depends on the spins S1> and S13. The complete calculation
leads to the matrix

v —Ji2+ 5 (I3 + J13)
V3
5 (J13 — J23)

@ (1113 — J23) (59)
Ji2 = 53 (J23 + J13)

which has eigenvalues

AEfr/z = \/J122+J223 + J4—JinJs—JinJi3—J23J13. (60)

AE[, = _\/lez + IR+ — Jind—JinJiz— Jaz Ji3.
(61)
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