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Abstract
In this paper we study the reduced and unreduced Lq,p-cohomology groups of oriented
manifolds of bounded geometry and their behavior under uniform maps. A uniform map is a
uniformly continuous map such that the diameter of the preimage of a subset is bounded in
terms of the diameter of the subset itself. In general, for each p, q ∈ [1,+∞), the pullback
map along a uniform map does not induce a morphism between the spaces of p-integrable
forms or even in Lq,p-cohomology. Then our goal is to introduce, for each p in [1,+∞) and
for each uniform map f between manifolds of bounded geometry, an Lp-bounded operator
T f , such that it does induce in a functorial way the appropriate morphism in reduced and
unreduced Lq,p-cohomology.
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Introduction

In this paper our goal is to define, for each p ∈ [1,+∞) and for each uniformmap f between
manifolds of bounded geometry, a pullback operator T f between the spaces of p-integrable
forms. It is a well-known fact, indeed, that the classical pullback of an Lp-form is not, in
general, an Lp-form. This means that the pullback is not inducing a well-defined morphism
between the reduced and unreduced Lq,p-cohomology. On the other hand we prove that T f

does induce some morphisms in (un)-reduced Lq,p-cohomology and we also prove that the
functorial properties hold.

More formally, fix the category C which has oriented manifolds of bounded geometry
as objects and uniform maps as arrows. Let Vec be the category which has complex vector
spaces as objects and linear maps as arrows. Then we prove that, for every z in N,

{
Fz(M, g) = Hz

q,p(M)

Fz((M, g)
f−→ (N , h)) = Hz

q,p(N )
T f−→ Hz

q,p(M)
(1)
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is a contravariant functor. The same happens if we defineF z(M, g) := H
z
q,p(M). Moreover,

we will show that if two maps f1 and f2 are uniformly homotopic then T f1 = T f2 in (un)-
reduced Lq,p-cohomology and in Lq,p-quotient cohomology. Finally we will show that if
the naive pullback f ∗ does induce a morphism in reduced and unreduced Lq,p-cohomology,
then f ∗ = T f .

As a consequence of the existence of these functors, we obtain that the reduced and
unreduced Lq,p-cohomology of a manifold of bounded geometry is invariant under uniform
homotopy equivalence. This result is stated in Corollary 4.18. Finally, as a consequence of the
existence of the functors F z , the invariance of the L2-index of the signature operator defined
by Bei at page 20 of [2] under uniform homotopy equivalence for manifolds of bounded
geometry is proved.

The idea of the operator T f comes from the work of Hilsum and Skandalis [14]: in their
paper, the authors define an L2-bounded operator T f for compact manifolds. Our operator
T f is a bounded geometry version of their one.

The structure of the paper is the following: in the first section we introduce the objects
and the arrows of the category C. In particular, we show that every uniform map can be
approximated by a smooth map with uniformly bounded derivatives. In the second one we
introduce the reduced and unreduced Lq,p-cohomology. Moreover we also introduce the
Fiber Volume of a Lipschitz submersion π : (M, g) −→ (N , h). This is a real function
defined on (N , h) such that its boundedness implies the Lp-boundedness of π∗. In the third
section, given a smooth uniform map f : (M, g) −→ (N , h), we introduce a Lipschitz
submersion p f : f ∗T N −→ N such that p f (0x ) = f (x). In the last section, we introduce
a specific Thom form ω for the bundle f ∗T N , we define T f and, in conclusion, we prove
the functorial properties. Finally we prove, as a consequence of the main result, the uniform
homotopy invariance of the L2-index of the signature operator defined by Bei in [2].

1 Maps betweenmanifolds of bounded geometry

1.1 Uniformmaps and uniform homotopy

Let us consider two metric spaces (X , dX ) and (Y , dY ).

Definition 1.1 A map f : (X , dX ) −→ (Y , dY ) is uniformly continuous if for each ε > 0
there is a δ(ε) > 0 such that for each x1, x2 in X

dX (x1, x2) ≤ δ(ε) �⇒ dY ( f (x1), f (x2)) ≤ ε. (2)

Moreover f is uniformly (metrically) proper if for each R ≥ 0 there is a number S(R) > 0
such that for each subset A of (Y , dY )

diam(A) ≤ R �⇒ diam( f −1(A)) ≤ S(R). (3)

Amap f : (X , dX ) −→ (Y , dY ) is a uniformmap if it is uniformly continuous anduniformly
proper.

Remark 1 Compositions of uniform maps are also uniform.

Let (X , dX ) and (Y , dY ) be two metric spaces and fix two actions of a group � on X and Y .
Assume that � acts by isometries on X and on Y .
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Definition 1.2 Two maps f0 and f1 : (X , dX ) −→ (Y , dY ) are �-uniformly homotopic if
they are �-equivariant maps and they are homotopic with a uniformly continuous homotopy
H : (X × [0, 1], dX × d[0,1]) −→ (Y , dY ) which is �-equivariant.1

We will denote it by

f1 ∼� f2. (4)

Moreover f1 and f2 are �-Lipschitz-homotopic if f1 ∼� f2 and H is a Lipschitz map.

Remark 2 Consider two uniformly continuous maps F, f : (X , dX ) −→ (Y , dY ) such that
f ∼� F . Then, if f is a uniformly proper map, also the homotopy h is uniformly proper. As
a consequence of this, in particular, also F is uniformly proper.

In order to prove it fix ε > 0. Since h is uniformly continuous, there is a δ(ε) such that

d(t, s) ≤ δ(ε) �⇒ d(h(x, t), h(x, s)) ≤ ε. (5)

Fix t in [0, 1]. If we divide [0, t] in Nt intervals of length less or equal to δ(ε), we obtain
that

d( f (x), h(x, t)) ≤ d(h(x, 0), h(x, t))

≤ d(h(x, 0), h(x, t1)) + · · · + d(h(x, tNs−1), h(x, t))

≤ Ntε =: R(t).

(6)

Observe that R(t1) ≤ R(t2) if t1 ≤ t2 and R(1) = ε
δ(ε)

.
If A is a subset of Y and ht : X −→ Y is defined as ht (p) := h(p, t), then

h−1
t (A) = {p ∈ X |h(p, t) ∈ A}

⊆ {p ∈ X | f (p) ∈ BR(t)(A)} = f −1(BR(t)(A))
(7)

where BR(t)(A) are the points y of Y such that d(y, A) ≤ R(t). Then

h−1(A) ⊆ f −1(BR(1)(A)) × [0, 1]. (8)

and consequently, since f is uniformly proper, and since diam(BR(1)(A)) ≤ diam(A) +
2R(1),

diam(h−1(A)) ≤ diam( f −1(BR(1)(A))) + diam([0, 1])
≤ S(diam(A) + 2R(1)) + 1.

(9)

Definition 1.3 A map f : (X , dX ) −→ (Y , dY ) is a �-uniform homotopy equivalence if
f is �-equivariant, uniformly continuous and there is a �-equivariant map g : (y, dy) −→
(X , dX ) such that

• g is a homotopy inverse of f ,
• g is uniformly continuous,
• f ◦ g ∼� idN and g ◦ f ∼� idM .

1.2 Manifolds of bounded geometry

In this section we introduce the notion of manifolds of bounded geometry. All the definitions
and propositions below can be found in Chapter 2 of the thesis of Eldering [8].

1 The action of � on X × [0, 1] is defined as γ (x, t) := (γ x, t) for each γ in �.
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Definition 1.4 A Riemannian manifold (M, g) has k-bounded geometry if:

• the sectional curvature K of (M, g) and its first k-covariant derivatives are bounded, i.e.,
∀i = 0, . . . , k there is a constant Vi such that |∇ i K (x)| ≤ Vi for all x in M .

• there is a number C > 0 such that for all p in M the injectivity radius in jM (p) in
p satisfies in jM (p) ≥ C . The maximal number which satisfies this inequality will be
denoted by in jM .

When we talk about a manifold M with bounded geometry, without specifying k, we mean
that M has k-bounded geometry for all k in N.

Definition 1.5 Let (M, g) be a manifold of bounded geometry. We define δ > 0 to be M-
small if, for each k > 0 in N,

• there is a constant Ck > 0 such that for all x1, x2 ∈ M with d(x1, x2) < δ the coordinate
transition map φ2,1 = exp−1

x2 ◦ expx1 : U −→ Tx2M where U = exp−1
x1 (Bδ(x1) ∩

Bδ(x2)) ⊂ Tx1M is Ck−1-bounded2 with |φ2,1|k−1 ≤ Ck .
• the metric up to its k-th-order derivatives and the Christoffel symbols up to its (k − 1)-

th-order derivatives are bounded in normal coordinates of radius δ around each x ∈ M ,
with bounds that are uniform in x .

As reported in page 45 of [8], everymanifold (M, g) of bounded geometry admits anM-small
δ.

Remark 3 Consider a Riemannian manifold (M, g) such that

Ric(M) ≥ (n − 1)C (10)

where C is a constant. In particular, if M has k≥0-bounded geometry, then (10) is satisfied
using C = −V0 where V0 bounds the norm of sectional curvature. Let us denote the measure
μM induced by g on M . Because of the Bishop-Gromov inequality, if (M, g) satisfies (10),
then for each p ∈ M and for each r ≥ 0 we obtain μM (Br (p)) ≤ Q(r) for some function
Q : R≥0 −→ R≥0. So, if A ⊂ M has diam(A) = r ,

μM (A) ≤ μM (Bdiam(A)(p)) ≤ C(diam(A)), (11)

where p is a point of A.

1.3 Uniformly proper and discontinuous actions

Definition 1.6 Consider � a group which acts by isometries on a metric space (X , dX ). The
action of � is free and uniformly properly discontinuous (FUPD) if

• the action of � is free,
• there is a number δ > 0 such that dX (x, γ x) ≤ δ �⇒ x = γ x .

Remark 4 If the action of � is FUPD, then it is properly discontinuous and free.

Proposition 1.1 Let (M, g) be a manifold of bounded geometry. Consider � a group acting
on M by isometries. Suppose the action of � is free and properly discontinuous. Then the
following statements are equivalent:

1. a group � acting FUPD on M and N,

2 This means that all the derivatives of degree less or equal to k − 1 are bounded.
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2. the quotient M/� has bounded geometry.3

Proof 1 �⇒ 2. Let δ be the constant of the FUPD action of �. Then Bδ(p) is a trivializing
open of M/� for each p in M . So in jM/� ≥ min{in jM , δ} and the curvature of M/� has
the same bounds of the curvature of M .

2 �⇒ 1. Let us suppose that for each δ > 0 there is a point p and a γ ∈ � such that
dM (p, γ p) ≤ δ. Suppose δ < min{in jM , in jM/�}. Then there is a vector v in TpM whose
norm equals δ and expp(v) = γ p. Consider the Riemannian covering s : M −→ M/�.
Observe that

s ◦ expp = exps(p) ◦ ds (12)

Then

s(γ p) = s ◦ expp(v) = exps(p) ◦ ds(v). (13)

Since ds is an isometry, the norm of ds(v) is less or equal to in jM/� . This means that
ds(v) = 0 and, in particular, v = 0. Then

γ p = expp(v) = expp(0) = p. (14)

Because the action of � is free, γ = id� . ��

1.4 Lipschitz approximation of a uniformly continuousmap

Let (M, g) and (N , h) be two manifolds of bounded geometry and f ∈ Ck(M, N ).

Definition 1.7 A map f is of class Ck
b if there exist M-small δM and an N -small δN > 0

such that for each x ∈ X we have f (BδM (x)) ⊂ BδN ( f (x)) and the composition

Fp = exp−1
f (p) ◦ f ◦ expp : BδM (0) ⊂ TpM −→ T f (p)N (15)

in normal coordinates is of class Ck
b and its Cl -norms (l = 0, . . . , k) as function from TpM

to T f (p)N are uniformly bounded in x ∈ X .

Remark 5 There are some remarks we wish to make:

• The assumption of bounded geometry is necessary in order to define Ck
b -maps. More

details can be found in pages 44-45 of [8].
• Composition of two Ck

b -maps is a Ck
b -map.

• Uniformly continuous maps are C0
b -maps.

• A C1
b -map is a Lipschitz map.

Consider a uniform map f : (M, g) −→ (N , h) between manifolds of bounded geometry.
Let us suppose, moreover, that there is a group � on M and N acting FUPD and assume
that f is �-equivariant. We want to show that there is a �-equivariant uniform map F :
(M, g) −→ (N , h) which is Ck

b for all k and that F ∼� f .
In order to prove this fact we need Lemma 2.34 of the thesis of Eldering [8].

Lemma 1.2 Let r , h > 0, g ∈ Ck(Br+2h(0) ⊂ R
m,Rn). Then for each ε > 0 there is a ν0

such that g can be approximated by a function Gν for each 0 < ν ≤ ν0 such that

• Gν = g outside Br+h(0);

3 We are considering on M/� the Riemannian metric induced by g.
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• Gν is a smooth function in Br (0);
• |g − Gν |s ≤ ε for each s ≤ k ;
• |Gν |l ≤ C(ν, l)|g|0 on Br (0) for some Cν,l > 0.

Note that C(ν, l) may grow unboundedly as ν −→ 0 or l −→ +∞.

Remark 6 The approximation above is defined in the following way. Consider a mollifier,
i.e., a compactly supported, smooth, positive function φ : Rn −→ R such that its integral
overRn equals to 1. Suppose that the support of φ is contained in the Euclidean ball of radius
1 in Rm . Let us consider a non-increasing smooth map χ : [0, r + 2h] −→ [0, 1] which is 1
if x ≤ r and 0 if x ≥ r + h. Then we define

Gν(x) = (1 − χ(||x ||))g(x) + χ(||x ||)
∫
Bm
1 (0)

g(x − νy)φ(y)dy. (16)

Observe that if ν = 0 then Gν = g.

Remark 7 Fix ε > 0. By the proof of Lemma 2.34 of [8], if ν ≤ δ(ε) where δ(ε) satisfies

d(p, q) ≤ δ(ε) �⇒ d(g(p), g(q)) ≤ ε (17)

then

d(g(p),Gν(p)) ≤ ε. (18)

Let us define δχ : R>0 −→ R>0 a function such that for each ε > 0

|x1 − x0| ≤ δχ (ε) �⇒ |χ(||x1||) − χ(||x0||)| ≤ ε. (19)

Observe that, without loss of generality, we can always suppose that δ : R>0 −→ R>0 is
non-decreasing and, at the same time,

δ(ε) ≤ δχ (
ε

|g|0 ) (20)

where |g|0 := max
p∈Bm

1 (0)
{|g(p)|}. Under this assumption on δ, if we define δ̃(ε) := δ( ε

4 ), we

obtain that

d(p, q) ≤ δ̃(ε) �⇒ d(Gν(p),Gν(q)) ≤ ε. (21)

We are ready to prove the existence of a Ck
b -approximation of a uniformly continuous map.

Proposition 1.3 Consider two Riemannian manifolds (M, g) and (N , h) of bounded geome-
try and let f : (M, g) −→ (N , h) be a uniformly continuous map. Fix ε > 0 small enough.
Then there is map F : (M, g) −→ (N , h) such that

• d(F(p), f (p)) ≤ ε for all p in M,
• for all l ≥ 1 the approximation F is a smooth Cl

b-map,• Consider � a group that acts FUPD by isometries on M and N. Assume that f is
�-equivariant. Then F can be chosen to be �-equivariant,

• f ∼� F.

This implies that if f is a uniform map, then, for each ε > 0, there is a smooth, uniformly
proper and Lipschitz approximation fε of f .
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Proof Since f is uniformly continuous, there are two positive numbers σ1 < σ2 both N -small
and there is an M-small number δ f such that f (Bδ f (q)) ⊆ Bσ1( f (q)).

Let us consider the Riemannian manifold X := M/�. Let us define R0 :=
1
4min{δ f , in jX }.

Following Proposition 1.1, observe that R0 ≤ in jM and R0 ≤ δ0 where δ0 is the constant
given by the FUPD action of �. Fix then δ1 < δ2 < R0 where δ2 is X -small.

By Lemma 2.16 of [8], there is a number K and a countable cover of X given by {Bδ1(xi )}
such that for all x in X the ball Bδ2(x) intersects at most K balls of {Bδ2(xi )}i .

Consider the preimage of the cover {Bδ2(xi )}i on M . Since δ2 < δ0, it has the form
{�γ∈�Bδ2(γ x̃i )}i , where x̃i is an element of the fiber of xi .

