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Time-Changed Processes Governed by Space-Time
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Department of Basic and Applied Sciences for Engineers, Sapienza University
of Rome, Rome, Italy
’Department of Statistical Sciences, Sapienza University of Rome, Rome, Italy

In this work, we construct compositions of vector processes of the form S (c2 LV (1)), t >
0, v e, l], B € (0, 1], n € N, whose distribution is related to space-time fractional
n-dimensional telegraph equations. We present within a unifying framework the pde
connections of n-dimensional isotropic stable processes S* whose random time is
represented by the inverse L'(t), t > 0, of the superposition of independent positively
skewed stable processes, H"(t) = H?(t) + (ZA)% HY(t), t > 0, (H?, HY, independent
stable subordinators). As special cases forn =1, v = % and B =1, we examine the
telegraph process T at Brownian time B ([14]) and establish the equality in distribution

B(CZ,C%(I)) la=w T (|B(t)]), t > 0. Furthermore the iterated Brownian motion ([2])

and the two-dimensional motion at finite velocity with a random time are investigated.
For all these processes, we present their counterparts as Brownian motion at delayed
stable-distributed time.

Keywords Riemann-Liouville fractional calculus; Telegraph processes; Stable pos-
itively skewed r.v.’s; Subordinators; Fractional Laplacian; Mittag-Leffler functions;
Time-changed processes; Airy functions.

Mathematics Subject Classification 60G51; 60G52; 35C05.

1. Introduction and Preliminaries

1.1. Introduction

The study of the interplay between fractional equations and stochastic processes has began
in the middle of the 1980s with the analysis of simple time-fractional diffusion equations
(see [10] for a rigorous work on this field, or more recently [1], where the compositions
of Brownian sheets with Brownian motions are considered, and for a non-Euclidean coun-
terpart see [7]). In some articles, the connection between fractional diffusion equations
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1010 D’Ovidio et al.
and stable processes is explored (see, e.g., [17, 21]). The iterated Brownian motion has
distribution satisfying the following fractional equation

2

a 2

u(x t) = —u(x,t), xeR,t>0, (1.1)

(see, e.g., [2]) and also the fourth-order equation

4 2

—u(x, )+2J_d2

see [6] (also for an interpretation of the iterated Brownian motion to model the motion of
a gas in a crack).

When the fractional equation has a telegraph structure, with more than one time-
fractional derivative involved, that is for v € (0, 1]

iu(x t) =

a1 33 9.t (x), xeR,t >0, (1.2)

821) v 5 82 R
<8t2" + 2A8tv> ulx,t) = c ﬁu(x, 1), xeRt>0,A>0,c>0, (1.3)
the relationship of its solution with the time-changed telegraph process is examined and
established in Orsingher and Beghin [14]. The space-fractional telegraph equation (with
M. Riesz space derivatives) has been considered in Orsingher and Zhao [15], while the
connection between space-fractional equations and asymmetric stable processes has been
established in Feller [8].

Fractional telegraph equations from the analytic point of view have been studied by
many authors (see [19] for equations with n time derivatives). For their solutions have
been worked out also numerical techniques (see, e.g., [13]). Telegraph equations have an
extraordinary importance in electrodynamics (the scalar Maxwell equations are of this
type), in the theory of damped vibrations and in probability because they are connected
with finite velocity random motions.

In this article, we consider various types of processes obtained by composing symmetric
stable processes Sﬁﬁ (),t > 0,0 < B <1, with the inverse of the sum of two independent
stable subordinators, say L"(¢),t > 0,0 < v < % These time-changed processes, W, (t) =
S,%ﬂ (c2L¥(1)), t > 0, have distributions, w’f (x,1), x € R", r > 0, which satisfy telegraph-
type space-time fractional equations of the form

CaZv Cav
(W + 22— ) wl(x,0) = = (A wl(x,1),  xeR.1>01>0, (14

where0 < 8 <1,0<v <3 subject to the initial condition
wf (x,0) = §(x). (1.5)

The fractional Laplacian (—A)?, appearing in (1.4), is defined and analyzed in Section 3
below. The fractional derivatives appearing in (1.4) are meant in the Dzherbashyan-Caputo
sense, that is,

Cqv 1 t %f(s)
a0 = T(m—v)Jy @ —sypt-m

ds, m—1l<v<mmeN, (1.6)

for a function f € AC™ that is the space of functions with continuous derivatives up
to the (m — 1)-th order and having Lebesgue summable m-th order derivative (see
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[12, p. 90]). Equation (1.4) includes, as particular cases, all fractional equations stud-
ied so far (including diffusion equations) and also the main equations of mathematical
physics in the limit. Thus, the distribution of the composed process S.? (LY(1)), t > 0, rep-
resents the fundamental solution of the most general n-dimensional time-space fractional
telegraph equation. We give the general Fourier transform of the solution to (1.4) with
initial condition (1.5) as

Reié-St (L)

1 A ) A v
:E 1+— Ev,](l"ll‘)%— l— — Eu,l(er) s
A2 — 2 ||g|1% A2 — 2 ||E|1
(1.7)
where
ro= kb2 = JEI = —a— A=) (1.8)
and,

o0 xk
Eyy(x) = gm v, >0, (1.9)

is the two-parameters Mittag-Leffler function (see, e.g., [11] for a general overview on the
Mittag-Leffler functions). Our analysis, therefore, includes all previous results in a unique
framework and sheds an additional insight into the literature in this field.

An important role in our analysis is played by the time change based on the process
LV(t), t > 0. We consider first the sum of two independent positively skewed stable r.v.’s
H?(t)and HY(t),t > 0,0 <v < 1,

H'(1) = HP(t)+ Q1) HY(t),  t>0, (1.10)

whose distribution £, (x, t) is governed by the space fractional equation

821) v

2\
ax2v + axV

(1.11)

N =

%@(x,t):—( )ﬁu(x,t), x>0,t>00<v<

In (1.11), the fractional derivatives must be meant in the Riemann-Liouville sense which,
for a function f € AC™, is defined as

d’ 1 an / £(s)

a0’ T T Swa )y o sy

ds, m—1<v<mmeN. (1.12)
We then take the inverse L"(¢), t > 0, to the process H"(¢), t > 0, defined as
£U(1) = inf{s >0 H(s) + (0)F HY(s) > r}, >0, (1.13)

whose distribution is related to that of H"(¢), t > 0, by means of the formula

Pr{l"(t) < x} = Pr{H"(x) > t}. (1.14)
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The distribution 4,(x, t) of L"(¢),t > 0, satisfies the time-fractional telegraph-type equation

[\

0% a” 0] 1
<8t2" +2A8t”) L(x,t) = —a[u(x, t), x>0,t>0,0<v=<—-, (115)

where the fractional derivatives appearing in (1.15) are again in the Riemann-Liouville

sense. We are able to give explicit forms of the Laplace transforms of #,(x, t) and £4,(x, t)

in terms of Mittag-Leffler functions for all values of 0 < v < % For example, for the

distribution £,(x, t) of £'(¢) we have that, for y < A2,

/ e " [(x,t)dx

0
1 A A

=—(|l+—— | Ea(nt") +|1 — —— | E,1(r2t") |, (1.16)
2 [( Vﬁ) ( Vﬁ) ]

o= A+ VA2 =y, o= A=Ay (1.17)

The distribution 4,(x, t) of L"(¢), t > 0, has the general form

where

t

t
L(x,t) = / by (x,8) h,(t —s,2kx)ds+2k/ 1,2Ax,8) hy, (t —s,x) ds, (1.18)
0 0

where the distributions of H2”, H", and that of their inverse processes L’ and L" appear.
For our analysis it is relevant to obtain the distributions of H: (1),t >0, and E%(t), t > 0.
We also obtain explicitely the distributions of H %(t) and H %(;), t > 0, and also of their
inverses L%(t) and L§(t), t > 0, in terms of Airy functions. By means of the convolutions
of1 these distributions we arrive at the following cumbersome density of the random time
L3i@),t >0,

20 ! o0 22 2\
Pr {L%(t) €dx} = —/ ds/ dwe"w A | —x]—L | Ai (22
v Jo 0 3(t —5)? /3s

2 (2. 574 1.19
f 3(t—s)2[$+t—s] - (1.19)

Forn =1, = 1and v = 1 in (1.4), we get the telegraph equation, which is satisfied
by the distribution of the one-dimensional telegraph process

T@t) = V(O)/ (=DHV® gs, t>0, (1.20)
0

where N(¢),t > 0is an homogeneous Poisson process, with parameter A > 0, independent
from the symmetric r.v. V(0) (with values %=c). Properties of this process (including first-
passage time distributions) are studied in Foong and Kanno [9] and a telegraph process
with random velocities has been recently considered by Stadje and Zacks [20].
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Forn=1,=1andv = % the special equation

