Nonlinear Differ. Equ. Appl. (2025) 32:26
© 2025 The Author(s)

1021-9722/25/020001-23 : : X X
published online February 11, 2025 Nonlinear Differential Equations

https://doi.org/10.1007/500030-025-01031-2 and Applications NoDEA

Check for
updates

The Cauchy problem for doubly degenerate
parabolic equations with weights

Daniele Andreucci and Anatoli F. Tedeev

Abstract. We consider the Cauchy problem in the Euclidean space for a
doubly degenerate parabolic equation with a space-dependent exponential
weight, roughly speaking of the type of the exponential of a power of the
distance from the origin. We assume here the solutions of the Cauchy
problem to be globally integrable in space (in the appropriate weighted
sense) and non-negative. Under suitable assumptions, we prove for the
solutions sup estimates, i.e., the decay rate at infinity, the property of
finite speed of propagation and support estimates. All our estimates are
given explicitly in terms of the weight appearing in the equation.
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1. Introduction

Consider for S = RY x (0,T), 0 < T < 400, the Cauchy problem for a
doubly degenerate weighted parabolic equation

f(ac)% — div (f(z)u™ | VulP?Vu) =0, in St, (1.1)
u(z,0) = up(z), ze RN, (1.2)
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Here x = (z1,...,2n), Vu [respectively, div] is the gradient [respectively, the
divergence| with respect to z, and we denote
flx)y=edleD 2 e RV, (1.3)

We assume throughout, often without further reference, that u > 0, ug > 0,
uof € L'(RY), that

1<p<N, p+m—3>0, (1.4)

and that g € C([0,+00]) N C*((0,+00)) is such that g(0) = 0, g(s) > 0 for
s >0, and for given 0 < oy < g < min(N,p/(p — 1))

g(s)

a1@ <J'(s) <as , s> 0. (1.5)

For example the power g(s) = s* for « as above satisfies our assumptions, as
well as the Zygmund function
g(s) = s%[log(c +8))°, s>0,e>1,a>0,0>0; (1.6)
here a1 = o, ap = a+ f.
Next we give a formal definition of the notion of weak solution to (1.1)-

(1.2). For an open domain Q ¢ R" | and ¢ € [1, +00), we denote by W}’q(Q)

the weighted Sobolev space with norm
1

folhwpoe = ([ (Vult+ 0 dr)’, df = f@de. 1)

We often denote norms in Lq(RN ) without reference to the domain, as in
[ Fllg = [[F| La(r~y- The weighted spaces L?(RN) are defined in the obvious
way (similarly to (1.7)). We denote by Bpr the ball of center 0 and radius R.

By means of the change of variable v = u'/?, 8 = (p—1)/(p +m — 2) we
transform (1.1) into

fz )% —prt le( (x)\VU|p_2VfU) =0, in St. (1.8)

Definition 1.1. We say that u > 0 is a weak solution to (1.1)—(1.2) if
v=u?eC((0,1); Ly (RN) N LL.((0,7); WP (RN)) N Lis.(Sr),
and for any 0 < t; < to < T and any test function

ne WEA((0,1); LY (RY)) N LY, ((0,T); WHP(RY)),

loc

we have

[ bt = o n(e) s

to 8
:/ /RN [—vﬁait] —i—ﬁp_l\VvV’VvVn} dfdt =0.
t1

Moreover u takes the initial data in the sense that for any ¢ € Co(RY)

lim u(z,t)C(x)df = / uo(x)(z) df. (1.10)

t—0 RN

(1.9)
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The existence of weak solutions to our Cauchy problem can be established
by well-known techniques, see e.g., [7].

In this paper we address the following issues:
In the case as < 1, we obtain a precise sup bound for solutions to (1.1) which
are either radial or compactly supported (in space).
For any 0 < as < min(N,p/(p — 1)) we prove the property of finite speed
of propagation, that is that solutions with a compactly supported initial data
maintain their support bounded for all ¢ > 0, and we give an estimate of its size.
We remark that the presence of weights might in principle make diffusion speed
infinite in finite time, since it might change the geometry of the underlying
space.

More exactly our results are contained in the following theorems.

Theorem 1.2. Let u be a non-negative radial weak solution of (1.1)-(1.2) in
Soo. Assume also

(€3]
1>a >2a; > .
ag +1

(1.11)

Then for large t

9 (og(tlluof [T ~%))P s
log(t]luof|If )

Here ¢ = ¢(N,p,m,ay, az,g(1)).

_ 1 _
t™ = lug Il (1.12)

Ju(®) e < e

Theorem 1.3. Let u be a non-negative weak solution of (1.1)-(1.2) in Sec.
Assume also (1.11), and that the initial data is compactly supported.
Then for large t, the same bound as in (1.12) is in force.

Theorem 1.4. Let u be a non-negative weak solution of (1.1)-(1.2) in Sec.
Assume also that the initial data is compactly supported.
Then for all t > 0 we have suppu(t) C Bp), where

R(t) = cg(_l)(log(e+t|\uof||’f+m_3)). (1.13)
Here ¢ = ¢(N,p,m, a1, a9,9(1), Ry).

