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Abstract

Given an underlying graph, we consider the following dynamics: Initially, each node
locally chooses a value in {—1,1}, uniformly at random and independently of other nodes.
Then, in each consecutive round, every node updates its local value to the average of the
values held by its neighbors, at the same time applying an elementary, local clustering rule
that only depends on the current and the previous values held by the node.

We prove that the process resulting from this dynamics produces a clustering that exactly
or approximately (depending on the graph) reflects the underlying cut in logarithmic time,
under various graph models that exhibit a sparse balanced cut, including the stochastic
block model. We also prove that a natural extension of this dynamics performs community
detection on a regularized version of the stochastic block model with multiple communities.

Rather surprisingly, our results provide rigorous evidence for the ability of an extremely
simple and natural dynamics to address a computational problem that is non-trivial even in
a centralized setting.
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1 Introduction

Consider the following distributed algorithm on an undirected graph: At the outset, every
node picks an initial value, independently and uniformly at random in {—1,1}; then, in each
synchronous round, every node updates its value to the average of those held by its neighbors.
A node also tags itself “blue” if the last update increased its value, “red” otherwise.

We show that under various graph models exhibiting sparse balanced cuts, including the
stochastic block model |27], the process resulting from the above simple local rule converges, in
logarithmic time, to a colouring that exactly or approximately (depending on the model) reflects
the underlying cut. We further show that our approach simply and naturally extends to more
communities, providing a quantitative analysis for a regularized version of the stochastic block
model with multiple communities.

Our algorithm is one of the few examples of a dynamics [4, B, 20, [46] that solves a com-
putational problem that is non-trivial in a centralized setting. By dynamics we here mean
synchronous distributed algorithms characterized by a very simple structure, whereby the state
of a node at round ¢ depends only on its state and a symmetric function of the multiset of states
of its neighbors at round ¢ — 1, while the update rule is the same for every graph and every node
and does not change over time. Note that this definition implies that the network is anonymous,
that is, nodes do not possess distinguished identities. Examples of dynamics include update
rules in which every node updates its state to the plurality or the median of the states of its
neighbors or, as is the case in this paper, every node holds a value, which it updates to the
average of the values held by its neighbors. In contrast, an algorithm that, say, proceeds in two
phases, using averaging during the first 10logn rounds and plurality from round 1+ 10logn
onward, with n the number of nodes, is not a dynamics according to our definition, since its
update rule depends on the size of the graph. As another example, an algorithm that starts by
having the lexicographically first vertex elected as “leader” and then propagates its state to all
other nodes again does not meet our definition of dynamics, since it assigns roles to the nodes
and requires them to possess distinguishable identities.

The AVERAGING dynamics, in which each node updates its value to the average of its neigh-
bors, is perhaps one of the simplest and most interesting examples of linear dynamics and it
always converges when G is connected and not bipartite: It converges to the global average of
the initial values if the graph is regular and to a weighted global average if it isn’t [12} [49]. Im-
portant applications of linear dynamics have been proposed in the recent past [31], 5 52| [33], for
example to perform basic tasks such as self-stabilizing consensus in faulty distributed systems
[7, 54], [47]. The convergence time of the AVERAGING dynamics is the mixing time of a random
walk on G [49]. Tt is logarithmic in |V| if the underlying graph is a good expander [28], while it
is slower on graphs that exhibit sparse cuts.

While previous work on applications of linear dynamics has focused on tasks that are specific
to distributed computing (such as reaching consensus, or stability in the presence of faulty
nodes), in this paper we show that our simple protocol based on the the AVERAGING dynamics
is able to address community detection, i.e., it identifies partition (Vi,V2) of a clustered graph
G = (1, Va), E), either exactly (in which case we have a strong reconstruction algorithm) or
approximately (in which case we speak of a weak reconstruction algorithm).

1.1 Owur contributions

Consider a graph G = (V, E'). We show that, if a partition (V1, V3) of G exists, such that 1y, — 1y,
i (or is close to) a right-eigenvector of the second largest eigenvalue of the transition matrix
of GG, and the gap between the second and the third largest eigenvalues is sufficiently large,

"When states correspond to rational values.
2 As explained further, 1v,, is the vector with |V| components, such that the j-th component is 1 if j € V;, it
is 0 otherwise.



our algorithm identifies the partition (V7, V2), or a close approximation thereof, in a logarithmic
number of rounds. Though the algorithm we propose does not explicitly perform any eigenvector
computation, its exploits the spectral structure of the underlying graph, based on the intuition
that the dynamics is a distributed simulation of the power method. Our analysis involves two
main novelties, relating to how nodes assign themselves to clusters, and to the spectral bounds
that we prove for certain classes of graphs.

A conceptual contribution is to make each node, at each round ¢, assign itself to a cluster
(“find its place”) by considering the difference between its value at time ¢ and its value at time
t — 1. Such a criterion removes the component of the value lying in the first eigenspace without
explicitly computing it. This idea has two advantages: it allows a particularly simple algorithm,
and it gives a running time that depends on the third eigenvalue of the transition matrix of the
graph. In graphs that have the structure of two expanders joined by a sparse cut, the running
time of the algorithm depends only on the expansion of the components and it is faster than
the mixing time of the overall graph. To the best of our knowledge, this is the first distributed
block reconstruction algorithm converging faster than the mixing time.

Our algorithm works on any graph where (i) the right-eigenspace of the second eigenvalue
of the transition matrix is correlated to the cut between the two clusters and (ii) the gap
between the second and third eigenvalues is sufficiently large. While these conditions have been
investigated for the spectrum of the adjacency matrix of the graph, our analysis requires these
conditions to hold for the transition matrix. A technical contribution of this paper is to show
that such conditions are met by a large class of graphs, that includes graphs sampled from the
stochastic block model. Proving spectral properties of the transition matrix of a random graph
is more challenging than proving such properties for the adjacency matrix, because the entries
of the transition matrix are not independent.

Strong reconstruction for regular clustered graphs. A (2n,d,b)-clustered regular graph
G = ((V1,V2), E) is a connected graph over vertex set V; U Va, with |V1| = |Va| = n, adjacency
matrix A, and such that every node has degree d and it has (exactly) b neighbors outside its
cluster. If the two subgraphs induced by V; and V5 are good expanders and b is sufficiently
small, the second and third eigenvalues of the graph’s transition matrix P = (1/d) - A are
separated by a large gap. In this case, we can prove that the following happens with high
probability (for short w.h. p@) If the AVERAGING dynamics is initialized by having every node
choose a value uniformly and independently at random in {—1, 1}, within a logarithmic number
of rounds the system enters a regime in which nodes’ values are monotonically increasing or
decreasing, depending on the community they belong to. As a consequence, every node can
apply a simple and completely local clustering rule in each round, which eventually results in a
strong reconstruction (Theorem [3.2)).

We then show that, under mild assumptions, a graph selected from the regular stochastic block
model [13] is a (2n,d, b)-clustered regular graph that satisfies the above spectral gap hypothesis,
w.h.p. We thus obtain a fast and extremely simple dynamics for strong reconstruction, over
the full range of parameters of the regular stochastic block model for which this is known to be
possible using centralized algorithms [45] [13] (Section and Corollary B.3]).

We further show that a natural extension of our algorithm, in which nodes maintain an array
of values and an array of colors, correctly identifies a hidden balanced k-partition in a regular
clustered graph with a gap between Ay and Agi;. Graphs sampled from the regular stochastic
block model with k& communities satisfy such conditions, w.h.p. (Theorem [G.T]).

Weak reconstruction for non-regular clustered graphs. As a main technical contri-
bution, we extend the above analysis to show that our dynamics also ensures weak recon-
struction in clustered graphs having two clusters that satisfy an approximate regularity con-
dition and a gap between second and third eigenvalues of the transition matrix P (Theo-

5We say that a sequence of events &,, n = 1,2,... holds with high probability if P (£,) = 1 — O(1/n”) for
some positive constant v > 0.



rem [3]). As an application, we then prove that these conditions are met by the stochastic
block model [T, 17, 18, 21], 27, B30} [41], a random graph model that offers a popular framework
for the probabilistic modelling of graphs that exhibit good clustering or community properties.
We here consider its simplest version, i.e., the random graph G, ,, consisting of 2n nodes
and an edge probability distribution defined as follows: The node set is partitioned into two
subsets Vi and V5, each of size n; edges linking nodes belonging to the same partition appear
in F independently at random with probability p = p(n), while edges connecting nodes from
different partitions appear with probability ¢ = ¢(n) < p. Calling a = pn and b = gn, we
prove that graphs sampled from Ga, ), satisfy the above approximate regularity and spectral
gap conditions, w.h.p., whenever a — b > +/(a + b) - log n (Lemma [A.4]).

We remark that the latter result for the stochastic block model follows from an analysis that
applies to general non-random clustered graphs and hence does not exploit crucial properties
of random graphs. A further technical contribution of this paper is a refined, ad-hoc analysis
of the AVERAGING dynamics for the Gay, p , model, showing that this protocol achieves weak-
reconstruction, correctly classifying a 1 — e fraction of vertices, in logarithmic time whenever a —
b > Q.(y/(a+ b)) and the expected degree d = a+b grows at least logarithmically (Theorem 7).
This refined analysis requires a deeper understanding of the eigenvectors of the transition matriz
of G. Coja-Oghlan [17| defined certain graph properties that guarantee that a near-optimal
bisection can be found based on eigenvector computations of the adjacency matriz. Similarly, we
show simple sufficient conditions under which a right eigenvector of the second largest eigenvalue
of the transition matrix of a graph approximately identifies the hidden partition. We give a tight
analysis of the spectrum of the transition matrix of graphs sampled from the stochastic block
model in Section [D.2l Notice that the analysis of the transition matrix is somewhat harder than
that of the adjacency matrix, since the entries are not independent of each other; we were not
able to find comparable results in the existing literature.

