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BALANCED VISCOSITY SOLUTIONS TO A RATE-INDEPENDENT
COUPLED ELASTO-PLASTIC DAMAGE SYSTEM*

VITO CRISMALET AND RICCARDA ROSSI?

Abstract. A rate-independent model coupling small-strain associative elasto-plasticity and
damage is studied via a wvanishing-viscosity analysis with respect to all the variables describing the
system. This extends the analysis performed for the same system in [V. Crismale and G. Lazzaroni,
Calc. Var. Partial Differential Equations, 55 (2016), 17], where a vanishing-viscosity regularization
involving only the damage variable was set forth. In the present work, an additional approximation
featuring vanishing plastic hardening is introduced in order to deal with the vanishing viscosity in the
plastic variable. Different regimes are considered, leading to different notions of Balanced Viscosity
solutions for the perfectly plastic damage system, and for its version with hardening.
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1. Introduction. In this paper we address the analysis of a rate-independent
system coupling small-strain associative elasto-plasticity and damage. We construct
weak solutions for the related initial-boundary value problem via a vanishing-viscosity
regularization that affects all the variables describing the system. Before entering into
the details of this procedure, let us briefly illustrate the rate-independent model we
are interested in.

In a time interval [0, T, for a bounded open Lipschitz domain Q@ C R, n € {2, 3},
and time-dependent volume and surface forces f and g, we consider a PDE system
coupling the evolution of the displacement u : (0,T) x Q — R”™, of the elastic and
plastic strains e : (0,T) x Q@ — MIX® and p : (0,T) x @ — Mp™", and of a damage
variable z = (0,T) x & — [0,1] that assesses the soundness of the material: for
z(t,x) = 1 (2(t,x) = 0, respectively) the material is in the undamaged (fully damaged,
respectively) state, at the time ¢t € (0,T) and “locally” around the point = € Q. In
fact, the PDE system consists of

- the momentum balance

(1.1a) —dive=f inQx(0,7T), on =g on Ineq X (0,T)
(with T'ney the Neumann part of the boundary 9€), where the stress tensor
is given by

(1.1b) oc=C(z)e inx(0,T),
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and the kinematic admissibility condition for the strain E(u) = V“%V"T reads
(1.1c) E(u)=e+p inQx(0,7T);

- the flow rule for the damage variable z
(1.1d) OR(2) + Am(z) + W'(2) 5 —=3C'(2)e: e in Qx (0,T),

where, above and in (1.1e), the symbol d denotes the convex analysis subdif-
ferential of the density of dissipation potential

ifn <0,
R:R — [0,400] defined by R(n):= { TLO otge;WiSe

encompassing the unidirectionality in the evolution of damage, A, is the m-
Laplacian operator, with m > and W is a suitable nonlinear, possibly
nonsmooth, function;

- the flow rule for the plastic tensor

n
2

(1.1e) 0pH(2,p) 2 0p in Qx(0,T),

with op the deviatoric part of the stress tensor o and H(z,-) the density of
plastic dissipation potential; H(z,-) is the support function of the constraint
set K(z). The PDE system is supplemented with initial conditions and the
boundary conditions

(1.11) u=w on I'p; x (0,7), Onz =0o0n 900 x (0,7),

with I'p;, the Dirichlet part of the boundary 9€).

Let us highlight that the damage variable z influences both the Hooke tensor C,
which determines the elastic stiffness of the material, and the constraint set K for
the deviatoric part of the stress, which is such that the material undergoes plastic
deformations only if op reaches the boundary K. By our choice of the dissipation
potential R, the variable z is forced to decrease in time: it is then usual to assume
that [0,1] > z — C(z) is nonincreasing and that [0,1] > z — K(z) is nondecreasing,
with respect to the natural ordering for positive definite tensors and to the inclusion
of sets (cf. section 2 for the precise assumptions).

The elasto-plastic damage model (1.1), which reduces to the Prandtl-Reuss model
for perfect plasticity (cf., e.g., [DMDMO06, Sol09, FG12, Sol14]) if no dependence on
damage is assumed, was first proposed and studied in [AMV14, AMV15]. Subse-
quently, in [Cril6] (with refinements in [CO18]; see also [CO19]), the existence of
Energetic solutions a la Mielke and Theil (cf. [MT99, MT04]) was proved. We recall
that this weak solvability concept for rate-independent processes, also known as qua-
sistatic evolution (cf., e.g., [DMT02]), consists of (i) a global stability condition, which
prescribes that at each process time the current configuration minimizes the sum of
the total internal energy and the dissipation potential; (ii) an energy-dissipation bal-
ance featuring the variation of the internal energy between the current and the initial
times, the total dissipated energy, and the work of the external loadings. Thus, the
energetic formulation is derivative-free and hence very flexible and suitable for limit
passage procedures. In the framework of energetic-type solution concepts, the study
of models coupling damage and plasticity indeed seems to have attracted some atten-
tion in recent years: in this respect, we may, e.g., quote [Cril7] for a damage model
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coupled with strain-gradient plasticity, as well as [BMR12, BRRT16, RT17, RV17]
for plasticity with hardening, [RV16] accounting also for damage healing, [MSZ] for
finite-strain plasticity with damage, and [DRS19] for perfect plasticity and damage in
viscoelastic solids in a dynamical setting.

System (1.1), however, has been analyzed also from a perspective different from
that of Energetic solutions. Indeed, despite their manifold advantages, Energetic
solutions have a catch: when the energy functional driving the system is nonconvex,
Energetic solutions as functions of time may have “too early” and “too long” jumps
between energy wells (cf., e.g., [KMZ08, Example 6.3], [MRS09, Example 6.1]) and
the full characterization of Energetic solutions to one-dimensional rate-independent
systems from [RS13]. Essentially, this is due to the rigidity of the global stability
condition that involves the global, rather than the local, energy landscape. These
considerations have motivated the quest of alternative weak solvability notions for
rate-independent systems. In this paper, we focus on notions obtained by a vanishing-
viscosity approximation of the original rate-independent process.

The vanishing-viscosity approach stems from the idea that rate-independent pro-
cesses originate in the limit of systems governed by two time scales: the inner scale of
the system and the time scale of the external loadings. The latter scale is considerably
slower than the former, but it is dominant, and from its viewpoint viscous dissipation
is negligible. But viscosity is expected to reenter into the picture in the description of
the system behavior at jumps, which should indeed be considered as viscous transi-
tions between metastable states; cf. [EMO06]. Thus, one selects those solutions to the
original rate-independent system that arise as limits of solutions to the viscously reg-
ularized system. What is more, following an idea from [EMO06], in order to capture the
viscous transition path between two jump points one reparameterizes the viscous tra-
jectories and performs the vanishing-viscosity analysis for curves in an extended phase
space that also comprises the rescaling function. For this, it is crucial to control the
length (or a “generalized length”) of the viscous curves, uniformly w.r.t. the viscosity
parameter. This limit procedure then leads to reparameterized solutions (functions of
an “artificial” time variable s € [0, S]) of the original rate-independent system, such
that the reparameterized state variable(s) is (are) coupled with a rescaling function
t:[0,5] — [0,T] that takes values in the original time interval. In this way, equations
for the paths connecting the left and right limits (stable states, themselves) of the
system at a jump point may be derived; the (possibly viscous) path followed by the
(reparameterized) limit solution at a jump point is also accounted for in a suitable
energy-dissipation balance. Furthermore, the solution concept obtained by vanishing
viscosity is supplemented by a first-order, local stability condition, which holds in the
“artificial” time intervals corresponding to those in which the system does not jump
in the original (fast) timescale.

Moving from the pioneering [EMO06], in [MRS09, MRS12a, MRS16a] (cf. also
[Negl4]) this idea has been formalized in an abstract setting, codifying the properties
of these “vanishing-viscosity solutions” in the notion of Balanced Viscosity (here-
after often shortened as BV) solution to a rate-independent system. In parallel,
the vanishing-viscosity technique has been developed and refined in various concrete
applications, ranging from plasticity (cf., e.g., [DDS11, BEM12, FS13]), to damage,
fracture, and fatigue (see, for instance, [KMZ08, LT11, KRZ13, Alm17, CL17, ACO19,
ALL19]).

For the present elasto-plastic damage system (1.1), the vanishing-viscosity ap-
proach was first addressed in [CL16]. There, BV solutions to system (1.1) were con-
structed by passing to the limit in the viscously regularized system featuring viscosity
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only in the flow rule for the damage variable z. Namely, the momentum balance (1.1a)
(with (1.1b) and (1.1c)) and the plastic flow rule were coupled with the rate-dependent
subdifferential inclusion

OR(2) +ez+ An(z) + W'(z) 5 —1C/(2)e:e  in Q2 x (0,7)

(with 0 < £ < 1), in place of (1.1d). Accordingly, the dissipation potential governing
(1.1) was augmented by a viscosity contribution featuring the L2-norm for the damage
rate 2. Actually, in [CL16] the authors succeeded in deriving estimates (uniform w.r.t.
the viscosity parameter ) for the length of the viscous solutions (z.). in the H™-norm,
even (H™(Q) being the reference space for the damage variable). Relying on these
bounds and on the reparameterization procedure described above, they obtained a
notion of BV solution such that only viscosity in z (possibly) enters in the description
of the transition path followed by the system at jumps. Accordingly, this is reflected
in the energy-dissipation balance satisfied by BV solutions.

Nonetheless, jumps in the other variables are not excluded during jumps for z,
and the “reduced” vanishing-viscosity approach carried out in [CL16] does not provide
information on the (possibly) viscous trajectories followed by those variables at jumps.

This has motivated us to develop a “full” vanishing-viscosity approach to system
(1.1). Namely, we have approximated (1.1) by a viscously regularized system fea-
turing a viscosity contribution for the plastic and the displacement variables, besides
the damage variable and, correspondingly, obtained a notion of Balanced Viscosity
solution for (1.1).

The “full” vanishing-viscosity approach. Upon viscously regularizing all
variables u, z, and p, the scenario turns out to be more complicated than the one
in [CL16] from an analytical point of view. The first challenge is related to the
derivation of (uniform, w.r.t. the viscosity parameter) estimates for the length (in a
suitable sense) of the viscous solutions. Quasistatic evolutions for perfect plasticity
without damage, which are known to be Lipschitz in time, can be approximated by
viscoplastic evolutions & la Perzyna [Per71] (where an L?-viscous regularization for
the plastic variable p is added), as detailed in [Sol14]. However, in the present case
with damage, a Perzyna-type viscous regularization for p does not lead to any a priori
length estimate for p with respect to the norm of its reference space, i.e., the space
My, (€; M{*™) of bounded Radon measures with values in M ™.

On the one hand, this could be due to the fact that the usual techniques for prov-
ing a priori estimates in the vanishing-viscosity framework, based on testing the vis-
cously regularized equations with the time derivatives of the corresponding variables,
seem suitable to get good length estimates only in Hilbert spaces. Now, estimates
for p in Hilbert spaces contained in My, (£2; MJy*™), such as L?(£; MpE*™), would be
unnatural and incompatible with the concentration effects (in space) that one would
see in the limiting, perfectly plastic, evolution.

On the other hand, adding directly, to the plastic flow rule, a viscous regularization
that features the L?-norm, stronger than the one in the reference space M, (€2; M ™),
does not seem to be the right procedure from a heuristic point of view when the evo-
lution may display jumps. Indeed, the idea associated with the vanishing-viscosity
approach is to let the system explore the energy landscape around the starting config-
uration and choose an arrival configuration that is preferable from an energetic view-
point, but close enough in terms of the viscosity norm (this becomes more evident on
the level of the time discretization of the viscous system; cf. (4.1)). When viscosity
vanishes, the evolution still keeps track of this procedure during jumps. Therefore,
in this respect it is reasonable to take, for the viscous regularization, a norm that is
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not stronger than the reference norm. In this way, the system is free to detect the
updated configuration in all the reference space. This is the case, for instance, of the
L2-viscous regularization for z, whose reference space is H™(f2), used for the damage
flow rule here and in [KRZ13, CL16, Negl9].
In order to mimic this approach also for the variable p (and, consequently, for ),
- we have introduced a further hardening regularizing term to the plastic flow
rule, tuned by a parameter p > 0, and in this way, the reference space for the
plastic strain p becomes L?(£; M} ");
- we have addressed a viscous regularization for p such that the viscosity pa-
rameter € is modulated by an additional parameter v with v < p.
All in all, we consider the following rate-dependent system for damage coupled with
viscoplasticity, featuring the three parameters €, v, p > 0:
- the viscous (albeit quasistatic, as inertial forces are neglected), momentum
balance

(1.2a)
—div(evDE(4) + o) = fin Q x (0,T), (evDE(@t) + o)n =g in I'ney X (0,7)

(with D a fixed positive-definite fourth-order tensor), coupled with the ex-
pression for o from (1.1b) and the kinematic admissibility condition (1.1c);
- the rate-dependent damage flow rule for z

(1.2b) OR(2) +ez+ Am(z) + W'(2) 3 —3C'(2)e:e  in Qx (0,T);
- the viscous flow rule for the plastic tensor
(1.2¢) OpH(z,p) +evp+pp>op inQx (0,7).

The system is supplemented with the boundary conditions (1.1f). We highlight that
viscosity for the u variable has been encompassed in the stress tensor (in accord with
Kelvin—Voigt rheology) through the term E(w). In fact, the other possible choice, é,
would not have preserved the gradient structure of the system, which is crucial for
our analysis.

Let us emphasize that, for the rate-dependent system with hardening (i.e., with
fixed e,v, 1 > 0) both the reference space and the viscosity space for p are L?(£);
Mp*™). Furthermore, the choice v < p (one could take v < Cp as well) guarantees
that we do not lose the desired “order” between viscosity and reference norm for p as
v, u vanish. This has enabled us to derive a priori estimates for the viscous solutions
that are uniform not only w.r.t. € but also w.r.t. & (and v). By the way, we observe
that the technique of [CL16] to derive length estimates does not work with v > 0.

We will refer to v as a rate parameter. Indeed, for fixed v > 0 and ¢ | 0,
the displacement and the plastic strain converge to equilibrium and rate-independent
evolution, respectively, at the same rate at which the damage parameter converges to
rate-independent evolution. When ¢ | 0 and v | 0 simultaneously, relaxation to equi-
librium and rate-independent behavior occurs at a faster rate for w and p than for z.
The vanishing-viscosity analysis then acquires a multirate character. Balanced Viscos-
ity to multirate systems have been explored in an abstract, albeit finite-dimensional
setting, in [MRS16b] (cf. the forthcoming [MR21] for the extension to the infinite-
dimensional setup).

Our results. In what follows, we will address three different problems.
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First of all, we will carry out the vanishing-viscosity analysis of (1.2) as ¢ | 0 with
p > 0 fixed. This will lead to the existence of (two different types of) Balanced Viscos-
ity solutions to a rate-independent system for damage and plasticity with hardening,
consisting of (1.1a), (1.1b), (1.1d), (1.1c), (1.1f) coupled with

(1.3) OpH(z,p) + pp > 0op  in Q2 x (0,7).

In fact, we will consider two cases in the vanishing-viscosity analysis as ¢ | 0 with
w> 0 fixed:

1. First, we will keep the rate parameter v > 0 fixed, so that (u, z,p) relax to
equilibrium (for u) and rate-independent evolution (for z and p) with the
same rate. In this way, we will prove the existence of BV solutions to the
rate-independent system with hardening (1.1a), (1.1b), (1.1d), (1.1c), (1.1f)
(1.3); see Definition 6.2 and Theorem 6.8.

2. Second, we will let v | 0 together with £ | 0, so that v and p relax to
equilibrium and rate-independent evolution faster than z, relaxing to rate-
independent evolution. In this way, we will obtain BV solutions to the multi-
rate system with hardening (1.1a), (1.1b), (1.1d), (1.1c¢), (1.1f) (1.3); see
Definition 6.10 and Theorem 6.13.

Balanced Viscosity solutions to the rate-independent system with hardening aris-
ing from the “full” vanishing-viscosity approach are parameterized curves (t,u,z,p)
defined on an “artificial” time interval (with t the rescaling function) that satisfy a
suitable (scalar) energy-dissipation balance encoding all information on the evolution
of the system. This is in accord with the notion that has been codified, in an ab-
stract (finite-dimensional) setup, in [MRS16b]. More in general, this solution concept
stems from a variational approach to gradient flows and general gradient systems;
indeed, it is in the same spirit as the notion of curve of mazimal slope [AGS08].
The energy-dissipation balance characterizing (parameterized) BV solutions features
a vanishing-viscosity contact potential, namely a functional M = M(t,q,t’,q’) (here-
after, we will often use q as a place-holder for the triple (u,z,p)), whose expression
(and notation) depends on the different regimes considered.

In all cases, M encodes the possible onset of viscous behavior of the system at
jumps. Indeed, in the “artificial” time, jumps occur at instants at which the rescaled
slow time variable t is frozen, i.e., t' = 0. Now, (only) at the jump instants the system
may not satisfy (a weak version of the) first-order stability conditions in the variables
u, p, z, and for this it dissipates energy in a way that is described by the specific
expression of M for t' = 0. In particular, we have as follows:

(i) For the BV solutions obtained via vanishing viscosity with v > 0 fixed, the
contact potential M(t, q,0,q’) features a term with the (viscous) H'x L% x L2-
norm of the full triple (u',p’,z’). While referring to section 6.1 for more
comments, here we highlight that the expression of M reflects the fact that,
at a jump, the system may be switched to a regime where viscous dissipation
in the three variables intervenes “in the same way.” This mirrors the fact
that the variables u, z, p relax to static equilibrium and rate-independent
evolution with the same rate.

(ii) For the BV solutions obtained in the limit as &, v | 0 jointly, in the expression
of M(t, q,0,q’) two distinct terms account for the roles of the rates (u’, p’) and
of Z/. A careful analysis, carried out in section 6.2, in particular shows that,
at a jump, z is frozen until u, p have reached the elastic equilibrium/attained
the local stability condition, respectively. This reflects the fact that u, p relax
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to equilibrium /rate-independent behavior faster than z, hence the multirate
character of the evolution.
The above considerations can be easily inferred from the PDE characterization of
(parameterized) BV solutions that we provide in Propositions 6.4 and 6.11; we also
refer to Remarks 6.7 and 6.12 for further comments and for a comparison between
the two notions of solutions for the system with hardening.
After the discussion of plasticity with fixed hardening,
(3) we will consider the case when also p vanishes and thus address the asymp-
totic analysis of system (1.2) as the parameters e, v, p | 0 simultaneously.
With our main result, Theorem 7.9, we will prove that, after a suitable repa-
rameterization, viscous solutions converge to Balanced Viscosity solutions for
the perfectly plastic system (1.1) that differ from the ones obtained in [CL16]
in this respect: the description of the trajectories during jumps may possibly
involve viscosity in all the variables u, p, z. Since € and v vanish jointly, the
system has again a multirate character.
However, in the perfectly plastic case the situation is more complex than for the
case with hardening. Indeed, for perfect plasticity the reference function space for
(the rescaled plastic strain) p is My, (€2; MP*™) instead of L2(Q2; M*™), while the vis-
cous dissipation that (possibly) intervenes at jumps features the L2-norm of p. In
particular, at jumps the expression of the contact potential M guarantees that p is
in L2(Q;MpP*™) and u is in H'(;R"), which is reminiscent of the approximation
through plastic hardening. The change in the functional framework occurring at the
jump regime has important consequences for the analysis. On the one hand, we have
to exploit density arguments and equivalent characterizations of the stability con-
ditions to pass from the L2(£; Mp*")-framework to the My (£; MJ*")-setting. On
the other hand, a suitable reparameterization and abstract tools are needed to reveal
more spatial regularity for u and p along jumps, in the spirit of [MRS16a, subsec-
tion 7.1] (cf. section 7 for more details). Another interesting point is that the present
approximation through plasticity with hardening completely alleviates the need for a
classical Kohn—Temam duality between stress and plastic strain, so we can use only
the duality in [FG12] and therefore we do not have to impose more regularity on
or more regularity on the external loading (cf. Remark 7.1).

Plan of the paper. In section 2 we fix all the standing assumptions on the
constitutive functions and on the problem data and prove some preliminary results.
Section 3 focuses on the gradient structure that underlies the rate-dependent system
(1.2) and that is at the core of its vanishing-viscosity analysis. Based on this structure,
we set out to prove the existence of solutions to (1.2) by passing to the limit in a
carefully devised time-discretization scheme. A series of a priori estimates on the time-
discrete solutions are proved in section 4. Such bounds serve as a basis both for the
existence proof for the viscous problem and for its vanishing-viscosity analysis. Indeed,
in Proposition 4.4 we obtain estimates for the total variation of the discrete solutions
that are uniform w.r.t. the viscosity parameter € and w.r.t. v and, in some cases, i as
well. For this, the condition v < p plays a crucial role. Such bounds will lead to the
estimates on the lengths of the curves needed for the arclength repameterizations and
the vanishing-viscosity limit passages. We then derive the existence of solutions for
the viscous system (1.2) in section 5. This is the common ground for the subsequent
analysis as either some or all parameters vanish. The limit passages in (1.2) with u > 0
fixed are carried out in section 6: in particular, section 6.1 focuses on the analysis as
e ]} 0 with fixed v > 0, while the limit as e, v | 0 is discussed in section 6.2. The limit
passage as €, v, u | 0 is performed in section 7. Therein, we do not reparameterize the
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viscous solutions by their “classical” arclength but by an energy-dissipation arclength
that somehow encompasses the onset, for the limiting BV solutions, of rate-dependent
behavior and additional spatial regularity during jumps.

2. Setup for the rate-dependent and rate-independent systems. In this
section we establish the setup and the assumptions on the constitutive functions
and on the problem data, both for the rate-dependent system (1.2) and for its rate-
independent limits. Namely, we will propose a framework of conditions fitting

- both the rate-independent process with hardening, i.e., that obtained by tak-
ing the vanishing-viscosity limit of (1.2) as € | 0 (and, possibly, v | 0 in the
multi-rate case), with p > 0 fixed, and

- the rate-independent process for perfect plasticity and damage (i.e., that ob-
tained in the further limit passage as p |} 0).

Further definitions and auxiliary results for the perfectly plastic damage system will
be expounded in section 7.
First of all, let us fix some notation that will be used throughout the paper.

Notation 2.1 (general notation and preliminaries). Given a Banach space X, we
will denote by (-,-) y the duality pairing between X* and X (and, for simplicity, also
between (X™)* and X™). We will just write (-,-) for the inner Euclidean product in
R™. Analogously, we will indicate by || - ||x the norm in X and often use the same
symbol for the norm in X™, as well, and just write | - | for the Euclidean norm in
R™, m > 1. We will denote by B,.(0) the open ball of radius r, centered at 0, in the
Euclidean space X = R™.

We will denote by M the space of the symmetric (nxn)-matrices and by Mp*"
the subspace of the deviatoric matrices with null trace. In fact, M5 = Mp*" ORI (I

trn) p
n
with 7p the orthogonal projection of 7 into My*"™. We will refer to np as the deviatoric
part of 7. We write for Sym(Mp*"™; M[*") the set of symmetric endomorphisms on
Mp*™.

We will often use the shorthand notation | - ||z», 1 < p < +o0, for the LP-norm
on the space LP(O; R™), with O a measurable subset of R™, and analogously we will
write || - ||g:. We will denote by My (O;R™) the space of bounded Radon measures
on O with values in R™.

As already mentioned in the introduction, as in [KRZ13, CL16] the mechanical
energy will encompass a gradient regularizing contribution for the damage variable,
featuring the bilinear form

nxn
sym

denoting the identity matrix), since every n € M can be written as n = np +

(2.1)
am + H™(Q) x H™(Q) — R,
(2.2)
am (21, 22

)
_ / / (Vzl(x) —V2n (y)) . (sz(x) - sz(y))
 JaJa

. n
o — y[rr2mD) drdy withm € (5, 2) .

We will denote by A, : H™(Q) — H™(Q)* the associated operator, viz.

(Am(2), w)gm(q) = am(z,w) for every z, w € H™ ().
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We recall that H™((2) is a Hilbert space with the inner product (z1,22)pmq) =
fQ z122dx+am (21, 22). Since we assume that m > 5, we have the compact embedding
H™(Q) € C(Q).

