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Introduction

These are lecture notes of a course held at IMPA, Rio de Janiero, in septem-
ber 2010: the purpose was to present recent results on Kobayashi hyperbol-
icity in complex geometry.

This area of research is very active, in particular because of the fasci-
nating relations between analytic and arithmetic geometry. After Lang and
Vojta, we have precise conjectures between analytic and arithmetic hyper-
bolicity, e. g. existence of Zariski dense entire curves should correspond to
the density of rational points. Our ultimate goal is to describe the results
obtained in [DMR10] on questions related to the geometry of entire curves
traced in generic complex projective hypersurfaces of high degree.

For the convenience of the reader, this survey tries to be as self contained
as possible. Thus, we start by recalling the basic definitions and concepts
of complex hyperbolic geometry. Our presentation will focus later on the
concepts of jet bundles and jet differentials which turn out to be the crucial
tools that have been applied successfully in the last decades. These ideas
date back to the work of Bloch [Blo26a] and have been developed later by
many other people (let use cite for example, Green and Griffiths [GG80],
Siu and Yeung [SY97], Demailly [Dem97]...).

The presentation of the main techniques is certainly inspired by the
notes [Dem97] but many progress have been achieved since these notes were
written and it seemed to us quite useful to update them.

Let us now describe the contents of this survey. In chapter one we intro-
duce the classical Poincaré distance on the complex unit disc and, following
Kobayashi, we use it to construct an invariant pseudodistance on any com-
plex space X by means of chains of holomorphic discs. The complex space
X will be said (Kobayashi) hyperbolic if this pseudodistance is actually a
true distance. We then present an infinitesimal form of this pseudodistance
which reveals to be very useful in order to characterize the hyperbolicity of
compact complex manifold in terms of the existence or not of entire curves
(non-constant holomorphic maps from the entire complex plane) in it: this
is the content of the famous Brody’s criterion for hyperbolicity. We then
end the chapter with a couple of applications of Brody’s criterion to de-
formations of compact complex manifolds and to hyperbolicity of complex
tori and with a general discussion about uniformization and hyperbolicity
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in complex dimension one in order to put in perspective the new difficulties
which come up in higher dimension.

Chapter 2 deals with the notion of algebraic hyperbolicity. In the case of
projective varieties, people have looked for a characterization of hyperbolic-
ity depending only on algebraic subvarieties. Here, we focus on the so called
algebraic hyperbolicity as in Demailly [Dem97], which is by definition a uni-
form lower bound on the genus of algebraic curves in terms of their degree
once a polarization is fixed. We first discuss a nowadays classical result of
Bogomolov about the finiteness of rational and elliptic curves on algebraic
surfaces of general type with positive Segre class. Then, motivated by the
Kobayashi conjecture which predicts the hyperbolicity of generic projective
hypersurfaces of high degree, we explain an algebraic analogue of this con-
jecture which has been proved in the works of Clemens [Cle86], Ein [Ein88],
Voisin [Voi96] and Pacienza [Pac04]. We focus here on the approach coming
from ideas of Voisin which makes an essential use of the universal family
X c Pt x P(HY(P™!, Opnii(d))) of projective hypersurfaces in P"*! of
a given degree d > 0. This object turns out to be very useful because of
the positivity properties of its tangent bundle. The existence of sufficiently
many vector fields with controlled pole order is used to prove that generic
projective hypersurfaces satisfy the conjecture of Lang claiming that a pro-
jective manifold is hyperbolic if and only if all its subvarieties are of general
type.

Starting from Chapter 3, we enter in the core of this survey, turning to
the study of transcendental objects. We describe in detail the constructions
of jet bundles (introduced in this formalism by [GG80]) following closely
the presentation of projectivized jet bundles of Demailly [Dem97] as an in-
ductive procedure in the category of directed manifolds (X, V') where V is
a holomorphic subbundle of the tangent bundle Tx. This tower of projec-
tivized bundles is naturally endowed with tautological line bundles at each
stage. Considering the sheaf of sections of the direct images of these line
bundles leads to the concepts of (invariant) jet differentials which are more
concretely interpreted as algebraic differential operators Q(f, f”, ..., f*)
acting on jets of germs of holomorphic curves. The algebraic structure of
these vector bundles E}, ,,, Ty of invariant jet differentials leads to interesting
(and difficult) questions in invariant theory which were intensively investi-
gated recently [Rou06b], [Mer08], [BK10].

In Chapter 4, we begin by recalling classical notions of hermitian geom-
etry, such as curvature and positivity of hermitian line bundles on complex
manifolds. A basic idea is that Kobayashi hyperbolicity is somehow re-
lated with suitable properties of negativity of the curvature of the manifold
even in dimension greater than one. We formalize this heuristic concept
by means of the Ahlfors-Schwarz lemma in connection with invariant jet
differentials: we illustrate the general philosophy whose key point is that
global jet differentials vanishing along an ample divisor provide algebraic
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differential equations which every entire curve must satisfy.

It is then possible to state a general strategy which leads to sufficient
conditions in order to have algebraic degeneracy of entire curves in a given
compact complex manifold. The first step consists in finding a global sec-
tion of the bundle of jet differentials vanishing on an ample divisor. The
second step should produce much more differential equations, enough to im-
pose sufficiently many conditions on the entire curves to force their algebraic
degeneracy. One way to do this is to generalize the ideas described in Chap-
ter 2 about vector fields. Following the strategy of Siu [Siu04], one should
now consider vector fields tangent to the jet space. As a jet differential
is after all a function on the jet space, one can differentiate it with vector
fields and obtain new jet differentials. Of course, one has to guarantee that
these new differential operators still vanish on an ample divisor. So, one is
forced to have a precise control of the pole order of the vector fields con-
structed (which, for example in the case of projective hypersurface, should
not depend on the degree of the hypersurface itself).

The general strategy presented in Chapter 4 is not directly applica-
ble to deal with projective hypersurfaces. To illustrate the modification
needed in order to be able to run it, we present in Chapter 5 the solu-
tion of the Kobayashi conjecture for generic surfaces in projective 3-space,
after [McQ99], [DEG00] and [P&au08]. In particular, we show how to find
global invariant jet differentials vanishing along an ample divisor on a projec-
tive surface of general type by means of Riemann-Roch-type computations
together with a vanishing theorem for the higher cohomolgy groups by Bo-
gomolov. Then we explain in great details how to produce meromorphic
vector fields of controlled pole order on the universal family of degree d
surfaces in P3. Finally, with these two ingredients available, we adapt the
aforesaid general strategy to obtain the conclusion that very generic projec-
tive surfaces of degree greater than or equal to 90 in projective 3-space are
Kobayashi hyperbolic. This is far from being an optimal bound and it is
even far from the bound obtained independently by Mc Quillan, Demailly-El
Goul and Paun, but the strategy presented here is the only one which we
were able to generalize in higher dimension.

The last chapter is devoted to the recent result on algebraic degeneracy
of entire curves in generic projective hypersurfaces of high degree obtained
in [DMR10]. In the higher dimensional case, the non-vanishing of the higher
cohomology groups creates new conceptual difficulties. On the other hand,
the extension to all dimensions of the existence of lots of meromorphic vector
fields with controlled pole order presents “only” new technical difficulties
while the conceptual nature of the construction remains the same of the one
described in Chapter 5. Therefore, we have decided to concentrate ourself
more on the general proof of the existence of global invariant jet differentials
— first in dimension three, then in the general case.

One way to control the cohomology is to use the holomorphic Morse
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inequalities of Demailly. If one can compute the Euler characteristic of the
bundle of jet differentials Ey, ,, T and then find upper bounds for the higher
even cohomology groups H% (X, Ejy mT% ) using the weak Morse inequalities,
the first step is achieved as in dimension 3 [Rou06b]. Unfortunately, in
general the control of the cohomology is quite involved, thus one try to apply
directly the strong Morse inequalities to twisted tautological bundles on the
projectivized jet bundles. This permits to obtain global jet differentials on
hypersurfaces of sufficiently high degree [Div09] in every dimension.

Then Siu’s strategy of exhibiting vector fields is realized on the jet spaces
of the universal hypersurfaces [Rou07], [Mer09]. Finally, the full strategy is
used to obtain the algebraic degeneracy of entire curves in generic projective
hypersurfaces of degree larger than 2" [DMR10].

Last but not least, we would like to warmly thank Alcides Lins Neto,
Jorge Vitério Pereira, Paulo Sad and all the people of the IMPA for having
organized this course and our stay in Rio. These have been very stimulating,
interesting and, why not, funny days.



Contents

1 Introduction 3
2 Kobayashi hyperbolicity: basic theory 1
2.1 The Kobayashi distance . . . . . ... ... ... ... ... 1
2.1.1 Infinitesimal form . . .. ... ... ... ....... 3
2.2 Brody’s criterion for hyperbolicity . . . .. .. .. ... ... 3
2.2.1 Applications . . . . . ... ... 6
2.3 Riemann surfaces and uniformization . . . . . . . ... .. .. 7
3 Algebraic hyperbolicity 11
3.1 Hyperbolicity and genus of curves . . . . . . . ... ... ... 11
3.2 Algebraic hyperbolicity of generic projective hypersurfaces of
high degree . . . . . . . . . . ... 16
3.2.1 Global generation of the twisted tangent bundle of the
universal family . . . . . .. ..o 18
3.2.2 Consequences of the twisted global generation . . . . . 20
3.3 A little history of the aboveresults . . . . . .. ... .. ... 24
4 Jets spaces 25
4.1 Projectivization of directed manifolds . . . . . ... ... .. 25
4.1.1 Liftingof curves . . . . . .. ... .. 26
412 Jetsofcurves . . . . .. ..o 26
4.2 Projectivized jet bundles . . . . . .. ..o oL 28
4.2.1 Regular and singular loci . . . .. ... ... ... .. 28
4.3 Jet differentials . . . . .. ..o 29
4.3.1 Invariant jet differentials and projectivized jet bundles 33
4.3.2 Sufficient conditions for relative positivity . . . . . . . 35
5 Hyperbolicity and negativity of the curvature 37
5.1 Curvature and positivity . . . . ... ... 37
5.1.1 Special case of hermitian line bundles . . . ... . .. 39
5.2  The Ahlfors-Schwarz lemma . . . . . . ... ... ... .... 42
5.2.1 The Bloch theorem . . . . . ... ... ... ...... 45

5.3 A general strategy for algebraic degeneracy . . .. ... ... 47



vi

CONTENTS

6 Hyperbolicity of generic surfaces in projective 3-space

6.1 General strategy . . . . . .. ..o
6.2 Existence of jet differentials . . . . . .. ... ... ... ...
6.3 Global generation of the twisted tangent space of the univer-
sal family . . . . . .. oo
6.4 Proof of the hyperbolicity . . . . ... ... ... ... ....

Algebraic degeneracy for generic projective hypersurfaces
7.1 Statement of the result and scheme of proof . . . . .. .. ..
7.2 Existence of jet differentials . . . . . .. ... 000
7.2.1 Algebraic holomorphic Morse inequalities . . . . . . .
7.3 Proof of the existence of jet differentials in dimension 3
7.4 Proof of the existence of jet differentials in higher dimensions
7.4.1 Choice of the appropriate subbundle . . . . . . .. ..
7.4.2 Cohomology ringof X3 . . . ... ... ... .....
7.4.3 Evaluation in terms of the degree . . . . . . . . .. ..
744 Bignessof Ox, (1) . . .. ... ... .. ...
7.5 Meromorphic vector fields . . . . ... ... ... ... ..
7.6 Effective aspects . . . .. .. .. oo L
7.6.1 The strategy of the effective estimate. . . . . . . . ..

51
o1
02

95
60

63
63
66
66
67
69



Chapter 1

Kobayashi hyperbolicity:
basic theory

ABSTRACT. In this first chapter we state and describe the basic definitions of
complex hyperbolic geometry, basically following [Kob98] and [Dem97]. Then, we
state and prove the classical Brody’s lemma and Picard’s theorem. We conclude by
giving a brief account of elementary examples and describing the case of Riemann
surfaces.

1.1 The Kobayashi distance

Let A C C be the unit disc in the complex plane, with complex coordinate (.
On A, there exists a particular (non-euclidean) metric, whose infinitesimal
form is given by
ds? — d¢ ® d¢ 7
(1 —1[¢?)?
which enjoys several interesting properties: its name is Poincaré metric.
This is the starting point of the theory of complex hyperbolicity: the idea is
to give to each complex space an intrinsic metric built by means of holomor-
phic mapping from the unit complex disc together with the Poincaré metric
to the given space.
More precisely, call p the integrated form of the Poincaré metric; we
write here its explicit form even if we shall rarely use it:

, a,beA.

p(a,b) = tanh ™!
1—a

The distance p is complete on A. Next, let X be a complex space. We call a
holomorphic disc in X a holomorphic map from A to X. Given two points
p,q € X, consider a chain of holomorphic discs from p to ¢, that is a chain
of points p = po,p1,...,pr = q of X, pairs of point ay,by,...,ar, b of A
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and holomorphic maps fi,..., fr: A — X such that
fila;) = pi—1,  filbi) =pi, i=1,... k.
Denoting this chain by «, define its length ¢(a) by
l(a) = plax,br) + - + p(ak, by)
and a pseudodistance dy on X by
dx (p.q) = inf ((a).
This is the Kobayashi pseudodistance of X.

Definition 1.1.1. The complex space X is said to be Kobayashi hyperbolic
if the pseudodistance dx is actually a distance.

For A the complex unit disc, it is easy to see using the usual Schwarz-Pick
lemma' in one direction and the identity transformation in the other that
dx = p. Then A is hyperbolic. The entire complex plane is not hyperbolic:
indeed the Kobayashi pseudodistance is identically zero. To see this from
the very definition, take any two point z1, 2o € C and consider a sequence
of holomorphic discs

fji A—=C
¢ — 21+ jC(22 — 21).

It is important to remark here that the non hyperbolicity of the complex
plane is connected to the possibility of taking larger and larger discs in C.

It is immediate to check that the Kobayashi pseudodistance has the
fundamental property of being contracted by holomorphic maps: given two
complex spaces X and Y and a holomorphic map f: X — Y one has for
every pair of point x,y in X

dy (f(2), f(y)) < dx(2,y).

In particular, biholomorphisms are isometry for the Kobayashi metric.

!'We recall here that the usual Schwarz-Pick lemma says that for f: A — A a holo-
morphic map, one has the following inequality:

£ 1
- 1/QF S 1=

This means exactly that holomorphic maps contract the Poincaré metric.




1.2 Brody’s criterion for hyperbolicity

1.1.1 Infinitesimal form

Let us now come at the infinitesimal analogue of the Koboyashi pseudodis-
tance introduced above. For simplicity, we shall suppose that X is a smooth
complex manifold but most of the things would work on an arbitrary singular
complex space.

So, fix an arbitrary holomorphic tangent vector v € T'x z,, o € X: we
want to give it an intrinsic length. Thus, define

kx(v) =inf{A >0 |3f: A = X, f(0) =z, A\f'(0) = v},

where f: A — X is holomorphic. Even with this infinitesimal form, it is
straightforward to check that holomorphic maps between complex manifolds
contract it and that in the case of the complex unit disc, it agrees with the
Poincaré metric.

One can give a similar definition in the setting of complex directed man-
ifolds, that is pairs (X, V) where X is a complex manifold and V C Tx a
holomorphic subbundle of the tangent bundle: in this case one only considers
vectors and maps which are tangent to V.

Definition 1.1.2. Let (X, V') be a complex directed manifold and w an arbi-
trary hermitian metric on V. We say that (X, V) is infinitesimally Kobayashi
hyperbolic if k(x v is positive definite on each fiber and satisfies a uniform
lower bound

kix,v)(v) = elfvll

when v € V,, and x € X describes a compact subset of X.

The Kobayashi pseudodistance is the integrated form of the Kobayashi
infinitesimal pseudometric (this is due to Royden).

Theorem 1.1.1. Let X be a complex manifold. Then

dx(p.0) =it [ kx(r'(0)at,

where the infimum is taken over all piecewise smooth curves joining p to q.

In particular, if X is infinitesimally hyperbolic, then it is hyperbolic.

1.2 Brody’s criterion for hyperbolicity

The distance decreasing property together with the fact that the Kobayashi
pseudodistance is identically zero on C, implies immediately

Proposition 1.2.1. If X is a hyperbolic complex space, then every holo-
morphic map f: C — X is constant.
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Proof. For a,b € C one has

dx(f(a), f(b)) < dc(a,b) =0.
Hence f(a) = f(b). =

Next theorem, which is due to Brody, is the simplest and most useful
criterion for hyperbolicity. It is a converse of the preceding proposition in
the case where the target X is compact. Fix any hermitian metric w on the
compact complex manifold X; we say that a holomorphic map f: C — X is
an entire curve if it is non constant and that it is a Brody curve if it is an
entire curve with bounded derivative with respect to w (or, of course, any
other hermitian metric).

Theorem 1.2.2 (Brody). Let X be a compact complex manifold. If X is
not (infinitesimally) hyperbolic then there exists a Brody curve in X .

A first direct consequence of this theorem is that in the compact case,
hyperbolicity and infinitesimal hyperbolicity are equivalent, since if X is not
infinitesimally hyperbolic then there exists an entire curve in X and then
two distinct points on this curve will have zero distance with respect to dx.
For more information on the localization of such a curve, we refer the reader
to the very recent and remarkable results of [Duv08].

We shall start with the so called Brody reparametrization lemma.

Lemma 1.2.3 (Reparametrization lemma). Let X be a hermitian manifold
with hermitian metric w and f: A — X a holomorphic map. Then, for
every € > 0 there exists a radius R > (1 — ¢)||f'(0)||lw and a homographic
transformation 1 of the disc Agr of radius R onto (1 — e)A such that

/ _ ’ 1
[(f o) (0)|[w =1 and [[(fo1) (t)llwﬁm,

for every t € Apg.

Proof. Consider the norm of the differential
f(1=e)Q): Ta = Tx

with respect to the Poincaré metric |d¢|?/(1—|¢|?)? on the unit disc, which is
conformally invariant under Aut(A): it is given by (1—[¢|?)|| /(1 —&){)|w-
Pick a {p € A such that this norm is maximum. We let for the moment R to
be determined and we chose an automorphism ¢ of the unit disc such that
6(0) = Go; fimally, set § = (1 — £)6(t/R). Thus, 1/(0) = (1 — £)¢/(0)/R =
(1—¢)(1—|¢0|?)/R, since ¢ is an isometry of the unit disc for the Poincaré
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metric. On the other hand, we want ||(f o ¢)'(0)|l, = 1, which imposes
¥'(0) = 1/1[f((0))]l- This gives

R=(1-¢e)(1— lcl))IIf (¥(0)]
= (1 =)~ [P (1= e)éo)llw
> (1 =)l (0)]],

since (p is the maximum for (1 — [¢]?)||f/((1 — €)¢)||. Finally, we have

17 0w Bl = WO IF GO
= W)L~ )t/ Bl

o =PI~ )
O e mp
Cloe e ORS00l
R T
__ewml 1

T Jo(t/R)P = T (IR

IN

by the choice of R and the (rescaled) Schwarz-Pick lemma. O
We can now prove Brody’s theorem.

Proof of Theorem 2.2.2. By hypothesis, there exists a sequence of holomor-
phic discs fj: A — X such that f;(0) = 29 € X and [|f;(0)|| tends to
infinity. We shall now apply the reparametrization lemma to this sequence
in order to construct an entire curve. Fix for instance ¢ = 1/2 and for
each j, select a ¢; with the corresponding R; > [|f}(0)|l,/2 and call the
composition g; = fj o;: Ag, — X. So, we have that

1
/ /
IOl =1 GOl < ;g and Ry oo

The conclusion will follow from the Ascoli-Arzela theorem: the family {g;}
is with values in a compact space (hence pointwise bounded) and the esti-
mate on its derivatives shows that it is equilipschitz on any given compact
subset of a fixed Ag;, hence equicontinuous in there. Thus, by a diagonal
process, we have a subsequence which converges to an entire map g: C — X
moreover, ||g'(0)|[, = lim[|g;(0)|| = 1, so that g is non constant and also
1/ (8)] ] = Tim [lg (D)., < 1. 0

The absence of entire holomorphic curves in a given complex manifold
is often referred as Brody hyperbolicity. Thus, in the compact case, Brody
hyperbolicity and Kobayashi hyperbolicity coincide.

The following example shows that in the non compact case one may have
Brody hyperbolic domains which are not Kobayashi hyperbolic.
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Example 1.2.1. Consider the domain in C? defined by
D ={(z,w) € C*| |2] < 1, [zw| < 1} \ {(0,w) | |w| = 1}.

The mapping h: D — C? which sends (z,w) + (z,2w) has as image the
unit bidisc and is one-to-one except on the set {z = 0}. If f: C — D is
holomorphic, then h o f is constant by Liouville’s theorem. Thus, either f
is constant or f maps C into the set {(0,w) € D}. But this set is equivalent
to the unit disc, hence f is constant in any case.

Since h, being holomorphic, is distance decreasing for the Kobayashi
pseudodistances, we have that dp(p, q) > 0 for p # ¢ unless both p and ¢ lie
in the subset {(0,w) € D}. Suppose then that we are in this case and let
p=(0,b), ¢ =(0,0) and p,, = (1/n,b). Since, as it is straightforward to see,
the Kobayashi pseudodistance is always continuous as a map from a complex
space times itself to the real numbers, we have dp(p, q¢) = limdp(pn, q). Call
a, = min{n,/n/|b|}. Then the mapping A 5 ¢ +— (ap/n¢,a,b() € D
maps 1/a, to p,. Hence

limdp(pn,q) <limp(1/ay,0) = 0.

