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A mia madre, Antonella



Our forefathers had civilization inside themselves, the wild outside.
We live in the civilization they created, but within us the wilderness still lingers.

What they dreamed, we live, and what they lived, we dream.
T. K. Whipple, Study Out the Land
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Foreword

The material of the thesis is schematically organized as follows

• Chapter 1 provides an overview of the Standard Model and its theoretical extensions, with a
special emphasis on the Strong CP problem and the QCD axion as a possible solution, together
with a discussion of the Higgs mass hierarchy problem.

• Chapter 2 introduces the mathematical formulation of instantons as non-perturbative, finite-
action solutions of the Yang–Mills equations in Euclidean spacetime and develops the formalism of
’t Hooft vertex operators, which encode the effects of instanton-induced interactions on fermionic
fields. Particular emphasis is placed on their role in the non-perturbative effects contributing to
the QCD axion potential.

• Chapter 3 is based on Ref. [1]:
P. Catinari, A. Urbano,
“Gravitational instantons and the quality problem of the QCD axion: Facts, speculations, and
statements in between”,
Phys. Rev. D 111 (2025) no. 12, 125007, arXiv:2410.12741 [hep-th].

• Chapter 4 is based on Ref. [2]:
P. Catinari, A. Esposito, S. Pavaskar,
“Effective field theory for anisotropic antiferromagnets: Gapped Goldstone bosons, pseudo-Goldstone
excitations, and phase transitions”,
Phys. Rev. B 112 (2025) no. 6, 064408, arXiv:2411.09761 [cond-mat.str-el].

• Chapter 5 is based on Ref. [3]:
P. Catinari, A. Esposito, S. Pavaskar,
“Hunting axion dark matter with antiferromagnets: A case study with nickel oxide”,
Phys. Rev. D 112 (2025) L121302, arXiv:2411.11971 [hep-ph].

• Chapter 6 is based on Ref. [4]:
P. Catinari, L. Del Grosso, L. Di Giovanni, A. Urbano,
“Insights into the highest natural scale: Finite naturalness challenges inflationary dynamics”,
Phys. Rev. D 112 (2025) no. 6, 064408, arXiv:2504.17846 [hep-ph].

During the Ph.D. I have also coauthored the following preprint, which is not part of the thesis

• P. Catinari, R.T. D’Agnolo, P. Sesma,
“Weak Scale Triggers in the SMEFT”, arXiv:2512.11026 [hep-ph].
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Abstract

The Standard Model (SM) successfully describes most of the known interactions among elementary par-
ticles, yet several fundamental questions remain unanswered. This Ph.D. thesis investigates theoretical
and phenomenological aspects of physics Beyond the Standard Model (BSM), focusing on two central
issues in high-energy physics: the strong CP problem and the naturalness of the Higgs boson mass.
This work addresses these challenges by combining non-perturbative methods in quantum field theory,
effective field theory techniques, and phenomenologically motivated applications, with the goal of
deepening our understanding of the mechanisms underlying BSM physics.
A central theme of the thesis is the study of the QCD axion, a theoretically well-motivated candidate
for resolving the strong CP problem and a possible component of dark matter. Using the formalism of
instantons and the corresponding ’t Hooft vertex operators, we analyze the non-perturbative contribu-
tions to the axion potential, with particular attention to gravitational instanton effects.
The thesis also explores connections with condensed matter physics. By employing effective field theories
for anisotropic antiferromagnets, we describe the emergence of gapped Goldstone and pseudo-Goldstone
modes. Building on these insights, we investigate the potential of antiferromagnetic materials, such as
nickel oxide (NiO), as experimental targets for axion dark matter detection, thereby creating a bridge
between high-energy theoretical predictions and experimental approaches in solid-state physics.
Finally, the work examines the implications of the naturalness principle in a cosmological context,
analyzing how naturalness considerations constrain inflationary dynamics and early-universe cosmology,
particularly in models featuring super-Planckian field excursions.
Taken together, the results presented in this thesis provide a coherent contribution to the study of
physics beyond the Standard Model. By integrating rigorous theoretical analysis, phenomenological
relevance, and experimental considerations, this work advances the understanding of non-perturbative
effects, axion physics, and the interplay between high-energy and condensed matter systems, offering
new insights into some of the most compelling questions in particle physics today.
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CHAPTER

1
Introduction

Although the Standard Model of particle physics has demonstrated remarkable success in describing the
fundamental particles and their interactions, it is not without its limitations and unresolved questions.
Despite its predictive power and extensive experimental validation, the Standard Model leaves several
profound theoretical issues unexplained. Among the most significant are the Strong CP problem,
which raises the question of why quantum chromodynamics (QCD) appears to preserve CP symmetry
despite no theoretical requirement to do so, and the electroweak hierarchy problem, which concerns the
unnatural fine-tuning required to keep the Higgs boson mass stable in the presence of large radiative
corrections. This introductory chapter begins with a concise overview of the mathematical structure
and foundational principles of the Standard Model, laying the groundwork for an examination of its
limitations. In particular, the chapter will focus on the Strong CP problem and explore the axion as a
proposed solution to this puzzling symmetry. Additionally, the electroweak hierarchy problem will be
discussed, highlighting its implications for naturalness and the need for physics beyond the Standard
Model.

1.1 The Standard Model (and beyond)

The Standard Model is a gauge theory that describes strong and electroweak interactions via the
symmetry group SU(3)c × SU(2)L × U(1)Y . The SU(3)c factor mediates what are known as the strong
interactions, or Quantum Chromodynamics (QCD), while SU(2)L × U(1)Y represent the electroweak
interactions. The strong and electroweak interactions are understood as arising due to the exchange
of various spin-one bosons amongst the spin-half particles that make up matter. The specific gauge
bosons associated with the generators of the algebra of the group are:

SU(3)c SU(2)L U(1)Y× ×

Gaµ W i
µ

Bµ

where a = 1 , . . . , 8 and i = 1 , . . . , 3. The three forces described by the Standard Model are included
in the Lagrangian density LSM as gauge interactions

LSM ⊃ −
1

4
GaµνG

aµν − 1

4
W i
µνW

iµν − 1

4
BµνB

µν −
g2sθ

0
QCD

64π2
ϵµνρσG

aµνGaρσ

− g2θW
64π2

ϵµνρσW
iµνW iρσ − g′2θ1

64π2
ϵµνρσB

µνBρσ ≡ Lgauge , (1.1)

3
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in which the gauge field-strengths are given by

Bµν = ∂µBν − ∂νBµ ,
W i
µν = ∂µW

i
ν − ∂νW i

µ − gϵijkW j
µW

k
ν ,

Gaµν = ∂µG
a
ν − ∂νGaµ − gsfabcGbµGcν , (1.2)

where g and gs are the weak and strong gauge couplings and ϵijk and fabc are the structure constants
of SU(2)L and SU(3)c, respectively. Apart from spin-one particles, we are aware of a number of
fundamental spin-half particles. The particle content (forces and matter) of the Standard Model can be
summarized in Table 1.1.

Field SU(3)C SU(2)L U(1)Y Name
Aaµ 8 1 0 Gluons
W k
µ 1 3 0 Weak SU(2) bosons

Bµ 1 1 0 Hypercharge boson
Q 3 2 1/6 Quark doublets
uc 3 1 −2/3 Up-type anti-quarks
dc 3 1 1/3 Down-type anti-quarks
L 1 2 −1/2 Lepton doublets
ec 1 1 1 Charged anti-leptons
H 1 2 1/2 Higgs field

Table 1.1: Transformation properties of the SM fields under the SM gauge group. The matter fields

(rows 4–8) are 3- vectors in the generation space: Q = (Q1, Q2, Q3) =

((
u1
d1

)
,

(
u2
d2

)
,

(
u3
d3

))
, uc =

(uc1, u
c
2, u

c
3) ≡ (uc, cc, tc), dc = (dc1, d

c
2, d

c
3) ≡ (dc, sc, bc) and L = (L1, L2, L3) =

((
ν1
e1

)
,

(
ν2
e2

)
,

(
ν3
e3

))
.

We are working in two-component notation following the notation of [5], where a four-component
Dirac spinor field Ψ(x) is made of two-component spinor fields ψα(x) and ψcα(x), of opposite U(1)-charge
as follows1

Ψ(x) =

(
ψα(x)
ψc†α̇(x)

)
. (1.3)

The kinetic term of the fermions and their gauge interactions are described by the term

LSM ⊃
∑
f∈Q,L

if †σµDµf +
∑

f∈u,d,e
if c†σµDc

µf
c† ≡ Lkin ,

DµX = ∂µX + igsG
a
µT

a
RXX + igW i

µT
i
RXX + ig′yXBµX . (1.4)

This is a good point to pause for a moment and introduce the logic of an Effective Field Theory (EFT)
(see Sec. 1.4 for a more extended discussion). EFT provides a useful tool for organising the effects of
any new physics in the SM field content. The basic observation is that although a Lagrangian density
may in principle involve an infinite sum of interactions among the degrees of freedom of the theory, one

1The four-component chiral fermions are related to 2-component fermions via the dictionary – suppressing flavor index

qL =

(
Qα

0

)
, uR =

(
0

uc†α̇

)
, dR =

(
0

dc†α̇

)
, lL =

(
Lα
0

)
, eR =

(
0

ec†α̇

)
,

qL =
(
0, Q†

α̇

)
, uR = (ucα, 0) , dR = (dcα, 0) , lL =

(
0, L†

α̇

)
, eR = (ecα, 0) .
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in fact only needs to deal with a finite subset of these when working in the deep infrared (at least in
the perturbative regime of the theory). This is precisely why the Standard Model Lagrangian can be
compact enough to fit on a t-shirt or a coffee mug. Concretely, when working in D = 3 + 1 spacetime
dimensions, only those operatore of dimension 3 or less are relevant, those of dimension 4 are said to be
marginal, while the rest are irrelevant. As a motivated illustration for this, let’s consider the following
example of a scalar field theory D = 3 + 1 spacetime

S =

∫
d4x

(
1

2
(∂µϕ)

2 − 1

2
m2ϕ2 + λϕ4 + gϕ6 + · · ·

)
= Sren + Snon-ren , (1.5)

where the ellipses stands for higher dimensional operators. Consider now a dilation transformation,
i.e. a rescaling of the length scale

xµ → λxµ , (1.6)

so that the volume element is rescaled by the factor λ4. Under dilations, an operator with mass
dimension [O]m = dO, is rescaled by λ−dO . Then, the contribution of this particular operator will be
rescaled by a power λ−dO , that is – under dilations

O(x) x→λx−−−−→ λ−dOO(x) . (1.7)

In relativistic QFT, instead of distance scales L, it is more convenient to refer to energy scales E. The
two are simply connected via the uncertainty relation E ≃ 1/L (in natural units ℏ = c = 1), thus long
distances translate into low energy, or infrared (IR) in our jargon, while short distances translate into
high energy or ultraviolet (UV). As a result, under dilations

O(x) x→λx−−−−→ ΛdOO(x) , (1.8)

where Λ is some energy scale. The higher-dimensional local operator O(x) will appear in the action in
the form

S ⊃
∫
d4x cO O(x) , (1.9)

therefore, from dilations selection rules (or spurion analysis) we can write, being physics dilation
invariant (or equivalently, being the action dimensionless)∫

d4x cO O(x) =
cO

Λ4−dO

∫
d4xO(x) , (1.10)

for some numerical coefficient cO. The contribution of the operator O to some observable measured at
low-energy E, will be then suppressed by a factor

(E/Λ)dO−4 ,

where Λ denotes the scale of new physics (or the cutoff scale). At very longs scales, i.e. in the IR, we
thus see that relevant operators (the first two in the action in Eq.(1.5)), will dominate the action, while
the effect of the irrelevant one (the last term in Eq.(1.5), i.e. the ϕ6) approaches zero. For marginal
operators (the ϕ4), one must carry out a more sophisticated quantum analysis – there is no guarantee
that in strongly coupled the anomalous dimension is small, and so the naive dimension of an operator
tells us nothing on its own. All the other interactions between the fields in Table 1.1 are obtained
simply by symmetry under the gauge group and considering marginal and relevant operators. We have

LSM = Lgauge + Lkin

−
(
Q†H̃Yuu

c† +Q†HYdd
c† + L†HYee

c† + h.c.
)
+ |DµH|2 +

m2
0

2
|H|2 − λ0

2
|H|4 , (1.11)
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where the second line identifies the Yukawa interactions, given in terms of three complex matrices
Yu,d,l and H̃ = ϵH∗, where ϵ is the Levi-Civita tensor in the SU(2)L space. The Higgs potential is
minimized at v = m0/

√
2λ0 ≃ 246 GeV, where H(x) = (0, (v + h(x))/

√
2)T , giving rise to electroweak

symmetry breaking. The gauge group is then spontaneously broken down to U(1)em, describing the
electromagnetic interactions

SU(3)c × SU(2)L × U(1)Y
H−→ SU(3)c × U(1)em .

The would-be Nambu-Goldstone bosons arising from the spontaneous symmetry breaking of the gauge
group are eaten by the gauge bosons associated to the broken generators, giving rise to the massive
W± and Z bosons. Furthermore, electroweak symmetry breaking is responsible for the generation of
fermion masses. Splitting the SU(2)L doublets as

Q =

(
u
d

)
and L =

(
ν
e

)
, (1.12)

we find the mass terms

Lm = − v√
2
u†Yuu

c† − v√
2
d†Ydd

c† − v√
2
e†Yee

c† + h.c. . (1.13)

The physical masses are obtained upon performing a singular value decomposition of the Yukawa
matrices in Lm. Indeed, in full generality, one can decompose any matrix as Yf = LfY

diag
f R†

f , where
Lf and Rf are SU(3) matrices, and Y diag

f is diagonal with complex entries. Then, we can rotate the
quark fields via the SU(3) flavor transformations

u→ Luu , d→ Ldd , e→ Lee , and uc → ucR†
u , d

c → dcR†
d , e

c → ecR†
e . (1.14)

This transformation leaves invariant most of the terms in the Lagrangian (1.11), in particular the Rf s
cancel out completely, and we obtain

Lm = −u†Muu
c† − d†Mdd

c† − e†Mee
c† + h.c. , (1.15)

where Mf = v/
√
2Y diag

f . We can now make the entries of the diagonal matrices Mu, Md, Me real
performing the phase transformations

ucj → eiϕ
j
uucj , d

c
j → eiϕ

j
ddcj , e

c
j → eiϕ

j
eecj , (1.16)

and the Yukawa terms finally read

Lm = −u†imi
uu

c†
i − d

†
im

i
dd
c†
i − e

†
im

i
ee
c†
i . (1.17)

The only place where the Lf s emerge is in the charged current interactions between the W boson and
left-handed quarks

LFV = − g√
2
W+
µ u

†σµV d+ h.c. , (1.18)

where the CKM matrix is related to the left rotations as V = L†
uLd, and therefore is unitary. One

can show that under CP transformations, V → V ∗, thus phases of the CKM matrix may lead to CP
violation. A general unitary matrix has 9 free parameters: 3 angles and 6 phases, however most of the
phases are removable. Indeed, we can make the phase reparametrizations

uj → eiϕjuj , u
c
j → e−iϕjucj , dj → eiηjdj , d

c
j → e−iηjdcj , (1.19)
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which maintain real quark masses, and transform the CKM matrix elements as

Vmn → e−i(ϕm−ηn)Vmn . (1.20)

Physics cannot change under the above transformations (1.14) and (1.19), as these are merely change of
variables in the functional integral that defines physical quantities. Therefore, CP-violating observables
must be invariant under such transformations. Using the fact that, under CP Yf

CP−−→ Y ∗
f , quantities like

Tr(YuY
†
u ) or det(Y †

uYu) ,

that are reparametrization invariant, are suitable for describing CP-violating observables, since are
CP-even.
To build a CP-odd quantity, one needs to go at quartic order in the Yukawas. Since, under CP

YuY
†
uYdY

†
d

CP−−→
(
YdY

†
d YuY

†
u

)T
,

then
det
[
YuY

†
u , YdY

†
d

]
CP−−→ −det

[
YuY

†
u , YdY

†
d

]
. (1.21)

Therefore, the QCD Lagrangian density LQCD

LSM ⊃ LQCD = −1

4
GaµνG

aµν −
g2sθ

0
QCD

64π2
ϵµνρσG

aµνGaρσ −
(
Q†H̃Yuu

c† +Q†HYdd
c† + h.c.

)
, (1.22)

contains the CP-violating phase

δCKM = arg det
[
YuY

†
u , YdY

†
d

]
≃ O(1) . (1.23)

There is however, another CP-violating phase in LQCD. The simultaneous rotation of all quarks under
the axial transformation

uj → eiαjuj , ucj → eiαjucj ,

dj → eiβjdj , dcj → eiβjdcj ,
(1.24)

j = 1 , . . . , Nf transforms the Yukawa matrices as

Y mn
u −→ e−i(αm+αn)Y mn

u , Y mn
d −→ e−i(βm+βn)Y mn

d ,

that is to say
det(Yu) −→ e−2i

∑
j αj det(Yu) , det(Yd) −→ e−2i

∑
j βj det(Yd) , (1.25)

which can be easily proven in the basis where Yu,d are diagonal. Moreover, using the fact that, under
an axial transformation

Q→ eiαQQ , (1.26)

qc → e−iαQqc , (1.27)

where Q is a matrix in flavor space, we have

δLQCD = 2αTrQ g2s
64π2

ϵµνρσG
aµνGaρσ , (1.28)

we find that, under (1.24) – being Q = diag
(
α1, . . . , αNf , β1, . . . , βNf

)
δLQCD = 2

∑
j

(αj + βj)
g2s

64π2
ϵµνρσG

aµνGaρσ , (1.29)
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that is to say, under (1.24), we have the shift θ0QCD → θ0QCD + 2
∑

j(αj + βj). We thus have found
another CP-odd phase in LQCD that is invariant under phase transformations (1.24)

θQCD = arg
[
eiθ

0
QCD detYuYd

]
. (1.30)

It is worth noting that, if either Yu or Yd has a vanishing eigenvalue, then a chiral transformation can
reabsorb θ0. The phase θQCD is CP-odd, since under CP

eiθQCD detYuYd
CP−−→ e−iθQCD detY ∗

u Y
∗
d ,

and will enter in the expression of CP-odd observables (like the electric dipole moment of the neutron).
The SM is a well-established basis of particle physics, with experimental results almost universally
matching the theoretical predictions. Why, then, do we particle theorist and phenomenologists spend
our lives looking for new states Beyond the SM (BSM)? Though there are many motivations, the
present work has been fueled by the following subset

■ The Strong CP problem,

■ the Naturalness problem of the Higgs boson mass.

In the rest of this Introduction, we shall discuss each of these problems in turn.

1.2 The strong CP problem

In non-relativistic quantum mechanics, the neutron electric dipole moment is encoded in the Hamiltonian
as

HNR ⊃ −dnE · Sn , (1.31)

where E stands for the electric field and Sn is the spin-density of the neutron. In relativistic Quantum
Field Theory, the analogous observable is induced by the Lagrangian density – in the 4-component
notation of Dirac spinors

L ⊃ − i
2
dnnσ

µνγ5nFµν , (1.32)

where n(x) is the neutron Dirac field. We can give a spurionic estimate for dn using the following
argument. We know that θ becomes unphysical if any of the quark masses is zero. Therefore, dn should
be suppressed by at least one power of the lightest quark masses, in this case mu. Since [dn]m = −1,
we must account for its mass dimension with the only other relevant scale at our disposal, mn. Finally,
being dn CP-odd, it should be proportional to the only CP-odd parameter that we have at disposal
in the IR, i.e. θQCD, and – being a dipole – to the electric charge. Therefore, our estimate can be
expressed as

dn ≃ cne
mu

m2
n

θQCD , (1.33)

for some undetermined, at this stage, constant cn. Plugging in the most recent data (see Ref. [6]), we
get dn ≲ 10−26cm× e, from which we constrain θQCD to be

|θQCD| ≲ 10−10 . (1.34)

We have argued that in the Standard Model there are two phases

δCKM = arg det
[
YuY

†
u , YdY

†
d

]
,

θQCD = arg
[
eiθ

0
QCD detYuYd

]
.