Whenever working with a real function v defined on a space-time cylinder £ x
(0,T) and differentiable w.r.t. time a.e. on Q x (0,7), we will denote by 0 : Q X
(0,7) — R its (almost everywhere defined) partial time derivative. However, as
soon as we consider v as a (Bochner) function from (0,7) with values in a suitable
Lebesgue/Sobolev space X (with the Radon—Nikodym property) and v is in the space
AC([0,T]; X), we will denote by v’ : (0,7) — X its (almost everywhere defined) time
derivative.

Finally, we will use the symbols ¢, ¢/, C, C’, etc., whose meaning may vary even
within the same line, to denote various positive constants depending only on known
quantities.

Let us recall some basic facts about the space BD(QQ) of functions of bounded
deformations, defined by

(2.3) BD(Q) :={u € L' (%4 R") : E(u) € My (ML},

where My, (€2; ME5") is the space of bounded Radon measures on 2 with values in
Mg, with norm [[Allyp qumxny = [A[(€2) and || the variation of the measure.
Recall that, by the Riesz representation theorem, My, (€; M) can be identified

with the dual of the space Co(€2;M{"). The space BD((2) is endowed with the
graph norm
lullBo@) = llullor@mn) + IE@ I, )

which makes it a Banach space. It turns out that BD() is the dual of a normed
space; cf. [T'S80].

In addition to the strong convergence induced by || - [|gp(a), the duality from
[T'S80] defines a notion of weak* convergence on BD(2): a sequence (uy) converges
weakly* to u in BD(Q) if up — u in L'(Q;R") and E(uy) = E(u) in My, (€2; MR-
The space BD(Q) is contained in L™ (»~1(Q;R™); every bounded sequence in BD(2)
has a weakly* converging subsequence and, furthermore, a subsequence converging
weakly in L™ (=1 (Q; R™) and strongly in LP(Q;R") for every 1 < p < P

Finally, we recall that for every u € BD(Q2) the trace u|oq is well defined as an
element in L' (92; R™) and that (cf. [Tem83, Proposition 2.4, Remark 2.5]) a Poincaré-
type inequality holds:

(2.4)

3C>0 YueBDQ) ¢ [ulp@mn < C (Il oo + B0 o )

2.1. Assumptions and preliminary results.

The reference configuration. Let Q C R™, n € {2, 3}, be a bounded Lipschitz
domain. The minimal assumption for our analysis is that  is a geometrically admis-
sible multiphase domain in the sense of [FG12, subsection 1.2] with only one phase,
that is, ¢« = 1 therein, where ();); is a partition corresponding to the phases. Refer-
ring still to [FG12], this corresponds to assuming that the Dirichlet boundary I'p;; is a
nonempty open set in the relative topology of 99, with (relative) boundary 9|gal'pir
admissible in the sense of [FG12, (6.20)]. As observed in [FG12, Theorem 6.5, a
sufficient condition for this is the so-called Kohn—Temam condition, which we recall
below and assume throughout the paper:



10 VITO CRISMALE AND RICCARDA ROSSI

(2.Q) 90 = Ipir UTNea UY  with T'pir, Dew, ¥ pairwise disjoint,
I'pir and I'ney relatively open in 012,

with OI'piy = O'new = X their relative boundary in 902,
such that ¥ is of class C? with H" 1 () = 0,

and 99 is Lipschitz and of class C? in a neighborhood of X.

(2.5)

(2.6)

We will work with the spaces

(2.7) Hp (4 R™) i={ue H' (GR"): u=0o0nIpy},
(2.8) 5(Q) := {o € LX(Q; MM div(o) € L2 (R}

For o € 3(£) one may define the distribution [on] on 9 by

(2.9) ([on], ¥)aq := (div(e), ) L2 + (0, E(4)) L2

for ¢» € HY(Q;R™). It is known (see, e.g., [KT83, Theorem 1.2] or [DMDMO06, (2.24)])
that [on] € H~/2(9Q;R™) and that if o € CO(Q; M<) the distribution [on] coin-
cides with on, that is, the pointwise product matrix-normal vector in 9Q2. With each
o € X(Q) we associate an elliptic operator in Hp, (Q;R™)* denoted by —Div(s) and
defined by

(2.10)

(=Div(0), v) g1 (irn) = (=div(0), v) r2(rn) + {[on], v) g1/200mn) = /QO’ :E(v)dz
for all v € Hp, (;R"™), where the equality above is an integration by parts formula
based on the divergence theorem.

The elasticity and viscosity tensors. We assume that the elastic tensor C :

[0,4+00) — Lin(MZx™; M2 x") fulfills the following conditions:

sym sym

(2.11)

C € CH ([0, ook Lin(MEL M)
(2.12)

2+ C(2)€ : € is nondecreasing for every £ € M T,
(2.13)

371,792 >0 Yz €[0,+00) VEE MY - mléf* S C()E: € < mléf?,
(2.14)

(C ELOO O,I,S MTLXTL;MHXTL ,
C(2)¢ :=Cp(2)ép + k(2)(tr&)I  with P ( ym(Mp o)

k€ L>®(0,1).
Again, observe that (2.14) is relevant for the perfectly plastic damage system, only.
Even in that context, (2.14) is not needed for the analysis, but it is just assumed
for mechanical reasons, since purely volumetric deformations do not affect plastic

behavior. -
We introduce the stored elastic energy Q : L?(£; M%) x CO(Q2) — R

Sym

(2.15) Q(z,e) == i/ﬂ(C(z)e redz.
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As for the viscosity tensor D, we require that

(2.16) D € C°(Q; Sym(MpP*"; ME*™)) and
(2.17) 361,00, >0V €Q VAe MY . §|A? <D(z)A: A< 5y A2

sym
For later use, we introduce the dissipation potential

v

(2.18) Voo (v) =

/ DE(v) : E(v)dx.
Q

Throughout the paper, we will use that D induces an equivalent (by a Korn—Poincaré-
type inequality) Hilbert norm on Hp, (€;R™), namely

1/2
(2.19) lul| g2 p == (/ DE(u) : E(u) dx)
Q
with ||ull g p < Kp||E(u)| 2 for u € Hp, (€ R™),

and the “dual norm”

1/2
(2.20) Inll (e py- = </Q D¢ 5> V€ Hb (R™)* with
1 = Div(&) for some & € ENJ(Q)

The overall mechanical energy. Besides the elastic energy Q from (2.15) and
the regularizing, nonlocal gradient contribution featuring the bilinear form a,,, the
mechanical energy functional will feature a further term acting on the damage variable
z, with density W satisfying

(2.21) W € C?((0,400); RT) N CO(]0, 4-00); RTU{+00}),
(2.22) s*"W(s) = +oo as s — 07T,

where W € C([0, +00); RTU{+00}) means that W(0) = oo and W (z) 1 +o0 if z | 0 as
prescribed by (2.22). Clearly, these requirements on W force z to be strictly positive
(cf. also the upcoming Remark 3.2); consequently, the material never reaches the
most damaged state at any point. We also have the contribution of a time-dependent
loading F : [0,T] — H(;R™)*, specified in (2.39b) below, which subsumes the
volume and the surface forces f and g. Allin all, the energy functional driving the rate-
dependent and rate-independent systems with hardening is €,,: [0, T] x Hp, (;R™) x
H™(2) x L2(ME*"™) — R U {+oc}, defined for > 0 by

,.(tu, 2,p) = Oz E(utw(t))—p) + /Q
1

+ iam(z, z) = (F(t),u +w(t)) g (rn)

) (W+E )

with w the time-dependent Dirichlet loading specified in (2.41) ahead.

The plastic dissipation potential and the overall plastic dissipation
functional. The plastic dissipation potential reflects the constraint that the ad-
missible stresses belong to given constraint sets. In turn, such sets depend on the
damage variable z: this, and the z-dependence of the matrix C(z) of elastic coef-
ficients, provides a strong coupling between the plastic and the damage flow rules.
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More precisely, in a softening framework, following the footsteps of [CL16] we require
that the constraint sets (K(2)).e[0,400) fulfill

(2.24) K(z) ¢ MP*" is closed and convex for all z € [0, 4+00),

(2.25) JO<F<R V0<z <z : B#(0) C K(21) C K(22) C By(0),
(2.26) ICk >0 Vzp, 20 €10,400) : dsw(K(21),K(22)) < Ck|z1—22],
with d e the Hausdorff distance between two subsets of M*", defined by

dyp(Ky, K3) := max ( sup dist(z, Ks), sup dist(m,K1)> ,
reK, rEKo

and dist(z, K;) = x —y|, i = 1,2. We now introduce the support function
H :[0,4+00) x M[*"™ — [0, +00) defined by
(2.27) H(z,m):= sup o:7  V(z,7) €[0,400) x MP*".
cEK(z)
It was shown in [CL16, Lemma 2.1] that, thanks to (2.24)—(2.26), H enjoys the fol-
lowing properties:
(2.282)
H is continuous,
(2.28b)
0 < H(z,m) — H(z1,7) for all 0 < z; < 25 and all 7 € M*" with 7| =1,
(2.28c¢)
JCk >0V 2z, 23 € [0,400) VT € M{*" |H (29, 7) — H(21,7)| < Ck|7||22—21],
(2.28d)
m— H(z,m) is convex and 1-positively homogeneous for all z € [0,1],
(2.28¢) )
Fln| < H(z,7) < R|n|.

As observed in [CL16], properties (2.24)—(2.26) are satisfied by constraint sets in the
“multiplicative form” K (z) = V(z)K (1), with V' € CY!([0, 4-00)) nondecreasing and
such that m < V(2) < M for all z € [0, +00) and some 72, M > 0.

The plastic dissipation potential 3 : C°(Q; [0, +00)) x Ll(Q, MpB*™) — Ris defined
by

(2.29) (z,m) := / H(z ))dx.

Clearly, it follows from (2.28a)—(2.28¢) that

(2.30a)

7+ H(z,7) is convex and positively one-homogeneous for every z € C°(Q; [0, +00)),
(2.30b)

Fllmlls < H(z,m) < R|n|l1 ¥z € CO(Q;]0,4+00)) and 7 € L*(Q;MP*"),

(2.30¢)

0 < H(zg,m) — H(z1,m) Vz1 < 20 € CO(Q;[0,+00)) Vm e L' (Q;ME*™),

(2.30d)

[H(z2,m) — H(z1,7)| < Cklz1—22/| Lo ) 7|1
V21,22 € CO(Q [0, +00)), ™ € L (Q;MP*") .
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Let us introduce the set
(2.31) K.(Q) := {o € £(Q): op(z) € K(2(x)) for a.e. z € Q}.

By standardly approximating (in the L'-norm) 7 by piecewise constant functions, we
show that if z — K(z) is constant, namely K (z) = K C M{*", then

(2.32) H(z,m)= sup {(op,7)r1.
ceK.(Q)

For a general map z — K(z) the argument in [Sol09, Theorem 3.6, Corollary 3.8]
shows that (2.32) still holds.

The convex analysis subdifferential 9, H: C(€2; [0, 4-00)) x L (Q; ME*™) = L>°($;
Mp*™), given by

w € 0-H(z,m) if and only if H(z, ) —H(z,7) > / w(o—m)dx Yo € L*(Q;MpB*™)
Q

fulfills
(2.33) we o H(z,m) ifandonlyif w(z)edH(z(x),n(x)) fora.a.xe,

where, with slight abuse, 0,3 denotes the subdifferential of H w.r.t. the second
variable.

The rate-dependent system (1.2) with the viscously regularized plastic flow rule
(1.2¢) features the dissipation potential H* : CO(€;[0,+00)) x L2(Q;MpE") —
[0, 4+00) defined by

. 14
(2.34) H(zm) o= H(z,m) + Hop () with Ho o (7) o= 17l Te ) -

By the sum rule for convex analysis subdifferentials (cf., e.g., [AE84, Corollary IV.6]),
the subdifferential 9,3 : C°(€2; [0, +00)) x L2(; ME*"™) = L*(Q; Mp*™) is given by

(2.35) 0, H (2, 7) = 0. H(z,7)+{v7} vr e LA(Q;MpB*™), 2 € C°(Q;[0, +00)) .

The damage dissipation potential. We consider the damage dissipation den-
sity R : R — [0, +00] defined by

R(C) := P(¢) + I(~o0,01(¢) with
P(¢) := —k( and I(_ o) the indicator function of (—oo, 0]

+o00 otherwise.

so that

With R we associate the dissipation potential R : L!(Q) — [0, +o0] defined by R(¢) :=
JoR(¢(x)) dz. In fact, since the flow rule for the damage variable will be posed in
H™(Q)* (cf. (3.3b) ahead), it will be convenient to consider the restriction of R to
the space H™ () which, with a slight abuse of notation, we will denote by the same
symbol, namely

(2.36) R : H™(Q) — [0, +00],

P(O) = Jo P(L(2)) de,

R(¢) = /Q R(¢(x))dz = P(¢) +I(¢) with {rxo = Jo T(—o00) (¢ () da.
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The viscously regularized damage flow rule (1.2b) in fact features the dissipation
potential
(2.37)

R H™(Q) = (0,400, RO =R(C) +Ra(¢)  with Ry(¢) := %IIC 1720 -

We will denote by OR : H™() = H™(Q)* and IR™" : H™(Q) = H™(Q)* the
subdifferentials of R and R¥* in the sense of convex analysis. Observe that dom(9R) =
dom(9R™") = H™ (). We will provide explicit formulae for both subdifferentials in
Lemma 2.4 at the end of this section.

The initial data, the body forces, and the Dirichlet loading. We will

consider initial data
(2.38) ug € Hp, (4 R™), 20 € H™(Q) with W(z0) € L'(Q) and 29 < 1 in Q,
' po € L3(Q; M<™).

The assumptions that we require on the volume and surface forces depend on the type
of plasticity considered. In the analysis of systems with hardening we will require the
following conditions on the volume force f and the assigned traction g:

(2.39) feHYO,T;LAQRY), g€ HY(0,T; HY?(Dyews R™)").

To shorten notation, we will often incorporate the forces f and ¢ into the induced
total load, namely the function F': [0,7] — H(Q;R")* defined at t € (0,T) by

(239b) <F(t)a U>H1(Q;R") = <f(t)?U>L2(Q;R") + <g(t)7U>H1/2(FNCU;]R")

for all v € HY(Q;R").
In turn, for handling the perfectly plastic damage system of section 7 we will
require that

(239%)  feHO,T;L(%RY), g€ H'(0,T; L% (TyesR")),
so that F' turns out to take values in BD(Q)*, defining

(F'(t),v)BD(Q) = (f(t), V) Lr/n-1) (rn) F (9(E); V) L1 (PyeniR7)

for all v € BD(€2). Both for the analysis of the system with hardening and of the
perfectly plastic one, we will assume a uniform safe load condition, namely that there
exists

(2:30d)  pe H'(0,T; L*(MYY!)  with  pp € H'(0,T; L%(Q Mp*"))

sym

and there exists o > 0 such that for every ¢ € [0, 7] (recall (2.9))

(2.39¢) —div(o(t)) = f(t) a.e. on Q, [o(t)n] = g(t) on I'yey,

(2.39f)  pp(t,x)+E€ K for a.a. z € Q and for every £ € M1 s.t. [¢] < .

Assumption (2.39c) will be crucial in the derivation of a priori estimates uniform with
respect to the parameter p in Proposition 4.3, while with (2.39a) the estimates would
depend on p > 0; cf. also Remark 4.6 ahead. Combining (2.39a) with (2.39d)—(2.39f)
gives —Div(o(t)) = F(t) in HY, (Q,R™)*, while if (2.39¢) holds, then (2.39d)—(2.39f)



BV SOLUTIONS TO A SYSTEM FOR DAMAGE AND PLASTICITY 15

yield —61?/(9(7,‘)) = F(t) for all ¢t € [0,T] (where the operator —Div will be introduced
in (7.5)). For later use, we notice that, thanks to (2.32), it is easy to deduce that for
all ¢ € [0, T

(2.40) (.0 = [ po(Opda > ol

As for the time-dependent Dirichlet loading w, we will require that
(2.41) we HY0,T; HY(R";R™)).

Remark 2.2. In fact, the analysis of the rate-independent system for damage and
plasticity, with or without hardening, would just require w € AC([0, T]; H*(R™; R™))
so that, upon taking the vanishing-viscosity limit as € | 0 of system (1.2), we could ap-
proximate a loading w € AC([0, T]; H'(R"; R")) with a sequence (w.). C H*(0,T; H!
(R™;R™)). The same applies to the time regularity of the forces. However, to avoid
overburdening the exposition we have preferred not to pursue this path.

Generally, in what follows we will tacitly assume the validity of all the above con-
ditions and omit explicitly invoking them in the various results, with a few exceptions.

Remark 2.3 (rewriting the driving energy functional). By the safe load condition
(2.39e) and the integration by parts formula in (2.10) applied to u € Hp. (Q;R™), &,
can be rewritten as

€t zip) = Uniel®) + | (W) do
Q
1
+ gan(z2) = [ OBz~ (FO 0O}z
where we have highlighted the elastic part of the strain tensor E(u+w(t)),

(2.42) e(t) == E(utw(t)) — p.

We now introduce the functional

Fu(tu,z,p) =z e®) + | (W()+EpP) da
(2.43) /“( 2 )

+ gam(z2) = [ plE)(e(t) = Blw()do — (F(0) w(t) oz
Q

Then, taking into account that [,,(p—pp)pdz = 0, we have

(244) Eﬂ(tv Uu, va) = g:lt(tv U, va) - / pD(t)deL‘ .
Q

In the following result we clarify the expression of the subdifferentials OR and
AR these basic facts will be useful, for instance, in the proof of Lemma 3.6.

LEMMA 2.4. We have the following representation formula for the subdifferential
0J: H™(Q2) = H™(Q)* of the functional I from (2.36): for all ¢ € H™(Q) := {v €
H™(Q) : v <0 inQ}

(2.45)  x € 99(¢) if and only if  (x,w — ()pmq) <0 Vwe  H™(Q).
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Moreover, for all { € H™(Q) there holds

(2.46) OR(C) = P(C) + 9I(C) = —k + JI(C),
(247) OR™*(¢) = OR(C) +{¢},

where —k stands for the functional H™(Q) 3 ¢ = [(=r)¢(z) dz, and we simply
write ¢, in place of J(C) (J : L*(Q) — H™(Q)* denoting the Riesz mapping).

Proof. Formula (2.45) is in fact the definition of 9J(¢), whereas (2.46) and (2.47)
follow the sum rule for convex subdifferentials; cf., e.g., [AE84, Corollary IV.6]. |

3. The gradient structure of the viscous system. In this section we are
going to establish the functional setup in which the (Cauchy problem for the) rate-
dependent system with hardening (i.e., with p > 0) (1.2) is formulated and, accord-
ingly, specify the notion of solution we are interested in. This will enable us to unveil
the gradient structure underlying system (1.2), which will have a twofold outcome:

1. Exploiting this structure we will show that (1.2) can be equivalently reformu-
lated in terms of an energy-dissipation inequality, which is in turn equivalent
to an energy-dissipation balance. This observation will simplify the proof of
existence of viscous solutions, carried out in section 5.

2. The energy-dissipation balance will be at the core of the vanishing-viscosity
analysis (with v > 0 fixed) performed in section 6, as well as of the vanishing-
hardening analysis carried out in section 7.

System (1.2) involves the rescaled dissipation potentials V., : H(Q;R") —
[0, +00), He,, + CO(2; [0, +00)) x L2(Q; ME*™) — [0, +00), and R. : H™(Q) — [0, +o]
defined by

)

Ve, (v) = 1\72,y(e€1)), Hep(z,m) = lf}{tft(z,sw) =H(z,m)+ 1f]{g,y(z,e:w),
(31) 9 ) 3 ) 9
Re(Q) = TR ) = RO + 1 Ra(=0)

with Va ., Hs,, and Re, from (2.18), (2.34), and (2.37), respectively. With H., we
will denote the density of the integral functional H.,. We are now in a position to
provide the variational formulation of (the Cauchy problem for) system (1.2).

Problem 3.1. Find a triple (u, z,p) with
(3.2)
uw e HY0,T; Hb, (S R™), 2z ¢€ HY0,T; H™(Q)) with W (z) € L>=(0,T; L' (2)),

p € H'(0,T; L*(Q; Mp™™)),
such that, with e(t) := E(u(t) + w(t)) — p(t) and o(t) := C(2(t))e(t), there holds
(3.3a)  — Div(evDE(W/(t))+0(t)) = F(t) in Hp, (Q;R™)*,
(3.3b)  OR(Z'(t)) + Am(2(t)) + W (2(t)) > —%(C’(z)e(t) Ce(t)  in H™(Q),
(3.3¢)  OxH,(2(t),p' (1) + pp(t) 5 (o(1)) a.e. in Q
for almost all ¢ € (0,T"), joint with the initial conditions

(3.4) u(0) = ug in Hp, (QR"), 2(0) = 29 in H™(Q), p(0) = po in L*(Q).
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Remark 3.2. A few observations on formulation (3.3) are in order:
1. As shown in [CL16, Lemma 3.3|, from the requirement W(z) € L*>(0,T};
L'(Q2)) we deduce the strict positivity property

(3.5) Ime >0 V(x,t) € Qx[0,T] : z(z,t) > myg.

2. In view of (3.5) and of (2.21), we have that W’'(z) € C°(Q2x [0, T]). The term
featuring in (3.3b) has to be understood as the image of W'(2(t)) € C°(Q2)
under the Riesz mapping with values in H™(2)*.

3. By the monotonicity of ¢ — z(z,t) and the requirement that 2o < 1 in €2, we
immediately infer that z(z,t) < 1 for all (z,t) € Q x [0, 7] which, combined
with (3.5), is consistent with the physical meaning of the damage variable.

The requirement W (z) € L>(0,T; L'(Q)) which, as shown by Remark 3.2, has an
important impact on the properties of the solution component z is in turn consistent
with the gradient structure of system (3.3) with respect to the driving energy &,
from (2.23). To reveal this structure, it will be convenient to introduce the following
notation for the triple (u, z, p) of state variables and the associated state space:

(3.6) q:=(u,z,p) € Q:= Hp, (G R™) x H™(Q) x L*(Q; ME*™).
With slight abuse of notation, we will write both &,(t,u, z,p) and &,(t, q).

LEMMA 3.3. For every p1 > 0 the proper domain of €, : [0,T] x Q = RU {400}
18
Dr:=[0,7] x D with D = {(u,z,p) €Q : 2z >0 in Q}.
For all t € [0,T], the functional ¢ — &,(t,q) is Fréchet differentiable on D, with
Fréchet differential
(3.7)
Dqgu(tv q)

= (Du€u(t,u, 2,p), D.EL(t, u, 2,p), Dp€ (¢, u, 2,p))
= (=Div(a(t)) = F(t), Am(2) + W'(z) + 3C'(2)e(t) : e(t), up — on(t))) € Q*.

Furthermore, for all ¢ € Q the function t — &,(t,q) is in H*(0,T), with

(38) BiEu(tia) = | o(t) s B! () do— (F'(0),u+ w0 o)~ (F(E) 0/ () o
Q

for a.a.t € (0,T). Finally, the following chain-rule property holds: for all g € H(0,T;

Q) with supycpo, 7y 1€,(¢, q(t))] < 400,

the mapping t — E,(t,q(t)) is in AC([0,T]), and
3.9
B0 e a0) = D). (g +OuEultat)  for aate 0.T)

Proof. First of all, (3.7) gives the Gateaux differential of &,(t,-): we will just
check the formula for D,,€,,(¢, u, 2, p) by observing that, since £,(t, -, z, p) is convex, we
have that n = D,€,(t,u, z,p) if and only if it holds that €,(t,v,z,p) — €, (t, u, z,p) >
(n,v —u) g1 (qmny OF, equivalently, that

3 10)

/ C(2)(E(v+w(t))—p) : (E(v+w(t))—p)dx — %/ﬂa(t): e(t)dz — (F(t), v—u) g1

(n,v— u>H1
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for all v € Hpy;, (Q;R") (using the shorthand notation (-,-) 1 ). Ultimately, (3.10)
holds true if and only if

<77’1~)>Hrl)ir Dir

oy = [ o) B)dz = (F(0.5) 1y, o
for all & € H}, (;R™). In order to check the Fréchet differentiability, it is enough to
prove the continuity property
(3.11)
(Qn = (unaznypn) —q= (u,z,p) in Q) - (Dqg’u(taQn) — Dqg’u(taq) in Q*) .

