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Highlights

• A robust fuzzy k-means method is developed for clustering star-shaped
sets.

• The approach is extended to compact sets integrating mixed geometric
information.

• A tailored dissimilarity combines radial functions with numerical de-
scriptors.

• A controlled toy example shows the benefits of mixed and robust for-
mulations.

• The methods effectively cluster osteosarcoma cells and isolate atypical
shapes.
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Abstract

Fuzzy clustering methods for compact sets are proposed by combining their
star-shaped representations with numerical geometric descriptors. The clas-
sical fuzzy k-means algorithm, previously extended to the star-shaped setting
through a distance that accounts for both the centers and their radial func-
tions, is further enhanced here with a robust extension that incorporates a
noise cluster to reduce the impact of atypical sets. The same ideas are then
transferred to compact sets carrying mixed-type information by means of a
dissimilarity measure that blends functional and real-valued components, giv-
ing rise to basic and robust mixed-data variants. The approach is illustrated
with osteosarcoma cell morphology, where integrating shape-based and nu-
merical features offers a more informative description of cellular variability
and supports the identification of unusual cells.
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1. Introduction

Since the foundational contributions of Bezdek (1981), Dunn (1974), Rus-
pini (1969), and Wee and Fu (1969), fuzzy clustering has attracted growing
interest across a wide range of disciplines. A key development in this area is
the well-known Fuzzy k-Means (FkM) clustering algorithm (Bezdek, 1981),
which aims at identifying a limited number of homogeneous clusters by as-
signing objects to them based on degrees of membership ranging between 0
and 1. For a comprehensive overview of fuzzy clustering techniques, see, for
example, Ferraro (2024) and Ruspini et al. (2019).

Fuzzy clustering has gained increasing attention in the scientific com-
munity, as shown by the growing number of studies on the topic (see, for
example, the works of Doering et al. (2006), D’Urso and Giordani (2006),
D’Urso and De Giovani (2015), Ferraro and Giordani (2013), Gustafson and
Kessel Gustafson and Kessel (1979), Hwang et al. (2007), Masson and De-
noeux (2008), and Ramos-Guajardo and Ferraro (2020)). These works ex-
plore both improvements to FkM and its practical uses in different areas.

In the context of classifying sets in Rp, several clustering approaches have
been proposed. For example, Joshi et al. introduced a density-based method
for clustering polygons in Joshi et al. (2009), built upon the DBSCAN algo-
rithm, which ensures spatial contiguity of the resulting clusters. Wang et al.
(2014) developed a polygon clustering algorithm based on multilevel graph
partitioning. In terms of spatial clustering, Chen et al. (2019) proposed
an intuitionistic fuzzy similarity approach capable of quantifying similarities
between polygons for clustering analysis. Additionally, in the field of image
object segmentation, various shape-based fuzzy clustering techniques have
been designed to explicitly segment geometrically regular objects by lever-
aging spatial information (see, for instance, Ameer et al. (2010), Shi et al.
(2023), and references therein).

When multiple attribute types are collected, ignoring one or more of
them during the clustering process can negatively impact the final results.
In this context, the ability to incorporate mixed-type information becomes a
valuable advantage for any proposed clustering methodology. In this regard,
several recent fuzzy clustering methods designed for non-standard data types
have been introduced in D’Urso and Massari (2019). Nevertheless, to the
best of our knowledge, the problem of classifying general compact sets in Rp

(including polygons in R2) while incorporating mixed-type information has
not yet been addressed in the literature.
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Compact sets can differ significantly in their structural complexity, rang-
ing from basic geometric figures like polyhedra to highly irregular and elabo-
rate shapes. Each of these sets can be described through a variety of geomet-
ric and morphological features, including volume, surface area, and centroid
(or barycenter), as well as shape descriptors such as roundness, elongation,
solidity, and eccentricity. These characteristics are typically represented us-
ing real-valued (numerical) variables.

Using star-shaped formalization to approach compact sets can be an ad-
vantage for extracting shape-related information. Star-shaped sets represent
a versatile category of geometric objects, defined by their ability to retain
their structure relative to a specified center point, a property that is ef-
fectively captured using the center-radial characterization (see Klain (1997)
and González-Rodríguez et al. (2018) for further details). However, existing
fuzzy clustering approaches do not address situations in which compact sets
must be described simultaneously through a functional star-shaped represen-
tation and additional numerical geometric descriptors. Methods designed for
star-shaped sets focus exclusively on their radial structure (Ferraro et al.,
2023) and do not incorporate mixed-type information, while techniques for
heterogeneous data (e.g., D’Urso and Massari (2019)) typically treat func-
tional and numerical components separately. As a result, there is no unified
fuzzy clustering framework capable of combining both sources of information
or handling the irregularities often present in real geometric data, including
those arising from atypical or highly irregular shapes.

This gap raises several methodological challenges. The first concerns the
definition of a dissimilarity measure able to integrate the variability cap-
tured by the radial functions of star-shaped representations with the comple-
mentary information provided by numerical descriptors. A second challenge
stems from the presence of atypical or highly irregular shapes, which require
a mechanism that can mitigate their influence without distorting the result-
ing partition. These limitations motivate the development of the approach
proposed in this work.

Ferraro et al. (2023) proposed a fuzzy clustering method for star-shaped
sets based entirely on their center–radial representation and a tailored dis-
tance definition. Although effective for capturing functional shape variability,
this approach does not incorporate additional geometric descriptors, nor does
it address settings requiring a joint treatment of functional and numerical in-
formation or robustness to outliers. In compact-set applications, numerical
features such as area, perimeter or circularity, as well as the loss incurred
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when approximating the original shape by its star-shaped counterpart, pro-
vide complementary information that can be crucial for classification tasks.
Such features have proven useful in related contexts, including polygon clus-
tering and cellular morphology analysis, where geometric variability plays an
essential role (see, for instance, Li et al. (2023)).

Building on these ideas, the methodology developed in this paper extends
the framework introduced by Ferraro et al. (2023) to accommodate mixed-
type information by introducing a fuzzy clustering approach for compact sets.
The proposal relies on a dedicated dissimilarity measure that integrates the
variations captured by the star-shaped representation together with a set of
numerical geometric descriptors, allowing both components to contribute co-
herently to the clustering structure. In addition, a robust extension inspired
by the noise-cluster mechanism of Davè (1991) is incorporated to isolate
atypical elements and enhance the stability of the resulting partitions in the
presence of irregular or extreme shapes.

The main contributions of the paper can be summarized as follows. First,
building on existing extensions of fuzzy k-means to the space of star-shaped
sets, where distances account for both the centers and the radial functions of
the objects, we develop a robust formulation that incorporates a noise clus-
ter, enabling atypical elements to be isolated without distorting the main
clusters. Second, the general framework is transferred to compact sets en-
dowed with mixed-type information by means of a dedicated dissimilarity
measure that combines functional and numerical components, yielding both
basic and robust mixed-data variants.

