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• Four mathematical models account for
radon transport and generation mecha-
nisms.

• Case-specific boundary conditions repre-
sent the actual exhalation in buildings.

• Analytical solutions are developed to as-
sess the radon exhalation in all conditions.

• The solutions provided serve as a tool to
optimize the remedial action strategies.

• The work output may help to achieve
the circular economy goals in building
industry.
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Assessing the radon activity that exhales from building structures is crucial to identify the best strategies to prevent
radon from entering a building or reducing its concentration in the inhabited spaces. The direct measurement is ex-
tremely difficult, so the common approach has consisted in developing models describing the radonmigration and ex-
halation phenomena for building porousmaterials. However, due to the mathematical complexity of comprehensively
modelling the radon transport phenomenon in buildings, simplified equations have beenmostly adopted until now to
assess the radon exhalation. A systematic analysis of themodels applicable to radon transport has been carried out and
it has resulted in four models differing in the migration mechanisms – only diffusive or diffusive and advective – and
the presence of inner radon generation. The general solutions have been obtained for all the models. Moreover, three
case-specific sets of boundary conditions have been formulated to account for all the actual scenarios occurring in
buildings: both perimetral and partition walls and building structures in direct contact with soil or embankments.
The corresponding case-specific solutions obtained serve as a key practical tool to improve the accuracy in assessing
the contribution of building materials to indoor radon concentration according to the site-specific installation condi-
tions in addition to the material inner properties.
1. Introduction

The population exposure to indoor radon is the leading cause of lung
cancer among non-smoker (United States Environmental Protection
Agency, 2003; World Health Organization, 2009; IARC, 2012). The build-
ing materials are a well-recognized source of indoor radon (UNSCEAR,
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2008). Many studies have specifically addressed the role of building mate-
rials in contributing to indoor radon concentration and extensive dataset
are now available (e.g., (Trevisi et al., 2018)).

Current national and international regulations (e.g., (European
Commission, 2014)) require to consider any source of radon including the
building materials. Developing methods to identify building materials
that largely contribute to the indoor radon concentration is crucial to
choose the best preventive and remedial strategies to reduce the indoor ex-
posure to radon (e.g., (Lucchetti et al., 2020; Lucchetti et al., 2022)). The
023
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United Nations Scientific Committee on Effects of Atomic Radiation
(UNSCEAR, 2006) reported as significant sources of indoor radonmaterials
that have a combination of elevated levels of 226Ra and porosity. The con-
tribution of building materials to the indoor radon concentration, despite
being generally low (UNSCEAR, 2000), under some circumstances may be-
come significant or even predominant (Sabbarese et al., 2021; Denman
et al., 2007; Barros-Dios et al., 2007), e.g., in dwellings located at floors
higher than ground one (Yarmoshenko et al., 2022; Bochicchio et al.,
1999), especially in newly built highly air tightened houses (McGrath
et al., 2021), or in historic buildings with inner filler ultra-thick walls
(Frutos et al., 2021).

The radon exhalation rate – the radon activity coming out of building
structures per unit time and surface – depends on:

i) the material properties, i.e., radium content, diffusivity, emanation co-
efficient, porosity and permeability.

ii) The installation conditions, i.e., width and geometry of the slab, how
units are laid in and bound together, binding elements and covering
layers used.

iii) The environmental parameters that affect:

a. the inner characteristics of the building materials, e.g., the emanation
coefficient strongly depends on temperature (Tuccimei et al., 2009;
Iskandar et al., 2004) and water content (Strong and Levins, 1982);

b. the radonmigration, e.g., the air exchange rate strongly influences the
indoor radon concentration (Vasilyev et al., 2015; Collignan and
Powaga, 2019), so the concentration gradient regulating the diffusive
transport.

Some environmental parametersmay affect both thematerial character-
istics and the radon migration mechanism, e.g., the pressure gradient over
the slab affects the air permeability (Chauhan and Kumar, 2015) and the
advective transport itself.

According to the current state of knowledge and technology,
reliable values of radon exhalation rate from building structure can be
achieved by:

i) in-sitemeasurement of radon exhalation rate directly from thewall sur-
face (I.O.f. Standardization, Technical report, 2012);

ii) combination of measurement and mathematical modelling, i.e., the
radon exhalation is measured from a building material sample
(Ishimori et al., 2013) and the resulting rate is associated to the corre-
sponding actual exhalation rate from building structure made of the
same material (Sahoo et al., 2011; Orabi, 2018);

iii) mathematical modelling of the radon generation and migration in
building structures and the resulting exhalation from the free surfaces
(e.g., (López-Coto et al., 2014; Jonassen and McLaughlin, 1980)).

The formulations of the radon exhalation adopted by the ii) and iii)
have been mostly obtained from a simplified model – only diffusive radon
transport and not negligible inner radon generation – by considering case-
specific boundary conditions, i.e., the wall is supposed to divide spaces
with similar radon concentration such to assure the radon concentration
function to be even. The actual scenarios occurring in buildings may signif-
icantly differ, so case-specific solutions should be considered to assure the
reliability of the results: the radon transport model should consider all the
migration mechanisms and a much wider sets of boundary conditions
better-fitting the actual scenarios.

This work has reviewed and systematically organized the mathematical
one-dimensional models applicable to radon generation and transport in
building porous materials depending on the migration mechanisms and
the presence of inner radon source, i.e. radium-226 atoms. The general so-
lutions are developed for all the models considered and the corresponding
specific solutions are obtained and reported for sets of boundary conditions
that describe all the actual scenarios likely to occur in buildings. The equa-
tions for radon exhalation provided are a key practical tool to assess the
2

actual building materials contribution to indoor radon concentration.
Such a toolmay play a role in the optimization of radon reduction strategies
and in the achievement of the circular economy objectives in building ma-
terial industry.

2. Materials and methods

The building structure exhaling radon is modelled as a slab of uniform
thickness and homogeneous composition. The radon concentration inside
the slab is assumed to vary only along the axis orthogonal to the exhaling
surface so the corresponding radon flux is one-dimensional.

