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Abstract A linear elastic second gradient orthotropic two-dimensional solid that is invariant under 90° rotation
and for mirror transformation is considered. Such anisotropy is the most general for pantographic structures that
are composed of two identical orthogonal families of fibers. It is well known in the literature that the corresponding
strain energy depends on nine constitutive parameters: three parameters related to the first gradient part of the
strain energy and six parameters related to the second gradient part of the strain energy. In this paper, analytical
solutions for simple problems, which are here referred to the heavy sheet, to the nonconventional bending, and to
the trapezoidal cases, are developed and presented. On the basis of such analytical solutions, gedanken experiments
were developed in such a way that the whole set of the nine constitutive parameters is completely characterized in
terms of the materials that the fibers are made of (i.e., of the Young’s modulus of the fiber materials), of their cross
sections (i.e., of the area and of the moment of inertia of the fiber cross sections), and of the distance between the
nearest pivots. On the basis of these considerations, a remarkable form of the strain energy is derived in terms of the
displacement fields that closely resembles the strain energy of simple Euler beams. Numerical simulations confirm
the validity of the presented results. Classic bone-shaped deformations are derived in standard bias numerical tests
and the presence of a floppy mode is also made numerically evident in the present continuum model. Finally, we
also show that the largeness of the boundary layer depends on the moment of inertia of the fibers.

Keywords Analytical solution - Floppy mode - Identification - Pantographic structures - Second gradient elasticity

Mathematics Subject Classification 74A30 - 74Q15

1 Introduction

The aim of this paper is to provide a linear second gradient elastic model for two-dimensional pantographic structures.
Pantographic lattices may have an importance in many scientific and applicative sectors, such as in dynamics where
the possibility of bandgaps is possible, the biomechanics of fiber reinforcements of growing and reconstructed living
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tissues, and in piezo- or flexo-electricity. The measurements performed in [1] showed that, starting from the first
failure up to the definitive rupture, the energy that is necessary to reach the total rupture is greater than the elastic
energy that can be accumulated at maximum. This implies that this microstructure has the ability to generate an
extremely tough (meta)material.

At the microlevel, the pantographic structure has a lattice that is composed of two orthogonal families of fibers.
The fibers are constituted by cylinders with a given cross-sectional shape. At each intersecting point of the two
families, and orthogonal to them, we have a much smaller rod that serves to connect the two families of fibers. At
the mesolevel, for each fiber is assumed the validity of the Euler beam model with finite axial resistance, and for
each intersecting point of the two families of fibers, it is also assumed that the internal hinge constraint is valid. In
this simplified case, the resistance of such internal pivots to the relative rotation among the two families of fibers is
assumed to be zero, so that the presence of one floppy mode is considered; see, for example, [2].

At the macrolevel, the continuum model is not isotropic. Pipkin, Steigmann, Eremeyev, and dell’Isola [3-7]
have worked on models of this kind. In classic models, if one takes a fiber in a shell (or in a plate) and changes its
curvature within the tangent space of the shell (or within the plate), and with reference to the actual configuration,
then the elastic energy does not change. This clearly shows the necessity of changing this kind of modeling for
pantographic structures because the fibers for sure accumulate strain energy in their bending process. In other words,
the so-called geodesic bending should be taken into account [8—10], and we need a model for which it is associated
to a change in the elastic energy. Macroscopic models have the advantage of small computational cost. However,
microscopic and mesoscopic models can be helpful in the development of a good macroscopic model as well as in
the identification of its parameters. In addition, the presence of defects and imperfections at the microscale makes
the model at the microlevel very difficult to define. Moreover, because these structures are very thin and light but
have a high anisotropic stiffness, buckling and postbuckling phenomena can occur when the structures are subjected
to compression or bending deformation. Therefore, for the identification of material parameters, new experiments
should be designed very carefully, with an eye toward avoiding critical deformations that could trigger instability
(e.g., [11-13)).

Size—scale effects [14—16] cannot be investigated when the mechanics is investigated via a classical approach.
In [17] isotropy and microrandomness imply conformal invariance of the curvature. Numerical investigation of
pantographic structures requires the development of new techniques [18-26]. In addition, the proper employment
of existing methods, for example [27], are used to obtain the dynamics of such a class of microstructured materials.

In the first half of the nineteenth century, Piola [28] already investigated microstructural effects in mechanical
systems in his works by means of continuum theories [29-32]. Many strategies can be used with this aim. When
strongly localized deformation features are observed [33—39], a suitable theoretical model is given by adding, to the
displacement field, additional kinematical descriptors [40—43]. This leads to what is called a micromorphic model
[44].

