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Fig. 1. Specimen constructed using 3D printing technology.

The equilibrium configurations under imposed (varying in
dependence of a finite set of parameters) displacement bound-
ary conditions are those configurations which minimize the just
introduced discrete Lagrangian deformation energy.

The advantage presented by such an approach when compared
with the other one based on the formulation of second gradient
continuum model and its discretization with FEM can become evi-
dent in many situations. Indeed when the considered fabric does
not include too many structural elements then the discretization
which we propose here: (i) has a more direct physical meaning, (ii)
is still able to effectively capture the global behavior of the system
and (iii) is more computationally efficient.

Using the Lagrangian model presented here it has been possible
to design experimental setups aimed to show the peculiar features
of newly conceived metamaterial. Moreover we could qualitatively
and quantitatively predict the elastic behavior of specimens built
by means of 3D printing technology also in the regime of large
geometrical and material nonlinearities.

In the following sections we show the first available exper-
imental evidence obtained for sheared pantographic specimens:
we designed a mechanism transforming imposed elongations into
imposed shear deformations (see Fig. 1) and we characterized a
large class of deformation states of pantographic sheets. Parallel-
ing their behavior in extensional bias tests (see [2]) pantographic
sheets are extremely tough also under large shear deformations.
It can be shown that the code which we have developed is
very effective and predictive in the elastic regime: we could
get a complete correspondence between experimental data and
numerical ones by simply fitting the four material parameters char-
acterizing our model. These parameters are easily related to: (i)
extensional fiber stiffness, (ii) bending fiber stiffness, (iii) shear
stiffness related to fiber connectivity and (iv) material nonlin-
earity determining eventually non-quadratic shear deformation
energy.

To be able to predict fiber rupture phenomena we subsequently
postulated a simple fiber rupture mechanism. We assume that once
a fiber experiences an elongation larger than a specific threshold
(which is characteristic of the fiber constituting material) then it is
simply broken, and the corresponding term in deformation energy
is assumed to vanish. Therefore by simply adding a further con-
stitutive parameter to the previously introduced four elastic ones
we get a generalized incremental numerical model. When in the
considered quasi-static imposed displacement process the rup-
ture criterion is attained, then in the subsequent step the elastic
energy is modified by imposing to zero the corresponding energy
addend.

This simple model was able to predict very well the observed
rupture phenomena, as it is described in the following Section 2.
The results obtained and presented in Section 3 strongly moti-
vate further development of proposed numerical and theoretical

models: further rupture mechanism have been observed and need
to be modeled, involving fiber interconnection rupture or partial or
total loss of fiber bending stiffness, see Section 4. The consequence
of the further sophistication of the used models will lead to the
conception of more complex experimental setups aimed to more
careful characterization of the behavior of pantographic sheets.

2. Lagrangian discrete model for pantographic structures

As discussed in full detail in [3] Lagrangian discrete models can
be a viable option in the description of pantographic sheets: the
possibility to predict their shapes in large deformation equilibrium
configurations using said discrete models has been the object of
the investigations presented in [4]. Referring the reader to just
cited papers for a detailed discussion of the model and the algo-
rithmic procedure we use to determine equilibrium configurations,
we delineate here the main ideas on which we base our solution
strategy when dealing with both elastic and rupture deformation
phenomena.

First of all, we limit our attention to quasi-static defor-
mation processes where the control parameters determine a
well-determined class of imposed boundary displacements. The
principle of virtual work will allow a facile generalization of our
formulation to the fully dynamic case. Second we introduce a finite
dimensional configuration space to describe the kinematics of con-
sidered sheets: it is constituted by the collection of the positions
of the pivots interconnecting the two arrays of fibers, each of them
being assumed extensible and flexible.

The elastic deformation energy of the sheet is assumed to be
given by the sum of terms respectively (see Fig. 2) accounting for:
(i) extensional energy between two adjacent pivots, (ii) bending
energy of the fibers and (iii) shear energy stored in the intercon-
necting pivots.

