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Introduction

Context and motivation of the work

In recent years, the field of space engineering has undergone significant evolution,
with an increasing number of complex missions being designed and layhebled\s
space activities expand beyond traditional Earthit applications toward more
ambitious scenarios, spacecraft are becoming progressively more sophisticated and
articulated. In many cases, these systems can no longer be modeled as simple rigid bodies
but must instead be treated as multibody systems composed of multiple interconnected
components, some of which exhibit significant structural flexibility. This trend is largely
driven by the demand for deployable structures such as-d@eure antennd$] i
enabing high-performance Earth observation, degyace astronomy, and
telecommunication$ togetherwith solar paneld7], telescopic boomsand robotic
manipulators These types of structures exhibit elastic behavior and require accurate
modeling of their flexibility to predict deformations during deployment operations or
reorientation maneuvers. Moreover, robotic arms and manipulators used-dobiton
servicing orassembly introduce additional complexity into the spacecraft archit¢8ture
While these elements greatly expand mission capabilities, the evolution of space
operations brings new challenges: elastic deformations can couple with the spacecraft
attitude dynamics and the motion of appendages, degrading pointing accuracy, igterferin
with sensitive payload operations, compromising the performance of docking or assembly
activities, and even threatening the structural integrity of the spacecraft itself.

An iconic example of a neweneration satellite that presents notable design
challenges due to its unique configuration is the driving force behind this PhD project. In
fact, this work was developed within the framework of an industrial collaboration with
Thales Alenia Space Italia (TAK, responding to concrete industrial needgecifically,
the challenges posed by the CIMR (Copernicus Imaging Microwave Radiometer)
mission, an ESA Earth Observation program dedicated to Arctic monitdrrd2].

CIMR is an ambitious project featuring a satellite equipped with a large, rotating, and
flexible antenna, a novel and demanding configuration compared to conventional Earth
observation satellites. The presence of this large, rotating elastic apperndageces
significant challenges, requiring careful assessment of both payload behavior and the
overall satellite dynamicg$12]. These difficulties are further compounded by the
innovative nature of this spacecraft configuration: among previously launched satellites,
only the SMAP mission employs a similar architecture, though with a considerably
smaller payload than that of CIMB]. Consequently, there arose a clear need for
advanced modeling capabilities to analyze and manage these complex dynamic
phenomena.



To address these challenges, the accurate modeling of flexible multibody dynamics is
essential for both mission success and operational safety-fideiity models allow for
the prediction of critical dynamic interactions, including the effects of staictu
flexibility on attitude and orbit control, as well as interactions between components
during operations such as deployment or robotic manipulation. In addition, advanced
guidance and control strategies are required to effectively manage the compiebeh
encountered in modern space missions. In particular, attitude control and relative motion
control during proximity operations are closely linked to the dynamic characteristics of
flexible multibody satellites. This is especially true in applicatisnsh as osorbit
servicing or debris removal, where precise control is critical to ensure safe and efficient
mission executiorf13]. All these factors play an increasingly important role in both
current and future space missions. They demand rigorous and comprehensive dynamic
analysis, along with the development of advanced control techniques capable of
addressing the challenges praeel by diverse and evolving mission scenarios.

State of the art and thesis objectives

The objectives of this PhD work are closely linked to the challenges introduced by
recent technological advancements in the space sector. By combiningdeigi
modeling techniques with efficient control strategies, the thesis aims to enable the
simulaton of complex space mission scenarios that address the emerging demands of the
evolving space environment

Modeling i On the modeling side, the goal is to develop a comprehensive capability for
accurately representing multibody spacecraft, particularly those with flexible components
and complex architectures.

The challenge of modeling multibody systems lies in describing the kinematics and
dynamics of interconnected rigid or flexible bodies efficiently. Several approaches exist
for formulating equations of motion, all with their own strengths and weakngses
Aerospace multibody dynamics has traditionally relied on three main families of
methodsithe NewtohEuler method, théagrangian formulations whether embedded
(minimal coordinates) or augmented (with multiplieis) a n d Ka n,eabh s met h
providing different ways to describe system dynanjics, 16]

The NewtoRE u | e r met hod, based on Newtonds sec
equations, results in a formulation that explicitly incorporates constraint forces. However,
a fundamental computational drawback of this method is that it leads to a system of
Differential Algebraic Equations (DAES), requiring the inclusion of constraint equations
alongside the systemds dynamic equations. T
can lead to numerical difficulties.



The Lagrange approach derives the dynamic equations by applying the Hamilton
principle to the Lagrange function and expresses the system dynamics in terms of
generalized coordinat¢$7]. The embedded Lagrange method minimizes the number of
equations by reducing the system to a minimal set of Ordinary Differential Equations
(ODEs), leading to faster computatidis]. However, despite this advantage, deriving
the equations is less intuitive than in the NewEoier method and requires significant
algebraic effort, especially for complex systems. In contrast, the augmented Lagrange
formulation reintroduces additionaljeations to enforce constraints using Lagrange
multipliers, resulting in a larger system of DAEs with the associated computational
challenges. Although the introduction of multipliers can lead to numerical instability
issues[19], this approach is systematically applicable and is widely adopted in
commercial software.

Kaneds method emerges as t he [20]pttratams | synt
the intuitive equation derivation of Newi&uler while achieving the computational
efficiency of the embedded Lagrange formulaf@h. In fact, the dynamic equations are
directly derived from the projection of NewlMuler equations (excluding constraints)
through the Kaneds Jacobian. Moreover, by u
avoids the explicit inclusion of constraintées while maintaining a minimal set of ODEs
[22]. This results in a highly effective formulation, providing a computationally efficient
framework for multibody dynamics analysis.

Building on this formulation, the thesis develops a versatile and systematic modeling
capability able to handle spacecraft composed of both rigid and flexible bodies, across a
wide range of configurations and interconnections. The primary objective ssataigh
a consistent and general framework that can accommodate the broadest possible variety
of satellite architectureRecent researdhmost notably from the Autonomous Vehicles
Systems (AVS) Laboratory led by Hanspeter Schianka s e x p | o rpmathfstane 6 s a
spacecraft multibody dynamics, with emphasis on robotic manipulation and rendezvous
[22, 23] However, much of this literature treats predominantly rlgpdy representations
and relatively simple kinematic topologies. The present dissertation addresses these
l i mitations by systematically extending Kan

1. Flexible appendages, allowing accurate representation of structural elasticity and
stressstiffening phenomenaThe approach remains strongly focused on the
specific requirements of space applications. For example, it examines the
interaction between gravitational forces and structural flexibility in flexible
spacecraft, and incorporates modeling features reqbyetie CIMR satellite,
such as the evaluation of stiffness variations in the rotating ant@%ja

2. Closedloop kinematic chains, which cannot be represented byikeetopologies
without additional treatmern26].



3. Other fundamentglhysical couplings, such as propellant sloshing via a slding
particle representatiga7].

4. Additional modeling and analysis features, as the derivation of constraint
reactions, the implementation of kinematic laws, and the evaluation of both total
momenta and cent&f-mass motion. Unlike the standard literature, where these
aspects are rarelyrgsented together under a unified formulation, this work
consolidates them in a coherent framework. This not only broadens the modeling
possibilities for spacecraft dynamics but also provides a more systematic and
versatile foundation for analysis, therebyn hanci ng t he applicabi
method to complex mission scenarios.

Control 7 On the control side, this thesis addresses both attitude and relative motion
control. In both cases, nonlinear strategies based on feedback linearization are adopted.
In fact, given the inherent nonlinearities present in spacecraft dynamics, particularly in
attitude and orbital motion, nonlinear control methods can provide superior performance
compared to classical linear control laws, as long as state estimation is sufficiently
accurate[28].

For the attitude control problem, both triaxial and sirapes control strategies are
investigated. The latter is typically employed when there is no requirement to align the
remaining two axes of the spacecraft with specific directions, beyond therendyal
being controlled. As a result, singd&is maneuvers involve a shorter angular path
compared to their triaxial counterparts, which translates into faster convergence when the
same control effort is appligd9]. Nonlinear attitude control laws are typically presented
together with a stability analysis, which is essential to establish their general validity.
However, the maneuver performance is usually determined solely by the choice of control
gains. In contrasthe objective of this work is to design nonlinear feedback control laws
by directly modifying the structure of the erdependent terms, thereby making more
effective use of the available actuators. This approach enables faster convergence and
improvedoverall performance compared to established benchmarks in the literature, for
both triaxial and singlaxis control scenariog30]. The proposed control laws are
introduced together with their stability ali
and LaSallebébs invariance principle, whi ch
respect to the desired state. Furthermore, the eatigrezformance of attitude maneuvers
achieved under these new laws is demonstrated through a comparison with the results
obtained usingurrent statef-the-art solution431].

The control architecture is still based on feedback linearizetien in the context of
relative motionIn fact the relative motion dynamics is strongly affected by nonlinearities
in a wide variety of orbital configurations, excepthearly circularguasi equatorial and
low-perturbed orbits, where linearity assumption can be considered sufficiently



representativg32, 33] In contrast, feedback linearization can handle more complex
scenarios, provided it relies on a hifigkelity dynamic model. The formulation of relative
motion presented in this work allows the
target, even wheboth are on perturbed orbits. This represents a significant advancement
over the standard Batti@iorgi approach, which requires the target to follow a Keplerian
orbit [34]. Specifically, he proposed method improves the numerical accuracy of relative
motion computations. Building on this improved formulation, a novel feedback control
law is introduced denoted as Hybrid Predictive Control (HPC). Similar to the attitude
control case, the goal of HPC is to enhance maneuver performance while accounting for
actuator limitations. However, unlike the attitude control scenario, the relative motion
problem fet&ures an unbounded state vector, which makes it more challenging to modify
the structure of the erratependent terms. Consequently, the HPC approach relies on a
opportunelydesigned adaptiviegic combined with a predictivstrategy which will be
described in detail. Finally, the performance of the HPC law is extensively evaluated and
compared to that of the classical feedback linearization controller, demonstrating
significantimprovement of the maneuvers performance

Integration and validation i A major contribution of this work is the development of
integrated applications that combine all the modeling and control techniques presented.
The ultimate objective of the thesis is precisely this: to enablefiuglity dynamic
simulations of realisticrad complex space missions that represent the future of the space
sector. The five applications discussed in this work are representative of advanced space
missions aligned with the new frontiers of space utilization and etjo. These
scenarios demand advanced modeling and control capabilities to address their inherent
dynamic complexities. In all these applications, the techniques developed in thi$ thesis
both in flexible multibody modeling and in advanced nonlineartrobni are
systematically applied, demonstrating their effectiveness and their ability to be integrated
into comprehensive simulation frameworks for complex space mission scenarios.

From an industrial perspective, beyond the developments specific to the CIMR
mission, another key objective of this work is to provide a software tool capable of
supporting dynamic analysis for a wide range of multibody spacecraft scenarios. The tool
enabés the automatic generation of dynamic models for any satellite configuration,
directly within its operational environment, including orbital dynamics. This capability
eliminates the need to rewrite dedicated code for each new scenario and allows even non
expert users to perform advanced simulations with ease. Moreover, the tool is designed
to be more spae®cused than generpurpose commercial software, offering better
handling of spacepecific issues such as orbit propagation. In general, the avgjilabil
in-house software simplifies the analysis process, as it is tailored to perfectly meet the

user6s needs, provides full understanding

need for complex egimulation with external tools.
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Thesis structure

This thesis is organized as follows. Chapter 1 presents a recursive and general
formul ation based on Kaneds method to deri
rigid spacecraft in an opdnop configuration. The application of constraints is then
discwssed, enabling the modeling of clodedp configurations and complex dynamic
phenomena such as fuel sl oshing. Finally, 1
manipulator systems is examined; within this framework, a strategy for modeling a
manipulabr capturing another articulated body is introduced. Chapter 2 extends the
results of the first chapter to the case of elastic bodies. In this context, the use of two
different bases to represent elastiditynodal basis and finite element method (FEM)
bass [35] 1 is explored. The possibility of treating a series of interconnected elastic
bodies as a single elastic body within the elastic equations, while maintaining them as
separate bodies in the rigid motion equations to simplify the dynamics, is also discussed.
The chapter then presents an accurate modeling of the gedastycity interaction and
concludes with an analysis of the stress stiffening phenomenon. Chapter 3 focuses on
nonlinear control techniques. It begins with attitude control, proposing naeilinear
control laws with their stability analysis for both triaxial and redusmititide
reorientation cases. The performance of these laws is compared to existing ones from the
literature, demonstrating their advantages. In this context, steering lawritrol
momentum exchange devices are also presented. The chapter then addresses relative orbit
control, first introducing an advanced version of the Bda®iargi formulation [36],
followed by a new feedback linearizatibased relative motion control law called Hybrid
Predictive Control, whose performance is evaluated in detail. Chapter 4 presents five
applications that integrate the modeling and control techniques introdubedarevious
chapters. These applications include:

1 A space manipulator system performing the capture aisgpid@ing of a rotating,
uncooperative target.

1 A large flexible satellite executing tracking and collision avoidance maneuvers in
a debrisdense environment.

1 The CIMR satellite in its operational scenarios, with detailed analyses of structural
deformations and stress stiffening effects.

1 Alarge space infrastructure concept for future use, such as a modular space station
equipped with telescopic booms.

1 Proximity operations in cislunar space involving the future Gateway station.



Finally, an overview of the multibody simulation tool developed for Thales Alenia
Space ltaliais reported in the Appendixdt outlines the tool modeling capabilities,
explains the multibody structure assembly logic, reviews the current state of the user
interface, and presents an example application.

Original contribution of the Dissertation
The main original contributions of this Ph.D. work can be summarized as follows:

1 Applicatonof Kaneds met hod madelihgl Devlogment s pace
of a unified recursive formulation for multibody systems including flexible
components, enabling the accurate modeling of elasticity (including stress
stiffening phenomeon), and gravitational coupling effects in space dynamics. On
this aspectthe detailed expression of gravitational terms are derived, removing
the usual approximation of considering the gravitational action as concentrated in
the center of mass of the bodies composing the sgaEtand adding the terms
related to deformation to the gravity gradient torgdereover, themultibody
formulation is reported in an explicit matrix form that facilitates the software
implementationand it is presented together with a set of modeling and analysis
features that broaden its applicability to complex mission scenarios.

1 Inclusion of constraintss Adapt ati on of Kirerpeesesce fqu at i o
constraints. A modern approach from |l ite
isapplied to constrained spacecraft and
multipliers approach. In this framework, two specific cases of interest are
analyzed: (a)spacecraft configurations that cannot be represented by tree
structures, thus extending the applicability of the method to articulated systems
with closed kinematic loopsnd (b) propellargloshing effects that are captured
through a containegdarticle approach. Everything is maeethin the same
dynamical formulation, preserving consistency across rigid, flexible, and fluid
coupled dynamics.

f Advanced control strategies for nonlinear spacecraft dynamicsDesign and
analysis of novel nonlinear feedback laws for spacecraft attitude and relative
orbital motion, aimed at achieving faster convergence rates and higher actuator
efficiency compared to classical approach@s.the attitude control side, both
triaxial and singleaxis control laws are developed by modifying the structure of
the errordependent terms. The stability of the proposed controllers is rigorously
established througm adayadaplLaSadseddheinvar
Their superior performance is further demonstrated through an extensive set of
numerical simulationg-or the relative motion problem, an advancement of the



nonlinear BattinGiorgi formulation is introduced, enabling the representation of

a chaser spacecraft dynamics relative to a target on a perturbed orbit (in contrast
to the standard Keplerian assumption). Building on this framework, a new Hybrid
Predictive Control (HPC) ia is proposed. The effectiveness of the HPC law is
validated by comparing its performance against a-stiatiee-art maneuvering
strategy, showing clear improvements in efficiency and accuracy.

End-to-end validation through realistic mission scenariosApplication of the
developed modeling and control techniques to five representative case studies,
including the CIMR satellite, robotic capture of rotating debris, and deployable
flexible structuresThe modeling capabilities developed and presented in this
work are applied to obtain reliable numerical simulations, enabling an accurate
evaluation of the spacecraft dynamics along the various missions phases. In
addition, the enhanced control techreégensure an efficient use of the available
actuation capacity of the satellites involved in the considered missions. Overall,
these applications not only demonstrate the effectiveness of the proposed methods
in scenarios of direct industrial and scieutifelevance, but also provide valuable
insights into spacecraft dynamics and control in {gexteration mission
scenarios, which are of growing importance in the current space environment.

Development of a generalized simulation toollmplementation of an imouse
multibody simulation software tailored to space applications, capable of
automatically generating dynamic models for complex spacecraft architectures,
including orbital dynamics, and validated against commercial benchmarks



Chapter 1

Kaneodos dynanforggidequat
multibody space applications

This chapter combines a review of Kaneos
specifically tailored to rigid multibody spacecraft dynamitke general derivation of
Kaneds equations and t h-opology systenssifolosv tht or mul a
established literaturdut all the kinematic and dynamic quantities are written in a matrix
form where the reference frames are explicitly indicated, in order to facilitate the
numerical implementation. Moreover, the Chapter collects a series of fetitarese
particularly useful for the spacecraft dynamic analysis, such as the computation of linear
and angular momenta and the motion of the center of, neessomputation of constraint
reactions and the imposition of kinematic lawdthough these aspects are present
separately in the literature, it is not common to find a text containing all of them in the
context ofaspacecraffocused Kandased multibody formulatiodMoreover, particular
emphasis is placed on novel adaptations developed by the author to address space
relevant scenarios such as closbdin kinematic configurations, sloshing phenomena,
and transient capture dynamics in robotic applications.

1.1. Vector notation

As a preliminary step, the notation used in this work to represent vectors is introduced.
Specifically, the following relation holds:
x=Ax" (1.2)

1>

where a physical vectorx is expressed as the matrix multiplication of vectrix

A=[& aF a] and the 3x1 (componentplumnvector x*) :g><§A) x&) x®) Tf

Therefore, the vectrix embodies the set of Hganded unit vectors (i.e. the basis) used

to express vector components. Physical unit vectors are denoted with sup@érsoript

An analogous relation also exists for dyadics and 3x3 (component) matrices. Specifically,
the following relation holds:



D=ADWA' (1.2)

1>

whereD is the dyadic, whileD™ is the3x3 matrix obtained from therojection of the
dyadic along vectrixA . Superscripts for 3x1 vectors and 3x3 matrices will be omitted

when they are preceded by vectrices, to avoid redundancy in notitnae. vectrices
represent reference frames, it is possible to define the rotation matrix from reference
frame A to referencdrame B as

T
BeA BA (1.3)
leading to the following relations:
X(b) = R Z(A) (1.4)
B« A
DB =R DWW RT (1.5)
B« A B« A

To conclude, the main vector operations can be written using both physical and
component vectors. The scalar product is defined as

1 BO) Y (R) 5 (#) Ry (19

while for thevector product the following relation holds

3 2 (A)y,(A) ~(A) (8) ~(8) T) (A)
X X :é)i )—/ é)i ABB)—/ éABB)i ABB X (1'7)
where
g 0 -xM X0
M=ex®™ 0o X (1.8)
g-x(zA) x* 0

is the skewsymmetric matrix associatevith x*
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1.2. Kinematics

Inthissecti on, the main steps related to the
discussegdwith reference to trempology spacecraffirst, the constraints are classified
toestablisht he fi el d of appl Bubsequentynthegoint pitale @ed s met
i ntroduced as wuseful operators to describe
bodies.Then, the key features of this formulation, i.e. partial velocities and remainder
accelerations are presented.

1.2.1.Constraints of a mechanical system

In general, multibody spacecraft consist of multiple interconnected parts. For example,
the connection point between two rigid bodies imposes a constraint, preventing them from
moving freely as if they were separate. A mechanical system may be sulpigt to

(a) Configuration constraints, which restrict positions;
(b) Motion constraints, which limit (linear and angular) velocities.

The configuratiortonstraints refer only to the position vectors that describe a system. For
a system consisting of N point masses, vith representing the position of théhi mass

relative to point O, the m holonomic constraints associated with the positions of these
masses can be expressed in the following form:

E (R Ry 1) =0 (1.9)

IREEERRLASNE)

whereF is a vector of dimensiom?3 1. A constraint is said to be holonomic if it involves
constraints only on the position variables, liRe (and not on the velocitieSjhe degrees

of freedom of this system af&N- m (since each point mass has 3 translational degrees
of freedom), and they correspond3dl- m quantities that are sufficient to describe the
system, i.e.thegeneralized coordinateldolonomic constraints are classified into:

1 Scleronomous or fixed, whelA does not depend on time;
1 Rheonomous or timdependent, whelk depends on time.

If g is the vector of generalized coordinates, the motion varialglescan be obtained

from the system of differential kinematic equations:

11



u, = Y(a,t)a +(a.y (1.10)

where Y is a square matrix arttlis a vector, both chosen so thatcan be uniquely
determined fromu,, and Z. In many specific cases, the choic¥s=1,, and z=0
simplify the system.

Thus, br a system of N point masses, in addition to the m holonomic constraints, there
may also bem,, nonholonomic constraints on the velocitigs of the masses, expressed

as

£ (Voo Vyot) =0 (112

wheref is a vector of dimensiom,, 3 1. Thesem,, additional constraint equations are

not integrable in terms of position vectors; otherwise, they would be holonomic
constraints and part off . A system with nonholonomic constraints is called

nonholonomic, whereas a system without them is holondddnholonomic constraint
equations can be rewritten in terms of generalized coordinates and motion variables as

t(uy.a.1)=0 (112
If these equations can be expressed in a linear form with respect to the motion variables
Aa.t)uy +2(9.9 =0 (113

thenu,, , a vector withn =3N -m components, can be decomposed into

(1.14)

wherep=3N -m m, = m;, corresponding to the number of degrees of freedom of
the system. The components fare mutually independent (while thosewf can be

expressed in terms aof using the constraint equations) and are referred to as generalized

velocities.In the form(1.13), the constraints are referred to as simple nonholonomic
constraints. Otherwise, if cannot be expressed in a linear form, the system is said to be

subject to nonlinear nonholonomic constraints.

12



1.2.2.Multibody tree structure

Figurel.l: International Space Station

A multibody spacecraft with a tree structure is a system composed of multiple
interconnected rigid or flexible bodies, arranged hierarchically without closed kinematic
loops[38]. Each body is connected to a parent body throotdry or prismaticjoints,
forming a branching structumesemblinga tree. This representation is widely used in
spacecraft modeling because most satellites consist of a central bus (main body) with
appendages such as solar panels, antennas, robotic arms, or scientific instruments that are
connected in a branchirggic. The treestructure model simplifies dynamic analysis,
allowing for efficient computation of the system kinematics.

Figurel.2: Example of tredike structured multibody spacecraft

Considering the example iRigure 1.2, the kinematic and dynamic quantities of
interest are determined by starting from the root body, i.e. the body with no parent, and
progressing along the branches to the end body of each branch. Each path from the root
body to an end body forms a columntie secalled configuration arraj39]. For the
given example, the configuration array has the following structure:

1 1 1
2 2 5
3 4 6

13



The configuration array represents the key to the recursive structure of multibody
formulations. By following this structured approach, computations of motion and forces
can be efficiently propagated through the system, enabling simulation of complex
spaceraft dynamics. Although closddop structures may not initially conform to this
configuration, they can be transformed into a-tiee structure by making strategic cuts

to open the loops. This process, which will be discussed in Sdctidh allows for the
application of recursive multibody formulations even in systems with closed kinematic
chains

1.2.3.Degrees of freedom: generalized velocities

For a system of N unconstrained rigid bodies, the total number of degrees of freedom
is p= 6N, since each body has 3 translational and 3 rotational degrees of fréedoen.

presence of constraints,
(i) if m holonomic constraints are present, the number of degrees of freedom is
p=6N -m

(i) if m,, nonholonomic constraints are also present, the number of degrees of
freedom becomes

p=6N -m m,

The number of degrees of freedom corresponds to the number of generalized velocities.
If m, =0, then the number of generalized velocities is equal to the number of
generalized coordinates.

The treestructured multibody satellite discussed in the previous section is a holonomic
system since each joint imposes a set of holonomic constraints.dBatyand prismatic
joints allow between one and three rotational or translational degrees of freedom,
respectively.Each joint, therefore, results in three to five configuration constraints
Specifically, the4th joint, which connects theth body to its parent body (not necessarily
labeled as-1), is associated with theth joint velocity vectordefined as

a. g =00 a8 F o Tg I " in the case ofotary
joints, or

b. §=5 ors $s 's| or 5 [Es s F in the case of prismatic
joints.
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The joint variables and their associated joint velocities can be defined in various ways,
depending on the chosen convention and the reference frame used for their representation.
Further details are provided in the next section.

1.2.4.Joint Partials

In the computation of recursive kinematics, it is fundamental to express the relative
linear and angular velocities of a child body with respeitsfearent as a function of the
joint velocity vectorTo do this, the joint partiakreintroduced40]. By definition, they
are obtained from the following relations:

i B G (1.15)

Ciy,G —
V=B, (116)

where ®w® and “*v“ are theangularand lineawelocity of the ith body with respect

to its parent body, which is now referréal as 1 (but in general it could have any
number | ower than i). I n the angular veloci
frame, whi ICe Imeap/eacigisassogated vith the center of mass of the

bodies In Egs.(1.15)-(1.16), matricesG, and S, are the angular and linear joint partials,

respectivelylt is often convenient tderivethese term$rom the projection of relative
velocitiesalong the parent or child body frames. Specifically, the angeikzive velocity

is typically projected along the child body frame, while the limekative velocityis often

more effectively referenced to the parent body frame. The following two examples
illustrate the structure of these terms.

First, a 3DOF spherical hinge that joins bodies 1 and 2 is considered. Supposing that
the joint is characterized by al32 sequence of rotations, the global rotation matrix is

R=R,( gR( MR )R, (1.17)

2« 1

where R, is the assembly rotation matrix, i.e. the matrix that describes the relative
orientation betweethe bodyreferencefra\mesg1 and B, when all joint angles are set to

zero. Each rotation leads to a new reference frame, s¢1E{) can be represented as
B 2% B ¥%%% B %% B %Y B, (1.18)

Hence, one can define the following rotation matrices:

15



é,Cq3 0 - q
e
25]4- = R,( 9 qo 1 (1.19)
8Sq3 O CG
étqs Sgssq - 2‘?3 9
R=R(QR( 4 60 g s, (1.20)
e
és% B SQ C3q Cz fF3 q
€, Cq- S,5,8, 0 S G %G SSq 36 S
e
R=R(GR( HR( Jae = §¢ C.C s, (121
e
&S¢" S C, 8 a5 § € SCq £ €

In this specific example, the relative angular velocity of body 2 with respect to body 1 is

Ve 1lé g 0 ¢
By Bs tl é - é
w :ELgo L‘\JLqETiiOéZI 1+]i'ii3é
H oge g O g
€ g 1é g 0 el
P R é | él.
_EZJ\Z«ﬁéO ‘th 2-«R1||Oe2 BZ(RJ?*- :!-I ,36:,‘Tu(i
P&y 06 0 O &t
:B‘,R) (R) (R) q 1.22
=2,:\ 2« %/ j=3 2 1hijig 21/ =i gg\'j ( )
i &b oy
=B, G ¢

with ( R ) is the jth column of the rotation matrix. So, taagularjoint partial matrix
]

B«

in this case corresponds to

2- Cstg qu O

G =% S, 0O 1 (1.23)
é
6%, Cq Sy 0

Following this general procedure, it is possible to find any configuration of angular joint
partial.
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Similarly, linear joint partials are derived. However, unlike the angular case, it is more
convenient to express the components of relative velocity with respect to the parent body
frame. For a DOF prismatic joint, where body i slides along a linear gud body-1,
the linear joint partial corresponds to the direction of the guide expressed i} (i
body frame. When i ncr eamifargxamplegllowingibody 6 s deg
i to move along a planar guide on boedyii the two column®f the joint partial matrix
correspond to the unit vectors defining the plane in the parent body frame. To further
justify this choice of reference frame, it is useful to examine the structure of the linear
joint partial in the case of a circular guide.

In Figure 1.3 a circular guide located on bodyliis depicted. Axes x and y are
associated witlB_, while the joint connecting body i to bod{ iis located inQ, . Hence,

one can write that

& sin qo e sin(s/) o
10Q : ) _é u
“vO=B,® B,gcos ¢ B3¢ cobis)ry (124
e 0 g 0 v
l\y
Q
)
Q,

X

A
Ld

Figurel.3: Sketch of a circular guide

It is worth noting that different choices can be made when selecting the reference frame
for expressing joint partials. However, the choices proposed in this Section are believed
to simplify the derivation of the recursive structure of multibody kinematics

1.25.The Kane 0 slinehrandangulaa partial velocities

I n Kaneds formulation, parti al vel ocities
are derived by projecting the Newi&uler equations onto these vect@28]. Partial
velocities are defined as the vector coefficients that, when multiplied by the generalized
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velocities, yield the linear and angular velocities of the bodies in a multibody system.
Aligned with the directions of motion, they are orthogonal to the constraint reactions. As
a result, the constraint forces and torques exchanged between bodiesisnadazded

in the derivation of the dynamic equations. This property is one of the key advantages of
Kaneds met hod.