It is also possible to use second- or higher-order gradient theories, where, respectively, the deformation energy
is a function of second- or higher-order displacement gradients [45—48]. Such a possibility is accomplished in the
literature not only for monophasic [49-54] but also for biphasic (e.g., [S5-61]) or granular material [62] systems
and in cases of lattice/woven structures [63—65]. An important characteristic of second- and higher-order continua
is that, unlike classical Cauchy continua, they can respond to concentrated forces and to other generalized contact
actions (e.g., [660]). In addition, new manufacturing procedures, for example 3D printing processes, now allow
important applications in terms of a wide class of new materials [67] with a given microstructure (architectured
materials). In fact, pantographic structures [68,69] can be 3D printed and experimentally verified. From this point
of view, it is observed that the elongation of each fiber can be more than 10 % [70]. This justifies the finite axial
resistance at the mesoscale. Moreover, in bias elongation tests, the presence of boundary layers whose lengths are
proportional to the moments of inertia of the fibers (see also [71]) and interactions between elongation and bending
constitute necessary ingredients of a good model.

In [72], the isotropic strain-gradient model is considered. It appears that, in the linear elasticity case, only four
independent moduli appear in the 2D case. This result was confirmed in [73]. In [74], a complete description of
the anisotropic (e.g., [75-77]) 2D (see also [78-80]) strain gradient elasticity is given. In this paper we take the
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Identification of two-dimensional pantographic structure

appropriate kind of orthotropy for linear strain gradient elasticity for pantographic structure. In this context we have
three first gradient coefficients and six second gradient coefficients. A complete characterization (or identification
[81,82]) of the nine constitutive coefficients for pantographic structures is given. Moreover, the symmetry analysis
as performed in [83,84] may be useful for different geometries of fibers, for example for fibers constituting a
nonorthogonal lattice.

The method is the same as that used for the isotropic case in [73]. We take a first gradient problem whose solution
is known. Then the solution is imposed on the second gradient case and the external actions are explicitly calculated
via the boundary conditions. Thus, the set of constitutive parameters is identified via a method that is explained.

2 Formulation of problem
2.1 Definition of deformation energy functional

B is a 2D body that is considered in the reference configuration, where the X are the coordinates of its points.
U (G, VG) is the internal energy density functional that is a function of the deformation matrix G = (F TF—1 ) /2
and of its gradient VG. Here, F = Vx, where x is the placement function, F T is the transpose of F, and V is
the gradient operator. The energy functional £(u(X)) depends on the displacement # = y — X and makes two
contributions: the internal and the external energies,

Ew(X)) :// (UG, VG)—be’“-u]dA—/
B il

AB[:‘”“ cu+ - [(Vun]]ds —/ o, (1)

[008]

where 7 is the unit external normal and the dot - indicates the usual scalar product; 5°*' is the external body force (per
unit area); t*** and X! are (per unit length) the external force and double force; and fX! is the external concentrated
force, which is applied on the vertices [09B]. In other words, the last integral is the sum of the external works made
by the concentrated forces applied to the vertices. In addition,

B=]J=. [808]=]V..
c=1

c=1

Thus, the boundary 95 is the union of m regular parts X, (with ¢ = 1, ..., m), and the so-called boundary of
the boundary [09 3] is the union of the corresponding m vertex points V, (withc = 1, ..., m) with coordinates X¢.
Finally, for the sake of simplicity, we make explicit that the line and vertex integrals of a generic field g(X) are

m

X)ds = X)ds, X) = X). 2
ABg()s ;/ECg()s /[aw]g() > e(x9) )

c=1

2.2 Formulation of variational principle
A standard procedure to derive the system of partial differential equations (PDEs) is to assume §€ = 0 for any

kinematically admissible displacement variation §u. Thus, from (1) the procedure to find the minimum of & is
explored, see [85]:

8 = _//B 5ua[(Fai (Sij — ijh))’j +b§X‘]dA

+ Sata_tgm‘l“got"a_smd‘l‘/ Sug a_;xt. 3
vt =) = (= 1) o
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=)

Fig. 1 Discrete pantographic structure. Left-hand side: reference configuration; right-hand side: deformation in floppy mode condition

For the sake of simplicity, we skip to index notations (the derivative withrespect to X ;, whichis the jth component
of position X, is indicated by the subscript j after acomma; a general rule for index notation: the subscript indices of
a symbol denoting a vector or a tensor quantity denote the components of that quantity) and the following positions
were used:

ta = Fai(Sij — Tijn,n)nj — Pra(FaiTinj Pah”lj)’ks €]
To = FoiTijkn jng, (5
Jo = FaiTinj Vij, (6)

where P is the tangential projector operator (P;; = §;; — n;n;), and V is the vertex operator
[ 1 ror
Vij = vunj + vy,

where superscripts [ and r refer (roughly speaking, left and right), respectively, to one and the other sides that define
a certain vertex point V,; v is the external tangent unit vector. The stress and hyperstress tensors are

U oUu

S = , L — ) 7
ij aGij ijh 8Gij,h (N

2.3 Two-dimensional second gradient orthotropic D linear elasticity

In pantographic structures, the lattice is composed of two orthogonal families of fibers. It is assumed that in the
2D case, for each fiber the Euler beam model with finite axial resistance is valid and for each intersecting point the
internal hinge constraint is valid (Fig. 1, left-hand side).