1 2
L4 Y wiix, ) = AL wl(x, 1), xeR,t >0,
ar arr ) 3 ot 5

wll(x, 0) = §(x),

(1.21)

has solution coinciding with the distribution of 7 (| B(¢)|), t > 0, where |B(¢)|,t > 0, is a
reflecting Brownian motion independent from 7 (see [14]). For A — oo, ¢ — 00, in such
a way that % — 1 the fractional diffusion equation (1.1) is obtained from (1.21) and the
composition T (|B(t)|), t > 0, converges in distribution to the iterated Brownian motion.
Our result, specialized to this particular case gives the following unexpected equality in

distribution
T(B®)) ¥ B (czz%(t)), t>0. (1.22)

where

S

Pr{B (2L'(1)) € dx) = *dx L a2 (5 1) as. 123
et Jo /st —5) 2(t —s)

and
Pr{T (|B(t)|) € dx} = /ooPr{T(s) edx} Pr{|B(t)| € ds}. (1.24)
0

The absolutely continuous component of the distribution of the telegraph process 7'(¢),
t > 0, reads

—At

Pr{T(t) € dx} = dxzec {,\ I (L/&ﬂ — x2> w90 (%\/cm — x2>} . (1.25)

c ot

where |x| < ct,t > 0, ¢ > 0, and

2% ]

Ihx) = Y (%) o (1.26)

k=0

For n =2, B =1 and v = 1, Equation (1.4) coincides with that of damped planar
vibrations (we call it planar telegraph equation) and governs the vertical oscillations of thin
deformable structures. The solution to

(fr+ 228 ) ryon = & (4 4 ) reyan. 2402 <2050,
r(x,y,0) = d(x, y), (1.27)
rl(-x9 yso) = 07
corresponds to the distribution r(x, y, tr) of the vector T'(t) = (X(¢), Y (¢)) related to a
planar motion described in Orsingher and De Gregorio [16]. This random motion T (¢),
t > 0, is performed at finite velocity ¢, possesses sample paths composed by segments

whose orientation is uniform in [0, 27r), and with changes of direction at Poisson times.
The distribution r(x, y, t) of T(¢), ¢ > 0, is concentrated inside a circle C,; of radius ct and
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has an absolutely continuous component which reads

N e MTENr=(x24y?)
V(X,y,t) = ~__ ’ (x3y)ecctat>o‘ (128)
2mc [.2p0 _ (x2 + y?)

If no Poisson event occurs, the moving particle reaches the boundary dC., of C. with
probability e*'. The vector process T'(¢), t > 0, taken at a random time represented by a
reflecting Brownian motion, | B(¢)|, has distribution

q(x,y,t)dxdy = /ooPr{X(s) €dx,Y(s) € dy} Pr{|B(t)| € ds} (1.29)
0

which satisfies the fractional equation

9 + 2A i ( t) = 2 i + o ( t) ( )GR2 t > 0. (1.30)
—_— —_— x’ s = C JEN— RN _x’ s s x’ s > . .
ot Bt% 1 Y dx? 8y2 i Y Y

However, the distribution of Bz(czﬁé(t)), t > 0, does not coincide with (1.29) (B, is a
two-dimensional Brownian motion). In this case the role of T'(¢), t > 0, in (1.22) is here
played by a process which is a slight modification of T'(¢), t > 0. We take the planar process
with law

, x2+y2<c2t2,t>0,

t(x,y, 1) =

2mc 212 — (x2 432
(1.31)
which also solves Equation (1.27). The process with distribution
o0 192
qx, y, 1) =/ t(x, y,5) [ Pr{|B(t)| € ds} + ——— Pr{|B(t)| € ds}
0 2) 9t
o0 0
= / <t(x, ys 8)+ ooe(x, y, S)> Pr{|B(1)| € ds}, (1.32)
0 N

has the same law of a planar Brownian motion at the time L%(t), t > 0. The process
(), t > 0, possessing distribution (1.31) is obtained from T'(¢), t > 0, by disregarding
displacements started off by even-order Poisson events.

1.2. Notations
For the reader convenience we list below the main notations used throughout the article.

o SP0)=(SP(1), S (0), ... (1), t >0, 0<B <1, neN is a isotropic stable
n-dimensional process with law vg (x, 1), x ¢ R", ¢ > 0.

e HY(t),t > 0,0 < v < 1, is a totally positively-skewed stable process (stable subordina-
tor), with law A, (x,t), x > 0, ¢t > 0.

e L"(t),t > 0,is the inverse of H"(¢),t > 0, and has law ,(x, ), x > 0,1 > 0.

o H"(t) = H12“(t)+(2)n)% Hy(t),t > 0,is the sum of two independent stable subordinators
and has law £,(x,1),x > 0,¢ > 0.

e LV(t), t > 0, is the inverse of H"(¢), t > 0 and possesses distribution £,(x, ), x > 0,
t > 0.
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e T(t),t > 0, is a telegraph process with parameters ¢ > 0 and A > 0 and law pr(x, t),
—ct <x <ct,t > 0.

o W, (1) = (ALY (1)), t > 0, has law wf (x,1), x € R", 1 > 0.

o W()=T(|B®)|),t > 0, has distribution w(x, 1), x € R, 1 > 0.

e T(t),t > 0, is the planar process with inﬁnite directions, parameters ¢, A > 0 and law
r(x,y,t), (x, y)eCL,—{(x y)e]R2 x2 +y < 2t } t > 0.

e X(t), t > 0, is the planar process with infinite directions, parameters c, A > 0 and law
t(x, y,t), (x,y) € Cy = {(x, y) € R2:x2 4+ y2 < cztz}, t > 0, constructed by disre-
gading displacements started off only by even-labelled Poisson events.

° Q(t) =T (|B(®)]),t > 0,haslaw g(x, y, 1), (x,y) e R%, ¢t > 0.

e By f we denote the Laplace transform of the function f and by f we denote its Fourier
transform.

1.3. Preliminaries

Let us consider a stable process S'(¢),t > 0,0 < v < 2, v # 1, with characteristic function

EeisS' ) — e—alél"z(l—iOSign(S) tan %X (1.33)

where 6 € [—1, 1] is the skewness parameter and

o = cos . (1.34)
2
For 6 = 1 the distribution corresponding to (1.33) is totally positively skewed and for
6 = —1 is totally negatively skewed. The stable process with stationary and independent
increments, totally positively skewed will be denoted as H"(¢), t > 0. We note that the
density h,(x, t), of H"(¢), is zero at x = 0 as the following calculation shows

L[~ 1 R
h,(0,1) = 2_/ EeisH'® d¢ = P t(1—i tanT)dé
T J-c0 27[
= L -fw —o|&|"t(1—i tan )dg +/ e olEl 1(1+4i tan 2 )d%':|
2 LJo .

— L /00 e—\é\”fefwT”dé: + /oo e—lél”te“?”dgj|
2 0 0
1 © %71 in © %71 1 in
= — / et (E) e2dz +/ et (E) —e_Zdz:|
2 LJo t 0 t t

cos g [ . -11
= = —d = 0. 1.35
e (5 e (135

The positively skewed stable r.v. H"(¢) has x-Laplace transform

Iy (u,t) = Ee #H' 0 = g=t1" 0<v<l, (1.36)

and, therefore, Fourier transform

Iy (6. 1) = Ee/$H'0 = E(e’(’iE)H"(’)) S ()

— eft\é\"cos z(1- ls1gn(s)mn ] (1.37)
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This shows once again that the skeweness parameter is 6 = 1.
The probability law A, (x, t), of H"(t), t > 0, solves the problem

0 2"
— 4+ —)h(x,t) =0, x>0,t>00<v <1,
ar  dxV

h,(0,1) = 0,
hy(x,0) = 8(x).