Moreover f (Bδ2(q)) ⊆ Bσ1( f (q)) for all q in M .
Fix ε < σ2 − σ1 and let C be a number which is greater then the Lipschitz constants of

exp f (γ x̃i ), expγ x̃i and their inverses. Fix F0 := f . Then define for all i in N

Fi+1(p) :=
{
exp f (γ x̃i ) ◦Gi,γ,ν ◦ exp−1

γ x̃i
if p ∈ BR0(

⋃
γ {γ x̃i })

Fi (p) otherwise
(22)

where Gi,γ,ν : Bδ2(0) ⊂ Tγ x̃i M
∼= R

m −→ Bσ2(0) ⊂ T f (γ x̃i )N ⊂ R
n is a Ck

b -
approximation of gi,γ = exp−1

f (γ x̃i )
◦Fi ◦ expγ x̃i defined by using a function χ as in Remark

6 and ν such that

d(p, q) ≤ ν �⇒ d( f (p), f (q)) ≤ ε

CK
. (23)

In particular, in order to obtain the �-equivariance of Fi+1, we choose for each i a x̃i in the
fiber of xi . Fix an orthonormal basis of Tx̃i M and an orthonormal basis of T f (x̃i )N . We define
Gi,e,ν with respect to the coordinates on the tangent spaces induced by these basis. Then we
define for each γ in �

Gi,γ,ν := dγ ◦ Gi,e,ν ◦ dγ −1. (24)

Observe that, by the Gluing lemma (Theorem III.9.4, p. 83. of the book of Dugundji [6]), Fi
is well-defined. Finally we define

F(p) := lim
i→+∞ Fi (p). (25)

Let us check all the properties of F :

• F is well-defined: consider p a point in M . Let s be the covering s : M −→ X . Then
s(Bδ2(p)) intersects at most K balls Bδ2(xi ). Moreover, since δ2 < 1

4δ0, then for all of
these xi there exists only one γ in � such that Bδ2(p) intersects Bδ2(γ x̃i ).
For all p there are at most K indexes i j such that Fi j (p) �= Fi j+1(p) and so the limit
exists since the sequence {Fi (p)}i≥iK+1 is constant.

• Let us denote by x := exp−1
γ x̃i

(p). We obtain d(F(p), f (p)) ≤ ε. Indeed, by applying
Proposition 1.2 and Remark 7,

d( f (p), F(p)) ≤ d( f (p), Fi1(p)) + · · · + d(FiK (p), FiK+1(p))

≤ C(|g0,γ,ν(x) − G0,γ,ν(x)| + · · · + |giK ,γ,ν(x) − GiK ,γ,ν(x)|)
≤ C · K · ε

CK
= ε (26)
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• F is a Ck
b -map for each k in N. Consider a point p. As a consequence of Lemma 2.16

of [8], there is a finite sequence i1, . . . , iK of the indexes i such that Fi j+1 �= Fi j on
Bδ2(p). So, we have to study the boundedness of the derivatives of

Fp : = exp−1
FiK +1(p)

◦ FiK+1 ◦ expp

= exp−1
FiK +1(p)

◦ exp f (γ xK ) ◦GiK ,γ,ν ◦ exp−1
γ xiK

◦ expp.
(27)

Observe that exp−1
FiK +1(p)

◦ exp f (γ x̃i ) and exp−1
γ xiK

◦ expp are changes of normal coor-

dinates, and so, since we are in a bounded geometry setting, they are Ck
b -maps with

uniformly bounded norm. Consider GiK ,γ,ν . By applying Proposition 1.2, we obtain

|GiK ,γ,ν |k ≤ C(ν, k)|giK ,γ,ν |0 ≤ C(ν, k)σ2. (28)

• F is�-equivariant. In order to prove thiswe have to check that all the Fi are�-equivariant.
Observe that F0 = f is �-equivariant. Moreover, by the definition of Fi , if Fi is �-
equivariant, then also Fi+1 is �-equivariant. We conclude by observing that

γ F(p) = γ FiK+1(p) = FiK+1(γ p) = F(γ p). (29)

In order to conclude the proof we have to show that F and f are �-uniformly homotopic.
Let us define the map H0 : (M × [0, 1], g + dt2) −→ (N , h) as H0(p, t) := f (p). Fix

for each i a x̃i in the fiber of xi . Fix an orthonormal basis of Tx̃i M and an orthonormal basis
of T f (x̃i )N . We denote by Hi,e,ν the Ck

b -approximation4 of

hi,γ,t = exp−1
f (γ x̃i )

◦Hi (·, t) ◦ expγ x̃i (30)

defined by using t · ν and the function χ .
Then, for eachγ in�wehave Hi,γ,t : Bδ2(0) ⊂ Tγ x̃i M

∼= R
m −→ Bσ2(0) ⊂ T f (γ x̃i )N ⊂

R
n which is the map

Hi,γ,t := dγ ◦ Hi,e,t ·ν ◦ dγ −1. (31)

So, for each i ∈ N, we define

Hi+1(p, t) :=
{
exp f (γ x̃i ) ◦Hi,γ,t ◦ exp−1

γ x̃i
if p ∈ BinjM (∪γ {γ x̃i })

Hi (p, t) otherwise
(32)

Finally we define the map H : (M × [0, 1], g + dt2) −→ (N , h) as

H(p, t) = lim
i→+∞ Hi (p, t). (33)

As well as for F , also H is well-defined and �-equivariant.
We will check the uniformly continuity of H in the following way. First we observe that,

by definition, H0 is uniformly continuous. Then for each ε there is a δ0(ε) such that

d((p0, t), (q, s)) ≤ δ0(ε) �⇒ d(H0(p0, t), H0(q, s)) ≤ ε. (34)

Observe that, since H0 is uniformly continuous, then δ0 does not depend on (p0, t).Moreover,
without loss of generality we can also suppose that δ0(ε) ≤ δχ ( ε

σ2
) and that δ0 is non-

decreasing with respect to ε.

4 With respect to the coordinates on the tangent spaces induced by these basis.
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Let us assume now that Hi is continuous. Fix an ε and a point (p, t) and let us denote by
δi (ε, p, t) a number such that, for each q in M

d((p, t), (q, s)) ≤ δi (ε, p, t) �⇒ d(Hi (p, t), Hi (q, s)) ≤ ε. (35)

Assume that δi (ε, p, t) ≤ δχ ( ε
σ2

) and that δi (·, p, t) is non-decreasing with respect to ε for
each p and t .

Choose p0 in M : if Bδ2(p0) ∩ [�γ∈�Bδ2(γ x̃i )] = ∅, then
d((p0, t), (q, s)) ≤ δi (ε, p0, t) �⇒ d(Hi+1(p0, t), Hi+1(q, s)) ≤ ε. (36)

So we can set

δi+1(ε, p0, t) := δi (ε, p0, t). (37)

Let us suppose that Bδ2(p0)∩[�γ∈�Bδ2(γ x̃i )] �= ∅. In this case we have to study the uniform
continuity of

exp f (γ x̃i ) ◦Hi,γ,t ◦ exp−1
γ x̃i

. (38)

In particular, we start studying the distance

d(Hi+1(p0, t), Hi+1(p0, s)). (39)

Recall that hi,γ,t : Tγ x̃i M −→ T f (γ x̃i )N is defined as

hi,γ,t = exp−1
f (γ x̃i )

◦Hi (·, t) ◦ expγ x̃i (40)

and that Hi,γ,t is its approximation defined by using t · ν and χ .
Observe that the exponential maps and their inverses are Lipschitz maps with uniformly

bounded constant C . Assume C > 1.
Fix a ε > 0 and let us denote by x0 := exp−1

γ x̃i
(p0). Define

δh,i (ε, x0, t) := 1

C
δi (

ε

C
, p0, t). (41)

Observe that δh,i (ε, x0, t) ≤ δi (ε, p0, t) ≤ δχ ( ε
σ2

). Moreover, hi,γ,t is also continuous in t ,
indeed,

|(x0, t) − (x2, s)| ≤ δh,i (ε, x0, t) �⇒ d(hi,γ,t (x0), hi,γ,s(x2)) ≤ ε. (42)

Then for any s in [0, 1] such that |s − t | ≤ δh,i (
ε
2 , x0, t), then

|Hi,γ,s(x0) − Hi,γ,t (x0)|
≤ (1 − χ(||x0||))|hi,γ,s(x0) − hi,γ,t (x0)|

+ χ(||x0||)
∫
Bm

|hi,γ,s(x0 − s · νy) − hi,γ,s(x0 − t · νy)|φ(y)dy

+ χ(||x0||)
∫
Bm

|hi,γ,s(x0 − t · νy) − hi,γ,t (x0 − t · νy)|φ(y)dy

≤ (1 − χ(||x0||)) ε

2
+ χ(||x0||) ε

2
+ ε

2
≤ ε.

(43)

This means that, given

δ̃i (ε, p0, t) := 1

C
δh,i

( ε

2C
, p0, t

)
= 1

C2 δi

( ε

2C2 , p0, t
)

, (44)
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then, since Hi+1 = exp f (γ x̃i ) ◦Hi,γ,t ◦ exp−1
γ x̃i

,

d((p0, t), (p0, s)) ≤ δ̃i (ε) �⇒ d(Hi+1(p0, t), Hi+1(p0, s)) ≤ ε. (45)

Let us consider, now, the distance

d(Hi+1(p0, t), Hi+1(q, t)). (46)

Let us denote by 
i (ε) := δh,i (
ε
4 ). Then, by Remark 7 and by

δh,i

( ε

4

)
≤ δi

( ε

4

)
≤ δχ

(
ε

4σ2

)
≤ δχ

(
ε

4|hi,γ,t |0
)

(47)

we obtain that

d(x1, x2) ≤ 
i (ε) �⇒ d(Hi,γ,t (x1), Hi,γ,t (x2)) ≤ ε. (48)

Moreover, if we define

δ̂i (ε) := 1

C

i

( ε

C
, p0, t

)
, (49)

then

d(p0, q) ≤ δ̂i (ε, p0, t) �⇒ d(Hi+1(p0, t), Hi+1(q, t)) ≤ ε. (50)

So given a point p0 such that Bδ2(p0) intersects
⊔

γ∈�

Bδ2(γ x̃i ), then

d((p0, t), (q, s)) ≤ δi+1(ε, p0, t) �⇒ d(Hi+1(p0, t), Hi+1(q, s)) ≤ ε. (51)

where

δi+1 (ε, p0, t) : = min{δ̂i
( ε

2
, p0, t

)
, δ̃i

( ε

2
, p0, t

)
}

= min{ 1

C2 δi

( ε

4C2 , p0, t
)

,
1

C2 δi

( ε

8C2 , p0, t
)
}

= 1

C2 δi

( ε

8C2 , p0, t
)

,

(52)

indeed

d(Hi+1(p0, t), Hi+1(q, s)) ≤ d(Hi+1(p0, t), Hi+1(p0, s)) + d(Hi+1(p0, s), Hi+1(q, s))

≤ ε

2
+ ε

2
= ε.

(53)

Then, since a ball Bδ2(p0) intersects
⊔

γ∈�

Bδ2(γ x̃i ) at most K times, we obtain that there is

a δ(ε) which is given by

δ(ε) := 1

C2K δ0

( ε

8KC2K

)
(54)

such that for each (p, t) and (q, s) in M × [0, 1], we have
d((p, t), (q, s)) ≤ δ(ε) �⇒ d(H(p, t), H(q, s)) ≤ ε. (55)

��
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Corollary 1.4 Let f : (M, g) −→ (N , h) be a uniformly continuous map between manifolds
of bounded geometry. Assume the existence of a closed set C such that f|M\C is a Ck

b -map.

Then for all ε > 0 there is a map F : (M, g) −→ (N , h) such that F is a Ck
b -map. Moreover

if Cε is the ε-neighborhood of C, then

F|M\Cε
= f|M\Cε

. (56)

Finally if C is �-invariant and f is �-equivariant then also F is �-equivariant and they are
�-uniformly homotopic.

Corollary 1.5 Let f , f ′ : (M, g) −→ (N , h) be two smooth Ck
b -maps such that f ∼� f ′,

where� acts FUPD on M and N by isometries. Let us fix some normal coordinates {xi , s} on
M×[0, 1] and {y j } on N. Then there is a uniformly continuous homotopy H : (M×[0, 1], g+
dt2) −→ (N , h) between f and f ′ such that all its derivatives in normal coordinates of order
minor or equal of k are uniformly bounded.

Corollary 1.6 Let f : (M, g) −→ (N , h) be a uniform homotopy equivalence between
manifolds of bounded geometry. Then f is uniformly proper and, in particular, f is a uniform
map.

Proof Let us denote by g a uniform homotopy inverse of f and by H a uniformly continuous
homotopy between g ◦ f and idX . Because of Proposition 1.3 and Remark 2, we can assume
that f , g and H are Lipschitz maps. Then, if x is a point in M ,

dX (x, g ◦ f (x)) = dX (H(x, 0), H(x, 1)) ≤ CHdX×[0,1]((x, 0), (x, 1)) = CH (57)

where CH is the Lipschitz constant of H . Fix a subset A of N . Let x1 and x2 be two points
in f −1(A). Then

dX (x1, x2) ≤ dX (x1, g ◦ f (x1)) + dX (g ◦ f (x1), g ◦ f (x2)) + dX (x1, g ◦ f (x1))

≤ 2CH + CgdY ( f (x1), f (x2))

≤ 2CH + Cgdiam(A)

(58)

where Cg is the Lipschitz constant of g. And so we obtain

diam( f −1(A)) ≤ 2CH + Cgdiam(A). (59)

��

2 Lq,p-cohomology and pull-back

2.1 Lp-forms

Let us consider a Riemannian manifold (M, g) and let us denote by �k
c(M) the space of

complex differential forms with compact support. Fix a p ∈ [1,+∞). We can define a norm
on �∗

c(M) as follows:

||α||p := [
∫
M

|α|p(q)dμM (q)] 1
p , (60)

where μM is the measure on M induced by g.
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Definition 2.1 Fix p ∈ [1,+∞). We denote by L p�k(M) the Banach space given by the
closure of �∗

c(M) with respect to the norm || · ||p . Moreover we can also define the Banach
space Lp(M) := ⊕

k∈N
L p�k(M).

Definition 2.2 Consider two Riemannian manifolds (M, g) and (N , h). Let us consider a
linear operator A : �∗(N ) −→ �∗(N ). The operator A is L�-bounded if for each p in
[1,+∞) the operator A|�∗

c (M)
is a bounded operator with respect to the Lp-norm.

2.2 Lq,p-cohomology and reduced Lq,p-cohomology

In the next section we use definitions and results from the work of Gol’dshtein and Troyanov
[10] and from the work of Bei [1]. Consider a complete Riemannian manifold (M, g). Then,
for each choice of q, p ∈ [1,+∞) and k, we need a closed extension of the exterior derivative
operator

dk−1
q,p : �k−1

c (M) ⊂ Lq�k−1(M, g) −→ Lp�k(M, g). (61)

Definition 2.3 The minimal extension dk−1
min,q,p of the exterior derivative dk−1

q,p has domain
given by the Lq -forms α such that there is a sequence of compactly supported differential
forms {αk} and an Lp-form β such that5 α = lim

k→+∞ αk and β = lim
k→+∞ dαk .

Then we obtain

dk−1
min,q,pα := lim

k→+∞ dαk . (62)

If there is no need to specify q, p and k we will just denote it by d .

Remark 8 Observe that dk−1
min,p,s(dom(dk−1

min,p,s)) ⊆ dom(dkmin,s,q) and d2 := dkmin,s,q ◦
dk−1
min,p,s = 0 for each choice of p, s, q and k.

Remark 9 Because of the lower bound on the injectivity radius, every manifold of bounded
geometry is a complete Riemannian manifold. As a consequence of this fact, dmin,p,q is the
unique closed extension of the exterior derivative for each choice of p, q ∈ [1,+∞). The
proof is exactly the same of Proposition 3.1 of [1]; indeed, the arguments used by the author
and Theorem 12.5 of [10] also hold if q �= p.

Consider p, q in [1,+∞).

Definition 2.4 The i-th group of Lq,p-cohomology is the group

Hi
q,p(M) := ker(dip,p)

im(di−1
q,p )

. (63)

The i-th group of reduced Lq,p-cohomology is the group

H
i
q,p(M) := ker(dip,p)

im(di−1
q,p )

. (64)

5 For each p in [1, +∞) we consider on L p�k (M) the topology induced by || · ||p .
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Finally, the i-th group of Lq,p-quotient cohomology is the group

T i
q,p(M) := im(di−1

q,p )

im(di−1
q,p )

. (65)

Remark 10 The i-th group of Lq,p-quotient group is also called i-th group of Lq,p-torsion
by Gol’dshtein and Kopylov in page 4 of [10].

Proposition 2.1 Let (N , h) and (M, g) be two oriented Riemannian manifolds and let
p ∈ [1,+∞). Fix b ∈ Z and consider B : �∗(N ) −→ �∗+b(M) and K : �∗(N ) −→
�∗+b−1(M) two L∗-bounded operators. Let us suppose that B(�∗

c(N )) ⊆ �∗+b
c (M) and

dB = ±Bd + K (66)

over �∗
c(N ). Then B(dom(dmin,q,p)) ⊆ dom(dmin,q,p) and dmin,q,p B = ±Bdmin + K on

the minimal domain of d.