The resistance of such internal pivots to the relative rotation among the two families of fibers is assumed to be
zero, so that the presence of one floppy mode is considered (Fig. 1, right-hand side). The equivalent linear elastic
continuum model is not isotropic. In the 2D case the collection of symmetry groups is shown in [86]. The equivalent
continuum model of a pantographic structure should be invariant for a 77 /2 rotation and for a mirror transformation.
This symmetry group is denoted by D4. The internal energy for such a symmetry group is reported in Appendices
A and B of [74]. The derivation of these equations is not straightforward; it is done explicitly in [87]; see also the
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related works [88,89]. In particular, the reader is encouraged to refer to Eq. (50) of Ref. [87] and the internal energy
density functional U (G, VG) is as follows:

A 1 1
U(G.VG) =Ule.n) = 5Cu€ies + 5 Aaplallp, ®)

where the indices 7 and J vary from 1 to 3, the indices o and 8 vary from 1 to 6, €; is the Ith component of the
column vector €

Gy
€= Gn |, 9
V261,

e 1S the orth component of the column vector n

G
G,
n = «/2G12,2 (10)
22,2
G2
V2G1a
Cyy is the IJth component of the 3 x 3 matrix C,
ci1 ci2 O
C=\|ci2 c11 0], (11)
0 0 Cc33
and Agg is the afth component of the matrix A,
air aip a3 0 0 0
aipp axy axyy 0 0 0
A= | @3 a3 a3 0 0 0 12

0 0 0 a1 app a3
0 0 0 app ax ax
0 0 0 a3 a3 ass

In this class of orthotropic materials, the isotropic classic two Lame coefficients A and p are replaced by the three
coefficients c11, c12, and c¢33. In addition, the four isotropic coefficients are replaced by the six coefficients a1, aj2,
aiz, ar», azs, and asz. The bulk modulus k and the shear modulus p are the most convenient pair of elastic constants
for an isotropic material [90-98]. Nevertheless, we prefer to write the density of the deformation energy in (8) in
terms of the Lame coefficients A and p.

The positive definiteness of matrices C and A assures the positive definiteness of U. To do this, it is sufficient to
calculate the eigenvalues of both matrices and impose a restriction on their positivity. The eigenvalues A<, Azc ,and
A3C of matrix C are easy to calculate,

c c c
Al =033, Ay =ci1—C12, A3 =cq1+cl2,
and a restriction on their positivity means

¢33 >0, c11>cpp, c11 > —cp. (13)
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The eigenvalues A4, )\9, and Aé“ of matrix A in (12) are the same as that of its submatrix Aj:

air  di2 a3
Ar=|an2 axn ax
a3 azz  dsj
Their analytical derivation is not straightforward because it requires an analytical solution of a third-order
polynomial equation. Such a derivation is certainly possible, but the results would occupy too much space. Thus,
we can formally write a condition for positive definiteness as follows:

AME>0, A4 >0, A >o0. (14)

The presence of a floppy mode has the consequence of relaxing these conditions in such a way that semipositive
definiteness is accepted. In other words, the equal sign is accepted in restrictions (13) and (14). In particular, we
will show in (62), and therefore in the representation (65), that the identification of a pantographic structure implies
¢33 = 0, so that the firstinequality of (13) is in fact relaxed to become c33 > 0. Moreover, an explicit representation of
the eigenvalues A4, )»? ,and )»? with the identification of the pantographic structure can easily be evaluated from (65):

E,l,

M=0, M =0 =3 > 0.

m
Evenin this case, the need to relax the conditions (14) and (14),, so that the equal sign is accepted for pantographic

structures, becomes evident.
The system of PDEs can be deduced by the first line of (3). Here, it is made explicit:

1 1
crurn + 7633 (1,22 + u2,12) + crouz, 12 = anur i + E(dm + a23) (2,122 + U2, 1112 + 2u1,1122)
+axui 1122 +alz(u2,1222 -I-uz,mz)

1
+ 5433 (12000 4 ui,1122 + u2,1222 + uz1112) — b (15)

1 1
criuz + 763 (w211 4 ui12) + croui 12 = anuz 200 + 3(013 + az3) (u1,1222 + ur 1112 + 2u2,1122)

+axus 1122 + alz(ul,lzzz + u1,1112)
1
+ §a33(u2,1111 +uz, 1122 4+ ui 2 + ui1222) — b (16)
An interchange of indices 1 and 2 in the displacement field u; and in the external force per unit area bie"t in (15),

because of the symmetry Dy , gives Eq. (16), and vice versa.