1.2 Related work and additional remarks

Dynamics for block reconstruction. Dynamics received considerable attention in the recent
past across different research communities, both as efficient distributed algorithms [4] [7, [47], 42]
and as abstract models of natural interaction mechanisms inducing emergent behavior in complex
systems [3], (14, 20} 23] 46]. For instance, simple averaging dynamics have been considered to
model opinion formation mechanisms [19, 24], while a number of other dynamics have been
proposed to describe different social phenomena [22]. Label propagation algorithms [48] are
dynamics based on majority updating rules [4] and have been applied to some computational
problems including clustering. Several papers present experimental results for such protocols
on specific classes of clustered graphs [0, B8, 48]. The only available rigorous analysis of label
propagation algorithms on planted partition graphs is the one presented in [34], where the
authors propose and analyze a label propagation protocol on Gy, , , for dense topologies. In
particular, their analysis considers the case where p = Q(1/ pl/4-e ) and ¢ = O(p?), a parameter
range in which very dense clusters of constant diameter separated by a sparse cut occur w.h.p.
In this setting, characterized by a polynomial gap between p and ¢, simple combinatorial and
concentration arguments show that the protocol converges in constant expected time. They also
conjecture a logarithmic bound for sparser topologies.

Because of their relevance for the reconstruction problem, we also mention another class of
algorithms, belief propagation algorithms, whose simplicity is close to that of dynamics. Belief
propagation algorithms are best known as message-passing algorithms for performing inference in
graphical models [39]. Belief propagation cannot be considered a dynamics: At each round, each
node sends a different message to each neighbors, thus the update rule is not symmetric w.r.t.
the neighbors, requiring thus port numbering [51], and the required local memory grows linearly
in the degree of the node. Non-rigorous methods have given strong evidence that some belief
propagation algorithms are optimal for the reconstruction problem [I8]. Its rigorous analysis is



a major challenge; in particular, the convergence to the correct value of belief propagation is
far from being fully-understood on graphs which are not trees [53 43]. As we discuss in the
next subsection, more complex algorithms, inspired by belief propagation, have been rigorously
shown to perform reconstruction optimally.

General algorithms for block reconstruction. While an important goal, improving per-
formance of spectral clustering algorithms and testing their limits to the purpose of block recon-
struction is not the main driver behind this work. Still, for the sake of completeness, we next
compare our dynamics to previous general algorithms for block reconstruction.

Several algorithms for community detection are spectral: They typically consider the eigen-
vector associated to the second eigenvalue of the adjacency matrix A of GG, or the eigenvector
corresponding to the largest eigenvalue of the matrix A — %J [8) 16l 17, 41] @, since these
are correlated with the hidden partition. More recently spectral algorithms have been pro-
posed [2, [17, [44], 35], 11] that find a weak reconstruction even in the sparse, tight regime.

Even though the above mentioned algorithms have been presented in a centralized setting,
spectral algorithms turn out to be a feasible approach also for distributed models. Indeed,
Kempe and McSherry [32] show that eigenvalue computations can be performed in a distributed
fashion, yielding distributed algorithms for community detection in various models, including
the stochastic block model. However, the algorithm of Kempe and McSherry as well as any
distributed version of the above mentioned centralized algorithms are not dynamics. Actually,
adopting the effective concept from Hassin and Peleg in [26], such algorithms are even not
light-weight: Different and not-simple operations are executed at different rounds, nodes have
identities, messages are treated differently depending on the originator, and so on. Moreover, a
crucial aspect is convergence time: The mixing time of the simple random walk on the graph is
a bottleneck for the distributed algorithm of Kempe and McSherry and for any algorithm that
performs community detection in a graph G by employing the power method or the Lanczos
method [36] as a subroutine to compute the eigenvector associated to the second eigenvalue of
the adjacency matrix of G. Notice that the mixing time of graphs sampled from Gy, is at
least of the order of “2—'217: hence, it can be super-logarithmic and even n?().

In general, the reconstruction problem has been studied extensively using a multiplicity of
techniques, which include combinatorial algorithms [21], belief propagation [18], spectral-based
techniques [41], 17], Metropolis approaches [30], and semidefinite programming [I], among others.
Stochastic Block Models have been studied in a number of areas, including computer science
[8, 4T, [40], probability theory [45], statistical physics [18], and social sciences [27]. Unlike the
distributed setting, where the existence of light-weight protocols [26] is the main issue (even in
non-sparse regimes), in centralized setting strong attention has been devoted to establishing
sharp thresholds for weak and strong reconstruction. Define a = np as the expected internal
degree (the number of neighbors that each node has on the same side of the partition) and b = ng
as the expected external degree (the number of neighbors that each node has on the opposite
side of the partition). Decelle et al. [I8] conjectured that weak reconstruction is possible if and
only if @ — b > 2v/a+b. This was proved by Massoulie and Mossel et al. [44] 40, [45]. Strong
recovery is instead possible if and only if a — b > 2v/a + b+ logn [1].

Versions of the stochastic block model in which the random graph is regular have also been
considered [45] [13]. In particular Brito et al. [I3] show that strong reconstruction is possible in

polynomial-time when a — b > 2v/a+ b — 1.

4A is the adjacency matrix of G, J is the matrix having all entries equal to 1, d is the average degree and n
is the number of vertices.




2 Preliminaries

Distributed block reconstruction. Let G = ((V1,V3), E) be a graph with V3 NV, = 0.
A weak (block) reconstruction is a two-coloring of the nodes that separates Vi and V5 up to
a small fraction of the nodes. Formally, we define an e-weak reconstruction as a map f :
V1 U Vs — {red,blue} such that there are two subsets Wy C Vj and Wy C V5 with |[W7 UWs| >
(1 —¢)|Vh UVa| and f(Wy) N f(W3) = (. When € = 0 we say that f is a strong reconstruction.
Given a graph G = ((V1,V2), E), the block reconstruction problem requires computing an e-
reconstruction of G.

In this paper, we propose the following distributed protocol. It is based on the averaging
dynamics and produces a coloring of the nodes at the end of every round. In the next two
sections we show that, within O(logn) rounds, the coloring computed by the algorithm we
propose achieves strong reconstruction of the two blocks in the case of clustered regular graphs
and weak reconstruction in the case of clustered non-regular graphs.

AVERAGING protocol:

Rademacher initialization: At round ¢ = 0 every node v € V independently samples
its value from {—1,+1} uniformly at random;

Updating rule: At each subsequent round ¢ > 1, every node v € V

1. (AVERAGING dynamics) Updates its value x®)(v) to the average of the values
of its neighbors at the end of the previous round

2. (Coloring) If x® (v) > x*~1(v) then v sets color® (v) = blue otherwise v sets
color®(v) = red.

The choice of the above coloring rule will be clarified in the next section, just before Theorem
We give here two remarks. First of all, the algorithm is completely oblivious to time, being
a dynamics in the strictest sense. Namely, after initialization the protocol iterates over and over
at every node. Convergence to a (possibly weak) reconstruction is a property of the protocol,
of which nodes are not aware, it is something that eventually occurs. Second, the clustering
criterion is completely local, in the sense that a decision is individually and independently made
by each node in each round, only on the basis of its state in the current and previous rounds.
This may seem counterintuitive at first, but it is only superficially so. Despite being local,
the clustering criterion uses information that reflects the global structure of the network, since
nodes’ values are related to the second eigenvector of the network’s transition matrix.

The AVERAGING dynamics and random walks on (. The analysis of the AVERAGING
dynamics on a graph G is closely related to the behavior of random walks in G, which are best
studied using tools from linear algebra that we briefly summarize below.

Let G = (V, E) be an undirected graph (possibly with multiple edges and self loops), A its
adjacency matrix and d; the degree of node i. The transition matriz of (the random walk on) G
is the matrix P = D™'A, where D is the diagonal matrix such that D;;=d;. P;j=(1/d;)- A
is thus the probability of going from 4 to j in one-step of the random walk on G. P operates as
the random walk process on G by left multiplication, and as the AVERAGING dynamics by right
multiplication. For i = 1,2, define 1y;, as the |V|-dimensional vector, whose j-th component is
1if j € V;, it is 0 otherwise. If (V1,V3) is a bipartition of the nodes with |Vi| = |Va| = n, we
define the partition indicator vector x = 1y, — 1y,. If x is the initial vector of values, after ¢
rounds of the AVERAGING dynamics the vector of values at time ¢ is x() = P*x. The product of
the power of a matrix times a vector is best understood in terms of the spectrum of the matrix,
which is what we explore in the next section.



In what follows we always denote by A1 = ... > Ao, the eigenvalues of P. Recall that,
since P is a stochastic matrix we have \; = 1 and Ag, > —1, moreover for all graphs that are
connected and not bipartite it holds that Ao < 1 and A9, > —1. We denote by A the largest, in

absolute value, among all but the first two eigenvalues, namely A = max {|\;| : i = 3,4,...,2n}.
Unless otherwise specified, the norm of a vector x is the fo norm [|x| := />_,(x(¢))? and the
norm of a matrix A is the spectral norm [|Al| := supy,|x=1 [[Ax||. For a diagonal matrix, this is

the largest diagonal entry in absolute value.

3 Strong reconstruction for regular graphs

If G is d-regular then P = (1/d)A is a real symmetric matrix and P and A have the same set
of eigenvectors. We denote by vi = (1/v/2n)1,va,. .., v, a basis of orthonormal eigenvectors,
where each v; is the eigenvector associated to eigenvalue );. Then, we can write a vector x as
a linear combination x = ), a;v; and we have:

2n
1 .
P'x = Z Maojvi = o <Z X(’L)) 1+ Z; Magv;,
(2 1=

7
which implies that x® = P'x tends to a;v; as ¢ tends to infinity, i.e., it converges to the vector
that has the average of x in every coordinate.
We next show that, if the regular graph is “well” clustered, then the AVERAGING protocol
produces a strong reconstruction of the two clusters w.h.p.