Proof Let α be an element in dom(dmin,q,p). This means that there is a sequence {αn} in
�∗

c(N ) such that α = lim
n→+∞ αn and dα = lim

n→+∞ dαn . Since B is continuous we obtain

Bα = lim
n→+∞ Bαn (67)

where {Bαn} is a sequence in �∗
c(M). Moreover the limit of dBαn exists, indeed

lim
n→+∞ dBαn = lim

n→+∞ ±Bdαn + Kαn

= ±B lim
n→+∞ dαn + K lim

n→+∞ αn = ±Bdα + Kα.
(68)

So dmin,q,p is well defined in Bα and

dmin,q,p Bα = ±Bdmin,q,pα + Kα. (69)

��
Remark 11 Consider anL∗-bounded operator A such that A(dom(dmin,N )) ⊆ dom(dmin,M ).
Suppose that Ad = d A. Then A induces a map in reduced L p,q -cohomology and in Lq,p-
quotient cohomology. Indeed, given α in dom(dN ), we have

A(α + lim
k→+∞ dβk) = A(α) + A( lim

k→+∞ dβk)

= A(α) + lim
k→+∞ A(dβk) = A(α) + lim

k→+∞ d A(βk).
(70)

So, in reduced Lq,p-cohomology and in Lq,p-quotient cohomology, we obtain

[A(α + lim
k→+∞ dβk)] = [A(α)]. (71)

Corollary 2.2 Consider two operators B and K as in Proposition 2.1.
Then K induces the null operator in (un)-reduced Lq,p-cohomology and in Lq,p-quotient

cohomology.
Moreover, if K = 0 as operator between the Lp-spaces, then dB = Bd on �∗

c(M). Then
B induces a map in (un)-reduced Lq,p-cohomology and in Lq,p-quotient cohomology.6

6 We are considering d = dmin .
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2.3 Fiber Volume and Radon-Nikodym-Lipschitz maps

Let (M, ν) and (N , μ) be two measured spaces and let f : (M, ν) −→ (N , μ) be a function
such that the pushforward measure f�(ν) is absolutely continuous with respect to μ.

Definition 2.5 Let (N , μ) be σ -finite, then the Fiber Volume is the Radon-Nikodym deriva-
tive

Vol f ,ν,μ := ∂ f�ν

∂μ
. (72)

Consider (M, dM , μM ) and (N , dN , μN ) two measured and metric spaces.

Definition 2.6 A map f : (M, dM , μM ) −→ (N , dN , μN ) is Radon-Nikodym-Lipschitz
or R.-N.-Lipschitz if

• f is Lipschitz
• f has a well-defined and bounded Fiber Volume.

Remark 12 Consider f : (M, dM , νM ) −→ (N , dN , μN ) an R.-N.-Lipschitz map and let C
be the supremum of ∂ f�μM

∂μN
. Then for all measurable set A ⊆ N ,

μM ( f −1(A)) =
∫
A

∂ f�μM

∂μN
dμN ≤ C

∫
A
dμN = CμN (A). (73)

The vice-versa also holds: if f satisfies (73), then it is a R.N.-Lipschitz map. This implication
can be proved using a reductio ad absurdum argument.

Remark 13 Composition of R.-N.-Lipschitz maps is a R.-N.-Lipschitz map.

Lemma 2.3 Let f : (M, g) −→ (N , h) be a Lipschitz map between Riemannian manifolds.
Let x be a point on M such that f is differentiable on x. Then there is a number C, which
does not depend on x, such that for all α f (x) in T ∗

f (x)(N ) and for all k ∈ [1,+∞)

| f ∗α f (x)|kx ≤ Ck · |α f (x)|kf (x), (74)

where | · |x and | · | f (x) are the norms induced by the metrics g and h on �∗
x M and �∗

f (x)N.

Proof It follows since the norms on �∗
pN and �∗

qM can be seen as operatorial norms and
since the d fq has bounded norm. ��
Remark 14 By the Rademacher theorem, we know that a Lipschitz map is differentiable
almost everywhere and so the previous lemma holds for almost all x in M .

Proposition 2.4 Let (M, g) and (N , h) beRiemannianmanifolds. Let f : (M, g) −→ (N , h)

be a R.-N.-Lipschitz map. Then f induces an L∗-bounded pullback. This means that if f is
a R.N.-Lipschitz map, then f ∗ is an L∗-bounded operator.

Proof Let ω be a smooth form with compact support in Lp(N ) and let K f := max{1,Cn
f },

where n = dim(N ). Then

|| f ∗ω||pp =
∫
M

| f ∗ω|pdμM ≤
∫
M
K p

f f
∗(|ω|p)dμM

= K p
f

∫
N

|ω|pd( f�μM ) = K p
f

∫
N

|ω|pV ol f ,μM ,μN dμN

≤ K p
f CVol

∫
N

|ω|pdμN = K p
f CVol ||ω||pp.

(75)

��
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In the next sections we will focus on submersions. In particular, we will study their Fiber
Volumes. In order to do this we need the notion of quotient of differential forms.

Definition 2.7 Let us consider a differentiable manifold M . Given two differential forms
α ∈ �k(M), β ∈ �n(M) we define a quotient between α and β, denoted by α

β
, as a

(possibly not continuous) section of �k−n(M) such that for all p in M

α(p) = β(p) ∧ α

β
(p).. (76)

Consider two oriented differentiable manifolds X and Y . Given a submersion f : X −→ Y ,
let us denote by Fq the fiber of f in q and consider iq : Fq −→ X the immersion of the
fiber in X . Then i∗q (

β
f ∗α ) does not depend on the choice of the quotient. This is proved in

Proposition 16.21.7 of the book of Dieudonné [5]. Moreover in [5] it is also proved that if β

is a smooth form in X , then i∗q (
β
f ∗α ) is a smooth form on the fiber Fq . This means that for

all p in Y we obtain an orientation of Fp defined setting∫
Fp

i∗p
V olX
f ∗VolY

> 0. (77)

Observe that if f : (X , g) −→ (Y , h) is a submersion between Riemannian manifolds, then
it is possible to define a locally smooth quotient between VolX and f ∗VolY . Indeed it is
sufficient to consider local fibered coordinates {xi , y j } on X and {y j } in Y and we obtain
that locally

VolX
f ∗VolY

= det(gi j (y, x))

det(hrs)(y)
dx1 ∧ · · · ∧ dxn, (78)

where gi j and hrs are the matrix related to the metrics g and h. As a consequence of this
fact the Projection Formula holds also for quotients of volume forms, i.e., given a differential
form α in Y ∫

F
f ∗α ∧ VolX

f ∗VolY
= α ∧

∫
F

VolX
f ∗VolY

. (79)

In order to prove this we have to consider a cover of coordinate charts and to decompose the
integral using a partition of unity. Remember that, as a consequence of Proposition 16.21.7
of [5], the integral over the fiber in p of a quotient between a form α and a form f ∗β does not
depend on the choice of the quotient. This means that in each chart we can choose a smooth
quotient and apply the usual Projection Formula.

2.4 Fiber Volume of a submersion

In this section we will study the Fiber Volumes of Lipschitz submersions between orientable
manifolds.

Proposition 2.5 Let (M, g) and (N , h) be two oriented, Riemannian manifolds possibly with
boundary. Let π : (M, g) −→ (N , h) be a submersion. Then

Volπ,μM ,μN (q) =
∫
F

VolM
π∗VolN

(q). (80)
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Proof Let A a measurable set of N . Then

f�μM (A) =
∫

π−1(A)

1dμM =
∫

π−1(A)

VolM

=
∫

π−1(A)

π∗(VolN ) ∧ VolM
π∗(VolN )

=
∫

π−1(A∩π(M))

π∗(VolN ) ∧ VolM
π∗(VolN )

=
∫
A∩π(M)

VolN

(∫
F

VolM
π∗(VolN )

)

=
∫
A∩π(M)

(∫
F

VolM
π∗(VolN )

)
VolN

=
∫
A∩π(M)

(∫
F

VolM
π∗(VolN )

)
dμN .

(81)

��

Remark 15 If the submersion f : X → Y is a diffeomorphism between oriented manifold
which preserves the orientations, then the integration along the fibers of f is the pullback
( f −1)∗. This means that the Fiber Volume of f is given by |( f −1)∗ VolX

f ∗(VolY )
|.

We conclude this section by giving a formula which allow us to compute the Fiber Volume
of the composition of two submersions.

Proposition 2.6 Let f : (M, g) −→ (N , h) and g : (N , h) −→ (W , l) be two submersions
between oriented Riemannian manifolds. Then

Volg◦ f ,μM ,μW (q) =
∫
g−1(q)

(∫
f −1g−1(q)

VolM
f ∗(VolN )

)
VolN

g∗VolN
(82)

Proof Observe that, as quotients,

VolM
(g ◦ f )∗VolW

= VolM
f ∗VolN

∧ f ∗VolN
(g ◦ f )∗VolW

(83)

and, in particular, we can choose as quotient

f ∗VolN
(g ◦ f )∗VolW

= f ∗
(

VolN
g∗VolW

)
. (84)

Then we conclude by applying the Projection Formula:

Volg◦ f ,μM ,μW (q) =
∫

(g◦ f )−1(q)

VolM
(g ◦ f )∗VolW

=
∫

(g◦ f )−1(q)

VolM
f ∗VolN

∧ f ∗
(

VolN
g∗VolW

)

=
∫
g−1(q)

(∫
f −1g−1(q)

VolM
f ∗(VolN )

)
VolN

g∗VolN
.

(85)

��
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3 Sasaki metric and submersions

3.1 The Sasaki metric

The definition of Sasaki metric on a vector bundle given in this paper is a generalization of
the metric defined by Sasaki in [18] for the tangent bundle of a Riemannian manifolds. The
definition of this generalized Sasaki metric can be found in page 2 of the paper of Boucetta
and Essoufi [4].

Let us consider a Riemannian manifold (N , h) of dimension n, πE : E −→ N a vector
bundle of rank m endowed with a bundle metric HE ∈ �(E∗ ⊗ E∗) and a linear connection
∇E which preserves HE . Fix {sα} a local frame of E : if {xi } is a system of local coordinates
over U ⊆ N , then we can define the system of coordinates {xi , μα} on π−1

E (U ), where the
μα are the components with respect to {sα}.

Let us denote by K the map K : T E −→ E defined as

K (bi
∂

∂xi
|(x0,μ0) + zα

∂

∂μα
|(x0,μ0)) := (zα + biμ j�α

i j (x0))sα(x0), (86)

where the �l
i j are the Christoffel symbols of∇E . The Christoffel symbols �

γ

η j (x) are defined
by the formula

∇E
∂

∂x j
sη(x) := �

γ

η j (x)sγ (x). (87)

Definition 3.1 The Sasaki metric on E is the Riemannian metric hE defined for all A, B in
T(p,vp)E as

hE (A, B) := h(dπE,vp (A), dπE,vp (B)) + HE (K (A), K (B)). (88)

Remark 16 Let us consider the system of coordinates {xi } on N and {xi , μ j } on E . The
components of hE are given by⎧⎪⎨

⎪⎩
hE
i j (x, μ) = hi j (x) + Hαγ (x)�α

βi (x)�
γ

η j (x)μ
βμη

hE
iσ (x, μ) = Hσα(x)�α

βi (x)μ
β

hE
στ (x, μ) = Hσ,τ (x),

(89)

where i, j = 1, . . . , n and σ, τ = n + 1, . . . , n + m. Consider a point x0 = (x10 , . . . , x
n
0 ) in

N . If all the Christoffel symbols of ∇E in x0 are zero, then, in local coordinates, the matrix
of hE in a point (x0, μ) is [

hi, j (x0) 0
0 Hσ,τ (x0)

]
. (90)

Moreover, with respect to the coordinates (xi , μσ ), the matrix hE := (hE )−1 is given by⎧⎪⎨
⎪⎩
hi jE (x, μ) = hi j (x)

hiσE = −�σ
β j (x)h

i j (x)μβ

hστ
E = Hστ (x) + hi j (x)�σ

βi (x)�
τ
η j (x)μ

βμη

(91)

where Hστ and hi j (x) are the components of the inverse matrices of hi j and Hσ,τ .
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Example 3.1 Let (M, g) a Riemannian manifold. Consider as E the tangent bundle T M and
as hE the metric g itself. Choose the connection ∇E as the Levi-Civita connection ∇LC

g . We

denote by gS the Sasaki metric induced by g and ∇LC
g .

Example 3.2 Consider a smooth map f : (M, g) −→ (N , h). Let π : f ∗T N −→ M be the
pullback bundle. Then the Riemannian metric h can be seen as a bundle metric on T N and
so we obtain a bundle metric f ∗h on f ∗T N . Fix the connection f ∗∇LC

h on f ∗T N which
is the pullback of the Levi-Civita connection on (N , g). Let us denote by gS, f the Sasaki
metric induced by f ∗∇LC

h , f ∗h and g.

Remark 17 Then the Christoffel symbols of the pullback connection f ∗∇E with respect to
the pullback frame { f ∗ei } and to the coordinates {xi } are given by

�̃α
β,i := ∂ f l

∂xi
f ∗(�α

β,l). (92)

A first consequence of this fact is that the map I D : (id∗T N , gS,id) −→ (T N , gS) which
sends (p, wp) to wp is an isometry. So, from now on, we will identify (id∗T N , gS,id) and
(T N , gS).

Remark 18 Let f : (M, g) −→ (N , h) be a smooth map. Let us fix a chart {U , xi } on M and
a chart {V , y j } on N such that f (U ) ⊆ V . Fix a bundle E on N and let ∇E be a connection.
Let us denote by �α

βl the Christoffel symbols of ∇E with respect to a frame {ei } and the

coordinates {y j }. If f : (M, g) −→ (N , h) is a smooth Lipschitz map, then also the induced
bundle map

F : ( f ∗T δN , gS, f ) −→ (T δN , gS)

(p, w f (p)) −→ w f (p)
(93)

is a smooth Lipschitz map.

Proposition 3.1 Consider a vector bundle (E, π, M) over a Riemannian manifold (M, g).
Fix on E a bundle metric h, a connection ∇E and let us denote by hE the Sasaki metric
induced by g, h and ∇E . Let us suppose that for each point p on M there is a system of
normal coordinates {xi } around p and a local frame {sσ } such that the Christoffel symbols
of ∇E vanish at x = 0. Moreover let us suppose that ∂hστ

∂xk
(0) = 0, where hστ are the

components of the Gram matrix of h with respect to the coordinates {xi }. Then the fibers of π
are totally geodesic submanifolds (in our case this means that the straight lines on the fibers
are geodesics) and π is a Riemannian submersion.

Remark 19 The vector bundles of Examples 3.1 and 3.2 satisfy the assumptions of Proposi-
tion 3.1.

Proof Fix the coordinates {xi , μσ } where the coordinates {xi } are normal and centered on
a point p and μσ refer to the local frame {sσ }. It follows from (90) that π is a Riemannian
submersion. Let vp and wp be two vectors in Ep . Let us suppose that vp = (0, vσ ) and
wp = (0, wσ )with respect to the coordinates {xi , μσ }. Consider the straight line connecting
vp and vp defined as γ (t) = t · (vp − wp) + wp . Consider the Christoffel symbols of the
Levi-Civita connection induced by hE with respect to the coordinates {xi , μσ } and the local
frame { ∂

∂xi
, ∂

∂μσ }. Let us denote by �̃i
στ and by �̃

η
στ the Christoffel symbols defined by

∇hE
∂

∂μσ

∂

∂μτ
(x, μ) = �̃i

στ (x, μ)
∂

∂xi
+ �̃η

στ (x, μ)
∂

∂μη
. (94)
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Because the partial derivatives of gi j and of hσ,τ in x = 0 are zero,we obtain that �̃ j
στ (0, μ) =

�̃
η
στ (0, μ) = 0. Then, if we parameterize the curve γ (t) := (0, t(vσ − wσ ) + wσ ), then γ

satisfies the system of geodesics equations{
d2γ i

dt2
+ �̃i

στ (x, μ)
dγ σ

dt
dγ τ

dt + �̃i
jτ (x, μ)

dγ j

dt
dγ τ

dt + �̃i
j z(x, μ)

dγ j

dt
dγ z

dt = 0
d2γ α

dt2
+ �̃α

στ (x, μ)
dγ σ

dt
dγ τ

dt + �̃α
jτ (x, μ)

dγ j

dt
dγ τ

dt + �̃α
j z(x, μ)

dγ j

dt
dγ z

dt = 0.
(95)

��
Corollary 3.2 Consider 0E the null section of a vector bundle π : E −→ M. Under the same
assumptions of Proposition 3.1, the disk bundle Eδ := {vp ∈ E |√h(vp, vp) ≤ δ} coincides
with Bδ(0E ) := {vp ∈ E |dhE (vp, 0E ) ≤ δ} for each δ > 0.

