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Abstract

In this paper we study the reduced and unreduced L%°”-cohomology groups of oriented
manifolds of bounded geometry and their behavior under uniform maps. A uniform map is a
uniformly continuous map such that the diameter of the preimage of a subset is bounded in
terms of the diameter of the subset itself. In general, for each p, g € [1, +00), the pullback
map along a uniform map does not induce a morphism between the spaces of p-integrable
forms or even in L?”-cohomology. Then our goal is to introduce, for each p in [1, +00) and
for each uniform map f between manifolds of bounded geometry, an £”-bounded operator
Ty, such that it does induce in a functorial way the appropriate morphism in reduced and
unreduced L%'P-cohomology.
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Introduction

In this paper our goal is to define, for each p € [1, 4-00) and for each uniform map f between
manifolds of bounded geometry, a pullback operator Ty between the spaces of p-integrable
forms. It is a well-known fact, indeed, that the classical pullback of an £7-form is not, in
general, an £”-form. This means that the pullback is not inducing a well-defined morphism
between the reduced and unreduced L9-”-cohomology. On the other hand we prove that T’y
does induce some morphisms in (un)-reduced L4-”-cohomology and we also prove that the
functorial properties hold.

More formally, fix the category C which has oriented manifolds of bounded geometry
as objects and uniform maps as arrows. Let Vec be the category which has complex vector
spaces as objects and linear maps as arrows. Then we prove that, for every z in N,

{fz(M,g) = H (M) o

FAM, ) L (N, ) = HE ,(N) 2> HE (M)
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is a contravariant functor. The same happens if we define F,(M, g) := ﬁ; »(M). Moreover,
we will show that if two maps f| and f are uniformly homotopic then Ty, = T, in (un)-
reduced L?'P-cohomology and in L?7-quotient cohomology. Finally we will show that if
the naive pullback f* does induce a morphism in reduced and unreduced L4-?-cohomology,
then f* =Ty.

As a consequence of the existence of these functors, we obtain that the reduced and
unreduced L?'7-cohomology of a manifold of bounded geometry is invariant under uniform
homotopy equivalence. This result is stated in Corollary 4.18. Finally, as a consequence of the
existence of the functors F, the invariance of the L2-index of the signature operator defined
by Bei at page 20 of [2] under uniform homotopy equivalence for manifolds of bounded
geometry is proved.

The idea of the operator 7y comes from the work of Hilsum and Skandalis [14]: in their
paper, the authors define an £2-bounded operator Ty for compact manifolds. Our operator
Ty is a bounded geometry version of their one.

The structure of the paper is the following: in the first section we introduce the objects
and the arrows of the category C. In particular, we show that every uniform map can be
approximated by a smooth map with uniformly bounded derivatives. In the second one we
introduce the reduced and unreduced L9 P-cohomology. Moreover we also introduce the
Fiber Volume of a Lipschitz submersion 7 : (M, g) —> (N, h). This is a real function
defined on (N, k) such that its boundedness implies the £”-boundedness of 7 *. In the third
section, given a smooth uniform map f : (M, g) — (N, h), we introduce a Lipschitz
submersion py : f*TN —> N such that p(0,) = f(x). In the last section, we introduce
a specific Thom form w for the bundle f*T N, we define Ty and, in conclusion, we prove
the functorial properties. Finally we prove, as a consequence of the main result, the uniform
homotopy invariance of the L2-index of the signature operator defined by Bei in [2].

1 Maps between manifolds of bounded geometry
1.1 Uniform maps and uniform homotopy

Let us consider two metric spaces (X, dx) and (Y, dy).

Definition 1.1 A map f : (X, dx) — (Y, dy) is uniformly continuous if for each ¢ > 0
there is a §(¢) > O such that for each x1, x in X

dx(x1,x2) <8(e) = dy(f(x1), f(x2)) < e (2)

Moreover f is uniformly (metrically) proper if for each R > 0 there is a number S(R) > 0
such that for each subset A of (Y, dy)

diam(A) < R = diam(f~'(A)) < S(R). 3)

Amap f : (X,dx) — (Y, dy) isauniform map if it is uniformly continuous and uniformly
proper.

Remark 1 Compositions of uniform maps are also uniform.

Let (X, dx) and (Y, dy) be two metric spaces and fix two actions of a group I" on X and Y.
Assume that I" acts by isometries on X and on Y.
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Definition 1.2 Two maps fy and f; : (X, dx) —> (Y, dy) are I'-uniformly homotopic if
they are I'-equivariant maps and they are homotopic with a uniformly continuous homotopy
H: (X x[0,1],dx x djo,11) — (¥, dy) whichis I’—equivariant.1
We will denote it by

fi~r fa. )
Moreover fi and f> are I'-Lipschitz-homotopic if fi ~r f2 and H is a Lipschitz map.
Remark 2 Consider two uniformly continuous maps F, f : (X,dx) —> (Y, dy) such that
f ~r F.Then,if f is a uniformly proper map, also the homotopy # is uniformly proper. As

a consequence of this, in particular, also F is uniformly proper.
In order to prove it fix € > 0. Since /4 is uniformly continuous, there is a §(¢) such that

d(t,s) <d8(e) = d(h(x,t),h(x,s)) <e. (5)

Fix ¢ in [0, 1]. If we divide [0, 7] in N, intervals of length less or equal to §(€), we obtain
that

d(f(x), h(x,1)) <d(h(x,0), h(x,1))
<d(h(x,0), h(x,11)) + -+ +d(h(x, tn,—1), h(x, 1)) (6)
< N:;e =: R(1).

Observe that R(#1) < R(t;) if t; <1, and R(1) = %
If Aisasubsetof Y and h; : X — Y is defined as h;(p) := h(p, t), then

h'(A) = {p € X|h(p.1) € A)
C {p € XIf(p) € Bray(A)} = 7" (Bry(A)
where Br(;)(A) are the points y of Y such that d(y, A) < R(z). Then
h='(A) € F7N(Bray(A)) x [0, 1]. (8)

and consequently, since f is uniformly proper, and since diam(Bg(1y(A)) < diam(A) +
2R(1),

@)

diam(h="(A)) < diam(f =" (Br)(A))) + diam([0, 1])

. )
< S(diam(A) +2R(1)) + 1.

Definition 1.3 A map f : (X,dx) — (Y, dy) is a ['-uniform homotopy equivalence if
f is T'-equivariant, uniformly continuous and there is a I"-equivariant map g : (y,dy) —
(X, dx) such that

e g is a homotopy inverse of f,
e g is uniformly continuous,
e fog~ridyandgo f ~ridy.

1.2 Manifolds of bounded geometry

In this section we introduce the notion of manifolds of bounded geometry. All the definitions
and propositions below can be found in Chapter 2 of the thesis of Eldering [8].

! The action of T" on X x [0, 1] is defined as y (x, t) := (yx,t) foreach y in T.
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Definition 1.4 A Riemannian manifold (M, g) has k-bounded geometry if:

e the sectional curvature K of (M, g) and its first k-covariant derivatives are bounded, i.e.,
Vi =0,..., k there is a constant V; such that |[VI K (x)| < V; for all x in M.

e there is a number C > 0 such that for all p in M the injectivity radius injy (p) in
p satisfies injy (p) > C. The maximal number which satisfies this inequality will be
denoted by injy.

When we talk about a manifold M with bounded geometry, without specifying k, we mean
that M has k-bounded geometry for all k£ in N.

Definition 1.5 Let (M, g) be a manifold of bounded geometry. We define § > 0 to be M-
small if, foreachk > 0in N,

e there is a constant C > 0 such that for all x1, x; € M with d(x, x) < 8 the coordinate
transition map ¢ = exp;zl oexpy, : U — T,M where U = exp;ll (Bs(x1) N
Bs(x2)) C Ty, M is C*~!-bounded? with |¢2 1]x—1 < Ck.

e the metric up to its k-th-order derivatives and the Christoffel symbols up to its (k — 1)-
th-order derivatives are bounded in normal coordinates of radius § around each x € M,
with bounds that are uniform in x.

Asreported in page 45 of [8], every manifold (M, g) of bounded geometry admits an M -small
8.

Remark 3 Consider a Riemannian manifold (M, g) such that
Ric(M) > (n—1)C (10)

where C is a constant. In particular, if M has k>o-bounded geometry, then (10) is satisfied
using C = —V where V bounds the norm of sectional curvature. Let us denote the measure
oy induced by g on M. Because of the Bishop-Gromov inequality, if (M, g) satisfies (10),
then for each p € M and for each r > 0 we obtain uy (B-(p)) < Q(r) for some function
0 :Rsp — Rx>.So0,if A C M hasdiam(A) =r,

um(A) < um(Baiama)(p)) < C(diam(A)), 11

where p is a point of A.

1.3 Uniformly proper and discontinuous actions

Definition 1.6 Consider I a group which acts by isometries on a metric space (X, dx). The
action of I is free and uniformly properly discontinuous (FUPD) if

e the action of I is free,
e there is a number § > 0 such thatdyx(x, yx) <§ = x = yx.

Remark 4 1f the action of I" is FUPD, then it is properly discontinuous and free.

Proposition 1.1 Let (M, g) be a manifold of bounded geometry. Consider I" a group acting
on M by isometries. Suppose the action of I is free and properly discontinuous. Then the
Sfollowing statements are equivalent:

1. agroup T acting FUPD on M and N,

2 This means that all the derivatives of degree less or equal to k — 1 are bounded.
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2. the quotient M| T has bounded geometry.>

Proof 1 — 2. Let § be the constant of the FUPD action of I'. Then Bs(p) is a trivializing
open of M/ T for each p in M. So injy,r > min{injy, 6} and the curvature of M/T" has
the same bounds of the curvature of M.

2 = 1. Let us suppose that for each 6 > 0 there is a point p and a y € I" such that
dy(p, yp) < 6. Suppose 8 < min{injy, injy,r}. Then there is a vector v in T, M whose
norm equals § and exp,(v) = y p. Consider the Riemannian covering s : M —> M/T.
Observe that

s oexpy = expg(p) ods (12)
Then
s(yp) =soexp,(v) = expsp) ods(v). (13)
Since ds is an isometry, the norm of ds(v) is less or equal to inj r. This means that
ds(v) = 0 and, in particular, v = 0. Then
yp =expp(v) = expp(0) = p. (14)

Because the action of I' is free, y = idr. O

1.4 Lipschitz approximation of a uniformly continuous map

Let (M, g) and (N, k) be two manifolds of bounded geometry and f € ckm, N).

Definition 1.7 A map f is of class C’I; if there exist M-small 6, and an N-small 5 > 0
such that for each x € X we have f(Bs,, (x)) C Bs, (f(x)) and the composition

Fyp=expyl, o foexp,: By, (0) CT,M — TN (15)

in normal coordinates is of class CLf and its C!-norms (!l =0,...,k)as function from T, M
to T¢(p)N are uniformly bounded in x € X.

Remark 5 There are some remarks we wish to make:

e The assumption of bounded geometry is necessary in order to define C, f—maps. More
details can be found in pages 44-45 of [8].

e Composition of two Cif-maps isa C’lj-map.

e Uniformly continuous maps are Cg-maps.

e AC g—map is a Lipschitz map.

Consider a uniform map f : (M, g) —> (N, h) between manifolds of bounded geometry.
Let us suppose, moreover, that there is a group I' on M and N acting FUPD and assume
that f is ["-equivariant. We want to show that there is a I'-equivariant uniform map F :
(M, g) — (N, h) which is C;; for all k and that F ~ f.

In order to prove this fact we need Lemma 2.34 of the thesis of Eldering [8].

Lemma1.2 Letr,h >0, g € Ck(BH_zh(O) C R™, R"). Then for each € > 0 there is a vy
such that g can be approximated by a function G, for each 0 < v < vy such that

e G, = g outside B, (0);

3 We are considering on M/ I" the Riemannian metric induced by g.
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e G, is a smooth function in B, (0);
o |g—G,|s <e€foreachs <k;
o |Gyl; < C(v,D)|glo on B,(0) for some C,; > 0.

Note that C (v, 1) may grow unboundedly as v —> 0 or | — +o00.

Remark 6 The approximation above is defined in the following way. Consider a mollifier,
i.e., a compactly supported, smooth, positive function ¢ : R” — R such that its integral
over R” equals to 1. Suppose that the support of ¢ is contained in the Euclidean ball of radius
1 in R™. Let us consider a non-increasing smooth map y : [0, r +2h] —> [0, 1] whichis 1
if x <randOif x > r 4 h. Then we define

Gu() = (1 = x(IxIMg (o) + x(Ix]) /Bm(o) gx —v)P()dy. (16)
1

Observe that if v = 0 then G, = g.

Remark 7 Fix € > 0. By the proof of Lemma 2.34 of [8], if v < §(¢) where §(¢) satisfies
d(p.q) =68(e) = d(g(p).g(q)) =€ a7
then
d(g(p), Gu(p)) <e. (18)
Let us define §, : R.o —> R. ¢ a function such that for each € > 0
Ix1 —xol =8y (€) = Ix(llx1lD) — xUlxolDI < €. 19)

Observe that, without loss of generality, we can always suppose that § : R.g —> R.g is
non-decreasing and, at the same time,

€

8(€) =8y () (20)
1glo
where |g|o := nll;%’xo {lg(p)|}. Under this assumption on §, if we define S(e) == 8(%), we
obtain that P
d(p,q) <8(€) = d(Gy(p), Gv(q)) <e. @n

We are ready to prove the existence of a Cl’;-approximation of a uniformly continuous map.

Proposition 1.3 Consider two Riemannian manifolds (M, g) and (N, h) of bounded geome-
tryandlet f : (M, g) —> (N, h) be a uniformly continuous map. Fix € > 0 small enough.
Then there is map F : (M, g) —> (N, h) such that

e d(F(p), f(p)) <eforall pin M,

e foralll > 1 the approximation F is a smooth Cé—map,

e Consider I a group that acts FUPD by isometries on M and N. Assume that f is
I-equivariant. Then F can be chosen to be T -equivariant,

o f~r F.

This implies that if f is a uniform map, then, for each € > 0, there is a smooth, uniformly
proper and Lipschitz approximation fc of f.
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Proof Since f is uniformly continuous, there are two positive numbers o < o7 both N-small
and there is an M-small number § ; such that f (B (@) € By ( f(@).

Let us consider the Riemannian manifold X := M/I'. Let us define Ry :=
%min{éf, injx}.

Following Proposition 1.1, observe that Ry < injj and Ry < 8o where &y is the constant
given by the FUPD action of I'. Fix then 6; < 82 < Ro where &, is X-small.

