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Abstract In this paper, a 3D non-local lattice bond

model is proposed to model fracturing behaviors of

materials. First, the formulations and detailed deriva-

tion for three-dimensional non-local lattice bond

models are obtained by comparing the strain energy

stored in a discrete lattice with the classical continuum

strain energy. Then, the capabilities of three-dimen-

sional non-local lattice bond models are verified using

benchmarks. To further assess the performance of the

non-local lattice bond model, fracturing behaviors in

brittle solids are predicted. Compared with the previ-

ous numerical results, the proposed model demon-

strates better performances, which are more consistent

with the experimental observations.

Keywords 3D non-local lattice bond model �
Fracturing behaviors � Brittle solid

1 Introduction

Understanding the characteristics of fracture evolution

is of great importance in solid mechanics (Wang et al.

2018a,b; Zhou et al. 2018). The numerical method

plays a key role in studying the fracture evolution,

which has attracted researchers in different disciplines

in past decades because it saves money and time (Yang

et al. 2016; Zhou and Shou 2016). Up to now,

numerous numerical methods have been performed to

address fracture behaviors, which mainly include the

continuum-based methods and the discontinuous

methods (Cusatis et al. 2003; Wang et al. 2018a,b;

Zhao et al. 2019).

Nowadays, continuum-based methods, i.e., the

Finite Element Method, are investigated extensively

in practical engineering and have been used to address

three-dimensional fracture evolution in the past

decades (Zienkiewicz and Taylor 2000). However,

the generation and refinement of the mesh in FEM

should be carefully considered. In addition, it should

handle the difficulties related to the singularity of

crack tips during fracture simulation carefully. Espe-

cially, when these problems are in the three-dimen-

sional case, the difficulties become more apparent.

The eXtended Finite Element Method (XFEM) (Be-

lytschko et al. 2009) is developed from the classical

FEM, which makes implementing the required prior

knowledge of mesh matching on crack path easier and

provides a less computationally expensive

scheme (Zeng et al. 2013; Yu et al. 2015; Zhou et al.
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2020a,b). However, XFEM does not suitably provide a

holistic and comprehensive external criterion for

fracture evolution.

As alternatives, a great number of discontinuous

methods are more often used to solve singularity

related issues in dealing with fracture problems,

including the LatticeModels (LM) (Ostoja-Starzewski

2002), the Discrete Element Method (DEM) (Cundall

and Strack 1979), the Numerical Manifold Method

(NMM) (Yang et al. 2016) and the Discontinuous

Deformation Analysis (DDA) (Chen andWu 2018). In

the discontinuous methods, materials are discretized

into a set of discrete elements, which are connected by

different types of interactions. The fracture evolution

is implemented by terminating the interaction between

the elements. In spite of the advantages of crack

simulation, the discontinuous methods have also some

limitations, such as free surface effects and fixed

Poisson’s ratio (Zhang and Ge 2007). Therefore, in the

present paper, the 3D non-local lattice bond model is

proposed to eliminate the limitation of fixed Poisson’s

ratio.

In 1941, Hrennikoff (1941) developed lattice model

to simulate the mechanical behaviors of materials, in

which materials were considered an assemblage of

lattices connected by springs. The main advantages of

lattice model are that the singularity related problems

are avoided and no additional fracture criterion is

required. Since then, the lattice model had been

successfully developed by many scholars (Zubelewicz

and Bažant 1987; Zhao 2017; Zhou et al. 2020a,b). A

well-known limitation of the lattice model is the

problem of fixed Poisson’s ratio only if normal bonds

transmitting central forces are considered. To solve the

issue, numerous models are developed by introducing

local non-central interactions. Kawai (1978) incorpo-

rated the concept of shear bond into the lattice model

to eliminate the limitation of fixed Poisson’s ratio.

After that, Griffiths (2001) developed this lattice

model in more detail. Caldarelli et al. (1999) limited

the rotational freedom of bonds by considering a non-

central two-body interaction. Lilliu and van Mier

(2003) presented the lattice beam model, LBM, to

consider bending stiffness of beam in shear deforma-

tion. Another method to solve the above problem is to

consider nonlocal interaction terms. Grassl et al.