Definition 3.1 (Clustered Regular Graph). A (2n,d, b)-clustered regular graph G = ((V1, V2), E)
is a graph over vertex set V3 U Vo, with |Vi| = |Va| = n and such that: (i) Every node has degree
d and (ii) Every node in cluster V; has b neighbors in cluster V5 and every node in V3 has b
neighbors in V.

We know that 1 is an eigenvector of P with eigenvalue 1, and it is easy to see that the
partition indicator vector x is an eigenvector of P with eigenvalue 1—2b/d (see Observation [A.3]
in Appendix [A]). We first show that, if 1 — 2b/d happens to be the second eigenvalue, after ¢
rounds of the AVERAGING dynamics, the configuration x® is close to a linear combination of 1
and x. Formally, if A < 1 —2b/d we prove (see Lemma in Appendix [C]) that there are reals
a1, ag such that for every ¢

x® = a1 + ap\ix +e®  where He(t)H < AWV2n. (1)

Informally speaking, the equation above naturally “suggested” the choice of the coloring rule
in the AVERAGING protocol, once we considered the difference of two consecutive values of any
node u, i.e.,

xU () = xW(u) = a2y (1= A)x(w) + eV (w) — el (u). (2)

Intuitively, if A is sufficiently small, we can exploit the bound on He(t)Hoo in @) to show that,
after a short initial phase, the sign of x*~1 (1) — x(®)(u) is essentially determined by x(u), thus
by the community u belongs to, w.h.p. The following theorem and its proof provide formal
statements of the above fact.

Theorem 3.2 (Strong reconstruction). Let G = ((V1,V2), E) be a connected (2n,d,b)-clustered
reqular graph with 1 — 2b/d > (1 + 0)A for an arbitrarily-small constant § > 0. Then the
AVERAGING protocol produces a strong reconstruction within O(logn) rounds, w.h.p.



Outline of Proof. From (3]), we have that sgn (x(t_l)(u) —x® (u)) = sgn (a2x(u)) whenever
Xy (1 = Ag)| > ‘e(t_l)(u) —e® (u)‘ (3)

From (3) we have that |e(t) (u)| < A'v2n, thus (B) is satisfied for all ¢ such that

22 1
t—1>1og< n )

lasl(1 = X2) | log (A2/A)

The second key-step of the proof relies on the randomness of the initial vector. Indeed, since
x is a vector of independent and uniformly distributed random variables in {—1, 1}, the absolute
difference between the two partial averages in the two communities, i.e. |ag|, is “sufficiently”
large, w.h.p. More precisely, observe that both (x,x) and (x, 1) have the distribution of a sum of
2n Rademacher random variables. Such a sum takes the value 2k — 2n with probability 2% (2,?),

and so every possible value has probability at most 2%(277) ~ \/#—n Consequently, if R is the

sum of 2n Rademacher random variables, we have P (|R| < §v/2n) < O(6). This implies that
las| = 2(x,x) = n~7, for some positive constant 7, w.h.p. (see Lemma [BI). The theorem
thus follows from the above bound on |as| and from the hypothesis Ay > (1 4 d)A. O

Remark. Graphs to which Theorem apply are those consisting of two regular expanders
connected by a regular sparse cut. Indeed, let G = ((V1, V2), E) be a (2n,d, b)-clustered regular
graph, and let Ay = max {\2(A41), A\2(A2)} and A\p = A\a(B), where Ay, A and B are the adja-
cency matrices of the subgraphs induced by Vi, V5 and the cut between V; and Vs, respectively.
Since A = 2X4 + 2Ap, if a—b > (1+¢)(ada + bAp), G satisfies the hypothesis of Theorem

Regular stochastic block model. We can use Theorem to prove that the AVERAGING
protocol achieves strong reconstruction in the regular stochastic block model. In the case of
two communities, a graph on 2n vertices is obtained as follows: Given two parameters a(n)
and b(n) (internal and external degrees, respectively), partition vertices into two equal-sized
subsets V7 and V5 and then sample a random a(n)-regular graph over each of V; and V5 and
a random b(n)-regular graph between V; and V5. This model can be instantiated in different
ways depending on how one samples the random regular graphs (for example, via the uniform
distribution over regular graphs, or by taking the disjoint union of random matchings) [45] [13].

If G is a graph sampled from the regular stochastic block model with internal and external
degrees a and b respectively, then it is a (2n,d,b)-clustered graph with largest eigenvalue of
the transition matrix 1 and corresponding eigenvector 1, while x is also an eigenvector, with
eigenvalue 1 —2b/d, where d := a+ b. Furthermore, we can derive the following upper bound on
the maximal absolute value achieved by the other 2n—2 eigenvalues corresponding to eigenvectors
orthogonal to 1 and x:

A< a%b(\/ﬁb_‘uonu)) )

This bound can be proved using some general result of Friedman and Kohler [25] on random
degree k lifts of a graph. (see Lemma [D.1]lin Appendix[D]). Since Ao = Z—;Z, using (3] in Theorem
B2l we get a strong reconstruction for the regular stochastic block model:

Corollary 3.3. Let G be a random graph sampled from the regular stochastic block model with
a—b>2(1+n)Vva+b for any constant n > 0, then the AVERAGING protocol produces a strong
reconstruction in O(logn) rounds, w.h.p.



4 Weak reconstruction for non-regular graphs

The results of Section Blrely on very clear spectral properties of regular, clustered graphs, imme-
diately reflecting their underlying topological structure. Intuition suggests that these properties
should be approximately preserved if we suitably relax the notion of regularity. With this simple
intuition in mind, we generalize our approach for regular graphs to a large class of non-regular
clustered graphs.

Definition 4.1 (Clustered 7-regular graphs). A (2n,d, b, v)-clustered graph G = ((Vi,V2), E)
is a graph over vertex set Vj U Vi, where |V1| = |Va| = n such that: i) Every node has degree
d £ ~d, and ii) Every node in V; has b & vd neighbors in V5 and every node in V5 has b £+ vd
neighbors in V;.

If G is not regular then matrix P = D~'A is not symmetric in general, however it is possible
to relate its eigenvalues and eigenvectors to those of a symmetric matrix as follows. Denote
the normalized adjacency matriz of G as N := D~Y2AD~1/2 = DY/2PD~1/2_ Notice that N is
symmetric, P and N have the same eigenvalues A, ..., Ao, and x is an eigenvector of P if and
only if D'/2x is an eigenvector of N (if G is regular then P and N are the same matrix). Let

w1, ..., Wa, be a basis of orthonormal eigenvectors of IV, with w; the eigenvector associated to
D/21
[D1/21]
of eigenvectors for P and we can write x = ), a;Vv; as a linear combination of them. Then, the
averaging process can again be described as

eigenvalue \;, for every i. We have that wi = If we set v; := D_l/le-, we obtain a set

2n
Plx = Mav, = MNav;
X = iV, = a1vy + HoTAYS

i i=2

So, if G is connected and not bipartite, the AVERAGING dynamics converges to a1 vy. In general,
it is easy to see that a; = wl-TDl/Qx (see the first lines in the proof of Lemma [.2]) and a;vy is
the vector

17 Dx 3. dix(i)
T y1/2 —1/24, _ _ 2%
D -D = = -1.
As in the regular case, if the transition matrix P of a clustered ~-regular graph has Ao close to
1 and |A3],...,|\2,| small, the AVERAGING dynamics has a long phase in which x®) = P'x is

close to a11 + agvs.

However, providing an argument similar to the regular case is considerably harder, since
the partition indicator vector x is no longer an eigenvector of P. In order to fix this issue, we
generalize (3]), proving in Lemma that x(®) is still close to a linear combination of 1 and x.
Wesetv=1-— %b, since this value occurs frequently in this section.

Lemma 4.2. Let G be a connected (2n,d,b,y)-clustered graph with v < 1/10, and assume the
AVERAGING dynamics is run on G with initial vector x. If A < v we have:

X(t) =o1l+ OéQ)\%X + CYQ)\%Z + e(t) ,

or some vectors z and € with ||z|| < 88y Von and ||e®| < 4XY|x||. Coefficients aq and s
A3

v—

1
Tl
T wo,D2x
are a; = 2% gnd qp = 22
[Dz1]?

TH5A
woD2x
Outline of Proof. We prove the following two key-facts: (i) the second eigenvalue of the transition
matrix of G is not much smaller than 1 —2b/d, and (ii) D/?x is close, in norm, to its projection

on the second eigenvector of the normalized adjacency matrix N. Namely, in Lemma [C.2] we
prove that if A3 < v then

44
Ao = v — 10y and HDl/QX — ﬂgWgH < 13 V2nd, where By = xTDY?w,. (5)

vV —



Now, we can use the above bounds to analyze x() = P!x. To begin, note that N =
D 12ADY2 and P = D'A imply that P = D~Y/2NDV2 and Pt = D1/2N*DY2. Thus,
for any vector x, if we write D'/2x as a linear combination of an orthonormal basis of N,
DY?x = ngl a;w;, we get

2n 2n
Plx = D712NtDY2x = p~1/2 Z ai)\fwi = Z ai)\fD_l/Qwi.
i=1 i=1

We next estimate the first term, the second term, and the sum of the remaining terms:

_ pi/ . . B a1 _ wiDY2x
- VlV;eDhave W1 = i) SO the first term can be written as a1 with a; = v = o] =
X
[CRET

- If we write DY/2x = Bowo +y, with 8y = W;Dl/zx, (@) implies that ||y|| < 1/4;4—13\/2nd. Hence
the second term can be written as