3 The case of a rectangle

In this section we define the case of a rectangular body. The reason for this choice is twofold. First, all boundaries
are straight. This means that the external normals do not depend on the space coordinate X, and therefore — see, for
example, Eq. (4) — the boundary conditions are simplified. Second, the presence of vertices implies an increasing
number of possible coefficient identifications. The reason is that vertex-boundary conditions, as we will see, must
be considered.

3.1 General framework of straight lines

In Fig. 2 the scheme of a rectangle is represented. Side names are A, B, C, and D and vertex names V1, V;, V3,
and Vs. In these hypotheses, (4), (5), and (6) are simplified,

ta = Sajnj — (Tujnn + Tanjn)nj + Tanjknuninj, To = Tajknjng,  fo = TuijVij, (17)
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and we have

€33
2
—aia(u2,000n1 (1 4+ nana) + uz 122n2(1 + 2n1n1) + uz 11211 (2 + niny))

as
— —=n (Ml,zzznlnz +uz 2001 +n2n2) +ur 1222 +niny) +uz 1122 +niny) + ul,mnznz)

V2

aps a
— —=u1,112n2(2 + nana) — —=ny (u1,1222(1 4 nana) + uz, 112(1 + 2n2n))

V2 V2
ax
— —=n(u2,1222 + nan2) + up 1122(1 + niny) + uz 111 (1 + niny))

V2

ass
-5 (u1,122(1 + 2n2n2) + uz 112(1 4 2n2n7))

1= criuing + cipuzony + —— (w12 +uz1)na —anng (uy112n2 + w1112 + niny))

ass
— 7”2(“1,222(2 + nona) + uz,122(2 + nang) +up12(1 +niny) +uz (1 +niny)) (18)

T1 = ajui1ning + alzm(uz,zznz + uz,lznl)

a3
+ —(ul,zznlnl +uzon1ny +un 120101 + ul,unznz) + axnui 12n1n2

V2
a3 ass
+ ﬁnz(Zul,lzm + uz, 1212 + uz 11n1) + 7n2(ul,22n2 + uy,12n1 + uz12n2 + U 11n1) (19)

in terms of the displacement fields. Because of the symmetry Dy, aninterchange of indices 1 and 2 in the displacement
field u; and in the external unit normal »; in (18) and in (19) gives, respectively, the force #; per unit length and
the double force 1o per unit length in the other direction in the same way (15) gives Eq. (16) and vice versa. This
is why we do not explicitly write out the expressions of the force #, per unit length and of the double force 1, per
unit length.

3.2 Sides and vertices

The characterizations of sides A, B, C, and D is done by inserting into (18) and (19) the unit norms n; = —§;1,
n; = 82, nj = 8i1, and n; = —34;2, respectively.
The last term of (3) is reduced, because of (2);, to

/[8381 Sute(fa = fo™) = [Suta (Taij Vi = S5 Ly, + [Sta (Tai Vi = 157 s,

+ [8ua (Tuij Vij = 13y, + [Suta (Taij Vij — 1) ]y, (20)

For vertex V) side A has nj = —61; and v; = §;2 and side B has n; = > and v; = —;1, so that

[Vij]vl = ["zl"lj + "ir”;']vl = —8;281; — 8i102;.

Fig. 2 Nomenclature of 2D X,
body B B
Vi V2
l
C
A X
l
Vs Vs
D
L
@ Springer

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

a Journal: 10665-ENGI Article No.: 9856 MS Code: ENGI-D-15-00194.3 [ TYPESET [_]DISK [JLE []CP Disp.:2016/4/9 Pages: 21 Layout: Medium




Author Proof

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

L. Placidi et al.

For vertex V, side B has nj = §3; and v; = §;1 and side C has n; = 61; and v; = §;3, so that

[Vi/]vz = "f”lj + Vir”;_vz = 0;162; + 81281

For vertex V3 side C has n; = é1; and v; = —;7 and side D has n; = —8,; and v; = §;1, so that
[Vi./]w = "ll”lj +vin v —8i281; — 8i162-
For vertex V4 side D has nj = —&2; and v; = —§;1 and side A has n; = —§;1; and v; = —§;2, so that

[Vi./]v4 = Vll”l/ + Vir”;'_v4 = 8i182j + 8i2d1 ;.

