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Relativistic corrections to polarized-tritium β decay
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Forthcoming experiments such as Project 8 and Ptolemy aim at investigating with high precision the end point
of the tritium β-decay spectrum sensitive to the neutrino mass. In light of this, using the standard parametrization
in terms of nuclear polar form factors, we analyze the complete relativistic expression for the spectrum of the
β electron emitted by a tritium nucleus. Given the small parameters in the problem, we systematically discuss
the approximations that can be made, and present the first two corrections to the standard lowest-order formula.
We particularly discuss the case of an initially polarized target, and the consequences on the spectrum as a
function of the neutrino mass. We show that, while it induces an angular anisotropy that can be measured by
future experiments, such anisotropy cannot be used as an additional handle to constrain the neutrino mass.
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I. INTRODUCTION

The existence of a nonzero neutrino mass is now well
established [1–6], and provides a compelling evidence for
physics beyond the standard model. The differences between
the squared masses of the three neutrinos is precisely mea-
sured [7–9], whereas the value of their absolute mass scale,
their mass ordering, as well as their Dirac or Majorana nature
are still unknown.

To this end, a number of existing and future experiments
aim at determining the lightest neutrino mass. Specifically,
this can be done by studying the spectrum of the electron
emitted in β decay close to its maximum allowed energy,
the so-called endpoint. Among these, the existing KATRIN
[10–12] and the forthcoming Project 8 [13–15] and Ptolemy
[16–18] experiments focus on the decay of tritium:

3H → 3He+ + e− + ν̄e. (1)

The current best laboratory bound on the effective neutrino
mass, m2

ν ≡ ∑
i |Uei|2m2

i , is given by mν � 0.8 eV, as set by
KATRIN [11,12]. Here mi are the neutrino mass eigenval-
ues and Uei the entries of the PMNS matrix, e.g., Ref. [19].
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Ptolemy aims at the largest event rate, thanks to a high loading
of tritium on, possibly, a flat graphene substrate, as well as an
energy resolution as small as 100 meV [17,18]. Moreover, the
Ptolemy experiment aims at hunting for the cosmic neutrino
background via its capture process:

νe + 3H → 3He+ + e−. (2)

In this context, it has been argued that important information
about its anisotropy could be obtained from an initially po-
larized tritium target [20]. In order to do that, a much larger
target mass than what is currently planned is necessary.

In light of this, it is important to determine the expected
spectrum with a theory uncertainty that is better than the
experimental precision. In this work we analyze the relativis-
tic corrections affecting the kinematics and nuclear matrix
element. For the β-decay part, such a calculation has already
been discussed in some previous works [21–23], but the ex-
pression for the spectrum reported completely and without
specific assumptions has been presented only in Ref. [24].
Moreover, in light of the increasing experimental precision,
it is crucial to understand the corrections to the lowest-order
formula, which is usually employed. In this work we dis-
cuss the systematic aspects of such corrections in presence
of an initially polarized nucleus. We show that, given the
expected event rate in Ptolemy, the statistical uncertainty
is far smaller than the theoretical error associated to the
standard lowest-order formula, which thus needs to be im-
proved. Specifically, we argue that, for neutrino masses mν �
100 meV, the leading- and next-to-leading order formulas
have different shapes, potentially distinguishable by an ex-
periment such as Ptolemy. Moreover, we quantify the effect
of initial tritium polarization on the direction of the outgo-
ing electron. Specifically, the spectrum becomes anisotropic,
an effect that will be visible within the Ptolemy setup.
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TABLE I. Values used in this work. In order to keep track of all the uncertainties, we also report the experimental ones. For the pion mass
we report the average between charged and neutral states. The value gV = 1 is implied by the conserved vector current hypothesis, while, to
the best of our knowledge, the uncertainty on gM is not found in the literature. We also note that the value of gA can also be extracted directly
from the tritium half-life, obtaining gA = 1.247 [23,37,38]. We checked that this different choice does not lead to appreciable differences in
our analysis.