(1.38)

By taking the x-Laplace transform of the Riemann-Liouville fractional derivative appearing
in (1.38) we have that

E[ " b(x, l)] (1) = / e hy(x, 1) dx
axV 0 axV

. L d [ G

_/o " [F(l—v)dx/o <x—z>”dz}dx

o d h(x D) 1,0, 1)

/(, ¢ [r(l—u)/ dz+r(1—u)xV}dx

h,(0, ¢ ®dz ™ d
= # e_’“‘xl_"_1 dx + ——— / 4 / dxe ™ —h,(x —z,1)
ra—wl F(l—v) 0 2 . dx

= h, (0, Hu" " + ; /OO e Mz7Vdz /ooe_‘”ih‘,(x, t)dx
ra-v)Jo 0 dx

= n,(0, Hp' ' + |:/ e " h,(x, t)dx:| n
0

1y 0,0) = Wi, (1) (1.39)

1—v

Therefore,
9 By (e, t) + wWhy (u, 1) = 0 0,t>0
~ Ity ) v ) = 3 > ) > )
g v D AR H (1.40)
h, (n,0) =1,
so that
By, 1) = e (1.41)

In other words the density of a positively skewed stable r.v. solves the space-fractional

problem (1.38).
We will also deal with the inverse process of H"(¢), t > 0, say L"(¢), t > 0, for which
Pr{H"(x) >t} = Pr{L"(t) < x}, x>0,t>0. (1.42)

Such a process has non-negative, nonstationary and nonindependent increments. Furthe-
more we recall that the law [, (x, t) of L"(¢), can be written as

1
L) = SWon(=5). xz0.0>0, (1.43)
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where

oo k

X
Wop(x) = Y o, R.a>—1,beC, 1.44
() ;k!r(akw) remaz © (1.44)

is the Wright function, and has Laplace transform

~ o o0 1 X v
I, w) = / e M (x, Dt = / MW, (——) dt = e, (1.45)
0 0 Y Y

2. Sum of Stable Subordinators, H"(¢) = H>(¢) + (21)+ H} (t)

For the construction of the vector process W, (1) = S,%’g (c2L¥(1)), t > 0, whose distribution
is driven by the general space-time fractional telegraph equation (1.4), we need the sum
H"(¢), t > 0, of two independent positively skewed processes. The second step consists in
constructing the process L(¢), t > 0, inverse to H"(t), t > 0. We now start by considering
the following sum

H'(t) = HP () + Q1) HY(), t>0,0<v<

! 2.1
<>, @1

with H 12”, Hy, independent, positively skewed, stable random variables, A > 0. The distri-
bution of H"(¢) can be written as

i (x, 1) = / How (v, ) (x — v, 200) dy. (22)
0

Taking the double Laplace transform of (2.2), with respect to ¢ and x, we get

fo (o) = / ot / eV hy(x. tydx d = f =2 gy
0 0 0
1

1 1 1
_y2v+2)”yu+lu:[VU_VZ_VV—Vl]Vz—Fl 3)

where, for 0 < u < A2,

{rl _ _A_F_M’ 24
r = =i+ A2 — . ’

By means of formula

*° 1
/ eV x By (nx%) dx = , (2.5)
0 ye—n
where E, ,(z) is the Mittag-Leffler function defined in (1.9), we can invert the x-Laplace
transform in (2.3) obtaining, for u < A2,

/Z,(x,u): \/H)XV) —-E,, ((—k— kz—u>x”)]

xvfl [
2 [n (e
222 —
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= 2\/% |:—A+ 1)@ _M%EU.I ((—A+m>xu)

_ﬁ%&,,l ((—A — VA2 - u) x"):| : (2.6)

Formula (2.6) gives the explicit form of the z-Laplace transform of 4,(x, t) in terms of
Mittag-Leffler functions. In view of formula

—A%tx v—1

sinry [ e X
E,{(=xt") = dx, 0 1, 2.7
v ( ) T / x2V 4+ 14 2xVcosmv * =v= .7

we have that

1

00 e—x_v(k—«/)@—//,) v—1

ylsinwvdy

~ 1 1 ol
hy (x, ) = —/
* 202 —p | =4+ /A2 —pdx Jo n(y2V+1+2y”cosnv)

1

1 0 /‘°° e_xy(M Viron) ylsinmvdy
0

7 (y? 4+ 14 2y cos )

_|_—_
A+ /A2 — p0x

b dy y'sinmv 1 ( 51
- PR/
/0 7 ( [ M)

¥+ 142y cosv) 2,/A2 —

P VO (A + M) - exy(H«/ﬂ)L]

(—72)%71 eiXﬂU(irZ)% - (_71)571 e"ﬂ"(rl)‘]’]}

=]

1 1
1 P —xU(=r)V —xU(=r)v
- ) [e _¢ , (2.8)

ry —ry 0x r Ty
where U is the Lamperti distribution with density

Pr{U" edu}  sinmv u!
du T o7 14?4 2ucosmy’

u>0, 2.9
and represents the law of the ratio of two independent stable r.v.’s of the same order v.

Theorem 2.1. The law h,(x, t) of the process H"(t) = le"(t) + (2)»)% H; (1) solves the
fractional problem

2v v

0 0 0 1
—h (x, 1) = — | — + 22— ) Ay(x, 1), x>0,t>00<v<—,
Jt axV

ax2v
h,(0,1) = 0,
hy(x,0) = 8(x).

(2.10)



Space-Time Fractional Telegraph Equations 1019

The fractional derivatives appearing in (2.10) are intended in the Riemann-Liouville sense.
Proof. By considering (1.37), we have that the Fourier transform of 4, (x, ) is written as

ﬁv(s 1 = ReiH' 0 _ EeiE[qu(t)+(2)\)%Hv(,)] _ EeiEHZU(I)eiEHVOM)
— o 11EPY cosmu(1—i SIZN(E) tan v)~211 €| cos % (1—i SIZN(E) tan %

e (e Signm)z”_zm(\sw”T’Signm)”

, (2.11)
and, thus,
0 ~ ir 2v i Qi v
SR = [— (1g1e7 % siEn@) ™ — 23 (jg] =% sien®) }
t
_ir Signe)\ _izSigne))”
xe*’('éle N (e @) (2.12)
In view of the relationship
Ele 5 SIENO = _jg (2.13)
we have that formula (2.12) can be rewritten as
D~ o e ey
o (€. 1) = [~ (g = 2 (mif)"] e I (2.14)
In (1.39), we have shown that
v 00 . v i~
L Whv (x, )| (u) = e 8xvhu(x,t)dx = u'h,(u,1) (2.15)
0

and, thus, for a sufficiently good function f we have the following Fourier transform

av [ee] . av R
F [3 J(x)} ) = f "I f(x)dx = (—i£)" T (E). (2.16)
X 0 ax

In view of (2.16), we have that the Fourier transform of the right-hand side of the equation
(2.10), equipped with the boundary conditions, is written as

821) oY
_F |:—ﬁu(x,t) + 21 U/iu(x,t)} &) =

dx2 0x
oo ) 821) e8] ) 9
= —/ e Y f (x, 1) dx — ZA/ e TIY —_f (x, 1) dx
0 8x2” 0 axV

= — (=i + 20 (—i€)") by (&, 1)

(€ e % Sig“‘f’)z'!zxt(\s\g-%sign@)"

= — ((—i&)* + 21 (=iE)")

= — (i) + 21 (—i)) /IO 2HiE) (2.17)
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which coincides with formula (2.14). This is tantamount to saying that the Fourier transform
f, (£, t) is the solution to

2h(E, 1) = — (=i +20(—i8)") By (€, 1), & €R1>0,
Ay (£,0) = 1,

and this completes the proof. (I

(2.18)

2.1. The Inverse Process L*(t)
Let £V(t), t > 0, be the inverse process of H"(¢), t > 0, as defined in (1.13) for which

Pr{l’() <x} = Pr{H"(x) > 1}, x,t >0, (2.19)

and let 4,(x, t) be the law of L"(¢), t > 0. We have the following result.

Theorem 2.2. The law [,(x,t) of the process L'(t), t > 0, solves the time-fractional
boundary-initial problem

8211 v )
<W +2)\%> Lx,t) = =L6x,0),  x>0,1>00<v <7,
b(x,0) = 8(x),

2v

L0, 1) = F(T—Zv) + 22 I‘(tli—v)’

(2.20)

and has x-Laplace transform which reads, for 0 < y < A2,

~ 1 A ; A v
Ly, t) = 5 |:<1 + Az——y> E,;(rt")+ <1 - kz——y) E, 1 (rt )j| , (2.21)

where

ry = —)\.—I-\/)\.Z— s rp = —A— )\2—)/ (222)

The fractional derivatives appearing in (2.20) are intended in the Riemann-Liouville sense.