Being U the vector of generalized velocities appearing in(Ed.4), it is possible to
write that

e

1

11 =L (1.25)
| |

|

whereNv® and“w” are thdinearandangularvelocity of the ith body with respect to
the inertial frameN respectively,v" andw. are theinearandangularpartial velocity
vectors associated with theh body and the-th degree of freedom of th&/stem
respectively, whilev" and w, are the remainder terms, which do not depend on

generalized velocitiedf the system is holonomic, as in the case of multibody tree
structures, them=p in Eq. (1.25). This Equation can be rewritten in the following

matrix form:

T B vR v eugabys
& & Dogiuge (1.26)
g dvE v elBge
ehw® 8 @ - _fveudge w
g : g : gsgggs (127)
gw™ o vE - v enpHE

If all physical vectors appearing in Eq4.26)-(1.27) aretransformed into 3x1 vectors,
e.g. byprojecing themalong the frame associated with the body they refer, it is possible
to rewrite these two equation as

v=Vu ¥, (1.28)

* (1.29)
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being v and w the vectors collecting the 3x1 velocity vectors of all bodies composing
the multibody structure, so & andw, collect the remainder termigloreover, symbols

V and W denote thdinearandangulampartial velocity matricesgspectivelycollecting
partial velocities already expressed in the body reference grame

From Egs.(1.26)-(1.29), it is clear that partial velocities serve as a crucial bridge
between Eulerian kinematids represented by the leffitand side, i.e., the linear and
angular velocities of all bodies and Lagrangian kinematics, characterized by the
generalized velocitiesyhich are directly derived from the generalized coordinates as
shown in Eqg.(1.10). As a final remark, it is worth noting that partial velocite®
obtained by differentiating the velocities of the bodies with respect to the generalized
velocities. For this reason, they are also referredfikasn e 6 s aJ.acobi an

1.2.6.Remainder accelerations

To complete the gener al description regar:
remainder accelerations are now introduced. From time derivation ofl2§) one
obtains thathe angular and linear accelerations of thielbody are expressed as

Toco (M) oo M) M)
Py ) e ) tdl
}ng a At & U

N
where %t indicates that the time derivation is computed with respect the inertial frame.

From Eq.(1.30) it is possible to distinguish two different contributions:

n n .
(i) terms yfiur and § w.u, are linearly dependent on the time derivative of
r=1 r=1

generalized velocities;

(i) theremaining termslo notcontainl: t hey are called Aremain

It is worth noting thaEg. (1.30) can be rewritten in a more compact form, in the same
way Eq.(1.25) is transformed int&qgs.(1.28)-(1.29). Specifically, one can write that

a=vu +d? (1.31)
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a = w % (1.32)

where all vectors are expressed along the related body frame. Vecamia collect

the body accelerations, whild® and a® correspond to the remainder acceleration

vectors.Separating these two contributions enables the derivation of dynamic equations
in which the only unknown is the time derivative of the generalized velocities, as will be
discussed in Sectiah3.1

1.2.7.Recursivekinematics in multibody tree-like structures

This sction explores the recursive structure of partial velocities and remainder
accelerations in a multibody system with a tiike structure composed of rigid bodies.
As previously mentioned, the bodies are assumed to be interconnectethyyor
prismatic joints.

In the case of a multibody spacecraft, the bus is typically chosen as the ro¢idabdy
1) of the structure. While this choice is not mandatoother bodies could serve as the
root T it is the most logical option, as it provides a clearer representation of the
s pacecr afThed, de finsbsix geoanalized velocitied the systenare the linear
and angulawelocities of the platform with respect to the inertial frame, both projected
along the body 1 frame:

—_a T T T
g|l,‘..,6 - g—"g —\&) E (1'33)

Different choices can be made when selecting the reference frame employed to express
the platformbés velocities. From a computat:i
onto the inertial frameN significantly reduces computational effort. This is because the

characteristic timescale of velocity variation in the inertial frame is on the order of the
spacecraftbdés orbital peri od. Il n contrast, e
varyatt he same rate as the spacecraftédés angul
stiffness of the system and the computational cost. However, in this work, all velocities

are expressed in their respective body frames, as this choice simplifies the tapogsen

of elastic motion (which will be discussed in the next chapter). Nonetheless, the
computational drawback of this approach for generalized velocities is only apparent. It

can be easily mitigated by transformivﬁz into the inertial frame after solving the
dynamic equations and before the numerical integration, using the following operation:

v = R () + ) (139

N« 1 G
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This approach allows the system to be solved in the body frame while numerically
integrating the velocity in the inertial frame, leveraging the advantages of both
formulations.

Starting from the roodbody velocitiesthe treeconfigurationallowsthe possibility to
reconstruct the velocity of each bolly proceeding along the branches up to the end
bodies.In fact, the following relations always hold:

eNw® B Cw e By BBy

: N,,G: N, B 3 N 3Ci1y G
V=BV, v M fworgdy MR e v (135

— =) ——=) (D
z
O
|

The relative velocities of child body with respect to the parent body are then obtained
considering Figure$.4-1.5, it is possible to write that

Q/Ci yﬁ% LEIS N—-+a YWoo© B R BIWe_s (1.36)
= §|1 C|1Q—'W B-rQQ i iG q

for therotaryjoint, while

1WB :Q
=

D 2 W (fo Bt s)S' "tiw B,.§

=j-1 =i

(1.37)

= B, (fco *89 uWBToo Bw &

:=i-1g '([ci,lq "‘i§$~ iAW St gs

—_ =) =) ———) —) CD

body i

Figurel.4: Two bodies interconnected via rotary joint
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Figurel.5: Two bodies interconnected via prismatic joint

For the prismatic jointThis implies that the remaining part of the generalized velocities
vector is composed of the jomte | o cvectors:e s 6

J, =4 9),

T
£
i=2,...,N t

(1.39)

where the(angular or linear)nature of the term in brackets depends on the joint
interconnecting theth body to its parent body

Recalling the definition of partial velocitidsthe vector coefficients that multiply
generalized velocities to provide the velocities of the bodies composing the multibody
structurei it is possible to use Eqgl.36) and(1.37) to obtain a general and recursive
method to build matrices/ and W appearing in Eqg1.28)-(1.29). In fact, considering
thatthe ith 33 n block of these matrices, denoted ¥s and W , is associated with the

i-th body, from inspection of Eq§l.36)-(1.37) it is possible to write that

_©€ % . 3
\/i a S« 1 -iBl[C'LCi { i«Rj _rQJQ J} G {i «El J} S (1.39)

revol prism

W =0, R {R_ Jt}al {4,.. (1.40)

where terms in curly brackets deserve to be further explained. In fact, while the first six
columns are weltletermined by the association with the rigid motion of the platform
(root body), the remaining columns are built according to the-tosenhd proces
previously mentionedstarting from the seventh column, each column is associated with
a specific joint degree of freedom that is related to a single body, called body j-tfithe |
body belongs to the same branch of bodyd is closer to the rootdah bodyi, or if

J =1, the 33 1 column is filled by the expression in curly brackets, choosing the one

related to the typology of the joifrotaryor prismatic)connecting body j to its parerhi
the other case, the column is filled byal null vector.
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In the same way, recursive structure of remainder acceleratidansfied In fact,
from the time derivation of Eqg1.36)-(1.37), the following expression for remainder
accelerations are obtainéat rotaryand prismatic interconnections respectively

. ( * ~ o~
félq R 1(.;559 oW T3aW g s Wloemi Woe )
1R _p ® .

Igi —iR % 'i"iG_QiTWGq

«i-17"

(1.42)

R

ac' i«i-1 e—é:\ -:rch. —TW :-i '1(,\/2 '—$ S it :§1Q —-Il-l) ' i U6
“Too W Tilge W (142)

" =R

i« I-:I._I

—_ —> _,_>_) ®:
|

All accelerationsectorsare expressed in the reference fravhéhe body they refer to,
for the same reasons previously discussed for the partial velocities case.

It is worth noting that, as suggested by Eg30), remainder accelerations could be
computed though the multiplication of a matrix containing tihge derivative with
respect to the inertial franod partial velocities by the generalized velocity vec@ther
formulations employ this methodologpstead ofEqs (1.41)-(1.42) [41]. However,
recursive structure reportdgereguarantees shorter computational times, because of
lower number of algebraic operations. In famtloptingthis strategy implies that the
accelerations of theth body are computeatdding the contribution of theth body toits
parent body accelerations, whi@re already available from the previous step of
computationinstead in the formulatiorthatemploys the derivatives of partial velocities,
the operation to compute the parentyadcelerations are always repeated in the matrix

muItipIicationng and Wu, leading to a larger number of operations.

1.2.8.Introduction of kinematic laws

In some cases, it may be preferable to prescribe the time histories of one or more
degrees of freedom of the multibody system rather than computing them from the solution
of the dynamic equations. For example, if the impact of a specific appendage nmotion o
the overall satellite needs to be evaluated, and the control action required to induce that
motion is not yet known, an initial analysis can be performed by kinematically prescribing
the motion of the appendage. This type of analysis provides a prelynmakcation of
the systemds actual ki nematics and dynamics
up analysis is required in which the prescribed motion laws are replaced with dynamic
forces that generate the desired motion. This step is esdet#alse, in some cases, the
prescribed motion may be unfeasiblgiven realistic control actioris due to dynamic
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couplings with the overall spacecraft or with the motion of other bodies in the same
kinematic chain. Moreover, applying an unrealistic motion could incorrectly influence
the behavior of other components within the multibstitycture.

When the motion obne or moredegres of freedom is prescribed, the time histories
of the corresponding generalized coordinate and generalized velocity are kndiaa.
framewor k of Kaneobs met hodol ogy pregviousl

constitute terms/; andw, appearingn Eq.(1.25). Specifically, if the kth DOF of the
system is assignethe remainder velocity terms are

&, ,Ci G
Yt k uk
\L\/t =W,

I (1.43)

—_— —

This means that thetkh componenbf the generalized speeds vectgrmust be removed
from u, andthe kth column of V and W, denoted asv|k and V\,1k respectivelymust

be removed from the partial velocities matricékis information is not lost but only
transferred to the knowterm side of the equations. In fact, the remainder accelerations
are modifiedas

dV=4Y + y (1.44)
a® = § + oy (1.45)

WhereggR) and a_gR) are the linear and angular remaindecelerations vectors computed

consideringall degrees of freedom as unprescribAfter these modifications to the
kinematic quantities, the subsequent steps for deriving the dynamic equations (described
in the next section) can be carried out in the same way as in the case of unassigned degrees
of freedom. However, it is important t@te that when the-th DOF is prescribed, the

forces and torques associated with that DO$pecifically, those applied to the body
moved by the h DOF and acting along its direction of motiomust be removed fro

the system of equations. This is because the prescribed motion serves as the kinematic
counterpart of a dynamic input, making those forces and torques redundant.

1.3. Dynamics

In this section, the dynamic equations for a multibody rigid spacecraft are derived
using Kaneds methodol ogy. The relationship
external dynamic actions is discussed, with particular attention to constraint reagtion
method for reconstructing constraint forces and torquesther online or in post
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processing is presented, leveraging the properties of adtaectured system. Finally,
the computation of verification functions such as linear and angular mamsent
addressed, along with a methodology for eff
center of mass by taking advantage of the s

1.3.1.External and internal contributing forces and torques

The peculiarity of partial velocities lies in the fact that they follow the directions of the
degrees of freedom of the multibody system. For example, they are aligned with the axes
of rotary joints and the directions of prismatic guides. As a result, their scalar product
with the constraint reactions is zero. This orthogonality allows constraint reactions to be
neglected in the computation of the dynamic equations, significantly simplifyeig th
derivation. In fact, it is worth recalling here (and it via# further discussed in the next
section) that Kanebs equati onBulereequationebt ai ne
onto the partial velocity vectors. Therefore, the only dynamic actions that must be
considered when applying Kanebds formul ati on

(i) the external forces and torques

(if) the internal contributing forces and torques

The first category includes all possible exteraetions such as gravitational forces,
aerodynamic drag, solar radiation pressure, or even contact with other bodies, as well as
Afexternal 0o control actions, such as those
contrast, the second group of dynamic actrefisrs to internal forces and torqtiethose

exchanged among the bodies of the multibody satélliteat arenot orthogonato the

partial velocities. For example, the torque generated by a jaitdrracts along the joint

axis and must be i ncl ud @lbdtheserontklutioesdinastbequ at i o
considered in building th8N?3 1 vectorsf andt, where the-th 32 1 block contains the

total external and contributing forces and torques, respectively, that act eth thedy.

1.3.2.Derivation of the dynamic equations
Usual ly, Kaneds equations are written in t

fo +fo ®, with r %...,n (1.46)

r

WherefGr andfér are the ith generalizedctive and inertia force, respectively, associated

with the multibody systemAspr evi ousl y di scussed, Kanebds e
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the projection of Newtoftuler multibody equations along the partial velocities
directions. In factthe generalized active and inertia forces are defined as

fo =<":N'1(\15 0+ (1.47)

r
i=1

N i . e .
fo,= B Y no'a" B B g ) (148)
where m; is the ith body mass, while). is the inertia tensor of theth bod evaluated

in its center of mas#t is evident that the generalized active and inertia forces are simply
the projections of the external and contributing internal dynamic actions, and of the inertia
forces and torques, respectivelyonstraint reactions are excluded froim and t,

because of their orthogonality with partial velocities,

Egs. (1.46)-(1.48) can beconverted to anatrix form, after projecting the physical
vectors onto specific reference frames. In fit,generalized active forces of Ef}47)
can also be written as

fo=VT + W (1.49

wheref_ is then® 1 column vector collecting all the n generalized active forces. In the

same way, generalized inertia forces can be rewritten as

fo=VMa -"(0._ Fx P w

- vmg @ g Tl g Wi 4w v aso

{vimv  +oy Jawvima® T{-JCWR) [gJC_]}

where Eqgs(1.31)-(1.32) have been useth Eq.(1.50), f_G is then® 1 generalized inertia

forces column vector, while

l|333 0

m,|
233 (1.51)

<
1
D> D~ D~ D~ D %/

N "33
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k=8 % (1.52)
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where Ji(c') is the moment of inertia of theth body computed with respect to its center
of mass. Thus, Eq1.46) becomes

fo +f

9 (1.54)

O *

and, substituting Eq$1.49)-(1.50) the following matrix form of the dynamic equations
for multibody systems is obtained:

ViMv + . Y vT{E Mg(R)} T{IWJC_@ [EJC_}} (1.55)

By solving Eq.(1.55), the time derivatives of the generalized velocities are obtained.
However, the state vector is composed not only of generalized velocities but also of
generalized coordinates. Therefore, to complete the system of equations to be integrated,
kinematic reldons must be added to H4.55). In the case of a multibody, trsé&ructured
satellite, it is necessary to include the kinematic equations that relate the time derivatives
of the generalized coordinates to the generalized velacities

(i) the attitude kinematic equations associated with the root bbdgpends on the
specific set of parameters tre@techosen to represent the orientation of the root
body, andprovidesthe time derivative of this parameter as a functiowpf

(i) the trajectoryequationof the root body f(ct‘) :\_/@l‘)

(iif) the kinematic equations associated with the joint variables

The numerical integration of this set of equations fully describes the motion of the
multibody satellite. This represents the minisdathension set of kinematic and dynamic
equations, which minimizes the computatior
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di mensi on. Mor eover, reconstructing the AE
histories of the generalized coordinates and speeds is straightforward. In fact, the linear

and angular velocities of the individual bodies composing the multibody sasetite

directly obtained using relationfl.28)-(1.29). Unlike the NewtokEuler equations,

constraint reactions are not directly obtained from the solution of the dynamic equations.
However, these quantities can also be easily reconstructed by exploiting the
characteristics of the trdie configuration, as discussed in the hsaction.

1.33.Constraint reactions in Kaneb6s equ

The absence of constraint reactions is a
However, for spacecraft with a tré@pology configuration, it is possible to reconstruct
the values of constraint reactions easily using an approach based on the Neeton/Eul

equations. Unli ke Kaneds met hod, the Newton
incorporates constraint reactions directly into the state vector. However, the increased
number of equations |l eads to | ongthkod comput

guarantees a minimal set of ODEs to be integrated, and constraint reactions can be
computed using the approach presented in this section. This additional computation only
increases the number of algebraic operations while keeping the ODE systengedchan
The procedure follows the subsequent steps:

() At a certain time instant, the state vector containing the generalized coordinates
and velocities is known. Moreover, after the numerical solution of &ane
eguations, one also obtaifs

(i)  Then, by utilizing the partial velocities and remainder accelerations, it is possible
to obtain the values of velocities and accelerations for all bodies within the
structure (cf. Eq91.28)-(1.29) and(1.31)-(1.32)).

(i) As a result, the constraint reactions become the only unknowns in the
Newton/Euler equations that can be written for all bodies. During this operation,
a topdown approach is necessary, starting from the bodies at the ends of the
kinematic chains. This isecause each of these bodies has only a single joint,
and one can then proceed backward along the kinematic tcineand the root
body. Specifically, at each iteration of this process (where body i is considered)

the constraint reactions at joift interconnecting theth body with its parent
are computed as

ma. =1 # Y ma, f (1.56)
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wheref, =g f, is broken down ashe sum ofall external and contributing
j

internal forces applied at point§ belonging to body ilt is worth noting that

now f, andt; contain also the constraint reactions at the joints interconnecting

the kth body to its children bodieshich are available from the previous steps
of computation of this iterative process.

This procedure can be applied whether online, i.e. at each step of the numerical
integration, or in a pogirocessing module. Moreover, it is also possible to switch on the
computation only for limited time intervals. In general, this procedure offers the
possibility to extract the constraint reac
applied to a multibody tree tropology satellite, guaranteeing a low computational effort.

1.3.4.Motion of the system center of mass

In the context of dynamical modeling for multibody structures, there are some cases
where it is needed to evaluate the motion of the center of mass of the overall satellite. It
is essential for example when the orbital motion of the spacecratft is codsibteteat
case, in fact, orbital paramet¢#2] must be evaluated with respect to the motion of the
overalsyst emdés center of mass. |t may al so b
precomputed orbital motion to the multibody spacecraft center of mass, if an accurate
orbit propagator is employed in determining the spacecraft trajectory. Moreover, the
motion ofthe center of mass is needed when the total linear and angular momenta must
be computed to check if the resuwfsthe dynamic analys&reconsistent

While the motion of the centers of mass of each body are separately considered in the
Kanebdbs equations, the motion of the center

processing to be computed. Hence, denoting \y@\)ﬁ the velocity of the overall center

of masswritten in components along the inertial frantlee following transformation
holds:

v =R (v £l i) (158)

N« 1\

with
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Mo =" y—— (159)
am
i=1

N

(l) a m| ;r(él)ci

fee= '1N— (1.60)
am
i=1

where [(Cll)c and f(cll)c collect the components (resolvedBn) of the position and velocity

of the center of mass of body i relative to the center of mass of body 1 (i.e. the root body).
In particular,fg)c is obtained, at each time step, using the following expression:

I"(cll)c: R V.(Q)

- I« i \lcl:QYJ}I & (1.61)
Setting the linear and angular velocity of the root body (bus) to O leads to obtaining the
relative velocities of the other bodies with respect to the bus. In fact, from the time
derivation of

.r

fe =lg ¥qg

e =rg (1.62)

(wherer. andr. are the position vectors of the center of mass of the root body and of

the tth body, respectively, taken from the origin of the inertial frame) and from the
definition of partial velocities (see Eq4.25) and(1.28)), it is apparent that

Vv

. 1)
Ve, Elﬂ!qq BV (163

— N 3
=vg W

Hence, to isolateg(cll)c, it is sufficient to set null bus velocities in Ed.63), and Eq(1.61)

is obtained as a result.

1.3.5.Computation of the system linear and angular momenta

To check the absence of modeling or coding errors when simulating the motion of
multibody spacecraft, it is useful to compute the linear and angular momenta of the
system. In fact, in the absence of external forces and torques, the two momenta are
conservd, and this behavior mubg verifiedalso in numerical simulations.
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Linear and angular momenta can be directly computed taking advantage of the matrix
form of the dynamic equations that has been presented in Sé&cdi@nlin fact, from
inspection of Eq(1.55), it is possible to define

ME2VTMV + VB, \ (1.64)
as the system inertia matyior generalized mass matrof,the multibody spacecraft. This

matrixi s of fundament al i mportance i n computin
be proven that the following relation hol@3]:

m=Gu (1.65)
where
g Etot
m=¢€ hg, (1.66)

g}, ek,

is thegeneralized momentum vector, i.e. eetor containing the total linear momentum
of the multibody spacecra(ip t), the total angular momentum of the system computed

—toi
with respecttoC, (t he r oot bod ;(Lrﬁjt} and éhe fragectionoof thetima s s )

body linear or angular momentwomputed with respecttothéeih body 6s cent er
(depending on the joint connecting it to its parent body) along-thgoint partial
directions, i.e. the directions of the degrees of freedom allowed by thefjoia.joints

allow only 1 degree of freedont_mQ and p, are scalars.

The first six componentsoh ar e t he systemb6s tot al mo me n

check the implementation of multibody equations in a numerical environment.
Nonetheless while the total linear momentum computéom Eq. (1.65) must be
conservedand can be directly used, the angular momentum deserves further discussion.
In fact, it is well known that, in absence of external dynamic actions, the total angular
momentum evaluated with respect to the system center of mass must remain constant.
Howewer, the total angular momentum compufeoin Eq. (1.65) is evaluated with
respect to the center of mass of the root body instead of the overall satellite. This happens
becausethe choice of relevant kinematic quantities to describe the motion of the
spacecraft led tpartial velocitieghat are referred to the center of mass of the root body

(cf. the second block in E¢L.39)). In fact, from the computation of E({..65) the vector
he is obtainedwhile conservation holds only fdr;, where C is the center of mass of

—tot

the overall systenThus,from the definition of angular momentum oolgtairs
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ho =0 TocP, (167)

where all vectors are resolved in the root body frame. SpecifichIy,and b%t are

already obtained in thfeame B from Eq.(1.65), while r. . derives from Eq(1.61).

1.4. Introduction of constraints

I n the previous section, Kaneds equations
of a multibody spacecraft, where the only constraints considered were those arising from
the interconnections between bodies. These constraints are holonomic andraty nat
i ncorporated into Kaneds formulation throu
onto the directions of the partial velocities. This approach effectively eliminates
constraint forces and torques from the equations while ensuring that the tapati
conditions are fully satisfied. However, in many practical scenarios, it becomes necessary
to introduce additional constrainisboth holonomic and nonholonomic. This section
addresses that need by presenting a technique that involves an adgdiigection of
Kanedbs equations. Furthermore, two relevant
the inclusion of such constraints are analyzed and solved. In both cases, the final
equations are then compared to those obtained using the traditiomaldniietsed on
Lagrange multipliers.

1.4.1.A second Kanelike projection of dynamic equations for
constrained systems

Once the multibody dynamic equations have been derived, the procedure for
incorporating additional constraints remains the same, regardless of whether the
unconstrained equations wer e obtained us i
formulation. Infact,thel y nami ¢ equations produced by Kan
those from Lagrangeods formulation, providec
related to the time derivatives of the generalized coordinates. This condition is typically
satisfied fo the variables used in such simulations, with the exception of attitude
representation, where the formulations may differ depending on the choice of parameters
used to describe spacecraft orientation. Aside from this distinction, the two methods yield
equvalent final equations, allowing constraints to be added using the same procedure in
either case.

I n the context of Lagrangeds formulation,
Lagrange multiplier§35, 36] This involves adding a set of algebraic constraint equations
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to the system of ordinary differential equations (ODES), resulting in an augmented system

of differentiatalgebraic equations (DAEs). While this approach is widely adopted in the
literature, it presents two main drawbacks: (i) an increase in the dimditgiafdahe

system, and (ii) the introduction of DAEs, which can lead to challenges related to

computational efficiency and numerical stability.

An alternative method for incorporating constraints into dynamic equations is
presented in Ref46]. This approach is based on projecting the dynamic equations onto

directions orthogonal to the additional constraints to be imposed. The underlying

principle is analogous to the projection of Newtuler equations along the directions

of the reaction fores associated with the interconnections between bodies. In this case,
the projection is applied to Kanebds equat.
projection that eliminates interconnection forces. This second projection is performed
along diredbns orthogonal to the generalized constraint forces, which correspond to the
projection of the additional constraint reactions onto the partial velocities. It is important

to note that, as previously mentioned, this second projection could also be &pfiied

Lagrangian multibody equations without any loss of consistency. Nonetheless, the focus
of this work remains on Kaneds methodol

within that context.

The general version of the Kafike methodology to introdudertherholonomic and
nonholonomic constraints the dynamic equations of a multibody spacedsatiow
presentedwith reference to Sectiadh2.1for what concerns the theory of constrairts
multibody system characterized by n generalized coordinafedligcted in the column
vector q) and nmotion variablesu,,; (collected in the column vectoru,, ), which are

linearly dependent on the time derivative of the generalized coordicat&sy.(1.10)),
is considered.Before the application othe additionalconstraints, the number of
generalizedvelocities corresponds to the number of motion varialiles isu,, = u.

Then, if m,, =n -p velocity constraints are imposed, the set afigtion variablexan
be divided into two subsetysee Eq. (1.14)): u=u, 'Y Y, Tg and
Ug = Up U, - U, TEcontaining the independent and the dependetion
variables, respectivelySpecifically, u corresponds to the actual set of generalized

velocitiesof the constrained multibody systefihe constraint equations can be expressed
as

up =A(a. )y .y (168
where Ai R(™P® andbi R™P both depend on the generalized coordinates and time t.

It can be proven that, under the constraint equat{@rés), the Kaneos
equations can be written pt5]

33

0gy

dyn

-

C



—hy
—"z
N
s
®
—
+

G*) 0 (1.69)

where f, f.1 RP are the vectors of generalized active forces and generalized inertia
forces respectively defined for the constrained system, vihilé_ i R" are referred to

the unconstrained system, awd, :gpap A" wherel, is the identity matrix of

P p
dimension p. The generalized inertia force vector can be rewritisea&q(1.50))

= (g t)u, oy(au 9 (170

where i R™" is the generalized mass matrix, whilel R" is the vector of nonlinear

terms of dynamicsyhich arethe terms that do not linearly depend on the time derivative
of themotion variablesi.e.(cf. Eq.(1.55))

cu2ViMa®+ W & [+ aw]} (1.72)

Substituting Eq(1.70) in Eq.(1.69) one obtains

ANRI, = Ac, Af. (1.72)
To incorporate constraint equatigh68) into the system, it needs to undergo a time
derivation to be expressed in the form of acceleration:

U, =AU, Ay B YAU, Ag b (1.73)

where A, :8 A I(n_ 9ing - Hence, merging of Eqél.72) and(1.73) leads to

Ta, :<gAﬁ 0 g e 149 T5>T (1.74)

where the matrixl = eA ! (A 2I\J'I_i) 2’ iR™" is invertible (the proof is provided in Ref.

[46]). The new set of dynamic equatlons features the time derivatives of the motion
variables not the generalizegelocitiesi as the unknowns. This is because the presence
of additional velocity constraints implies that the generalized velocities are now part of
the motion variables themselves. The total number of equations in the systenpjs n
where p is the number of degrees of freedom (DOFs). Specifically, in the presence of
velocity constraints, the minimal set of equations required to describe shemsy
dynamics consists of p equations associated with the DOFs(rapd additional
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equations arising from the constraints. It is important to note that the velocity constraints
referenced here may be either holonomic or nonholonomic. In the case of holonomic
constraints defined in terms of configuration variables, a time derivativguged to
convert them into their velocity form.

Eq. (1.74) completely describes the motion of a constrained system, without however
providing any information about the constraint reactions. To evaluate them, one can
considerthat in the presence of additional constraintse Kaneds dynamic e
could be written as in E@1.69) or, alternatively, as
fo+fe fo & (1.75)

where ¢ is the generalized constraint reactions vector assocwitédthe imposed

constraintsln fact in Eq. (169, A, i s the operator of the pro

dynamics equations along directions that are orthogonal $e @ditionatonstraints.
In fact, it can be proven that

Hence the generalized constraint forces can be obtainesibsgtituting Eq(1.70) in Eq.
(1.75), obtairing that

fo=fo M, cff (.77)

where u,, is obtained from Eq1.74).

1.4.2.The closedchain configuration

In the earlier part of this section, the focus was on multibody satellite configurations
with a treelike structure. In such configurations, all kinematic chains are open and form
the branches of the tree. However, in some cases, this representationtdmesirately
reflect the physical scenario being modeled. Certain satellite designs may involve closed
kinematic chains, characterized by one or more loops of interconnected bodies. A
common example is a multirmed satellite grasping a tardé6]; in this case, the
combined system of the chaser and target forms a closed chain, which requires a different
modeling approach than that used for a simpleltkeeconfiguration. Nonetheless, there
are techniques to convert a closgdhin problem into aequivalent tree structure. One
such method is the cyaint approacH47]. This technique involves breaking the closed
chain at an underactuated joint, thereby transforming it into two open chains, while
simultaneously imposing kinematic constraints that replicate the behavior of the removed
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joint. The derivation of the dynamic equations is now presented for a specific case: the
slidercrank mechanism. However, it is important to note that this method can be
generalized and applied to any clos#thin structure.

The sketch of a slidesrank mechanism is reportedkingure 1.6, (a) before and (b)
after the cut open procedure. In the open configuration, the generalized coordinate vector
isg=[ g ,qs] andthemotion variablesre chosen to be the time derivative of the

generalized coordinates. Following the Lagr
derive the system dynamical equations, one obtains the same result, i.e.

W, +o, Fo (1.78)

wheref¢ is associatewith the kinematic constraints that must be imposed to guarantee

that theposition of Q always coincide € These constraints can be written in the
following form:

(a) (b)
Figurel.6: Sketch of a slidecrank mechanism (a) before and (b) after the cut open
procedure
. él,cosq, #,cos (
Fg) =0 viiooom =t S (1.79)
- il;sing, +,sin ,q 0=

where | and b are the lengths of the two links. Now, Kf.79) can be incorporated in
EqQ.(1.78 usi ng Lagrangeds multipliers or foll ow
previousSection In the first case, EQ1.79) is derived twice with respect to time to obtain

£ iDu, = (1.80)

where Di R™P™ and g IR"P, with p=1 and n=3. Sincethe vector of Lagrange
P

multipliers|  IR" " is defined such that

fg= D'_ (1.81)
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one finallyretrievesthe following DAE system:

é{ﬁ DT g, fi &fg-C, 1
é Tl B (182)

D 0 fiL §1 9

which is composed of five differentialgebraic equations. On the other side, using the
K a n enétlsodology presented in the previamestion at the beginning only one time
derivation of Eq(1.79) is carried out to obtain

F 1Cu, = (1.83

thatcan be reconducted to the form of Ef68). For the case of kinematic constraints
imposed in the cut joint approach, baghand b are null vectors, so

Cu, =[G g]éu' & Cu € & B €. (1.84)
Uy = e whu o - :
] TR

where C, i R(™P 1" 9 is invertibleexcept at toggle configurations, where the choice of
u, must be opportunely modified to avoid singularitgd C, i R(™P*®_ Hence, following

the steps described in the previaection one obtains a system which expression
coincides with Eq(1.74). Differently from Eq.(1.82), the obtained system is composed

of three ordinary differential equations that completely describe the motion of the
mechanism. The system alone does not provide any information about constraint
reactions, which however can be separately evaletédeir generalized fornthrough
Eq.(1.77) if required.