The models adopted in literature for radon migration within porous
media have been reviewed and organized in four different formulations
depending on the migration mechanisms and the presence of inner radon
generation:

i. radon migrates by diffusion through the slab without inner radon
generation;

ii. radon migrates by diffusion through the slab with inner radon
generation;

iii. radon migrates by diffusion and advection through the slab without
inner radon generation;

iv. radon migrates by diffusion and advection through the slab with inner
radon generation.

Although thermo-diffusion was reported to be likely transport mecha-
nism in some specific circumstances (Minkin, 2002), this work refers to
the radon transport mechanisms presented and discussed in the latest
UNSCEAR publications (UNSCEAR, 2006; UNSCEAR, 2000).

The assumption underlying all the four models is the negligibility of the
material moisture content (Eq. (37) of Appendix A).

The advective transport is driven by the air absolute pressure difference
over the building envelope, i.e., between the slab sides, and depends on the
air permeability of the material (Eq. (45) in Appendix A). Some technical
regulations on buildings require indoors to be maintained under negative
pressure to avoid moisture condensation on building envelope likely to
result in damaging it (Leivo et al., 2015; WHO, 2019). Furthermore, stack
effect, wind effect, and natural ventilation usually establish an under
pressure inside the building of the order of 5–10 Pa. This gradient generally
increases during the heating season up to 15 Pa (Chauhan and Kumar,
2015) or if energy efficiency measures are applied in the building (Leivo
et al., 2015).

Pertaining to the radon generation term, the radon source inside thema-
terial can be neglected when radium-226 concentration or emanation frac-
tion is low (Eq. (38) in Appendix A): both circumstances reflect on the
reduction of radon atoms available in pores for themigration. Some authors
specifically addressed the negligibility of the source term in building mate-
rials (Rogers et al., 1995).

The general solution has been analytically developed for each model in
steady-state, i.e., the radon concentration function within the slab keeps
constant over the time.

Three case-specific sets of boundary conditions have been developed to
represent all the actual scenarios, i.e., constructive features and values of
environmental parameters, occurring in buildings:

a. fixed radon concentration on both sides of finite slab.
b. fixed radon concentration on a side of an infinite slab;
c. finite slab inside a vessel with unknown radon concentration inside.

The a. set accounts for both perimetral and partition walls in buildings,
the b. one for floors directly attached to the ground or walls adjacent to em-
bankments and the c. one for partition walls dividing spaces with similar
radon concentrations. The specific analytical solutions have been devel-
oped from the general transport equations considering only the sets of
boundary conditions applicable to the corresponding models: the combina-
tions are reported in Table 1.



Table 1
Combination of transport models and boundary conditions for which analytical
solution have been developed.

Only diffusive transport Diffusive and advective
transport

Model Boundary
conditions

Model Boundary
conditions

No inner radon generation i. a. iii. a.
Inner radon generation ii. a. b. c. iv. a. b.

Fig. 1. Schematic representation of slab made of a porous material. The radon
concentration on both sides of the wall is constant if steady-state is reached: Cl on
the left and Cr on the right. Slab dimensions along y- and z-axes are much greater
than along the x-axis. pl and pr are the absolute air pressures in the spaces on the
left and the right side of the slab, respectively.
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3. Results

3.1. Radon only diffusive transport through a slab without inner radon
generation

In case of only diffusive radon transport along the x-axis and no radon
generation in the slab, the radon concentration can be modelled as follows:

De
d2CRn xð Þ

dx2
� λRnCRn xð Þ ¼ 0 (1)

where:

− De is the effective diffusivity (Eq. (41) of Appendix A) of porousmedium
along the x-axis (m2 s−1),

− CRn xð Þ is the activity concentration of radon per unit volume of intersti-
tial space (Bq m−3),

− λRn is the radon decay constant (s−1).

The solution of the homogeneous differential Eq. (1) is:

CRn ¼ Ae−
ffiffiffiffiffiffi
λRnε
D

p
x þ Be

ffiffiffiffiffiffi
λRn ε
D

p
x ¼ Ae−

x
R þ Be

x
R ¼ Ae−x r þ Bex r ð2Þ

being ε the material porosity, R the diffusion length and r ¼ 1
R its inverse

(Eqs. (42) and (43) of Appendix A). A and B are the integration constants
depending on the boundary conditions.

3.1.1. Fixed radon concentration on both sides of a finite slab
Referring to Fig. 1, the boundary conditions can be written as follows:

CRn x ¼ 0ð Þ ¼ Cl

CRn x ¼ Tð Þ ¼ Cr

�
(3)

The absolute air pressures on the sides of the slab are the same,
i.e., pl ¼ pr . The resulting general solution of Eq. (2) is:

CRn xð Þ ¼ 1
2sinh rTð Þ Cl erT−Cr

� �
e−rx þ Cr−Cl e−rT� �

erx
� � ð4Þ

The radon concentration function is reported in Fig. 2 for different
building materials.

The corresponding exhalation rate, E (Bq m−2 s−1), on the right side of
the slab can be computed as (Jonassen and McLaughlin, 1980):

E Tð Þ ¼ −D
dCRn xð Þ

dx

����
x¼T

¼ Dr
2sinh rTð Þ Cl−Crcosh rTð Þ½ � ð5Þ

If radon concentration on a side is supposed to be very low –
e.g., perimetral walls separates the indoors from the outdoor air whose
worldwide average radon concentration is of about 10 Bq m−3

(UNSCEAR, 1993) – Eqs. (4) and (5) turn into:

CRn xð Þ ¼ Cl

2sinh rTð Þ erT
� �

e−rx þ e−rT� �
erx

� � ð6Þ
3

E Tð Þ ¼ � D
dCRn xð Þ

dx

����
x¼T

¼ D Cl

sinh rTð Þ (7)

Eqs. (6) and (7) are also applicable to partition structures separating
premises with different radon concentration and to experimental set-up
conceived to measure the diffusivity of building materials (Keller et al.,
2001; Culot et al., 1976). Similar measurements requires a constant radon
concentration on a side of the slab and recording the slow increase of
radon level on the other side due to the only diffusive transport
(e.g., (Hsu et al., 1994)).