(1.35)
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This remarkably small magnitude, ensures that low-energy QCD is approximately P and CP conserving;
the puzzle of why the value of θQCD should be so small is called the strong CP problem.
One might ask: what is wrong with simply choosing θQCD = 0? Within the Standard Model, this choice
must be made at a particular scale, for instance somewhere above the Z or top quark mass. Since the
weak interactions also break C and CP, θQCD will renormalize (or run) due to loops involving Standard
Model particles [7], and so will be nonzero at low energies where neutron dipole moments are measured.
Within the Standard Model, the resulting nonzero value is less than 10−15, however, and so is too small
to be detected in existing experiments. This shows that it is consistent simply to choose the value of
θQCD to be small within the Standard Model, ant that phenomenologically-small values for θQCD do not
pose a naturalness problem for the standard model itself. Such a small value for θQCD is nevertheless
rather surprising. Furthermore, the small size of θQCD often does become a naturalness problem once
the Standard Model is embedded into a more microscopic theory, such as within the supersymmetric
extensions. For this reason we describe in this Section a fairly mild modification of the Standard Model
for which the small size of θQCD could be made to relax to zero. It can do so because in the modified
theory, θQCD is related to the expectation value for an almost-massless new scalar field (called the
QCD axion), for which the dynamics favors configurations [8] with θQCD = 0. Although the particle
associated with this axion field is very light, it could have escaped detection so far because it couples
to the other Standard Model fields only through small non-renormalizable (irrelevant) interactions.
Another motivation for studying the strong CP problem is that it offers a useful framework for exploring
key features of the QCD vacuum, which are of intrinsic theoretical interest. In what follows, we will
compute the axion chiral Lagrangian, following the seminal works [9, 10]. This requires constructing
the QCD chiral Lagrangian, taking into account both the explicit breaking due to the U(1)A anomaly
and the quark masses. To do so consistently, we work at leading order in the large-N expansion of
QCD. In the large-N limit, QCD exhibis both confinement and chiral symmetry breaking [11]. We
have, for a SU(N) QCD

L = −1

4
GaµνG

a
µν + iq†σµDµq + iqc†σµDµq

c + qcMq + h.c.+
θg′s

2

32π2
GaµνG̃

aµν , (1.36)

where, for simplicity we redefined θQCD ≡ θ and with quarks transforming under the fundamental
representation of SU(N) and Gaµν = ϵµνρσG

aρσ/2. That is

Dµ = ∂µ + ig′sA
a
µT

a . (1.37)

To have a smooth large N limit, we have to replace g′s → gs/
√
N , so that the anomaly is absent for

N →∞. At N →∞, ignoring the quark masses, QCD with Nf flavors has the chiral symmetry

U(Nf )× U(Nf )→ UV (Nf ) , (1.38)

spontaneously broken by the chiral condensate

⟨qiqcj⟩ = Λ3δij , i, j = 1, . . . , Nf , (1.39)

where Λ is a mass scale and the quarks transform under U(Nf )× U(Nf ) as

qi → Aijqj , qci → qcjB
†
ji , (1.40)

where A and B are two independent U(Nf ) matrices, i.e. A†A = B†B = 1. Under the above
transformation, we have

⟨qiqcj⟩ −→ Aik⟨qkqcl ⟩B†
lj

therefore we introduce the Goldstone boson matrix

U(x) ≡ Fπ√
2
ei
√
2Φ(x)/Fπ , Φ(x) = T aπa(x) +

1Nf√
Nf

η′(x) , (1.41)
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where T a are SU(Nf ) generators, normalized as Tr(T aT b) = δab, such that under U(Nf ) × U(Nf )
transforms as U ∼ qqc, i.e.

U(x)→ AU(x)B† . (1.42)

At the level of two-derivative terms, there are two possible invariants

I1 = Tr(∂µU
†∂µU) , I2 =

∣∣∣Tr(U †∂µU)
∣∣∣2 . (1.43)

Expanding we find, at the lowest order in the derivative expansion

I1 = F 2
π (∂µη

′)2 + F 2
π (∂µπ

a)2 + . . . , I2 = F 4
π (∂µη

′)2 + . . . , (1.44)

therefore, the most general kinetic term allowed by chiral symmetry is

Lkin =
1

2
Tr(∂µU

†∂µU) +
c

2F 2
π

∣∣∣Tr(U †∂µU)
∣∣∣2 = 1

2
(∂µπ

a)2 +
1

2
(1 + cNf )(∂µη

′)2 + . . . , (1.45)

where the ellipsis stands for higher derivative terms. We now proceed to compute the decay constants
of the πa and η′ mesons by evaluating the matrix elements

⟨0|JµaA (x)|πb⟩ = ipµe−ip·xFπδ
ab ,

⟨0|JµA(x)|η′⟩ = ipµe−ip·xFη′ , (1.46)

where a = 1, . . . , N2
f − 1; we thus need to compute the axial currents JµaA and JµA, associated to SU(3)A

and U(1)A respectively. Under SU(Nf )A we have

q → eiα
aTaq , qc → eiα

aTaqc ⇒ U
SU(Nf )A−−−−−−→ eiα

aTaUeiα
aTa ≃ U + iαa (UT a + T aU) +O(α2) , (1.47)

from which we get the Noether current

JµaA = iTr
[
T a(U∂µU

† − U †∂µU)
]
=
√
2Fπ∂µπ

a + . . . . (1.48)

Under a U(1)A transformation, we have

q → eiαq , qc → eiαqc ⇒ U
U(1)A−−−−→ e2iαU , (1.49)

from which we find the Noether current

JµA =
√

2Nf (1 + cNf )Fπ∂µη
′. (1.50)

From Eq. (1.46), we extract the decay constant Fη′ =
√
2Nf (1 + cNf )Fπ. However, we know from

large-N counting, that meson correlation functions at leading order in 1/N are given by diagrams with
a single quark loop. Annihilation graphs, such as those on the right panel of Fig. 1.1, have two quark
loops and are thus suppressed by one power of N . The suppression of annihilation graphs is known
as Zweig’s or OZI rule. One consequences of this is that mesons occur in nonets for three light quark
flavors. There are nine possible meson states, which are divided into flavor octects qT aq, there T a is a
SU(Nf )|Nf=3 flavor matrix, and a singlet qq. Usually, the singlet and octet mesons are not related,
because the singlet meson can mix with gluons. In the large N limit, this mixing is suppressed. The
singlet and octet meson couplings are related by treating them as members of a U(Nf ) multiplet. That
is to say, in the large N limit, the vector meson octet of {ρ, ω, ϕ,K∗} all have the same mass, and the
decay constants of the πa’s and η′ are equal, i.e. Fπ = Fη′ . Therefore, I2 violates the OZI rule, since
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JµA JµA JµA JµA

Figure 1.1: The diagram in the right panel represents an annihilation process that violates the OZI rule
and is therefore suppressed by a factor of 1/N relative to the leading, OZI-allowed diagram shown in the
left panel.

splits Fη′ =
√
2Nf (1 + cNf )Fπ from Fπ, so is absent and the effective Lagrangian for large N and in

the absence of explicit chiral symmetry breaking must be

Lkin =
1

2
Tr(∂µU

†∂µU) +O(1/N) . (1.51)

Taking into account the quark masses, we get

L0(U,U †) ≡ 1

2
Tr(∂µU

†∂µU) +
Fπ

2
√
2
Tr
[
µ2(U + U †)

]
, (1.52)

where µ2 is proportional to the quar mass matrix which, without loss of generality, can be taken to be
real, diagonal and non-negative (provided a θ-term is added). More precisely, in terms of the quark
masses mi and chiral condensate, the meson mass matrix, µ2 is defined by

µ2ij = µiδij = −
2mi

F 2
π

⟨qqc⟩δij . (1.53)

The above Lagrangian density has to be modified in order to include the effect of the U(1)A anomaly.
We know that, under the axial transformation – in the UV

q(x)→ exp(iβγ5Q)q(x) , δLQCD = 2β TrQ g2s
64π2

ϵµνρσF aµνF
a
ρσ︸ ︷︷ ︸

=q(x)

, (1.54)

where Q is an Nf ×Nf matrix, with Q = TrQ/Nf1+ 2T aTr(T aQ). We can also write the topological
charge q(x) as the Hodge dual of the exterior derivative of a 3-form field, the Chern-Simons 3-form C3,
defined as

q(x) = ∗F4 , Fµνρσ =
1

4
(∂µCνρσ − ∂νCµρσ − ∂ρCνµσ − ∂σCνρµ) , (1.55)

where

C3 =
1

8π2
Tr

[
A ∧ dA+

2igs
3
A ∧A ∧A

]
. (1.56)

Because of confinement, the chiral Lagrangian density should not contain color degrees of freedom, but
it can contain fields such as Aaµ or F aµν only through the color signlet combination q(x). If we add to
the chiral Lagrangian density

Lanomaly =
i

2
q(x) Tr

[
logU − logU †

]
, (1.57)

it will transform under the U(1)A transformation (1.54), U → e−iβQUe−iβQ as

δLanomaly = 2β TrQ q(x) , (1.58)
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i.e. in this way, Lanomaly explicltly breaks U(1)A as in the UV. Therefore, taking into account the
explicit breaking due to the quark masses and to the anomaly, we find – in full generality

Ltentative = L0(U,U †) +
i

2
q(x) Tr

[
logU − logU †

]
+

∞∑
k=1

Lk(U,U †)qk(x) , (1.59)

where

• Ltentative is invariant under SU(Nf )× SU(Nf ) and should transform as (1.58) under U(1)A,

• Ltentative is CP-even, except for a term proportional to the QCD vacuum angle θ,

• Ltentative does not contain more than two derivatives of the fields U and C3.

The above requirements imply

L2k+1(U,U
†) = 0 , k = 1, 2, . . . , (1.60a)

L2k(U,U †) is invariant under CP and under U(Nf )× U(Nf ), k = 1, 2, . . . , (1.60b)

thus restricting Ltentative to

Ltentative = L0(U,U †) +
i

2
q(x) Tr

[
logU − logU †

]
+

∞∑
k=1

L2k(U,U †)q2k(x) . (1.61)

Up to here we have made no use of the large-N limit. If we demand that the Lagrangian density (1.61)
follows from QCD in the large-N limit, we find the following N dependences (see also Ref. [12])

F 2
π = O(N) , (1.62)

⟨L2⟩0 = O(1) , (1.63)

⟨L2k⟩0 = O(N2−2k) , (1.64)

where we have used that the topological charge scales as ∝ 1/N (since g2s ∝ 1/N), while the vacuum
energy scales as2 ∝ N2. Therefore, two insertions of the topological charge in the vacuum yield, for
instance

⟨L2⟩0 = O(1) in 1/N .

L = Lkin(U,U †) +
Fπ

2
√
2
Tr
[
µ2(U + U †)

]
+
i

2
q(x) Tr

[
logU − logU †

]
− θq(x) + N

aF 2
π

q2(x) , (1.65)

where a, if not zero, is of O(1) in 1/N , and hence proportional to Λ2
QCD. An immediate consequence

of the q2(x) term is to give the topological susceptibility3

χYM =

∫
d4x ⟨q(x)q(0)⟩|θ=0 =

aF 2
π

2N
, (1.66)

2The diagrams contributing to the vacuum energy are vacuum-to-vacuum bubble diagrams, which are of order O(N2)
in the 1/N expansion, since any of the N2 gluon species can circulate in the loop.

3We are tacitly assuming to work with Euclidean quantities.
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in pure Yang-Mills (YM) theory (i.e. in absence of quarks). After the elimination of the field q(x) –
since it appears quadratically, and can be integrated out exactly, obtaining

q(x) =
aF 2

π

2N

(
θ − i

2
Tr
[
logU − logU †

])
, (1.67)

thus obtaining the Lagrangian density [10]

L = Lkin(U,U †) +
Fπ

2
√
2
Tr
[
µ2(U + U †)

]
− aF 2

π

4N

(
θ − i

2
Tr
[
logU − logU †

])2

, (1.68)

from which we obtain the η′ mass, for massless quarks

m2
η′ =

aNf

2N
=
Nf

F 2
π

χYM , (1.69)

which is the celebrated Veneziano-Witten relation. That is to say, in the chiral limit, not all the
pseudoscalar mesons are massless. The dependence of the vacuum structure on θ can be found by
minimizing the potential. The most general background, given that U †U = F 2

π
2 , is diagonal and can be

parametrized as

⟨U⟩ = Fπ√
2
diag(eiϕ1 , . . . , e

iϕNf ) . (1.70)

Inserting this background in the Lagrangian density (1.68), we find the potential

V (ϕi) =
aF 2

π

4N

θ − Nf∑
i=1

ϕi

2

− F 2
π

2

Nf∑
i=1

µ2i cosϕi , (1.71)

from which the phases ϕi are determined by minimizing Eq. (1.71), and therefore satisfy the minimization
equations

µ2i sinϕi =
a

N

θ − Nf∑
j=1

ϕj

 , i = 1, . . . , Nf . (1.72)

The general solution of this equation is not tractable analytically. If Eq. (1.72) has only one solution,
this solution must vary periodically in θ with periodicity 2π. However, it may happen that Eq. (1.72)
has more than one solution. In this case, the physics is described by the solution that corresponds
to the lowest energy. It could happen that two solutions "cross" in energy as θ is varied. For θ less
than some critical value, one solution has the lower energy; for θ greater than the critical value, a
different solution has lower energy. We can study Eq. (1.72) in various limits. In the realistic values of
the parameters (although we should be careful that we haven’t justified the large-N approximation as
applied to the real QCD to be able to ignore the higher order corrections):

µ2u,d ≪ µ2s ≪
a

N
, (1.73)

this equation can be solved and Eq. (1.72)

µ2u sinϕu = µ2d sinϕd = µ2s sinϕs =
a

N
(θ − ϕu − ϕd − ϕs) , (1.74)

reduces to

µ2u sinϕu = µ2d sinϕd (1.75)
ϕu + ϕd = θ , (1.76)

ϕs = 0 . (1.77)
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Figure 1.2: Vacuum energy as a function of the vacuum angle θ for two quark flavors (Nf = 2), where
z = mu/md. The phenomenologically relevant value is z ≃ 0.47. The blue line shows the hypothetical
situation if z = 1, where there is a cusp at θ = π.

That is to say, we find the CP-even solution

sinϕu = sinϕu =
md sin θ[

m2
u +m2

d + 2mumd cos θ
]1/2 ,

sinϕd = sinϕd =
mu sin θ[

m2
u +m2

d + 2mumd cos θ
]1/2 , (1.78)

which plugged in Eq. (1.71), gives the potential

V (θ) = −F
2
π

2

(
µ2u cosϕu + µ2d cosϕd

)
= −F 2

πm
2
π

√
1− 4mumd

(mu +md)2
sin2

θ

2
, (1.79)

where we used m2
π = (µ2u + µ2d)/2. The fact that the solution in Eq. (1.78) is CP-even follows from the

fact that, under a CP trasnformation U → U †, that is in terms of the ϕi (see Eq. (1.70)), ϕi → −ϕi,
and θ → −θ. Let us now consider again Eq. (1.74) in the approximation (1.73) at θ = π. We have

ϕu + ϕd + ϕs = π , (1.80)

µ2u sinϕu = µ2d sinϕd = µ2s sinϕs . (1.81)

From the equation µ2u sinϕu = µ2d sinϕd we find

sinϕd = sinϕd =
mu sinϕs√

m2
u +m2

d − 2mumd cosϕs

, (1.82)

sinϕu = sinϕu =
md sinϕs√

m2
u +m2

d − 2mumd cosϕs

, (1.83)

while, from µ2u sinϕu = µ2s sinϕs, we find

mumd sinϕs√
m2
u +m2

d − 2mumd cosϕs

≡ mumd sinϕs√
(mu −md)2 + 2mumd(1− cosϕs)

= ms sinϕs . (1.84)
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Figure 1.3: The vacuum energy as a function of θ may have several branches, which cross at particular
values of θ. The red line shows the (minimal) vacuum energy.

Eq. (1.84) can have more than one vacuum solution. Indeed, there is always one CP-even solution
sinϕs = 0. Furthermore, when

ms |mu −md| < mumd , (1.85)

there are two additional CP-odd solutions

cosϕs = 1 +
m2
s(mu −md)

2 −m2
um

2
d

2mumdm2
s

, (1.86)

since it does not determine the sign of ϕs, even though they correspond to the same value of cosϕs;
hence the two solutions of Eq. (1.86) transform into each other under CP, and – corresponding to
the same value of cosϕs – have the same energy (see Eq. (1.71)). This means that at θ = π, CP is
spontaneously broken, since there are two inequivalent degenerate vacua that transform one into each
other under CP. The possibility of spontaneous CP-breaking in the QCD vacuum was already pointed
out by Dashen prior to the discovery of QCD (see Ref. [13]). Such occurrence thus goes under the name
of Dashen’s phenomenon.
By varying θ in a neighbourhood of π one can see that one of the two CP-odd solutions has the lowest
value of the energy and that the two solutions cross at θ = π. In the real world, the condition in
Eq. (1.85) is not satisfied, and Dashen’s phenomenon does not take place.
Among the various solutions of the Strong CP problem proposed so far, the so-called Peccei-Quinn (PQ)
solution is arguably the most robust and model independent, because it only relies on the requirement
of a new U(1) global symmetry with a chiral anomaly under SU(3)c and on the low energy properties
of QCD – in particular on its vacuum structure.
The basic idea is that the θ-angle is unphysical if there exists a global and continuous transformation,
parametrized by a parameter α, that leaves the UV theory invariant up to a shift of the gluon topological
term

δS =
αs
8π
αGaµνG̃

aµν , (1.87)

where αs = g2s/4π. The easiest way to realize this setup is to introduce a U(1)PQ global symmetry acting
on the fields as ϕ → ϕα under which the UV action is invariant, SUV[ϕα] = SUV[ϕ], but anomalous
under SU(3)c, so that the path integral changes as [dϕα] = [dϕ] exp(iαs8παG

a
µνG̃

aµν). Unfortunately
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such a global symmetry is not present in the SM. As a consequence, the PQ solution requires new
physics beyond the SM [14–16].
Whatever the physics is, the ’t Hooft anomaly matching condition gives us a handle on how the
low-energy physics should look like. Indeed, for consistency of the theory, if there is an anomalous
global symmetry in the UV, the low-energy theory – even when the gauge group confines – should
include the same global anomaly. We notice that the anomaly in the IR sector can be carried by

• massless (composite) fermions, if the symmetry with the global anomaly is linearly realized in the
IR (in the case of the U(1)PQ they should be colored),

• Nambu-Goldstone bosons (NGBs), if the symmetry with the global anomaly is non-linearly
realized in the IR.

Since massless colored fermions are actually experimental excluded, the only option is that U(1)PQ is
spontaneously broken and in the low-energy theory its NGB, called the QCD axion a(x), reproduces
the anomaly by transforming non-linearly under PQ as

a(x)
U(1)PQ−−−−→ a(x) + αfa , (1.88)

and coupling to the gluon topological term as

LIR ⊃
αs
8π

a

fa
GaµνG̃

aµν . (1.89)

The axion decay constant fa defined in Eq. (1.89) is related to the scale of spontaneous symmetry
breaking of the U(1)PQ. The rest of the low-energy Lagrangian invariant under the shift a→ a+αfa in
order to reproduce the anomaly in the UV (i.e. above fa). At energies below the scale of PQ breaking,
the SM+axion effective Lagrangian will be [17]

LIR = L(θ=0)
SM − θQCD

αs
8π
GaµνG̃

aµν +
1

2
(∂µa)

2 +
αs
8π

a

fa
GaµνG̃

aµν + . . . , (1.90)

where the dots represent additional terms that do not break the axion shift symmetry (and thus
proportional to inverse powers of fa). While the coupling to gluons in Eq. (1.90) is model independent
and can be argued on the basis of anomaly matching only, the rest of the low-energy Lagrangian depends
on the particular model under consideration. Couplings that can appear at order f−1

a in Eq. (1.90)
include

LIR ⊃
g0aγγ
4
aFµνF̃

µν +
∂µa

2fa

∑
i

c0iψiγ
µγ5ψi , (1.91)

where g0aγγ ∝ f−1
a represents the coupling to the photons and the second term is the coupling to the

fermion axial current, where ψi could be either a quark or a lepton. Although the coefficients g0aγγ and
c0i in Eq. (1.91) are model dependent, their value is important experimentally because they allow to
probe and possibly detect the QCD axion (see Figures 1.5 and 1.6). From Eq. (1.79) and (1.90), we
immediately get the axion potential (generated from QCD non-perturbative dynamics)

V (a) = −F 2
πm

2
π

√
1− 4mumd

(mu +md)2
sin2

(
θ

2
− a

2fa

)
, (1.92)

from which we get the relation

ma =
mπFπ
fa

√
mumd

mu +md
≈ 5.7µeV

(
1012GeV

fa

)
. (1.93)

To conclude, we notice that from the axion potential in Eq. (1.92) follows that, ⟨a⟩ = faθ, therefore the
neutron electric dipole moment is relaxed to zero, i.e.

dn ≃ cne
mu

m2
n

(
θ − ⟨a⟩

fa

)
= 0 . (1.94)
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θi
T ≫ Tosc T ≳ Tosc T ≲ Tosc

Figure 1.4: Schematic illustration of the misalignment mechanism.