The assumptions of Theorems 1.2 and 1.3 may be weakened, see Re-
mark 2.2.

1.1. Example: power function

Assume here g(s) = s*, a > 0.
If o € (0,1), then the sup bound (1.12) amounts to

lulloe < cllog(tluo fIF™ DT D 7= Juo f[7. (114)
For any a > 0, the definition (1.13) becomes

1
a

R(t) = c[log(e + tuof 7). (1.15)
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1.2. Example: Zygmund function
Let g be as in (1.6). Let 7 = g(s). Then
s=g (1) = agré(logT)ng(T), T — 400, (1.16)

where A(7) = 14+0(1). Indeed, let us identify A(7) by applying ¢ to both sides
of (1.16); we obtain

7= ar(logT) P A(T)”

3 1 B ’

X {aloga + EIOgT - aloglogT +10gA(T)} (1.17)
B N log A(1)18
=TA(T) [1 +o(1) + QW} )

whence necessarily A(7) — 1 as 7 — +o0.
Let us assume for the sake of notational simplicity that ||ugf];1 = 1.
Then, if ap =a+ 3 <1 and

a+ 0
a>—"1_
a+/+1
it follows from (1.11) that
(Ol < | e (Bl )7 s (118)
= "llogt \ (loglog t)? ' '
In addition, for any «, 8 > 0, (1.13) yields for large ¢
logt &
Rit) <c¢c|l—F"—=) . 1.19
(1) < C((loglogt)ﬁ) (1.19)

Remark 1.5. If p = 2, estimate (1.14) is in agreement with the one obtained
in [23] for the porous media equation in Cartan-Hadamard manifolds. See also
the related papers [18,19,22] and references therein. However, it seems to us
that the estimate (1.18) is new even for the porous media equation.

Remark 1.6. In the case m = 1, g(s) = s*, Theorem 1.4 was proved in [26].
The case a1 = ay = 1 was considered in [28].

Weighted equations like (1.1) play an important role in Riemannian ge-
ometry, see [9,15,16]. Note that the precise form of exponentially weighted
Sobolev inequalities is not yet completely understood, in spite of their rele-
vance to the study of qualitative asymptotic behavior of solutions to diffusion
equations. Such inequalities are connected with isoperimetric inequalities (see
[1,8,10-14,20] and references therein).

In the study of the porous media equation in Cartan-Hadamard manifolds
carried out in [18,19,23], one of the main ingredients is a precise version of a
weighted Sobolev inequality connected with the volume growth rate, depending
on the behavior of sectional curvature. As it was shown there, the most non-
standard cases are connected with manifolds with exponentially growing vol-
ume. In that case classical approaches fail to prove suitable weighted Sobolev
inequalities. The first result in this direction [18] deals with Cartan-Hadamard
manifolds admitting exponentially weighted global Poincaré inequalities. Later
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in [23] such results were extended for various classes of Cartan-Hadamard man-
ifolds. We also recall that, still in the setting of the Cauchy problem for the
porous media equation in Cartan-Hadamard manifolds with exponential vol-
ume growth, in [19] the authors obtained the complete classification of time
decay rates, by employing self-similar sub- and super-solutions.

The radial Sobolev inequality obtained in [23] is enough to get precise sup
estimates in Cartan-Hadamard manifolds. The radial inequality we prove here
(Lemma 2.4) is a natural generalization of the one in [23]; also our proof follows
their approach. The extension of Theorem 1.2 to the non-radial case is an open
problem. In this connection, here we consider the case of compactly supported
solutions, proving the new Sobolev inequality in Lemma 2.5 which enables us
to prove Theorem 1.3.

Weighted parabolic equations were studied also in [2,6,7,16,17,24,27,28].

In the proofs of Theorems 1.2 and 1.3 we use the same DeGiorgi approach
as in [4,5], while in the proof of the finite speed of propagation, i.e., of Theo-
rem 1.4, we follow the approach in [3,6]. The latter approach needs only the
Poincaré type estimate in Lemma 2.3, which allows us to skip the assumption
a9 < 1 in this case.

Hopefully the results of this paper can be applied to the qualitative investiga-
tion of doubly non-linear degenerate parabolic problems in Cartan-Hadamard
manifolds.

The paper is organized as follows: Sect. 2 is devoted to auxiliary results
and functional inequalities; Sect.3 [respectively 4, 5] contains the proof of
Theorem 1.2 [respectively 1.3, 1.4]; note that Theorem 1.4 is used in the proof
of Theorem 1.3, but its proof is of course completely independent of the latter
Theorem.