The adaptation of the second Kanebs proje
closedloop multibody structures, as presented here, has been developed within the
framework of this Ph.D. research. Although the treatment of algebraic constraints in
K a nseduations has been addressed in isolated contexts in the literature, applications of
Kaneds f or mu-oaptspacearafttare uncomman.eadd the use of the second
projection approach in this configuration is even rarer. The implementation of this
technique, together with its integration i
constitutes an original contribution of this work.

1.4.3.The sloshingmodeling

Various models exist for incorporating fuel sloshing effects into dynamic equations.
Simplified approaches often represent sloshing using oscilldggsng mass or
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pendulum like models)48]. However, these models do not accurately capture the
complex behavior of the fuel inside the tankmicrogravity environmentA higher

fidelity alternative is the sliding particle model, where the fuel is modeled as a point mass
constrained to move along a predefineohstraintsurface. This surface, typically

spherical or ellipsoidal depending on the tank geometry, is entirely contained within the

tank. Its size varies with the fuel levielvhen the tank is less full, the constraint surface

lies closerad the tank walls. To implement this model, it is necessary to enforce the sliding
constraint on the fuel ds point mashased a t ask
technique introduced in this section.

An even more accurate representation is provided by the contained particlg4fpdel
50], which extends the sliding particle approach. In this model, the particle is permitted
to leave the constraint surface if the inertial forces acting on it are directed toward the
interior of the surface. When this occurs, the particle moves freely wlihiank until it
recontacts the surface, at which point it undergoes an impact and resumes sliding motion.
Transitioning from the sliding particle model to the contained particle model is relatively
straightforward and can be achieved by incorporatingditional logic into the
simulation. Despite this added realism, the central modeling challenge remains the proper
enforcement of sliding constraints, which is addressed in the following section.

Figurel.7: sketch of a spacecraft equipped with a tank
In Figurel.7, a rigid spacecraft equipped with a fuel tank is represented. The bus and
tank reference frames are denotedBasnd T respectivelyln this case, a spherical tank

is considered, with the constraint surface modeled as a sphere whose radius is inversely
proportional to the fill ratio. The fuel is represented as a particle that can either slide along
this surface or move freely within diepending on the acting inertial forces. Within the
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framework of assembling the spacecraft multibody equations, the system is modeled as a
two-body spacecraft: the main body and the propellant. The propellarpost mass
connected to the main body viB®OFsprismatic joint Let the position vector of the
propellant relative to thephericatank frame be denoted as

rof ot ts]T (189
the sliding constraint in its velocity form can be expressed as

T r e (1.86)

that means that the particle velocity must be tangent to the constraint sAdandhe
previous Section, the procedure to enforce the constraint both using the Lagrange
multipliers,and t he pr eligkeeformukatibn deadseudssdr. Eq. (1.86) is
derived with respect to time, the following acceleration constraint is obtained:

i'r ¥ 0 (1.87)
The motion variables of the system, corresponding to the generalized velocities prior to
the application of constraints, include the linear velocity of the platform’'s center of mass,
the spacecraft's angular velocity, and the relative velocity of thpdugtle with respect

to the platform, i.e

T - T
u, =g W T g (1.89)

I
2,

Then, t is straightforwardo reconduct thacceleration constraint in the forbu,, = K
, with

D=8, (1.89)
g =""" (1.90)
All the blocks to build lhe set of equationgl.82) are available | nst ead, i

formulationfor constrained systenms applied one must divideu,, into the independent
and dependent sets. If, for example, = t,, the constraint matrix #s derived from Eq.
(1.86) as

~+
N

(1.92)

B6

>
I
DRy

~ | ~+
w =
~t
w
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It is apparent that the second and third componentsassAme very large values fog

close to 0. This could lead to numerical instability problemisich can however be
avoided by changing the choice % in the neighborhood of, =0. Matrix A is the

only element needed to derive all the others appearing inah&dered formulation.
Following the steps reported in Sectidrd.], it is then possible to obtain the set of
dynamic equations of the constrained system.

If the sliding particle model is adopted, the equations of motion remain the same during
all the simulation. It is worth noting that, beside the constraint force exchanged between
the tank and the bus represented b81), a further frictionforce exertedy the bus on
the fuel mass particleaust be included in the model as

fo (= -7 (1.92)

where m is the friction coefficien{51]. On the other hand, when a more sophisticated

model, such as the contained particle model, is considered, the equation of motion must
be modified in a piecewise manner. The contained particle model alternates between the
sliding motion and the freftoating motion of the fuel particle. Specifically, the sliding
motion occurs when the force exerted by the particle on the tank wall (and consequently
on the bus) has a positive radial component. In other words, if this reaction force is
expressed as

fro=1 (1.93)

wherel is the Lagrange multiplier and represets the direction of the force, then the

sliding phase lasts until . When!| ® the modeimovesto the freefloating phase

by removing thesliding kinematic constrainpreviously enforcedhile in the Lagrange

formulation the value of the multiplier is directly provided by the solution of the DAE
system, for the Kaneds version of constrain
first, the constraint generalized forces must beuatal through Eq1.77), and thenl

is computed from Ed1.81), with D available from Eq(1.89). The freefloating motion

is characterized bﬂr_ || R with R radius of the tank, and continues urﬂﬂ” reaches

again the value of RAt this point, the impact between the fuel particle and the tank wall
must be simulated using one of the welbwn contact models, typically employing
equivalent stiffness and damping coefficigf®®]. After this shorterm transient phase,

the sliding constraint must be-eaforced, and the sequence of phases continues until the
end of the simulation. The contained particle model is widely used to represent sloshing
disturbances in space missionsitatrikes a balance between the high fidelity it offers
provided the coefficients are weiinedi and the relative simplicity of incorporating it

into a dynamic model.
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The application othe second&anelike projection toincorporate propellant sloshing
effects through a containguhrticle model represents another novel aspect of this
di ssertation. To the best of the authoros
sl oshing dynamics wi t hi manalfssonydwsemgayingdghei ons f
Lagrange multipliers approach. The method developed here therefore constitutes a
distinctive and original contribution of this work.

1.5. The application of Kaneds meth

The Kaneos met hod I's widely applied i n
computational advantages and the versatility that arises from being the synthesis of
NewtonEuler and Lagrange methods. In this Sectibe.focus is posed on how the most
pecul i ar object of the Kaneds formulati on,
i mportant aspects of robotic modeling. Fir:
Jacobian, also the manipulator Jacobian is obtbét onceTo complete the modeling of
rigid multibody spacecraft, a simplified yet effective strategy is presented, which uses
Jacobian matrices to represent a space manipulator system capturing another articulated
object

151 Kanebdés vs mani pul ator Jacobi an

The manipulator Jacobian plays a crucial role in several aspects of rgafjics
Among its various applications, it is needed to remind that

(a) it is used tonumericallysolve the inverse kinematics problem, i.e. deriving the
time histories of the joint variables from the eaftector trajectory in the cartesian
space

(b) it allows evaluation of the singular or redundant configurations of the manipulator
and is also used to compute the manipulability ellipsoids. All this information is of

primary importance in the characterization of the manipulator workspace

(c) in statics problems, it is used to relate ¢meleffector forces to the joint torques,
which are essential to opportuneigethe joint motors

(d) in the control problems, several techniques are based on the manipulator Jacobian,
as the Jacobian Transpose Control and the pseudoinverse techniques.
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For all these reasons, the computation of the manipulator Jacobian is a fundamental step
in robotic problems. However, when the model of the manipulator is constructed using
Kaneos f ots Jaeobiam tcan dwengbtained with minimal additional effo4f.

Here he Jacobian is defined as the matrix that relates the joint velocities to the linear and
angular velocities of the ereffector. Therefore, it can be expressed as:

&vi® @g

,—E
e gé
e e

where symbols_/(EE) and v_v(EE) denote the linear and angular velocity of the-effdctor
projected in the endffector body frame, whilg™ is the Jacobian matrix, composed of
the two blocksJy and J; that are related tthe position and attitudef the eneeffector

J"u (1.94)

>3 U3
(e )

respectively The vector of generalized velocities contains only joint variables for-fixed
base manipulators. Instead, in the case of mobile robots the base DOFs are included in
the generalized speededJ" isc al | ed fAgeneralxi zedo Jacobi an

It is apparent that Eq1.94) is of the same form of E4.28)-(1.29). In fact, both
relate the same set of generalized speeds to the linear and angular velocities of the bodies
composing the multibody structure. If teadeffector is located at one of the free ends
oftheit h body of the, the Kaneds | in@2)F and an

(1.40) are in the following relationship witd? and J; :

(i) V.u does not provide the linear velocity of the eftector, but the linear velocity
of the center of mass of the body where the end effector is mounted.

(i) Wu exactly provides the angular velocity of the @ffector reference frame.

So, whileJ} = \\, a furtherbut easyalgebraiamanipulation is need to be applied ¥n
to obtainJ? . In fact, it is sufficient to consider, in E(L.39), the position vectors that do

not end inC, but in the eneeffector point E. With thisimplemodification, the Jacobian

matrix associated with the ereffector positiorcan be easilpbtained. Differently from
ot her formulations, when the dynamic model
method, the robotic manipulator is automatically obtained without further computations.

42



1.5.2.Linear and angular momenta conservation to modelspace
manipulator capture

Space Manipulator Systems (SMS) are often tasked with capturing a target, which can
be either cooperative or naooperativg55-57]. In the previous part of this chapter, all
the necessary elements to simulate an SMS during the phases before and after target
capture have been provided, including cases where two or more arms of the manipulator
connect with the target to form one or malesed loopsHowever, it is also crucial to
model the transient capture phase to fully represent the dynamic scenario. If the analysis
primarily focuses on the capture process, all the necessary elements for simulating this
phase have already been pd®d. In this case, it is sufficient to introduce contact forces
as generalized active forces on the bodies that are in contact. However, an accurate model
IS required to compute the correct contact forces. Additionally, the contact dynamics often
involves high stiffness processes, leading to computational times that are one or more
orders of magnitude greater than those associated with the rest of the system dynamics.
On the other hand, if the capture is not the central focus of the simulation and is only
considered a transition between the-grasping and pogjrasping phases, a simplified
yet valid model can be applied.

If the shortterm dynamics of the grasping phase is neglected, the capture can be
modeled as an anelastic impact between the target and the dtaseiit is possible to
link the kinematics immediately before and after the capture, that is approximated to
happen in a single time instafi8, 59] As specified before, this is not an accurate
representation of the continuous grasping process, but an approximation to include the
effect of grasping in the simulation, allowing the evaluation of both the appropriate
kinematic condition that can be set as the aim to reach for thgramping phasend the
initial conditions of the posgrasping phase simulatiowhen capture is theecusand
must be modeled with high accuracy, more detailed models are employed to achieve the
required level of fidelity. In these cases, the geometries of theféutor and the target
interface (e.g., a handle) are explicitly considered, and structural compliance is taken into
account. Contact forces are modeled using the mathematical formulation that best fits the
physical behavior observed in the real scen&g.

Recalling Egs.(1.49), (1.55), (1.64) and (1.71) the equations of motion of a
manipulator can be written as

Mu+c, F (1.95)
Approximating the capture as an anelastic impactimpulsive force can be considered

applied to the space manipulatdhis contribution is already contained in the generalized
force vector, which can be broken down into

43



Te(B) T () Té,r_i(rﬁ)
f_G:f& _(‘JFS) timp (_er) Bimp fG:o (‘JFDF) ¢ ;) (1.96)

) 4t (E
gzimp

wheret (") and (") arethe impulsive impact forcand torquén components with respect

to the eneeffector framewhile f_ is the remainder part of the generalized fortels

worth noting that not only a force, but also an impulsive tosiold beconsidered. In

fact, the anelastic impact is seen as an instantaneous establishing of a locking
interconnection between two bodies, where both relative and angular motion is impaired.
Moreover, the use of the positi@ssociated term of th@acobian in deriving the
generalized forces deserves a further discus$iofact, as discussed in the previous
section, the positiopartof theJacobian corresponds to tiveearpartial velocities matrix
associated with the eraffectorlocation (instead fathe body center of mass) the end
effectorbody, which is the point Wherf_zi(nfl is applied Althoughlinearpartial velocities

not referred to the body center of mass are used, the(tE‘r)%j(E) is coherent with the

imp

previously discussed formulatiopmvhere generalized forces are obtained through Eqg.
(2.49). In fact,being(cf. Eqs.(1.39)-(1.40))

TV, =R -RTcc { R Toq j}G {El } s

B O i j1

I\ .
ll g revol prism (197)
1 _ 3 7]
T WE _goﬁ 3 E|31 { EBj %revol {lq prism g
and, according to the definition provided in the previeegion
Jm—‘?R -RT R G 5} S 1.98
P %E« 1 E« l_ClE B« j_ Qi E i revol i« j1 i prism ( ’ )
it derivesthat
() £ = v e+ Wl (1.99)

where t&) =5 £ (7 is an additional impulsive torque terthat must be applied when
moving the point of application or;fi(nfz) from the enekeffector location to the center of

mass of the body containing the egifectorto maintain the equivalence of the dynamic
systems

If the capture isnodeledas an anelastimontactthat occurs in a time intervalt much
shorter than the time scale of the examined dynariigg1.95) can be integrated over
the contact duration to obtain
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(E
= t+d t‘{;d t t+d Tttef+| S
Nin udt . d t = ffd (J“)+t §t<E>”E‘ (1.100)
imp

Termsc, andf, can be considered constant in the time intedtal- O and brought

out of the integration, so the integrals associated with them vanish and finally one obtains
Wrau £am)" 1, (1.102)
where
du u(t +)du(® (1.102
is the variation of the generalized speeds caused by the capture, and

ef() o
'““'° i (1.103

@tlmp H

—Dzﬂ

is the impulse associated with the impact fottsing Eq.(1.94) it is possible to correlate
the variation of the generalized speeds caused by the capture with the variation of the end
effector linear and angular velocity:

édv
&6 g

and, substituting Eq1.101), one obtains

gJ" d (1.104)

£, =Hf (® (1.105)

where
H2 g () (1106

is the Jacobian inertia of tlspacemanipulator associated with its eatfector[59]. The
Jacobian inertia can be seen as an equivalent inertia matrix that allows connecting the
endeffector kinematicsvith forces and torques acting on the end effector. It can be split
into two contributionssuch that

H=[H, H,] (1.107)
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with
He =" (30)' (1108
H, =" ()’ (1.109

whereH, andH, are the position and attitude part of the Jacobian inertia, respectively,

I.e. thematrices accounting for the effect of esifiector forces and torquesparately on
the overallrobotic arm

The present formulation allows to investigate the effect of the capture on the overall
kinematics of the involved bodiesn the frame of multibody formulationin the
following, a chaserspacecrafts denoted as the spacecraft 1, while the tesgteiliteis
named spacecraft 2. The contact occurs between theffentior point of the chaser and
one handle point of the target. The handle can be treléitedthe endeffector, so a
Jacobian inertia can be written to link the impulse on it to the overalinkities of the
articulatedtarget body Immediately beforéhe capture, the chaser eeffector and the

target handle have velonas( El,vv(EEl) and( Hz,W(ﬁfz) respectively, where subscript

H refers to the handle point while superscript (H) indicates that the vector is expressed in
the reference framassociateavith the bog containing the handle. Considering only the
linear velocityi albeitthe procedure is the same for the angular veldciljmmediately

after the capture both the end effector and the hamdist have the same velocity.
Expressing all vectors in the emffector reference frame without any loss of generality,
one obtains that

(1.110

where R is the rotation matrix from the handle to the end effector frame, which
E« H

known because it is considered the same of the time instant preceding the &pture.
(1.110 can be rearranged as

it 90RO ol g v
g H 2 _pd
gj\g HEOEM E<<H HE&V 93% E« V@ —EH\

andsubstituting Eq.(1.105 1 assuming the positive sign for the impulse acting on the
endeffectori one obtains that

(1.111)
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Hlfd(E) +RH, (SH) :Ré_Hys N Vea (1.112
B B H,2 H -
where
_ eR 0
R=&“" . (1.113

)
£, ={H, RHRT} i Ré 5 u@ ! (1114
| BMuzx | '

Once the impulsé_d(E) = ﬁf_(SH) acting on bothranslational and rotational dynamics is

computed, Eq(1.101) is used twice to evaluate the variation of the generalized speeds of
both the caser and the targkfter the capture, the two spacecraft form a single combined
spacecraft composed of bathacecraftThe eneeffector of the chaser and the handle of

the target become connected via a locking joimtthe case of a different locking
mechanism that impairs only relative translation but allows relative rotdtierentire
previous procedure can still be applied, with the rotational equations associatétewith
degrees of freedom of the grasping mechanism being eliminated. In this case, only the
linear velocity of the two interface bodies is equated after the capture, while pdrt or

the angular velocity may differ, depending on the number of degrees of freedom of the
rotaryjoint.

Although this approach is drawn from existing literature, integrating it within the
framework of Kanebs equations and includincg
in this thesis is expected to enhance the overall quality of the work, enabling the
representation of a broad range of dynamic phenomena within a unified and coherent
framework.

1.6. Concluding remarks

Chapter 1 presented a comprehensive and systematic formulation of the dynamics of
rigid multibody space systems based on Kane
choice of this formulation are outlined, also through a review of existing multibody
modeling approaches, including Newt&uler and (embedded and augmented)
Lagrangian formulations. After evaluating their respective advantages and limitations, the
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choice of Kaneds method was justified due t
computational efficiency, particularly for space applicatidite formulation adopted a

recursive and modular structure that is particularly suited for multibodylikeee
configurations, commonly encountered in spacecraft architectliheskinematics of

multibody systemss then addressedletailing the classification of constraints, the

definition of degrees of freedom and generalized velocities, and the intado€joint

partials as essential operators for describing the motion between interconnected bodies.
The Kanebés Jacobian, composed of I|inear and
key tool for efficiently projecting Newtdkuler equations along the directions of the
systembébs degrees of freedom. The recursive
also introduced, enabling@enerahnd computationally efficient implementatidn the

dynamics section, the formulation of generalized activarartia forces was presented,
highlighting how constraint reactions are i
to their orthogonality to partial velocities. This property simplifies the derivation of

dynamic equations whilenhancing the computational performanimreover,useful
strategiesvereprovided to compute the system linear and angular momenta, as well as

the motion of the center of mass of the spacecraft, which are often of fundamental
importance in the dynamic analysis of complex multibody spacecraftakebased

procedure for introducingnyconstraints even thenonholonomic one was discussed

and compared to the more classic use of Lagrange multigligissformulationwasthen

applied tomodel closeethain configurationgnd fuel sloshingfurther broadening the

applicability d the methodology. Additionally, the chapter addressed the integration of
kinematic laws, enabling partial prescription of the system motion where redlired.
chapterendedwi t h t he extension of Kanebs method
including a strategy to model capture maneuvers throughntieeaction of linear and

angular momenta. The techniques introduced in Chapter 1 establtsinsestent

foundation for dynamic modeling of rigid multibody spacecraft, offenmgdularity

computational efficiacy, and compatibility with a wide range of space mission scenarios.

It is important to clearly distinguish between the established theory and the original
contributions introduced in this chapter.
their recursive implementation for tréapology systems, and the fundamental
badground on multibody dynamics are provided as a review of the classical theory. In
this work, however, the equations have been reformulated in an explicit matrix form,
which facilitates the software implementation of a multibody dynamics code. In addition,
the extension to closethain kinematic configurations and the systematic incorporation
of sloshing dynamick via the containegbarticle approach and through the second Kane
like projection formulationi represent original contributions of this research.
Furthermore, the integration of multiple features within a coherent -Kased
framework, including the ability to compute spacecraft constraint reactions,-oénter
mass motion, linear and angular momeatad the outcome of a manipulator capture, is
corsidered a significant advancement. These developments extend the applicability of
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Kaneds method both within and beyond the
foundation for the elastibody extensions presented in Chapter 2.
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Chapter 2

Kaneodos dynamic equat
multibody flexible spacecraft

In this chapter, the previously introduced Kane formulation is extended to spacecraft
composed of both rigid and flexible bodies. The derivation is still carried out in an explicit
matrix form for both the kinematic and dynamic equations. Flexible bodyrdafions

are modeled within the framework of linear elasticity theory, with particular attention to
applications involving flexible appendages consisting of one or more bodies. Within this
linear approximation, the stress stiffening effect is incorportatethance the reliability

of the model. Furthermore, the interaction between gravitational forces and spacecraft
elasticity is treated through a detailed formulation that avoids the common simplification
of applying gravity at a single point of each badythe multibody structure, thereby
improving the physical fidelity of the analysis.

2.1. Linear representations of elasticity

The elasticity of flexible bodies is introduced in the dynamic model by adding a certain
number of degrees of freedom associated with the bodies defornTdiasa.degrees of
freedom directly derive from the definition of the elastic problem, i.e. the equations of
motion associated with the elastic deformation of a flexible body. These eguaon
obtainedfrom theweak form of theprinciple of virtual workin the virtual displacement
version i.e.

dw, =Vd W, (2.2)
where

M | e (2.2)
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is the virtual work of internal elastic forcegpressed as a volume integiaing S and

€ the second Piol&irchoff stress vector and the Grekagrange strain vector
respectivel\{61]. Moreover,

W =f trrdd (2.3)

and dW; are the virtual work of inertial and external forces respectilmingr andr
themass per unit volumend thepositionvector respectivelyn this section, it is assumed
that the elastic body is unaffected by rigpiddy motion in order to derive the dynamic
equations associated solely with the elastic degrees of freedom. Wheloodlyidnotion

is included, these equations are augmented tm fargeneralized system that also
incorporates the rigibody dynamics and the rigitexible coupling terms, which will be
discussed in the following sectionghen, terms dW;and dW, in Eq. (2.1) can be

expressed as a function thie only unknownw (r, t), whichis the elastic displacement

of the flexible bodyrepresented as a vector field dependindgime t. In doing this, it is
assumedhat the body shows a linear elastic behavior, and that only small deformations
areadmitted These hypothess are widely employedin several structural applications,

and are consideredalso in this work, wherelastic nonlinearities are notaken into
account Specifically whenaccepting only small deformations, the second Ffalehoff

stress vectocan be substitutedith the Cauchy stress vectsr[61]. This assumption

also permits the use of the linearized expression of the aggnange strain vector as a
function of the elastic displacements:

e Dw (2.4

where D is a differential operator containing partial derivatives with respect to the
cartesian coordinateBurthermore, under this assumption

f=w and d =w (2.5)

because the only timearying part of the position vector is the displacemartsaced by

the elastic deformatiorMoreover,if the further assumption of linear elastic material is
made, it is possible to link the stress and strain vectors through the following constitutive
equation:

s _eCbw (2.6)

where C is the symmetric matrix of elastic coefficients
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Once Egs. (2.4)-(2.6) are substituted irEq. (2.1) such thatw(r,t) is the only

unknown,a further manipulation is carried out by applying the separation of variables
techniqueln fact, the displacement field cam be expressed in terms of an infinite series
of the following form:

w(rt)=a ¥ (r)d..(1) (2.7)

where Y, (r) is the kth shape functionwhich formsan orthogonal basis that must be

consistent with the boundary conditioaad q, , (t) arethe secalled elastic coordinates.

Obviously, therepresentatioof Eq. (2.7) must beapproximated by truncating the series
to n: terms obtaining the following matrix form:

w(rt)= Yr)a.(1) (2.8)

whereY (r) | R®™ is theshapematrix containing the3? 1 basis vectorassociated with
point P, whose position is identified by, projected in the body framB , andq, i R™

is the column vector collecting all the considered elastic coordir@esequently, the
error in the elastic displacememr@presentatiomeduces as the number of termsEqg.
(2.7) increasesSubstituting the truncated form of E.7) into Eq. (2.1) under the
assumption of linear elasticittheequation of the lineatructuralelastic problentan be
written as

Mg, +Kg, (2.9
where
M=fr Y ay (2.10)
and
K=f YD'CD WV (2.12)

are the structural mass and stiffness matrices, Whils the generalized active (external)
forces vectorThe structural mass and stiffness matrices are obtained through a volume
integration of the combination of shape functions and either the density distribution for
the mass, or the elastic properties of the structure for the stiffness m&nxorth noting

that the structural mass matrix is denoted with the same symbol that was used for the
generalized mass matrix of Hd.64). In fact, the structural mass matrix corresponds to
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the generalized mass matrix associated with a single body where tladl@nddegrees
of freedomare the elastic ones.

The choice otthe basis in Eq(2.7) determines the form of the mass and stiffness
matrices. In the framework of Finite Element Method (FEMj),instancethe elastic
body is discretized to a finite number ofelements andhodes[62]. The elastic
coordinatesg, represent the translational and rotational degrees of freedom at the body

nodes. Each nodal degree of freedqm is associated with a shape functigrg (r),

which satisfies the Kronecker delta propertequalslat t he associ ated
vector I', andO at the positions of all other nod&sodeling elasticity through FEM nodal

degrees of freedom can be directly employed in the derivation of the dynamic equations
for a multibody structure. This approach enables the exact enforcement of boundary
conditions, as it allows individual nodal degsed freedom to be constrained according

to the imposed physical restrictions. However, the main drawback of this method lies in
the high dimensionality of the resulting elastic problem. Indeed, using FEM shape
functions means that the total number ofttadegrees of freedom is equal to the number

of nodes multiplied by the number of DOFs per node. Since accurately capturing the
flexural behavior requires a sufficiently fine mesh, the number of elastic DOFs can
quickly become very large, leading to cortgiional challenges both in algebraic
operations and in numerical time integration.

An alternative characterization of the body elasticity comes fronsdghgion of the
eigenproblem associated with the linear elastic equations (&®9)) [63]. In fact,
considering the homogeneous version of @), i.e.

Mg, +Kg, 9 (2.12
if the associated solution is of the form
%22005( M (213)

one obtains that

(K- ¥m)z e (2.14)

with zI R™ eigenvector in the space of the elastic coordinates, while the associated
eigenvalue The former corresponds to the natural mode of the structure, while the latter
is the squared natural elastic frequenésom the solution of2.14), n. eigenvalues and

eigenvectors are obtained. The eigestois can be collected in the matrixi R™ ",
obtained from the horizontal concatenation f _, ¢ n. column eigenvectorsThe
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choice ofn. ,, which represents the reduced number of elastic degrees of freleatom

are used to represent the body flexibility, depends on the-tfddeetween the
computational effort and the required model fidelitye lower n. s, the shorter the

computational time, but the less accurate the model becomes

The new basis Z can be usedfmerate a change of coordinates. In,faohsidering
the following transformation

9. = 20, (2.15

and premultiplying Eq.(2.12) by Z" in order to project it along the orthogonal basis, one
obtains that

Z'™MZ§, +Z'KZq, B (2.16)
For the propertiesf Z,
8Z'"MZ =M
po e (217)
1Z2'KZ =K,
where
&M, | =m, d
F tha =, (2.18)
TKf|k| =m, ¥ ,d

where m, is the kth modal massWw, is the kth elastic frequency, and,, is the
Kronecker deltalf the eigenvectors are normalized with respect to the modal mass, then
M, becomes the identity matrix attte diagonal oK, only contains the squared elastic

frequenciesFinally, the modal shapes for the caddhis parametrization of the elastic
displacemenare derivedSubstituting Eq(2.15) in Eq.(2.8) one obtains that

w= ¥9, =240, =l (2.19

where, if Y is the FEM shape matrix, them | R* ™= is the approximated modal shape
matrix associated with the structural eigenmodes. It is approximated because it is obtained
as an interpolation of theal modal shapesvaluated only in the nodes of the structure

as it appears from inspectionfure2.1 Wheref_k (r) is the kth approximated modal

shapd i.e., the physical vector associated with tkhé kolumn ofF .
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Figure2.1: Approximated kth natural mode shape of the elastic body expressed in
terms of FEM elastic coordinates

Moreover, the new elastic coordinatgsare also called modal amplitudédgs important

to note that the FEM and eigenmeatesed discretization offer the same level of accuracy
only whenn. ,=n.. In fact, if n. ,<n., this implies that some eigenmodes have

been omitted from the representation of the elastic displacements, whereas the FEM
formulation inherently accounts for the effects of all modes, including those associated
with higher frequenciesReducing the number of retained eigenmodes is a common

strategy to decrease the computational cost of dynamic simulations. This reduction not
only lowers the number of algebraic operations but also speeds up numerical integration,
particularly when higHrequency modes are omitted. Typically, the discarded modes are

those that have a negligible influence on the overall dynamic behavior of the elastic body.

2.2. Kinematics of multibody systems with elastic components

In the presence of elastic bodies, it is no longer convenient to express kinematic
guantities with respect to the center of mass. This is because, as will be shown later, the
dynamic equations for elastic bodies must be derived by integrating the gekraliz
inertia and active forces over the body volume. In performing these volume integrals, it
is useful to decompose the partial velocities of each body into two components: one
independent of the body elastic deformation, and another that depends solkt/ on
deformatior{64]. Importantly, only the deformatietlependent component contributes to
the volume integrals. To perform this decomposition, a common approach in multibody
structure modeling is to express the kinematic quantsigsh as partial velocities and
remainderaccelerationswith respect to the body root joint, i.e., the joint connecting the
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body to its parent. This choice naturally separates the motion that is independent of the
body deformationi the motionof its root joint i from the component that arises
exclusively due to the bodyodés el astic defor

2.2.1.Recursive kinematics in he floating frame formulation

In this section, the kinematics of a multibody flexible spacecraft is developed within
the framework of the floating frame formulatif8b]. In this context, both the kinematic
guantities and the resulting dynamic equations are expressed with respect to reference
frames attached to the elastic bodies. Consistent with standard practice, the body
reference frames are placed at the root jpimtschconnecs thebody to its parent. This
choice ensures that the motion of the reference frame oftthbddy isnotinfluenced
by its elastic deformation. Howevehe refence frammotion may still depend onoth
the rigid and elastic motion of preding bodies in the same kinematic chain. As a result,
the elastic coordinates of theh body represent displacements relatwdy to its own
undeformed configuration. This modeling approach is widely adopted in the literature on
linear elasticity, as it yields dynamic equations in which the contributions of rigid and
elastic motion are clearly separated.