1.3 Axions in Cosmology

A few years after the introduction of the QCD axion as a tool for solving the strong CP problem, it was
realized that axions, if they exist, could also explain the observed dark matter density. The axion can
obtain its dark matter abundance from either the misalignment mechanism or topological defects. The
misalignment mechanism operates when PQ symmetry is broken during inflation and is never restored
after inflation. Axions with masses above 10−2eV (see Fig.) are constrained by stellar cooling, since
such particles would lead to excessive energy loss from stars. Consequently, these astrophysical limits
imply that axion dark matter must predominantly consist of very light, weakly interacting particles.
When bosonic dark matter particles are light, it becomes more appropriate to treat them as a classical
field. A heuristic justification for this transition is as follows (see Ref. [18] for a more detailed analysis).
Consider a cubic volume of dark matter, with dimensions set by the de Broglie wavelenght of the axion,
λdB = 1/mavDM, where vDM ≃ 10−3 is the local dark matter velocity. Using the fact that the energy
density of dark matter in our galaxy is measured to be ρDM ≃ 0.4GeV cm−3, the number density of
dark matter is determined from n = ρ/mDM, whereas a rough measure for the volume occupied by
each (quantum) state is the de Broglie volume VdB = λ3dB. Accordingly, the dark matter states overlap
when nVdB = ρDM/m

4
DMv

3
DM ≳ 1. As quantum states begin to overlap, the system becomes coherent

and can be described as a classical field. In this regime, it is more appropriate to treat dark matter
collectively as a classical wave rather than as individual quantum particles. The classical equations of
motion for an axion in an FRW spacetime are given by

ä(t,x) + 3Hȧ(t,x)− 1

R2
∇2

xa(t,x) +
∂V (a, T )

∂a
= 0 , (1.95)

where the dots denote time derivatives, R is the scale factor of the universe, H = Ṙ/R is the Hubble
constant and spatial derivatives are taken with respect to comoving coordinates. This equation may
simply be derived from the Euler-Lagrange equation for the axion in the presence of an FRW metric.
Note that the zero-temperature axion potential V (a, T = 0) is given in Eq. (1.92) as calculated in
chiral perturbation theory. The temperature dependence arises from the fact that the QCD axion’s
potential is generated by QCD instantons, and QCD is at finite temperature T in the early universe.
For simplicity, we will ignore the periodic behaviour of the axion potential and take the small-angle
limit, for which

∂V (a, T )

∂a
≈ m2

a(T )a(t,x) , (1.96)

• Early in the universe when the T > ΛQCD ≃ 200MeV and QCD is deconfined, the axion potential
is negligible and the axion is massless (see Fig.).

• After T < ΛQCD, the axion gains a temperature dependent mass and the dynamics of the axion
field begins to unfold (see Fig. 1.4).

There are two distinct possibilities for the subsequent evolution of the axion field, depending on whether
or not PQ symmetry is broken after inflation. We will focus on the case of PQ symmetry broken
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before inflation (i.e. at a scale higher than the scale of inflation), and is not subsequently restored after
inflation. In particular, this requires the reheating temperature to be smaller than the PQ scale

fa ≫ Hinflation, TRH . (1.97)

Each Hubble patch starts with a random initial misalignment angle for the axion field in the range
0 ≤ θi ≤ 2π; since the potential is flat, all values are equally likely. After PQ breaking, inflation
stretches all Hubble patches and establishes homogeneous initial conditions, ensuring that the axion’s
initial misalignment angle is uniform everywhere post-inflation. Consequently, we can omit the gradient
term in Eq. (1.95), and the equation of motion becomes

ä(t,x) + 3Hȧ(t,x) +m2
a(T )a = 0 , (1.98)

We will assume that the following dynamics occur during the radiation domination epoch of the universe,
i.e. a(t) as the axion should act as dark matter before the matter-radiation equality.
When H > ma(T ), the axion is overdamped and frozen at its initial misalignment angle. The axion
field is thus stuck on its initial condition

a = a0 ≡ faθi , H ≫ ma(T ) or at T > Tosc . (1.99)

The Hubble rate scales as H(T ) ≃ T 2/MPl and eventually becomes of order of the axion mass

H(Tosc) ≃ ma(Tosc) , (1.100)

when this occurs, at temperature Tosc, then the axion field starts oscillating around its minimum. in
the late time-universe can now solve the equation of motion (1.98) using the WKB approximation,
assuming a radiation-dominated universe where H = 1

2t . i.e. we assume the solution to factor as the
product of slowly varying amplitude times a quickly varying phase

a(t) = faA(t)eiϕ(t) . (1.101)

Plugging this ansatz into Eq. (1.98), we find two equations for the real and imaginary part

3H
Ȧ
A +

Ä
A +m2

a(T )− ϕ̇2 = 0 , (1.102)

3H + 2
Ȧ
A +

ϕ̈

ϕ̇
= 0 . (1.103)

Using the WKB approximation, Eq. (1.102) reduces to

m2
a(T )− ϕ̇2 = 0⇒ ϕ(t) =

∫ t

t0

dt′ma(t) + const , (1.104)

which inserted in Eq. (1.103) gives

3H + 2
Ȧ
A +

ṁa

ma
= 0⇒ A(t) = faC

R3/2(t)m
1/2
a (t)

. (1.105)

All in all, we have the solution of Eq. (1.98)

a(t) = faθi

(
ma(Tosc)

ma(T )

)1/2(R(Tosc)
R(T )

)3/2

cos

[∫ t

t0

dt′ma(t
′)

]
, (1.106)

where C = θi, from patching the solutions at the crossover point Tosc when the axion starts to oscillate.
We can now examine this solution in two limiting regimes
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◦ when H > ma(T ), or T > Tosc, the axion is overdamped and frozen at its initial misalignment
angle. We find the energy density in the axion field ρa = 1

2m
2
aa

2 + 1
2 ȧ

2 to be

ρa =
1

2
m2
aa

2
0 =

1

2
m2
af

2
aθ

2
i ; (1.107)

◦ in the opposite limit, as H < ma(T ), or T < Tosc, the axion begins to oscillate around the
minimum of its potential, and the energy density scales as

⟨ρa⟩ ≃
1

2
m2
a(T )f

2
aθ

2
i

ma(Tosc)

ma(T )

T 3

T 3
osc

, (1.108)

where the averaging is over the fast oscillations and used R ∝ T−1. We thus notice that, at late
times, the axion redshifts like cold non-relativistic matter.

Equivalently, we can explicitly solve (1.98), assuming that the axion mass simply turns on at the QCD
phase transition (see Ref. [19] for a more refined analysis, where the temperature dependence of ma is
taken into account) obtaining, for a radiation-dominated universe

a(t) =
1

t1/4
[
c1J1/4(mat) + c2J−1/4(mat)

]
,
Ṙ

R
=

1

2t
, (1.109)

and for a matter-dominated universe

a(t) =
1

t1/2
[
c̃1J1/2(mat) + c̃2J−1/2(mat)

]
,
Ṙ

R
=

2

3t
. (1.110)

Therefore, at late times (i.e. for t≫ m−1
a ),

a(t)
t≫m−1

a∼ a0(mat)
−3/4 sin(mat) = faθi(mat)

−3/4 sin(mat) ,
Ṙ

R
=

1

2t
, (1.111)

and

a(t)
t≫m−1

a∼ a0(mat)
−1 sin(mat) = faθi(mat)

−1 sin(mat) ,
Ṙ

R
=

2

3t
, (1.112)

from which we find – at late times

⟨ρa⟩
t≫m−1

a≃
{
(mat)

−3/2 , radiation domination ,
(mat)

−2 , matter domination ,
(1.113)

and, in either cases, ⟨ρa⟩ ∝ R−3 for large times. Therefore, comparing with the dark matter density
today, we have from Eq. (1.108)

ρa,0
ρDM,0

≃ ma,0ma(Tosc)f
2
aθ

2
i T

3
0 /T

3
osc

eV T 3
0

≡ ma,0ma(Tosc)f
2
aθ

2
i

eV T 3
osc

=
ma,0f

2
aθ

2
i

eVm
1/2
a (Tosc)M

3/2
Pl

, (1.114)

where we made use of the fact that, H ≃ T 2/MPl and at T = Tosc, H ≃ ma(Tosc) and ma,0 is the axion
mass today, where we can use its zero-temperature value

m2
a,0 ≡ m2

a =
mumd

(mu +md)2
m2
πf

2
π

f2a
. (1.115)

We now turn to the temperature dependence of the axion mass. At finite temperature [20], the
dilute instanton gas approximation provides a reliable framework to compute the axion potential from
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instanton-induced effects. For example, for three light quarks, the instanton effects can be encoded in
the ’t Hooft effective operator (see Eq. (2.194))

∆L(T, x) = −CNc
∫
dρ ρ−5+3Nf

(
8π2

g2(1/ρ)

)2Nc

e
− 8π2

g2(1/ρ)
−π2T 2ρ2

e
iθ+i a

fa

×
∏

ψ=u,d,s

ψR(x)ψL(x) + h.c. , (1.116)

where g is the strong coupling and the temperature enters as a scale in the instanton exponential, see
Ref.s [21, 22], cutting off the integral over the instanton size ρ at ρ ≃ 1/T . We thus get, the contribution
to the axion potential (see Section 2.1.3), or equivalently the axion free energy

F (θ, T ) = C3

∫
dρ

ρ5

(
8π2

g2(1/ρ)

)6

e
iθ+i a

fa
−π2ρ2T 2

(ρΛQCD)
b0
∏

i=u,d,s

miρ+ h.c.

= C3e
iθ+i a

faΛ9
QCDmumdms

∫
dρ ρ7

(
8π2

g2(1/ρ)

)6

e−π
2ρ2T 2

+ h.c.

≃ C
(

8π2

g2(T )

)6

Λ9
QCD

mumdms

T 8
cos

(
θ +

a

fa

)
, (1.117)

where b0 = −β0 = 11
3 Nc − 4

3Nfd(Cq) = 9, for three light flavors in the fundamental representation and
the constant C = 2.4× 10−2 is obtained from a numerical integration of an expression for the instanton
density [20] (see also [23] for a more recent discussion). We thus get the axion mass

m2
a(T ) =

1

f2a

d2

d2θ
F (T, θ)

∣∣∣∣
θ=0

∼ mumdms

f2a

Λ9
QCD

T 8
. (1.118)

We thus distinguish the following cases

• Tosc > ΛQCD we have to use in Eq. (1.114) the temperature-dependent axion mass in (1.118) and
plugging all the numbers, Eq.(1.114) gives

ρa,0
ρDM,0

≃ O(1)
(

fa
1012GeV

) 7
6

θ2i . (1.119)

• Tosc < ΛQCD we can use in Eq. (1.114) the axion zero-temperature mass, then obtaining

ρa,0
ρDM,0

≃ O(1)
(

fa
1012GeV

) 3
2

θ2i . (1.120)

Thus, QCD axion can account for the totality of cold dark matter in the universe, provided fa ≃ 1012GeV.

1.4 Naturalness – with the gloves off: dimensional analysis

As understood long time ago by giants as Wilson [24] and Weinberg [25], the changes in complexity of
a QFT as we move toward lower energies can be formulated in the language of “integrating out the UV
degrees of freedom". The concept is perhaps most succintly incarnated by a path-integral approach.
There are, at present, many kinds of evidence for the existence of physics above the electroweak scale.
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Figure 1.5: Current upper limits on the axion-photon coupling as a function of the axion mass from
astrophysical and laboratory probes, with the QCD axion band indicated.
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Figure 1.6: Current upper limits on the axion-electron coupling as a function of the axion mass from
astrophysical and laboratory probes, with the QCD axion band indicated.

The strongest of these comes from gravity, which is characterized by a single dimensionful quantity:
Newton’s constant, GN . Newton’s constant defines an enormous scale

M̄Pl =
1√
GN
≃ 1018GeV , (1.121)

which is characteristic of gravitational physics, being gravity the weakest force – e.g. GN/GF ≃ 10−33

– precisely because this scale is so large compared with the other scales we know in physics. Since
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Netwon’s constant is an inverse power of mass (in units where [ℏ] = 1), the gravitational interactions
are non-renormalizable, and so are likely the low-energy effective theory for some new physics which
intervenes at some energy v ≪ E ≲ M̄Pl.
A second indication that nature involves physics at larger scales than v = 246GeV comes from the
analysis of neutrino masses in terms of dimension-4 interactions (or in terms of the seesaw mechanism).
In this picture, neutrino masses are light because they are inversely related to a very heavy mass,
mν ∝ v2/MNP. Neglecting dimensionless factors, this implies a new scale MNP ≃ 1014GeV.
Now, imagine the theory is valid up to a scale Λ. If you only need to make a prediction for a measured
quantity at energy scales E ≪ Λ, it is not necessary to include in the computation all the details of the
dynamics at the high scale. For example, you can describe the energy levels of the Hydrogen atom with
excellent accuracy, without knowing anything about the mass of the top quark. The error that you are
making is of order

δ ≃ αem
me

mt

and if your experimental precision is inferior, this is perfectly acceptable. Some of the low-energy
parameter that you need for the calculation are more sensitive to mt, for example the proton mass and
the fine structure constant α. However these are all quantities that you can measure at low energy,
forgetting about their ultraviolet origin. If we could not describe the low-energy dynamics only in
terms of low-energy degrees of freedom, at least to some finite precision, we would not have been able
to make predictions for any physical system. However this does not mean that every trace of the UV
dynamics disappears in the low-energy theory. There are very non-trivial consequences of UV physics
that survive at low-energy. One classic example of this is the spin-statistics theorem. In non-relativistic
quantum mechanics it is just a (measured) fact of life, but in quantum field theory it emerges from
causality. Other than symmetry constraints, the UV dynamics also leaves behind small corrections to
low-energy observables (the αme/mt error in case of the Hydrogen atom).
These effects arise because, although the heavy degrees of freedom have been integrated out, their
influence remains encoded in higher-dimensional operators suppressed by powers of the heavy scale.
To see how effective field theories (EFTs) work in practice, we take a scale M and split the degrees of
freedom in the path integral into two parts, the high-energy and low-energy modes∫

Dϕ eiS[ϕ] =
∫
DϕLDϕH eiS[ϕL,ϕH ] , (1.122)

where the typical energy of the field configuration ϕL is EϕL < Λ (light modes or low-energy modes),
while the energy of the field configuration ϕH is EϕH > Λ (heavy modes or high-energy modes). If we
know how to do the path integral over the high-energy modes we obtain a description of the system in
terms of the low-energy degrees of freedom∫

DϕL
(
DϕH eiS[ϕL,ϕH ]

)
=

∫
DϕLeiSEFT(ϕL) . (1.123)

This is all we need and we have not even restricted the validity of the theory. In principle, we can use
SEFT(ϕL) to make predictions up to energy scales E ≲ Λ. In practice, this suggests that we have not
really gained anything and in fact most of the times the path integral cannot be performed exactly.
However, even when this is not possible, we can always write SEFT(ϕL) as an infinite sum of operators
built from the low-energy fields and consistent with all the low-energy symmetries of the problem

SEFT(ϕL) =
∑
i

∫
dDx ciOi(ϕL) , (1.124)

where Oi(ϕL) are local operators built from the low-energy fields ϕL. It might seem that this infinite
sum requires the full knowledge of S(ϕL, ϕH) to be useful. However here the power of broken symmetries
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a location of the experiment

x y

z

r ≫ a

Figure 1.7: A charge distribution of size a and a distant experiment at r ≫ a; only a finite number of
multipoles contribute appreciably to the potential at the observer’s location.

comes to our rescue. This is familiar from classical and quantum mechanics. Even in systems that are
not rotationally invariant, for example, selection rules (or spurions) of the rotational symmetry are
extremely useful to predict relations between matrix elements. If you prefer a quantum field theory
equivalent, you can think about chiral symmetry in QCD and its breaking by the quark masses or flavor
symmetries in the Standard Model and their breaking by the Yukawa matrices. In our case we need an
even simpler symmetry. We can just use dimensional analysis, which should more appropriately be
called the selection rules of the dilatation operator.
If we set ℏ = c = 1, our operators have some dimension δi in units of energy

[Oi] = Eδi . (1.125)

Since in this units the action is dimensionless, we must have [ci] = ED−δi and therefore, factoring out
the dimensionful quantities from the ci’s, we find

SEFT(ϕL) =
∑
i

∫
dDx

ci
Λδi−D

Oi(ϕL) . (1.126)

Now we are in a position to estimate the contribution of each term in the sum in Eq. (1.126) to
low-energy observables. Using again dimensional analysis, we have∫

dDxOi(x) ≈ Eδi−D , (1.127)

where E is some low-energy scale (i.e. the typical energy of an IR experiment); therefore each term in
the sum contributes to a low-energy measurement an amount

ci
Λδi−D

∫
dDxOi(ϕL) ≈

(
E

Λ

)δi−D
. (1.128)

We see immediately that operators with δi > D are suppressed when E ≪ Λ, so if we are interested in a
finite level of precision we need only a finite number of operators for our calculation. A classical analog
is the multipole expansion in Electrodynamics (see Fig. 1.7). The multipole expansion involves taking
an arbitrary distribution of charges and performing a Taylor series on the potential in the long-distance
limit

V (r) =
1

r

∑
l,m

(a
r

)l
Cl,m Yl,m(Ω) , (1.129)

where a is the size of the charge distribution (UV scale in the quantum field theory analog). For r ≫ a,
and at finite precision, only a finite number of multipoles are needed to accurately describe the potential
V (r), being higher-order terms suppressed by powers of a/r. The largest scale in our low-energy theory
is Λ, and we can always write

ci = γ0Λ
d−δi + γ1M

d−δi
2 + γ2M

d−δi
2 + . . .

= Λd−δi

[
γ0 + γ1

(
M1

Λ

)d−δi
+ γ2

(
M2

Λ

)d−δi
+ . . .

]
≡ giΛd−δi , (1.130)



Chapter 1. Introduction 24

where M1 ,M2 , · · · ≪ Λ. This just means that even if the ci receive contributions from multiple scales,
we can always parametrize them in terms of the largest scale in the theory times some dimensionless
coefficient. From simple dimensional analysis we expect gi = O(1) unless some extra symmetry (or
dynamics) is at work.
Particle physicists formalize the statement that such dimensional analysis estimates are accurate with
the term "naturalness".
The first example of naturalness is encountered in the kindergarten, i.e.how to estimate the time it
takes for a ball that has been dropped to hit the floor. Because this depends only on the distance to
the floor, d, and the strength of gravity, g, the simple dimensional analysis estimate gives t ≃

√
d/g.

However, if all of the relevant physics has not been identified, an incorrect result can be obtained. For
example, if the coefficient of the air resistance, b, is important then the time would instead be estimated
as t ≃ bd/(mg).
Another application of naturalness is anticipating the scale of quantum mechanics à la Weisskopf [26]
(see also [27, 28]). The first step in this line of reasoning is obtaining the classical electron radius.
Consider the mass of the electron. Einstein’s most famous equation, E = mc2, shows that the energy
and mass are one and the same. Thus, any source of potential energy associated with the electron
should contribute to its mass. One source of potential energy is the electron self-energy. At the classical
level, this energy is infinite. Indeed, the charge density distribution will be ρ(x) = δ(3)(x), and the
electric field generated by this distribution will carry an energy

U =
ε0
2

∫
d3x|E(x)|2 , E(x) = −∇Φ(x) , (1.131)

where Φ is the electrostatic potential, i.e. Φ(r) = e/(4πε0r). At the classical level, U is infinite.
Assuming that at some distance R, one of the assumptions breaks down (i.e. 1/r2 electric field, point-
like electron), we get4 from dimensional analysis

δme|Coulomb ∝ αem/R . (1.132)

In the extreme limit, where the entirety of the electron mass is due to electromagnetic self-energy

me ≃ δme|Coulomb ⇒ R = Rcl ≃
αem

me
=

e2

4πε0mec2
≃ 2.8× 10−15m , (1.133)

where Rcl is also known as the classical radius of the electron. If the electron were modelled as a charged
ball, Rcl would be the smallest the radius of the electron could possibly be. An analogous way to see
this, is that – taking into account the electromagnetic correction in Eq. (1.132)

(mec
2)obs = (mec

2)bare + δme|Coulomb , (1.134)

where (mec
2)bare corresponds to the value of the electron mass appearing in the Hamiltonian. Experi-

mentally, we know that the "size" of the electron is small, i.e.

R ≲ few TeV ≃ 10−17cm , (1.135)

therefore the contribution to (mec
2)obs due to the self-energy would give δme|Coulomb ≳ 10GeV, and

hence the bare electron mass must be negative to obtain the observed mass of the electron, with a fine
cancellation like

0.511MeV = (−9999.49 + 10000)MeV . (1.136)
4Indeed, the regularized electromagnetic energy of a point charge is – assuming the electron to have a "size" R

U =
ε0
2

∫
r>R

dr 4πr2
e2

(4πε0)2r4
=

e2

8πε0R
=

e2

8πR
,

where in the last equality we restored to natural units, where ε0 = µ0 = 1.
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Figure 1.8: Old-fashioned Feynman diagrams for the electron self-energy, at first order in perturbation
theory. In modern Feynman diagram notation, the two diagrams would be combined into a single one,
incorporating both effects.

Even setting a conceptual problem with a negative mass aside, such a fine-cancellation between the bare
mass of the electron and the Coulomb self-energy appears ridiculous. In order for such a cancellation to
be absent, we conclude that the classical electromagnetism cannot be applied to distance scales shorter
than Rcl. An important point is that the above argument does not specify what actually happens at
the scale Rcl. Dimensional analysis simply informs the physicist when something will happen, not what
will happen at said location. Indeed, when

R ≃ c∆t ≃ cℏ/∆E ≃ ℏc/(mec
2) ≃ 100Rcl (1.137)

quantum mechanics kicks in and completely changes the computation. While dimensional analysis
cannot predict what will occur at Rcl, it does correctly predict that one of the assumptions will
break down. Today, we know that the actual resolution is that the classical Coulomb self-energy is
supplemented by another contribution that is intrinsically relativistic and quantum mechanical. The
total self-energy calculation to first order in perturbation theory can be depicted in "old-fashioned"
Feynman diagram notation as in Fig. 1.8. The diagram in the left panel of Fig. 1.8 includes the linear
divergent classical Coulomb self-energy (which behaves as 1/R as R→ 0). The right diagram involving
the intermediate virtual positron is a new feature introduced in the relativistic quantum mechanical
theory of the electron. This is precisely the computation that Weisskopf performed, and found that
the positron contribution to the electron self-energy is negative and cancels the leading piece in the
Coulomb self-energy

δme|pair = −
1

4πε0

e2

R
. (1.138)

After the linearly divergent piece 1/R is canceled, the leading contribution in the R→ 0 limit is given
by

δme = δme|Coulomb + δme|pair =
3αem

4π
mec

2 log
ℏ

mecR
, (1.139)

meaning that

(δmec
2)obs = (mec

2)bare

(
1 +

3αem

4π

)
. (1.140)

There are two important important things to be said about Eq. (1.140):

• the correction δme to the electron mass is proportional to the electron mass itself, therefore we
are talking about the "percentage" of the correction, rather than a huge additive constant,

• the correction δme depends only logarithmically on the size of the electron. As a result, even if –
in natural units R ≃ 1/MPl, the correction is δme = 0.085 ≃ 9%.

