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Abstract

‘We propose the adoption of the newly introduced SMART operators to improve the
readability of a Fuzzy rule-based system developed for sentiment analysis. Specifically,
the S-or operator will be utilized to combine the results of various rules generated
from a designated lexicon. Conversely, the S-and operator will merge the diverse
inferences derived from multiple lexicons.

1 Introduction

Fuzzy rule-based systems, such as those discussed in Alonso Moral et al. (2021)), offer
outputs that are inherently explainable. This is particularly evident when these systems
are utilized in sentiment analysis, as demonstrated in Liu and Cocea (2017). However,
traditional Mamdani-type systems (Mamdani (1974); Mamdani and Assilian (1975)), em-
ploying standard min-max aggregation operators, often yield outputs that are challenging
to interpret prior to the final defuzzification step . To address this issue, we propose
the adoption of the SMART disjunctive operator (referred to as S-or hereafter), which
was recently introduced in Capotorti and Figa-Talamanca (2020). By utilizing the S-or
operator instead of the conventional max operator for aggregation, we aim to produce
more easily interpretable outputs for the consequents of the rules. This approach enhances
the overall interpretability of the fuzzy rule-based system, ultimately improving the clarity
and understanding of the system’s outputs.

In sentiment analysis, Fuzzy rule-based systems typically rely on scores derived from
lexicons to provide crisp inputs (see, e.g., Nadali et al. (2010)). However, it is important
to note that different lexicons can yield varying results, as demonstrated in previous
studies, such as Chauhan et al. (2023); Vashishtha and Susan (2019). Usually, only the
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final defuzzified crisp values are utilized to evaluate classifier performance, overlooking the
richness and diversity inherent in the various Fuzzy outputs. To address this limitation, we
apply a novel approach of merging multiple Fuzzy outputs using the SMART conjunctive
operator (S-and hereafter) before the defuzzification process, as suggested in Capotorti
and Figa-Talamanca (2020). This method allows for the creation of an ensemble of
classifications, offering a unique perspective on sentiment analysis. Our approach differs
significantly from existing methods, such as Shapiro and Moritz Sudhof (2020)), and
provides a fresh and innovative solution to the challenges in sentiment analysis.

The paper is organized in the following way: In Section 2 we briefly illustrate a
Mamdami-type Fuzzy Rule-Base apt to deal with sentiment analysis with two different
scores obtained through a lexicon and how the S-or operator can be employed to obtain
a more interpretable output membership. Moreover, we propose a new dufuzzification
operator that is more accurate of the usual center of area (COA). In Section 3.1 we
propose the adoption of the other aggregation operator S-and to join the information
stemming from different sources, in particular different lexicons, obtaining and ensemble
of classifiers. Finally, a concluding section summarizes the contribution and hints about
future developments.

2 FUZZY RULE-BASED SYSTEM

Our proposal is based on the Fuzzy Rule-Based system outlined in the study by Vashishtha
and Susan (2019). This system was chosen for its clear and easily understandable design,
as well as its strong classification performance. However, it is important to note that our
method is versatile and can be applied to any Fuzzy Rule-Based system of the Mamdani
type.

In the aforementioned paper by Vashishtha and Susan (2019), the authors utilized a
system consisting of 9 well-defined rules, as detailed in Tab. 1; Each rule is composed of
two antecedent variables, each with three Fuzzy subsets (Low, Medium, High), and one
consequent variable with three Fuzzy subsets (Negative, Neutral, Positive).

Table 1: The nine Mamdani Fuzzy rules proposed in Vashishtha and Susan (2019).

RULE | Pos. score | Neg. score | Sentiment
R1 Low Low Neutral
R2 Medium Low Positive
R3 High Low Positive
R4 Low Medium Negative
R5 Medium Medium Neutral
R6 High Medium Positive
R7 Low High Negative
RS Medium High Negative
R9 High High Neutral

The two input variables, X1 and X2, respectively represent the negative and the
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positive sentiment score of a specific text obtained by adopting one specific lexicon (e.g.
SentiWordNet Baccianella et al. (2010), AFINN Nielsen (2011) or VADER Hutto and
Gilbert (2015)). For the three linguistic terms Low-Medium-High, authors use a standard
Fuzzy partition of the domain of each input score with three triangular memberships u;(z),
i € {Low, Medium, High}, as those depicted in Fig.1 Usually, but not necessarily, input

Fuzzy partion for input variables

Figure 1: Fuzzy partition for input variables.

domains are normalized into the real unit interval [0, 1].