D/24 —
ag)\tQD_l/sz = ag)\éD_l/z <#> = %)\gx — %)\gz = ap\bx — bz,

65 B2 B2
where -1/2 -1/2 2 44~ 88~
Izl = | p172y]| < |02 Iyl < N Wl W
and I D12
ay = az/fy = Wle/zx'

- As for all other terms, observe that

2

2
= <o

2n
Z al')\gD_l/QWi
=3

2n
NAw s
QAW

1=3

2 20 2 n 2 2
_ HD71/2H Za?)\?t < HD71/2H )2t Zazz < HDfl/zH )2t HD1/2XH
=3 =3

2 2
< HD71/2H HD1/2H )\2tHXH2 < 16)‘2tHXH2'

O

The above lemma allows us to generalize our approach to achieve efficient, weak reconstruction
in non-regular clustered graphs. The full proof of the following theorem is given in appendix

[C1l

Theorem 4.3 (Weak reconstruction). Let G be a connected (2n,d,b,~)-clustered graph with
v < c(v — Ag) for a suitable constant ¢ > 0. If A < v and A = (1 4 §)\ for an arbitrarily-small
positive constant &, the AVERAGING protocol produces an O(v?/(v — A\3)?)-weak reconstruction
within O(logn) rounds w.h.pﬁ

Outline of Proof. Lemma implies that for every node u at any round ¢ we have
XD (u) = x () = aad57H (1 = Ao) (x(w) + 2(w) + "7 (w) — e (u)

Hence, for every node u such that |z(u)| < 1/2@ we have sgn (xtD (u) — x® (v)) = sgn (asx(u))
whenever

1
50[2)\571(1 - )\2)

> ‘e(t_l)(u) —e® (u)( . (6)

5Consistently, Theorem is a special case of this one when ~ = 0.
®The value 1/2 is chosen here only for readability sake, any constant smaller than 1 will do.



From Lemma [£.2] we have ‘e(t) (u){ < 4\'/2n, thus (@) is satisfied for any ¢ such that

16v/2n ) 1

la2|(1—22) ) log (A2/A)

The right-hand side of the above formula is O(log n) w.h.p., because of the following three points:
i) Ay = (14 &)\ by hypothesis; ii) 1 — Xy > 1/(2n%) from Cheeger’s inequality (see e.g. [I5])
and the fact that the graph is connected; iii) using similar (although harder - see Lemma [B.2))
arguments as in the proof of Theorem B.2] we can prove that Rademacher initialization of x
w.h.p. implies |ag| = n™¢ for some large enough positive constant c¢. Finally, from Lemma

we have ||z|| < V8§;/3 v/2n. Thus, the number of nodes u with z(u) > 1/2 is O(ny?/(v—X3)?). O

t—l;log(

Roughly speaking, the above theorem states that the quality of block reconstruction depends
on the regularity of the graph (through parameter ) and conductance within each community
(here represented by the difference | — Ag|). Interestingly enough, as long as |v — 3| = ©(1),
the protocol achieves O(?)-weak reconstruction on (2n,d, b, v)-clustered graphs.

Stochastic block model. Below we prove that the stochastic block model Gy, ;, 4 satisfies the
hypotheses of Theorem 3] w.h.p., and, thus, the AVERAGING protocol efficiently produces a
good reconstruction. In what follows, we will often use the following parameters of the model:
expected internal degree a = pn, expected external degree b = qn, and d = a + b.

Lemma 4.4. Let G ~ Goppg. If a —b > (/(a+0b)logn then a positive constant ¢ ex-
ists such that the following hold w.h.p.: i) G is (2n,d,b,6+/logn/d)-clustered and i) A <

min{)\g/(l +9), 24 (logn)/d},

Outline of Proof. Claim (i) follows (with probability 1 — n~!) from an easy application of
the Chernoff bound. As for Claim (ii), since G is not regular and random, we derive spectral
properties on its adjacency matrix A by considering a “more-tractable” matrix, namely the

expected matrix
— _ (v aJ
B:=E[A] = ( vl o )

where B;; is the probability that the edge (7,j) exists in a random graph G ~ Gappq. In
Lemma [D.2] we will prove that such a G is likely to have an adjacency matrix A close to B in
spectral norm. Then, in Lemma [D.3] we will show that every clustered graph whose adjacency

matrix is close to B has the properties required in the analysis of the AVERAGING dynamics,
thus getting Claim (ii). O

By combining Lemma (4] and Theorem (3] we achieve weak reconstruction for the stochastic
block model.

Corollary 4.5. Let G ~ Gap pq. If a—b > 25y/dlogn and b = Q(logn/n) then the AVERAGING
protocol produces an O(dlogn/(a — b)?)-weak reconstruction in O(logn) rounds w.h.p.

Outline of Proof. From Lemma [1.4] we get that w.h.p. G is (2n,d,b,~y)-clustered with v <
6+/logn/d, |\;| < 4y for all i = 3,...,2n and Ay > (1 4+ d)A3 for some constant § > 0. Given
the hypotheses on a and b, we also have that the graph is connected w.h.p. Moreover, since

dv = (a — b) > 25y/dlogn, then

v dy < 6+/dlogn _ 0 Vvdlogn
v—2A3 dv—dz  (a—b)—24/dlogn (a—b) )"

Theorem F.3] then guarantees that the AVERAGING protocol finds an O (dlogn/(a — b)?)-weak
reconstruction w.h.p. ]
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4.1 Tight analysis for the stochastic block model

In Lemma [£.4] we have shown that, when (a — b) > /(a + b)logn, a graph sampled according
to Gan p,q satisfies the hypothesis of Theorem [4.3] w.h.p.: The simple AVERAGING protocol thus
gets weak-reconstruction in O(logn) rounds. As for the parameters’ range of Gay, p 4, We know
that the above result is still off by a factor v/logn from the threshold (a — b) > 24/(a + b)
[44] [40], [45], the latter being a necessary condition for any (centralized or not) non-trivial weak
reconstruction. Essentially, the reason behind this gap is that, while Theorem 3] holds for any
(i.e. “worst-case”) (2n,d,b,~)-clustered graph, in order to apply it to Gay p 4 We need to choose
parameters a and b in a way that vd bounds the variation of the degree of any node w.r.t. the
regular case w.h.p.

On the other hand, since the degrees in Gy, , 4 are distributed according to a sum of Bernoulli
random variables, the rare event that some degrees are much higher than the average does not
affect too much the eigenvalues and eigenvectors of the graph. Indeed, by adopting ad-hoc
arguments for Gay, , 4, We prove that the AVERAGING protocol actually achieves an O(d/(a—b)?)-
weak reconstruction w.h.p., provided that (a — b)?> > ci(a + b) > 5logn, thus matching the
weak-reconstruction threshold up to a constant factor for graphs of logarithmic degree. The
main argument relies on the spectral properties of Goy, p 4 stated in the following lemma, whose
complete proof is given in Appendix

Lemma 4.6. Let G ~ Goppg. If (a — )2 > ci(a +b) > 5logn and® a +b < n3=% for some
positive constants ¢1 and cs, then the following claims hold w.h.p.:

1. Ay > 1—2b/d — co/V/d for some constant ¢y > 0,
2. Ao = (L +9)\ for some constant § > 0 (where as usual A = max{|As|,..., | an|}),

3. |V2nd(D~Y?wy) (i) — x(i)] < 1i5 for each i € V' \'S, for some subset S with |S| =
O(nd/(a — b)?).

Idea of the proof. The key-steps of the proof are two probability-concentration results. In
Lemma [D.5] we prove a tight bound on the deviation of the Laplacian £(A) = I — N of Gap p 4
from the Laplacian of the expected matrix £L(B) = I — éB . As one may expect from previous
results on the Erdgs-Rényi model and from Le and Vershynin’s recent concentration results for
inhomogeneous Erdés-Rényi graph (see [37]), we can prove that w.h.p. ||£(A)—L(B)| = O(Vd),
even when d = O(logn). To derive the latter result, we leverage on the aforementioned Le and
Vershynin’s bound on the spectral norm of inhomogeneous Erdés-Rényi graphs; in Gay, p 4 this
bound implies that if d = Q(logn) then w.h.p. ||[A—B| = O(v/d). Then, while Le and Vershynin
replace the Laplacian matrix with regularized versions of it, we are able to bound ||£(A)—L(B)||
directly by upper bounding it with ||A — B|| and an additional factor |[B —d~' DY2BD'/2||. We
then bound from above the latter additional factor thanks to our second result: In Lemma [D.6]
we prove that w.h.p. S (vVd; — Vd)? < 2n and Y(d; — d)> < 2nd. We can then prove the
first two claims of Lemma by bounding the distance of the eigenvalues of N from those of
d~!' B via Lemma [A.5 As for the third claim of the lemma, we prove it by upper bounding
the components of D~Y2w orthogonal to x. In particular, we can limit the projection wy of
D~1/2w on 1 by using Lemma [D.6] Then, we can upper bound the projection w of D~1/2w
on the space orthogonal to both x and 1 with Lemma [D.5f We look at N as a perturbed
version of B and apply the Davis-Kahan theorem. Finally, we conclude the proof observing that
Iwz — (20) 2] < 2(lwa | + ). O
Once we have Lemma we can prove the main theorem on Ga, p 4 with the same argument
used for Theorem [43] (the full proof is given in Appendix [DJ).
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Theorem 4.7. Let G ~ Goppy. If (a —b)% > ci(a+b) > 5logn andl a + b < n3=% for
some positive constants c1 and cs, then the AVERAGING protocol produces an O(d/(a—b)?)-weak
reconstruction within O(logn) rounds w.h.p.

5 Moving beyond two communities: An outlook

The AVERAGING protocol can be naturally extended to address the case of more communities.
One way to achieve this is by performing a suitable number of independent, parallel runs of the
protocol. We next outline the analysis for a natural generalization of the regular block model.
This allows us to easily present the main ideas and to provide an intuition of how and why the
protocol works.