For this, we observe that z, — z in H™(2) implies 2, — 2z in C°(Q) and, thus,
C(zn) = C(2) and C'(z,) — C'(2) in L>(Q; Lin(MZr; M), Therefore, we have
C(zn)en(t) — C(2)e(t) in L*(ML5Y), which gives Dy&p(t, un, 2z,p) = Du€pu(t,u,
z,p). We also find that C'(z,)en(t):e,(t) — C'(2)e(t):e(t) in L*(£2), hence we have
the convergence D,E,(t, un, 2n,pn) — D,E.(t,u,2z,p) in H™(Q)*. We easily have
D&, (ty tn, 20y pr) — Dp&u(t,u, z,p) in L2(Q; ME*™), which concludes the proof of
(3.11).

By standard arguments we conclude (3.8) and (3.9). This finishes the proof. 0O

Let us now introduce the overall dissipation potential ¥, : Q x Q — [0, +o<]
(3.12)
Uy (q,q") = Va (u') + R(2) + 3G (2,p)

1
and its rescaled version U, ,(q,¢) := =V, (q,eq") = Ve, (u) + R (2') + He o (2,p") .
€

Taking into account (3.7), it is then a standard matter to reformulate Problem 3.1
in these terms: find ¢ € H'(0,T;Q) with sup,e(o.r) [€u(t q(t))] < 400 solving the
generalized gradient system

(3.13) Oy We(q(t),qd (1)) + Dg€ult,q(t)) 20  in Q" foraa.te(0,T).

This reformulation allows us to easily obtain the energy-dissipation balance un-
derlying system (3.3), which is in fact equivalent to (3.13). Indeed, arguing as in
[MRS13] (this observation is, however, at the core of the variational approach to gra-
dient flows; cf. [AGS08]), we observe that (3.13), namely —D4€,(t,q) € 0y V.. (q, '),
is equivalent, by standard convex analysis results, to the identity

(3.14) e, (q(t),q' () + ¥I,(q(t), ~Dg€u(t,q(t) = (—=Dqg€pu(t,a(t),q'()q

fora.a.t € (0,7), with U2, : Q x Q" — [0,+00], V7 (¢,§) := sup,eq( (£ v)q —
V. ,(q,v)) the Fenchel-Moreau conjugate of W, ,(g,-). By the definition of ¥ , the
> estimate in (3.14) is automatically verified. Therefore, (3.14) is in fact equivalent

to the < estimate

Ve (a(), d' )+, (q(t), =Dg€u(t, q(t))) < (=Dg€u(t, q(t)), q'(t))q
(3.15) d
= —Eﬁu(t, q(t)) + 0:€u(t, q(t))
for a.a. t € (0,T"), where the latter identity follows from the chain rule (3.9). In fact,
it is immediate to check that (3.13) is equivalent to the integrated versions of (3.14)
and of (3.15). The latter reads
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/0 (e (a(r),d () + VL, (a(r), =Dg&pu(r,q(r)))) dr + E,.(t,q(t))
(3.16)

gaﬂ(o,q(o))+/0 9&pu(riq(r))dr

for all ¢t € [0,T]. Observe that for £ = (9, x,w) € Q* we have

(3.17)
V2 (9,6) = Ve, () + R2(x) + 3, (7,0)
VI, (n) = L/ D 'r:7dz for n = —Div(r) and 7 € 2(Q),
’ 2ev Jo

. ) 1~ 1
with  § R0 = 3odiaio) (6 OR(0) = o7 min f>(x=7),

" 1
:Hs,u(sz) = 2€7Vd2L2 (w7 8,&((2,0)) = Hw - p”i?(ﬂ) )

——  min
26V pedrH(z,0)
where 2(Q) is from (2.8),

2, if e L?(Q),
fo : H™(Q)" — [0,400] is defined by  f2(8) := 1112 l b ()

+o0 if B€ H™(Q)*\ L?(Q),
and observe that the min in the definition of ELQ(Q)(X, OR(0)) is attained as soon as

JL2(Q) is finite. Indeed, we have calculated

v;u(—DiV(T)) = sup ((—Div(7’),v>H1(Q;Rn) — sty(v))
vEHL; (%R™)
eV
= sup </ 7: E(v)dx — —/ DE(v): E(v) dx)
veHp, (k™) \JO 2 Jo
1
=— [ D 'r: Tdx,
2ev 0

whereas the formulae for R and H; , follow from the inf-sup convolution formula;
cf., e.g., [IT79, Theorem 3.3.4.1]. Therefore, we may calculate explictly the second
contribution to the left-hand side of (3.16). Indeed, recalling that, by (2.39¢), we have
F(t) = —Div(p(t)), we find that

V2 (=Duu(ru(r), 2(r), p(r))) = V=, (Div(a(r)+F(r)) = V., (Div(o(r)—p(r))
= L Do) —p(r): (o(r)—p(r))da

- 2ev Jq

(where o(r) = C(2(r))e(r)). All in all, we arrive at the following result, which will
play a key role for the analysis of the rate-dependent system (1.2), since it provides a
characterization of solutions to the viscous Problem 3.1.

PROPOSITION 3.4. The following properties are equivalent for a triple q =
(u,z,p) € HY(0,T; Q) fulfilling the initial conditions (3.4):
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1. q is a solution of Problem 3.1;
2. q fulfills the energy-dissipation upper estimate

Su(t7Q(t))+/0 (Ve (u/'(r)+Re (2 (1) +He o (2(r), p(r))) dr
" /O [z, (Div(atr)) +F(r))

(3.18) FRE (= Am(2(r) =W (2(1) =3 (2(r))e(r) : (1))

+9—C:,y <Z(7")7 —up(r) + op (T))} dr

sﬂ(o,q0)+/0 Op&pu(r,q(r))dr

3. q fulfills (3.18) as an energy-dissipation balance, integrated on any interval
[s,t] C [0,T].

With the upcoming result we exhibit a further characterization of solutions to the
viscous system that will be useful for the vanishing-viscosity analyses carried out in
sections 6 and 7, borrowing an idea from [CL16]. Proposition 3.5 indeed shows that
the energy-dissipation balance (3.18) can be rewritten in terms of the functionals

(3.19)
NE(t,q,q) = R(2) + H(z,p') + N2t q,q'),  where
Nered(¢q,q') =Dy (¢') Di*(t,q)  with

Do) 1= ol ()2 I 012 42l (012
DyH(t,q)

1 ~ 1
= \/; ”_Dugl‘(tv Q)H%qu]m)* + dL2 (_ng’ll«(tv Q)7 6R(0))2 + ; sz (_DPE’M(tv q)= 8773{(27 0))2

PROPOSITION 3.5. Along a solution ¢ € H'(0,T;Q) there holds for a.a.r €

(0’ T)7
(3.20)

Ve ! (1) +Re (2 (1) 490 (), 9/ (1) V2, (Div(0 (1) + F (1))

FRE (= A () =W () =3 (2(r)e(r) : e(r) ) 43¢, (=), —pp(r) + o (r) )
=N¢,(r,q(r), ¢ (7))
= R (1) + H (), 9/ (1) + & (v () 12 O +lp ()] ) -

In particular, a curve ¢ € H*(0,T;Q) is a solution to the Cauchy problem, Problem
3.1, if and only if it satisfies for every t € [0,T] the energy-dissipation balance

(321)  &,(ta(t) + /Ot NE(r g(r), ¢/ () dr = €,(0, q0) + /Ot 0, (r, q(r)) dr
Proof. First, we have that for a.e. r € (0,7T)
NE(roq(r),q'(r) = R(2'(r)) + H(2(r),p'(r)) + Du(q'(r)) DyH(r, q(r))
(3.22) < R(Z' (7)) + H(2(r),p'(r) + gﬁi(q/(r)) + %(Di’”(ﬁ q(r)))?
< (=Dg€pu(riq(r),d'(r)q

by the Cauchy inequality and (3.14), which holds along the solutions.
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Let us now prove the converse inequality. Consider a measurable selection r —
~v(r) € OR(0) fulfilling

drz() (~D:€,u(r,q(r)), OR(0)) = | =D=€,(r, q(r) =7 (r)ll2(0)

(observe that the existence of 7 is guaranteed by the fact that gLQ(Q)(*DZEM(T7 q(r)),
0R(0)) < +oo for almost all € (0,T") and that r — D,E,(r,q(r)) is measurable).
Analogously, let 7 +— p(r) € 0:H(2(r),0) fulfill

dr2(=Dpeu(r, q(r)), 0xH(2(r),0)) = [[=D=&,(r, q(r)) — p(r)llL2(2)

Then, we have (using shorter notation for the duality pairings between Hp. (€;R™)
and HY, (;R™)*, H™(Q), and H™(Q)*, and for the scalar product in L?(£; M*"™))
(3.23)
(=Dg€u(r,q(r), d (r)q

= (=Du&pu(r,q(r)), v (r)) g1 + (=D:€,(r, a(r)), 2'(r)) g + (=Dp€u(r, a(r)), p'(r)) 1.
< [/ (M)l pll=Duu(r, g ) ez oy + (=DzEu(r,q(r)=7(r), 2 (r) g

+ ((r), 2" (1) g + (=Dp€u(r,q(r)=p(r), (1)) 12 + (p(r), ' (r)) L2

< o/ ()l ar1,p]| =D, a(r) | my+ + 112/ ()| 2d iz (=D&, (r, a(r)), OR(0))
+R( () + 1P (")l L2d L2 (=Dp€pu(r, q(r)), 0x3(2(r), 0)) + H(z(r), p'(r))

(2)

< R(Z'(r) + H(z(r),p'(r) + Do (' (r)) Dp#(r,q(r)) = NE, (r,q(r), ¢'(r)),
where (1) follows from the very definition of 9R(0) and 9H(z(r), 0) combined with the
fact that R(0) = H(z(r),0) = 0, and (2) follows from the Cauchy—Schwarz inequality.

Then, all inequalities in (3.22) are equalities whence, in particular, we conclude
that for a.a. r € (0,t)

(3.24)
Dy#(r,q(r)) =eDy(q'(r)) and NE,(r,q(r),q'(r) = (=Dg€u(r,q(r)),q'(r))q -
This shows (3.20) and concludes the proof. O

We now study the semicontinuity properties of the distance-type functionals in-
troduced in (3.17) that also enter the definition of Di#. We will make use of the
norms || - [[(z1py, || - [ ,p)- from (2.19), (2.20), and refer to the space H™(2) and
the functional x : H™(Q2) — R introduced in Lemma 2.4.

LEMMA 3.6. Let u > 0 be fized. For any (t,q) = (¢, (u,2z,p)) € [0,T] x Q there
holds

(3.25&) ||Dugu(t, q)”(Hl,D)*
= sup  (=Div(a(t)) = F(t),1u) m), (o) -
M € Hps, (UR™)
Hnu\l(m,m)ﬁl

(3.25b)  dp2(~D.&,(t,q), OR(0))?

= sup (Au(2) + W(2) + AT (2Delt) : e(t) + 5y —n.) imier
n-€HZ(Q)
[Im=]lL2<1

(3.25¢) dr2(=Dp€L(t, q), 0-H(2,0))
= s ((on®) = mp ) o) — H(zmp)) -

np€L? (MpB*™)
anHLz <1
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Hence, for all (tg,qr)k, (t,q) € [0,T] x Q with t, — t and g — q in Q we have that

(3.26a) IDu€pu(t, @)1y~ < Hminf [Du€p(te, au)ll -
(3.26h) dp2(—D.&,(t,q), 0R(0)) < lim nf dp2 (=D&, (tr, qi), OR(0))
—

(3.26¢) dr2(—Dp€,(t, q),0:3(2,0)) < liin igf dr2(—Dp€,(t, qr), 0= (21, 0)) .
—

Proof. (3.25): The well-known fact that ||—¢ul/(z1p)» = sup{{—du, Mu) 1 ,p):
17l (1 py < 1} yields (3.25a). As for (3.25b), one has

dr2 () (—¢2, OR(0)) = sup {<—¢z + Kz am) M2 € H2(Q), |12l 2200) < 1} :

This follows from [CL16, Remark 4.3, Lemma 4.4]; in fact, the set G from [CL16]
equals the set —99(¢) = —OR(¢) — « in the notation of the present paper (see Lemma
2.4). Finally, we have

sup {<—¢pa77p>L2(Q;MgX") — H(z,mp): an”L?(Q;MgX”) < 1}

= sw {( Gy — H@ ) — Ia, () }
np€L2(UMP*™)

= (@) +1p,,) (~d) = min  {3(z, )" (n) + | ~0p — mplluz}
npEL2(Q;MEX™)

= eLQIggllifﬂ"X”) {Il=¢p = mpll 2 + o, 9¢(,0) (1p) } = dr2(=p, 3:3H(2,0)),
Mp Wi

where Ip , is the indicator function of the closed unit ball in L*(€2; Mp,") (namely,
Ip,,(np) = 0if [|npllzz < 1 and Ip,,(n,) = +oo otherwise). Hence (3.26c) follows,
recalling (3.7).

(3.26): In order to show the lower semicontinuity properties (3.26), we notice
that, for fixed n, € Hp, (R™) and n, € L2(;MPE*™), the functions (t,q)
(—Div(o(t)) — F(t),n.) and (t,q) — (op(t) — up, np) — H(z,np) in (3.25a) and (3.25¢)
(here we abbreviate the notation for the duality products) are continuous with re-
spect to the convergence of ¢t and the weak convergence in Q. For this, we rely on
assumptions (2.C), on (2.28¢), and also on the fact that if ¢y — ¢ in Q, then z; — 2
in C°(Q).

Moreover, for fixed 7, € H™ (1) the function (t,q) — (Am(z) + W'(z) + 1C/(2)e :
e + K, —1,) is semicontinuous with respect to the convergence of ¢t and the weak
convergence in Q: the contribution (¢, q) — (Am(2) + W(2) + k, —n.) is continuous,
recalling (2.1), (2.C), (2.W), while (¢, q) — (C'(2)e : e, —n,) is lower semicontinuous,
since —n, > 0 (cf. also [CL16, (4.48) and (4.52)]).

Therefore we get (3.26) since, by (3.25), we are taking supremums of lower semi-
continuous functions. |

4. Time discretization. In this section we discretize the rate-dependent system
(1.2) and, again exploiting its underlying gradient structure, we derive a series of
estimates on the discrete solutions that are uniform w.r.t. the discretization parameter
7, as well as the parameters ¢, v, and u. Therefore,

- we will use these estimates to pass to the limit in the discretization scheme,
for €, v, and p fixed, and construct a solution to Problem 3.1 in section 5;

- since the viscous solutions to system (1.2) thus obtained will enjoy estimates
uniform w.r.t. € and v, we will resort to them in the vanishing-viscosity analy-
ses as € | 0 and ¢,v | 0, for p > 0 fixed, carried out in section 6;
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- the estimates that are also uniform w.r.t. 4 > 0 will be inherited by the viscous
solutions. Therefore, we will exploit them to perform the joint vanishing-
viscosity and vanishing-hardening analysis in section 7, as well.

We construct time-discrete solutions to the Cauchy problem for the rate-dependent
system for damage and plasticity (1.2) by solving the following time-incremental min-
imization problems: for fixed e, v, u > 0, we consider a uniform partition {0 =
t0 < ... <t = T} of the time interval [0,7] with fineness 7 = tk*1 —¢¥ = T/N.
We will use the notation n* := n(tk) for n € {w, F}. The elements (¢%)o<p<n =
(uk, 2k pF)o<r<n are determined by

T

0._ 0._ 0._
Uy = Up, 27 = 20, D7 = Do

and, for k € {1,..., N}, by solving the time-incremental problems

(4.1)
k—1

qf S Argmin{T\I'&V (q, q_gT> + Eu(tf,q) i g€ Q}
= Argmin{% (/Q vD(E(u) — E(uf1)) : (B(u) — B(u*~1))dx

2 = 22 4 vllp —p’:-lniz)
+R(z =2+ H(z,p - pE Y
+ &t u,p,2): u € Hy(BRY), z€ H™(Q), pe LQ(Q;M’E)X")} .

Notice that, to shorten notation, we omit writing the dependence of the minimizers
(¢%)N_, on the positive parameters ¢, v, and p.

Remark 4.1. Taking into account that R(z—28"1) = P(z—2k~1)+J(2—2F~1) with
P and J from (2.36), it is immediate to check that the minimum problem (4.1) refor-
mulates as
¢ e Argmin{26 (/ vD(E(u) — E(uf1)) : (B(u) — BE(u*1))dx
T\ Ja

+lz =227 Ze + vl —p’i‘lliz>
k—1
R
Q

+ Eu(t’ﬁ,u,p,z): (u,2,p) € Q, z< zF"1in Q} )

Observe that, upon setting v = p = 0, the above problem does coincide with the time-
incremental minimization scheme used to construct solutions to the viscous system in

[CL16].

The existence of a minimizing triple for (4.1) relies on the coercivity properties
of the functional €,, specified in Lemma 4.2 below. Let us highlight that the coer-
civity estimates below are uniform w.r.t. the hardening parameter p € [0,1], and in
particular they are valid also for g = 0. This will have a key role in the derivation of
a priori estimates on the viscous solutions uniform w.r.t. p as well.
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LEMMA 4.2. There exist constants cg, Cg > 0 such that for all u € [0,1] and
(t,u,2,p) € 0,7 x Q

Eu(t,u, 2,p) + H(z,p) + |12] 220
(4.2) > cp (He(t)||Lz(Q;Ms"yfn”)JerHHm(Q)JFNl/z||p||L2(Q;MISX")
+u1/2||uHH1(Q;Rn) + ||p||L1(Q;MgX")> —Cp.

Proof. In the following lines, we will use that £, rewrites as &,(t,u,z,p) =
Fu(t,u,z,p) — [ po(t)p da; cf. (2.44). Now, taking into account (2.13) and the
positivity of W, we easily have that

2! I 1 1
Tultw2,9) = Gl + SlplEe + gam(z2) = 5 -l

(4.3)

2! I 1
> Dle(®)l22 + Slplz + 5am(z,2) = C,.

By (2.40), we deduce that
Eu(tsu, 2,p) + 3(2,p) > ¢ (le®)||Z2+pullpl|F2+am(z, 2)+lp) 1) - C,

and (4.2) easily follows by a Korn-Poincar inequality for u € Hy. (Q;R™). d

By virtue of Lemma 4.2 and the direct method of calculus of variations, problem
(4.1) does admit a solution (¢¥)o<r<n = (u¥, 25, p¥)o<r<n. Moreover, we set
(4.4) ek =B + wk) - pF and ok = C(2F)ek.

For n € {q,u,e,z,p,0,w, F'}, we will use the shorthand notation

k_ k=1
(4.5) =" forke{o,...,N}.
T
In addition, the following piecewise constant and piecewise linear interpolation func-
tions will be used;
(1) =y for t € (571, 45), n (8) := = for ¢ € [tF1,47),

t— tk_l

(g —ny ) for t € [t771,47]

() =y +
with 7, (0) := 19, n-(T) := n*. Furthermore, we will use the notation

B(r) =tb  forre (i ek,
t(r) =th=1  forre [th=1 th).

T

Relying on the sum rule from [Mor06, Proposition 1.107], we see that the mini-
mizers (¢¥)N_, for (4.1) satisfy the Euler-Lagrange equation
(4.6)

¢ — b ! ¢ — b !
Oy Ve, (qlﬁ, TTT) +704¥c (qlﬁ, TTT) > -D,E.(tF, ¢5) in Q*

for k =1,...,N, where, with a slight abuse of notation, we have denoted by 9,¥. ,
the Fréchet subdifferential of ¢ — Y. ,(q,¢'), i.e., the multivalued operator 9,9, , :
Q x Q = Q" defined by

Ve (w,q) =¥ (q,¢") — (§w—
£€€9,%.,(¢,q) ifandonlyif lim e (W, 7) el0,0) = € Yq

>0.
w—q lw —dllq
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Now, 9,¥. , in fact reduces to the Fréchet subdifferential 9, : C°(Q) x L (Q; MB*™)
= M(f2). Hence, the term 79,V ,(¢~, ¢¥) in (4.6) leads to the contribution 70,3 (2%,
7F) € M(Q) € H™(Q)* that features in the discrete flow rule for the damage variable;
cf. (4.7b) below. Taking into account Lemma 3.3, (4.6) in fact translates into the
system, for all k € {1,..., N},

(4.7a)

 Div (e DB(i ) o) = P i B (4R
(4.7b)

OR(ZE) + A (B + W/ (2B + 10, H. (25, pF) —%(C’(zf)ef cef in H™(Q)*,
(4.7¢)

OnH_ (25 pF) + upk 2 (Uf)D a.e. in Q.

For later use, let us rewrite system (4.7) in terms of the piecewise constant and linear
interpolants of the discrete solutions, also taking into account the structure formulae
(2.35) and (2.47): we have

(4.8a) — Div(evDE(u, )+, ) = in H}Dir(QR”)*
X, +ez4+Am(Z)+ W’( )T = _,@ z e e in H™(Q)*

with X, € OR(2]), A\ € 0, H., l,(zT,pT),
Wy + evpl + up, = (o:)p a.e. in
with @, € 0, H (Z,p.)

(4.8b)

(4.8¢)

almost everywhere in (0, 7).

Proposition 4.3 below collects the first set of a priori estimates for the discrete
solutions. Essentially, these estimates are obtained from the basic energy estimate
following from choosing the competitor ¢ = ¢*~! in the minimum problem (4.1),
which leads to

_ k-1
(4.9) E,(t5, ) + 702, (q’:,qTff)<eu< “Lgkh / 0:€,u(s, ¢4 1) ds

Let us mention in advance that, in Proposition 4.8 ahead, we will derive a finer discrete
energy-dissipation inequality, which will be the starting point for the limit passage as
71 0.

PROPOSITION 4.3 (basic energy estimates). There exists a constant C7 > 0,
independent of €, u, v, T > 0, such that the following estimates hold:

(4.10a)

tS[%pT] <||€T(t)||L2(Q;M:;,<n") + 1P (Ol 1 o my + [T (OllBD(0) + 22 ) (02)
€lo,

+ /QW(fr(t)) dz + ul[p- Ol L2 @z <) + \/ﬁ”u‘r(tHHl(Q;R")) <y,
(4.10b)
T
| (16 s @iy + 125y ds < €,
0
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(4.10¢)

T

o [ (A1 OB + 1) ey + 14Oy ) 05 < .
Therefore, there exists my > 0, independent of €, v, u, T > 0, such that
(4.11) Z,(x,t) > mg, 2 (z,t) > mo V(z,t) €[0,T] x Q.

Proof. Tt is immediate to check that the time-incremental minimization problem
(4.1) is equivalent to

¢" € Argmin {267 (/Q vD(E(u) — E(uf1)) : (B(u) — E(w" 1)) dz

Tl 2 4 vl — b |)
+R(z = 2EN) + H(E p—pE)

- / (P (O)p - dz + T, (18,0, p, 2) (1, 7,p) € Q}

with J, from (2.43). Then, considering the analogue of estimate (4.9) and summing
it up with respect to the index k =1,...,j, with j arbitrary in {1,..., N}, we find

(4.12) Tultr) Jri [T\pw <ql;’ QTTqI;1> - /Q(Pi(t))D(pf pfl)dx}

.(0,¢2) +Z/ (s,¢" 1) ds.