Thus, finally, (20) yields

/[335] St (fur = 1) = [t (=Tt = Tar2 = o?Xt)]vl + [Sue (Tar2 + Toz1 — f3%) Va

+[Sua (= Toz1 — Tz = f3) ]y, + [Suta (Tar2 + Ta21 = £3)]y, 1)
where Ty12 + Ty21, in terms of the displacement field, is, for o = 1,
T2+ T2 = (azz +v2ax3 + a%)ul,lz + (\/5@3 + a%)uz,u + (a12 + %Ea13)u2,22, (22)
and, fora = 2,
T2+ Tooy = (022 +V2ax3 + azﬁ)uz,lz + (ﬁaB + a%)ul,zz + (alz + ?6113)111,11, (23)

where we again note, because of the symmetry D, the same characteristics for the interchange of the indices of
the displacement field u;. In other words, we remark again that Eq. (23) is derived from (22) by interchanging the
indices of the displacement field u; and of its derivatives.

3.3 Heavy sheet: an analytical solution

The rectangle in Fig. 2 is now considered heavy (a heavy sheet) and hanged by the top side B. The word heavy
corresponds to a weight loading, i.e., a constant distributed force in the vertical direction and directed downward.
The kinematic constraints on the displacement field exclude the kinematic effects of the Poisson effect, in the sense
that no lateral displacement is admissible at either vertical side, where horizontal forces must be prescribed. In
the next section, we will use the fact that in pantographic strictures (see also the right-hand side of Fig. 3), such a
horizontal force is apparently zero.

Thus, the needed kinematic constraints on the horizontal side B and on the two vertical sides A and C are

(Buz)p =0, Bui)y =0, (bui)c =0. (24)

As a result, the top side of the rectangle cannot displace vertically and neither the vertical left- nor right-hand
side can displace horizontally; see also Fig. 3. In what follows we proceed as in [73]. Thus, we consider the general
solution of the anisotropic first gradient case and we calculate the set of boundary conditions we need, in the second
gradient case, to obtain the same solution.

Accordingly, the following displacement field is considered:

L= pg (X2 — (3l + X3)

25
2, (25

uy =0,
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SALEZ4 %%%

§ EEEEp

Fig. 3 Heavy sheet gedanken experiment. Continuum left-hand side and discrete right-hand side points of view

The two PDEs (15) and (16) are satisfied by an external force per unit area,
B =0, b =—pg, (26)
that is due to the weight. We have used the following intermediate results:

I+ X
uzp = pel+X2) 2), oy =25 @7

c1l ' c1l

We now calculate the edge forces that are necessary to have the displacement field (25). The apex with letter A,
B, C, or D refers to the name of the edge according to the nomenclature in Fig. 2.
From (18) and (25) we have

I+X I+X
n= flm’A = —Maz, = tf’“’c - pgl+ 2)C1
cll 1l

2. (28)

This horizontal force is a static consequence of the Poisson effect and is associated to the kinematic constraint
(24)3. From (18) we have simply

ext,A — 0’

f = l2 ext,C —0.

h=1,
From (18) and (25) we have
n=t2=0, n=t>=0,

i.e., no shear condition in the horizontal sides, and
=1ty =pg(l+X2)—y =2pgl, r=12 =—pg(l+X2)x,—; =0. (29)

The (29); is the expected reaction at the upper boundary. The (29), means that there is no reaction at the bottom
of the body.

Following the evaluation of the forces per unit length, we now calculate the analogous double force per unit
length. In this case as well, an apex with letter A, B, C, or D refers to the name of the edge according to the
nomenclature in Fig. 2.

From (19) and (25) we simply have

71 = tf’“’A =0, 1= rlem’c =0,

@ Springer

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

g Journal: 10665-ENGI Article No.: 9856 MS Code: ENGI-D-15-00194.3 [ TYPESET [_]DISK [_JLE [_]CP Disp.:2016/4/9 Pages: 21 Layout: Medium




Author Proof

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

L. Placidi et al.

i.e., no double force condition in the horizontal direction for the vertical sides. On the other hand, in the vertical
direction we have

ext, A _ 41308 ext,C _ 413P8
=1 = , =1, = . 30)

: Ve : V2eri

From (19) and (25) we have
7 = t{axt,B — 0’ 7 = rlext,D — 0’
i.e., no double force condition in the horizontal direction for the horizontal sides, and we also have
o= _L_2D,ext — prgai = TZB,ext — pgaii ) G1)
C11 C11
To keep the displacement field in (25), the wedge force is, from (21), (22), and (23),
f;Xt = —Lgl2 — Ta21
for wedges V| and V3, and the converse
[ = Tyia + oo
for wedges 1, and V4. We have from (22), (25), and (27)
(26112 + ﬁals)/og
Tip+Tioy = , (32)
2c11
and from (23) and (25) and (27)
T2 + To21 = 0.
3.4 An analytical solution for nonconventional bending
Let us take into account the displacement field
aX %

u; =0, M2=—T, (33)

which represents a nonconventional bending field (see also Fig. 4). The two PDEs (15) and (16) are satisfied by the
following external force per unit area:

P =0, b = —%m. (34)

Let us now explain why we call this kind of deformation a nonconventional bending. 1t is true, in fact, that, for
each horizontal microbeam, the bending condition that is achieved is conventional. However, at the macroscale the
pantographic sheet deformation is completely different. For example, the direction of each vertical fiber remains
invariant, i.e., the vertical fibers do not rotate at all, and does not follow the direction of the horizontal fibers as in
the classical conventional bending case, where both horizontal and vertical fibers remain orthogonal to each other.
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§_¢ —d 3 4
§_e | S N S
§—O & > o =
§—C > s o ‘2 =
N

N

Fig. 4 Discrete pantographic structure in nonconventional bending case. Left-hand side: reference configuration; right-hand side:
deformation in nonconventional bending condition

In what follows we calculate the edge forces that are necessary to have the displacement field (33). Even in this
case the apex with letter A, B, C, or D refers to the name of the edge according to the nomenclature in Fig. 2.
From (18) and (33) we have

alL
=" = S b= 44 =0, 35)
and
alL
n=15"C = —Zen, n=5"=o. (36)

For reasons of symmetry, the force on side A is the opposite of that on side C.
From (18) we have no traction conditions in the vertical direction,

ext,B __ _ext,D __
1, =1, =0,

for horizontal sides and a nonnull shear condition,

ext,B ext,D aXl
tl = —l‘l = —7633, (37)

in the horizontal direction for the horizontal sides. Again we remark that, for reasons of symmetry, the force on
side B is the opposite of that on side D. Now we calculate the double force per unit length and use the same

convention to characterize each edge.
From (19) and (33) we simply have

and we also have

5 =€ = _“%a. (38)
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We remark that the force per unit length on this side is zero. Thus the total external moment M g’“ on side C is

only due to the double force tfm’c of (38),

! ext,C ass !
M = / T, ds = —Ta/ ds = —as3al, (39)
-1 -1

which gives an interpretation of the parameter a introduced in (33), i.e.,

Mext
a=-——C. (40)
assl
From (19) and (33), for reasons of symmetry, we simply have
1
7 = 7:lext,A _ 7:lext,C =0, »= 7:26:>(t,A _ 7:26:>(t,C _ _aﬁa _ _ngt‘ (41)
2 21
From (19) and (33) we have
7| = _L_lext,B =0, 7| = Tlext,D =0,
and we also have
B,ext ap3 D, ext B,ext aip3 ngt
=1 =—=a, =1 =T, =— . 42)
2 V2 2 2 a3 12

We impose no kinematic restrictions on wedges. This means, again, that the external (or reaction) wedge force,
in order to have the displacement field (33), is

I = =Tz — Tani

for wedges V| and V3 and the converse

[ = Ty1 + Tani

for wedges V> and V4. We have from (22) and (33)

ngt
21

a a
Ty + T = 5(033 + «/§a23) =— (1 + \/52) (43)

ass

From (23) and (33), on the other hand, we simply have

112 + Tr21 = 0. 44)

3.5 An analytical solution for the trapezoidal case

Let us take into account the following displacement field (see also Fig. 5):
ur =0, u=>bXX>5. 45)

The two PDEs (15) and (16) are satisfied by the nonnull horizontal external force per unit area:
1
b?m = b(C12 + 5633), ngt =0.

In what follows we consider the solution (45) and calculate the whole set of boundary conditions.
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4

Fig. 5 Discrete pantographic structure in trapezoidal case. Left-hand side: reference configuration; right-hand side: deformation in
trapezoidal condition

In particular, we calculate the edge forces and double forces that are necessary to have the displacement fields
(45) and use the same convention to characterize each edge.
From (18) and (45) we have

1 = lleXt’A =0, = t;:xt,A = —2633){2, (46)

and

1 =1 =bepl, n=15" =50 = §C33X2. (47)
From (18) we have

t;ext,B — t;:xt,D — bC3—3l, ext,B — —t;Xt’D — bC11X1~ (48)

2 2
From (19) and (45) we simply have
T = t;xt,A — _C;Xt,C — 0’
i.e., null double force per unit length in the vertical direction for vertical sides, and we also have
ext,A ext,C a3
=1 "=1""=blapn+—). (49)
: : ( V2 )

From (19) and (45) we have

b
71 = rf“’B = rleXt’D = E(ﬁazg +az), 1= IQB’eXt = tzD’eXt =0. (50)
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We impose no kinematic restrictions on wedges. This means, again, that the external (or reaction) wedge force,
in order to have the displacement fields (45), is