3.2. Radon only diffusive transport through a slab with inner radon generation

If both the radium-226 concentration and the emanation fraction are
not negligible, and the radon migration happens along the x-axis only by
molecular diffusion, the concentration can be modelled as follows:

De
d2CRn xð Þ

dx2
� λRnCRn xð Þ þ Gv ¼ 0 (8)

where Gv is the radon production rate per unit pore volume (Bq s−1 m−3)
computed according to Eq. (38) in Appendix A.

The resulting general solution of the inhomogeneous Eq. (8) is:

CRn xð Þ ¼ Ae � xr þ Bexr þ Gv

λRn
(9)

being A and B the integration constants of the general solution and Gv
λRn

the
particular one of the inhomogeneous differential equation.



Fig. 2. Radon concentration function along the x-axis in steady-state for walls made of three different materials if the inner radon generation is negligible. Radon diffusion
length of brick, aerated concrete and gypsum are taken from Keller, Hoffmann and Feigenspan (Keller et al., 2001).
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3.2.1. Fixed concentrations on both sides of a finite slab
Referring to Fig. 1, the boundary conditions are the same already seen

in Section 3.1.1 (Eq. (3)). The general solution for radon concentration re-
sults is obtained from Eq. (9):

CRn xð Þ ¼ 1
2 sinh rTð Þ ClerT � Cr

� �
e � rx þ Cr � Cle � rT� �

erx

8<
:

þ 2
Gv

λRn
sinh r x � Tð Þð Þ � sinh rxð Þ þ sinh rTð Þ½ �

9=
;

(10)
Fig. 3.Radon concentration function along x-axis in steady-state for slabsmade of bricks
respectively: i) f ¼ 0:24 (Nuccetelli et al., 2017), R ¼ 0:69 m (Keller et al., 2001), ε ¼ 0
(Dorf, 2004); ii) f ¼ 0:12 (Nuccetelli et al., 2017), R ¼ 0:41 m (Keller et al., 2001), ε ¼
1:9 g cm � 3 (Dorf, 2004). All the symbols are defined in Appendix A.

4

The radon concentration function is reported in Fig. 3 for different
building materials.

The exhalation rate on the right side of the slab can be computed as:

E Tð Þ ¼ −D
dCRn xð Þ

dx

����
x¼T

¼ −
Dr

sinh rTð Þ −Cl þ Crcosh rTð Þ þ Gv

λRn
1−cosh rTð Þ½ �

� 	
ð11Þ
and concrete. The following values have been assumed for concrete (i) and brick (ii),
:2 (Li et al., 2021), CRa � 226 ¼ 59 Bq kg � 1 (Trevisi et al., 2018), ρ ¼ 2:4 g cm � 3

0:35 (Hall and Hamilton, 2013), CRa � 226 ¼ 51 Bq kg � 1 (Trevisi et al., 2018), ρ ¼



Fig. 4. Schematic representation of an infinite slab made of a porous material. The
left-side surface is free to exhale into the adjacent space whose radon concentration
is C0. The free surface is at x ¼ 0 and the abscissa x grows towards the porous
material bulk. The radon concentration per unit pore volume at infinite depth is
Cmax . p0 and ps denote the absolute pressure at x ¼ 0 and at x ! ∞, respectively.
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The corresponding exhalation rate on the left side of the slab can be
computed considering the opposite versus of the x-axis relative to the exha-
lation process: this reflects on to the minus before dx.

E 0ð Þ ¼ � D
dCRn xð Þ
� dx

����
x¼0

¼ Dr
sinh rTð Þ Cr � Clcosh rTð Þ þ Gv

λRn
cosh rTð Þ � 1½ �

� 	
(12)

Equivalent equations have been provided by Font (1997) although with
different mathematical formulations.

This scenario extends the applicability of the general equations ob-
tained in Section 3.1.1 by considering not negligible the inner production
of radon as it happens in most of the building materials used both for
perimetral and partition walls (Trevisi et al., 2018).

3.2.2. Fixed concentration on a side of an infinite slab
Considering the reference system of Fig. 4, the migration of radon

through an infinite porous medium with inner radon generation can be
modelled by considering the following boundary conditions:

CRn x ¼ 0ð Þ ¼ C0

CRn x ! ∞ð Þ ¼ Cmax

�
(13)

where Cmax equals Gv
λRn

by considering Eq. (9). The absolute air pressures at
x ¼ 0 and x ! ∞ are assumed to be the same, i.e., p0 ¼ ps. The general
solution of radon concentration results from Eq. (9).

CRn xð Þ ¼ C0 e−rx þ Gv

λRn
1−e−rxð Þ ð14Þ

Fig. 5 shows the radon concentration function in an infinite slab for dif-
ferent values of the saturation degrees, i.e., the fraction of pore volume
filled with water. The inner radon production rate fixed, the resulting func-
tion gets less steep with decreasing saturation degree (Abd Ali et al., 2019).

The exhalation happens only from the surface at x ¼ 0. The exhalation
rate, E (Bq m−2 s−1), is computed as:

E Tð Þ ¼ −D
dCRn xð Þ
−dx

����
x¼0

¼ ελRn

r
Gv

λRn
−C0


 �
ð15Þ

As previously introduced, this scenario has been commonly adopted for
the radon exhalation rate from the soil (Nero and Nazaroff, 1984): in this
scenario the radon production rate is generally significant – although rare
examples exist of radon production rate neglected (e.g., (Suaro, 2014)) –
and the advective transport negligible because the absolute air pressure dif-
ference between the pores space and the atmosphere is very low (Chitra
et al., 2019; Speelman et al., 2004).