On the one hand, again thanks to (2.40) we have that

k—1 k k—1
qT — 4 ; - i~ dr — 4z
v, (q’:, ) - [t - a1, ()
Q

T T

with U, ,(¢') := V., (W) + Re(2') + a||p’| 11

On the other hand, since 0,F,(t,q) = [,o(t) : E(w'(t)) dz — [, p'(t)(e(t) —
E(w(t)) de — 0:((F(t),w(t))g1), we easily find also in view of (2.13), of (2.39d)—
(2.39), and of (2.41) that

0:Fu(t.0)] < L)l 2gppsry + £ with

{ (t) = C(lw'®)lm + Il (#)]L2) € L10,T),
(t) = C'IIF' )l zry- € LH0,T).
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From (4.12) we then gather that
(4.13)
J
5";1(“}, @)+ Z Tq/s,u(quv ir)

k=1

J th T _
< fﬂe(oﬂg) + Z ||ei_1||L2(Q;ng>I<n") /t’“’l L(s)ds + /0 L(t)dt

k=1 T
1) 0 0 d k-1  k—1 L .
< F100,60) + e lI€l 0y + Y (%(tr A 271) /k,lﬁ(s)ds
k=1 tr
T ~
+/ Z(t)dt
0
@ oIt e T
< C+7—Z(%(t’i,q’i)+0p)/ 5<8)d8+/ Lt
L k=0 tr 0

where (1) and (2) follow from the fact that, by (2.38) and u € [0, 1], it holds that
F,.(0,¢%) < F1(0,¢2) < C uniformly in g and 7 > 0, as well as from estimate (4.3).
We are now in a position to apply a version of the discrete Gronwall lemma (cf., e.g.,
Lemma A.1 ahead) to conclude that

tk+1
F.(t,¢0)+C, < Cexp / <C,
'Ylk —o/tk

where the latter estimate follows from (2.39d)—(2.39¢) and (2.41). All in all, from
(4.13) we conclude that

J
I3C>0 Ve, v,p,m>0 Vie{l,...,N},  |Fu(tdd)+ ) ¥, (g, df) <C.
k=1

In particular we find that ||p? 1) < C. Then, recalling that €,(t,q) = F,(t,q) —
Jo po(t)pde and that pp € L>°(0,T; L°(Q; M), and using (2.30b), it is immedi-
ate to check that

T
3C >0 Ve, v,pu,7>0: sup |€,(E qT(t))’—i—/ V., (q,(s),4.(s))ds < C.
t€[0,T] 0

Then, estimates (4.10b) and (4.10c) immediately follow, while (4.10a) ensues due to
the coercivity property (4.2). Let us additionally mention that the estimates for e,
and p, entail a bound for E(@,) in L>(0,T; L*(; ML), which yields the bound
for w, in L*°(0,7;BD(Q)) via the Poincaré-type inequality (2.4). Property (4.11)
can be deduced from sup;c(o 77 [, W(Z-(t)) dz < Cy (cf. (4.10a)) arguing as in [CL16,
Lemma 3.3]; cf. also Remark 3.2. d

The following step is the derivation of enhanced a priori estimates for the discrete
solutions (¢r)r = (ur, 27, pr)-. With Proposition 4.3 we have obtained for (¢,), an a
priori estimate in H'(0,7; Q) that blows up as €, v | 0; it will be used to conclude
the existence of viscous solutions to system (1.2) for ¢, v, and p > 0 fixed. Now, with
Proposition 4.4 below,
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1. we prove a set of enhanced a priori estimates, uniform in 7, v, u, and blowing
up as € | 0, that will ensure the existence of solutions to the viscous system
with higher temporal regularity than that guaranteed by Proposition 4.3;
2. we obtain a set of a priori estimates, also uniform in e, that will be at the
basis of the vanishing-viscosity analyses carried out in section 6, as well as of
the vanishing-hardening limit passage in section 7.
All of these estimates will hold under the further condition that v < u, which is
consistent
- both with the situation in which the hardening parameter p is kept fixed, the
viscosity parameter ¢ vanishes, and either v is kept fixed (cf. section 6.1), or
v vanishes along with ¢ (cf. section 6.2);
- and with the case where we perform joint vanishing-viscosity and vanishing-
hardening analysis for the viscous solutions (cf. section 7).
We prove Proposition 4.4 under the following additional conditions on the initial
data qo = (uo, 20, P0):

Dqgu(ov qO) = (Dugu(ov Uo, Z07p0)7 DZEM(Ov Uo, Z07p0)7 Dpau(ov Uo, ZOva))
(4.14) = (*Div(ao) — F(0), A (20) + W'(20) + %C’(zo)eo :eq, 1Py — (UO)D)
€ L?(Q; R" xRxMpP*"™).

PROPOSITION 4.4 (enhanced a priori estimates). Under the assumptions of sec-
tion 2, suppose in addition that the initial data (uo,z0,po) fulfill conditions (4.14).
Then, for Z small enough, we have that

1. there exists a constant C5 > 0, independent of T, v, pu > 0, with C§ T 400 as
€} 0, such that for all T, v, u > 0 with v < p there holds

V|| o 0,111 (@irm)) + 27 | Loe 0,7522(02))
(415&) + \/ﬁllp"'||L°°(O,T;L2(Q;M]’5X")) S C;,

||éT||L2(07T;L2(Q;M"X")) + HZTHL?(O,T;H"‘(Q)) < CS;

sym

2. there exists a constant Co > 0, independent of €, 7, v, u > 0, such that for
all T, e, v, u >0 with v < p there holds
(4.15Db)

el o2 @iy + 1o llzr@mimm @ + Vilbr o 202 @)

+ Vil | Lo, (@rn)) < Ca

As we will see in Remark 4.6 later on, assuming only (2.39a) in place of (2.39¢),
estimates (4.15) hold for two constants C5* and C4 depending also on u > 0.
Outline of the proof. Our argument will be split into the following steps:

1. The first step basically corresponds to “differentiating w.r.t. time” the discrete
Euler-Lagrange equations/subdifferential inclusions satisfied by the discrete
solutions and testing them by u*, 2¥ p¥ respectively. In practice, we will do
so with the discrete equations for u* and p* (i.e., (4.7a) and (4.7c)), while,
instead of working with the discrete flow rule (4.7b) for z (and dealing with
the Fréchet subdifferential term therein), we will resort to (4.16) and (4.17)
below, which are a key consequence of the minimum problem (4.1). We will
add up the resulting relations and perform suitable calculations.

2. Next, we perform a suitable estimate of ||p’jHL1(Q;ng”). The key role of this
calculation is commented upon in Remark 4.7 ahead.
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w

We will rearrange the estimate obtained in steps 1-2.

4. The tasks in steps 1-3 are addressed by working with the discrete Euler—
Lagrange system (4.7) for k € {2,..., N;}. In this step, we will separately
treat the case k = 1.

5. We will apply the Gronwall lemma, Lemma A.2, to get estimates (4.15a),
blowing up as € | 0.

6. We will apply the Gronwall-type Lemma A.3 to get estimates (4.15b), uniform
w.r.t. e, v, up>0.

We will also use the following result.

LEMMA 4.5 (see [CL16, Lemma 3.4]). The minimizers (¢®)2=, of (4.1) satisfy
forallk € {1,...,N;} and ¢ € H™(Q)

(4.16)

%)+ [ Hodr b an(:h 0+ [ (WG )0
Q Q

(4.17)

. . . 1 . . .
R(E) + <l2£13s + o, 28 + (W’(z’:>+2@'<z§>e’:e’:) 5 < Crerl| ¥l 551
Q

with Cx from (2.28c).

Proof of Proposition 4.4.
Step 1: For k € {2,...,N,}, let us subtract (4.7a) at step k — 1 from (4.7a) at
step k. Testing the resulting relation by ¥, we obtain

/EVDE(u';—aﬁ—l);E(ui)dx + /(a’:—a’:—l);EW;)dx
Q Q

(4.18) =1 =1y
= (FF-Ff L i5 ) marn -

= I3

Since [ DE(u1) : (E(u1)=E(uz2)) dz > |lut|| a1 p(lu | a1 o=zl p) > gluillFs p—
%”“2”%11,@7 we have

1 2 evlli s p (18] s 15 ).

As for I, we use that E(i¥) = ¢¥ + pF — E(wF) and that oF = C(2F)eF (cf. (4.4)), so
that

(4.19) ok — gh T = C(F) (ehmek ) + (C()—C(E 1) e,

Therefore,

I = / C(zFy(eF ety ebde  + / (CE)—C(E 1)) et i ehda
Q Q

=Ty =122

+ / (b ok Vpkdr  — / (o* ok 1)E(ik) dx
Q Q

=13 =124
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Now, we have that
QJ:T/c@m¢u£m27nwmé
Q

by (2.13), whereas, since the mapping z — C(z) is Lipschitz continuous,
[I20| < O7|2F oo llef 2 ll€xl 2 < Ol 28 | o [léR ] 2,

where the last estimate follows from the previously obtained (4.10a). While the term
I, 3 will be canceled in the next lines, again relying on (4.19) and the Lipschitz con-
tinuity of C, we estimate
(24| < TICE) = ll€x] 2 [B@F) 22 + OTl125 [ oo llef | o2 | E(@7) | 2
-k -k .k -k
< O7 (Fl 2 NEw) | L2+ 127 | Lo [IE(@7) ]| 2)

where the latter estimate again follows from (4.10a). Finally, recalling that F €
H'(0,T;BD(Q)*), we may estimate

\Is| < 7| lgpay- 45 |8p0) < CTIEF|I8D(0)- [|E(@E)] 11

(4.20) . ) ] )
< C7l|Fflepey- (IB@H) [+ I€5 i+ 1552

where the second estimate follows from Poincaré’s inequality for BD(2) (cf. (2.4)),
and the very last one follows from the fact that E(u%) = é¥ + pk — E(wF). All in all,
combining the above calculations with (4.18), we conclude that
(4.21)

k

ev|[@f ]| p(laf ] o p—llds ™ e o) +7lleXlIZ +/Q(Uffﬂfl)np'ﬁdﬂf

< CT(HZ’fIILwIIé’ﬁHLz+||é’ﬁHL2IIE(w’i)IIL2+IIifIILwIIE(w’ﬁ)IILerIIFfHBD* ()| 12

HIEF oo €8 o+ EE - 155 )

Let us now consider estimate (4.17) at step k and subtract from it (4.16) at step
k —1 (rvecall that k € {2,..., N, }), with the test function 8 := z¥. We thus obtain
(4.22)

R(z7) - R(E7) + 5/(2’:725*1)2’: dz + am (27 — 2771, £7)
—_— Q

1
< [ WE - wEEe v [ [CE O kst
Q Q

=14 =15

1 _ _ _ Z1N . .
- f/ﬂ((cl(zk Deltef—C/' (el e ) 2Fde + Crer|2F| e 155 11 -

Now, recall that, by (4.11), 0 < mo < 2F < 1 for all k € {0,...,N,}. Since the
restriction of W' to [mo, 1] is Lipschitz continuous, we conclude that

Ll<C [ bt ar < Orll



BV SOLUTIONS TO A SYSTEM FOR DAMAGE AND PLASTICITY 31
by the Lipschitz continuity of C’ we have that
15| < C/Q |er—2r YR PI27 da < O7l2F |12 lleX 1 2: < OTl|27 |7 .
the latter estimate due to (4.10a); finally,
[Is| < C/Q lerter ! [er—ef 2 | de < Orllér e 127 e

where we have used that ||C(2¥)||p~ < C, and again the previously proved (4.10a).
Inserting the above estimates into (4.22) leads to
(4.23)

ellzF e (128112 e ) + ram(28, 25) < Crllzf oo (125 Nno+ e oo + 9510 )
Prior to working with (4.7¢), let us specify that it reformulates as
(424)  wF 4+ evpl 4+ ppk = (o) for some w® € 9, H(zF, pF) a.e. in

(cf. (4.8¢c)). We subtract (4.24), written at step k — 1, from (4.24) at step k, and test
the resulting relation by p¥. This leads to

/ (W —wt )plde +ev / (P —pi~")pldr + p / (py =5~ )ik da
Q Q Q
(4.25) =71,

:t/Kof—of‘UDpﬁdw.
Q

From the 1-homogeneity of H and the fact that w® € 9, H(2¥ pF) and wF-1 €
OnH(zE=1 pE=1) a.e. in Q, it follows that
R O N ]
Q Q
Therefore, by (2.30c) we conclude that
17| < [F (e, pE) =327~ )| < Clerll &l poe 17 e -
All in all, from (4.25) we infer that
ev|pfll e (10512187l e2) + wrllpFlIZ
(4.26) Sy . o
< [ (Aot Nopkde+ Orlltom 5
Q
Summing up (4.21), (4.23), and (4.26), adding 7||2%||2. to both sides of the in-

equality, and observing the cancellation of one term, we conclude that
(4.27)

evlliz o (165 e p—llas ™ 1 o) +ellF e (12722 — 11277 ) 22)
+evl|pFlle (1951 =185 e2) + ¢ (IexlZa+ 28 | +pllpr )12 2)

< CT(Hé'ﬁIILwIIé’iHLerIIé’iHLzIIE(w’i)IILzHléfIILwIIE(w'i)IIL2+IIFfHBD* B ()| 22

HIEF Iso- lexl oo+ ¥ lp- 951+ 27 12 + IIZ"T“IILoollzi’ﬁllLl)

with ¢ = min{yy,1}.
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Step 2: Let us now estimate |p¥|| ;1 for k € {2,..., N, }. We observe that
(4.28)

. 1) . .
allh o < () - / ()it de
@ g0k, ) + / o+ (—E(ih)) dr / o E(ik) de
Q Q
(3) . .
=%<z’:,p’;>+/ﬁp’::<e’;— (k) dz — (FF, ik

4 . . . L
9 el [ phibdo+ [ (obpitdo [ g @Bt do
Q

U7 ) BD(Q)

- / ok B(uF)dx — EV/ DE(a*) : E(u*)dz
Q Q

(5)
< [ dhitdat [ (ot (@Bt do
Q
< VAl o VAl e + 16—l 65— E () 1

(6) ) ) .
< C (lleX] 2 HIE@H)| 2 + allpkl r2)

where (1) follows from (2.40), (2) is due to the fact that p¥ = E(uF + wk) — éF, (3)
follows from the integration by parts formula (2.10) observing that * € Hll) (Q R”)
and that F* = —Div(o¥) by (2.39), (4) ensues from testing (4.7a) by uk and (4.7c)
by p¥, (5) from the fact that —ev|[p]|3, < 0 and —ev [, DE(ak) : E(4 T)dz <0, and
again from E(uk) = ¢¥+pk—E(iwF), and (6) is due to the fact that p € L>(0, T; MZX")
and to the previously obtained estimates for . and \/up, in L>(0, T; L*(€; M;‘yﬁ?)),
cf. (4.10a).
In view of (4.28), estimate (4.27) is rewriten as

evllayllm p(lef ]l o= 145" ) + el 2Flze (127 2= 1125l z2)

+ev[pfllce (165112 =165 lz2) + Cr (112 +l127 1 m+ul BT 72)

< Ol x|l 2 [B (i)l 2 + Ol 27| L= ([|€5 ] 2 +IE(wr) || 22+ 27 [l =)
+ OT(| FF llspe +l125 | o) (1Bl z2+H€X] o +v/alli5 ]| z2) -

Step 3: Let us introduce the vector

= (Vlligll e o, 127 2y V97l o)

Then, observe that the first three terms on the left-hand side of (4.29) rewrite as
e{vg, vk—uvg—1). For the fourth term we have the estimate

(4.29)

¢ (el Za+H 27 I Em +llBE172)
@ . : . . ,
> er ([|eFl|Ta+HI2E [ Fm+llE 2 +pl B 72) — CTlB@wr)|:
@ : . . ,
> ¢ (IllTa+ I Fm +ullPE N2+ 65 p) — OIE(7)I1Z: |

where for (1) we have used that ()| < 383 + 3l 13, + 3ulEGA)
while (2) ensues from (2.19) and from the fact that p|[E(a¥)[|2, > v||E(a¥)[|2, (since,
by assumption, v < p), with the constant ¢ fulfilling ((3K3 + 1) < ¢ with Kp from
(2.19).
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As for the right-hand side of (4.29), we will crucially use the compact embedding
of H™(Q) into L*(£2), which ensures that
<1z < 611 Fzm + Call €l -

Vé>03Cs>0V(¢e H*(Q)

(4.30)
Therefore, also by Young’s inequality we have the estimate

15|z (el z2+IE@I) | L2 +I2F ]| )
< (127 m + N€Fl172) + Co(IB(@) 12 +127 17

for some suitable constant § > 0 to be specified later on.
All in all, from (4.29) we deduce
(4.31) 3
EAk(Ak—Akfl) + C’TB]% <Ot (1+C;§) + CT”Z’:H%;
Tl e (B0 o+ /RllEE ] £2) + Cor BE,

where we have used the place-holders Ay, By, and Cj defined by

AR = ol = vl|ag ] p + 12212 + vIB7IE,
Bt = (51152 + 128 lim + pllpElIZs + ulldflin p,  Ck = IE@HIZ2+IFF B

and estimated

(4.32)
Crl|eX]| 2 |E(7)| 2 < 67Bi + Cr||E(w5)||7,

Orl|F¥ oo (B o Hleb e ty/AlE L2 ) < 67BE + CrllF¥ - + Orl|E(w) 22
via Young’s inequality. Therefore, choosing § > 0 in (4.31) small enough in such a
way as to absorb the term Cd7B3 on the left-hand side, we arrive at

EAk(Ak—Akfl) + gTB%
< OT(1+CR) + Crl|27|13s + Cll27 [ e (1€5]] 2+ /AllpF] 22)

(4.33)
Again relying on (4.30) we estimate the last term on the right-hand side of (4.33) by

Crl|25 oo (X L2 +v/allpk]l 22 )
< O70||25|| grm By, 4 C57|25 || 01 By < CT6BE + C18' B} + O7||2F 2.

Choosing the constants § and ¢’ such that C7(6+6) < 7 and using that [|z¥| ;1 <

Ay, we obtain that, for every k € {2,..., N},
eAR(Ap—Ap_1) + 27BE < C1(1+ C3) + C7||2%)|2, < CT(1 4+ CF) + CT AL 28| 11

(4.34)
4
Step 4: Let us now address the case k = 1. To start with, let us set u- ! := uo,

:= 29, and p-! := py, so that
= 0 and, analogously, 22 =0 and pE =0.

—1
Zr
0 -1
00 — U, —U_
T T

(4.35)
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We test (4.7a), with k = 1, by @1. With an easy algrebraic manipulation we obtain

/stDE(ui)E(ui)dx+/Q(ai—UE):E(ui)dx
(4.36)

— (PP i) - [ o2 B dn ot (Pt
Q

Repeating the very same calculations as throughout (4.19) and the subsequent for-
mulae, we arrive at (cf. (4.21))
(4.37)

il ol o0 ) + el + [ (o-0Dpitdz
Q
< Cr (2l Do+l B o+ e FEGED) o+ e 1EC)
I o+ 192 ) + | [ (P(0) -+ Divtan)yitda).
Q

where we have used that, by definition, 4%, and exploited the fact that F(0) +
Div(og) € L?(€;R™) by (4.14) to rewrite the last two terms on the right-hand side of
(4.36).

We now write (4.17) for £k = 1. With algebraic manipulations, also taking into
account that 22 = 0 and using (4.14), we arrive at

R(et) + e [ (-2 do+ am(at - 22, 21)
Q
1
< [ e - W]t g [ [CE0) - CEb]e s s
Q Q

1

(4.38)
— 5/ (C'(22)er : er—C'(22)e? : €?) 2L dw
Q

# Ol lumitos + | [ (Ans W/ HAC R ) s
Q

With the same calculations as throughout (4.22)—(4.23) we conclude that

ellzMze (I2M e =122 22) + Tam (21, 22)

.1 .1 21 -1
(4.39) < C7lizzlle= (22 llL=+lézlice + Ipzllz:)

+

/ (Anz2+ W' (29)+1C/ (22)e? : €2) 2L dx| .
Q

Finally, we test (4.24), written for k = 1, with pl. Taking into account that, by
construction, p? = 0, this leads to

/ wepr Az +ev / (Pr—p9)pr dz + p / (pr—p)pr dz
Q Q Q
= [ (et=otpitdo+ [ (o2t} da.
Q Q
With the same computations as for (4.26), we obtain
H(zz,p7) + evlpzlle (1522 =971 c2) + wrllpz 122

4.40
(140 < [ ot-otortde+| [ (o2-puptyitdal .
Q Q
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We add up (4.37), (4.39), and (4.40). The very same calculations as throughout
Steps 2 and 3 lead to

e’:‘Al(Al—Ao) + %TB% S CT(I + 012) + CTA1HZ71_||L1 + F1 .

Here, the term F; subsumes the very last contributions on the right-hand sides of
(4.37), (4.39), and (4.40): in fact, for later use we introduce the place-holder

Fy .= ‘/ DuEH(O,Uo,Zo,po)iL}_de
Q

+ ‘/ ngﬂ(O,UQ,Zo,po)Z,}dl'
Q

+

/ DPSV(Oa uo, ZO?Z)O)p}— dz| .
Q

Then, (4.34) extends to the index k = 1, and we ultimately get the relation, for all
ke{l,...,N;},
(4.41)

eAR(Apg—Ap_1) + %Bg <OT+CT|I2F)2, < OT(1+ CF) + CTAR|| 25| 12 + 6146y -
Step 5: From (4.41) we infer

C C B)
iTB%S;T(l-FAi—FC;%)—F ZkFl Vke{l,...,N,}.

1 1
5,4% — 5’4%*1 +
so that adding up the above relations we obtain (recall Ao = 0 by (4.35))

E oz k
9 ¢ .o 1 20T 2C 5  2C 9
j=1 j=1 j=1
We are now in a position to apply Lemma A.2 in Appendix A, with the choices
ay = A% A= g + % Z?:l TC]2 + éFh and b = QCTT: hence we need to assume,

e.g., 7/e < 1/(4C), so that b < 1. Then, (A.2) gives (notice that Z§=1 TC]2 <C'in
view of (2.39c) and (2.41))

k
1 2CT F 2C b
sup A} < —— A(2)_~_7+71+7 7'C'J2 exp( )
k=1,...,N, 1—7 € € e = 1-5
(4.43)

) 20T 20 & 1

2 2 4CTY - ¢l

<2(Af+—+ €j§:1er+gF1 exp (1<T) = 57,

so that S} 1 +oo as € | 0, where estimate (x) is true for, say, 7 € [0,1/2]. Plugging
the above estimate into (4.42) we obtain

N-
(4.44) Y TBi <82 with 21 +ocase | 0.
k=1

Clearly, (4.43) and (4.44) give estimates (4.15a).
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Step 6: Using that By > Ay, from (4.41) we deduce

(r (T T 01,k T .
(4.45)  Ap(Ap—Ar_1) + EA% + EB,% <C-(1+ C?) + = Fi+ chkllz’:HLl

for all k € {1,...,N;}. Hence, we are in position to apply the forthcoming Lemma
A.3 with the choices ay := Ay, My := By, v := $T ¢ i= O, and Ry, == %Hzfﬂp and

e
suitable choices for the constants ¢ and p (notice that Ag = 0 by construction, Ry <
¢Ay, and we now have to take 7/¢ < 1/(2¢)). From (A.4), along with ij;l TCE < '
(by (2.39¢) and (2.41)) and (4.10b), we infer

N,
(4.46) 38, >0 Vre,u>0: Y 7B <S,.

k=1
Then, estimate (4.15b) ensues. This concludes the proof. O

Remark 4.6. In the case in which only (2.39a) holds in place of (2.39c), we have
only F € HY(0,T; (H'(Q;R™)*), so that in place of (4.20) we may infer only (with
shorter notation for the norms)

13| < CT|EF [l (rny (B0 p2+1€5] L2 +195 ] 22) -
This affects the second inequality in (4.32), which is now replaced by

CTIEF N[y (1) | 2+llex N z2+[PF ] 2)
< 07 (|E@)I 72+ F 1172 +IPEIZ2) + CTIE Em)-

Now, since (||E(wk)[|22+]|ek(|2.+[|p¥]|22) equals /i~ BZ, we may only control
Ol EF | arnye (IER) 2+ 2+l 22) < 67BR + Cur | EF [Epa)-

where C}, depends on y, too, and blows up as p | 0. We could argue in the very same
way for the rest of the proof, but the constant affect also the other estimates such
as (4.33), that now have to contain constants depending also on p on the right-hand
side. Thus, we end up proving (4.15) with a constant depending also on p.

Remark 4.7. Estimate (4.28), giving
(4.47) 195 21 ) < C (€51 2 +HIE(@R) 22 + VallEElz2)

is fundamental since it allows us to estimate ||p¥||;1 by means of the term By and of
|E(1¥)|| 12 In this way, the terms containing |[p¥||1: can be partly absorbed into the
left-hand side. If we did not resort to estimate (4.28), we would have to deal with the
term C7||p%]|2, on the right-hand side of (4.41), which would be controlled only by
considering constants depending on pu, as explained in Remark 4.6 above.