Proof Fix vp a point on E . Because of Proposition 3.1 we already know that the straight line
γ which connects 0p and vp is a geodesic and its length is equal to

√
h(vp, vp). Observe that

if there is another point 0q in 0E such that d(0q , vp) <
√
h(vp, vp), then there is a geodesics

σ connecting vp to 0q which is shorter than γ .
Let us suppose that σ̇ (0q) is orthogonal to T0q0E . Because of Proposition 3.1, we know

that q = p and γ = σ . This is a contradiction.
Let us prove that σ̇ (0q) is orthogonal to T0q0E . We can assume, without loss of generality,

that d(vp, 0E ) is smaller than the radius of injectivity of E in vp . Observe that the map
d(vp, ·) : 0E −→ R is continuous and admits a minimum.

Consider the ball Bd(vp,0E )(vp). Then

Bd(vp,0E )(vp) ∩ 0E ⊆ ∂Bd(vp,0E )(vp) := Sd(vp,0E )(vp) (96)

and the intersection is the set of the minima of d(vp, ·). In particular, if q is a minimum for
d(vp, ·),

Tq0E ⊆ Tq Sd(vp,0E )(vp) (97)

as subspaces of Tq E . In order to prove (97) we use a simple reductio ad absurdum argument.
Let us suppose there is v in Tq0E such that v is not in Tq Sd(vp,0E )(vp). Without loss of
generality we can assume that v is an inward vector for Bd(vp,0E )(vp). On a open neighbor-
hood of Bd(vp,0E )(vp) there are some coordinates {x1, . . . , xn−1, y} such that the interior of
Bd(vp,0E )(vp) is given by the points y > 0. Let τ : (−ε, ε) −→ U be a curve in 0E such that

τ(0) = q and τ̇ (0) = v. Observe that, in coordinates, v = vi ∂
∂xi

+ v0
∂
∂ y where v0 ≥ 0. But

this means that there is a t0 in (−ε, ε) such that y(τ (t0)) > 0. But τ(t0) is a point of 0E and
so it cannot be a point on the interior of Bd(vp,0E )(vp). This proves (97).

Finally, thanks to the Gauss lemma, the geodesic σ : [0, 1] −→ E connecting σ(0) = vp

to a minimum σ(1) = q has σ̇ (1) orthogonal to Tq Sd(vp,0E )(vp) ⊇ Tq0E . ��
In order to prove the following proposition, we need a lemma which is a classical result of
the measure theory. A proof of this result can be found in page 29 of the book of Durrett [7].

Lemma 3.3 (Multivariate Jensen’s Inequality) Let (X , �X , μX ) be a probability space7 and
let f : X −→ R

n. Consider φ : Rn −→ R a convex function. Then, for each integrable
function f : X −→ R

n

φ

(∫
X
f dμX

)
≤

∫
X

φ( f )dμX . (98)

7 This is a measured space such that μX (X) = 1.
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Proposition 3.4 Consider a Riemannian manifold (M, g) and let π : E −→ M be a vector
bundle. Fix on E a metric bundle hE and a connection ∇E . Let hE be the Sasaki metric on E
defined by using g, hE and ∇E . Fix a δ > 0. Then, under the assumptions of Proposition 3.1
π : Eδ −→ M is a R.N.-Lipschitz map. In particular the Fiber Volume on a point q
is the Volume of an Euclidean ball of radius δ. Finally the integration along the fibers
π� : �∗

c(E
δ) −→ �∗(M) is an L∗-bounded operator.

Proof We know that π is a Lipschitz map because it is a Riemannian submersion (Proposi-
tion 3.1). In order to calculate the Fiber Volume of π , we choose a point q in M and consider
some normal coordinates {xi } around q . Fix the frame {e j } of E defined around q such that
�i

jk(0) = 0 with respect to {e j } and to {xi }. Let {xi , y j } be the fibered coordinates on Eδ

where {y j } refers to e j . The matrix related to hE in a point of the fiber of q is the identity.
This means that VolE (x, y) = dx1 ∧ · · · ∧ dxn ∧ dy1 ∧ · · · ∧ dym and π∗VolM (x) =

dx1 ∧ · · · ∧ dxn .
We obtain that

Volπ,μE ,μM =
∫
F

VolE
π∗VolN

=
∫
Bδ(0q )

dx1 ∧ · · · ∧ dxn ∧ dy1 ∧ · · · ∧ dym

dx1 ∧ · · · ∧ dxn

=
∫
Bδ(0q )

dy1 ∧ · · · ∧ dym = Vol(Bδ(0)).

(99)

Let us study the L∗-boundedness of π�. First we will show that, given α in �∗
c(E), we have

|π�α|pq ≤ C p−1
∫
Eq

|α|py dμEq (y), (100)

where μEq is the measure on the fiber Eq induced by VolE
π∗VolN

.

Fix the same coordinates {xi , y j } we used before. We obtain

α = αI0(x, y)dx
I ∧ dy1 ∧ dyn + αI J (x, y)dx

I ∧ dy J , (101)

where J �= (1, 2, . . . ,m). Let us denote by α0 = αI0(x, y)dx I ∧ dy1 ∧ · · · ∧ dyn . Observe
that for each r in the fiber of q we have |α0|r ≤ |α|r .

Moreover∫
Bδ(0q )

α0 =
∫
Bδ(0q )

f (y)dy1 ∧ · · · dym =
∫
Bδ(0q )

f (y)dμEq (y) (102)

where f : Bδ(0q) −→ �∗
q(M) ⊗ C and | f (y)| = |α0|y .

In order to prove (100), we want to apply Multivariate Jensen’s Inequality (Lemma 3.3).
Let us define for each q in M the measure on the fiber of q defined for each measurable set
A of Eq as

μEq ,J (A) := μEq (A)

Volπ,μE ,μM (q)
. (103)

Then μEq ,J makes Bδ(0q) ⊂ Eq a probability space. Let us define the map F : Bδ(0q) −→
�∗

qM ⊗ C ∼= R
2n

F(y) := Volπ,μE ,μM (q) · f (y), (104)
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Then, by the Jensen’s Inequality, considering φ(x) = |x |p , we obtain that∣∣∣∣∣
∫
Bδ(0q )

F(y)dμEq ,J

∣∣∣∣∣
p

≤
∫
Bδ(0q )

|F(y)|pdμEq ,J . (105)

Observe that the left part of (105) is∣∣∣∣∣
∫
Bδ(0q )

F(y)dμEq ,J (y)

∣∣∣∣∣
p

=
∣∣∣∣∣
∫
Bδ(0q )

Volπ,μE ,μM (q) · f (y) · 1

Volπ,μE ,μM (q)
dμEq (y)

∣∣∣∣∣
p

=
∣∣∣∣∣
∫
Bδ(0q )

f (y)dμEq (y)

∣∣∣∣∣
p

=
∣∣∣∣∣
∫
Eq

α

∣∣∣∣∣
p

= |π�α|pq .

(106)

The right part of (105) is∫
Bδ(0q )

|F(y)|pdμEq ,J =
∫
Bδ(0q )

|Volπ,μE ,μM (q)|p · | f (y)|p 1

Volπ,μE ,μM (q)
dμEq (y)

=
∫
Bδ(0q )

|Volπ,μE ,μM (q)|p−1 · | f (y)|pdμEq (y)

≤ C p−1
∫
Eq

|α|py dμEq (y).

(107)

Then we conclude by showing that

||π�α||p =
∫
M

|π�α|pq dμM (q)

≤ C p−1
∫
M

[∫
Eq

|α|py dμEq (y)

]
dμM (q) = C p−1

∫
M
VolM ·

[∫
Eq

|α|pyq
V olE

π∗VolM

]

= C p−1
∫
M

∫
Eq

|α|pyπ∗VolM ∧ VolE
π∗VolM

= C p−1
∫
E

|α|pv VolE (v) = C p−1||α||p
(108)

��
Remark 20 Consider (M, g) and (N , h) two manifolds of bounded geometry and let f :
(M, g) −→ (N , h) be a Ck

b -map for each k in N. Fix on f ∗(T N ) the Sasaki metric gS f
induced by g, f ∗h and f ∗∇LC

h . If we denote by ∇ := ∇LC
gS and by R the Riemann tensor on

f ∗(T N ), we obtain that for each i in N there is a continuous function Ci : R −→ R such
that |∇ i R(vp)| ≤ Ci (||vp||). This is a consequence of (89), of (91) and of Theorem 2.5 of
the paper of Schick [19].

3.2 A submersion related to a uniformmap

Let (N , h) and (M, g) be two manifolds of bounded geometry and let δ ≤ in jN . Fix,
moreover, a smooth map f : (M, g) −→ (N , h).

In this subsection we define a submersion p f : ( f ∗(T δN ), gS f ) −→ (N , h) where

f ∗(T δN ) := {(p, w f (p)) ∈ f ∗(T N ) such that |w f (p)| ≤ δ}. (109)
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Lemma 3.5 Let us consider f : (M, g) −→ (N , h) a smooth Lipschitz map between two
oriented Riemannian manifolds. Suppose that (N , h) is a manifold of bounded geometry.

Let us denote by F : f ∗T N −→ T N the bundle morphism induced by f , i.e.,
F(p, w f (p)) := w f (p). Fix on f ∗T N the Sasaki metric gS f induced by f ∗∇LC

h , f ∗h and g.
Let us denote by π : f ∗T δN −→ M be the projection of the bundle. Then there is a map
p f : ( f ∗(T δN ), gS f ) −→ (N , h) such that:

1. p f is a submersion,
2. p f (x, 0) = f (x),
3. p f is �-equivariant,8

4. p f = pidN ◦ F,
5. Assume that for each point p in M there are some local coordinates {U , xi } around a point

p in M and some normal coordinates {V , y j } around f (p) on N such that V contains a
δ-neighborhood of f (U ). Assume, moreover, that for each k in N

sup
x∈U

sup
s=0,...,k

| ∂s y j ◦ f

∂xi1 · · · ∂xis (x)| ≤ Lk (110)

for some Lk which does not depend on the choice of p. Consider the frame { ∂
∂ y j } around

f (0) and define the fibered coordinates {xi , μ j } related to { ∂
∂ y j } on f ∗T δN. Then for

each k in N there is a constant Ck such that

sup
(x,μ)∈π−1(U )

sup
s+t=0,...,k

∣∣∣∣∣ ∂s y j ◦ p f

∂xi1 · · · ∂xis ∂μ j1 · · · ∂μ jt
(x, μ)

∣∣∣∣∣ ≤ Ck (111)

where Ck only depends on the bounds L1, . . . , Lk. In particular if f is a Lipschitz map,
then also p f is a Lipschitz map.

Proof Let us define

p f : ( f ∗(T δN ), gs) −→ (N , h)

(p, w f (p)) −→ exp f (p)(w f (p)).
(112)

Then

1. p f is a submersion. Fix p in M . Then p f (p, ·) : f ∗(T δN )p = T δ
f (p)N −→ N is the

exponential map in f (p). We know that the exponential map is a local diffeomorphism
and so p f is a submersion,

2. p f (p, 0 f (p)) = f (p). This follows by the definition of exponential map,
3. p f is �-equivariant. Recall that � acts by isometries. Then

p f (γ p, dγw f (p)) = exp f (γ p)dγw f (p) = expγ f (p)dγw f (p)

= γ exp f (p)w f (p) = γ p f (p, w f (p)).
(113)

4. p f = pidN ◦ F . It is obvious, indeed F(p, w f (p)) = w f (p) and pid : T δN −→ N is
pid(vp) := expp(vp),

5. Because of the previous point and because of (110) it is sufficient to prove the assertion
only for pid . Moreover, in the case of the identity, we can also suppose that {xi } and {y j }
are the same normal coordinates.

8 We are considering on f ∗T N the action of � given by γ · (p, w f (p)) := (γ · p, dγ (w f (p))).
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Consider pid restricted to π−1(U ). It can be seen as π ◦ φ(x, μ) where φ is the flow of
the system of differential equations given by{

ẋ k = μk

μ̇k = −�k
i j (x)μ

iμ j (114)

Because ofLemma3.4 of the paper of Schick [19], the partial derivatives ofφ are uniformly
bounded. Then we conclude that the derivatives of pid are uniformly bounded. ��

4 The pull-back functor

4.1 The Fiber Volume of pf

Lemma 4.1 Consider f : (M, g) −→ (N , h) a smooth Lipschitz map between Riemannian
manifolds of bounded geometry. Let δ ≤ in jN . Then the map t f : ( f ∗(T δN ), gS f ) −→
(M × N , g + h) defined as

t f (p, w f (p)) = (p, p f (p, w f (p))) (115)

is an R.-N.-Lipschitz diffeomorphism with its image.

Proof We start by proving that t f is a diffeomorphism with its image. Observe that

dim( f ∗(T δN )) = m + n = dim(M) + dim(N ) = dim(M × N ). (116)

Fix some normal coordinates {xi } around a point p in M and let {y j } be some normal
coordinates around f (p) in N . Consider the frame { ∂

∂ y j } and define the fibered coordinates

{xi , μ j } related to { ∂
∂ y j } on f ∗(T δN ). Consider on M × N the normal coordinates {xi , y j }.

Then the Jacobian of t f is given by

J t f (x, μ) =
[
1 �

0 Jexpx (μ)

]
(117)

Then, since the exponential map is a diffeomorphism for each x0, J t f is invertible. Moreover,
t f is also injective, indeed if (p, w f (p)) and (q, v f (q)) have the same image, then p = q and

exp f (p)w f (p) = exp f (p)vp �⇒ wp = vp, (118)

since their norm is less than δ and δ ≤ in jN . We proved that t f is a diffeomorphism with its
image.

Since p f is a Lipschitz map, also t f is a Lipschitz map. So, in order to prove that t f is a
R.-N.-Lipschitz map, we have to show that it has bounded Fiber Volume. Consider a point
(p, q) in M × N . Then its fiber is empty or it is a singleton {(p, w f (p))}. Because of this and
because of Remark 15, we obtain that the Fiber Volume of t f is given by |t f −1∗ VolT δN

t f ∗VolM×N
|

on the image of t f and it is null otherwise.

In particular, if
VolT δN

t∗VolM×N
is a bounded function, which is a priori not clear, then we can

conclude that t f is a R.-N.-Lipschitz map.
Consider the fibered coordinates {xi , μ j } on f ∗(T N ) and the coordinates {xi , y j } on

M × N . Because of the definition of exponential map, the image of t f is contained in a
δ-neighborhood of the Graph( f ) ∈ M × N . Then we can cover all the image of t f using
the normal coordinates {xi , y j } around (p, f (p)).
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Observe that, with respect to these coordinates, we have t f (0, μ j ) = (0, μ j ).
Consider Vol f ∗T δN (x, μ) = √

det(Gi j )(x, μ)dx1 ∧ · · · ∧ dμn and VolM×N (x, y) =√
det(Hi j )(x, y)dx1 ∧ · · · ∧ dyn , where Gi j is the matrix of gS on f ∗(T δN ) with respect

to {xi , μ j } and Hi j is the matrix of the metric on M × N . Then

VolT δN

t∗VolM×N
(x, μ) =

√
det(Gi j )

t∗f (
√
det(Hi j ))

(x, μ) · 1

det(Jexp f (x)(μ))
. (119)

Observe that in (0, μ) the matrix Jexp0(μ) is the identity. Moreover we also have that
Gi j (0, μ) is the identity matrix and so

√
det(Gi j )(0, y) = 1. Finally we obtain

Hi j (0, μ) =
[
1 0
0 hi j (μ)

]
(120)

where hi j is the matrix related to the Riemannian metric h in normal coordinates. Then
det(Hi j )

−1(0, y) ≤ C because N is a manifold of bounded geometry (Theorem 2.5 of [19]).
This means that

VolT δN

t∗VolM×N
(0, μ) =

√
det(Gi j )

t∗f det(Hi j )
(0, μ) ≤ C (121)

and so the Fiber Volume of t f is bounded. ��
Corollary 4.2 Let f : (M, g) −→ (N , h) be a smooth uniformly proper Lipschitz map
between Riemannian manifolds of bounded geometry. Then p f is a R.-N.-Lipschitz map and
p∗
f is L∗-bounded.

Proof Because of Lemma 4.1, we know that t f is a R.-N.-Lipschitz map. Notice that p f =
prN ◦ t f , where prN : M × N −→ N is the projection on the second component.