1.2.1 Applications

Let us show two immediate consequences of Brody’s criterion for hyperbol-
icity: the openness property of hyperbolicity and the study of entire curves
in complex tori.

A holomorphic family of compact complex manifolds is a holomorphic
proper submersion X — S between two complex manifolds.

Proposition 1.2.4. Let m: X — S a holomorphic family of compact com-
plex manifolds. Then the set of s € S such that the fiber Xy = m1(s) is
hyperbolic is open in the Euclidean topology.

Proof. Let w be an arbitrary hermitian metric on X and {Xj, }s,c5 a se-
quence of non hyperbolic fibers, and let s = lims,. By Brody’s criterion
one obtains a sequence of entire maps f,,: C — X, such that ||} (0)|], =1
and ||f]||lo < 1. Ascoli’s theorem shows that there is a subsequence of f,
converging uniformly to a limit f: C — X, with ||f/(0)|| = 1. Hence X is
not hyperbolic and the collection of non hyperbolic fibers is closed in S. O

Consider now an n-dimensional complex torus 7', that is the additive
quotient of C™ modulo a real lattice A of rank 2n. In particular, C" is the
universal Riemannian cover of T" with the flat metric and by the projection
we obtain plenty of entire curves in 7.

Theorem 1.2.5. Let X C T be a compact complex submanifold of a complex
torus. Then X is hyperbolic if and only if it does not contain any translated
of a subtorus.
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Proof. If X contains some translated of a subtorus, then it contains lots of
entire curves and it is not hyperbolic.

Conversely, suppose X is not hyperbolic. Then by Brody’s criterion
there exists an entire map f: C — X such that |[f|le < ||/ (0)]l. = 1,
where w is the flat metric on T inherited from C". This means that any
lifting f = (f,..., fn): C — C" is such that

n
dMfP <t
j=1

Then, by Liouville’s theorem, ﬁ is constant and therefore fis affine. But
then, up to translation f is linear and so the image of f and its Zariski
closure are subgroup of 7T'. O

Another interesting application of Brody’s criterion in connection with
the algebraic properties of complex manifolds is the hyperbolicity of varieties
with ample cotangent bundle: this will be treated in the next chapters.

1.3 Riemann surfaces and uniformization

If a rational function f(z) is not a constant, then for any o € C the equation
f(2) = «a has a solution z € C and if f has a pole, then f takes the value
oo there. However, this is not the case in general, if f is a holomorphic
or meromorphic function on C. For instance, the entire function f(z) = e*
does not take the value 0 nor co. Thus, the number of points which f misses
is two. In general, if a meromorphic function f, regarded as a holomorphic
mapping into P! misses a point of P!, this point is called an exceptional
value. The next very classical theorem shows that the above “two” is the
maximum.

Theorem 1.3.1 (Little Picard’s theorem). The number of exceptional val-
ues of a non constant meromorphic function on C is at most two.

One possible proof relies on the fact that the universal covering of, say
C\ {0,1}, is the unit disc and on the Liouville theorem; for the former
property, the theory of modular curves, easily deduced from basic Riemann
surface theory, tells us that the quotient of the upper half plane by the
group I'(2) (i.e., the kernel of the map SLy(Z) — SLo(Z/2Z)) under the
induced action of the modular group SL9(Z) is analytically isomorphic to
the complex plane minus two points. In particular, the universal cover of
the plane minus two points is the upper plane. As the upper half plane is
conformally equivalent to the unit disc, we could just as well have taken the
disc.

In other words, the theorem says that P! minus three points or, equiv-
alently, C minus two points is Brody hyperbolic. In the following example,



Kobayashi hyperbolicity: basic theory

we describe a nice consequence of the Little Picard’s theorem in dimension

two.
é\

s

N

]P)‘Z

l3

I ly

Figure 1.1: A configuration of 5 lines in P? whose complement is hyperbolic

Example 1.3.1. In the projective plane P? with homogeneous coordinates
[Zy : Z1 : Zs], consider the following five lines as in Figure 2.1:

b Z1 =0,

bo: Z1 — Zy =0,

b3: Z1 — Zy =0,

by: Zhv+ Zo — 2745 =0,
Us: Zo=0

and call X = P?\ U?Zl ¢;. We claim that X is Brody hyperbolic. To see
this, let P be the pencil of lines [a : ] — aZ1 + 22 — (a+ B)Zp = 0
through the point [1 : 1 : 1], restrict it to X and consider the associated
projection 7: X — P!, Then 7(X) = P!\ {[1:0],[1: —1],[1 : 1]}, so that
by the Little Picard’s theorem 7 (X) is Brody hyperbolic. Thus, if f: C — X
is holomorphic the composition 7 o f must be constant and hence f(C) is
contained in a fiber of m. Now, if a line in the pencil P is not contained
in one of the three lines of the configuration passing through [1 : 1 : 1], its
intersection with X is P! minus three points (the point [1 : 1 : 1] and the
other two intersections with ¢; and ¢5) so that each fiber of 7 is again Brody
hyperbolic by the Little Picard’s theorem. The constancy of f follows.

This example is not so special, since any configuration of five lines in P?
in generic position leads to the same result, see next chapter.

From a hyperbolic point of view, the case of one dimensional complex
manifold is, in principle, completely settled by the following
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Theorem 1.3.2 (Uniformization). Let X be a connected and simply con-
nected one dimensional complexr manifold. Then X is biholomorphic either
to the Riemann sphere, the complex plane or the complex unit disc.

_ Consider a one dimensional complex manifold X and its universal cover
X. Being X simply connected, the uniformization theorem gives us just
three possibility. According to that, X is said to be

e of elliptic type, if X is P!,
e of parabolic type, if X is C,
e of hyperbolic type, if X is A.

If f: C — X is an entire curve then, being C simply connected, there exists
a well defined holomorphic lifting f: C - X. Thus, if X is of hyperbolic
type, then f: C — A must be constant by Liouville’s theorem. So, X is
Brody hyperbolic and, if it is compact, it is Kobayashi hyperbolic: this is
the case if and only if the geometric genus of X is grater than or equal to
two (the other possibility being the genus zero case P! and the genus one
case C/A, the quotient of the complex plane by a lattice of rank two, that
is elliptic curves).

In higher dimensions, the situation is much more involved: there is no
longer any general uniformization property available.

Anyway, from an algebraic point of view the aforesaid trichotomy is
governed by the asymptotic behavior of the (pluri)canonical system of the
curve: it is a classical result that the growth rate of the space of global
sections of the pluricanonical line bundle h%(X, K§™) is linear with m if
and only if X has genus greater than or equal to two.

In general, a manifold X is said to be of general type if its canonical line
bundle Kx is big. We recall

Definition 1.3.1. A line bundle L on a projective manifold X of dimension
n is said to be

o big if h°(X, L®™) ~ m" for m > 0,

e very ample if there is an embedding ¢: X < PV such that L ~
L*OPN (1),

e ample if for some m > 0, L™ is very ample,

e nef if it has nonnegative degree fC c1(L) > 0 on any algebraic curve
CcX.

In particular, by Hirzebruch-Riemann-Roch formula and the Kodaira
vanishing, manifolds with ample canonical bundle are of general type. These
will be the main objects of study in the understanding of the links between
hyperbolicity and algebraic properties of projective manifold.






Chapter 2

Algebraic hyperbolicity

ABSTRACT. This chapter deals with an algebraic analogue of the Kobayashi hyper-
bolicity, introduced in [Dem97]. We shall explain how the Kobayashi hyperbolicity
implies restrictions on the ratio between the genus and the degree of algebraic
curves contained in a hyperbolic projective algebraic manifold, and shall take this
property as a definition. Then, we will discuss some general conjecture and related
results, in particular Bogomolov’s proof of the finiteness of rational and elliptic
curves on surfaces whose Chern classes satisfy a certain inequality. In the second
part, an account of known results about algebraic hyperbolicity of generic projective
hypersurfaces of high degree will be done.

2.1 Hyperbolicity and genus of curves

We shall make things here in the absolute case, but everything still works
in the more general framework of directed manifolds.

Let X be a compact Kobayashi hyperbolic manifold. Then X is Brody
hyperbolic and thus it cannot contain any holomorphic image of C. In
particular, from the algebraic point of view, X cannot contain any rational
nor elliptic curve (and, more generally, any complex torus). Hence, curves of
genus 0 and 1 are prohibited by hyperbolicity. In fact, one can say something
stronger.

Proposition 2.1.1 ( [Dem97]). Let X be a compact hermitian manifold,
with hermitian metric w. If X s (infinitesimally) hyperbolic then there
exists a g > 0 such that for every curve C' C X one has

7X(6) = 29(6) —22>¢0 degw 07
where C is the normalization of C and deg,, C = wa.

Proof. Let C C X be a curve in X and v: C — C C X its normalization.
Since X is (infinitesimally) hyperbolic and compact, there is an absolute
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constant € > 0 such that the infinitesimal Kobayashi pseudometric satisfies
a uniform lower bound
kx(v) = elv]]o

for every v € Tx. Now, the universal Riemannian cover of Cis necessarily
the complex unit disc, by the hyperbolicity of X: let it be 7: A — C. We
shall endow C by the induced metric of constant negative Gaussian curvature
—4 such that

|d¢|

1—[¢[*
Call oa = $d¢ AdC/(1 - |¢*)? and og the corresponding area measures.
Then the classical Gauss-Bonnet formula yields

~4 [0z = [ O(Takg) = 2mx(O).

where O(T7,kg) is the curvature of Tz with respect to the metric kg.

Next, if 1: C' — X is the inclusion, the distance decreasing property of
the Kobayashi pseudometric applied to the holomorphic map tov: C — X
gives

ks =ka =

ka(§) > kx((tow)s &) = ell(bor)s gl
for all £ € T. From this, we infer that o5 > £?(1 0 v)*w, hence

—gX(a):/6052/52(L°V)*W:52/CW‘

The assertion follows by putting eg = 2¢2 /7. O

In other words, for X a hyperbolic manifold, the ratio between the genus
of curves and their degrees with respect to any hermitian metric (or any
ample divisor) is bounded away from zero: this, following [Dem97], can be
taken as a definition of “algebraic” hyperbolicity.

Definition 2.1.1. Let X be a projective algebraic manifold endowed with
any hermitian metric w (for instance w can be taken to be the curvature of
any ample line bundle on X). We say that it is algebraically hyperbolic if
there exists a constant g > 0 such that for every algebraic curve C' C X
one has
29(C) — 2 > eo deg,, C.

When w = i©(A), where A is any hermitian ample line bundle and
i ©(A) its Chern curvature, the right hand side of the inequality is just the
usual degree of a curve in terms of its intersection product C' - A: in this
case the inequality is purely algebraic.

By Riemann-Hurwitz formula, one can take, in the previous inequality
of the definition of algebraic hyperbolicity, any finite morphism f : C' - X
from a smooth projective curve.
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This algebraic counterpart of hyperbolicity satisfies an analogue of the
openness property of the Kobayashi hyperbolicity, this time with respect to
the Zariski topology.

Proposition 2.1.2. Let X — S an algebraic family of projective algebraic
manifolds, given by a projective morphism. Then the set of s € S such that
the fiber X, is algebraically hyperbolic is open with respect to the countable
Zariski topology of S (by definition, this is the topology for which closed sets
are countable unions of algebraic sets).

Proof. Without loss of generality, we can suppose that the total space X is
quasi-projective. Let w be the Kahler metric on & obtained by pulling-back
the Fubini-Study metric via an embedding in a projective space. Fix integers
d > 0and g > 0 and call Aj, the set of s € S such that X, contains an
algebraic 1-cycle C' =Y m; C; with deg, C = d and g(C) = >om; g(aj) <
g.

This set is closed in .S, by the existence of a relative cycle space of curves
of given degree and the lower semicontinuity with respect to the Zariski
topology of the geometric genus. But then, the set of non hyperbolic fibers

is by definition
m U Adyg-
k>0  2g—2<d/k

An interesting property of algebraically hyperbolic manifolds is

Proposition 2.1.3. Let X be an algebraically hyperbolic projective manifold
and V' be an abelian variety. Then any holomorphic map f:V — X s
constant.

Proof. Let m be a positive integer and my: V — V, s — m - s. Consider
fm = fomy and A an ample line bundle on X. Let C be a smooth curve
in V and f,|c: C — X. Then

29(C) —2>eC - frA=em®C - f*A.

Letting m go to infinity, we obtain that necessarily C'- f*A = 0. Thus f is
constant on all curves in V' and therefore f is constant on V. O

It is worthwhile here to mention that in the projective algebraic case,
Kobayashi hyperbolicity and algebraic hyperbolicity are expected to be
equivalent, but not much is known about it. Both of these properties should
be equivalent to the following algebraic property.

Conjecture 2.1.1 (Lang). Let X be a projective manifold. Then X is
hyperbolic if and only if there are no nontrivial holomorphic maps V" — X
where V' = CP/A is a compact complex torus.
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One may be tempted to extend the conjecture to non-projective mani-
folds but then it becomes false, as shown by the following

Example 2.1.1 ( [Can00]). Let X be a non-projective K3 surface! with no
algebraic curves (the existence of such a surface is a classical result on K3
surfaces). Then there exists a non-constant entire curve f: C — X. On the
other hand, if V is a compact torus every holomorphic map F: V — X is
constant.

Let us justify briefly the claims of the example. The existence of non-
constant entire curves is a consequence of the density of Kummer surfaces?
in the moduli space of K3 surfaces. Since Kummer surfaces contain lots
of entire curves (inherited from the starting torus), one just has to apply
Brody’s theorem. The second claim follows from the non-existence of surjec-
tive maps F': V — X. Indeed, considering €2 a non-vanishing holomorphic
2-form on X, if F' is surjective, then F*() is a non-zero section of the triv-
ial bundle A%T, v the rank of this 2-form is therefore constant, equal to 2.
Then, one obtains that F' factors through a 2-dimensional compact torus
and induces a covering V' — X which contradicts the fact that X is simply
connected.

Another characterization of hyperbolicity should be the following,.

Conjecture 2.1.2 (Lang). Let X be a smooth projective algebraic mani-
fold. Then X is hyperbolic if and only if all subvarieties of X including X
itself are of general type.

In the next section we shall see some partial result in this direction. The
latter conjecture should be put in perspective with this other celebrated one.

Conjecture 2.1.3 (Green-Griffiths [GG80], Lang). Let X be a smooth
projective algebraic manifold of general type. Then there should exist a
proper algebraic subvariety Y C X such that all entire curves f: C — X
have image f(C) contained in Y.

This conjecture is largely open, too. Nevertheless, related to algebraic
hyperbolicity we have the following.

Theorem 2.1.4 (Bogomolov [Bog78]). Let X be a smooth projective surface
of general type with c1(X)? > ca(X). Then there are only finitely many
rational or elliptic curves in X.

LA K3 surface is a simply connected surface X with irregularity ¢(X) = h*(X,Ox) =0
and trivial canonical bundle Kx ~ Ox.

2Let T be a two dimensional complex torus with a base point chosen. The involution
t: T — T has exactly 16 fixed point, namely the points of order 2 on T, so that the
quotient T/(1,:) has sixteen ordinary double points. Resolving the double points we
obtain a smooth surface X, the Kummer surface Km(T) of 7. Kummer surfaces are
special case of K3 surfaces.
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Proof. We will see later in some details that the hypothesis on the second
Segre number c1(X)? > co(X) implies that (X, S™T%) ~ m3. A non-
trivial symmetric differential w € HO(X, S™T%) defines a multifoliation on
X. Recall that there is an isomorphism (we will come back later on this,
t00)

HY(X, §™T%) = HO(P(Tx), Op(ry)(m)).

If o € H'(X,S™T%) and « € X then o(z) defines naturally a polynomial of
degree m on P(Tx ) ~ P!. The zeroes of o(z) determines the directions of
the multifoliation. Let C' be a smooth projective curve and f: C' — X. The
curve f(C) is a leaf of the multifoliation defined by o if f*o € HO(C, T;*™)
is trivial. Equivalently if ¢;: C' — P(Tx) is the lifting of f then f(C) is a
leaf if t;(C) lies in the zero locus of o € HY(P(Tx), Op(ry)(m)).

The sections of Op(ry)(m) for m large enough provide a rational map
@: P(Tx) — PN generically 1—1 onto its image. Let us denote Z,, C P(Tx)
the union of the positive dimensional fibers of ¢ and of the base locus of
OP(TX)(m)'

Let f: C'— X be a curve. Then, f(C) is said to be irregular if ¢;(C) C
Zm, otherwise it is regular. The set of irregular curves can be broken into 2
sets: the curves that are leaves of multifoliations and the curves whose lifts
lie on the positive dimensional fibers of .

Let C’ be a regular curve with normalization f: C — C’' C X. There is
a symmetric differential o € H(X, S™T%) such that f*o € HO(C, (T})®™)
is non-trivial but vanishes somewhere. Hence deg Té®m =mdeg Kg >0
and C' cannot be rational or elliptic.

Let C’ be an irregular curve and write Z,,, = Z1 U Z2, where Z}, is the
union of components not dominating X, Z2 is the union of components
dominating X. The number of curves that lift in Z}, is clearly finite. The
components of Z2, have a naturally defined foliation on them. Curves whose
lifts lie in Z2, are leaves of these foliations. By Jouanolou’s theorem on
compact leaves of foliations, either there are finitely many compact leaves
or they are fibers of a fibration. Thus there are finitely many such elliptic or
rational curves: X being of general type, the second situation is not possible
since a surface of general type cannot be ruled or elliptic. O

In the transcendental case, the only result for a quite general case has
been obtained Mc Quillan in [McQ98], for dim X = 2 and the second Segre
number ¢ (X)? — ca(X) of X positive. The heart of his proof is

Theorem 2.1.5. Consider a (possibly singular) holomorphic foliation on
a surface of general type. Then any parabolic leaf of this foliation is alge-
braically degenerate.

An immediate corollary of the two previous results is a confirmation of
the Green-Griffiths conjecture in this situation.
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Corollary 2.1.6. Let X be a smooth projective surface of general type with
c1(X)? > co(X). Then there are finitely many curves C C X such that any
non-constant entire curve takes value in one of these curves.

Unfortunately, these “order one” techniques are insufficient to work with
surfaces of degree d in projective 3-space. In this case in fact

c1(X)? = d(d — 4)? < d(d* — 4d + 6) = co(X), d>3.

In higher dimensions, there are few results. For the algebraic version,
let us mention the following result of Lu and Miyaoka.

Theorem 2.1.7 ( [LM97]). Let X be a projective manifold of general type.
Then X has only a finite number of nonsingular codimension-one subva-
rieties having pseudo-effective anticanonical divisor. In particular, X has
only a finite number of non singular codimension one Fano, Abelian and
Calabi- Yau subvarieties.

For some partial result in all dimensions for the transcendental case, we
refer to next chapters.

2.2 Algebraic hyperbolicity of generic projective
hypersurfaces of high degree

Consider the Grassmannian G(1,n + 1) of projective lines in P"*! which
is canonically identified with the Grassmannian Gr(2,n + 2) of 2-planes in
C"*+2: its complex dimension is 2n. We are interested in understanding when
a generic projective hypersurfaces X C P"*! contains a line. Fix an integer
d > 0. Then a projective hypersurface of degree d is an element of the linear
system |Opn+1(d)| or, equivalently, can be identified with a point in the pro-
jectivization P(HO(P"*!, Opni1(d))). One has dim P(HO (P, Opni1(d))) =
Ny — 1, where Ny = (”:jﬁl) = hO(P"*, Opny1(d)) is the dimension of ho-
mogeneous polynomials of degree d in n + 2 variables.
Now, consider the incidence variety

L={{X)eG(1,n+1)x P~ | the line /£ is contained in X}.

By construction, the image of £ in PN¢~! by the second projection is the set
of projective hypersurfaces of degree d which contain at least one line. Of
course, if dim £ is less than Ny — 1, then a generic projective hypersurface
of degree d does not contain lines, since the second projection cannot be
dominant. On the other hand, £ is always mapped onto G(1,n + 1) by
the first projection, since every line is always contained in some degree d
hypersurface. Next, an easy parameter computation shows that generically
a homogeneous polynomial of degree d in n 4+ 2 variables must satisfy d + 1
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condition in order to contain a line. Therefore, the fiber of the first projection
has dimension Ny —d — 2 and thus dim £ = Ng+ 2n — d — 2.

After all, the second projection maps a variety of dimension Ng+2n—d—2
to a variety of dimension Ny — 1 and so we have proved the following.

Proposition 2.2.1. If d > 2n, then a generic projective hypersurface of
degree d in P"t1 cannot contain any line.

This digression shows that if we are interested in hyperbolicity of generic
projective hypersurfaces, we surely have to exclude low degree ones. On the
other hand, by the Euler short exact sequence

n+2
0 — Opni1 — @ Opn+1(1) = Tpnt1 — 0,
j=1

combined with the classical adjunction formula
Kp ~ (KY (%9 Oy(D))‘D

for smooth divisors D C Y in a smooth manifold Y, one finds straight-
forwardly, by taking determinants, that the canonical bundle of a smooth
hypersurface X of degree d in projective (n + 1)-space is given by

Kx =0x(d—n—2).