Proof.  We first show that the analytical solution to the problem (2.20) has double Laplace
transform £, (y, u) written as

2v—1 v—1
~ 7 +2Ap
Ly.w) = ——— - (2.23)
w2 4220’ +y
By taking the #-Laplace transform of the equation in (2.20) we have that
207 VT d ~
WL O, ) + 24176 (x, p) = —a[u(x,u)- (2.24)

By taking into account the boundary condition and performing the x-Laplace transform of
(2.24) we have that

W +22) Lo = DO~y L) (2.25)
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Now, by considering the boundary condition, we get that

~ . » B 50 o t—2v v
[v(o,u)zfo dt e £, (0, 1) —/0 dre’” [r(l—zu)+”r(1_v>]

=p> ot (2.26)

and, thus,

2v—1 v—1
7 + 2A 1
)= S (2.27)
w4+ 2au’ +y

=
<

Now we show that the double Laplace transform of the law £, (x, f) coincides with (2.23).
‘We first recall that

o0
Ay(, x) = / dt e M hy(t, x) = BEe "M@ — e #H" Ol 200
0

= Jzy (i, X) Ty (, 20x) = T2 x5, (2.28)

where we used result (1.36). By considering the construction of the process L"(¢), t > 0,
as the inverse process of H"(¢), t > 0, as stated in (2.19), we get

L(x, 1) = W = —% PriH"(x) <t} = —%/ A,(s, x)ds. (2.29)
0

In view of (2.29), the double Laplace transform of £,(x, t) can be obtained observing that

/oodxe y"/ dte ™ |:——/ Ay (s, x)dsi|

0

—/ dxe” x—/. dte_‘”/ hy (s, x)ds
0

1 OO yx 1 —yXx 0 —xu® =2xxp”
—— dxe™” ﬁ.)(x n = —— dxe VX[ —e™*H ©
mJo m Jo 0x

sz_l +2)LM1)—I
u2 +2au +y

Z(y, ")

_ (M2v—l +2)Lluv—l)/ dx e—yx—x;ﬂ“—ﬂxu" — . (2.30)
0

which coincides with (2.23). Now we pass to the derivation of the x-Laplace transform of
L, (x, t). We can write

~ sz—l + 2)\.[1,‘}_1 'uv—l Mv—l sz—l
4 (y’ ,LL) = T v = v v o v v
U+ 2001 +y w—ry w—ry (W —rp)u’ —r)
v—1 v—1 v—(1-v) v—(1—v) 1
o r [“ _H } . (231
W' —=ri U —r w'—rr o p=ra 23—y
where

r =—)»+\/)\.2— , r2=—)x— )»2—)/ (232)
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Now we need the following results

o] ,uv—l
/ e_’”qul (le‘v) dt = s j=1, 2,
0 W =
o) IJ/val
/ e MUITNE, Ly (rt?) dt = . (2.33)
0 W =,
Therefore,
~ t—\)
g) (7/7 t) - Ev,l (rltv) + Ev,l (rZZU) - T [EV’I*V (rltv) - Ev,lfv (FZIU)] . (234)
-V
Since
Eoroo (@) = 2By () + — (2.35)
v1-v (&) = ZL£,1(Z F(l—v) .

we have that

—V

Ly.0y=Epi (nt") + Eyy (rat”) — 5 [r1t"Epy (rit") = rat"E, 1 (rat”)]

)LZ

-Y
A=y A+ AI—y
-2 Y e )+ (1= T B o
( zm ) ,|(r1t) ( Zm ) ,](}’21‘)

1 A , A )
— E [<1+—m> Eu,l(}’ll )+(1_\/)L2—j> Eu,l (r2t ):|, (236)

which coincides with (2.21).
Now we check that the Laplace transform (2.36) solves the fractional equation

aZv 9 ~ ~
<— +2}”W) Ly, ==y Ly, )+ 40,1

912
N —2v v
=—vL{y,t+ T 20 + ZAF T (2.37)
which is the x-Laplace transform of the equation appearing in (2.20). Since
2 2 Ch2v _
ST = T = G kD) (2.38)
9 ~ v Caqv _
v Ly, 1) — Ta—v ~ o Ly, 1) (2.39)
we, therefore, need to show that
Ca2v Cav\ ~ ~
( 2 aﬂ)fv(y,o = —vh.0. (2.40)
In light of
Cav
—E, (rjt”) = riEy, (rjt”), j=1,2, (2.41)

atrv
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CaZu ; 5 vy
v Eua (1) = 1] Ev (rjt") + m (2.42)

we are able to show that (2.21) solves (2.37). We first check result (2.42) as follows, for
O0<2v<l1

C32v

k Cq2v
rt P
j

or2v Ey (rjtu) =

—
T (vk + 1) 912

vk

t

J vk tsuk—l (t — ) ds
Twk+ DT —2v)Jy

e 1M

»
Il

T

Cwk) T'(A—-2v) Jy

k tvk—2v 1 1

M 11

Sukfl (1 _ S)172v71 ds

rjf tvk—Zv k+l tuk v

r'wk—-2v+1) kX: Fr'vk—v+1

4V = (rjtv)k 1
=it [;F(Uk—v+l)+1"(l—v):|

~
Il
=

tVr
= rjz Ev,l (rjt ) m (2.43)
Therefore,
C82V+2)\C8V 7( t)
a2 ar )

_1 1 o CB_ZUE (r11") 1 A CB_ZUE (r21")
=5 + Tz—y 720 v ritt) + - Tz—y 720 vl r
+2)»1 l—l—; Cav (rit”) + . Cav (rat")
2 /ﬁ 8‘) ul 1 /;)\, 8” vl 2
_l A P v t“’rl
_2|:<1+—)L2_y)(r1E,,1(r1t)+—F(1_U))
T P <2E (t”)+i)
N2y 2 Bv1in rda—v)
-|-2)»l 1+L (rEvy (nt")) + 1—L rnE, 1 (rt")
) m 1£y,1 (1 m 2Ly,1 (12

1 A v )\'

X E, 1 (rt”) (ry + 2)»)]
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yA+JAZ—y VAZ—y —A

=220 V% T p (") —
2y Ty

=-y |:l |:(1+L> E,;(rit" )+(1 )Eu,1(f”21v):|:|
2 22—y

=—vhL(.0. (2.44)

E, 1 (rat")

l\)|‘<

In the last steps we used the fact that

1+ A rt v I 1 A ryt v -0 (245)
/iZ—y ) T(—v) /MZ—y)Td—-v) 7 ‘
and
ri+21 = —ry, r+2L = —ry, rirp = y. (2.46D)

Remark 2.1. The derivation of result (2.21) suggests an alternative proof for the Fourier
transform (Theorem 2.2 in [14]) of the law of the time-fractional telegraph process.

Remark 2.2. From (2.31), we get the time Laplace transform of £(x,?), for x > 0,
,u>0,0<v<%,as
Z(x, W) = M2v—le—xu2“e—2kxu" + 2A’Mu—le—2)»xu“e—xuz“' (247)

Since (see formulas (1.43) and (1.45))
~ o 1 X v
Fx, ) = /0 Wi (_7) dt = e (2.48)
and (see formula (1.41))
~ o0 v
hy(u,t) = f e M h,(x,t)dx = e ", (2.49)
0

we are able to invert (2.47) and we obtain the explicit distribution of the process L£"(¢),
t > 0, which reads
L) = Pr{L"(t) € dx}
dx
t t
= / by (x,8) hy(t —s,2\x)ds + 2Af 1,2Ax,8) hy, (t — s,x) ds
0 0

t
1
=/ — W 1- 2v( V) hy(t —s,2Ax)ds
0 2

S2v

1 2Ax
+2k/ W_oiw | = ) hay (t — 5, x) ds. (2.50)
0 sV sV

The densities &, and k3, can be written down in terms of series expansion of stable laws
(see, [17, p. 245]).
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3. n-Dimensional Stable Laws and Fractional Laplacian

Let

20 = (770, @, SP), 10,801, (3.1
be the isotropic stable n-dimensional process with joint characteristic function

o~ o~ 28
2 2 e, 2B —t{JEX+ 2+m+3
vnﬁ (E’ t) = v"ﬁ (Elv EZa Y En, t) = Ee’f S (1) = e ( él éz § )

= 11817, (3.2)

The density corresponding to the characteristic function v? (&, 1) is given by

f o6 % 11 g (3.3)
Rn

2B a2 —
vn (xvt) - vnﬁ (-xla-x27"'7-xl‘lat) - (27{)”

The equation governing the distribution v,z,’3 (x, t) of the vector process S,%ﬁ (t),t > 0,1is

)
(E + (—A)’S> vl (x,) =0, xeR'.r>0, G4

where the fractional negative Laplacian is related to the classical Laplacian by means of
the following relationships (Bochner representation, see, e.g., [3, 5])

) o . o0 [e'e]
smnﬁ/ DOF T A A = SIHJT,B/ 281 </ e—w(A—A)dw) Adx
0 b 0 0

T

_ sinm F(ﬂ)/ w! TP VA Jp = / w! =P 1o~ ED A dw
T 0 ra—-pJo

=—(=A)*. (3.5)