2. Auxiliary results

We remark first the following elementary consequences of (1.5):
g(_l)(z)/\‘le < gV (N < g(_l)(z)/\afll, z>0,A>1, (2.1)
g(_l)(z))\i <P < g(_l)(z))\‘%z, z>0,A <1 (2.2)

With the purpose of introducing a more regular version of g, we define the
function

We have
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According to our assumption (1.5), we see by direct differentiation that

s+ g(s)s™“'is non-decreasing and

2.5
s — g(s)s™“?is non-increasing in (0, +00). 23)
Thus we have
az+1 s s
9(s)s =g(s)s™? S §/ g(2)z7*2*2 dz :/ g(z)dz
az+1 az +1 0 0 (2 6)
N /S (2)27 2% dz < g(s)s™™ s g(9)s .
- Og =9 C¥1+1_C¥1+1.
As a first consequence of (2.6) and of (2.3) we infer for all s >0
ar g(s) _ az  g(s)
=< < — = 2.
0<a1+1 S _G(S)_ag—i—l s (2.7)
Lemma 2.1. 1) Assume
(N — p)Oél (&%)
S -1 — > 0. 2.
C¥1+1 +(p )<a1 a2+1)_0 ( 8)
Then we have
d
— (G ()P sV >0, (2.9)
ds
as well as
d _
—(G'(s)" ') <0 (2.10)
ds
2) If instead we assume
(N + 1)0[1
> .
I Qas, (2.11)
we have
d
P (G'(s)"'sV 1) > 0. (2.12)

It is easily seen that (2.8) and (2.11) are satisfied if &y = g, and also in
a suitable range of oy < as. For example this is the case if

1>ap>a > a;‘il, N> 2. (2.13)
Proof. 1) We calculate
d
T (G ()P~ 1N 1) = sN72G ()P 2 Ay (s), (2.14)

where

Ai(s) :==(p—1)sG"(s) + (N = 1)G'(s).
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According to (2.3), (2.4) and (2.6) we estimate
A5 = (% = p)[g(e)s - [ g(:)a]

+o- 0] [ a)ds 20 - 90013

> gl [ 4 1) (00 - 220)] 20,

on invoking our assumption (2.8). The statement in (2.9) is proved.
Then in order to prove (2.10) we only need observe that

G'(s)"ts™ T = (G/(s)p_lsN_l) T
2) We calculate

d

E(G’(s)flsN%) = sV72G (5) 72 Ay(s), (2.15)

where
As(s) == (N —1)G'(s) — sG"(s).
According to (2.3), (2.4) and (2.6) we estimate

Ax(e)s* = (V4 D[o(s)s — [ gla1as] - 20

0

(N +1)ay }
> LTI ] >0,
> sg(s) [ F g e >
on invoking our assumption (2.11). The statement in (2.12) is proved. O

Remark 2.2. In the rest of the paper we are going to apply (2.9), (2.10), re-
spectively (2.12), so assumptions (2.8), respectively (2.11), may be replaced
directly by these estimates.

Concerning the assumptions of Theorem 1.2, we certainly need as < 1, but the
inequality oy > /(g + 1) is only used to guarantee (2.8) as well as (2.11).

In the following we use the notation A(s) = G'(s), s > 0, A(0) = 0.

Lemma 2.3. Assume v € W}’p(RN), N >p>1, and (2.8). Then

[ AGarp@rar<c [ [wo@par. (216)
RN RN
Here C = C(N,p, a1, a9).
Proof. We start by proving the following one dimensional version of our claim
+oo —+oo
/ AP o) PN "1ed® 4t < © / W' (&) PN eI D dr, (2.17)
0 0

for all compactly supported v € C([0,+00)). We borrow from [25, Theo-
rem 6.2] the following Hardy-type inequality: let 1 < p < ¢ < oo, let ¢, w



26 Page 8 of 23 D. Andreucci and A. F. Tedeev NoDEA

be positive and locally integrable in (0, +o00). Let also v belong to the set of
absolutely continuous functions over [0, +00) vanishing at co, and assume that

Br = 0<bup quHL‘I((OT o™ pHLP ((rtoo)) < 00
r<

Then
—+oo

(/O+Oo|v(r)qw(r) dr)% < CR</O o' (1) [P () dr) , (2.18)

where the optimal constant C'r satisfies

q
Br < Cr < K(q,p)Br, K@m%:(1+5)
We choose here ¢ = p,
wl(r) = AN, () = Ve

With this choice, (2.17) coincides with (2.18). Thus we only need to check that

1
Or = sup //1 Nﬁleg(z)dz>p

O<T<+oo
N-1 _g(2) por 1 2=l
X z rle p-1dz = I"1," < +oo0.
T

On applying in sequence (2.3), (1.5), integration by parts and then (2.9), we
get

B =

/oL
/

(1+p> . (2.19)

q

Q|

(2.20)

T G/ 1 T
I :/ A(z)p_lzN_lﬂg'(z)eg(z) dz < — [ A(z)P7 12N 19/ (2)e93) dz
0 9'(2) a1 Jo
" d
:7/1 p—1 N 1 g(r) / — (A p—1_N-1 g(z)d
- A() [ S e a:
< i/1(7”)”*1rN*leg(”).
S

Next, by means of a similar argument, we obtain by invoking in sequence (1.5),
(2.7), integration by parts and then (2 10),

+oo  N-1 1 (d +oo  N-1 1 de p-1
Ig——(p—l)/ z p—1 e dz<—cl/ z p—1 e’ dz
r g'(z) dz " A(z)  dz
L 1,
=cir p- e p— c —(z = e p-1dz
! A(r) Y @ A(z)
— (r) —
oSt Lo =D
A(r) az(ar +1)
Thus
5 N1 1 o)\ 55
Br < ( A(r)p_er_leg(r)>p(clr p—1 671771) ?
- A(r)