So, the higher the degree of the hypersurface X is, the more positive its
canonical bundle is. This is somehow consistent with the picture presented
at the end of Chapter 1, where hyperbolicity was heuristically linked to the
positivity properties of the canonical bundle.

More precisely, Kobayashi made the following.

Conjecture 2.2.1 ( [Kob70]). Le X C P"™! be a generic projective hyper-
surfaces of degree d, n > 2. Then X is Kobayashi hyperbolic if its degree is
sufficiently high, say d > 2n + 1.

This conjecture and the bound on the degree are closely related to the
conjecture in the case of complements of hypersurfaces.

Conjecture 2.2.2 ( [Kob70]). Le X C P" be a generic projective hyper-
surfaces of degree d. Then P" \ X is Kobayashi hyperbolic if its degree is
sufficiently high, say d > 2n + 1.

One possible explanation for the bounds on the degrees comes, as far
as we know, from the following facts. Consider in P" with homogeneous
coordinates [Z] : -+ : Z,] the divisor D of degree d defined by the homo-
geneous equation P(Z) = 0. Then, one can construct a cyclic d : 1 cover
of P" by taking in P"*! with homogeneous coordinates [Zg : --- : Z,] the
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divisor X defined by Z¢ = P(Z1,. .., Z,) together with its projection onto
P™. This covering ramifies exactly along D and thus all holomorphic map
f: C— P\ D lift to X. It is then clear that the hyperbolicity of P" \ D is
intimately correlated with the hyperbolicity of X. On the other hand, if a
holomorphic map f: C — P™ misses 2n + 1 or more hyperplanes in general
position, then it is a constant map; this is the by now classical result of
Dufresnoy [Duf44] and Green [Gre72]. Now, just remark that a configura-
tion of d hyperplanes in general position can be seen as a generic completely
reducible divisor of degree d.

One has to notice anyway, that if one believes to the equivalence of
Kobayashi and algebraic hyperbolicity in the projective algebraic setting
then, as we shall see in the next section, this bound should probably be
d > 2n, at least for n > 6 [Pac04]. Anyway the state of the art on the
subject is for the moment very far from this optimal bounds, no matter in
which one we want to believe.

The rest of this chapter will be devoted to prove several algebraic proper-
ties of generic projective hypersurfaces of high degree, such as their algebraic
hyperbolicity and the property of their subvarieties of being of general type.

2.2.1 Global generation of the twisted tangent bundle of the
universal family

First, given a holomorphic vector bundle £ — X over a compact complex
manifold X, we say that E is globally generated, if the global sections eval-
uation maps

HY(X,E) — E,

are surjective for all x € X, where E, is the fiber of E over the point =x.
If a vector bundle is globally generated, so are all its exterior powers, in
particular its determinant, as it is easy to verify.

Now, consider the universal family of projective hypersurfaces in P**!
of a given degree d > 0. It is the subvariety X of the product P"+! x
P(HY(P"!, Opni1(d))) defined by the pairs ([x], X) such that [z] € X. The
starting point is the following global generation statement.

Proposition 2.2.2 (See [Voi96], [Siu04]). The twisted tangent bundle
Ty @ p*Opn+1(1)
is globally generated, where p: X — P"1 is the first projection.

Proof. We shall exhibit on an affine open set of X a set of generating holo-
morphic vector fields and then show that when extended to the whole space,
the pole order of such vector fields in the P"*!-variables is one.

Consider homogeneous coordinates (Z;);j—o,.. nt+1 and (Aa)|a\:d respec-
tively on P"*! and PNe—1, where o = (o, . . ., anp1) € N2 is a multi-index



2.2 Algebraic hyperbolicity of generic projective hypersurfaces of high degree

19

and |a| = Y ;. The equation of the universal hypersurface is then given
by

ZAaZazou Za:Z(()IO"’ZZ[rfl-

|a|=d
Next, we fix the affine open set U = {Zy # 0} x {Ag0..0 # 0} ~ C*"*1 x
CNa=1 jn Prt! x PNa—1 with the corresponding inhomogeneous coordinates
(2§)j=1,...n+1 and (aa)‘a|:d7a0<d. On this affine open set we have

XnU = g aa 2t 2p =00, ago.o =1
|a|=d

Its tangent space in C*T1 x CNa—1 x C**t1 x CNa—1 with affine coordinates
(2, @, 2}, ay,) is then given by the two equations

o Qn+4+1 .
Z\a|:d Ao 21" - 2y = 0, aqo...0 = 1
Tl+1 i o3t Oéj—l Qnt1
Z\a|:d,ao<d Ej:l Qj Qo 21+ % ez

(o5} Qn+1 ) __
+ Z|a\:d,ao<d S 0,

/
n+l %j

the second of which is obtained by formal derivation. For any multi-index
a with a; > 1, set
, 0 0
Vi=7+——2j—,
dag aaﬁy
where a’, is obtained by the multi-index a, lowering the j-th entry by one.
It is immediate to verify that these vector fields are tangent to Xy and, by an
affine change of coordinates, that once extended to the whole X it becomes
rational with pole order equal to one in the z-variables.
Now consider a vector field on C"*! of the form

n+1 a
Vo= Z’Uj 872]-7
7j=1

where v; = ZZI% Vjk 2k + Vj0 is a polynomial of degree at most one in the
z-variables. We can then modify it by added some “slanted”direction in
order to obtain a vector field tangent to A} as follows. Let

0
V = — 4V
E Vo aa+ 0,
|a|=d,a0<d

where the v,’s have to be determined. The condition to be satisfied in order
to be tangent to Xy clearly is

o 0z“
Zvaz —|—Zaavj?50
a a,j Zj
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and thus it suffices to select the v, to be constants such that the coefficient
in each monomial 2% is zero. Here, an affine change of variables shows that
once the extension of V' to the whole X is taken, the pole order is at most
one in the z-variables.

It is then straightforward to verify that these packages of vector field
generate the tangent bundle, and the poles are compensated by twisting by
Opn+1(1), since they appear at order at most one and only in the variables
living in P+, O

2.2.2 Consequences of the twisted global generation

Two remarkable consequences of the twisted global generation of the tan-
gent space of the universal family are the following. First, the very generic
projective hypersurface of high degree (is of general type and) admits only
subvarieties of general type, that is very generic projective hypersurfaces of
high degree satisfy Lang’s conjecture stated above, which is conjecturally
equivalent to Kobayashi hyperbolicity. Second, very generic projective hy-
persurfaces are algebraically hyperbolic, which would be implied by their
hyperbolicity (and should be in principle equivalent) as we have seen: this
can be regarded as another evidence towards Kobayashi’s conjecture.

Theorem 2.2.3. Let X C P! be a (very) generic projective_hypersurface
of degree d > 2n + 2. If Y C X is any subvariety, let v:Y — Y be a
desingularization. Then

HYY, Ky @ " Opnia(—1)) # 0.

Proof. Let X € P*T!1xPNa~1 the universal hypersurface of degree d and ) C
X be a subvariety such that the second projection J) — PNe¢~1 is dominant
of relative dimension ¢. For simplicity, we shall skip here a technical point
which consists to allow an étale base change U — PNe—! for the family.

Let v: :)7 — Y be a desingularization and consider an open dense subset
U ¢ PNa—1 gyer which both JNJ and X are smooth. What we have to show
is that

H°(Y,, Ky ® v*Opnia (1)) #0,

for Y; the fiber over a generic point s € U. To this aim, observe that, since
the normal bundle of a fiber in a family is trivial,

k+Ng—1
Ky = K5l = N\ T

)

S

by adjunction and that

k+Ng—1

AR

n—Fk
~ Kx, ® /\ Ty

s

Xs
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by linear algebra and adjunction again.
Therefore, we have to show that A\*TV¢~1 Tj}’ﬁ ® v*Opn+1(—1)
tive. Now, we have a map

v, Is effec-

k+Ng—1
/\ Ty @ Opnt1(—1)

k+Ng—1

A T% @ v* Opnia (—1)
X, Ys

induced by the generically surjective restriction T — T;, which is non zero

for a generic choice of s € U.
It is then sufficient to prove that Kx, @ A"~ Ty ‘X ®0Ox,(—1) is globally
generated. Now,

Kx,=0x,(d—n—-2)=0x,((n—k)+ (d—2n+k —2))

and thus
n—k n—k
KX5®/\TX ®O0x,(—1) = /\TX@OPn+1(1) ®Ox, (d—2n+k—3).
X Xs

By the global generation of Ty ® Opn+1(1), the right hand term is globally
generated as soon as d > 2n + 3 — k so that d > 2n + 2 will do the job.

We have thus proved that the theorem holds for the general fiber of the
family ). To conclude, it suffices to let the family )’ vary, that is to let vary
the Hilbert polynomial. In this way we obtain the same statement for all
subvarieties of X outside a countable union of closed algebraic subvarieties
of the parameter space U, that is for very generic X. ]

Corollary 2.2.4. Let X C P"*! be a (very) generic projective hypersurface
of degree d > 2n + 2. Then any subvariety Y C X (and of course X itself)
1s of general type.

Proof. This is an immediate consequence of the theorem above: such a
subvariety has in fact a desingularization whose canonical bundle can be
written as an effective divisor twisted by a big one (the pull-back by a
modification of the ample divisor Opn+1(1)) and hence it is big. O

This corollary can be sharpened as soon as n > 6, see [Pac04].

Corollary 2.2.5. A very generic projective hypersurfaces in Pt of degree
greater than or equal to 2n + 2 is algebraically hyperbolic.

Proof. Let w = i©(Ox(1)) be the reference hermitian metric on X and
C C X a curve. Consider the finite-to-one normalization morphism v: C' —
C, which is in fact a desingularization, if necessary. Then, the preceding
theorem states that Kz ® v*Opni1(—1) is effective and so of non negative

degree on C. By the Hurwitz formula c1(Kg) = 29(C) — 2 and thus

_X(é) = 29(5) =220 Opni1(1) - C = /Cw.
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O]

Another consequence of the global generation statement is the following
result on the non-deformability of entire curves in projective hypersurfaces
of high degree.

Theorem 2.2.6 ( [DPP06]). Consider X C P! x PNa=1 the universal
hypersurface of degree d, U C PNa=1 an open set and ®: C x U — X a
holomorphic map such that ®(C x {t}) C X; for allt € U. Ifd > 2n + 2,
the rank of ® cannot be maximal anywhere.

In other words, the Kobayashi conjecture may possibly fail only if there
is an entire curve on a general hypersurface X which is not preserved by a
deformation of X.

Now, let us sketch the proof of the previous result.

Proof. Suppose that ®: CxU — X has maximal rank and U is the polydisc
B(6p)Ne~1. We consider the sequence of maps

®y: B(Gok)Nt — X
given by ®p(z,&1,...6N,—1) = O(zkNa—1, %51, - %de,l). The sections

o® 0P 0P

J@(Z,f)zg/\afgl/\'“/\m

(ng) € ANdTX,‘I)(z,f)
are not identically zero and we can assume Jg, (0) non-zero. Thanks to the
global generation statement of Ty ® Opn+1(1), we can choose n — 1 vector

fields
Vla DRI anl S TX ® O[Pn+l(1)
such that
Jo, (0) AQL(VIA - A V1) #0

in Ky' @ Opnti(n — 1), (0)- We consider the sections
o = Jcpk A ‘I’Z(Vl VANRRIEIVAN Vn_l),

of &7 (K" ® Opni1(n — 1)) over the polydisk. If d > 2n + 2 the restriction
of Kx ® Opn+1(1 —n) over U is ample and we can endow this bundle with

a metric h of positive curvature. We consider the sequence of functions
fr : B(60k)Ne — RT defined by

2/Nq
@zh_l '

fe(w) = [low(w))|

The ampleness implies that there exists a positive C' such that
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This gives
fr(0) < Ck72,

and therefore fi(0) — 0 which contradicts the fact that, by construction,
there exists a positive constant b such that for all k, f;(0) = b. O

Let us briefly describe the generalization of the above results to the
logarithmic case, that is the case of complements of hypersurfaces. If X
is a n-dimensional complex manifold and D a normal crossing divisor, i.e.
in local coordinates D = {z1...2 = 0}, I < n, we call the pair (X,D) a
log-manifold.

In the case of complements we have the following notion stronger than
hyperbolicity.

Definition 2.2.1. Let (X, D) be a log-manifold and w a hermitian metric
on X. The complement X \ D is said to be hyperbolically embedded in X,
if there exists € > 0 such that for every x € X \ D and { € Tx ,, we have

kx (&) = ell¢]]w-

To generalize to this setting the notion of algebraic hyperbolicity, we
need to introduce the following.

Definition 2.2.2. Let (X, D) be a log-manifold, C' C X a curve not con-
tained in D and v: C' — C the normalization. Then we define ¢(C, D) to be
the number of distinct points in v~1(D).

Then, we have the next.

Definition 2.2.3. The pair (X, D) is algebraically hyperbolic if there exists
€ > 0 such that

~

29(C) —2+i(C, D) > edeg, (C)
for all curves C C X not contained in D.

As in the compact case, analytic and algebraic hyperbolicity are closely
related.

Proposition 2.2.7 ( [PR07]). Let (X, D) be a log-manifold such that X \ D
is hyperbolic and hyperbolically embedded in X. Then (X, D) is algebraically
hyperbolic.

The algebraic version of the Kobayashi conjecture is also verified.

Theorem 2.2.8 ( [PRO7]). Let Xq C P™ be a very generic hypersurface of
degree d > 2n+ 1 in P™. Then (P, Xy) is algebraically hyperbolic.
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2.3 A little history of the above results

The chronicle of the above results about algebraic hyperbolicity is the fol-
lowing.

First, in [Cle86] it is shown that if X is a generic hypersurface of degree
d > 2 in P"*! then X does not admit an irreducible family f: C — X of
immersed curves of genus ¢ and fixed immersion degree deg f which cover
a variety of codimension less than D = ((2 —2g)/deg f) +d — (n 4+ 2). As
an immediate consequence, one gets, for example, that there are no rational
curves on generic hypersurfaces X of degree d > 2n + 1 in P*H!,

Two years later, [Ein88] studies the Hilbert scheme of X C G, a generic
complete intersection of type (myq,...,my) in the Grassmann variety G =
G(r,n+2). As a remarkable corollary one gets that any smooth projective
subvariety of X is of general type if mq+mo+---4+my > dim X +n+2. It is
also proved that the Hilbert scheme of X is smooth at points corresponding
to smooth rational curves of “low” degree.

The variational method presented here, is due to [Voi96]. By variational
method we mean the idea of putting the hypersurfaces in family and to use
the positivity property of the tangent bundle of the family itself. The main
result of this paper is the following theorem which improves Ein’s result in
the case of hypersurfaces: let X C P""! be a hypersurface of degree d. If
d>2n—¢+4+1,1</¢ <n-2 then any /-dimensional subvariety Y of X
has a desingularization Y with an effective canonical bundle. Moreover, if
the inequality is strict, then the sections of Ky separate generic points of

Y. The bound is now optimum and, in particular, the theorem implies that
generic hypersurfaces in P*"*! of degree d > 2n, n > 3, contain no rational
curves. The method also gives an improvement of a result of [Xu94] as well
as a simplified proof of Ein’s original result.

Lastly, let us cite [Pac04]: this paper gives the sharp bound d > 2n
for a general projective hypersurface X of degree d in P"*! containing only
subvarieties of general type, for n > 6. This result improves the aforesaid
results of Voisin and Ein. The author proves the bound by showing that,
under some numerical conditions, the locus W spanned by subvarieties not of
general type (even more than this), is contained in the locus spanned by lines.
This is obtained in two steps. First, with the variational technique inherited
by Voisin the author proves that W is contained in the locus spanned by
lines with highly nonreduced intersection with X, the so called bicontact
locus. Then the latter is proved to be contained in the locus of lines by
using the global generation of certain bundles. Finally, let us mention that
similar results have also been obtained independently and at the same time
in [CRO4].



Chapter 3

Jets spaces

ABSTRACT. This chapter is devoted to the theory of jet spaces and jet differentials.
The idea of using differential equations in hyperbolicity problems can be traced back
to work of Bloch [Blo26a]. The modern language adopted here has been initiated
by [GGS80] and later refined by several authors, such as [Dem97] and [SY97]. We
shall describe the construction of the vector bundle of jet differentials and explain
how to build in a functorial way a tower of projective bundles together with the
corresponding tautological line bundles on any given manifold which provide a
relative compactification of the classical jets spaces. Then, a characterization of
jet differentials in terms of direct images of these tautological line bundles will be
given.

3.1 Projectivization of directed manifolds

We introduce a functorial construction in the category of directed manifold
in order to produce the so-called projectivized space of 1-jets over X.

So, let (X,V) be a complex directed manifold, rank V' = r, and set
X = P(V). Here, P(V) is the projectivized bundle of lines of V and there
is a natural projection 7: X = X; moreover, if dim X = n, then dim X =
n+r—1. On X, we consider the tautological line bundle Oz(—-1) Cc 'V
which is defined fiberwise as

O (=D < Co,

for (x,[v]) € X, with z € X and v € V, \ {0}. We also have the following
short exact sequence which comes from the very definition of X:

0—Ts

X/X—>T)~(—>7T*T)(—>O.

Of course, the surjection here is given by the differential 7. and Ty X =
ker 7, is the relative tangent bundle.

Now, in the above exact sequence, we want to replace 7*Tx by O¢(—1) C
m*V C m*Tx, in order to build a subbundle of T’y which takes into account
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just one significant “horizontal” direction and the “vertical” ones; namely
we define V' to be the inverse image 7, 10;((—1) so that we have a short
exact sequence

0—Ts

X/X—>1~/—>(9)~((—1)—>0

and rank V = rank V = 7. There is another short exact sequence attached
to this projectivization, which is the relative version of the usual Euler exact
sequence of projective spaces:

0= 05 —=mVe0z(1) = Tg,x = 0.

By definition, ()? , 17) is a new complex directed manifold, which is compact
as soon as X is compact and such that 7: (X,V) — (X, V) is a morphism
of complex directed manifolds.

3.1.1 Lifting of curves

Let Ar C C be the open disc {|z| < R} of radius R > 0 and center 0 € C
and f: Ar — X a holomorphic map. Suppose moreover that f(0) = z for
some x € X and that f is a non-constant tangent trajectory of the directed
manifold, that is f'(t) € Vi) for each t € Ag.

In this case, there is a well-defined and unique tangent line [f'(¢)] C Vi
for every t € AR even at the stationary points of f: if f'(¢y) = 0 for some
to € Ag, write f'(t) = (¢t — to)™u(t) with m € N\ {0} and u(tp) # 0 and
define the tangent line at to to be [u(to)].

We define the lifting f of f as the map

f: Ap — X
which sends ¢t — f(t) = (f(¢),[f'(t)]). It is clearly holomorphic and the
derivative f’ gives rise to a section
[': Tap = [0z (=1).
Observe moreover that, as m o f = f, one has m, f'(t) = f'(t), so that f'(t)

belongs to V(f( L) = V~( " Thus, if f is a tangent trajectory of (X, V)

then f is a tangent trajectory of (X V).
On the other hand, if g: Ar — X is a tangent trajectory of (X V) then

f e o g is a tangent trajectory of (X, V) and g coincides with f unless g
is contained in a vertical fiber P(V,,): in this case f is constant.

3.1.2 Jets of curves

Let X be a complex n-dimensional manifold. Here, we follow [GG80] to
define the bundle JT'x — X of k-jets of germs of parametrized holomorphic
curves in X.



3.1 Projectivization of directed manifolds

27

It is the set of equivalence classes of holomorphic maps f: (C,0) —
(X, z), with the equivalence relation f ~ ¢ if and only if all derivatives
£9)(0) = g1)(0) coincide, for 0 < j < k, in some (and hence in all) holo-
morphic coordinates system of X near x. Here, the projection is simply
f - £(0).

These are not vector bundles, unless k = 1: in this case J1Tx is simply
the holomorphic tangent bundle Tx. However, in general, the JiTx’s are
holomorphic fiber bundles, with typical fiber (C™)* (in fact the elements
of the fiber J;Tx , are uniquely determined by the Taylor expansion up to
order k of a germ of curve f, once a system of coordinate is fixed).

Now, we translate these concepts to the setting of complex directed
manifolds.

Definition 3.1.1. Let (X,V) be a complex directed manifold. We define
the bundle J;V — X to be the set of k-jets of curves f: (C,0) — X which
are tangent to V', together with the projection map f +— f(0).

To check that this is in fact a subbundle of .J; we shall describe a special
choice of local coordinates: for any point x¢p € X, there are local coordinates
(21,...,2n) on a neighborhood Q of xy such that the fibers V., for z € Q,
can be defined by linear equations

n T
0
Ve = vzg Uiy, such that Uj:E ajp(x)vg, j=r+1,...,n,,
j=1 J k=1

where (aji(2)) is a holomorphic (n — 7) X r matrix. From this description
of the fibers, it follows that to determine a vector v € V,. it is sufficient to
know its first r components v, ..., v,, and the affine chart v, # 0 of P(V})
can be endowed with the coordinates system (z1,. .., 2n,&1,...,&—1), where
& =wvj/vp, j =1,...,7 —1 (and in an analogous way for the other affine
charts).