Consider f : f ∗T δN −→ N defined as f (w f (p)) := f (p), Observe that p f ∼� f .
Because of Remark 2, in particular (7), there is a C > 0 such that

p−1
f (q) ⊂ Aq := f

−1
(BC (q)) = π−1 f −1(BC (q)), (122)

where π : f ∗T δN −→ M is the projection of the bundle.
This means that if we fix a q in N , then the Fiber Volume of t f in a point (p, q) can be

different from zero only if p ∈ f −1(BC (q)).
Then, as a consequence of Proposition 2.6, the Fiber Volume of p f in a point q is given

by

Volp f (q) =
∫
M
Volt f (p, q)dμM =

∫
f −1(BC (q))

Volt f (p, q)dμM

≤ K · μM ( f −1(BC (q))). (123)

where K is the supremum of the Fiber Volume of t f . Since f is uniformly proper, then the
diameter of f −1(BC (q)) is uniformly bounded and so there is a point x0 in M and a radius
R such that

f −1(BC (q)) ⊆ BR(x0). (124)

Moreover, by Remark (3), there is a constant V such that

μM ( f −1(BC (q))) ≤ μM (BR(x0)) ≤ V (125)
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and so

Volp f (q) ≤ K · V (126)

and p f is a R.-N.-Lipschitz map. ��
Remark 21 Consider a smoothmap f : (M, g) −→ (N , h)which is Lipschitz and uniformly
proper. Let us suppose, moreover, that (N , h) is a manifold of bounded geometry and (M, g)
has bounded Ricci curvature. Then the map p f : ( f ∗(T δN ), gS) −→ (N , h) is well-defined
and, moreover, using the same arguments we used in this section, it is also R.-N.-Lipschitz.

4.2 A Thom form for f∗(TN)

Let us introduce the notion of Thom form.

Definition 4.1 Let π : E −→ M be a vector bundle. A smooth form ω in �∗
cv(E) is a Thom

form if it is closed and its integral along the fibers of π is equal to the constant function 1.

Given a Thom form ω of f ∗T N such that supp(ω) is contained in a δ0 < δ neighborhood of
the null section, let us define an operator eω : �∗( f ∗(T δN )) −→ �∗( f ∗(T δN )), for every
smooth form α as

eω(α) := α ∧ ω. (127)

Our goal, in this subsection, is to find a Thom formω such that the operator eω isL∗-bounded.
To this end we use the Thom form introduced by Mathai and Quillen in [16]. In their work,
indeed, they compute a Thom form for a vector bundle endowed with a connection and a
metric bundle. In particular, we follow the construction of this form given by Getzler in
Proposition 1.3 of [9].

First we construct the Thom form of T N .
Consider the bundle π : (T N , hS) −→ (N , h) and let π∗(T N ) be the pullback bundle

over T N . Consider the bundle metric on π∗(T N ) given by π∗h and fix the connection
π∗∇LC

h . Denote by �i, j the algebra

�i, j := �i (T N ,� jπ∗T N ) = �(T N ,�i T ∗(T N ) ⊗ � jπ∗T N ). (128)

We define�∗,∗ := ⊕
i, j∈N

�i, j . This is a bigraded algebrawhere�i, j are the graded subspaces.

Let us define the section X : T N −→ π∗T N as

X(vp) := (vp, vp). (129)

Fix some normal coordinates {U , xi } on N and let {π−1(U ), xi , μ j } be the coordinates on
T N induced by {xi } and by { ∂

∂xi
}. Then

X(x, μ) := μi ∂

∂xi
. (130)

Consider the map π∗g(X , X) = |X |2 : T N −→ R

|X |2(vp) := h p(vp, vp) (131)

This map can be seen as a differential form in�0,0. In fibered coordinates it can be expressed
as

|X |2(x, μ) = hi j (x)μ
iμ j . (132)
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Consider π∗∇LC
h (X): this is a form in �1,1 and, in local coordinates, it is given by

π∗∇LC
h (X) = dμi ⊗ ∂

∂xi
+ μi∇ ∂

∂xi

= dμi ⊗ ∂

∂xi
+ μi�k

i j (x)dx
j ⊗ ∂

∂xk

= (δkj + μi�k
i j (x))dx

j ⊗ ∂

∂xk

(133)

Finally let us consider� the curvature form of N induced by the Levi-Civita connection∇LC
h .

This is a 2-form on N with values in SO(T N ), which is the bundle of the skew-symmetric
endomorphisms of T M . Locally it is given by

�(x) := R j
kls(x)dx

k ∧ dxl ⊗
(
dxs ⊗ ∂

∂x j

)
, (134)

where R j
kls are the components of the Riemann tensor of N .

Let us identify �i (N )⊗ SO(T N )with �i (N )⊗�(�2(T N )) in the following way: for each
A ∈ �i (N ) ⊗ SO(T N ) we define Ã as the form locally defined as

Ã(y) := h(ei (y), A(y)e j (y))ei (y) ∧ e j (y) ∈ �2(TN ) (135)

where {ei } is an orthonormal frame of T N . This means that the curvature �, seen as an
element of �i (N ) ⊗ �(�2(T N )), is locally given by

�(x) := Ri j
kl (x)dx

k ∧ dxl ⊗ (
∂

∂xi
⊗ ∂

∂x j
) (136)

where Ri j
kl = his R j

kls . Pulling back � along π , we obtain π∗� which is a differential form
in �2,2.

Let φ : R −→ R be a smooth function whose support is contained in [δ0, δ0]. Assume
that

(−1)
n(n+1)

2

∫
Rn

φ(m)

( |x |2
2

)
dx = 1. (137)

Then we define

ω :=
n∑

k=0

φ(k)(
|X |2
2 )

k! (π∗∇X + π∗�)k, (138)

where (π∗∇X + π∗�)k is the k-times wedge of π∗∇X + π∗�.
Observe that the support ofω is strictly contained in a δ0-neighborhood of the zero section.

This is a consequence of supp(φ) ⊆ [−δ0, δ0].
In local fibered coordinate {(U , xi , μ j )}, the form ω is given by

ω(x, μ) := αK
I J (x, μ)dx I ∧ dμJ ⊗ ∂

∂xK
(139)

where, because of N is a manifold of bounded geometry, there is a constant C which does
not depend on the choice of U , such that |αK

I J (x, μ)| ≤ C .
Let us introduce the Berezin integral B. This is the isometry B : �n(T N ) −→ N × R

defined as

B(αp) := (p, Volp(αp)) (140)
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where n = dim(N ) and Volp is the volume form of N in a point p.9 It can be extended to
B : �i, j −→ �i (T N ) by setting B(α ⊗ β) := B(β)α if j = n, B(α ⊗ β) := 0 otherwise.
As shown in Proposition 1.3 of [9],

ω := B(ω) (141)

is a Thom form. Observe that, in fibered coordinates {x, μ} on T N ,

ω(x, μ) = αI J (x, μ)dx I ∧ dμJ , (142)

where αI J (x, μ) = det(hi j (x))
1
2 α0

I J (x, μ) and α0
I J (x, μ) is the coefficient of dx I ∧ dμJ ⊗

( ∂
∂x1

∧ · · · ∧ ∂
∂xn ) in ω. So we obtain that |αI J (x, μ)| are uniformly bounded. Moreover, the

support of ω is contained in a δ0-neighborhood of the null section.

Proposition 4.3 Consider (N , h) amanifold of bounded geometry. Letα be a differential form
on (T δN , hS). If in fibered coordinates {xi , μ j }, where μ j refers to { ∂

∂xi
}, the coefficients of

α are uniformly bounded, then the pointwise norm |αp| is uniformly bounded.
Proof It is a direct computation. ��
Let f : (M, g) −→ (N , h) be a smooth Lipschitz map and consider ( f ∗(T N ), gS f ) where
gS f is the Sasaki metric induced by g, f ∗h and f ∗∇LC

h . Observe that if ω is the Thom
form on T N defined in (141) and, if we consider the map F : f ∗(T N ) −→ T N given by
F(p, w f (p)) = ( f (p), w f (p)), then F∗ω is a Thom form for f ∗(T N ) and we also have a
uniform bound on the norm of |F∗ω|p .
Proposition 4.4 Let us consider a form α on a Riemannian manifold (M, g). Suppose that
there is a numberC such that |αp| ≤ C for each p in (M, g). Then the operator eα(β) := β∧α

defines an L∗-bounded operator.

Proof It is a direct consequence of Hadamard-Schwartz inequality [17] which states that,
given some linear forms α1, …, αk in R

n with degree l1, . . . , lk , then there is a constant Cn

(which only depends on n) such that

|α1 ∧ · · · ∧ αk | ≤ Cn |α1| · · · · · |αk |. (143)

��
Remark 22 Consider the bundle π : T N −→ N , let hN be a Riemannian metric of bounded
geometry on N and let ∇LC

h be the Levi-Civita connection. Fix on T N the Sasaki metric hS
induced by h and ∇LC

h . Assume that a group � acts FUPD on (N , h) by isometries. Observe
that on T N there is an action of � induced by the differential, i.e.,

γ · vp := dγ (vp). (144)

Then there is a �-equivariant Thom form ω for T N which satisfies the assumptions of
Proposition 4.4 and its support is contained in a δ-neighborhood of 0T N . In order to prove this
fact, consider the Riemannian covering s : (N , h) −→ (N/�, h̃)where h̃ is the Riemannian
metric induced by h. Then we obtain the map ds : (T N , hS) −→ (T (N/�), h̃S). Observe
that T N/� and T (N/�) are diffeomorphic and ds can be seen as the quotient map. Observe
that hS , which is the Sasaki metric on T N induced by h, is exactly the pullback metric of
h̃S . Then ds is a local isometry.

9 Actually the definition of Berezin integral is much more general: this is the definition of Berezin integral
for the fiber bundle T N .
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So ω := (ds)∗α is a �-equivariant Thom form for T N which satisfies all the assumptions
of Proposition 4.4.

Let us consider a smooth Lipschitz map f : (M, g) −→ (N , h) between manifolds of
bounded geometry. Suppose that there is a FUPD action of a group � by isometries on M
and N . Assume that f is �-equivariant. There is an action of � on f ∗T N given by

γ · (p, w f (p)) := (γ · p, dγ (w f (p))). (145)

If ω is a �-equivariant Thom form with support contained in a δ-neighborhood of 0T N

which satisfies the assumptions of Proposition 4.4, we already know that F∗ω is a Thom
form with support contained in a δ-neighborhood of 0T N which satisfies the assumptions of
Proposition 4.4. Moreover F∗ω is also �-equivariant. In order to prove this it is sufficient to
prove that F : f ∗T N −→ T N is �-equivariant. This is true, indeed

F(γ p, dγ (w f (p))) = dγ (w f (p)) = γ · w f (p). (146)

by definition of F .

4.3 The Tf operator

Let (M, g) and (N , h) be twomanifolds of bounded geometry and let f : (M, g) −→ (N , h)

be a uniformly proper, smooth, Lipschitz map.
Let us denote by prM the projection prM : ( f ∗(T δN ), gS f ) −→ (M, g), letω be a Thom

form of T N defined as in the previous subsection and consider p f : ( f ∗(T δN ), gS f ) −→
(M, g) the submersion related to f which we introduced in the previous section. If f is
differentiable, then we can define the operator T f for each smooth Lp-form as

T f (α) := prM,� ◦ eF∗ω ◦ p∗
f (α) =

∫
Bδ

p∗
f (α) ∧ F∗(ω) (147)

where Bδ denotes the fibers of prM . If f is not a smooth Lipschitz map, we consider a smooth
Lipschitz map f ′ which is uniformly homotopic to f 10 and we set11 T f := T f ′ .

Proposition 4.5 Let f be a uniform map between Riemannian manifolds of bounded geom-
etry. Then the operator T f is an L∗-bounded operator.

Proof Let us suppose f is smooth. As a consequence of Corollary 4.2, p∗
f is L∗-bounded.

Because of Corollary 4.4, we also know that eF∗ω is an L∗-bounded operator. Finally prM,�

is L∗-bounded thanks to Proposition 3.4. Then T f is a composition of L∗-bounded operators
and so it is L∗-bounded. ��
Corollary 4.6 Given a uniform map f : (M, g) −→ (N , h) between two Riemannian
manifolds of bounded geometry, then T f (dom(dmin)) ⊆ dom(dmin) and T f d = dT f . In
particular, this means that T f induces a morphism in Lq,p-cohomology. Moreover T f also
induces a morphism between the reduced Lq,p-cohomology groups and the Lq,p-quotient
cohomology groups.

10 We know that such a f ′ exists as a consequence of Proposition 1.3.
11 Actually, in this case, the definition of T f does depend on the choice of f ′. We will not denote the choice
of f ′ because, as we will see later, T f induces some operators in (un)-reduced Lq,p-cohomology and in
Lq,p-quotient cohomology which do not depend on the choice of f ′.
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Proof Let us suppose, again, that f is smooth and Lipschitz. In order to prove the Corollary
we will prove that the operator T f satisfies the assumptions of Corollary 2.2. We already
know that T f is L∗-bounded. Then we just have to prove that T f (�

∗
c(N )) ⊆ �∗

c(M) and
dT f α = T f dα for each α in �∗

c(N ).
Since p f is uniformly proper, for each smooth form α in Lp(N )

diam(supp(eF∗ω ◦ p∗
f (α)) ≤ Cα. (148)

Because of supp(prM,�β) ⊂ prM (supp(β)) for each smooth β in Lp( f ∗T δN ), we obtain
that supp(T f α) is bounded in M . This means that supp(T f α) is compact since (M, g) is
complete and T f (�c(N )) ⊆ �c(M).

Observe that eF∗ω ◦ p∗
f (�

∗
c(N )) ⊆ �∗

vc( f
∗(T δN )), where �∗

vc( f
∗(T δN )) is the

space of vertically compactly supported smooth forms with respect to the projection
π : f ∗(T δ(M)) −→ M .

By Proposition 6.14.1. of the book of Bott and Tu [3], π�(�
∗
vc( f

∗T δN ) ⊆ �c(M), we
obtain ∫

Bδ

dη = d
∫
Bδ

η, (149)

if η is in �∗
vc( f

∗T δN ). Then we conclude by applying Corollary 2.2. ��
Remark 23 Let f : (M, g) −→ (N , h) be a smooth uniform map between manifolds of
bounded geometry. Let � be a group acting FUPD on (M, g) and (N , h) by isometries and
assume f is �-equivariant.

Consider the action of� on f ∗T N defined as γ ·(p, w f (p)) := (γ · p, dγw f (p)). Because
ofLemma3.5,weknow that p f is a�-equivariantmap.Thismeans that, ifα is a�-equivariant
differential form on N , then also p∗

f α is �-invariant. Moreover we also know that F∗ω is
�-equivariant (Remark 22).

Finally prM,� : �∗
cv( f

∗T N ) −→ �∗(M) preserves the �-equivariance of differential
forms. In order to prove this statement consider X := M/� and Y := N/� and let f̃ :
X −→ Y be the map induced by f . Denote by r : M −→ X and s : N −→ Y the covering
maps. Observe that f ∗T N ∼= r∗( f̃ ∗TY ): this follows because T N can be identified with
s∗TY and so f ∗T N ∼= f ∗s∗TY ∼= r∗ f̃ ∗TY . Let us denote by prX ,� the integration along
the fibers of f̃ ∗TY and let R : r∗ f̃ ∗TY −→ f̃ ∗TY be the bundle map induced by r . Then
we can conclude by applying Proposition VII of Chapter 5 in [12] which allow us to say that

prM,� ◦ R∗ = r∗ ◦ prX ,�. (150)

Then T f = prM ◦ eF∗ω ◦ p∗
f is a �-equivariant operator.

4.4 R.-N.-Lipschitz equivalences of vector bundles

Let us consider two smooth Lipschitzmaps f0, f1 : (M, g) −→ (N , h) betweenRiemannian
manifolds and consider a vector bundle E over N . Fix a group � acting on M and on N .
Then it is a known fact that if f0 ∼� f1 with a Lipschitz homotopy H , then

f ∗
0 (E) × [0, 1] ∼= f ∗

1 (E) × [0, 1] ∼= H∗(E) and f ∗
0 (E) ∼= f ∗

1 (E) (151)

where with ∼= we mean that they are isomorphic as vector bundles. As a consequence of this
fact we also have that they are homeomorphic as manifolds.
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Definition 4.2 Consider two vector bundles E , F over a manifold N . Let us suppose that e
is a Riemannian metric on E and f a Riemannian metric on F . Let us denote by Eδ and
Fδ the δ-neighborhood of the zero sections 0E and 0F . The bundles (E, e) and (F, f ) are
R.-N.-Lipschitz equivalent if there is a bundle isomorphism φ : E −→ F such that

• φ(Eδ) = Fδ for each δ > 0,
• φ|Eδ and φ−1

|Fδ are R.N.-Lipschitz maps.

Remark 24 If E and F are R.-N.-Lipschitz equivalent, then if A : (Fδ, f ) −→ (M, g) is an
R.-N.-Lipschitz map, then φ∗A = A ◦ φ : (Eδ, e) −→ (M, g) is again an R.-N.-Lipschitz
map. This means that, up to isomorphisms, we can see A as an R.N.-Lipschitz map from
(Eδ, e) to (M, g).