By Lemma 2.16 of [8], there is a number K and a countable cover of X given by {Bs, (x;)}
such that for all x in X the ball Bs, (x) intersects at most K balls of {Bs, (x;)};.

Consider the preimage of the cover {Bgs,(x;)}; on M. Since §» < &, it has the form
{Uyer Bs, (¥ X;)}i, where X; is an element of the fiber of x;.

Moreover f(Bs,(q)) € By (f(q)) forall g in M.

Fix € < 0 — o1 and let C be a number which is greater then the Lipschitz constants of
€XP f(y %)+ €XPy; and their inverses. Fix Fp := f. Then define for all i in N

exp r(yz,) ©Gi.y.w © exp;ill_ if p € Bry (U, {v%i})

. (22)
Fi(p) otherwise

Fip1(p) = {

where Giyy @ Bs,(0) C Tyz; M = R"™ — By, (0) C Typi)N C R is a Cf-
approximation of g; , = exp;(lyfi )© F; o exp, 3, defined by using a function x as in Remark

6 and v such that
€
d(p.q) =v = d(f(p), f(q) = o (23)
In particular, in order to obtain the I"-equivariance of F;;, we choose for each i a X; in the
fiber of x;. Fix an orthonormal basis of Tz, M and an orthonormal basis of T3,y N. We define

G, .,» With respect to the coordinates on the tangent spaces induced by these basis. Then we
define for each y in I

Gi,y,v = d]/oG,-’e,vodyil. (24)

Observe that, by the Gluing lemma (Theorem II1.9.4, p. 83. of the book of Dugundji [6]), F;
is well-defined. Finally we define

F(p) = i_l)i:l_loo Fi(p). (25)

Let us check all the properties of F':

e F is well-defined: consider p a point in M. Let s be the covering s : M — X. Then
s(Bs,(p)) intersects at most K balls Bs, (x;). Moreover, since 8, < i(So, then for all of
these x; there exists only one y in I" such that Bs, (p) intersects Bs, (yX;).

For all p there are at most K indexes i; such that Fj; (p) # Fi;+1(p) and so the limit
exists since the sequence {F; (p)}i>iy+1 is constant.

e Let us denote by x := exp;ili (p). We obtain d(F (p), f(p)) < €. Indeed, by applying
Proposition 1.2 and Remark 7,

d(f(p), F(p)) <d(f(p), Fi,(p)) + -+ +d(Fix (p), Fix,, (D))
=< C(|gO,y,v(x) - GO,y,v(x)| +---+ |gi,<,y.v(x) - Gik,y,v(x)D

<C K- — =¢ (26)
CK
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e Fisa C,’j-map for each k in N. Consider a point p. As a consequence of Lemma 2.16
of [8], there is a finite sequence i1, ..., ix of the indexes i such that F,~j+1 #* Fij on
Bs,(p). So, we have to study the boundedness of the derivatives of

. -1
F, .—epriKH(p)oF,-K_,_] oexpp o
—1 -1
= €XPE, 1 (p) © P (yxk) oGig,yv o0 expy .y, ©€XPp.

Observe that exp;I_LH( ) ©SXPr(y5) and exp,, XI[K o expp are changes of normal coor-

dinates, and so, since we are in a bounded geometry setting, they are C L‘—maps with
uniformly bounded norm. Consider G, ... By applying Proposition 1.2, we obtain

|GiK,y,v|k =< C(V, k)lgiK,y,vk) =< C(V, k)O'Z' (28)

e FisI'-equivariant. In order to prove this we have to check that all the F; are I"-equivariant.
Observe that Fy = f is ["-equivariant. Moreover, by the definition of Fj, if F; is I'-
equivariant, then also Fjy; is I'-equivariant. We conclude by observing that

YF(p) =y Figx+1(p) = Figr1(yp) = F(y p). 29)

In order to conclude the proof we have to show that " and f are I"-uniformly homotopic.

Let us define the map Hy : (M x [0, 1], g + dr?) — (N, h) as Ho(p,t) := f(p). Fix
for each i a x; in the fiber of x;. Fix an orthonormal basis of 7%, M and an orthonormal basis
of Ty, N. We denote by H; ., the C Ib‘ -approximation* of

hiy.= exp;(]y;i) oH; (-, 1) o expyy (30)

defined by using 7 - v and the function .
Then, foreachy inT" wehave H; ,, ; : Bs,(0) C T,z; M = R" —> B,,(0) C Trz)N C
R" which is the map

H;y,:=dyoHe, ody_l. 31
So, for eachi € N, we define

ex -y oH; exp_l ifp e Biyi, (U, {y%;

Hioi(p, 1) = Pr(yz;) iyt 0 €xp, o p : inju (Uy (¥ Xi}) (32)
Hi(p, 1) otherwise
Finally we define the map H : (M x [0, 1], g + dr2) — (N, h) as
H(p,t) = lim H;(p,1). (33)
1—>+00

As well as for F, also H is well-defined and I"-equivariant.
We will check the uniformly continuity of H in the following way. First we observe that,
by definition, Hy is uniformly continuous. Then for each ¢ there is a §o(¢) such that

d((po.1),(q,s)) = 8o(e) = d(Ho(po, 1), Ho(q.s)) < &. (34)

Observe that, since Hy is uniformly continuous, then 6o does not depend on (pg, t). Moreover,
without loss of generality we can also suppose that dg(¢) < § X(U%) and that §p is non-
decreasing with respect to €.

4 With respect to the coordinates on the tangent spaces induced by these basis.
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Let us assume now that H; is continuous. Fix an ¢ and a point (p, t) and let us denote by
8i (e, p, t) anumber such that, for each ¢ in M

d((p.1).(q.s)) < bi(e, p.1) = d(Hi(p.1), Hi(q,5)) < €. (35)

Assume that §; (¢, p,t) < 8, (;—2) and that §; (-, p, t) is non-decreasing with respect to ¢ for
each p and r.
Choose po in M: if Bs,(po) N [Uyer Bs, (¥ Xi)] = ¥, then

d((po,1), (q,5)) < &i(e, po,1) = d(Hi+1(po, 1), Hi+1(q,5)) < ¢. (36)
So we can set
3i+1(e, po, 1) :=8;(&, po, ). (37)

Let us suppose that B, (po) N [Uyer Bs, (YX;)] # @. In this case we have to study the uniform
continuity of

eXP £ (y ) oHj o0 exp;ili. (38)
In particular, we start studying the distance
d(Hi+1(po, 1), Hit1(po, ). (39)

Recall that h; ;- Ty5; M —> Ty, 5N is defined as

hioya = eXP ) OHi (1) 0 expys (40)

and that H; , , is its approximation defined by using 7 - v and x.

Observe that the exponential maps and their inverses are Lipschitz maps with uniformly
bounded constant C. Assume C > 1.

Fix a ¢ > 0 and let us denote by xo := exp;;:i (po). Define

Shi (e x0, 1) = 8,5
i (e, x0,1) ;= =8;i(—=
h,i 0 C i C
Observe that 8y ; (¢, x0, 1) < i (e, po, 1) < 8y (g%). Moreover, h; ,,, is also continuous in ¢,
indeed,

s P> 1) (41)

[(x0,2) — (x2,8)| < 8n,i(e, x0,1) == d(hiy,(x0), hi,ys(x2)) <e. 42)

Then for any s in [0, 1] such that |s — ¢] < 8;,,[(%, X0, 1), then

|Hi,y,s(x0) - Hi,y,t(x0)|
< (1 = xUlxolDNhi,y.s(x0) — hi,y.r (x0)|

+ X(IIXOII)/B i y.s(xo =5 - vy) = hiys(xo — 1 - vy)|[p(y)dy

3)
+ x(lxoll) /B iy (X0 — 1+ 0Y) = iy s (x0 — - vY) | (y)dy
< (1= x(lxols + x(lxolDs + = <.
2 2 2
This means that, given
Bite. 0.0 = o (o p0.1) = bt (5 Pou1) (@4
Cc " \2C C? 2C?
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then, since H; | = eXP r(y5) oH; 0 exp_]

vxi’
d((po, 1), (po.5)) < 8i(e) = d(Hit1(po, 1), Hix1(po, 5)) < €. (45)
Let us consider, now, the distance
d(Hiy1(po. 1), Hi11(q, 1)). (46)

Let us denote by A;(e) 1= 8y, (%). Then, by Remark 7 and by

& & £ £
Snil=)<8i(-)<6,|—)<é6, | ——— 47
w(§) =06 =0 (i) =0 (p) “
we obtain that
d(x1,x2) < Aj(e) = d(H;y(x1), Hiy(x2)) < e (48)

Moreover, if we define

« 1 &
5ie) =50 (e pot). (49)
then
d(po.q) < 8i(e. po.t) => d(Hi11(po. 1), Hip1(q. 1)) < . (50)
So given a point pg such that B, (po) intersects |_| Bs,(yXi), then
yell
d((po, 1), (q,s)) < di+1(e, po, 1) = d(Hi+1(po, 1), Hi+1(q,s)) < &. (51)
where
2 ~ (€
i1 (6. po.1) = min(S; (3. po.1) & (5. po.t))
1 & 1 £
= mm{aﬁi (@a Po, 1) ) aai (@, Do, f>} (52)
1 £
= asi (@’ Do, f) ,
indeed
d(Hi11(po, 1), Hiy1(q, s)) < d(Hiy1(po,t), Hi11(po, s)) +d(Hi11(po, s), Hi1+1(q, 5))
_E N e (53)
-4+ - =c.
-2 2
Then, since a ball Bs,(po) intersects |_| Bs,(y ;) at most K times, we obtain that there is
yell
a §(¢) which is given by
) 1 £
€)= G (ear) o9

such that for each (p, t) and (¢, s) in M x [0, 1], we have

d((p,1),(q,5)) <8(e) = d(H(p,1),H(q.5)) <e. (55)
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Corollary 1.4 Let f : (M, g) —> (N, h) be a uniformly continuous map between manifolds
of bounded geometry. Assume the existence of a closed set C such that fi,.. isa C ]b‘ -map.

Then for all € > O thereisamap F : (M, g) —> (N, h) such that F is a C’g—map. Moreover
if Ce¢ is the e-neighborhood of C, then

F\M\cE = ﬂM\Cg' (56)

Finally if C is T-invariant and f is U -equivariant then also F is I'-equivariant and they are
I -uniformly homotopic.

Corollary 1.5 Let f, f' : (M, g) —> (N, h) be two smooth C['j-maps such that f ~r f,
where I acts FUPD on M and N by isometries. Let us fix some normal coordinates {x", s} on
M x[0, 11and {y7} on N. Then there is a uniformly continuous homotopy H : (M x[0, 1], g+
dr?) — (N, h) between f and f' such that all its derivatives in normal coordinates of order
minor or equal of k are uniformly bounded.

Corollary 1.6 Let f : (M,g) —> (N, h) be a uniform homotopy equivalence between
manifolds of bounded geometry. Then f is uniformly proper and, in particular, f is a uniform
map.

Proof Let us denote by g a uniform homotopy inverse of f and by H a uniformly continuous
homotopy between g o f and idx. Because of Proposition 1.3 and Remark 2, we can assume
that f, g and H are Lipschitz maps. Then, if x is a point in M,

dx(x,80 f(x)) =dx(H(x,0), H(x, 1)) < Chdxxjo,11((x,0), (x, 1)) =Cx  (57)

where Cp is the Lipschitz constant of H. Fix a subset A of N. Let x1 and x, be two points
in f~1(A). Then

dx(x1,x2) <dx(x1,80 f(x1)) +dx(go f(x1),g0 f(x2) +dx(x1,g0 f(x1))
<2CH + Cody (f(x1), f(x2)) (58)
< 2Cy + Codiam(A)

where C, is the Lipschitz constant of g. And so we obtain

diam(f~1(A)) <2Cy + Codiam(A). (59)

2 L9°P-cohomology and pull-back
2.1 LP-forms
Let us consider a Riemannian manifold (M, g) and let us denote by Q’j(M ) the space of

complex differential forms with compact support. Fix a p € [1, +00). We can define a norm
on Q7 (M) as follows:

lally = [ /M I (@) (@)1 . (60)

where pys is the measure on M induced by g.
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Definition 2.1 Fix p € [1, +00). We denote by L”Q¥ (M) the Banach space given by the

closure of Q% (M) with respect to the norm || - ||,,. Moreover we can also define the Banach
space LP (M) := @ LPQK(M).
keN

Definition 2.2 Consider two Riemannian manifolds (M, g) and (N, k). Let us consider a
linear operator A : Q*(N) —> Q*(N). The operator A is £L*-bounded if for each p in

[1, 4+00) the operator A Qo is a bounded operator with respect to the £7-norm.

2.2 L9°P-cohomology and reduced L9°P-cohomology

In the next section we use definitions and results from the work of Gol’dshtein and Troyanov
[10] and from the work of Bei [1]. Consider a complete Riemannian manifold (M, g). Then,
for each choice of ¢, p € [1, +00) and k, we need a closed extension of the exterior derivative
operator

diob @ c L1 (M, g) — Pk g). D

Definition 2.3 The minimal extension drkm nl ap of the exterior derivative d(’; p] has domain

given by the £9-forms « such that there is a sequence of compactly supported differential
forms {ox} and an £P-form B such that’ « = lim o4 and = lim doy.
k—+00 k—+00

Then we obtain

k=1 o= lim do. (62)

min,q,p k*)‘i’OO

If there is no need to specify ¢, p and k we will just denote it by d.

) and d? = d¥, o

min,s,q

Remark 8 Observe that d*!  (dom(d*>! ) < dom(d*

min,p,s min,p,s min,s,q

d*7] = 0 for each choice of p, s, ¢ and k.

min,p,s

Remark 9 Because of the lower bound on the injectivity radius, every manifold of bounded
geometry is a complete Riemannian manifold. As a consequence of this fact, dyy;p, 4 is the
unique closed extension of the exterior derivative for each choice of p, g € [1, +00). The
proof is exactly the same of Proposition 3.1 of [1]; indeed, the arguments used by the author
and Theorem 12.5 of [10] also hold if g # p.

Consider p, g in [1, +00).
Definition 2.4 The i-th group of L7-7-cohomology is the group

H (M) -_w (63)
T im(dyy)

The i-th group of reduced L9 7-cohomology is the group

ﬁi _ ker(d;,,p)

N (64)

im(di )

5 For each p in[1, +00) we consider on LP Qk (M) the topology induced by || - || .
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Finally, the i-th group of L?°”-quotient cohomology is the group
im(dy.p)

LD 65
im(dy ) 63)

i -
T} ,(M) =

Remark 10 The i-th group of L?-P-quotient group is also called i-th group of L4:P-torsion
by Gol’dshtein and Kopylov in page 4 of [10].