Now, if f ~ (f1,..., fn) is a holomorphic tangent trajectory to (X,V)
contained in €2, then by a simple Cauchy problem argument, we see that f
is uniquely determined by its initial value zg and its first » components: as
f'(t) € V), we can recover the remaining components by integrating the
differential system

FE) =" ar(f() fr(t),
k=1

where j = r+ 1,...,n, and initial data f(0) = zp. This shows that the
fibers JiV, are locally parametrized by

(e e (P Y)Y,

for all 2 € Q, hence J;V is a locally trivial (C")*-subbundle of J,Tx.
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3.2 Projectivized jet bundles

In this section, we iterate the construction of the projectivization of a com-
plex directed manifold, in order to obtain a projectivized version of the jet
bundles. This construction is essentially due to Jean-Pierre Demailly.

We start with a complex directed manifold (X, V), with dim X = n and
rank V' = r. We also suppose that r > 2, otherwise the projectivization of
V' is trivial. Now, we start the inductive process in the directed manifold
category by setting

(X07 Vb) = (X7 V)? (Xk7 Vk) = (Xk—h Vk—l)‘

In other words, (X, Vi) is obtained from (X,V) by iterating k times the
projectivization construction (X, V) — (X, V) described above.

In this process, the rank of V} remains constantly equal to r while the
dimension of X} growths linearly with k: dim Xy = n + k(r — 1). Let us
call mp: X — Xji_1 the natural projection. Then we have, as before, a
tautological line bundle Ox, (—1) C 7}Vi_1 over X which fits into short
exact sequences

0—=Tx,/x,, = Vi (- Ox, (1) =0 (3.1)
and
0— Ox, = Vi1 ®Ox, (1) = Tx,/x, , = 0. (3.2)

Now we come back to the lifting of curves. Our precedent discussion has
shown that given a non-constant tangent trajectory f: Agp — X to~(X V)
we have a well-defined non-constant tangent trajectory f: Ag — X = X3
to (X,V) = (X1,V1). Now, set inductively

fop =171 Ji) = -1y
Then, for each k, we get a tangent trajectory fi: Ar — Xy to (X, Vi)
and the derivative f[/k—l] gives rise to a section

3.2.1 Regular and singular loci

By construction, there exists a canonical injection Ox, (—1) < 7;Vj_1 and,
a composition with the projection (mx_1)« gives for all £ > 2 a line bundle
morphism

On( Vit — i

The zero divisor of this morphism is clearly the projectivization of the rela-
tive tangent bundle Ty, | /x, ,, which is, of course, (fiber-wise, with respect
to mr: X — Xj—1) a hyperplane subbundle of Xj. Thus, if we set

Dy =P(Tx, ,/x, ) CPVi1) = Xi, k2=>2,
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we find

Ox, (1) @ m;0x,_,(—1) ® Ox, (—Dy). (3.3)

Now, take a regular germ of curve f: (C,0) — (X, x) tangent to V, that
is f/(0) # 0, and consider, for j = 2,...,k, its j-th lifting f[;: we claim that
then f1;(0) ¢ D;. In this case, in fact, all the liftings of f are regular and
f71(0) € Dj if and only if (mj—1).f];_1)(0) = f];_(0) = 0.

On the other hand, if f is a non-constant germ of curve tangent to V
such that, for all j = 2,...,k, fj;(0) ¢ D; then f'(0) # 0.

Summarizing, if we define

Tk d:ef7Tj+1 o--romg: Xy — Xj,
then a point w € Xj can be reached by a lifting of some regular germ of

curve (if and) only if 7 (w) ¢ Dy, for all j = 2,..., k. It is then natural to

define
k

def _
X = (w5 (X5\ D)
j=2

and

k
i def -1
Xpme S mH(Dy) = Xi \ X
j=2
This singular locus comes out also if one studies the base locus of the linear
system associated to the anti-tautological line bundle Ox, (1). In fact, we
have the following proposition:

Proposition 3.2.1 ( [Dem97]). For every m > 0, the base locus of the
linear system associated to the restriction of Ox, (m) to every fiber ﬂ()_,i(x),
x € X, is exactly Xzing N wai(x) In other words, Xzing
base locus of |Ox, (m)|. Moreover, Ox, (1) is relatively big.

1s the “relative”

This proposition also shows that Ox, (1) cannot be relatively ample,
unless k = 1. Observe finally that the fibers m, L(z) are all isomorphic
to a “universal” (and quite mysterious) nonsingular projective variety of
dimension k(r — 1) which will be denoted by R, ;: it is not hard to see that
R, ;, is rational.

3.3 Jet differentials

Let (X,V) be a complex directed manifold. Let Gy be the group of germs
of k-jets of biholomorphisms of (C, 0), that is, the group of germs of biholo-
morphic maps

tes o) =art+agt® +---+apth, a; €C*a; €C,5>2,
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in which the composition law is taken modulo terms ¢/ of degree j > k. Then
Gy, admits a natural fiberwise right action on J;V consisting of reparametriz-
ing k-jets of curves by a biholomorphic change of parameter. Moreover the
subgroup H ~ C* of homotheties ¢(t) = At is a (non normal) subgroup of
Gy, and we have a semidirect decomposition G = G}, x H, where Gj, is the
group of k-jets of biholomorphisms tangent to the identity. The correspond-
ing action on k-jets is described in coordinates by

Ao (Ff" By = N AR R,

As in [GG80], we introduce the vector bundle Jj ,,V* — X whose fibres
are complex valued polynomials Q(f’, f”,..., f*)) on the fibres of J;,V, of
weighted degree m with respect to the C* action defined by H, that is, such
that

QN NZF L AR FBY = XmQ(f! £, F P,

for all A € C* and (f', f",..., f®) e J,V.
Next, we define the bundle of Demailly-Semple jet differentials (or in-
variant jet differentials) as a subbundle of the Green-Griffiths bundle.

Definition 3.3.1 ( [Dem97]). The bundle of invariant jet differentials of
order k and weighted degree m is the subbundle Ej ,,V* C Jp V™ of poly-
nomial differential operators Q(f’, f”,. .., f®)) which are equivariant under
arbitrary changes of reparametrization, that is, for every ¢ € Gy

QUf o) (fow),....(fo) )y = ()™Q(f, f",.... f*)).

Alternatively, By, ,,V* = (jka*)G;e is the set of invariants of Jj, ,», V* under
the action of G,.

Remark 1. From the hyperbolicity point of view, it is of course more natural
to consider the invariant jet differentials. In fact, we are only interested in
the geometry of the entire curves in a given manifold. For this reason, it is
redundant how the entire curves are parametrized: we just want to look at
their conformal class.

Remark 2. In the sequel, it will be useful to look at global invariant jet
differentials not only as sections of a vector bundle but also as holomorphic
maps Q: JipV — C which are invariant with respect to the fiberwise action
of Gk.

We now define a filtration on [J,,V*: a coordinate change f — Vo
f transforms every monomial (f(®) = (f)a(f")...(f®)% of partial
weighted degree |l|s := €1 + 20y + -+ + sls, 1 < s < k, into a polynomial
(To /YNEin (f, f”,..., f®)), which has the same partial weighted degree
of order s if £s11 = --- = {;, = 0 and a larger or equal partial degree of order
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s otherwise. Hence, for each s = 1,...,k, we get a well defined decreasing
filtration F¢ on Jj,,n, V™ as follows:

QU 1", f®) € Ty mV* involving

P *)
F(JimV7) { only monomials (f(*)¢ with |¢]s > p

}, Vp € N.

The graded terms Gry_,(JrmV™), associated with the (k — 1)-filtration
FP ((JkmV*), are precisely the homogeneous polynomials Q(f’,..., £
whose all monomials (f(*)¢ have partial weighted degree |¢|,_; = p; hence,
their degree £, in f*) is such that m —p = kf}, and Grh_ (JemV*) =0 un-
less k|m —p. Looking at the transition automorphisms of the graded bundle
induced by the coordinate change f — Wo f, it turns out that f (k) behaves
as an element of V C T'x and, as a simple computation shows, we find

G (T V) = Teotmk, V* ® SHV*.

Combining all filtrations Fy together, we find inductively a filtration F'® on
JkmV ™ such that the graded terms are

Gré(jk7mv*) — SZIV* ® SZQV* R R S&g‘/*7 = Nk, |£|k —m.

Moreover there are natural induced filtrations F? (ExmV*) = Epn VN
FY(JmV*) in such a way that

Gl

Gr*(EpmV*) = | € "V @S2V @ o s%V*

[€|z=m

Let us see more concretely which are the elements of the bundles we have
introduced above in the following examples. For the sake of simplicity we
shall consider here only the “absolute” case, that is V = T.

Example 3.3.1. Let us first look at the Green-Griffiths jet differentials.
So, we fix a point x € X and look at the elements of the fiber Jj ,,T% .

e For k = 1, we simply have J1,,T% = S"™1%. This is the usual bundle
of symmetric differentials.

e For another example, when k = 3, we have that a typical element of
the fiber is

Zaifi/, for m = 1,
Zaijfi/fjl' +bif', form =2,
Zawkﬂf]’f/ﬁ + by fi jl-/ +cifl”, form =3,

where the coefficients are holomorphic functions.
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In conclusion, sections of Jj ,,Tx are locally given by homogeneous poly-
nomials with holomorphic coefficients in the variables f/, ..., f*) of total
weight m, where fi(l) is assigned weight [.
Example 3.3.2. For the invariant jet differentials, we still have Ey ,,T% =
S™T%, but for k& > 2 things become much more complicated. To ex-
plain the difficulty, let us translate the condition of being invariant under
reparametrization in terms of classical invariant theory.

As above, let G}, be the group of k-jets of biholomorphisms tangent to
the identity

o(t) =t + agt> + - - + apt”.

Then, G}, acts on (f/, f”,..., f¥) linearly:
(fop) =1,
(foe)' = f"+2af"
(fop)” = f"+6asf" + 6asf’,

We see that Gj, acts by explicit matrix multiplication by the group of ma-
trices

1 0O 0 0 O
2a0 1 0 0 O
6ag 6ax 1 0 0
Kar, ... ... ... 1

For instance, for X a complex surface, local sections of Fs ,,, T are given by
polynomials invariant under the action of the unipotent group U(2)

Y Gaans(IDM ()1 15 = 1115)°.

a1tas+38=m

The algebraic characterization of Es ,,, Ty enables us to make explicit the
filtration described above, namely

Gr*(BaymTx) = P " 9Tk @ K%.
0<j<m/3

For k£ > 3 this group of matrices is a proper subroup of the unipotent group,
hence it is non-reductive and therefore we cannot apply the well-known
invariant theory of reductive actions. It turns out that for proper subgroup
of the unipotent group the theory is much less developed.

Thus, in general, it is still an unsolved (and probably very difficult)
problem to determine the structure of the algebra

A = @ ErmTx o

m>0
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Among the few results we have, we know [Rou06b] for instance, for X a
threefold, that Ajg is generated by the following polynomials:

i f
1/ 1! 1/
W= 1 2 3 |

" " "
1 2 3

wij = fif] — fi'fj,

wiy = FFLE = £ = 3HSif] = £ 1)

As above, one can then deduce the filtration

Gr'(E37mT)*() _ @ F(a+b+20+d, b+c+d, d)T)*(,
a+3b+5c+6d=m

where I' denotes the Schur functor which provides the list of all irreducible
representation of the general linear group.

In this direction, we want to cite here the other results we have: the
structure of Az, A3 and Ay for dim X = 2 (9 generators) was found by De-
mailly and, recently, Merker [Mer08] found A5 for dim X = 2 (56 generators)
and Ay for dim X = 4 (2835 generators).

The general structure of A appears to be far from being understood
even in the surface case.

We would like to mention here that recent progresses have been made in
the invariant theory of non-reductive groups with applications to Demailly-
Semple jets by Berczi and Kirwan. In particular, they can prove that Ay, is
finitely generated [BK10].

3.3.1 Invariant jet differentials and projectivized jet bundles

Associated to the graded algebra bundle Jj JV* = @m>0 Jem V™, there is
an analytic fiber bundle, namely Proj(Jx «V*) = J,V2¢/C*, where J, V" is
the bundle of non-constant k-jets tangent to V', whose fibers are weighted
projective spaces P(r,...,7r;1,2,...,k) (for a definition of weighted projec-
tive spaces and much more, see [Dol82]).

However, we would be mostly interested in a more “geometric” quotient,
for instance something like JV"¢/Gy,.

In [Dem97], it has been constructed something similar, that is the quo-
tient space of J; V"8 /Gy, of regular (i.e. with non-vanishing first derivative)
k-jets tangent to V and we shall see how the projectivized jet bundles can
be seen as a relative compactification of this quotient space.

This is exactly the content of the next theorem.

Theorem 3.3.1 ( [Dem97]). Suppose rank V' > 2 and let mop: X — X be
the projectivized k-th jet bundle of (X, V). Then
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o the quotient J V'8 /Gy, has the structure of a locally trivial bundle over
X and there is a holomorphic embedding Ji V'8 /Gy — Xj over X,
which identifies J, V™8 /Gy, with X, °®.

e The direct image sheaf
('/TO,k)*OXk (m) ~ (’)(Eka*)
can be identified with the sheaf of holomorphic sections of Ej ., V*.

Let us say a few words about this result. First of all, one needs to use
J V™ instead of Jp V™ in order to lift a k-jet of curve f by taking the
derivative (f,[f']) without any cancellation of zeroes in f’: in this way one
gets a uniquely defined (k — 1)-jet f so that, inductively, i (0) is indepen-
dent of the choice of the representative f.

MOI’G/O\\/_/GI“, as the reparametrization commutes with the lifting process,
that is (f o p) = j?o ¢, and more generally (f o @)y = fig o ¥, we get a well
defined map

kareg/Gk — XIEEg.

This map can be described explicitely in local coordinates. Take coor-
dinates (z1,...,2,) near g € X such that V,, = Vect (8%17 ce %). Let
f = (f1,..., fn) be a regular k-jet tangent to V such that f.(t) = t. X
is a k-stage tower of P"~!-bundles. In the corresponding inhomogeneous
coordinates, the point fj,(0) is given by

(Ao iy O (FO), o £ (0 (F(0), o £ (0)))

We see easily that the map J, V™8 /Gy, — X, is a bijection onto X, . This
is the embedding of the first part of the theorem.

Next, part two of the theorem says that, for x € X, we have an identi-
fication HO(W(I%(JT), Ox, (m)) ~ Ej .,V : we want to describe briefly what
this identification is. Fix a section o € Ho(wa’;(az), Ox,(m)). Recall that
given regular k-jet of curve at x € X, the derivative f[’kfl] (0) defines an ele-
ment of the fiber of Ox, (—1) at fj;(0). Then we get a well-defined complex
valued operator

Q(flv fllv s f(k)) = J(f[k](o)) ’ (f[,k—l}(o))m

Such a @ is holomorphic and extends to singular jets by an easy Riemann’s
extension theorem argument (since codimy,y, JVEe = > 2). The G-
invariance is satisfied since f;,)(0) does not depend on the reparametrization
and (fogo)’[kil] (0) = f[’kfl] (0)-¢'(0). Moreover, the invariance implies in par-
ticular that () must be polynomial. Thus @ € Ej ,,V, . This correspondence
is easily shown to be bijective and is in fact the one given in the theorem.
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3.3.2 Sufficient conditions for relative positivity

The relative structure of the fibration mg j: X3 — X is completely universal
and its fibers are smooth rational varieties which depend only on k and on
the rank of V.

Moreover, as Xy, arises as a sequence of successive compactifications of
vector bundles, its Picard group has a quite simple structure, namely we
have

Pic(X%) ~ Pic(X) @ Zuy - - - & Zuy,

where uj, j =1,...,k, is the class of Ox,(1).

As we already observed, the line bundle Oy, (1) is never relatively ample
over X for k > 2. Now, for each a = (a,...,ax) € ZF, we define a line
bundle Ox, (a) as

Ox, (a) & 77 ,0x, (a1) ® 75 ,0x;, (a2) @ - - © Ox, (ay).

By formula (4.3), we get inductively
Tk O0x; (1) = Ox, (1) ® Ox, (=711 x Djt1 — -+ — Dy).

Set, for j=1,...,k—1, D; = 7r;'f+17ij+1 and Dj = 0. Then, if we define
the weight b = (b1,...,by) € Z¥ by bj = a1 + - +aj, j =1,...,k, we find
an identity

Ox, (a) ~ Ox, (by) ® Ox, (—=b - D*),

where

k—1
def
b-D*= ij i1k Dje1-
j=1
In particular, as all the D;’s are effective, if b € N*, that is a; +-- -+ a; >0
forall j =1,...,k, we get a non-trivial bundle morphism

OXk (a) ~ OXk(bk) & OXk(_b . D*) — OXk (bk) (3.4)

Set theoretically, we have seen that the relative base locus of the complete
linear system |Ox, (m)| is exactly X3¢ = U§:2 Trj_?,i(Dj).

Now, we would like to twist the line bundle Ox, (m) by an ideal sheaf Z,
possibly co-supported on szg, in order to get rid of this base locus. If one
wants to remain in the category of invertible sheaves, then this ideal sheaf
should be something of the form Oy, (—b - D*), for b € NF,

Next proposition gives sufficient conditions to solve this problem.

Proposition 3.3.2 ( [Dem97]). Let a = (ay,...,a;) € N¥ be a weight and
m=by=a1+---+ag. Then
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e we have the direct image formula
(m0.6)+Ox, (2) ~ O(F " Ep iy V*) C O(EgmV*)

where FaEkvmV* is the subbundle of polynomials Q(f', f", ..., f®) €
ExmV* involving only monomials ()¢ such that

Cop1+2gio+ -4 (k—5) < agpr + -+ ag
foralls=0,...,k—1.

e if ay > 3as,...,ap_9 > 3ap_1 and ap_1 > 2a > 0, then the line
bundle Ox, (a) is relatively nef over X.

e if ap > 3ag,...,ap_o > 3ag_1 and ap_1 > 2ax > 0, then the line
bundle Ox, (a) is relatively ample over X.

Note that formula 4.4 gives a sheaf injection
(m0,1)+Ox, (@) = (m0.£)«Ox,, (M) = O(Egm V™),

which is the inclusion of the first part of the proposition. The two last
positivity properties are obtained by induction on k.



Chapter 4

Hyperbolicity and negativity
of the curvature

ABSTRACT. In this chapter we shall explain how negativity properties of the curva-
ture of complex manifolds is connected to hyperbolicity. We start with some basic
notions of curvature and then prove the classical Ahlfors-Schwarz lemma. Then, we
come back to higher order jets, and prove the basic result that every entire curve
automatically satisfies every global jet differential with values in an antiample line
bundle; as a consequence we deduce Bloch’s theorem about entire curves on com-
plex tori. To conclude the chapter we illustrate a general strategy to prove algebraic
degeneracy of entire curves.

4.1 Curvature and positivity

Let X be a complex manifold of complex dimension n and 7: £ — X a
hermitian vector bundle of rank r with hermitian metric h. Fix a point
xo € X, some local holomorphic coordinates (z1,...,2,) centered in xy and
a local holomorphic frame (ey,...,e,) of E, which we can suppose without
loss of generality orthonormal in xy with respect to h.

We recall that, on F, there exists a unique linear connection D which
respects both the complex structures of £ and X and the hermitian structure
of E given by h: it is called the Chern connection. Its curvature

iO(E,h) =iDj
is the Chern curvature of the pair (E, h): it is a (1, 1)-form with values in the

hermitian endomorphisms of E. Locally, in terms of the natural hermitian
matrix H associated to h with respect to the local frame (ey), it is given by

iO(E,h) =i 0(H '0H).
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At the given point zg € X, write

n T
1Oy, (E,h) =1 Z Z Cikap dzj N dZ, @ €} @ e
Gh=1 A =1

To iO,,(E, h) corresponds a natural hermitian form g on Tx ., ® E,
defined by

Op = Z Cikau (dzj ® €}) @ (dz ® e;‘;)
j7k7A7IJ’
Its evaluation on rank one tensors gives rise to the notion of Griffiths posi-
tivity for vector bundles.

Definition 4.1.1. The hermitian vector bundle (E, h) is said to be Griffiths
positive (resp. Griffiths semi-negative) at xg if for all v € Tx 5, \ {0} and
s € Eyy \ {0} we have

Op(v®s,v®s) >0 (resp. <0).

The bundle (E,h) is said to be Griffiths positive (resp. Griffiths semi-
negative) if it is Griffiths positive (resp. semi-negative) at all point z € X.

We shall not list here all the remarkable properties of Griffiths positive
bundles, but just mention that Griffiths positivity implies (and is conjec-
turally equivalent to) the ampleness for the bundle E, that is global section
of high symmetric powers of E generates 1-jets of sections at any point.

Obviously these notions are still valid in the particular case when £ = T'x
is the tangent bundle of X and the metric A is then a hermitian metric on
X. In this case the notion of Griffiths curvature coincides with the classical
notion of holomorphic bisectional curvature and if the hermitian form 67,
is just tested on tensors of the form v ® v, with v € T, this gives back
the holomorphic sectional curvature. In particular, if the tangent bundle
of a manifold is Griffiths positive (resp. Griffiths semi-negtive) then it has
positive (resp. semi-negative) holomorphic sectional curvature.

When hermitian metrics on the tangent bundle are given, we have and
we shall often confuse the hermitian form A and its naturally associated
(1,1)-form w = —Sh (and vice-versa): if h is given locally by

n
h = Z hjr dz; ® dzy,
jk=1
then w is given simply by
Z. n
w=y > hjdz; A dz,

J,k=1

as one can immediately check.
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4.1.1 Special case of hermitian line bundles

When r = 1, that is when F is a hermitian line bundle, the positive definite
hermitian matrix H is just a positive function which we write H = e~ %; we
call ¢ a local weight for h. The above formulae then give locally

iO(E,h) =i00¢.