For the output variable Y, representing the overall sentiment judgment of the selected
text (in the aforementioned paper authors analyze Twitter posts), authors use a similar
Fuzzy partition with three linguistic terms, but on the standard scale of numbers between
0 an 10, with memberships p;(y), i € {neg, neu, pos}, illustrated in Fig.2

Output Fuzzy Terms

membership values p(y)
&

emNegative ———Neutral =———Positive

Figure 2: Fuzzy linguistic terms for the output variable.

The sentiment classification for each text is performed through the following steps.

e The two input scores z1 and x2 are fuzzified into the membership values p ;1 (1)
and pjo(x2), respectively, of each of the 9 rules in Tab.1.

e Through the usual minimum t-norm, the firing strength of the j-th rule is obtained
as:

wrj = pj1(x1) A pjo(22). (1)
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e The usual maximum t-conorm V is applied for combining the firing strengths derived
in the previous step in order to obtain the fulfillment of each output term:

Wneg = WR4 V wpr V WRs (2)
Wney = WR1V WR5 YV WRy (3)
Wpos = WR2 V WR3 V WRe (4)

e The resultant output memberships for all terms are obtained through the usual
minimum t-norm A:

ﬂneg(?J) = Wneyg A Hneg (9)7 (5)
,aneu(y) = Wpeu N Mneu (y)7 (6)
Fpos(Y) = Wpos A Hpos(Y)- (7)

e The final output memberships (i}, j € {neg, neu, pos}, are again aggregated through
the usual maximum t-conorm V before being defuzzified:

Py —max(y) = ineg (Y) V fineu(y) V ﬁPOS(y)~ (8)

The usual aggregation produces memberships (v _max that are not easy to interpret
due to their potential extreme vagueness, e.g. those depicted in Fig.3.

L iPESSSEE A

—S0r V-MAX A ClA)S-or C(A) V-MAX —sor V-MAX A C(A)S-or C(A) V-MAX

Figure 3: Comparison of aggregated output memberships obtained by V — max or S-or
operators.

We perform here the same exercise by applying the disjunctive aggregation operator
S-or in the last step; the results highlight that this alternative merge produces less vague
and concave memberships. Indeed, ps—_or C pv—max using usual Fuzzy inclusion relation,
and pg— o displays nested a-cuts. Such membership can be easy interpreted as a truncated
Fuzzy number. Fig.3 provides a visual comparison of pig_or W.r.t. fy—max)-
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2.1 The S-or aggregation operator

The S-or function operates by calculating a weighted average of the extreme values of
the different a-cuts of the m memberships to be aggregated. The weights are carefully
adjusted to achieve a specific behavior in the aggregation process, focusing on the outermost
values. This approach aligns with the canonical max t-conorm V if applied vertically.
The weighting emphasizes the disagreement among the different a-cuts in terms of weak
overlapping. To achieve this, when fixing an a-cut, the weights of the outermost values,
identified by indexes in O; for the left extrema and O, for the right extrema, are calculated
as L(1+¢;), with

it T if A£0
€j = A . . (9)
0 otherwise

In (9) the 7'(';78 are the lengths of the various overlappings while A is the range of the
a-cuts, as depicted in Fig.4.

2
AR or
.

A\,
2,

Figure 4: Overlapping lengths 77} and range A of a-cuts involved in the weights €; for the
S-or aggregation: above between two memberships; below among three.

For the two inner extremes, i.e. the largest left extreme and the lowest right extreme,
the weights are simply given by i(l — ZjeO* €j)-

The memberships m that need to be aggregated are truncated by the firing strengths
in equations (5, 6, 7). As a result, these memberships may not be normal, meaning there is
no value § for which fi;(¢) = 1. This is different from the original formulation in Capotorti
and Figa-Talamanca (2020), where the memberships were normal fuzzy numbers. Our goal
is to ensure that the output of this merging process is a fuzzy number, possibly truncated.
When the number of a-cuts to aggregate changes, the resulting extremes must align with
those of the lower levels. This alignment can be achieved through a proper translation
and deformation of the extremes.

Due to the necessary discretization of the « levels to be considered in practical
applications, we can formulate the transformation by referring to two consecutive values
Q, and ag,11. The extremes of the transformed «,,1-cut are computed recursively as
follows:
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I T e (10)
Aem = g — el | (1)
with o N
My ™ — Hy "
gt = Bt P (12)
R

and where the ”overlined” extremes are those obtained by the previously described S-or
and the "hatted” ones are those finally obtained by the transformation at the specified
levels.