The fact that the correction is proportional to the bare mass is a consequence of a new symmetry
present in the theory with the positron, i.e. chiral symmetry. Therefore, the doubling of the degrees of
freedom (with an explicitly broken new global symmetry) and the cancellation of the power divergences
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ϕ
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κ

Figure 1.9: Diagrams contributing to the ϕ self-energy in the EFT (ΣE) and the full theory (ΣF).

lead to a sensible theory of the electron applicable to very short distance scales.
The last example of naturalness we will review is estimating the energy scale where the description of
the chiral Lagrangian describing charged pions must be modified. The correction to the mass of the
pion is, from dimensional analysis

δm2
π ∝ αemΛ

2 (1.141)

As above, this can give an estimate of the energy scale where something new happens to be Λ2 ≲ m2
π/e

2,
which turns out to be within O(1) the mass of the ρ-meson. As in the case of the electron, dimensional
analysis has been used to estimate the scale at which something happens.
We are finally at the point where we can describe the gauge hierarchy problem. The question is "At
what energy scale does our description of the Higgs field break down?". Experimentally we know that
the Higgs field is charged under the electroweak and hypercharge gauge groups, it also gives a mass to
the top quark and is thus coupled to it via a Yukawa coupling yt, therefore we find - from dimensional
analysis

δm2
h ∝ max

(
g2, g′

2
, y2t

)
Λ2
Higgs ⇒ ΛHiggs ≲

mh

max
(
g2, g′2, y2t

) ≃ 102 ÷ 103GeV . (1.142)

The Naturalness problem of the Higgs boson mass is simply to understand what happens at the scale
ΛHiggs; if the answer is nothing, then what did we do wrong when estimating this energy scale? i.e. what
goes wrong with dimensional analysis? To be as concrete as possible, and to clarify why scalar fields
generally suffer a UV-sensitivity, it is useful to examine a specific model of (part of) what the UV
physics might be [29, 30]. To this end, consider a theory consisting of two scalar fields: a light degree of
freedom, ϕ, and a heavy degree of freedom, Φ; the full theory is (assuming a Z2 symmetry acting on
both ϕ and Φ)

LFULL =
1

2
(∂µϕ)(∂

µϕ)− 1

2
m2

Fϕ
2 +

1

2
(∂µΦ)(∂

µΦ)− 1

2
M2Φ2 − 1

4
κϕ2Φ2 − 1

4!
ηϕ4 , (1.143)

where m2
F and M2 are, respectively, the (renormalized) mass parameters for the scalar fields ϕ and Φ in

the full theory, and we ignored self-interactions of the heavy scalar Φ. In deep IR, neglecting irrelevant
operators, the EFT Lagrangian density for the scalar field ϕ will be

LEFT =
1

2
(∂µϕ)(∂

µϕ)− 1

2
m2

Eϕ
2 − 1

4!
C4ϕ

4 +O
(
ϕ6/M2

)
, (1.144)

where we are being careful to distinguish the full theory mass parameter m2
F from the EFT mass

parameter m2
E.

Now, suppose that we measure some pole mass for the scalar field ϕ, mϕ; from the Källen-Lehmann
spectral decomposition

i

p2 −m2
E − ΣE(p2 = m2

ϕ) + iϵ
=

i

p2 −m2
F − ΣF(p2 = m2

ϕ) + iϵ

=
iZ

p2 −m2
ϕ + iϵ

+ terms regular at p2 = m2
ϕ , (1.145)
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where Σ stands for the sum off all non-trivial 1PI diagrams. We thus find the pole equation

m2
ϕ = m2

E +ΣE(p
2 = m2

ϕ) = m2
F +ΣF(p

2 = m2
ϕ) . (1.146)

In the IR, (see Fig. 1.9) we find in the MS scheme

m2
ϕ = m2

E −
C4m

2
E

32π2

(
log

µ2

m2
E

+ 1

)
, (1.147)

while in the UV

m2
ϕ = m2

F −
ηm2

F

32π2

(
log

µ2

m2
F

+ 1

)
− κM2

32π2

(
log

µ2

M2
+ 1

)
, (1.148)

then, since at the tree level we have the matching condition C4 = η, we find at one-loop

m2
E(µ) = m2

F(µ)−
κM2

32π2

(
log

µ2

M2
+ 1

)
. (1.149)

We observe that in Eq. (1.147) the loop corrections in the low-energy EFT involve only light fields.
Consequently, these loop contributions are suppressed relative to the tree-level term by the small factor
C4/32π

2, so that in the low-energy theory one finds m2
E ≃ m2

ϕ. This is not the case for the coupling m2
F

in the UV theory: as shown in Eq. (1.148), it receives a contribution of order κM2. As a result, m2
F

must be finely tuned in Eq. (1.149) with high precision in order to reproduce the observed low-energy
value m2

E ≃ m2
ϕ. In the absence of such a precise choice, Eq. (1.149) would instead give m2

E ∼ m2
F and

so would predict mϕ ∼M . In the UV theory a huge hierarchy like mϕ ≪M between the two values of
two masses is controlled by an extremely precise choice for the RG trajectory that is large at all scales
except at the very low energies where it is measured to be small.
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1.5 Appendix: CP transformations

Charge conjugation (C) and parity (P) are badly violated in the SM. Their combination, CP, is not a
symmetry of the Lagrangian either. However, due to certain accidents of nature, the observable effects
of the SM sources of CP violation are feeble. Let us begin by discussing how CP acts on the quantum
fields in the SMEFT Lagrangian. The Higgs field H is a scalar and the transformation is quite simple.
In the case of a scalar field Φ(t,x), we have

Φ(t, x) =

∫
d3p

(2π)32ωp

[
ape

−ip·x + b†pe
ip·x
]
, (1.150)

where ap (bp) annihilates particles (anti-particles) associated with the field Φ. Charge conjugation
exchanges particles and anti-particles, so we want it to act as

CapC
−1 = bp , CbpC

−1 = ap , (1.151)

therefore, the action of C on Φ(t,x) is simply

CΦ(t,x)C−1 = Φ†(t,x) . (1.152)

Parity acts on ap and bp as

PapP
−1 = ηPa−p , PbpP

−1 = η∗P b−p , (1.153)

where ηP = ±1 is the intrinsic parity. Therefore, under P

PΦ(t,x)P−1 =

∫
d3p

(2π)32ωp

[
PapP

−1e−ip·x + Pb†pP
−1eip·x

]
= ηP

∫
d3p

(2π)32ωp

[
a−pe

−ip·x + b†−pe
ip·x
]

≡ ηP
∫

d3p

(2π)32ωp

[
a−pe

−iωpx0+ip·x + b†−pe
iωpx0−ip·x

]
= ηP

∫
d3p

(2π)32ωp

[
ape

−iωpx0−ip·x + b†pe
iωpx0+ip·x

]
= ηPΦ(t,−x) , (1.154)

i.e. parity acts trivially on scalars, and flips signs for pseudo-scalars. We then understand that, under a
CP transformation

(CP)Φ(t,x)(CP)−1 = ηPΦ
†(t,−x) . (1.155)

In the 2-component notation, we have

Ψ(t,x) =

(
ψα(t,x)
ψc†α̇(t,x)

)
, (1.156)

where ψ and ψc† describes a left-handed and a right-handed fermion, respectively. Parity exchanges
left- and right- fermions, therefore5

Pψα(t,x)P
−1 = iσ0

αβ̇
ψc†β̇(t,−x) , Pψc†α̇(t,x)P−1 = iσ0α̇βψβ(t,−x) , (1.157)

that is to say
PΨ(t,x)P−1 = iγ0Ψ(t,−x) . (1.158)

5We use the conventions of [5, 31]
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To obtain the transformation properties of the other spinors, we simply raise and lower the undotted/
dotted indices. Indeed

Pψα(t,x)P−1 = ϵαβPψβ(t,x)P
−1 = i ϵαβσ0βγ̇︸ ︷︷ ︸

ϵγ̇β̇σ
0β̇α

ψc†γ̇(t,−x) = −iσ0β̇αψc†
β̇
(t,−x) ,

where we used the identity
ϵαβσµβγ = ϵα̇β̇σ

µβ̇α .

In this way, we find

Pψα(t,x)P−1 = −iσ0β̇αψc†
β̇
(t,−x) , Pψc†α̇ (t,x)P−1 = −iσ0βα̇ψβ(t,−x) . (1.159)

Making use of Eq. (1.157), (1.159), we now work out the transformation under P of the bilinears

ψiσ
µψ†

j , ψ†
iσ

µψj , ψiσ
µνψj , ψ†

iσ
µνψ†

j , (1.160)

where i and j are flavor indices. For instance, we have

◦ ψiσµψ†
j

ψαi σ
µ
αα̇ψ

†α̇
j (t,x)

P−→ −iσ0β̇αψc†
iβ̇
σµαα̇ iσ

0α̇βψcβj(t,x) = ψc†
iβ̇
σ0β̇ασµαα̇σ

0α̇βψcβj(t,x) ,

we now make use of the identity

σ0β̇ασµαα̇σ
0α̇β = (−1)µσµβ̇β ≡ Pµν σνβ̇β , (1.161)

where we defined

(−1)µ ≡
{
1 , µ = 0 ,

−1 , µ = i ,
Pµν ≡ diag(1,−1,−1,−1) . (1.162)

Roughly speaking, for deriving (1.161), we used the fact that the factor (−1)µ converts σµ to σµ,
while the spinor index structure is preserved by the multiplication of the appropriate factors of
the identity matrix (either σ0 or σ0). Therefore, we find

ψiσ
µψ†

j(t,x)
P−→ (−1)µψc†iα̇σµα̇αψcαj(t,−x) = (−1)µψc†i σµψcj(t,−x) . (1.163)

◦ ψiσµνψj

ψαi (σ
µν)βαψjβ(t,x)

P−→ −iσ0β̇αψc†
iβ̇
(σµν) βα iσ0

ββ̇
ψc†β̇j (t,−x) = ψc†

iβ̇
σ0β̇α(σµν) βα σ

0
ββ̇
ψc†β̇j (t,−x)

we now make use of the identity

σ0β̇α(σµν) βα σ
0
ββ̇

= (−1)µ+ν(σµν)β̇α̇ , (1.164)

where, again, the (−1)µ+ν sign converts σµν to σµν . Therefore

ψiσ
µνψj(t,x)

P−→ ψc†i σ
µνψc†j (t,−x) . (1.165)
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All in all, we find the transformation properties

ψiσ
µψ†

j(t,x)
P−→ (−1)µψc†i σµψcj(t,−x) , (1.166)

ψ†
iσ

µψj(t,x)
P−→ (−1)µψciσµψc†j (t,−x) , (1.167)

ψiσ
µνψj(t,x)

P−→ (−1)µ+νψc†i σµνψ
c†
j (t,−x) , (1.168)

ψ†
iσ

µνψ†
j(t,x)

P−→ (−1)µ+νψciσµνψcj(t,−x) . (1.169)

Using the fact that C acts as

Cψ(t,x)C−1 = ψc(t,x) , Cψc(t,x)C−1 = ψ(t,x) , (1.170)

we are ready to investigate how CP acts on the Yukawa terms

(CP)

∫
d4xh

[
yψcψ + y∗ψ†ψc†

]
(t,x)(CP)−1 = (CP)

∫
d4xh

[
yψcαψα + y∗ψ†

α̇ψ
c†α̇
]
(t,x)(CP)−1

=

∫
d4xh

[
yψc†α̇ ψ

†α̇ + y∗ψαψcα

]
(t,−x)

=

∫
d4xh

[
y∗ψcψ + yψ†ψc†

]
(t,−x)

=

∫
d4xh

[
y∗ψcψ + yψ†ψc†

]
(t,x) , (1.171)

where we used the property for which ψη = −ηαψα = −ϵαβηβψα = ηψ and changed the integration
variable x→ −x. Therefore, under CP, the Yukawa coupling y transforms as

y
CP−−→ y∗ . (1.172)

For gauge fields, P and C act as (see for instance [32])

PV µ(t,x)P−1 = Pµν V ν(t,−x) , (1.173)

CV µ(t,x)C−1 = −V ν(t,x) . (1.174)

The action of parity is the usual one for vectors. For electromagnetic fields it implies the well known
fact that the electric field E is P-odd, while the magnetic field B is P-even. The minus in the action of
C is intuitive: changing a particle into anti-particle flips the electric charge and thus the sign of the
potential.
We now consider the charge conjugation which operates on some unitary representation of a compact
Lie Group G. Let us denote the N-dimensional fundamental representation of a group G by □ and
its complex conjugate representation (anti-fundamental) by □. The operation of charge conjugation
C exchanges □ and □. For simplicity, we discuss a scalar field (the extension to fermion fields is
immediate)

Φ =

ϕ1
...
ϕN

 in the representation □ , Φ∗ =

ϕ†1
...
ϕ†N

 in the representation □ ,

Where, under the action of the Lie group G(
Φ
Φ∗

)
G−→ U(g)

(
Φ
Φ∗

)
=

(
e−iω

aTa 0

0 e−iω
a(−TaT )

)(
Φ
Φ∗

)
, (1.175)
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where U(g) is the matrix representation of the group element g. Under C, we have

C

(
Φ
Φ∗

)
C−1 ≡ C

(
Φ
Φ∗

)
=

(
Φ∗

Φ

)
. (1.176)

For instance, we have the transformation of the Higgs doublet

H(t,x)i =

(
χ+(t,x)

1√
2

[
v + h(t,x) + iχ0(t,x)

]) C−→ ϵijH†
j (t,−x) =

(
χ−(t,−x)

− 1√
2

[
v + h(t,−x)− iχ0(t,−x)

]) .

Furthermore, for a gauge field Aµ = AaµT
a,

T a
C−→ −T aT (1.177)

i.e., under charge conjugation, we have the transformation of a gauge field

Aµ
C−→ −AT

µ = −A∗
µ . (1.178)

We notice that, in this way, the Yang-Mills Lagrangian is C-even. Indeed, we have

LYM ⊃ −gsq†σµAµq − gsqc†σµ(−A∗
µ)q

c , (1.179)

indeed, under C

q†σµAµq
C−→ qc†σµ(−A∗

µ)q
c , qc†σµ(−A∗

µ)q
c C−→ q†σµAµq . (1.180)

Using the fact that

Gµν = ∂µAν − ∂νAµ− ig[Aµ,Aν ]
C−→ −(∂µAaν − ∂νAaµ)T a∗ − ig [T a∗, T b∗]︸ ︷︷ ︸

−ifabcT c∗

AaµA
b
ν = −GaµνT a∗ (1.181)

from which follows that

(C)Gµν(t,x)(C)
−1 = −Gaµν(t,x)T a∗ , (1.182)

(P)Gµν(t,x)(P)
−1 = (−1)µ+νGaµν(t,−x)T a , (1.183)

(CP)Gµν(t,x)(CP)
−1 = −(−1)µ+νGaµν(t,−x)T a∗ . (1.184)

It is easy to show that the kinetic term GaµνG
aµν is CP-even, while GaµνG̃aµν is CP-odd. Indeed, we

have the transformation

(CP)

∫
d4xGaµνG̃

aµν(t,x)(CP)−1 =
1

2
(−1)µ+ν+ρ+σϵµνρσ︸ ︷︷ ︸

=−ϵµνρσ

∫
d4xGaµνG

a
ρσ(t,−x)

= −
∫
d4xGaµνG̃

aµν(t,x) . (1.185)
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CHAPTER

2
Instanton calculus

This chapter introduces the mathematical formulation of instantons, which are non-perturbative, finite-
action solutions to the Yang–Mills equations in Euclidean spacetime that play a fundamental role in
understanding topological effects in gauge theories. Building upon this foundation, we develop the
formalism of ’t Hooft vertex operators, which encapsulate the effects of instanton-induced interactions
on fermionic fields. These operators provide a powerful tool to describe how instantons violate certain
classical symmetries, such as axial U(1) symmetry, and generate effective multi-fermion interactions.
Through detailed derivations and examples, this chapter aims to equip the reader with a solid grasp of
the instanton calculus framework and the significance of ’t Hooft vertices in addressing non-perturbative
phenomena such as the Strong CP problem and the dynamics of chiral symmetry breaking.

2.1 Instanton calculus

In the presence of an extended field configuration Aaµ (so far the instanton solution is a classical one),
the quantum system is described by a wave functional (see [33–36])

Ψ[Aµ] , (2.1)

where Ψ[Aµ] can be interpreted as the probability to measure the field profile Aµ. The vacuum state, in
particular, is characterized by a wave functional with vanishing energy.
Since the topological effects to be discussed are rooted in the gluonic sector, to simplify the following
discussion we restrict ourselves to SU(Nc) pure Yang-Mills (i.e. without quarks)

L = −1

4
GaµνG

a,µν , DµG
aµν = 0, (2.2)

where
Dµ = ∂µ − ig[Aµ, · ] ↔ (Dµ)ab = ∂µδab − gfabcAcµ. (2.3)

In the following we will conveniently work in the temporal (or Weyl) gauge

A0(x, t) = 0, Ga0i = ∂0A
a
i . (2.4)

The gauge fixed Yang-Mills Lagrangian is therefore

L = −1

4
GaµνG

a,µν =
1

2
(∂0A

a
i )

2 − 1

4
GaijG

a
ij , (2.5)

33
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and we see that the first term in the right-hand side of (2.5) corresponds to a “kinetic" gluon energy
density, while the second term to a “potential" gluon energy density. In terms of the color-electric and
-magnetic fields

Eia = Gi0a , B
i
a = −

1

2
εijkGajk = εijk∂jA

ak − g

2
fabcεijkAjbA

k
c (Gaij = εijkB

a,k), (2.6)

that is
Ea = −

∂Aa

∂t
, Ba = ∇×A− g

2
fabcAbAc, (2.7)

the Yang-Mills Lagrangian is

L =
1

2

(
E2
a −B2

a

)
. (2.8)

The canonical variables, in the temporal gauge, are the spatial components Aai and their conjugate
momenta

πai =
δL

δ(∂0Aai )
= Ga0i = −Eai , (2.9)

then the Hamiltonian reads

H =

∫
d3x (πai ∂0A

a
i − L) =

1

2

∫
d3x

(
E2
a +B2

a

)
=

∫
d3x

(
(∂0A

a
i )

2

2
+

(Gaij)
2

4

)
, (2.10)

where again we can interpret (∂0Ai)
2/2 and (Gij)

2/4 respectively as “kinetic" and “potential" energies.
When the obvious canonical commutation relations[

Aia(x, t), A
j
b(x

′, t)
]
= 0[

Eia(x, t), E
j
b (x

′, t)
]
= 0[

Eia(x, t), A
j
b(x

′, t)
]
= iδijδ

abδ(3)(x− x′)

(2.11)

are imposed, the Hamiltonian equation of motion are

∂Aia
∂t

= i[H,Aia] = −Eia, (2.12)

reproducing the definition of Eai , and

∂Eia
∂t

= i[H,Eia] = εijk (∂j − gfabcAjc)Bbk = εijkDab
j B

k
b , (2.13)

that is
∂Ea

∂t
= Dab ×Bb, (2.14)

which is the Yang-Mills version of the Ampère’s law (the spatial component of the Yang-Mills equation
(2.2)). However Gauss’ law (the time component of the Yang-Mills equation (2.2))

Dab ·Eb = 0, (2.15)

it is not found in the canonical formalism. In a sense, the Hamiltonian theory is a larger than the
Yang-Mills one: it gives rise to an entirely consistent quantum mechanics which, however, does not
coincide with the desired Yang-Mills theory since Gauss’ law is not incorporated. How should one
then implement the Yang-Mills dynamics in the Hamiltonian formulation? Eq. (2.15) cannot be
incorporated just imposing it as an operator equation: it would lead to inconsistencies (see for example
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the Gupta-Bleuler quantization of QED). Instead, Eq. (2.15) must be incorporated as a constraint on
the Fock space, restricting the physical states to those eigenstates of H which satisfy

Dab ·EbΨ[A] = 0,

HΨ[A] = EΨ[A],
(2.16)

where Ψ[A] is the wave-functional in the Schrödinger picture; in this scheme the operators are time-
independent and we are working in the “position" basis Aia(x), where

p = −i∇↔ Eia(x) = i
δ

δAia(x)
. (2.17)

Let us now establish the appearance of the θ angle as a consequence of the nontrivial topology of
the gauge group G (i.e. π3(G) = Z) in this framework. The temporal gauge leaves a residual gauge
invariance under time-independent gauge transformations, in matrix form

Aµ → UAµ = UAµU
† +

i

g
U∂µU

†, (2.18)

indeed if U = U(x), the gauge condition A0(x, t) = 0 is preserved. That is, we have invariance under
the gauge transformations

U(ωa(x)) = eiω
a(x)ta . (2.19)

If ωa(x) is infinitesimal,

Aµ → Aµ + i [ω(x), Aµ] +
1

g
∂µω(x),

in components

δAaµ =
1

g
∂µω

a(x)− fabcωb(x)Acµ.