Proposition 4.7 Let us consider twoRiemannianmanifolds (M, g)and (N , l), where (N , l) is
a manifold of bounded geometry. Consider f0, f1 : (M, g) −→ (N , l) two smooth Lipschitz
maps and let H : (M ×[0, 1], g+dt2) −→ (N , l) be a smooth Lipschitz homotopy between
them. Suppose that for each p in M and for each t1, t2 in [0, 1]

d(H(p, t1); H(p, t2)) ≤ in jN
4

. (152)

Let us denote by gS, fi the Sasaki metric on f ∗
i (T N ) defined by using g, f ∗

i (l) and f ∗
i (∇LC

l )

where i = 0, 1.
Then ( f ∗

0 (T N ), gS f0) and ( f ∗
1 (T N ), gS, f1) are R.-N.-Lipschitz equivalent.

Proof We already know that f ∗
0 T N and f ∗

1 T N are homeomorphic. In particular, we consider
the homeomorphism h : f ∗

1 T N −→ f ∗
0 T N introduced in Proposition 1.7 of the book of

Hatcher [13]. Before to introduce this homeomorphism we need a specific cover {Ui } for
M × [0, 1] and some specific orthonormal frames of H∗T N on Ui . In his proof, indeed,
Hatcher uses a generic cover {Ui } and some generic frames of H∗T N , but, in our setting,
we need Ui and some frames which satisfy some further conditions.

Let us start by the cover.
Fix two N -small numbers δ1 and δ2 such that δ2 ≤ in jN

2 and δ1 ≤ δ2 − in jN
4 . By Lemma

2.16 of [8] we know that there is a cover {Bδ1(qi )} of N such that a ball Bδ2(x) in N intersects
atmost K balls {Bδ2(qi )}. Consider the cover ofM×[0, 1] given by {H−1(Bδ1(qi ))}. Observe
that

H−1(Bδ1(qi )) ⊆ π−1
0 (π0(H

−1(Bδ1(qi )))) ⊆ H−1(Bδ2(qi )) (153)

where π0 : M × [0, 1] −→ M is the projection on the first component. The first inclusion of
(153) is obvious. The secondone is a consequence of (152); indeed, if p is inπ(H−1(Bδ1(qi )))
then there is a t1 such that H(p, t1) is in Bδ1(qi ). Then for all t2 in [0, 1] inequality (152)
holds. This implies that

d(H(p, t2); q) ≤ d(H(p, t1); H(p, t2)) + d(H(p, t1), q) ≤ in jN
4

+ δ1 ≤ δ2 (154)

and so (p, t2) is in H−1(Bδ2(qi )) for each t2 in [0, 1]. Let us define
Ui := π0(H

−1(Bδ1(qi ))). (155)

Let us consider the cover {Ui × [0, 1]}. Observe that H(Ui × [0, 1]) ⊆ BinjN
2

(qi ) for each i .

Moreover there is a number K such that for each i the intersection (Ui ×[0, 1])∩(Uj ×[0, 1])
is not empty.
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Let us introduce our orthonormal frame of T N on BinjN
2

(qi ).

Consider for each i some normal coordinates {y j } around qi . Fix on Tqi N the orthonormal
basis {s j (qi )} where s j (qi ) := ∂

∂ y j (qi ). Using parallel transport along geodesics emanating

from qi , we obtain a frame {sr }. Let us denote by {θr } the dual frame of {sr } and let arj , brj :
BinjN

2
(qi ) −→ R be the function defined by

θ s(y) := asj (y)dy
j and dys := bsj (y)θ

j . (156)

As shown on pages 6-9 of [19], for each k in N, the partial derivatives of order k of |aij (y)|
and of |bij (y)| are uniformly bounded by a constant Ck which does not depend on BinjN

2
(qi )

or on {y j }. Consider the Riemannian metric l on N . Let us define As
j := lsr amr lmj and

Bs
j := lsr brml

mj . Then

sr (y) = Aw
r (y)

∂

∂ yw
(y) and

∂

∂ yw
(y) := Br

w(y)sr (y). (157)

Observe that also the partial derivatives of order k of |Ai
j (y)| and of |Bi

j (y)| are uniformly
bounded.

The frame {s j } can be used to identify π : H∗T N −→ M × [0, 1] on Ui × [0, 1] and
Ui × [0, 1] × R

n . Indeed we can identify (p, t, μ j s j (H(p, t))) in π−1(U × [0, 1]) with
(p, t, μ1, . . . , μn) in U × [0, 1] × R

n .
Let us introduce the isomorphism h. By Lemma 2.17 of [8], there is a partition of unity {ξ}

of N referred to the cover {Bδ1(qi )} where each ξ is a smooth Lipschitz function. Consider
{φi }where φi := f ∗

0 (ξ).We know that f −1
0 (Bδ1(qi )) ⊆ π0(H−1(Bδ1(qi )) = Ui . Thismeans

that {φi } is a smooth Lipschitz partition of unity subordinate to Ui . Let ψi : M −→ [0, 1]
be

ψi := φ1 + φ2 + · · · + φi . (158)

Let Mi ⊂ M × [0, 1] be the graph of ψi and let πi : Ei −→ Mi be the restriction of H∗T N
to Mi . Since H∗T N is trivial on Ui × [0, 1], then homeomorphism ei : Mi −→ Mi+1

defined as ei (p, ψi (p)) := (p, ψi−1(p)) lifts to a homeomorphism hi : Ei −→ Ei−1. This
homeomorphism is the identity outside π−1(Ui × [0, 1]), and on p−1(Ui × [0, 1]), it is
defined by

hi (p, ψi (p), v) := (p, ψi−1(p), v). (159)

Then homeomorphism h is given by the composition

h := h1 ◦ h2 ◦ h3 ◦ · · · . (160)

We already know from Proposition 1.7 of [13] that h is an isomorphism of vector bundles
and so, in particular, a diffeomorphism.

Fix on M × [0, 1] the metric g + dt2. Let us consider the maps f̃i : M −→ N defined
as f̃i (p) := H(p, ψi (p)) and consider the Sasaki metric gS, f̃i

on Ei induced by the metric

g on M , the pullback metric f̃ ∗
i l and the pullback connection f̃ ∗

i ∇Lc
l . Observe that outside

π−1(Ui × [0, 1]) the map hi : ( f̃ ∗
i T N , gS, fi ) −→ ( f̃ ∗

i−1T N , gS, fi−1) is an isometry. This

follows because f̃i−1 = f̃i outside π−1(Ui × [0, 1]). Then the norm of dhi and the Fiber
Volume of hi are both equal to 1 outside π−1(Ui × [0, 1]). Let us consider hi on π−1(Ui ×
[0, 1]).
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Consider p in Ui . Recall that we have on BinjN
2

(qi+1) some normal coordinates {yz}. Fix
a constant K such that K > sup{1, ||dH(q, t)||} for each (q, t) in M × [0, 1]. Choose some
normal12 coordinates {W , x j } around p such that in W × [0, 1] the norms of the derivatives
of H : W × [0, 1] −→ BinjN

2
(qi+1) and the norm of the Gram matrix of g with respect to

{xi } are uniformly bounded by K . Let {x j , μz} be the fibered coordinates on f̃ ∗
i+1(T N )|Ui+1

related to the frame { ∂
∂ yz }. On the other hand we can also define the fibered coordinates

{x j , νz} on f̃ ∗
i+1(T N )|Ui+1 related to the frame {s j }.

In the same way we obtain {x j , σ z} which are the fibered coordinates on f̃ ∗
i (T N ) related

to the frame { ∂
∂ y j } and the coordinates {x j , τ z} which are the fibered coordinates related to

the frame {s j }.
With respect to the coordinates related to the frame {s j }we have hi (x, ν) = (x, ν), while,

with respect to the coordinates related to { ∂
∂ y j }, we obtain

hi+1(x, μ) = (x j , A j
r ( f̃i (x))B

r
w( f̃i+1(x))μ

w). (161)

The norms of ∂
∂xi

and ∂
∂μm

j
with respect to gS, f̃i+1

and the norms of ∂
∂xi

and ∂
∂σm

j
with

respect to gS, f̃i
are uniformly bounded by a constant L which does not depend on i (this is a

consequence of (89)). Then, since the norms of the derivatives of A j
r and Br

w are uniformly
bounded by a constantC , we obtain that the Lipschitz constant of hi is less or equal toC2 · L .

Let us focus on the Fiber Volume of hi on Ui .
Observe that, since hi (x, ν) = (x, ν),

Volhi+1(x, ν) = h∗
i+1

√
det(Gr j )

det(L jk)
(x, ν)

=
√
det(Gr j )det(L jk)−1(x, ν).

(162)

where Gr j is the matrix related to the metric gS, f ∗
i+1

with respect to the coordinates {x, ν}
and L jk is the matrix related to gS, f ∗

i
with respect to the coordinates {x, τ }. Observe that

det(Gr j )(x, ν) = det(Ĝr j ))(A(x, ν)) · det(JA(x, ν))2, (163)

where A is the change of coordinates from (x, ν) to (x, μ), JA is its Jacobian and Ĝr j is the
matrix related to the metric gS, f̃ ∗

i+1
with respect to the coordinates {x, μ}. Define

A(x, ν) := (xl , Ar
j ( fi (x))ν

j ). (164)

Notice that the determinant of Ĝkr is uniformly bounded on each δ-neighborhood of the
0-section of f ∗

i+1T N (this is a consequence of Formula (89)). Then

|det(Gr j )(x, ν)| = |det(Ĝkr ))(A(x, ν))| · |det(JA(x, ν))|2 ≤ J (d f̃i+1T N ((x, μ), 0 f ∗
i+1T N )

(165)

where J : R −→ R is a function which does not depend on i .
Let us focus on det(L jk)

−1. We have

det(Lr j )
−1(x, τ ) = det(L̂kr ))

−1(A(x, τ )) · det(JB(x, τ ))2, (166)

12 With respect to g.
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where A is the change of coordinates from (x, τ ) to (x, σ ), JB is the Jacobian of its inverse
and L̂kr is the matrix related to the metric gS, f ∗

i
with respect to the coordinates {x, σ }. Let

us define

A(x, ν) := (xl , Ar
j ( f̃i (x))τ

j ). (167)

and

A(x, ν)−1 := (xl , Br
j ( f̃i (x))σ

j ). (168)

Notice that the determinant of L̂−1
kr is uniformly bounded on each δ-neighborhood of the

0-section of f ∗
i (T N ) (this is a consequence of Formula (91)). Then

|det(Li j )
−1(x, τ )| = |det(L̂kr )

−1(A(x, τ ))| · |det(JB(x, τ ))|2 ≤ F(d f̃i
((x, μ), 0 f ∗

i+1
),

(169)

where F : R −→ R is a function which does not depend on i . This means that for each δ the
Fiber Volume of hi |

π
−1
i (Ui )

is bounded in each δ-neighborhood of the 0-section of f ∗
i T N by

a constant C(δ).
Then, in order to conclude the proof, we just have to observe that, since for each p in M

there are at most K of Ui ’s such that p ∈ Ui , then the Lipschitz constant of h is bounded by
C2K · LK and the Fiber Volume of h is uniformly bounded byC(δ)K . The same also happens
for h−1 and so f ∗

0 (T N ) and f ∗
1 (T N ) are R.N.-Lipschitz equivalent. ��

Proposition 4.8 Let us consider f0, f1 : (M, g) −→ (N , h) two smooth Lipschitz maps
such that f0 and f1 are Lipschitz-homotopic. Then ( f ∗

0 (T N ), gS,0) and ( f ∗
1 (T N ), gS,1) are

R.-N.-Lipschitz equivalent.

Proof Let us consider a smooth Lipschitz homotopy H between f0 and f1. Consider a finite
partition {[si , si+1]} of [0, 1] such that si+1 − si ≤ in jN

4CH
, where CH is the Lipschitz constant

of H . Let us define the maps Hs : (M, g) −→ (N , h) as Hi (p) := H(p, si ) then we can
observe that

d(Hi (p), Hi+1(p)) ≤ d(H(p, si ), (p, si+1)) ≤ CH · (si+1 − si ) = in jN
4

. (170)

Then it is sufficient to apply the previous lemma to Hi and Hi+1 and observe that a compo-
sition of R.-N.-Lipschitz map is a R.-N.-Lipschitz map. ��
Corollary 4.9 Consider a Lipschitz map H : (M × [0, 1], g + dt2) −→ (N , h). Suppose
that g satisfies the same assumption as Proposition 4.7. For each i in [0, 1], denote by
fi : (M, g) −→ (N , h) the map defined as fi (p) := H(p, i). Assume that there is an ε-
neighborhood of i in [0, 1] such that H(x, t) = fi (x) on this neighborhood. Then the vector
bundles (H∗(T N ), gS,H ) and ( f ∗

i (T N )×[0, 1], gS fi + dt2) are R.-N.-Lipschitz equivalent.

Proof Let us define the map f i : M × [0, 1] −→ N as f i (p, s) := fi (p). Observe that
the Sasaki metric on f

∗
i (T N ) defined by using g, f

∗
i (h) and f

∗
i (∇LC

h ) is the product metric
between the Sasaki metric on f ∗

i (T N ) and the metric dt2 on [0, 1].
Then we can conclude by observing that the map

H : (M × [0, 1] × [0, 1], g + ds2 + dt2) −→ (N , h) (171)

defined asH(p, s, t) := H(p, i · t + s · (1− t)) is a Lipschitz-homotopy between H and f i .
��
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Corollary 4.10 Consider two smooth Lipschitz maps f0, f1 : (M, g) −→ (N , h), assume
that g satisfies the same assumptions of Lemma 4.7. Suppose that f0 and f1 are Lipschitz-
homotopic with a smooth Lipschitz homotopy H. Assume that there are two ε-neighborhoods
U0 and U1 of M × {0} and M × {1} such that H(p, t) = fi (p) for each (p, t) in Ui . Let us
denote by

� : ( f ∗
0 (T N ) × [0, 1], gS, f0 + dt2) −→ (H∗T N , gSH ) (172)

the R.N.-Lipschitz equivalence of vector bundles. Then the restriction

φ := �| f ∗0 (T N )×{0} : ( f ∗
0 (T N ), gS, f0) −→ ( f ∗

1 (T N ), gS, f1). (173)

is a R.N.-Lipschitz equivalence of vector bundles.

Proof We know that φ is a vector bundle isomorphism: its inverse is given by the inverse of
� restricted to the bundle H∗T N|M×{1}. Moreover the injections ji : ( f ∗

i (T N ), gS fi ) −→
(H∗T N , gH ) are isometric embedding since H is constant around M ×{i}. Then the bounds
on the Fiber Volume and on the Lipschitz constant of φ are the same of �. ��

Remark 25 Let i = 0, 1 and consider two smooth Lipschitz maps fi : (M, g) −→ (N , h).
Let us suppose that h is a Lipschitz homotopy between f0 and f1. Let ph and p fi be the
submersion defined in Lemma 3.5 related to h and to fi . Then

ph ◦ � : ( f ∗
0 (T N ) × [0, 1], gS, f0 + dt2) −→ (N , h) (174)

is a smooth Lipschitz homotopy between p f0 and

p f1 ◦ φ : ( f ∗
0 (T δN ), gS, f0) −→ ( f ∗

1 (T δN ), gS, f1). (175)

Moreover it is also true that

T f1 = prM1� ◦ eF∗
1 ω ◦ p∗

f1

= prM1� ◦ (φ∗)−1 ◦ φ∗ ◦ eF∗
1 ω ◦ (φ∗)−1 ◦ φ∗ ◦ p∗

f1

= prM0� ◦ eφ∗F∗
1 ω ◦ (p f1 ◦ φ)∗,

(176)

where prMi : f ∗
i (T N ) −→ M is the projection of the bundle. This means that up to

R.N.-Lipschitz isomorphisms, we can consider p f1 as a map defined on f ∗
0 T N and ph as a

homotopy between p f0 and p f1 . From now on we will not write the isomorphisms � or φ

every time.

4.5 Lemmas about homotopy

In this section we study the L∗-boundedness of the pullback of some homotopies.

Lemma 4.11 Let f : (M, g) −→ (N , h) be a smooth Lipschitz map and let δ ≤ in jN .
Consider the homotopy H : ( f ∗(T δN ) × [0, 1], gS + dt2) −→ (N , l) defined as

H(p, w, t) := p f (t · w f (p)). (177)

Then, if f is a smooth R.-N.-Lipschitz map, then also H and (H , id[0,1]) : ( f ∗(T δN ) ×
[0, 1], gS + dt2) −→ (N × [0, 1], l + dt2) are R.-N.-Lipschitz maps.
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Proof Observe that H = prN ◦ (H , id[0,1]), where prN : N ×[0, 1] −→ N is the projection
of the first component. In particular prN is a R.-N.-Lipschitz map. This means that if we
prove that (H , id[0,1]) is a R.-N.-Lipschitz map, then also H is a R.-N.-Lipschitz map.

Observe that f ∗(T δN )×{0, 1} is a set of null measure and so we can consider the interval
[0, 1] as open.