A definition of the fractional negative Laplacian can be given in the space of the Fourier
transforms as follows

— (=AY u(x) = —

G e E g ) @ a5 GO

where
Dom(-8 = fue Liog (%) : [ @EF (1+1617) dg <oo]. G

An equivalent alternative definition of the n-dimensional fractional Laplacian is

u(x) —u(y)
(=AY u(x) = c(ﬂ,n)P.V./ Ay (3.8)
R [le =yl
where the multiplicative constant c¢(8, n) must be evaluated in such a way that
/ 5 (=AY u(x)dx = ||g||2ﬁ/ e u(x)dx. (3.9)
n Rn
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Let us focus our attention on the one-dimensional case of (3.8). In this case, we have that,
for0 <28 < 1,

92 B B
(_W> u(x) = c(p. l)P.V./R%dy

lx —
B ) =€ u(x) —u(x — z) © ux) —u(x — z)
=c(B, 1) ehir(l) I:/_OO |z|1+26 dz+f0+e |z|1+28 dz]
, ® u(x) — u(x + z) ©u(x) —ulx —z)

_ra-2p) 1 i * u(z)dz _ * u(z)dz
28 <7 D[F(l—zﬂ)dx (/oo (x —2)? / (z—x)zf’)}’(m)

where in the intermediate steps, we considered the relation between the Marchaud and the
Weyl fractional derivatives. By setting

B ) = et

(1—-28) cosBr’

(3.11)
we have that, for0 < 28 < 1,
82 B
() w0
1 [ 1 ifx u(@)dz 1 i/oo M(Z)dZ:|
T 2cosBr [T(A—=2B)dx | oo (x—2) T(A-28)dx ), (z—=x)*

_ 1 1 d /00 u(z) ¥
 2cosBr (1 —2B)dx J_o |x — 2|28 ©= 9|x |28

u(x), (3.12)

32h .
where 5707 represents the Riesz operator.

Remark 3.1. We notice that, for 0 < 28 < 1,

& = 2B T 3.13
f[mu(x)} &) = —E17Pu). (3.13)

This is due to the calculation

9%
F [—3IXI2"‘ M(X)] &)

e T U )
T 2cosBr T (1-28) | ) dx J_o (x =2 dx J, (z—x)*
i LT /‘” itx ( / u(z) dz /°° u(z) dz )}
— dxe —
2cos fr T (1 —28) | ) e x =2 ), (z—x)*
i 1 [ °°d ) 0 ifX gx T e dyx
~ 2cos B I (1 —28) _/_oo zutz (/Z x -2 /_oo (z — x)P )}

it 1 r poo - 00 Hiky 00 ,—ify
2cos fr T (1 — 2) f_of ue) Z(/o yr /o V2P yﬂ
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2§ 1 ® e ©sinéy
_ Siu()d d
2cos B T (1 — 28) /_oce “(z) Z/o [

=— § ! ) /w /00 singy e w? ! dw dy
cosBr I'(1 =2B8) T'(2B) Jo Jo
= — § ! u(€) c>odw w1 /Oody e ™ <—Eiéy —'e‘ify>
cosBr T (1—28) T (28) Jo ) 2i
52 1 ﬁ(%-) 00 w2ﬂ—l
= — w—-
cosBr T'(1—-28) T (2B) Jo w? + £2
I 1 uE % e /oo dy =Y E)
cosBr '(1—-28) T'2B) Jo 0
£ I @) T®Tra—p)

= —|&1* u). (3.14)

" 2cosBrn T (1—28) T (2B)  |€|>2F

This concludes the proof of (3.13).

4. Space-Time Fractional Telegraph Equation
We consider now the composition of an isotropic vector of stable processes Sﬁ’s (t),t >0,
defined in (3.1), with the positively-valued process, defined in (2.19),

LY(1) = inf {s >0:H(s) = H™(s)+ QM) HY(s) > t} . 1>0, (@D

where H 12", H, are independent positively skewed stable processes of order 2v and v,
respectively. The distribution w? (x, 1) of the process S;” (PLY@)), t >0, B €(0,1], is
the fundamental solution to the space-time fractional telegraph equation

CaZv Cav
(aﬂv + 22 Py ) wh (x,1) = =2 (=A)F wh(x,1), xeR >0 (42

In our view, the next theorem generalizes some previous results because we here have
fractionality in space and time and the equation (4.2) is defined in R”".

Theorem 4.1. For v € (O, %] and B € (0, 1] the solution to the Cauchy problem for the
space-time fractional n-dimensional telegraph equation

(S +28)wf@.n = AV wf @),  xeR,1>0 @3
wf (x,0) = §(x),
coincides with the probability law of the vector process
W) = SiF (PL°®), t>0, (4.4)

and has Fourier transform which reads

Wl (€. 1)
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1 A )
=5 | |1+ == B (n")
VA2 =2 g%
)\' v
+|l - ————= | E.i(nt") |, (4.5)
A2 —c2 &)1

where

ro= A+ A2 = lEIP, = A= A2 IEN. (4.6)

The time derivatives appearing in (4.3) must be meant in the Dzherbashyan-Caputo sense.
The fractional Laplacian is defined in (3.6).

Proof. By taking the Laplace transform of (4.3) we have
2l (e, ) =271 800 422 [ wl (v, ) =780 | = = (=8 wll (v, ), @47)

where we used the fact that (see [12] page 98, Lemma 2.24)

Cqv ~
g[ afv wh (m)} = p'wlee, w) — 1~ wlix, 0). (4.8)

Now the Fourier transform of (4.7) yields

(™ + 2" ) wh &, ) — (W + 22 7Y) = = EIPwl &), 49
and, thus,

MZU—I + 2)\'“1)—1

5
w\) (Ea /’L) = £
W+ 20 + 2 €I

n>0EecR. (4.10)

The probability density of the process W, (t), t > 0, defined in (4.4), can be written as

o0
wh (x,1) = / vg (x, c%s) 4 (s, 1) ds, 4.11)
0
and has Fourier transform equal to
4 a8
f e wh (x, 1) dx =f e I8 £ (s, 1) ds. (4.12)
" 0

In order to show that the Laplace transform of (4.12) concides with (4.10), we have to
derive the Laplace transform of £,(x, t), with respect to the time 7. Since

Pr{l'() <x} = Pr{H"(x) > 1} (4.13)

we have that

Z(x,,u) = /00 e“”i/OO Pr{H"(x) e ds} dt = /00 e M (—i/ ﬁv(s,x)ds) dt
0 0x t 0 Jx 0
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9 e —2hxp b v
_ - _ (MZU—I _I_Z)Luvfl) eI =2t 4.14)
x I

where we used result (2.28). Now we can complete the proof by taking the Laplace transform
of (4.12) so that, in view of (4.14), we obtain

/OO e Mdt /00 e~ SIEI? L(s,t)ds
0 0

= (' +2op"7) /oo o ICNEP =5 —2hsp” o p2 2!

,  (4.15)
0 1+ 200 + N

which coincides with (4.10). The unicity of Fourier-Laplace transform proves that the
claimed result holds. The proof that the Fourier transform of w’f (x, t) has the form (4.5)
can be carried out by means of the calculation performed in Theorem 2.2. We have that

fv/\g sz_l + 2)\/1,”_] Mv—l Mv—l M2v—l
wy (Ev I’L) = ) 2 2B = v + v - v v
w2+ 2aur + 2| €|l w—=ri w—=ry (W—=r)Wu —r)
v—1 v—1 v—(1—v) v—(1-v) 1
T . [“ K ] (4.16)
W =ry  u’=r W —=ry pt=r

232 =g

where

I Yl 1 e e Y [ (4.17)

and, thus, by inverting (4.16) by means of (2.33), we obtain result (4.5). An alternative
derivation of (4.5) can be carried out as follows

wl (&, 1) = /oo et /ooPr{Sﬁﬁ (c’s) € dx} Pr{L"(t) € ds)
—00 0
= / I b (291 € ds) = (4.5) (4.18)
0

because of Theorem 2.2. |

4.1. The Case v = %, Subordinator with Drift

The fractional equation (4.2), forn = 1, v = %, reads
9 o:) 2, 0
<§+2)\8t;)w%(x,t)=c PINE w%(x,t), 0<pB<l, 4.19)

where % is the Riesz operator defined in (3.12). For § = 1 we have the special case

9 Caz\ , 7
—t2o— | w0 = F—w &1 (4.20)
ot ot2 2 ax2 2
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dealt with in Orsingher and Beghin [14]. The construction of the composition related to
Equation (4.19) involves the subordinator