The last result of this section provides a discrete version of the energy-dissipation
upper estimate (3.18).
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PROPOSITION 4.8 (discrete energy-dissipation upper estimate). The piecewise
constant and linear interpolants of the discrete solutions (u”, z’j,pf)i\;l fulfill

(4.48)
T (1)

Su(t7u’7'(t)7 Z’F(t),pT(t)) + l ( ) (VE,V(ulr(r))+RE<Z;(T))+:}CE,V(ET(T%p;—(r))) d?“

(1) _
[ (P2 D ) A ) R (~ (1)

W'z (r)=5C (Z (r))e-(r) : & (r)—TA-(r))
H

Clar (M) (B (ur (r)+w(r))—pr(r)) : E(w'(r)) dzdr

+
T
y\
e 2
S~

(
tr (t) ()
- / " (F"(r), ur (r)+w(r) g oz dr — / . (F(r),w' (1)) 1 ey A7 + R (5, 1),
t. (s t (s

where X is a selection in 0,H. ,(Z-,p.) fulfiling the Buler-Lagrange equation (4.8b),
the remainder term is
(4.49)

- (t)
R (s,t) := 03/( : (I —ur | a1 ) 12 =20 || rm ) 1B —pr | 22 () @ =] 11.(@))

t. (s
X (1l ) 125 | @)+l 22 (0)) dr

and the constant Cs, uniform w.r.t. €, v, u, 7, only depends on the constant C from
(4.10).

Proof. With the very same calculations as in the proof of [KRZ15, Lemma 6.1],
also based on the convex analysis arguments leading to (3.14), from the Euler—
Lagrange equation (4.6) we deduce that the interpolants g, q , and g, fulfill

7 (1) )
Eult, g (1)) +/ (O (@ (r), g7 (1)L, (G (1), —Dg€u(E (), G (r)))

t(s)
_Taq\IJE,l/(aT (T)v q:- (T))) dr
- (t)

as)  =Eusa()+ | a0

tr (1)
= [ D ()80 Dt (). 1)) g

t(s)

= R,(s,t)

Then, taking into account (4.8), it is immediate to check that the left-hand side of
(4.50) translates into the left-hand side of (4.48). Analogously, taking into account
the explicit calculation (3.8) of 9;€,,, we see that the first two terms on the right-hand
side of (4.50) correspond to the first four terms on the right-hand side of (4.48). We
now estimate the remainder term R, (s,t) as follows. First of all, we observe that

[R-(s,1)] < [Rp(s,0)] + [R7(s, )] + | R3(s,1)].
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Then,
(4.51)
) & () ,
|Rz(s,1)] = /t() (Div(C(zr)er)=Div(C(z ) (E(ur +w)—=pr), ur) g1 ()| dr

C(z)-C(2))e : E(u,)dz| dr

Z (1)
</ (
t.(s) Q

% (1)
[ e (B +w)-p) s Bl ds| dr
tr(s) Q
1) - (1) , ,
2o [T (sl 2 B a2 o e — (B + w)—po) 2 [ E ()] 2) e

(s)

(2 - (t)
< C/ (I —wr |1 +1Zr =2 || )+ (1B, —pr || L2 |07 — wl| 1) [ E(u7)][ g2 dr
t.(s)

where (1) ensues from (2.11), estimate (4.10a) and the continuous embedding H™ (£2) C
C(Q2). For (2) we have again used the latter embedding along with the identity
e, = E(u.+w,) — P,. Second,

e R (e o e A A I
Tt g 2 B, = 22 e =0 1 2 e )

where for (3) we have used that, since Z;, z- € [mg, 1] by property (3.5) and W is of
class C2 on [my, 1], it is possible to estimate ||[W’(z,)—W'(z)||z2 < C||Z—z|2. We
have also estimated

1(C'(z)er : & —C' (%) (E(ur +w)—pr) : (B(ur +w)—p;)) 20 12
< OlZr—2 | llE 122 127 ]|
+ |z loc &+ (E(ur +w)—pr) |2 [E-—(E(ur + w)—p; )| 2|27 |2
< CllZ—zlloollz o + lEr—(Eur + w)=pr) [[L2]l27 ]|~

thanks to (2.11) and estimate (4.10a); subsequently, we have estimated ||&.—(E(u, +

w)—p)||r2 as we did for (4.51). All in all, this leads to (4.52). Third, we see that
(4.53)

|R2(s,1)]

7(t)

- / ) /Q (4B, — 19+ (C (2 )(Etr + w)—pr))p— (@ )p) Pl dedr

t (s

(4) - (t) ,

N e e P L P L PRY A S
tr-(s
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Here, (4) is due to (2.11) and the previously obtained estimates (4.10a), which also
enter into the estimate

1(C(z) (E(ur +w)—pr)—C(Z )& )pp’ 1
< IC() —CE)llss l1Er |2 llp7 22 + ICE) loollEr — (B(ur + w)=pr) [l L2 [lp 2
< C (17— lloo HEr — urllar @) +1B; — prll 2+ —wll g ) (127 [ 2 -

Combining (4.51)—(4.53) with (4.50), we conclude the proof. 0

5. Existence of solutions to the viscous problem. This section focuses on
the existence of solutions to Problem 3.1 for fixed ¢ > 0, v > 0, and g > 0. Besides
the standing assumptions from section 2.1, our existence result, Theorem 5.1 below,
will require conditions (4.14) on the initial data (ug,20,po). In fact, to prove the
sole existence of solutions for Problem 3.1 (and for the vanishing-viscosity analysis
in section 6), it would be enough to assume (2.39a) in place of (2.39¢) since, for
> 0 fixed, estimates (4.15), with constants depending on p (cf. also Remark 4.6)
would be sufficient. However, condition (2.39¢c) ensures that the solutions we exhibit
in Theorem 5.1 enjoy the upcoming estimates (5.3) uniformly w.r.t. ¢, v, and p. This
will be at the basis of the vanishing-hardening analysis in section 7.

THEOREM 5.1. Under the assumptions in section 2, and (4.14) as well, Problem
3.1 admits a solution triple (u, z,p) enjoying the additional regularity and summability
properties
uwe Wh>(0,T; Hy, (O R™)) ze€ HY(0,T; H™(Q))NW (0, T; L*(Q2)),

5.1
(51) p€ Wheo(0,T; L?(Q; Mp*™)).

Moreover, the triple (u, z,p) fulfills

T
(5.2) / NE(ryq(r) /() dr < C

for a constant Cy > 0 independent of €, u, v > 0. Additionally, we have the following
bounds uniformly w.r.t. all parameters €, v, and p provided that v <y (recall that
e :=E(ut+w) —p):

el o, L2y + 12 llwrrorm=@) + Vallpllw o, 2@y

+ Villullwer o @rry) + 1Plws o7, @y < Cs -

Proof. By virtue of Proposition 3.4, it is sufficient to show that the piecewise con-
stant and linear interpolants of the discrete solutions constructed in section 4 converge
to a triple (u, z,p) fulfiling the initial conditions (3.4) and the energy-dissipation up-
per estimate (3.18). For this, we will take the limit of the discrete energy-dissipation
inequality (4.48), using that, thanks to (2.39¢) and (2.41),

(5.4) F,, —F in HY(0,T;BD(Q)*), @, —w in H(0,T; H'(;R")).

Estimates (5.3) will be inherited by (u, z,p) and e from the analogous bounds for the
approximate solutions via lower semicontinuity arguments. Accordingly, the proof is
split into three steps.

Step 1: Compactness. Let us consider a null sequence 7 | 0 and, accordingly,
the discrete solutions (%r, , Ur, , Zr, ; Zry , Dy, » Pry, ) k> @long with (&, , e, )x. It follows from
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estimates (4.10) and (4.15a), combined with standard weak compactness arguments
and Aubin—Lions-type compactness results (cf., e.g., [Sim87]), that there exists a triple
(u, z, p) fulfiling (5.1), such that the following convergences hold:

(5.52)  wu, —u in W0, T; H' (;R™)), u,, —u in C°([0,T];Y),
(5.5b)  z, =~z in HY(0,T; H™(Q)), z, =z in C°[0,T]; 2),
(5.5¢)  p,, —p  in WER0,T; L2 ME*™),  pn, —p  in CY([0,T]; W)

for any Banach spaces Y, Z, and W such that Hp, (;R™) € Y, H™(Q) € Z (in
particular, for Z = C°(2)), and L?(Q;Mjy*") € W. Hence, we have that

(5.6)
wn (1) = u(t) in HY(QR™), 2, (8) = 2(1) in H™(Q), pr, (1) = p(t) in L2(MB"™)

for all ¢ € [0,T]. Furthermore, it follows from estimates (4.15a) that

(5.7a)
Ty, —try | Low 0,310 (:Rm)) < Twellwr, | oo 0,01 )y — 0 as k — 400,
Zr, —zr | Lo (0,1 )y < Trll 2 2200, m3Hm()) = 0 as k — o0,

IPr=Prll e o,7:22 e my) < TellPr L o sy = 0 as k= oo,

and we have the very same estimates for w_ , 2, , and P - Therefore, the pointwise
d Tk

convergences (5.6) hold for the sequences %, , ., , Z,, 2, P, , and P, » as well. Since
w € WHee(0, T; H (Q;R™)), it is not difficult to check that, likewise,

(5.7b> ||ﬁ7—k —Wr, HLOO(O’T;HI(Q;Rn)) < Tk”w/”Loo(U’T;Hl(Q;Rn)) —0 as k — 4o00.

As a consequence of (5.4), (5.5), and (5.7a), we also have that

(5.8)
&, = B(W,+0,,) — b, — e = E(utw) —p in L>°(0,T; L*(Q; M) s
e, (t) — e(t) in L*(Q; M) Ve [0,7].

Then, it turns out that &, — o in L°(0,T; L?(£; M2X")), since

sym

(5.9) (@, —0) = (C(Z.)—C(2))er, + C(2)(@,—e) = 0 in L>(0,T; L*(Q; M),
since ||C(2Tk)—(C(z)||LOO(OVT;LOQ(Q;M%XH¢)) — 0 by the Lipschitz continuity of C, com-
bined with convergences (5.5b) and (5.7a). Finally, let us observe that, by the Lip-
schitz continuity of the functional z — H(z,7) (cf. (2.30d)), and [Mor06, Proposition
1.85], the function A, featuring in the argument of R* on the left-hand side of (4.48)
fulfills

HXT”LW(O,T;M(Q)) < CK||p‘l/'||L00(07T;L1(Q;M]T:L)X’n))7

so that, by virtue of estimate (4.15a),
(5.10) oA, — 0 in L(0,T; H™(Q)*)  as k — +oo.

Since 7, (0) = no for n € {u, z,p}, it follows from convergences (5.6) that the
triple (u, z,p) complies with the initial conditions (3.4).

Step 2: Limit passage in (4.48). Since we aim at (3.18), it is sufficient to take the
limit of (4.48) written for s = 0 and t = T'. We start by discussing the limit passage
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on the left-hand side of (4.48). Relying on the convergences from Step 1, easily check
that

tim inf &, (fr, (T), T, (T), 22, (T), 7, (T) 2 Eu(T,u(T), 2(T), p(T))

In view of convergences (5.5), we immediately have

lim inf

T T
lim inf /O (Ve (u, (r)+Re (27, (7)) dr > /0 (Ve (W (1)) +Re (2 (7)) dr

It follows from (2.30d) that

T
/0 190z, (1), 1, (£) 3 (=(t). 2L, (1))] dt

< Hg-rk_Z||L°°(O,T;L°°(Q))||pﬂl—k||L1(0,T;L1(Q;I\\/JIEX")) =0
as k — +oo, since z

2., — 2z in L>(0,T;L>(Q)) by (5.5b) and (5.7). On the other
hand, by (5.5¢) we have

lim inf > :
pmint [ 90,2, 001 [ 3000,
Therefore,
T
T
> lim inf

T
.. pEV
jmin | ﬂf(sz(t),p;k(t))dt+hmmf; | 180,01 g

2/0 H(z(t), dt—i—*/ L?(QMan dt:/o He o (2(8),p' (1)) dt.

By (5.9), Div(C(%,, )&, ) = Div(7,, ) — Div(c) = Div(C(2)e) in L=(0, T; H*(Q; R™)*).
Therefore, also in view of (5.4) and by the convexity of Vi ,, we find that

lim inf

T _
jm n / V2 (Div(C(Z, (r)er, (1)) + Fry (1)) dr
/ V2, (Div(C(=(r))e(r)+F(r))dr .

We now observe that
T
lim inf / RE (= A (Zr, (1) =W (Z, ()= 3C' (21, (r))2r, ()
k—+oo Jg

o [T
2/ liminf R (—A
0 k—too

s ey, (r)_Tk’)\'Tk (T)) dr

m (Zr (1) =W (2, (1) = 3C (%, (1))r, (1) 2 & (1) =Tk, () dr
@

T
2 / RE (= A (2(r) =W (2(r) = 5C' (2(r))e(r) « e(r)) dr,
0
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where (1) follows from the Fatou lemma and (2) from the fact that

lim inf RE (—Am (Zr,, (1)) =W (2, (1) = 5C' (2, (1)r, (1) : &y, (1) =T Ar,, (1))

k—+oco

> sup - (Hmint (A, ()W (G (1)) + 3o (1) (1) 0 (7) 4 73 (1) =g

- R:(0))
> sup (A GO E)+HEC D) ) =0 ) ~Re(©))

CeEH™(Q

for all » € [0,T] by (5.6), (5.8), and (5.10). In the end, we have that

1iminf/ HZ (2, (1), =y, (1) + (T, (7 dT>/ M, wp(r)+(o(r))p)dr

k—-+o00

by convergences (5.5) and (5.9), and a version of the Ioffe theorem; cf., e.g. [Val90,
Theorem 21]. The latter result applies since
1. the mapping H™(2) 3 z — H*(z,w) is lower semicontinuous for all w €
L2(OQ;ME™) (as H*(z,w) = SqueL2(Q;MgX")(fQ wr dx — H(z, 7)) and the
maps z — —H(z,m) are continuous by (2.30d)), and thus z € H™(Q) —
3z ,(2,w) is also lower semicontinuous;
2. the mapping L*(Q; M[*") > m — HZ (2, ) is convex.
As for the right-hand side of (4.48), clearly we have &,(0, %, (0),%,(0),7;, (0)) =
€,,(0,u0, 20, po) for all k& € N. The power terms converge, too, as we have

T
/0 /Q C 2, (7)) (Eutn, (1) +0(r))—pry (7)) = B! () dzdr

Q/OT/QC(z(r))e(r):E(w'(r))dxdr,

T
- / (Y1), g (P4 0()) s gy B — / () +0(r)) s ey A

0

with (1) due to convergences (5.5) and to the fact that, by the Lipschitz continuity
of C, C(z,) — C(z) in L*°(0,T; L>(R)), and (2) again due to (5.5). In a completely
analogous way the last-but-one term on the right-hand side of (4.48) passes to the
limit. Finally, we estimate the remainder term R, (0,T) from (4.49) via

%, (0,T)
< Cs ([T, —ur | Lo 0,111 () + 17— 2 | oo (0,7 1m0 ()

+ 1B- =Pl L= 0,132 () FWr —w]| oo (0,7 11 (02)) )
(5.11)

T
x / (et e 12 ey % 2ey)

(3)
<Cr,—0 as k — +oo

with (3) due to (5.7) and the fact that w € WH°(0,T; H!(Q;R")), and estimates
(4.15). This concludes the proof of the energy-dissipation upper estimate (3.18).
Step 3: Proof of (5.3). Estimates (5.3) follow from the analogous bounds (4.10)
and (4.15b) for the discrete solutions via convergences (5.5) and (5.8) and lower semi-
continuity arguments. We conclude observing that (5.2) follows from the reformula-

tion (3.21) of the energy-dissipation balance, and the fact that fot 0€,, is uniformly
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bounded w.r.t. €, v, i, thanks to the assumptions on F' and w and the previously
proven (5.3). d

6. The vanishing-viscosity limit with fixed hardening parameter. This
section focuses on the limit passage in the viscous system (1.2) as ¢ | 0 and, possibly,
v | 0, while the hardening parameter p > 0 is kept fized. In fact we will distinguish
the two cases:

1. € ] 0 and v > 0 is kept fixed, addressed in section 6.1, in which the vanishing-
viscosity analysis will lead to the existence of Balanced Viscosity solutions
to the rate-independent system for damage and plasticity with hardening (cf.
Theorem 6.8 ahead);

2. g, v ] 0, addressed in section 6.2, in which we will obtain Balanced Viscosity
solutions to the multirate system for damage and plasticity with hardening
(cf. Theorem 6.13 later on).

Notation 6.1. We will denote by (ge v )e,v = (Ue v, 2e,1s De,v)e,» & family of solutions
to Problem 3.1 for p > 0 fixed, with initial and external data independent of € and v
and satisfying the conditions listed in section 2.

Prior to distinguishing the case in which v > 0 is fixed from that in which v | 0,
let us establish the common ground for the vanishing-viscosity analysis. Following
the well-established reparameterization technique pioneered in [EMO06], we will suit-
ably reparameterize the viscous solutions (¢ . )e,., observe that the rescaled functions
(9e,v)e,» comply with a reparameterized version of the energy-dissipation balance cor-
responding to (3.18), and pass to the limit in it as ¢ | 0 and v > 0 is fixed (see
section 6.1), and as e, v | 0 (see section 6.2).

Rescaling. We introduce the arclength function s., : [0,T] — [0,Sc,] (with
Se 1= 5¢,(T)) defined by
(6.1)

t
seolt) = [ (14 107 o) o7
t
= / (1l (P a1 @y 128 o () ) 1B () g2y ) 4

It follows from estimate (5.3) that sup, , S., < +o0o. We now define

te, 1 [0,5:,] = [0,7T], tey = sg_,a

Uep @ [0,8:.] — Hl(Q; R™), Uep i= Ugp Otey
(6.2a) ’ ’

Zey - [07 Se,l/] — Hm(Q)a Zey = Zew Oteu,

Pe,w : [07 SE,V] — LQ(Q7 ngn)a Pe,v = Pe,w © ts,l/,

and set gz, = (Ue,p, Ze 1, Pe,v). In what follows, with slight abuse of notation we will
often write €(¢,¢q) in place of (¢, u, z,p). We also introduce

€y [0, SE,V] — LQ(Q§Mnxn)7 €y =€y 0t = E(Us,v+(wot6,u)) — Pe,ws

sym

0cp 1 [0,8:0] = L2(EMEX™), 0., i=0cp0te, = Clze,)ec,.

sym

(6.2b)

The parameterized energy-dissipation balance. A straightforward calcula-
tion on the energy-dissipation balance corresponding to (3.18) yields that the
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reparameterized viscous solutions (ue,,zs ., Pe,v), along with the rescaling functions
te,, fulfill
(6.3)

52 U, v Zl v . v
S(ts,l/(SQ);qs,u(52)) +/ t/g,y |:Vs,u ( ,57 ) +:Rs,1/ (,67’) +:}(€,V <Zs,uy p,i):| dr
o t, t, t,

+ /12 o [Ve (Div (00 p(te)) ) FRE (= Am(2e) =W (20) 3 € (200 Jecus s €2

+g{:,u (Ze,u, —VPe,w + (O—E,V)D)] dr

s2
=t (1), e (1) + / D&t o)t dr
s1

for all 0 < 57 < s9 < S.,, where we have used that F ot., = —Div(pot,,) by
condition (2.39¢).

Let us now introduce a functional M¥, = MY (1, q,t',q") subsuming the terms
featuring in the integrals on the left-hand side of (6.3). In order to motivate our
definition of MY, (cf. (6.5) below), we recall the definitions (3.1) of the functionals
Ve, Re, and H ,, so that

u’ ev
4% =Y ) = u’
o (52) = gl

z 1 €
RE(6W) R(Z,) + =2 s

|2
H' D>

tt,) t, 2t )
pla,u 1 / Ev / 2
J{E,l/ <ZE,V7 1:/57V> = EJ{(ZE,IH ps,y) + WHPEWHIP .

Moreover, we take into account the expressions (3.17) of the conjugates and the
fact that the arguments of Vi, RI, and HI, in (6.3) involve the derivatives
—D,&(tevs Ue vy Ze y, Pe,y) fOr @ = u, x = 2, and x = p, respectively. In particular, in

view of (2.20) we have

. . 1
(6.4) Ve, (Div(oe,+p(ten))) = 267” = Dul(tews U, 2e 0, Ps,l/)”%Hl,D)* :

All in all, the functional M%, : [0, T] x Q x (0, +-00) x Q — [0, +-00] encompassing the
integrands on the left-hand side of (6.3) reads
(6.5)

ML (gt q') == R(Z") + H(z,p') + Mé‘;lf(’d(t, a.t,q) with Méﬁ’,f(’d defined by

/
p,red Iy e i N2 i *, 1L 2
ME,V (t7Q7t »d ) N 2t/®V(Q) + 28(Du (ta Q)) )
with the functionals D, and D}* from (3.19), namely

(6.6)
Du(q') = \/V||u/(t)||§{1,DH\Z’(t)HQLz+V||p’(7f)||%2 -

Dk (¢ q)

1 ~ 1
= \/; [-Dup(t, Q)”?Hl’m* +dp2(=D:Eu(t, q), 0R(0))2 + > dp2(=Dp€u(t, ), 073(2,0))2.

Therefore, the rescaled solutions (t.,,qs . )e,. satisfy
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- the parameterized energy-dissipation balance for every si,s2 € [0, S¢,.],

Elte(52): 0 (52) + M (b (), Qe (7)o (7)o (7)) T
(6.7) S
= &(te (1), Qe (s1)) + / D1 (b0 (7). Qe (7)) . (7) 7

(which rephrases (6.3));
- the normalization condition, for a.a. s € (0, S¢,).
(6.8)
te,(8) +llal, (Pl = o, (s) + ug ()l + [122 ()l + [P (9)l]22 = 1.

Finally, it follows from (3.21) that the reparameterized viscous solutions
(U, Ze vy Pe,) Tulfill for all 0 < s1 < s9 < S,

€, (e (52), e (52)) + / NE (b2 (7)o (7). 0L (7)) T
(6’9) o So
& (e (51), e (51) + / D&t qes) tL, dr .

Indeed, it will be in (6.9) that we will perform the vanishing-viscosity limit passages.
With the very same arguments as in the proof of Theorem 5.1 (cf. (5.2)), it is imme-
diate to deduce from (6.9) that

S
(6.10) 30> 0Ve,v >0 / NE (e (), Qe (7). 0 (7)) d < C.
0

6.1. The vanishing-viscosity analysis as € | 0 and v > 0 is fixed.
Throughout this section we will keep the rate parameter v > 0 fized. In order to
signify this and simplify notation, we will drop the dependence on v of the viscous
solutions and simply write

(tsa Ug, Zg, pe) in Place of (te,w Ue,vy Ze v, ps,u)'

Since the variables u and p relax to equilibrium and rate-independent evolution with
the same rate with which z relaxes to rate-independent behavior, a I'-convergence
argument and the comparison with the general results from [MRS16b, MR21] lead us
to expect that any parameterized curve (t,q) = (t,u,z, p) arising as a limit point of
the family (tc,qc). as € | 0 will satisfy the energy-dissipation (upper) estimate

S
£,.(t(S),q(9)) + / M, (¢(r), a(), €(r), (7)) dr
(6.11) 0

S
< £,(1(0),q(0)) + / 88, (t(r), a(r)) ¥ () dr

with S = lim. o S. and the functional Mg, : [0,7] x Q x [0, +00) x Q — [0, +00]
defined by (as usual, here ¢ = (u, 2, p))
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MG, (L, q,t',q") == R(") + H(z,p") + Mg;lrfd(t, q,t',q"), where
(6.12a)
_Du‘gu(ta q) =0,
0 if § —D.E,(t,q) € OR(0), and
—Dpu(t, q) € 9:H(z,0),
400 otherwise,

it >0, My(tat,q) =

(6.12b)
if /=0, Myel(tq,0,¢) = D) Dy*(t,q)

(recall (6.6) for the definition of the functionals D, and D}*). Observe that the
product D, (¢') Di#H(t, q) contains the term JLQ(Q)(*DZS(t, q), OR(0)) which, in prin-
ciple, need not be finite at all (¢,q) € [0,T] x Q since, in general, we only have
D.E&(t,q), OR(0) C H™(2)*. Let us then clarify that
(6.13)

if DX#(t,q) = +o00 and D,(¢') = 0, in (6.12b) we mean D, (¢') D H(t,q) := +o0.

Following [MRS16b, MR21], we will refer to the functional M, from (6.12) as
vanishing-viscosity contact potential. Observe that we keep on highlighting the de-
pendence of Mg, on the (fixed) parameters v and u for later use in section 7.