Proposition 2.1 Let (N, h) and (M, g) be two oriented Riemannian manifolds and let
p € [1,400). Fix b € Z and consider B : Q*(N) — Q**(M) and K : Q*(N) —
Q*tb=1(M) two L*-bounded operators. Let us suppose that B(Q(N)) < Qj+b(M) and

dB = +Bd + K (66)

over Q¥ (N). Then B(dom(dmin,q,p)) S dom(dmin,q,p) and dpmin.q,p B = £Bdpin + K on
the minimal domain of d.

Proof Let a be an element in dom(dyin, 4, ). This means that there is a sequence {a,} in

Q¥(N)suchthato = lim o, andda = lim do,. Since B is continuous we obtain
n—+00 n—+00
Ba = lim Ba, (67)
n—-+00

where {Ba,} is a sequence in ' (M). Moreover the limit of d Ba,, exists, indeed

lim dBa, = liT +Bda, + Ko,
n——+0o0

n——+00

68
=+B lim da, + K lim «, = £Bda + Ka. (68)
n—+00 n—-+4o0o
S0 dpin,q,p is well defined in Ba and
Amin,g,pBo = £Bdpin g, pa + Ka. (69)
O

Remark 11 Consider an £L*-bounded operator A such that A(dom (dyin,N)) S dom(dpin.m)-
Suppose that Ad = dA. Then A induces a map in reduced L?¢-cohomology and in L?-7-
quotient cohomology. Indeed, given « in dom(dy ), we have

Al + lim dBy) = A(a) + A( lim dBy)
k——+00 k—+00

. . (70)
=A(x)+ lim A(dBr) = A(x) + lim dA(Bk).
k—+00 k——+00
So, in reduced L?°”-cohomology and in L?'?-quotient cohomology, we obtain
[A(le + lim dBp)] =[A(x)]. (71)
k—+00

Corollary 2.2 Consider two operators B and K as in Proposition 2.1.

Then K induces the null operator in (un)-reduced L1P-cohomology and in L1°P-quotient
cohomology.

Moreover, if K = 0 as operator between the LP -spaces, then d B = Bd on Q2%(M). Then
B induces a map in (un)-reduced L?P-cohomology and in L9°P-quotient cohomology.®

6 We are considering d = d,y; .
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2.3 Fiber Volume and Radon-Nikodym-Lipschitz maps

Let (M, v) and (N, u) be two measured spaces and let f : (M, v) — (N, ) be a function
such that the pushforward measure f,(v) is absolutely continuous with respect to u.

Definition 2.5 Let (N, 1) be o-finite, then the Fiber Volume is the Radon-Nikodym deriva-
tive
d fyv

R
Consider (M, dy, up) and (N, dy, w1y ) two measured and metric spaces.
Definition2.6 A map f : (M,dwy, uy) —> (N, dy, uy) is Radon-Nikodym-Lipschitz
or R.-N.-Lipschitz if

e f is Lipschitz

e f has a well-defined and bounded Fiber Volume.

Remark 12 Consider f : (M, dy, vi) — (N, dy, un) an R.-N.-Lipschitz map and let C

be the supremum of %. Then for all measurable set A C N,

Vol = (72)

af*MM
d

wm (f71(A) = / dun = C/ duny = Cun(A). (73)
A Oun A

The vice-versa also holds: if f satisfies (73), then it is a R.N.-Lipschitz map. This implication
can be proved using a reductio ad absurdum argument.
Remark 13 Composition of R.-N.-Lipschitz maps is a R.-N.-Lipschitz map.

Lemma23 Let f : (M, g) —> (N, h) be a Lipschitz map between Riemannian manifolds.
Let x be a point on M such that f is differentiable on x. Then there is a number C, which
does not depend on x, such that for all o (x) in T;ﬁ(x)(N) and for all k € [1, +00)

|ff el < CF eyl (74)
where | - | and | - | y(x) are the norms induced by the metrics g and h on Ax M and A"}(X)N.

Proof Tt follows since the norms on A’;,N and AZM can be seen as operatorial norms and
since the df, has bounded norm. m}

Remark 14 By the Rademacher theorem, we know that a Lipschitz map is differentiable
almost everywhere and so the previous lemma holds for almost all x in M.

Proposition 2.4 Let (M, g) and (N, h) be Riemannian manifolds. Let f : (M, g) —> (N, h)
be a R.-N.-Lipschitz map. Then f induces an L*-bounded pullback. This means that if f is
a R.N.-Lipschitz map, then f* is an L*-bounded operator.

Proof Let w be a smooth form with compact support in £7(N) and let K y := max{l, C’;},
where n = dim(N). Then !

ILf*ll =/ |ffolPduy < / K§ f*(lolP)duy
M M
= K})/N lo|Pd(fepm) = K;/N|w|pV01f,uM,uNdMN (75)

= K})CVUI/ |a)|pd,uN = K;CV()I”C‘)H;;'
N
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In the next sections we will focus on submersions. In particular, we will study their Fiber
Volumes. In order to do this we need the notion of quotient of differential forms.

Definition 2.7 Let us consider a differentiable manifold M. Given two differential forms
o € QK (M), B € Q"(M) we define a quotient between « and 8, denoted by % as a
(possibly not continuous) section of AK=" (M) such that for all pin M

awrzmmA%@» (76)

Consider two oriented differentiable manifolds X and Y. Given a submersion f : X — Y,
let us denote by F, the fiber of f in g and consider i; : F;, —> X the immersion of the

fiber in X. Then ig( ffa) does not depend on the choice of the quotient. This is proved in
Proposition 16.21.7 of the book of Dieudonné [5]. Moreover in [5] it is also proved that if 8
is a smooth form in X, then i ;;( f’f a) is a smooth form on the fiber F;. This means that for

all p in Y we obtain an orientation of F, defined setting

Vol
| iy o 7)
Fy, f VOZY

Observe that if f : (X, g) —> (Y, h) is a submersion between Riemannian manifolds, then
it is possible to define a locally smooth quotient between Volx and f*Voly. Indeed it is
sufficient to consider local fibered coordinates {x’, y/} on X and {y/} in ¥ and we obtain
that locally

Voly  det(gij(y,x))
F*Voly — det(hys)(y)
where g;; and &, are the matrix related to the metrics g and h. As a consequence of this

fact the Projection Formula holds also for quotients of volume forms, i.e., given a differential
formo inY

A Adx, (78)

% Vol X Vol X
ffan =aA . (79
F f*Voly r f*Voly

In order to prove this we have to consider a cover of coordinate charts and to decompose the
integral using a partition of unity. Remember that, as a consequence of Proposition 16.21.7
of [5], the integral over the fiber in p of a quotient between a form « and a form f* g does not
depend on the choice of the quotient. This means that in each chart we can choose a smooth
quotient and apply the usual Projection Formula.

2.4 Fiber Volume of a submersion

In this section we will study the Fiber Volumes of Lipschitz submersions between orientable
manifolds.

Proposition 2.5 Let (M, g) and (N, h) be two oriented, Riemannian manifolds possibly with
boundary. Let T : (M, g) —> (N, h) be a submersion. Then

VOZM
n*Voly

Vol uy.uy (@) :/F (@)- (80)
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Proof Let A a measurable set of N. Then

Satp (A) =/ ldup =/ Voly
71(A) 7~1(A)
VOlM

= *(Voly) N ————
/J;—I(A)n ( ON) 7T*(VOIN)
Voly

7*(Voly) A ———
/r'(Amn<M>> 7*(Voly)

Vol

T
ANz (M) *(Voly)

Vol
/ (/ olm ) VOZN
anzm) \JF T*(Voly)

VOIM

" duy.
Ane(M) \JF T T*(Voly)

Remark 15 1If the submersion f : X — Y is a diffeomorphism between oriented manifold
which preserves the orientations, then the integration along the fibers of f is the pullback

(f~1*. This means that the Fiber Volume of f is given by |(f~1)* 7 ‘(/‘0/5‘1},) |

@81)

m}

We conclude this section by giving a formula which allow us to compute the Fiber Volume
of the composition of two submersions.

Proposition2.6 Ler f : (M,g) —> (N,h)and g : (N, h) — (W, 1) be two submersions
between oriented Riemannian manifolds. Then

Vol @ / (/ Voly ) Voly (82)
olgo foiu. =
sof it gl g1 [*(Voly) ) g*Voly

Proof Observe that, as quotients,

VOIM o VOZM A f* VOIN (83)
(go f)*Voly — f*Voly  (go f)*Volw

and, in particular, we can choose as quotient

f*VOlN % VOZN (84)
(go *Volw — gVoly )’
Then we conclude by applying the Projection Formula:
Vol ( ) / VOlM
Olgo fpprnw (@) = P ———
gol i o) @) (80 f)*Voly
Vol Vol
=f *M/\f*(*N) (85)
(gof)*l(q) f VOlN 8 VOZW
_/ (/ VOZM > VOlN
S \Jpm1g1g) FX(Voly) ) g Vol
o
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3 Sasaki metric and submersions
3.1 The Sasaki metric

The definition of Sasaki metric on a vector bundle given in this paper is a generalization of
the metric defined by Sasaki in [18] for the tangent bundle of a Riemannian manifolds. The
definition of this generalized Sasaki metric can be found in page 2 of the paper of Boucetta
and Essoufi [4].

Let us consider a Riemannian manifold (N, &) of dimension n, mg : E —> N a vector
bundle of rank m endowed with a bundle metric Hg € I'(E* ® E™*) and a linear connection
Vg which preserves Hg. Fix {s,} a local frame of E: if {x'} is a system of local coordinates
over U C N, then we can define the system of coordinates {x’, 1%} on ngl (U), where the
n are the components with respect to {sy}.

Let us denote by K the map K : TE — E defined as

.0 ad o
K@ 5 oo + 25 Sl = @ + 6 /T (xo0)sa (o), (86)
where the Ff ; are the Christoffel symbols of Vg. The Christoftel symbols 1"37/ i (x) are defined
by the formula
VE sy(@) =T (0)sy (x). (87)

ox/

Definition 3.1 The Sasaki metric on E is the Riemannian metric 2% defined for all A, B in
T(p,Up)E as

h" (A, B) := h(dng v,(A), dng v, (B)) + He(K (A), K (B)). (8%)

Remark 16 Let us consider the system of coordinates {x’} on N and {x?, u/} on E. The
components of £ % are given by
hE(x, 12) = hij () + Hay (0TS )T (o)
hE (. 1) = Hoo (0)T%; (1)1t (89)
hgr(xa w) = Hy ¢ (x),
wherei, j=1,...,nando,t =n+1,...,n + m. Consider a point xo = (xé,...,xg)in

N. If all the Christoffel symbols of Vg in xq are zero, then, in local coordinates, the matrix
of hf in a point (xg, pt) is

hio) 0
[ o Ha,fm)] ' ®0)

Moreover, with respect to the coordinates (x%, u%), the matrix hg := (h% )y~ lis given by

W (x, 1) = ' (x)
B¢ = =I5 (Oh (1) ©b
hGF = HoW(x) + h ()T, (0)T'T; (o)

where H° and h¥/ (x) are the components of the inverse matrices of /;; and Hy .
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Example 3.1 Let (M, g) a Riemannian manifold. Consider as E the tangent bundle 7 M and
as h g the metric g itself. Choose the connection Vg as the Levi-Civita connection Vél;c. We
denote by g the Sasaki metric induced by g and V;C.

Example 3.2 Consider a smooth map f : (M, g) —> (N, h).Letw : f*TN —> M be the
pullback bundle. Then the Riemannian metric /# can be seen as a bundle metric on 7N and
so we obtain a bundle metric f*h on f*T N. Fix the connection f *V,fc on f*T N which
is the pullback of the Levi-Civita connection on (N, g). Let us denote by gg s the Sasaki
metric induced by f*VhLC, f*h and g.

Remark 17 Then the Christoffel symbols of the pullback connection f*V with respect to
the pullback frame { f*¢;} and to the coordinates {x’} are given by

af!

S T, 92)
A first consequence of this fact is that the map ID : (id*TN, gs.jq) —> (TN, gs) which

sends (p, w,) to w), is an isometry. So, from now on, we will identify (id*T N, gs ;q4) and
(TN, gs).

Remark 18 Let f : (M, g) —> (N, h) be a smooth map. Let us fix a chart {U, x'} on M and
achart {V, y/} on N such that f(U) C V.Fix abundle E on N and let VZ be a connection.
Let us denote by I'% B1 the Christoffel symbols of VE with respect to a frame {¢;} and the

Fg_i =

coordinates {y/}.If f : (M, g) — (N, h) is a smooth Lipschitz map, then also the induced

bundle map
F:(f*T°N,gs,;) — (I°N,gs) ©3)
(P wrp)) — Wr(p)

is a smooth Lipschitz map.

Proposition 3.1 Consider a vector bundle (E, w, M) over a Riemannian manifold (M, g).
Fix on E a bundle metric h, a connection VE and let us denote by hg the Sasaki metric
induced by g, h and VE. Let us suppose that for each point p on M there is a system of
normal coordinates {x'} around p and a local frame {s} such that the Christoffel symbols
of VE vanish at x = 0. Moreover let us suppose that EZ'X"; (0) = 0, where hy are the

components of the Gram matrix of h with respect to the coordinates {x'}. Then the fibers of =
are totally geodesic submanifolds (in our case this means that the straight lines on the fibers
are geodesics) and 7 is a Riemannian submersion.

Remark 19 The vector bundles of Examples 3.1 and 3.2 satisfy the assumptions of Proposi-
tion 3.1.

Proof Fix the coordinates {x’, u®} where the coordinates {x?} are normal and centered on
a point p and u° refer to the local frame {s,}. It follows from (90) that 7 is a Riemannian
submersion. Let v, and w, be two vectors in E,. Let us suppose that v, = (0, v?) and
wp, = (0, w?) with respect to the coordinates {x?, u°}. Consider the straight line connecting
vy and v, defined as y(¢) =t - (v, — w)) + w). Consider the Christoffel symbols of the
Levi- Civita connection induced by hE with respect to the coordinates {x’, ;.°} and the local
frame {-2 }. Let us denote by F . and by I'J, the Christoffel symbols defined by

axi’ 3l/~

th i O =T, u)—+ 2. (x, m— (94)
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Because the partial derivatives of g;; and of &, ; inx = 0 are zero, we obtain that f'{;, O, n) =
2.0, ) = 0. Then, if we parameterize the curve y (¢) := (0, t(v® — w?) + w?), then y
satisfies the system of geodesics equations

a2yt w dy” dy™ | wi dy/ dy™ | wi dyl dy? _
g T o ()= < + T o ) S = + 15, (0 ) 5 < =0
&y L pa Ay’ dy" | o dy/ dy® | fa dy/ dy? ©3)
ot e~ + 5 0w~ + T ) S =
O

Corollary 3.2 Consider O the null section of a vector bundle t : E —> M. Under the same
assumptions of Proposition 3.1, the disk bundle E% = {vp € El\/h(vp,vp) < 8} coincides
with B5(0g) := {v, € E|d,z(vy, 0g) < 8} for each § > 0.