Mi (eV) [34] mπ (eV) [35] me (eV) [35] Q (eV) [34] gV gA [36] gM [23]

2.80943249663(19) × 109 137.27360(27) × 106 0.5109989461(31) × 106 18.59201(7) × 103 1 1.27641(55) −6.106

Nonetheless, such anisotropy is not sufficiently sensitive to
the neutrino mass to be used as an additional way to measure
it (for a discussion on new physics effects see also Ref. [25]).

II. REVIEW OF THE CALCULATION

In this work we follow the approach outlined in Ref. [23],
where the relativistic matrix element is obtained from a
hadronic model for the tritium nucleus [26]:

M = GFVud√
2

ū(Pe)γμ(1 − γ5)v(Pν )

× ū(Pf )

[
GV (q2)γ μ + i

GM (q2)

2Mi
σμνqν

− GA(q2)γ μγ5 − GP(q2)qμγ5

]
u(Pi ), (3)

where GF is the Fermi constant and Vud the entry of the CKM
matrix. Moreover, Pi and Pf are the four-momenta of 3H and
3He+ (with masses Mi and M f ), Pe and Pν are those of the
electron and antineutrino, and q ≡ Pf − Pi is the momentum
transferred to the nucleus. The form factors are [23]

GV = gV(
1 − q2/M2

V

)2 , GM = gM(
1 − q2/M2

V

)2 ,

GA = gA(
1 − q2/M2

A

)2 , GP = 2Mi

m2
π − q2

GA,

(4)

with mπ the pion mass and MA,V two mass scales of the
order of the GeV. The value of the couplings g in the equa-
tions above can be found in Table I.

It should be noted that the matrix element in Eq. (3)
does not include the effects of three-body interactions within
the tritium nucleus, which can instead play some role, e.g.,
Refs. [27–29]. The inclusion of these effect is, however, rather
nontrivial, and it goes beyond the scope of the present work.

A version of the full relativistic spectrum has also been
discussed in Ref. [22]. However, the matrix element em-
ployed there is not computed from first principles, but rather
parametrized using Lorentz invariance together with some
considerations regarding which terms should be the leading
ones. While this approach reproduces well the lowest-order
formula, it is not the most suitable one for computing higher-
order corrections.

In the following we neglect the momentum dependence of
the form factors. This approximation is correct up to relative

corrections given by

q2

M2
A,V

� m2
e

M2
A,V

∼ 10−7 for GV , GM and GA,

q2

m2
π

� m2
e

m2
π

∼ 10−5 for GP. (5)

(Here and throughout the text “∼” denotes “order of magni-
tude.”)

Given the above, one can compute the fully relativistic
decay rate. In particular, we consider a tritium nucleus initially
polarized along a direction n̂. Possible ways to achieve a high
polarization fraction have been discussed in Ref. [20]. In this
case, the four-spinors in the laboratory frame obey,

u(Pi )ū(Pi ) = Mi(1 + γ 0)
1 + γ 5γ · n̂

2
. (6)

The corrections due to tritium polarization are expected to be
dependent on electron velocity [30] and, indeed, will vanish
in the nonrelativistic limit. Summing over the polarizations of
the final states, the rate in the laboratory frame is given by,

d�

dEed�
= G2

FV 2
ud

8π4
F (Z, Ee)

M2
i pe

M2
12

√
	

(
	 − 2mν

M f

Mi

)

× [
g2

VWVV + g2
AWAA + gAgVWAV

+ g2
AWAP + g2

AWPP + gV gMWVM

+ gAgMWAM + g2
MWMM

]
, (7)

where Ee is the electron energy and � its emission angle,
defined with respect to the direction of the tritium polariza-
tion. Moreover, M2

12 ≡ M2
i + m2

e − 2MiEe, and F (Z, Ee) is the
Fermi factor accounting for the electromagnetic interaction
between the outgoing electron and the decayed nucleus. This
is given by, e.g., Ref. [31],