[ = =Ty12 — T

for wedges V| and V3 and the converse

fo?Xt = Toc12 + Ta21

for wedges V> and V4. We have from (22) and (45)
Ti12 + T121 = 0;

on the other hand we simply have

b
To12 + Trp1 = E(Zazz +2v2ax; + a33). (51

4 The pantographic case

Let us assume that the two families of fibers in the pantographic structure are aligned with the axes of the frame of
reference. It would be convenient for the reader to have in mind the right-hand sides of Figs. 3, 4, and 5. A series
of intuitive considerations is made in this section. In other words, a set of gedanken experiments is conceived for
the purpose of parameter identification. First of all, in the heavy sheet case, we can prove not only that the vertical
displacement of side D is

2081 2pmgl?

ur( X1, Xo=-1I) =
2(X1, X2 ) o E,

: (52)

where p,, is the mass per unit volume of the microbeams and E,, is their Young’s modulus, but also the relation

pm AH‘L
0= , (53)
dl’ﬂ
where A, is the cross-sectional area of each microbeam and d,, is the distance between two adjacent families of
microbeams. From (52) and (53) we have

2pgl? An 1 EpA
11 = Ey, 124 S = Empm m _ EmfAm (54)
2pmgl dm Pm dm

Second, in the nonconventional bending case we set an equivalence of such a case with a series of a number
(i.e., 5—1) of conventional bending microbeams, so that the total external moment M, g"t on side C is related to the
m
external moment M,, on each microbeam,
21

we = -2y, (55)
m

and the vertical displacement of side C is

al? M, L>
uz(X1=L,X2)=—T=—2E 7
mtm

(56)
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where I, is the moment of inertia of the microbeams. Equations (40), (55), and (56) give

ngt _ ngi _ 261L22Emlm l _ 2Em1m . 57)
al dy "al d, 2L?> al dn,

asz = —

Further trivial considerations made from the particular pantographic structure in the heavy sheet configuration
are made. First of all, the natural absence of the Poisson effect in this configuration makes the horizontal edge force
per unit length on the vertical sides that are given from (28). This and (54) give

I+ X
e 2 PEEEXD) g o ey =, (58)
C11
Second, in the same heavy sheet configuration, the natural absence of a double force on the vertical sides gives,
from (30) and (54),

ext,C __ 413P8

2 B V2er

Note that the identification that is made explicit in (59) can also be achieved assuming zero double force on the
horizontal sides for the nonconventional bending case from (42).

In addition, in the same heavy sheet configuration, the natural absence of double force on the horizontal sides
gives from (31) and (54)

=0 = a;3=0. (59)

e 2 PEUL g o 4y =00, (60)

C11

Moreover, in the same heavy sheet configuration, the natural absence of wedge forces gives, from (32) and (54),

(2012 + \/56113);08

=0 = 2a1p ++v2a;3 =0. 61)
2cnn

T2+ Ti21 =

Note that the identification that is made explicit in (61) can also be achieved assuming zero horizontal double
force in the trapezoidal case on the vertical sides from (49).

It is also convenient to consider, in the nonconventional bending case, the fact that the external force per unit
area must be zero. Thus, from (34) we have

b = —gm =0 = c33=0. (62)

Note that the identification that is made explicit in (62) can also be achieved assuming, in the nonconventional
bending case, zero horizontal force per unit length on the vertical sides from (35); or from (36); or assuming zero
horizontal force per unit length on the horizontal sides from (37) or, in the trapezoidal case, by assuming zero
vertical force per unit length on the vertical sides from (46), and (47); or zero horizontal force per unit length on
the horizontal sides from (48).

Moreover, in the nonconventional bending case, the natural absence of wedge forces gives, from (43),

a
T2+ T = 5(033 + ~/§t123) =0 = a3+ v2ax3 =0. (63)

Note that the identification that is made explicit in (63) can also be achieved assuming zero horizontal double
force in the trapezoidal case on the horizontal sides from (50).
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Finally, assuming zero wedge forces in the trapezoidal case, we have from (51)

b
Tr12 4+ T2 = E(Zazz + 24 2ay; + 033) =0 = 2am +2v2ax3 +ax = 0. (64)

Equations (54), (57), (58), (59), (60), (61), (62), (63), and (64) completely characterize the orthotropic material.
In particular, the two constitutive matrices are represented as follows:

(65)

- o O O O

«loooo
\®)

-2 2

cocoocooc oo
|
oooglwo
W]

|
ooowgo
W]

=N e eoNoB el

Itis interesting to recognize that the internal energy (8) can now be computed using (9), (10) and using the definition,
in the linear case, of the deformation matrix G and of its gradient VG:

1E,A 1E,]
UG, VG) = 5 Z - (G%l + G%z) + 5%[022,1 (G221 —2G12.2) +2G122(—Ga21 +2G122) ]
m m
1E,]
+ 5 Z “[G112(Gi12 —2G12,1) +2G 12,1 (—Gii2 +2G12,1) ]
m

or, in terms of the displacement field,

EnAn 2 2 L Enln 2 2
U(G,VG) = (u +u )+—— u +u . (66)
24, 1.1 2.2 2 d, ( 1,22 2,11)

Expression (66) is a remarkable form of the energy. It simply resembles the contributions of both series of fibers
for axial and for bending deformations of the microbeams. Note, finally, that expression (66) is not compatible
with that derived in [99], where the authors aimed only at proving the necessity of a second gradient energy for
pantographic continua and not for the related parameter identification in terms of microstructural characteristics.
On the basis of this simple strain energy function, we show in the next section numerical simulations that confirm
the validity of the model.