1

1
_dy
- (&)

Finally we can reduce the general case to the one dimensional inequality
(2.17). Indeed, the inequality (2.16) is easily obtained by writing any v €
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CY(RY) in polar coordinates as v(z) = o(r,6), r > 0,0 := (01,...,0n_1) € 2
so that dz = rV=10(0) dr d, for a suitable ©(#) > 0, and on invoking (2.17)
we find

“+o00
/RN Alz])?es =D ()P dz = /Q (/0 AN i, )7 dr) O(9)
SC{/ (/+meﬂ”rNHa4nanpm)cxmda

2 0

<C / |Vo(z)[Ped™ dz. (2.21)
RN
O

In the following we denote a = pg/(q — p); note that assumption (2.23)
is equivalent to a > N.

Lemma 2.4. Let v : (0,400) — R be absolutely continuous on each compact
interval contained in (0,+00), and such that v(r) — 0 as r — 400 as well as

“+ 00
/ [ () |PrN e dr < 400, (2.22)
0
Assume also (2.8), (2.11), a1 < as <1 and
Np
. 2.2
N, 1P (2.23)

Then

(/0+Oov(r)|qu—1eg(T) dr)é < [‘(/0

Here for K = K(q,p) as in (2.19) we have for any given ro > 0, using the
notation a = pq/(q — p),

“+ o0 1
o PN es ) dr) " (2.24)

1 —1\5
FZK(Q»?)[ﬁ(ﬁ_p) (1+70o)
p—1 042(041+1) % —% —%
+(-1) <aMm+U) 1oy (2.25)

21 NEL (o) ¥y g (a)
O o R [ v e

Proof. We invoke again, from [25], the inequality (2.18), where we take ¢(r) =
w(r) = rV1e9(")  immediately getting (2.24) with I" formally replaced by the
constant

C= ﬁOK(Q7p)’
provided Sy := sup{A(r) : r > 0} < +o0, where

r 1 +o0 . p=1 1 p—1
A(r) = (/ SN—-1o9(2) dz) ? (/ 2T TeT = dz) R Jlé Jy '
0 r

We then only have to find a bound for .




26 Page 10 of 23 D. Andreucci and A. F. Tedeev NoDEA

On using the monotonicity of g, and of course of the exponential, and the fact
that (N —1)/(p — 1) > 1 we find by means of routine majorizations for all
r >0

N 1 i o1
Ar) < (Sper)! (ET—ﬁjfe—%) ;

N N=p (2.26)
1 p— 1 =1 Np—gq(N—-p) _ a—p '
= T ( ) P r ap e 9(r) g,
Nz \N—p

Note that (2.26) yields a uniform bound for A in all (0, +00), since Np—q(N —
p) > 0 according to our assumptions. However, this bound is not optimal for
large r and therefore we are going to use it only for 0 < r < rg, for any fixed
ro > 0, obtaining for r < rq

p—1

1 /p—1\% 1-n 1 /p—1\%
A(r) < ( ) re e < (7) 1+r), (227
m<=(F=) Tt < (F) T, @
for all values of ry > 0, since a > N.

Instead for large r we reason as follows. On applying in sequence (1.5),
(2.7), integration by parts and then (2.12), we get

" N1 des(?) d " N1 des(?)
2 q4a< =
/0 g (z) dz e o A(z) dz
FN-1 N-1

"d sz
_ g(r) _ = 9(2) q 2.28
= © CQ/O dz ( A(2) )6 * ( )
Q2

Oll(OéQ =+ 1) '

Ji =

Co ‘=

Next we remark that, according to the notation in the proof of Lemma 2.3,
we have J; = Iy and that we already obtained there the estimate (under
assumption (2.8))

_x1 1 e (p—Dag
J — I < p—1 p—l7 = 229
2=D<er v gose 4= e D) (2.29)
Then we collect (2.28), (2.29) and obtain, on invoking (2.7) again,
1 p-1 p=1 1, pN=1 1 -1 atm\ 5
Al =T L7 et o (74/1(7") eg(T)) ‘1 (T_ o A(r) fﬁ)
_ cf%cé (r(Nfl)(;D*Q)A(r)*pfq(pfl)e(pfq)g(r)) v (2.30)

1
<cs (rN(p_q)+pqg(r)_p_q(”_l)e(p_Q)g(’”)) "=t e3As(r),

where
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and, by elementary calculations,

g(r)\ = TeS)
A =F — F(r)y=—— a . 2.31
3(r) = F) (%) ()= i5e (2.31)
Note that (1.5) immediately implies the first inequality in
9(r)\e _ (9(ro)\= g(ro)
_— < (== < —_ > .
(rN) _(rév) si+ ro r=ro (2:32)

while the second inequality here follows from a > N, for all possible values of

g(ro) /(-
Then we are left with the task of estimating F'(r). To this end we perform the
change of variable

r=g"Y@),  A>0, (2.33)

mapping monotonically and surjectively r € (0,+c0) to A € (0,+00). We

obtain that

9(_1)(a)\)e—x
a\ '