If the radon concentration at the surface is much less than the asymp-
totic level reached in the material, Eq. (15) assumes the particular formula-
tion reported by Nero and Nazaroff (Nero and Nazaroff, 1984):

E 0ð Þ ¼ εRGv (16)

3.2.3. Finite slab inside a vessel with unknown radon concentration inside
This scenario was firstly introduced by Jonassen and McLaughlin

(Jonassen and McLaughlin, 1980) to assess the radon exhalation rate
from a sample enclosed in a vessel. The same boundary conditions were
considered applicable to a wall dividing two spaces whose volume is
much greater than the pore volume inside the slab (Nazaroff and Nero,
1988).

Assuming the same radon concentration on both sides of the slab entails
the concentration inside the slab to be symmetrical relative to the y-z plane
at x ¼ 0 (Fig. 6), i.e., the CRn xð Þ is an even function. At the steady-state, the
radon exhalation equals its decay, so the radon concentration keeps
5

constant over the time and uniform inside the vessel. The resulting bound-
ary conditions are:

CRn xð Þ ¼ CRn � xð Þ for–T < x < T

E Tð Þ2S ¼ C Tð ÞVdλRn

�
(17)

where Vd is the vessel free volume, T the slab half-thickness and S the slab
surface orthogonal to x-axis. The radon concentration in the vessel free
volume equals the concentration per unit pore volume at x ¼ T, i.e., C Tð Þ.

These boundary conditions considered, the solution of Eq. (9) is:

CRn xð Þ ¼ Gv

λRn
1 � cosh rxð Þ

cosh βð Þ þ 1
αβsinh βð Þ

" #
(18)

where:

− α ¼ Vd
εVs

is the ratio of the vessel free volume to the pore volume of the
slab and VS ¼ 2ST is the volume of the slab;

− β ¼ rT ¼ T
R is the ratio of the slab half-thickness to thematerial diffusion

length (see Eq.s 42 and 43 in Appendix A).



Fig. 5.Radon concentration function in steady-state for different saturation degrees, S. The diffusion length decreases as S increases: R ¼ 1:2 m if S ¼ 0:3, R ¼ 0:71 m if S ¼
0:5 and R ¼ 0:41 m if S ¼ 0:8 (Abd Ali et al., 2019). The diffusion length is computed according to Rogers and Nielson (Rogers and Nielson, 1992). All the symbols are
defined in Appendix A.

C. Di Carlo et al. Science of the Total Environment 885 (2023) 163800
Fig. 6. Schematic representation of a slab made of a porous material and places
inside a vessel. Vd is the vessel free volume computed by subtracting the slab
volume Vs to the vessel volume. The thickness of the slab is assumed to be much
smaller than both its height and width. The exhaling surface is 2S.

6

If Vd≫εVs, i.e., the vessel free volume is much higher than the pore vol-
ume of the slab, α ! ∞, thus the radon concentration function becomes:

CRn xð Þ ¼ Gv

λRn
1 � cosh rxð Þ

cosh βð Þ
� 


(19)

Fig. 7 shows the differences in the resulting radon concentration trends
obtained in a finite slab made of two different depending on the negligibil-
ity of slab pore volume. In this scenario, the radon exhales from both the
transversal surfaces at x ¼ � T and x ¼ T.

E Tð Þ ¼ −D
dCRn xð Þ

dx

����
x¼T

¼ E −Tð Þ ¼ −D
dCRn xð Þ
−dx

����
x¼−T

¼ εRGvtanh βð Þ

ð20Þ

The resulting exhalation rate is the same at the two exhaling surfaces.
This formulation of the radon exhalation rate is applicable in case of
rooms not completely sealed (Jonassen and McLaughlin, 1980), or rooms
with large inner volume, and if the wall divides two spaces with similar
radon concentration and no significant advective transport occurs. Never-
theless, it is the most widely used when assessing the radon exhalation
rate fromwalls (e.g., (Sahoo et al., 2011; Orabi, 2018)) regardless the appli-
cability of the underlying assumptions.

In case thewall has a pore volume comparable to the volume of spaces it
divides, the exhalation rate should be assessed through the following:

E Tð Þ ¼ E � Tð Þ ¼ εRGv
tanh βð Þ
1þ tanh βð Þ

αβ
(21)

3.3. Radon diffusive and advective transport through a slab without inner radon
generation

Considering the diffusion as the onlymechanismof radon transportmay
lead to underestimation of the actual indoor radon activity concentration:
radon is effectively transported by advection throughout holes, cracks, pen-
etrations and building materials porosities too (Font and Baixeras, 2003).



Fig. 7. Radon concentration function along x-axis in steady-state for walls made of bricks (full line) and concrete (dashed line) if the condition Vd≫εVs is verified (black) or
not (red). The following values have been assumed for concrete (i) and brick (ii), respectively: i) f ¼ 0:24 (Nuccetelli et al., 2017),R ¼ 0:69 m (Keller et al., 2001), ε ¼ 0:2 (Li
et al., 2021), CRa � 226 ¼ 59 Bq kg � 1 (Trevisi et al., 2018), ρ ¼ 2:4 g cm � 3 (Dorf, 2004); ii) f ¼ 0:12 (Nuccetelli et al., 2017), R ¼ 0:41 m (Keller et al., 2001), ε ¼ 0:35
(Hall and Hamilton, 2013), CRa � 226 ¼ 51 Bq kg � 1, (Trevisi et al., 2018) ρ ¼ 1:9 g cm � 3 (Dorf, 2004). All the symbols are defined in Appendix A.
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The relative contribution of this migration mechanism increases with in-
creasing pressure gradient between the sides of building structure.