Our definition of Balanced Viscosity solution to the rate-independent system with
hardening (1.1a), (1.1b), (1.1d), (1.1f), (1.3) features (6.11) as a balance, satisfied
along any subinterval of a given interval [0, S]. Along the lines of [MRS16b] we give
the following.

DEFINITION 6.2. We say that a parameterized curve (t,q) = (t,u,z,p) € AC([0, S];
[0,T1xQ) is a (parameterized) BV solution to the rate-independent system with hard-
ening (1.1a), (1.1b), (1.1d), (1.1f), (1.3) ift: [0,S] — [0,T] is nondecreasing and (t,q)
fulfills the energy-dissipation balance

Euts), als)) + / Mg, (t(7),a(7),t'(7),d'(7)) d7
(6.14) 0

= £,(t(0),q(0)) + /OS O, (t(),q(7))t' (1) dr

for all0 < s < S. We call a BV solution (t,q) nondegenerate if, in addition, there
holds for almost all s € (0,5)
(6.15)

¢() + ()l = ¥() + [0 () e ey + 12 ()rmiey + 19/ paeppiny > 0.

Remark 6.3. We have defined BV solutions following the general setting where
they are only required to be absolutely continuous in the reparametrized variable s.
Nonetheless, up to a further reparametrization by arclength, one obtains curves that
are Lipschitz in s. In fact, notice that in Theorem 6.8 below we obtain the existence
of a BV solution (t,q) = (t,u,z,p) € W>([0,5];[0,T]xQ). The Lipschitz regularity
here is a consequence of the normalization condition (6.8) used in the approximation.

We postpone a discussion of the nondegeneracy condition (6.15) to the upcoming
Remark 6.9.

As we will see, the energy-dissipation balance (6.14) encodes all the information
on the evolution of the parameterized curve (t,q) and, in particular, on the onset of
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rate-dependent behavior in the jump regime (i.e., when t' = 0). While postponing
further comments to Remark 6.7, let us only record here the fact that the expression
of J\/[g,’fd (t,q,0,q") shows that, at a jump, viscous behavior for the variables u, z, and
p emerges “in the same way,” since the viscous terms related to each variable equally
contribute to Mg,’;ed(t, ¢,0,q"). This aspect will be further explored in Remark 6.7.

The main result of this subsection, Theorem 6.8 ahead, shows that the parame-
terized solutions (tc,qc)e of the viscous system (1.2) converge to a BV solution to the
rate-independent system with hardening (1.1a), (1.1b), (1.1d), (1.3). Our proof will
crucially rely on the following characterization of BV solutions that is in the same
spirit as [MRS12a, Proposition 5.3], [MRS16a, Corollary 4.5].

PROPOSITION 6.4. For a parameterized curve (t,q) = (t,u,z,p) € AC([0,S];
[0, T]xQ) with t: [0,S] — [0,T] nondecreasing the following properties are equivalent:
1. (t,q) is a BV solution to the rate-independent system with hardening;
2. (t,q) fulfills the energy-dissipation upper estimate (6.11);
3. (t,q) fulfills the contact condition for a.a. s € (0,5)

(6.16) Mi (t(s),a(s), t'(s),d'(s)) = (—=Dg€u(t(s),a(s)),q'(s))q -
The proof is based on the following key chain-rule estimate

LEMMA 6.5. Along any parameterized curve
(6.17)
(t,q) € AC([0, S]; [0, T]xQ) s.t. Mf,(t,q,t',q") < +00 a.e. in (0,5), there holds

- %Eu(t(S)yq(S)) +0i€u(t(s),a(s)) = (=Dgu(t(s),a(s)),q'(s))q

< Mp, (t(s),a(s),t'(s),d'(s))  for a.a.s €(0,5).

Proof. The first equality in (6.17) directly follows from the chain rule (3.9). To
deduce the second estimate, we start by observing that, from Mf ,(t(s),q(s),t'(s),
q'(s)) < 400, we gather that

—Dy&u(t(s),a(s)) =0,
if t’(s) = 0 then —D.€,(t(s),a(s)) € OR(0),
—D,E,(t(s),q(s)) € 0=H(z,0),
while if t'(s) > 0, then

12/ (8)l] 2 dr2(2) (~ D€, (t(s), a(s)), R(0)) < Dy (d'(5)) Dy* (t(s), a(s))
In each case, we have
17/ (8)11 2 dr2() (=D €, (t(s), (s)), OR(0)) < +00
whence JLQ(Q)(*DZEI_L(t(S), q(s)), 0R(0)) < o0 if 2'(s) # 0. If Z/(s) = 0, taking into
account our convention (6.13) and the fact that Mg, (t(s),q(s), t'(s),q'(s)) < +oo we
again get dr2(o)(—D:E€,(t(s),q(s)),0R(0)) < +oo.
After this preliminary discussion, it is sufficient to observe that
(=Dq€u(t(s),a(s)),q'(s))q
< W' ()l pll=Du(t(s), als))ll ey« +12' ()| L2z (=D= &, (t(
+R(Z(5)) + [Ip"(s)l|L2d L2 (=DpEpu(t(s), a(s)), 0= H(z(s), 0)) + H(z(s), p'(s))
(cf. (3.23)) in order to conclude (6.17). d
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We are now in a position to carry out the proof of Proposition 6.4.

Proof of Proposition 6.4. Let us suppose that (t,q) complies with (6.11). Inte-
grating (6.17) in time gives the converse inequality and thus the desired balance
(6.14).

Clearly, combining the contact condition (6.16) with the chain rule (3.9) leads
to (6.14). The converse implication is also true thanks to inequality (6.17). This
concludes the proof. 0

Adapting the arguments for [MRS16b, Theorem 5.3] to the present context, we
may now obtain a characterization of BV solutions in terms of a system of subdiffer-
ential inclusions that has the same structure as the viscous system (1.2), but where
the viscous terms in the single equations can be “activated” only at jumps.

PROPOSITION 6.6. If (t,q) = (t,u,z,p) € AC([0, S]; [0, T]xQ) is a BV solution to
the rate-independent system with hardening (1.1a), (1.1b), (1.1d), (1.1f), (1.3), then
there exists a measurable function A : [0,S] — [0, 1] such that

(6.18) t'(s)A\(s) =0 for a.a. s € (0,S)
and (t,q) satisfies for a.a. s € (0,5) the system of subdifferential inclusions
(6.19a)

A($)DVa,,, (u'(5)) + (1 = A(s)) Du&pu(t(s),a(s)) =0 in Hpy, (5 R™)*,
(6.19Db)

(1=A(5)) OR(Z'(s)) + A(s) DRa(2'(s)) + (1=A(s)) D:€,(t(s),a(s)) 20 in H™(Q)",
(6.19¢)

(1=X(s)) 9x3(2(s),p'(s)) + A(s) Dz, (p'(5))

+ (1-X(s)) Dp&L(t(s),a(s)) 20 in LQ(Q;MT[L)X") ,

which is equivalent to

— A(s) Div(vDE(U'(s))) — (1=A(s)) (Div(o(s)) + F(t(s))) =0  in Hp, (G R™)",
(1=A(s)) OR(Z'(s)) + A(s) Z'(s)

+ (1=X(s)) (Am(z(s)) + W'(z(s)) + %(C’(z(s))e(s) : e(s)) 50 in H™ ()",

(1=X(s)) O H(z(s), p'(s)) + A(s) vp'(5) + (1=A(s)) (vp(s) — (0(5)),) 20 a.e. in Q.

Conversely, if (t,q) satisfies (6.19), with A as in (6.18), and the map s —
E,(t(s),a(s)) is absolutely continuous on [0,S], then (t,q) is a BV solution.

Remark 6.7. A few comments on the mechanical interpretation of system (6.19)
are in order. Due to the switching condition (6.18), the coefficient A can be nonnull
only if t'(s) = 0, namely the system is jumping in the (slow) external time scale. When
the system does not jump, the evolution of the variables z and p is rate-independent,
and u “follows them” staying at elastic equilibrium. At a jump, the system may switch
to a viscous regime where viscous dissipation intervenes in the evolution of the three
variables u, z, p modulated by the same coefficient A. This reflects the fact that, in
the vanishing-viscosity approximation u, z, p relax to their limiting evolution with
the same rate. We notice that if A =1 in an interval of (0, 5), then the system does
not evolve in that interval. This cannot be the case for nondegenerate BV solutions
(cf. (6.15)); such a nondegeneracy condition can be guaranteed by a further time
reparameterization (see Remark 6.9).
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Proof. The proof is a straightforward adaptation of the argument for [MRS16Db,
Theorem 5.1]. Thus, we will only recapitulate it here, referring to [MRS16b] for all
details. The key point is to use that, by Proposition 6.4, a parameterized curve (t,q)
is a BV solution if and only if it fulfills (6.16), namely for almost all s € (0,.5)

(6.20)
(t(s),q(s),t'(s),d'(s)) € B:={(t,q,t',¢") € [0, T] x Q x [0,+00) x Q :
Mg,u(t7 q, t/a q/) = <7D(18ﬂ(t7 q)? q/>Q}

Then, [MRS16b, Proposition 5.1] provides a characterization of the contact set X.
Such a characterization holds in our infinite-dimensional context as well, and it allows
us to describe ¥ as the union of two sets that encompass elastic equilibrium for u and
rate-independent evolution for (z,p) on the one hand and viscous evolution for all
three variables on the other hand. Namely,

(6.21) Y =ER;p UViysp
with the sets
EuR.p := {(t,q,t/,q/) : ' >0,D,8,(tq) =0,
OR(2') +D.E,(t,q) 20, dH(z,p') + Dp€u(t,q) >0},
Vizp = {(t,q,t',q) : ' =0and
ADVy, (u') + (1=X)Dy €, (¢, q) =0,
z

INE0,1] : { (1=N)OR(2") + ADR2(2") + (1-\)D.€,(t,q) 3 0,
(1=AN)0H(z,p") + ADHz,,, (p) + (1— ) Dp€u(t,q) 0

Combining (6.20) and (6.21) leads to (6.19). ad

We conclude this section with our existence result for BV solutions, obtained as
limits of a family (t.,qc)e = (te, Ue, Ze, pe)e Of (reparameterized) viscous solutions to
Problem 3.1.

In order to properly state our convergence result, we recall that, for s : [0,T] —
[0, Sc] as in (6.1), the sequence (S¢)c is bounded thanks to (4.15b). Moreover, S; > T
for every € > 0. Hence,

(6.22) there is a sequence ¢, | 0 and S > 0 such that S;, — S.

If S. < S, we extend (te,q.) to [0,5] by setting (t(s),qc(s)) = (t-(Se)+5—S5¢,9:(Se))
for s € (S, S].

We are now in a position to show the existence of a BV solution to the rate-
independent system with hardening (1.1a), (1.1b), (1.1d), (1.1f), (1.3). The proof is
based on approximation by means of solutions to Problem 3.1. The general scheme
follows the steps of [MRS16b, MR21]. Some technical points, arising when dealing
with the coupled plastic-damage system, are treated as in [CL16, Theorem 5.4], which
features the viscosity only in the damage variable and not in the plastic variable.

THEOREM 6.8. Under the assumptions of section 2 and (4.14), let (e )r be as in
(6.22). Then, there exist a (not relabeled) subsequence (t, ,de, )k = (te,, Uey, Ze,, ) and
a Lipschitz curve (t,q) = (t,u,z,p) € Wh>([0,5];[0,T|xQ) such that

1. for all s € [0, 5] the following convergences hold as k — +o0:

te, (5) = t(s), u, (s) — u(s) in H'(QR"),

(623) . . 2 nxn
2., (s) = z(s) in H™(Q), pe,(s) = p(s) in L7 (4 Mp*");
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2. (t,q) is a BV solution to the rate-independent system with hardening accord-
ing to Definition 6.2.

Arguments that are, by now, standard (detailed in, e.g., [MRS12a, MRS16a,
MRS16b]) would also allow us to prove, a posteriori, the convergence of the energy
terms and of the energy-dissipation integrals in (6.7) to their analogues in (6.14); the
same is true for the other forthcoming convergence results, i.e., Theorems 6.13 and
7.9. However, to avoid overburdening the exposition we have preferred to overlook
this point.

Proof. The proof is divided into three steps. First, we find a limiting parameter-
ized curve by compactness arguments, then we deduce the finiteness of the vanishing-
viscosity contact potential when t' > 0, namely when there are no jumps in the fast
time scale, and eventually we prove the energy-dissipation upper estimate (6.11).

Step 1: Compactness. Let (ge). = (ue, ze, pe)e be a family of solutions to Problem
3.1. Let s : [0,7] — [0,S:] be as in (6.1) and (t.,q:) = (te, e, e, pc) be as in (6.2).
By (4.15b), S¢ is uniformly bounded in €; moreover, S > T for every €. Therefore,
there is a sequence ¢ — 07 and S > 0 such that S., — S. Henceforth, we will write
(tg, qx) in place of (tc,, 9., ), and we will not relabel subsequences.

By (6.8), the sequence (ty, qx)x is equibounded in W1°°(0, S; [0, 7] x Q). There-
fore, arguing as in Step 1 of the proof of Theorem 5.1 above (and in particular resorting
to the compactness results from [Sim87]), we obtain a limit curve (t,q) such that (up
to a subsequence, not relabeled) the following convergences hold as k — +oo:

(6.24a) t, —~t in WH>(0,5;[0,T]), ug —u in WhH*(0,5; HY (O R™)),
(6.24b)

zp =z in WH(0,8; H™(Q)), zy —z in C°([0, S]; C°(Q)),
(6.24c)

pr —p in WH™(0,8; L*(Q;Mp*™));

the pointwise convergences in (6.23) hold as well.
We now define

(6.25a) s_(t) :==sup{s € [0,5]: t(s) <t} forte (0,71],
(6.25b) sy(t) :==inf{s € [0,5] : t(s) >t} forte[0,T),

and s_(0) := 0, s4(T) := S. Then we have
s_(t) < liminf sx(¢) < limsup sg(t)
k—+oo k——+oco
<si(t) and t(s_(t)) =t=t(s4(t)) foreveryte|[0,T],
s—(t(s)) < s < si(t(s)) for every s € [0,5].
Moreover the set
(6.25¢) 8§:={tel0,T]: s_(t) < s+(t)}
is at most countable. Set

(6.25d) U :={s €[0,5]: tis constant in a neighborhood of s},
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then

U= U(s,

tes

For future convenience (see Step 3 below) we remark that the original functions
(ug, 2k, pr) satisty, for every ¢t € [0,T] \ S,

(6.26a) ug(t) — u(s_(t)) = u(sy(t)) in H'(R"),
(6.26b) zi(t) — z(s—(t)) = z(s4+(¢)) in H™(Q),
(6.26¢) Pr(t) = p(s— (1)) = p(s+ (1)) in L*(Q;Mp*") .

Step 2: Finiteness of Mg’ ed(t(7),q(r),t'(7),q' (7)) whent'(r) > 0. We prove that
(6.27)

—Dué&,(t(7),a(r)) =0,

=D&, (t(1),q(r)) € OR(0) for a.a. 7€ A:={r€(0,9) : t'(r) >0},

—Dpeu(t(r),a(r)) € 9:3H(z,0),

i.e., the configuration is stable where t grows. This is equivalent to showing that
Mg, (t(7),q(7),t'(7),d'(7)) is finite for a.a. 7 € A.
Preliminarily, we observe that

(6.28) limsupty(r) >0  for a.a.7 € A.

k—+4oco

This can be shown with the very same arguments as for the proof of [CL16, (5.18)].
By (3.26) and convergences (6.23) we have that

(6.29) 0 < DH(t(r),q(7)) < liminf DHH (t(7), qr (7)) vr € [0,S5].

k— 400

Moreover, by (3.24), written for ¢ = t;(7) we obtain

Dyt (te(r) an(7)) = Do (e (), gr(t(7)))

= 1Dy (a4 (tk (7))
= eV llug (en (M) o124 (ee (PIZ +v 1P (ts (7)) 12
(6.30) 5\/ k DTk L k L
k
:t/ \/ v (D oIz (D242 [Pk (P17

=G

for a.a. 7 € (0,.5),

where the last estimate follows from the normalization condition (6.8) and since v < 1.
Combining (6.28), (6.29), and (6.30), we ultimately find

0 < DpH(t(r),q(7)) < liminf D) H(tp(7),qr(7)) =0  for a.a.7 € A,

k—-+o0

which implies (6.27).
In particular, we obtain that Mg ,(t(7),q(7),t'(7),q'(7)) is finite, and equals
R(Z' (1)) + H(z(7),p' (7)), for a.a. T € A. Let us remark also that

(6.31) [0,S] 37— Dy#(t(r),q(T)) is lower semicontinuous
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by (3.26) and the fact that (t,q) € W1>°(0,5;[0,T] x Q). In particular, the set
(6.32) A°:={r€0,5]: Dy*(t(7),q(7)) > 0} is open and included in [0, S]\ A.

Step 3: The energy-dissipation upper estimate. By (6.9) we have

S
Eutu(S).an(8)) + [ N (ta(r)san(r). i (1) dr
(6.33) 0

s
= &€,(t£(0),q%(0)) +/ 0: €, (te(7), qr (7)) ty (1) dT .
0
In order to obtain (6.11), we will pass to the liminf in (6.33), using the lower semi-
continuity of £, and the previously proved (6.29).

We first prove the lower semicontinuity estimate
(6.34)

METd (4(7), q(r), £ (r), g (7)) dr < lim inf / NEed (1, (7). qi (), (7))
A° ’ k— oo °

where the set A° has been introduced in (6.32). By (3.19)

(6.35) NES (1), ax (1), k(1) = Do (@i (5)) Dy (b (7), (7)) -

Then, estimate (6.34) follows from Lemma B.1 in Appendix B. Indeed, we apply it
combining (6.29) with convergences (6.24), which imply that

(\/;Usa Ze, \/;ps) - (\/;Ua zZ, \/;p) in WLOO(Ov S;Q)

(recall that v > 0 is fixed). Hence, on the one hand we have that

my(7) = Dy (a4(7)) = \/V||U§g(7')||?{1,D+||Z;C(T)H%f"VHP;c(T)H%2 = m(r) in L>(0,5)
and
) 2\ SOl g+ 2B + 20 () E = Duld(r))  for aa7 € (0,5).

On the other hand, the sequence hy(7) := Di#(tr(7), qx (7)) satisfies the first condi-
tion in (B.1). Therefore, by Lemma B.1 we have the desired estimate (6.34).

Moreover, by (6.24) and Ioffe theorem (cf. [Val90, Theorem 21]) it is not difficult
to see that

s s
(6.36) /0 R(Z' (1)) + H(z(7),p'(7))d7 < liminf R(ZL(T)) + H(ze (), p (7)) dT .

k—+oo 0

As for the right-hand side, notice that

S T
(6.37) /0 0, 0 (1 (7), i (7)) th (7) dr = /O 08 u(m, qu (7))
y (6.26),
(7, qx(7))
/C ex (1) s E(w'(7))dz — (F'(7), up (7) + (7)) g1 (rny — (F(7),w'(T)) 51 (r7)

— i€, (1,q(s-(7))) for every 7 € [0,T]\S.
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Hence by dominated convergence
(6.38)

T T S
/0 ateM(T,qk(T))dTﬁ/o atem,q(s,(T)))dT:/O 0,,4(t(), (7)) ¥ (r)dr |

where we have used the fact that t'(s) = 0 for a.e. s € U and s_(t(s)) = s for a.c.
s €[0,S5]\ U (see Step 1 above).

We now collect (6.27) and (6.32)—(6.38) to conclude the energy-dissipation upper
estimate (6.11). By the characterization provided by Proposition 6.4, we deduce that
the curve (t,q) is a BV solution. This concludes the proof. |

Remark 6.9. It is an open problem to prove that the reparameterized viscous so-
lutions converge to a nondegenerate (in the sense of (6.15)) BV solution. Nonetheless,
following [MRS09, Remark 2] any degenerate BV solution (t,q) can be reparameter-
ized to a nondegenerate one (t,q) = (t, 0,2, p) by setting

(6.39)

m s [0,5] = [0,400), m(s) = /OS(tI(T)—FHq/(T)HQ)dT, G = m(S9),
r:[0,5] = [0, 9], r(p) :=1inf{s >0 : m(s) = u},
t:10,5] — (0,77, t(p) :=t(r(w), a:[0,5] = Q (k) :=aq(r(u)).

With the very same calculations as in [MRS09, Remark 2] (cf. also [KRZ13, Remark
5.2]), one sees that

(£,6) € WH(0,5:[0,T]xQ) with t'(1) + & (n)q =1 ae. in (0,5)
and that (t,q) is still a BV solution in the sense of Definition 6.2.

6.2. The vanishing-viscosity analysis as €, v | 0. We now address the
asymptotic analysis of Problem 3.1 as both the viscosity parameter € and the rate
parameter v tend to zero. Accordingly, throughout this section we will revert to the
notation (tc ., qe,)s, for a family of reparameterized viscous solutions.

Again, it is to be expected that any limit curve (t, q) of the family (t. ,,qc)e,0 as
g, v} 0 will satisfy the analogue of the energy-dissipation inequality (6.11), however
featuring, in the present context, a different vanishing-viscosity contact potential that
reflects the multirate character of the problem, and in particular the fact that u and
p relax to equilibrium and rate-independent evolution, respectively, at a faster rate
than z relaxing to rate-independent evolution. For consistency of notation, we will
denote this new contact potential M5,0~ It will turn out (in analogy with the results
from [MRS16b, MR21]) that Mg, : [0,7] x Q x [0, +00) x Q — [0, +00] is given by

Mg,o(ta q, tla q/) = MS,O(ta Uy, Z, P,y tla ula Z/ap/) = fR(Z,) + g_f(Z,p/)
+ Mg:éed(t? u’ Z7p7 t/’ /U’/’ Z/’p/)

with Mj° given by (6.12a) if ' > 0. Instead, in place of (6.12b) we have, if ' =0,
(6.40a)

D(u',p") D*H(t, q) if 2/ =0,
MG (8, ¢,0,0") = S [12']| 2 dra() (—D:Eu(t, q), OR(0))  if D*H(t,q) =0,
400 if || ||2D**(¢,q) > 0,

where we have used the notation
D) = 1 s o112 ggeny

3*7#(t7 Q) = \/H_Dueu(t7 q)||%H17D)*+dL2(_DP8,U«(tv Q)7 aﬂj{(za O))2 .

(6.40b)
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Again, in the case in which 2z’ = 0 and JLQ(Q)(—DZEH(t, q), 0R(0)) = 400, in (6.40a)
we set _
12"z dr2(0)(=D=E.(t, q), OR(0)) := +o0.

The multirate character of the vanishing-viscosity approximation addressed in
this case is already apparent in the expression for Mg‘:ged (t,q,t',q") at t' = 0. Indeed,
Mg"’éed(t,q,o,q’) is finite only either if 2/ = 0 (i.e., z is frozen) or if D*#(t,q) =
0, which entails that u is at equilibrium and p fulfills the local stability condition
—D,E,(t,q) € 0:H(z,0); cf. Remark 6.12 later on for further comments.

Accordingly, we give the following.

DEFINITION 6.10. We call a parameterized curve (t,q) = (t,u,z,p) € AC([0, S];
[0,71xQ) a (parameterized) Balanced Viscosity solution to the multirate system with
hardening (1.1a), (1.1b), (1.1d), (1.1f), (1.3) if t: [0,.S] — [0,T] is nondecreasing and
(t,q) fulfills for all 0 < s < S the energy-dissipation balance

Eu(t(s):a(9) + [ Mo(t(r).a(r). (7). ()
(6.41) 0

= €,(t(0),q(0)) + /05 0, (t(1),q(r)) ' (7)dr.

We say that (t,q) is nondegenerate if it fulfills (6.15).

The very analogue of Proposition 6.4 holds for BV solutions to the multirate
system as well, based on the chain-rule estimate

_ %EH(t(s),q(s)) + 0, (t(s), a(s))
= (=Dg€u(t(s),a(s)),q'(s))q < Mg o(t(s),a(s),t'(s),d'(s)) for a.a.s € (0,5),

which can be shown along any parameterized curve (t,q) € AC([0, S];[0,T]xQ) such
that Mg (t(s,q(s),t'(s),q'(s)) < oo for almost all s € (0,5) by adapting the argu-
ments for Lemma 6.5; see also Proposition 3.4.