The rest of the paper is organized as follows. Section 2 introduces some
preliminaries related to the space of star-shaped sets and defines a suitable
distance between them. Section 3 presents the robust generalization of the
fuzzy k-means method for star-shaped sets. Section 4 extends these meth-
ods by developing fuzzy clustering algorithms for compact sets, utilizing a
generalized distance that accommodates differences in mixed-type informa-
tion derived from the sets. To complement the methodological developments
and to explicitly evaluate the effect of mixing star–shaped information with
numerical descriptors, as well as the role of the noise cluster, a controlled
toy example is presented in Section 5. In Section 6 the proposed methods
are applied to the classification of various types of osteosarcoma cells. Fi-
nally, Section 7 outlines key conclusions and potential directions for future
research.
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2. Preliminaries

To properly address the fuzzy clustering proposals, it is essential to first
establish some key concepts about the data being analyzed.

Consider Rp, a p-dimensional Euclidean space equipped with the standard
norm ∥ · ∥ and the inner product ⟨·, ·⟩. Formally, the space of general star-
shaped sets in Rp is denoted as X(Rp) = (Rp ×X0(Rp)), where X0(Rp) is the
space of star-shaped sets in Rp with respect to 0, defined s. t.

X0(Rp) =
{
A ⊂ Rp | γa ∈ A for all a ∈ A and all γ ∈ [0, 1]

}
.

A star-shaped set A ∈ X(Rp) is characterized by two elements: its cen-
ter and the radial function of the associated set centered at 0, denoted by
the pair (cA, ρA). On one hand, the center cA ∈ Rp is the location point
such that for all a ∈ A, λcA + (1 − λ)a ∈ A for all λ ∈ [0, 1]. For a dis-
cussion on selecting a center compatible with measure-preserving arithmetic,
see González-Rodríguez (2026). On the other hand, the radial function of
the centered version of A, Ac = A − cA, is defined as ρA : Sp−1 → R+ such
that ρA(v) = sup {λ ≥ 0 : λv ∈ Ac}, which relates to the imprecision of the
set (see Schneider (1993)).

Then, by considering the so-called center-radial characterization defined
above, A can be expressed as

A = {cA + γρA(v) | γ ∈ [0, 1], v ∈ Sp−1}.

The center of A can be any point within the kernel of A, where the kernel,
denoted as ker(A), consists of those points in A that satisfy

λx+ (1− λ)a ⊂ A ∀λ ∈ [0, 1] and ∀a ∈ A . (1)

The centroid (or barycenter) is typically chosen as the representative cen-
ter. Moreover, from an operational point of view, it is convenient to consider
radial functions in the space L2(Sp−1), and thus the following class of star-
shaped sets will be considered:

X∗(Rp) = {A ∈ X(Rp) | ρA ∈ L2(Sp−1)}.
The distance between two star-shaped sets A,B ∈ X∗(Rp) is defined using

an L2-type distance metric introduced in González-Rodríguez et al. (2018)
as follows:
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dτ (A,B) =
√
τ∥cA − cB∥2 + (1− τ)∥ρA − ρB∥2L2 , (2)

where τ ∈ (0, 1) is a weighting parameter that balances the importance of the
spatial location (center) versus the directional imprecision (radial function).
Besides, ∥ · ∥L2 represents the usual L2-type norm in L2(Sp−1).

3. Robust fuzzy clustering method for star-shaped sets

This section presents a robust variant of the FkM generalization tailored for
star-shaped sets, developed in Ferraro et al. (2023). The proposal is designed
to enhance clustering performance and account for data irregularities and
outliers.

Suppose there are n star-shaped sets, denoted by xi = (cxi
, ρxi

), where
each xi is characterized by a center cxi

∈ Rp and a radial function ρxi
∈

L2(Sp−1). The objective is to partition these n sets into k clusters such that
sets with similar features are grouped into the same cluster to maximize
homogeneity, while those with distinct features are assigned to different clus-
ters to ensure adequate separation. To achieve this, it is crucial to adopt
an appropriate distance or dissimilarity measure specifically designed for the
object space of star-shaped sets. This measure must account for both the
location of the centers cxi

and the directional imprecision captured by the
radial functions ρxi

.
The fuzzy k-means algorithm, widely used for clustering, is extended here

to accommodate star-shaped sets by employing several steps. In a first stage,
k cluster prototypes are randomly initialized, each represented by a tuple, a
cluster center in Rp and a radial function in L2(Sp−1). A suitable dissimilarity
measure combining location and radial imprecision is then used, such as the
L2-type distance:

dτ (xi,hg) =
√
τ∥cxi

− chg∥2 + (1− τ)∥ρxi
− ρhg∥2L2 ,

where hg = (chg , ρhg) represents the g-th cluster prototype, and τ balances
the weight of center-based and radial function-based dissimilarity.

The selection of a dissimilarity measure is critical for effectively capturing
both the location and shape features of the star-shaped sets. A generalization
of the FkM method to the framework of star-shaped sets is addressed in
Ferraro et al. (2023). This method will now be extended to handle noisy
data during the clustering process.
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The proposal, inspired by the work of Davè (1991), integrates a noise clus-
ter mechanism, which significantly improves its robustness against variability
and imprecision within the data. By isolating data points with high uncer-
tainty or inconsistency into a specific noise cluster, the algorithm ensures
that the primary clusters remain well-defined and meaningful. This separa-
tion not only preserves the integrity of the main k clusters but also reduces
the influence of noise on the overall clustering process. The noise cluster does
not represent a proper cluster, as it lacks homogeneity (compactness); more-
over, the dissimilarity δ2 of each unit from the noise prototype hk+1 is fixed in
advance. When applied to star-shaped sets, the robust version, which will be
called RFkM-SSS, considers a customized distance measure that accounts for
their unique structural properties, which ensures that the clustering process
effectively captures the characteristics of these complex data sets.

Given n star-shaped sets xi = (cxi
, ρxi

), we define the RFkM-SSS opti-
mization problem with a noise cluster as:

min
U,H

JRFkM-SSS = min
U,H

(
n∑

i=1

k∑
g=1

umigd
2
τ

(
(cxi , ρxi), (chg , ρhg)

)
+

n∑
i=1

umi,noiseδ
2

)

= min
U,H

(
n∑

i=1

k∑
g=1

umig

(
τ
∥∥cxi − chg

∥∥2 + (1− τ)∥ρxi − ρhg∥2L2

)

+
n∑

i=1
umi,noiseδ

2

)
,

s.t. uig ∈ [0, 1], i = 1, · · · , n, g = 1, · · · , (k + 1),
k+1∑
g=1

uig = 1, i = 1, · · · , n

(3)

where U = [uig] is the membership degree matrix of order (n × (k + 1)),
ui,noise = ui,k+1 is the membership value of xi to the noise cluster, for
i = 1, · · · , n. These conditions imply that outliers can have low member-
ship degrees to the proper k clusters, and high degree to the noise cluster,
thereby reducing their influence on the proper ones. H = [h1, · · ·hg, · · · ,hk],
with hg = (chg , ρhg), is the matrix of k prototypes, and m is the parame-
ter of fuzziness, which is typically greater than 1 (commonly m = 2). As
m approaches 1, the membership degrees become closer to 0 and 1, causing
FkM to converge to the standard k-means algorithm. Conversely, as m in-
creases and moves away from 1, the membership degrees diverge from 0 and
1, resulting in a more fuzzy partition.