If the pressure gradient is supposed to be negligible along y- and z-axis,
the radon activity concentration inside the slab can be modelled along the
x-axis as it follows:

Ded2CRn xð Þ
dx2

� λRn CRn xð Þ � k
με

dp
dx

dCRn xð Þ
dx

¼ 0 (22)

Where:

− ε is the porosity of the material the slab is made of,
− dp

dx is the pressure gradient along the x-axis (Pa m−1),
− k is the permeability of the porous material (m2),
− μ is the carrying fluid dynamic viscosity (Pa s).

The sign of the advective term k
με

dp
dx

dCRn xð Þ
dx is positive if the concentra-

tion and the pressure gradient are equally oriented, and negative otherwise.
The differential Eq. (22) is homogeneous and the corresponding

solution is:

CRn ¼ e∓Mx AeNx þ Be � Nx� �
(23)

with:

M ¼ k
μ

∇p
2D

(24)

N ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 ∇pð Þ2
μ24D2 þ λRnε

D

s
(25)
7

3.3.1. Fixed radon concentration on both sides of a finite slab
Referring to Fig. 1, the boundary conditions are those introduced by

Eq. (3) but the absolute air pressures on the sides of the slab are different,
i.e., pl>pr .

The resulting general solution for radon concentration, obtained from
Eq. (23), requires these boundary conditions to be considered as well as
the sense of the pressure gradient.

CRn xð Þ ¼ e−Mx

2sinh NTð Þ
Cr

e−MT sinh Nxð Þ þ Clsinh N T−xð Þð Þ
� 


ð26Þ

Fig. 8 shows the radon concentration function inside the slab for two
different materials under a pressure difference of 5 Pa.

The exhalation rate, E (Bqm−2 s−1), is computed at x ¼ T as the sum of
diffusive and convective contributions (Eqs. (44) and (46), respectively).

E Tð Þ ¼ E Tð Þdiff þ E Tð Þadv ¼ −D
dCRn xð Þ

dx

����
x¼T

−
CRn xð Þ k

εμ
dp
dx

����
x¼T

ð27Þ

E Tð Þ ¼ D
NCle−MT

sinh NTð Þ þMCr−NCrcoth NTð Þ

 �

−
CRn Tð Þk

εμ
dp
dx

����
x¼T

ð28Þ

This solution has been rarely adopted to model the radon exhalation
from slabs: e.g., Chauhan and Kumar (Chauhan and Kumar, 2015) obtained
the solution in the framework of an activity aiming to measure the radon
diffusion coefficient.

3.4. Radon diffusive and advective transport through a slab with inner radon
generation

The activity concentration of radium-226 and the radon emanation frac-
tion, as previously discussed, are generally not negligible: some authors
added the production term Gv to Eq. (22) to consider the diffusive and ad-
vective migration of radon generated inside the slab too (López-Coto et al.,
2014; Várhegyi et al., 2012). In steady-state, if the pressure gradient is



Fig. 8. Radon concentration function along x− axis in steady-state under a pressure gradient of 5 Pa. The following values have been assumed for concrete (i) and compact
sand (ii), respectively: i) R ¼ 0:69 m (Keller et al., 2001), ε ¼ 0:2 (Li et al., 2021), k ¼ 10 � 16 m2 (Rogers and Nielson, 1992; Renken and Rosenberg, 1995); ii) R ¼ 0:41 m
(Keller et al., 2001), ε ¼ 0:15 (Hall and Hamilton, 2013), k ¼ 10 � 10 m2 (Turtiainen, n.d.). The dynamic viscosity is assumed to be μ ¼ 1:8 � 10 � 5 Pa s (Dixon, 2007). All
the symbols are defined in Appendix A.
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supposed to be negligible along y- and z-axis, the radon concentration along
the x-axis inside a porous material is:

De
d2CRn xð Þ

dx2
� λRnCRn xð Þ � k

με
dp
dx

dCRn xð Þ
dx

þ Gv ¼ 0 (29)

As in Eq. (22), the advective term is positive if the concentration and the
pressure gradient have the same direction and sense, and negative other-
wise. The general solution of the differential equation gives the most com-
prehensive formulation of the radon concentration function inside a slab.

CRn xð Þ ¼ e∓Mx AeNx þ Be−Nx� �þ Gv

λRn
ð30Þ

whereM and N are the same quantities previously introduced by Eqs. (24)
and (25).

3.4.1. Fixed radon concentration on both sides of a finite slab
Referring to Fig. 1, the boundary conditions are the same already seen

in Section 3.3.1. The radon concentration function results from Eq. (30)
considering the boundary conditions and the sense of the pressure gradient:

CRn xð Þ ¼ e−Mx

sinh NTð Þ
Cr−

Gv
λRn

e−MT sinh Nxð Þ− Cl−
Gv

λRn


 �
sinh N x−Tð Þ½ �

8>><
>>:

9>>=
>>;þ Gv

λRn
ð31Þ

Fig. 9 shows the radon concentration function inside the slab for two
different materials under a pressure difference of 5 Pa.

The exhalation rate, E (Bqm−2 s−1), is computed at x ¼ 0 and x ¼ T as
the sum of diffusive and convective contributions (Eqs. (44) and (46),
respectively).

E 0ð Þ ¼ D � N Cl � Gv

λRn


 �
coth NTð Þ � M Cl � Gv

λRn


 �8>><
>>:

þ
N Cr � Gv

λRn


 �
eMT

sinh NTð Þ

9>>=
>>;þ CRn 0ð Þk

εμ
dp
dx x¼0j

(32)
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E Tð Þ ¼ � D N Cr � Gv

λRn


 �
coth NTð Þ � M Cr � Gv

λRn


 �8>><
>>:

�
N Cl � Gv

λRn


 �
e � MT

sinh NTð Þ

9>>=
>>; � CRn Tð Þk

εμ
dp
dx x¼Tj

(33)

Referring to Fig. 9, the source term, i.e., the radon production rate in
pores, is about the same for compact sand and concrete. The different
radon activity concentration shape is mainly due to the extremely different
(i.e., six orders of magnitude higher for compact sand) air permeability. A
lower permeability reflects on a much weaker capability of the pressure-
driven air flow to transport radon from inside the slab to outside. When
the radon is less effectively transported outside, it keeps inside the slab
and its activity concentration assumes the parabolic shape shown in
Fig. 9. Oppositely if the permeability is high, the radon atoms are effec-
tively transported outside the slab and the resulting inner activity concen-
tration goes rapidly to the lower value on the slab sides. Thus, strong
changes on the gas permeability can result in the advective and the diffu-
sive flows to be directed the same or opposite way due to change in
radon concentration shape near the side with the higher radon outside
concentration.