The generalized velocities for the case of a multibody structure composed of flexible
bodies correspond to the ones identified for the rigid case, incremented by the elastic
degreeof freedom associated with the bodies deformation. Considering the root body
velocities, in this more general version of the formulation any point of the root body can
be selected as a reference to compute its linear velocity. Then, referring to thispoint a

Q,, the first six components of the generalized velocities vector are
AT T 7
u o= W' (220
and thesameconsiderationgbout the integration of the linear acceleration with respect
to the inertial framéreported in Sectiof.2.7) hold. Denoting ash; the total number of

rigid degrees of freedom of the multibody satellite such that the total number of DOFs is
n=ng 4, the(n,- 6) components of the generalized velocities vector are

u, . =§(;ﬂT ) )i=z,...,N TE (2.21)

that corresponds to E(L.38). The remainingn. DOFs are then the time derivatives of
the elastic coordinates, i.e.
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g, =6 (2.22)

whereq, is now used to denotkegeneric elastic coordinates, which could berthe d e s 6

degrees of freedom the case of FEM formulationr the modal amplitudes of the natural
modes of the structure.

Concerningpartial velocities, they are obtained from the recursive expression of
velocities of the-th body with respect its parent, denoted -dsfor simplicity. With
respect to the rigid case, now the linear velocities are referred to the root joint, denoted

as Q. (cf. Figures1.4-1.5), anddeformation must be included in the evaluation of the
body velocitiesIn general, the following relation holds:

Q

ENwo B w = F Dw_ %+ Dw
| =!I ex ro
1 “NR o+ B
% Q ﬁq —Q ) Q (2:23)
A NS = Ny 3
1TV EBYe VT Rawiole VHD VIR
i ="y® a0
that is the version of Eq1.35) for the elastic casén Eq.(2.23),
fo.e “La.g ? AQ)a, (2.24)
=1

where theasterisk in the superscript & indicates that thgenericpointin the structure
is considered in the undeformed configuration of the baa\Eq. (2.24) symbol Y,

denotes generically thk-th modal shape, regardless of the specific choice of the
modeling of elastity i e.g., FEM or eigenmodedormulations When elasticity is
considered, the angular velocity is no more a property of the whole body but depends on
the point which it refers tdn fact, each point of the body is characterized by a specific
value of the elastic rotatiofror this reason, a subscript has been added to the symbols
denoting angular velocitige specify which point it is referred.tm this framework, the
following definitions are introduced:

N AN VR Bw (2.25)

is the angular velocity of). if elastic rotation is neglected, while
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“wg 2N+ B (2.26)

is the total angular velocity d®, if it is consideredo belongto the (i1)-th body, so the

relative rotation of the ith body with respect the-{i)-th one about theotary joint is
excluded Then, the angular velocityan be evaluated as

w2 W g () (227)

where

w2 %+ DBw (2.28)

revol

andwherei(k is the kth rotational shape function evaluatedn The rotational modal

shapes can be derived considering that, under the assumption of small elastic
deformationsthe following relation between the elastic displacemerft,t) and the

elastic rotationg(r, t) holds

g(r.t) % BrA(r, t) (2.29)

whereb 3( ) is the rotor operator. Then, the rotational modal shapes are obtained from

the fAtransl ational 6 ones, presented in the
%Ds (2.30)

As in the previous chapter, two possible connections between the bodies are
consideredi.e. prismatic andotary joints. Through a time derivation d&q. (2.23) for
these two case®ne obtains

€ e _ .r Y, - o

iD_'\ﬁl :_'B ng _'-9 rE\)/oI\N Ei élé%la —k (QI ) %’k P Uj_ G q

! “ n u (2.31)
T~.Q N Q _& . <\ .

}Q’ SN 3o WD Ei.l_g['q.lq —qm, & _, (@) ey

for therotaryjoint, and
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for the prismatic interconnectioBymbol w, , ~denotes the3® 1 vector counterpart of
N\ngj_l. It is worth noting that, in the framework of the linearity assumption for the bodies
elasticity, g, and its time derivatives are considered as infinitesimal. Thekingthe

term T, oW, g, €Xplicit one obtains

o

] A . - UL P 8
[Qi—lQl WQi/Bﬁ-l _éq Ne) a _kge,k 0_@W a'+k (QPa qe k O
(; k=1 - (; k & - (233)
= fQi—lQT —\gi»l ’E-Q 1Q*a —k )QT ) qe,k élik qevy—Ql 1
k=1 k 4

where the term containing, ,d. , has been discarded as a second order infinitesimal.

From the recursive expressions for linear and elastic velocities, one can derive the
partial velocity matrices in a general form. As discussed earlier, the linear and angular
partial velocities are now referred to the joint locations and are denotedtnespduy

V, and W, . Analogous to the rigid case, the genesicn block of the partial velocities
matrices is expressed as:

e ~ . .
VQi - gBl -iljal[QlQi <{ iBj _rQJQ J} S/OI {i «El J} pris?1> { VQi 'k} k=1,...,ng (234)

Vor=a R &Y (Qns) Foo_nx(Qns) (239)

o m (R ) (M, e

i-1

Wa, « =a R x (Qtn+l) (2.37)

:li« m —m,k

wherey . represents the modal shape associated with ttiebody and with the-kh

elastic DOF. If the #h elastic DOF does not influence thetmbody,y =0. The
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same logic to the rotational modal sha@n§§. In Egs.(2.35) and(2.37) the index nmspans
only the bodies that belong to the same kinematic chain db [soidy.

The next step is to determine the remainder accelerations. By following a similar
procedure to the rigidody case, the remainder accelerationgdtary joints are given

by:

Ne

~aR) — ~ A :

18 = R e—A L e, Bo—o%,. Moo WZ—@“/BL‘;&_ _i-1,k( @) G

% \e * (2.38)
1,0 R €® ~ & Vg 2 -

,Ing' _I«I 1g_§1 —-5 lg\i a_' —i-1,k ((Q' ) CL'k H i—i+ ;% q—i+ W G q

For prismatic joints, the remainder accelerations take the following form:

Ng

€ (R) ~ ~ ~ A o .
%QQi |«.1Q—éq — e, bo_%,. f.q_0 Wzlcilalﬂﬂ_i_l,k(Q) dx
: + W, (1S 2h§)3 S (2.39
|
iﬁ(Q ‘.f?&—é t;/gva dQ)a g y

where
wé. Bl_W a( Gh |C<]<R + ;m)G.igi Iégléﬁ?a* (Q) )UEQ( (2.40)

pd

In Eg.(2.40), the terms depending on the angular joint paffiand its time derivative

are nonzero only if the #th body is interconnected to its pargi@arotaryjoint. As with

the partial velocities case, indices m and p proceed along the same kinematic chain of the
i-th body, starting from the root of the body. Additionally, the time derivative of a rotation
matrix is given by:

=-WrR (2.41)

B« A

wherew!®) is the angular velocity of frame B with respect to frame A, in components with
respect to frame B.
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2.2.2.Assemblingof elastic bodies

In certain situations, it may be advantageous to group a series of elastic bodies along
the same kinematic chain and model them as a single equivalent elastic body for the
purpose of describing flexible motion. Meanwhile, the relative 4igidy motion
betwween individual elements is preserved within the overall kinematic framework. This
approach is particularly useful in systems composed of repeated structural elements, such
as telescopic booms. In such configurations, the individual segments may slide rela
to one another via prismatic joints. However, for efficiency and clarity, it is often more
practical to represent the elastic behavior of the entire structure as a whole, rather than
reconstructing it from thdeformationof each component element.

This assembling logicequires certain modifications to the formulation introduced in
the previous section. The key idea is to adopt a generalized floating frame approach.
When a group of bodies is treated as a single elastic body, the elastic displacement of a
specific body wthin the group is no longer computed relative to its own undeformed
configuration, but rather with respect to the undeformed configuration of the entire group.
In the traditional, bodyased formulation, the elastic displacement of thie body
reflects aly its own deformation. In contrast, the grelgsed formulation accounts for
cumulative deformations, including those of preceding bodies along the same kinematic
chain.

Shape functions are then defined for the entire system, either via the Finite Element
Method (FEM) or theapproximatednodes approacfcf. Section2.1). However, it is
important to highlight a key distinction in the procedure:

(i) Approximated atural modes are defined with respect to a fixed, undeformed
reference configuration. If th@undeformed)structure undergoes significant
changes in its configuration over tirdee to the rigid joint motion regarding
its componentsthe initially computed modes valid only for the initial
configurationi may become inaccurate. This regairecomputing the modes
and their associated natural frequencies at each time step, accounting for the
updated geometry and méasgfness distribution. Alernatively, one can
perform an offline campaign of modal analyses acroggharepresentative
set of possible configurations. This precomputed database of natural modes can
then be used during multiple dynamic simulations, avoiding the need to
recompute the modes at every time step.

(ii) In contrast, the FEM framework does not inherently require the computation
of the structure natural modes. However, due to the typically large number of
degrees of freedom, model reduction techniques are often necessary to make
simulations computationallfeasible(cf. Section2.3.3. If a modal reduction
is employed, the natural modes must be computedtentially at each time
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stepi to project the dynamics onto a reduced modal subspace, where the elastic
unknowns are represented by the selected modal amplitudes. Nevertheless, the
FEM approach offers a broader range of modeling capabilities, including the
use of alternative redtion strategies and the ability to incorporate geometric

or material nonlinearities.

It is worth noting thatwithin the framework of linear elasticitjhere exist conditions
that, if verified, lead théwo approache® be equivalent:

(a) The finite element discretization, i.e. the number and configuratidimitd
elementmployed to compute the natural mode indgrresponds with the
one used in (ii).

(b) A modal reduction technique is employed in (ii).

(c) The samaatural modes of the structure are seleatdabth approaches

Under these assumptionBetmaindiscrepancy between the two approaalh@gquelylies

in the order otthe operations. In the modal approach, the natural modes are computed
first, and the dynamic equations are then derived in modal coordinates. In contrast, in the
FEM-based approach, the full dynamic equations are first formulated in nodal
coordinates, and, i modal reduction is applied, the natural modes are computed
afterward to reduce the system.

The key difference between the grelb@sed approach and the traditional body
focused formulation lies in the employed reference frame¢he groupbased method,
el astic deformations are measured relat
whereas in the bodgased method they are measured locally for each individual ody
both themethodologiesshapdunctionsandelastic coordinatesre referred to the overall
group frame rather than being associated with a single. f®plgcifically, the shape
functions are resolved with respect to the group frame and are defined over all points of
the group, referring to its undeformed configurationce the shape functions and elastic
coordinates have been defined according to this gbagpd approach, the relevant
kinematic quantities can be computed using the procedure outlined in the previous
section, with the following modifications:

1. In the groupbased approach, terms related to the flexibility of bodies that belong
to the same group as théhibody and preceding it along the kinematic chain must
be removed from the expressions of partial velocities and remainder accelerations.
Specifically terms such a¥, , and W, , in Egs.(2.34)-(2.36) must be replaced

by zero vectors. This adjustment is necessary because, unlike in thioboskgd
formulation, nodal displacements and rotations are now computed with respect to
the undeformed configuration of the gr@sipoot bodyi the most upstream body
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in the groupi rather than with respect to the immediately preceding body in the
kinematic sequence. As a result, the elastic coordinates behave as absolute
quantities within the group, and the corresponding partial velocities and remainder

accelerations account only fibre rigidbody motion of each body, not for internal
elastic contributions from earlier bodies in the same group.

2. For the same reason, the body reference frames in the-gasep approach are

defined without accounting for relative elastic rotations. Only the relative rotations

arising fromrotary joints are considered when defining the orientation of each
body frame, which is therefore associated purely with the-igatly configuration.
This convention does not exclude the effects of flexibility from the dynamic
equations; rather, it reflects thspecific choice of elastic coordinates, which
express deformations witrespect to the groupndeformed configuration. As a
result, the flexibilityrelated contributions are not embedded within the partial

velocities and remainder accelerations but are treated separately through the elastic

coordinates.

Aside from these adjustments, the subsequent steps in deriving the dynamic equations are

largely the same for both the boetbcused and groufocused approaches. The main
differences lie in the expressions for the partial velocities and remainder acoes@s

discussed above. Accordingly, the remainder of this chapter continues with the derivation

based on the traditional bodigcused floating frame formulation. Nevertheless, the final
expressions for the dynamic equations remain valid for the gyeagal approach and can
be applied directly. A practical application of this greagsed formulation is presented

in Section4.4, where the dynamics of a Telescopic Tubular Mast (TTM) structure are

analyzed and discussed.

2.3. Dynamics

In this section, the dynamic equations governing a multibody flexible spacecraft are
derived and analyzed within the framework of linear elasticity. A complete expression

for the gravitational force acting on the flexible structure is presented, incltiigng

associated modal integrals that arise from the distributed deformation. Subsequently, a
modal reduction technique is introduced to efficiently handle elasticity modeled through

the FEM formulation within the multibody framework. Finally, the phenomeristress

stiffening is examined, with key results illustrated for the case of a rotating cantilever

beam.
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2.3.1.Dynamical equationsof a multibody flexible spacecraft

The general form of Kaneods dynéd#dah,canequatic
be extended to multibody spacecraft that include flexible bodies. The key difference lies
in the expressions for the generalized inertia and active forces, which are now obtained
through volume integrals over all bodies in the system. This leadstalidied version
of Eq. (1.46), now expressed with respect to the joints rather than the centers of mass of
the bodies, and includes additional terms that capture the elastic behavior of the structure.

Being P, the generic point belonging to thé¢hi body of the multibody spacecratft, the

expression of thgeneralized inertia force associated with thh body and the-th
degrees of freedom of the system is

f= ARy o F WO Bra(wtw)l @

which also accounts fonerotatory inertisassociated with elastic motidWhile this term
improves the completeness of the dynamic modsljmpact on simulation accuracy is
typically marginal[66]. In most practical applications, especially where computational
efficiency is a priority, such teris omitted as a compromise between model fidelity and
analytical tractability. For this reason, the contribution of rotary inertia to elastic motion
is generally neglected throughout the remainder of this work, and the dynamic equations
are derived from théollowing expressiorof the generalized inertia forces

VN dm (243)

In thisframework, it is worth remarking that only the effect of distributed rotatory inertia
on the elasc motion is neglected, while the impact of the concentrated inertia is
maintained. In factpoth the partial velocities and remainder accelerations include
contributions from the rotational modal shapefsSection2.2). This plays a crucial role

in improving the model accuracy: while the rotational inertia of an individual
infinitesimal element is often negligible, this is not the case at the interface where a child
body is attached to a parent flexible bd@y]. In such instances, the elastic rotation at
the connection point plays a critical role in determining the kinematics of not only the
child body, but also all subsequent bodies in the downstream portion of the kinematic
chain. Therefore, although rotaryentia is often excluded for computational simplicity,

its influence must be preservedtinejoint locationsto correctly capture the propagation

of elastic deformation and orientation along the multibody system.

As discussed in the previous section, the relevant kinematic quantities have been
derived with respect to the root joint locations, allowing a clear distinction between the
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terms that are included in the volume integrals over-thébbdy and those that are not.
In fact, it is possible to break down the quantiippearingn Eq.(2.43) as

Ng
P

o e e (F)an g and(R) @
1

- —i,5- ng
k=: -

"al =Na? M % %Qiﬁ’* éltm(}?) LN g:éjk( P)gk

(2.45)

+N W gNﬂQW Zaé%lﬁf g ok (F}/) & 8 Z:é-jk ( Fi)*)’/-qvk
& +

k=1

wheres is a second index referring to the degree of freedom, with the flexible degrees of
freedom corresponding to those for whigh n,, while d is the Kronecker deltdt is

worth noting that, in Eq$2.44)-(2.45), the angular velocities and acceleration associated
with point Q, instead of pointP. appear. In fact, the elastic angular deformation is

associated with the rotation of the nodal rigid body located in gdinHowever, this

contribution does not affect the linear velocity and acceleration of the node loc&ed in

when it is seen a point masaubstituting Eqs(2.44) into Eq.(2.43) evaluated only for
the ith bodyone obtains that

) g@i <~i¥(Pi*) N§5> dm

e 3. : o
R, = ¥ fPldfdm 2 vg{;aé%i.:; a_ AP)w. o“ﬁ> iy
! (; k=1 T

(2.46)

where index =s -n; is introduced for a more compact form becagisleis defined only

when s> ny, andwhere the following properties of the mixed vector product has been
employed:

(225 & (b0} (247)

Then substituting Eq(2.45) in Eq. (2.46) and considering thatrom the definitions of
partial velocities and remainder accelerations

NgQi :=i(v

QU +§(QR))

‘a® B ( yu £ =
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the part of thegeneralized inertia forc@ssociated with theth DOF and the-th body)
that linearly deperglon the time derivative of the generalized spdetomes
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The summation terms, as well as those involving the Kronecker delta, can be compactly
expressed in matrix form. In particular,

AR Y. (F)dmg, =Y @ (2.50)
k=1

d. =T (2.51)

s

whereY , is the modal shape matrix associated with ttieliody, and

D :g)npanR (. (2.52

In this context, it is important to note that thehkelastic degree of freedom does not
contribute to the motion of theth body if it is not associated with that body. Based on
Eqg. (2.49), the generalized mass matrix of a multibody flexible spacecraft can then be

expressed as:
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Here, the matriced,; and W, are the sulblocks of the linear and angular partial

velocities matrices, referring only to the flexible components of the structure. The
matrices B and C contain the modal participation factors (MPF83] related to
translational and rotational motion, respectively, while G aggregates the rotational MPFs
along with crossoupling terms that account for the interaction between rotational and
elastic dynamics. The tern$, and J, represent the static and ineftgluced moments

contributions for each flexible body, computed with respect to their corresponding joint
locations Q,. These include the effects of elastic deformation on the donhass
distribution and its dynamic response. Finally, the symbol Y is introduced to denote the
structural mass matrix, distinguishing it from the overall generalized mass nidtex.
structure of these matrices is reported in the following:

éQl 0
& .
s=g v (2.54)
€ .
g0 S,
é'pl,l 91,2 _bl,&
e
2b b - b
B= 2—2'1 e T (2.55)
N, 1 DNF,Z pNF,nF
é, Ci1 G2 1
e
- C c c
C= g-“ T TR (2.56)
&n.1 Cn,.2 Cne e

* Physical interpretation of Modal Participation Factors Modal participation factors quantify how much
each elastic mode contributes to the overall mdtitnanslational or rotationdl of the flexible structure.
Physically, they express the influence o$gecific mode shape on the deformation energy and inertia
distribution of the system. In dynamic terms, a high MPF for a particular mode indicates that this mode
significantly shapes the systemds respdawsMPFsunder
contribute little. These factors are essential in capturing the coupling betweehaityidlynamics and
structural flexibility, as they determine how vibrations and deformations propagate through the spacecraft
structure and interact with thestgm overall movement.
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é911 91,2 _gl,m
G= 2921 922 9?@ (2'57)
é : : : :

%NFJ gNF’2 gNF'nF

Being N, the number of the flexible bodies composing the multibody structure. In the
previous matrices, the following mass and modal integrals appear:

b, = FQ,. Yy, dm (2.58)

So = ﬁ)j Top dm %1_b'k (2.59

Cy= rQ,. TQiF.’*_Xk dm (2.60)

g, =G, %g,kl (2.61)

dy= FJ, Y,_ydm (2.62

Ny = f§ ZyFar dm (2.63)

I = ﬁj Top Top dm éil( N M) (2.64)

For abetter understandingf some of the reported modal integrals, it is important to recall
the following vector identity:

-ab =l bl, ab (2.69)
which resembles the definition of the moment of inertia.

Using the same methodology adopted for deriving the generalized mass matrix, the
nonlinear dynamic terms can also be obtained. These terms arise specifically from the
portion of the generalized inertia forces that do not depend on the time derivatives of t
generalized velocities. In other words, they capture the veldepgndent effectssuch
as Coriolis and centrifugal forcées hat contri bute to the syste
directly related to acceleration. For conciseness, the explicit denvatithese terms is
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omitted here. However, by appropriately grouping and reorganizing the resulting
expressions into matrix form, the nonlinear dynamics vector takes the following form:

cu=Vo'{Mal) 5, @ [s} §-¢
+ Wisd) 4 @ [Ww e g (2.66)
+ b{Eall & _Ch g TLwgaw k)

whereg) anda(f) are the remainder accelerations associated only with flexible bodies,
and where the terms in square brackets show the following form:

eWQ. SQ W

é .~
[\ES_V} s\LVQz S?z V\éz (267)

e

e. .
&Wo, So, V¥,

(2.69)

[\EU_V} __g—Qz (:32 _\/\62 (269)
e |
@AIQN Qn —Vg

g4 (N,,) aw,
e k=1
el T,

EN"w g:eﬁ( o) Qe (2,70
6,

@ia_l( ) G,
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'L wges o, Fia (2.71)

el 4™, .
éa Wao &agi,lkqe,k
i Cksz

-0 Ot

en a
) T e .
' d éa Wo gedd .
8"_\’ 9 Géi=n Cks
e :
e o
éenN ram. .
ad Wo &agi,n,:kqe,k
@i=1 Ckz

1-O: Ot

(2.72)

1-0O: O

where

Ne

Lix =N -a qe,l@ zml/i’k dm (273
=1 !

Finally, the dynamic equations for a multibody flexible spacecraft can be written as

Iﬁg+Z_lE +q E% fs (274

where i€ and & represent the generalized stiffness and damping matrices, respectively.
These are constructed as block diagonal matrices: the first block corresponds to-the rigid
body degrees of freedom (DOFs) and is a zero matrix (since rigid motions have no
associatedtgfness or damping), while the second block contains the structural stiffness
and damping matrices related to the flexible D{Ez3.

It is important to note that the number of generalized coordinates and generalized
speeds associated with the rignddy DOFs may differ. For instance, when using
quaternions to represent spacecraft attitude, the generalized coordinate vector contains
four components (the quaternion elements), whereas the corresponding generalized
velocity vector contains only three components (those of the angular velocity). This
mismatch implies that the dimensions of the generalized stiffness and damping matrices
may differ accordingly. Additionally, the structural damping matdg is formulated
based on the chosen physical damping model, which must be consistent with the selected
modal representation. For example, if flexibility is modeled using natural modes, then the
structural stiffness matrix contains the squared natural fretpgeralong the main
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diagonal. In that case, the damping matrix includes terms of thedoyny wherez, is

the damping ratio and, is the natural frequency of thetlk mode.

2.3.2.Generalized active force: a focus on gravitational action

In Eq. (2.74), symbol f, denotes the generalized active forces vechorthe
framework of the formulation for elastic bodies, it is defined as

5 df;

—xo_h
1]

<
.ol
=
IS

|
o
_UJE
B
Q: >
|
<+
&)
-O: 0O

(2.75)

where df is the force applied on the infinitesimal elemént of the ith body. If the
external or the contributing force is applied on a specific domtconcentrated force)
thendf, is equal to the prescribed value in the point of application of the force, and zero
in the other pointdn that casedf. can be brought out of the integrals, and the evaluation

of the integrals in Eq2.75) is straightforward. Instead, in the case of a distributed force,
df. must remain inside the integrals, and their solution depends on the specific form of

df

-
In the context of space operations, the gravity force plays a crucial role and deserves a

dedicated discussioBpecifically, the infinitesimal gravitational force must be integrated
over the body of interest, i.R0]

di? = p |~ p dm (2.76)

wheremi s t he Earthoés gravitational constant,
i GE Iop (277

is the position vector joining poif t o t he Eart hoés crean @ r of gr
the magnitude and the direction respectively of the vector from the reference point of the
platform Q, tothe Eatid s ¢ e nt e itis thén papsibée wiretvijte
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o] = (HB HZ)_E (2.79)

and being
e[ =p & (2.79)
one finally obtains
3
H H 321 _2~Q1F? : Q (2.80)
é Ia u

At this stage, the only approximation introduced in this discussion is the assumption that
N > ||£le || which is generally reasonable in the considered scerfdrics, by applying

the Maclaurin expansion series at the first otddétq.(2.80), it becomes

e 3 ...
o[ an)*d <1, & (2.81)
e I
and, substituting in Eq2.76), one obtains

df? = § -

'e i(leF: 9)@ E&m (282
W) i Fa y

where the infinitesimal of higher ordespecifically, terms containinén\)'4 i have been

neglected. Finally, Eq2.82) is usedto obtain the three contributisof the gravitational
force on translation, rotation and elastic motion appeariig)i(R.75) that becomeafter
the projection of physical vectors along tktd body frame

e 2
7 m Rr,o + 3R gg (m_R_lQi+_§l) 2
fdif = —Lim Rg —0 D e e U ey
| (n)q "a s ‘
I Al
é l
N + IR d -
m T»- SQ. R rQ1Q| (I«l ) 8% %' (I« 1~ 1Q') G« 1—§ 1
A Fordf = S, R et + L (2849
N lar (r_A )ZT Q1> Iy My '|
f i
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(519) égbv' (i«l‘ 1Q‘) *h GF\;—QT
+ U
y
where the following Agravitational mo d a l i n
N% = Y, (F) foe " dm (2:86)
X = féi Ton Tqp dM ?:1( N N,ng) Q .« (2.87)
L9 =N A dfj_y(R)_MP) dm (289)
=0 %, (7) e dm & v g 289
il Igi X \F ) Jor ha ik Y .
Yik = A Gex FQ Y, (F?* )T X ( I?*) dm (2.90)
k=1 i

It is worth noting thaty,, is the component located in théhlrow and kth column of

the structural mass matrix associated with the bhody.The terms obtained from Egs.
(2.83), (2.84) and(2.85) are then substituted into E].75) to obtain the contribution of
the gravitational action to the generalized active forces.

The introduction of gravitational mo d a l i
multibody flexible spacecraft is one of the major contributions of this work. In fact, the
use of Egs,(2.83)-(2.85) allows for the accurate inclusion of gravitational force
contributions in the dynamic model. Such a level of accuracy is essential when modeling
elastic space structures. Indeed, relying on a simplified model could lead to a misleading
representation of thsystem elasticity, where elastic oscillations may appet@as a
response to actual gravitational forces, but as artifacts of an incorrect representation of
the gravityelasticity interactiori69].
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2.3.3.Modal reduction of the FEM system dimension

As discussed in the preceding sections, one of the primary limitations of the Finite
Element Method (FEM) lies in the high dimensionality of the resulting systegmaimnic
equations. This arises because each elastic degree of freedom (DOF) corresponds to nodal
displacements and rotations. To accurately capture the geometry and behavior of the
structure, a large number of nodes is typically required. However, this leads to
computational challenges, such as an increased number of algebraic operations and the
inclusion of highfrequency elastic modes, which significantly increase the numerical
stiffness of the system anmmbnsequentlytime integration. A viable solution to this
problem is the adoption of a hybrid approach that incorporates modal reduction based on
the solution of the structural eigenvalue probl@®]. This method reduces the system
dimensionality while preserving the FEM ability to rigorously satisfy boundary
conditions.

Considering the case tife groupbased approadiiscussed in Sectidh2.2 an entire
flexible appendagé& comprising several elastic componentss modeled as a single
deformable body, where the deformation is defined with respect to the rest configuration
of the entire appendage. The use of FE&ived shapdunctions ensures that the
boundary conditions of each subcomponent are satisfied, though it still introduces the
computational burdens noted earli€dnce the dynamic equations governing the
spacecraft and its flexible appendage have been derived in the fdtm @74), the
system size can be reduced by numerically solving the generalized eigenvalue problem.

Specifically, if the generalized mass mat(rtﬁ) and stiffness matri(dE) are known, one

can solve the generalized formed. (2.14) to obtain the eigenvalues and eigenvectors
of the system. The terifigeneralized indicates thar(l\'F_F) and (lE)include not only the

elastic properties but also contributions from the rigadly DOFs of the multibody
system, wheredsq. (2.14) pertains solely to the elastic submatrices.

The solution yields a total number of eigenvalues equal to the number of DOFs in the
system. The first, eigenvalue$ wheren, denotes the number of riglitbdy DOFsi

are exactly zero. Each corresponding eigenvector has all components equal to zero, except
for a unit entry in the position associated with a specific rigid DOF. The remaining

eigenvalues correspond to the squared natural frequencies of the structure. Their
associated eigenvectors contain zero entries for the rigid DOFs aizérmocomponents
corresponding to the natural modes of the elastic body. Since the FEM elastic ¢esrdina
are defined by nodal displacements and rotations, the eigenvectors obtained from this
modal analysis represent the modal shapes as a function of these elastic variables. This
enables an efficient projection of the elastic motion onto a reduced mosial ba
significantly lowering the computational cost while retaining dynamic accuracy.
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To achieve this, the modal transformation matffix a generalized version of the
matrix Z introduced in Eq(2.15) i is constructed by concatenating the generalized
eigenvectors corresponding to the selected elastic modes, along with those associated

with the rigidbody DOFs. Ifn. denotes the number of retained elastic modesranthe

number of rigidbody DOFs, thenTi R™*™ {™= ™ Once the modal transformation
matrix is defined, the coordinate transformation is performed as follows:

=7
T

|

5
i (2.92)
i

I 1Q

)

where g is the original vector of generalized coordinates (typically including nodal

displacements and rotations), amg is the reduced vector of modal coordinates,

comprising both rigiecbody motion and selected elastic modal amplitudes. Similérly,

and U are the reduced and original vectors of the generalized velocities. This

transformation enables the projection of the-uller dynamic model onto a redueed
order modal subspace, thereby vyielding a compact and computationally efficient
formulation suitak# for simulation and control desighhen, the dynamic equations are
projected onto the basis represented by T and become

TNTu+T R ATKTE Fo, T, (2.92

The application of modal reduction results in a redemekr system of dimension
n,+n. <N, #. This dimensionality reduction leads to significantly faster

computations, particularly beneficial in tird®emain simulations. Moreover, by
selectively discarding only the highgequency/higher damped modes, which typically
contribute less to the struchl dynamics of interest, the numerical stiffness of the system

is reduced, allowing for larger integration time steps if Reilgtta like algorithmsare
used[71]. As previously mentioned, this approach is commonly used to accelerate
computations when one or more elastic bodies are modeled in the dynamic equations
using FEM shape functions. In fact, it allows the natural modes, represented by the
eigenvectors and egvalues, to be directly expressed in terms of the nodal displacements
and rotations relative to the undeformed configuration of the body or group of feddies
Figure2.1 andSection2.2.2.