In order to obtain the optimal fuzzy membership degree matrix U of the
RFkM-SSS method, we consider the following Lagrangian function defined
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as

L(U,H, λ) =
n∑

i=1

k+1∑
g=1

um
igd

2
τ

(
(cxi

, ρxi
), (chg , ρhg)

)
+

n∑
i=1

λi

(
k+1∑
g=1

uig − 1

)

(4)
To find the optimal value of U we compute the partial derivatives of (4)

with respect to uig and λi and we set them equal to 0:

ϑL

ϑuig

= 0 ⇔ mum−1
ig d2τ

(
(cxi

, ρxi
), (chg , ρhg)

)
− λi = 0, (5)

ϑL

ϑλi

= 0 ⇔
k+1∑

g=1

uig − 1 = 0. (6)

Then, by carrying out the usual calculations we get

uig =
1

k∑
g′=1

(
d2τ((cxi ,ρxi ),(chg ,ρhg ))
d2τ

(
(cxi ,ρxi ),(chg′ ,ρhg′ )

)
) 1

m−1

+

(
d2τ((cxi ,ρxi ),(chg ,ρhg ))

δ2

) 1
m−1

, (7)

for i = 1, . . . , n and g = 1, . . . , k, and

ui,noise = ui,k+1 =

(
1−

k∑

g=1

uig

)
. (8)

On the other hand, by considering the partial derivatives of (4) with
respect to chg and ρhg , for g = 1, · · · , k, and setting them equal to 0, the
centroid components are given by

chg =

n∑
i=1

um
igcxi

n∑
i=1

um
ig

and ρhg(v) =

n∑
i=1

um
igρxi

(v)

n∑
i=1

um
ig

, g = 1, · · · , k, (9)

where v ∈ Sp−1 denotes a direction on the unit sphere. As the noise cluster
does not constitute a proper cluster, its prototype is merely an abstract
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construct, and computing it as one would for the other k prototypes is not
meaningful.

Special attention must be paid to the selection of the noise dissimilarity
threshold δ2. Following the ideas of Davè (1991), δ2 should be a proportion
of the mean of the squared distances between points and cluster prototypes.
Thus, it is set to

δ2 = λ
1

n · k

(
n∑

i=1

k∑

g=1

d2τ
(
(cxi

, ρxi
), (chg , ρhg)

)
)
, (10)

with λ being a user-defined parameter determining the proportion: the smaller
the value of λ, the higher the proportion of points that are considered as out-
liers.

The steps of the RFkM-SSS algorithm are described in Algorithm 1.

Algorithm 1 RFkM-SSS
Step 0 (Initialization) Generate randomly a feasible membership degree
matrix U(0) of order (n× (k + 1)) subject to (3).
Step 1 Compute the centroid matrix H(t) according to (9) using U(t−1).
Step 2 Update the fuzzy membership degree matrix U(t) according to (7)
and (8), keeping fixed H(t).
Step 3 Check convergence. If the convergence condition is not satisfied, go
to Step 1.

Note that the method introduced in Ferraro et al. (2023), FkM-SSS, can
be obtained as a particular case of RFkM-SSS, when the noise component is
not considered, that is, when the second term in the optimization function
(3) is equal to 0. This implies that we have only k proper clusters and the
updating equation of the membership degrees will be

uig =
1

k∑
g′=1

(
d2τ((cxi ,ρxi ),(chg ,ρhg ))
d2τ

(
(cxi ,ρxi ),(chg′ ,ρhg′ )

)
) 1

m−1

, i = 1, . . . , n, g = 1, . . . , k. (11)

The updating equation for the k prototypes remains unchanged.
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4. Fuzzy clustering methods for compact sets

Consider now the space of compact subsets of Rp, denoted by K(Rp). These
compact sets can vary in complexity, ranging from simple shapes like polyhe-
drons to irregular and intricate forms. Each compact set possesses geometric
properties such as volume, surface area, centroid (barycenter), as well as other
characteristics like roundness, elongation, solidity or eccentricity, among oth-
ers. All these properties can be modeled using numerical/real variables.

On the other hand, a compact set A ∈ K(Rp) may have a shape that is
not necessarily star-shaped. In such cases, it is possible to approximate its
original shape using the shape of the largest star-shaped set visible from the
centroid of A and contained within A, denoted as ASS, along with a measure
of the volume lost when using such approximation, which is represented by a
real number, and other real geometric measures as the ones provided above.

Therefore, it would be beneficial to extend the methods proposed in Sec-
tion 3 to the case of compact sets using mixed data. This approach would
not only consider a star-shaped set, but also incorporate some real variables
that would help us to describe other important geometric features of the sets
under consideration.

Consider n compact sets, {xi}ni=1, to be classified in k clusters. Each com-
pact set xi is characterized by the largest star-shaped set visible from the
centroid and contained within the original set, denoted as xSS

i =
(
cxSS

i
, ρxSS

i

)
,

along with a vector of q real-valued variables, xq
i , that describe certain ge-

ometric properties of the compact set or other numerical attributes of the
represented entity.

In this case, a suitable dissimilarity measure between compact sets should
combine the distance between the star-shaped part of the sets and the dis-
tance between the real-valued part. Thus, if xi is a compact set and hg

represents the g-th cluster prototype, with star-shaped part hSS
g and corre-

sponding real-valued part hq
g, the distance between both elements is defined

by
dmix (xi,hg) =

√
d2τ (xSS

i ,hSS
g ) + d2(xq

i ,h
q
g), (12)

where dτ is the distance metric for star-shaped sets and d is the Euclidean
distance.
In this section two fuzzy clustering methods for compact sets are introduced:
FkM-Mix and its robust extension, RFkM-Mix. The first one is the FkM
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method for compact sets of Rp that incorporates mixed-type information,
while the second one is its variant with the additional noise cluster.

The FkM-Mix minimization problem can be formulated as follows:

min
U,H

JFkM-Mix = min
U,H

(
n∑

i=1

k∑
g=1

um
igd

2
mix (xi,hg)

)

= min
U,H

(
n∑

i=1

k∑
g=1

um
ig

(
d2τ (xSS

i ,hSS
g ) + d2(xq

i ,h
q
g)
))

s.t. uig ∈ [0, 1], i = 1, · · · , n, g = 1, · · · , k,
k∑

g=1

uig = 1, i = 1, · · · , n

(13)

where xi = (xSS
i ,xq

i ), with xSS
i ∈ X∗(Rp) and xq

i ∈ Rq, for i = 1, · · · , n, is
a compact set from the sample, while H = [h1, · · ·hg, · · · ,hk], with hg =
(hSS

g ,hq
g) (hSS

g ∈ X∗(Rp) and hq
i ∈ Rq), is the matrix of k prototypes.

By introducing the noise cluster, we obtain the RFkM-Mix, whose opti-
mization function is

JRFkM-Mix =
n∑

i=1

k∑
g=1

um
igd

2
mix (xi,hg) +

n∑
i=1

um
i,noiseδ

2 (14)

where δ2 is defined, as in Section 3.2. as a proportion of the mean squared
dissimilarity based on dmix.

In this case, the minimization of JRFkM-Mix with respect to U subject to
the constraints provided in (13) leads to

uig =
1

k∑
g′=1

(
d2mix(xi,hg)

d2mix(xi,h′
g)

) 1
m−1

+
(

d2mix(xi,hg)

δ2

) 1
m−1

, i = 1, . . . , n, g = 1, . . . , k,

(15)

ui,noise = ui,k+1 =

(
1−

k∑

g=1

uig

)
, i = 1, . . . , n, (16)

For g = 1, . . . , k (k proper clusters), the prototypes are updated by com-
bining the star-shaped (hSS

g = (chSS
g
, ρhSS

g
(v))) and numerical components
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(hq
g):

chSS
g

=

n∑
i=1

um
igcxSS

i

n∑
i=1

um
ig

, ρhSS
g
(v) =

n∑
i=1

um
igρxSS

i
(v)

n∑
i=1

um
ig

, and hq
g =

n∑
i=1

um
igx

q
i

n∑
i=1

um
ig

. (17)

The steps describing the RFkM-Mix approach can be found in Algorithm 2.