This scenario is generally applicable to all the building structures, both
partition and perimetral ones, to assess the radon concentration distribu-
tion inside the building material, the corresponding exhalation rate and
the resulting contribution to the indoor radon concentration. The solutions
previously presented in Section 3.1.1, Section 3.2.1 and Section 3.3.1 can
be obtained from Eqs. (31), (32) and (33) by simplifying the advection
and/or the inner production terms. Eq. 32 extends the applicability of the
scenarios in Section 3.1.1 and Section 3.2.1 by considering also the advec-
tive transport.

3.4.2. Fixed concentration on a side of an infinite slab
The reference system of Fig. 4 considered, the diffusive and advective

migration of radon throughout an infinite porous medium with inner
radon generation can be modelled by considering the boundary conditions
in Eq. (12). The absolute air pressure inside the slab is supposed to be



Fig. 9.Radon concentration function along x-axis in steady-state under a pressure gradient of 5 Pa. The following values have been assumed for concrete (i) and compact sand
(ii), respectively: i) f ¼ 0:24 (Nuccetelli et al., 2017), R ¼ 0:69 m (Keller et al., 2001), ε ¼ 0:2 (Li et al., 2021), CRa � 226 ¼ 59 Bq kg � 1 (Trevisi et al., 2018), ρ ¼
2:4 g cm � 3 (Dorf, 2004), k ¼ 10 � 16 m2 (Rogers and Nielson, 1992; Renken and Rosenberg, 1995); ii) f ¼ 0:24 (Seco et al., 2020), R ¼ 0:41 m (Keller et al., 2001), ε ¼
0:15 (Hall and Hamilton, 2013), CRa � 226 ¼ 71 Bq kg � 1 (Seco et al., 2020), ρ ¼ 2:45 g cm � 3 (Manger, 1963), k ¼ 10 � 10 m2 (Turtiainen, n.d.). The dynamic viscosity
is assumed to be μ ¼ 1:8 � 10 � 5 Pa s (Dixon, 2007). All the symbols are defined in Appendix A.
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higher than the outside value, i.e., ps>p0. The resulting radon concentration
function obtained from Eq. (30) is:

CRn xð Þ ¼ C0e− NþMð Þx þ Gv

λRn
1−e− NþMð Þx

� �
ð34Þ
Fig. 10. Radon concentration function in steady-state in a silty soil with different satu
permeability of dry soil has been obtained from the Kozeny theory (Nazaroff, 1992)

e � 12S4 (Rogers and Nielson, 1991). The black and red curves have been obtained con
to 0.5 (Nazaroff, 1992).
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The radon concentration function inside the slab is plotted in Fig. 10 to
highlight the influence of the saturation degree with fixed radon produc-
tion rate. The increase of the pressure gradient reflects on a steeper slope
of the radon concentration function.
ration degrees S. The values of the diffusion length R are the same as Fig. 6. The
and the values at different saturation degrees by considering the fitting function

sidering a pressure gradient of 5 and 10 Pa, respectively. The porosity has been set
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The exhalation happens only from the surface at x ¼ 0 at the rate
(Bq m−2 s−1):

E 0ð Þ ¼ D N þMð Þ Gv

λRn
� C0


 �
� k

CRn 0ð Þ
εμ

dP
� dx

����
x¼0

(35)

If the radon concentration at the surface is much less than the asymp-
totic level reached in the material, Eq. (35) turns into:

E 0ð Þ ¼ D N þMð Þ Gv

λRn
þ k

CRn 0ð Þ
εμ

dp
� dx

����
x¼0

(36)

This scenario extends the applicability of the solutions obtained in the
case of only diffusive radon transport (Section 3.2.2) by including the
contribution of the advective transport. Eqs. (34) and (35) are generally ap-
plicable to building structures attached to the underlying soil and compre-
hensively consider the effect of the pressure gradient in enhancing or
reducing the relative contribution to the indoor radon concentration.

4. Discussion

Fourmodels have been developed to describe the radon exhalation phe-
nomena from building structures. The models differ for the migration
mechanisms considered – i.e., only diffusive, or diffusive and advective –
and the presence of radon generation inside the building material. Each
of these models was analytically solved for some case-specific scenarios
likely to occur in dwellings and workplaces and an equation to estimate
radon exhalation from building structures was derived.

The provided solutions have been obtained under some simplifying con-
ditions that need to be discussed as well as the resulting limitation of the
proposed approach.

The general transport equation for radonmigration reported in Annex A
(Eq. (37)) was employed. This formulation implies some simplifications, es-
pecially the negligibility of moisture content and the isotropy and homoge-
neity of the porous media. The applicability of the resulting formulations is
restricted to the same simplifications.

Furthermore, the 1-D modelling has been adopted to represent the
exhalation phenomenon. This is typically justified considering that the
radon concentration and pressure gradient mainly occur along the axis per-
pendicular to the wall, and that the thickness of the slab is much smaller
than its height and width. However, specific circumstances exist in which
the applicability of the provided equations need to be specifically ad-
dressed, e.g., in case of walls with non-uniform thickness or radium-226
concentration.

Finally, the applicability of the equations provided to assess the radon
exhalation rate is limited to raw building structures, i.e., with simple or
no surface treatments. Where there is a covering on the wall (e.g., mortar,
plaster, or paint), the provided equations may lead to overestimated
assessments of the actual radon exhalation rate (Yu, 1993) or even to under-
estimation in case of covering layers containing high radium-226 concen-
tration, e.g., tiles and granite (Chen et al., 2010).