It is important to note that the typical method of discretizing the membership functions
1, where j € {neg, neu,pos}, results in step functions with a finite number of distinct
a-cuts. This characteristic makes the S-or operator easily applicable and effectively
implementable for our purposes. It is worth mentioning that the original formulation in
Capotorti and Figa-Talamanca (2020) was intended for Fuzzy numbers, whereas we are
working with more general Fuzzy quantities.

2.2 Defuzzification

The final step in text sentiment classification involves synthesizing the final output
membership, denoted as fiy_max OT s—or, iNto a single real value that represents the
overall sentiment of the text. This value is then used to assign a final sentiment label
based on a predetermined decision rule. For example, the following decision rule adopted
in Vashishtha and Susan (2019):

Negative if COA € [0,3.3]
Label = { Neutral if COA € [3.3,6.7] (13)
Positive  if COA € [6.7, 10]

where C'OA is the usual defuzzified center of the area value of their aggregated membership
v —max usually approximated by

Zyi cy Yi v —max (yi)

COA = , (14)

Zyiey My —max (¥i)
summations being over the partition Y = {yo, 91, - . -, Yn } chosen for the discrete operational
representation of the memberships (in the aforementioned paper authors chose, e.g.,

y={0,1,...,10}).

Since the polygonal shape of the output membership ps_,., we suggest instead to
approximate the center of the area through the more accurate value proposed in Naimi
and Tahayori (2020) and defined as:

(Ryj—1+y;)
3

Yo 42y
ug (v L y_,)}

Z;'lzl ((yjfyj,l) [;@-71
S (wi—yi—1)(kj—1+r5))

Cc(A)= (15)
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where ;1 and p; stay for ps_or(y;-1) and ps—or(y;), respectively, and Y = {0,0.1,...,9.9,10}.
The center of the area is quite insensitive to the specific shape of the membership

functions, consequently, we obtain almost the same values with gy _max Or pts—or. Hence,

concerning the classification aim, our proposal reaches the same performances of Vashishtha

and Susan (2019). In fact, our goal is to improve the interpretability rather than the

performance and we expect that this characteristic of our approach will be valuable when

applied to real and extensive datasets.

3 An Ensemble of Sentiment Classifier

As mentioned in the introduction, sentiment classifications are typically conducted using
different lexicons, with each lexicon providing a classification for a given instance. However,
there are instances where different lexicons may produce varying classifications for the
same data point. For example, in the Sanders dataset referenced in Vashishtha and Susan
(2019), tweet # 3420 is labeled as Neutral using the AFINN lexicon with a COA of 5.4,
but is classified as Positive when processed through the VADER lexicon with a COA
of 7.67. To address this issue, the results from different lexicons can be aggregated to
provide a more comprehensive classification. One approach is to calculate the arithmetic
mean of the centers of the areas C'(A4)’s in (15), but this method may not account for
the unique shapes of the membership functions. A weighted average could offer a more
nuanced solution, although determining the appropriate weights can be challenging.

An alternative method is to utilize the conjunctive SMART operator S-and, as intro-
duced in Capotorti and Figa-Talamanca (2020). This operator considers the agreements
among the a-cuts of the initial membership functions, resulting in a more robust aggre-
gation of output memberships. By combining the output memberships obtained from
different lexicons, a single aggregated membership can be obtained using the S-and opera-
tor. The center of the area of this aggregated membership can then be used to determine
the classification label through a decision rule.

Precisely, by aggregating the different output memberships ps—,,’s obtained for different
lexicons, a single aggregated joined membership pg_qnq is obtained; by computing the
center of the area (15) of pg_qna we can eventually decide the classification label through
some decision rule, like, e.g., (13). As a result, this ensemble approach provides a weighted
mean of the different classifications, with the final center of the area of the aggregated
membership representing a combination of the centers of the individual memberships,
implicitly weighted based on their agreement or disagreement.

3.1 The S-and aggregation operator

In order to gain a simple understanding of the S-and operator, let us briefly outline the
main steps involved. For more detailed information, please refer to the source cited as
Capotorti and Figa-Talamanca (2020).

The S-and operator is a variation of the Fuzzy mean that considers the full or partial
overlap among the a-cuts of the Fuzzy memberships being combined.
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Let m represent the number of membership functions to be aggregated, I; C {1,...,m}
denote the set of indices of the last m — 1 left extremes, and I, C {1,...,m} represent the
set of indices of the first m — 1 right extremes (in ascending order) of the m a-cuts in input.
The construction of the S-and operator follows a similar basic rule to the S-or operator
described in Subsection 2.1, but requires a more complex formulation. The computation
of the a-cuts of the result varies depending on whether « is below or above the value
h € (0,1), which represents the highest level of non-empty intersection among all the m
a-cuts of the original Fuzzy numbers (see Fig.4 for the case m = 2).