Algorithm 2 RFkM-Mix
Step 0 (Initialization) Generate randomly a feasible membership degree
matrix U(0) of order (n× (k + 1)) subject to (14).
Step 1 Compute the prototype components hSS(t)

g and h
q(t)
g , for g = 1, · · · , k

according to (17) using U(t−1).
Step 2 Update the fuzzy membership degree matrix U(t) according to (15)
and (16), keeping fixed h

SS(t)
g and h

q(t)
g .

Step 3 Check convergence. If the convergence condition is not satisfied, go
to Step 1.

5. Comparative analysis through a toy example

To illustrate the behaviour of the proposed fuzzy clustering methods and to
evaluate the contribution of the mixed-type geometric information, we con-
sider a controlled toy example consisting of planar compact sets constructed
through a prescribed center–radial representation. The main dataset is com-
posed of 100 compact sets arranged in two groups, G1 and G2, each contain-
ing 50 elements. Although G1 and G2 share the same concavity locations
(at fixed angular positions across all objects), several key characteristics dis-
tinguish the two families. On the one hand, the concavities in G2 are sub-
stantially deeper than those in G1, resulting in a more pronounced inward
deformation of the boundary; on the other hand, G2 exhibits systematically
larger high-frequency roughness, capturing more irregular fluctuations along
the boundary. Taken together, these features yield radial functions in G2
that are both more oscillatory and more sharply concave compared to G1,
thus ensuring identifiable differences between the two groups. Representative
examples are shown in Figure 1.

Each compact set is represented through three descriptions. The first is
its convex hull (CH), a purely geometric simplification. Figure 2 displays the
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Figure 1: Representative compact sets from groups G1 (left) and G2 (right).

corresponding convex hulls, highlighting the geometric information that is
lost when convexification is applied.

Figure 2: Convex hulls of the examples shown in Figure 1.

The second representation is the star-shaped formalization X1, which
fully preserves concavities and oscillatory behaviour encoded in the radial
functions. The third is a mixed representation (X1,X2) in which X2 includes
two real-valued geometric descriptors: the perimeter and solidity (ratio be-
tween the area of the shape and the area of its convex hull) of the original
polygon. Specifically, lower values of solidity correspond to shapes displaying
stronger concavities or irregular boundaries.

To assess the robustness of the proposed methods, four additional com-
pact sets are included in a group of outliers denoted by O. Unlike G1 and G2,
whose concavities always occur at the same angular locations, these outliers
exhibit concavities or local oscillations at different angular positions. The
representation of the four outliers is displayed in Figure 3.

On the basis of these representations, the proposed fuzzy clustering meth-
ods are applied. First, the fuzzy k–means method is applied to the convex–
hull representation (FkM–CH) and to the star–shaped sets (FkM–SSS). To
evaluate the contribution of numerical descriptors, mixed fuzzy k–means
models are examined, combining the star–shaped representation with so-
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Figure 3: Outliers incorporated into the toy dataset.

lidity, the perimeter, or with both descriptors (FkM–Mix(S), FkM–Mix(P),
and FkM–Mix(S+P)). Finally, the corresponding robust extensions are also
included, namely RFkM–CH, RFkM–SSS, RFkM–Mix(S), RFkM–Mix(P),
and RFkM–Mix(S+P), which incorporate a noise cluster to reduce the influ-
ence of atypical shapes.

To ensure comparability across models, all distances are computed over
the same angular discretization. For internal validation, we adapt the fuzzy
silhouette index of Campello and Hruschka (2006) to compact sets, includ-
ing the mixed-type setting introduced in this paper. The modified fuzzy
silhouette (MFS) index is based on dτ for star-shaped sets and on dmix when
mixed-type data are used, providing a more appropriate assessment of com-
pact sets’ dissimilarities. The resulting partitions for the toy dataset are
summarized in Table 1.

Table 1: Partitions obtained for the toy dataset under all non–robust and robust fuzzy
k–means variants.

Method Cluster 1 Cluster 2 Noise

G1 G2 O G1 G2 O G1 G2 O

FkM–CH 21 31 2 29 19 2 0 0 0
FkM–SSS 37 9 5 13 41 0 0 0 0
FkM–Mix(S) 47 0 4 3 50 0 0 0 0
FkM–Mix(P) 0 50 0 50 0 4 0 0 0
FkM–Mix(S+P) 0 50 0 50 0 4 0 0 0

RFkM–CH 20 20 0 19 19 0 11 11 4
RFkM–SSS 35 2 0 5 29 0 10 19 4
RFkM–Mix(S) 48 0 0 2 50 0 0 0 4
RFkM–Mix(P) 50 0 0 0 0 50 0 0 4
RFkM–Mix(S+P) 50 0 0 0 0 50 0 0 4
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Table 1 summarizes the partitions obtained for the 104 compact sets. As
expected, FkM–CH struggles to recover the two groups due to the loss of
concavity information, whereas FkM–SSS improves the separation but still
exhibits some overlap. In contrast, the mixed-type methods achieve nearly
perfect group recovery: both perimeter and solidity incorporate complemen-
tary geometric variation that enhances discrimination. In all robust methods
based on mixed information, the four outliers are consistently assigned to the
noise cluster, confirming that the proposed noise mechanism effectively iso-
lates atypical shapes.

These observations are fully consistent with the corresponding MFS in-
dices. Among the non–robust methods, FkM–CH and FkM–SSS yield rela-
tively low silhouette values (0.197 and 0.287, respectively), reflecting the sub-
stantial mixing observed in their partitions. The incorporation of numerical
descriptors leads to a marked improvement: FkM–Mix(S) attains an MFS of
0.592, FkM–Mix(P) reaches 0.628, and the combined model FkM–Mix(S+P)
achieves the highest value (0.708), corroborating its excellent cluster sepa-
ration. The robust variants exhibit MFS values that closely mirror those
of their non–robust counterparts (RFkM–CH = 0.072, RFkM–SSS = 0.265,
RFkM–Mix(S) = 0.592, RFkM–Mix(P) = 0.629, RFkM–Mix(S+P) = 0.751),
indicating that the introduction of the noise cluster enhances stability while
preserving the overall clustering structure. Taken together, these results illus-
trate the benefits of combining star–shaped information with complementary
geometric descriptors.

6. Application on the classification of osteosarcoma cells

The methods proposed in this manuscript are suitable methods for clus-
tering geometric and functional data that contain mixed-type information.
They could also be applied in different fields such as image analysis, shape
modeling, and morphological characterization. In particular, the manuscript
addresses a classification problem involving different types of cancer cells.

The dataset under consideration, known as AXCFP2019, contains images
of murine osteosarcoma (bone cancer) cells and was originally introduced in
Alizadeh et al. (2019) to investigate whether variations in cell morphology
are associated with metastatic potential in both murine and human osteosar-
comas. Among the cell lines included in this dataset are two distinct types:
DLM8 and DUNN. The DLM8 cell line is derived from the DUNN cell line
with selection for metastatic capability (see Asai et al. (1998)). Therefore,
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DLM8 is closely related to DUNN except for the level of invasiveness: the
DLM8 cell line exhibits higher aggressiveness, whereas the DUNN cell line
represents a less aggressive cancer phenotype.