Under such a gauge transformation, the wave-functional transforms as, using (2.17) and (2.16)

Ψ[A+ δA]−Ψ[A] =

∫
d3x

δΨ[A]

δAai (x)
δAai (x) =

∫
d3x
(
− iEai (x)Ψ[A]

)
δAai (x)

= − i
g

∫
d3x

(
∂iω

a(x)− gfabcωb(x)Aci
)
Eai (x)Ψ[A]

=
1

g

∫
d3x

[
∂i(ω

aEai )− ωa∂iEai − gfabcωbAciEai
]
Ψ[A]

= − i
g

∫
d3x

[
∂i(ω

aEai )−ωa∂iEai + gfabcωaAciE
b
i︸ ︷︷ ︸

=−ωaDabi Ebi

]
Ψ[A]

= − i
g

∫
d3x∂i(ω

aEai ) = −
i

g

∫
dS ·Eaωa(x). (2.20)

Now comes the point. For a gauge transformation which can be continuously deformed to the identity,
i.e. with winding number n = 0,

ωa(x) −−−−→
|x|→∞

0, (2.21)

that is, from Eq. (2.20), we see that the wave functional Ψ[A] is invariant under n = 0 gauge
transformations, i.e. Ψ[A] is invariant under “small" gauge transformations. However, this is not true in
general. Indeed there are gauge transformations which cannot be continuously deformed to the identity
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transformation, i.e. with winding number n ≠ 0. The classic example of a gauge transformation with
n = 1 (in the group SU(2) which is embedded in the gauge group SU(N)) is

U (1)(x) = exp

(
iπx · τ√
x2 + c2

)
≡ eiω

a
(1)

(x)ta
= eix̂·τf(1)(r), (2.22)

where τ are the SU(2) generators and c is a real constant. We notice that

(i) the ω(x) corresponding to this gauge transformation,

ωa(1)(x) =
πxa√
x2 + cs

, (2.23)

does not vanish at spatial infinity,

(ii) ωa(1)(x) contains a singularity (here a branch cut),

(iii) f(0) = 0, f(∞) = π and correspondingly the limiting value of U (1)(x) for r → ∞ is angle-
independent

U (1)(x) −−−−→
|x|→∞

−1. (2.24)

This is characteristic for topologically non-trivial gauge transformations, since the exponential can
neither be smoothly deformed into the unit element nor expanded for all x. A representative for the
class n can be immediately obtained from U (1) by using the addidivity of the winding number under
group multiplication

U (n)(x) =
[
U (1)(x)

]n
= exp

(
nπxa√
x2 + cs

)
≡ eix̂·τf(n)(r), (2.25)

where now
f(n)(0) = 0, f(n)(∞) = nπ. (2.26)

Therefore we have discovered that Ψ[A] is in general not gauge invariant, i.e. is not invariant under
“large" gauge transformations (to wit those that cannot be continuously deformed into the indentity).
However, the gauge-fixed hamiltonian (2.10) H is invariant under the time-independent gauge trans-
formations U(x). This implies, after quantization, that the Hamilton operator commutes with the
operators U(ω(x)) which furnish a unitary representation of the group on the Ψ[A]:

[H,U(ω(x))] = 0. (2.27)

Thus the energy eigenfunctions can be chosen to be simultaneous eigenstates of H and U(ω(x)). Since
the eigenvalues of unitary operators must be phases

U (n)(ω(x))Ψ[A] = Ψ
[
U(n)(ω(x))A

]
= eiβn(ω(x))Ψ[A]. (2.28)

Concatenating two gauge transformations and using the additivity of the winding number

U (n)(ω)U (m)(χ)Ψ[A] = Ψ
[
U(n)(ω)U(m)(χ)A

]
= Ψ

[
U(n+m)(ξ)A

]
= U (n+m)(ξ)Ψ[A], (2.29)

where the group parameters ω, χ and ξ depend on x; therefore

ei(βn(ω)+βm(χ))Ψ[A] = eiβn+m(ξ)Ψ[A]⇐⇒ βn(ω) + βm(χ) = βn+m(ξ). (2.30)
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However, rewriting the unit element as

1 = U (0)(ζ)U (0)†(ζ),

where U (0)(ζ(x)) is some gauge transformation with winding number n = 0, we get - using the invariance
of Ψ[A] under “small" gauge transformations

U (n)(ω)Ψ[A] = eiβn(ω)Ψ[A] = U (0)(ζ)U (0)†(ζ)U (n)(ω)Ψ[A] = U (0)(ζ)U (n)(ω′)Ψ[A] = eiβn(ω
′)Ψ[A],

(2.31)
that is

βn(ω
′(x)) = βn(ω(x)), (2.32)

but ζ(x) is arbitrary, and we conclude that the phases β cannot depend on the details of the gauge
transformation (including its x dependence coming only through ω(x))

βn(ω) = βn. (2.33)

As a consequence, (2.30) simplifies to
βn + βm = βn+m, (2.34)

which in turn implies

βn = nθ, with an arbitrary real and state independent angle θ ∈ [0, 2π]. (2.35)

Altogether, we have therefore established

U (n)(ω)Ψ[A] = einθΨ[A], (2.36)

for any ω and for any physical state (not just the vacuum).

Let us now describe in greater detail the nature of the vacuum wave functional. Considering the
field configuration (in matrix form)

A(n)(x) = iU (n)(x)†∇U (n)(x), (2.37)

which corresponds to a vacuum configuration (indeed it has vanishing Fij cfr. (2.10)) labelled by the
winding number n, neglecting tunneling effects, we may expect the vacuum to be of the form

χn[A] = φ[A−A(n)], (2.38)

where the wave-functional φ is peaked about zero and has a spread due to quantum fluctuations; the
χn’s are like wave functions that peak about a particular potential minimum of a periodic potential
in quantum mechanics. However, one can show that a finite action field configuration with winding
number m can interpolate between the two vacua A(n)(x) at ti = −∞ and A(n+m)(x) at tf = +∞
(the (anti-)instanton interpolates between A(n) and A(n∓1)), that is

U (m)χn[A] = χn+m[A], (2.39)

therefore giving origin to tunneling between different vacua A(n). The correct wave-functional describing
the vacuum state is (in the crystal problem the analogous approach is called the “tight binding"
approximation)
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Figure 2.1: Wave functionals of the system in the absence (left) and presence (right) of tunneling processes,
illustrating the modification of the quantum state due to tunneling between classically inaccessible regions.

Vacuum state wave functional (θ-vacuum)

Ψθ[A] =

∞∑
m=−∞

e−iθmχm[A], (2.40)

or, in a shorthand notation

|θ⟩ =
∞∑

m=−∞
e−iθm |m⟩ , (2.41)

indeed, under a generic “large" gauge transformation

U (n)Ψθ[A] =

∞∑
m=−∞

e−iθmχm+n[A] =

∞∑
m=−∞

e−i(m−n)θχm[A] = einθΨθ[A], (2.42)

accordingly to the transformation of physical states under “large" gauge transformations in (2.36).
Furthermore, theories based on the different Ψθ[A] states (i.e. with different values of θ) are physically
different from each other; indeed the parameter θ is a constant of motion, since it does not change in
the precess of time evolution

U (n)
(
eiHtΨθ[A]

)
= eiHt

(
U (n)Ψθ[A]

)
= einθ

(
eiHtΨθ[A]

)
, (2.43)

where we used the gauge invariance of H under both “small" and “large" gauge transformations (2.27).
Moreover, physical states obtained by acting on the θ-vacuum with a gauge invariant operator O will
be characterized by the same value of θ

U (n) (OΨθ[A]) = O
(
U (n)Ψθ[A]

)
= einθOΨθ[A]. (2.44)

That is, the value of θ characterizes the theory (observables like the vacuum energy will depend on θ)
and different values of θ will define different worlds, the so called θ worlds. This can be expressed in
terms of a superselection rule

⟨θ′|O|θ⟩ = ⟨θ′|U (n)†O U (n)|θ⟩ = ei(θ−θ
′) ⟨θ′|O|θ⟩ , (2.45)

hence
⟨θ′|O|θ⟩ = δ(θ − θ′) ⟨θ|O|θ⟩ . (2.46)
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In the euclidean path-integral representation, we have the tunneling probability

⟨n|e−Ht|m⟩ −−−−→
t→+∞

∫
[DA(n−m) . . . ] exp (−

∫
d4x[L(Aµ, . . . ) + Lg.f.(Aµ, . . . )])

=

∫
[DA(n−m) . . . ] exp (−SE[A, . . . ]) (2.47)

where in the dots all the other relevant fields are included and we are integrating over finite action
field configurations which can connect the two vacua |n⟩ and |m⟩, i.e. field configurations with winding
number n−m. Therefore, we have the transition probability

⟨θ′|e−Ht|θ⟩ −−−−→
t→+∞

δ(θ − θ′)Z(θ), (2.48)

Z(θ) = ⟨θ|e−Ht|θ⟩ = e−E(θ)V4 =

∞∑
n,m=−∞

e−iθ(m−n) ⟨n|e−Ht|m⟩

=

∞∑
n,m=−∞

e−iθ(m−n)
∫
[DA(n−m) . . . ] exp (−SE[A, . . . ])

=

∞∑
ν=−∞

eiθν
∫
[DAν . . . ] exp (−SE[A, . . . ]), (2.49)

where in the second equality we introduced the vacuum energy-density E(θ), being V4 = V t the
four-dimensional Euclidean volume. In the Euclidean we can express the winding number n as

n =
g2

32π2

∫
d4xGaµνG̃

a
µν , (2.50)

where, again

G̃aµν =
1

2
εµνρσF

a
ρσ, ε1234 = +1. (2.51)

Therefore, we can write

Z(θ) =
∑
n

eiθn
∫
[DAn . . . ] exp (−

∫
d4x[L(Aµ, . . . ) + Lg.f.(Aµ, . . . )])

=
∑
n

∫
[DAn . . . ] exp (−

∫
d4x[L(Aµ, . . . )− i

g2θ

32π2
GaµνG̃

a
µν + Lg.f.(Aµ, . . . )])

=

∫
[DA . . . ] exp (−

∫
d4x[L(Aµ, . . . ; θ) + Lg.f.(Aµ, . . . )]), (2.52)

where

L(Aµ, . . . ; θ) = L(Aµ, . . . )− i
g2θ

32π2
GaµνG̃

a
µν , (2.53)

and, in the third line, all gauge field topologies are summed over, that is

DA =
∑
n

DAn. (2.54)

Continuing back to the Minkowskian space-time and working for simplicity in the temporal gauge,
denoting the Euclidean quantities with an hat

x̂4 ≡ ix0, x̂i ≡ xi, d4xE ≡ d4x̂ = id4x,

A0 = iÂ4, Ai = −Âi
(2.55)
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Ĝaµν
ˆ̃Gaµν =

1

2
ε̂µνρσĜ

a
µνĜ

a
ρσ = ε̂4ijkĜ

a
4iĜ

a
jk = ε̂4ijk

∂Âai
∂x̂4

Ĝajk = ε̂4ijk

(
−i∂A

a
i

∂x0

)
Gajk

= −iε̂4ijkGa0iGajk, (2.56)

now, we use the fact that the total anti-symmetric symbols in Euclidean and Minkowskian space-times
differ for a minus sign, indeed

ε̂1234 = +1, ε0123 = +1, (2.57)

and we finally get

F̂ aµν
ˆ̃F aµν = iε0ijkF a0iF

a
jk =

i

2
εµνρσF aµνF

a
ρσ = iF aµνF̃

aµν . (2.58)

Thus we have discovered that the dynamical effects of the vacuum structure of a Yang-Mills theory are
captured in the Lagrangian formalism through the presence of a θ-term

L = −1

4
F a,µνF aµν + θ

g2

32π2
Fa,µνF̃

a
µν . (2.59)

Another way to understand the emergence of the θ term is based on causality considerations [37]

2.1.1 Instanton gas in pure Yang-Mills

We consider the euclidean generating functional for a pure Yang-Mills SU(2) theory

Z(θ) =
∑
n

∫
[DA]ne−SE[A]+inθ =

∑
n

⟨0|0⟩n , (2.60)

where

SE[A] =
1

4

∫
d4xGaµνG

a
µν =

1

2

∫
d4xTr(GµνGµν),

Gµν = Gaµνt
a, Gaµν = ∂µA

a
ν − ∂νAaµ + gεabcA

b
µA

c
ν ,

Dµ = ∂µ − igAaµta , [Dµ, Dν ] = −igGµν

and Tr(tatb) = 1/2δab. In the following we will focus on the one instanton sector, i.e. to the sector with
winding number n = 1

Z[J ]
∣∣
n=1

=

∫
[DA]1e−SE[A]+iθ. (2.61)

As in the quantum mechanical analog, we shall perform small oscillations around the classical solution,
namely around the BPST instanton

Ainst,a
µ → S[Ainst,a

µ ] ≡ S0 =
8π2

g2
,

that is we will expand the configuration Aaµ on which we integrate in (2.61) as

Aaµ = Ainst,a
µ + aaµ ←→ Aµ = Ainst

µ + aµ, (2.62)

where aµ is the fluctuation. Working at the quadratic order in the fluctuation (there is no linear order
in the fluctuation aaµ, since Ainst,a

µ is a solution of the equations of motion), we get

Gµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] = Gµν +Dµaν −Dνaµ − ig[aµ, aν ], (2.63)
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where Gµν is the field strenght computed in the instanton solution and we introduced the covariant
derivative respect to the background field Ainst

Dµ = ∂µ − ig[Ainst
µ , ·].

Therefore we get

Tr(GµνGµν) = Tr(GµνGµν) + 2Tr(DµaνDµaν)− 2Tr(DµaνDνaµ)− 2igTr(Gµν [aµ, aν ]) + . . .

and substituting into the action, doing the traces and integrating by parts

SE[A] = S0 +

∫
d4x {Tr(DµaνDµaν)− Tr(DµaνDνaµ)− igTr(Gµν [aµ, aν ])}+ . . .

= S0 +

∫
d4xTr {DµaνDµaν −DµaνDνaµ − igGµν [aµ, aν ]}

= S0 −
∫
d4xTr

{
aµ(D2δµν −DµDν)aν + 2igGµνaµaν

}
= S0 −

∫
d4xTr aµ[D2δµν −DµDν + 2igGµν ]aν

= S0 −
∫
d4xTr aµ∆

gauge
µν (Ainst)aν (2.64)

where in the fifth line we have introduced the operator

∆gauge
µν (Ainst) ≡ D2δµν −DµDν + 2igGµν . (2.65)

Therefore,

Z(θ)|n=1 =

∫
[DA]1e−SE[A]+iθ ∝ eiθe−S0 ×

√
1

det∆gauge
µν (Ainst)

, (2.66)

however, not surprisingly, the operator ∆gauge
µν (Ainst) has zero modes, indeed for an arbitrary λ(x)

∆gauge
µν (Ainst)(Dνλ) = [D2,Dµ]λ+ 2igGµνDνλ = −igDνGνµλ+ igGνµDνλ+ 2igGµνDνλ = 0,

after integrating by parts. There are two main differences with respect to the quantum-mechanical case:

• the redundancy under small gauge transformations, i.e. gauge transformation which shuffle among
gauge configurations with a fixed winding number, must be fixed. To this aim we introduce a
gauge-fixing term and this will introduce a ghost determinant det∆ghost. Therefore, schematically,
denoting the ghost fields as c and c

Z(θ)|n=1 =

∫
[DA]1[Dc][Dc]e−S[A] ∝ eiθe−S0

√
1

det∆gauge
µν (Ainst)

det∆ghost(Ainst),

where S = SYM + Sg.f. + Sghost.

• the second difference with respect to quantum mechanics is that the the determinants of ∆ghost

and ∆gauge
µν are UV-divergent and must be regularized. One possible choice is a Pauli-Villars

regulator of mass M (both for ghosts and gauge fields). In the Pauli-Villars regularization one has

det∆gauge
µν → (det∆gauge

µν )reg =
det∆gauge

µν

det(∆gauge
µν +M2δµν)

,

det∆ghost → (det∆ghost)reg =
det(∆ghost)

det(∆ghost +M2)

obtaining

Z(θ)|n=1 ∝ eiθe−S0

√
det(∆gauge

µν +M2δµν)

det∆gauge
µν

det(∆ghost)

det(∆ghost +M2)
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The first step to evaluate the determinants is that of separating out the contribution from the zero
modes (otherwise we would get an infinite result). In the case of the Pauli-Villars determinant, formally

det(∆gauge
µν +M2δµν) =

∏
n

(εn +M2) = M2 . . .M2︸ ︷︷ ︸
♯ of zero modes

∏
non−zero
modes

(εn +M2)

= M2 . . .M2︸ ︷︷ ︸
♯ of zero modes

det′(∆gauge
µν ),

where det′ is the determinant without zero modes. Excluding zero modes in det(∆gauge
µν ) implies a

factor of
√
S0 for each zero mode and an integration over it. In our case there are eight zero modes

(the instanton solution has eight collective coordinates), and we finally have

Z(θ)|n=1 ∝
∫
d4x0

∫
dR

∫
dϕ sinϕdψdωR3M8(

√
S0)

8×

× eiθe−S0

√
det′(∆gauge

µν +M2δµν)

det′∆gauge
µν

det(∆ghost)

det(∆ghost +M2)
, (2.67)

where

(i) x0 is the instanton center, R is the instanton size;

(ii) 0 ≤ ϕ ≤ π, 0 ≤ ψ, ω ≤ 2π are the three Euler angles parametrizing the SU(2)c manifold and the
SU(2)c measure is, up to irrelevant numerical normalization factors

dµSU(2) ∝ sinϕdϕdψdω

and the factor R3 comes from the Jacobian of the change of variables from changing integration over
zero-modes to collective coordinates. The factor R3 could have been established on dimensional
grounds, since at zero order Z(θ)|n=1 = eiθe−S0 , therefore to render Z(θ)|n=1 dimensionless we
have to multiply for a factor R3.

The integral over d4x0 gives V τ , ant the one over the SU(2)c manifold is just a constant factor that is
not interesting for us. Hence we can write

Z(θ)|n=1 ∝ (V τ)

∫ ∞

0

dR

R5

(
8π2

g20

)4

e
iθ− 8π2

g20
+8 log(MR)

√
det′(∆gauge

µν +M2δµν)

det′∆gauge
µν

det(∆ghost)

det(∆ghost +M2)
, (2.68)

where g0 ≡ g(M) is the bare gauge coupling. Notice that the contribution from the zero modes is purely

non-perturbative, since it is ∝
(
8π2

g20

)4
. The contribution from the non-zero modes, on the other hand,

can be computed by resorting to ordinary perturbation theory. An explicit calculation gives at 1-loop√
det′(∆gauge

µν +M2δµν)

det′∆gauge
µν

det(∆ghost)

det(∆ghost +M2)
= exp−Nc

3

(
g20
8π2

)
log(MR)S0(1 +O(g2)), (2.69)

then, since Nc = 2

Z(θ)|n=1 ∝ (V τ)

∫ ∞

0

dR

R5

(
8π2

g20

)4

exp

{
iθ−8π2

g20
+ 8 log(MR)− 2

3
log(MR)︸ ︷︷ ︸

− 8π2

g2(M)
+ 22

3
log(MR)

}

= (V τ)

∫ ∞

0

dR

R5

(
8π2

g20

)4

exp iθ − 8π2

g2(1/R)
, (2.70)
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where in the second line we used the formula for the running of the gauge coupling

1

g2(µ)
=

1

g2(M)
+

β0
8π2

log(
M

µ
), β0 = −

11

3
Nc.

Anti-screening effect of the vacuum in a non-Abelian gauge theory

We notice as an aside the following. One way to physically understand the running of the electric
charge in QED

1

e2(µ)
=

1

e20
+

1

12π2
log(

Λ2

µ2
),

is to say that the QED vacuum (pictorially visualized as a cloud of electron-positron pairs)
shields the original charge, so it appears reduced to someone sitting far away. How does the
story go with a non-Abelian vacuum? We have seen that the allowance for the zero and non-zero
modes has the consequence that 8π2/g20 in the argument of the exponential in (2.70) is replaced
by the effective coupling constant 8π2

g2(1/R)
:

8π2

g2(1/R)
=

8π2

g20
− 8 logMR+

2

3
log(MR) =

8π2

g20
− 22

3
log(MR).

This explains that the “anti-screening" contribution to the β function - i.e. the negative
contribution to β0 - comes, in this instanton calculation, entirely from zero modes (which are, as
said, connected with purely non-perturbative effects), while non-zero modes contribute to the
positive correction to β0 and we understand the “anti-screening" role of the Yang-Mills vacuum.