F (Z, Ee) = 2(1 + γ )(2peR)−2(1−γ )eπy |�(1 + iy)|2
�(2γ + 1)2

, (8)

with γ ≡ √
1 − α2Z2, y = αZEe/pe. Moreover, Z = 2 and

R = 2.8840 × 10−3/me are, respectively, the atomic number
and radius of 3He+ [24,32,33]. Finally, we define 	 ≡ Ee −
Emax

e , with the relativistic endpoint given by1

Emax
e = M2

i + m2
e − (M f + mν )2

2Mi
. (9)

1We note a typo in the denominator of Eq. (7) in Ref. [23], where
Mf should be replaced with Mi.
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The W ′s appearing in Eq. (7) result from summing the
squared matrix element over final polarizations and integrat-
ing it over the relativistic three-body phase space, as outlined
in Ref. [23]. Their expressions (again, in the approximation of
constant form factors) are rather cumbersome, and we will not
report them here.2

III. EXPANSION IN THE SMALL PARAMETERS

The dimensionful quantities entering the W terms come
with different sizes, resulting in a number of small parameters
that one can use to approximate the full expression, Eq. (7).
These parameters are chosen to be (see also Ref. [24]),√

Q

me
∼ 0.1,

me

mπ

∼ 10−3,
me

Mi
∼ 10−4,

Q

Mi
∼

√
Qme

Mi
∼ 10−5,

|	|
Mi

∼ mν

Mi
∼ 10−10,

(10)

where Q ≡ Mi − M f − me is the Q value. Since the spectrum
is most sensitive to the neutrino mass close to the endpoint,
we also set |	| ∼ mν , and assumed conservatively mν ∼ 1 eV.
For everything else, we used the numerical values in Table I.
We also report the current errors on the measured param-
eters. In fact, while this does not affect the present work,
for higher-order corrections, the uncertainties coming from
the parameters can compete with the theoretical uncertainties.
This is especially true for the masses, the Q value and the g
couplings. The errors on overall factors are, instead, expected
not to play a role, since a standard experimental analysis
would fit the overall normalization anyway. In light of this,
the precise values of GF and Vud and of their uncertainties are
irrelevant for the present analysis.

Following the expansion scheme outlined above, one can
systematically expand the W ′s. In particular, we retain all
corrections up to O(10−6), which are relevant for Ptolemy at
maximum coverage (see Sec. IV). In particular, one finds,

WVV = Ee

[
(−	 + mν ) − mν

me

Mi
− mν

Q

Mi

]
+ O

(
m2

eQ	

M2
i

)
, (11a)

WAA = Ee

[
3(−	 + mν ) − 3mν

me

Mi
+ (−4	 + mν )

Q

Mi

]
−

√
2Ee cos θ

[
2(	 − mν )

√
Q

me
+ (−	 − mν )

√
Qme

Mi

−3

2
(−	 + mν )

(
Q

me

)3/2

+ 23

16
(−	 + mν )

(
Q

me

)5/2]
+ O

(
me	

(
Q

me

)7/2
)

, (11b)

WAV = 4Ee(−	 + mν )
Q

Mi
−

√
2Ee cos θ

[
− 2(−	 + mν )

√
Q

me
+ (−3	 + 5mν )

√
Qme

Mi

+3

2
(−	 + mν )

(
Q

me

)3/2

− 23

16
(−	 + mν )

(
Q

me

)5/2]
+ O

(
me	

(
Q

me

)7/2
)

, (11c)

WAM = −4Ee(−	 + mν )
Q

Mi
+ 2

√
2 cos θEe(−	 + mν )

√
Qme

Mi
+ O

⎛
⎝me	

Q

Mi

√
Q

me

⎞
⎠, (11d)

WV P = +2
√

2 cos θEe(−	 + mν )
me

mπ

√
Qme

mπ

+ O

(
me	

(
Q

mπ

)3/2√ me

mπ

)
, (11e)

with all the others being subleading,

WV M = O

(
me	

(
Q

Mi

)3/2√me

Mi

)
, (12a)

WMM = O

(
me	

(
Q

Mi

)3/2√me

Mi

)
, (12b)

2The complete expression for the matrix elements and the W fac-
tors can be provided in FORM and WOLFRAM MATHEMATICA® format
upon request.