Proof Fix v, a point on E. Because of Proposition 3.1 we already know that the straight line
y which connects 0, and v, is a geodesic and its length is equal to /i (v, v),). Observe that
if there is another point O, in O such thatd (0,4, v,) < \/h(v)p, vp), then there is a geodesics
o connecting v, to 0, which is shorter than y.

Let us suppose that 6 (0,) is orthogonal to Tj , 0. Because of Proposition 3.1, we know
that g = p and y = o. This is a contradiction.

Let us prove that 6 (0,) is orthogonal to Ty, 0. We can assume, without loss of generality,
that d(v), Og) is smaller than the radius of injectivity of E in v,. Observe that the map
d(vp, ) : 0Op —> Ris continuous and admits a minimum.

Consider the ball Byv,,0,)(vp). Then

Baw,.00)(vp) N0E S 3Baw,.0.)(Vp) = Sd,.05)(Vp) (96)

and the intersection is the set of the minima of d (v, -). In particular, if g is a minimum for
d(v,, )
ps)s

TqOE - Tqu(vp,OE)(Up) 0

as subspaces of T, E. In order to prove (97) we use a simple reductio ad absurdum argument.
Let us suppose there is v in 7;,0g such that v is not in T, Sd(vp,()].j)(vp)- Without loss of
generality we can assume that v is an inward vector for Bg(v,,0.)(vp). On a open neighbor-
hood of By,.0)(vp) there are some coordinates {x', ..., x", y} such that the interior of
Bd(UF,OE)(Up) is given by the points y > 0. Let t : (—¢, &) —> U be a curve in O such that
9

i

7(0) = ¢ and 7(0) = v. Observe that, in coordinates, v = v -2 + vo(% where vy > 0. But
this means that there is a #p in (—e¢, &) such that y(z(f9)) > 0. But 7(¢p) is a point of Og and
so it cannot be a point on the interior of Ba,.0r) (vp). This proves (97).

Finally, thanks to the Gauss lemma, the geodesic o : [0, 1] — E connecting 6 (0) = v,,
to a minimum o (1) = ¢ has ¢ (1) orthogonal to Tqu(vp,OE)(Up) 2 T,0g. ]

In order to prove the following proposition, we need a lemma which is a classical result of
the measure theory. A proof of this result can be found in page 29 of the book of Durrett [7].

Lemma 3.3 (Multivariate Jensen’s Inequality) Let (X, Xx, ux) be a probability space’ and
let f : X —> R"™ Consider ¢ : R" —> R a convex function. Then, for each integrable

function f : X — R”
¢ (/ fde) < / ¢(fHdux. 98)
X X

7 This is a measured space such that uy (X) = 1.
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Proposition 3.4 Consider a Riemannian manifold (M, g) and let 7 : E —> M be a vector
bundle. Fix on E a metric bundle hg and a connection V. Let hE be the Sasaki metric on E
defined by using g, hg and V. Fix a § > 0. Then, under the assumptions of Proposition 3.1
w @ ES —s M is a R.N.-Lipschitz map. In particular the Fiber Volume on a point q
is the Volume of an Euclidean ball of radius 8. Finally the integration along the fibers
Tyt Qj(E‘S) —> Q*(M) is an L*-bounded operator.

Proof We know that 7 is a Lipschitz map because it is a Riemannian submersion (Proposi-
tion 3.1). In order to calculate the Fiber Volume of 7, we choose a point ¢ in M and consider
some normal coordinates {x'} around g. Fix the frame {e i} of E defined around ¢ such that
F;k(O) = 0 with respect to {e;} and to {x?}. Let {x?, y/} be the fibered coordinates on E°

where {y/} refers to e j- The matrix related to hE in a point of the fiber of ¢ is the identity.
This means that Volg(x,y) = dx' A+« Adx" Ady' A -+ Ady™ and 7*Volp (x) =
dx!' Ao Adx™,
We obtain that

Voly .. = o =
Olg, g, um AJT*VOZN dxl Ao Adxm

:/ dy' A+ Ady™ = Vol(Bs(0)).
BS(Oq)

Volg /‘ dx' Ao Adx" Adyl Ao AdY™
Bs(0g)

99)

Let us study the £*-boundedness of 7. First we will show that, given « in Q% (E), we have

mal] =€ [ el o) (100)
E‘I
V0]E
) ; n*Voly *
Fix the same coordinates {x', y’/} we used before. We obtain

where (g, is the measure on the fiber E,; induced by

o = ajo(x, y)dx! Ady' Ady" +ars(x, y)dx! Ady”, (101)

where J # (1,2, ..., m). Let us denote by g = ajo(x, ydx! Ady! A+ Ady”". Observe
that for each r in the fiber of ¢ we have |ag|, < |«|;.
Moreover

/ ap = / FOy A dy" = / Fdpe, () (102)
Bs (Oq) Bs (Oq) Bs (Oq)
where f : Bs(0y) — A;(M) ® Cand | f(y)| = |aoly.

In order to prove (100), we want to apply Multivariate Jensen’s Inequality (Lemma 3.3).

Let us define for each ¢ in M the measure on the fiber of ¢ defined for each measurable set
Aof E; as

e, (A)

_ (103)
VOIU,ME;IJ«M (@)

HE, J(A) =

Then Eg.J makes Bs(0,) C E; a probability space. Let us define the map F : B5;(0;) —
AZM ® C =R

F(y) == Volr up (@) - ), (104)
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Then, by the Jensen’s Inequality, considering ¢ (x) = |x|”, we obtain that

/ F(y)duk,,s
Bs (Oq)

Observe that the left part of (105) is

P
p / [FOD)IPdpE,. - (105)
B&(Oq)

p

/ Fydpg,, (y)
B;s(0q)

P
= Volg g (@) - () ———————dug, () (106)
/135(0,,) T,LE s M VOZH,ME,MM(Q) q
)4 P
= oo =|[ o =mal.
B5(0,) E,
The right part of (105) is
[F(D)IPdprE, g 2/ IVolx 1 @I - 1 fFODIP dug, (y)
-/35(04) ! Boy e Volw g (@)
- / |V ol g s @1 1 F P i, (7) (107)
B5(0,)

<cr! / /B, ().
E,

q

Then we conclude by showing that

l|mectl|p = /M |rect|hdpen (q)

V()lE
<c1'—1/ / Pd d =cf’—1/v1~f 4
< M[ ; lelydpes, (v) | dum(q) Vol . |°‘|>qﬂ*‘,01M

q

Vol

=cP*1// el Y T Voly A *OE =cP*‘/|a|5vOlE(u)=CP*1||a||p
M JE, T VOlM E

(108)

[m}

Remark 20 Consider (M, g) and (N, i) two manifolds of bounded geometry and let f :
(M,g) — (N,h) be a Cif—rnap for each k in N. Fix on f*(T N) the Sasaki metric gg¢
induced by g, f*h and f *VhLC. If we denote by V := Vésc and by R the Riemann tensor on
f*(T N), we obtain that for each i in N there is a continuous function C; : R — R such
that |ViR(vp)| < Ci(|lvpl]). This is a consequence of (89), of (91) and of Theorem 2.5 of
the paper of Schick [19].

3.2 A submersion related to a uniform map

Let (N, h) and (M, g) be two manifolds of bounded geometry and let § < injy. Fix,
moreover, a smooth map f : (M, g) — (N, h).
In this subsection we define a submersion p : (f*(T‘SN), gsy) —> (N, h) where

FXTPN) = {(p, Wrp)) € fF(TN) such that |w (| < 8} (109)

@ Springer



Annals of Global Analysis and Geometry

Lemma 3.5 Let us consider  : (M, g) —> (N, h) a smooth Lipschitz map between two
oriented Riemannian manifolds. Suppose that (N, h) is a manifold of bounded geometry.

Let us denote by F : f*TN —> TN the bundle morphism induced by f, i.e.,
F(p,wy(p) = wy(p). Fixon f*TN the Sasaki metric gsy induced by f*V,fC, f*hand g.
Let us denote by w = f*T°N —> M be the projection of the bundle. Then there is a map
pri (f*(T°N), gsf) —> (N, h) such that:

. Dy is a submersion,
- pr(x,0) = f(x),
. pris -equivariant,’
Pf = Pidy o F, ‘
. Assume that for each point p in M there are some local coordinates {U , x'} around a point
p in M and some normal coordinates {V, y’} around f(p) on N such that V contains a
8-neighborhood of f(U). Assume, moreover, that for each k in N
%yl
sp sup |20 <1, (110)
xeU s=0,...k 0x] -+ dx's

L AN W~

for some Ly which does not depend on the choice of p. Consider the frame {%} around

£(0) and define the fibered coordinates {x', u'} related to {%} on f*T°N. Then for
each k in N there is a constant Cy such that

8Syj [¢] pf
sup sup

. ——— —(x, )| < C (111)
(epyen— (U s+1=0,....k 8xi...axl:aull...aujt s

where Cy only depends on the bounds L, ..., L. In particular if f is a Lipschitz map,
then also py is a Lipschitz map.

Proof Let us define

pr i (f*(T°N), g5) — (N, h)

(112)
(P wrp) — expripy(Wrp))-

Then

1. py is a submersion. Fix p in M. Then ps(p,-) : f*(T‘SN)I7 = T)‘f(p)N —> N is the
exponential map in f(p). We know that the exponential map is a local diffeomorphism
and so p is a submersion,

2. pr(p,0s(p)) = f(p). This follows by the definition of exponential map,

3. py is I'-equivariant. Recall that I" acts by isometries. Then

pryp.dywysp) = expropydywsp) = expy f(pdywy(p)

(113)
=yexprimWrp) = VPP Wep))-

4. py = piay o F. It is obvious, indeed F(p, wy(p)) = wy(p) and piq : TN — N is
Pid(vp) == exp,(vp),

5. Because of the previous point and because of (110) it is sufficient to prove the assertion
only for p;4. Moreover, in the case of the identity, we can also suppose that {x’} and {y/}
are the same normal coordinates.

8 We are considering on f*T N the action of " given by y - (p, wep)) = p,dyWep))-
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Consider pjq restricted to 7 ~1(U). It can be seen as 7 o ¢ (x, i) where ¢ is the flow of
the system of differential equations given by

)&k:pbk

. o (114)
fif = =T} ou

Because of Lemma 3.4 of the paper of Schick [19], the partial derivatives of ¢ are uniformly
bounded. Then we conclude that the derivatives of p;4 are uniformly bounded. O

4 The pull-back functor
4.1 The Fiber Volume of ps

Lemma 4.1 Consider f : (M, g) —> (N, h) a smooth Lipschitz map between Riemannian
manifolds of bounded geometry. Let § < injy. Then the map ty : (f*(T°N), gsf) —
(M x N, g + h) defined as

tr(p,wrp) = (P, pr(pswrp))) (115)

is an R.-N.-Lipschitz diffeomorphism with its image.
Proof We start by proving that ¢ ¢ is a diffeomorphism with its image. Observe that
dim(f*(T°N)) = m +n = dim(M) + dim(N) = dim(M x N). (116)

Fix some normal coordinates {x’} around a point p in M and let {y/} be some normal
coordinates around f(p) in N. Consider the frame {%} and define the fibered coordinates

{x, u/} related to {%} on f*(T°N). Consider on M x N the normal coordinates {x’, y/}.
Then the Jacobian of ¢ is given by

1 *
Jte(x, n) = 117
£ ) [O Jexpx(m} (117)
Then, since the exponential map is a diffeomorphism for each xq, J is invertible. Moreover,
tr is also injective, indeed if (p, w 7(p)) and (g, v f(4)) have the same image, then p = g and

exXpf(p)Wf(p) = eXPf(p)Vp = Wp = Vp, (118)

since their norm is less than § and § < injy. We proved that ¢ is a diffeomorphism with its
image.

Since py is a Lipschitz map, also ¢ is a Lipschitz map. So, in order to prove that ¢ is a
R.-N.-Lipschitz map, we have to show that it has bounded Fiber Volume. Consider a point

(p,q)in M x N. Then its fiber is empty or it is a singleton {(p, w r(,))}. Because of this and
Vo[TgN
|

because of Remark 15, we obtain that the Fiber Volume of ¢ is given by |z f_l* T Volxy

on the image of ¢ and it is null otherwise.

Vol,.s . . . . .
L NN is a bounded function, which is a priori not clear, then we can

In particular, if FVohray
conclude that 7 is a R.-N.-Lipschitz map.

Consider the fibered coordinates {x’, u/} on f*(T'N) and the coordinates {x’, y/} on
M x N. Because of the definition of exponential map, the image of 7 is contained in a
d-neighborhood of the Graph(f) € M x N. Then we can cover all the image of 7/ using

the normal coordinates {x’, y/} around (p, f(p)).
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Observe that, with respect to these coordinates, we have 7 (0, wl) = (0, ud).

Consider Volf*TaN(x, n) = \/LWGU)()C, wdx! Ao Adp and Voly oy (x,y) =
Jdet(H;j)(x, y)dx! A -+ A dy", where G; is the matrix of gs on f*(T°N) with respect
to {x!, u’} and H;; is the matrix of the metric on M x N. Then

VOlTéN (x )_ ‘/det(Gl'j) (x )
t*Volyxn M _t]’i(,/det(Hij)) M det(Jexp s ()

Observe that in (0, u) the matrix Jexpo(w) is the identity. Moreover we also have that
G;;(0, ) is the identity matrix and so ,/det(G;;)(0, y) = 1. Finally we obtain

(119)

1 0
H;; (0, n) = 120
50, 1) [O e (m] (120)
where h;; is the matrix related to the Riemannian metric / in normal coordinates. Then
a,’et(Hij)_1 (0, y) < C because N is a manifold of bounded geometry (Theorem 2.5 of [19]).

This means that
Volgsy det(Gij)
———O,u)= [—————0,n) <C 121
Volyew M = aercry O (=

and so the Fiber Volume of ¢ is bounded. ]

Corollary4.2 Let f : (M,g) —> (N, h) be a smooth uniformly proper Lipschitz map
between Riemannian manifolds of bounded geometry. Then p 7 is a R.-N.-Lipschitz map and
p; is L*-bounded.