H) = t+ QA2 HE (),  t>0, 4.21)

where H %(t), t > 0, is a positively skewed stable process and has the same law as the
first-passage time of a Brownian motion through level \/Lz We note that H%(t), t > 0, has

distribution with support [z, 0o) and, thus, differs from H"(¢), t > 0, 0 < v < %, which
instead has support [0, 00). The distribution of (4.21) writes

x—t ﬁ
e t e %

Pr[H%(r) <x| = LT 4 xst>0. (4.22)
} 0 V22173
The inverse process
L£H) = inf{s s+ QM H(s) > z] = inf{s CH(s) > t} (4.23)
is related to (4.21) by means of the relationship
Pricio) <x} = pr{ric > Y et d (4.24)
T <xt =Pr X) >ty = ——dz. .
G V2V

From (4.24), we can extract the distributon of L3 (#), t > 0, in the following manner

2

Priciedx] 5 o oF

L=~ 1 _ 2 [ xX",
i( ) dx 0x (rz);;? Jarz3 ¢
D - @2 _@x?
A(r—x) 4(t—x)
= e + oS 0<ux<t. (4.25)

Var (t — x)? VAl —x)

Remark 4.1. The distribution (4.25) can be also obtained from the general case (2.50),
which for v = % becomes, for0 < x < t,

[%(x,t):/S(S—x)h%(t—s,Z)»x)ds—{—ﬂ»/ l%(ZAx,s)S(x—(t—s))ds
0 0

= hy (t — x,20x) + 241, (2Ax, 1 — X)

Dix e @2 _@w?
-0 FIrms)
- hxe + 20— (4.26)

Var (t — x)° VAt —x)

In the last step we used the fact that

law

L:(t) 'Y |B@)|, t>0, (4.27)

where L2 (1), t > 0, dealt with in Section 1.3, is the inverse of the totally positively skewed
stable process H%(t), t > 0.
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The #-Laplace transform of (4.25) becomes

HEND =/ e M fi(x, 1) dt

_@x? _@x?

o0

2ix [ e v e H-n
= — eM ———dt +2A e —— dt
V2 Ji 27 (t — x)3 x NV (t —x)
)2 2ix)?
2Ax /‘X’ e~ o0 T
= ——e ™ e M ——dt + ZAE_MX/ e M dt
V2 0 V273 0 Vot
= ¢ MV 4 0y H_% e M T PIVIE, (4.28)

Finally, the x-Laplace transform of (4.28) becomes

?Z(y, w) = / e v </ e M [é(x,t)dt> dx
0 X

1 +2)\ 1 1422
wHy 20/ Jrp+y+20/n p+y+2a/m’

(4.29)

which coincides with (2.31), for v = % Let us now consider the process W,(t) =
S (LY (1)), t > 0, dealt with in Theorem 4.1. For f =1, n =1 and v = 1 this pro-
cess becomes

Wit = §° <c2£%(t)) — B (czlﬁ(t)), t>0 (4.30)

where B represents a standard Brownian motion and L3 (1), t > 0, is the process defined in
(4.23). With

x2

e a
Jrt
we denote the law of the process |B(?)|, t > 0. In view of the previous results we are able
to prove the following theorem.

pis|(x, 1) = x>0,t>0, 4.31)

Theorem 4.2. The law of (4.30) coincides with the law of the composition
W) =T(BOD), >0, (4.32)

where T is the telegraph process (1.20) with parameters ¢ > 0, A > 0 and law pr(x,1t)
which has characteristic function

pr (€. 1)

— l 1+ A e—kl+t A2—c2E
2 A2 — 22

—> e_)‘t_t‘ /)\2—02521| .

_l’_
P
—_
|
>
[\ %)
| >
[}
S
2
o

(4.33)
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In other words, we have the following equality in distribution

B (c%%(t)) v raBon, 1o (4.34)

Proof.  First, we show that the Fourier-Laplace transform of the law w! (x, ¢) of the process
2

Wi(r) = SHC?L3 (1)) = B(L3 (1), 1 > 0, is written as in (4.15) forv = 3, = L,n = 1,
and reads

ol 1+ 2)»/1‘%
6= ' 4.35
wy (€ W [+ 20 J1k + 2E2 4.35)
We have that
—~ o t
wh(x, p) = / o H <f s (x. %) [;(S,t)ds> "
2 0 A
o o0
i / pB(x’Czs)dS/ e (s, 1) di
0 ’ 1
foo ( 2 )d /oo —ut 2\s 67(42(%3) +2)\' efiz(:\:)?)
= pB X,C"S Ky e _ZAse o Eaal
0 s m m
o0
= / PB (x,c2s) (eav(quzA\/ﬁ) +2l\/ﬁe*s(ﬂ+2&/ﬁ)) s
0
i o -
c 1 e 432
_ 7S(M+2)m/ﬁ)d 75/ - *S(ll+2)\\/ﬁ)
= e s+ 2hu e ds, (436)
o Jamcks 0 Vands

and, thus, by taking the Fourier transform we get

= o0 00
wi (€, p) = / eS8 oWV g 4 D9 f o3 s (WH2AVE) gg
2 0 o

_ L+ 4.37)
T U 2AS + 28 :

Now we are going to prove that the law w(x, t) of the process W(t), t > 0, has
Fourier-Laplace transform that coincides with (4.35). We have that

w(x,t) = / pr(x,s) pp|(s, t)ds, (4.38)
0

and thus the Fourier transform of w(x, ) reads

w(E, 1) =/ eigxdx/ pr(x,s) p(s,t)ds
- 0

o]

2 Jo /A2 — 22
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A. 252
+ (1 - xz—> e*“«“”‘é‘} pis|(s, 1) ds. (4.39)

— CZ 52
Passing now to the Laplace transform, we have

= 1 o o0 A -
w(E, 1) = —/ e M dt/ 14— | ehstsa/22=c?
2 0 0 22— 6252

2

+ (1 - * )e—“—“\/'\z——czifz:| e ds
A

— CZEZ NZ 11
lf A e*)\.f“{‘S\/}.z*—C‘zéz
2 _ 6252
rsmsyfamaE | e
= czsz Ji

A

}[( B T
(5

6252) <A+f+m):|
(x+ xz—chZ) (x+\/ﬁ+\//\2——c252)
(2\/;7/@) (1 + 20/ + 282
+( =8 =) (4 Y- VA= )
(VAR =8 (n+ 20y + 26?)

1+ 2)\,u_%

RS W2 (440

which coincides with (4.35). [l
This shows that for each r we have the following equality in distribution

T(B0) & B (ecim). 1o, (4.41)

where the role of the Brownian motion is interchanged in the two members of (4.41). Thus,
by suitably slowing down the time in (4.41), we obtain the same distributional effect of a
telegraph process taken at a Brownian time.

Remark 4.2. The probability distribution of the process

Wi(r) = B(LE(t), t>0, (4.42)
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can be written as

1 Aot s
w,(x,1) = — —e 4 =3 — 4+ 1| ds
j0.0) cn/o NAGED) |:2(t—s) }
X2 52

s /’ =y § AN p
—_— — ¢ 435 s | — s
cm ./s(t—s 2 t—s
s 2 1 1 t
vz V2 e i e w—[— (1+ V)} dy. (4.43)

o VoL

| ® e 4? ;
lim yi(x, 1) =2 (4.44)
A c—> o0 0 \/H\/—
%—)1

which coincides with the distribution of an iterated Brownian motion B; (|By(¢)]), t >
0, with B;, j =1, 2, independent Brownian motions. From (4.43), we can see that the
distribution of Wy(¢), t > 0, has a bell-shaped structure. Finally, we show that the density
w! (x, t) integrates to unity in force of the calculation

2

! 9 [ se_%
/_ wl(xt)dx_f dx ds\/_[l(st)_fods<£/ 47'[z3dz>

2 s=t 2
© seT® x fe” %
= dz = dz = 1. (4.45)
|:/ Va3 :|s=0 0 +4

@x >2

In the intermediate step, formula (4.25) has been applied.

Remark 4.3. The characteristic function of the process T?#(z), t > 0, whose distribution
satisfies

(d,z +208) PP = S, 0<B<1p#S
pl(x,0) = 5(x), (4.46)
2pPx, t)‘ =0,

reads

—A
Eeisrzﬁ(,) _ e ! |:(1 + A )et /}\Z—czlélzﬁ
2 N

I O R P e wan
1= g '

see [15]. Therefore, by performing the same steps as in theorem (4.2), we prove that

law

SPLa (1)) T (|B@t))), t> 0. (4.48)
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4.2. The Case v = %, Convolutions of Airy Functions

We first recall that the totally positively skewed stable process H 3 (t),t > 0 has law

1 t t
Primiedx) = —Ai< > dx,  x>0.1>0, (4.49)
x~/3x v3x
where Ai(-) is the Airy function. Result (4.49) can be obtained from the general series
expansion of the stable law of order & 5 (see [17], p. 245) which reads

k+1

By ) = o Z( 5 2 x*%<k+1>*1sin(%(k+1))

%0 k£l
= Ll i Cppn (—2”("3+ ”)

3 = k!