Let G = (V, E) be a d-regular graph in which V' is partitioned into k equal-size communities
Vi,..., Vi, while every node in V; has exactly a neighbors within V; and exactly b neighbors in
each Vj, for j #i. Note that d = a+ (k — 1) - b. It is easy to see that the transition matrix P
of the random walk on G has an eigenvalue (a — b)/d with multiplicity & — 1. The eigenspace
of (a — b)/d consists of all stepwise vectors that are constant within each community V; and
whose entries sum to zero. If max{|Aan|, \k+1} < (1 —¢€) - (a —b)/d, P has eigenvalues A\; = 1,
Ao =+ = A = (a—b)/d, with all other eigenvalues strictly smaller by a (1 — ¢) factor.

Let T be a large enough threshold such that, for all ¢ > T, A} > nz)\}fhLl and note that T is
in the order of (1/¢)logn. Let x € RV be a vector. We say that a vertex v is of negative type
with respect to x if, for all t > T, the value (Px), decreases with t. We say that a vertex v is
of positive type with respect to x if, for all ¢ > T, the value (P'x), increases with t. Note that
a vertex might have neither type, because (P!x), might not be strictly monotone in t for all
t>T.

In Appendix [E] we prove the following: If we pick ¢ random vectors x!,...,x¢ each in
{—1,1}" then, with high probability, i) every vertex is either of positive or negative type for
each x’ﬁ ii) furthermore, if we associate a “signature” to each vertex, namely, the sequence of
£ types, then vertices within the same V; exhibit the same signature, while vertices in different
Vi, V; have different signatures. These are the basic intuitions that allow us to prove the following
theorem.

Theorem 5.1 (More communities). Let G = (V, E) be a k-clustered d-regular graph defined as
above and assume that X = max{|Aan |, Ag+1} < (1 —€)%52, for a suitable constant € > 0. Then,
for £ = ©(logn), the AVERAGING protocol with £ parallel runs produces a strong reconstruction
within O(logn) rounds, w.h.p.
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Appendix

A Linear algebra toolkit

If M € R™*™ is a real symmetric matrix, then it has n real eigenvalues (counted with repetitions),

AL = A2 2 -+ = A\, and we can find a corresponding collection of orthonormal real eigenvectors
Vi,...,Vy such that Mv; = \;v;.
If x € R" is any vector, then we can write it as a linear combination x = >, a;v; of

eigenvectors, where the coefficients of the linear combination are o; = (x,v;). In this notation,
we can see that

Mx:g Aia;v;,  and so MtX:E )\gaivi.
i i

Lemma A.1 (Cauchy-Schwarz inequality). For any pair of vectors x and 'y

[y < Iyl
Observation A.2. For any matriz A and any vector x
[A[| < [|A] - lIxll,  and [[A- Bl < [[A]l - || Bl

Observation A.3. If G is a (2n,d,b)-clustered regular graph with clusters Vi and Va and x =
1y, — 1y, is the partition indicator vector, then x is an eigenvector of the transition matriz P
of G with eigenvalue 1 — 2b/d.

Proof. Every node i has b neighbors j on the opposite side of the partition, for which x(j) =
—x(7), and d — b neighbors j on the same side, for which x(j) = x(4), so

(Px)s = 5 (@ = )x() = o) = (1 5 ) x@

O

Theorem A.4 (Matrix Bernstein Inequality). Let Xi,...,Xxn be a sequence of independent
n X n symmetric random matrices, such that E[X;] = 0 for every i and such that | X;|| < L
with probability 1 for every L. Call o := |E [ZZ XZQ] II. Then, for every t, we have

g0

Theorem A.5. (Corollary 4.10 in [50]) Let My and My be two Hermitian matrices, let Ay >

2

—1
5127,
> t) < 2ne?otalt,

Ao = -+ = A\, be the eigenvalues of My with multiplicities in mon-increasing order, and let
Ny =Ny > = N be the eigenvalues of My with multiplicities in non-increasing order. Then,
for every 1,

[Ai = Xil < ([ My — M.

Theorem A.6 (Davis and Kahan, 1970). Let My and My be two symmetric real matrices, let
x be a unit length eigenvector of My of eigenvalue t, and let x, be the projection of x on the
etgenspace of the eigenvectors of My corresponding to eigenvalues <t — 6. Then

2
< —||My — Msl|.
Il < 103 — M|
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B Length of the projection of x

For the analysis of the AVERAGING dynamics on both regular and non-regular graphs, it is
important to understand the distribution of the projection of x on 1 and x, that is (up to
scaling) the distribution of the inner products (x,1) and (x,x). In particular we are going to
use the following bound.

Lemma B.1. If we pick x uniformly at random in {—1,1}2" then, for any § > 0 and any fived
vector w € {—1,1}?" with +1 entries, it holds

p (\<(1/\/%)w, x)| < 5) < O®).

Proof. Since x is a vector of independent and uniformly distributed random variables in {—1,1},
both (x,x) and (x,1) have the distribution of a sum of 2n Rademacher random variables. Such
a sum takes the value 2k —2n with probability - 5 ( ) and so every possible value has probability

at most 1 (2") ~ ﬁ Consequently, if R is the sum of 2n Rademacher random variables, we

have P (|R| 5v2n) < O(6). O

Although it is possible to argue that a Rademacher vector has (1) probability of having inner
product Q(||w]|) with every vector w, such a statement does not hold w.h.p. We do have,
however, estimates of the inner product of a vector w with a Rademacher vector x provided
that w is close to a vector in {—1,1}?".

Lemma B.2. Let k be a positive integer. For every nk-dimensional vector w such that |{i| |w(i)| = c}| >
n for some positive constant c, if we pick x uniformly at random in {—1, 1}’“", then

P (|<(1/\/%) w, x)| < 5) < O(ké) 4+ O (%) .

Proof. Let S C {1,...,kn} be the set of coordinates ¢ of w such that |w(i)| > ¢. By hypothesis,
we have |S| > n. Let T := {1,...,kn} — S. Now, for every assignment a € {—1,1}*" we will
show that

P <|(w,x>| <ovVkn | VieT, x(i) = a(z’)) < 05),

and then the lemma will follow. Call ¢ := ZiET a;z;. We need to show

<|Z i)+ < 5\/_> O(9)-

€S

From the Berry-Esseen theorem,

<|Z i) +t| < 5\/_> <|g+t| 5\/_)+O<\F>

€S

where g is a Gaussian random variable of mean 0 and variance 02 = 3, ¢(w(i))? > ¢*|S| > ¢? n,

SO

—t+0vVkn $2 29V Ek okS
<\g—|—t\ SVk ) 202 n —\/_

e 202ds < = ,
vV 202 —t—6VEn Vorc2n Ve
where we used the fact that e—5"/2 < 1 for all s. O
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C Clustered Graphs

Lemma C.1. Assume we run the AVERAGING dynamics in a (2n,d,b)-clustered regular graph
G (see Definition[31) with any initial vector x € {—1,1}?". If A\ < 1—2b/d then there are reals
aq, g such that at every round t we have

xt) = a1l + ag)\éx +e®)  where He(t)H < 2 Von.

Proof. Since x®) = P'x we can write

P'x = Z Mix, vi)vi,
i

where 1 = Ay > Ay =1 —2b/d > A3 > -+ > Ay, are the eigenvalues of P and vi = \/Lz_nl’
Vo = \/LQ—nx, V3, ..., Vo, are a corresponding sequence of orthonormal eigenvectors. Hence,
1 1 2n
x(t) = 2, % 1)1+ AZ%(XOO X+ gAfanz‘
2n
=oql+ a2)\§ X+ Zxﬁam‘,
i=3

where we set a; = 5-(1,x) and ay = 5-(X,x). We bound the {o, norm of the last term as

<

2n

§ : t
)‘iaivi

=3

2n

§ : t
)‘iaivi

=3

2n
> a2 = M|x| = Av2n.
=1

o) 2

O

Lemma C.2. Let G be a connected (2n,d,b,~)-clustered graph (see Definition [{-1]) with v <
1/10. If A3 < v then

44
Ao =2 v—10y and HDUQX - 52W2H < ” Z\ vV 2nd,
— A3

where By = xTD/?wy.

Proof. For every node v, let us name a, and b, the numbers of neighbors of v in its own cluster
and in the other cluster, respectively, and d, = a, + b, its degree. Since from the definition of
(2n,d, b,y)-clustered graph it holds that (1 —~)d < d, < (1 +v)d and b — vd < b, < b+ ~d, it
is easy to check that

lay — by — vd,| < 4dvy

for any node v. Hence,

lAx —vDx|*= > | > x(w)—vdx(v)

vE€[2n] \weENeigh(v)

= Z (aUX(U) - bUX(U) - VdUX(U))Q

vE[2n]

= Z (ay — by — udv)2 < 32nd?~2.
vE[2n]

18



Thus,

o] = [ 0] = o -

2
< HD—WH NlAx —vDx|| € o VEInddy =8Vondy. (7)
Observe that w; is parallel to D21 and we have that
1TDx| = | D) x(v)do| < (1+7)dn — (1= 7)dn = 2ndy. (8)

vE[2n]

Hence, if we name y the component of D/2y orthogonal to the first eigenvector, we can write
it as

1D
/2., _ X 1/2
X=-—-—--D""1+y. 9)
|D1/21 ]2
Thus,
1TDx 12 1/2 1TDx  1/2
INy — vy| = N(Dl/Qx—iD / 1) —y<D 2y — =X _pl/2g
|DY/21 )2 |DY/21 2
1"Dx
<|[Np2y — VDWXH n % HND1/21 _ VD1/21H
[ DY=1]
1"Dx| 2b
—Inpv2y — Lp1/2 H 1TDx| 2b
XX e
< 8V2ndvy +4v2ndy, (10)

where in the last inequality we used (C)) and (C) and the facts that b < d/2 and HD1/21H >
(1/2)v2nd. From ([C) it follows that

Iyl > [0 - ﬁ > (1—7)v2nd — 43v2nd = (1 - 57)v2nd > (1/2)V2nd.  (11)

Now, let us we write y as a linear combination of the orthonormal eigenvectors of N, y =
Powa+ -+ -+ Bpwy, (recall that yTwy = 0 by definition of y in (). From (C]) and (), it follows
that

n 2 n
1009°[ly[* > INy —vyl|* = || >\ = w)Biwi|| =D (N —v)°5]. (12)
i=2 i=2
Moreover, from hypothesis A3 < v we have that
D= v)?BE =Y (=)’ B = Na—v)? Y BT = (s —v)lly — Bowal®. (13)
1=2 1=3 =3
Thus, by combining together () and (Cl) we get
10~
- <
Iy = Bawall < S0 I

where B = yTwy = (Dl/zx)T Wo.