5 Numerical simulations

In the numerical simulations in this section we will not simply refer to the rectangle in Fig. 2; we will refer to
it—but rotated by 45°. The fibers are aligned, in the nondeformed configuration, along the horizontal and vertical
directions, not along the rectangle’s sides.

In Fig. 6 a displacement of the short side of the rectangle in the direction of its long side is shown, and the result
is a classic bone-shaped deformation. In Fig. 7 a displacement is prescribed, in the direction of the short side of
the rectangle, to the single vertex on the left-hand side, a zero displacement is applied at the bottom vertex, and a
floppy mode is shown.

In Fig. 6a is shown the deformation of the fibers, even though the model is a continuum, in the numerical bias
test, where the color indicates the deformation energy density. Note the concentration of the deformation energy
density around the corners and the classic bone shape of the deformation of the body. The same bone shape is also
shown in Fig. 6b, where colors indicate the shear deformation G|, and where we refer to the same boundary value
problem. In Fig. 7 the floppy mode is shown. In this case the color indicates the deformation energy density and
the scale makes clear that for a high deformation level we have practically zero deformation energy.
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Fig. 6 Bias test. In both panels a representation of the numerical results on the continuum model is presented. a Deformation of fibers
(color: deformation energy density) in the continuum model of the pantographic structure. The directions of the fibers represent the
privileged directions of the orthotropic continuum model; they are not a graphical representation of any simulated discrete model. b
Deformation of continuum pantographic structure (colors: shear deformation G12)

Fig.7 Floppy mode: A3.11x107"°
deformation of fibers (color: 02 x107°
deformation energy density) 3
in continuum model of
pantographic structure 0.16 2.5
0.12 :
o~
<
15
0.08
il
0.04]
0.5
0
¥ 9.79x107%!
0 0.05 0.1 0.15 0.2
X1

To show the presence of a boundary layer, we illustrate in Fig. 8b the second derivative u1 »; of the first displace-
ment component ] with respect to the second coordinate X, as a function of a third coordinate s characterizing
each point of the cut represented in Fig. 8a. Note that on the one hand, because of the high axial rigidity of each
microbeam of the pantographic structure, for small values of the coordinate s the deformation regime is almost
rigid and the strain gradient component u1 22 is almost zero. For high values of the same coordinate s, on the other
hand, the component u1 7 is much higher. Thus, a transition zone can be appreetated, Such a transition zone is the
so-called boundary layer of the problem. The thickness of such a boundary layer is proportional to the ratio between
the second and first gradient parameters. In Fig. 8b different boundary layers are numerically evaluated for different
values of the second gradient parameters. In particular, we show the results for the identified value of the second
gradient parameter in terms of the moment of inertia of the sections of the microbeams, as well the results for lower
(one tenth and one hundredth times) and for higher (ten and one hundred times) values of such a moment of inertia.
Finally, it is worth noting that it is confirmed that the largeness of the boundary layers is effectively proportional to
the second gradient parameters, in the sense that the higher the second gradient parameters, the larger the boundary
layer.
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Fig. 8 Boundary layer. a On the left-hand side we show the cut on which we calculate u 22, represented on the right-hand side (b).
In addition, on the right-hand side, we show the numerical simulations calculated using different moments of inertia /,, given in the
legend of Fig. 8b

6 Conclusion

In this paper we have identified the whole set of nine parameters of a homogeneous linear elastic second gradient
orthotropic D4 material, which is the most general symmetry that is valid for pantographic structures with two
identical and orthogonal families of fibers. Analytical solutions were developed and shown and, as a consequence,
the identification was done in terms of the Young’s modulus of the fiber material, of the area, and of the moment of
inertia of the cross sections of the fibers and the distance between the nearest pivots. A remarkable form of the strain
energy that closely resembles the strain energy of simple Euler beams was derived in terms of the displacement
field. Numerical simulations confirmed the validity of the presented model. In fact, a bone-shaped deformation,
in a proper bias test, was obtained, as was a continuum floppy mode, which is a deformation mode with finite
deformation and zero deformation energy. Finally, we also showed the dependence of the largeness of the boundary
layer with respect to the second gradient coefficients of the model.
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