13§A.<1) 1 A,<1> (450)
= — 1 = 1 ) .

3xy/x V/3x x+/3x V/3x

where we used formula (4.10) of [17], which reads

2 > 1 27T(k+1)
Ai(w) = - Z( 3} )" sin (Z5 - )r<k+1). “51)
2 !

T 3

Since

Hi o) Y s, (4.52)

we have result (4.49). From the relatioship between H %(t), t > 0, and the inverse process
1
L3(t),t >0,

Pr[H%(t)<x} - Pr{L%(x)>t} (4.53)

we extract the density of L%(x), x>0,

Pr{L%(x) edt} 5 [t ] A'( )
dt ot )y s 3s J3s
S| AY t ds
N /os 3s < ) 0 s/3s («/_)ﬁ@'ﬂ)
Since
3 t t t
() = 5w () -

we conclude that, forx > 0, ¢ > 0,

Pr{L%(x)edt}

[i(t, =
1(t, x) 7
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-1 t *3 9 t
= ——Ai| — ) ds + ——Ai( )ds
/0 sv/3s <33S> V/3s 3s /3s
/”A'<t>d+[ S ()
= ——Ai| — ) ds
0 s</3s J3s 0 sv/3s V3s

3 t
= —Ai|l — ). 4.56
/3x ' <«3/ 3x> ( )

In the last step we took into account the asymptotic expansion 7.2.19 of Bleistein and
Handelsman [4].

With a similar calculation we obtain the law /2 (x t) of the process H3 i), t >0,
which is expressed in terms of the Airy function. From the general series expression of the
stable law (see [17]), we have that

ha(x, 1)

k+1 2
— Z( e LGE+D) ( ) 1 gy (%(k+1)>
2 S (=DkxikEDl g 2 o0 "
= Z( ) x 3, r + sin —ﬂ(k—i—l) / dwe V' T+l
3nm = kL i 3 3 A
- e & / vt A (] 22) dw, (4.57)
- 3x2 1 3x2 '
and, thus, in force of the fact that H%(t) a3 H%(l),
r 1 [ 22 22
hax, 1) = ——/ dwe " w s ] Ai[ -] 22 ). (4.58)
ST x Jo 3x2 3x2

Remark 4.4. We check that the distribution (4.58) integrates to unity. We have that

o0
/ h2(x,t)dx
0 3

t o0 152 ;22w
=—/ dwe ws, —/ dx x 37V Ai i\t 5=
\/E 0 3 3x
-1
223 322w o0
= d (= e /dA'—
P o ,@(,c) s
-1
I/OOd —w 7%322 322w
— we wTe ) — [/ ——
7 ) Vi3 \V 73

! /Ood g ! /ood “wyrl = (4.59)
— we Yw 3= — we Yw2T =1, .
VT Jo A

yx*t

m\—
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where we used the fact that

o 2
/ dy Ai(—y) = 3. (4.60)
0

For the law of the process Lg(x), x > 0, we, therefore, have that

Pr[L%(x) < t} = Pr{H%(t) > x}

o 1,22 22
:/ / LA A = )2 erw b dwdz (461)
o Jr JTz\ 322 372

and, thus,

2 2
hen= / e ] e
o Loy 22 22w . 22w
—/ / —3—2‘—2A1/ —l3—2 dzdw
o Jo z/m\ 322V 3z 3z
/ / dwafz3 22 ) 22w _, 1
A1 —t == e w e
372
3 [ [ 22 d 22
——/ / I e Ad —t3—w dwdz
2/ Jo 7\ 322 9z 3z?
2 2
/ / dwdz; 2 Ai —t32—w e MW
372
=00
22
- e w i Al | 1]
Zf z?

dwdz s 22 i J22w ) _, 1
Al —t ? e "w °
Z

s 22 3/ 22w
2[/ ﬁe YT Ad (—t e )dw (4.62)

For checking that (4.62) integrates to unity one can perform calculation similar to that of
Remark 4.4.
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Now we have all the information to get the distribution of the process L3 (#),t > 0, by
means of formula (2.50). We have that

Pr{c%(t) edx]

hix, 1) = I

t t
=/ l§(x,t—s)h%(s,2)»x)ds+2)n'/ l%(2)\x,s)h§(t—s,x)ds
0 0

_/ f S|y
B W 3(t—s)2 TwTE AT =X 3

() egn (%)
_ 22 ) J 2w

s o0
- dwev Py R P
* I —s)/o we W N3eZao M TN 30 =92

2 /fd /wd . IR <2Ax)
= — S we w 1 —X,| ————= 1\ —
v Jo 0 3(t —s)? /3s
2 _Jx, s (4.63)
J_ 3(t — )2 t —s | ’

Result (4.63) permits us to write explicitly the solution of the fractional telegraph equation
(1.4) forv = g,ﬂzlandn: 1, as

=

x2

00 e i
w(x, 1) = f li(s, 1) ds, xeR,t>0. (4.64)
3 0

47 cls

4.3. The Planar Case

Let us consider the planar process
T@) = (X(1),Y()), t >0, (4.65)

with infinite directions and finite velocity c, investigated in Orsingher and De Gregorio
[16], which has probability law (see formula 1.2 therein)

A e MR-y
r(x,y,t)=-— , 24y <t >0, (4.66)
2me \Jer? — (x2 4 y?)

which satisfies the telegraph equation

32 ki 32 02
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The distribution of T'(¢), t > 0, has a singular component uniformly distributed on the circle
aC,y = {(x, y)eR?: x2+y? = 62[2} with probability mass equal to e, The process
T(t), t > 0, describes a random motion where directions change at Poisson paced times
and the orientation of each segment of the sample paths is uniform in [0, 27).

Let g(x, y, t) be the distribution obtained by means of the composition of the process

T (¢) with a reflecting Brownian motion with law

2

=

e #
pB|(s, 1) = ﬁ’

which satisfies the equation

t>0,5s >0,

C % a
1) = —— ,
o pigI(s, 1) o pis(s, 1)
and also
0 92
n. 1) = — , 1
atP\B\(S ) 552 pis|(s, 1)

We have the following theorem.

Theorem 4.3. The law of the composition

Q) = T(B®), t>0

written as

o0
q(x,y,t)=/ r(x,y,s)p(s, t)ds,
0

satisfies the two-dimensional time-fractional equation

1

O oY ey = (2 P Yo eoyn)
— — Jax.y. ==+ )a&. y. 0,
ot PR ax2 " ay2 )Y

subject to the initial condition q(x, y,0) = §(x, y).

Proof. By considering (4.72) and (4.69), we can write

1

Ca% 0 Cai
_lq(xvy’t) = / r(-x7yvs)_lp\3|(sﬂt)ds
at2 0 at2

0 0
/ r(x,y,s) <—8—p3(s,t)> ds
0 N

(4.68)

(4.69)

(4.70)

.71

4.72)

x,yeR,t>0,(4.73)

§=00 o ad
[—p|3|(s, Hr(x,y, s)]‘s:() + / D1B|(S, t)gr(x, v, s)ds.(4.74)
0

In the previous step, it must be taken into account that the boundary dC,;, is excluded. From

(4.72) and (4.70), we have that

2

§2

d o d o 0
—qx,y,t) = r(x,y,s) —pps,t)ds = r(x,y,8) = pp|(s, ) ds
ot 0 ot 0 9
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§=00

— —r(x,y,s) — s, t)ds
as Y as Piz|

s=0 0

|:r(x Y, ) _P\B\(S t):|

§=00

00 32
[P|B(S 1) — I’(X v, S)] +f D18(s, f) r(x v, $)ds(4.75)
0

s=0
Thus, by looking at (4.67), (4.74), and (4.75) we obtain
d €2
B_Q(xv Y, t) + 2)\—l6](xs Y, t)
t otz
o 92 ad
= f (S, 1) |: r(x v, s)+ ZA—r(x y, s)]
0
00 32 82 5 82 82
= /0 p|(s, 1) c? (— + ﬁ) r(x,y,s)ds = c (@ + 8_)12) q(x,y,1).(4.76)
which means that g(x, y, t) satisfies equation (4.73). U