(2006) employed the non-local irregular truss with

plane strain assumption, and successfully simulated

the fracture evolution of brittle materials. Zhao et al.

(2019) numerically investigated the fracture behavior

by incorporating non-local potential in the lattice

model. Zhou et al. (2021) developed a novol two-

dimensional non-local lattice bond model (NLBM) for

crack behaviors in rock materials.

In the previous work conducted by Zhou et al.

(2021) the material was discretized into regular

hexagonal lattices, which made it difficult to gener-

alize the model to three-dimensional case. In the

present paper, the two-dimensional model is extended

to three-dimensional case by discretizing materials

into regular cubic lattice. By introduction of the non-

local tangential bonds perpendicular to the normal

bonds between two lattices, the fixed Poisson’s ratio

limitation is eliminated. Furthermore, by introducing

the concept of force density inspired by peridynamics

(Silling et al. 2007), the proposed model can easily

incorporate intermolecular and surface forces into the

constitutive model, which is very attractive for certain

applications (Zhou et al. 2021). The capabilities of

three-dimensional non-local lattice bond model are

demonstrated by using various benchmarks, including

elastic and fracture problems.

The present paper is organized as follows: in

Sect. 2, the formulations and detailed derivation for

three-dimensional non-local lattice bond model are

obtained. Several benchmarks are conducted to verify

the capabilities of the proposed model in Sect. 3.

Conclusions are drawn in Sect. 4.

2 The non-local lattice bond model

In both the classical lattice spring model and bond-

based peridynamics, materials are discretized into a

set of discrete elements, which are connected by

normal springs or bonds. However, in classical lattice

spring model, the number and the vector of the springs

with a lattice are determined a priori. Moreover, the

connection between microstructure parameters and

macrostructure parameters are obtained by comparing

the strain energy stored in a lattice with the classical

continuum strain energy. Different from the classical

lattice spring model, the bonds are randomly dis-

tributed and the non-local concept is used to solve the

crack path preference problems in bond-based peri-

dynamics. In non-local lattice bond models, solids are

composed of regularly packed lattices, which are

connected via normal and tangential bonds. The
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proposed model, in which the rotation freedom of two

lattices is restricted by the tangential bonds, is

different from classical lattice spring model. It is also

different from the bond-based peridynamics, in which

the bonds are randomly distributed.

To solve the Poisson’s ratio problems caused by

considering only the normal bonds transmitting cen-

tral forces, the materials are discretized into a new

microstructure in the present paper. As shown in

Fig. 1a, in the three-dimensional case, the interaction

between two lattices can be divided into two parts

including a normal bond and three tangential bonds.

The normal bond transmits normal force which is

related to the normal displacement, and these three

tangential bonds transmit shear forces which are

related to the rotation of normal bond along three

coordinate axes. Similar to the three-dimensional case,

the interaction between two lattices can be divided

into two parts including a normal bond and two

tangential bonds in the two-dimensional case, as

shown in Fig. 1b. Furthermore, the essence of this

proposed model is to make the discrete lattices equal

to the continuum element. The energy potentials of

this proposed model are derived from the equivalent

discrete lattices, as shown in Fig. 2.

2.1 A general derivation of the NLBM

As shown in Fig. 1, the energy potential w stored in

bonds between each pair of lattices can be describe as

the stretch energy potential w‘ and rotation energy

potential wb. In the three-dimensional case, unit

orientation vector of the normal bond is ni ¼
ðsinhcosu; sinhsinu; coshÞ in the Cartesian coordinate
system, as shown in Fig. 2a. Its length change can be

written as dlIJ ¼ l0nieijnj, where l0 is the bond length

before deformation and eij is the strain tensor. Hence,

the stretch energy potential of a normal bond is:

w‘j ¼
1

2
kn dlIJð Þ2¼ 1

2
knðl0nieijnjÞ2 ð1Þ

where kn is the stretch stiffness parameter.