If a < h, the extremes of the a-cuts are determined as convex combinations of the
original extremes using coefficients given by:

1 )
E(l +7)  je€lorl, (16)
where the quantities
m 1 J
i 2=t wFi=F T
J m m 1 k
D k1 21 mEI=F S
represent the weighted normalized contribution of the m — 1 most relevant extremes,
specifically those in I; for the left extremes and those in I,. for the right extremes.
It is worth to remark that the factor #l—f for each term in the numerator of v; is
directly proportional to the number of overlaps, which represent the level of agreement.
Additionally, in cases where all m a-cuts align, the values of 7; can be consistently set to
Zero.
Furthermore, the coefficients associated with the m-th position, specifically those

(17)

linked to the outermost left extreme in {1,...,m} \ I; and the outermost right extreme in
{1,...,m} \ I, can be expressed as follows:
1
(- Y L=1, 1, tively. 18
- X 1, I, respectively (18)

In situations where a exceeds the threshold h, the formal definition becomes more
intricate as various subgroups of intersections involving two or more memberships need to
be identified.

The logic underlying the method is to compute the S-and operator within each subgroup
obtaining different intermediate a-levels, and merge them in a second step, by applying
the S-or operator. For the technical details, we refer the reader once again to Capotorti
and Figa-Talamanca (2020).

Furthermore, when utilizing the S-and operator, it is necessary that any changes in
the number of memberships to be merged at a certain a-level result in the nesting of
the resulting extremes within those of the lower levels. This nesting process should be
achieved through translation or deformation, employing the same technique described for
the S-or operator in equations (10-11).

In Figure 5, the results of the S-and and of the two S-or outputs for tweet #3420 from
the Sanders dataset are plotted, as documented in Vashishtha and Susan (2019). The
AFINN lexicon assigned a positive score of z; = 3.0 and a negative score of z2 = 0.0 to the
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tweet. By applying equations (2-4), we calculated a negative firing strength of wycq = 0.0,
a neutral firing strength of wye, = 0.625, and a positive firing strength of wys = 0.375.

When processed through the VADER lexicon, the tweet received a positive score
of £1 = 0.5 and a negative score of x5 = 0.0, resulting in a negative firing strength of
Wneg = 0.0, a neutral firing strength of wye, = 0.0, and a positive firing strength of
Wpos = 1.0.

The membership value ps_gng is compared with the original py_max values. It is
important to note that the center of the area C(A) is calculated to be 6.19, which differs
from the arithmetic mean of 6.99 for the two original C'(A) values, which were 5.65 and
8.33, respectively.

Figure 5: Comparison of the S-and membership and C(A) w.r.t. two V—max of Vashishtha
and Susan (2019) for tweet #3420 of Sanders dataset.

4 Conclusion

We have shown how the implementation of the recently introduced SMART Fuzzy aggre-
gation operators, S-or and S-and, can improve the interpretability of a rule-based system
proposed in Vashishtha and Susan (2019) for sentiment classification. Our innovative
approach can be seamlessly integrated into any other Fuzzy rule-based system of Mandami
type, regardless of the lexicon used.

Specifically, the S-or aggregator generates a truncated Fuzzy number as the output
of the inference process, which is more precise and easier to interpret compared to the
traditional V-max aggregation method. The S-or membership represents a Fuzzy number
centered around its C'(A) value, with a weight determined by the maximum height of the
membership.

On the other hand, the S-and operator enables the creation of an ensemble of sentiment
classifiers utilizing various lexicons, resulting in a final crisp sentiment score that is a
weighted average of scores obtained from individual lexicons. These weights implicitly
capture the level of agreement or disagreement among the original Fuzzy outputs.

In conclusion, the SMART Fuzzy aggregation operators offer a versatile and effective
solution for enhancing the interpretability and performance of rule-based sentiment classi-
fication systems. Further research will be devoted to apply these operators to classify the
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sentiment of news articles retrieved from financial US newspaper and to finally assess the
impact of the fuzzy-based sentiment score in the return and volatility dynamics of major
US stocks.

As a distinguished target problem, we envisage the application of the present method to
find associations between the sentiment of central banks (FED and ECB) communications
(via policy statements, post-meeting press conferences, economic forecasts, monetary
policy reports, speeches, interviews, and testimony to parliament) and the monetary policy
stance, similarly to what has been done in Hilscher et al. (2024).
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