This reduction corresponds to truncating the order of the shape functions when modal
shapes are used to represent body elasticity. In both this case and in the modal reduction
of a FEMbased approach, a certain number of modes (frequencies) are disoanabksat i
to achieve a tradeff between accuracy and the computational cost of the numerical
simulation. The appropriate choice consists of retaining only those modes that have a
significant influence on the dynamics of interest. Typically, the leweguency modes
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dominate the deformation behavior of the structure, while hifsfequency modes often
contribute less unless specifically excit&tis aspect is particularly advantageous, since
lower-frequency modes also impose less stringent restrictions on the timestep size of the
numerical integrationA quantitative assessment of modal importance can be obtained
from the modal participation factors (MPFs) or, equivalently, from the modal effective
mass (or modal mass fractioj®l], which is derived directly from the MPFs and the
system mass matrix. By inspecting these quantities, one can identify which modes have
the greatest influence on system dynamics and define a threshold below which modes can
safely be neglecteéinally, it is important to retain modes with natural frequencies close

to the excitation frequencies, in order to avoid excluding potential resonance phenomena
from the representation.

As a concluding remark, it is valuable to discuss the truncation procedure in the context
of the assembling strategy discussed in Se@i@r2 Considering a flexible appendage
composed of several elastic substructures as a single elastic body allows for a more
accurate and customizable characterization of its elastic behavior. In this formulation, one
can directly select the modes (and their assed frequencies) that best capture the
overall flexibility of the appendage. Conversely, if each-Bladek is modeled as an
individual elastic body, the number of retained modes for the entire appendage cannot be
lower than the number of its componerisr example, if only the lowest mode of each
substructure is retained, the assembled system will necessarily include at least the first

Ny frequencies, withNg equal to the number of elastic shbdies. This approach

introduces two main limitations: (i) it restricts the possibility of discarding unnecessary
frequencies, and (ii) it does not allow a priori knowledge of which global appendage
frequencies are reprasted in the final system without an additional modal analysis of
the complete structur&or these reasons the case of structures discussed in Section
2.2.2 such as deployable booniisis generally preferable to adopt the grouping strategy
as it yields a clearer and moagljustabledefinition of the elastic properties of the
appendage.

234.Stresssti ffening in Kaneds equations:

In Section 2.1, the structural flexibility of the system was modeled under the
assumption of small elastic deformations and linear elastic material behavior. Within this
framework, the dynamic equations were derived by neglecting all secded
infinitesimal terms, k., terms involving the products of elastic coordinates and/or their
time derivatives. While this simplification is valid for small deformations, it removes the
influence ofstressstiffening effects from the equationStressstiffening refers to the
pheromenon where the bending stiffness of a structure changes as a function of the
internal normal stress stdf&2]. A classic example is buckling, where compressive axial
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stresses reduce the effective lateral stiffness of a structure, potentially causing instability.
Conversely, tensile axial stresses increase the effective bending stiffness, as seen in pre
tensioned systems such as the strings of a guitar.

Crucially, this phenomenon does not require introducing geometric or material
nonlinearities. It arises naturally from tberrect linearization of theonlinear kinematic
description of the system. In other worsisessstiffening can be captured within a linear
elastic model, provided thatl the linear terms are retained in the equatibtevever,
the dynamic equations derived in SecthB.1do not account fostressstiffening. This
omission stems from the sequence of linearization used. In those equations, the partial
velocities were derived directly from already linearized expressions for the body
velocities. As a result, the projection of the Newkrer equatios onto the generalized
coordinates fails to retain specific terms that are linear in the elastic coordinates but arise
from nonlinear velocity expressioingerms that are essential to captsiressstiffening.

In contrast,the@wr r ect procedure withi[g3,&pnebds met ho

1. First deriving the nonlinear expressions of the body velocities, including all
relevant coupling between rigid and elastic motion.

2. Then computing the nonlinear partial velocities from these expressions.

3. Finally, linearizing the resulting partial velocities and projecting the
NewtonEuler equations accordingly.

By skipping the first two steps, the formulation in Sectb8.1 can be described as
Aprematurely | i near istesstifieningaontdibutiomsu s, i1t mi s s

Nonetheless, it is important to note that the formulation previously presented remains
valid for many engineering applications, especially in complex {tiir@ensional
geometries, where the nonlinear kinematic expressions of elastic deformations may be
difficult (or even impossible) to express explicitly using separation of variables. In such
casesstressstiffening is typically reintroduced a posteriori, by incorporating additional
stiffness terms into the model based on precomputed internal forceutistrgoor stress
stateg[74]. To provide a clearer illustration of hastressstiffening terms arise within
Kaneds framework, the case of a planar el as
the section[75]. This example enables the explicit derivation of nonlinear velocity
expressions and offers a concrete demonstration ofdtieegsstiffening modifies the
dynamic behavior of the structure, even under linear elastic assumptions.

The case of the cantilever beam showkigure2.2 is considered. The locked end is
mounted on a rotor, that allows the rotation alaméxisthat can have generic direction
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Figure2.2: Schematics of the flexible boom (clamgieele) configuration

The flexiblebeamcan undergdiexural bending deflection in all directions perpendicular

to its longitudinal axis. Thpreviously discussed natural modiEsomposition technique

is employed to describe its flexural response. Specifically, claffipedboundary
conditions are considered, to derive the modal shapes and natural frequencies of the beam.
To account for the stress stiffening effect, it is esaktut establish a relationship between

the bending elastic displacement and the axial displacemeotying nonlinear elastic
kinematics. Considering the overall nonlinear elastic kinematics, the length of a deformed
infinitesimal element of the beam can be expressed as

fxt)dx= [ 450 LB a@s 2.03
(X)X\/?;éuxg? ', & (299

where s(x,f)=[gs s g is the elastic displacement vector, whose components are

written in the undeformed body fran(gl,bZE,Q). Therefore, with reference téigure

2.2, the length of the beam from Q to P is determiedughthe following expression:
x+s (x,1) =f‘5£( <) d (2.94)

wheres is a dummy variable. If one adopts the following change of variable, i.e.

z x st(xt) (2.95)
Eq. becomes
x+s (x,1) F¢( 9)d (2.96)
where
R 2 5 @ 2
(z.1) :\/1 8@‘;&29 %‘i (2.97)



The axial and bending components of the elastic displacement in the beam are expressed
through a modal decomposition, using a set of predefined eigenfunctions. This approach
allows the deformation field to be represented as a weighted sum of spatialhapes, s

each modulated by a tirgependent modal amplitude. The decomposition takes the
following form:

s*(x,t):%l £(x)q(9 (298)
sz(x,t)=éz £(x)a(y (2.99)
s(x0=a &(x)q() (2.100

i=1

wheren, denotes the number of flexible degrees of freedom of the bgd), is thei-
th modal amplitude, whilef ;(x), f,(x) and f,(x) are the ith eigenfunction

associatedespectively with axial and the two orthogonal bending displacements.. These
eigenfunctions are scalsalued functions, each representing a spatial distribution
corresponding to one component of the beam's elastic motion. The modal shape vectors
f defined in Section2.1, are constructed from combinations of these scalar

eigenfunctions for each mode. By taking the time derivative of the total velocity
expression (cf. Eq(2.96)) and performing the necessary algebraic operations, the
following expression is obtained:

%:E(iyt)%fﬁi(x) ;Zaqj(t)rji(lst)
gii( g Zf( )S 3i-( i’ 3J(S)i@}tﬁ(t) (2.101

=a e(x1a4(y
i=1
where§, = ; (from Eq.(2.95)), while ¢, denotes the coefficient that multiplies the time
derivative of the th modal coordinateThe termc,(x,t) can beinterpretedas the

eigenfunction associated not with the axial displacement, but with the elastic
displacement along the axﬁ, which doesnot coincide with the deformed beam axis.

Moreover,symbol ( )i in Eq.(2.101) denotes the derivative with respectsto
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At this stage, it is possible to illustratestprocess to directly derive a correct form of
the linearized dynamic equations for the case of inteBesioting as( the linearized
version of ¢ (cf. Eq(2.97)), it is apparent that

(zt) (.9 1 (2102

because the squared terms appearinggn(2.97) represent infinitesimaduantitiesof
second order in the modal amplitudes. This,linearization oEqg. (2.101) leads to

slqugﬁ :éq,( o, ) @ & (2109

where
by 27 §( )s, € )ds (2.109
g 27 £( )s;ff)ds (2.105

and C; isthe linearized form of, . It is apparent that a second order term in the modal
coordinatesind their time derivatives appears in([2d.03), i.e.

n

1éal b +)g § (2108

j %

K QJ >
@@~ D/

Hence, if Eq. (2.103) is employed to compute the linearized expression of the velocity
field along the beam, the seceadler coupling term described kq. (2.106) omitted
This leads to the simplified expression:

8(x0=5(x) %_11 FELIE (2,107

which suggests that the axial elastic displacement (along the undeformed longitudinal
direction)s, is decoupled from the transverse bending displacergngnd S;.
However, this result is misleading, as it stems from a premature linearization. In reality,
there is a geometric coupling between axial and transverse displacements due to the

deformation of the beam, and this interaction must be preserved, at leds in t
computation of the partial velocities, to ensure the correct linearization of the dynamic

equations. Theomponenof partial velocitiesalong E of the nonlinear partial velocity
associated with the time derivative of ththimodal coordinate is obtained from Eq.
(2.103, and specifically corresponds ® . Then the linearized form of this partial
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velocity justcorrespondso the termC, appearing in E¢2.103). On the other hand, if
the same linearized partial velocity were obtained from the linearized expression of the
velocity along El it would consist only of the terrh; (cf. Eq.(2.107). The critical

insight here is that the axial elastic displacement, when expressed along the deformed
axis, is indeed uncoupled from the bending displacements. However, this is not true when
considering displacements along the undeformed axis, which is dheerttional
reference for modal expansions that context Eq. (2.103 shows that the axial
component of velocity includes contributions that depend on the bending modal
amplitudes through the integrals in E¢8.104) and (2.105. This understanding is
essential for constructing a wdithearized set of dynamic equations that accurately
incorporatesstress stiffening effects. Specifically, it demonstrates that the correct
projection of the Newtdikuler equations must be performed onto the properly linearized
partial velocities, rather than onto prematurely simplified kinematic expressions. This
approach ensue s t hat Kanebs equations retain the
stress stiffening in flexible structures.

To explicitly demonstrate the appearance of stress stiffening terms in the dynamic
equations, a simplified case is analyzed. Consider the flexible beam depi€igdria
2.2, modeled as a cantilevered boom rotating at a constant angular velocéiout a
fixed axis . Elasticity is represented by a single bending mode corresponding to in

plane deformation. For the sake of simplicity, the axial anagbbptane deformations are
neglected. Accordingly, the elastic displacement field reduces to:

s(x,)=0 (2.108)
s,(x9= £ (x) (Y (2.109
s(x =0 (2.110

The linear velocity of a generic point P on the beam, expressed in théxediyeference
frame, is given by:

Vo= Mg 3(P.9 (2.111)

where v 0 0 J andry is the distance fronQ to P in the deformed

configurations. From Eq2.111), it is possible tasolate the nonlinear partial velocity

with respect to the generalized coordinate, which needs to be linearized with respect to
small elastic displacements. The final form is By applying a linearization in the limit of
small elastic displacements, we obtain:

\% :[ - 1p1 21f O]T (2-112)
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where

Qo

b, 2 f;ae— < (2113

wi( )s
TS

L)
|- %_OIN

Once the linearized partial velocities have been obtained, the acceleration field of the
beam can be obtained from the time derivativgdfll), i.e.

a, = Vo, &) (2114

where v =[o f, o]T is the prematurelylinearized expression of EqR.112), while

g(PR) encompasses the termsayf that do not rely on the time derivatives of generalized

velocities.Projecting the NewtdrEuler equations onto the linearized partial velocities
yields Kaneds dynamic equations in the forn

I’-erTgpdx + 2 (1) OLzﬁ/TrT/dx'ql(t) : NF@@ dx 2q(# w (2119

where L is the beam length,(x) is the beam mass per unit length, amdis the

frequency of the first bending mode. Then, one obtains the final governing equation,
a()+{ W -2v “Hayt)  FF 9w ,.fx) dx (2.116)

where the term

L

] (x) Lb)xdx 1 (2.117)

is responsible for the stress stiffening and reflects how centrifugal effadsng from
t he b e a mbdisduce axialéehsiom thereby increasing the effective stiffness of the
structureln Eq.(2.117), the quantityb,, (x) is expressed as a function of x. This can be

easily derived from Eq2.113) by applying the variable transformation outlined in Eq.
(2.95).

This analysis reveals two competing effects resulting from the interaction between
rigid-body rotation and elastic deformation:
1) The term{w? - %} q,(t) associated with the flexible dynamics, tends to reduce

the internal restoring force.
2) Thestressstiffening effects[| \f} q, (t) associated with centrifugal stretching, acts

to increase the beambs stiffness.
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Importantly, omitting thestresss t i f f eni ng term would i mply t
stiffness could vanish under certain conditionmrticularly for rapidly rotating systems
i resulting in a grossly inaccurate dynamic model. This underscores the necessity of
including stressstiffening in any realistic representation of rotating flexible structures.

The introduction of stress stiffening modeling capabilitiwes t hi n t he Kan e
formulation is not an original contribution of this wgnb]. However, due to its relevance
in various dynamic scenarios, it has been included in the theoretical discussion of the
multibody formulation. This capability is also employed in one of the applications
presented in Chapter 4, where it enables a more aecavaluation of the elastic
di spl acements of the CIMRO6s rotating antenn
in the CIMR case study represents a valuable contribution of this work, the detailed
modeling required for this analysis is presented i ¢hapter, even though it does not
constitute an original contribution of the thesis.

2.4. Concluding remarks

Chapter 2 extended the methodology presented in Chapter 1 to the domain of flexible
multibody space systems. The main objective was to formulate dynamic equations that
accurately represent the coupled rigidstic behavior of complex spacecraft
architectues. The chapter began with an overview of linear representations of elasticity,
comparing two primary modeling approaches: the modal basis and the finite element
(FEM) basis. These representations enable the modeling of elastic deformations in
flexible conponents, such as large deployable antennas or solar arrays. The kinematics
of flexible multibody systems were formulated using a floating frame approach, with the
recursive structure from Chapter 1 adapted to handle the presence of elastic components.
The assembling of elastic bodies was addressed, enabling both-lsotyleand multi
body elastic configurations to be modeled effectively. An important modeling choice
discussed was the possibility of treating interconnected elastic bodies as a single
equivalent elastic entity for the purpose of elastic deformation analysis, while maintaining
separate rigikbody representations to simplify the overall dynamiosthe dynamics
section, the derivation of the equations of motion for multibody flexible spacecraft was
presented. Particular attention was given to the accurate modeling of generalized active
forces, with a focus on gravitational interactions. The inctuof gravity-elasticity
coupling effectds in factessential for predicting deformations and dymabehavior
during orbital maneuvers. The chapter also introduced modal reduction techniques for
reducing FEMbased dynamic systemlimensions, thereby improving computational
efficiency without significantly sacrificing accuracy.Finally, the stress stiffening
phenomenon, particularly relevant for rotatifigxible structures, was analyzed and
integrated into the Kanrleased formulation. This capability wagroducedin orderto
increase the modeling accuraiy realistic configurations such as the CIMRedlge
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with its | arge rotating antenna. Overall
include flexible dynamics, thereby enabling a unified modeling framework for both rigid
and flexible multibody spacecraft. The results of this chapter provide theiaktsois

for analyzing the coupled dynamics of advanced space systems in realistic operational
scenarios.
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Chapter 3

Nonlinear techniques for dtitude and
relative orbit control

This chapter presents new enhancemenfisedbacknonlinear control techniques for
both attitude control and relative motion cohtféor attitude control, the proposed laws
are derived from existing approaches by modifying the structure of thedependent
terms, in both triaxialand singex i s cases. Their stability
theorem and L asSadipleeld the attitude aconirch fracneworlg the
steering law for the two most common categories of momentum exchangeedégvie.,
reaction wheels and singtgmbal control momentum gyroscopesre provided. The
presented laws include additional terms with respect to the literature solutions, leading to
a more accurate tracking of the desired control torque by the actyatemsFor the
relative motion case, a more accur@ge@amicformulation is introduced to represent the
chases dynamics with respect to a target on a perturbed orbit, and a new control strategy,
denoted as Hybrid Predictive Control (HPC), is proposeddth domains, the novel
control strategies are benchmarked against -sfdafec-art solutions, clearly
demonstrating the performance improvements achieved with the proposed methods.

3.1. Control aspects in space missions involving multibody
satellites

Multibody spacecraft have become increasingly relevant in modern space missions
due to their versatility and adaptability, particularly in scenarios that require physical
interaction with other objects in space. These platforms often include deployable
structures, articulated mechanisms, or robotic manipulators, making them especially
suitable for complex operations such asoobit servicing (OOS), which encompasses
tasks like inspection, refueling, repair, assembly, and debris remit&al77] The
inherent complexity of these missions places stringent demands on the spacecraft ability
to perform precise and coordinated control of both attitude and relative orbital motion. In
the context of OOS missions, attitude control is critical not onyrfaintaining proper
orientation with respect to communication links or payload pointing but also for enabling
fine alignment during docking and berthing procedures. Simultaneously, relative orbital
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motion control is necessary to approach, rendezvous with, and operate safely around a
target objecf78]. For multibody spacecratft, the challenge is amplified due to the internal
dynamics introduced by their articulated appendages or moving components, which can
influence both the spacecraft mass distribution and its control response.

To address these challenges, this chapter discusses trajectory and attitude control as
distinct subsystems, each with its own control objectives and algorithms. This separation
is intentional: the proposed control laws are designed to be genepalse ad thus
applicable to a wide variety of missions, including those involving single-bigdy
spacecraft, rather than being tailored exclusively to multibody platforms. Nevertheless,
when applied to multibody spacecrafas illustrated in the case studwsChapter 4
these techniques have proven effective in meeting mission requirements. This is due to
several factors:

(a) Thenovel control techniqgugzresented in this chaptgenerally demonstrate better
performance compared to classical control appraache

(b) Nonlinear attitude controlleaninherentlyhandle variations in the inertia matrix

(c) Realistic design choices provide favorable conditions. For instance, the motion of
articulated parts is not excessively faas$ in actual operation®doreover, their
motion is planned to keep the spacecraft center of mass as closely aligned as
possible with the thruster linef action thereby reducing imbalances that can
nonetheless be compensated by the attitude control system

(d) OOS operations are assumed to be conducted in-f#idegmg modein the very
last phaseswhere attitude control remains active while translational thruster
actuation is avoided near the target to ensure safety.

Accordingly, the following sections of this chapter present attitude and relative orbit
motion control strategies separately, highlighting the key techniques used in each domain.
Their coordinated integration, which is crucial in multibody OOS scenfffgjs will

instead be demonstrated through the application examples discussed in Chapter 4.

This work focuses on nonlinear control techniques due to their strong suitability for
the class of problems under consideration. In particular, nonlinear control strategies offer
the advantage of ensuring global or gtglebal stability in many relevantenarios, such
as those involving large rotational maneuvarsendezvous operations with spacecraft
in highly elliptical and perturbed orbif80, 81] These characteristics make nonlinear
control especially effective for multibody spacecraft operations, where the system
dynamics are inherently nonlinear and require globally consistent behavior across a wide
range of configurations. As such, the constohtegies presented in the following sections
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are developed within a fully nonlinear framework, aligning with the specific demands of
advanced space missions.

The first part of this chapter focuses on attitude control. It begins by presenting the
most commonly used parametrizations for describing attitude kinematics, followed by the
main relationships among them. The concept of error kinematics is then inttpdiorey
with the fundamental kinematic and dynamic equations governing attitude motion. Next,
triaxial control is addressed by introducing one of the most widely adopted nonlinear
attitude control techniques, together with its stability analysis. An eeldaversion of
this control law is subsequently presented, with a corresponding stability assessment. The
discussion then shifts to the reduatitude control problem. A nonlinear control law
from the literature is introduced, and its stability propsrtee analyzed. An improved
version of this control strategy is also presented, and its stability is similarly assessed.
The advantages introduced by the enhanced control laws are then discussed, supported
by a numerical analysis. Finally, the chapter eexs attitude actuators, with a specific
focus on momentum exchange devices. Steering laws are presented for both reaction
wheels and singlgimbal control moment gyroscopes (CMGs), including a singularity
avoidance algorithm for the latter.

The second part of the chapter addresses the modeling and control of the relative
orbital motion of a chaser spacecraft with respect to a target. The modeling is approached
using the BattirGiorgi formulation, which ensures numerical stability and Hidblity
motion representation. An enhanced version of this formulation is also presented to
further improve numerical accuracy. A nonlinear control strategy based on feedback
linearization is then introduced. In addition, an improved variant of this cdatoi
denoted as Hybrid Predictive Control (HPC)is derived, featuring adaptive gains
designed to intelligently saturate the control effort. The performance of this adaptive
control is analyzed and compared to a traditional saturation approach based solely on
control magnitude scaling.

3.2. Attitude kinematics and dynamics

The attitude of a spacecraft can be defined using different parametrizations. First, the
definition of attitude comes with the definition of rotation matrix, wiiekbeen already
presented in E(1.3). Specifically, if N=[l& nfE n,] is the vectrix associated with

the inertial frame, andB=&5; bF b, is the one associated with the spacedraft

modeled as a rigid body or in its undeformed configuratidrame, the attitude of the
spacecraft is described by the rotation matrix
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-B'® '_<2N>)T (3.1)

Moreover, the time derivation of E(B.1) leads to the kinematic equati¢®41), which
in the case at hand beconj@g]

R=-WR (3.2)

B« B« N

where w® = § is the angular velocity of the spacecraft with respect to the inertial
frame, expressed in components with respect to the spacecraft frame.

The rotation matrix does not suffer from singularity issues, but it requires the largest
number of parameters to determine the spacecraft attitude. In fact, although it consists of
9 components, only 6 are independent due to its orthogonality and notioaliza
constraints. To reduce the number of parameters used for attitude representation,
alternative parametrizations have been proposed. One of the most widely used is the
ei genrotation, based on Eul er 6sanyrotdioat i on
of a reference frame in threfmensional space, with one point fixed (typically the
origin), can be represented as a single rotation by a certain angle about a fixed axis passing
through that pointThis axis& is known as th&uler axis origenaxis, while the angle
of rotationf is referred to as thEuler angle oeigenangle. Since the eigenaxis is a unit

vector, only two parameters are needed to define it be{@2ise
g+ € (3.3)

with the third parameter being the eigenangle. Together, these three parameters uniquely
define the spacecraft attitude. The relation between the eigenrotation parametrization and
the rotation matx is expressed by the following equation:

R =cosfl, (4 cos) de sin” (3.4)
wheree= &V =% . Moreover, the following kinematic equations can be obtained that
link the time derivatives of the eigenrotation parameters to the angular velocity:

8 - 18 arctar% ~eel @ (3.5)

28& i

g
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f 4 ZSinsz (3.6)

where it is worth noting that the derivative of the eigenaxis components are not the same
in the two considered reference frames. Then, at every time instant a new eigenaxis can
be identified that linkthe two frames in their new relative configuration. The eigenaxis
remains the same only if the angular velocity is parallel to the eigenaxis, &at\ks|5| .

For the sake of completeness, the inverse of the previous equations is reported, i.e. the
relation providing the angular velocity from the eigenrotation parameters and their time
derivatives

w® ='¢ (1 cos)éd sinid (3.7)

However, this set encounters singularities issues. In fact, frof8Ejjone obtains

co =({.R], {tR), (2"}, ) 39

dR). LR
B« NJ 23 B« NJ 32
1 €
e=—— é[R} {R} (3.9)
ZSInféB«N 31 (B« NJa3
ALY
B« NJ 12 B« NJ 21

As a result, the eigenaxis components are not definefd foro. In fact, using only three
parameters inevitably leads to singularities. To overcome this limitation,-pdoameter
representation known as quaternions is often used. Derived directly from tfanglas
(eigenrotation) formulation, quaternions allottitade to be described compactly while
avoiding singularities. They are defined as

d, = cos% (3.10

q= _esinfz (311
with the following constraint

g+q g =1 (3.12)

The quaternions (or Euleparametensare related to the rotation matrix through the
following equation:
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R =(&¢ -dgL, 2ad 2q7 (313)

B« N

from which the kinematic equation is obtained as

. _l T (
%= 53 & (3.14)
QZ%quIM H gw (319

All the discussed parametrizations refer to the orientation of a spacecraft frame relative
to an inertial frame. However, there are situations where it is useful to define the attitude
of the bodyfixed frame with respect to a namertial frame, both hamag their own
orientations relative to the inertial frame. This is the case, in attitude control, where the
actual attitude of the spacecraft is expressed relatively to a commanded body frame

C=[& cE c], representing the desired attitude. In that case, everythargisgous

with the already presented formulation. The
matrix, eigenaxis, eigenangle and quaternion, and are defined as the rotation from the
commanded frame to obtain the body frame. Moreover, the error angulatyéhadi

appears in the kinematic relations is the angular velocity of frame B with respect to frame

C in components with respect to frame B, i.e.

w2 W) =y R (3.16)

where BRc = BRN CRNT is the error rotation matrix. The error eigenaxis and eigenangle and

the error quaternion are obtained from the error rotation matrix using3dR)s(3.9) and
(3.14)-(3.15). It is also possible to bypass the computation of the error rotation matrix and
directly obtain the error representation in alternative parametrizations using specific
formulas. These allow the error to be computed from the same parameters that describe
the orientation of the two frames with respect to the inertial frame. For example, in the
case of quaternions, the error quaternion can be computed directly from the quaternions
representing the orientation of each frame relative to the inertial frame, as

FqE,O = 0c,0Ys.0 +9bT_OB
|

) (317
19 = o0& o4 GG

with the subscript in the quaternions indicating the frame each quaternion is associated
with. As a final remark, it is worth noting that even the kinematic equations for the error
parameter have the same form of the ones previously presented. For instance, the time
derivative of the error quaternions are obtained as
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a. W (3.18)

N

qE,O =

R ~
%zzgqaolss "&z H_g‘?) (3-19)

In this work, nonlinear feedback laws for attitude control are considered. These laws
are widely discussed in the literature and, apart from the specific choice for attitude
parametrization, they often show a canonical form. They are derived from the Euler
equation of the spacecraft, evaluated with
is

JW +L_wHw = (320

where J. is the moment of inertia of the spacecraft with respect to the center of mass,

while m and t are the disturbance and control torques respectilrelizg. (3.20), all

component vectors and matrices are referred to the spacecraft body Befoee
proceeding with the derivation, it is necessary to point out thatE&z) completely
describs the rotation dynamics of a rigid spacecraft where the position to the center of
mass remain fixed with respect to a body reference frameisTtiie case of spacecraft
mounting momentum exchange devices, i.e. gimbaled wheels that are used to provide the
needed control torque (Section3.6) or mounting a pair ochppendagesymmetric with

respect to the center of mass and moving in a specular way. In fact, the variation of the

inertia tensor is accounted by ter'Jg\Lv. However, if the motion of the appendices of an

articulated spacecraft leads to move the center of mass with respect to the spacecraft body
frame, Eq(3.20) is no more sufficient to completely model the system dynamics because

of the coupling between the attitude and trajectory motion. This implies that, during such
appendagesotions the control torque does mpiaranteghe perfect alignment with the
desired attitude. However, once the spacecraft has reached a new configuration and
stopped moving its appendages, BR0) with respect to the new position of the center

of mass in the body frame is again sufficient to completely model the spacecraft attitude
dynamics, and the control torqueaigainable to guarantee the spacecraft stability with
respect to the desired attitude.

3.3. Triaxial attitude tracking

This section addresses the problem of triaxial attitude tracking, in which all three body
axes must align with the corresponding axes of a commanded body frame that may also
rotate with a desired angular velocity. First, the standard form of the norfieeelvack
control law is introduceB7, 83] along with its stability analysis. Next, the procedure
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for selecting the control gains is discussed. Finally, an improved version of the triaxial
control law is developed, and its stability properties are analyzed.

3.3.1.Feedback law
In the following, error quaternions are used to desdtieedifferencebetween the

commanded and actual attitude, but other parametrizations can b&hesearget set of
attitude tracking is then written as

0eo=1 g $0,0.0' W€ (3.21)

Where% :_W _-E;C)\ is a different version of the error angular velocity reported in Eq.
(3.16).

Proposition 1.Let A and B denote two constant positive definite matrices; A is also
symmetric. The feedback control law,

t=2e_wm krc W'r MAEB, soWf g J} 9 (322

with
(3.23)

drives the dynamical system governed by Hsl4), (3.15), and (3.20) toward the
attracting set associated wiif, =0.