Furthermore, the stretch energy potential w‘ stored

in a unit lattice associated with N normal bonds can be

expressed as:

Fig. 1 The microstructure

of the non-local lattice bond

model
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w‘ ¼
Xn

j¼1

w‘j ¼
1

2
kn

Xn

j¼1

l0nieijnj
� �2 ð2Þ

Based on the work by Zhang and Ge (2006), the

rotation angle b can be divided into three parts along

the three coordinate axes in the case of small

deformation:

b1 ¼ nieijk
0
j

b2 ¼ nieijk
00
j

b3 ¼ nieijk
000
j

ð3Þ

where k is the unit vector perpendicular to n and can be
written as:

k0j¼ sin2hsin2uþcos2h;�sin2hcosusinu;�sinhcosucosh
� �

k00j ¼ �sin2hcosusinu;sin2hcos2uþcos2h;�sinhsinucosh
� �

k000j ¼ �sinhcosucosh;�sinhsinucosh;sin2h
� �

ð4Þ

Therefore, the rotation energy potential wb stored in a

lattice associated with N normal bonds can be derived

as:

wb ¼ 1

2
ks
Xn

j¼1

nieijk
0
j

� �2

þ nieijk
00
j

� �2

þ nieijk
000
j

� �2
� �

ð5Þ

where ks is the rotation stiffness parameter.

The energy potential of a lattice can be expressed

by the stretch energy potential and rotation energy

potential as:

w ¼ w‘ þ wb ð6Þ

The strain energy density can be written as:

W3D ¼ 1

2

Xn

j¼1

1

2
kn l0nieijnj
� �2

Vj

þ 1

2

Xn

j¼1

1

2
ks nieijk

0
j

� �2

þ nieijk
00
j

� �2

þ nieijk
000
j

� �2
� �

Vj

ð7Þ

where Vj is the volume of the unit lattice and

Vj ¼ 8R3.

From Eq. (7), the stress tensor is expressed as:

rij ¼
oW3D

oeij
ð8Þ

Figure 3a illustrates a lattice containing 18 related

normal vector directions in the three-dimensional

case. These 18 normal vectors can be divided into two

kinds of neighbors and the normal vectors are listed in

Table 1. From Eq. (7), the strain energy density in the

three-dimensional case is given as:

W3D¼ 16R5kn1þ32R5kn2þ4R3ks2
� �

e211þe222þe233
� �

þ 16R5kn2þ2R3ks1þ2R3ks2
� �

c212þc213þc223
� �

þ 32R5kn2�4R3ks2
� �

e11e22þe11e33þe22e33ð Þ
ð9Þ

where kn1 and ks1 are the stiffness parameters for the

1st-nearest-neighbor and kn2 and ks2 are the stiffness

parameters for the 2nd-nearest-neighbor.

It is assumed that ks1 and ks2 are equal to ks. From

Eq. (9), each of strain terms is expressed as:

Fig. 2 Orientation and

rotation vector of a normal

bond
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r11 ¼ 32R5kn1 þ 64R5kn2 þ 8R3ks
� �

e11

þ 32R5kn2 � 4R3ks
� �

e22 þ e33ð Þ
r22 ¼ 32R5kn1 þ 64R5kn2 þ 8R3ks

� �
e22

þ 32R5kn2 � 4R3ks
� �

e11 þ e33ð Þ
r33 ¼ 32R5kn1 þ 64R5kn2 þ 8R3ks

� �
e33

þ 32R5kn2 � 4R3ks
� �

e11 þ e22ð Þ
s12 ¼ 32R5kn2 þ 8R3ks

� �
c12

s23 ¼ 32R5kn2 þ 8R3ks
� �

c23

s13 ¼ 32R5kn2 þ 8R3ks
� �

c13

ð10Þ

In the three-dimensional case, the Hooke’s law is

given by:

r11 ¼
E 1� mð Þ

1þ mð Þ 1� 2mð Þ e11 þ
m

1� m
e22 þ

m
1� m

e33
� �

r22 ¼
E 1� mð Þ

1þ mð Þ 1� 2mð Þ
m

1� m
e11 þ e22 þ

m
1� m

e33
� �

r33 ¼
E 1� mð Þ

1þ mð Þ 1� 2mð Þ
m

1� m
e11 þ

m
1� m

e22 þ e33
� �

s12 ¼
E

2 1þ mð Þ c12

s23 ¼
E

2 1þ mð Þ c23

s13 ¼
E

2 1þ mð Þ c13

ð11Þ

Fig. 3 The connecting relationship of the center lattice

Table 1 The normal

vectors in the three-

dimensional case

Neighbors 1

n1 n2 n3 n4 n5 n6

ð1; 0; 0Þ ð0; 1; 0Þ ð0; 0; 1Þ ð�1; 0; 0Þ ð0;�1; 0Þ ð0; 0;�1Þ

Neighbors 2

n7 n8 n9 n10

1=
ffiffiffi
2

p
ð1; 1; 0Þ 1=

ffiffiffi
2

p
ð�1; 1; 0Þ 1=

ffiffiffi
2

p
ð�1;�1; 0Þ 1=

ffiffiffi
2

p
ð1;�1; 0Þ

n11 n12 n13 n14

1=
ffiffiffi
2

p
ð1; 0; 1Þ 1=

ffiffiffi
2

p
ð1; 0;�1Þ 1=

ffiffiffi
2

p
ð�1; 0;�1Þ 1=

ffiffiffi
2

p
ð1; 0;�1Þ

n15 n16 n17 n18

1=
ffiffiffi
2

p
ð0; 1; 1Þ 1=

ffiffiffi
2

p
ð0;�1; 1Þ 1=

ffiffiffi
2

p
ð0;�1;�1Þ 1=

ffiffiffi
2

p
ð0; 1;�1Þ
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By comparing Eqs. (10) with (11), the relationship

among stiffness parameters kn1 kn2 and ks and material

constants, i.e. Young’s modulus E and Poisson’s ratio

m can be solved as:

kn1 ¼
E 1� mð Þ

96R5 1þ mð Þ 1� 2mð Þ

kn2 ¼
E 1þ 2mð Þ

192R5 1þ mð Þ 1� 2mð Þ

ks ¼
E 1� 4mð Þ

24R3 1þ mð Þ 1� 2mð Þ

ð12Þ

where the units for the two stretch stiffness parameters

are N=m7 and the unit for the rotation stiffness is

N=m5.

When the stiffness parameters kn1 kn2 and ks are

obtained, the interaction forces include the 1st-near-

est-neighbor normal bond force f n1, the 2nd-nearest-

neighbor normal bond force f n2 and the tangential

bond force f s can be calculated by:

fn1 ¼ kn1 � dl
fn2 ¼ kn2 � dl

fs ¼
ks � b
l0

ð13Þ

where the units of the two normal bond forces f n1 and

f n2 and the tangential bond force f s are N/m
6.

In the two-dimensional case illustrated in Fig. 3b,

Eq. (7) can be reduced to:

W2D ¼ 1

2

Xn

j¼1

1

2
kn l0nieijnj
� �2

Vj

þ 1

2

Xn

j¼1

1

2
ks nieijk

0
j

� �2

þ nieijk
00
j

� �2
� �

Vj ð14Þ

where n ¼ ðsinh; coshÞ, k
0 ¼ ðsinh;�coshÞ, k

0 0 ¼
�sinh; coshð Þ; Vj is equal to 4R2h and the unit

thickness h is constant in the follow derivations.

Similar to the three-dimensional case, 8 normal

vectors contained in the two-dimensional case can also

be divided into two kinds of neighbors and the normal

vectors are listed in Table 2.

From Eq. (14), each of strain terms in the two-

dimensional case is expressed as:

r11 ¼
oW

oe11
¼ 16R4hkn1 þ 16R4hkn2 þ 4R2hks

� �
e11

þ 16R4hkn2 � 4R2hks
� �

e22

r22 ¼
oW

oe22
¼ 16R4hkn1 þ 16R4hkn2 þ 4R2hks

� �
e22

þ 16R4hkn2 � 4R2hks
� �

e11

r12 ¼
oW

oc12
¼ 16R4hkn2 þ 4R2hks

� �
c12

ð15Þ

In the plane stress case, the relationship between kn1,

kn2, ks and E, m can be solved as:

kn1 ¼
E

32R4h 1� mð Þ

kn2 ¼
E

64R4h 1� mð Þ

ks ¼
E 1� 3mð Þ

16R2h 1� m2ð Þ

ð16Þ

In the plane strain case, the relationship between kn1,

kn2, ks and E, m can be calculated by:

kn1 ¼
E

32R4h 1þ mð Þ 1� 2mð Þ

kn2 ¼
E

64R4h 1þ mð Þ 1� 2mð Þ

ks ¼
E 1� 4mð Þ

16R2h 1þ mð Þ 1� 2mð Þ

ð17Þ

The bond force f n1, f n2 and f s can be written as:

fn1 ¼ kn1 � dl
fn2 ¼ kn2 � dl

fs ¼
ks � b
l0

ð18Þ

Table 2 The normal vectors for the two-dimensional case

Neighbors 1

n1 n2 n3 n4

ð1; 0Þ ð0;�1Þ ð�1; 0Þ ð0; 1Þ

Neighbors 2

n5 n6 n7 n8

1=
ffiffiffi
2

p
ð1;�1Þ 1=

ffiffiffi
2

p
ð�1;�1Þ 1=

ffiffiffi
2

p
ð�1; 1Þ 1=

ffiffiffi
2

p
ð1; 1Þ
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2.2 Failure criterion

The damage prediction is implemented by terminating

the interaction between lattices. The bond forces

between two lattices are irreversibly eliminated when

the interaction is terminated, leading to failure of

bonds. The state of bonds is expressed by a scalar-

valued function l xið Þ which can be written as:

l xið Þ ¼ 1 intact

0 broken

	
ð19Þ

The ratio of number of broken bonds to all bonds at

lattice xi is used to define damage, which can be

described as:

D xið Þ ¼ 1�
P j

1 l xið Þ
j

ð20Þ

In the present paper, the critical bond energy

potential criterion is utilized to simulate the state of

Fig. 4 Bond passing through a crack surface, b crack edges, c crack corners in three-dimensional case

Fig. 5 Bond passing

through a crack surface,

b crack edges in two-

dimensional case
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interaction (Silling and Askari 2005). If w\w0, where

w0 is the critical bond energy potential value, the

interaction exists and bond is intact. Otherwise, if

w[w0, the interaction is irreversibly eliminated and

bond is broken. Inspired by Madenci and Oterkus

(2014), the relationship between critical energy

release rate Gc and critical bond energy potential is

obtained as:

Gc ¼
PJ

j¼1

PI
i¼1

1
2

w0
jð Þ ið Þ þ w0

ið Þ jð Þ

� �
ViVjc jð Þ ið Þ

A
ð21Þ

where c jð Þ ið Þ is used to describe the intersecting

relationship between the bond connecting lattices j

and i and the crack surface A (Nguyen and Oterkus

2020). As shown in Fig. 4, in the three-dimensional

case, the bond passing through crack surface is

considered as complete interaction with c jð Þ ið Þ ¼ 1,

and the bond contacting the crack edges is considered

as half interaction with c jð Þ ið Þ ¼ 1=2, while the bond

contacting the crack corners is considered as demi

semi interaction with c jð Þ ið Þ ¼ 1=4. There exist 2 bonds

passing through crack surface, 16 bonds contacting the

crack edges and no bonds contacting the crack corners.

Fig. 6 Schematic illustration of the two block

Fig. 7 The verification of

Poisson’s ratio
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Therefore, total number of bonds passing through the

unit crack surface is expressed as

Nc ¼ 2� 1þ 16� 1
2
þ 0� 1

4
¼ 10.

In this paper, w0
jð Þ ið Þ ¼ w0

ið Þ jð Þ ¼ w0. Moreover, by

assuming that the critical energy release rate, Gc, of an

unit lattice is equally distributed to each interaction

passing through the crack surface, the following

relation can be indicated as:

Gc ¼
w0ViVj

A
Nc ð22Þ

Therefore, the value of w0 in three-dimensional case is

solved as:

w0
3D ¼ GcA

ViVjNc

¼ Gc

160R4
ð23Þ

Similarly, in two-dimensional case, there are 2 bonds

passing through crack surface and 8 bonds contacting

the crack edges. As shown in Fig. 5, the bond passing

through crack surface is considered a complete

interaction with c jð Þ ið Þ ¼ 1, and the bond contacting

the crack edges is considered a half interaction with

c jð Þ ið Þ ¼ 1=2. The total number of bonds passing

through the unit crack surface is expressed as

Nc ¼ 2� 1þ 8� 1
2
¼ 6.