Likewise, we have a differential characterization for BV solutions in the sense
of Definition 6.10 analogous to the characterization from Proposition 6.6. In system
(6.43) below, we have used the shorthand H{, for the plastic dissipation potential Hs
(cf. (2.34)).

PROPOSITION 6.11. A parameterized curve (t,q) = (t,u,z,p) € AC([0,S];[0,T)
x Q) is a BV solution to the multirate system with hardening if and only if there exist
two functions Ayp A, @ [0; S] — [0; 1] such that

(6.42a) t'(8)Aup(s) =t'(s)A(s) =0 for a.a. s € (0,9),
(6.42b) Aup(8)(1=X.(s)) =0 for a.a. s € (0,5),
and (t,q) satisfies for a.a. s € (0,S5) the system of subdifferential inclusions
(6.43a)

Xup($)DVo(u'(5)) + (1 = Aup(8) Dulpu(t(s),q(s)) =0 in Hp, (G R™)",
(6.43b)
(1=A2(5)) OR(Z'(5)) + Az(5) DR2(Z'(5)) + (1-Az(s)) D=E(t(s), a(s)) 3 0 in H™(Q)",
(6.43c)
(1=Xup(5)) 0= H(z(s), p'(5)) + Aup(s) DHa(p'(s))

+ (1=Aup(8)) Dp€Lu(t(s),q(s)) 20 in L2(Q;ME*™).
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Like the argument for Proposition 6.6, the proof is again based on the analysis of
the structure of the contact set associated with Mg, (cf. (6.20)), which in turn can
be characterized by adapting the arguments from the proof of [MRS16b, Proposition
5.1].

Remark 6.12. Along the lines of [MRS16b, Remark 5.4, we observe that system
(6.43) reflects the fact that u and p relax to equilibrium and rate-independent evolu-
tion, respectively, faster than z. Indeed, at a jump (corresponding to t' = 0, hence the
coeflicients A, , and A, can be nonzero), due to (6.42b) either A, = 1, and then z’ = 0,
or A\yp = 0, which gives that u is at equilibrium and p satisfies the local stability
condition —D,&,(t,q) € 0-H(z,0). Namely, at a jump z cannot change until u has
reached the equilibrium and p attained the stable set 9;H(z,0). After that, z may
evolve either rate-independently (if A\, = 0) or governed by viscosity (if A, € (0,1)).

With our final result we prove the convergence of the reparameterized viscous
solutions (tc ., e, ), to a BV solution of the multirate system as both € and v tend
to zero. As observed right before the statement of Theorem 6.8, we may suppose that
the curves (t:,,q.,) are defined in a fixed interval (0, .5).

THEOREM 6.13. Under the assumptions of section 2 and (4.14), for all vanishing
sequences (k) and (vg)g such that Se, ., — S there exist a (not relabeled) subse-
quence (tey vy, Aep . )k and a Lipschitz curve (t,q) € W1°([0,5]; [0, 7]x Q) such that
convergences (6.23) hold as k — +oo and (t,q) is a BV solution to the multirate
system with hardening according to Definition 6.10.

Proof. In the proof of this result, we will mainly highlight the differences with re-
spect to the argument for Theorem 6.8, without repeating the analogous passages.
Hereafter, we will consider sequences e, vy — 0 and write (tg,qx)r in place of
(ten.vns Yenn Jenww» and we will not relabel subsequences.

Step 1: Compactness. As in the proof of Theorem 6.8, we conclude that there
exist a subsequence and (t,q) € W1°°([0,5];[0,7]xQ) such that the analogues of
(6.24)~(6.26) hold.

Step 2: Finiteness of Mgf)ed(t(T),q(T),t'(T),q’(T)) when t'(7) > 0. As in Step 2
of Theorem 6.8, we introduce the set A := {7 € [0, 5]: t/(7) > 0} and show that

Mg,’éed(t(T)M(T)yt/(T),q/(T)) < 400 for a.a.t € A,

which yields the (local) stability condition (6.27) for a.a. t € A. To do so, as in (6.28)
we observe that limsupy,_,, . tj.(7) > 0. We now use equality (3.24) at r = t;(7) and
q(r) = qr(7), and thus we get

Dyl (te(7)ai(1)) = D (te(7), an (t(7)))

= &k \/Vkllu;(tk(T))II?{l,DHIZ;(tk(T))II%erVka;(tk(T))II?Lz

6.44 Ek
(649 = 2 Sl (D) B (P B (DI
tk(T)
€k
< — for a.a. 7 € (0, 5),
6

where, again, the last estimate follows from the normalization conditions (6.8) and

since v < 1. We observe that the right-hand side of (6.44) goes to 0 as k — +o0.
We now deduce the local stability (6.27) at almost all s € (0,5). Indeed, if,

say, there holds [|D,&,(t(7),q(7))|l(m1,py)« > 0, then we get by the semicontinuity
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inequality (3.26a) that liminfg oo D€, (th(7), q(7))ll(a1,p)- > 0. Recalling the
definition of Dj# from (3.19), and since v, — 0, this would give that liminfy_, 4
Dyk(te(7),dr(7)) = 400, which contradicts (6.44). Thus D€, (t(7),q(r)) = 0. In
the same way we get —D,E,,(t(7),q(7)) € 0-H(z,0), while, if —D.E,(t(7),q(7)) ¢
0R(0), we would get liminfy 4 o0 DJ*(tr(7), qx (7)) > 0, which still would contradict
(6.44).

Moreover, in view of (3.26) and of the regularity of (t,q), we have that the sets

(6.45) B, = {r €0,5]: D**(t(r),q(r)) > 0} and
' Cp == {7 € [0,5]: dp2()(=D.&,(t(r), a(r)), OR(0)) > 0}

are open and included in [0, 5] \ A.

Step 3: The energy-dissipation upper estimate (6.41). By the analogue of Propo-
sition 6.4, in order to conclude that (t,q) is a BV solution to the multirate system
with hardening it is sufficient to obtain (6.41) as an upper estimate <. With this aim,
as in Step 3 of Theorem 6.8, we start from the analogues of (6.33) and (6.35). First
of all, it holds that for a.e. 7 € (0, 5)

\/11/?||Z§c(T)IL2 Do (tw(7), ak(7)) ,

(6.46) NE (), qk (1), 0 (7)) >

recalling (3.19) and (6.35). Now, we may apply Lemma B.1 with the choices I := B°,
my, = ||},]| 12 such that my — m in L>=(0,S) and m > |||z a.e. in (0, S), and with
hy := DM (tg, qr), h := D**(t,q). Indeed, observe that

(6.47) lim inf D*#(t (1), qx (7)) = D (t(7),q(7)) vr € [0, 5],

k—-+o0

thanks to (6.24b) and the lower semicontinuity properties (3.26). We thus obtain that
(6.48)

I2(7) 2 D (x(r),a(r)dr < timint [ (7)1 D" a7 (7))

By
Since v, — 0, from (6.46) and (6.48) we deduce that z’(7) = 0 for a.e. 7 € B°, that
is,

(6.49) Z(7) D" (t(r),q(t)) =0 for a.a. T € (0,9).

In view of the definition (6.40a) of M&’Ored, (6.49) yields that
(6.50)

Mo (t(7),a(7), ¥ (7),d' (7)) = D(U'(7),p' (7)) D™ (t(7),q(r))  ae. in B°.

By (3.19), (6.35), and an easy algebraic calculation we obtain that

(6.51) NE (t(7), 4k (7), 43 (7)) = D (g, (1), P, (1)) D*# (i (7), qx (7)) -
Then, again by Lemma B.1, applied thanks to (6.24) and (3.26), we deduce
(6.52)

Mb™ (t(7),a(r), ¥/ (7),d (7)) dT = / D('(1),p'(7)) D*H(t(7),a(r))dr

Beo

< liminf N“’wd (te(7), qr (1), q) (7)) dr.

Ek,V
k—+oco ko Vk
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Let us now consider the set C7, \ B}, where JLQ(Q)(—DZEH(t(T), q(7)),0R(0)) >0
with D*#(t(7),q(7)) = 0; cf. (6.32). Starting from (3.19) and (6.35), we estimate

(6.53) N&o (6 (7), ak(7), 4 (7)) 2 12(7) | 22 dir2(@) (D=4 (tk(7), ak(7)), OR(0))

We then employ Lemma B.1 with I := C;; \ By, my, := ||z},[| 12> such that my, Som >
HZ’”Lz n LOO(O,S), hk = sz(Q)(—ngﬂ(tk(T),qk(T)),afR(O)), h = dLZ(Q)(_DZEH
(t(7),q(7)),0R(0)). Again, we obtain that liminfy_, { o hx(7) > h(7) for all 7 € [0, S
by (6.24) and (3.26b). Thus, with Lemma B.1 we get

Lo ) 000 ) )

=/ 12/ (722 dr2 (o) (~D2€,(t(r), a(7)), OR(0)) d7
C2\Bg

(6.54)
< liminf/ 2% (7))l 22 dr2(0) (=D= €, (t(7), ar(7)), OR(0)) d7
k—400 CS\BZ
< lim inf NExe (t.(7), qi (1), G (7)) dT -

k——+oco C°\B?
A

All in all, collecting (6.52) and (6.54) we conclude

S S
/ MEE(t(r), q(r), ¥ (7). ¢ () dr < lim inf / NEZ (1, (), qi (), (7)) d
0 0

k—+oco

The remainder of the proof (namely the semicontinuity of the other terms in Mg,o and
of the driving energy &,,, and the continuity of the power term) follows as in Step 3
of Theorem 6.8. In this way, we conclude the limit passage in the energy-dissipation
balance (6.33), obtaining the desired (6.41) as an upper estimate <. The proof is then
completed. ]

7. The vanishing-hardening limit. We now address the limit passage in the
viscous system (1.2) as the three parameters €, v, p vanish simultaneously. For this, we
will combine the techniques from section 6, with the functional-analytic tools related
to the passage from plasticity with hardening to perfect plasticity. In what follows,

- we will establish the setup for the perfectly plastic model, recalling results
from [DMDMO06, FG12];

- we will introduce a suitable “energy-dissipation” arclength reparameteriza-
tion of viscous solutions; in combination with the energy-dissipation balance
(6.7), the thus reparameterized solutions will satisfy a normalization condi-
tion, whence the key estimates will stem, as well as the specific temporal and
spatial regularity properties of the limiting admissible parameterized curves
(cf. Definition 7.2);

- we will properly define the vanishing-viscosity contact potential relevant for
BV solutions (cf. Definition 7.3) to the perfectly plastic system, taking care
of the technicalities related to the new functional setup;

- we will address the properties of BV solutions and in particular characterize
them in terms of an energy-dissipation upper estimate in Proposition 7.7.
Such characterization will play a key role in the proof of our existence result,
Theorem 7.9 ahead.
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Let us now first fix the setup for the perfectly plastic system. We mention in
advance that the space for the displacements will be BD(€2) and the space for the
plastic strains will be My, (Q U I'pi,; M3*™), i.e., the space of bounded Radon measures
on QU 'pj, with values in M*"; this reflects the fact that, now, the plastic strain p
is a measure that can concentrate on Lebesgue-negligible sets.

Setup adapted for perfect plasticity: The state space. The state space
for the perfectly plastic system with damage is

Qpp = {q = (u,z,p) c BD(Q) X Hm(Q) X Mb(Q UFDir;ngn) :
e:=B(u)—pe L*(EM2), u@n#" 4+ p=0onTp;l,

Sym

(7.1)

where n is the normal vector to 92 and ® the symmetrized tensorial product. Observe
that the condition u ® n "1 4+ p = 0 relaxes the homogeneous Dirichlet condition
u =0 on FDir~

Setup adapted for perfect plasticity: The plastic dissipation potential.
We extend the plastic dissipation potential H(z, -) to the reference space My, (QUT'pjy;
ngn) We define Hpp: Co(ﬁ; [0, 1]) X Mb(Q U FDir;ngn) — R by

(72) ontem) = [ (0, §0) ) duto),

where H is defined in (2.27), p € Mp(QU I'pi; M[*™) is a positive measure such
that 7 < p, and 3—2 is the Radon—Nikodym derivative of m with respect to pu; since
H(z(z),-) is one-homogeneous, the definition is actually independent of ;1. We refer to
[GS64] for the theory of convex functions of measures. By [AFP05, Proposition 2.37],
the functional p — Hpp(z,p) is convex and positively one-homogeneous for every
z € C°(Q;0,1)]). In particular, Hpp(2,p1 + p2) < Hpp(2,p1) + Hpp (2, p2) for every
z € CYQ;0,1]) and p1,p2 € Mp(Q U pip; MP*™).  Since |%(m)| = 1 for |p|-a.e.

z € QUTpiy, by (2.28) we have

rllplli < Hep(z,p) < R|p|l1,

where we denote by ||-||1 the total variation of a measure (in the case of p on QUT'p;, ),
and

0 < Hpp(z2,p) — Hpp(21,p) < Ckllz1 — 22f|relplli for 0 <z <2 <1.

Therefore, by Reshetnyak’s lower semicontinuity theorem, if (zx)r and (px)x are se-
quences in C°(€;[0,1]) and My (Q U I'piy; ME*™) such that z — z in C°(Q) and
pr — p weakly* in My,(Q U I'piy; ME ™), then

Hep(z,p) < liminf Hep (2, pr) -
k—+o00

Stress-strain duality. Let us recall the notion of stress-strain duality, relying on
[KT83], [DMDMO06], and the more recent extension to Lipschitz boundaries [FG12], to
which we refer for the properties mentioned below. First of all, we recall the definition
(in the sense of [DMDMO6]) of admissible displacement and strains A(w) associated
with a function w € H'(R";R"), i.e.,

A(w) := {(u,e,p) € BD(€) x L*(; M) x Mp(Q U Ipie; MP*™):

E(u)=e+pinQ, p= (wfu)an%”"*l on I'pi, }.
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We also recall the space of admissible plastic strains

II(2) :== {p € Mp(QU Tpu; ME*"™): 3 (u, w,e) € BD(Q) x H'(R™;R™) x L (€ M)
s.t. (u,e,p) € A(w)}.

We then define

Q) :={oce L2(Q;M"X"): div(o) € L"(;R™), op € L®(Q; MP*™)}

sym

and, for o € X(Q) and p € II(Q?), we set
(7.3)

(lop 1l ) = —/nga-(e—E(w))da:—/

A o-[(u—w)OVy] dx—/ ¢ (div(o))-(u—w) da

Q

for every ¢ € C(R"), where u and e are such that (u,e,p) € A(w); the definition
is indeed independent of u and e. If o € %(€2) and p € II(Q2), then o € L"(Q; M)
for every r < oo, and [op : p] is a bounded Radon measure such that |[[op : p]||1 <

llopllLe|lpl|1 in R™. Considering the restriction of this measure to 2 U I'p;,, we also
define

<O’D ‘p> = [OD Zp](Q U FDir)~

By (7.3) and taking into account that v € BD() € L#-1(Q;R"™), if [on] € L (I'Neu;
R™) (recall (2.9)) and (2.92) holds, then we have the integration by parts formula
(7.4)

(o0 1) = (. e~ B(w) pa qupy + (~dv o, u) o (fon], )

for every o € 3(Q) and (u,e,p) € A(w). Thus, defining for o € X(2) the functional
—Div(c) € BD(Q)* via

(7.5) (=Div(o),v)Bp(0) = (*diV(U)a'U)Lﬁ(Q;R") + (lon], v) L1 (Pyeur)
for all v € BD(2), we have that (7.4) reads as

(7.6) (op |p) = —{o,€ = B(w)) p2 ) + (~Div(0), u — w)pp (o).

For z € C°(Q) let

(7.7) K.(Q) :={o € Z(Q): op(z) € K(2(x)) for a.e. z € Q}.

Since the multifunction z € [0,1] — K (z) is continuous, from [FG12, Proposition 3.9]

(which holds also if div(o) is not identically 0) it follows that for every o € K, ()
dp

(7.8) H| z, m Ip| > [op : p] as measures on QU I'py; .

In particular, we have

(7.9) Hpp(z,p) > sup (op|p) for every p € II(Q).
ceX. ()

Remark 7.1. In [FG12, Remark 2.9] the authors explain that in the presence
of external forces one has to resort to the classic (deviatoric) stress-(plastic) strain
duality, provided by [KT83] and employed in several papers, e.g., [DMDMO06], to put
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in duality op(t) and p € II(Q). Such a duality requires one of the two following
conditions, alternatively: either (1) o € AC(0,T; CO(Q;Mp*™)) or (2) Q globally of
class C2. The use of the Kohn-Temam duality seems to be needed to infer that (7.9)
holds as an equality, which in turn implies the analogue of (2.40) for Hpp, K. (),
p € My, in place of X, 9~CZ(Q), p € L'. However, by our approximation procedure via
plasticity with hardening, we just need to use the coercivity condition (2.40) in the
a priori estimates for the solutions of the system with plastic hardening (cf. (4.28)),
together with (7.9) to pass to the limit. For this reason we do not assume any further
regularity on either ¢ or on Q.

The energy functional. The energy functional £y driving the perfectly plastic
system has an expression analogous to the functional £, (2.23) for the system with
hardening where p is formally set equal to 0. Indeed, it consists of the contributions
of the elastic energy, of the potential energy for the damage variable, and of the time-
dependent volume and surface forces. Then &g : [0,7] x Qpp — RU {+0o0} is defined
by

Eol(t,u,z,p) :=Q(z,e(t)) + | W(z)dx+ %am(z, z) — (F(t),u +w(t))Bp(0) »

where we have highlighted the elastic part e(t) = E(ut+w(t)) — p of the strain tensor.
Since o(t) from (2.39d) is in X(2) and F(t) = fﬁi;(g(t)) for all ¢ € [0,T] by (2.3%),
we may employ (7.6) to rewrite £y as (cf. (2.44))
(7.10)

Eolt,u, z,p) = Fol(t, z,e(t)) — (pp(t) | p) with

Fo(t,z,e) := Q(z,€) +/QW(z) dz

+ an(z2) = [ p(B)e = B((t)de — (FO. w(t)ene

Energy-dissipation arclength reparameterization. As already mentioned,
we will obtain Balanced Viscosity solutions to the perfectly plastic system by taking
the joint vanishing-viscosity and hardening limit of (reparameterized) viscous solu-
tions to Problem 3.1. Thus, let (¢ ,)cv.u = (ut,,2E,, P, )e . be a family of solu-
tions to Problem 3.1. We are going/to reparameterize them by the energy-dissipation
arclength s, : [0,T] — [0, S, ] (with S¥, =3 (T)) defined by

(7.11) t
0= [ (v, )l ag
et (Ol 1B O s angnmy VAP (P s gpaens
ek, (Pl oy Do (ul) (1), 9, (7)) Dy (7, %‘,AT))) dr
with D, and D} * from (6.6). We will comment on the choice of the arclength function

sk, below. By estimates (5.3) and (6.10) we have that sup,, ,S¢, < C. Asin (6.2),
we set

T T | [T} B (B SH M B iz
ta,u T (Ss,u) ) qs,u T qa,u ots,u - (ua,wzs,w pe,u)’ es,u T es,z/ Ots,zn

ey I
Ge,u T Js,u o ts,v
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that we may assume defined on a fixed interval [0, 5], with S := lim. ,, .0 §§V (the
limit is intended along a suitable subsequence).

The very same calculations as in section 6 show that the rescaled solutions
(t¢,,9%,)cvu and the curves (e¥ )., , satisfy the parameterized energy-dissipation
balance (6.7) as well as the normalization condition for almost all s € (0, S,

£ ()R, () o gz
(7.12) izt () AL (5) gy + 19 () s agny
lle, ()] paer Do, (5), P2, () D (2, (5), a2 (5)) = 1.

sym

The choice of 5%, is precisely motivated by the need to ensure the validity of (7.12);
in the lines below we are going to hint at the role of the term D, D}*, while that
of the contributions modulated by ,/p will be evident in the proof of the upcoming
Theorem 7.9. Let us also mention in advance that, in analogy with section 6, we will

pass to the limit as ¢, v, ;| 0 in the energy balance

Sﬂ(tg, ( qsl/ Ns 51/ qs 1/( ) qu/( ))d
(7.13) /

(0.00) / B (H:, ()t () (1) dr

The vanishing-viscosity contact potential for the perfectly plastic sys-
tem. Clearly, upon taking the limit of the viscous system as the parameters €, v, u |
0, we are in particular addressing the case in which the viscosity in the momentum
equation and in the plastic flow rule tends to zero with a higher rate than the vis-
cosity in the damage flow rule. Therefore, the analysis carried out in section 6.2
would lead us to expect, for the limiting system, a notion of BV solution featuring
a vanishing-viscosity potential (that will be denoted by MO o for consistency of nota-
tion), with the same structure as that from (6.40), but associated with the driving
energy &g for the perfectly plastic system. Specifically, one would envisage to deal
with the quantity D*(t,q) := D*(t, q) encompassing the (H!)*-norm of D, &g, and
the L2-distance of D,&q from the stable set; cf. (6.40b). However, such quantities
are no longer well defined for the functional &, defined on [0,7] X Qpp (while the
L2-distance of D,€y from the stable set still makes sense). Therefore, in order to
introduce the vanishing-viscosity potential MJ , for the perfectly plastic system, we
first introduce suitable “surrogates” of the (H 1) -norm of D, &, and the L?-distance
from the stable set of D,,€y. In accord with the representation formulae from Lemma
3.6, we set, for (t,q) € [O,T} x D and o(t) = C(z)e(t) = C(z)(E(u + w(t)) — p),

(7.14a) S8u&ol(t,q) := sup (=Div(a(t)) = F(t), mu)my, (mn) »
€ Hip, (2R™)
Hnu”(Hl,u))Sl
(T14b)  Weeo(ta) = s (oD, 1)y — (=) -
np€L2(Q;Mg><n)
Inpllp2<1
We then set

(7.14c) D*(t,q) = \/(Sugo(ta 0)* + (Wpéo(t, q))?.
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Notice that the above expressions are well-defined since, by the definition of Qpp,
e(t) and, a fortiori, o(t) are elements in L?(€; MZ5").
Thus, we are in a position to define the vanishing-viscosity contact potential

Mg,o :[0,7] x Qpp X [0,+00) X Qpp — [0, +00] via

(7.15a) MO ot .t ) == R(2") + Hpp(z,p) + MOE (¢, '),
where for ¢ = (u, z,p) and ¢ = (v/, 2, p’) we have
(7.15b)
8u80(tvq) = Oa
0 if {dr2(~D.&(t,q),0R(0)) =0, and
i >0, MYyt = T e Deoll 0, 0X(O) =0, an
’ Wpé'o(t,q) = 0,

400 otherwise,

(7.15¢)
D(u',p") D*(t, q) if 2/ =0,
Mye (£, q.0.0) = < |12/l z2dr2() (~D:Eo(t, q), OR(0))  if D*(t,q) =0,
400 if |2/ ||2D*(¢,q) > 0.

In particular, observe that, once again, the expression of Mg:ged(t, q,t',q") for t’ >0
enforces a “relaxed” form of equilibrium for u with the condition 8,&¢(t,¢) = 0, the
local stability condition dp2(—D.&(t,q),dR(0)) = 0 for z, and a “relaxed” form of
local stability for p via W,Eo(t,q) = 0; cf. Lemma 7.4 and Remark 7.5 ahead. Recall-

ing that D(u',p’) := /W% +[p'[|32 (cf. (6.40b)), the product D(u',p) D*(t,q) is

well defined as soon as v’ € H'(;R") and p’ € L?(£;M}*"); otherwise, we intend
DO, ') D* (¢, q) = +ox.

Admissible parameterized curves. We are now in a position to introduce
the class of parameterized curves enjoying the temporal and spatial integrability/
“regularity” properties of the curves that are limits of reparameterized viscous solu-
tions as €, v, p | 0. Basically, such properties are motivated by the a priori estimates
that the rescaled viscous solutions inherit from the normalization condition (7.12).
In particular, let us highlight that (7.12) provides a (uniform-in-time) bound for the
quantity D, (u# ', p# ") Dit(th,,q¥ ). Recall that D, (ut,’,p# ") controls the H'-
norm of u#," and the L*-norm of p¥,’. Therefore, for the limiting parameterized
curves (t,q) = (t,u,z,p), from such a bound one expects to infer, “away” from the
set where {D**#(t,q) = 0}, additional spatial regularity for v’ and p’ in addition to
that provided by the estimate for |[u# '[|gp+|p¥,’||1. All of this is reflected in the
following definition, where we introduce the notion of admissibile parameterized curve
for the perfectly plastic system, in the spirit of [MRS16a, Definition 4.1].