Especially, we see that in this case i O(E, h) is a closed real (1, 1)-form. It
is (semi-)positive (in the sense of Griffiths) if and only if the local weight
¢ is strictly plurisubharmonic (resp. plurisubharmonic). By the celebrated
Kodaira theorem, this happens if and only if F is an ample line bundle.
With a slight abuse of notation, in the case of line bundle we could indicate
in the sequel with

iO(E,h)(v), wveTx,

the evaluation on v of the hermitian form naturally associated to the (1, 1)-
form i O(E, h).

More generally, we can relax the smoothness requirements on h and
just ask the local weights to be locally integrable: this gives the so-called
notion of singular hermitian metric. In this framework, the curvature is still
well defined provided we take derivatives in the sense of distributions. The
positivity in the sense of distribution becomes now to ask the local weights
¢ to satisfy the following property: for all w = (wq,...,w,) € C*\ {0} the

distribution
W; Wi
Py azj 0%k

is a positive measure. This is again equivalent to ask the local weights ¢ to
be plurisubharmonic. We say that a singular hermitian i admits a closed
subset ¥, C X as its degeneration set if ¢ is locally bounded on X \ ¥;, and
is unbounded on a neighborhood of any point of ¥,

Example 4.1.1. Let L — X be a holomorphic line bundle and suppose
we have non zero global sections o1,...,0n8 € H°(X,L). Then, there is
a natural way to construct a (posssibily) singular hermitian metric h~! on
L~ (and therefore on L by taking its dual): we let

N 1/2
w0 = (S letos@n)?) L wee L

J=1

The local weights of the induced metric on L are then given by

1 N
o) = 5 log Y Is; ()P
j=1
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where s; is the holomorphic function which is the local expression in a given
trivialization of the global section o, j = 1,..., N.

Since the s;’s are holomorphic, the weights of such a metric are always
plurisubharmonic and hence the corresponding Chern curvature is semi-
positive (in the sense of distribution). In particular every effective line bun-
dle carries a singular hermitian metric with semi-positive curvature current
constructed in this fashion and its degeneracy locus is exactly the base locus
of the sections.

If the sections o1, ...,0n globally generate the space of sections of L
(that is, for each x € X there exists a jo = 1,..., N, such that o;,(x) # 0)
then the metric h is smooth and semi-positively curved, in particular L is
nef. If they generate 1-jets of sections at any given point, then the metric
h has strictly plurisubharmonic weights and it is positively curved. Both
of these properties can be easily shown by direct computation on the local
weights.

Riemann surfaces

In the special case dim X = 1, the tangent bundle of X is in fact a line
bundle.

The curvature of T'’x becomes then a real number and coincide (modulo a
positive factor) with the classical notion of Gaussian curvature for Riemann
surfaces. For if the metric h is given locally by the single positive smooth
function e~%¥, the Chern curvature is given by

%o

z@@gpzzazazdz/\dz

and )
0%y 1 1
=_Ap=-A(-1
9207 — 159 = 1Al ),

while the Gaussian curvature of h is given by

1

K(X,h) = o7

Alogh.

Thus, we see that hyperbolic Riemann surfaces are exactly the ones which
admits a negatively curved hermitian metric (the ones of genus greater than
or equal to two which are covered by the disc and inherit its Poincaré metric).

Tautological line bundle on projectivized vector bundles

We want to derive here the relation between the curvature of a hermitian
vector bundle and the curvature of the associated tautological line bundle
over its projectivization.
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So let E — X be a hermitian vector bundle of rank » with hermitian
metric h, where X is any n-dimensional complex manifold and consider the
projectivization m: P(FE) — X of lines of E.

Then, Op(g)(—1) C 7*E admits a natural hermitian metric which is just
the restriction of the pull-back of h by 7. Fix an arbitrary point xg € X, a
unit vector vy € Ey,, local holomorphic coordinates (z;) centered at z and
choose a local holomorphic frame (ey) for E near xy such that

hiex(z),eu(2)) = drp — Cjkap 22k + O(\zgl),
and e, (xg) = v, where the cj;»,’s are the coefficients of the Chern curvature
i@a;O(E, h) =1 Z Z Cikp de A d?k ® 6; ® €pu-
gk A

It is a standard fact in hermitian differential geometry that such a choice of
a holomorphic local frame is always possible.

We shall compute the curvature i ©(Op(g)(—1)) at the (arbitrary) point
(xo0,[v0]) € P(E). Local holomorphic coordinates centered at (zo, [vo]) are
given by (21,...,2n,&1,...,&—1), where the (r — 1)-tuple (&1,...,&.—1) cor-
responds to the direction [§1 e1(z) + -+ + &—1 e,-1(2) + e-(2)] in the fiber
over the point of coordinates (z1,...,2,). Next, a local holomorphic non
vanishing section of Opg)(—1) around (o, [vo]) = (0,0) is given by

n(z,&) =&ei(z) +- - +&-1er-1(2) +er(2)

and its squared length by

n
Iz =1+ 1617 = D cirer 22k + O((l2] + €)?).
jk=1

Thus, we obtain

Z'9(350,[1)0])(OP(E)(_l)) = —1 8510g Hn”%‘(%@:(o,o)

n r—1

=1 Z Cikrr de A d?k - Z dﬁ)\ A dg)\ (41)
7,k=1 A=1
=0p(e @ vo, @ wo) — || o ||Fs,

where || o ||%¢ is the Fubini-Study metric induced by h on the projective
space P(Ey,).

In particular, we see that if (£, h) is Griffiths negative then Op(pgy(—1)
is negative (and Opgy(1) is positive).
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4.2 The Ahlfors-Schwarz lemma

A basic idea is that Kobayashi hyperbolicity is somehow related with suitable
properties of negativity of the curvature even in dimension greater than one.
The first result in this direction is the following, which was already observed
in [Kob70].

Proposition 4.2.1. Let X be a compact hermitian manifold. Assume that
Tx has negative Griffiths curvature, or more generally that T is ample.
Then X s hyperbolic.

Proof. Since T% is ample, the large symmetric powers S™T% of T have
enough global section o1,...,0n in order to generate 1-jets of sections at
any point. This means that the function n: Tx — R defined by

N 1/2m
n(v) = (Z 0(a) -v@mP) we Ty

j=1

is strictly plurisubharmonic on Tx minus the zero section.

Now assume that X is not hyperbolic: then, by Brody’s lemma, there
exists a non constant entire curve g: C — X with bounded first derivative,
with respect to any hermitian metric on X. Then, the composition 7 o ¢’
is a bounded subharmonic function on C which is strictly plurisubharmonic
on {¢’ # 0}. But then g must be constant by the maximum principle and
we get a contradiction. O

We now state and give a sketch of the proof of the Ahlfors-Schwarz
lemma, in order to generalize the preceding proposition to higher order jets.

Lemma 4.2.2 (Ahlfors-Schwarz). Let v(¢) = i70(¢) d¢ A dC be a hermtian
metric on Ag, where log~yg is a subharmonic function such that

i001ogv0(¢) > Av(Q)

in the sense of distribution, for some positive constant A. Then -~ can be
compared with the Poincaré metric of Agr as follows:

R~2|dc|”

2
W< T jep

Proof. Assume first that vy is smooth and defined on Ap. Take a point
Co € Ag at which (1 — |¢|?/R?)?vp is maximum. Then its logarithmic i 90-
derivative at (y must be non positive, hence

i9010g v0()|¢=¢, — 21 091og(1 — [¢|*/R*) ™ *|¢=¢, < 0.
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But now the hypothesis implies that

Avo(Co) < 19910g0(¢)lc=¢, < 2i901og(1 — |¢1?/R*) =,

and
2i 901log(1 — [¢|*/R*)[¢=¢, = 2R7*(1 — |¢o[*/R?) 2.

Hence, we conclude that

(1= [¢P/R*)?*v0(C) < (1 — [Col*/R*)*y0(¢o) < ALR2

If g is just defined on Ap, we consider instead ~5(¢) = v ((1 — €)¢) and
then we let ¢ tend to 0.

When 7y is not smooth one uses a standard regularization argument by
taking the convolution with a family of smoothing kernels (p.), but we shall
skip the details here. ]

The general philosophy of the theory of jet differentials is that their
global sections with values in an antiample divisor provide algebraic differ-
ential equations which every entire curve must satisfy. We start illustrating
this philosophy with the following application of the Ahlfors-Schwarz lemma.
First of all, we give the following definition.

Definition 4.2.1. Let hj, be a k-jet metric on the directed manifold (X, V),
that is a (possibly singular) hermitian metric on the k-th tautological line
bundle Oy, (—1). We say that hy has negative jet curvature if the curva-
ture i ©(Ox, (—1), hi) is negative definite along the subbundle V;, C T,
(possibly in the sense of distributions).

Remark 3. In the special case of 1-jets, formula (5.1) shows that if hy is
smooth and comes from a hermitian metric A on V, then h; has negative
jet curvature if and only if V' has negative holomorphic sectional curvature.

Theorem 4.2.3 ( [Dem97)). Let (X, V) be a compact complex directed man-
ifold. If (X, V) has a k-jet metric hy, with negative jet curvature, then every
entire curve f: C — X tangent to V is such that fi,)(C) is contained in the
degeneration set Xy, of hy.

As an immediate corollary we get the following generalization of Propo-
sition 5.2.1.

Corollary 4.2.4. Let X be a compact complex manifold with negative holo-
morphic sectional curvature. Then X is Brody hence Kobayashi hyperbolic.

More generally, if X is a complex manifold whose holomorphic sectional
curvature is bounded above by a negative constant then X is Brody hyperbolic.

Here is a more algebraic consequence.
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Corollary 4.2.5 ( [GG80], [SY97] [Dem97]). Assume that there exist inte-
gers k,m > 0 and an ample line bundle A — X such that

H°(X}, Ox, (m) ® wa‘,kA_l) ~ (X, BV @ A1)

has non zero sections o1,...,0n. Let Z C Xj be the base locus of these
sections. Then every entire curve f: C — X tangent to V is such that

fm(C) c Z.

Remark that an analogous statement holds for non necessarily invariant
jet differentials, when V = Tx.

Proof. In fact, from the sections (o) we get a singular hermitian metric
on Ox, (—1) whose degeneration set is exactly the base locus Z and whose
curvature is bounded above by the one of 7TS7kA_1 (this is not completely

correct, since 7§ , A~ does not bound the “vertical eigenvalues”, see [Dem97]
for all the details). O

Proof of Theorem 5.2.3. Chose an arbitrary smooth hermitian metric wy on
T, . By hypothesis there exists € > 0 such that

i0(0x, (1), k(&) > ell¢ll2,,  VE € Vi

Next, by definition, (7). maps continuously Vi onto Ox, (—1); write hy lo-
cally e¥ and notice that the weight ¢ is locally bounded from above. There-
fore, we can find a constant C' > 0 such that

Putting together the two inequalities, we get

(me)+€llh, < CIENZ,. V€ € Va

10(0x, (1), 1)) = Sll(mo)-&llR,, V€ € Vi

Now take any f: C — X tangent to V, fix an arbitrary radius R > 0 and
consider the restriction f: Arp — X. Thus, we get a line bundle morphism

by which we can pull-back the metric h; to obtain a
Y =7d( ®d( = F*hy.

If fix (AR) C Xj, then v = 0. If not, o vanishes precisely at points where F'

vanishes (which are isolated) and at points of the degeneration set f, ;f(Ehk),
which is polar in Ag. At other points (, the Gaussian curvature 0% v is
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and, when computed as hermitian form on 9/9¢, one gets

ifﬁ]@(oxk(l),hzl)(§§> — 10(0x, (1), he)(fly(0))

> Sl

€
= 670(()7
since f[/k—1](<) = (ﬂk)*f[/k](g“) and v = F*hg. Thus, the Ahlfors-Schwarz
lemma implies
2C  R%|d()?
o< X
e (1—|¢]?/R?)
that is
2C R?

ey Olli < = 7 1cr 7R

Letting R tend to infinity, we obtain that fj;_;) must be constant, and hence
f, too. O

4.2.1 The Bloch theorem

Bloch’s theorem is a characterization of the (Zariski) closure of entire curves
on a complex torus. Following [Dem97], we shall derive it here as a conse-
quence of Theorem 5.2.3.

Theorem 4.2.6. Let Z be a complex torus and let f: C — Z be an en-

——Z
tire curve. Then the (analytic) Zariski closure f(C) " is a translate of a
subtorus.

The converse is clearly true, too: for any translate of a subtorus a +
7' C Z, one can choose a dense line L C Z' and the corresponding map
f: C~a+ L — Z has Zariski closure mzar =a+ 7.

Before giving the proof, we list here some immediate consequences (the
first of which has already been proved by elementary methods in Chapter

1).

Corollary 4.2.7. Let X be a complex analytic subvariety in a complex torus
Z. Then X is hyperbolic if and only if X does not contain any translate of
a subtorus.

Corollary 4.2.8. Let X be a complex analytic subvariety of a complex torus
Z. If X is not a translate of a subtorus then every entire curve drawn in X
1 analytically degenerate.

In particular, if X is a complex analytic subvariety of general type of
a complex torus Z then it cannot be a translate of a subtorus and the
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corollary applies. Anyway, observe that a priori this corollary just states
that there are no Zariski dense entire curves in such a subvariety and not
the stronger property of the existence of a closed proper subvariety of X
which contains the images of every entire curve in X. The corollary is thus
a weak confirmation of the Green-Griffiths conjecture for subvarieties of
general type of complex tori.

Nevertheless, once we have the analytic degeneracy of entire curves, the
stronger version of the Green-Griffiths conjecture can be deduced from the
following result of Kawamata.

Theorem 4.2.9 ( [Kaw80]). Let X be a subvariety of general type of a
complex torus Z. Then there is a proper subvariety Y C X which contains
all the translates of subtori contained in X.

Here is the Bloch theorem itself [Blo26b, Kaw80].

Corollary 4.2.10 (Bloch’s theorem). Let X be a compact complex Kdhler
manifold such that the irregularity ¢ = h°(X, T%) is larger than the di-
mension n = dim X. Then every entire curve drawn in X is analytically
degenerate.

Observe that if the irregularity is larger than the dimension there exists
a map from X to a complex torus Z such that the image of X is of general

type.

Proof. The Albanese map a: X — Alb(X) sends X onto a proper subva-
riety Y C Alb(X), since dim Alb(X) = ¢ > n. Moreover, by the universal
property of the Albanese map, «(X) is not a translate of a subtorus. Hence,
given an entire curve f: C — X, the composition a o f: C — Y is analyti-
cally degenerate; but then, f itself is analytically degenerate. O

Now, we give a

Proof of Theorem 5.2.6. Let f: C — Z be an entire curve and let X be the
Zariski closure of its image. Call Zj, the projectivized k-jet bundle of (Z,T)
and X} the closure of the projectivized k-jet bundle of (Xieg, T'x,,) in Z.
As Ty ~ Z xC", dim Z = n, we have that Z, = Z xR, 1., where R,, , is the
rational variety introduced in the previous chapter. By Proposition 4.3.2,
there exists a weight a € N¥ such that Oy, (a) is relatively very ample. This
means that there exists a very ample line bundle Og, ,(a) over R, ; such
that Oz, (a) is its pull-back by the second projection. Now, consider the
restriction to X}, of the second projection map and call it ®5: X — Ry, 1
by functoriality, one has that Ox, (a) = ®;Og, , (a).

Define By, C X} to be the set of points x € X such that the fiber of &
passing through x is positive dimensional and assume that By # Xj.
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Lemma 4.2.11. There exists a singular hermitian metric on Ox, (a) with
strictly positive curvature current and such that its degeneration set is exactly
By..

Proof. This a quite standard fact. A proof can be found for example in
[Dem97]. O

Thus, Theorem 5.2.3 shows that f;)(C) C By, (and this is trivially also
true if By = X},). This means that through every point fi)(to) there is a germ
of positive dimensional variety in the fiber <I>,;1(<I>k(f[k] (to))), say a germ of
curve ¢ — u(¢) = (2((), jx) € Xx C Z x Ry with u(0) = fix)(to) = (20, k)
and zo = f(to). Then (2((), ji) is the image of f3;(to) by the k-th lifting of
the translation 7,: z — z + s defined by s = z({) — 2.

Next, we have f(C) ¢ Xging since X is the Zariski closure of f(C) and
we may then choose ¢ so that f(tg) € Xyeg and f’(to) # 0. Define

Ar(f) ={s € Z | fiy(to) € X N 7—s(X)x}-

Clearly Ag(f) is an analytic subset of Z containing the curve { — s(¢) =
2(¢) — zo through 0. By the Noetherian property, since

A(f)DAS) D DA(f) D,

this sequence stabilizes at some Ag(f). Therefore, there is a curve A, — Z,
¢ — s(C) such that the infinite jet jo, defined by f at to is s(¢)-translation
invariant for all t € C and ¢ € A,. As X is the Zariski closure of f(C), we
must have s(¢{)+ X C X for all ¢ € A,; moreover, X is irreducible and then
we have in fact s({) + X = X.
Now, define
W={seZ|s+X=X}.

Then, W is a closed positive dimensional subgroup of Z. Let p: Z/W be
the natural projection. As Z/W is a complex torus with of strictly lower
dimension that Z, we conclude by inducion on dimen;ion that the curve
f: po f: C— Z/W has its Zariski closure X = f((C) Yo p(X) equal to
a translate §+ 7T of some subtorus 7' C Z JW. Since X is W-invariant, we
get X = s+ p_l(f), where p_l(f) is a closed subgroup of Z. This implies
that X is a translate of a subtorus. O

4.3 A general strategy for algebraic degeneracy

We state here a quite general theorem which gives sufficient conditions in
order to have algebraic degeneracy of entire curves in a given compact com-
plex manifold. This statement somehow combine and sums up several ideas
and strategies by different authors in the last three decades.
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Theorem 4.3.1 ( [Siu04], [Pau08], [Rou07], [DMR10], [DT10]). Let X be
a compact complex manifold. Suppose there exist two ample line bundle
A, B — X and integers k,m > 0 such that

(i) there is a non zero section P € HY(X, Ex,nT% @ A71),

(1) the twisted tangent space Ty, 7 @i B of the space of k-jets p: JpTx —
X s globally generated over its reqular part JkT;(eg by its global sec-
tions, and suppose moreover that one can choose such generating vector
fileds to be equivariant with respect to the action of Gy on JipTx,

(iii) the line bundle A ® B~®™ is ample.

CallY C X the zero locus of the section P. Then every holomorphic entire
curve f: C — X has image contained in Y .

If moreover the effective cone of X is contained in the ample cone (which
is the case for instance if the Picard group of X is Z), then the ample line
bundle A can be chosen in such a way to force Y to have codimension at
least two in X.

Proof. Start with the given non zero section P € H*(X, Ej, T5 ® A~!) and
call

Y ={P=0}CX

its zero locus. Look at P as an invariant (under the action of the group Gy)
map
JpTx — prA~!

where p: JpyTx — X is the space of k-jets of germs of holomorphic curves
f:(C,0) —» X. Then P is a weighted homogeneous polynomial in the jet
variables of degree m with coefficients holomorphic functions of the coordi-
nates of X and values in p,’gA_l.

By hypothesis (ii), we have enough global holomorphic Gg-invariant vec-
tor fields on JiTx with values in the pull-back from X of the ample divisor B
in order to generate T, 7, ® p; B, at least over the dense open set J,T' )r(eg of
regular k-jets, i.e. of k-jets with nonvanishing first derivative. Considering
jet differentials as functions on JiTx, the idea is to produce lots of them
starting from the first one simply by derivation.

If f: C — X is an entire curve, consider its lifting ji(f): C — JiTx and
suppose that ji,(f)(C) ¢ JyT5"® O 1Ty \ JiTx® (otherwise f is constant).
Arguing by contradiction, let f(C) ¢ Y and 2o = f({p) € X \ Y.

Then, by Corollary 5.2.5, the point ji(f)({p) must lie in the zero locus
of the restriction P, of P to the affine fiber p;, () (see Figure 5.1): this
restriction is not identically zero by construction, since the point x( is outside
the zero locus of P regarded as a section of Ej,,,T% ® AL
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Figure 4.1: The lifting of the curve f and the zero locus of Py,

If we take a global section V € H(JyTx, Ty, 1y @ piB), by combining
with the pairing

HO(JuTx,pp A~ x HY(J,Tx,piB) — HY(JTx,pi(A™' @ B)),

we can form the Lie derivative Ly P of P with respect to V and obtain
in this way a new global invariant (since V' is an invariant vector field) jet
differential of weighted degree m and order k with values in A~! ® B.

Since Py, is a polynomial of weighted degree m, there exist v1,...,v, €
T T in(F)(Go)» P < m, such that given Vi,...V, € HY(J,Tx,Ty,1y ® piB)
with the property that V;(ji(f)((o)) =vj, 7 =1,...,p, one has

Ly, - Ly, P(jx(f)(C0)) # O.

For instance, if the point jx(f)({o) is a regular point of the zero locus of
Pyy in JpTx 5y, it suffices to take p = 1 and any v = v1 € Ty, 7y ji(£)(¢o)
transverse to the zero locus will do the job (see again Figure 5.1). In general,
this zero locus has at most a singularity of order m at ji(f)((p) and thus
one needs to take at most m derivatives in order to guarantee the non
vanishing of the derived polynomial at the given point. The existence of the
global sections with prescribed valued at ji(f)(p) is assured by the global
generation hypothesis (ii).