Therefore, the value of w0 in two-dimensional case

is solved as:

w0
2D ¼ GcA

ViVjNc

¼ Gc

48R3h
ð24Þ

3 Example of application

In this section, the elastic problems and fracture

problems in three-dimensional cases and two-dimen-

sional cases are analyzed to examine the performance

of the proposed model. The results obtained by the

proposed model are compared with the theoretical

values, other numerical results, i.e. the finite element

method (FEM), and the previous experimental obser-

vations. The explicit time integration, i.e. adaptive

dynamic relaxation method, is utilized in the proposed

model.

Fig. 8 Displacement contours of intact block
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3.1 Elastic problems in three-dimensional case

The elastic problems in three-dimensional cases are

examined in this subsection. As shown in Fig. 6, a

rectangular block without a hole and a rectangular

block with a hole in the center are utilized.

A rectangular block without a hole is used to verify

the Poisson’s ratio of the proposed model. The loading

conditions and geometric dimensions of this rectan-

gular block are plotted in Fig. 6a. The uniform tensile

loads of 200MPa are applied to the right boundary in

the x direction, and the left boundary is fixed. The

rectangular block is discretized into 100 9 50 9 50

cubic lattices, and inner diameter of each cubic lattice

is 20 mm. The mechanical parameters are as follows:

Young’s modulus E = 2:0� 1011Pa, density

q ¼ 7850kg=m3. Poisson’s ratio m is varied in simu-

lation. As shown in Fig. 7, the results obtained by the

proposed model are compared with those obtained by

classical lattice model and theoretical solutions at

different Poisson’ ratio. It is found from Fig. 7 that the

results obtained by the proposed model are in good

agreement with theoretical solutions, while the results

obtained by classical lattice models are not consistent

with theoretical solutions. This implies that the

proposed model can consider varied Poisson’s ratios.

Moreover, as shown in Fig. 8, the results obtained by

the proposed model are compared with those obtained

by FEM at m=0.15. It is found from Fig. 8 that the

results obtained by the proposed model are in good

agreement with FEM solution, implying the proposed

model can consider three-dimensional elastic

problems.

A rectangular block with a hole in the center is

utilized to investigate the convergence of the proposed

model. The loading conditions and geometric

Fig. 9 The distribution of displacements along horizontal and vertical central lines
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dimensions of this rectangular block with a hole are

plotted in Fig. 6b. The uniform tensile loads of 200

MPa are applied to the right boundary in the x

direction, and the left boundary is fixed. The rectan-

gular block is discretized into 100 9 50 9 50 cubic

lattices, while inner diameter of each cubic lattice is

varied. The mechanical parameters are as follows:

Young’s modulus E = 2:0� 1011Pa, Poisson’s ratio

m ¼ 0:2 and density q ¼ 7850kg=m3. As shown in

Figs. 9 and 10, the numerical results of the proposed

model with m=0.2 are compared with those obtained by

FEM. It is found from Fig. 9 that the results obtained

by the proposed model are more consistent with the

FEM results as inner diameter of each cubic lattice

decreases. In other words, the results obtained by the

proposed model are more consistent with the FEM

results as the number of lattices increases.

3.2 Fracture problems in two-dimensional case

After verifying the validity of the proposed model for

the elastic problems, fracture problems in two-dimen-

sional cases are conducted. The loading conditions and

geometric dimensions of this plate with a single-edge

notch are shown in Fig. 11. The velocity of 0.002 mm/

step is applied to the upper and the lower edges in the y

direction. The plate with a single-edge-notched is

discretized into 100 9 300 square lattices. The

mechanical parameters are as follows: Young’s mod-

ulus E = 69� 109Pa, density q ¼ 2700kg=m3,

Fig. 10 Displacement contours of block with a hole

Fig. 11 The configuration

of the plate with a single-

edge notch
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Poisson’s ratio m ¼ 0:3 and the critical bond energy

potential w0
2D =6.07 mJ/mm6.

As illustrated in Fig. 12, the new crack initiates

from the tip of the single-edge-notch and propagates

along the pre-existing crack direction until the failure

of the rectangle plate occurs. The results obtained by

the proposed model are in good agreement with those

obtained by the Linear Elastic Fracture Mechanics, in

which the crack propagates along its original crack

plane (i.e., pure mode I) until the specimen failure

occurs (Chen et al. 2014).