The dataset also includes cells exposed to treatments with specific single
drugs that target the cellular cytoskeleton, an essential component responsi-
ble for maintaining cell shape, facilitating division, and enabling intracellular
transport (see, for instance, Davis and Gruebele (2020)). These treatments
allow for the investigation of the effects of cytoskeletal disruption on cellular
behavior and properties. Both DLM8 and DUNN cell lines were either left
untreated (control) or treated with cytochalasin D (cytD) or jasplakinolide
(jasp), two cancer drugs that differently affect cellular morphology. Specif-
ically, cytD induces actin depolymerization, whereas jasp enhances it (see
Kováčiková et al. (2018) for further details).

Each cell in the dataset originates from a raw image containing multiple
cells. These raw images were processed using a thresholding technique to pro-
duce binarized images, which differentiate cell regions from the background
based on intensity levels (see Alizadeh et al. (2019) for further details). Af-
ter the binarization process, contouring algorithms were applied to identify
and isolate individual cells. This step involved the extraction of cell bound-
aries, which were subsequently represented as a discrete curve. A example
of a binarized actin cell (actin being the most dynamic component of the
cytoskeleton) is shown in Figure 4.

Figure 4: (A) Gray scale images using labeled actin. Intensity of each pixel is recorded
and represented as a grayscale intensity plot. (B) Binary image of actin. Source: https:
//doi.org/10.1371/journal.pone.0217346.g002

The dataset was also utilized in Li et al. (2023) to explore how an elastic
metric can be applied to study and compare cellular morphology based on the
contours formed by cells on planar surfaces. The preprocessing steps, data
analysis and code used in that study are thoroughly documented at https://
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geomstats.github.io/notebooks/11_real_world_applications__cell_shapes_
analysis.html. After the data preprocessing, the boundary of each cell is
represented as a counter-clockwise ordered sequence of 2D coordinates, al-
lowing for precise geometric characterization of cell shapes. The resulting
2D dataset is publicly accessible at https://github.com/wxli0/dyn/tree/
main%4092c7a58/dyn/datasets/osteosarcoma/aligned/full.

The dataset comprises a total of 650 cells, systematically organized into
treatment groups. Each cell is labeled according to two parameters: its
cell line of origin, classified as either DLM8 or DUNN, and its treatment
condition, categorized as control (no treatment), cytochalasin D (cytD), or
jasplakinolide (jasp). During an initial visual inspection, six instances were
identified as double cells. To avoid potential bias in the analysis, these were
excluded from the study, resulting in a final dataset of 644 cells. The dis-
tribution of cells across cell lines and treatment conditions is summarized in
Table 2.

Table 2: Number of cells belonging to each origin cell line and treatment condition

Treatment DLM8 DUNN

control 114 202
cytD 80 93
jasp 60 95
Total 254 390

This classification provides a structured framework for analyzing the cel-
lular responses to different treatments, taking into account different levels of
cancer aggressiveness. In addition, a visualization of the mean of each group
is provided in Figure 5.

As illustrated in Figure 5, the mean shapes of the control groups for both
cell lines exhibit a regular and consistent morphology. In contrast, distinct
variations are observed in the mean shapes of the treated groups. Specifically,
the mean shape associated with cytD treatment displays the highest degree of
irregularity across both cell lines. Conversely, the mean shape resulting from
jasp treatment varies between cell lines: for the DLM8 cell line, it appears
more elongated, whereas for the DUNN cell line, it presents a more irregular
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Figure 5: Mean shape of the cells belonging to each group according to their cell line of ori-
gin and their treatment condition. Source: https://geomstats.github.io/notebooks/
11_real_world_applications__cell_shapes_analysis.html

shape. These observations highlight the differential impact of the treatments
on cellular morphology, depending on both the treatment type and the cell
line.

It should be noticed that the 2D representation of each cell can be viewed
as a compact subset of R2. The objective is to apply the methods described
in Section 4 to partition the cells of each cell line separately into k clusters.
The goal is to group cells with similar features into the same cluster to max-
imize homogeneity while assigning those with distinct features to different
clusters. To determine the optimal value of k, we introduce and use a modi-
fied version of the fuzzy silhouette index proposed by Campello and Hruschka
(2006), adapted to the case of compact sets. Additionally, before applying
the clustering methods, it is necessary to consider mixed-type information
from each cell representation, combining its star-shaped formalization with
other real geometric measurements of the cell.

6.1. Data loading and preprocessing
The aforementioned dataset was preprocessed using the open-source software
R (R Core Team, 2020) in order to apply the FkM-Mix and RFkM-Mix clus-
tering algorithms. Data preprocessing was performed using the R libraries
pliman, pracma, and starshapedsets.

In the original dataset, the 2D contour of a cell is represented in a dis-
cretized form by a matrix with 1999 rows, where each row corresponds to
a point in the counter-clockwise ordered sequence of 2D coordinates defin-
ing the cell’s boundary. Consequently, the contour can be interpreted as a
polygon in R2 with 1999 vertices.
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Figure 6: Overview of the preprocessing pipeline.

Figure 6 provides an overview of the preprocessing pipeline. The first
block (raw data preprocessing) was performed by the dataset owners, whereas
the other blocks correspond to the procedures implemented in this work.

Since the original contour of a cell is not always star-shaped, the first
step involves approximating this shape by taking into account the shape of
the largest star-shaped set visible from the centroid and contained within the
original cell. Additionally, several numerical variables are also computed to
quantify the loss in transitioning from the original contour to its star-shaped
approximation.

To obtain the largest star-shaped set visible from the centroid and con-
tained within the original contour of a cell, the data is first centered by com-
puting the centroid of each polygon using the poly_center function from
the pracma library, which in this case coincides with the barycenter. It is
important to note that the absolute location is not relevant to the analysis,
as the positions of the sets provided in the study are arbitrary. Next, a cus-
tom function named polygon2D.polarinterpolation(), built upon several
functions from the starshapedsets library, is applied in order to convert
the contour points into polar coordinates and interpolate them across a set
of evenly spaced angles. The goal is to derive the largest star-shaped set visi-
ble from the centroid and contained within the original shape as output. The
resulting star-shaped set is aligned such that its longest radius lies along the
positive X-axis, and its area is normalized to 1 using the function polyarea
included in the library pracma. This normalization ensures that all result-
ing star-shaped representations of the cells have the same area, so that the
radial function ρ of each cell reflects only its shape, since the area will be
treated separately as an additional attribute. Finally, the resulting data is
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standardized by dividing by the corresponding standard deviation, in order
to assign them a weight comparable to that of the other numerical variables
considered for the optimization problem, yielding a collection of star-shaped
sets denoted as X1.

To illustrate the morphological variability within each group, Figure 7
shows the mean radial function and its pointwise standard deviation for each
cell line–treatment combination. The curves are obtained after aligning the
star-shaped representations by their maximal radius and enforcing a consis-
tent orientation.

Figure 7: Mean radial shape (solid line) and pointwise standard deviation (shaded band)
for each combination of cell line (DLM8/DUNN) and treatment (control, jasp, cytd).