We notice as an aside the following. One way to physically understand the screening However, the
factor g−8 in the pre-exponent in (2.66) remains unrenormalized in this approximation, i.e. to 1-loop
order. To see its renormalization explicitly one should perform a 2-loop calculation in the instanton
background, obtaining (

8π2

g2(M)

)4

→
(

8π2

g2(1/R)

)4

.

Therefore, for a SU(2) pure Yang-Mills theory we have

One-instanton contribution to the euclidean generating functional Z(θ) in SU(2)
pure Yang-Mills

Z(θ)|n=1 ∝ (V τ)

∫ ∞

0

dR

R5

(
8π2

g2(1/R)

)4

e
iθ− 8π2

g(1/R)2 ≡ (V τ)

∫ ∞

0

dR

R5
eiθd(R), (2.71)

d(R) = const×
(

8π2

g2(1/R)

)4

exp

( −8π2
g2(1/R)

)
, (2.72)

where d(R) is the instanton density. How to generalize (2.71) for a SU(N) Yang-Mills theory?
To construct an SU(Nc), Nc > 2 instanton

Ainst,a
µ , a = 1, . . . , N2

c − 1,

one can set three of the (N2
c − 1) gauge field components Ainst,a

µ to be equal to those of the SU(2)
instanton, and let the other vanish. This procedure is obviously not unambiguous; for instance we
consider the so-called minimal embedding, in which we choose to label the SU(Nc) generators in a way
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such that the first three generators are

T 1 =
1

2

 0 1 ·
1 0 ·
· · ·

 , T 2 =
1

2

 0 −i ·
i 0 ·
· · ·

 , T 3 =
1

2

 1 0 ·
0 −1 ·
· · ·

 , (2.73)

where the dots in the above definition represent zero matrices of appropriate dimensions. Next, we
define the SU(Nc) instanton field, using this basis of generators, as follows

ASU(Nc) inst
µ =

3∑
a=1

Ainst,a
µ (x)T a, (2.74)

where in (2.74) Ainst,a
µ is the SU(2) instanton. In other words, the instanton “lives" in the 2× 2 upper

left block of the Nc ×Nc matrix carachterizing the gauge field

2

N
c
−

2
2

Nc − 2

(2.75)

from which we immediately find

GSU(Nc),inst
µν =

3∑
a=1

Ginst,a
µν (x)T a. (2.76)

Using the general definitions it is not difficult to see that the above SU(Nc) instanton solution

(i) is self-dual,

(ii) has unit topological charge,

(iii) has minimal (non-trivial) action 8π2/g2.

The instanton obtained in this basis of generators is called the SU(Nc) BPST instanton. Actually we
can apply SU(Nc) transformations to this solution to generate new instantons, except for those SU(Nc)
rotations that leave the instanton solution invariant. These rotations consist of ones affecting the
lower right (Nc − 2)× (Nc − 2) sub-block and ones trivially commuting with this instanton solution, in
other words the generators corresponding to zero modes are those that do not live in the bottom-right
(Nc − 2) × (Nc − 2) sub-block or do not belong to the Cartan sub-algebra. For completeness, we
remember that given a Lie algebra, its Cartan sub-algebra is formed by the largest set of commuting
generators; in the case under analysis, i.e. SU(Nc), the Cartan subalgebra is formed by traceless
diagonal generators with real entries (that are in total Nc − 1) and for instance we may choose a basis
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in which the Nc − 1 Cartan generators are

H1 =
1

2

1 0 . . .
0 −1 . . .
...

...
. . .

 , H2 =
1√
12


1 0 0 . . .
0 1 0 . . .
0 0 −2 . . .
...

...
...

. . .

 ,

H3 =
1√
24


1 0 0 0 . . .
0 1 0 0 . . .
0 0 1 0 . . .
0 0 0 −3 . . .
...

...
...

...
. . .

 , . . .

However, in the decomposition (2.74), some Cartan generators may have non-zero diagonal entries only
in the (Nc − 2)× (Nc − 2) sub-block, therefore the number of zero modes will be

(N2
c − 1)− [(Nc − 2)2 − 1]− {(Nc − 1)− [(Nc − 2)− 1]− 1} = 3 + 4(Nc − 2), (2.77)

since N2
c − 1 is the total number of generators, [(Nc − 2)2 − 1] is the number of generators in the

(Nc − 2) × (Nc − 2) sub-block, (Nc − 1) − [(Nc − 2) − 1] is the number of Cartans not belonging to
the (Nc − 2) × (Nc − 2) sub-block and we have subtracted one generator of SU(2) already in the
Cartan sub-algebra (it does not commute with (2.74)). Clearly, the 4 + 1 zero modes associated with
translations and dilations are not touched and the total number of zero modes of the BPST instanton
is thus

5 + 3 + 4(Nc − 2) = 4Nc. (2.78)

Since each additional zero mode gives a factor (RM)
√
S0, the instanton density becomes(

8π2

g20

)2Nc

exp−8π2

g20
+ 4Nc log(MR)− Nc

3
log(MR) =

(
8π2

g20

)2Nc

exp− 8π2

g2(1/R)
, (2.79)

where we used
−4Nc +

Nc

3
= −11

3
Nc = β0.

That is, for a SU(Nc) pure Yang-Mills theory we have

One-instanton contribution to the euclidean generating functional Z(θ) in SU(Nc)
pure Yang-Mills

Z(θ)|n=1 ∝ (V τ)

∫ ∞

0

dR

R5

(
8π2

g2(1/R)

)2Nc

e
iθ− 8π2

g(1/R)2 ≡ (V τ)

∫ ∞

0

dR

R5
eiθd(R), (2.80)

d(R) = K ×
(

8π2

g2(1/R)

)2Nc

exp

( −8π2
g2(1/R)

)
, (2.81)

where K is a numerical constant (for details see [38, 39])

K =
C1

(Nc − 1)! (Nc − 2)!
e−C2Nc ,

C1 =
2e5/6

π2
≈ 0.466, C2 =

5

3
log(2)− 17

36
+

1

3
(log(2π) + γ) +

2

π2

∞∑
s=1

log s

s2
≈ 1.296.

(2.82)
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However the constant C2 depends on the renormalization scheme, ideed the value of C2 in (2.82) stands
for the one in PV regularization. In the MS scheme one can show that [38]

CMS
2 = C2 − 3.888, (2.83)

and one must simultaneously use

exp

( −8π2
g2(1/R)

)
→ exp

( −8π2
g2MS(1/R)

)
. (2.84)

By using the expression of the gauge coupling at 1-loop, the integrand in (2.80) can be written as

∝ dR

R5
exp

( −8π2
g2(1/R)

)
,

using the expression for the gauge coupling at 1-loop level

g2(1/R) =
8π2

β0 log(ΛcR)
,

where Λc is the SU(Nc) dynamical scale, we obtain

dR

R5
exp

( −8π2
g2(1/R)

)
= dRR−5(ΛcR)

−β0 ∝ dR(ΛcR)−5−β0 . (2.85)

Since −5− β0 = −5 + 11
3 Nc > 0 for any Nc ≥ 2, this means that the integral over the instanton size

(i) converges for small instantons ΛcR≪ 1,

(ii) diverges for large instantons ΛcR≫ 1.

In other words, we have encountered an infrared divergence. Thus, any ensemble of instantons will
be dominated by the large-R instantons, unless the instanton density is somehow cut-off in the IR,
to wit at long distances. At large R the gauge coupling constant becomes strong, and we completely
lose theoretical control: quasiclassical methods are no longer applicable. Then, this divergence is an
embarrassmente but not a catastrophe. It would be a catastrophe if we obtained a divergent answer in
a regime in which we trusted our approximations. This is not the situation here; the divergence arises
in the regime of large coupling constant, where all small-coupling approximations are certainly wrong.
Phrased another way, the fact that it the integrand has the wrong behavior for large R is overshadowed
by the fact that it is the wrong integrand. Following [40], we assume that the phenomena associated
with large R reduce effectively to the appearance of an upper limit Rm in the integral over R, and for
all R < Rm one can use the one-instanton formula (2.81) for the instanton density d(R). In the dilute
gas approximation (DIGA), i.e. in the hypothesis in which the instanton and anti-instanton centers are
widely separated,

⟨l|e−Hτ |m⟩ =
∞∑

n,n=0

(V τ)n+n

n! n!

[∫ RM dR

R5
d(R)

]n+n
δl−m,n−n, (2.86)

that is

Z(θ) =
∞∑

l,m=−∞
eiθ(l−m) ⟨l|e−Hτ |m⟩ =

∞∑
n,n=0

(V τ)n+n

n! n!
eiθ(n−n)

[∫ RM dR

R5
d(R)

]n+n

= exp

(
V τeiθ

∫ RM dR

R5
d(R)

)
exp

(
V τe−iθ

∫ RM dR

R5
d(R)

)
= exp

(
2V τ cos(θ)

∫ RM dR

R5
d(R)

)
, (2.87)
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therefore using (2.48), we finally obtain the vacuum energy-density

Vacuum energy-density in SU(Nc) pure Yang-Mills

E(θ) = −2K cos(θ)

∫ RM dR

R5
exp

( −8π2
g2(1/R)

)(
8π2

g2(1/R)

)2Nc

. (2.88)

How can this result be generalized in the presence of (massive) quarks?

2.1.2 Fermions in an instanton background

For the time being we will limit ourselves to Dirac spinors in Euclidean space-time. We will focus on
fermions in the fundamental representation of the gauge group, which, for simplicity will be assumed to
be SU(2). There are no conceptual difficulties in generalizing the results to other groups, e.g. SU(N)
with arbitrary N . To analitically continue the fermionic Lagrangian to Euclidean space-time we define
the Euclidean γ matrices as follows

γ0 ≡ γ̂4, γi ≡ iγ̂i ⇒ {γ̂µ, γ̂ν} = 2δµν , µ, ν = 1, . . . , 4, (2.89)

and we notice that the Euclidean gamma matrices γ̂µ are Hermitian - while in the Minkowskian γ0 is
Hermitian and γi are anti-Hermitian. Using (2.55), since

Dµ = ∂µ − igAaµta, (2.90)

we have
D0 =

∂

∂x0
− igAa0ta = i

∂

∂x̂4
+ gÂa4t

a = iD̂4, (2.91)

moreover
Di =

∂

∂xi
− igAiata = − ∂

∂xi
+ igÂai t

a = − ∂

∂x̂i
+ igÂai t

a = −Di = −D̂i, (2.92)

where we introduced
D̂µ =

∂

∂x̂µ
− igÂaµta. (2.93)

In Euclidean space the fields ψ and ψ̄ over which we integrate in the path integral must be regarded as
independent anticommuting variables. It is convenient to define the Euclidean variables ψ̂ and ˆ̄ψ as
follows:

ψ̂ = ψ, ψ̄ = −i ˆ̄ψ, (2.94)

therefore the Dirac action yields

SF =

∫
d4xψ̄(iγµDµ −m)ψ = −i

∫
d4x̂i ˆ̄ψ

(
iγ̂4 × (iD̂4)− γ̂i × (D̂i)−m

)
ψ̂

= i

∫
d4x̂ ˆ̄ψ(γ̂µD̂µ +m)ψ̂, (2.95)

and using iS = −SE ≡ −Ŝ, we find the fermionic Euclidean action

ŜF = −
∫
d4x̂ ˆ̄ψ(iγ̂µD̂µ + im)ψ̂, (2.96)

or omitting the hats, since we will be working with Euclidean quantities

SF = −
∫
d4 xψ̄(iγµDµ + im)ψ. (2.97)
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Therefore, since ψ and ψ̄ are Grassmann variables, integrating them out gives the fermionic measure

µF =

∫
[Dψ][Dψ̄]e−SF = det (iγµDµ + im) . (2.98)

In order to compute the determinant, we restrict the Euclidean space-time to a large but finite box, so
that the eigenvalues of i /D + im form a discrete spectrum, and therefore

det (iγµDµ + im) =
∏
n

(λn + im), (2.99)

where the real numbers λn’s are the eigenvalues of the Hermitian operator i /D determined from the
equations

iγµDµun(x) = λnun(x), (2.100)

with appropriate boundary conditions. We now notice the following

(i) Non-zero eigenvalues of i /D come into pairs (λn,−λn).
To prove this statement, let us define the Euclidean γ5 matrix as

γ̂5 ≡ −γ̂1γ̂2γ̂3γ̂4 = iγ0γ1γ2γ3. (2.101)

If in Minkowksy we choose the Weyl basis of γ matrices, to wit

γµ =

(
0 σµ

σ̄µ 0

)
, σµ = (I, σi), σ̄µ = (I,−σi), (2.102)

which in the Euclidean reads1

γ̂µ =

(
0 −iσ−

µ

iσ+
µ 0

)
, σ±

µ = (σ,∓i), (2.103)

we find

γ̂5 =

(
−I 0
0 I

)
, (2.104)

from which γ̂5 is Hermitian and anti-commutes with γ̂µ. Returning to omit the hats, if

iγµDµun(x) = λnun(x), (2.105)

then

λnγ5un = γ5(iγµDµ)un = −iγµDµ(γ5un), (2.106)

that is, γ5un is an eigenfunction of i /D with eigenvalue −λn.

(ii) Eigenfunctions of i /D with zero eigenvalue can always be chosen to be eigenfunctions
of γ5.
Since γ25 = 1, its eigenvalues are ±1. Suppose that un is an eigenfunction of i /D with zero eigenvalue but
not an eigenfunction of γ5, that is

γµDµun = 0, γ5un = ũn, (2.107)

however,
γµDµũn = γµDµγ5un = −γ5γµDµun = 0. (2.108)

So, if we consider un ± ũn, we have found eigenfunctions of γµDµ with zero eigenvalue that are also
eigenfunctions of γ5 with eigenvalue ±1 respectively.

1These σ±
µ matrices are Euclidean analogs of the Minkowski matrices (σµ)αα̇ and (σ̄µ)

α̇α: σ− ↔ σ, σ+ ↔ σ̄.
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It is very important to establish, in the limit m→ 0, the possible existence of eigenfunctions with zero
eigenvalue, in particulare those that are normalizable in the limit of infinite Euclidean space-time.
We will call such eigenfunctions as (Euclidean) zero-modes of the Dirac operator /D.
Let us study the zero modes of the Dirac operator in the instanton field background, that is, let us
study

iγµDµu0(x) = 0, (2.109)

where (see [39] for details)

Dµ = ∂µ − igAinst,a
µ (x)ta ,

Ainst
µ (x) = Ainst,a

µ (x)
τa

2
, Ainst,a

µ (x) =
2

g
ηaµν

(x− x0)ν
(x− x0)2 + ρ2

,

Ginst
µν (x) = Ginst,a

µν (x)
τa

2
, Ginst,a

µν (x) = −4

g
ηaµν

ρ2

[(x− x0)2 + ρ2]2
,

(2.110)

where in (2.110) ηaµν is the ’t Hooft symbol and we introduced the notation for which the Pauli matrices
acting on color indices are denoted with τ . For later use we write some useful identities involving the ’t
Hooft symbols ηaµν and η̄aµν . We have the definitions,

ηaµν =


εaµν µ, ν = 1, 2, 3,

−δaν µ = 4, ν = 1, 2, 3 ,

δaµ ν = 4, µ = 1, 2, 3 ,

0 µ = ν = 4.

, η̄aµν =


εaµν µ, ν = 1, 2, 3,

δaν µ = 4, ν = 1, 2, 3 ,

−δaµ ν = 4, µ = 1, 2, 3 ,

0 µ = ν = 4.

, (2.111)

from which it is easy to check that

σ+µ σ
−
ν = δµν + iηaµνσ

a , (2.112)

σ−µ σ
+
ν = δµν + iη̄aµνσ

a . (2.113)

We give a short list of relations for the symbols ηaµν and η̄aµν

ηaµν =
1

2
εµνρσηaρσ (ηaµν is self-dual) ,

ηaµν = −ηaνµ (anti-symmetry in µ, ν) ,
ηaµνηbµν = 4δab ,

ηaµν η̄bµν = 0 ,

ηaµνηbµλ = δabδνλ + εabcηcνλ.

(2.114)

To pass from the relations for ηaµν to those for η̄aµν , it is necessary to make the substitution

ηaµν → η̄aµ, εµνγδ → −εµνγδ, from which follows that η̄aµν is anti-self-dual. (2.115)

First of all, we notice that in the massless limit (m = 0), the left and right chiralities obey a pair of
decoupled Weyl equations (equations for the zero modes). Indeed, writing

u0(x) =

(
χL(x)
χR(x)

)
, (2.116)

the equation for the zero mode reads

iγµDµu0(x) = 0⇔
{
σ−µDµχR = 0,

σ+µDµχL = 0.
(2.117)
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We stress once again that both σ and τ denote Pauli matrices and we use σ in connection with the
Lorentz indices and τ in connection with the color indices. We now start solving the equation

σ+µDµχL = 0. (2.118)

Applying σ−µDµ gives, using (2.114)

σ−µ σ
+
ν DµDνχL = (δµν + iη̄aµνσ

a)DµDνχL = (Dµ)2χL +
i

2
η̄aµνσ

a [Dµ,Dν ]︸ ︷︷ ︸
=−ig Ginst,a

µν τa/2

χL = (Dµ)2χL = 0.

(2.119)

Similarly, applying σ+µDµ to
σ−µDµχR = 0, (2.120)

gives instead, using (2.114)

σ+µ σ
−
ν DµDνχR = (δµν + iηaµνσ

a)DµDνχR = (Dµ)2χR +
i

2
ηaµνσ

a [Dµ,Dν ]︸ ︷︷ ︸
=−ig Ginst,a

µν τa/2

χR

= (Dµ)2χR +
g

4
σaτ bηaµν

(
−4

g
ηbµν

ρ2

[(x− x0)2 + ρ2]2

)
χR

= (Dµ)2χR −
(
4σ · τ ρ2

[(x− x0)2 + ρ2]2

)
χR. (2.121)

That is we have obtained

(Dµ)2χL = 0, −(Dµ)2χR = −
(
4σ · τ ρ2

[(x− x0)2 + ρ2]2

)
χR. (2.122)

The operator −(Dµ)2 = (iDµ)(iDµ) is a sum of squares of Hermitian operators, and thence is positive-
definite. From this follows that −(Dµ)2 does not have vanishing eigenvalues, which yields

(Dµ)2χL = 0⇒ χL = 0, (2.123)

therefore there are no zero modes with negative chirality in one-instanton background.
In the equation for χR, we use a basis of total “angular momentum", where the total “angular momentum"
corresponds to the addition of ordinary spin (associated with the σ’s) and color spin (associated with
the τ ’s); thence the total “angular momentum" is equal to zero or unity. We have

J2 =
(σ
2
+

τ

2

)2
=

3

2
+

σ · τ
2

⇒ σ · τ =

{
−3, j = 0,

1, j = 1.
(2.124)

Howerver, since −(Dµ)2 is positive-definite, we discard the case with j = 1. Working in the total
“angular momentum" basis

(σ + τ )χR = 0, (2.125)

in other words χR describes a state for which the color and usual spin add to each other to give a
singlet. Writing explicitly the indices

χα,aR = χ
(α,a)
R︸ ︷︷ ︸
j=1

+ f(x− x0)εαa︸ ︷︷ ︸
j=0

, (2.126)
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we fix completely the dependence of χR on the indices

χα,aR = f(x− x0)εαa, (2.127)

that is, in matrix form
χR = f(x− x0)φ, φαa = εαa. (2.128)

To determine f(x− x0) we have to write explicitly −(Dµ)2 and one finds the zero-mode solution

u0(x) =
1

π

ρ

[(x− x0)2 + ρ2]3/2

(
0
1

)
φ, φαa = εαa, (2.129)

which is normalized to one ∫
d4xu†0(x)u0(x) = 1. (2.130)

That is, we have explicitly shown that, in the instanton background, the operator i /D has a zero mode
with “+" chirality. Similarly, it is also possible to show that in the anti-instanton background, the
operator i /D has a zero mode with “−" chirality.