We are going first to estimate F(r(\)) for A > 1; thus we may appeal to (2.1)

to get

F(r(\) = (2.34)

(=1) (=1)

F(r(\) < gft(a)xifle* < 04(a1)ng), (2.35)

where for all 0 < o < 1 we write
1 a1
eq(a) = max A= le™A = (7 - 1) e~ (@D,
A>0 !

note that the bound in (2.35) is correct even if 1/a; —1 < 1. Next, by the
same token, we bound for 0 < A <1

D)

(=1 1
F(r(\) < QT(Q))\@’%‘A < c41(042)9T (2.36)
Finally, on collecting (2.27), as well as (2.30), (2.32), (2.35), (2.36), we infer
(2.24) with I > C as in (2.24). 0

Lemma 2.5. Assume that v € Wy""(Bg), R < 400, that ag <1 and (2.8).
Then for q as in (2.23) and a = pq/(q — p),

(/BR|quf); < C’(/BRvadf);A(R)gl. (2.37)
Here C = C(N,p, a1, a9).

Proof. We start from the standard Sobolev inequality for w € Wy**(Bg)

(/B [P dx)‘%* < O(N,p)(/B |Vw|pdx>%, p* = NN_pp. (2.38)
R R

We take in (2.38) w = ved/P. Note that owing to (2.5) and (1.5) we have
g (s) < asg(1)s™~! for 0 < s < 1, so that |[Vg| € L” (RY), since p < N.

loc
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Then by means of a direct calculation, and by using (2.7) and Lemma 2.3 we
get for C' = C(N,p, a1, as)

p*

/ |U‘p*e%g dx < C(/ (IVo]? + [Vg[?|v]P)e? dx) v
Br Br

< c(/BR (19017 + A(la])?[o]?) e (2.39)

p*

< C(/BR|Vv|pegdx)p.

Let ¢ € (p,p*). On applying the Holder inequality, and recalling e /¢ <
e9P" /P e9P/1 < e9 we have

q

N 9—p p::
/ |'U|q€'qu é (/ |U|p*e%gd$)p P(/ |,U|P69dx)1’ P
Bpr Br Br

* a-p p*—q

< C’(/BRVv|peg dx)pp'“(/BRvpeg ar)",

where in the last inequality we applied (2.39). Note that, as ¢ < p*, the C in
(2.40) may be taken independent of q.

Next we take into account that for ap < 1 the function s — g¢(s)/s is non-
increasing by (2.5), so that for s < R we have by (2.7)

(2.40)

A(s) > Qay 9(3)> oy Q(R)> ar ag+1

— A(R). 2.41
"o+l s T a+1 R T o+l as (%) ( )

Then we may use again Lemma 2.3 to bound the last integral in (2.40) by

/ [vPed da < C(p,Oé17O[2)A(R)7p/ [P A(|x])Pe? da
b b (2.42)
< CAR)™" / VolPed da.
Br
Finally we collect (2.40) and (2.42) to infer

q—p , p*—q

p*—q % p*,p+p*7p
/ [v|%e? dx < CA(R) P v =r (/ [VulPed dx)
Br Br

i (2.43)
= ARy ¥ / [Volres dz)”,
B

R

that is (2.37). O

3. Proof of Theorem 1.2

The proof is complex and we divide it in several steps. Preliminarily, we remark
that the assumptions (2.8) and (2.11) are in force, owing to the requirement
a1 > ag/(az + 1) in (1.11), and to the fact that N > 2 > 2as.
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We also remark that by conservation of mass

/ u(m,t)f(x)dm:/ uo(z) f(x) dz = |Juo fl|1, t>0. (3.1)
RN

RN
We assume in this section that ||ugf]l; = 1, which is always possible by the
remark that

Ul(x,t) = \u(z, \PT™73¢)

is a solution to (1.1), for any fixed A > 0.

First step. As a first step, we obtain the sup estimate in (3.13) below.
We begin by stating the following inequality of Caccioppoli type: for any a; >
as >0,71>1>0,s>1(and s >3 —m if m < 1),

t
sup /RN(U(T)fal)ider/ /RN|V(ufa1)3_|Pdde

T1<T<t

ap \Im-1l _l/t/
< — —ap)i dfd
<e(ty) emt) | wea)ididn

where 0 = (p+m+ s — 3)/p and ¢ here and in the rest of this section denotes
a constant depending on m, p, N, s, g(1). Note that s is fixed here for the
rest of the proof. The proof of (3.2) is standard and we omit it; see also [6,
Lemma 2.17]. Define hg > hoo > 0, 79 > Too > 0 and for ¢ > 0

(3.2)

ki = hoo + (h‘O - h00>2_i7 tl = Too + (TO - 700)2_i’ Vi = (U - k")i

We take in (3.2) a1 = ki, as = kip1, 71 = t;, T2 = ;11 to get

t t
sup / vddf + / / [V, |Pdfdr < bi\Il/ / vl dfdr, (3.3)
ti<T<tJRN t; RN tiv1 RN

where b = 2Im=H+1 d = 5/0 < p and

ho

U= c<m> ‘mil‘(ro — 7o) L

We also set
uf(T,k):/ df, k> 0.
{u(r)>k}
On the other hand, by means of Lemma 2.4 we have for ¢ € (p, p*)