3.3 Fracture problems in three-dimensional case

In this subsection, the fracture problems in three-

dimensional cases are investigated. The loading

conditions and geometric dimensions of this block

with a single-edge-notch are shown in Fig. 13. Based

on the work by Jenq and Shah (1988), the dimensions

(L 9 B 9 H) of the single-edge notched block are

304.8 mm 9 28.6 mm 9 70.2 mm and the height of

the notch is 35.1 mm. The velocity of 1� 10�5 mm/

step is applied to the upper edge in the opposite

direction of the z axis. The block with a single-edge-

notched is discretized into 202 9 20 9 48 cubic

lattices. The mechanical parameters are as follows:

Young’s modulus E = 30� 109Pa, density

q ¼ 3000kg=m3, Poisson’s ratio m ¼ 0:2 and the

critical energy release rate Gc=20.7368 J/m2.

As shown in Fig. 14, the new crack initiates from

the tip of the pre-existing flaw and propagates to the

middle of the beam until the beam fails. The results

obtained by the proposed model show that the failure

angle is b=28�, which are in good agreement with the

failure angle observed in experiments (Nguyen and

Oterkus 2020).

3.4 Fracture behaviors in brittle solids

After verifying the validity of the proposed model for

the two-dimensional and three-dimensional fracture

problems, fracture behavior prediction in brittle solids

is conducted in this subsection. The elongation at

break of PMMA is 2–3%. As a result, the diagonally

loaded square PMMA plate is chosen to study the

fracture behavior prediction in brittle solids. The

loading conditions and geometric dimensions of this

diagonally loaded square plate are shown in Fig. 15.

Based on the work by Ayatollahi and Aliha (2009), the

Fig. 12 The crack evolution in two-dimensional case

Fig. 13 The configuration of the block with a single-edge notch
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dimensions of the diagonally loaded square plate are

150 mm 9 150 mm 9 5 mm. The velocity of

0:17� 10�5 mm/step is applied to the lattices confined

to the two hole in the y direction. The diagonally

loaded square plate is discretized into 150 9 150

squares lattices. The mechanical parameters are as

follows: Young’s modulus E = 2940� 106Pa, density

q ¼ 1180kg=m3, Poisson’s ratio m ¼ 0:3 and the

critical energy release rate Gc=601.7 J/m2. The crack

length is 2a = 45 mm, and the varying crack angles

are b=0�, 15�, 30�, 45� and 62.5�.

As illustrated in Fig. 16, the fracture behaviors for

various initial crack angles in brittle solids observed

by the proposed model are compared with other

numerical results (Guo 2019) and experimental obser-

vations (Ayatollahi and Aliha 2009). The final crack

paths for all pre-existing cracks predicted by the

proposed model are vertical to the tensile stress

direction. Compared with the previous numerical

results, i.e. the peridynamic lattice model (PDLM),

the proposed model (NLBM) has better performance,

which is more consistent with the experimental

observation. The predicted failure loads are also

compared with the previous numerical results and

experimental measurements. The failure loads pre-

dicted by the proposed model are in good agreement

with those obtained by the previous numerical method

and experiments, as shown in Fig. 17.

4 Conclusions

A three-dimensional non-local lattice bond model

(NLBM) is proposed to predict the fracturing behav-

iors in brittle solids. In the proposed model, the

nonlocal interaction terms, i.e. the tangential bonds,

are adopted to overcome the fixed Poisson’s ratio

limitation. The stiffness parameters for three-dimen-

sional non-local lattice bond model are obtained by

comparing the strain energy stored in a discrete unit

lattice with the classical continuum strain energy. The

capabilities of the three-dimensional non-local lattice

bond model are demonstrated using various bench-

marks including elastic problems and fracture prob-

lems, and the results obtained by the proposed model

Fig. 14 The crack evolution in three-dimensional case

Fig. 15 The configuration of the diagonally loaded square plate

(Unit: mm)
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are compared with those obtained by the previous

numerical results and experiments. In three-dimen-

sional non-local lattice bond model, no additional

crack extension criterion is required, and it is

illustrated that the proposed model has better capabil-

ities to predict the fracturing behaviors of brittle solids

with varied crack angles.
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