2.1.3 Instanton NDA

In the previous section we explicitly found a zero mode for a massless Dirac fermion in the instanton
background. However there is another indirect way to prove that there is a zero eigenvalue of i /D in the
presence of a non topologically trivial background and it is based on the Atiyah-Singer index theorem
(see [36, 41, 42]). Let ϕn(x) be the complete set of eigenfunction of the Hermitian eigenvalue problem

i /Dϕn(x) = λnϕn(x),∫
d4xϕm(x)

†ϕn(x) = δnm,∑
n

ϕn(x)ϕ
†
n(y) = δ(4)(x− y),

(2.131)

where Dµ = ∂µ − igAµ, with Aµ some background gauge field. One can show that, if the fermions
belong to a representation of the gauge group with Dynkin index T (Cq)∑

n

ϕn(x)
†γ5ϕn(x) =

g2

16π2
Tr (GµνG̃µν) =

T (Cq)g2
16π2

GaµνG̃
a
µν , (2.132)

where the sum on the LHS of (2.132) is ambiguous and it is defined as∑
n

ϕn(x)
†γ5ϕn(x) ≡ lim

Λ→∞

∑
n

e−λ
2
n/Λ

2
ϕn(x)

†γ5ϕn(x). (2.133)

Therefore, integrating (2.132), we readily get∑
n

e−λ
2
n/Λ

2

∫
d4xϕn(x)

†γ5ϕn(x) = 2T (Cq)n, (2.134)

the left-hand side, being well-defined by this cut-off procedure, recieves contributions only from the
states with λn = 0, that is

∑
n

∫
d4xϕn(x)

†γ5ϕn(x)

∣∣∣∣∣
zero modes

= 2T (Cq)n. (2.135)
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We notice that if we formally took into account the non-zero modes, despite the exponential suppression,
as we had previously shown, ϕn and γ5ϕn have respectively eigenvalues λn and −λn. Since eigenfunctions
of an Hermitian operator with different eigenvalue are orthogonal,

∑
n

∫
d4xϕn(x)

†γ5ϕn(x)

∣∣∣∣∣
non-zero modes

= 0. (2.136)

Using the fact that the eigenstates of i /D with zero eigenvalues have definite chirality, we find

n+ − n− = 2T (Cq)n, (2.137)

where n+ and n− are the number of zero modes of i /D which are eigenstates of γ5 with eigenvalues +
and − respectively. This is the celebrated Atiyah-Singer index theorem.
Using the fact that at the quantum level the gauge-invariant axial current is anomalous

∂µ J
5
µ(x) =

Nfd(Cq)g2
8π2

F aµνF̃
a
µν(x) + 2q̄Mγ5q , J5

µ(x) = q̄γµγ5q ≡
Nf∑
f=1

q̄fγµγ5q
f , (2.138)

where M is the quark mass matrix in flavor space (we take the chiral limit, i.e. M → 0), we see that
the change in the axial charge

Q5 =

∫
d3xJ5

0 (x), (2.139)

between large negative and positive times

∆Q5 = Q5(t = +∞)−Q5(t = −∞) =

∫ +∞

−∞
dtQ̇5 =

∫
d4x ∂0J

5
0 =

∫
d4x ∂µJ

5
µ = 4NfT (Cq)n, (2.140)

where we used the fact that, in the chiral limit and being J5
µ gauge invariant, the charge is spatially

localized, i.e. ∫
dt

∫
Σ∞

d3x n̂ · J5 = 0. (2.141)

Therefore we find

Atiyah-Singer index theorem

∆Q5 = 2Nf (n+ − n−) = 4NfT (Cq)n, (2.142)

which means that any field configuration with non-vanishing winding number n has at least one
eigenfunction of vanishing eigenvalue and thus a vanishing Fermi determinant. This implies that
the vacuum tunneling is suppressed when there are n massless fermions (and so physics becomes
θ-independend). Indeed, the tunneling amplitude between two vacua with winding numbers differing
by n units, in presence of massless fermions is

⟨m+ n|e−HT |m⟩ =
∫
[DA]n[Dψ̄][Dψ] exp

(
−
[
1

4
(Gaµν)

2 − ψ̄i /Dψ
])

=

∫
[DA]n det(i /D) exp

(
−1

4
(Gaµν)

2

)
, (2.143)

where det(i /D) is computed in the background of a gauge field with winding number n. Therefore, from
(2.142),

⟨m+ n|e−HT |m⟩ = 0 , for n ̸= 0, (2.144)
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meaning that we must not sandwich the functional integral expression between two vacuum states,
because the initial and final charges Q5 should be different: when the gauge field vacuum tunnels,
chiral charge is created; the final state contains a chiral pair and is orthogonal to the Fermi vacuum.
Furthermore, since no tunneling effects are present, we cannot anymore define a θ vacuum, instead
there will be gauge equivalent n vacua, accordingly to the massless quark solution to the strong CP
problem.
Only “virtual tunneling" can occur: an anti-instanton is needed to soak up the chirality created by the
instanton. From (2.142), in the presence of an instanton

∆Q5 = 2Nf (n+ − n−) = Nf × 4T (Cq), (2.145)

that is the instanton transition (with n = 1) forces the chiral charge to change by 4T (Cq) for each flavor
and we have to incorporate this feature. In other worlds, while instantons no longer give rise to vacuum
tunnelling, they do still have a role to play for, they now violate axial charge.
Pictorially we can then represent the instanton as an effective vertex

q1L

q1L

q1R
q1R

qiL

qiL

qiR

qiR

q
Nf
L

q
Nf
L q

Nf
R

q
Nf
R

∆Q
(1)
5 = 4T (Cq)∆Q

(i)
5 = 4T (Cq)

∆Q
(Nf )
5 = 4T (Cq)

instanton (2.146)

which gives a net violation of the chiral charge Q5 of

∆Q5 = Nf × 4T (Cq). (2.147)

To unfold the structure of this effective vertex, we proceed as follows. First, to keep the discussion
simple, we consider the one flavor case, Nf = 1, the Dirac fermions in the fundamental representation
of the gauge group and the operator

O = q̄LqR(x), with chirality χ = 2. (2.148)

We compute the Euclidean expectation value

⟨O(x)⟩A = N
∫
[Dq][Dq̄]e

∫
d4q̄i /Dq q̄LqR(x) (2.149)

in the presence of an external gauge field A, where N is a normalization factor. Expanding in the basis
(2.131),

q(x) =
∑
n

anϕn(x), q̄(x) =
∑
n

b̄nϕ
†
n(x) , (2.150)

where, since q and q̄ are in the functional integration two independent Grassmann variables, an and b̄n
are two independent sets of anti-commuting variables (not carrying spinor indices, which are carried
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only by the ϕn’s). Therefore, the path integral measure is

N
∫
[Dq][Dq̄] = N

∫ ∏
n

dandb̄n ≡ N
∫
(da)(db̄), (2.151)

and the fermionic action is∫
d4xq̄i /Dq =

∫
d4x

∑
n,m

b̄nam

(
ϕ†ni /Dϕm

)
=
∑
n

λnb̄nan, (2.152)

therefore
e−SF =

∏
n

eλnb̄nan =
∏
n

(1 + λnb̄nan), (2.153)

moreover
q̄LqR = q̄

(
1 + γ5

2

)
q =

∑
n,m

b̄namϕ
†
n

(
1 + γ5

2

)
ϕm. (2.154)

In terms of an’s and b̄n’s the expectation value of O then becomes

⟨O(x)⟩A = N
∫
(da)(db̄)

∏
n

(1 + λnb̄nan)
∑
m,l

b̄malϕ
†
m

(
1 + γ5

2

)
ϕl. (2.155)

The Grassmannian integrals are performed according to the rules∫
dan

(
1
am

)
=

∫
db̄n

(
1
b̄m

)
=

(
0
δnm

)
, (2.156)

therefore the only non-vanishing contribution to ⟨O⟩A are those in which each an and b̄n appears exactly
once, giving

⟨O(x)⟩A ∝
∏
m

λn
∑
n

1

λn
ϕ†n

(
1 + γ5

2

)
ϕn(x). (2.157)

We now ask what are the external gauge field configurations Aµ giving a non-vanishing ⟨O⟩A. That is,
we consider the following cases

1. i /D has no zero modes.
This means that, as previously shown, all the eigenvalues of i /D are paired

i /Dϕn = λnϕn, i /Dγ5ϕn = −λnγ5ϕn, (2.158)

and the sum appearing in (2.157) vanishes, i.e.∑
n

1

λn
ϕ†n

(
1 + γ5

2

)
ϕn(x) = 0. (2.159)

That is from the index theorem, excluding n+ = n−, i /D vanishes for topologically trivial gauge
field configurations.

2. i /D has one “+" chirality zero mode: n+ = 1.
Calling ϕ0 the corresponding eigenvector, i.e. i /Dϕ0 = λ0ϕ0, λ0 = 0, (2.157) becomes

λ0
∏
n

′
λn

 1

λ0
ϕ†0

(
1 + γ5

2

)
ϕ0(x) +

1

λ1
ϕ†1

(
1 + γ5

2

)
ϕ1(x) + . . .︸ ︷︷ ︸

=0

 =
∏
n

′
λnϕ

†
0

(
1 + γ5

2

)
ϕ0(x)

= det′(i/D)ϕ†0
(
1 + γ5

2

)
ϕ0(x) = det′(i/D)ϕ†0ϕ0(x), (2.160)
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that is
⟨O(x)⟩A ∝ det′(i/D)ϕ†0ϕ0(x) ̸= 0, (2.161)

where, as usual det′ is the determinant computed excluding zero eigenvalues.

3. i /D has one “−" chirality zero mode: n− = 1.
Proceeding as in the previous point,

⟨O(x)⟩A ∝ det′(i/D)ϕ†0
(
1 + γ5

2

)
ϕ0(x) = 0, (2.162)

which means that anti-instanton configurations give vanishing contribution to ⟨O⟩A.

4. i /D has more than one zero-mode

/Dϕ(n)0 = λ
(n)
0 ϕ

(n)
0 , λ

(n)
0 = 0 . (2.163)

In this case (2.157) yields

⟨O(x)⟩A
∝ λ(1)0 λ

(2)
0 . . . λ

(n)
0 det′(i/D)×

×
(

1

λ
(1)
0

ϕ
(1)†
0

(
1 + γ5

2

)
ϕ
(1)
0 (x) +

1

λ
(2)
0

ϕ
(2)†
0

(
1 + γ5

2

)
ϕ
(2)
0 (x) + . . .

)
= 0, (2.164)

that is gauge field configurations with |n| ≥ 2 do not contribute to the expectation value of O.

From the above analysis we conclude that2

⟨q̄LqR⟩A ̸= 0 requires n = 1, (2.165)

similarly
⟨q̄RqL⟩A ̸= 0 requires n = −1, (2.166)

Therefore,

⟨q̄LqR⟩ = N
∑
n

∫
[DA]n[Dq̄][Dq] exp

∫
d4x

(
−1

4
(Gaµν)

2 + q̄i /Dq
)
+ inθq̄LqR(x)

= N
∫
[DA]1[Dq̄][Dq] exp

∫
d4x

(
−1

4
(Gaµν)

2 + q̄i /Dq
)
+ iθq̄LqR(x)

= N
∫
[DA]1 exp−

1

4

∫
d4x(Gaµν)

2eiθ
det′(i/D)
det(i/∂)

ϕ†0(x)ϕ0(x), (2.167)

where we have normalized respect to the case with Aµ = 0. Expanding about the instanton solution
and substituting the explicit expression for the zero-mode solution (2.129), we find

⟨q̄LqR⟩ ∝
∫
dρ

ρ5

∫
d4x0

∫
dΩ

(
8π2

g2

)2Nc

exp(−8π2

g20
+

11

3
Nc log(Mρ))eiθ×

× det′(i/D)
det(i/∂)

ρ3φ†φ

π2 [(x− x0)2 + ρ2]3
, (2.168)

where dΩ is the differential corresponding to the color orientation of the instanton and it is normalized to
unity. We notice that the g2 factoring (2.168) is the bare coupling, which we expect to be renormalized

2To avoid confusion, n in(2.165) is the winding number.
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by taking into account two-loop effects. Moreover, in (2.168) we have in the numerator a factor of
ρ3, two of which are carried by ϕ†0ϕ0 and an extra ρ is inserted for dimensional reasons (to match the
dimentions of the LHS of (2.168)).
However the determinants must be regularized from loop divergences, to wit

det′(i/D)
det(i/∂)

→ det′(i/D)
det(i/∂)

∣∣∣∣
regulated

=
det′(i/D)

i(Mρ)× det′(i/D + iM)

det(i/∂)

det(i/∂ + iM)
, (2.169)

where M is the mass of the PV regulator. As in the Yang-Mills case, the dependence on the regulator
mass scale M must be such that M is removed by a renormalization of the coupling constant, i.e. the
dependence on M must give the renormalization of the overall factor exp(−8π2/g20). Indeed it can be
shown (see [38]) that the non-zero modes give

det′(i/D)
det′(i/D + iM)

det(i/∂)

det(i/∂ + iM)
= exp

(
1

3
log(Mρ)

)
, (2.170)

therefore
det′(i/D)
det(i/∂)

∣∣∣∣
regulated

= exp− log(Mρ) +
1

3
log(Mρ). (2.171)

Comparing this result with the pure gluonic case, we see that the situation has been changed because
of the anticommutativity of the fermionic fields: the zero-frequency modes of the light quarks lead to
“screening" of the charge, and the positive-frequency modes to “anti-screening". Using the formula for
the running coupling

1

g2(µ)
=

1

g2(M)
+

β0
8π2

log

(
M

µ

)
, β0 = −

(
11

3
Nc −

4

3
Nfd(Cq)

)
, (2.172)

we finally obtain

⟨q̄LqR(x)⟩ ∝
(
8π2

g2

)2Nc ∫ dρ

ρ5

∫
d4x0

(
8π2

g2(1/ρ)

)2Nc

e
− 8π2

g2(1/ρ) eiθ
ρ3

[(x− x0)2 + ρ2]3
. (2.173)

Motivated by the picture (2.146), we now make the following observation (see [43, 44]); for small
instanton size, the integrand of (2.173) goes like

(x− x0)−6, (2.174)

and the Euclidean propagator for massless Dirac fermions in coordinate space reads

SF (x− x0) =
γµ(x− x0)µ
2π2(x− x0)4

∝ (x− x0)−3, (2.175)

therefore, for large x2, the amplitude (2.173) has exactly the space-time structure of the amplitude
generated by the effective vertex at x0

−C
(
8π2

g2

)2Nc ∫ dρ

ρ5
ρ3eiθ e

− 8π2

g(1/ρ) q̄RqL(x0) + h.c. , (2.176)

where the minus sign comes from the Fermi statistics and the factor

(x− x0)6, (2.177)

is precisely reproduced by the 2 propagators that connect x0 with x and the integral over the collective
coordinate x0 will correspond to the integration in coordinate configuration over the vertex variable;
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the Hermitian conjugate of (2.176) gives the anti-instantonic contribution to ⟨q̄RqL(x)⟩. This can be
visualized diagrammatically as

instanton x0 x

SF (x− x0)

SF (x− x0)

(2.178)

Summarizing what we have discussed so far, naively the theory with one massless quark is invariant
under U(1)A transformations q → eiαγ5q and therefore we would expect

⟨0|q̄LqR|0⟩ = 0, at any order in perturbation theory. (2.179)

However, we had explicitly shown that - due to non-perturbative effects,

⟨0|q̄LqR|0⟩ ̸= 0 , (2.180)

and this can be encoded by adding to the QCD Lagrangian the extra term

∆L(x) = −C
(
8π2

g2

)2Nc ∫ dρ

ρ5
eiθ ρ3e

− 8π2

g(1/ρ) q̄RqL(x) + h.c. , (2.181)

which explicitly breaks U(1)A symmetry. We notice that the effective Lagrangian appearing in (2.181)
is apparently not gauge invariant, since each fermion in the RHS of (2.181) carries its own color index,
i.e. denoting with it, t = 1, . . . , Nf the color index, (2.181) has to be rewritten as

∆L(x) = −
∫
dρρ−5+3 dNc(ρ)e

iθ (K(1)
Nc

)i1i2(q̄RqL(x))i1i2 + h.c. , (2.182)

where the function dNc(ρ) and the tensor (K(1)
Nc

)i1i2 are obtained computing the fermionic correlation
function ⟨q̄LqR(x)⟩ with the effective ’t Hooft vertex and matching the result with the instanton
background computation in (2.167). For instance (see [44])

(K(1)
Nc

)i1i2 = 2π2δi1i2 , Nc = 2,

(K(1)
Nc

)i1i2 =
4

3
π2δi1i2 , Nc = 3,

(2.183)

and in PV regularization

dNc(ρ) =
C1

(Nc − 1)!(Nc − 2)!

(
8π2

g2

)2Nc

e
− 8π2

g2(1/ρ)
−C2Nc+0.292Nf ≡ CNc

(
8π2

g2

)2Nc

e
− 8π2

g2(1/ρ) , (2.184)

where in MS renormalization the 0.292 is replaced by −0.495 and in MS renormalization by 0.153.
Doing the same analysis for Nf > 1, we now consider

⟨q̄1Lq1R(x1) . . . q̄
Nf
L q

Nf
R (xNf )⟩A. (2.185)

Doing the same steps done with Nf = 1 we find (i /D is flavor blind, and so its eigenvectors)

q̄tLq
t
R(xt) = q̄t

(
1 + γ5

2

)
qt(xt) =

∑
n,m

b̄tna
t
mϕ

†
n

(
1 + γ5

2

)
ϕn(xt), t = 1, . . . , Nf . (2.186)
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Thence

⟨q̄1Lq1R(x1) . . . q̄
Nf
L q

Nf
R (xNf )⟩A = N

Nf∏
t=1

∫
(dat)(db̄t)

∏
n

(1 + λnb̄
t
na

t
n)
∑
m,l

b̄tma
t
lϕ

†
m

(
1 + γ5

2

)
ϕl(xt)

∝
Nf∏
t=1

∏
m

λn
∑
n

1

λn
ϕ†n

(
1 + γ5

2

)
ϕn(xt), (2.187)

and to get a non-vanishing expectation value we need a zero mode per each flavor. Equivalently the
only gauge field configuration for which the expectation value (2.185) is non-zero is the one for which
n+ = Nf and n− = 0, that is from the Atiyah-Singer theorem (2.142),

n+ − n− = Nf ⇔ n = 1, (2.188)

⟨q̄1Lq1R(x1) . . . q̄
Nf
L q

Nf
R (xNf )⟩A ̸= 0 requires n = 1, (2.189)

similarly
⟨q̄1Rq1L(x1) . . . q̄

Nf
R q

Nf
L (xNf )⟩A ̸= 0 requires n = −1. (2.190)

Therefore, ignoring two-loop effects

⟨q̄1Lq1R(x1) . . . q̄
Nf
L q

Nf
R (xNf )⟩

= N
∑
n

∫
[DA]n[Dq̄][Dq] exp

∫
d4x

(
−1

4
(Gaµν)

2 + q̄i /Dq
)
+ inθ

Nf∏
t=1

q̄tLq
t
R(xt)

= N
∫
[DA]1[Dq̄][Dq] exp

∫
d4x

(
−1

4
(Gaµν)

2 + q̄i /Dq
)
+ iθ

Nf∏
t=1

q̄tLq
t
R(xt)

= N
∫
dρ

ρ5

∫
d4x0

∫
dΩ

(
8π2

g2

)2Nc

exp

(
−8π2

g20
+

11

3
Nc log(Mρ)

)
eiθ×

×
(
det′(i/D)
det(i/∂)

)Nf Nf∏
t=1

ρ3φ†φ

π2 [(xt − x0)2 + ρ2]3

= N⟨φ†φ⟩Nfπ−2Nf

∫
dρ

∫
d4x0ρ

−5+3Nf eiθ
(
8π2

g2

)2Nc

exp

{(
−8π2

g20
+ log(Mρ)

[
11

3
Nc −

2

3
Nf

])
︸ ︷︷ ︸

=−8π2/g2(1/ρ2)

}
×

×
Nf∏
t=1

1

[(xt − x0)2 + ρ2]3
, (2.191)

Again, for small instanton sizes, the integrand of (2.191) goes like

Nf∏
t=1

(xt − x0)−6, (2.192)

which is reproduced by 2Nf fermion propagators, that is the amplitude (2.191) has the same space-time
structure of the amplitude generated by the effective vertex at x0

−C
∫
dρ ρ−5+3Nf

(
8π2

g2

)2Nc

e
− 8π2

g2(1/ρ) eiθ q̄1Rq
1
L(x0) . . . q̄

Nf
R q

Nf
L (x0) + h.c. , (2.193)
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where the minus sign comes from the Fermi statistics and the Hermitian conjugate of (2.193) gives the
anti-instantonic contribution to ⟨q̄1Rq1L(x1) . . . q̄

Nf
R q

Nf
L (xNf )⟩. However, owing to Fermi statistics, we

can equivalently express (2.193) as - up to a constant factor

’t Hooft effective operator

∆L(x) = −
∫
dρ ρ−5+3Nf dNc(ρ)(K

(Nf )
Nc

)
i1i2...i2Nf eiθ det

s,t

(
q̄sR(x)q

t
L(x)

)
i1i2...i2Nf

+ h.c. , (2.194)

where the determinant goes over flavor indices and the Hermitian conjugate results from the anti-
instanton configuration. As in the case with one flavor, the integration over the collective coordinate
x0µ in (2.191) simply corresponds to the integration in coordinate configuration over the vertex
variable. The effective vertex generated by field configuration with winding number |n| = 1 is the
so-called ’t Hooft operator [43]. Diagrammatically, the contribution of (2.194) to the Green function
⟨q̄1Lq1R(x1) . . . q̄

Nf
L q

Nf
R (xNf )⟩ can be depicted with the “daisy" diagram

x0

x1

xNf
SF (x1 − x0)

SF (xNf
− x0)

x0 →

q1R q1L

q
Nf

R

q
Nf

L

(2.195)