To quantify the loss incurred when transitioning from the original cell
contour to its star-shaped formalization, four key real-valued measures have
been considered: the elongation, the roundness, the area of the resulting
star-shaped set, and the difference in area between the original polygon and
its star-shaped approximation.

On one hand, elongation represents how stretched or extended the shapes
are. Clusters with higher elongation values may correspond to data points
distributed in more linear or elliptical patterns, while lower values may in-
dicate more compact or circular shapes. This metric is calculated using the
poly_elongation function from the pliman library and is represented as
XE

2 .
On the other hand, roundness quantifies how closely a shape approximates
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a perfect circle by evaluating the uniformity of its boundary point distribu-
tion. Higher roundness values indicate that the shape is more circular, with
smoother and more uniform boundaries, whereas lower values correspond to
shapes that deviate significantly from circularity, often exhibiting angular
features. Mathematically, this metric, denoted as XR

2 , is computed using the
perimeter and the area of the polygon (via the poly_length and polyarea
functions from the pracma library) as XR

2 = 4π·area
(perimeter)2 , where the parameter

reflects the deviation from ideal circularity.
The area of the resulting star-shaped set provides insight into the size

of the star-shaped regions associated with each cluster. If a group shows
a larger centroid area than another, it suggests that the elements in that
group tend to be larger than those in the other. This measure is calculated
using the polyarea function included in the pracma library and is denoted
as XASS

2 .
Finally, the difference between the original area and the star-shaped area

captures the discrepancy between the area of the polygon determining the
cell contour and that of the corresponding star-shaped set. A larger difference
may indicate that the cluster’s distribution deviates significantly from a star-
shaped configuration, whereas a smaller difference suggests closer conformity.
The area difference, denoted as XdiffA

2 , is computed using the polyarea
function from the pracma library.

Consequently, the final dataset considered in the following sections com-
prises two main components. The first, denoted as X1, contains the star-
shaped approximations of the cell contours. The second component, repre-
sented by the matrix X2, includes a set of quantitative descriptors described
above, conveniently standardized to ensure comparability with the other vari-
ables involved in the optimization problem, with the configuration depending
on the specific scenario under consideration. Together, these elements pro-
vide a comprehensive representation of each cell’s geometric characteristics,
enabling a more detailed and structured classification in the following sec-
tions.

6.2. FkM-Mix and RFkM-Mix results
The FkM-Mix and RFkM-Mix clustering methods for compact sets, intro-
duced in Section 4, are applied to the preprocessed osteosarcoma dataset,
which combines both the star-shaped contour representations (X1) and a set
of associated geometric descriptors (X2). To ease comparison, the results
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of both algorithms are presented jointly for each dataset in the following
sections, first for DLM8 and then for DUNN.

6.2.1. FkM-Mix and RFkM-Mix applied to DLM8 cells
The FkM-Mix and RFkM-Mix clustering algorithms were applied to the
dataset derived from the DLM8 cell line, which comprises 254 cells. To deter-
mine the optimal number of clusters (k), the fuzzy silhouette was adapted to
accommodate the mixed-type nature of the data, integrating both the star-
shaped representations (X1) and the associated geometric descriptors (X2).
In this case, the numerical features that maximize the modified fuzzy silhou-
ette index—thereby optimizing the quality of the partition—are elongation,
the area of the resulting star-shaped set, and the area difference between the
original polygon and its star-shaped approximation.

Table 3 summarizes the index values obtained for k ranging from 2 to
6 for both approaches, using a fuzziness parameter m = 1.5, which is the
most commonly adopted value in fuzzy clustering. The robust method was
computed using a threshold δ2, defined in Equation (10), and set to 6.04959.

Table 3: Modified Fuzzy Silhouette (MFS) index for different values of k (FkM-Mix and
RFkM-Mix methods, DLM8 cells)

k 2 3 4 5 6

MFS (FkM-Mix) .5826 .6366 .5389 .5546 .5522
MFS (RFkM-Mix) .5732 .6222 .5183 .5584 .4513

Based on the results presented in Table 3, the optimal number of clus-
ters in both cases (excluding the noise cluster in the RFkM-Mix approach)
corresponds to the maximum MFS value, which is attained at k = 3.

The star-shaped components of the prototypes obtained with both FkM-
Mix and RFkM-Mix for the DLM8 dataset are summarized in Table 4. For
each cluster, the center–radial characterization is expressed in terms of the
centroid (which in this case is (0, 0) for all groups after alignment) and the
mean radial value.
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Table 4: Star-shaped prototypes for the DLM8 cells when using the FkM-Mix and RFkM-
Mix methods

Cluster 1 2 3

Star-shaped prototypes (FkM-Mix) (0, 0)± 7.1 (0, 0)± 6.8 (0, 0)± 6.8
Star-shaped prototypes (RFkM-Mix) (0, 0)± 7.1 (0, 0)± 6.9 (0, 0)± 7

Figure 8 displays the star-shaped prototypes obtained with FkM-Mix for
the DLM8 dataset. These shapes correspond to the centroid–radial represen-
tation of each cluster and complement the numerical prototype information
shown in Table 4. Similarly, Figure 9 shows the prototypes obtained with
the robust RFkM-Mix method.

Figure 8: Star-shaped prototypes of the three clusters (FkM-Mix method, DLM8 cells)

The numerical descriptors of the prototypes are provided in matrices (18)
and (19). Each row corresponds to a cluster. The first column represents
the elongation, the second the area of the associated star-shaped set, and the
third the difference between the original cell area and the star-shaped area.



−0.4883745 1.0507582 −0.7653004
0.3267751 −0.9450836 0.8073102
1.4698102 −0.1581266 −0.2930397


 (18)



−0.5272168 1.16017706 −0.8072122
0.1384659 −0.58754004 0.1025047
1.5188650 −0.09157736 −0.3664565


 (19)
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Figure 9: Star-shaped prototypes of the three clusters (RFkM-Mix method, DLM8 cells)

The prototypes of both the star-shaped part and the numerical descrip-
tors, expressed as standardized values (with zero mean and unit standard
deviation), offer the following insights.

FkM-Mix. Regarding the star-shaped component, the prototypes provided
in Figure 8 suggest a certain degree of symmetry or balance around the origin,
with distinct spatial deviations characterizing each cluster. Specifically, the
star-shaped prototype associated with Cluster 1 appears less elongated and
exhibits a smoother contour, with fewer irregularities compared to the other
two clusters. Cluster 3 is characterized by a highly elongated star-shaped
prototype and a relatively smooth boundary. In contrast, Cluster 2 presents
a moderately elongated form (less rounded than Cluster 1) but with a bound-
ary that displays considerable irregularities. With respect to the numerical
descriptors of Cluster 1, the elongation value (-0.4883745) suggests a slightly
below-average elongation compared to the dataset’s mean. The star-shaped
area (1.0507582) is above average (note that the representation in Figure
8 has been standardized) indicating that cells in this cluster tend to have
larger star-shaped areas. The difference between the original cell area and
the star-shaped area (-0.7653004) is below average, indicating the smallest
discrepancy between the two. As far Cluster 2 is concerned, the elongation
value (0.3267751) is slightly above average, reflecting moderate elongation.
The star-shaped area (-0.9450836) is considerably below average, represent-
ing the smallest star-shaped areas among the clusters. The difference be-
tween the cell area and the star-shaped area (0.8073102) is above average,
showing that the cell area surpasses the star-shaped area more significantly
here. Finally, Cluster 3 presents an elongation value (1.4698102) significantly

25

                  



above average, indicating that it contains the most elongated objects. The
star-shaped area (-0.1581266) is slightly below average, while the area differ-
ence (-0.2930397) is moderately below average, reflecting a closer alignment
between the original and star-shaped areas compared to Cluster 2.