Proof Because of the sign function appearing in Bj22), the proof is instead
provided for the two control laws

t="We_wm Lrc W'z MWAEB, g\ (3.:24)
If both of them are proven to drive the system toward the desired state with global

asymptotic stability, the same statement must hold for(822). First, the following
two candidate Lyapunov functisii84] areproposed:

Vv =% WA w 2{17q.,) (3.25)



It is apparent thathesefunctiorns arealways positive definite and vanishes only in the
target set. Seconthey have continuous partial derivativesxcept ing. , =0, where a

discontinuity occurs and the partial derivative with respect to is not defiied the
time derivative of V is computed

V= WA WE2q,,
WA(Cw)w g (3.26)
L@/TA g(*]c)-l( gc_ W w _nWlE) £ g 'DTVE

where Eq(3.20) anda modified version of Eq3.18) have been applied. In fact,

. _ 1 T _1 T B (©)
Oeo = _ZQ_E A ‘éiz (_ ‘\BI(RC_'C ) (327)
but it can be easily proven that
g R =0 (3.28)
and then Eq(3.27) becomes
. 1 1
O o = _2q—ET (_(% __E:C)),\, —2=Q_E-T_D (3.29

Thern, substituting the control la3.24) in Eq.(3.26) one obtains

V= - B (3.30)

that is always lower than zero except faf, =0. This means that \are actually

Lyapunov functiono

Proposition 1Iis not sufficient to prove the convergence toward the complete target set. In
fact, with the Lyapunov method alone it is possible to prove only the convergence toward
the desired angular velocity and not toward the desired attitude. To do that, ited need
to apply the LaSalle invariance principgteidentify the invariant s¢84].

Proposition 2. The control law(3.22) drives the dynamical system describecHugs.
(3.14), (3.15) and(3.20) toward the invariant sé¢hat corresponds to the target (e21).

Proof. First, a compact set of the state must be identified where all feasible states are
contained and where the Lyapunov function is continuously differentiable and always
less than a certain value. By their definition, thmternionsare variables defined ia
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compactset, since‘qE‘O‘ ¢l and Hq_EH¢1 "t by definition (cf. Eq.(3.12)). Because
v ¢o, thenV(t)eV(t,) "t,ie.

(0 AW () 2870() @
¢% w(t) A wt,) 28T ,(t) (3.31)
¢%ly(to)TA_g\(t0) 4 c=
and
W:{(_)/qo q RV c}o (332

is the sought compact sethen, it is needed to identify E, which is the se¥fhwhere
V=0:

E:{(_v,m0 9 | Mw_(}: (3.33)

Finally, the largesinvariant set in E must be founRecall that the invariant set is by
definition the subset where the solution remains once it is tReoausen the invariant
setw, =0 "t,thenalsow, =0 "t.Hence by substituting these two conditions in Eq.

(3.20), where the control la\B.22) has been previously substituted, one obtains that

JWw =J_w LA sgn+{ g,o( $)}_q
Y Jow, = L A'sgnd go( 1)} ¢ (3.34)
Y qe=0

This step is the reason behind the use of a modified sign function, which restitutes a

nonzero value even if its argument is zéroerefore, the largest invariant set in E is the
one that comprises both the conditionsAgrandge, i.e.

s={(wa.9 18 wGg, F (3.35)

where the conditiong. ,= tandq.,= - represent the same attitude

The last step proves that convergence is egiasial becausé\y(to) (o) . o to)} that

formcin Eq.(833)are arbitrary,; Aquasi 0 is due
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towards two possible final conditions, i.@.,= ‘L. If convergence toward the closest

final condition is sought, which corresponds to the shortest angular path (and a faster
transient behavior), then it may be desirable seleding= 4 or g.,= - as the target

condition. This is the reason why the teﬂgﬁ{ Ck,o( g)} has been introduced in the
control law if the initial value ofq., is positive, the attitude will converge toward

0o = tthatis the closest one, and vice versa.

3.3.2.Gain selection

The feedback control [a¥.22) is defined in terms of two constant, positive definite
matrices, i.e. A and B. Selection of these matrices affects the transient behavior and the
convergence time of the actual attitude toward the commandedAbtieno loss of
generality it is possible to selethese two matrices assuming that both are diagonal and
written as

At=cl,,and B =l , (3.36)

wherecC, andcC, are two positive constants. The motion driven by the contro{322£)

can be approximated as an eigenaxis rotation with constant direction of the eigenaxis. In
fact, the term- J_A"*q. provides a torque which ispposite tahe error eigenaxise.

that is obtained from the rotation matrBRC from the body to the commanded frame.

the same rotation matrix associated with the error quateriiio® other terms of the
control law deviate the motion from a simple eigenaxis rotation, which however remains
an acceptable approximation for the gain selection process. Hence, after substituting Eq.
(3.22) in (3.20) and neglecting the sign of the scalar component of the error quaternion at

t,, one obtains

W, ATB w Arfge 0 (3.37)

Introducing the approximation of the eigenaxis rotation, the following relations hold:

o

. e . . a—E
Vﬁ _EfeE _DW E:eEf O Siie

e el & it (3.39)

-II%')OI

where f is the error eigenangl&hus Eq.(3.37) becomes
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fo €c, d clsirg% 8 (3.39)
g -
whose linearized form is
f. €c, cliz—E C (3.40)

This expression shows the structure of a seayddr system, where

c=2% ¢ ZW¥ (3.41)

1

with W, natural frequency an@ damping factor. Selection of these two parameters,

directly related to the transient behavior, leads to obtaining mathicesd B. This
procedurellowsto connect the gain selection to the actual performance of the controlled
system, which is one of the major issues when dealing with nonlinear control laws.

3.3.3.Improved feedback law

An improved version of control layB.22) is provided in this sectio.his enhanced
law represents one of the novel contributions of this wbhle difference consists of a
new rewriting of the term depending on the attitude error, which now is defined using the

eigenrotation parametrization instead of the quaterniinis. means thagé. andf. are
introduced as the error eigenangle and eigenaxis associatedBRé/,ithvhose time

evolution is governed by the following equations:

o (B) =

& %g‘% arctalﬁfl— ge H— (3.42

fooa 2sinzf75 (343
In this case, the target set is defined as
fe ® and g € (3.44)
Before presenting the control law, it is important to clarify that the inclusion of a term

expressed in eigenrotation parameters does not pose a problem. Although this
parametrization becomes singulaf at ¥ andf. =, where the eigenaxis is undefined
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(see Eg. (3.9)), this issue can be circumvented. Specifically, one can use error quaternions
i which are free from singularitiésto represent the attitude and convert them into-axis
angle form only when evaluating the terms of the control law.

Proposition 3. Let A and B denote two constant positive definite matrices; A is also
symmetric. The feedback control law,

t,="wWe_wm Jt. W ¢ WA'EB, e winj (3.45)

wheref i is a modified error eigenangle, defined as

fp = gfif 0 E¢§pp <
with g = (3.46)

P
f ¢
29¢E P

— =) ——> (D
nlo
=

fi

drives the dynamical system governed bys.H8.14), (3.15) and (3.20) toward the
attracting set associated with}, =0.

Proof. The following piecewise Lyapunov function is employed:

&1
v AW k@ cos( pg O . o
V:ii g (3.47)
TZw,"Aw k, .f P f
TZ_D WK, ¢ 29 &

wherek, andk, are two positive arbitrary constanisis a positive definite that vanishes

only when the state coincides with the target Setcond,V has continuougartial
derivatives only if

K, X, (3.48)
because

Wl _edk

=1 (3.49
HEl 2 ik,
29

Through the time derivation of E¢3.47) and substitutinghe dynamic equatio(8.20)
andthe control law(3.45) one obtains
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V—%TA(W'C‘)’ kl'Sin( E)ng gf
= _

T_DTA(—W W ki f

f-wB w pwsing fksi( ) gf g
= '

- WB W pesini k& f

P wB w e k- gl ) of (3.50)
_I Y .

T_\_NTB_M’ S'_DT_E kz‘E ﬁ”

fe__WTB_NV [1 kl-]'Egln(f E) gfo . P
=

%__WTB_HV [EL kz] e f 2£g e ¢

where it has been considered, passing from the second to the third step, that

Ssinfp =sin( g)f if 0 ¢k

? 29 (3.51)
Tsinfy = it 2 ¢t

E 29 *

Moreover, to pass from the third to the final step of &0) it has been considered that
w,'e. = f (3.52)
This relation is proven in two steps. First, the following identity holds:

wo'ee J{_W 'Y (—T: —VETC;RJV_% (— BJ%—N?T-_% W e (3:53)

becausei(s) :%(C) =g by definition. Then, from the error version of E8.7), which

is
V&(B) = fe. (% cos E)N_g'_g(B) sing’_éB) (3.54)
one obtains that
W T% = § (3.55)

because botkTa_E & and & are orthogonal te, , the former because of the definition of

cross product, while the latter because the time derivative of a unit vector is always
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perpendicular to it. Referring back to §.50), if one setsk, =1/ (andk, =1 i which

is in accordance with conditiof3.48) i the time derivative of the Lyapunov function
becomes

V= -_D\K/B o (3.56)

that is always lower than zero except fy, =0. This means that V is actually a

Lyapunov functiono

The previous proof hold®r all values off . between 0 and 180 degrees. Restricting the

error eigenanglef . to only positive values does not limit tivalidity of the stability
analysis This is because, for any given rotation, there are two mathematically equivalent
ways to represent the eigenrotation: one with a positive dnglemprised between o

and 180 degreeand an axis, , and the other with a negative anglef betweerD and

- 180 degreesand the axis-e., pointing in the opposite direction. Since both
representations describe the same physical rotation, it is always possible to choose the
one with a positive angle without any loss of generality.

Also in this caseProposition3 is not sufficient to prove the convergence toward the
complete target seandthe LaSalle invariance principhlaust be appliedo identify the
invariant set.

Proposition 4. The control law(3.45) drives the dynamical system describecHys.
(3.14), (3.15) and(3.20) toward the invariant set that corresponds to the targ€?.44j).

Proof. First, a compact must be sougBecauseV ¢0 , thenV (t) ¢V (t,) "t, i.e.

e Aw() §8 eod L0 g AwA( e 0 r g
i{%v&(t)TAﬁ(t) ret) Seo()A oty .+ p Lo |
with g /2. Thies leads to write that

V(t)¢%\_4y(to)TA_g\(to) +@ =0 . ¢ (359

and the expression & and E coincide with Eq$3.32) and(3.33). The largest invariant
set in E is foundvith a similar procedure reported in E8.34), i.e. substituting the
control law(3.45) in Eq.(3.20) and applying the conditions, =0 andw, =0:
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JWw, = LA g sinif &n if 0= .Y« (3.59

where the final result is obtained considering Bgqt6) and thatf . only assumes values
between 0 and 180 degre&bus, the largest invariant set in E is

s={(wa.9 1B gw o5, P (3.60)

that clearly coincides with target €8t44). o

3.4. Reduced attitude tracking

In many cases, it is not necessary to control all three axes of the spacecraft: often, only
one axis needs to be manag@sl, 86] This is typical for satellites that need to align only
the payload axis with a desired direction, where rotation about the payload axis does not
affect mission performance. In such cases, a different control law can be employed that
focuses solely on steing the payload axisesuling in maneuvers with shorter angular
paths compared to those that also align the other two Biissleads to advantages such
as reduced reorientation time and lower torque requirements, as will be discussed in the
following sections.

3.4.1.Feedback law

It is assumed that the body axis that has to be orientEpI, ihich must be aligned

with axisE of the commanded framErom the error dual of E¢3.13), i.e.

Ro=(Ro 0 &) lhs 20c0 205q
¢ 12k, #Ey) A otks Teate) §kitks Geodd:
=€2(0e,0c, “Geo%) 1 G, &) fdeot, G0
(0l * Ges0e) 4 Gesles-degleh 1-B e, %),

(3.61)

one obtaing also employing the proper{$.12) i that

{ RJ11:E & =44, 44 (3.62)

B«
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that is the term representing the misalignment between the controlled body and its desired
direction.This leads the target set of the sought control law to be

1- Z(Cé,z 'H:és) E @,2 (%3 0=and _E n (363

Proposition 5.Let A and B denote two constant positive definite matrices; A is also
symmetric. The feedback control law,

to="We_wm Lo WEHR'c “wR wg IwgB. (aqmg+ (369

— B«
where
e 0
_é
i(qE,O’q_E) = gUe.0le2 e les (3.65)
ng,OqE,:S_ qE,lqE,Z

drives the dynamical system governed by Hsl4), (3.15), and (3.20) toward the
attracting set associated witt}, =0.

Proof. First, the candidate Lyapunov function is identified as
1 7
V=S WA _wat, di (3.66)

which is positive definite in all the state domain except for the case when the state
coincides with the target set. Moreover, this function has continuous pkmtiahtives
with respect to the statmmponentsThe time derivative 0f3.66) leads to
V= WA W 2Ade, a2y
L@TA(;W R ¢ WR-_C) \B(qE','i qE,s) +

B« C— B« C
= WA g(JC)‘l('JC_w;-JC\Lv m +) g (3.67)
T . ~
WA(R W R )

+(QE,0QE,2 +qE,1qE,3) W, (chq es defl E)2 E

where Eg. (3.18), (3.19), and(3.20) have been applied’hen, by substitution of the
control law(3.64) one obtains that

V = - E\}(B_E (3.69)
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that is always lower than zero except s =0. This means that V is actually a

Lyapunov functiono

Proposition 6. The control law(3.64) drives the dynamical system describeddns.
(3.14), (3.15), and(3.20) toward the invariant set composed of the following subsets:

i U, 6, C

@w 0and{ R} =1 U, &,

B« 11

(1) we =0 and{ R

B« 11

Proof. The compact set is defined as in the triaxial case, i.e. throudB.B2), where
the constant c is fouras

1
__ETAE qu,z q;E,3

2
¢ w(t)'A_u(t) ata(t) () (369
¢%L’é’(to)TA_¥‘(to) 1+ c=

Then, the set iWW whereV =0 is
E:{(_v,vu0 ,_q) i ‘%W_(}i (3.70)

and the largest invariant set in Esisch thatw, =0 " t, leading tow, =0. Substituting

the control law(3.64) in the dynamic equatiof8.20) and applying these two conditions
one obtains that

JeW =, &BC_EN e B\<I<F%3_C @ J Alg Be OEa"qz)
V JoWe = 3 AEB (w600 2 (3.70)
Y 1i(QE,o’Q_ =0

that translates into the two following conditions:

e 1

qu,oCIE,z"' qE,lqE,S :é{BRJ 9

1 « 13

| (3.72

n 1
,Iqu’oqu_ e de. = E{B«Rc}lz c

102



where Eq(3.61) has been considered. This means that the large invariant set in E, also
ed

i denti fi

as

s:{(_wqw_a) IE;_ew -0"[3«3}11 F

t he

This means thab includes two subsets:

(1) W, =0 and{Bl«?C}11

2) We < and{BB 11

attracti

+ g, ¢, C and

1 UJéo qu,l GO

ng

set

accordi

(3.73)

Hence, the invariant set includes two subsets, denoted with (1) and (2ppaienthat
subset (1) is the target set, whereas subseb(@@sponds to the alignment of body axis

1 toward a direction opposite to the desired one. However, convergence toward subset (2)
is only theoreticalln fact,

QE,0+CIE1 0 L’bIZE,z ‘fﬁz,s

(3.74)

And this implies that V has a maximum in subset (2) (cf.(B§6)). Although v =0 in
subset (2), ifgz ,+ gz, =1 - (wheree is a positive and arbitrarily small constant), then

V <0, and the reduction of V leads the dynamical system to converge toward the subset
(1), which coincides with the target set. This circumstance hawdheinteresting
practical consequence thiatrom the numerical point of viewthe dynamical system of
interestenjoysglobal convergence toward the desired alignment conditions, provided that
the feedback control la\{8.64) is adoptedAs a concluding remark, it is worth noting

that the gain selection procedure is identical to the one discussed for the triaxial case.

3.4.2.Improved feedback law

It remains to report the improved version of the redtatétlde control lawEven tis
enhanced law represents one of the novel contributions of this Wwaslkbased on the
rewriting of the term depending on the attitude error using the following parameters:

e

!

fq :cos‘l(% Iﬁ()) cgs'lg_ﬁ))T_(ﬁ)

w

w

ST | T

Y eR(B)
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which are the reduceattitude counterpart of the error eigenaxis and eigenangle defined
in the triaxial caseThen, the target set becomes

fro ® and w C (3.77)

Proposition 7.Let A and B denote two constant positive definite matrices; A is also
symmetric. The feedback control law,

="l wm I+. WER'c TWR wZ JWNEB. g sing (379

with

P . with g 2% (3.79
fi, — if — f ¢
k5 2 ¢ p

drives the dynamical system governed by Kgd.4), (3.15) and(3.20) toward theoward
the invariant set that corresponds to the targeBs&r).

The proof of Proposition 7 is identical to the ones provided for Propositions 3 and 4
is not developed for the sake of brevity. Here it is only reported the candidate Lyapunov
function, which is

a1
A_%TAE kl@' COS( Rb@ 0 R <ZEf

9 (3.80)
We AW K, of 2 g f

V =

—_—) =) —r——

N

3.5. Performance comparison of the nonlinear control laws

The concept of themprovedlaws arises from the analysis of the terms of the two
control laws(3.22) and(3.64) that depend on the error between the desired and the actual

orientation of the spacecraft, i.eJ.A*g. and - JCA'lj(qE,O,q_E) respectively The

inertia matrix can be excluded from the analysis because it simplifies when the control
laws are substituted into the dynamic equations, as it is clear from inspection of Eg.
(3.37). Moreover, unitary gains are considered. Starting with tegp, it provides a

torque opposite to the error eigenaxis associated B\Ri!:thbecause (cf. Eq43.12))
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“q. = san% (3.81)

Instead, term-t(qE,O,q_E) deserves a deeper insight. It is not associated with the

eigenrotation dividing the body and the commanded frame. Instead, it refers only to the
angle between the driven body axis and its desired direictio® body axis 1 in the case
previously discussk In fact, being

R =gd? & & (382

B« C

it is straightforward to prove that

1 (deoae) 5B ¢ (383

with pﬁB) =[1 0 (]T. From relation(3.83) it is apparent that term f_(quo,q_E)

provides atorque orthogonal to the plane that contaﬁs and E with direction
associated with the angle (in the rar[@ep] ) that separateE1 from E . This rotation

Is parametrized usinthe previously defined quantities in E¢3.75)-(3.76). Them, Eq.
(3.83) can be rewritten as a function of these parameters, i.e.

f(en ) Fesin g (384)

As previously mentioned, the main advantage of redatttdde control lies in the lower
number of requirements specifically, the need to orient only one akig/hich can be
exploited to achieve the desired attitude with shorter angular paths. lgifactany pair

of framesB and C, from the definitions of . andf it is apparenthat
fo ¢4 (3.85)

However, comparing Eqé3.81) and(3.84), reveals that the two control law terms related
to the attitude error exhibit different dependencies on the error angle. The trends of these
two terms as a function of the error angle are depictétjure3.1.

From inspection of this figure, it is evident that the presence of a second subset within
the invariant set for the reducattitude case influences the torque generated by the
control law. Although the system cannot converge to the configuration where the
controlled body
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Figure3.1: (a) Hq_EH vs (b) || as a function of the respective error angle

axis is opposite to the desired directiosince this represents an unstable equilibrium
point (a maximum of the Lyapunov functiofi) this point still affects the torque
component associated with the attitude error. Specifically, while the triaxial claviro
produces a torque that increases monotonically with the angular error, the presence of the
second equilibrium point in the redueatlitude control results in a decreasing torque
trend between 90° and 180°. This behavior contradicts the expectedondgdher
torques at larger angular displacements (relative to the commanded attitude), which is
essential for executing fast maneuvers. These consider&tess modify the structure

of the terms that depend on the attitude error in order to

1. avoid the existence @ second equilibrium point in the system governed by the
reducedattitude control law;

2. ensure that both control laws exhibit the same dependence on their respective error
angles, enabling consistent comparisons;

3. achieve faster maneuvers without increasing actuator effort or modifying the
actuation system

These improvementsre achieved throughthe enhancedcontrol laws previously
presented, which introduce customized attitude error térimssvorth noting that, for the
reducedattitude case, the enhancement of the controldads to a more effective use of
the actuation devices, while avoiding the existence of a second equilibrium point

The enhanced laws present a modification in the term depending on the error in the
attitude. For instance, itk reference to E((3.46), the functionsinf i is monotonically

increasing, starting from 0 whdn. 9, and reaching 1 whef. reaches a certain angle
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between 0° and 180°, which can be set by appropriately choosing the free pagmeter
Beyond this point, up td. 80 , the value ofsinf i remains equal to Imaximizing
this termwhen the attitude is far from the desired one. The choice of the paragneter
strongly affects the performance of the controlled system. In fact, the par@defares

the threshold beyond which the term dependent on the attitude error reaches its maximum
effect. Compared to the blue curveRigure3.1 1 which represents a term that delivers

its maximum effortonly at . 480 i settingg %2 shifts this threshold to lower angles.

This allows the attituderrordependent term to reach its maximum contribution even for
lower, yet still significant, angular misalignments.

To demonstrate the improvements in attitude maneuver performance achieved by the
enhanceaontrol laws introduced irhts chapternumerical tests are performed and the
results are compared with those obtained using the staweimidn of thecontrol laws
(3.22) and(3.64). Specifically, a Monte Carlo campaign comprising 1000 simulations is
conducted, in which the spacecraft is reoriented toward a fixed target attitude, identical
across all simulationand corresponding to

Gro=1 ¢ $0 0 @ (3.86)

The variations lie in the initial conditions, namely the orientation and angular velocity.
The initial attitudes are generated by applying an eigenaxis rotation to the inertial frame,
where the eigenaxis is uniformly distributed over the unit sphere and the rotation angle
(eigenangle) is uniformly distributed between 0 and 180 degkém®over,the initial

angular velocity components follow a Gaussian distribution with zero mean and a
standard deviati on 0 fThe Gspadedrafts considereiru the at e d
simulations have the following inertia matrix

&1200 100 - 200g
Jo=g100 2200 300 ; kgoh (3.87)
&200 300 3100

and El the axis controlled in the reducettitude scenario§ he attitude performance is
evaluatedisingtwo parameters:

1. The time to reach convergence, defined as the time at which the maneuver is
considered complete. Convergence is reached when the attituderi error

quantified byf ;. in the triaxial case antl; in the reducedhttitude case falls
below 0.1°, and the norm of the angular velocity error is less than §.01°/s
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2. The maximum control torque, defined as the peak value reached by the control
torque over the entire duration of the simulation.

Both of these parameters are computed for each simulation. However, the resulting data
is highly scattered, making it difficult to clearly compare the performance of different
control strategies. To address this, the results are smoothed using a-enaagg filter,

defined by the following relation

], with W=l W 3.88
! tw=w, ifi av (389)

w1l

1
Y, -ﬁ[xi ®, F Xt
where x denotes the vector of data to be filtered, and w is the window size over which the
moving average is computeds a final note, all comparisons are performed using the

same gain matrices, which in this case are determined through the gain selection
procedure previously discussieg settingw, =0.04andz 4.
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Figure3.2: Convergence time and maximum torque comparison between control
laws (a) and (b)

First, the results obtained for the standard 14®22) and (3.64) presented are
compared. They are denoted with symbol (a) for the triaxial control law reported in Eq.
(3.22) and (b) for the reduced attitude control law of E364). Results are reported in
Figure3.2 where the initial attitude error corresponds {o(t,) andf . (t,) for triaxial

and reducedttitude cases respectivels previously discussed, the comparison
between the two control laws is not entirely consistent due to differences in how the
attitude error is defined. The advantage of using the reeaitidaide control law, in terms

of maneuver agility, is evident onlyhen the initial angular distance from the desired
orientation is below a certain threshold, approximately 125° in this case. Beyond that, the
presence of a secondary equilibrium point in the redatttide control law causes a
significant increase in cwergence time. However, it is also evident that the reduced
attitude control law results in lower control torque. This determines the inconsistency of
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the comparison, as the convergence times should ideally be evaluated under the same
actuator capabilities i.e., both control laws should operate under the same maximum
torque constraints to ensure a fair assessment. To carry out a consistent contparison,
reduced control law3.64) is substituted byhe law(3.78) where parameteg is set to

1/2, such that

f

e, sinfi, =g sin?R (3.89
10
=
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Figure3.3: Convergence time and maximum torque comparison between control
laws (a) and (c)

which has the same form of E.81). This law is denoted with symbol (c), and the
results are reported Figure3.3.

This comparison clearly highlights the advantage of the redaitiddde control over the
triaxial control: the convergence time is shorter due to the reduced angular path the
spacecraft must follow. The use of the control (8W8) removes the second equilibrium
point from the reducedttitude logic, avoiding the final blowp in the convergence time.
Moreover, it is worth noting that, for initial angular error close to 180 degrees, the results
are similar both in terms of convergentime and maximum control torque, because the
shortening of the angular path has a relative lower infpatbngermaneuvers

Finally, the role of parameteg is investigated. The improved triaxial and reduced
attitude control laws are employed, both wigh £. They are denoted with symbols (d)

and (e) respectively, and results are depictdeignre3.4. The results are similar to the
ones reported iRigure3.3. The main difference lies in the reduction of convergence time
observed for both the triaxial and reduestitude control laws. This improvement is due
to the effect of increasing the paramet@r which causesthe controller to apply the
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Figure3.4: Convergence time and maximum torque comparison between control
laws (d) and (e)

maximum torque associated with the orientation error whenever this error exceeds a
certain threshold. This threshold depends on the val@aindl decreases &sincreases.

However, excessively increasing this parameter is not advisable. A value that is too large
causes the controller to apply maximum torque even when the spacecraft is already close
to the target attitudeThis leads to an unnecessarily high angular velocity toward the
target, which the angular velocity error term

-JA'Bw or JA'B o (3.90)
may not be able to sufficientgpmpensate foAs a result, the system can oscillate around

the desired orientation. In fact, gs - ¢, the control law remains asymptotically stable,
but the attitude error term

-J.A'e.sint or QL A'e sing (3.91)
becomes permanentipaximized In this regime, the terr(8.90) effectively acts as a
damper, mitigating the oscillations induced by the excessive torque saturation

As a concluding remark, all the results presented in this section are summarized in
Figure3.5. Apart from the red curve representing the control(&@4), all the other laws
are characterized by a similar maximum control torigtieat almost reaches 10 Nim
meaning that the results in term of convergence time are obtained considering the same
actuatorsd sizing. Il n f aautconsidehng thean@xinnumt o r
possible value of the required control torque, which corresponds to the maxima of the
curves reported in the right plot. It is apparent that, with same actuation, the improved
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Figure3.5: Convergence time and maximum torque comparison among all the
discussed control laws

control laws whereg % offer the best performance both for the triaxial (d) and the

reducedat ti tude (e) cases. A better choice of
simulations, for example by performing additional Monte Carlo campaigns similar to
those presented inthiscs¢e i on and determining the value o
convergence time. As previously discussed, such a minimum exists: while an initial
increase gafredduteemt he convergence ti me, e X

eventually cause the convergence time to increase again due to oscillatory behavior
around thedesiredattitude.

3.6. Actuation: steering laws for momentum exchange devices

The control laws discussed in the previous sections generate the inputs to the attitude
actuation system, which ultimately drives the spacecraft orientation. While various types
of actuators exist, they can generally be divided into two categories:

(i) Actuators that interact with the external environment to generate the required
control torque. This category includes magnetic torquers, which exploitékEarth
magnetic field, as well as electric and chemical thruster pairs, which provide torque
by exchanging mass with the environment.

(i) Momentum exchange devices, which reorient the spacecraft by exchanging angular
momentum internally, without any interaction with the external environment.

This work focuses primarily on the second category, as these actuators are widely used
because of the high pointing precision they can guarantee. Especially gyroscopes are also
frequently employed when agile reorientation is required, since they can provide hig
torque levels and rapidly modulate thdBv]. These devices are oftenountedin
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mediumand largesized spacecraft systems in which dynamic effects are significant and
must be modeled using multibody flexible dynamics. Additionally, the internal
complexity of these actuators aligns well with the objective of analyzing the dynamics of
complexspacecraft systems.

Among these devices, reaction whe@®V) and singlegimbal control momentum
gyroscopegSG-CMG) are two categories commonly employed in space missidres.
former simply consists of wheels that are accelerated or decelerated via internal torques
operated by the spacecraft, which receives back a torque equal in magnitude and opposite
in direction that leads it to rotate. The axis of rotation of the whestsins fixed,
differently from what happens in the case of the@@&Gs. In fact, in this second caze
torque is applied to an axerpendiculato the rotation axis of the whe&thich usually
rotates with constant angular raend the torque received by tlspacecraft mainly
correspond to the gyroscopic torque that arises from the rotation of the rotation axis of
the wheel. This torque received by the spacecraft is larger than the torque employed by
the spacecraft, and this @mmendo mda8lalhe o ok n o
sketchof a SGCMG is depicted irFigure 3.6. With reference to this figure, the wheel

rotates about the axi\E2 with angular rateg, (usually maintained constantyhile the
spacecraft appsanet motortorque abouaxis \Elmaking the whole device rotate with
angular velocityql. The resulting gyroscopic torque that the device transfers to the
spacecraft usually much larger than theet motor torque abouﬁ't1 and consequently
than thereaction torqudransferred to the spacecréaftis parallel or opposite toEz,

depending on the sense of rotation of the wheel abou@xis

Figure3.6 Sketch of a SGCMG and the associated frame

A single device can provide a torque only in one direction, which is fixed with respect
to the spacecraft frame in the case of reaction wheels, while it fmvée SGCMG

becauseE3 rotates jointly with the wheelhese peculiarity of the SGMG leads to the

occurrence of singular configurations, i.e. configurations where the device or the array of
devices cannot provide the desired torque. The presence of singularities represents the
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main drawback of these actuators, which otherwise offer the advantage of gyroscopic
torque amplification. Singularity issues can be mitigated through dedicated avoidance
algorithms or by increasing the number of devices in the array.