5. Conclusions

The present paper contains a general and comprehensive discussion of
the theoretical background underlying the radon transport and exhalation
phenomena. A system analysis has been carried out about the models to de-
scribe the transport of radon inside porousmaterials and its exhalation from
structures: the work has resulted in four formulations depending on the
migration mechanisms considered – i.e., only diffusive, or diffusive and ad-
vective – and the contribution of the inner radon production. For each of
these models, the general solution has been analytically derived, and the
case-specific solutions obtained by considering three sets of boundary con-
ditions. The resulting scenarios are suitable to describe the physical phe-
nomenon of radon exhalation from materials used in building structures
of dwellings and workplaces.
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The availability of case-specific solutions allows to choose the formula-
tion best-fitting the existing scenario when assessing the radon exhalation,
rather than adopting standard solution obtained under simplified condi-
tions. The resulting accurate assessment of the radon exhalation rate from
walls and other building structures, e.g., floor and ceilings, results in a reli-
able estimation of the contribution of building materials to the indoor
radon concentration. This leads to an improvement of both preventive
and remediation strategies aiming to reduce the exposure to radon indoors.
Moreover, the possibility to consider the site-specific installation conditions
in addition to the material properties allows to assess the health impact of
building materials, including those containing NORM (Naturally Occurring
Radioactive Materials) industry by-products, in actual scenarios. Neverthe-
less, the direct measurement of radon exhalation rate from building struc-
ture and the resulting indoor radon concentration should be always
preferred due to the complexity of the actual scenario tomodel. Themodel-
ling approach should be considered when the indoor radon concentration
measurements are not feasible (e.g., house not built yet) and to distinguish
the contributions of the different radon sources (e.g., during the design of
remedial strategies).

The numerical impact of the application of the case-specific solutions
has been evaluated by the authors. The complexity of the results suggests
discussing them on separate report where the scenarios considered will
be described as well as the results obtained relative to the radon exhalation
rate and the corresponding contribution to the indoor radon. The discussion
will consider the improvement in the assessment's accuracy compared to
the increase in the computation complexity due to the input parameters re-
quired.
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Appendix A. Radon migration mechanisms and related quantities

For porous media with negligible moisture content, a general transport
equation for radon migration can be expressed as follows (Nazaroff and
Nero, 1988):

De∇2CRn � k
με∇P∙∇CRn þ Gv � λRn CRn ¼ dCRn

dt
(37)

where:

− De is the effective diffusivity of porous medium along the x-axis
(m2 s−1),

− ε is the medium porosity,
− CRn is the activity concentration of radon per unit volume of interstitial

space (Bq m−3) and ∇CRn the corresponding gradient vector,



Fig. 11.Open pore area at a given cross-section of a porousmaterial: rearrangement
from Culot, Olson and Schiager (Culot et al., 1976).
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− λRn is the radon decay constant (s−1),
− ∇P is the absolute pressure gradient vector (Pa m−1),
− k is the permeability of the porous material (m2),
− μ is the carrying fluid (i.e., mainly the air) dynamic viscosity (Pa s),
− Gv is the radon emanation rate, or the radon production rate, per unit

pore volume (Bq s−1 m−3).

The first term on the left accounts for the variation of radon concentra-
tion by diffusive flowwhereas the second one refers to effect of the convec-
tive transport.

Eq. (37) relies on some simplifying assumptions: (i) water content is as-
sumed negligible, i.e., all pores are air-filled so the migration of radon oc-
curs in air, (ii) no adsorption of radon atoms is assumed to occur on the
surfaces of the solid grains, and (iii) radon is assumed to migrate only
down its concentration gradient and/or the air pressure gradient. Further-
more, porousmedia are supposed to be isotropic and homogeneous relative
to diffusion coefficient, permeability, porosity, emanation coefficient, ra-
dium content, and bulk density.

If the radon fraction in water-filled pores is assumed negligible, the
radon production rate per unit pore volume can be expressed by
(Nazaroff and Nero, 1988):

Gv ¼ 1
εCRaρfλRn (38)

where:

− CRa is the activity concentration of radium-226 per unit mass of the ma-
terial (Bq kg−1),

− ρ is the density of the material (kg m−3),
− f is the emanation coefficient,
− λRn is radon decay constant (s−1).

The factor 1
ε is introduced to move from radon production rate per unit

bulk volume to the corresponding rate per unit pore volume. Other authors
considers 1 � ε

ε in place of 1
ε (Font, 1997).

A.1. Diffusive transport

The diffusive transport refers to the migration of a molecular species
down its concentration gradient (Nazaroff and Nero, 1988). The Fick's
Law governs such a molecular motion through the so-called diffusion coef-
ficient (sometimes referred to as molecular diffusivity). The diffusion coef-
ficient in open air, D0, needs to be adjusted when addressing migration in
porous media to consider two different phenomena:

i) the presence of solid particles (in porous media generally referred to as
“grains”) causes the diffusion paths of species to deviate from straight
lines. The diffusion coefficient must be adjusted to account for the devi-
ations by the tortuosity factor defined as the actual distance travelled by
the species (l) per unit length of the medium crossed (x), τ ¼ Δl

Δx (Shen
and Chen, 2007). Dullien (Dullien, 1979) defines the tortuosity factor

as τ ¼ Δl2
Δx2.

ii) The cross-sectional area the diffusion occurs through is reduced by the
presence of the grains. This reduction is accounted by a fraction equal
to the ratio of the open pore area, A∗, to the total cross section, A,
i.e., the areal porosity (Nimmo, 2004) (Open pore area at a given
cross-section of a porous material: rearrangement from Culot, Olson
and Schiager (Culot et al., 1976) (Fig. 11).