Proof Because of Lemma 4.1, we know that 7 is a R.-N.-Lipschitz map. Notice that py =
pry oty, where pry : M x N — N is the projection on the second component.

Consider f : f*T°N —> N defined as ?(wf(p)) := f(p), Observe that py ~r 1.
Because of Remark 2, in particular (7), there is a C > 0 such that

Pyl@) C Ay =T (Be@) =n""f ' (Bc(g)), (122)

where 7w : f*T®N —> M is the projection of the bundle.

This means that if we fix a ¢ in NV, then the Fiber Volume of 77 in a point (p, g) can be
different from zero only if p € f*l (Bc(q)).

Then, as a consequence of Proposition 2.6, the Fiber Volume of p s in a point g is given
by

Volp,(q) = / Vol (p, g)dum = / Vol (p, )dum
M £ (Be(g)

< K- uu(f~'(Be(@)). (123)
where K is the supremum of the Fiber Volume of #7. Since f is uniformly proper, then the

diameter of f~1(B¢(q)) is uniformly bounded and so there is a point xo in M and a radius
R such that

7' (Bc(q)) S Br(xo). (124)
Moreover, by Remark (3), there is a constant V such that
m (f~ (Be(@) < pum (Br(x0)) <V (125)
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and so
Vol, . (g) <K-V (126)
and pr is a R.-N.-Lipschitz map. O

Remark 21 Consider a smoothmap f : (M, g) —> (N, h) which is Lipschitz and uniformly
proper. Let us suppose, moreover, that (N, &) is a manifold of bounded geometry and (M, g)
has bounded Ricci curvature. Then the map py : (f *(T8N), gs) —> (N, h) is well-defined
and, moreover, using the same arguments we used in this section, it is also R.-N.-Lipschitz.

4.2 AThom form for f*(TN)

Let us introduce the notion of Thom form.

Definition 4.1 Letw : E — M be a vector bundle. A smooth form w in 2, (E) is a Thom
form if it is closed and its integral along the fibers of 7 is equal to the constant function 1.

Given a Thom form w of f*T N such that supp(w) is contained in a §p < § neighborhood of
the null section, let us define an operator e,, : 2*(f*(T°N)) — Q*(f*(T°N)), for every
smooth form « as

e,(@) ;= a Aw. (127)

Our goal, in this subsection, is to find a Thom form w such that the operator e,, is £*-bounded.
To this end we use the Thom form introduced by Mathai and Quillen in [16]. In their work,
indeed, they compute a Thom form for a vector bundle endowed with a connection and a
metric bundle. In particular, we follow the construction of this form given by Getzler in
Proposition 1.3 of [9].

First we construct the Thom form of T N.

Consider the bundle 7 : (TN, hg) —> (N, h) and let 7*(T N) be the pullback bundle
over TN. Consider the bundle metric on 7*(T N) given by 7*h and fix the connection
n*VFC. Denote by Q'/ the algebra

Qb = QUTN, NN a*TN) =T(TN, A'T*(TN) ® A/n*TN). (128)
We define Q** := @ QF/.Thisis abigraded algebra where Q/+/ are the graded subspaces.
i,jeN
Let us define the section X : TN —> n*TN as

X(vp) = (vp, vp). (129)

Fix some normal coordinates {U, x'} on N and let { ~1(U), x’, i/} be the coordinates on
T N induced by {x'} and by {=%-}. Then

ax!
X, )= pl —. (130)
dx!
Consider the map 7*g(X, X) = |[X|>: TN — R
IX12(vp) i= hp(vp, vp) (131)

This map can be seen as a differential form in %0, In fibered coordinates it can be expressed
as

X%, ) = hijCop! i (132)
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Consider n*VhLC(X): this is a form in 21! and, in local coordinates, it is given by

ad a
LC
v, (X) = du! ®F+MV§

: d d
=du' ® — Py + uirk (x)dx’ ® ToE (133)

d
= (05 + /' Tf0)dx/ © TF
Finally let us consider €2 the curvature form of N induced by the Levi-Civita connection V}IL‘ c.
This is a 2-form on N with values in SO (T N), which is the bundle of the skew-symmetric
endomorphisms of 7M. Locally it is given by

9
Q) == R}, (0)dx* Adx! @ (dx ® ﬁ) (134)

where R,;l are the components of the Riemann tensor of N.
Let us 1dent1fy QUN)®SO(TN) with Q' (N) T (A2(T N)) in the following way: for each
A € Q(N)® SO(TN) we define A as the form locally defined as

A®Y) = hei(y), AYej (e (y) Aej(y) € A*(Tw) (135)

where {e;} islan orthonormal frame of T'N. This means that the curvature €2, seen as an
element of Q' (N) @ T(A2(TN)), is locally given by

Qx) = R (x)dx Adx! ® (7 ® 7) (136)
dx/

where R,ijl = his R,{, ;- Pulling back 2 along 7, we obtain 7*$2 which is a differential form
in Q22
Let ¢ : R — R be a smooth function whose support is contained in [8¢, §p]. Assume

that
n(+1) o) |x|?
(-1 2 o (- )dx=1. (137)
Then we define
n k) 1IXE2
= Z %(n*vx + 1 Q)K, (138)
k=0 :

where (7*VX + 7*Q)* is the k-times wedge of T*VX + 7*Q.

Observe that the support of  is strictly contained in a §p-neighborhood of the zero section.
This is a consequence of supp(¢) < [—6o, dol-

In local fibered coordinate {(U, x!, u/)}, the form @ is given by

a
@0, ) = ey, pdx’ Adp’ @ —— (139)

where, because of N is a manifold of bounded geometry, there is a constant C which does
not depend on the choice of U, such that |ocfj (x,w)| <C.

Let us introduce the Berezin integral B. This is the isometry B : A"(TN) — N x R
defined as

B(ay) := (p, Volp(ap)) (140)
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where n = dim(N) and Vol is the volume form of N in a point p.2 Tt can be extended to
B: QY — Q(TN) by setting B(a ® B) :=B(B)a if j = n, B(a ® B) := 0 otherwise.
As shown in Proposition 1.3 of [9],

w = B(w) (141)
is a Thom form. Observe that, in fibered coordinates {x, u} on TN,
w(x, ) = oy (x, wdx" Adu’, (142)

where o7y (x, u) = det(h;j (x))%a(I)J (x, ) and a(I)J (x, ) is the coefficient of dx! Adu’ ®
(% A A %) in @. So we obtain that |y s (x, ©)| are uniformly bounded. Moreover, the
support of w is contained in a §g-neighborhood of the null section.

Proposition 4.3 Consider (N, h) a manifold of bounded geometry. Leta be a differential form
on (T®N, hy). If in fibered coordinates {x*, u'}, where i/ refers to { -1, the coefficients of
a are uniformly bounded, then the pointwise norm |ap| is uniformly bounded.

Proof 1t is a direct computation. O

Let f : (M, g) — (N, h) be a smooth Lipschitz map and consider (f*(T'N), gsy) where
gsy is the Sasaki metric induced by g, f*h and f *VhLC. Observe that if w is the Thom
form on T'N defined in (141) and, if we consider the map F : f*(TN) —> TN given by
F(p,wgp)) = (f(p), wsp)), then F*w is a Thom form for f*(TN) and we also have a
uniform bound on the norm of | F*w|,,.

Proposition 4.4 Let us consider a form o on a Riemannian manifold (M, g). Suppose that
there is anumber C suchthat |ap| < C foreach pin (M, g). Then the operator ey (B) := B
defines an L*-bounded operator.

Proof 1t is a direct consequence of Hadamard-Schwartz inequality [17] which states that,
given some linear forms «j, ..., o in R"” with degree [y, .. ., I, then there is a constant C,
(which only depends on ) such that

log A= Aag] < Clag |- 735 (143)
O

Remark 22 Consider the bundle w : TN — N, let hy be a Riemannian metric of bounded
geometry on N and let V,, LC be the Levi-Civita connection. Fix on T'N the Sasaki metric /g
induced by & and VLC. Assume that a group I acts FUPD on (N, &) by isometries. Observe
that on TN there is an action of I" induced by the differential, i.e.,

y vy i=dy(vp). (144)

Then there is a I'-equivariant Thom form @ for TN which satisfies the assumptions of
Proposition 4.4 and its support is contained in a §-neighborhood of 07 . In order to prove this
fact, consider the Riemannian covering s : (N, h) — (N/ T, h) where h is the Riemannian
metric induced by 4. Then we obtain the map ds : (TN, hs) — (T (N/T), fzs). Observe
that TN /T and T (N /T') are diffeomorphic and ds can be seen as the quotient map. Observe
that hg, which is the Sasaki metric on TN induced by £, is exactly the pullback metric of
hs. Then ds is a local isometry.

9 Actually the definition of Berezin integral is much more general: this is the definition of Berezin integral
for the fiber bundle TN.
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So w := (ds)*« is a '-equivariant Thom form for TN which satisfies all the assumptions
of Proposition 4.4.

Let us consider a smooth Lipschitz map f : (M, g) —> (N, h) between manifolds of
bounded geometry. Suppose that there is a FUPD action of a group I" by isometries on M
and N. Assume that f is I'-equivariant. There is an action of I on f*T N given by

Y -(powrp) = - p,dy(wrp))). (145)

If w is a I'-equivariant Thom form with support contained in a §-neighborhood of Ory
which satisfies the assumptions of Proposition 4.4, we already know that F*w is a Thom
form with support contained in a §-neighborhood of 07y which satisfies the assumptions of
Proposition 4.4. Moreover F*w is also ['-equivariant. In order to prove this it is sufficient to
prove that F : f*TN — TN is I'-equivariant. This is true, indeed

F(yp,dy(wyp))) =dyWwrp) =V - Wep)- (146)
by definition of F.

4.3 The T; operator

Let (M, g) and (N, h) be two manifolds of bounded geometry and let f : (M, g) —> (N, h)
be a uniformly proper, smooth, Lipschitz map.

Let us denote by prjs the projection pryy : (f*(T°N), gsf) —> (M, g),letw be a Thom
form of TN defined as in the previous subsection and consider p s : (f *(T®N), gsf) —>
(M, g) the submersion related to f which we introduced in the previous section. If f is
differentiable, then we can define the operator 7'y for each smooth £P-form as

Tr(a) := pru« o eprw o pyla) = /Ba pi(e) A F¥(w) (147)

where B® denotes the fibers of pry. If f is not a smooth Lipschitz map, we consider a smooth
Lipschitz map f’ which is uniformly homotopic to f'9 and we set!! Ty :=Ty.

Proposition 4.5 Let f be a uniform map between Riemannian manifolds of bounded geom-
etry. Then the operator Ty is an L*-bounded operator.

Proof Let us suppose f is smooth. As a consequence of Corollary 4.2, p* is £*-bounded.
Because of Corollary 4.4, we also know that e+, is an £*-bounded operator. Finally pry; .
is £*-bounded thanks to Proposition 3.4. Then T’y is a composition of L*-bounded operators
and so it is £*-bounded. O

Corollary 4.6 Given a uniform map f : (M,g) —> (N, h) between two Riemannian
manifolds of bounded geometry, then Tr(dom(dpin)) S dom(dpin) and Tyd = dTy. In
particular, this means that Ty induces a morphism in LY P-cohomology. Moreover Ty also
induces a morphism between the reduced L1°P-cohomology groups and the L1°P-quotient
cohomology groups.

10 We know that such a f’ exists as a consequence of Proposition 1.3.

1 Actually, in this case, the definition of Tf does depend on the choice of f ’. We will not denote the choice
of f’ because, as we will see later, Ty induces some operators in (un)-reduced L%P-cohomology and in
L9°P-quotient cohomology which do not depend on the choice of f”.
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Proof Let us suppose, again, that f is smooth and Lipschitz. In order to prove the Corollary
we will prove that the operator 7y satisfies the assumptions of Corollary 2.2. We already
know that Ty is £*-bounded. Then we just have to prove that T¢(QE(N)) € Q¥ (M) and
dTro = Tydo for each o in Qf(N).

Since p s is uniformly proper, for each smooth form o in L?(N)

diam(supp(ep+w o py(@)) < Co. (148)

Because of supp(pry «f) C pry(supp(B)) for each smooth 8 in LP(f*T°N), we obtain
that supp(Tyer) is bounded in M. This means that supp(Tra) is compact since (M, g) is
complete and 77 (22:(N)) € Q. (M).

Observe that ef+, o p3(QEN)) S Q5( F*(T°N)), where QF.(f*(T°N)) is the
space of vertically compactly supported smooth forms with respect to the projection
T fXT8(M) — M.

By Proposition 6.14.1. of the book of Bott and Tu [3], m(Qjc(f*T‘SN) C Q. (M), we

obtain
/ dn :d/ n, (149)
;4 ;4

if nisin Q. (f* T%N). Then we conclude by applying Corollary 2.2. O

Remark 23 Let f : (M,g) —> (N, h) be a smooth uniform map between manifolds of
bounded geometry. Let I' be a group acting FUPD on (M, g) and (N, &) by isometries and
assume f is ['-equivariant.

Consider the action of I" on f*T N definedas y - (p, wy(p)) := (v - p, dyw(p)). Because
of Lemma 3.5, we know that p s is a I'-equivariant map. This means that, if o is a "-equivariant
differential form on N, then also p;-ot is ['-invariant. Moreover we also know that F*w is
['-equivariant (Remark 22).

Finally pra . @ Q5 (f*TN) — Q*(M) preserves the I'-equivariance of differential
forms. In order to prove this statement consider X := M/ and Y := N/T and let f :
X — Y be the map induced by f. Denotebyr : M — X and s : N — Y the covering
maps. Observe that f*TN = r*(f*TY): this follows because TN can be identified with
s*TY and so f*TN = f*s*TY = r* f*TY. Let us denote by pry . the integration along
the fibers of f*TY andlet R : r*f*TY — f*TY be the bundle map induced by r. Then
we can conclude by applying Proposition VII of Chapter 5 in [12] which allow us to say that

pryuxo R* =1%o prx,. (150)

Then Ty = pry o epry 0 p? is a ['-equivariant operator.

4.4 R.-N.-Lipschitz equivalences of vector bundles

Let us consider two smooth Lipschitz maps fo, f1 : (M, g) —> (N, h) between Riemannian
manifolds and consider a vector bundle £ over N. Fix a group I' acting on M and on N.
Then it is a known fact that if fy ~r f1 with a Lipschitz homotopy H, then

JOE) x [0, 11 = fi'(E) x [0,1]1 = H*(E) and fj(E) = f*(E) (151)

where with = we mean that they are isomorphic as vector bundles. As a consequence of this
fact we also have that they are homeomorphic as manifolds.
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Definition 4.2 Consider two vector bundles E, F over a manifold N. Let us suppose that e
is a Riemannian metric on E and f a Riemannian metric on F. Let us denote by E? and
F? the S-neighborhood of the zero sections Og and Or. The bundles (E, ¢) and (F, f) are
R.-N.-Lipschitz equivalent if there is a bundle isomorphism ¢ : E —> F such that

o ¢(E°) = F’ foreach s > 0,
e ¢ps and qb‘}](S are R.N.-Lipschitz maps.