In practice, both reaction wheels and-8GIGs are arranged in arrays composed of
multiple devices configured to act as a single attitude control actuator. To generate torque
in any desired direction, at least three device&onsidering constant rotor speed-SG
CMGs i are required. However, it is common to include an additional device for
redundancy. In the case of reaction wheels, this redundancy is primarily for safety, since
three wheels are sufficient to provide full thigeas control. In contrast, f8GCMGs,
redundancy also plays a critical role in reducing the probability of encountering singular
configurations.The goal of a momentum exchange device array is to generate a torque
that closely matches the control torque computed by the laws presented in the previous
sections. To achieve this, appropriate steering laws must be developed to relate the
devices kinemat parameters to the array overall output torque, ensuring the wheels move
in a way that produces the desired control effecturate modéhg of the interaction of
momentum exchange devices reveals that some gyroscopic effects exist that alter the
actual torque transferred to the spacecraft. These effects must be evaluated and
compensated, if possible

3.6.1.Reaction wheels

Beginningwith the case of a spacecraft equipped with an array of reaction wheels, the
dynamic equations reveal that the actuator torque generated by the array takes the
following form:

t.= AV WA (3.92)

where

~

A, =g%P . 1al) (3.93)

is the assembly matrof the array composed of N wheelg(-,B ) the vector oriented along
thejthwheel 6s axis of r ot at frame whiledbisthesasi@ d i n t |

inertia of thej-th wheel. Moreoveryy, is the vector containing the angular rate of the

wheels.lt is then necessary to find a way to move the wheel such that the actuator torque
t, is equal to the commanded torgte. From Eq.(3.92) one obtains that

- W WA W =AY, W A (3.99)
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If A, is a33 3 square nonsingular matrix, meaning that the array is composed of three

reaction wheels aligned such that vect@rf®rm a basis ofR?, the solution of E¢(3.94)
is

W, = At ZA W) (399

Instead, for redundant arrays (where N > 3), the redundant degrees of freedom leads to
the possibility of minimizinga cost function. Usually, it is chosen to minimize the angular
velocities of the wheels, and this results in computing the MBergose pseudoinverse

[89] of the matrixA,, leading to
i = AT(AAT) (L A W) (399

It is worth noting that, in the case of reaction wheels, it is possible to drive the wheels
angularaccelerationso precisely generate the desired torque, provided that this torque
does not exceed the physical limits of the actuaborffsict, additional terms are included

in the torque model used to derive the steering law, compared to what is commonly found
in the literaturei i.e. t,= A_"y [87] T, leading to higher accuracy in tracking the

commanded torquéhe termwA w, which represents an undesired effect due to the

gyroscopic coupling between the spaceattftude motion and the wheels spin rates, is
taken into account and compensated for within the steering law.

3.6.2.Single-Gimbal CMG

In the case of S&MGs, a similar procedure is followed, although with added
complexity due to the more intricate dynamics of the gyroscopes and the presence of
singularities. These factors require appropriately designed modifications to the steering
law to properly account for their effects. As a first step, the torque generated by an array
of SGCMGs is computed using the dynamic model of the spacecraft equipped with the
array, and is given bja7]:

N
(I) () ) (J) ~ 4i) GV 7))
a \*ﬂi(c R ) w8
() ¢ (l) () ) ()
SB/I o' e @+ (3.97)

A Dy D7D
'alt rA_1 q

=1
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where @ and g’ arerespectively the angular velocity and acceleration of the gimbal
axisi V&, in Figure3.61i , s andc are respectively the sine and the cosine of the

gimbal angle|? and1! are axialandtransversenoments of inertiaf the wheelsw{)

is the constant rotor speed. Finaltyl,(j) : rAZ(D andrA3(j) arethethreeunit vectorsof the

SGCMG frame W =[i, wfg w;] in theconfigurationwhen ¢f? =0 and projected

in the spacecraft body fran8 . They can also be seen as the rows of the rotation matrix
W{BB where W= S‘El|q£” . Wg% 0 Wy Eo Finding a steering law from this
complex model is a relatively complicated task. However, the last term (3.B@.can

be neglected because usudlig of lower order of magnitude compared to the remaining
terms. Hencet_, can be rewritten as

L=(A, By a® A=t (3.98)

wherevector g, collects the ghbal angular velocities of the N devices, and

AP W, 1 W (3.99
Bs:gl(tl)ril(l) |EN)r_A1(N) (3.100
N . . p
t_a(R) =@ MO &0 riz(n & ri;l) (3.101
j=1

wheref, is the actual direction O\ix;_t2 - considering the gimbal rotatidrresolvedn the

spacecraft body frame, i.e.

el O ) O
fi=cin,” €, (3.102

Under these assumptions, the gimbal angular velocities are sought such that

Ag " & YAL 1 (3103

wheret, =t_ -ta(R). In Eq.(3.98) an almost complete model of the actuators torque is

consideredadditional terms are included with respect to what one can commonly find in
the literaturg87], i.e. t, =A_ g, leading to higher accuracy in tracking the commanded

torque.
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The MoorePenrose pseudoinverse solves the preceding equetiem N > 3 while
minimizing the norm of thgimbalangular velocity vectog_,

a ATAAD T, (3.104)

As previously discussed, an array of -8®IGs may suffer from singularity issues,
depending on the number of devices constituting the array and their orientation and

actioning. A singularity occurs whedet(A' A7) is close to zero, leading tmimerical
instability of the inversion process. In fact, the parameter

m=./det(A A7) (3.105

is known as the singularity measure of the arffafferent strategies to tackle the problem
of occurrence of singularities exist. Among them, one of the most employed consists of
computing the singularity direction avoidance pseudoinverse. It is a modification of the
Moore-Pemose pseudoinverse, wheran additional term is added to exit the
neighborhood of a singularityrhis error obviouslyleviateghe actuator torque from the
desired commanded control torque. Then, to reduce it, it is applied only to the direction

of thesmallestsingular value ofA_ in order to regularize .in fact, the singular value

decomposition ofA_ is
Al=U S’ (3.106)

with Ui R¥? left singular vectors matrj)S iR¥" singular values matrigndv i RN
right singular vector matrixThe algorithmconsists of modifying Eq3.104) as follows:

A ATAAT ¥ T, (3.107)
where
0 0 0g
—_ T
X=UQ 0 0 (3.1089
€0 0 ay
with

a = (;aexp{ { det(A Al } (3.109
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wherea, andmare two positive constants, to properly tune. In fact, substitution®f Eq

(3.106) and(3.108) into EQ.(3.107) 1 and considering that U and V are orthoganalads
to

el [}
il 0 0 =
®s, u
e u
é 1 U
&0 0 '
REVAEH e (3110
é S u
g0 0 0
s S + a-
e 3 u
e u
& Oungs ¥

wheres; are the singular values of matri&_ (ordered with decreasing magnitudes as

increases). The torque error introduced if the steering3aw0) is adopted corresponds
to

(3.111)

and is only limited to the singular direction associated with the smallest singular value.
When matrix A is far from singularity,s; > @ and the torque error is negligiblie

this casethe outcome oEq.(3.110) corresponds ttheone of the classic Mooteenrose
pseudoinverse of E(3.104). However, the procedure of using the singular value

decomposition can be still maintained to fasten the inversigk af." .

3.7. Relative orbital motion (Battin-Giorgi formulation)

Successful rendezvous maneuvers require a-fidghty model of the chaser
spacecraft motion relative to the targ8everal approaches have been developed to
describe this relative motion. One of the most widely used is based on linear orbit theory
i specifically, the HikClohessyWiltshire (HCW) equationf90]. These equations result
from a linearization of the relative motion dynamics around the target nominal trajectory
and are therefore accurate only when the chaser remains sufficiently close to the target.
Furthermore, the HCW model assumes the absenceemfirpations and a target
spacecraft on a circular orbit with zero inclination. A wealbwn generalization of the
HCW equations to elliptical orbits is provided by the Tschattemnpelformulation[36,
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91], which, however, still relies on the same simplifying assumptions regarding
perturbationsinclination and relative distance

When more general scenarios are considemath as highly ellipticadnd inclinedbr
significantly perturbed orbits it becomes necessary to adopt nonlinear models. One of
the most established alternatives is the Ba@liorgi (BG) approachi36], which avoids
any linearization and therefore imposes no constraints on the distance between the chaser
and the target. The classical BG formulation describes the motion of a perturbed
spacecraft relative to a reference body moving on a Keplerian odnsequently, to
determine the relative motion of a chaser with respect to a target on a perturbed trajectory,
one must separately compute the motion of both spacecraft with respect to a virtual
reference body following a Keplerian path. The difference éetviheir relative positions
with respect to the virtual spacecraft yields the nonlinear relative motion between chaser
and target. However, when the target trajectory deviates significantly from a Keplerian
orbit (because of the perturbationfequent updates of the reference path are required,
making the methoampractical In the following, a modified version of the BG approach
is introduced, in which the reference orbit is no longer restricted to being Keplerian. This
enables a more direct and praatienodeling of spacecraft motion with respect to
perturbed target orbits.

In a generic inertial reference frame, the target acceleration is

" m
==L &, (31129

I

I, the inertial position vector of the target ahdts norm, m the gravitational constant
and a,, the sum of all relevant perturbing accelerations acting on the target. In a similar
way, for the chaser

m
r3

c

o &, ak (3113

L

wherer is the position vector of the chaser, the perturbation acceleration acting on
the chaser, and,  the thrust acceleration of the chaser, i.e. the control variable. The

relative position is defined as

A (3114
and then
.. m m
[ = r—s—r-c F'T-t Q‘pél_ aap,t_aat,c (3.119
C t
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The following manipulation can be carried out:

A 3
m m _m m m % r° 9
- =l -'Lgr.t 3. HI =L +_3£t e~ 3 U3 (3-116)
e i e re o t e re U'ec

However, sincé- r*/r® becomes very small whep® ., it can lead to numerical issues

that impair the accuracy of the integration. To mitigate this and improve numerical
stability, the expression can be further rearranged as:

re r2 B re
e 4 3 1 3/2 (3117
I, ‘[ -Ijt‘ (r2 2 2 [()O
and the following parameter is introduced:
r’> £ m
q=——7 (3.118
rt
Then, the BG equations of the relative motion assume the form
m qu"'q /1 &{8 m
= TR LS B 8- & (3119
C(1+a) g1 28

: ey @ : : . .
In the previous relation; :Na :’EF (a) is the relative acceleration vector obtained
N

from a double time derivation of the relative position vector compuntete inertial
reference frameHowever for relative motion,the Local Vertical Local Horizontal
(LVLH) framecenteredn thetargetis preferredwith respecto aninertial frame.If the
Earh Centered Inertial frame is denoted with unit vectigrsheaxesof the LVLH frame

aredefinedasreported inFigure3.7, where symbolsV, i and g, indicate the RAAN

(Right Ascension of the Ascending Nodgiclination, andargument of latitudef the
spacecraftorbiSpeci fically, the LVLH is centered i

1 Eis parallel to the position vector of the spacecraft with respect to the central
body;

1 E is directed toward the spacecraft orbital velocity;
17 Fis aligned with the spacecraft angular momentum;

Since the LVLH frame associated with the target spacecraft (denoted as-T)VisH
rotating, the relative acceleration between chaser and target computed with respect to the
LVLH -T reference frame is obtained by applying twice the transport theorem

119



Figure3.7: Orientation of the LVLH frame with respect to the ECI frame

vp o2 (Nt w Nt ¥ =" rt+ N 3 Ne b N g 1 (3120
where “w; is the orbitalangularvelocity i and not the spacecraft angular velogityf

theLVLH -T frame with respect to the inertial franiiecan be expressed in the LVEH
frame as a function of the Classical Orbit Elements (COE) and their time derivatives

__ @Wsinising #cos, ¢
"w=E EqF g siflicos , g sin , (3.121)
&€  Wcos + g

where the time derivatives of the COE are provided by the Gauss Vari&oumeions:

. C0s(q,
i=r——
h a.h
- __sing,
W=r—— 3.12
hsiniah ( 2
- _|m 2 sing, cos
=[—(1 ecos)n ————
% \lp3( ) h sini @

where r is the spacecrafidius e is the eccentricity] the true anomalyg. the argument

of pericenter, antﬁar' 3, ,q) are the components of then-Keplerianacceleration acting

on the spacecraft resolved in the LViOHframe. Thus substitutingEq. (3.120 in Eq.

(3.119), one obtains the BG equations with kinematic quantities computed in the-LVLH
T frame
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In the following sections, this version of the Bai@orgi equations will be primarily
referenced, and the superscripts will be omitted to simplify the notatenterm™ w;

is computechumerically: the time history of the componentsef; obtained from Eq.
(3.121) are propagatednd thennterpolaed and deived with respecto timeto obtain
the components dfw; .

The main difference introduced with respect to the classical Baitirgi scheme lies
in the choice of the reference orbit. In this formulation, the reference is the actual
trajectory of the target, which inherently accounts for the perturbations agtomyitu
The absence of a virtual Keplerian reference spacecraft significantly improves the
numerical performance of the integratidm.fact, n the standard approach, the relative
motion of the chaser with respect to the target is obtained as the diffdretween their
respective motions relative tovatual Keplerian spacecratft, i.e.:

ar ZFC I
ro=r - mith Flo Fo S (3.124)

- ¢ -t T[t ¥ K

with r, position vector of the Keplerian spacecraft. This implies that, in the standard
formulation, two sets of BattiGiorgi equations must be integrated: one for the chaser
and one for the target, each relative to the virtual Keplerian spacecratft. Additidnally
Keplerian orbit of the virtual spacecraft itself must be propagated. However, if the
perturbations acting on both the chaser and the target cause them to drift together away
from the virtual spacecraft while maintaining a small relative distancevioeen each

other due to the similar effect of the perturbatiénthe standard approach ends up

operating With‘Ech»U’ degrading numerical accuracy compared to the proposed
approach, which works directly with . In fact, in the standard scheme, when such

divergence occurs, the virtual Keplerian reference orbit is typicalbemgered on the
updated target trajectory. This correction step, however, is entirely unnecessary in the
proposed formulation
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3.8. Relative orbital control

Achieving a successful rendezvous maneuver relies on accurately controlling the
relative trajectory between the chaser and the target, as described(ByLEg). Within
the context of nonlinear control methods, feedback linearization stands out as a well
established and effective strategy. This technique enables precise trajectory tracking even
in the presence of strong nonlinearities and perturbations, praviledt t he sy st emb
vector is accurately known. For these reasons, it is adopted here as a suitable approach
for relative trajectory controlFirst, the classical control law based on feedback
linearization is presented. Then, a novel adapgs@ conrol law incorporating a
predictive logic, referred to as Hybrid Predictive Control (HPC), is introduced, and the
performance of the two approaches is compared through numerical analysis.

3.8.1. Feedback linearization

The relative motion equations can be written in the following ferhere all the
components vectors are resolved in the LVLHrame recognizing a Multinput Multi
Output system:

(1) rae (3129

with

m q(:‘.‘2+q -l;/l ) ﬁ’r m rap+ a (3.126)
3/2 2t T3 % i
1+q Q/ +q 1'8 re

The termi(r, t) is a nonlinear vector functioithe control acceleratiogp‘t must drive

the chaser to follow a desired trajectory defined bft), f ,(t) andf ,(t). Generally,

a PDlike structure is employed in the feedback linearization strategy. If the relative
trajectory error is defined as

11>

e

- (3.127)

then, the chaser thrustceleratiowill assume the following forno2]:

a.= 4 % rKe Ke (3129
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where Kp =k |

I35 and K, =k, ; are 33 3diagonal and constant gain matrices. The

closed loop system is obtained by substituting(E428) into Eq.(3.125), leading to
e+k,e ke £ (3.129

The control law yields a decoupled and linear seamdér systemwhere e= 0 and
€= 0 constitutehe target set thanjoysglobal asymptotic stability propertiddoreover,

thetransientbehavior can be easily controlled by proper tuning of the gains. In fact, the
i-th scalar equation

e+kg e < (3.130

can be rewritten introducing the natural frequengyand the damping factar, leading
to the following relations:

f:ip ) j’ (3.131)
4=4Z\

3.8.2. Hybrid predictive control

The control law(3.128) is perfectly capable of driving the chaser toward the desired
position with respect to the target spacecraft. However, from a performance point of view,
it providesT for most of the mission duratidna thrust acceleration that is much lower

than the maximum available one. This happens because ukl@aliydt equals a fraction
of the maximum thrust acceleration, denotediag in the following Then, if the gais

are set at the beginning of the orbit maneuver such‘ghca(tto) ‘ =u__, it follows that

max ?
‘gt'c(t)‘ rapidly decreases with the reduction of the relative position and velocity errors
operated by the contriabkelf. As a consequence of that, larger thrust are used only in the
very first seconds of the maneuver.

To contrast this effect, a saturation logic can be applied to contrgBla28) in order
to have‘gm ‘ = u,,, hot only at the initial time, but for a certain time interval. However,

this approaclpresents two main issues:

(i) The choice of the gains cannot be opportungdyiari operated, if not by computing
a numerical parametric analysis, which however may be in contrast witineal
applications;
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(i) In the scaling operated by the classic saturation procesiaerthe(-f_ +_dt) |

which compensags forthe dynamic nonlinearitiemnd perturbationgndallow for
the closed loop system to assume form reported in(EH30) 1 is reduced in
magnitude, losing the peculiarity of the feedback linearization strategy

In this work, anoveladaptive version f3.130) is proposed, which analytically finds the
opportune gain values in the saturation intervals, while maintaieirrg (-1 +‘dt)

unaltered The proportional and derivative gains are obtained at each time ihgtant
setting

ac|=[ £ Hrke ke u, (3132

and, considering that, =2 ;/kj (cf. Eq.(3.131)), Eq.(3.132) becomes
\-1 o 2-k;ezk2_e§- U, (3.133

where the auxiliaryariable k :\/E is introducedFrom Eq.(3.133), one obtains that

Krad eR G428 bt ) +efk
fieragor QUE ft ) of (3.134
aft fek |1+ f &y 0

Once the damping ratio is selected according to the desired perforingypeally set
to 1 to achieve critical dampirgpnditioni the result is a fourtdegree equation in the
scalar unknowik, representing the gain of the control law.

Solving Eq. (3.134) at the beginning of the rendezvous maneuver allows the
enforcement of a feedback linearization control that exploits the maximum available
thrust acceleration at the starting tindes previously discussedhe classic feedback
linearization adopts constagdins, which implies that the thrust magnitude is saturated
only at the very beginning, while it reduces at subsequent times. To obtain saturated thrust
over a finite time interval, a hybrid predictive control can be implemented, which uses
adaptive gais in a first phase, then switches to a second phase that employs eonstant
gain feedback linearization. In particular, §8.134) is solved at any time in the
saturation phase, to find the gaiksandk, that guarantee maximum thrust. As detailed
in [93], the longer the saturation time, the higher the peak of the thrust acceleration
magnitude of the constagtin feedback linearization at the beginning of the second
phaseThis happens because the more the saturation phase lasts, the higher is the relative
velocity at the end of the saturation phase. Tla¢nhe beginning of the constaggin
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phasethe relative position error continues to decrease, while the relative velocity error
increases; if the velocity error grows enough quigkgnd this always happens after a
certain saturation time sufficiently long, it leads to a subsequent peak in thrus
magnitude This behavior is taken into account for the definition of the stop criterion for
the first saturation phase. In faatpredictive integration during the saturation pheae

be carried out using constagain feedback linearization aftthe end of saturation. The
saturation phase stops when the thrust acceleration magnitude in the subsequent

(constarMgain) phase reaches a peak vahst overcome u,,,, 7 or a threshold that is

set slightly belowu,,, for safety reason.

Before discussing the performance of this control law, it is needquotce the
existence of a positive real root of £8.134). Letting

(3.135

Eq.(3.132 can be rewritten as

|v_v +g| =u_ (3.136)

ax

As a first step, provided th&= 0 and e= 0 do not hold at the same time, a positive gain

k always exists such that has a specified (nonzero) magnitude. To prove the preceding
statement, it is assumed tht 0. If e= 0 or e aligned withé, then it is straightforward

to obtain the positive value &fcorresponding to the desired magnituddf e, 0 and

the two vectorse and é T associated witte and é 7 are not aligned, then thédentify

a plane. Two unit vectors are introduced, Ee aligned with- €, and &, coplanar with

e and orthogonal tde. In this plane, vector

-e2nk nf (3.137)
while
_e2 b (3.139
with m > 0.Using these definitions,
w=(k’n, 2 kn)E ek (3.139
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If w, and w_denote the two components of in the plane at hand, elimination of k

from Eq.(3.139) yields the following equation for the curve describedwy

w . W n
kKX=— Yw, 2 m|— —w, (3.140
n n n

Cc Cc c

where n, and w, have the same sign due to K8.139. The derivative ofw, with

respect tow,, is

dw,__m_ . (3.141)

dw, Jfw.n_ n,

Because the first term tends to 0\agn C(: kznz) increases, the second term in Eq.

(3.141) dominates, and the geometrical locus described by veetors radially
unbounded as a result. Becawsehas zero magnitude kt= 0, due to continuity ofwv,

and w, as functions ok, in conjunction with radialnboundednessf w , a positive

value ofk certainly exists such that has prescribed magnitude.

In light of the preceding conclusion, the existence of a real positive valkedsof
transformed into the problem of finding a vectar (with components in the LVLH

frame collected irw ) such that its magnitude fulfills Eq. (3.136). To do this, vectoc

(3408

Figure3.8: Vectorw in the frame(E, E, ()E‘
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is recalled as the physical vector counterpan difined in Eq(3.135), andan auxiliary
reference frame, associated with unit vec((E,g, @E (cf. Figure3.8), is introducedThe
unit vector € points towardc, whereas(E,a are arbitrary, provided that they form a

right-hand sequence together wigh If iz denotes the unit vector associated with
then its componentsw,, w,,w ) can be written a&f. Figure3.8)

éW,_ =W COS j cos
[

| W, =WCOS j sin (3.142
bw,_ =wsin |
and Eq(3.136) leads to
w?+2wesinj € ¢ ( (3.143

which admits a positive reabot if u,, >c, i.e.if the maximumavailable thrust is

sufficient to compensate for nonlinearities and perturbations, to provide the feedforward
term corresponding to the desired relative acceleration

3.8.3. Performance evaluation of theHybrid Predictive Control law

To evaluate the actual benefits of tigbrid PredictiveControl law(HPC)introduced
in the previous section, a numerical analysis is performed. Specifivadiy¥lonte Carlo
campaigns, each consisting of 100 simulations, are conducted. The performance of the
orbital maneuver achieved using the adaptive control law is compared against that
obtained with a constaigiain feedback control law incorporating saturatmgic. Since
the adaptivepredictive control law implements a fundamentally different apprdac
handling saturation, it is essential to compare it with the standard saturation method
typically used in constargain controllers in order to accurately assess its advantages.
fact, if the HPC is comparegith the constangain controller applied without saturation,
the HPC always outperforms becaitsapplies the maximum thrust acceleration when
the error in the state vector is larger, leading to a faster convergence.

As specified in the previous section, while the adaptive control law computes the gain
values at each time step, a suitable gain must be determined for the egastaaintrol
law with saturation to enable a consistent comparison. The procedure begins by
simulating the maneuver using the adaptive controller and recording thenstaat
where the passage from the adaptaén to the constargain phas@ccursi denoted as
t The value oft, is selected such that the second peak in the thrust norm is

switch * switc
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maximized without exceeding the thrust lirior a certain percentage of it, if a margin
factor is introduced, in accordance with the predictive logaceviously discussed
Subsequently, the maneuver governed by the congéamtfeedback linearization with
saturation is simulated multiple times through a parametric study on the control gains.
The gain valué used for comparison is selected based on dewel criterion:

1. If a second peak in the thrust norm appears after the saturation phase ends, the
gain k is selected so that the magnitude of this peak matches that observed in
the HPC case. However, unlike tHéPC law i which is observed to always
produce a second pedk the constarigain feedback linearization with
saturation does not always exhibit this behavior. Moreover, maintaining
saturation for excessively long durations can lead to a deterioration in
maneuver performance. Therefore, if no second peak is obsergrdveen

saturation is extended up to a threshold. &, the second criterion is
applied:

2. Thevalue of k isadjusted so that the saturation time mascty,;.,, ensuring
consistent comparison conditions.

This choice prioritizes the qualitative behavior of the thrust acceleration profile. If the
standard saturated approach exhibits a time history of thrust acceleration similar to that
of the HPC law, the comparison is carried out by allowing both controllers to operate
under the same mode. Otherwise, the comparison is performed by enforcing the same
saturation duration in both cases. It is worth noting that®#@law consistently exhibits

the same qualitative behavior, characterized by the appearanceodrad peak in the
thrust acceleration, which constitutes an additional advantage. This consistency makes
theHPClaw more predictable compared to consigain strategies, whose behavior can
vary significantly depending on the boundary conditions.

In all the simulations, the target spacecraft travels on a Low Earth Orbit (LEO)
characterized by th€ OE reported imable3.1.

Table3.1: COE of the target spacecraft

Semimajor axis 7000 km
Eccentricity 0.01
Inclination 11°
RAAN 0°
Argument of periapsit 0°
True anomaly at, 0°
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The initial relative position and velocity conditions of the chaser with respect to the target
are defined by separately sampling the direction and magnitude of the corresponding
vectors. For the direction, both the initial position and velocity vect@sassigned
random orientations drawn from a uniform distribution on the unit sphere. The magnitude
of the initial position vector is sampled from a truncated Gaussian distribution with a
mean of 200 m and a standard deviation of 50 m, limited to the [50g65q nm (i.e.,

truncated at 30) . The i nitial velocity
distribution, with a mean of 0.5 m/s and a standard deviation of 0.2 m/s, but with an
asymmetric truncation over the inter\[aml, 1 m /<. Moreover, the maximum available

thrust acceleratiois generally set tai ., = 0.5N tor. However,if this value is lower

max

than 1.2‘1‘('[0)‘ T the value of the dynamic nonlinearities at the initial time, increased by

20%i thenu,,, = 1.21_1‘( to)‘ . The reduced level of the thrust acceleratgomtentionally

introduced to compare the two control laws under challenging conditions, thereby
emphasizing differences in their control dynamindact, wth reference to Eq3.135),

if |w| > |c| the two control laws exhibit similar performance, since the primary difference
between them lies in the treatment of the tarmit is preserved unaltered in tiPC

logic, whereas it is uniformly scaled in the constgain approach-However, if the thrust
acceleration results too modest, the conditigp, :1.4 _f(to)‘ restores an acceptable

margin of the control capabilities. Moreoydn a few simulations, the condition
[f (t)| > U Occurs despite the fact théft(t,)|>u,,, holds, due to specific initial

conditions. In such cases, the maximum available thrust acceleration is doubled for both
control laws.

max

Before presenting theesultsof the two Monte Carlo campaigns, the results of a single
case that proves the large discrepancy of performance between the HPC law and a
constardgain law without saturation are reported. This difference clearly appears from
inspection ofFigures 3.9-3.10. The gains of the constagain law without saturation are
chosen to provide the maximum torque only at the first time instant of the rendezvous.
The HPC significantly outperforms the nreaturated constaigfain law, and this always
verifiesbecause the control effort between the two laws are remarkably different. In the
following, a saturation logic is applied to the constgain law according to the strategy
previously discussed, and results are reported and analyzed.

In the first Monte Carlo campaign, the rendezvous maneuver is executed following a
setpointbased logic: only the final state is defined as the target condition, without
specifying the exact time at which it must be reached. Starting from the sameiméial
and with the same maximum available thrust acceleration, the control law that reaches
the target setpoint in the shortest time is considére@utperforming on& he position
of the final set point is a vector defined relatively to the tapgetition: the direction is
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Figure3.9: Comparison of thrust acceleration (left) and chaser trajectories (right) in a
single casé HPC vs constangain without saturation
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Figure3.10: Comparison relative distance (left) and relative velocity norm (right) in
a single casé HPC vs constarngain without saturation

sampled uniformly on the unit sphere, while the magnitudes is fixed torherrelative
velocity at the setpoint isqualto zero.The results show that th#PClaw provides better
performance in 72 case® the remaining 28 cases, the performance oHIRE law or
worse in 27 of them, while in 1 case the two laws provide practically the same outcome.

The results for a single case when the HPC outperforms the cegatambntrol with
saturation is reported Figures 3.11-3.12. The peak after the saturated interval is evident
for the HPC law, while the constag&in law does not show this behavior. Convergence
is achieved in a lower time for the HPC law, despite both laws are characterized by the
same saturation time interv&ualitatively speaking, cases when the consgairi law
achieves sloweconvergenceare the one where the peak after the
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Figure3.11: Comparison of thrust acceleration (left) and chaser trajectories (right) in a
single casevhere the adaptive lagiHPC)shows better performance setpoint
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Figure3.12: Comparison of relative distance (left) and relative velocity norm (right) in
a single caserhere adaptive layHPC)shows better performance setpoint
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Figure3.13: Comparison of thrust acceleration (left) and chaser trajectories (right) in a
single case where the adaptive i@ C)shows worse performantesetpoint
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Figure3.14: Comparison of relative distance (left) and relative velocity norm (right) in
a single case where adaptive I@iPC)shows worse performaeat setpoint

saturation interval does not appear. Conversely, cases when using the HPC law appears
not to be convenient are the ones where this peak arises also in the egaistéant.In

cases similar to the ones reported-igures 3.13-3.14, theHPC law achieves a slower
convergence with respect to the constgain counterpartiowever, the analysis of the
results reveals that the performance gains achieved bjRGéaw in favorable cases are
generally much greater than the performance losses observed in the less favorable ones
as itappeardy comparing-igures 3.12-3.14.

The fact that thélPClaw does not always provide a performance advantage depends
on the specific physics of the problem. TH®C law consistently compensates for
dynamic nonlinearities and orbital perturbations, which can be interpreted as a form of
A wi iiideg a external dynamic actiohacting on the spacecraft. However, in certain
cases, these effects may actually assist the rendezvous rather than himdeiifithe
wind blows toward the desired targeven in such situations, the adaptive colfer still
compensates for them, potentially counteracting helpful contributions. Nonetheless, such
favorable cases represent a minority of scenarios. This is why, overaliPdaw
delivers superior performance in the majority of situatidhstthermore, due to its
specific structure, thelPClaw ensures that the trajectory remains confined to the plane

defined by the unit vectorg and E, as introduced at the end of the previous section. In

contrast, the trajectory resulting from the constgaih controller is less predictable. This
regularity in the system response une&C constitutes an additional advantage, as it
enhances the predictability and understanding of the closgddynamics.