Summing up, one can produce, by differentiating at most m times, a
new invariant k-jet differential Q) = Ly, - - - Ly, P of weighted degree m with
values in A~'®B®P such that Q(j(f)(o)) # 0, thus contradicting Corollary
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5.2.5, provided A~! ® B®P is antiample, i.e. provided Q is still with value in
an antiample divisor. But this is assured by hypothesis (iii), since p < m.

For the last assertion, the starting point is the following general, straight-
forward remark. Let £ — X be a holomorphic vector bundle over a compact
complex manifold X and let 0 € H°(X, E) # 0; then, up to twisting by the
dual of an effective divisor, one can suppose that the zero locus of ¢ has no
divisorial components. This is easily seen, for let D be the divisorial (and
effective) part of the zero locus of ¢ and twist E by Ox(—D). Then, o is
also a holomorphic section of H*(X, E® Ox(—D)) and seen as a section of
this new bundle, it vanishes on no codimension 1 subvariety of X.

Now, we use this simple remark in our case, the vector bundle E being
here Ej ,,T% ® A~1. Since, by hypothesis, every effective line bundle on X
is ample the corresponding Ox(—D) is antiample. After all, we see that in
the above proof of one can suppose that the “first” invariant jet differential
vanishes at most on a codimension 2 subvariety of X, provided one looks
at it as a section of HY(Ey ,T% ® A~ ® Ox(—D)) and A™! ® Ox(—D) is
again antiample. In fact it is even “more antiample” than A~!: in particular,
condition (iii) in the hypotheses is still fulfilled:

A®Ox(D)® B~®" > A B~®" >0

and everything works in the same way, but now with a Y of codimension at
least two. 0

One then gets immediately.

Corollary 4.3.2. A compact complex surface which satisfies the hypotheses
of Theorem 5.5.1 is Kobayashi hyperbolic.

Corollary 4.3.3. Let X be a compact complex threefold which satisfies the
hypotheses of Theorem 5.3.1. Suppose moreover that X does not contain
any rational or elliptic curve. Then X is Kobayashi hyperbolic.

=/
Proof. Let f: C — X an entire curve in X. Then f(C) " is an algebraic
curve of X which admits a non constant holomorphic image of C. By uni-
formization, it must be rational or elliptic, contradiction. O



Chapter 5

Hyperbolicity of generic
surfaces in projective 3-space

ABSTRACT. The main topic of these notes is hyperbolicity of generic projective
hypersurfaces of high degree. In this chapter we shall describe how to prove it in
the simpler case of surfaces in projective 3-space. While Kobayashi’s conjecture
predicts in the case of surfaces a lower bound for the degree equal to 5, nowadays
the hyperbolicity is only known for degree greater than or equal to 18 [Pau08], after
36 [McQ99] and 21 [DEGO00].

5.1 General strategy

The idea we present here to attack the Kobayashi conjecture is to apply
Theorem 5.3.1 in the context of projective hypersurfaces. Unluckily, to
verify the validity of hypothesis (ii) even in this framework is very difficult
(and maybe even not true): we shall instead use a kind of the variational
method introduced in [Voi96] as explained in [Siu04].

The strategy is the following. First of all, it is known [Sak79] that on a
smooth projective hypersurface of dimension greater than or equal to two
there is no symmetric differentials at all. This means that we cannot expect
to work with order one jet differentials for this conjecture. In fact, in general,
one has the following

Theorem 5.1.1 ( [Div08]). On a smooth projective complete intersection
X one has the following vanishing:

HYX,EpmnT%) =0, ¥Ym>0 and 0<k< dimX/codimX.

In particular, if X is a smooth hypersurface one has to look at least for
mwvariant jet differentials of order equal to the dimension of X.

Following [Dem97], for X a smooth surface in projective 3-space we
shall see that to find the first non zero jet differential (see hypothesis (i) of
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Theorem 5.3.1) it suffices to apply a Riemann-Roch argument together with
a vanishing theorem of Bogomolov [Bog78]. One gets in this way an order
two jet differential on every smooth hypersurface in P? of degree greater than
or equal to 15; a more involved Riemann-Roch computation made in [GG80]
shows in fact that on every smooth projective surface of general type there
is a global jet differential of some (possibly very high) order!. Thus one
has a global jet differential on every smooth projective hypersurface in P3
starting from degree 5 (this is the first degree for which the canonical bundle
is ample). Anyway, for our purposes order two techniques will suffice.

Then, one has to produce meromorphic vector fields with controlled pole
order like in the case of the proof of algebraic hyperbolicity. For this, one
consider the universal hypersurface X C P3 x PNa—1 of degree d in P? and
the vertical tangent bundle V C T, kernel of the differential of the second
projection. Next, one forms the corresponding directed manifold (X, V):
entire curves in X tangent to )V are in fact contained in some fiber and then
map to some hypersurface. The aim is to globally generate the (twisted)
tangent space T,y ® Ops(e) ® Opn,—1(e) to vertical 2-jets: this is done
in [Pau08] using “slanted” vector fields which permit to gain some positivity
from the moduli space.

But now, the problem is that in order to be able to take derivatives one
needs global jet differentials not only defined over the fibers (that is over
every single smooth hypersurface) but over an open set in X.

The vector bundle Ej,,V* — X has the tautological property that its
restriction to any smooth fiber X, of the second projection (that is to the
hypersurface corresponding to a given modulus s in PN4~1) is just the vector
bundle Ef,,,T% — Xs. Since we know that on any smooth projective
hypersurface of degree > 15 there is an order two global jet differential
we can use a standard semicontinuity argument in order to extend it to a
section of Ejy,,V* over (the inverse image by the second projection of) a
Zariski open set of the moduli space: this is the desired extension to use the
meromorphic vector fields.

We shall see later how the more technical in nature hypothesis (iii) of
Theorem 5.3.1 is fulfilled in this situation.

5.2 Existence of jet differentials
We start this section with a simple Riemann-Roch computation for order

one jet differential on a smooth surface in order to give the flavor of the kind
of methods employed.

'Recently, in july 2010, Demailly has announced to be able to construct a non zero
jet differential on every variety of general type by differential geometric and probabilistic
techniques: this is a substantial step toward the Green-Griffiths conjecture in arbitrary
dimension.
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Let X be a smooth compact surface. Consider the projectivization
7w: P(Tx) — X of lines of Tx and the corresponding (anti)tautological line
bundle Op(7,)(1); call u the first Chern class of Opp,)(1).

On the one hand, we have the following standard relation:

w? + 7 (X) - u+ mrep(X) = 0.

On the other hand, we know that the following higher direct image formula
is valid:

Ox(S™T%) if ¢=0and m >0,

Rim,O -
m P(TX)(m) {0 otherwise.

Therefore, we have the following isomorphism in cohomology:
HY(X,S™Tx) ~ HY(P(Tx), Op(ry)(m)), Ym,q>0.
In particular, we have equality for the Euler characteristics

X(8"Tx) = X(Op(ry)(m)).

Now, the Hirzebruch—Riemann—Roch theorem gives us

XOrr0m) = [ Oy om) - TA(P(T)
m3
= iu?’ + O(m?)
= e (X)? — ea(X) + O(m?),

where the last equality is obtained using the above relation. We then have
that if the second Segre number c¢;(X)? — co(X) of X is positive, then the
asymptotic Euler characteristic of the symmetric powers of the cotangent
bundle of X has maximal growth. Moreover, since we deal with the asymp-
totic Euler characteristic, the same result holds true if we twist the symmet-
ric powers by any fixed line bundle.

Concerning the existence of sections, suppose now that X is a smooth
surface of general type (that is Kx is big). Then, a vanishing theorem of
Bogomolov contained in [Bog78| implies that

HY(X,SPTx ® K¥9) =0, Vp—2¢>0.
In particular, H°(X, S™Tx ® Kx) = 0 whenever m > 3. But then,
hO(X,8™T%) = h(P(Tx), Op(ry)(m))

(
= X(Op(ryy(m)) — h*(X, S"TX)
= X(Op(ry)(m)) — h(X, 5™ Tx © Kx)
= X(Op(ry)(m)), m=>3



54

Hyperbolicity of generic surfaces in projective 3-space

Thus, the zeroth cohomology group is asymptotically minorated by the Euler
characteristic, which is asymptotically positive if the second Segre number
is.

Unfortunately, as we have said, this first order result is not sufficient
to deal with surfaces in P3. For order two jets, we have seen that the full
composition series of Es,,T% is given by

m/3
Gr*(BomTy) = @ ™ ¥T% © K.
=0

Thus, a slightly more involved Euler characteristic computation gives the
following:

4

X(EamTx) = x(Gr*(EamTX)) = %(13 c1(X)? = 9e(X)) + O(m?).

Again by Bogomolov’s vanishing we obtain

Proposition 5.2.1 ( [Dem97]). If X is an algebraic surface of general type
and A an ample line bundle over X, then

4
WO(X, By T ® A71) > gjl—g(lScl(X)2 —965(X)) + O(m?).
In particular, every smooth surface X C P3 of degree d > 15 admits non
trivial sections of FEyT% @ A~ for m large.

Proof. Only the last assertion remains to be proved. But it follows from a
standard computation of Chern classes of smooth projective hypersurface.
In this case, in fact, we have

ca(X)=@4—-d)h, c(X)=(d*—-4d+6)h?

where h is the hyperplane class on X, h? = d, and then 13 ¢1(X)?—9¢co(X) >
0 for d > 15. ]

This means that smooth projective surfaces in P? of degree d > 15 satisfy
hypothesis (i) of Theorem 5.3.1 for k£ = 2 and m large enough.

In the sequel, we shall need a slightly more general and precise knowledge
of the vanishing order of these sections. Thus, we shall need the following
result.

Proposition 5.2.2 (see also [Pau08]). Let X be a projective surface of
general type. Then

mA

WX, By Ty @ K™) > IR ((540% — 485 +13) c1(X)? =9 c2(X)) +O(m?),

(@)
Qo

provided 0 < § < 1/3.



5.3 Global generation of the twisted tangent space of the universal family

Please note that the original statement contained in [Pau08] has a minor
computational error for the Euler characteristic which has been fixed here.

Proof. First of all, one shows using

m/3
Gr*(EymTx © K™™) = @ S™~¥T% @ K™
j=0

that the right hand side is the Euler characteristic of Fs ,,T% ®K)}5m. Then,
as usual, one applies Serre’s duality for the second cohomology group and
the Bogomolov vanishing to each piece of the dualized graded bundle: they
are of the form

Sm—3jTX ® Kg(m_j+1

and they vanish if m—3j—2(dm—j+1) > 0, which is the case if 6 < 1/3—1/m
since 0 < j < m/3. The result follows, since the inequality in the statement
is asymptotic with m — 4o0. O

5.3 Global generation of the twisted tangent space
of the universal family

In this section, we shall reproduce the proof of [Pau08] of the twisted global
generation of the tangent space of the space of vertical two jets. First of all,
we fix again the notation.

Consider the universal hypersurface X C P3 x PNa=1 of degree d given

by the equation
> AaZt,
|a|=d

where [A] € PVe=1 [Z] € P? and a = (ap, ..., a3) € N4

Next, we fix the affine open set U = {Zy # 0} x{Aggoo # 0} ~ C3xCNa—1
in P? x PNa—1 with the corresponding inhomogeneous coordinates (25 =
Zi|Z)j=123 and (aa = Aa/A0d00)|a|=d,a1<d- Since ag is determined by
apg =d— (aq + az + asz), with a slight abuse of notation in the sequel « will
be seen as a multiindex (a1, as,a3) in N3, with moreover the convention
that agoo = 1.

On this affine open set we have

Xo:=XxnU=< 2§+ Z aq 2% =0

|a|<d,a1<d

We now write down equations for the open variety J2), where we indicated
with V) the restriction of V C T, the kernel of the differential of the second
projection, to Xy: elements in JoVy are therefore 2-jets of germs of “vertical”
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holomorphic curves in Xp, that is curves tangent to vertical fibers. Here are
the equations, which naturally live in (ng X Cé\g_l X (Cg( X (Cgl_,:
: J J

3
2::2 +Z > aa azjazk iz, = 0.

Jk=1|a|<d

Define ¥ to be the closed algebraic subvariety of J2)y defined by
Yo = {(z,a,z',z”) e L)Yy | N = 0}

and let X be the Zariski closure of ¥ in Jy)V: we call this set the wronskian
locus of JoV.

To begin with, observe that an affine change of coordinates z — 1/z
induces on jet variables the following transformation rules

/ N2 n

z 2(2") — zz

2= —-= and z"HL.
22 23

Now, consider a general vector field in the vector space ng X (Cflvjfl X (Ci,_ X

(Ci,_,; it is of the form
J

V= Z +ZU387+Z€ +Z§(2) a//

\a|§d,a1<d

Thus, the conditions to be satisfied by the coefficients of V' in order to belong
to J9)) are:

Z Vo 2 +ZZaa v]—O

|o| <d,or1<d J=1 |a|<d

YDID DERTLLNED ol SR e D D) D s

j=1 |a|§d,a1<d 0z jk=1|al<d i=1 |o|<d
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3 3
02 92z y
2 Z?Zj > Doz, A7k | Ve
lo|<d,a1<d \j=1 k=1
3
62Za 63za
PPN DI~ eDY e
Jj=1|al<d k=1 azkﬁz] ’ 3Zzazk8z]
3 52 2% 1) oy 3 Py o
+Zzaam(5j 2y, + & zj)—l— aaﬁizjj .

la|<d j,k=1

First family of tangent vector fields

For all multiindex « such that «; > 3, consider the vector field

V300:8§—3z18aa6 TP S
o7 a—01

where §; € N% is the multiindex whose j-th component is equal to 1 and the
others are zero. For the multiindexes « which verify a1 > 2 and as > 1,
define

210 0 0 0 2 0
V, " = -2z — 29 + 27
80/01 aaafél aa/ozf(SQ 86"0&7251
0
+ 22129 Z%ZQ
0ao—5,—6, Dag—26, 6,

Finally, for those « for which aq, ag, a3 > 1, set

0 0 0 0
Voé111 = -2 — 29 -z
8aa 8aa_51 8%_52 aaa_53

+2iz0 57—tz +t 2223

dan—s,-s Dan—s, -5 Oaa—s,—65
0
— 212923 ——.
0§, 5,65

The pole order of these vector fields is equal to 3, as a change of variables
easily shows. Moreover, they are all tangent to J2)y and invariant under
the action of Gy (because they do not contain any jet variable, on which the
group acts).

Of course, there are similarly defined vector fields constructed by per-
muting the z-variables, and changing the multiindex « as indicated by per-
mutations: it is straightforward to see that all these vector fields together
span a codimension 7 vector space in ker(7T,y — Tj,1,5). The vector fields
which generate the remaining seven directions will be constructed at the end
of this section.
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Second family of tangent vector fields

We construct here the vector fields in order to span the 0/0z;-directions.
For j = 1,2, 3, consider the vector field

0 0
92 Z (aj + 1)aaqs, B
T Jatds]<d @

It is immediate to check that these vector fields, once applied to the
first defining equation of J3)Vjy, make it identically vanish. Since the other
equations of J2) are obtained by deriving the first just with respect to
the z; and z} variables, they make identically vanish the other two defining
equations, too. Therefore they are tangent to J2)y. Their pole order is one
in the a,’s variables and they are Go-invariant since they do not contain jet
variables.

Third family of tangent vector fields

In order to span the jet directions, consider a vector field of the following
form:

2
Vi= 3 peleah) e+ 30> 6 0,

| <d,on <d j=1k=1 azj

where ¢®) = B. 20 k =1.2 and B = (bji) varies among 3 x 3 invertible
matrices with complex entries. The additional condition on the Wronskian
2! NZ" # 0 implies that the family (V) spans all the 9/ az](-k)-directions on X,
as it is straightforward to see. We claim that one can choose the coefficients
Pa(z,a,b) to be polynomials of degree at most 2 in z and at most one in @ in
such a way that Vg is tangent to J2Vy. To see the invariance with respect to
Ga, observe that the action is the following: if ¢: (C,0) — (C,0) is a 2-jet
of biholomorphism of the origin then the action is

0 (z,a,7,2") = (20,0 - 2 (@)% 2 + " )

and the corresponding induced action on vector fields is

QHQ QHE i,_> /i_i_ ”8 iH(/)2a
9. 92 Ba  da’ 92  FPoar P e 9. ) g
For Vg, only the second addendum needs to be verified to be invariant: it
is of the form
S0 D

0z 0"

On the one hand, letting ¢ act on coordinates, one has

0

0z’ 0z"

0
— QO, . Z/ — 4 ((@/)2 . Z// + 90// . Z/)

0z’ 0z" ;
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on the other hand, letting ¢ act on vector fields by its differential, one has

) ) %) ) )
Z/@ +Z” az// — Z/ <¢/M +S0”82”> +Z” ((80,)282,/)7

and the invariance follows.
As the proof of the claim is not so difficult and rests just on some linear
algebra, we skip it here and refer the reader to [Pau08§].

Finally, as announced, we have to span the remaining directions in the
vector space ker(Tj,y — T)j,1,4). So, consider a vector field with the follow-

ing shape:
> v
aia
=2 0aq,

To be tangent to J2)), its coefficients have to satisfy

Z ve 2% =0,

o] <2
3
0z%
g g Vo — 2; =0
Oz J
— 7
la|<2 =1
and
3 3
aza /,+ Z 82204 ’
E — 2 25z | va-
Oz; 7 0z;0z; 7
a<2 \j=1 77 =1 1Y%k

We place ourself outside Xy and we suppose for simplicity that 2]z — 2521 #
0, the other cases being analogous. Then, we can solve this system with vggq,
v100 and vp10 as unknowns:

V000 + 21 V100 + 22 Vo10 = - -
! !
21 V100 + 29 Vo10 = - -

" 1!
Z1 V100 + 29 Vo10 = - -

By the Cramer rule, we see that each of these quantities are linear combi-
nations of the v,’s, where |a| < 2, a # (000), (100), (010), with coefficients
rational functions in z,2’,2”. The denomitaor of each such coefficient is
just the Wronskian z]z§ — z52z{ and the numerator is a polynomial whose
monomials have either degree at most 2 in z and at most 1 in 2z’ and 2”, or
degree 1 in z and three in 2’; thus, the pole order here is at most 7. Next,
the system itself is Go-invariant: letting ¢ € G2 act on it, we find

Z v 2% =0,

laf<2
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¥ szaf | =

|a]<2 j=1

and

3
()Y "+ Z 8z 8zk 252 Ua+90"ZZva7 =

a2 \ j= 1 a2 j=1

=0

Therefore its solutions are invariant, too. Summing up, we have proved the
following

Theorem 5.3.1 ( [Pau08]). The twisted tangent space
Ty @ Opa(7) © Opns (1)

is generated over JoV\X by its global sections. Moreover, one can choose the
generating global sections in order to be invariant with respect to the action

of Go on JoV.

5.4 Proof of the hyperbolicity

In this last section we want to show the following.

Theorem 5.4.1 ( [McQ99], [DEG00], [Pau08]). Let X C P3 be a (very)
generic smooth surface of degree d > 18. Then X is Kobayashi hyperbolic.

We shall in fact prove a slightly weaker form of this theorem, as far as
the lower bound on the degree is concerned: the strategy of proof adopted
here, which will be the one that we will use in all dimensions, will provide
the worst bound d > 90 for the degree of X.

Let us fix once again the notations. We consider X C P3 a generic
(or very generic) smooth surface of degree d. Its canonical bundle is then
expressed in term of the hyperplane bundle as Kx = Ox(d — 4); thus, K}s(m
is the (ample) Q-line bundle Ox (dm(d — 4)). The Chern classes of X are
given by

c(X)=@4—d)h, c(X)=(d*—4d+6)h?

so that the quantity (5462 — 486 + 13) ¢1(X)? — 9 c2(X) considered above is
equal to

(546% — 485 4 4) d® + (—4326% + 3846 — 68) d® + (8646 — 7685 +154) d. (5.1)

Notice that if 0 < § < 1/3 and 5462 — 485 4+ 4 > 0 then by Proposition
6.2.2, for m > d > 1 we have a non zero global section of E»,,T% ® K)}ém
(compare with hypothesis (i) in Theorem 5.3.1).
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Now, consider the universal hypersurface X C P3 x PNa—1 of degree d in
P3 and the holomorphic subbundle V C Ty given by the differential of the
kernel of the second projection. By the results of the previous section, we
know that

Ty, @ Ops(7) ® Odefl(l)

is globally generated by its global holomorphic sections over J;) \ ¥ and
moreover the generating sections can be chosen to be invariant by the action
of Gz on J2V (compare with hypothesis (ii) of Theorem 5.3.1, the bundle
Ops3(7) here plays the role of the bundle B there).

Concerning hypothesis (iii) of Theorem 5.3.1, we want K§"® Ops(7)~%™
to be ample: this is the case if

S
d—4

so 0 will be chosen a little bit larger than 7/(d — 4).
Start with a non zero section P € H°(X, Eo /T ® K)}ém). Call

4

Y={P=0}CX

the base locus of such a non zero section.
If s € P(H(IP3, Ops(d))) parametrizes any smooth hypersurface X, then
one has

HY(X,, By Ty, ® K™™) = H(X,, By V* ® Ops(—0m(d — 4))|x,)-

Suppose X = Xj corresponds to the parameter 0 € P(H"(P3, Ops(d))).
Since we have chosen X to be generic, standard semicontinuity arguments
show that there exists an open neighborhood U = 0 such that the restriction
morphism

HO(pry {(U), By nV* @ Ops(—dm(d — 4))) — H*(Xo, E2n Tk, ® K;(gm)

is surjective. Therefore the “first” jet differential P may be extended to a
neighborhood of the starting hypersurface.
Now, suppose we have a holomorphic entire curve f: C — X and con-

sider its lifting jo(f): C — JoTx C JoV. If f(C) C X then we have the
following.