WMP = O

(
me	

(
me

Mi

)2( Q

mπ

)3/2√ me

mπ

)
, (12c)

WAP = O

(
me	

(
Q

mπ

)2 me

Mi

)
, (12d)

WPP = O

(
me	

(
Q

mπ

)2( me

mπ

)2
)

. (12e)

As anticipated, the angular dependence due to the initial po-
larization vanishes in the nonrelativistic limit, Q ∼ pe → 0.

Before computing the decay rate and its leading correc-
tions, we briefly comment about the expansion presented in
Ref. [23]. There, in order to estimate the relative sizes of the
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FIG. 1. Relative corrections to the leading order rate, as parametrized in Eq. (15). Dashed lines show the result in absence of experimental
resolution. For a sufficiently heavy neutrino, the difference in shape of the two expression is substantially larger that the expected statistical
uncertainty for Ptolemy at maximum loading. For each curve, the end point, 	 = 0, is computed using the exact relativistic expression
evaluated at the relevant value of the neutrino mass. The nonzero values for 	 � 0 are due to the experimental resolution in Eq. (16), which
pushes some events above the endpoint.

various terms, it is set M f = Mi. However, this equality holds
true only at lowest order, and receives corrections already at
order me/Mi. Because of this, the scalings reported in Eq. (28)
of Ref. [23] lead to an overestimate of the corrections (in
all cases but one). In fact, when one keeps track of the fact
that Mi �= M f , additional cancellations happen, reducing the
size of the correction. Moreover, we report the presence of a
wrong sign in the expression of WAA,VV,AV , given in Eq. (29)
of Ref. [23], for the first term in the parentheses proportional
to (gV + gA)2.

We observe that, from Eqs. (11), the leading-order expres-
sion for the differential rate reads

d�(0)

dEe
= (GFVud )2

2π3
F (Z, Ee)

(
g2

V + 3g2
A

)
× Ee pe(mν − 	)

√
	(	 − 2mν ), (13)

in agreement with the literature, e.g., Refs. [17,22,23]. The
leading- and next-to-leading order expressions for the electron
endpoint are, instead,

Emax
e,(0) = me + Q − mν, (14a)

Emax
e,(1) = me + Q − mν − me

Q

Mi
. (14b)

IV. RELEVANCE FOR PTOLEMY

Thanks to the storage of atomic tritium on a solid-state
substrate, Ptolemy aims at employing a large mass of tritium,
possibly up to 100 g [17], which would also allow us to hunt
for the cosmic neutrino background.

From Eqs. (7) and (11) we see that the rate can be
parametrized as

d�̃

dEed�
≡ 1

4π

d�̃(0)

dEe
(1 + A(Ee) + B(Ee) cos θ ), (15)

where �̃ is the theoretical rate convoluted with the experimen-
tal resolution, taken to be a Gaussian of width σ = 100 meV:

d�̃

dEed�
=

∫ ∞

−∞
dE ′ e−(Ee−E ′ )/(2σ 2 )

√
2πσ

d�

dE ′d�
. (16)

The unpolarized rate is simply obtained by setting cos θ → 0
in Eq. (15). Importantly, since in a realistic analysis one would
also fit the position of the endpoint [17], in the following
results we use the expression for the exact relativistic Emax

e ,
Eq. (9), evaluated at the value of the neutrino mass under
consideration. In Fig. 1 we report the behavior of A and B.
In Fig. 2 we instead report the number of events expected for
mT = 100 g of tritium, as a function of the electron energy and

FIG. 2. Event rate as a function of the electron energy, Ee, ob-
tained integrating Eq. (15) over different ranges for the polar angle,
θ . The neutrino mass is set to mν = 100 meV. The inset highlights
the asymmetry related to the emission of the electron in opposite
directions, θ ∈ [0◦, 30◦] and θ ∈ [150◦, 180◦]. The event rate is com-
puted as R = NT�̃, where NT � 2 × 1025 is the number of nuclei
corresponding to a mass mT = 100 g.
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FIG. 3. Asymmetry ratio, as defined in Eq. (17), as a function
of the neutrino mass. The relative variation is comparable to the
expected statistical error for Ptolemy at maximum coverage.

for different directions of emission, defined with respect to the
initial polarization.