Let us define the map

(prM , H , id(0,1)) : ( f ∗T δN × (0, 1), gS + dt2) −→ (M × N × (0, 1), g × h + dt2)

(178)

given by (prM , H , id(0,1))(v f (p), s) := (p, p f (s ·vp), s). Thismap is a submersion sincewe
are considering s �= 0. In particular (prM , H , id(0,1)) is Lipschitz since it is a composition
of Lipschitz maps.

Moreover (H , id(0,1)) = prN×(0,1) ◦ (prM , H , id(0,1)) and so, by applying Proposi-
tion 2.6, we have

Vol(H ,id(0,1))(q, t) =
∫
M
Vol(prM ,H ,id(0,1))(p, q, t)dμM . (179)

Let us calculate the Fiber Volume of (prM , H , id(0,1)).
Similarly to Lemma 4.1, consider for each p in M some normal coordinates {xi } around

p, some normal coordinates {y j } around f (p) in N . Fix the frame { ∂
∂xi

}, we obtain the

coordinates {xi , μ j , t} on f ∗(T N ) × [0, 1] around (p, 0, 0).
Moreover we can also fix the coordinates {xi , y j , t} on M × N × [0, 1].
Observe that the coordinates {xi , y j , t} are enough to cover the image of (idM , H , id[0,1])

which is contained in a δ-neighborhood of Graph( f ) × [0, 1].
Finally, with respect to these coordinates, we obtain

(prM , H , id(0,1))(0, μ
j , t) = (0, t · y j , t). (180)

Similarly as we did in Lemma 4.1, the Volume forms Vol f ∗(T N )×[0,1](0, μ, t) = dx1 ∧· · ·∧
dxm ∧dμ1∧· · ·∧dμn ∧dt and VolM×N×[0,1](0, y, t) = √

det(Hi j (0, y))dx1∧· · ·∧dxm ∧
dy1 ∧ · · · ∧ dyn ∧ dt , where

Hi j (0, y) =
⎡
⎣1 0 0
0 hl,s(y) 0
0 0 1

⎤
⎦ (181)

and hl,s are the components of themetric h on N . Then (prM , H , id[0,1]) is a diffeomorphism
with its image and so, by applying Remark 15, its Fiber Volume on im(prM , H , id[0,1]) is
given by

|[(prM , H , id[0,1])−1]∗ Vol f ∗T N×[0,1]
(prM , h̃, id[0,1])∗VolM×N×[0,1]

|. (182)

Observe that, similarly toLemma4.1, in a point (0, y j , t) theFiberVolumeof (prM , h̃, id[0,1])
is

Vol f ∗T N×[0,1]
(prM , H , id[0,1])∗VolM×N×[0,1]

= 1

tn
(1 + C(t, y)), (183)

where C is a bounded function.
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Consider the projection prN×[0,1] : M × N × (0, 1) −→ N × (0, 1). Let us recall that,
thanks to Proposition 2.6, we have

Vol(H ,id(0,1))(q, t) =
∫
M
Vol(idM ,H ,id[0,1])(p, q, t)dμM . (184)

We know that outside the image of (idM , H , id[0,1]) the Fiber Volume Vol(idM ,H ,id[0,1]) is
null. Let us denote by Ht : M × N −→ N the map defined as Ht (p, q) := H(p, q, t).
Observe that Vol(idM ,H ,id[0,1]) on M × {q} × {t} is null outside

prM (H−1
t (q)) × {q} × {t} ⊇ [im(idM , H , id[0,1])] ∩ [M × {q} × {t}]. (185)

Since H is Lipschitz, by applying Remark 2, we have

H−1
t (q) ⊆ π−1( f −1(BCH ·t (q))) × {t} (186)

where π : f ∗T N −→ M is the projection of the bundle and CH is the Lipschitz constant of
H . So

prM (H−1
t (q)) × {q} × {t} ⊂ f −1(BCH ·t (q)) × {q} × {t}. (187)

Observe that, since N is a manifold of bounded geometry,

μN (BCH ·t (q)) ≤ Cn
H t

n(1 + L(t)) (188)

where L is a bounded function which depends by t .
Then because of the fact that f is a R.-N.-Lipschitz map, we obtain

μ( f −1(BCH ·t (q))) ≤ K0μN (BCH ·t (q)) ≤ K0C
n
H t

n(1 + L(t)), (189)

Then the Fiber Volume of (H , id(0,1)) is given by

Vol(H ,id(0,1))(q, t) =
∫
f −1(BCH ·t (q))

Vol(idM ,H ,id[0,1])(p, q, t)dμM

≤ 1

tn
(1 + C(t, ỹ)) · (K0C

n
H t

n(1 + L(t)))

≤ K · 1

tn
· tn ≤ K .

(190)

and so (H , id(0,1)) is a R.-N.-Lipschitz map and so also

H = prN ◦ (H , id(0,1)) (191)

is a R.-N.-Lipschitz map. ��
Let us consider two smooth uniformly proper Lipschitz maps g : (S, v) −→ (M,m) and
f : (M,m) −→ (N , l) between manifolds of bounded geometry. Let us define the map g :
g∗T σ M −→ M defined as g(vg(p)) := g(p) and consider the submersion pg : g∗T σ M −→
M related to g.

Consider, moreover, the compositions f ◦ g and f ◦ pg : g∗T σ M −→ N . Observe that
these maps are Lipschitz-homotopic. Then, because of Remark 25, the pullback bundles over
S given by ( f ◦ g)∗T N and ( f ◦ pg)∗T N are R.-N.-Lipschitz homotopy equivalent. This
means that, up to R.N.-Lipschitz equivalence of vector bundles, we can suppose

( f ◦ g)∗T N = ( f ◦ pg)
∗T N . (192)

Then we can see the maps p f ◦pg and p f ◦g as defined on the same domain ( f ◦ g)∗T N .
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Denote by h : g∗(T σ M)×[0, 1] −→ N the homotopy defined as h(vg(p), t) := f ◦ pg(t ·
vg(p)) between f ◦ pg and f ◦ g. Because of Corollary 4.9 the bundles (h∗(T N ), gS,h) and
( f ◦ g∗(T δN ) × [0, 1], gS + dt2) are R.-N.-Lipschitz equivalent. In particular, according to
Remark 25, we consider

ph : (( f ◦ g)∗(T δN ) × [0, 1], gS + dt2) −→ (N , l) (193)

is a R.-N.-Lipschitz map because h is smooth, uniformly proper and Lipschitz map and
because of Remark 21.

Observe that ph is a Lipschitz homotopy between the maps p f ◦g and p f ◦pg : f ◦
g∗(T δN ) −→ (N , l).

Applying the point 4. of Proposition 3.5, we obtain that

p f ◦pg = pidM ◦ F ◦ Pg = p f ◦ Pg (194)

where F : f ∗(T δN ) −→ T δN is the bundle map induced by f and

Pg : ( f ◦ g)∗T δN = ( f ◦ pg)
∗T δN −→ f ∗T δN (195)

is the bundle map induced by pg . Then we obtain the following proposition.

Proposition 4.12 The map H : (( f ◦ g)∗T δN × [0, 1], gS + dt2) −→ (N , l) defined as

H(v f ◦g, t) := p f (Pg(t · v f ◦g)) = ph (196)

is a R.-N.-Lipschitz map and it is the homotopy between p f ◦pg and p f ◦g.

4.6 Uniform homotopy invariance of (un)-reduced Lq,p-cohomology

Before the final proof we need some lemmas.

Lemma 4.13 Let (M, g) be a Riemannian manifold and consider ([0, 1], dt2). Then there
is an L∗-bounded operator

∫ 1
0L : Lp(M × [0, 1]) −→ Lp(M) such that for all smooth

α ∈ Lp(M × [0, 1]),

i∗1α − i∗0α =
∫ 1

0L
dα + d

∫ 1

0L
α (197)

Moreover
∫ 1
0L sends compactly supported differential forms on �∗(M × [0, 1]) to �∗

c(M).

Proof Let α be in �∗
c(M × [0, 1]) with compact support and let p : M × [0, 1] −→ M be

the projection on the first component. Then we can decompose every differential form on
M × [0, 1] as a sum of forms

α = g(x, t)p∗ω + f (x, t)dt ∧ p∗ω, (198)

for some ω in �c(M) and for some C∞-class functions g, f : M × [0, 1] −→ C. Then we
can define the linear operator

∫ 1
0,L as follows: if α is a 0-form with respect to [0, 1], then∫ 1

0,L
α :=

∫ 1

0,L
g(x, t)p∗ω = 0 (199)

and, if α is a 1-form with respect to [0, 1],∫ 1

0,L
α :=

(∫ 1

0
f (x, t)dt

)
ω. (200)
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This operator is very similar to the operator p� (the integration along the fiber of p : M ×
[0, 1] −→ M), but they differ by sign. Consider α in�k(M×[0, 1]): we have ∫ 1

0L α = ±p�α

where the choice between + or − depends on the degree of α. This implies that the norm of∫ 1
0L is equal to the norm of p� as operators between the Lq -spaces for each q in [1;+∞).

Then, by Proposition 3.4, we can see that p� and
∫ 1
0,L are L∗-bounded.

We know from Lemma 11.4 of the book of Lee [15] that
∫ 1
0L : �∗(M × [0, 1]) −→

�∗−1(M) and that for all differential forms equality (197) is satisfied. ��

Proposition 4.14 Let id : (N , h) −→ (N , h) be the identity map on a manifold of bounded
geometry and consider pid : T δN −→ N the submersion related to the identity defined in
Lemma 3.5. Then, if prN : T δN −→ N is the projection of the tangent bundle, then there is
an L∗-bounded operator K1 : L∗(N ) −→ L∗(T δN ) such that for every smooth form α

p∗
idα − pr∗

Nα = d ◦ K1α + K1 ◦ dα. (201)

Moreover, if α is in �∗
c(N ), then K1α ∈ �∗(T δN ) has compact support.

Proof Observe that prN is a Lipschitz submersion with bounded Fiber Volume and so pr∗
N

is a bounded operator.
Moreover pid and the projection prN : (T δN , gS) −→ (N , h) are homotopic. In partic-

ular, the homotopy H(wp, s) = pid(s · wp) is a Lipschitz map. Moreover, by Lemma 4.11
we know that H is R.-N.-Lipschitz and so H∗ is an L∗-bounded operator.

This means that for all α in �∗
c(N ), because of Lemma 11.4. of [15]

p∗
id − pr∗

N (α) = i∗1H∗α − i∗0H∗α =
∫ 1

0L
H∗dα + d

∫ 1

0L
H∗α. (202)

Then K1 := ∫ 1
0L ◦H∗ satisfies (4.14) and it is L∗-bounded. ��

Proposition 4.15 Consider g : (M,m) −→ (N , h) and f : (N , h) −→ (S, r) two smooth
uniformly proper Lipschitz maps between manifolds of bounded geometry. Let δ ≤ in jN and
σ ≤ in jS. Denote by g : g∗(T δN ) −→ S the map g ◦ prM, where prM : g∗(T δN ) −→ M.

Then there is an L∗-bounded operator K2 : L∗(N ) −→ L∗(( f ◦ g)∗T δS) such that for
every smooth form α

p∗
f ◦pgα − p∗

f ◦gα = d ◦ K2α + K2 ◦ dα. (203)

Moreover, if α is in �∗
c(S), then K2α ∈ �∗(( f ◦ g)∗T δS) has compact support.

Proof Consider h : g∗T δN × [0, 1] −→ S the map h(wg(p), s) := f ◦ pg(s · wg(p)). This
is a Lipschitz homotopy between f ◦ pg and f ◦ g. Let us define the submersion related to
h defined in Lemma 3.5

ph : ( f ◦ g)∗(T σ S) × [0, 1] −→ S. (204)

Actually the domain of ph should be h∗T δS and the domain of f ◦ pg should be ( f ◦ pg)∗T δS,
but we are considering these maps defined up to R.N.-Lipschitz equivalence of vector bundle
(see Remark 25).

Observe that ph is the homotopy between p f ◦ Pg = p f ◦pg and p f ◦g defined in
Lemma 4.12 and recall that ph is a R.-N.-Lipschitz map. Let us define the operator
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K2 := ∫ 1
0L ◦p∗

h . It is an L∗-bounded operator because it is a composition of L∗-bounded
operators. Then for every smooth form α we have

(p f ◦pg )∗α − p∗
f ◦gα = (i∗0 − i∗1 )p∗

hα

=
(
d ◦

∫ 1

0L

)
p∗
hα +

(∫ 1

0L
◦d

)
p∗
hα = d ◦ K2α + K2 ◦ dα.

(205)

Finally, since ph is a proper map (it is a composition of proper maps), if α ∈ �∗
c(S) the

support of K2α ∈ �∗(( f ◦ g)∗T δS) is compact. ��
Proposition 4.16 Let f0 and f1 : (M,m) −→ (N , l) be two smooth, uniformly proper and
Lipschitz maps between manifolds of bounded geometry. Let us suppose that f1 ∼� f0
with a smooth Lipschitz homotopy. Then there is an L∗-bounded operator K3 : L∗(N ) −→
L∗(p∗

f1
T δN ) such that for all smooth form α

p∗
f1α − p∗

f0α = d ◦ K3α + K3 ◦ dα. (206)

Moreover if α ∈ �∗
c(N ) then the support of K3α ∈ �∗(p∗

f1
T δN ) is compact.

Proof Observe that h, the homotopy such that h(p, 0) = f1(p) and h(p, 1) = f0(p), is
a uniformly proper Lipschitz map. Let us define the metric gS on f ∗

1 T
δN as the Sasaki

metric defined by using the Riemannian metric m, the bundle metric f ∗
1 l and the connection

f ∗∇LC,N .
By applying Corollary 4.2, we obtain that ph : ( f ∗

1 T
δN × [0, 1], gS + dt2) −→ (N , h)

is a R.-N.-Lipschitz map and so p∗
h is an L∗-bounded operator.

Moreover ph is a Lipschitz-homotopy between p f1 and p f0 . This fact follows directly by
the definition of submersion related to a Lipschitz map in Lemma 3.5 and by Remark 25.

So we can conclude as well as we did in Propositions 4.14 and 4.15 by considering
K3 := ∫ 1

0L ◦p∗
h and by using that ph is a proper map. ��

Proposition 4.17 Consider (M, g),(N , h) and (S, l) three manifolds of bounded geometry
and consider f , f̃ : (M, g) −→ (N , h), F : (M, g) −→ (N , h) and g : (S, l) −→ (M, g)
three uniform maps, possibly non-smooth. Then, in Lq,p-cohomology,

1. TidM = I dH∗
q,p(M),

2. let us consider a Thom form ω on �∗(T N ). Assume that the pointwise norm of ω is
uniformly bounded and that the support of ω is strictly contained in T injN N .13 Let us
suppose that f ∼� f̃ with a smooth Lipschitz homotopy. Then, in Lq,p-cohomology,

T f = prM� ◦ eF̃∗ω ◦ p∗
f , (207)

3. if f is not differentiable and f ′ is a smooth Lipschitz maps which is Lipschitz-homotopic
to f , then T f does not depend on the choice of f ′,

4. if f ∼� F then T f = TF ,
5. T f ◦g = Tg ◦ T f ,
6. if f is an L∗-map14 then f ∗ = T f ,

Moreover the identities above also hold in reduced Lq,p-cohomology and in Lq,p-quotient
cohomology.

13 For example as the Thom form defined in Sect. 4.2.
14 This means that f is a smooth R.-N.-Lipschitz map which is also uniformly proper.
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Proof Point 1. Let us consider the standard projection prM : T M −→ M and let δ ≤ in jM .
Because of Lemma 4.14, for all smooth forms α in �∗

c(M),

pr∗
M − p∗

id(α) = d ◦ K1 + K1 ◦ d(α). (208)

Then the identity map in Lp(M) can be written as

1(α) := prM� ◦ eω ◦ pr∗
M (α) (209)

where prM� is the operator of integration along the fibers of prM and ω is a Thom form with
uniformly bounded pointwise norm and support contained in T δM (see Sect. 4.2).