As for the first thesis of the lemma, observe that if Ay > v then the first thesis is obvious.
Otherwise, if Ay < v, then (A2 — )2 < (A3 —v)? < -+ < (A, —v)2. Thus, the first thesis follows
from (C]) and the fact that

n

i =B = (e —v)D> B = (e — 1)yl
=2

=2
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As for the second thesis of the lemma, we have

1"Dx
[ = pawa | = H o LY s
17D
< DXy — fywal| < 45v/2nd + - Ly
1DV

<49V2n +

44
\/ 1 vV 2nd,
3

where in the last inequality we used that y is the projection of D%X on Dél, and thus |y|| <

ID2 x| < 2v2nd. ]

C.1 Proof of Theorem 4.3
From Lemma it follows that for every node u at any round ¢ we have
xED () — xO (u) = aAi 11 = Ao) (x(u) + z(u)) + eV (u) — e®(u).

Hence, for every node u such that |z(u)| < 1/2 (we choose 1/2 here for readability sake, how-
ever any other constant smaller than 1 works as well) it holds that sgn (X(tfl)(u) —x® (v) =
sgn (ag2x(u)) whenever

1
50[2)\571(1 - )\2)

> ‘e“*l)(u) —e® (u)( . (14)

From Lemma [£.2] we have that ‘e(t) (u){ < 4N'V/2n, thus () is satisfied for all

log (i 35)

log (A2/A)

The right-hand side in the above formula is O(logn) w.h.p., because of the following three
points:

(15)

t— =

e From Cheeger’s inequality (see e.g. [15]) and the fact that the graph is connected it follows
that 1 — Xy > 1/(2n%);

e X2 > (1+0)X by hypothesis;

e It holds || = n™¢ for some large enough positive constant ¢ w.h.p., as a consequence of
the following equations that we prove below:

T l
1 ‘W DQX‘ 1 2 1
P <|a2| < _c> _p |2 T2 | <P (wgpl/zx‘ < \/182 X, (—)(.16)
n ‘WQDQX‘ n ne=1/ vn

In the first equality of (C.Il) we used that, by definition, |as| = |W2D2X|/|W Déx|. In

the first inequality we used that, by the Cauchy-Schwarz inequality, |W2D2 x| < ||DéxH <
2V dn. In order to prove the last inequality of (C.I), we use that from Lemma [C.2]it holds

2 2 442 ~2
HDl/zX _ 52WQH = HD1/2XH + || Baw2||® — 2(DY?x, Baws) < 2ﬁ nd,
that is
1 442 ~2 nd
DL/ — (D2 > - HDW H T e I !
(D'2x, Bawa) = (DY?x, wa)* > 5 =2 " 3 (17)

20



Since wo is normalized the absolute value of its entries is at most 1, which toghether with
(CJ)) implies that at least a fraction 12/13 of its entries have an absolute value greater
than 1/12. Thus, we can apply Lemma [B.2] and prove the last inequality of (C.I]) and,
consequently, the fact that (C.I) is O(logn).

Finally, from Lemma we have

88
2]l < —2—v2n.
vV — A3

Thus the number of nodes u with z(u) > 1/2 is O(ny?/(v — A3)?).

D Stochastic Block Models

D.1 Regular stochastic block model

Lemma D.1. Let G be a graph sampled from the regular stochastic block model with internal
and external degrees a and b respectively. W.h.p., it holds that

2

Proof. The lemma follows from the general results of Friedman and Kohler [25], recently sim-
plified by Bordenave [10]. If G is a multigraph on n vertices, then a random degree k lift of G is
a distribution over graphs G’ on kn vertices sampled as follows: every vertex v of G is replaced
by k vertices vq,..., v in G', every edge (u,v) in G is replaced by a random bipartite matching
between uy,...,u; and vy, ..., v (if there are multiple edges, each edge is replaced by an inde-
pendently sampled matching) and every self loop over w is replaced by a random degree-2 graph
over uj,...,u, which is sampled by taking a random permutation 7 : {1,...,k} — {1,...,k}
and connecting u; to u,(i) for every i.

For every lift of any d-regular graph, the lifted graph is still d-regular, and every eigenvalue
of the adjacency matrix of the base graph is still an eigenvalue of the lifted graph. Friedman and
Kohler [25] prove that, if d > 3, then with probability 1 — O(1/k) over the choice of a random
lift of degree k, the new eigenvalues of the adjacency matrix of the lifted graph are at most
2v/d — 1+ o(1) in absolute value. Bordenave [10), Corollary 20| has considerably simplified the
proof of Friedman and Kohler; although he does not explicitly state the probability of the above
event, his argument also bound the failure probability by 1/k%1) [9].

The lemma now follows by observing that the regular stochastic block model is a random
lift of degree n of the graph that has only two vertices v1 and wvs, it has b parallel edges between
vy and vg, and it has a/2 self-loops on v; and a/2 self-loops on vs.

O

D.2 Proof of Lemma [4.4]

Lemma D.2. If a(n),b(n) are such that d := a+ b > logn, then w.h.p. (over the choice of
G ~ Gy, a v), if we let A be the adjacency matriz of G, then |A — B|| < O(v/dlogn) w.h.p.

Proof. We can write A — B as Z{z}j} X1} where the matrix X{7} is zero in all coordinates
except (i,7) and (j,7), and, in those coordinates, it is equal to A — B. Then we see that the
matrices X/} are independent, that E [X{i’j}] = 0, that || X%} < 1, because every row
contains at most one non-zero element, and that element is at most 1 in absolute value, and
that B[} (X {i:7})?] is the matrix that is zero everywhere except for the diagonal entries (i,7)

and (7, 7), in which we have B; ; — Bi2,i and Bj; — sz‘,j respectively. It follows that

B (B2 <
{i.g}
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Putting these facts together, and applying the Matrix Bernstein Inequality (see Theorem [A.4]in
Appendix [A]) with ¢ = /6d1log n, we have

9d 1
o8 1 __9dlogn 1

P (HA— B|| > \/9d10gn> < 2ne 2AH3VITRER L ope~aa L 2n7 ),

where we used d > logn. O

Lemma D.3. Let G be a (2n,d,b,~)-clustered graph such that v =1 — %b > 127 and such that
its adjacency matriz A satisfies |A — B|| < vd. Then for every i € {3,...,2n}, || < 4y and
A2 = (1 + 0)Ag for some constant 6 > 0.

Proof. The matrix B has a very simple spectral structure: 1 is an eigenvector of eigenvalue d, x
is an eigenvector of eigenvalue a — b, and all vectors orthogonal to 1 and to x are eigenvectors of
eigenvalue 0. In order to understand the eigenvalues and eigenvectors of N, and hence the eigen-
values and eigenvectors of P, we first prove that A approximates B and that N approximates
(1/d)A, namely [[dN — Al < 3vd.

To show that dN approximates A we need to show that D approximates dI. The condition
on the degrees immediately gives us ||D—dI|| < 7d. Since every vertex has degree d; in the range
d + ~d, then the square root v/d; of each vertex must be in the range [\/E —yVd,Vd+ ’y\/a], SO
we also have the spectral bound:

IDY? = VI|| < V. (18)
We know that ||D|| < d + vd < 2d and that ||N| =1, so from (D.2]) we get

|A - dN| = ID'/2NDY? - dN|

< |DV2NDY? — VANDY?| + |[VANDY? —dN||

= [(DY? = VdI)- ND'2|| + |VdN - (D'/? — VdI)|

<IDVE =Vl - |N| - |2+ Vd- |N| - ID'? = VaI| < 3yd. (19)
By using the triangle inequality and (D.2) we get

IN = (&)BI <IN = (1/d)A]l + (1/d) - | A~ Bl < 4. (20)
Finally, we use Theorem [A.F] (See Appendix[A]), which is a standard fact in matrix approximation
theory: if two real symmetric matrices are close in spectral norm then their eigenvalues are close.

From (D.2)) and the fact that all eigenvalues of (1/d)B except for the first and second one are
0, for each i € {3,...,2n} we have

1
il =12 = O <IN = =8| < 4. (21)
Similarly, from the fact that the second eigenvalue of (1/d)B is 1 — 2b/d we get
1
A2 = (1 =2b/d)| < [N — —B| < 47,

that is, from hypothesis v > 12y and (D.2)), Ao > (1 + §)A3 for some constant 6 > 0. This
concludes the proofs of Lemma [D.3] and Theorem E.41 O
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D.3 Proof of Lemma

Let G' be a randomly-generated graph according to Gy, ¢ With a = pn, b = gn and d = a + b.
Recall the definitions of A, D, N, P, \; and w; (i € {1,...,2n}) in Section 2], and let B be
defined as in Section [D.2l Let us denote with A; (i € {1,2}) the adjacency matrix of the
subgraph of G induced by community V;, with Ag = {Auvv—n}uevl,uevg the matrix whose entry
(i,7) is 1 iff there is an edge between the i-th node of V; and the j-th node of V5, then

(A Ap
(%)

We need the following technical lemmas.
Lemma D.4. If d > 5logn then for some positive constant cs it holds ||A — B|| < e3v/d w.h.p.