(/RNU;Ide)é SF(/EW|VM+1|]”df)’1’7 (3.4)

where I" is the constant in (2.25); the number ¢ will be chosen below. Hence,
on applying Holder and Young inequalities we obtain from (3.4)
(3.5)

| umitar=ri( [ uamrar)
d(g—p)

d » —d '
< —gd / Vo1 (7)|Pdf + b efﬁfppfdd,uf(ﬂ ki)' Tat=a),
p RN p

a
P d

pp (1o kivn)' "
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On integrating in time over (¢;,41,t) the inequality (3.5) we get

b / / ol dfdr < bZ\IIEd/ / Vv |Pdf dr
tit1 RN tit1

_pd_ d(qa—p)
bZ\IIE 7al7-at sup (15 (T, hog ) TG
Too <T<1

(3.6)

for b and ¥ as in (3.3). Here we select ¢ as follows, for an €1 > 0 to be fixed
presently:

Collecting (3.3) and (3.6) we arrive at

t t
sup / vfdf—k/ / |V1}i|pdfd7'§€1/ / [Vviq|Pdfdr
ti<r<tJRN t; JRN tiy1 JRN

d
P P ——Za _ pd 14 da=p)
+ o' r-aUr-dg, P v=at sup  pg(T, hoo) tao=a;
Too <T<t

(3.7)

we omitted here from the last term the multiplicative constant (p —d)d%¥/ ®=9)/
pp/(P=d) < 1.

On iterating (3.7) on 7 (see e.g., [6, (3.6)—(3.9)]) we find for small enough &1,
e.g., ep = 1/(20P/ (=),

. ho |m_]“p%d
su w(t) —he)> df <c¢| ———
TO<7P<t /RN( (T) O)Jr f o (hO - hoo)

d(a—p)
1+ q(p—d) |

(3.8)

X (TO —Tm)_ﬁ['ppfddt sup /Lf(Tv hOO)
Too <T<LL

We are going to apply (3.8) with 7o =1, |, Toc = t,, ho = Uy, hoo = £, where
for a k > 0 to be chosen

b =k(1—=2"""1 b= by +Llny1)/2, t,=t(1—2""1 n>0.
However we first note that by Chebyshev inequality

1 S
Yor1:= sup  pp(rlpyr) < s, S / (w(r) = £n)5 df
1 <T<t (nt1 — €n) t, <7<t JRWN

=2 H3)sp=s  qup / (u(r) — £,)% df.
ty, <7<t JRWN

Then from (3.8), (3.9) we obtain

L 4 1+d(q—p)
Yoir < cbiD#Eat" 72a sy, =D (3.10)

where by = 25+ (1+m=10p/(P=d) Then from the iteration result [21, Lemma 5.6,
Chapter II] we infer that Y,, — 0 as n — 400, provided

q9—p
kit p+ﬁfs F4p+517375/0‘1(17+771*3) < Co(N,m,p, s), (3.11)
for a suitable ¢y > 0. Note that this implies ||u(t)]|cc < k.
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But, again by Chebyshev inequality for any r > 1

T

4
Yo= sup uy(r,k/2) < sup / u(rT)"df.
t/2<T<t k t/2<r<tJRN
The number 7, as well as ¢, will be chosen below. Next we select k£ from

p 14" T tm=a)
k=Y vEms D vens {— sup / u(r)" df] (rrm=sr _ 20, (3.12)
t/2<t<tJRN 2
Then we get from some elementary algebra

a—p
Hy
’

u®) oo < et H 47 sup /RN u(r)" af] (3.13)

t/2<T<t
where H, = q(p+m — 3) + (¢ — p). We have used that ¢(p+m —3)/H, <1
to bound the constant c.
Second step. As a second step in the proof of the Theorem, we find a

suitably sharp integral estimate of u".
To this end we introduce the notation
pr p

—_—— >N = ]

p+m+r—3 K p+m+r—3
note that v» = u”, v = u. Then we have from the differential equation (1.1)
for u

v=ur, p>\:=

d

— vVNdf = —r(r — 1)77’)/ |[VolP df. (3.14)
dt RN RN

On applying in turn Holder inequality, conservation of mass and our assump-
tion |lugf]|1 = 1, and finally Lemma 2.4, we obtain

A—n a=A
/ Adf < (/ quf) ’(/ qﬂdf)“’”
RN RN RN (3 15)
A= = .
< Fqﬁ(/ vorar)” .
RN
From (3.14) and (3.15) we get
d 14w
— v df < —r(r — 1)77PF_”(/ v df) , (3.16)
dt RN RN
where
l4w=P970 o ,-WpEm=3TaTp
qA=1 q(r—1)
Then, on integrating (3.16) on (¢/2,t) we obtain
2re S
df < (—————) s, 1
/RN v() df < (wr(r - 1)7717) (3.17)