Remark 24 1f E and F are R.-N.-Lipschitz equivalent, then if A : (F 5 f) — (M, g)is an
R.-N.-Lipschitz map, then ¢*A = Ao ¢ : (E®,e) —> (M, g) is again an R.-N.-Lipschitz
map. This means that, up to isomorphisms, we can see A as an R.N.-Lipschitz map from
(E%, e)to (M, g).

Proposition 4.7 Let us consider two Riemannian manifolds (M, g) and (N, [), where (N, 1) is
a manifold of bounded geometry. Consider fy, f1 : (M, g) —> (N, [) two smooth Lipschitz
maps and let H : (M x [0, 1], g +dt%) —> (N, ) be a smooth Lipschitz homotopy between
them. Suppose that for each p in M and for each ty, t; in [0, 1]
injn

d(H(p,n); H(p,n)) < R (152)
Let us denote by gs. 1. the Sasaki metric on (T N) defined by using g, f*(1) and fi*(VlLC)
wherei =0, 1.

Then (fy(T'N), gsf,) and (f{(TN), gs, 1,) are R.-N.-Lipschitz equivalent.

Proof We already know that fT N and f*T N are homeomorphic. In particular, we consider
the homeomorphism # : f'TN —> f T N introduced in Proposition 1.7 of the book of
Hatcher [13]. Before to introduce this homeomorphism we need a specific cover {U;} for
M x [0, 1] and some specific orthonormal frames of H*T N on Uj;. In his proof, indeed,
Hatcher uses a generic cover {U;} and some generic frames of H*T N, but, in our setting,
we need U; and some frames which satisfy some further conditions.

Let us start by the cover. o o

Fix two N-small numbers §; and 8, such that § < “4* and §; < §, — “4*. By Lemma
2.16 of [8] we know that there is a cover {Bs, (¢;)} of N such that a ball Bs, (x) in N intersects
atmost K balls { Bs, (g;)}. Consider the cover of M x [0, 1] given by {H! (Bs,(gi))}. Observe
that

H™"(Bs, (g1) € 7y ' (mo(H ™" (Bs, (g:)))) € H ™ (Bs,(q:)) (153)

where g : M x [0, 1] —> M is the projection on the first component. The first inclusion of
(153)is obvious. The second one is a consequence of (152); indeed, if pisinm (H! (Bs,(qi)))
then there is a #; such that H(p, t1) is in Bs,(g;). Then for all #> in [0, 1] inequality (152)
holds. This implies that

d(H (p.12): 9) = d(H(p.1): H(p.12)) +d(H(p.11).q) = 5 +81 = (154)

and so (p, ) isin H’I(B(g2 (gi)) for each p in [0, 1]. Let us define
Ui == mo(H ™" (Bs, (g:)))- (155)
Let us consider the cover {U; x [0, 1]}. Observe that H(U; x [0, 1]) € Binjy (g;) for each i.

2
Moreover there is a number K such that for each i the intersection (U; x [0, 11)N(U; x [0, 1])
is not empty.
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Let us introduce our orthonormal frame of TN on Bisjy (g;).
2

Consider for each i some normal coordinates {y/} around g;. Fix on T, N the orthonormal
basis {s;(qg;)} where 5;(q;) := %(qi). Using parallel transport along geodesics emanating
from ¢;, we obtain a frame {s, }. Let us denote by {6"} the dual frame of {s, } and let a;, b; :
Binjy (qi) —> R be the function defined by

2

6°(y) 1= a}(y)dy’ and dy* := b5 ()6’ (156)

As shown on pages 6-9 of [19], for each k in N, the partial derivatives of order k of |a;. (&2]]
and of |b; ()| are uniformly bounded by a constant C, which does not depend on Binjy, (g;)
2

or on {y/}. Consider the Riemannian metric / on N. Let us define Aj. = I""al,y; and
BS = Iy b},I". Then

0 d
sr(y) = Ai"(y)ayfw(y) and aTwm = By, (y)sr(»). (157)

Observe that also the partial derivatives of order k of IA; (y)| and of |B§. (y)| are uniformly
bounded.

The frame {s;} can be used to identify w : H*TN — M x [0, 1] on U; x [0, 1] and
U; x [0, 1] x R". Indeed we can identify (p, t, ujsj(H(p, 1)) in 7~ YU x [0, 1]) with
(p,t,put, ..., W inU x [0, 1] x R,

Let us introduce the isomorphism /. By Lemma 2.17 of [8], there is a partition of unity {£}
of N referred to the cover {Bjs, (g;)} where each & is a smooth Lipschitz function. Consider
{¢i} where ¢; := f(£). We know that fo_l (Bs,(gi)) € no(H’l(Bgl (gi)) = U;. This means
that {¢;} is a smooth Lipschitz partition of unity subordinate to U;. Let ¢; : M — [0, 1]
be

Yi=¢1+¢2+ -+ ¢ (158)

Let M; C M x [0, 1] be the graph of y; and let 7; : E; —> M; be the restriction of H*T N
to M;. Since H*T N is trivial on U; x [0, 1], then homeomorphism e; : M; —> M4
defined as ¢; (p, ¥; (p)) := (p, ¥i—1(p)) lifts to a homeomorphism h; : E; —> E;_1. This
homeomorphism is the identity outside 77~ (U; x [0, 1]), and on p~'(U; x [0, 1]), it is
defined by

hi(p. ¥i(p), v) == (p, Yi-1(p), v). (159)

Then homeomorphism 4 is given by the composition
h::h]OhQOh:;O"'. (160)

We already know from Proposition 1.7 of [13] that % is an isomorphism of vector bundles
and so, in particular, a diffeomorphism.

Fix on M x [0, 1] the metric g + d¢2. Let us consider the maps f, : M —> N defined
as ﬁ(p) := H(p, ¥i(p)) and consider the Sasaki metric 8,7 on E; induced by the metric
g on M, the pullback metric fi*l and the pullback connection fl* VILC. Observe that outside
7~ Y(U; x [0, 1]) the map h; : (fl.*TN, 8S.fi) — (ﬁilTN, gs, f,_,) 1s an isometry. This
follows because fi_l = f, outside 7 ~1(U; x [0, 1]). Then the norm of dh; and the Fiber
Volume of &; are both equal to 1 outside 7~ 1U; x [0, 1]). Let us consider h; on 7~ (U; x
[0, 1]).
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Consider p in U;. Recall that we have on Bisjy (gi+1) some normal coordinates {y?}. Fix
2
a constant K such that K > sup{1, ||dH(q, t)||} for each (g, t) in M x [0, 1]. Choose some
normal'? coordinates {W, x/} around p such thatin W x [0, 1] the norms of the derivatives
of H: W x [0,1] —> Binjy (gi+1) and the norm of the Gram matrix of g with respect to
2

{x'} are uniformly bounded by K. Let {x7, u?} be the fibered coordinates on ;’fH (TN)\v; 44
related to the frame {ai} On the other hand we can also define the fibered coordinates
{x/, v?} on f+1 (T N)\u;., related to the frame {s;}.

In the same way we obtain {x/, o¢} which are the fibered coordinates on f *(T N) related
to the frame { 37 -} and the coordinates {x/, 7%} which are the fibered coordinates related to
the frame {s;}.

With respect to the coordinates related to the frame {s;} we have h; (x, v) = (x, v), while,
with respect to the coordinates related to { —}, we obtain

h,~+1(x, w) = (x’, Al (ﬁ(x))B’ (fir1 ™). (161)

The norms of o= and 3 ,_” with respect to 85,7, and the norms of -7 and 3 m with

xi X!

respectto gg = are umformly bounded by a constant L which does not depend oni (thls isa

consequence of (89)). Then, since the norms of the derivatives of Ai and B;, are uniformly
bounded by a constant C, we obtain that the Lipschitz constant of /; is less or equal to CZ- L
Let us focus on the Fiber Volume of /; on U;.
Observe that, since 4; (x, v) = (x, v),

det(Gyj)
Volp, , (x,v) = hz+1 m(x, V) 162)

= \/del(Grj)det(ij)_l ()C, U).

where G,; is the matrix related to the metric gg. i with respect to the coordinates {x, v}
and L j is the matrix related to g S fF with respect to the coordinates {x, t}. Observe that

det(G,j)(x,v) = det(G,))(A(x, v)) - det(J4(x, )%, (163)

where A is the change of coordinates from (x, v) to (x, ), J4 is its Jacobian and Gr j is the
matrix related to the metric g 7 with respect to the coordinates {x, u}. Define
Jit1

AQx,v) = (e AL(fi ). (164)

Notice that the determinant of ék, is uniformly bounded on each §-neighborhood of the

O-section of f;* | T N (this is a consequence of Formula (89)). Then

|det(Grj)(x, v)| = |det(Gr))(AGx, v)| - [det (Ja (e, )P < T 7y (v 1), 0 )
(165)

where J : R — R is a function which does not depend on i.
Let us focus on det (ij)_l. We have

det(Lyj) "' (x, ) = det(Li,)) ' (A(x, 7)) - det (J5(x, 7))?, (166)

12 with respect to g.
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where A is the change of coordinates from (x, 7) to (x, o), J is the Jacobian of its inverse

and I:kr is the matrix related to the metric g S, £ with respect to the coordinates {x, o}. Let
us define

Ax,v) = (!, AL(fionT)). (167)
and

A@x,v)™h = (L BI(fi))o ). (168)

Notice that the determinant of I:,;rl is uniformly bounded on each §-neighborhood of the
O-section of f*(T N) (this is a consequence of Formula (91)). Then

det(Lij)~" (0, )| = |det (L)~ (Alx, )| - [det (Jg(x, D) < F(df((x, 10), 02 ),
(169)

where F : R — Riis a function which does not depend on i. This means that for each § the
Fiber Volume of h;| _, w is bounded in each §-neighborhood of the 0-section of f*T N by

a constant C(§).

Then, in order to conclude the proof, we just have to observe that, since for each p in M
there are at most K of U;’s such that p € Uj, then the Lipschitz constant of % is bounded by
C?K . LX and the Fiber Volume of / is uniformly bounded by C(8)X. The same also happens
for h~! and so S (T'N) and f;(T N) are R.N.-Lipschitz equivalent. O

Proposition 4.8 Let us consider fy, f1 : (M,g) —> (N, h) two smooth Lipschitz maps
such that fo and f1 are Lipschitz-homotopic. Then (fo*(TN), gs,0) and (f{'(TN), gs,1) are
R.-N.-Lipschitz equivalent.

Proof Let us consider a smooth Lipschitz homotopy H between fj and f;. Consider a finite
partition {[s;, si4+1]} of [0, 1] such that s; 1 —s; < %, where Cy is the Lipschitz constant
of H. Let us define the maps H; : (M, g) —> (N, h) as H;(p) := H(p, s;) then we can
observe that
injn
d(Hi(p), Hi+1(p)) <d(H(p,si), (p,si+1)) < Cx - (sit1 — 5i) =

(170)

Then it is sufficient to apply the previous lemma to H; and H;y and observe that a compo-
sition of R.-N.-Lipschitz map is a R.-N.-Lipschitz map. O

Corollary 4.9 Consider a Lipschitz map H : (M x [0, 1], g + dt*) —> (N, h). Suppose
that g satisfies the same assumption as Proposition 4.7. For each i in [0, 1], denote by
fi : (M, g) —> (N, h) the map defined as fi(p) := H(p,i). Assume that there is an &-
neighborhood of i in [0, 1] such that H(x,t) = fi(x) on this neighborhood. Then the vector
bundles (H*(TN), gs.u) and (f*(TN) x [0, 1], gs7. + dr?) are R.-N.-Lipschitz equivalent.

Proof Let us define the map f; : M x [0,1] — N as f;(p,s) := f;(p). Observe that
the Sasaki metric on 7?(TN ) defined by using g, ?T (h) and 7;‘(VhLC) is the product metric
between the Sasaki metric on fl* (T N) and the metric d72 on [0, 1].

Then we can conclude by observing that the map

H: (M x [0,1] x [0, 1], g +ds*> + dr?) — (N, h) (171)
defined as H(p, s, t) := H(p,i-t+s-(1 —1))isaLipschitz-homotopy between H and f;.
O
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Corollary 4.10 Consider two smooth Lipschitz maps fo, f1 : (M, g) —> (N, h), assume
that g satisfies the same assumptions of Lemma 4.7. Suppose that fy and f1 are Lipschitz-
homotopic with a smooth Lipschitz homotopy H. Assume that there are two e-neighborhoods
Up and Uy of M x {0} and M x {1} such that H(p,t) = fi(p) for each (p,t) in U;. Let us
denote by

@ : (f(TN) x [0,11, gs., + di*) — (H*TN, gsn) (172)
the R.N.-Lipschitz equivalence of vector bundles. Then the restriction
9= Pyt U5 (TN), g5.70) —> (FT (TN, gs.7): (173)
is a R.N.-Lipschitz equivalence of vector bundles.

Proof We know that ¢ is a vector bundle isomorphism: its inverse is given by the inverse of
& restricted to the bundle H*T Ny x(1). Moreover the injections j; : (fi*(TN), gsf;) —
(H*TN, gp) are isometric embedding since H is constant around M x {i }. Then the bounds
on the Fiber Volume and on the Lipschitz constant of ¢ are the same of ®. O

Remark 25 Leti = 0, 1 and consider two smooth Lipschitz maps f; : (M, g) —> (N, h).
Let us suppose that / is a Lipschitz homotopy between fy and fi. Let p;, and py, be the
submersion defined in Lemma 3.5 related to 4 and to f;. Then

pro®: (f{(TN) x [0, 11, gs, s, +dr*) — (N, h) (174)
is a smooth Lipschitz homotopy between p f, and
prod: (fF(T°N). gs.0) — (ff (T°N), gs.5,)- (175)
Moreover it is also true that
Ty = prui«oerry © Py,
= priiso (") 0@ oepr, 0 (81 0 d* 0 p (176)
= Pruos © eprriw © (Pf; 0 9",

where pry; @ f(TN) —> M is the projection of the bundle. This means that up to
R.N.-Lipschitz isomorphisms, we can consider p s, as a map defined on f7T N and p; as a
homotopy between p s, and p . From now on we will not write the isomorphisms ® or ¢
every time.