When the sepoint logic is replaced with a reference trajectory, the results may vary
depending on the specific choice of the reference. HoweveHRI@&law continues to
demonstrate superior performance. A second Monte Carlo campaign is conducted, with
all parameters varying as in the first campaign. The only difference lies in the guidance
strategy: a reference trajectory is introduced, defined asighdtliae path connecting
the initial and final positions of the chaser spacecraft. This trajectonyfeemly mapped
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over the time domain, meaning that each point along the path is associated with a specific
time at which the spacecraft is expected to be there. The maneuver duration is set to 30
minutes, after which the chaser must reach the desired final positiors frathework,

the control law that brings the chaser closest to the final position after 30 minutes is
considered to have better performance. A draw is declared if the final positions obtained
by the two control laws differ by less than 1 cm. The samerieitised previously are
applied to select the gain of the constgain controller.

The results show that a draw occurs in 65 out of 100 cases. Among the remaining 35
cases, thélPClaw outperforms the constagain law in 23, while it is outperformed in
the remaining 12. Although the performance gap between the two approaches is reduced
in this scenario, this outcome strongly depends on the specific definition of the reference
trajectory, its duration, and its temporal mapping. NeverthelessjRt&aw maintains a
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clear advantage. As in the gmiint case, the trajectory under HPC remains confined to
the plane defined by the same unit vectors, and all previous considerations remain valid.
An example of a case where the HPC law outperforms the cowgstaitw is ilustrated

in Figures 3.15-3.16. It is worth noting that, although the 3D trajectories may suggest that
the constangain law exhibits better behavior, the time histories of the distance to the
reference trajectory provide a more accurate picture. In fact, the 3D plot does not convey
thetime associated with each point along the trajectories. As a result, although the chaser
controlled by the constaigfain law may appear to stay closer to the reference path, it
actually follows the reference trajectory less accurately over time.

3.9. Concluding remarks

Chapter 3 addressed the nonlinear control of spacecraft attitude and relative orbital
motion, focusing on advanced techniques. The first part of the chapter was dedicated to
attitude control. A detailed formulation of attitude kinematics and dynamics was
provided, followed by the development of two nonlinear feedback controlilaove
representing the statd-the-art standard, the other consisting efavelenhancement of
the formeri for triaxial attitude tracking. The stability of these control laws was
rigorously analyzed, and guidelines for gain selection were presented. The chapter further
addressed reducedtitude tracking, a useful approach in scenarios where only single
axis attitude control is required (e.g., payload pointing), again provédimeyimproved
control law supported by stability proofs. A comparative performance analysis of the
proposed nonlinear control laws was carried out, demonstrating their superior
performance relative to existing solutions in the literature, particularlymnmstef faster
convergence for a given actuator configuration. The chapter also introdnbadced
steering laws for momentum exchange devices, including reaction wheels and single
gimbal control moment gyroscopes (CMGs), enabling the practical implementation of the
proposed nonlinear control strategidéis.the second part of the chapter, the focus shifted
to relative orbital motion. An advanced version of the Ba®iargi formulation was
introduced for describing relative orbits in a fully nonlinear earark. Building on this,
an innovative Hybrid Predictive Control (HPC) law was proposed for relative orbital
control. The HPC law was shown to effectively combine feedback linearization with
predictive control concepts, achieving robust and precise cafitrelative motion even
in dynamically challenging scenarios. A detailed performance evaluation of the HPC law
confirmed its effectiveness and highlighted its advantages over classical control methods.
In conclusion, Chapter 3 demonstrated the developraedtvalidation of advanced
nonlinear control laws for both attitude and relative orbital motion. The results of this
chapter are critical for achieving higterformance guidance and control in future space
applications, particularly in proximity operat®norrorbit servicing, and debris removal
scenarios.
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Chapter 4

Mission scenarios

In this chapter, several mission scenarios are presented, each demonstrating the
application of the theoretical framework developed in the prevahapters. Some
scenarios focus primarily on modeling aspects, others emphasize control strategies, while
some highlight the integration of both modeling and confioé chapter begins wiidn
analysis of a rendezvous and berthing operation, which includes the despinning of orbital
debris This is followed bya case study involving a large, flexible spacecraftqggming
agile attitude maneuverdlext, a scenario involving a spacecraft equipped with a large
rotating antenna is examined, with particular reference to the CIMR missi@pecific
interest to Thales Alenia Space Italy. This case explores key dynamic characteristics, such
as stressstiffening. Additionally, the elastic modeling using Finite Element Methods
(FEM) is discussed in the context of a large spacecraft carrying two Telescopic Tubular
Mesh structures. The chapter concludes with a missiormsodnvolving a rendezvous
with the Gateway space station in the cislunar environment.

4.1. Rendezvous and berthing of a space manipulator system
with a rotating debris

This section presents a study dedicated to the development of a robatibiton
servicing mission aimed at contributing to letegm space sustainability through the
removal or stabilization of noncooperative debris in low Earth orbit. The mission focuses
on the autonomous execution of rendezvous, close approach, and berthing operations
using a spacecraft equipped with two articulated robotis.admce the chaser vehicle is
brought into proximity with the target, a coordinated maneuwaslving attitudeand
robotic controlenables the arms to perform a precise manipulation that allows a stable
grasp, accounting for the target uncontrolled motion. The capbagitionsareachieved
through careful planning of the manipulator trajectory, ensuring a smooth engagement
despite the dynamic interaction between the arms and the spac®obsiequentlythe
system transitions to @dosed kinematic chajrwith botharmssecuring the object. This
setup enables a final despinning operation, during which the resihaéibn of the
captured debris is gradually reduced, allowing the system to reach a stable and safe post
capture condition.
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4.1.1.Vehicle description

The space manipulator system considered in this application is modeled as a rigid
multibody structure, made up of a parallelepisddped bus and two anthropomorphic
arms. Each of them is composed of two links connected via rotary joints. An illustrative
sketch of the entire vehicle is reportedrigure4.1.

With reference tdrigure4.1, joints Q, and Q, provide a 2DOF rotation withd,, and
d,, defined as the rotations around the axis aligned \?\/Ehand normal to the bus
lateral surface, whereas joing and Q. only allow a single degree of freedom rotation.

Angles Q,,and q,are coplanar, as well as the anglgsand . In total, each arm

possesses 3 degrees of freedom, enabling the desired positioning of the end &ffextors.
problem of eneeffector orientation is not addressed in this work and is assumed to be
managed by means of a spherical wrist, which is not explicitly modeled.

Figure4.1l: Geometry and elements of the Space Manipulator System

Furthermore, the spacecraft is equipped with the following actuators:

1. joint motors for the correct maneuvering of the robotic arms. The dynamics
introduced by the joint motors leads to joints flexibility, which is modeled in this
work;

2. a pyramidal array comprising four singiénbal control momentum gyroscopes
(SG-CMG) with constant rotor speed, to supply the necessary attitude control
torque;

3. anonsteerable thruster aligned with the spacecraft Eg(itor trajectory control
in the relative motion scenario.

Geometry, sizing, and inertia parameters (i.e. total mass and principal inertia méments
b, k) of the spacecraft are inspired by the space manipulator proposed i[9&Ref.
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Specifications for the bus are shownTiable 4.1, whereas the geometric and inertia
characteristics of the four links are reportedliable 4.2. The major data of the joint
motors are instead collected ifable 4.3 [95]. Moreover, Table 4.4 includes the
specifications of a particular commercial array oFSMGs, selected for its performance

suitability in the relevant dynamical scenari®§]. Symbolsh, I, W, , qmax, T,..x denote

the axial angular momentum, inertia moment, rotor angular velocity, and maximum
torque of the commercial device seledimdthis applicationWith regard to orbit control,

a throttleable 1 N Hall ion thruster is considef@d]. Its specifications are reported in
Table4.5. Finally, the target is assumed spherical, with diameter of 1.2 meters.

Table4.1: Bus specifications

Main Body (BUS)

width (m) 1.5
height (m) 2.2
depth (m) 1.0
mass (kg) 1000
Ji (kg ) 590.83
X (kg ) 270.83
Js (kg ) 486.67

Table4.2: Specifications of the arms links

Links
length (m) 1
radius (cm) 3.5
mass (kg) 30

Table4.3: Joint elasticity specifications

Joint motors
inertia (kg nf) 0.12
stiffness (Nm/rad) 40000
damping factor (Nms/rad 0.02
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Table4.4: SGCMG specifications

SGCMG M50 Honeywell
h (Nm sec) 75
I, (kg M) 0.22
W, (rpm) 6500
Q.. (rad/sec) 1
Trnax (NM) 75
mass (Kg) 33.1

Table4.5: Thruster specifications

Hall ion thruster
specific impulse (s) 1600
maximum thrust level (N 1

4.1.2.Trajectory planning and control of the robotic arms

The trajectory planning algorithm used in this stuwdgeis identified through the
following steps:

T first, the path points of the end effector must be defined in the operational
(Cartesian) space;

1 second, the path points must be translated into the joint space through an inverse
kinematics procedure;

1 lastly, the interpolation of the path points in the joint space provides the desired
trajectory.

The choice of end effector path points in the operational space depends on the mission
scenario, and this issue is discussed in the upcoming section. Furthermore, it is worth
noting that a trajectory in the operational space can be more precisely fotlpwexlend
effector as the number of path points used for discretization increases. However, this also
entails a higher computational burden. Consequently, there exists a computational cost
constraint that imposes an upper limit on the total number ofgmatis. Once the via

points are defined, the inverse kinematics algorithm is employed to transfer them to the
joint space. Due to the specific configuration of thB@F anthropomorphic arm, a
closedform solution of the inverse kinematics exists ancismsively described ifb3].
However, for each end effector position, there exist four admissible solutions, which are
coincident in pairs. The distinction between these two pairs of solutions lies in the
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opposite positions of the elbow joint. Therefore, a specific criterion must be applied to
select only a single solution. The choice follows these two steps:

(a) first, the pair of solutions where the elbow is closer to the target envelope is
discarded to prevent collisions with the target;

(b) second, between the two equivalent solutions, the one closest to the initial
configuration is selected.

After defining the path points in the joint space, a spline interpolation technique is
employed, to create the reference trajectories. This interpolation ensures continuity
conditions for the cubic polynomials, as well as their first and second derivatities
internal path points. Moreover, the interpolation conditions are finalized by setting the
value of the first derivative (joint angular velocity) to zero, at both the starting and final
points. The resulting planned path allows for the extractiotheffirst and second
derivatives, which are essential inputs for the control algorithm discussed in the following
section.

The two anthropomorphic arms of the manipulator need to be effectively controlled to
perform precise grasping of the target. A joint space control strategy is chosen due to its
computational advantages over operational space control. Joint space cdpinelents
inverse kinematics computation during trajectory planning, whereas operational space
control involves additional inverse kinematic operations within the feedback loop,
resulting in increased computational complexity. Morepeefeedback lineariz@n
approach is employed in this context as W&H]. The dynamical system of E(]L.95),
associateavith the complete motion of the SpaganipulatorSystemi thus including
also the base motidn can be rewritten as

Au=b (4.1)

where
AZNE (Moo Noor) (4.2)
b2-nl #;  (Npor B (4.3)

Vector f; in Eq. (4.3) does not include the control torque obtained via feedback
linearization, which is still to be computed. After removing the rows and columns not

associated with the joints degrees of freedom fldnand after doing the same operation
with the rows ofy and b, one obtains the following reduced system:

Ag b ¢ (4.4)
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whose dimensiogorresponds to the joint DORB®d whereg can replacdl. In fact, the
remaining generalized velocities are the time derivatives of the joint variglzed the

robotic motion control vectoe, appeas in Eq.(4.4). Hence, if the control law

c=A &Y KoL af K- o) o 5)

Is substituted irkEq. (4.4), it becomes
e+ Kye #K,e 9 (4.6)
whereK, and K, are diagonal and constant matrices with posEMentsi is the

vector of the desired joint variables age g - is the joint error vector. Also in this

case, feedback linearization ensures the convergence of the state toward the desired
values, while the transient performance can be controlled through proper setting of the
control gains.

4.1.3.Mission scenario

In this application, an entb-end simulation of a complete rendezvous and berthing
mission is performedin this framework, ne can distinguish five specific types of
operations:

1. closerange rendezvous, i.e. approach of the chaser toward the target from a
certain direction;

2. reorientation maneuver, i.e. the action of driving the operational axis of the chaser
toward the desired direction;

3. arms opening, i.e. the first motion of the arms that pass from the stowed
configuration to the desired initial condition for the manipulation phase;

4. spin rate synchronization, i.e. the chaser must reach the same spin angular velocity
of the target to guarantee safe grasping;

5. manipulation, i.e. the actual grasping phase.

Closerange rendezvous Starting from an initial relative distance of 20 m, the aim
of closerange rendezvous is to reduce this distance to a desireddgluhich is set

to 1.5 m. Furthermore, the desired relative position must be aligned with the spin axis of
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the targetlEsp. In fact, the target is supposed to rotate about a certain axis, which does not

change its orientation in the inertial frame. This assumption represents the condition of
flat spin rotation of the target, while the leteym disturbances induced by gravity
gradient torque and other environmental effects are neglected.

The rendezvous maneuver is carried out using athoust throttleable electric
actuator, with an upper bound on the thrust magnitude. Hence, the control gains of Eq.
(3.128 are chosen not to exceed the threshold value Nf tbn, which can be
considered as a threshold for the normalized low thitostact, in this study case a
constardgain control law is employed for the sake of simplicity, since the scenario does
notrequire saturation to achieve the desired performance with the equipped thruster.

To ensure safe approach, the relative distance between chaser and target must not
reduce below a certain safety threshalg, which is set to 1.4 m. To fulfill this

requirement, the rendezvous trajectory is chosen between two different options. In fact,
the desired alignment can be achieved with two different final points, one in the same
direction of IESp and one in the opposite, which means

— o N
& ; LE\)N Ed op (4.7)
L o N
& a LE\)N Ed op (4.8)
S o (N
Xy= °R hid,, (4.9)

whereLRN is the rotation matrix from the inertial to the LVEHframe andhg’;) collects

the components oESp resolved in inertial frameBecause the thruster is aligned with

body axisgz, during the rendezvous operatidihgs axisis supposed to be aligned with

(4.10)

where pE:NZ) contains the components (in the inertial frame) of the commanded direction

of body axisE2 and a, . the components of the thrustceleratiorvector, obtained from

Eq. (3.128. The other two commanded axes can be arbitrarily defined with the only
requirement to form a rigHtand triad, because the redu@titude controllogic is
utilized. Hence, the rotation matrix from the inertial frame to the commanded ffase

obtained as
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leading to the commandexdjaterniongqc,o,% . From the cubic spline interpolation of

thecommandedjuaternion, it is straightforward to obtain the time deriva@go,qC .

From the inversion of the kinematics equation of the quatesr(cfn Eq. (3.15)), one
obtains the commanded angular velocity. Th& 7 requiredfor attitude tracking is

obtainedfrom theanalyticaltime derivation of the splinénterpolatedexpression ofv..

It is worth noting that, during this phase, the spacecraft is kept in a stowed configuration,
with its center of mass aligned with the thruster line of action, thereby avoiding
imbalances and couplings between attitude and relative motion control

Reorientation maneuveri Once the desired position is reached, the thruster is turned
off and remains inactive for the rest of the mission, to avoid any interference with attitude
maneuvers and robotic motion. Immediately after turning off the thruster, a reorientation

maneuver iexecuted to align the body axE with the target, thus facilitating the

subsequent manipulation. The procedure for determining this maneuver is analogous to
the one used for aligning the thruster with the trajectory, as described in the previous
section. The only difference consistshe definition of the desired direction: in this case,

EQ. (4.10) must be replaced by

pN) = NBLr— (4.12)
=

wherer is the relative position vecter the LVLH-T framedefined in SectioB.7, which

is parallel to the spin axis of the target until the thrusters are switchéda#over he
gain matrix of thattitudecontrol lawarechosen to avoid exceeding the maximum torque
supplied by the array of actuators

Arms openingi Initially, the robotic arms are supposed to be in a stowed configuration.
Then, the arms must assume a new configuration, which represents the initial condition
of the grasping phase. The arm opening maneuver is divided into two subphases. First,

the motia regards only the joint variableés,, 5, d,, and g in order to align the two
arms With§3. Then, aotationalmotionin terms of angles),; and q,, is carried out in

order to align the joint axes corresponding to the preceding anglegzwim each of the

two phases, the joint variables that are not involved in the maneuver are considered
locked.
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Trajectory planning for the purpose of opening the two arms is much easier than the
grasping phase, because no specific constraints must be fulfilled by the end effector
position. Nointermediatevia points are introduced because it is sufficient to consider
only the initial and final conditions, which are interpolated through a cubic polynomial.
The maneuver duration is selected so that joint flexibility does not affect the motion of
the arm. Spefically, first and second subphases are planned to take &@d 45 s,
respectively.

It is preferable to carry out the opening maneuver before the spin rate synchronization,
otherwise synchronization would be lost, because of the changes in arejoty due

to the variation of the moment of inertia aboEg. In the latter case, successive
corrections could be necessary before starting the manipulation phase. Besides this

requirement, no otheronstraintexist for this maneuveEstablished thistwo different
choices of the sequence of operatigraainavailable:

() arms opening can be completed after the reorientation maneuver, or

(i) arms opening can occur during the last part of the rendezvous.

The first option aims at reducing the reorientation duration by taking advantage of
lower moments of inertia in the stowed configuration. In contrast, the second option
involves excluding the entire arms opening time by performing this maneuver within a
subinterval of a longer phase. Both cases will be discussed in the following section.

In conclusion, it is worth noting that arms opening is designed in such a way that the
overall center of mass moves uniquely along the thruster BzxisTherefore, arms

opening can be carried out while the thruster is ignited, because no disturbance torques
arise due to misalignment of the center of mass and thrust direction.

Spin rate synchronizationi To ensure safe grasping, the chaser must synchronize its
spinning angular rate with that of the target. Specifically, the spin axis of the chaser is

B;, which is the axis aligned with the chasarget direction.

Spin synchronization can be achieved by using a cubic time histohdofirst
component of W, and W, that appear in thattitudecontrol lav. The spinup maneuver

is set to 60 s, with the aim of carrying out the maneuver in short time while avoiding
excessive torque and dynamical loads. During this maneuver, the directid® of
maintained aligned with the chagarget direction.

Manipulation i After the synchronization phase is completed, the grasping phase can
start. The trajectory is first defined in the operational space for the end effector and then
mapped into the joint space through an analytical inverse kinematics algorithm. Unlike
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the opening phase, in this situation the critefiwaviously describets employed, to
choose the best solution for the joint variables (among the four existing solutions).

With regard to the operational space, different trajectories are considered. For the
trajectory of the end effector, three options are considered:

(a) a linear trajectorycf. Figure4.2);

(b) an elliptic arc trajectory lying in the plane that contains the shoulder joint and the
initial and the final positions of the end effector; one of the samimajor axes
coincides with the distance between the shoulder joint and the initial position of
the end effectofc.f. Figure4.3);

(c) a mixed trajectory composed of (i) a circular arc lying in the plane that contains
the shoulder joint, the initial and the final positions of the end effector; its radius
equals the distance between the elbow joint and the initial position of the end
effedor; the arc ends when the tangent direction is directed toward the grasping
point, and (ii) a segment tangent to the arc and directed toward the grasping point
(c.f. Figure4.4).

The shape of the trajectories is dictated by two main requirements:

1. reduction of motor torque amplitude and oscillations: for a safe and effective arms
motion, the motor torque should be limited and smooth. Hence, trajectories (b)
and (c) appear to be preferable, because the motion they require is easier to pursue
rather han the linear path (a);

2. capability of updating the trajectory: because the chaser and the target are subject
to relative motion even during the manipulation phase, uncertainties on the
relative position require continuous updates of the relative position and the
resulting path othe end effector. To do this, linear trajectories represent the
simplest solutions. In the end, paths (a) and (c) appear to be suitable solutions for
this task. In particular, for trajectory (c) updating occurs only in the (second) linear
part.

With regard to point 1, it is apparent that a Chebyschev distribution of the via points in
the operational space represents a suitable strategy to further reduce motor torque
amplitude anascillations regardlessf the shape of the trajectory. In fact, a Chebyschev
distribution implies that the terminal phases of the manipulation are executed more slowly
with respect to the use of a linear distribution. Hendgxify,, z,) and(x,,y; ,z ) denote

the coordinate of the initial and final end effector position, thel points of the
Chebyschev distribution are obtained using the following relation:
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whereq, and(q; are the initial and final angle of the upper half of the trigonometric circle,

which is traveled clockwise frorp to 0. To consider the entire interval, they are set to
p and Orespectively. The manipulation duration is set to 120 seconds, to allow safe
grasping, while reducing the dynamical interaction between attitude motion of the chaser

and the motion of the robotic arms.Rigures 4.2-4.4, the three trajectories are reported
for the left arm in the case of a Chebyschev distribution of 30 points.

Trajectory (ii) - Left arm

| ink at )

@ clbow joint
B end-effector

-0.5

1 0.5

% [m] 0 0.5

Figure4.2: Linear trajectory for the left arm

Trajectory (ii) - Left arm

—— link at [0

® elbow joint
B end-effector

-0.5

0.5 0
x [m] -0.5

Figure4.3: Elliptic trajectory for the left arm
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Trajectory (iii) - Left arm
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Figure4.4: Mixed trajectory for the left arm

4.1.4.Closerange rendezvousand reorientation maneuver

At time t, =0, the rendezvous operations start. The initial conditions chosen for this

example are reported fables 4.6-4.7. Specifically, the order of magnitude of relative
position and velocity are inspirég the closing phase of the ATV docking seque9&s.

Using theconstantgain feedback linearizatiocontrol lawdescribed in Sectio.8.],
Figures 4.5-4.6 are obtained. The rendezvous maneuver is assumed to end when the error
on the relative distance is lower than 1 mm and the error on the relative velocity is lower
than 0.1 mm/skigure4.5 shows the time history of the relative distance between target
and chaseand themisalignment angle (i.e. the angular displacement) between the
spinning axis of the target and the actual direction of the ttwgettaser direction.
Moreover, the left plotin  Figure 4.6 depicts the time histories of the three
components of the thrust. It is apparent that the maneuver is carried out without
overcoming the thrust limit imposed by the llvust actuator. The right plot Figure

4.6 reports the motion of the chaser relative to the target during the entire

Table4.6: Orbit elements of the reference orbit

semimajor axis (km) 7000
Eccentricity 0.01
inclination (deg) 11
RAAN (deg) 0
arg. of periapsis (deg) 0
true anomaly abt(deg) 0
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Table4.7: Initial conditions on the relative motion

r.[m] 11.09
r, [m] 14.78
r, [m] 7.65
r, [cm/s] 3.61
r, [em/s] 1.00
r, [cm/s] 0.17
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Figure4.5: Relative distance between target and chaser (left) and misalignment angle
during rendezvous (right)
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Figure4.6: Thrustacceleratiortomponents (left) ankendezvous trajectory (right)
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Figure4.7: Relative distance (left) ansiisalignment angle (right) thruster off

maneuver. If the relative orbit motion is propagated after the thruster has been switched
off, Figure 4.7 is obtained. From the inspection of this figure, it is apparent that the
misalignment is more critical than the increase of the relative distance that occurs in the
absence of relative orbit control. Therefore, if the misalignment threshold is set to 10°,
the time interval of the prmanipulation and manipulation operations must be less than
460 seconds.

Once the rendezvous has ended, the thruster is switched off sewhientation
maneuver is carried out, such that body digoints toward the spin axis of the target.

Results of this attitude maneuver are reporteBigures 4.8-4.9. The reducedttitude
control law(3.64) is employed to carry out the reorientation maneuver, which is assumed

to end when the angular distance between desired and Egnm is less than
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Angular velocity error components [°/s]
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Error quaternion during reorientation maneuver
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Figure4.8: Error quaternion (left) and angular velocity error (right) in the reorientation
maneuver
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Figure4.9: Actuator torque (left) and gimbal angular rates (right) in the reorientation
maneuver

0.3 degrees. This maneuver takes 36 secdfigare4.8 shows that convergence is
achieved in terms of pointing error and error angular velocity. Furtherrrignere 4.9
portrays the time histories of actuation torque and gimbal rates of thR€MBES
employed to actuate the commanded torque. The gains (3.64). are set in order to
avoid exceeding a maximum torque magnitude of 25 Nm, well below the maximum
available torque. As a consequence, also the gimbal angular rates rep&itpded.9

can be supplied by the actuators with no difficulty.

4.1.5.Arms opening and spirrate synchronization

After the correct alignment has been achieved, the robotic arms are deployed, starting
from their stowed configuration, to reach the configuration showheiteft plot inFigure
4.10. As previously specified, arms deployment is divided into two subphases, the first
one regarding the joint variables,, ¢, ,8 -andthe second one regarding, ¢,. The

numericakesultsfor this phase are reportedrigure4.11. Specifically, the time histories
of the joint variables and their time derivatives are reported for the case of the left arm.
The trend for the right arm are analogous, because the motion is planned to be

symmetrical so that the reactions at joiQtsand Q, on the bus can compensate, and the
chasemaintairs the desired attitude as a result. Moreowee right plot inFigure4.10
shows the time histories of the control torques for the first subphase. In the second

subphase the involved torsional inertia is much lower than the inertia in the first subphase,
therefore the motor torque is lower and easily suppliable.
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Figure4.10: Configuration after arms opening (left) and motor torques during arms
opening (right)
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Figure4.11: Joint angles (left) and joint rates (right) during arms opening

As mentioned in Sectiof. 1.3 the maneuver to open the arms can be executed during the
rendezvous. The symmetrical motion of the two arms, as discussed in the preceding
section, avoids any misalignment of the overall center of mass of the manipulator, which
remains aligned with théntuster axis. Consequently, there is no disturbance torque due
to thrust misalignment during the orbital maneuver. This strategy clearly economizes the
time required for the arms opening. However, the increased inertia in the deployed
configuration leadsota longer reorientation maneuver. Therefore, it becomes essential to
assess the duration of the combined (and longer) reorientation maneuver, in comparison
with the original, sequential reorientation maneuver. This analysis is preseSesttion

4.1.7. However, plots for a specific case of the combined maneuver are omitted, as no
significant difference can be discerned in comparison to the time histories associated with
the original sequence.

Because the target is spinning, the synchronization maneuver deseittezh4.1.3
is carried outFigures 4.12-4.13 refer to this maneuver. From inspectiontloé left plot
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in Figure4.12, it is apparent that the required spinning synchronization arouncEpjés
successfullyachieved, with acceptable control effort. However, a low entity nuttiken
motion is triggered related to the combination of the spin aroun(fg;\)ésd the rotation
about axesE2 and Esinduced by the control torques, which aim raaintaining the

desired pointing. As a result, a@ oscillates around the desired direction, because

of the (slow) time variation of the control torque that acts on the chaser. This trend is
recognizable fromFigure 4.13, where it is also apparent that the amplitude of the
(undesirednutation motion increases with the spin rate.
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Figure4.12: Spacecraft angular velociyeft) and actuator torque (righduring spin
synchronization
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Figure4.13: Angular velocity error during spin synchronization
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4.1.6.Manipulation phase

In the manipulation phase, the operations start from the scefepicted in the left
plot of Figure4.14. The final goal is in reaching the situationtleé right plot ofFigure
4.14, where both the end effectors are located at the grasping points. Considering a
Chebyschev distribution of the path poirfesgure4.15 and the left plot irFigure4.16
are obtained for the three trajectories describ&ertiond.1.3 From inspection ahese
plots, it is apparent that the elliptic trajectory provides the smoothest trend of the motor
torques, while the linear trajectory requiresnach faster response of the actuators,
especially in the first phase of the arm motion. For the mixed trajectory, the trend of the
motor torque is close to tledliptical trajectory, but there is a limited but fast variation for

Initial configuration of manipulation phase Final configuration of manipulation phase
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Figure4.14: Initial (left) and final (right) configuration of manipulation
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Figure4.15: Motor torques for elliptic trajectory (left) and linear trajectory (right)
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Figure4.16. Motor torques (left) and commanded joint variables during manipulation
(right) T mixed trajectory

the torque that acts on,, when the transition from the circular arc to the linear segment

occurs. This behavior is due to the required joint motion coming from the trajectory
planningalgorithm, whose time histories are shown in the right pl&tigfire4.16. The

two parts of the trajectory are clearly distinguishable in the joint space and this separation
is the cause of the mentioned behavior.cbmclusion the elliptical trajectory is
preferable, in terms of smoothness of the motor torques time histories.

With reference to the elliptical patRigures 4.17-4.19 are obtained and describe the
manipulation scenariduring the manipulation, the nutation induced by the spin rate
characterizes the motion of the chaser but does not degrade the maneuver performance
because of its modest amplitudrirthermore, the arms motion reduces the chaser inertia
about axisgl, leading to an increase of the spin rate that is compensated by the control

action with a certain delay, as represente@igure 4.17. The phase shift due to this
variation of the spin rate is evaluated through the numerical integration of the blue curve
in the left plot of this figure, which yields a value of 2.58 deg, easily compensated through
arm motion. Furthermorefrigure4.18 shows the pointing error associated with ﬁs

which shows very low values, meaning that attitude control succeeds in maintaining the
pointing error within a certain threshold. Finaligure4.19illustrates the time histories

of the most demanding joint variables (left plot) and the time histories of the relative
distancedetweerthe two end effectors and the grasping points of the target (right plot).

To conclude the discussion about the manipulation phaseptistraintreactions at
joint Q, are reported inFigure 4.20. Specifically, the rotary jointf), allows two
rotational degrees of freedom, thus ¢beastraintreactions comprehend all the three force
components and only a single torque component, which turns out to be modest and is not

reported. Theconstraintforces components are obtained with respect to the reference
frame
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