Considering (conservatively) events in the range 	 ∈
[−2, 0] eV, Eq. (13) returns an expectation of N ∼ 1012

events/year. Assuming a Poisson distribution, this corre-
sponds to a relative statistical uncertainty of order 10−6 after a
year of data taking. As one can see from Fig. 1, for sufficiently
heavy neutrinos, this is considerably smaller than the relative
difference introduced by the next-to-leading order correction
to the rate. The shape of the latter, in fact, varies by a fraction
of the order of 10−4–10−5 over a large range of energies. Such
corrections must then be included in order to avoid theoretical
biases on the parameter estimation. Similarly, the relative
directional asymmetry is of the order of 5%, with more events
expected in the direction antiparallel to the initial polarization.
This effect should be visible within the Ptolemy setup.

The degree of asymmetry depends on the value of the
neutrino mass. To quantify this, we define the ratio,

r ≡ N− − N+
N− + N+

, (17)

where N+ is the number of electrons emitted parallel to the ini-
tial tritium polarization, with an angle θ ∈ [0◦, 30◦], while N−
are those emitted antiparallel, with an angle θ ∈ [150◦, 180◦].
The events are counted in an energy bin such that 	 � −2 eV,
and for mT = 100 g. As one can see from Fig. 3, with varying
neutrino mass, the asymmetry ratio exhibits a relative varia-
tion of order 10−5, which is an order of magnitude smaller
than what is naïvely expected from the behavior of B (Fig. 1).
Moreover, the relative error expected for a small anisotropy,
r � 1, is given by,

σr

r
� 1

r

√
1

2N
. (18)

For Ptolemy at maximum coverage, N ∼ 1012, one then ex-
pects σr/r ∼ 10−5. The observation of the dependence in
Fig. 3 is thus difficult.

V. CONCLUSION

In the coming years a host of existing and future experi-
ments should place increasingly more stringent bounds on the
neutrino mass. Among these, Ptolemy might reach unprece-
dented rates, and correspondingly low statistical uncertainties.
This improvement on the experimental side demands precise
theoretical prediction.

In this paper we discussed the corrections due to relativistic
effects in the nuclear decay of tritium. Specifically, by system-
atically keeping track of the approximations made, we revisit
some results available in the literature, and present a revised
compendium of what we identify as the most relevant cor-
rections to the β-decay spectrum for the experimental setup
as envisioned by Ptolemy. We show that, given the expected
number of events, these corrections are important to avoid
theory biases.

Moreover, due to the presence of an external magnetic
field in the Ptolemy electromagnetic filter, the initial tritium is
expected to be at least partially polarized. We discuss the con-
sequence of this on the electron spectrum, and show how the
expected anisotropy likely will not provide a further handle
to extract the neutrino mass. Together with the consideration
made in Ref. [20], this makes the initial polarization of the
tritium nuclei an information that can hardly be employed by
forthcoming experiments.

This is a first step towards the development of theory pre-
dictions, which are accurate enough to face the forthcoming
experimental challenges. In particular, we note that experi-
ments such as the ones mentioned above use (or plan to use)
tritium bound either in a molecule or to a solid-state substrate.
The presence of a spectator system comes with a number of
difficulties and further corrections, which have been discussed
in Refs. [39–46] (see also Refs. [47,48]). Consequently, sev-
eral more effects will then need to be taken into account to
achieve the required precision. In particular, atomic, molecu-
lar, and solid-state ones as, for example, possible excitation
of and screening from orbital electrons, as well as spatial
localization effects and the excitation of nuclear degrees of
freedom. In line with the present study, it would be interesting
to understand the implications of an external magnetic field
on the binding between tritium and different solid-state sub-
strates.
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