On applying (3.17) in (3.13) we conclude
4re s _11E
wr(r — l)np) w]

?

w(t)||oo < ct™Hr DHr |:4r<
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amounting to, via some algebra,
4 f;;Ii Pg _ a
[7} [alptm=3)Fa—pt alptm-3)+a—p (318)
wr(r —1)np
Third step. In the third and last step of the proof we suitably select the
numbers ¢ and r, actually according to the constraint
r(g—p) =1 (3.19)
Note that ¢ belongs to the admissible range (p, p*), since r > 1 by assumption.
In fact we are going to let » — +o00. On denoting
Pqgq

a::g, so that a = —— = ;
P g—p o-1

r(g—p)

[u(t)]loo < c4

as r — +oo we have ¢ — p+ and 0 — 14, a — +o0.

Next we obtain a meaningful bound for I” in this limit; according to the defi-
nitions above, we have K(q,p) < ¢, and, also on invoking (2.1), ¢~ (a)/a —
+00. Thus for large r we may take ro = 1 in (2.25) and estimate

(=1) _

9" " (a) (—n(_ 9 \o—1 -p(_1

< cV—"7 = - ) — < - —

I'<c , cg (0’—1) . <cg ( 1)(0 1), (3.20)

where in last inequality we used (2.1) again. We also remark that H, — p(p+
m—3)+1=: H and

— 1
S (3.21)
f
q—p 1
< .22
wH, ~"p+m-3’ (3:22)
P ~3
wr(r—1)n? > T_pHpi(p tm=3) (3.23)

(p+m—2)7"
Next we deal with the exponents of ¢ and of I" in (3.18); the exponent of ¢ can
be bounded as in

q
ap+m=3)+q—p
1 q—p
== + 3.24
p+m—=3  (p+m=3)g(p+m—3)+q—p (3.24)
1 q—p
- p+m-3 pp+m-—3)?2%
In turn the exponent of I" can be majorized as in
P4 P (3.25)

< .
glp+m—=3)+q—p~ p+m-—3
Thus, on gathering (3.18)—(3.25) we obtain

1 p T3 __a=p
lu®lloe < e[r gD (=== ) (e = 1|7 e rE e (3.26)
o —

Finally we select for ¢ > e, according to the “logarithmic trick” of [18],

r =logt, so that g:g:1+ 1P = ¢,

P plogt’




NoDEA The Cauchy problem for doubly degenerate Page 17 of 23 26

and assuming that ¢ is so large that (3.20) is valid, (3.26) yields

(=D (plog t)?1 7553
||U(t)‘|ooﬁc{(logt)p*1%} S R R
ot (3.27)
gD (logt)P 1 rams 1 .
Sc[ﬁ} t pFm=3
0og

where we used again (2.1). The sought-after estimate (1.12) is proved.

4. Proof of Theorem 1.3

We begin by remarking that (2.37) is formally the same as (2.24), if we let I’ =
CA(R)~1N/a excepting the fact that the latter applies to radial functions
and the former to functions supported in Bg. Since in this proof we deal with
a solution whose support (up to time t) is contained in Bp, we may repeat
the proof of Theorem 1.2 given in Sect. 3 replacing (2.24) with (2.37) in each
instance of its use. In this proof we take R = cg(~" (logt) for large t, according
to (1.13); note that we still assume here |lugf||; = 1. Here ¢ denotes a constant
depending on N, p, m, aq, as, g(1).

Therefore, with the formal replacement indicated above, we may imme-
diately rewrite (3.18) as

4 w3t pq—N(q—p) q

wH
[ — ! A(R) ae+m=3)+a—pt alp+m—3)+a—»
[wr(r — 1)771’} (%)

r(g—p)

[u(t)lloo < c4™

(4.1)
Next we reason for R large enough, i.e., for ¢ large enough, to imply A(R) < 1.
Then we may bound in (4.1)

pg—N(q—p)

A(R) ™ awtm=97a-5 < cA(g\"" (log t)) " 7Fm=3. (4.2)

On appealing again to (3.21)-(3.24) we get in this way, on selecting ¢ and r
by (3.19) and r = logt

lu(®llos < er¥ms A(gD (log 1)) "7 ¢~ s ¢ o7

s ) ) (4.3)
< c(logt) 73 A(g""Y (logt)) " #Fm=3{ 7¥m=3
Finally note that by means of (2.7) we may bound
1 gD (logt
A(g ) (log 1))~ = &' (g~ (ogt) < MFLIBY gy

a logt

On applying (4.4) in (4.3) we immediately infer (1.12).
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5. Proof of Theorem 1.4
For given 1, o € (0,1/4], R > 4Ry, we set

R;:§(17n70+a2*"), R!'=R(1+n+o—027"),

Ay ={zeR" |R, <|z| <R!'}C Apny1, n>0,
R
AOO:{xGRN|5(1—77—U)<|x\<R(1+77+0)}.