We limit ourselves to consider hard-devices imposing boundary
displacements to the sheets: therefore the problem of finding the
equilibrium configurations in a quasi-static deformation process

Fig. 2. Mechanical model of a pantographic 2D structure.
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reduces to the determination of the minima of deformation
energy corresponding to the assigned values of the parameters
characterizing the boundary conditions.

The algorithm which is successfully used here (following the
ideas proposed in this context in [3]) handles the strong nonlin-
earities arising in the aforementioned minimization process by
proceeding to calculate sequences of close equilibrium configura-
tions relative to close boundary conditions. The relevant economy
of calculation time is exploited also in the simulations we present
here for elastic regimes. Not only: we start here from a well-
grounded simplifying assumption. We  assume that fiber rupture
occur only when a threshold elongation (or bending angle or shear
angle) is attained in our quasi-static deformation process. These
thresholds are easily estimated in terms of the constitutive param-
eters of the material used in the 3D printing which produced the
specimens we have studied. The simple modification of the elastic
energy consequent to a rupture consists in assuming as vanishing
the corresponding addend in the deformation energy.

Synoptically, by referring to Fig. 2, strain energies and strain
thresholds for each kind of spring are: (i) for an extensional spring
whose stiffness is ka

Ea = 1
2

ka(� − ε)2 , (1)

amin ≤ �  − ε

ε
≤ amax, (2)

where � and ε are the distances between two pivots in the actual
and in the reference configuration, respectively; amin and amax are
the minimum and maximum value of the elongation threshold,
respectively; (ii) bending springs whose stiffness is kb,i

Eb,i = kb,i(1 + cos ϕi) , i = 1, 2, (3)

cos ϕi ≤ bmax,i , i = 1, 2, (4)

where ϕi is the angle, in the actual configuration, between two  con-
secutive fibers along i-direction; bmax,i is the maximum admissible
value in i-direction; (iii) shear springs whose stiffness is ks

Es,i = 1
2

ks

(
ϕi − �

2

)2
, i = 1, . . .,  4, (5)

∣∣ϕi − �
2

∣∣
�
2

≤ smax, i = 1, . . .,  4, (6)

where ϕi is, in the actual configuration, the angle, in the i-quadrant,
between two unaligned fibers which share the same pivot; smax,j is
the maximum value of the admissible angle change.

3. Numerical predictions versus experimental evidence for
shear tests

A polyamide specimen, constructed using 3D printing tech-
nology, with L = 70 mm and L/ε = 10

√
2 mm was analyzed. The

cross-section of the fibers is rectangular and has the width equal to
0.9 mm and the depth equal to 1.6 mm.  Pivots are cylinders whose
diameter is 0.9 mm and whose height is 0.5 mm.  For the Young’s
modulus we chose the value 1600 MPa.

The specimen was deformed imposing, gradually, a horizontal
displacement on the top of the specimen by using as loading device
a MTS  TYTRON-250 with a 250 N load cell. The experiment was
displacement-controlled, more precisely a displacement-rate was
defined and applied to the specimen through a DC-linear motor
where an air-film-bearing realized almost frictionless movement.
In order to reduce the influences of external vibration the system
is arranged horizontally and also based on a massive substructure.

Fig. 3 reports two pictures taken, the first, at the beginning
of the test (reference configuration) and, the second, exactly

Fig. 3. Experimental shear test: reference configuration (a) and deformation corre-
sponding to the breakdown onset (b) (the broken fiber is in the lower left).

immediately behind the rupture of the first fiber of the specimen,
i.e. for a horizontal displacement of 139.96 mm.