Then for every α ∈ �∗
c(M)

1 − TidM (α) = prM� ◦ eω ◦ (pr∗
M − p∗

id)α

= prM� ◦ eω ◦ (d ◦ K1 + K1 ◦ d)α.
(210)

Observe that since ω is closed, d(α ∧ ω) = (dα) ∧ ω. Moreover α ∧ ω is in �∗
vc(T M). This

means that the exterior derivative can be switched with prM� and so

1 − TidM (α) = d ◦ prM� ◦ eω ◦ K1 + prM� ◦ eω ◦ K1 ◦ d(α)

= d ◦ Y1 + Y1 ◦ d(α),
(211)

where Y1 := prM� ◦ eω ◦ K1. Observe that Y1 is an L∗-bounded operator because it
is a composition of L∗-bounded operators. By applying Proposition 2.1, we obtain that
Y1(dom(d)) ⊆ dom(d) and so (211) holds for every α in dom(dmin). Then in Lq,p-
cohomology we obtain

I dH∗
q,p(M) = TidM . (212)

Point 2. Consider ω a Thom form of T N which has support contained in T δN and
uniformly bounded pointwise norm (for example the Thom form of Sect. 4.2) and let h :
M × [0, 1] −→ N be a smooth Lipschitz homotopy between f and f̃ . Consider gS the
Sasaki metric on T δN induced by the metric on N and by the Levi-Civita connection on
T N . Moreover let us denote by gS, f the Sasaki metric on f ∗T N induced by the metrics on
M and on N and the pullback of the Levi-Civita connection on T N . Then the fibered map
induced by h

H : (h∗T δN , gSh) −→ (T δN , gS)

(p, t, wh(p,t)) −→ wh(p,t)
(213)

is Lipschitz. By Remark 25 we can see H as a Lipschitz map defined on ( f ∗(T δN ) ×
[0, 1], gS, f + dt2). Observe that F∗ω = i∗0H∗ω and F̃∗ω = i∗1H∗ω where i j : M −→
M × [0, 1] is defined by setting i j (p) = (p, j) for each j in [0, 1].

Observe that

F∗ω − F̃∗ω = d
∫ 1

0L
H∗ω −

∫ 1

0L
H∗dω = d

∫ 1

0L
H∗ω. (214)
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Then, if we consider α an Lp smooth form on f ∗T δN , we obtain

eF∗ω − eF̃∗ω(α) = α ∧ d
∫ 1

0L
H∗ω

= (−1)deg(α)d(α ∧
∫ 1

0L
H∗ω) − (−1)deg(α)dα ∧

∫ 1

0L
H∗ω

= (−1)deg(α)d(α ∧
∫ 1

0L
H∗ω) − (−1)deg(α)

∫ 1

0L
dα ∧ H∗ω

= d ◦ K − K ◦ d(α)

(215)

where K (α) = (−1)deg(α)◦∫ 1
0L ◦eH∗ω(α).Observe that the pointwise normofω is uniformly

bounded in T N : it follows from Sect. 4.2. Then, since H is a Lipschitz map, also the norm
of H∗ω is uniformly bounded in f ∗T δN × [0, 1]. This means that eH∗ω is an L∗-bounded
operator.

This implies that for each smooth form α in Lp(N ) for all p ∈ [1,+∞),

T f − prM� ◦ eF̃∗ω ◦ p∗
f (α) = prM� ◦ (eF∗ω − eF̃∗ω) ◦ p∗

f α

= prM� ◦ (d ◦ K − K ◦ d) ◦ p∗
f α = d ◦ J − Jd(α),

(216)

where J := prM� ◦ K ◦ p∗
f . Observe that J is L∗-bounded because it is a composition of

L∗-bounded operators. Then, since J (�∗
c(N )) ⊆ �∗

c(M), we conclude the proof of Point 2
by applying Proposition 2.1.

Point 3.Consider two smooth Lipschitz approximations f1 and f2 of f . This in particular
means that f1 ∼� f2. Let us consider, now, a smooth Lipschitz homotopy H between f1
and f2 as in Lemma 1.5. We know, thanks to Proposition 4.16, that there is an L∗-bounded
operator K3, such that for every α in �∗

c(N )

p∗
f1 − p∗

f2(α) = d ◦ K3 + K3 ◦ d(α). (217)

Moreover, by the previous point, if we consider the Thom form F∗
1 ω of f ∗

1 T N defined as in
Sect. 4.2, we obtain that

T f2 = prM� ◦ eF∗
1 ω ◦ p∗

f2 . (218)

Moreover, by the previous point, we can also suppose that

T f1 = prM� ◦ eF∗
1 ω ◦ p∗

f1 . (219)

This means that if we consider the L∗-bounded operator15 Y3 := prM� ◦ eF∗
1 ω ◦ K3, then for

all α in �∗
c(N ) we obtain

T f1 − T f2(α) = prM� ◦ eF∗
1 ω ◦ (p∗

f1 − p∗
f2)

= prM� ◦ eF∗
1 ω ◦ (d ◦ K3 + K3 ◦ d)(α) = d ◦ Y3 + Y3 ◦ d(α).

(220)

Again, by applying Proposition 2.1, we obtain that the identity above holds for all β in
dom(dmin).

Then, in Lq,p-cohomology, T f does not depend on the choice of the smooth Lipschitz
approximation of f .

15 It is L∗-bounded because it is a composition of L∗-bounded operators.
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Point 4.Let us consider f ′ and F ′ two differentiable maps which are Lipschitz-homotopic
to f and F . Let H be a smooth Lipschitz homotopy between f ′ and F ′. Thenwe can conclude
as the previous point.

Point 5. Thanks to the previous points, we can consider f and g as smooth maps. Let
us define the vector bundles prS : g∗T σ M −→ S, prS2 : ( f ◦ g)∗T δN −→ S. Moreover
denote by g : g∗T σ M −→ M the map defined as g := g ◦ prS . We know that

( f ◦ g)∗T N = pr∗
S2g

∗(T M) = pr∗
S( f ◦ g)∗T N = ( f ◦ g)∗T N ⊕ g∗T M (221)

as vector bundles over S. Then, we obtain the following diagram

( f ◦ g)∗T δN

PRS
PRS2

Pg

( f ◦ g)∗T δN
prS2

g∗T σ M

prS
pg

f ∗T δN

prM
p f

S
g

M
f

N

(222)

where PRS , PRS2 and Pg are the bundle maps induced by prS , prS2 and by pg . In particular

prS2 ◦ PRS = prS ◦ PRS2. (223)

Observe that on ( f ◦ g)∗T N = pr∗
S2g

∗(T M) there is the Sasaki metric g1 induced by the
Sasaki metric on ( f ◦ g)∗T N , the pullback bundle metric of g∗(T M) induced by the metric
on M and the pullback connection of ∇LC

M .
Moreover if we consider ( f ◦ g)∗T N = pr∗

S( f ◦ g)∗T N , then we can define the Sasaki
metric g2 induced by the Sasakimetric on g∗(T M), the pullback bundlemetric of ( f ◦g)∗T N
induced by the metric on N and the pullback connection of ∇LC

N .
In order to prove this equality between metrics, let us fix some normal coordinates {xi }

around a point s in S, {y j } around g(s) and {zk} around f ◦ g(s). Then we consider on
( f ◦ g)∗T N the fibered coordinates {xi , μ j , σ k} related to the coordinates {xi }, the frame
{ ∂
∂ y j } and the frame { ∂

∂zk
}. Then by formula 89, we obtain that the matrices related to g1 and

g2 on a point (0, μ, σ ) are both the identity. So g1 = g2.
This means that, with respect to the metric g1, the maps PRS , PRS2 are R.N.-Lipschitz.

Moreover, since Pg ∼ g, we also have that Pg is R.N.-Lipschitz. Finally, because of Propo-
sition 3.4, we also have that PRS� and PRS2� are both L∗-bounded operators.

Consider the submersions p f : f ∗T δN −→ N , pg : g∗T σ M −→ M , p f ◦g : ( f ◦
g)∗T δN −→ N related to f , g, and f ◦g. Then, as a consequence of the previous Proposition,
we obtain for every α in �∗

c(N )

(Pg)
∗ ◦ p∗

f − p∗
f ◦g(α) = d ◦ K2 + K2 ◦ d(α). (224)

Let us denote by ω and ω′ some Thom forms of T N and of T M with uniformly bounded
pointwise norms and support contained in T δN and T σ M .

Let us denote by FG : ( f ◦ g)∗T δN −→ T δN the bundle map induced by f ◦ g.
Moreover we also denote by F : f ∗T δN −→ T δN and G : g∗T σ M −→ T σ M the bundle
maps induced by f and g.
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Then

T f ◦g = prS2� ◦ e(FG)∗ω ◦ p∗
f ◦g

= prS2� ◦ id( f ◦g)∗T δN ◦ e(FG)∗ω ◦ p∗
f ◦g

= prS2� ◦ PRS,� ◦ ePR∗
S2G

∗ω′ ◦ PR∗
S ◦ e(FG)∗ω ◦ p∗

f ◦g
= prS2� ◦ PRS,� ◦ ePR∗

S2G
∗ω′ ◦ ePR∗

S(FG)∗ω ◦ PR∗
S ◦ p∗

f ◦g,

(225)

Observe that p f ◦g = p f ◦g ◦ PRS , and so

T f ◦g = prS2� ◦ PRS,� ◦ ePR∗
S2G

∗ω′ ◦ ePR∗
S(FG)∗ω ◦ p∗

f ◦g. (226)

Now we will focus on Tg ◦ T f . Observe that

Tg ◦ T f = prS� ◦ eG∗ω′ ◦ p∗
g ◦ prM� ◦ eF∗ω ◦ p∗

f . (227)

It is possible to apply the Proposition VIII of Chapter 5 in [12] to the fiber bundles
(( f ◦ g)∗T δN , PRS2, g∗T σ M, Bδ) and (T σ M, prM , M, Bσ ) and the bundle morphism Pg
induced by pg .We obtain that p∗

g◦ prM� = PRS2,�◦P∗
g .Moreover P∗

g ◦eF∗ω = eP∗
g F

∗ω◦P∗
g .

This means

Tg ◦ T f = prS� ◦ eG∗ω′ ◦ p∗
g ◦ prM� ◦ eF∗ω ◦ p∗

f

= prS� ◦ eG∗ω′ ◦ PRS2,� ◦ eP∗
g F

∗ω ◦ P∗
g ◦ p∗

f

= prS� ◦ PRS2,� ◦ ePR∗
S2G

∗ω′ ◦ eP∗
g F

∗ω ◦ P∗
g ◦ p∗

f

(228)

Because of (223) we obtain prS� ◦ PRS2,� = prS2� ◦ PRS,�.

Moreover PR∗
S(FG)∗ω is the pullback ofω along the bundle map induced by f ◦g◦ prS2,

but it can be also seen as the pullback ofω along the bundlemap induced by f ◦g◦prS = f ◦g.
On the other hand P∗

g F
∗ω is the pullback of ω along the bundle map induced by f ◦ pg .

Then, by Point 2 and since f ◦ g and f ◦ pg are uniformly homotopy equivalent, there is an
L∗-bounded operator K such that

ePR∗
S(FG)∗ω − eP∗

g F
∗ω(α) = d ◦ K − K ◦ d(α) (229)

and Kβ has compact support if β has compact support.
This means that, on �∗

c(N ), because of Proposition 4.15, we have

T f ◦g − Tg ◦ T f = prS2� ◦ PRS,� ◦ ePR∗
S2G

∗ω′ ◦ [dK − Kd] ◦ p∗
f ◦g

+ prS2� ◦ PRS,� ◦ ePR∗
S2◦G∗ω′ ◦ ePR∗

S(FG)∗ω ◦ [K2 ◦ d + d ◦ K2]
= d ◦ Q − Q ◦ d + d ◦ W + W ◦ d

(230)

where Q := prS2� ◦ PRS,� ◦ ePR∗
S2G

∗ω′ ◦ K ◦ p∗
f ◦g and W := prS2� ◦ PRS,� ◦ ePR∗

S2G
∗ω′ ◦

ePR∗
S(FG)∗ω ◦K2.Observe that Q andW areL∗-bounded operators. MoreoverW (�∗

c (N )) ⊆
�∗

c(S) and Q(�∗
c(N )) ⊆ �∗

c(S). Because of Proposition 2.1, W (dom(dp,q)) ⊆ dom(dp,q)
and Q(dom(dp,q)) ⊆ dom(dp,q) and so, in Lq,p-cohomology,

T f ◦g = Tg ◦ T f . (231)

Point 6. In order to prove this statement we have to observe that, by Lemma 3.5, p f =
pid ◦ F . Let us consider a form α ∈ �∗

c(N ):

T f α = prM� ◦ eω ◦ F∗ ◦ p∗
idα = prM� ◦ F∗ ◦ eω ◦ p∗

idα. (232)
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Now, thanks to the Proposition VIII of Chapter 5 of [12],

T f α = prM� ◦ F∗ ◦ eω ◦ p∗
idα

= f ∗ ◦ prN� ◦ eω ◦ p∗
idα = f ∗ ◦ TidN α

(233)

Since f is R.-N.-Lipschitz, f ∗ is L∗-bounded. Then (233) implies T f = f ∗ ◦ TidN . So on
dom(dmin) the following holds

f ∗ − T f = f ∗ ◦ (1 − TidN ) = f ∗ ◦ (d ◦ Y1 + Y1 ◦ d). (234)

Observe that f ∗(�∗
c (N )) ⊆ �∗

c(M) since f is proper. Moreover f ∗dα = d f ∗α for all
smooth form α. Then on dom(dmin)

f ∗ − T f = f ∗ ◦ (d ◦ Y1 + Y1 ◦ d) = d ◦ W + W ◦ d (235)

where W = f ∗ ◦ Y1. And so in Lq,p-cohomology

f ∗ = T f . (236)

In order to conclude the proof we have to show that all the identities above also hold in
reduced Lq,p-cohomology and in Lq,p-quotient cohomology. To this end observe that if
Q = dZ ± Zd as operator on dom(d), and Z is an L∗-bounded operator then, in reduced
Lq,p cohomology, Q is the null operator. This is a consequence of Corollary 2.2. ��
Corollary 4.18 Let (M, g) and (N , h) be two oriented manifolds of bounded geometry. Let
f : (M, g) −→ (N , h) be a uniform homotopy equivalence. Then the (reduced or not)
Lq,p-cohomologies and the Lq,p-quotient cohomology groups are isomorphic.

Proof Since f and its homotopy inverse g are uniform homotopy equivalences, then they
are uniform map. Moreover also g ◦ f and f ◦ g are uniformly homotopic to the identities.
Then

1H∗
q,p(M) = TidM = Tg◦ f = T f ◦ Tg and 1H∗

q,p(N ) = TidN = T f ◦g = Tg ◦ T f . (237)

The reduced case and the quotient cohomology case can be proved exactly with the same
argument. ��

4.7 Consequence: uniform homotopy invariance of L2-index of signature operator

A consequence of this work is the uniform homotopy invariance, for manifolds of bounded
geometry, of the index of the L2-version of the signature operator d + d∗ defined by Bei in
page 20 of [2]. Fix (M, g) an oriented manifold of bounded geometry and let dim(M) = 4k
for some positive k in N. Let us consider

〈·, · :〉MH
i
2(M,R) × H

i
2(M,R) −→ R

([η], [ω]) −→
∫
M

η ∧ ω
(238)

where H
i
2(M,R) denotes the i-th group of reduced L2-cohomology defined by using forms

with value in R. This is a well-defined and non-degenerate pairing: the proof is exactly the
same given by Bei in Proposition 4.1 of [2]. In particular, if i = 2k we obtain a symmetric

bilinear form. Then, if H
2n
2 (M,R) is finite dimensional, we can denote by σM the signature

of the pairing.
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Let us consider the signature operator dM+d∗
M where dM := dmin,M = dmax,M and let d∗

M
be the adjoint of dM . In page 20 of [2], the index of the signature operator ind((dM +d∗

M )+)

is defined and, in Theorem 4.2, the author proves

σM = ind((dM + d∗
M )+). (239)

Proposition 4.19 Let (M, g) and (N , h) be two oriented manifolds of bounded geometry
and let dim(M) = dim(N ) = 4k for some positive k in N. Let f : (M, g) −→ (N , h)

be a uniform homotopy equivalence which preserves the orientations and assume that

H
2k
2 (M,R) ∼= H

2k
2 (N ,R) are finite-dimensional. Then

ind((dM + d∗
M )+) = ind((dN + d∗

N )+) (240)

Proof In order to prove the statement it is sufficient to prove that T f induces an isometry

between H
2n
2 (M,R) and H

2n
2 (N ,R) which respects the bilinear form defined in (238).

Let us consider [η] and [ω] two classes in H
2n
2 (N ,R). Thanks to Theorem 12.7 of [10],

we can suppose that η and ω are smooth forms. Observe that, since the operator Y1 in point
1 of Proposition 4.17 is L∗-bounded, Tidη = η + dα and Tidω = ω + dβ where α and β are
smooth forms. We obtain that

〈[T f η], [T f ω]〉M =
∫
M
T f η ∧ T f ω

=
∫
M

f ∗(Tidη) ∧ f ∗(Tidω) =
∫
M

f ∗(Tidη ∧ Tidω)

= deg( f ) ·
∫
N
Tidη ∧ Tidω =

∫
N
(η + dα) ∧ (ω + dβ)

=
∫
N

η ∧ ω +
∫
N
d(α ∧ ω) +

∫
N
d(η ∧ β) +

∫
N
d(α ∧ dβ)

=
∫
N

η ∧ ω + 0 = 〈[η], [ω]〉N .

(241)
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