4.5 Lemmas about homotopy

In this section we study the £*-boundedness of the pullback of some homotopies.

Lemma4.11 Let f : (M,g) —> (N, h) be a smooth Lipschitz map and let § < injy.
Consider the homotopy H : (f*(T°N) x [0, 11, gs + dt2) —> (N, ) defined as

H(p,w,t) :=pr(t-wgp)). (177)

Then, if f is a smooth R.-N.-Lipschitz map, then also H and (H,id|o,1)) : (f*(T°N) x
[0, 1], gs + dtz) —> (N x [0, 11,1 + d¢?) are R.-N.-Lipschitz maps.
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Proof Observe that H = pry o (H, id|o,17), where pry : N x [0, 1] — N is the projection
of the first component. In particular pry is a R.-N.-Lipschitz map. This means that if we
prove that (H, idjo,1]) is a R.-N.-Lipschitz map, then also H is a R.-N.-Lipschitz map.
Observe that f* (TPN) x {0, 1} is a set of null measure and so we can consider the interval
[0, 1] as open.
Let us define the map

(pru. H.id 1)) : (f*T°N x (0, 1), gs +di*) —> (M x N x (0, 1), g x h +dt?)
(178)

givenby (pry, H, id,1)) (Vr(p), s) := (p, py(s-vp), s). Thismap is a submersion since we
are considering s # 0. In particular (pry, H, ido,1y) is Lipschitz since it is a composition
of Lipschitz maps.

Moreover (H,id,1)) = pryxo,1) © (prmu, H,id,1)) and so, by applying Proposi-
tion 2.6, we have

VOZ(H’,'d(OVI))(q,I):/ VOl(prM,H,id(m))(P,q,t)dMM- 179)
M

Let us calculate the Fiber Volume of (pry, H, id(.1)).

Similarly to Lemma 4.1, consider for each p in M some normal coordinates {x'} around
p, some normal coordinates {yj } around f(p) in N. Fix the frame {%}, we obtain the
coordinates {x!, u/, t} on f*(T'N) x [0, 1] around (p, 0, 0).

Moreover we can also fix the coordinates {xi, yj, tfonM x N x [0, 1].

Observe that the coordinates {x’, yf , t} are enough to cover the image of (idy, H, id|o,1})
which is contained in a §-neighborhood of Graph(f) x [0, 1].

Finally, with respect to these coordinates, we obtain

(pru, H,id,1))(0, /1) = (0,1 -y/, ). (180)

Similarly as we did in Lemma 4.1, the Volume forms Vol + (1 nyx[0,11(0, i, ) = dxl A A

dx” Adpl A- - Adp” Adt and Volpyrx 10,110, v, 1) = /det (H;; (0, y))dx! A-- - Adx™ A
dy' A+~ Ady" Adt, where

1 0 0
Hij(0,y) = |0 his(y) 0 (181)
0 0 1

and h; ; are the components of the metric 2 on N. Then (pry, H, id|o,1)) is a diffeomorphism
with its image and so, by applying Remark 15, its Fiber Volume on im(pry, H, idjo,1]) is
given by

Vol g+ N x[0,1]

\[(prae, H.idpo,1) ' T* — .
(pry, h,ido1)*Volpxnxo,1]

(182)

Observe that, similarly to Lemma4.1, ina point (0, yj , t) the Fiber Volume of (pryy, ﬁ, ido,1))
is
Vol p+7 N x[0,1]
(prm, H,idip1)*Volyxnx[o,1]

1
= t—n(l + C(, ), (183)
where C is a bounded function.
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Consider the projection pryxo,1] : M x N x (0,1) — N x (0, 1). Let us recall that,
thanks to Proposition 2.6, we have

Vol .idg ) (4, 1) :/ Voliiday, H.idop (P> g, Ddim. (184)
M

We know that outside the image of (idy, H, idjo,17) the Fiber Volume Vol(i4y,. H.idy 1)) 18
null. Let us denote by H, : M x N —> N the map defined as H,(p,q) := H(p,q,1).
Observe that V01(idM,H,id[0_1]) on M x {g} x {t} is null outside

pru(H (@) x {g} x {t} 2 lim(idy., H. idio D) N [M x {q} x {1}]. (185)
Since H is Lipschitz, by applying Remark 2, we have
H (@) S 7' (f 7 By (@) x 1) (186)

where 7 : f*T N — M is the projection of the bundle and C is the Lipschitz constant of
H.So

pra(H () x {q} x {t} € £~ (Bcy1(9)) x {q} x {t}. (187)
Observe that, since N is a manifold of bounded geometry,
uN(Bey .1 (q)) < CHt"(1+ L(1)) (188)

where L is a bounded function which depends by 7.
Then because of the fact that f is a R.-N.-Lipschitz map, we obtain

1w(f~ (Bey1(@))) < Kopn (Bey1(@)) < KoClyt" (14 L(1)), (189)
Then the Fiber Volume of (H, id,1)) is given by

Voliu.idg ) (4, 1) = / Volidy.H.ido.) (P> 4> DAium
f’l(BcH‘;(q))

IA

ti,,(l +C(1, ) - (KoClyt" (1 + L(1))) (190)

K~i-t”<K.
tn -

IA

and so (H, id,1)) is a R.-N.-Lipschitz map and so also
H = pryo(H,idg,1)) (191)
is a R.-N.-Lipschitz map. O

Let us consider two smooth uniformly proper Lipschitz maps g : (S, v) — (M, m) and
f :(M,m) — (N,I) between manifolds of bounded geometry. Let us define the map g :
g*T? M — M defined as g(vg(p)) := g(p) and consider the submersion p, : g*T° M —
M related to g.

Consider, moreover, the compositions f og and f o pg : g*T°M — N. Observe that
these maps are Lipschitz-homotopic. Then, because of Remark 25, the pullback bundles over
S given by (f 0o ©)*TN and (f o pg)*T N are R.-N.-Lipschitz homotopy equivalent. This
means that, up to R.N.-Lipschitz equivalence of vector bundles, we can suppose

(fo®)"TN = (fopy)*TN. (192)

Then we can see the maps p op, and p oz as defined on the same domain (f o0 g)*TN.
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Denoteby i : g*(T° M) x [0, 1] —> N the homotopy defined as h(vg(p), 1) := fopg(t-
Vg(p)) between f o p, and f o g. Because of Corollary 4.9 the bundles (h*(T' N), gs,5) and
(fo E*(T‘SN ) x [0, 1], gs + dtz) are R.-N.-Lipschitz equivalent. In particular, according to
Remark 25, we consider

pr: (f o @)*(T°N) x [0, 1], g5 +dr?) — (N, ]) (193)

is a R.-N.-Lipschitz map because /& is smooth, uniformly proper and Lipschitz map and
because of Remark 21.
Observe that pj, is a Lipschitz homotopy between the maps pyroz and pgop, : f o

g(T°N) — (N.D).
Applying the point 4. of Proposition 3.5, we obtain that

Pfopy = Pidy © F o Py =pyoPy (194)
where F : f*(T°N) — T’N is the bundle map induced by f and
Pe: (fo@)*T°N = (f o po)*T°N — f*T°N (195)
is the bundle map induced by p,. Then we obtain the following proposition.
Proposition 4.12 The map H : ((f o g)*T°N x [0, 11, gs + dr?) —> (N, I) defined as
Hyog, 1) := pr(Pg(t - vyog)) = p (196)

is a R.-N.-Lipschitz map and it is the homotopy between p fop, and p fog.

4.6 Uniform homotopy invariance of (un)-reduced L9°P-cohomology

Before the final proof we need some lemmas.

Lemma4.13 Let (M, g) be a Riemannian manifold and consider ([0, 11, dt?). Then there

is an L*-bounded operator fol.c  LP(M x [0,1]) —> LP(M) such that for all smooth
o e LP(M x[0,1)]),

1 1
ifo —igo = / do + d/ o (197)
0c 0c

Moreover folc sends compactly supported differential forms on Q*(M x [0, 1]) to QE(M).

Proof Let « be in (M x [0, 1]) with compact support and let p : M x [0, 1] — M be
the projection on the first component. Then we can decompose every differential form on
M x [0, 1] as a sum of forms

a=gx,)pfo+ f(x, t)dt A po, (198)

for some w in Q.(M) and for some C*°-class functions g, f : M x [0, 1] —> C. Then we
can define the linear operator fol r as follows: if « is a 0-form with respect to [0, 1], then

1 1
f o= / gx,Hp*w =0 (199)
0 0

L L

and, if « is a 1-form with respect to [0, 1],

1 1
f o= ( f fix, z)d;) w. (200)
0,L 0
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This operator is very similar to the operator p, (the integration along the fiber of p : M x
[0, 1] — M), but they differ by sign. Consider « in QF (M %[0, 1]): we have folz: o =*Ep,o
where the choice between + or — depends on the degree of «. This implies that the norm of
fol . 1s equal to the norm of p, as operators between the £9-spaces for each g in [1; +00).
Then, by Proposition 3.4, we can see that p, and fol  are L*-bounded.

We know from Lemma 11.4 of the book of Lee [15] that folﬁ CQ¥(M x [0,1]) —
Q*~1(M) and that for all differential forms equality (197) is satisfied. O

Proposition 4.14 Let id : (N, h) —> (N, h) be the identity map on a manifold of bounded
geometry and consider pig : T'N —> N the submersion related to the identity defined in
Lemma 3.5. Then, if pry : T*N — N is the projection of the tangent bundle, then there is
an L*-bounded operator Ky : L*(N) — L*(T°N) such that for every smooth form a

ple—prya=do Ko+ K| oda. (201)
Moreover, if o is in Q}(N), then Ko € Q*(T°N) has compact support.

Proof Observe that pry is a Lipschitz submersion with bounded Fiber Volume and so pry
is a bounded operator.

Moreover p;q and the projection pry : (T°N, gs) —> (N, h) are homotopic. In partic-
ular, the homotopy H(w), s) = p;q(s - wp) is a Lipschitz map. Moreover, by Lemma 4.11
we know that H is R.-N.-Lipschitz and so H* is an £*-bounded operator.

This means that for all & in Q7 (N), because of Lemma 11.4. of [15]

1 1
ply—pry(@) =ifH e —igH*a = H*da +d H*a. (202)
0L 0L
Then K| := folﬁ oH* satisfies (4.14) and it is £*-bounded. O

Proposition 4.15 Consider g : (M, m) —> (N, h) and [ : (N, h) — (S, r) two smooth
uniformly proper Lipschitz maps between manifolds of bounded geometry. Let § < injy and
o <injs. Denote by g : g*(TSN) —> S the map g o pry, where pry : g*(TSN) — M.

Then there is an L*-bounded operator K> : £L*(N) —> L*((f 0 §)*T?S) such that for
every smooth form o

Plop,@ = Ploge = d 0 Kxa + Kz o da. (203)
Moreover, if o is in Q%(S), then Ky € Q*((f o 2)*T?S) has compact support.

Proof Consider h : g*T°N x [0, 1] —> S the map h(wg(p). 5) := f 0 pg(s - Wg(p)). This
is a Lipschitz homotopy between f o p, and f o g. Let us define the submersion related to
h defined in Lemma 3.5

ph i (fog)(T?8) x [0,1] — S. (204)

Actually the domain of pj, should be #* T S and the domain of f o Dg shouldbe (fopg)* 738,
but we are considering these maps defined up to R.N.-Lipschitz equivalence of vector bundle
(see Remark 25).

Observe that py is the homotopy between py o P; = pyrop, and pyoz defined in
Lemma 4.12 and recall that pj is a R.-N.-Lipschitz map. Let us define the operator
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Ky = folﬁ opy. It is an L*-bounded operator because it is a composition of £*-bounded
operators. Then for every smooth form o we have

(bepg)*a - ijog“ = (ig — i) ppo

1 1 (205)
:(do/)pZ(x—i—(/ od)pZot:doKza—l—Kzodot.
0L 0L

Finally, since pj, is a proper map (it is a composition of proper maps), if « € QX(S) the
support of Krar € Q*((f 0 g)*T?S) is compact. O

Proposition 4.16 Let fo and f1 : (M, m) —> (N, 1) be two smooth, uniformly proper and
Lipschitz maps between manifolds of bounded geometry. Let us suppose that fi ~r fo
with a smooth Lipschitz homotopy. Then there is an L*-bounded operator K3 : L*(N) —>
L* (p;il T8 N) such that for all smooth form o

pha—pje=doKsa+ K3 oda. (206)
Moreover if o € QF(N) then the support of Kza € Q*(p’;i1 TON) is compact.

Proof Observe that &, the homotopy such that A(p,0) = fi(p) and h(p, 1) = fo(p), is
a uniformly proper Lipschitz map. Let us define the metric gs on fl*T‘SN as the Sasaki
metric defined by using the Riemannian metric m, the bundle metric f/ and the connection
f* yvLC.N

By applying Corollary 4.2, we obtain that py, : (fl*T‘SN x [0, 1], gs + dr¥) — (N, h)
is a R.-N.-Lipschitz map and so pj is an L*-bounded operator.

Moreover pj, is a Lipschitz-homotopy between p f, and p y,. This fact follows directly by
the definition of submersion related to a Lipschitz map in Lemma 3.5 and by Remark 25.

So we can conclude as well as we did in Propositions 4.14 and 4.15 by considering
K3 = folﬁ opj, and by using that pj, is a proper map. O

Proposition 4.17 ~Consider (M, g),(N, h) and (S, 1) three manifolds of bounded geometry
and consider f, f : (M,g) — (N,h), F : (M,g) — (N,h)and g : (S,]) — (M, g)
three uniform maps, possibly non-smooth. Then, in LYP-cohomology,

L. Tiay = Idug ),

2. let us consider a Thom form @ on Q*(T N). Assume that the pointwise norm of w is
uniformly bounded and that the support of w is strictly contained in TN N3 Let us
suppose that f ~r f with a smooth Lipschitz homotopy. Then, in L°P-cohomology,

Ty = prys o e, © pjc, (207)

3. if f is not differentiable and f' is a smooth Lipschitz maps which is Lipschitz-homotopic
to f, then Ty does not depend on the choice of f’,

4. if f ~r F then Tf =TF,

5. Tfog=Tg 0Ty,

6. if f is an L*-map'* then f* = Ty,

Moreover the identities above also hold in reduced L9 P-cohomology and in L9°P-quotient
cohomology.