Proof. The lemma directly follows from Theorem 2.1 in [37] with d’ = 2d and the observation
that, from the Chernoff bounds, all degrees are smaller than 2d w.h.p. O

Lemma D.5. If d > 5logn then for some constant cq4 > 0 it holds w.h.p.

|dN — B|| < esVd.

The idea for proving Lemma [D.5] is to use the triangle inequality to upper bound ||dN — B]|
in terms of ||A — B||, which we can bound with Lemma [D.4] and ||B — 1/dDY?2BD'/?||, which
we can upper bound by bounding ||v/d1 — DY?1| and ||[v/dx — D'/?x|| where 1 and x are
the eigenvector corresponding to the only two non-zero eigenvalues of B. The complete proof
of Lemma [D.5 is deferred to Section D4l As for the required bound on ||v/dl — DY/?1| =
|Vdx —DY?x|| =3 v IVd — \/d;|%, we provide it in the following lemma, whose proof is also
deferred to Section

Lemma D.6. If5logn < d < n3—c for any constant c5 > 0, it holds w.h.p.

Z Vd — \/d;|* < 2n and
jev

> |d - dj|* < 2dn.

jev

By combining Lemma [D.5]and Theorem A5 we have |\; — X| < [N —d~'B|| = O(1/V/d), where
N =1,y =1-2b/d and X, = 0 for i € {3,...,2n} are the eigenvalues of d~!B. This proves
the first two part of Lemma

As for the third part, let us write wo = wq +w, +w | where wy and w, are the projection
of wo on 1 and x respectively, and w is the projection of wy on the space orthogonal to 1 and
X-

Observe that the only non-zero eigenvalues of (1/d)B are 1 and (a—b)/d. Thus, from Lemma
and the Davis-Kahan theorem (Theorem [AL6) with M; = N, My = éB, t =Xy, X = Wy
and § = \o/2, we get

Il < 5[ - 2B <o(¢§&) ~0 (“_Eb> (22)

As for wy, we know that (wy, D™1/21) = 0, thus

1 11 1 11 1
wi|| = —(wqo,1 —d 2D21) < —||wo]|||1 —d 2D21|| < —, 23
wall = = (o ) < =l <o )
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where in the last inequality we used Lemma [D.6
By the law of cosines and the fact that /1 —x > 1 — x for z € [0, 1] we have that

= [jwa® + (24)

1 2 1
— — 2(Wo, ——x) =2 — 2||w

d
— 2= 2T TP H TP < 2 (Il + ) = 0 -5 ).

e = el

where in the last inequality we used (D.3) and (D.3)). (D.3) implies that, with the exception of
a set S of at most O(nd/(a — b)?) nodes, we have

[Vamwa(i) — x(0)| < 557 (25)

for each i € V/S. From the Chernoff bound, we also have that w.h.p. \/d/d; = 1 £+ 1/201.
Thus, (D.3]) and the last fact imply that for each ¢ € V/S it holds w.h.p.

1
[VandD =3 ws(i) = x(0)| < 7.

concluding the proof. O

Remark 1. After looking at Lemma L6l one may wonder whether it could be enough to generalize
Definition 1] to include “quasi-(2n,d, b, y)-clustered graph”, i.e. graphs that are (2n,d,b,~)-
clustered except for a small number of nodes which may have a much higher degree. In fact,
this would be rather surprising: This higher-degree nodes may connect to the other nodes in
such a way that would greatly perturb the eigenvalues and eigenvectors of the graph. In Gay, p 4,
besides the fact that the nodes with degree much larger than d are few, it is also crucial that
they are connected in a non-adversarial way, i.e. randomly.

D.4 Proof of Lemma [D.5l

A simple application of the Chernoff bound and the union bound shows that w.h.p.

Vd|D V2 <1+ 0 ( 102”) : (26)

hence
|dN — B|| = |(vVdD~/*)A(VdD~'/?) - B||

< |VdD™72) IVdD~12|

(o)

Thanks to Lemma [D.4 it holds ||A — B|| = O(v/d). Hence, in order to conclude the proof, it
remains to show that ||B — d~'DY/2BD'/?|| = O(v/d). We do that by observing that

|A _ L pregdpie

Vi "Va
VD122

< HA_ $D1/2BD1/2

< (HA - B|| + HB — éDl/zBDl/Q

HB - $D1/2BD1/2 : (28)

< HB_ LBDU?

Vd

1 1
+ H_BD1/2 o —D1/23D1/2
Jd d
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and by upper-bounding the two terms on the right hand side. The two only non-zero eigenvalues
of B are a + b and a — b, with corresponding eigenvectors (2n)~/21 and (2n)~/2 x, therefore
we can write B = d/(2n) 117 + (a — b)/(2n) xxT, which implies that

B—LBDl/Q:Q—\/El(x/El—DWl)“r “0 S (Vx - DYy,
n

Vd

It follows that, for an arbitrary unitary vector x it holds

(o= Zam2) o < |

Vid a—>
=5, 11l (Vd1—DV21)Tx] +\f— x|l |(Vdx — D2 x) x|

d
- (Vd1 — DY?1) (Vdx — DY?x)Tx

(29)

o VA= D]+ S [V - 0 x| Il < 2V

V2dn

where we used the triangle inequality, the fact that ||1|| = ||x|| = v2n, the Cauchy-Schwartz
inequality, Lemma [D.6land a —b < d. As for the other term on the r.h.s. of (D.4]), we have that
1 12 Y12 nm1)2
BD/= — ED BD

w.h.p.
H% gHB \/EDl/QBH\/_HDl/QH 2f<1+0<@>>(30)

where in the last inequality we used (D.4]) and that for any matrix M it holds ||M| = ||MT|.
Finally, (D.4) and (D.4) togheter implies the desired upper bound on (D.4) and thus (D.4)),
concluding the proof. O

D.5 Proof of Lemma [D.6l

Each degree d; has the distribution of a sum of n Bernoulli random variables of expectation p
plus a sum of n Bernoulli random variables of expectation ¢q. Thus, each d; satisfies E [d;] = d
and Var (d;) < d.

First, we consider the random variables |d — d;|?. Their expectation is E [|d — d;|*] < d
(the variance of the random variable d;). Let e, is the variable that is 1 iff the edge (u,v) is
included in the graph. Observe that

|d_d.7|4 = |d_ Zej7v|4 - |a_ Z €jv +b_ Z ej,v|4

veV veV; veEV3_;
=la=> el +Ib— D eult+6la= D e P b— D el
veV; veEV3_; veV; veEV3_;
taa—=> ) b= D ) +4a— Y e’ b= D ),
veV; veVz_; veV; veEV3_;

and

(a—Zej,U)?’(b— Z ejv)| =E (a—z:ej,v)‘3 E |(b- Z ejv)| =0,

veV; veEV3_; veV; veV3_;
El(a—> eu)b— > o) =E|(a=> )| E|b0— D )’
veV; veEV3_; veV; veV3_;
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Hence, since the fourth central moment of a binomial with parameters n and p is np(1 — p)* +
npt(1 —p) + 3n(n — 1)p?(1 — p)? < 4(np)?, if we let i € {1,2} be the index of the community of
j we have that the expectation of the square of |d — d;|* (which is the fourth central moment of
dj) is

Blld— ] =B |la- Y el [ +B |- X el

veV; veV3_;

+6E [la— > e | E b= Y el <4a®+ 40 + 6ab < 4d°.
veV; veEV3_;

In order to apply Chebyshev’s inequality, we need to bound the variance of ) ; |d — dj|2. As for
the second moment of their sum, we have

Z|d di[*)? ZE|d dil1+2 > E[d—dif-|d—d;

1<i<j<2n

<8Pn+2 Y Eld—dif*-|d—d;]). (31)

1<i<j<2n

To upper bound the terms E[|d — d;|? - |[d — d;|?], since the stochastic dependency between d;
and d; is due only to the edge (7,7), let us write

u€EN () weN(3)/{5}
where dgj ) is the sum of all the edges incident to i except for (i,j). We have

jd—di* - |d — dj|* = |d — d + e; j* - |d — d§“ +e4]? (32)
=(Jd = P + €1y + 26i,5(d — A7) (1d = AP + €1y + 2€i5(d — d))
=|d—dYP|d — d\? + e jld — d\ 2 + 2¢;5(d — d)|d — d|?
+]d - dz(‘j)|2€i,j +eij + 2e;5(d — dz(j))
+2¢i4(d — d))|d — dY 2 + 2¢;5(d — d) + de; j(d — dP)(d — d),

where we used that, since e; ; is an indicator variable, it holds ei ;= €ij. Taking the expectation
of (D.5) we thus get

E(ld - di|* - |d — d;]”]
= E[ld - d7?|d — dV[? + eijld — d7 P + 2¢, 5(d — dP)|d — d?
+d— d@y%” +eij + 2¢;,5(d — d9))
+2e;5(d — d)|d — dP 2 + 2¢;5(d — dV) + de; j(d — dP)(d — d)]
E[ld — dY'PIE[ld — &\ 2] + Elei|E[ld — d"[*] + 2E[e; j]E[(d — d)E[|d — d\"
+Eles jJE[|d — d7 %] + Eles ;] + 2E[e; ;]E[(d — d7))]

+ 2B[e;;JE[(d - d)E[d — d7 ] + 2B[e; ;JE[(d - d{)]
+ 4E[e; jJE[(d — dY)]B[(d - d")]

T A I N d3
Blld - df PIE[ld - &’ P] + — + 25 + — 4+ - £ 25 425 425 44y
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Elld - dPIEd — dP ) + 15 (33)

where in the inequalities we used that Ele; ;| < d/n, that

Bl - d7) < Ble)] +B[ Y Blea —d] < &,
weN(i)/{s}
and that
Blld — dP) < Bles) + Blld — Bless] - 4P < L+ d 1< (34)
By combining (D.5) and (D.5) we get
E() ld—d;P)? <8®n+2 > Eld—dPE[d - d? ] + 60d°n, (35)
i 1<i<j<2n