It is easy to show that the process Q(t) = T (|B(t)|), t > 0, has not the same law
of the process W(t) = Bz(czll%(t)), t > 0. However, it is possible to construct a planar
process, say X(¢), t > 0 (which is a slightly different version of T'(¢), t > 0) composed
with a suitable “time process” which has the same distribution as W(¢), t > 0. The planar
random motion ¥(¢), t > 0, with distribution

A e M %Jm + e—;\/m
2mce 212 — (x2 + yz)

w(x,y,t) = , 4.77)

where (x, y) € C; = {(x y): x2+ y <c can be constructed starting from the model
dealt with in Orsingher and De Gregorio [16]. The distribution is based on the solution to
the planar telegraph equation

22}

92 0 2 32 92
32 +2)L8 wx,y,t) =c¢ Pyl + — 0y2 t(x, y, 1), 4.78)
namely,
M A 2 A 2
vy 1) = : [AetVET0) 4 g tVETI] | 479)

212 — (x2 + yz)
with A = B = ﬁ and, thus, we can easily check that
/ dxdyt(x,y,t) = 1 —e 2, (4.80)
Cet

We take a particle starting from the origin, moving at finite velocity c, and changing direction
(chosen with uniform distribution) at Poisson times and neglect displacements started off
by even-labeled times. The sample paths of this motion are constructed by piecing together
only odd-order displacements of the planar motion 7T'(¢), ¢ > 0. The process just described
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has distribution (4.77) as shown below

t(x, y, 1)
s €ds) _ ne [ VT 4 ot T
- dx T 2nc 22 — (x2 4 y?)

0 2k—1 1
= ——e [Z < C2[2 x2+y2)) ®:|

0

= 221 i (&>2k—1 Qk +1) (02t2 _ (xz i yz))ki% e M (A.t)2k+l
C

2 — (2k)1(2k + 1) (Ar)2k+!
—2§:P (X(t) € dx, Y(t) € dy|N(t) = 2k + 1} e G
= 2. T €dx, edy = e Gy
o e ( )2k+1
— sz:;Pr{T(t) cdx|N(t) =2k + 1} e Tt (4.81)
where, for x2 + y2 < 2% (see [16]),
Pr{X() edx,Y(t) € dy|N(t) = n} n 11
dxdy = 2n(cr) (=0 4y9) . @8
and
()\I)Zk-ﬁ-l 00
2e—“z = ) 2Pr{N(t) = 2k+1} = 1 —e . (4.83)

Qk+ 1!~ &

The factor 2 appearing in (4.81) and (4.83) can be interpreted as follows. The displace-
ments generated by an even number of Poisson events are disregarded and replaced by
displacements produced by an odd number of deviations. Therefore, odd-order Poisson
events ignite twice the displacements considered in (4.81).

Theorem 4.4. The composition with distribution

1

e 1 02
qCr, v, 1) =f A5ty )| ps 0+ =2 psn) | @84
0 2)»812

which satisfies the time-fractional equation

0 €z 3* 3?
2A— = 4.
(3t+ )»a )q(xyt) C<82+8 )q(x ¥, 1), (4.85)

has the same law of the process W(t) = Bz(czﬁé(l)).

Proof. 'We begin by evaluating the Fourier-Laplace transform of (4.84).

qE, o, p)
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[l

2\ N
= M ds/ dxdy e e (x, y, 5) e VE. (4.86)
2/ Jo Cu

1

1 02
dx dy e ®(x, y, ) |:P|B|(S t)+ o ,P|B|(S,f)i|

ct

Now we need the Fourier transform of the law v(x, y, #) of the process ¥(z), ¢t > 0, which
reads
E, a, 1)

T 27:c fj i | dxdy

22 — (x2 + y?)

—A 2 E S22 2 _r 7
e / nde /Ct d/O pel'p(écos9+asin9)&ec cree +e - C2t2 _p2
2mce 0 C [c22 — p2

2 2m—1
_ e / Z( 22 — ) (2;11)! Jo (p &2 +a2) dp

2%
a0 r\2m oo (_l)k S22+0t2 ct

_ 2he Z (%) Z / (c2r2 _pz)m*% 22 dp
¢ & m) & (k1)2 o

2m o (_1)k<\/m>2k

2xae™M nd (&) 2 1 & 1
= < 1—y)y" 24
2 oy ;2(k!)2(ct)‘(2m+2"+1)/0 y L =yyidy

m=0

2k
o (- VE + a2\ (@) T (m 4 5)
ZZ“ZO <2m>'2(_)k( ) 2

= \c kKD (k+m+1+1)
(4.87)
Thus, from (4.86), we have that
~ 2h + ~ _ 14+ 2ap"2
S o) = 2TV e a sy e = A (4.88)
2/ Jo [+ 20 i+ 2 (82 + a?)
in force of the calculation
o0
/ dsT(E, o, s)eVH
0
N 2%
2w o= G0 ()t
A A
e SV

oo
= - dse™
c /0 mXZ(:) c2m(2m)! kZ:(; k!(cs)=Cmt24D T (k+m + 14 1)
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(—DF | 5= & e 2kc2’<
3 Z\/_Zl 2m1—~(2 )i /
N AT2m)IT(m) = kT (k+m+1+3) Jo

—\ 2%
X2 fral-am 2 (= 1)k< §+rx> 2k +2 2
- 3 mt2)
2

(“r«/— Sm O+ yE) " Sk (o yE) e T (ke m 14 3)

%
2mnl-2 s (—DF SMZ
p2mp1=2m Th+m+1)

(Hf Z Lo V) T R (o ) e 2
i m - (_l)k (m> /Ooe_”uk+mdu
()‘+\/_ =0 AJFx/_) o k() e

[e.¢]
oSV 2m+2k+1 g

00 22 —u 02($2+u2) —u —2
R / du e i v " = G) —
A+ 1 - X chte,
O+ Vi) vy T Gy
2A 21

= = . 4.89
(A+ﬁ)2—kz+c2(éz+a2) B4 20/ + 2 (62 + a?) (4-89)

The Fourier-Laplace transform of the law of the process B 2(c2£%(t)) is written as in
@4.15) forn =2,8=1,andv = % as the following calculation shows

ol € an) = [ 7 (o) o ds

1 ° 20 ,2) 2 e VI
(1 + 2Au‘5> / e s (82 +a?)c’s [6_2“*/‘7 +2A i| ds
0 N

142xu2
- AL . (4.90)
201+ o+ (82 + a?)

In the previous calculation, we use the Laplace transform of [1 (x, t) obtained in (4.28).
The proof is complete since (4.90), coincides with (4.88) and “with the Fourier-Laplace
transform of (4.85). O

Remark 4.5. Since for the first passage time Ts = inf {z B(z) = } of a Brownian
motion through level %2 we have that

> —ut s _ s
/0 e Pr{tﬁedt} — VE, 4.91)

and

00 8%
f e*f”at—l p|(s, )dt = e™V" (4.92)
0 2
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we can write
91 52

/OO( ) (s.1)d /oo( g
t(x,y, s pi|(s, ) ds = t(x,y,8)— s
0 t 7l 0 N2 2m83

$2

o0 o0 8
= , d = - s Vo ’t d . 493
/0 t(x y s)f s ; 8st(x y,8) pp(s, t)ds (4.93)

This representation of the second term of (4.84) is extremely interesting because by inte-
grating (4.93) in C,, we get

[e.¢] 8 o0
/ a(1 — e P )pip((s, 1) ds = 2 f e pp(s, 1) ds (4.94)
0 0
and yields the missing probability of the first term of (4.84).

Remark 4.6. We check that the law

1

* 1 9:
qx, y,t) = / v(x, y,8) | pigi(s, 1) + =——pyp(s, 1) | ds (4.95)
0 21 ot2

integrates to unity. By taking the #-Laplace transform, the integral with respect to (x, y)
becomes

o0
dexdy/ dte ™ q(x, y,1)
Cor 0
/w(l ) foo it ( pgy(s. ) 4 = o: (s.1) ) dr |d
= —e e s, — s, s
0 0 Pis, 2X 912 Pis,

o) -5/t e SVI
= 1—e |:e + ] ds
[ - [y
1 1 * sV ¥ty
= — + — / e’ "ds—/ e’ “ds:|
()l |

=M<L_;>=l=/w —ut g 4.96
g \Ji 2ryr) uw b O (499

The same check can be done directly by taking into account formulas (4.93) and (4.94).

Relationships similar to B(c2£ (t)) Yo (|B(1)]), t > 0, and the analogous one in
the plane, cannot be established in spaces of dimension n > 3, because random motions
governed by telegraph equations in such spaces have not been constructed. Random flights
in R" have been studied [16] but their distributions are not related to higher-dimensional
telegraph equations.
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