Lemma 5.4.2. Let f: C — CN be a holomorphic map. If f'/Af"A---AfF) =
0, then f(C) lies inside a codimension N —k + 1 affine linear subspace.

Proof. Without loss of generality, we can suppose k > 1, f' A f" N+ A
fE=D 20, £(0) £ 0and (f' A f"A--- A fED)(0) # 0. Then there exists
an open neighborhood €2 C C of 0 such that for each t € 2 we have a linear
combination
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and the A;’s depend holomorphically on ¢. By taking derivatives, one sees
inductively that, in Q, every f(), £ > k, is a linear combination of the f()’s,
1 < j < k—1. Thus, all the derivatives in 0 of f lie in the linear space
generated by f7(0),..., f*~1(0). The conclusion follows by expanding f in
power series at 0. ]

In fact, this lemma shows that the image of the entire curve lies in a
codimension two subvariety of X (the intersection of X with a codimension
two linear subspace of P?), provided X is generic. Therefore f is constant
in this case.

Thus, we can suppose jo(f) ¢ X. Then, if f(C) ¢ Y the proof proceed
exactly as the one of Theorem 5.3.1: we have extended on an open set the
global jet differential P and we can now take derivatives with meromorphic
vector fields in 7'y,). After having taken at most m derivatives, we restrict
again everything to Xy and we are done.

Observe now that if we take X very generic, by the Noether-Lefschetz
theorem, the Picard group of X is infinite cyclic. Thus, we can apply in full
strength the statement of Theorem 5.3.1 and obtain that Y has codimension
two in X. But then Y has dimension zero and f is constant: this proves
hyperbolicity.

We now come to the effective part concerning the degree of X. If we
plainly substitute in (6.1) § = 7/(d — 4), we obtain

4d® — 404 d? 4 4144 d,

whose larger root is a little smaller than 90. Then, by continuity, if § is
chosen to be a little larger than 7/(d — 4) as announced, everything fit for
d > 90: we have in fact that 7/(d —4) < 0 < 1/3 and (6.1) is positive.

Thus, very generic smooth projective surfaces in P3 of degree greater
than or equal to 90 are hyperbolic.

Finally, we remark here that in order to go down till degree 18, a more
complicated combination of this variational method together with deep re-
sult by Mc Quillan [McQ98] on parabolic leaves of algebraic (multi)foliations
on surfaces of general type is required, but we shall skip here this part
(see [Pau08] for more details).

In the next chapter, we shall treat the general case in arbitrary dimen-
sion: the strategy will be exactly the same as here (anyway, we would not
be able to invoke anymore the work of Mc Quillan which unfortunately for
the moment is available in dimension two only). A major difficulty will be
the step one, that is to find the first jet differential; this will be overcome
by means of the algebraic version of Demailly’s holomorphic Morse inequal-
ities. Then, a generalization of the global generation statement obtained
in [Mer09] (compare also with [Siu04]) will permit us to let the strategy
work in full generality.



Chapter 6

Algebraic degeneracy for
generic projective
hypersurfaces

ABSTRACT. This chapter will treat the general case of projective hypersurfaces
in every dimension. We will prove an algebraic degeneracy result for entire curve
in generic projective hypersurfaces of high degree, taken from [DMR10]. The first
part will be concerned in finding jet differentials, as in [Div09], then we shall cite
the general result on meromorphic vector fields contained in [Mer09]. Finally, we
shall discuss some effective aspects of the proof.

6.1 Statement of the result and scheme of proof

The aim of this chapter is to give the proof of (the tools needed to prove)
the following.

Theorem 6.1.1 ( [DMR10], [DT10]). Let X C P! be a generic smooth
projective hypersurface of arbitrary dimension n > 2. If the degree of X
satisfies the effective lower bound:

deg(X) > 2,

then there exists a proper, of codimension at least two, closed subvariety
Y C X such that every entire non constant holomorphic curve f: C — X
has its image contained in Y .

In small dimensions, better bounds can be obtained.

Theorem 6.1.2 ( [DMR10], [DT10]). Let X C P! be a (very) generic
smooth projective hypersurface. If the degree of X satisfies the effective
bounds:
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e forn =3, deg X > 593;

o forn =4, deg X > 3203;

o forn =25, deg X > 35355;
o forn =06, deg X > 172925,

then there exists a proper, codimension two, closed subvariety Y C X such
that every entire non constant holomorphic curve f: C — X has its image
contained in 'Y .

Before going on, we state the following

Corollary 6.1.3 ( [DT10]). Let X C P* be a very generic smooth projective
hypersurface of degree d. Then X is Kobayashi hyperbolic, provided d > 593.

Proof. The Zariski closure of the image of a nonconstant entire curve, if
any, must be an algebraic curve in X. Then, such an algebraic curve must
be rational or elliptic. But, as we have seen, this contradicts the following
classical result by Clemens [Cle86]: Let X C P"*! be a smooth very generic
hypersurface. Then X contains no rational curves (resp. elliptic curves)
provided deg X > 2n (resp. 2n +1).

The considerably better lower bound 593 <« 23" is reached by using
the knowledge of the full composition series of F3,,T% in dimension 3 and
the global generation of meromorphic vector fields on the total space of
vertical jets outside the wronskian locus, obtained respectively in [Rou06b]
and [Rou07], see [DT10] for details.

Note that the slightly weaker result of algebraic degeneracy of entire
curves in the same setting was already proved in [Rou07]. ]

The scheme of the proof of Theorem 7.1.1 is, as in the two dimensional
case, the following. Start with a nonzero section P € HY(X, E,mT%x ®
K)_(‘Sm), for some m > 0 and 0 < § < 1, where X C P**! is a smooth
generic projective hypersurface of degree d large enough (in order to have
such a section). Call

Y={P=0}CX

the base locus of such a nonzero section. Look at P as an invariant (under
the action of the group G,, of n-jets of biholomorphic changes of parameter
of (C,0)) map

JnTx — p* K™

where p: J,Tx — X is the space of n-jets of germs of holomorphic curves
f:(C,0) —» X. Then P is a weighted homogeneous polynomial in the jet
variables of degree m with coefficients holomorphic functions of the coordi-
nates of X and values in p*K)}am.
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Suppose for a moment that we have enough global holomorphic G,,-
invariant vector fields on J,T'x with values in the pull-back from X of some
ample divisor in order to generate Ty, 7, ® p*Ox (¥), at least over the dense
open set J, Ty ® of regular n-jets, i.e. of n-jets with nonvanishing first deriva-
tive.

If f: C — X is an entire curve, consider its lifting j,(f): C — J,Tx and
suppose that j,(f)(C) ¢ J, T3 & JnTx \ JnTx® (otherwise f is constant).
Arguing by contradiction, let f(C) ¢ Y and z¢p = f(tp) € X \ Y. Thus,
one can produce, by differentiating at most m times, a new invariant n-jet
differential @ of weighted degree m with values in

K™ ® Ox(ml) ~ Ox(—6m(d —n — 2) + m¥)

such that Q(jn(f)(to)) # 0, thus contradicting Corollary 5.2.5, provided
0 >1/(d—n—2),i.e provided @ is still with value in an antiample divisor
(this last condition is clearly achieved by letting the degree d of X grow
sufficiently).

Unfortunately, in this setting probably we can’t hope for such a global
generation statement for meromorphic vector fields of J,Tx to hold. Thus,
as in [Siu04, Pau08, Rou07], one has to use “slanted vector fields” in order
to gain some positivity.

Consider the universal hypersurface X C P*"™! x P(H?(P"*1 O(d))) of
degree d in P"*!'. Next, consider the subbundle ¥V C Ty given by the
kernel of the differential of the second projection. If s € P(H°(P"*!, O(d)))
parametrizes any smooth hypersurface X, then one has

HO(X, By T%, @ KX™) =~ H(X,, EnmV* @ priEy™|x,).

Suppose X = X corresponds to the parameter 0 € P(H(P"* O(d))).
Since we have chosen X to be generic, standard semicontinuity arguments
show that there exists an open neighborhood U > 0 such that the restriction
morphism

HO(pry Y (U), BpmV* @ priOpnii (—dm(d —n — 2)))
— H(Xo, BnmTx, ® K™™)

is surjective. Therefore the “first” jet differential may be extended to a
neighborhood of the starting hypersurface, and one can use the following
global generation statement (we shall come back on this result later on).

Theorem 6.1.4 ( [Mer09], compare also with [Siu04]). The twisted tangent
bundle
T;.y @ priO(n? + 2n) @ priO(1)

1s generated over J,V™& by its global sections. Moreover, one can choose
such generating global sections to be invariant under the action of G, on

InV.
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Thus, by replacing ¢ by n? + 2n in our previous discussion and by re-
moving the hyperplane which corresponds to the poles given by pr;O(1) in
the parameter space, one gets the desired result of algebraic degeneracy.

Observe that no information is known about the multiplicity of the sub-
variety Y, thus we are not able to bound a priori the number of derivative
needed in order to reduce the vanishing locus of the first jet differential.

Finally, to obtain codimension two, we just remark that if X is a very
generic surface in P or any smooth projective hypersurface of dimension at
least three, then its Picard group is infinite cyclic, so that the final statement
of Theorem 5.3.1 applies (the contribution of [DT10] in Theorem 7.1.1 and
7.1.2 is this qualitative part on the codimension of the subvariety Y).

At this point it should be clear that in order to prove Theorem 7.1.1 we
have to

(i) construct a global invariant jet differential of order n and degree m
with values in K)}ém for X a smooth projective hypersurface of high
degree,

(ii) globally generate the tangent space of vertical n jets with meromorphic
vector fields of controlled pole order,

(iii) estimate the minimal degree of the hypersurface which makes the ma-
chinery work.

This will be the content of the next sections.

6.2 Existence of jet differentials

In this section, we want to solve the above point (i). For surfaces, we have
used the vanishing of the cohomology group H?(X, Es,,T%). In higher
dimensions, one major difficulty is that we do not have the vanishing of the
higher cohomology groups anymore. A useful tool to control the cohomology
are the holomorphic Morse inequalities by Demailly.

6.2.1 Algebraic holomorphic Morse inequalities

Let L — X be a holomorphic line bundle over a compact Kahler manifold
of dimension n and £ — X a holomorphic vector bundle of rank . Suppose
that L can be written as the difference of two nef line bundles, say L =
F® G~ with F,G — X numerically effective. Then we have the following
asymptotic estimate for the dimension of cohomology groups of powers of L
with values in F.

Theorem 6.2.1 ( [DemO1]). With the previous notation, we have
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o Weak algebraic holomorphic Morse inequalities:

m?’L

(X, L®" Q@ FE) <r———
( ) (m —q)lg!

F"=1. G 4 o(m™).

e Strong algebraic holomorphic Morse inequalities:

q mt Z
Z thJXL®m®E 7‘2 ()F”JGH—o( ).
Jj=

In particular [Tra9b] (see also [Siu93]), L™ ® E has a global section
for m large as soon as F* —n F* 1. G > 0.

Then we have two possible strategies to obtain global jet differentials.
The first one consists in computing the Euler characteristic x(X, Ex mT%)
and then in finding upper bounds for the higher even cohomology groups
H?*(X, By, T%) using the weak Morse inequalities. The drawback with
this method is that to do the Riemann-Roch computation, one needs the
algebraic characterization of Ej, ,,,T% which is not available in general as we
have seen. We shall describe this method in dimension 3 below.

Theorem 6.2.2 ( [Rou06a]). Let X C P* a smooth projective hypersurface
of degree d and A — X any ample line bundle. Then

HYX, B3, Tk ® A1) #0
provided d > 97.

The second method consists in using the strong Morse inequalities for
g =1to L =0x,(a). Using this, we shall prove below the following.

Theorem 6.2.3 ( [Div09]). Let X C P"*! a smooth projective hypersurface
of degree d and A — X any ample line bundle. Then

HYX,EpmTy @ A1) #£0

provided m > d > 1.

6.3 Proof of the existence of jet differentials in
dimension 3

Let X C P* be a sooth hypersurface of degree d. Recall that we have

. *\ +b+2c+d, b+c+d, d)*
GI‘ (E37me) — @ F(a ¢ ¢ )TX
a+3b+5c+6d=m
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Thus, we can do a Riemann-Roch computation which provides
X(X, B3 T%) = m?P(d) + O(m®)

where P is an explicit polynomial of degree 4 such that P(d) > 0 for d > 43.

Now, to control the cohomology of the vector bundle of jet differentials
using weak Morse inequalities, we have to reduce the problem to the control
of the cohomology of a line bundle. This can be achieved by working on flag
manifolds as follows. We denote by m: FI(T%) — X the flag manifold of T’
i.e. the bundle whose fibers FI(T% ,) consists of sequences of vector spaces

D = {OZE;J, C By, C EWCEy:= T;(J}.

Let A = (A1, A2, A\3) be a partition such that Ay > Ay > A3. Then we can
define a line bundle £* := L (T%) over FI(T%) such that its fiber over D is

3
,Ci\) = ® det(EZ‘_l/Ei)®)\i.

=1

Then by a classical theorem of Bott, if m > 0,
7r*(£>‘)®m = (’)(Fm)‘T)*(),

Rim, (LY®™ =0 if ¢ > 0.

Thus IT™*T% and (£*)®™ have the same cohomology. We can use the weak
holomorphic Morse inequalities on the flag manifold to obtain

W (X, B3, T%) < Cd(d + 13)m? + O(m®).

The key point is to write in our situation £* as the difference of two nef
line bundles. This is done as follows. It is well known that the cotangent
space of the projective space twisted by O(2) is globally generated. Hence,
T ® Ox(2) is globally generated as a quotient of T3, |x ® Ox(2). Therefore

LMNT% @ Ox(2) = LY@ 7" (Ox(2\]) =: F
is nef, and we can write
L=FoG,

as a difference of two nef line bundles where G := 7*(Ox (2|A[). Obviously
we have
KX, B3.nT%) > X(X, E3mT%) — B3 X, B3, T%),

and we obtain that
HY(X, E3nTx @ A1) #0,
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provided d > 97, where A is an ample line bundle. As a corollary, any entire
curve in such an hypersurface must satisfy the corresponding differential
equation.

As we have noted above, the previous computations rely on the knowl-
edge of the decomposition in irreducible representations of Ej ,,T% and
therefore, for the moment, cannot be generalized to dimension 5 and more.
Nevertheless, in the recent work [Mer10], Merker has been able to apply the
strategy described above to the bundle of Green-Griffths jet differentials and
obtained the existence of jet differentials on smooth hypersurfaces X c Pn*!
of general type, i.e. of degree deg(X) > n + 3 for any n.

6.4 Proof of the existence of jet differentials in
higher dimensions

The idea of the proofis to apply the algebraic holomorphic Morse inequalities

to a particular relatively nef line bundle over X,, which admits a nontrivial

morphism to (a power of) Oy, (1) and then to conclude by the direct image

argument of Theorem 4.3.1, and Proposition 4.3.2.
From now on, we will set in the “absolute” case V =Tx.

6.4.1 Choice of the appropriate subbundle

Recall that, for a = (ay,...,a;) € Z*, we have defined a line bundle Ox, (a)
on X as

OXk (a) = ﬂ-ik’oxl (al) ® ﬂ-;,ko)@ (a2) Q- ® OXk (ak’)

and an associated weight b = (by,...,b;) € ZF such that bj =a1+---+aj,
j =1,...,k. Moreover, if b € N¥, that is if a; +---+a; >0, we had a
nontrivial morphism

Ox, (a) = Ox, (bx) ® Ox, (b - D) = Ox, (by)
and, if
a1 > 3ag,...,05_2 > 3ap—1 and ap_1 > 2a; > 0, (6.1)

then Oy, (a) is relatively nef over X.

Now, let X C P"*! be a smooth complex projective hypersurface. Then
it is always possible to express Ox, (a) as the difference of two globally nef
line bundles, provided condition (7.1) is satisfied.

Lemma 6.4.1. Let X C P"*! be a projective hypersurface. Set L, = Ox, (2-
3F72...,6,2,1). Then L}, ® TrakOX(E) is nef if £ > 2351 In particular,

Ly =Fr @G,

where Fy, &f Ly, @75, Ox(2 - 3F1) and Gy, def moxOx (2 3¥=1) are nef.
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Proof. Of course, as a pull-back of an ample line bundle,
Gr = 5, Ox (2-3"1)

is nef. As we have seen, Ty ® Ox(2) is globally generated as a quotient of
T§n+1 ’X & Ox(Q), so that OXl(l) &® 7['3710)((2) = OIP’(T;}@OX(Z))(l) is nef.

Next, we construct by induction on k, a nef line bundle A — X} such
that Ox,,, (1) ® 7} A is nef. By definition, this is equivalent to say that
the vector bundle V' ® Ay, is nef. By what we have just seen, we can take
Ao = Ox(2) on Xy = X. Suppose Ay,...,Ar_1 as been constructed. As
an extension of nef vector bundles is nef, dualizing the short exact sequence
(4.1) we find

0— Ox, (1) =V — T;;k/ka1 — 0,

and so we see, twisting by Ay, that it suffices to select Ay in such a way that
both Oy, (1) ® Ay and T)*(k/in1 ® A}, are nef. To this aim, considering the

second wedge power of the central term in (4.2), we get an injection
0— Tx,/x, , — [N (Vo1 ® Ox, (1))
and so dualizing and twisting by Ox, (2) ® W,’;Affl, we find a surjection
i NV @ Aket) — T x,, © Ox,(2) @ TEAZ2, — 0.

By induction hypothesis, V;* ; ® Aj_1 is nef so the quotient T)*(k /X ©
Ox, (2)@mE AP? | is nef, too. In order to have the nefness of both Oy, (1)®Ay,

and T)*%/qu ® Ay, it is enough to select Ay, in such a way that A, @77 A7

and Ay ® Ox, (—2) @ ;A5 ®? are both nef: therefore we set
Ay = 0x,(2) @ TEAD3 | = (0x, (1) @ mf A1) @ mp Ay,

which, as a product of nef line bundles, is nef and satisfies the two conditions
above. This gives Ay inductively, and the resulting formula for Oy, (1) ®
WZAk—l is

Ox, (1) @ mpAg—1 = L, @ 15, O0x (2- (1 42+ ---+2-3"72))
= L, ® w4, Ox (23",

The lemma is proved. O

We now use the above lemma to deal with general weights satisfying
condition (7.1).
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Proposition 6.4.2. Let X C P! be a smooth projective hypersurface
and Ox (1) be the hyperplane divisor on X. If condition (7.1) holds, then
Ox,(a) @ 75 ,Ox () is nef provided that £ > 2|a|, where |a| = a1 + -+ ay.

In particular Ox, (a) = (Ox,(a) ® 7T(")‘7k(’)x(2]a])) ® 75 Ox(—2al) and
both Ox, (a) ® 75, Ox(2]al) and 75, Ox(2[al) are nef.

Proof. By Lemma 7.4.1, we know that the line bundle
Ox,(2-3872,2.3"3 . 6,2,1) ® n ,.0x (¢)

is nef as soon as £ > 2- (1 +2+6+---+2-382) =2.3"1. Now we take
a=(ay,...,a;) € NFsuch that a1 > 3as,...,ar_3 > 3ap_1,ap_1 > 2a > 0
and we proceed by induction, the case kK = 1 being obvious. Write

Ox,(a1,a2,...,a;) ® 75 ,Ox (2 (a1 + -+ + ax))
=(0x,(2-357%,...,6,2,1) @ m ,Ox (2 - 3571)) ™

& 71'; <OXk—1 (CL1 -2 3k*2ak, e, Qk_o — bag, a1 — 2ak)
® Wé,kflox (2 . (al + -t ap — 3k_1ak))>.

Therefore, we have to prove that
Okal(al -2 3k_2ak, e, Qkp—o — 6ag, a1 — 2ak)
@70 k10x(2- (a1 + -+ +ag — 3k_1ak))

is nef. Our chain of inequalities gives, for 1 < j <k —2, a; > Sk_j_lak and
ax—1 > 2ay. Thus, condition (7.1) is satisfied by the weights of

Oqu (a1 -2 Sk_Qak, e, ap—o — 6ag, a1 — 2ak)
and 2- (a1 +- - - +ap — 3 Lay) is exactly twice the sum of these weights. [

Remark 4. At this point it should be clear that to prove Theorem 7.2.3 is
sufficient to show the existence of an n-tuple (a1, ..., a,) satisfying condition
(7.1) and such that

(O, () @ 75,0 (2[a])"

(6.2)
n2— *
—n?(Ox, (a) ® 75,0x (2la)))" " - 75,0x(2lal) > 0

for d = deg X large enough, where n? = n +n(n — 1) = dim X,,.
In fact, this would show the bigness of Ox, (a) — Ox, (|a|) and so the
bigness of Ox,, (1).