The numerical simulation presented below was performed
assuming that the stiffnesses of the springs are: ka = 134 N/mm,

Fig. 4. Shear test: global structural reaction R (in the direction of the imposed dis-
placement) vs. the non-dimensional displacement parameter �, the black and red
curves are related to the experiment and to the numerical calculations, respectively.
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Fig. 5. Numerical shear test: deformation corresponding to the breakdown onset
(the broken fiber is indicated in black and it is highlighted by an arrow). (For inter-
pretation of the references to color in this figure legend, the reader is referred to the
web  version of the article.)

kb,i = 19.2 Nmm,  ks = 0.69 Nmm  and the strain thresholds are:
amin =−0.99, amax = 0.31, bmax,i = 1 and smax,j = 1.

Fig. 4 reports the global structural reaction R (in the direc-
tion of the imposed displacement) versus the non-dimensional
displacement parameter � (which attains a unit value when the
maximum imposed displacement is reached); the black and red
curves are related to the experiment and to the numerical calcu-
lations, respectively. We  observe a remarkable closeness between
the experimental measurements on structural reaction R and the
results of the numerical simulation.

Finally, Fig. 5 reports the deformation of the specimen immedi-
ately behind the rupture of the first fiber (depicted in black) and it
is highlighted by a green arrow for clarity reasons. The colors in the
plot represent the total strain energy level, from lower levels (cool
tones, e.g. in blue) to higher ones (warm tones, e.g. in red).

4. Conclusions

Also in the case of the description of fiber rupture phenomena
we could adapt the Lagrangian discrete model proposed in [3] to
get efficiently predictive numerical simulations. The advantage of
the presented numerical model can be resumed as follows: (i) it is
able to produce easily results in the regime of large deformations
and displacements, (ii) it is based on the best fit of a limited number
of constitutive parameters (between five and seven) to all of which
a clear physical meaning can be attributed, (iii) all aforementioned
constitutive parameters are easily related to specific geometrical
and mechanical properties of considered fabrics so that their value,
in a specific situation and for a specific specimen, can be easily
estimated to belong to a well-determined range, (iv) it seems to be
easily generalizable to the study of dynamic regimes, where inertial
forces may  play a relevant role, see some insight in [8,9].

The results which we present here have a twofold impact: (i)
from the experimental point of view we prove that the relevant
toughness in extension (proven in [2]) of pantographic sheets coex-
ists with a similarly relevant toughness in presence of imposed
shear deformations, (ii) from the theoretical point of view we prove
that used Lagrangian discrete model is flexible enough to be able to
incorporate a facile modification allowing for the efficient descrip-
tion of rupture phenomena.

It has to be remarked that even if pantographic structures were
synthesized to give an example of second gradient metamaterial,

see e.g. [10–16], modeled as generalized continua, we prove here
that, when some specific deformation phenomena are considered,
the most suitable models are not continuous. On the other hand,
as seen in [1,17], when the qualitative description of their behavior
is needed then second gradient continuum models may  be more
suitable.

Further investigations will produce a complete description of
all rupture mechanism involving (and observed in) pantographic
sheets among which we cite the fibers’ detachments. Also the rele-
vant effort of modeling out of plane deformation configurations and
related buckling phenomena must be pursued, see the guidelines
described, for example, in [18–27].

It seems somewhat interesting to build macro-springs obtained
by using the capabilities of NURBS interpolation, see e.g. [28–35] in
order to design new and enriched metamaterials. It is also very
interesting the extension to the 3D case using the suggestions
reported in [36].

Furthermore, the Hencky-type model briefly recalled here could
be interesting also to model the granular media interactions, see
[37], or generalized continua, see [10,38–41] for a general review
and [42] for an application on masonry structures.

Finally, it deserves attention the identification of the param-
eters, i.e. the stiffnesses of the springs and the strain thresholds,
used to build the numerical model since the performances of the
model depend significantly on their values. In this perspective it is
definitely helpful a sensitivity analysis on the parameters by using
the tools reported, shortly, in the review paper [43] and, in depth, in
[44–49] and applied in problems concerning huge and innovative
structures as those described e.g. in [50,51].
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