The bulk coefficient, in the following referred to as D, is introduced to
account for the lengthening of the path travelled (i). It relates the gradient
of interstitial concentration of diffusing radon (becquerel per cubic meters
of pore volume) to the flux density over the cross-sectional area (becquerel
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per square meters of the cross-section). According to Shen and Chen (Shen
and Chen, 2007):

D ¼ D0 τ2 (39)

In case of high porous media, τ was found to be well fitted by the poros-
ity ε, so τ2≈ε2 (Ullman and Aller, 1982). It results (Buckingham and B.o.S.
U.S. Dept. of Agriculture, 1904):

D ¼ D0 ε2 (40)

Other correlations have been proposed for τ εð Þ (Shen and Chen, 2007;
Matyka et al., 2008).

The effective coefficient, in the following referred to asDe, is introduced
to account for the reductions in cross-sectional area (ii) and it relates the
gradient of interstitial concentration of diffusing radon (becquerel per
cubic meters of pore volume) to the flux density over the cross-sectional
pore area (becquerel per square meters of the cross-section). De is related
to D by the following relationship:

De ¼ D
A
A∗

≈D
V
Vv

¼ D
ε (41)

where:

− V is the overall volume of the porous material (m3),
− Vv is the void volume of the porous material, both water- and gas-filled

(m3),
− ε is the material porosity.

The assumption underlying Eq. (41) is the equality between the areal
porosity (i.e., the fraction of open pore area in a unit cross-section) and
the volume porosity, i.e., A

A∗ ≈ V
V∗ ¼ ε (Culot et al., 1976): the assumption

is legit in case of porous media with random structure (Dullien, 1979).
Rather than the diffusion coefficient, some authors prefer using the dif-

fusion length, R, or its inverse, r (e.g., (Jonassen and McLaughlin, 1980)):

R ¼
ffiffiffiffiffiffiffiffi
De

λRn

r
(42)
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r ¼ 1
R
¼

ffiffiffiffiffiffiffiffi
λRn

De

s
(43)

The diffusion of radon in isotropic and homogeneous porous media is
modelled by the first Fick's law:

JdRn ¼ � De∇CRn (44)

where:

- JdRn is the diffusive flux density vector of radon activity per unit pore
area of the material (Bq m−2 s−1),

- De is the effective diffusion coefficient (Shen and Chen, 2007) (m2 s−1),
- CRn is the activity concentration of radon per unit volume of interstitial
space (Bq m−3) and ∇CRn the corresponding gradient vector.

Radon migration can be modelled by Eq. (44) under two main
assumptions:

i) all the kinetic interactions of radon atoms happen as in the open air,
i.e., with other gas molecules and not with the solid boundaries of
grains (Nazaroff and Nero, 1988). The reasonability of this assump-
tion depends on the recoil range of radon atoms (Tanner, 1980;
Wilkening, 1990) relative to the dimension of open pores. When
pore diameters are mostly lower than the recoil range of radon, as
it happens for most building materials, the gaseous atoms collide
with the wall rather than colliding with other atoms. The resulting
diffusion coefficient of radon in open air (D0) is substituted by the
Knudsen diffusivity – strongly dependent on the position within
the pores (Youngquist, 2002) – to consider the pores diameter
(Knudsen, 1909).

ii) All the radon atoms are entirely either in the air filling the voids
or in the solid matrix (Nazaroff and Nero, 1988). This assump-
tion requires the pores size distribution to be unimodal, the frac-
tion of radon contained in water-filled pores to be negligible
and no appreciable adsorption of radon atoms on solid grains
to happen.

A.2. Convective transport

The convective (in literature “advective” is commonly used to denote
the same mechanism) transport describes the migration of molecular spe-
cies via a bulk motion governed by fluid's head difference. The convective
transport ismostly driven by a pressure gradient because the effects of grav-
ity are generally negligible for gasses in porousmedia. The governing equa-
tion of advection in isotropic and homogeneous porousmedia is the Darcy's
law (Whitaker, 1986; Darcy, 1856):

ν ¼ � k
μ∇P (45)

where:

− ν is the volumetric fluid flow rate vector (cm3 s−1) per unit geometrical
area (cm2) defined over a region large relative to individual pores but
small to the overall dimensions of the material (m s−1),

− ∇P is the pressure gradient vector (Pa m−1),
− k is the permeability of the porous material (m2),
− μ is the carrying fluid dynamic viscosity (Pa s).

The Eq. (45) is valid if the effects of gravity are negligible (i) and the
flow through the porous material happens as a viscous flow through a
pipe (ii).
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Given the flow velocity, the advective transport of radon in porous
media is modelled as follow:

JaRn ¼ CRn ν
ε ¼ −CRn

1
μ

k
ε ∇P ð46Þ

where:

− JaRn is the advective flux density vector of radon activity per unit pore
area of the material (Bq m−2 s−1),

− CRn is the activity concentration of radon per unit volume of interstitial
space (Bq m−3),

− ε is the porous material porosity.

The Eq. (46) implies the radon carrier, i.e., the air, to be incompressible
for the range of pressures of interest (Nazaroff and Nero, 1988).

The Darcy's law has been extensively used in applications at Reynolds
(Re) number (Wang et al., 2019) values of up to 1 (Chaudhary et al.,
2011) and a general consensus exists about Darcy's law applicability for
an upper limit of Re value between 1 and 10 for average grain size and ve-
locity (Bear, 1975). For higher Re numbers, due to emerging importance of
inertial forces, deviations offluid flow fromDarcy's law have been observed
even if the flow keeps laminar (Muskat, 1938; Forchheimer, 1901; Dupuit,
1863). Critical values of 0.01–0.1 resulted for disordered porous media
(Andrade Jr et al., 1999). For flows in porous media with Reynolds
numbers greater than about 1 to 10, the inertial Forchheimer term
(Forchheimer, 1901) should be added to the Darcy's equation.

The applicability of the Darcy's law requires the pores to be large rela-
tive to the mean free path of the gas to make the particle-wall interactions
negligible (Carrigy et al., 2012).
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