As for the square of the average, we have
(ED_Id - dif’]) ZE |d = di")* +2) E[ld - &;’|E[|d — d;?]
i i#]

2 Y Eld-dBlld- 4,

1<i<j<2n

WV

and
E(jd — di*E(|d — d;?
= Blld —d” — e PIB]d — ) — eiP]
= (Bl|d — d ] + Elei ;] — 2Elei ;|El(d — d))) - (B[jd — di?]
+ Eles ;] — 2Eeq ;JE[(d — d}")])
> (B[ld — dY|%] - 2E[e; JJE[(d — d))]) - (Blld — di ] — 2E[e; JJE[(d — d)])

()2 O
> Efld - d;7[|E[ld — d;”[] - 4, (36)
where we used, again, that Ele; ;] < d/n and that E[|d — dgj)\Q] < d (see (D.9)).
Combining (D.5)) and (D.5) together we get
VarZ|d d;|?] Z|d d;|?)? Z|d ;)2
< 8d2n + 60d*n + 16d° = 84d2
Finally, by Chebyshev’s inequality we have
21
P (!deﬂ > 2dn]) <=,
j
which proves the second part of the lemma.
We now consider the sum of the variables |v/d — /d;|?. We have
Z ’\/E— \/dj’Q = Zd—FZdl — 2\/3' Z \/dj
JjEV eV 2% JjeEV
<2n+ di—2Vd- Y \/d;. (37)
i€V JEV
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From the Chernoff bound we have that for some positive constant cg it holds w.h.p.

Zdj = Z 2€y, + Z Cuw < 2dn + cg/dnlogn < 4dn +n,

jeVv u,veV ueV
uFv

where we are using the hypothesis d = o(n/logn). We will now prove that

Z@)Qnﬁ—%,

JjeEV
which together with (D.5]) implies that

S Vi - TP < dn,
JEV
concluding the proof of the lemma.
Observe that if x > 0, we have

r—1 (x—1)
2 2

so that if X is a non-negative random variable of expectation 1 we hawg
X
B[VX]>1- VMT()

By applying the above inequality to d;/d we get

E

2 - 242 7 2d

d.
] Var [ =2 )
%Fl_ﬂ_l_wﬂ_;

and
B[] w&—Q—;E. (38)

We will show that Zjev \/d; is concentrated around its expectation by using Chebyshev’s
inequality@. In order to do that, we will bound their covariance as

[vag] -» [Va] e [va] < 5

By the law of total probability

E [\/d_z} =P (e;;) E [m] T(1=P(ej))E [@]

and

- [\/W] P (e)E { qv +1} E [ d\ + 1] +(1-P(e;))E [\/@} E [\/ﬁ] ;

which imply that

o [vaa] - [va]s[a]

9This argument is due to Ori Gurel-Gurevich (see [29)).
10A stronger bound which doesn’t require the hypothesis d < n'/3~ may be obtained with some concentration
techniques compatible with the stochastic dependence among the 4/d;s.

28



=P (e;))E [ ¥ + 1} E W (1= P (e,)E [\/@} E [\/ﬁ]
ﬁazE{¢fz+1]E{¢d +1J—P(%ﬂ(1—P(%ﬁﬂ3[ B[V 11
—P (i) (1= P (e )))E [/dV +1 E[ dﬂ —(1—P(em))2E[ d§i)] E [\/ﬁ]
:p(l—p)<E[ dﬁ”+1}E[ d§?>+1]+

) () 8d
+E[ dj+1]E[ di])<7, (39)

where in the last inequality we used that by the Chernoff bound w.h.p. it holds E [\/ dz(j )} <
V2d, and that p(1 — p) < p < d/n. From (D.0) it then follows that

2

ar (Z @) < 2nd + 3242 d"%. (40)
n

JjeV

Finally, by combining (D.5)) and (D.5]) with Chebyshev’s inequality we get

(Zfdnf) (1Zf B[Y V)| > )1

JEV jeV jeV

D.6 Proof of Theorem [4.7]

For any vector x, we can write
n
= Plx = Z ai)\ﬁD*l/Qwi =l + ag)\’éDfl/sz + e(t),

where a; = 17Dx/||D'/21|| and [|e®]|| < 4X\!||x].
From LemmalL6 (Claim 3) we have that for at least 2n—O(nd/(a—b)?) entries i of D~1/?wy,
we get |v2nd(D~2wy) (i) — x(i)] < -5, that is

99

100v2nd
99

100v2nd

(D™ %wy) (i) = if i € VNS and

(D™ %wy) (i) < — if i € VN 8.
Thus, we get
‘ ) _ ‘ ‘ AL L — 71/2W2+e(t) e(tq)‘

‘ag)\ _1/2W2‘ + ‘ t 1)‘ (41)

and, when t — 1 > log <|a1|6(ﬁ2 > /log ( ) from (D.6) it follows that

99
— NSt —1) ifieV:NnS and
200v2nd 2 (A2 =1) 7
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99
) _ -y« - 77
x x 1) <
( () 200 v2nd

either for j = 1 or for j = 2. Since |S| > n — O(nd/(a — b)?), we thus get a O(d/(a — b)?)-weak
reconstruction. O

a st e — 1) ifieVz ;NS

E More communities

Recall the definition of negative and positive type in Section Bl In this section we prove Theorem
Bl The proof is divided in the following two lemmas.

Lemma E.1. Pickx ~ {—1,1}*" w.a.r. Then, with high probability, the vertices of Vi are either
all of positive type or all of negative type. Furthermore, the two events have equal probability.

Proof. We will write
X =X1+Xy, +X1, +X4,

where x3 is the component of x parallel to 1, xy, is the component parallel to the vector
1y, —k~'1y, x, is the component in the eigenspace of Ay and orthogonal to 1y, — k=11, and
x| is the component orthogonal to 1 and to the eigenspace of As.

For the above the make sense, 1y, — k=11, must be an eigenvector of Ao, which is easily
verified because its entries sum to zero and they are constant within components.

An important observation, and the reason for picking the above decomposition, is that x,
is zero in Vj. The reason is that x,, has to be orthogonal to 1y and to 1y, — k~11y so from

(x1,,1v) = (x1,,1y, — k" '1y) =0,

we deduce
<XJ_17 1V1> = 0

Thus, the entries of x;, sum to zero within Vi, but, being in the eigenspace of Ay, the entries
of x|, are constant within components, and so they must be all zero within V;.
Now we have
Plx = x1 + )\tQXVI + )\tQXJ_l + P'x,

and so, for each v € V; it holds
(Px)y — (P'%)y = Ay - (1= Ao)(xv4)o + (P = PY)x 1)y (42)

For ¢t > T, the hypothesis A < (1 — &)A9 implies that

1
(P'x0)o] < [P loo < (P[] < Nlxu]] < Vi A< 5. (43)

Moreover, for each v € V| we have

(kv )ol = Ly — k7' || 72 (x, 1y, — k' 1y) (1= k7)

NPT S IC R PR i}

ieVy eV %] 1%

and

<X, 1y, — k‘_llv> k X;
ewa | = v _ Al
vy = k=11 (k=Dn\& ik
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which imply that
|(xv )ol = V(L = 1/k) /n[|xv, ]| (44)
Finally, note that by Lemma [B:21it holds w.h.p. ||xv,|| = (||| = /k/n.
The latter fact together with (E) and (El) imply that w.h.p. the sign of (E]) is the same as

the sign of (xy; )y, which is the same for all elements of V; and is equally likely to be positive or
negative. ]

Of course the same statement is true if we replace V; by V; for any i = 1,...,k; by a union
bound, it is also true for all ¢ simultaneously with high probability.

Lemma E.2. Pick x ~ {—1,1}*" w.a.r. There is an absolute constant p (e.g., p = 155) such
that, with probability at least p, all vertices of Vi have the same type, all vertices of Vo have the
same type, and the types are different.

Proof. This time we write
X=X1+Xv, t Xy, +X1,, FX1
where
e X7 is the component parallel to 1y,
® Xy, is the component parallel to 1y, + 1y, — %lv,
e Xy,_, is the component parallel to 1y, — 1y,
® X, is the component in the eigenspace of Ay and orthogonal to xy;_, and xy;_, ,
e x| is the rest.

Similarly to the proof of Lemma [E.I] the important observations are that xy;,, and xy,_, are
in the eigenspace of A2, and that x, , is zero in all the coordinates of V} and of V5.
Thus, for each v € V3 UV, we have

(Pt+1x)v - (Ptx)v = )‘t2(1 = A2)(Xvip, + Xvp 5 )0 + ((Pt+1 - Pt)XJ_)v- (45)

From ([E)) it is easy to see that if x is such that, for every v € V; U V3, we have the two conditions

and (46)

e
<
L
ol

|(XV1+2)U| <

(P! = Phxn)o < 2As - (1= A2) - |(xviy)el, (47)

O == w

then such an x satisfies the conditions of the Lemma, that is all the elements in V; have the
same type, all the elements of V5 have the same type, and the types are different. Now note
that, since

‘(XV1+2)U‘:% Z%-ﬁ-Z%—%ZwZ and

% %] eV
|(XV1—2)U|:% sz_zxz >
S%1 1€Va

if x satisfies

2vi < Ya. <3VA, (48)

veVy
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—2v/n < va < —v/n and (49)

veEVy

1
0< Y n < —vim, (50)

=10
veV/(ViUVa)

then (El is satisfied, and note that (E), (El) and (El) are independent and each happens with
constant probability.
Finally, observe that if (El) holds then (E]) is satisfied with high probability when ¢t > 7. O

It is enough to pick ¢ = log(3n) to have, with high probability, that the signatures are well
defined and they are the same within each community and different between communities. The
first lemma guarantees that, with high probability, for all £ vectors, all vertices within each
community have the same type. The second lemma guarantees that, with high probability, the
signatures are different between communities.
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