Now, we will explain how to compute this intersection number using the
inductive structure of Demailly’s tower.
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6.4.2 Cohomology ring of X,

Denote by ce(E) the total Chern class of a vector bundle E. The short exact
sequences (4.1) and (4.2) give us, for each k > 0, the following formulae:

Co(Vi) = Co(Tx, /x,_1)Ce(Ox,(=1))
and
C'(W;;Vk:—l & OXk(l)) = C.(TXk/Xk—1)7
so that
co(Vir) = ca(Ox, (—1))ca(mVim1 ® Ox, (1)). (6.3)

Let us call u; = ¢1(Ox,(1)) and cy] = ¢;(V;). With these notations, (7.3)
becomes

l
CH:Z[<Z_S>_<Z—S—1>}“2 il 1<i<r (6.4)

s=0
Since X is the projectivized bundle of line of V;_1, we also have the poly-

nomial relations

ul + 71';-‘6[1]‘_” : ugfl + 4 W;ng:ll} U+ W;CLj—” =0, 1<j<k. (6.5)

After all, the cohomology ring of X}, is defined in terms of generators and
relations as the polynomial algebra H®(X)[u,...,ux] with the relations

(7.5) in which, utilizing recursively (7.4), we have that clm is a polynomial
with integral coefficients in the variables u1, ..., uj,c1(V),...,q(V).

In particular, for the first Chern class of V, we obtain the very simple
expression

k
o) = mhper (V) + (r = 1) 3 7 s (6.6)
s=1

6.4.3 Evaluation in terms of the degree

For X C P"*! a smooth projective hypersurface of degree deg X = d, we
have a short exact sequence

0—Tx — T]pn+1’X — Ox(d) — 0
so we get the following relation for the total Chern class of X:
(14 1) = (1+ dh)cs(X),

where h = ¢1(Opnt1(1)) and (1 + h)"*? is the total Chern class of P"*1,
Thus, an easy computation shows that

ci(X) =¢j(Tx) = (—1)7h7 Z(_l)k <nz2)dj_k7

k=0
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where h € H%(X,Z) is the hyperplane class. In particular
¢i(X) = hj((fl)jdj + o(dj)), j=1,...,n,
and o(d’) is a polynomial in d of degree at most j — 1.

Proposition 6.4.3. The quantities
(Ox, (a) @ 75, Ox (2lal)) """

— [0+ k(n — 1)](Ox, (a) ® w5, Ox (2a])) "D~

7m0,k Ox (2[al)

and

OXk (a)n-i-k(n—l)

are both polynomials in the variable d with coefficients in Zlay,...,ax] of
degree at most n+ 1 and the coefficients of d"*1 of the two expressions are
equal.

Moreover this coefficient is a homogeneous polynomial in ai,...,a; of
degree n + k(n — 1) or identically zero.

Proof. Set Fi(a) = Ox,(a)®7g ,Ox(2|al) and Gy(a) = mj , Ox (2|al). Then
we have
Fula)™ 0 [n 4 k(n — 1)]F(a) 0D G (a)

= Ox, (a)"*(=1)  terms which have Gy(a) as a factor.
Now we use relations (7.4) and (7.5) to observe that

@ = 3 PR @ el e,
J1+2j2++njn=n

O

where the PJ[1] n (a)’s are homogeneous polynomial of degree n + k(n — 1)
in the variables a1, ..., a; (or possibly identically zero). Thus, substituting

the ¢;(X)’s with their expression in terms of the degree, we get

OXk(a)n—l-k(n—l) =(-1)" Z Pj[f] " (a) a4 0(dn+1),
J1+2j2++njn=n

since h™ = d. On the other hand, utilizing relations (7.4) and (7.5) on terms
which have Gi(a) as a factor, gives something of the form

Z ny]...jni(a) R (X) - en(X)m,

j1+2j2+ - +njinti=n
>0

since ¢1(Gi(a)) = |alh and Gy (a) is always a factor. Substituting the ¢;(X)’s
with their expression in terms of the degree, we get here
K. c1 (X)jl L cn(X)j" — (_1)j1+~..+jn B giittin — O(d"'H),
=d
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At this point, we need an elementary lemma to deal with “generic”
weights.

Lemma 6.4.4. Let € C R be a cone with nonempty interior. Let ZF C R*
be the canonical lattice in RE. Then ZF N € is Zariski dense in REF.

Proof. Since € is a cone with nonempty interior, it contains cubes of arbi-
trary large edges, so Z* N € contains a product of integral intervals [[[as, 5i]
with 8; — a; > N. By using induction on dimension, this implies that a
polynomial P of degree at most N vanishing on Z¥ N ¢ must be identically
zero. As N can be taken arbitrary large, we conclude that Z* N € is Zariski
dense. O

Remark 5. This lemma is in fact the elementary key for the effective esti-
mates on the degree. This will be explained in the next sections.

Corollary 6.4.5. If the top self-intersection Ox, (a)" (=1 has degree
exactly equal to n+1 in d for some choice of a, then Ox, (m) ®7r§7kA*1 has
a global section for all line bundle A — X and for all d, m sufficiently large.

Proof. The real k-tuples which satisfy condition (7.1), form a cone with
non-empty interior in R¥. Thus, by Lemma 7.4.4, there exists an inte-
gral a’ satisfying condition (7.1) and such that Ox, (a’)""*("~1) has degree
exactly n + 1 in d. For reasons similar to those in the proof of Propo-
sition 7.4.3, the coefficient of degree n 4 1 in d of Ox, (a')"t*(®~1) and
(Ox,(a) @ ﬂa‘jk(’)X(Z\a’D)nJrk(n_l) are the same; the second one being nef,
this coefficient must be positive.

Now, by Proposition 7.4.3, this coefficient is the same as the coefficient
of degree n+ 1 in d of

(0x, (&) ® w5, Ox (2a'])) " TV
* n+k(n—1)—1 *
— [n+ k(n — 1)](0x, (&) ® 75, Ox (2]a])) "V L O (2]a)).

But then this last quantity is positive for d large enough, and the corollary
follows by an application of algebraic holomorphic Morse inequalities.  [J

Corollary 6.4.6. For k < n, the coefficient of d"*! in the expression of
OXk (a)n+k(n—1)
is identically zero.

Proof. Otherwise, we would have global sections of Ox, (m) for m large and
k < n, which is impossible by Theorem 6.1.1. ]
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6.4.4 Bigness of Ox, (1)

Thanks to the results of the previous subsection, to show the existence of a
global section of Ox,, (m) ® 7r57nA*1 for m and d large, we just need to show

that Oy, (a)" has degree exactly n + 1 in d for some n-tuple (a1, ..., an).
The multinomial theorem gives

((hﬂ'ikul + -+ akuk)’”k("’l)

(n+kn—-1) » ; ;

— J1 Ik % J1 Jk

= Z W%"‘% Tl Uy
Jitetjk=n+k(n—1)

We need two technical lemmas.

Lemma 6.4.7. The coefficient of degree n + 1 in d of the two following
intersections 1S zero:

. Wf,kujil“;,kuéz ot foralll <k <n—1and ji+ - +jx = ntk(n—1)

n—i—1

and j1+ -+ Jp—ic1=(n—i—1)n+ 1.

* J1 % J2 Jn—i—1 __x i .
® T iU T, iUy U -7r07n_i_1cl(X) foralll <i<n-—2

Proof. The first statement is straightforward: if it fails to be true, we would
find an a which satisfies the hypothesis of Corollary 7.4.5 for k < n, contra-
dicting Corollary 7.4.6.

For the second statement we proceed by induction on i. Let us start
with ¢ = 1. By the first part of the present lemma, we have that

* J1 * j2 * Jn—2 n _ n+1
Ty n—1U7 " T p Uy = Tp_qUy o " Up_1 = o(d"™).

On the other hand, relation (7.5) gives

Ty Ul - T U T 1“3;1—_22 u
= ﬂf,n—lu]il ’ 7T;,n—lu’g2 e ﬂ—:—luin__;
' (_”;flc[ln_z] ' uzii - W;ch__ﬁ " Up—1 — WZACQFQ])
- _ﬂ-in—lujf ‘7T>2k,n—1ug2 i ‘772—1%”:22 '77;;—10[1%2} Ul

and the second equality is true for degree reasons:

) Jn—2  [n—2] _
uy Uy Uy g , 1=2,...,n,

“lives” on X,,—2 and has total degree n+(n—2)(n—1)—141 which is strictly

greater than n+(n—2)(n—1) = dim X,,_9, so that u{l -u? . -u%":f'cgn_Q] =0.
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Now, we use relation (7.6) and obtain in this way

* J1 * J2 * Jn—2 n
Min—1U1 T2 p—1Uy -~ T )

nflun—2 Up—1
_ * J1 * J2 * Jn— n—1
= TTMn—1U1 "o p_1Uy " T Uy, 5 Up_
n—2
* *
(T rea(0) + (0= ) sy )
s=1
_ * Ji * J2 * Jn—2 , n—1 *
= T p—1Uy T p Uy = T Uy o Uy 1" Top 1c1(X)
n—2
n—1 - js+1 * Jn—2
—(n—Dup"y - E T e 1“1" sn—1Ws Ty qUp_o .
s=1

An integration along the fibers of X,,_1 — X,,—o then gives

* J1 72 Jn—2 *
Tl U] " Ty oly’ -+ Uy 5+ g o1 (X)
n—2
* ] +1 jn—2
TL - 1 7T1 n— 2“1 o Trs,n—Quss “Up—
s=1
=o(d™t1) by the first part of the lemma
O(dn—i—l)

and 50 1}, pult 75, puft -l e (X) = ofd" ).
To complete the proof, observe that — as before — relations (7.5) and
(7.6) together with a completely similar degree argument give

J2 Jn—i-1

* J1 * * i n
Ty n—iUl " Top—iWy " Up_; 'Wo,n—icl(X) " Up—g
_ * J1 * J2 * Jn—i-1 _, n—1 * i+1
=TT n—iW "My p_Uy Ty 1 " Up_; 'ﬂ-O,n—icl(X)
n—i—1 .
n—1 * ]1 * Js+1 * In—i—1
(n - 1 Upy s E T n—iU1 'Ws,nfiuss iUy
But
Ji J2 Jn—i—1 * % n _ n—+1
71-1 n—il1 71'2 m—illy Uy *To,n—iC1 (X) CUp_; = O(d )
by induction, and
Ji ook Js+1 % Jn—i-1 __ mn+1
7r1 n—zul Ts n— zuss Tp—iUp ;1 = O(d )7
1 <s<n—1i—1, thanks to the first part of the lemma. O

Lemma 6.4.8. The coefficient of degree n+ 1 in d of 7y ,uf - 75 juby -+~ u
is the same of the one of (—1)"c1(X)", that is 1.

33
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Proof. An explicit computation yields:

f Ul -yl © T pUT - T U - - ﬂ;uz,l(—ﬂ;ﬁc[pﬂ} T
sy, el
D
(@) —T} Ul T U Ty gy

n—1
i (a0 + 0D T )

(iv)

w * m * om
= TT1pUy - Ty pUy - T

+ O(dn—i-l)

2 () e (X) - w gl  o(d )

n

relation (7.5). Equality (ii) is true for degree reasons: uf -uf ---u;_;-¢; ',
l=2,...,n, “lives” on X,,_1 and has total degree n(n—1)+I which is strictly
greater than n+(n—1)(n—1) = dim X,,_1, so that uf-u§ - - - u!_,; -cl[nfl] =0.
Equality (iii) is just relation (7.6). Equality (iv) follows from the first part
of Lemma 7.4.7: u}--- w4 | = o(d"*!). Equality (v) is obtained by
applying repeatedly the second part of Lemma 7.4.7. Finally, equality (vi)
is simply integration along the fibers. The lemma is proved. O

Now, look at the coefficient of degree n + 1 in d of the expression

n2 * n?
Ox,(@)" = (a1} pu1 4 -+ + anun) ",

where we consider the a;’s as variables: we claim that it is a non identically
zero homogeneous polynomial of degree n?. To see this, we just observe
that, thanks to Lemma 7.4.8, the coefficient of the monomial af ---a; is
(n2)!/(n!)".

Hence there exists an a which satisfies the hypothesis of Corollary 7.4.5
for kK = n, and the existence of jet differentials is proved.

Existence of jet differential with controlled vanishing

In our applications, it will be crucial to be able to control in a more precise
way the order of vanishing of these differential operators along the ample
divisor. Thus, we shall need here a slightly different version of Theorem
7.2.3.
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Theorem 6.4.9 ( [DMR10]). Let X C P"*! by a smooth complex hyper-
surface of degree deg X = d. Then, for all positive rational numbers §
small enough, there exists a positive integer d, such that the following non-
vanishing holds:

H(Xp, Ox,(m) @ w5, Kx"™) = HY(X, Enu Tk @ Kx™™) #0,
provided d > d,, and m is large and divisible enough.

Remark 6. Recall that for X a smooth projective hypersurface of degree d
in P**!, the canonical bundle has the following expression in terms of the
hyperplane bundle:

Kx ~Ox(d—n-—2).

Thus, a non-zero section in H(X, E,, ,,T% ® K)}ém), has vanishing order at
least 6m(d —n — 2), seen as a section of H(X, Ey, ,/ T%).

Proof of Theorem 7.4.9. For each weight a € N™ which satisfies (7.1), we
first of all express Ox, (a) ® 7r§7nK;(6|al as the difference of two nef line
bundles:

Ox, () @ 75, K

* * * dla -1
— (Ox,(a) ® 7,,0x (2lal)) © (75,0x (2]a]) @ 75, K3) 7.

This leads to evaluate, in order to apply holomorphic Morse inequalities,
the following intersection product:

7'L2
((’)Xn(a) ® WS’HOX(2|3.|))
2 % n?—1 % % dla|
—n*(0x,(a) ® m5,,O0x(2[al))" - (75,0x (2la]) @ 75, Kx™)).

After elimination, this intersection product gives back a polynomial in d
of degree less than or equal to n + 1, whose coefficients are polynomial
in a and & of bidegree (n?,1), homogeneous in a. Notice that, for § =
0, this gives back (7.2) for which we know that there exists a weight a
satisfying condition (7.1) such that this polynomial has exactly degree n+ 1
and positive leading coefficient, which is what we need to achieve to proof.
Thus, by continuity, for the same weight a, for all § > 0 small enough, we
get the same conclusion. O

6.5 Meromorphic vector fields

The other ingredient in the proof is, as we have seen in the previous chapter,
the existence of enough global meromorphic vector fields with controlled pole
order on the space of vertical jets of the universal hypersurface: this result



6.5 Meromorphic vector fields

has been obtained in the case of arbitrary dimension in [Mer09] and general-
izes the corresponding versions in dimension 2 and 3 contained respectively
in [Pau08] and [Rou07].

Before stating the theorem, we fix once again the notations. Let X C
P+l x PNa be the universal projective hypersurface of degree d in P**1,
whose parameter space is the projectivization P(H?(P"*, O(d))) = PN~
Ny = ("+Z+1); then we have two natural projections

]Pm—H ]P)Nd—l

Consider the relative tangent bundle V C Ty with respect to the second
projection V = ker(pry)s, and form the corresponding directed manifold
(X, V).

Now, let p: J,V — X be the bundle of n-jets of germs of holomorphic
curves in X tangent to V, i.e. of vertical jets, and consider the subbundle
JpVe8 of regular n-jets of maps f: (C,0) — X tangent to )V such that

f'(0) # 0.

Theorem 6.5.1 ( [Mer09]). The twisted tangent space to vertical n-jets
T,y @ p*pr Opni1 (n® + 2n) @ p* prisOpn,-1(1)

is generated over J,V & by its global holomorphic sections.
Moreover, one may choose such global generating vector fields to be in-
variant with respect to the action of Gy, on J,V.

The proof of this theorem is in essence the same of the one presented
above for the two dimensional case. Nevertheless the computational and
combinatorial aspects, as one can guess, are much more involved. We refer
to the original paper of Merker for a complete proof.

Note that this statement is stronger than the one described in the pre-
vious chapter: the global generation is over a bigger open subset of J,V, no
wronskian locus appears. The price for this is a bigger order of poles (for
n = 2, the pole order here is 8 instead of 7), but this permits a more precise
localization of the entire curves.

There is also a weaker version of this theorem, which is the precise gen-
eralization of the statement in [Pau08] and [Rou07], which gives better pole
order. This version gives global generation outside the wronskian locus %,
with pole order (n? + 5n)/2, and it suffices for instance to treat the case of
threefold in projective 4-space (see Corollary 7.1.3).

Of course, the pole order is important as far as the effective aspects on
the degree of the hypersurfaces are concerned.
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6.6 Effective aspects

In this section we shall try to outline the idea of the proof for the effective
part of Theorem 7.1.1. The interested reader can find all the details in
[DMR10]: we shall skip this here, since the combinatorics and the complexity
of the computations are very involved.

Recall that we have to show that if d > 2”5, then we have the existence
of the proper subvariety Y C X absorbing the images of non constant entire
curves, for X C P"*! a generic smooth projective hypersurface of degree d.

As a byproduct of the proof of the theorem we gave above, we deduce
that the bound for the degree depends on

(i) the lowest integer dy such that § > (n? +2n)/(d2 — n — 2), whenever
deg X = dy;

(ii) the lowest integer dg such that HO(X, En,mT)*(@)K)}‘Sm) # 0form > 1,
whenever deg X = da.

Then, dy = max{d;,d2} will do the job.

6.6.1 The strategy of the effective estimate

The starting point of our effective estimate is the following, elementary
lemma.

Lemma 6.6.1. Let p(z) = 2%+ a3 271 + .-+ + ag € C[z] be a monic poly-
nomial of degree d and let zy be a Toot of p. Then

<2 |19
20| < jgf{%dlag!

20y

Proof. Otherwise |zg| > 2‘%‘1/]‘ for every 7 = 1,...,d and, from —1 =
a/zo+ -+ ad/z{f we would obtain

1<27t 44279
contradiction. O

Recall that, in order to produce a global invariant jet differential with
controlled vanishing order, we had to ensure the positivity of a certain in-
tersection product, namely

n2
(Ox,.(a) ® w5, 0x (2[al))
2 * ’I’L2—1 * * 5|a\
—n*(Ox,(a) @ 75,0x (2lal))" - (75,0x(2[al) @ 75, Kx™)),

for some a satisfying (7.1) and 6 > 0 (cf. Theorem 7.4.9). This intersection
product, after elimination, gives back a polynomial in the degree of the
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hypersurfaces (seen as an indeterminate) of degree n + 1, whose coefficients
are polynomial in a and § of bidegree (n?,1), homogeneous in a. Call it

Pas(d) = Pa(d) +  PL(d).

Observe once again that the above polynomial with § = 0 is the result of
the intersection product (7.2), the positivity of which gives the existence of
global invariant jet differentials with no control on their vanishing order.

Now, suppose we are able to choose the weight a explicitly, depending
on n, in such a way that it satisfies (7.1) and that P, has positive leading
coefficient and we have an explicit control of its coefficients in terms of n
only. This will be possible, as anticipated in Remark 5, by the following
basic observation.

Proposition 6.6.2. The cube in R} ) with integral edges defined by

(a/la"'7a/’lL

1<a,<1+n% 3n’<a,_ <3+ l)nz,
(32 4+3)n? < a,_o < (32434 1)n?,
(B 432 <ar < (3" 4 434 1)n?
is contained in the cone defined by (7.1) and there exists at least one n-tuple

a of integers belonging to this cube with the property that pp41.a 5 non zero.
Moreover, for such an a we have the effective, explicit control

< 3n—-1, < 3",

m = —n”.

1SJa§xn aj=a1 < —5—n" < on

Proof. This is just an explicit rephrasing of Lemma 7.4.4. O

In addition, suppose we have for this choice of the weight an explicit
control of the coefficients of P, and that its leading coefficient is negative
(the latter trivially holds true since otherwise (7.2) would be positive for
0 > 1, which is impossible, since Kx is ample). Write

n+1 n+1
Pa(d) = prad®, PLd)=> pad"
k=0 k=0

Wlth ’pj,a’ S Ej, j = O, e,y pn+1,a 2 Gn+1 Z 1 and ‘p;',a‘ E E;, ] =
0,...,n+ 1, the aforesaid explicit, depending on n only, bounds.

Next, choose 0 to be one half of G, 11 /E], , ; so that the leading coefficient
Prntla — 5]p%+17a| of Py s(d) is bounded below by 1/2. In order to apply
Lemma 7.6.1, we divide P, s(d) by its leading coefficient and thus we obtain
that the biggest integral root of P, 5(d) is less than or equal to

1

G n+l—j

ds d:ef2. max (2Ej—i— ;H_lEJ{) "
Jj=1,...,n+1 En-i-l
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In order to have not only the existence of global invariant jet differentials
with controlled vanishing order, but also algebraic degeneracy, we have to
insure condition (i) above to be satisfied, too. This means that d must be
greater than

/
def En+1

di=n+2+2 (n* + 2n).
Gn+1

In conclusion, we would have the effective estimate of Theorem 7.1.1 if
max{dy,dy} < 2" (6.7)

Thus, inequality (7.7) amounts to bound the quantities E;, E;, Gnit1,
j=1,...,n+ 1. For that, one has to control (7.2) by estimating at each
step the process of elimination of all the Chern classes living at each level of
the jet tower, which happens to be of high algebraic complexity. The reason
sits in the intertwining of four different combinatoric aspects: the presence
of several relations shared by all the Chern classes of the lifted horizontal
contact distributions Vj, the Newton expansion of large n?-powers by the
multinomial theorem, the differences of various multinomial coefficients and
the appearance of many Jacobi-Trudy type determinants.

As said before, we refer to the original paper [DMR10] for the details of
these computations.
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