DEFINITION 7.2. A curve (t,q) = (t,u,z,p): [0,5] — [0,7] x Qpp is an ad-
missibile parameterized curve for the perfectly plastic system if t: [0,S] — [0,7] is
nondecreasing and

(7.16a)  (t,u,z,p) € AC([0,5]; [0, T]xBD(€2) x H™ (€2) x My, (€ U T'pir; M*™))
(7.16b) = E(u+w(t)) — p € AC([0, S]; L2(Q; MZX™)

Sym

e
(7.16¢)  (u,p) € ACioe(B®; H' (% R™)x L* (M) ,
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where B® :={s € (0,5): D*(t(s),q(s)) > 0},
(7.16d) t is constant in every connected component of B° .
We will write (t,q) € 27([0,5];[0,T]xQpp).
Let us point out that along an admissible curve s — (t(s),q(s)) we always have
D(u'(s),p'(s)) D*(t(s),q(s)) < o for a.a. s € B°.

Balanced Viscosity solutions arising in the joint vanishing-viscosity and
hardening limit and their properties. We are now in a position to give the
following definition.

DEFINITION 7.3. A curve (t,q) = (t,u,z,p): [0,S] = [0,T]xQpp is a (parame-
terized) Balanced Viscosity (BV, for short) solution to the multirate system for perfect
plasticity and damage (1.1) if

- (t,q) is an admissible parameterized curve in the sense of Definition 7.2;
- (t,q) fulfills the energy-dissipation balance

€o(t(s),a(s)) + / MG o(t(r),a(7), t'(1),d' () dr
(7.17) 0

— £4(t(0),q(0) + / 0,0 (t(r),q(r) ¥ (r) dr

forall0 <s<S.
We say that (t,q) is nondegenerate if it fulfills
t' + (|2 || g ) + Hp’||L1(Q;Mgm) + €'l L2 panzny >0 a.e. in (0,5).

sym

As for BV solutions to the system with hardening, we have a characterization
of BV solutions in terms of the upper energy-dissipation estimate < in (7.17); cf.
Proposition 7.7 ahead. Such characterization will rely on the chain-rule estimate in
the forthcoming Lemma 7.6 that, in turn, hinges on the following technical result that
mimics [DMDMO06, Proposition 3.5].

LEMMA 7.4. Suppose that 8,E0(t,q) = WpEo(t,q) = 0 at some (t,q) € [0,T] x
Qpp. Then, for o(t) = C(z)e(t), we have that
(7.18)
o(t) € XK. (Q), —divo(t) = f(t) a.e. in Q, [o(t)n] = g(t) A" -a.c. on I'new -
Proof. Since 8,€0(t,q) = 0, we have that —Div(o(t)) = F(t) in Hp, (Q;R™)*.
Recalling the form (2.39b) of F, we get that —div(co(t)) = f € L™(;R™) a.e. in Q
and [o(t)n] = g(t) € L= (T'Neuw; R™).
Moreover, since W,E0(¢,q) = 0 and H(z,-) is positively 1-homogeneous, we get
that for every n, € L*(£; Mp*™)

(7.19) —H(z, —np) < (op(t),mp)r2 < H(z,np)

(where (-,-)z2 is shorthand for the duality in L?(Q; M{*")). Then we may argue as
in the proof of [DMDMO06, Proposition 3.5]: in (7.19) we choose the test function
n(z) := 1g(x)¢, with B C Q an arbitrary Borel set and an arbitrary £ € Mp*". In
this way, we get

—H(z(x),—=¢) <op(t,z)-& < H(z(x),§) fora.a. zin .

Then op(t,x) € O,H(2(x),0) = K(2(x)) for a.a. z € 2, so that o(t) € K,(2) and the
proof is concluded. 0
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Remark 7.5. Conditions (7.18), expressed along BV solutions, correspond to the
stability conditions in u and p (evl) and (ev2) in the definition of the so-called
rescaled quasistatic viscosity evolutions in [CL16, Definition 5.1]. Moreover, the iden-
tity dr2(—D.E(t,q),dR(0)) = 0 corresponds to the Kuhn-Tucker inequality (ev3)
therein. Notice that these three conditions hold in the set {s € (0,5): t'(s) > 0}; cf.
(7.15D).

0,red
We are now in a position to prove the chain-rule estimate involving Mg'y™.

LEMMA 7.6. Along any admissible parameterized curve
(7.20)
(t,q) € ([0, 5]; [0, T)xQpp) such that Mg,o(t,q,t/,q')) < 400 a.e. in (0,5),
we have that s — E0(t(s),q(s)) is absolutely continuous on [0, S)
and there holds for a.a.s € (0, 5)
d /
— s o(t(s),a(s)) + O:€o(t(s), als)) t'(s) < Mpo(t(5), a(s),t'(s),q'(s)) -

Proof. By the regularity of admissible parameterized curves we easily deduce that
the function s — £ (t(s), q(s)) is absolutely continuous on [0, S]. Its derivative is given
by (cf. Lemma 3.3)

%80@(8), a(s)) = 9€o(t(s), a(s)) t'(s)+(D=Eo(t(s),a(5)), 2 (s)) m
— (on(s) | p'(5)) = (Div(0(s))+F(t(s)), u'(s))Bn
for 0;€o(t(s),a(s)) = (o(s), E(w'(t(5)))) 2 — (F"(t(s)), u(s) + w(t(s)))sp — (F(t(s)),

w'(t(s)))p. Therefore, (7.20) follows if we prove that
(7.21) -
— (D:&o(t(s),a(s)), Z'(s)) rrm + (on(5) | P'(5)) + (Div(a(s))+F(t(s)),u'(s))BD
< Mo o(t(s), als), t'(s),q'(s))-
Let us then show (7.21). For a.e. s € (0,.5) it holds that
(7.22) R
— (Dz&o(t(s),a(5)), 2 (s)) mm < R(Z'(s)) + 12 (5)]| 2 dr2(0) (—D=Eo(t(5), a(s)), OR(0))

(cf. the calculations in the proof of Lemma 6.5). Let us estimate the two remaining
terms, distinguishing the two cases of t'(s) = 0 and t'(s) > 0.

If t'(s) = 0 and s € B°, since u'(s) € H'(Q;R") and p/(s) € L*(;MP*") a.e. in
B° we have that

(7.23) —(Div(0(s)) + F(t(s)),u'(s))mp = —(Div(0(s)) + F(t(s)), u'(s)) 111
< Sulo(t(s),a(s)) v ()]l m
(7.24) (on(s) |P'(s)) = Hep(2(s),p'(s) < WpEo(t(s), a(s)) [Ip'(s)l|2

)
If t'(s) = 0 and s ¢ B°, then 8,Ep(t(s),q(s)) = Wpo(t(s),q(s)) = 0, so that
Lemma 7.4 together with (7.9) imply that

(7.25) — ]SRI(U(S)) = F(t(s)) in BD(Q)*, (op(s) |p'(s)) < Hpp(z(s),p'(s)).

If t'(s) > 0, again we have (7.25).

Collecting (7.22), (7.23), (7.24), (7.25), recalling the definition of Mg, (7.15), and
employing the Cauchy—Schwarz inequality, we deduce (7.21) and then conclude the
proof. 0
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As a straightforward corollary of Lemma 6.17, we have the desired characteriza-
tion of BV solutions.

PROPOSITION 7.7. For an admissible parameterized curve (t,q) € </([0,5];[0, T
xQpp) (in the sense of Definition 7.2) the following properties are equivalent:
1. (t,q) is a BV solution to the multirate system for perfect plasticity;
2. (t,q) fulfills the upper estimate < in (7.17).

We now give a lower semicontinuity result that will be useful in the proof of
Theorem 7.9.

LEMMA 7.8. Let t, — t in [0,T], ux — 0, (qx)r = (uk, 2k, Px)r C Qpp such that
the following convergences hold as k — +o00: qx — q = (u,2,p) in Qpp, e(ty) =
E(ur + w(ty)) — pr — e(t) = E(u+w(t)) — p in L*(EMZY), and pepe — 0 in
L2(Q; M ™). Then

(7.26a) Su€o(t,q) < lim inf |DuEy, (tk, gi)llarr )+

(7.26D) dr2(=D.&(t,q), OR(0)) < lim +inf dp2(=D.&,, (tr, qr), OR(0))
—4o0

(7.26¢) W, €o(t,q) < lim +inf dp2(=Dp& . (th, qr ), OxH (25, 0)) .
—400

Proof. 1t is immediate to see that, under the assumed convergences, setting
o(tx) = C(zx)e(ty) and o(t) = C(z)e(t), for fixed n, € H(Q;R™) we have that

<—DiV(U(tk)) — F(tk), nu>H1(Q;Rn) — <—DiV(O‘(t)) — F(t), 77U>H1(Q;Rn) .
Furthermore, for fixed 1, € L?(Q; MP*") there holds
(oD (tk) =tk Prs p) 2 gy — H 2k, p) = (oD (8), ) 2 (i) — FH(2,70p) -

Passing to the supremums, we obtain (7.26a) and (7.26¢). As for (7.26b), this follows
as in (3.26b) since one only employs the convergence z; — z in H™ (), encompassed
in the hypothesis ¢, — ¢ in Qpp. a0

Existence of BV solutions to the multirate system for perfect plasticity.
We are now ready to state and prove our existence result for BV solutions in the sense
of Definition 7.3. In order to simplify notation, we fix vanishing sequences (g )k, (V&)k,
(pr)r with vy, < g and denote by (tx)x, (dx)x, (€x)r, (Ox)x the sequences (t£*, )i,
(qg:,uk)k> (eg:,uk)ka (O-g:,uk)lﬁ respectively.

THEOREM 7.9. Under the assumptions of section 2 and (4.14) for all vanishing
sequences (x)k, (Vk)k, (ux )k with vy < py for every k € N there exist a (not relabeled)
subsequence (ti,qx) and a curve (t,q) = (t,u,z,p) € &([0,5];[0,T]xQpp) such that

1. for all s € [0, 5] the following convergences hold as k — +o0:

(7.27)
tr(s) = t(s), up(s) = u(s) in BD(Q), zx(s) — z(s) in H™(Q),
er(s) = e(s) in L2 (UML), prls) = p(s) in Mp(Q U Tpi Mp*™) ;

sym

2. there exists C > 0 such that for a.e. s € (0,S) there holds

t'(s) + [u' () Isp(@) ' () ) 1P () g, (urpsnaz <y

(7.28) , IR _
+11€' () L2 (upazyry TP (W), 9 () D (2(s), a(s)) < C;
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3. (t,q) is a Balanced Viscosity solution to the multirate system for perfect plas-
ticity (1.1) in the sense of Definition 7.3.

Proof. As done for Theorems 6.8 and 6.13, we divide the proof into three steps.

Step 1: Compactness. Let (tx,qr)r be a sequence as in the statement. Tt
follows from the normalization condition (7.12) that there exists C' > 0 such that for
a.a. s € (0,5)

t,(5) + 10 (3)l s o) 2 () )+ (5)] sy

+ Vi 1Pk () L2 <y ek () 2 upanry < €

sym ) —

(7.29)

where the estimate for ||u} ||y (recall that u) € H'(Q;R")) ensues from the fact
that E(u,) = e}, + pj, is bounded in L'(Q; MZ7") combined with Korn’s inequality.
Clearly, in the estimates for up and p; we may pass from WH1(Q;R") and
LY(Q;ME*™) to the (duals of separable spaces) BD(2) and My (Q U Ipie; MP*™).
Therefore, we are in a position to apply the compactness results from [Sim87] to get
that there exists (t,q) € W°([0,S]; [0, T]x BD() x H™(£2) x M}, (2 U I'pip; ME*™)),
and e € W1°(0, S; L2(2; M2X")), such that, along a not relabeled subsequence,

sym
(7.30a)

ty, =t in WH(0,5;0,7]), up —u in WH*(0,5;BD()),
(7.30D)

2 >z in WH*(0,5; H™(Q)), zrx —z in C°([0, S];C°(Q)),
(7.30c)

ep —e in WH™(0,8; L2 (ML),
(7.30d)

pr —p in WH(0,; My, (Q U Tpi; ME*™)).

It can be checked that e = E(u+w(t)) — p. In particular, the pointwise convergences
(7.27) hold. Notice also that

(7.30e) VERPE =0 in WH(0,8; L2(92; M),
so that for every s € [0, 5]
(7.30f) ViR pR(t) = 0 in L2(Q;MP<™).

Next, we introduce the functions s~ and st and the sets 8, U in the same way
as in Step 1 in Theorem 6.8 (cf. (6.25)); we readily deduce the following convergences
for all t € [0,T] :

(731a)  ul, () S u(s_ (1) = u(s4 (1)) in BD(Q),
(T31b) 2 () = 2(s (1) = 2(s4 (1) in H(Q),
(7.31c) PEE L (1) = p(s— (1) = p(s4(t)) in Mp(Q U Tpi; MB*™) .

Step 2: Finiteness of MngEd(t(T),q(T),t'(T),q,(T)) when t/'(7) > 0. In
view of the definition (7.15) of Mg:ged, the function 7 > Mg:ged (t(r),q(7),t'(),q'(1))
is finite in the set A :={s €[0,5] : t'(s) > 0} if and only if
(7.32)

S8u&o(t(7),q(r)) =0, —D.Eo(t(7),q(7)) € OR(0), WyEo(t(7),q(7)) =0 for a.a. 7 € A.
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By (3.24) we obtain
(7.33)
Dy (tr(7), an (7)) = D+ (e (7), ai (tr(7)))

= Ek\/Vklluz(tk(f))||Zl,m+llzz(tk(T))|\i2+1/k|\p2(tk(7))||%2

€k
= \/Vk||U2(T)||?{1 oz (D172 +vellpg (7172
t.(7) ’
€k
< e for a.a. 7 € (0, 5),

where in the last estimate we exploited the normalization condition (7.12) and the
fact that v < pp. Moreover, one sees as in (6.28) that limsup,,_, . t;(7) > 0 for
a.e. T € A. Since eg, v J 0, by Lemma 7.8 (notice that its assumptions are satisfied
by the convergences (7.27) and (7.30f), also recalling that p, — 0) and an argument
analogous to that in Step 2 of Theorem 6.13 we deduce (7.32).

Step 3: The energy-dissipation upper estimate (7.17). In view of the
characterization provided by Proposition 7.7, to conclude that (t,q) is a BV solution
in the sense of Definition 7.3 it is sufficient to show that (t,q) is an admissible pa-
rameterized curve as in Definition 7.2 and that it fulfills (7.17) as an upper estimate.
First of all, we show that

(7.34) Z(1) D*(t(r),q(r)) =0 for a.a. T € (0,9).

This follows arguing similarly to what was done in Step 2 of Theorem 6.13. We start
from (6.46) and then observe that (cf. (6.47))

(7.35) lim inf D*#* (t, (1), qu (7)) = D*(t(r),q(r))  Vr € [0, S],

k—4oc0

due to (7.27), (7.30f), (7.26a), and (7.26¢c). Then, applying Lemma B.1 with the
analogous choices and arguments as in the proofs of Theorems 6.8 and 6.13, also
relying on Lemma 7.8 we conclude that

(7.36)

/B )]l D* (t(r), a(r)) dr < lining / 12 ()| 2 D (1 (), qi(r)) dr
< v/l nf NS (1 (7) i (). ah (7)) dr = 0

with B° from (7.16¢c). Then, (7.34) ensues.
In analogy with (6.45), we also introduce the set

(7.37) C° = {7 €[0,]: dp2() (D= (t(r),a(r)), R(0)) > 0}.

By Lemma B.2 applied with the choices X := [0,1]x[0,T]xQpp, I := [0, 5], B := B°,
vE(T) = (e, t(7), a5 (7)), v(7) := (i, t(7),q(7)), and with the function f : X —
[0, +00] defined by

Dj(t.q) if p>0,

D*(t,q) if p=0;

indeed, thanks to Lemma 7.8 the function f is weakly* lower semicontinuous on

= [0,1]x[0,T]xQpp. Thus, we obtain that for any compact subset K° of B°
there exist ¢ > 0 and k € N such that

[t q) == {

D (te(7),qi (7)) > ¢ forevery k >k, 7 € K°.
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By the normalization condition (7.12) (recall the notation for tx, qx) we obtain that
for k >k

for a.a.7 € K°,

ol

D(up (1), pi(7)) <

so that uy and py, are equi-Lipschitz in K° with values in H'(Q; R™) and L?(Q; M,*™),
respectively. Therefore, we deduce that u € W1 >°(K°; H'(Q;R")) and that p €
Wheo(K°; L2(Q;Mp*™)). By the arbitrariness of K° we conclude that (u,p) €
WI})’COO (B°; HY(Q;R™)x L2(Q; My*™)), and then (t,q) is an admissible parameterized
curve in the sense of Definition 7.2. Moreover, again for every K° € B° we have that
the sequence (D(u}, p.))r converges weakly to some d in L>°(K°), with d > D(u’, p’)
a.e. in K°. Then, we are again in a position to apply Lemma B.1, deducing (in view
of the arbitrariness of K° C B°)

/ D (), (7)) D (t(7). a(7))

(7.38) < liminf/o D(ul(7), Pl (7)) D (t (), ai (7)) dT

k—4oc0

< liminf / N (1, (7). i (1), th(7), (7)) dr |

k—+o00
the last estimate due to (6.51). Then, estimate (7.28) follows by lower semicontinuity

arguments.
Finally, we repeat the arguments for (6.54), obtaining that

[ ). o). . () dr
(0,5)\B°

= /CO\BO 12 (7)|| 2 ng(Q)(—DZEO(t(T),q(T)),a(R(()))dT

(7.39) b
< liminf 2% (T)[ 2 dr2(0) (=D&, (tr(7), Ak (7)), OR(0)) d7
k—o00 Co\B®°
S hm 1nf Ng:;;id (tk (T)a qk(T)v q;c(T)) dT .

k——+o0 Co\B°

Observe that (1) follows from the very same argument as in the proof of Theorem 6.13,
now employing (7.26b) in place of (3.26D).
It follows from (7.38) and (7.39), also recalling the definition of B°, that

s s
| a0, ¢ (7). () dr < it [N (1), 0u(7). () d

0 k—+oo Jg
Combining the above lower semicontinuity estimate with the limit passage in the
terms with driving energy and in the power term (which is standard and goes as in
section 6), we succeed in taking the limit in the energy-dissipation inequality (6.9)
to conclude the desired validity of the energy-dissipation upper estimate < in (7.17).
This finishes the proof of Theorem 7.9. ]

Appendix A. Discrete Gronwall-type lemmas. Here we collect, for the
reader’s convenience, the discrete Gronwall-type results that have been exploited in
the proof of the a priori estimates from Proposition 4.3.
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LEMMA A.l. Let B, 7 >0, N, €N, (ax)p";, (bx)n, C [0,400) fulfill

k—1
ar <B+Y ajb; Vke{l,...,N;}.
j=0
Then, there holds
k—1
(A1) ar <Bexp | Y bj| Vke{l,...,N:}.
j=0

LEMMA A.2 (see [RS06, Lemma 4.5]). Let N, € N and b, A\, A € (0,+00) fulfill
1—b>1>0; let (ag)n™, C [0,+00) satisfy

k
ar <A+bY a;  VEe{l,... N}
j=1
Then, there holds
(A.2) ar < Mexp(Abk) Vke{l,...,N;}.

The following lemma generalizes [KRZ13, Lemma 4.1], and its proof is based on
the calculations developed in for [CL16, Proposition 3.8] (see also [ACO19, Proposi-
tion 3.5]); that it is why we will only partially carry out the argument, and we will
refer to [CL16] for more details.

LEMMA A.3. Let {ak}ivz’o, {Mk},iv;l, {rk}szTl, {ck}]ivzfo p and 1 be nonnegative
numbers, e,7 > 0 with v := k17/e < 1 for some k1 > 0 and N, € N, N;7 = T.
Assume that ag = 0, r, < Kaay for some ko > 1 and that for 1 < k < N, it holds that

(A.3) ar(ax — ax_1) +yai + yM7? < n’y (1+ci+‘5;’;‘ p2) + yagrg.

Then, if v = k17/e < 1/(2kK2), there exists a constant C = C(n,T) > 0 not depending
on any of the other above quantities such that

N, N, N,
(A4) ZTMk<C<T+p+ZTCi+ZTTk>.

k=1 k=1 k=1

Proof. For 2 < k < N, we can recast (A.3) in the same form as [CL16, inequality
between (3.35) and (3.36)], namely

2aj(af, — ap—1) + 20(a)* + (0),)* < (c})* + 2adj, .

For this, it is sufficient to replace ay, v, YM7?, n?v(1 + c), and 7 in (A.3) (observe
that 61 = 0 for k € {2,...,N,}), by, respectively, a,/v2, ¢ = Cr/e, (b,)?, (c})?,
and dj./ V2, with a universal constant C. Following exactly the argument in [CL16,
Proposition 3.8] and then rewriting [CL16, (3.41)] in the present setup, we get that

N, N, N,
(A.5) ZTMk<C<T+Ea1+ZTCi+ZTTk> .

k=2 k=2 k=2
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Let us now estimate 7 M7 and ea; by (A.3) for k = 1. Notice that, since ag = 0 and
2

using the cauchy inequality 2a,r1 < af +r7, we derive that M? < n?(1+ci+2) 4.

Multiplying by 72, recalling 7 < ¢, and taking the square root we obtain, for a suitable

C, that

(A.6) ™M <Cr(l4+ci+m)+0< Cr(2+cf+711) +o.

We are then left to estimate € a;. We again start from (A.3) for k = 1: recalling that
ag = 0, we then have

1
(A7) ai +vaf +y M7 <’y (1 +ei+ Tgp2> +yairs .

2
Then, we use the conditions ry < ksap and k17/e < 1/(2k2) to get yair < %,
which can be absorbed into the left-hand side of (A.7). Multiplying by 2 we get
e2a? < 27e(1 4 ¢2) + c?9? for some ¢ > 0, so that

(A.8) €a1§0<1+ STC%Jrg) <CQ24ercd +0).

Collecting (A.5), (A.6), and (A.8), up to modifying C' we conclude (A.4). |

Appendix B. Two abstract results. We first recall an abstract lemma from
[MRS16a] and [MRS12b] (to which we refer for the proof).

LEMMA B.1. Let I be a measurable subset of R and let hy,, h, m,,, m: I — [0, 400]
be measurable functions for n € N that satisfy

(B.1) h(x) < liminf b, (x) for L'-a.e. x €1, mn, —m in L(I).

n—-4o0o
Then
/h(z)m(:c) dz < liminf/hn(x)mn(z)dx.
I

n—-+4oo I
Let us now consider a result that is applied in the proof of Theorem 7.9.

LEMMA B.2. Let X = Y™, for Y a separable Banach space, I = [a,b] C R,
f: X — [0,400] be weakly* lower semicontinuous, and let (vy)r be a sequence of
functions v : I — X satisfying

IC>0Ve,sel: |ug(t) —vp(s)]x < Clt—s]|,

(B.2) *
vg(t) — v(t) inX Vvtel.

Then, for every compact subset K C B := {t € I: f(v(t)) > 0} there exist ¢ > 0 and
k € N such that
(B.3) flop(t)) > ¢ for everyk >k, t € K.

Proof. By (B.2) and the pointwise weak™ convergence to v, we deduce that
(B.4) llo(t) —v(s)||x < Clt— s for every t,s € I,
that the set V := J, vx(I) Uv(I) is bounded in X and that

(B.5) lim  sup dy- (vg (), v(¢)) =0
k—+oo ter
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with d,» the metric inducing the weak* topology on the bounded set V' (here we use
the separability of Y and refer to the compactness arguments by [Sim87]).

Now let K be as in the statement. By (B.4) we get that v(K) is compact in X,
and since K C B we have that v(K) C {f > 0} = {f > 0} theset {z € X: f(z) > 0}.
Then we can find an open set A such that v(K) C A € A C {f > 0}. We deduce,
employing the lower semicontinuity of f, that

(B.6) f(A) C [e, +0o0]

for a suitable constant ¢ > 0. Thanks to (B.5) and the fact that dy.(vi,v2) <
C*|lv1—va]| x, for a suitable C* and every vy and v € V, choosing ¢ small enough we
get that v, (K) C A for k > k. Therefore, by (B.6) we conclude (B.3). O
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