13 For example as the Thom form defined in Sect. 4.2.

14 This means that f is a smooth R.-N.-Lipschitz map which is also uniformly proper.
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Proof Point 1. Let us consider the standard projection pry : TM —> M andlet§ < injy.
Because of Lemma 4.14, for all smooth forms & in (M),

priyy — Pig@) =do K1+ Ky od(). (208)
Then the identity map in £7 (M) can be written as
1(er) := pra« o ey 0 pri(c) (209)

where pr . is the operator of integration along the fibers of prj; and w is a Thom form with
uniformly bounded pointwise norm and support contained in 7% M (see Sect. 4.2).
Then for every o € Q} (M)

1 = Tigy (@) = pryx o e 0 (pryy — pipa 210)
= prysoeyo(doK;+ Kjod)a.

Observe that since w is closed, d (o A @) = (da) A w. Moreover o A w is in 3. (T M). This

means that the exterior derivative can be switched with prys,. and so

1 —Tigy () =d o pryxoe, o Ki+ prysoe,oKiod(a) @11
=doYi+ Y od(a),
where Y| := prys o e, o Ki. Observe that Y| is an £*-bounded operator because it
is a composition of £*-bounded operators. By applying Proposition 2.1, we obtain that
Yi(dom(d)) € dom(d) and so (211) holds for every « in dom(dy;,). Then in L9-P-
cohomology we obtain

Iduy ) = Tiay- (212)

Point 2. Consider @ a Thom form of TN which has support contained in 7°N and
uniformly bounded pointwise norm (for example the Thom form of Sect. 4.2) and let i :
M x [0,1] —> N be a smooth Lipschitz homotopy between f and f. Consider gs the
Sasaki metric on T®N induced by the metric on N and by the Levi-Civita connection on
T N. Moreover let us denote by gs, s the Sasaki metric on f*T N induced by the metrics on
M and on N and the pullback of the Levi-Civita connection on 7' N. Then the fibered map
induced by h

H:(W*T°N, gsn) —> (T°N, gs)

(213)
(Ps t, Wh(p.r)) —> Wh(p.o)
is Lipschitz. By Remark 25 we can see H as a Lipschitz map defined on (f*(T°N) x
[0, 1], gs, 7 + dr?). Observe that F*w = igH*w and Fro = ifH*w where i; : M —
M x [0, 1] is defined by setting i ; (p) = (p, j) for each j in [0, 1].
Observe that

1 1 1

Fro—Fo=d| Ho— | H'dw= d/ H*w. (214)
0L 0L 0L
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Then, if we consider & an £? smooth form on f*T? N, we obtain

1
eFry — €, (@) =a N d H*w

0L
1 1
= (—1)?8@ g (q /\/ H*w) — (=D @goq A | H*o
0L oc (215)
1 1
= (—1)?8D g (q /\/ H*w) — (—1)d€g<‘*>/ doa A H*®
0L 0L

=doK — K od(x)

where K () = (—1)4e8@ ofolﬁ oe g+ (). Observe that the pointwise norm of w is uniformly
bounded in 7' N: it follows from Sect. 4.2. Then, since H is a Lipschitz map, also the norm
of H*w is uniformly bounded in f*T‘SN x [0, 1]. This means that eg+,, is an £*-bounded
operator.

This implies that for each smooth form « in £L”(N) for all p € [1, +00),

Tf — Prms© €fuy, © Pr(@) = prygu o (eprw — €fu,) 0 Pt

216
:prM*o(doK—Kod)op}oz:doJ—Jd(ot), 10

where J := pry. o K o pji-. Observe that J is £*-bounded because it is a composition of
L*-bounded operators. Then, since J (2} (N)) € Q% (M), we conclude the proof of Point 2
by applying Proposition 2.1.

Point 3. Consider two smooth Lipschitz approximations f1 and f> of f. This in particular
means that fi ~r f>. Let us consider, now, a smooth Lipschitz homotopy H between f;
and f> as in Lemma 1.5. We know, thanks to Proposition 4.16, that there is an £*-bounded
operator K3, such that for every « in Q3 (N)

p;‘pl —p;vz(a) =doK;+ K3od(a). 217)
Moreover, by the previous point, if we consider the Thom form F}*w of f{*T N defined as in
Sect. 4.2, we obtain that
sz = prM*OeFl*wOp?z. (218)
Moreover, by the previous point, we can also suppose that
Tjy = prae o ety 0 ;- (219)

This means that if we consider the £*-bounded operator15 Y3 := prysoe Fro© K3, then for
all o in ©%(N) we obtain

Tf] - sz(O() = DPrmx © eFl*w o (p?I - Pf;z)

(220)
= PIMx« © €Fiy © (doKs+ Kzod)(@) =doY3+Y;0d(a).

Again, by applying Proposition 2.1, we obtain that the identity above holds for all 8 in
dom (dmin)-

Then, in L9 P-cohomology, Ty does not depend on the choice of the smooth Lipschitz
approximation of f.

15 It is £*-bounded because it is a composition of £*-bounded operators.
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Point 4. Let us consider f/ and F’ two differentiable maps which are Lipschitz-homotopic
to f and F. Let H be asmooth Lipschitz homotopy between f’ and F’. Then we can conclude
as the previous point.

Point 5. Thanks to the previous points, we can consider f and g as smooth maps. Let
us define the vector bundles prs : g*T°M —> S, prss> : (f o 9)*T’N —> S. Moreover
denote by g : g*T° M — M the map defined as g := g o prg. We know that

(fo@)'TN = pr5,g"(TM) = prg(fog)'TN = (fog)'TN®g'TM (221)

as vector bundles over S. Then, we obtain the following diagram

(fo®)*T°N (222)
PK
PRs JPRN
(f og)*T’N g T°M fXT°N

I S
prs Prv
S u M— 3N

where PRg, PR, and P, are the bundle maps induced by prg, prs> and by p,. In particular
prszoPRS =pr50PR52. (223)

Observe that on (f 0 g)*TN = pr§,g*(T M) there is the Sasaki metric g; induced by the
Sasaki metric on (f o g)*T N, the pullback bundle metric of g*(7 M) induced by the metric
on M and the pullback connection of Vflc.

Moreover if we consider (f o g)*TN = pri(f o g)*TN, then we can define the Sasaki
metric g» induced by the Sasaki metric on g* (7' M), the pullback bundle metric of (fog)*T N
induced by the metric on N and the pullback connection of Vk,c.

In order to prove this equality between metrics, let us fix some normal coordinates {x'}
around a point s in S, {y/} around g(s) and {z*} around f o g(s). Then we consider on
(f o @)*TN the fibered coordinates {x’, u/, o} related to the coordinates {x'}, the frame
{8%].} and the frame { %}. Then by formula 89, we obtain that the matrices related to g; and
g2 on a point (0, 11, o) are both the identity. So g = g>.

This means that, with respect to the metric g, the maps P Rg, P Rs, are R.N.-Lipschitz.
Moreover, since P, ~ g, we also have that P, is R.N.-Lipschitz. Finally, because of Propo-
sition 3.4, we also have that P Rg, and P Ry, are both £*-bounded operators.

Consider the submersions p : f*T°N — N, Pg 1 8 T°M — M, prog : (f o
@)*T’N — Nrelatedto f, g, and fog. Then, as a consequence of the previous Proposition,
we obtain for every « in 2% (N)

(Py)* 0 pls — Prog(@) =d 0 Ky + K2 0d(@). (224)

Let us denote by w and @’ some Thom forms of TN and of T M with uniformly bounded
pointwise norms and support contained in 7° N and 7% M.

Let us denote by FG : (f o )*T°N — TN the bundle map induced by f o g.
Moreover we also denote by F : f*T°N — T°N and G : g*T° M —> T M the bundle
maps induced by f and g.
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Then
Trog = Prsa« © €(FG)*w © P_?og

= Prs§2% © id(fog)*T‘sN [e] E(FG)*w [e] p}og

* B (225)
= prsa. o PRg . o €PRY,G*al © PRS0 e(FGyw© PFog
= prs2« © PRs .. 0 €pR G*w/ © €PRUFG)*w © PRS0 Doy,
Observe that p oz = prog © PRg, and so
Tfog = Prsa« © PRs . 0 €pRy, G/ © €PRE(FGY o © Pfog- (226)
Now we will focus on T, o Ty. Observe that
Tg o Ty = Prsx0eGra © Pg © PrM © €F*w O P (227)

It is possible to apply the Proposition VIII of Chapter 5 in [12] to the fiber bundles
f oE)*T‘SN, PRs>, g*T° M, Ba) and (T° M, pry, M, B?) and the bundle morphism Py
induced by p,. We obtain that pg oprms = PRga w0 P;. Moreover Pg* 0CF*w = €PsFiwO Pg*.
This means
Tgo Ty = prs.oeGw © Py © PrM+ © €F+ © Py
= Prs« 0 €Grw © PRs2w 0 eprp+w 0 Py o pj (228)
= prs« 0 PRs2,4 0 €pR G*oy © €PrF*w © Py 0 P}
Because of (223) we obtain prg, o PRg2 . = prsa. o PRg ..
Moreover P R (F G)*w is the pullback of @ along the bundle map induced by f ogo prs2,
butit can be also seen as the pullback of @ along the bundle map induced by fogoprs = fog.
On the other hand ng" F*w is the pullback of w along the bundle map induced by f o p,.

Then, by Point 2 and since f o g and f o p, are uniformly homotopy equivalent, there is an
L*-bounded operator K such that

€PRLFGy0 — ePrFro(@) =d o K — K od(x) (229)

and K $ has compact support if § has compact support.
This means that, on Q%(N), because of Proposition 4.15, we have

Tfog — Tg o Tf = Prs2x © PRS,* o ePR§2G*w’ [e) [dK — Kd] o pjfog
+ Prs2« © PRS’* o epszzoG*w/ o ePR;(FG)*w o [K2 od + do Kz]

=doQ—Qod+doW+ Wod
(230)

where Q := prgi. o PRg o €PRE, Gl © Ko P’}og and W := prga. 0o PRg .0 €PRL,G o ©
€PRL(FG)*w© K. Observe that Q and W are £*-bounded operators. Moreover W (2% (N)) €
Q%(S) and Q(RE(N)) € Q%(S). Because of Proposition 2.1, W(dom(dy 4)) S dom(dp 4)
and Q(dom(d, 4)) € dom(d, 4) and so, in L9°P-cohomology,

Tfog =Ty o Ty (231)

Point 6. In order to prove this statement we have to observe that, by Lemma 3.5, py =
pia o F. Let us consider a form « € Q}(N):

Troo = prysoe,o F*oplia = pry.o F*oe,o pjja. (232)

@ Springer



Annals of Global Analysis and Geometry

Now, thanks to the Proposition VIII of Chapter 5 of [12],

Troa = pryo Ffoe,o pla
f P*M* [0} p:(d . (233)
= ffoprycoeyopya = f ol
Since f is R.-N.-Lipschitz, f* is £*-bounded. Then (233) implies Ty = f* o T;4,. So on
dom(dy,i,) the following holds

f*—Tf:f*o(l—TidN):f*o(doyl+Y10d). (234)

Observe that f*(QX(N)) € QF(M) since f is proper. Moreover f*da = df*« for all
smooth form «. Then on dom (d,,i,)

ff=Tr=f"odoY1+Yiod)=doW+Wod (235)
where W = f* o Y;. And so in L?>P-cohomology
=1y (236)

In order to conclude the proof we have to show that all the identities above also hold in
reduced L?-P-cohomology and in L?-P-quotient cohomology. To this end observe that if
Q = dZ £ Zd as operator on dom(d), and Z is an L*-bounded operator then, in reduced
L%P cohomology, Q is the null operator. This is a consequence of Corollary 2.2. O

Corollary 4.18 Let (M, g) and (N, h) be two oriented manifolds of bounded geometry. Let
f 1 (M,g) — (N, h) be a uniform homotopy equivalence. Then the (reduced or not)
L%P-cohomologies and the L9P -quotient cohomology groups are isomorphic.

Proof Since f and its homotopy inverse g are uniform homotopy equivalences, then they
are uniform map. Moreover also g o f and f o g are uniformly homotopic to the identities.
Then

IH;J?(M) = lidy = Lgof = Tf (o) Tg and 1Hq*,p(N) = liay = Tfog = Tg o Tf. (237)

The reduced case and the quotient cohomology case can be proved exactly with the same
argument. m}

4.7 Consequence: uniform homotopy invariance of L?-index of signature operator

A consequence of this work is the uniform homotopy invariance, for manifolds of bounded
geometry, of the index of the L?-version of the signature operator d + d* defined by Bei in
page 20 of [2]. Fix (M, g) an oriented manifold of bounded geometry and let dim (M) = 4k
for some positive k in N. Let us consider

(.- ) wmHy(M,R) x Hy(M,R) — R
(238)
(7], [@]) — /M nAo

where ﬁ; (M, R) denotes the i-th group of reduced L?-cohomology defined by using forms
with value in R. This is a well-defined and non-degenerate pairing: the proof is exactly the
same given by Bei in Proposition 4.1 of [2]. In particular, if i = 2k we obtain a symmetric
bilinear form. Then, if ﬁ;n (M, R) is finite dimensional, we can denote by o, the signature
of the pairing.

@ Springer



Annals of Global Analysis and Geometry

Let us consider the signature operator dy; +dy, where dy; = diin,m = dmax,m andletdy,
be the adjoint of dj. In page 20 of [2], the index of the signature operator ind ((dy + d;‘,l)"')
is defined and, in Theorem 4.2, the author proves

om = ind((dy +dy) ™). (239)

Proposition 4.19 Let (M, g) and (N, h) be two oriented manifolds of bounded geometry
and let dim(M) = dim(N) = 4k for some positive k in N. Let f : (M,g) —> (N, h)
be a uniform homotopy equivalence which preserves the orientations and assume that
ﬁik (M,R) = ﬁik(N , R) are finite-dimensional. Then

ind((dy + dy) ™) = ind((dy + d3) ™) (240)

Proof In order to prove the statement it is sufficient to prove that 7y induces an isometry
between ﬁin (M, R) and ﬁﬁ” (N, R) which respects the bilinear form defined in (238).

Let us consider [] and [w] two classes in ﬁ%n (N, R). Thanks to Theorem 12.7 of [10],
we can suppose that  and @ are smooth forms. Observe that, since the operator Y] in point

1 of Proposition 4.17 is £L*-bounded, T;4n = n+ do and Tjg = w + df where « and 8 are
smooth forms. We obtain that

Ty, [Tyol)y = /M Trn AT
= [ r @ A g T = [ 5 Gan £ T
M M

=deg(f>~f Tidmmw=/<n+dam(w+dﬁ> (241)
N N

=/ nAa)—i—/d(a/\w)—l—/d(n/\ﬂ)—i-/d(oz/\dﬁ)
N N N N
:/Nn/\w—i-Oz([n],[w])N.

[m}
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