We also consider a sequence of cutoff functions ¢, satisfying

n+3

2
0 S Cn S 1; |VCTL| S —
ocR

Cn(x) =1, z¢€ An; Cn(x) =0, =z g An—i—l-

We have the following routine energy-type inequality

t
Jp = sup/ vgdf+// |V, |Pdf dr
0<r<tJRN 0 JRN

onp )
SCJPRP/O /RNU,H_ldde:: L1,

where s > 1, d = 5/0, 0 = (p+m + s —3)/p, v, = (u¢,)? and ¢ denotes a
generic constant depending on N, p, m, aj, ag, s. In (5.1) of course we used
the fact that suppug N A, = 0. The number s(p,m,az) > 1 will be chosen
below close enough to 1.

We recall the standard Gagliardo-Nirenberg inequality, valid for example
for smooth compactly supported functions,

(5.1)

/RN|w|pdx§c(/RNVw|pdx>£(/RNw|5dx>p(1;E), (5.2)

where ¢ € (0,p) will be chosen below as £(p,m, s) and £ € (0, 1) is defined by

N _&N-p NI-& . ~ Np-9
;— » + 6 , e, 5_7N(p—s)+ps'

We apply (5.2) with w = v,,41 f'/P, obtaining

p(1=¢)

/R ol de < o /R [Vl ) de) /R ol fidz) T (53)

Note that [Vg(|z|)| < cA(|z]) by (2.7), so that
[ Vst de<e [ (VonaPs+ o, VoPs) da
RN RN
<o [ (ol S+ d(elyf)de (54)

< c/ [Vup1]?P f de,
RN
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where in last inequality we applied (2.16). Then from (5.3), (5.4) we infer

/RN|vn+1|pfdm < c(/RN|V1),hL1|pfdx)E
} (/RN|vn+1|€fd$) Mlig)f(f)wa)slﬂ.

We have exploited the fact that suppv,+1 C {|z| > R/4}. Here we select

1 Nip+m+s—4)
€= - <p, sothat = .
o7 S Nptmts—D+p
Next we apply Young inequality in (5.5), and integrate in time, obtaining for
6>0

t
Ly < (5/ / |Vun1|P fdadr
0o JRN (5.6)
” o5~ S(N+ptmts—a), L) '
T GRE f(RjAr A <oili§t/,4x ufd) ’
where b = 2P/(0=9 K, = N(p+m+ s —4) + p. From (5.1) and (5.6) we get
c5— 5 (N+ptm+s—4)y ( / rd >p+m+8—3
su ujar )
(oR)E f(R/aprmts=1 (T2, [,
(5.7)

to which we may apply the same iteration scheme which lead us from (3.7) to
(3.8), arriving at

/ s df < ct ( / df)p+m+s—3
Ssu u su u .
ooree g = GRS f(RjAprmsa (TR ),

(5.5)

Jn § 5Jn+1 + b"

(5.8)
Next we select n = o = 27972, i > 0, so that on defining
R} = g(l —27"7?), R/ =R(1+27"77),
Di={xeRY|R, <|z| <R/} D D1, i>0,
Dw:{xeRN|§<\m|<R},
the inequality (5.8) yields
iK.
ozmgs /Diﬂ wArs Rst(IC%Q/4)pinz+s—4 e (5.9)

where we also let

o<r<t

Y, = sup / udf.
D;
Note that
/ df < cRM f(2R).
D1
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Then we apply Holder inequality and (5.9), to estimate

Vi < (021.,12,5 /Di+1 v df) g (/Di+1 df)s; (5.10)
< o9 Kei t yPHm=3 s( [(2R) S-:ly_ '
=¢ (R’C F(RjA)p+m=3 " ) ( f(R/4)> o

where K = N(p+m —3) + p.
Thus, on invoking [21, Lemma 5.6, Chapter II] we have that ¥; — 0 asi — 400,
provided

t prm—3( f(2R) \s-1
RKf(R/4)ptm=3 O+ 3<f(R/4)> < ¢ (5.11)

for a suitable ¢g = co(N,p,m,s) < 1. This limiting relation of course implies
that u(t) = 0 in D, i.e., boundedness of support. In turn, (5.11) is implied,
owing to conservation of mass, by

t m—3 s—
W||“Of||ﬁﬂr fR)*! <, (5.12)
where we have dropped the non-essential factors f(R/4)'7* < 1 (due to the
exponential character of f) and R™® < 1 (due to the fact that we are going
to assume R > 1). Then we remark that, owing to (2.5),

FCRI e (s — 1g(@R) — (p-+m — 3)g(R/4)
f(R/4)ptm=3 (5.13)
< exp ([(s - 12 —(p+m — 3)470‘2]9(]%)).
Thus we select for example
1
s = 1+§8_a2(p+m—3) > 1,
and let v=—[(s—1)2%* — (p+m — 3)4~*?] > 0.
Hence (5.12) is implied by
eI Bt lug 2™ < o, (5.14)
that is by, for a suitable ¢ > g(1), g(4Rp) (so that R > 1, 4Ry),
g(R) > clog(e + tuo f[F )
(5.15)

1 e 1.1
> —log(tfluo fIF*™ ) + ~log —,
v v ¢
which amounts to (1.13), after an application of (2.1).
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