RFkM-Mix. The prototypes obtained with the robust method (Figure 9
and matrix (19)) display similar relative tendencies. Cluster 1 remains the
smoothest group, Cluster 2 retains its more irregular and compact morphol-
ogy, and Cluster 3 continues to show the most elongated shapes. Therefore,
the three clusters identified by RFkM-Mix correspond closely to those ob-
tained with FkM-Mix, although the robust method prevents the most atypi-
cal shapes from influencing the prototype estimates by assigning them to the
noise cluster.

Assuming that the assignment of a cell xi to a cluster g is determined
by the maximum membership value uig exceeding 0.5 (for g = 1, 2, 3), the
resulting partitions for the DLM8 dataset are summarized in Table 5.

Table 5: Partition of DLM8 cells by considering the FkM-Mix and RFkM-Mix algorithms

Method Cluster control cytD jasp

FkM-Mix
1 90 5 25
2 4 48 3
3 20 27 32

RFkM-Mix
1 84 1 19
2 7 33 7
3 17 20 26

noise 6 26 8

As shown in Table 5, when using the FkM-Mix method, Cluster 1 is pre-
dominantly composed of control cells (90), with a smaller presence of cytD
(5) and jasp (25) cells. Cluster 3 exhibits a more balanced composition, with
comparable numbers of cytD and jasp cells (27 and 32, respectively), and
a smaller contribution from control cells (20). Cluster 2 is strongly associ-
ated with cytD cells (48), with minimal participation from the other groups.
These distributions highlight distinct clustering patterns, with cytD playing
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a significant role in both clusters 2 and 3. Figure 10 illustrates three repre-
sentative DLM8 cells and their corresponding star-shaped approximations,
each selected for having the highest membership degree (close to 1) within
their respective clusters.

Figure 10: Three original DLM8 cells exhibiting the highest membership degrees to Cluster
1, Cluster 2, and Cluster 3, respectively, when the FkM-Mix algorithm is applied (top
panel of the graphic). For each cell, the corresponding star-shaped representation is shown
(bottom panel of the graphic).

For the RFkM-Mix method, several observations arise. Cluster 1 is pri-
marily composed of control cells (84), with smaller contributions from jasp
(19) and cytD (1), suggesting a group of cells that retain characteristics
close to baseline morphology. Cluster 2 contains a majority of cytD cells
(33), while control and jasp cells are less represented (7 each), reflecting the
specific effects of cytD on DLM8 cells. Finally, Cluster 3 presents a balanced
distribution, with control (17), cytD (20), and jasp (26) cells, indicating the
presence of shared morphological traits across treatment conditions.

In this case, the three cells and their respective star-shaped representa-
tions that exhibit the highest membership degree (close to 1) in each of the
three clusters correspond to those reported in Figure 10.

It is worth noting that one of the clusters contains a mixture of con-
trol, cytD and jasp cells. This behaviour is consistent with the substan-
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tial morphological overlap observed across treatments, as illustrated by the
mean–shape analysis in Figure 3 and by the cluster prototypes shown above.
A subset of cells exhibits intermediate or treatment-independent morpholog-
ical traits, which naturally leads to the formation of a mixed cluster. This
does not indicate a limitation of the method, but rather reflects the intrin-
sic variability of the cell shapes: the effects of cytD and jasp do not always
produce fully separated morphological phenotypes, especially in the pres-
ence of high within-treatment dispersion. This observation also suggests the
possible existence of finer morphological subgroups within each treatment,
which could be explored in future work by incorporating additional geometric
descriptors or expert knowledge to refine the interpretation of these mixed
groups.

When the RFkM-Mix method was applied to the DLM8 cells, 40 outliers
were assigned to the noise cluster, each with a membership degree greater
than 0.5. Among these, the three with the highest membership degrees (all
corresponding to the cytD treatment, cells 243, 187, and 189) are shown in
Figure 11.

Figure 11: Three DLM8 cell outliers exhibiting the highest membership degrees to the
noise cluster when the RFkM-Mix algorithm is applied (top panel of the graphic). For
each outlier, the corresponding star-shaped representation is also shown (bottom panel of
the graphic).
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6.2.2. FkM-Mix and RFkM-Mix applied to DUNN cells
The FkM-Mix and RFkM-Mix clustering algorithms are now applied to the
dataset obtained from the DUNN cell line, consisting of 390 cells. To de-
termine the optimal number of clusters (k), the MFS index is once again
utilized. In this case, the numerical descriptors for which the index is opti-
mized include roundness, the area of the resultant star-shaped set, and the
area difference between the original cell and its star-shaped approximation.
Note that roundness is chosen instead of elongation in this case, as it has been
confirmed that elongation does not effectively differentiate clusters. This is
due to the fact that the boundary of DUNN-type cells generally exhibits a
much more rounded shape across all treatments compared to DLM8-type
cells, whose elongation varies depending on the specific treatment.

The MFS values obtained for k ranging from 2 to 6 for both clustering
methods are summarized in Table 6. As in the previous case, the fuzziness
parameter is set to m = 1.5, and the threshold δ2 used in the robust method
is set to 6.731584.

Table 6: Modified Fuzzy Silhouette (MFS) index for different values of k (FkM-Mix and
RFkM-Mix methods, DUNN cells)

k 2 3 4 5 6

MFS (FkM-Mix) .5607 .5916 .5825 .5279 .5208
MFS (RFkM-Mix) .5106 .5788 .5432 .5109 .5244

From the results shown in Table 6, the optimal number of clusters (corre-
sponding to the maximum value of the fuzzy silhouette index) is determined
to be k = 3 in both cases.

The star-shaped components of the prototypes derived from the FkM-Mix
and RFkM-Mix clustering procedures applied to DUNN cells are summarized
in Table 7. As in the DLM8 case, the center–radial representation of each
prototype is expressed by the centroid (which is (0, 0) after alignment) and
its mean radial value.

To better visualize the star-shaped components, their graphical represen-
tations are provided in Figures 12 and 13.
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Table 7: Star-shaped prototypes for the DUNN cells when using the FkM-Mix and RFkM-
Mix methods

Cluster 1 2 3

Star-shaped prototypes (FkM-Mix) (0, 0)± 7.1 (0, 0)± 6.8 (0, 0)± 7
Star-shaped prototypes (RFkM-Mix) (0, 0)± 7.1 (0, 0)± 6.9 (0, 0)± 7

Figure 12: Star-shaped prototypes of the three clusters (FkM-Mix method, DUNN cells)

Figure 13: Star-shaped prototypes of the three clusters (RFkM-Mix method, DUNN cells)

In addition, the numerical descriptors characterizing the prototypes are
defined as the ones in matrices (20) and (21). In this case, the first column
corresponds to the roundness of the cells, the second to the area of the asso-
ciated star-shaped set, and the third to the difference between the original
cell and its star-shaped approximation.
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

−0.54531009 1.0512494 −0.7771703
1.62150002 −1.2699668 1.3746292
−0.01855696 −0.5826998 0.3850152


 (20)



−0.5693007 1.1374912 −0.8159494
0.9590012 −1.1242116 1.2145805
−0.1032009 −0.4882132 0.1882336


 (21)

Both the star-shaped component and the numerical descriptors, standard-
ized as before, lead to the following observations.

FkM-Mix. As previously discussed, the star-shaped prototypes shown in
Figure 12 exhibit similar elongation. However, the smoothness of the cell
contours varies across clusters. The prototype corresponding to Cluster 1
features a notably smoother boundary with fewer irregularities compared to
the other two clusters. While Cluster 3 is distinguished by an intermedi-
ate level of boundary smoothness, Cluster 2 displays the highest degree of
irregularity. Regarding the numerical descriptors, the following key obser-
vations can be highlighted. Cluster 1 is characterized by a roundness value
(-0.54531009) slightly below average, reflecting that these cells are more cir-
cular than those in the other clusters. The star-shaped area (1.0512494) is
the largest, and the area difference (-0.7771703) is the smallest, indicating
that the star-shaped representation closely preserves the original shape with
minimal structural modifications. Cluster 2 presents the highest roundness
value (1.62150002), hence it consists of the most irregularly shaped cells.
The star-shaped area (-1.2699668) is the smallest, while the area difference
(1.3746292) is the largest, indicating that the star-shaped transformation
leads to significant structural changes in these cells. Concerning Cluster 3,
all numerical descriptors in this cluster are relatively balanced. The near-zero
roundness value (-0.01855696) that these cells closely resemble the dataset’s
average roundness. The star-shaped area (-0.5826998) is moderately smaller,
indicating that the star-shaped area of the cells is somewhat smaller com-
pared to the dataset’s average. The difference between the original cell area
and the star-shaped area is positive (0.3850152), which implies a moderate
structural change following the star-shaped transformation.

RFkM-Mix. The prototypes obtained with the robust method (Figure 13
and matrix (21)) convey similar qualitative differences among clusters. Clus-
ter 1 again shows the smoothest morphology, Cluster 2 retains its greater ir-
regularity and smaller star-shaped area, and Cluster 3 remains intermediate.
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Thus, the structure of the three main clusters under RFkM-Mix corresponds
closely to that identified with FkM-Mix, with the additional advantage that
the robust method isolates atypical shapes by assigning them to the noise
cluster rather than allowing them to influence the estimated prototypes.

In this case, the obtained partition is the one presented in Table 8.

Table 8: Partition of DUNN cells by considering the FkM-Mix and RFkM-Mix algorithms

Method Cluster control cytD jasp

FkM-Mix
1 122 1 8
2 6 63 7
3 74 29 80

RFkM-Mix
1 115 1 5
2 8 50 14
3 70 19 69

noise 9 23 7

Table 8 shows that Cluster 1 exhibits a balanced distribution across treat-
ments, with a relatively high presence of jasp (80) and control (74) cells, along
with a moderate number of cytD cells (29). The dominant presence of control
cells (122) suggests that Cluster 2 may represent a baseline or untreated pop-
ulation, with minimal influence from cytD (1) or jasp (8) treatments. Finally,
Cluster 3 is highly enriched with cytD cells, indicating that cytD treatment
strongly differentiates this group from the others. Figure 14 presents three
representative DUNN cells alongside their respective star-shaped approxi-
mations, selected for exhibiting the highest membership degree within their
assigned clusters.

On the other hand, Table 8 also provides key insights into the cluster-
ing of cells under different treatment conditions when method RFkM-Mix
is applied. Cluster 3 consists mainly of control cells (115), with minimal
representation of cytD (1) and jasp cells (5). This suggests that this clus-
ter largely consists of untreated cells, maintaining characteristics closest to
the initial state without intervention. Overall, the partition reveals that the
treatments influence cell clustering, with cytD forming a more distinct group,
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Figure 14: Three original DUNN cells exhibiting the highest membership degrees to Clus-
ter 1, Cluster 2, and Cluster 3, respectively, when the FkM-Mix algorithm is applied (top
panel of the graphic). For each cell, the corresponding star-shaped representation is shown
(bottom panel of the graphic).

while jasp shows some overlap with the control group. In contrast, Cluster 2
consists primarily of cytD cells (50), with fewer cells from the control group
(8) and jasp treatment (14), indicating that this cluster may capture distinc-
tive traits induced by the cytD treatment. Lastly, Cluster 3 shows a relatively
balanced distribution between the control group (70 cells) and the jasp treat-
ment group (69 cells), while cytD is less represented (19 cells). Thus, this
cluster groups cells with characteristics similar to those in the control group
and jasp treatment but with less affinity for cytD.

Figure 15 presents three representative DUNN cells alongside their respec-
tive star-shaped approximations, selected for exhibiting the highest member-
ship degree within their assigned clusters. Note that in this case such cells do
not coincide with the ones provided in Figure 14 when the FkM-Mix method
was applied to DUNN cells.

As in the DLM8 case, one of the clusters includes cells from all three treat-
ments. This simply reflects that some DUNN cells share very similar shapes
regardless of treatment, so they naturally cluster together. This overlap is a
feature of the data rather than a limitation of the method.

Applying the RFkM-Mix method to the DUNN cells resulted in the clas-
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Figure 15: Three original DUNN cells exhibiting the highest membership degrees to Clus-
ter 1, Cluster 2, and Cluster 3, respectively, when the RFkM-Mix algorithm is applied
(top panel of the graphic). For each cell, the corresponding star-shaped representation is
also shown (bottom panel of the graphic).

sification of 39 outliers into the noise cluster, each with a membership degree
exceeding 0.5. Among these, the three outliers with the highest membership
degrees (cells 613, 572, and 638, all associated with the cytD treatment) are
depicted in Figure 16.

7. Conclusions and open problems

This study introduces FkM-type methods for compact sets in (Rp), leverag-
ing mixed data that integrates geometric features with shape approximations
to enhance clustering and analysis. To address variations in the mixed-type
information extracted from the sets, a generalized distance measure has been
developed. Furthermore, to account for potential outliers, a robust variant in-
corporating a noise cluster mechanism has been introduced. The comparative
analysis conducted in the toy example (Section 5) confirms the advantages of
the proposed mixed and robust formulations, showing improved separation
and enhanced stability even in a controlled setting. The effectiveness of the
proposed methodologies is also demonstrated through a real-world applica-
tion in cancer cell analysis, highlighting their capability to process complex
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Figure 16: Three DUNN cell outliers exhibiting the highest membership degrees to the
noise cluster when the RFkM-Mix algorithm is applied (top panel of the graphic). For
each outlier, the corresponding star-shaped representation is also shown (bottom panel of
the graphic).

biological data and extract meaningful insights.
As potential directions for future research, alternative measures (such

as kernel-based or anisotropic metrics) could be explored depending on the
application. The methods may also be extended to integrate additional con-
straints or regularization terms, incorporating domain-specific requirements
or prior knowledge about cluster structures while accounting for noise. Fur-
thermore, other clustering techniques, including hierarchical clustering or
spectral clustering, could be adapted for compact sets, providing comple-
mentary solutions for diverse scenarios. Finally, the presence of mixed clus-
ters in the application highlights a natural overlap in cell shapes and opens
the possibility of using additional geometric or medical descriptors to better
capture subtle differences.
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