As an application of (2.194) we may give an estimate of the axion potential [45]. As we did in (2.88), to
compute the vacuum energy-density, we have to evaluate vacuum-to-vacuum transition amplitudes, i.e.
Z(θ) which can be seen diagrammatically as the sum of vacuum bubbles, i.e. as the sum of diagrams
without external legs. We focus on the one-instanton contribution Z(θ)|n=1 which is obtained closing
up the fermion legs of the ’t Hooft operator (diagrammatically depicted in the left of (2.195)) using
all available couplings, as for an ordinary vacuum-to-vacuum amplitude. Another ingredient to the
axion potential estimate is based on the fact that the strong couling, if the particle content is the one
of the Standard Model, is a decreasing function of 1/ρ, therefore the factor exp[−8π2/g2(1/ρ)] gives an
exponential suppression of the small size instantons. We consider instanton contributions within an
energy range [MIR,MUV], where MIR is well above the strong coupling scale, i.e. MIR ≫ ΛQCD, while
MUV is below the mass of the charm quark. The ’t Hooft operator (2.194) is therefore

∆L(x) ≈
∫ 1/MIR

1/MUV

dρ

ρ5
ρ9 d3(ρ)e

iθūR(x)uL(x)d̄R(x)dL(x)s̄R(x)sL(x) + h.c., (2.196)

which can be depicted as

x →
uR

uL

dL

dR

sR sL

x

mu md

ms

e±iθ e±iθ

(2.197)
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and we have the one-instanton estimate

mumdmse
iθ

∫ 1/MIR

1/MUV

dρ

ρ5
ρ3d3(ρ) ≈ mumdmse

iθ

(
8π2

g2(MIR)

)6

e
− 8π2

g2(MIR)

∫ 1/MIR

1/MUV

dρ

ρ5
ρ3(MIRρ)

9

= eiθ
(

8π2

g2(MIR)

)6

e
− 8π2

g2(MIR)
mumdmsMIR

8
, (2.198)

therefore we have the estimate axion potential in the dilute-gas approximation, up to O(1) factors

V (a) = −2 cos(a(x)
fa

+ θQCD)×
1

8

(
8π2

g2(MIR)

)6

e
− 8π2

g2(MIR)mumdmsMIR. (2.199)

To confirm that closing legs of the ’t Hooft operator with mass insertion gives simply masses, i.e.
not loops or propagators, we have to do an explicit computation of the one-instanton contribution to
Z(θ)|n=1. We have, normalizing to the case with Acl

µ = 0

Z(θ) =
∑
n

⟨0|0⟩n =

∑
n

∫
[DA]n[Dη][Dη̄][Dψ][Dψ̄] exp(−SE)∫

[DA][Dη][Dη̄][Dψ][Dψ̄] exp(−SE)
∣∣
Acl
µ=0

, (2.200)

where the Euclidean action is given by (we are now considering massless fermions)

SE = SG + Sψ , (2.201)

SG =

∫
d4x

[
1

4
F aµνF

a
µν − iθ

g2

32π2
F aµνF̃

a
µν + Lghost(η, η̄, A)

]
, (2.202)

Sψ =
∑
f

∫
d4xψ̄f (−iγµDµ)ψf . (2.203)

Focusing on the one-instanton sector (see [38, 43] or [46, 47] for a more recent discussion) and expanding
as usual around the instanton solution

Aaµ = Ainstanton,a
µ + aaµ , (2.204)

we get, at the quadratic order in the quantum fields

SE = S0 +

∫
d4x

[
1

2
aµM

µν
G aν + η̄Mghostη + ψ̄fM

ff ′

ψ ψf ′

]
, S0 ≡ S[Ainst

µ ] =
8π2

g2
− iθ , (2.205)

therefore, treating the fermion mass term as an interaction

WSU(Nc) ≡ Z(θ)|n=1 = ⟨0|0⟩1 =
∑

n

∫
[DA]n[Dη][Dη̄][Dψ][Dψ̄] exp(−SE)∫

[DA][Dη][Dη̄][Dψ][Dψ̄] exp(−SE)
∣∣
Acl
µ=0

. (2.206)

Reassembling what we have done so far, the gauge sector gives∫ 4Nc∏
i=1

dγiJ(γ)e
−S0Iψ(γ)

(det′MG)
−1/2det′Mghost[

det(MG)−1/2 det(Mghost)
]∣∣
Acl
µ=0

∣∣∣∣∣∣
regulated

, (2.207)

where γi, i = 1, . . . , 4Nc are the collective coordinates of the BPST instanton, namely

γi =


(x0)i i = 1, . . . , 4

ρ i = 5,

T a T a ∈ SU(Nc)/T , where T is the little group of the BPST instanton,
(2.208)
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and the integration over corresponding eigenmodes must be considered separately: it must be replaced
by an integration over the collective coordinates including an appropriate Jacobian J(γ) for this
transformation. Iψ(γ) encodes the contribution from fermion sector (depending on the instanton
collective coordinates). We get, in PV regularization

CNc

(
8π2

g2

)2Nc ∫
d4x0

∫
dρ

ρ5
e
− 8π2

g20
+log(Mρ) 11

3
Nc
eiθIψ(γ). (2.209)

Analogously to the bosonic contributions to vacuum-vacuum amplitude, we can isolate the fermionic
zero-modes in the integration over the fermionic fields, obtaining

Iψ(γ) =

∫ ∏
f

ρ1/2da
(0)
f

∏
f ′

ρ1/2db̄
(0)
f ′

∫
[D′ψ][D′ψ̄] exp−

∫
d4xψ̄fM

ff ′

ψ ψf ′ , (2.210)

where Mff ′

ψ = −iγµDµδff ′ . Furthermore we used the fact that the Grassmann integration measures

have mass dimension [da
(0)
f ] = [db̄

(0)
f ] = 1/2, indeed from (2.129), [ϕ0] = +2, but

ψf (x) =
∑
n

a
(n)
f ϕn(x)⇒ [a

(n)
f ] = −1/2, (2.211)

finally ∫
da

(n)
f a

(n)
f = 1⇒ [da

(n)
f ] = +1/2, (2.212)

and since Iψ(γ) is dimensionless, we have to insert a factor ρ1/2 per each fermion zero-mode.
For chiral fermions in the fundamental representation we have only one zero mode with positive chirality
for each flavor, yielding

Iψ(γ) =

∫ Nf∏
f=1

ρ1/2da
(0)
f

Nf∏
f ′=1

ρ1/2db̄
(0)
f ′

∫
[D′ψ][D′ψ̄] exp−

∫
d4xψ̄fM

ff ′

ψ ψf ′

=

∫ Nf∏
f=1

ρ1/2da
(0)
f

Nf∏
f ′=1

ρ1/2db̄
(0)
f ′

det′Mψ

detMψ|Acl
µ=0

∣∣∣∣∣
regulated

= ρNf e−
2
3
log(Mρ)

∫ Nf∏
f=1

da
(0)
f db̄

(0)
f ,

(2.213)

therefore, in absence of interactions among fermions, considering instanton contributions within an
energy-range [MIR,MUV] which is well above the strong coupling scale ΛNc defined as

Λb0Nc = ρ−b0e
− 8π2

g2(1/ρ) , b0 ≡ −β0. (2.214)

This restriction ensures that instanton effects are calculable even when those are IR dominated, since
the coupling g(µ) is still perturbative. Therefore

Vacuum-to-vacuum amplitude

WSU(Nc) = CNc

(
8π2

g2

)2Nc

eiθ
∫
d4x0

∫ 1/MIR

1/MUV

dρ

ρ5
(ρΛNc)

b0ρNf
∫ Nf∏

f=1

da
(0)
f db̄

(0)
f . (2.215)

If we have a mass interaction, i.e. a relevant coupling

−Sint
ψ =

Nf∑
f=1

∫
d4xψ̄f (x)imfψf (x), (2.216)
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since the integral over zero modes projects onto the zero mode wavefunction of fermion field, i.e. writing
ψf (x) =

∑
n a

(n)
f ϕn(x), then, for instance∫

da
(0)
f ψf (x) = ϕ0(x),

the integral over zero modes yields

∫ Nf∏
f=1

da
(0)
f db̄

(0)
f ei

∫
d4xψ̄f (x)mfψf (x) =

iNf

Nf !

Nf∏
f=1

mfNf !

∫
d4xf

∫
da

(0)
f db̄

(0)
f ψ̄fψf (xf )

= iNf
Nf∏
f=1

mf

∫
d4xfϕ

†
0(xf )ϕ0(xf )︸ ︷︷ ︸
=1

(2.217)

therefore the mass interactions gives the one-instanton contribution to the vacuum functional

WSU(Nc) = CNc

(
8π2

g2

)2Nc

eiθ
∫
d4x0

∫ 1/MIR

1/MUV

dρ

ρ5
(ρΛNc)

b0ρNf iNf

Nf∏
f=1

mf

= V4CNc

(
8π2

g2

)2Nc

iNf

Nf∏
f=1

mfe
iθ

∫ 1/MIR

1/MUV

dρ

ρ5
(ρΛNc)

b0ρNf . (2.218)

That is, with a full instanton calculus, we re-obtained - up to O(1) factors - the result given by
closing the fermion legs of the ’t Hooft operator with all the available interactions.
Up to now, we had been considering chiral fermions in the fundamental representation of the gauge
group SU(Nc).
What happens if other couplings are present? Let us assume that the theory contains a neutral scalar
ϕ with Yukawa couplings to the fermions [45], that is the marginal coupling

−Sint
ψ = i

∑
f

∫
d4x ynφ(x)ψ̄f (x)ψf (x), (2.219)

where φ(x) is some neutral scalar field. In this case, we may also close up the fermion legs of the ’t
Hooft operator with 1

2Nf loops of scalars, that is

x →
q1R

q1L

q2L

q2R

x

y1 y2

e±iθ e±iθ
+ crossed

yNf−1 yNf

q
Nf−1

R

q
Nf−1

L

q
Nf

R

q
Nf

L

φ

φ

(2.220)

how do these diagrams contribute to the vacuum energy-density? The vacuum-to-vacuum, amplitude
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(2.215) is

WSU(Nc) = CNc

(
8π2

g2

)2Nc

eiθ
∫
d4x0

∫ 1/MIR

1/MUV

dρ

ρ5
(ρΛNc)

b0

∫
[Dφ]e−S0(φ)×

×
∫ Nf∏

f=1

ρda
(0)
f db̄

(0)
f ei

∫
d4x

∑
f yfφ(x)ψ̄f (x)ψf (x) . (2.221)

We now focus on the integration over the zero modes

ρNf
∫ Nf∏

f=1

da
(0)
f db̄

(0)
f exp(i

∫
d4x

∑
f

yfφ(x)ψ̄f (x)ψf (x))

= iNfρNf
Nf∏
f=1

yf

∫
d4xfφ(xf )ϕ

†
0(xf )ϕ0(xf ). (2.222)

Taking for simplicity Nf = 2

WSU(Nc) = −CNc
(
8π2

g2

)2Nc

eiθ
∫
d4x0

∫ 1/MIR

1/MUV

dρ

ρ5
(ρΛNc)

b0

∫
[Dφ]×

× e−S0(φ)y1y2ρ
2

∫
d4x1

∫
d4x2φ(x1)ϕ

†
0(x1)ϕ0(x1)φ(x2)ϕ

†
0(x2)ϕ0(x2),

(2.223)

where S0(φ) is the kinetic term of the φ field and the integration over φ gives the scalar propagator
∆F (x1 − x2). Therefore for each loop we must evaluate the loop integral

I = y1y2ρ
2

∫
d4x1d

4x2ϕ
†
0(x1)ϕ0(x1)∆F (x1 − x2)ϕ†0(x2)ϕ0(x2)

= y1y2ρ
2

∫
d4k

(2π)4
d4x1d

4x2
2ρ2

π2
1

(x21 + ρ2)3
e−ik·(x1−x2)

(k2 +m2
s)

2ρ2

π2
1

(x22 + ρ2)3

= y1y2ρ
2

(
2ρ2

π2

)2 ∫
d4k

(2π)4
1

(k2 +m2
s)

d4x1e
−ik·x1

(x21 + ρ2)3
d4x2e

ik·x2

(x22 + ρ2)3
, (2.224)

where we used the explicit expression for (2.129). Using the result∫
d4x

e−ik·x

(x2 + ρ2)3
=

π2

2ρ2
|k|ρK1 (|k|ρ) , (2.225)

where K1(z) is a modified Bessel function, we obtain

I = y1y2ρ
2

∫
d4k

(2π)4
(ρ|k|)2
k2 +m2

s

(K1 (|k|ρ))2 = y1y2
ρ4

8π2

∫ ∞

0
dk

k5

k2 +m2
s

(K1 (kρ))
2 , (2.226)

and that - from the behavior of K1(z) - the loop integral is cut-off at |k| ∼ ρ−1. Therefore we get, using
|k| ∼ ρ−1,

I =

{
y1y2
5π2

1
ρ2m2

s
, ρms ≫ 1,

y1y2
12π2 , ρms ≪ 1.

(2.227)
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Figure 2.2: Numerical evaluation of the Yukawa loop integral I(msρ) defined in (2.224).

Then, if ρms ≪ 1, i.e. at energies for which the scalar φ(x) may propagate freely, we have to
multiply (2.215) for

yNiyNj
12π2

(2.228)

for each loop. If Nf = 2, we get the vacuum amplitude

WSU(Nc) = −V4CNc
(
8π2

g2

)2Nc

eiθ
y1y2
12π2

∫ 1/MIR

1/MUV

dρ

ρ5
(ρΛNc)

b0 . (2.229)

The coupligs used to close the legs of the ’t Hooft operator do not have to be masses or marginal
couplings, but can also be higher-dimensional eeffective operators. For instance, we may take a
four-fermion operator of the form

−Sint
ψ =

cF
Λ2
F

∫
d4x ψ̄i(x)ψi(x)ψ̄i+1(x)ψi+1(x), i = 1, . . . , Nf − 1, (2.230)

tying-up the fermion legs with this effective vertex we get

e±iθ
x →

q1R

q1L

q2L

q2R

e±iθ

q
Nf−1

R

q
Nf−1

L

q
Nf

R

q
Nf

L

x

cF /Λ
2
F

cF /Λ
2
F

+ crossed

(2.231)

Again, to compute the contribution of this effective vertex, we have to compute the vacuum-to-vacuum
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amplitude, using the explicit expression for (2.129)

WSU(Nc) = CNc
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= CNc
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)Nf/2
= V4CNc

(
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(ρΛNc)

b0 , (2.232)

that is, we get the vacuum amplitude

WSU(Nc) = V4CNc

(
8π2

g2

)2Nc

eiθ
(
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5π2Λ2

F

)Nf/2 ∫ 1/MIR

1/MUV

dρ

ρ5+Nf
(ρΛNc)

b0 . (2.233)

We notice furthermore that (2.233) is consistent with (2.229). Indeed, for 1/ρ ≪ ms, (2.229)
becomes for Nf = 2

WSU(Nc) = V4CNc

(
8π2

g2

)2Nc

eiθ
y1y2

5π2m2
s

∫ 1/MIR

1/MUV

dρ

ρ5+2
(ρΛNc)

b0 , (2.234)

consistently with the fact that, at energies E ≪ ms, we can integrate out the scalar φ(x) obtaining an
effective operator of the form

OF1,2(x) =
y1y2
m2
s

ψ̄1(x)ψ1(x)ψ̄2(x)ψ2(x). (2.235)

For the following, it is useful to derive a rule for computing the QCD instanton contribution - up
to O(1) factors to the low-energy axion potential. To compute the vacuum energy (2.206) in the
presence of interactions, we have to do a perturbative expansion in the couplings up to an order that is
enough to provide one fermion field for each fermion zero mode. All additional fields that appear in the
interactions only survive the path integral if they can be fully Wick-contracted, yielding propagators.
Up to O(1) factors, these yield the following factors of π

zero−mode ∝ 1

π
, vertex ∝ π2 , propagator ∆F ∝

1

π2
, (2.236)

where we used the explicit expression for a fermionic zero-mode (2.129), that a vertex involves a
space-time integration

∫
d4x ∝ π2

∫
dxx3 and that a Feynman propagator involves an integral over

four-momenta
∫ d4p

(2π)4
∝ 1

π2

∫
dp p3. Writing this in powers of 4π, we get the rule

add a factor of (4π)−α, α = # of zero-modes - 2(# of vertices) + 2(# of propagators) . (2.237)

We thus have shown the following rules in instanton calculus (or instanton NDA, see Ref. [47])

• Identify the ’t Hooft operator, containing one leg for each fermionic zero-mode. The number of
zero modes for each fermion is given by 2k, where k is the Dynkin index of the representation
under the gauge group.
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• Treat the ’t Hooft operator as a 2k-point vertex in a Feynman diagram and close the fermion legs
using any available coupling. Particles with mass m < 1/ρ propagate freely, and can appear in
loops, those of mass m > 1/ρ should be integrated out, and the resulting effective operators can
be used to close fermion legs.

• Combine the couplings used to close the ’t Hooft operator with the instanton density and the
integral over the instanton size, which corresponds to an overall factor

CN

(
8π2

g22

)2N ∫
dρ

ρ5
(ΛGρ)

b0 , (2.238)

and add appropriate powers of ρ, the only available dimensionful parameter to get the right
dimensions (i.e. those of a potential V ). Propagators should not be added to the estimate.

• Add a factor of (4π)−α, where α is given by

α = # of zero-modes - 2(# of vertices) + 2(# of propagators) . (2.239)



CHAPTER

3
The axion quality problem and

gravitational instantons

3.1 Gravity and global symmetries

The Peccei-Quinn (PQ) mechanism addressing the strong CP problem faces a significant challenge:
it depends on a global U(1)PQ symmetry spontaneously broken. This symmetry is introduced to
dynamically solve the strong CP problem by promoting the CP-violating θ-parameter in QCD to a
dynamical field, the axion, which adjusts itself to cancel the CP violation. Although this symmetry
is broken at low energies by the QCD anomaly, it must remain an exceptionally precise symmetry at
high-energy scales. This issue is commonly referred to as the PQ quality problem. This fact seems to
contradict the modern effective field theory understanding that global symmetries are not fundamental
but rather emerge as accidental symmetries, namely symmetries of the renormalizable Lagrangian
whose violation occurs through irrelevant operators.

This conceptual problem is further exacerbated by the widely held belief that gravity explicitly
breaks global symmetries. If true, this would imply that any global symmetry present in a low-energy
effective theory would be violated by gravitational interactions, potentially undermining the robustness
of such symmetries at high-energy scales.In the aforementioned context, the quality problem can be
readily quantified as follows. If Planck-scale physics is the sole source of PQ-violating effects, then
at energies below the Planck scale, the effect of gravitational interactions is encoded by the effective
operator in the axion Lagrangian [48]

1√−gOg(x) =
∑
n≥5

λ2

Mn−4
Pl

Φn(x) + h.c.+ c, (3.1)

where Φ(x) = fae
ia/fa , fa is the scale at which the U(1)PQ symmetry gets spontaneously broken,

λ = |λ| exp(iδ) is a dimensionless complex coupling and c is a constant chosen so that the minimum of
the potential is zero. The effective operator Og then induces the axion effective potential

Vg(a) = 2|λ|2M4
Pl

∑
n≥5

(
fa
MPl

)n [
1− cos

(
n
a

fa
+ 2δ

)]
, (3.2)

therefore, for O(1) values of the phase δ and |λ|, taking fa = 1012 GeV, the U(1)PQ symmetry must
be protected from explicit breaking effects caused by operators with dimensions up to d ∼ 14, suggesting
a highly non-trivial structure in the PQ dynamics. We refer to this situation, where explicit breaking
effects are introduced through irrelevant operators whose scaling is determined by naive dimensional

67
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Figure 3.1: Schematic representation of the Banks-Seiberg argument [49].

analysis, as a case of perturbative breaking.
This specification is necessary, as it is by no means certain that gravity breaks global symmetries as
described above. In fact, gravitational interactions are CP-conserving perturbatively, and the only
conceivable source of CP violation is nonperturbative quantum gravity dynamics. Multiple indications
indeed suggest that explicit breakings due to gravity have a nonperturbative origin.
Firstly, there are a series of arguments related to black hole physics that are often referred to as
folklore theorems [49]. If a continuous global symmetry G is exactly conserved, a black hole could, in
principle, carry a corresponding global charge. Indeed suppose that the lightest particle in the spectrum
has positive mass m and transforms in an irreducible representation r of the global group. We can
now consider multi-particle states, i.e. gas of G-charged particles, transforming under an arbitrary
representation R ⊂ r⊗r⊗r⊗ . . . of the global symmetry group. By adiabatically shrinking this gas of
G-charged particles, it is possible to form Schwarzschild black holes with arbitrarily large global charge
Qglobal (see Fig. 3.1). As long as the semiclassical effective field theory of gravity remains valid—up to
length scales of the order of X lPl, where X is a order one number and lPl is the Planck length—these
charged black holes will Hawking radiate, thereby losing mass while conserving their global charge
Qglobal. Thus, if we start with a large black hole of arbitrarily large charge Qglobal and wait enough, we
will obtain a stable black hole remnant of charge Qglobal and mass XMPl. In this way we can generate
an infinite number of macroscopic black hole states that are indistinguishable, i.e. with the same
size and energy—respectively X lPl and XMPl—but differing in their global charges Qglobal. Since in
conventional statistical mechanics the entropy of a system originates in the counting of states that
are macroscopically indistinguishable, these remnants will give an infinite entropy. Equivalently, a
spacetime region of linear size of the order of the Planck length has infinite entropy, since it could store
an information of the order logN , where N →∞ is the number of Planck remnants. This would conflict
with the finite entropy bound of a general spacetime region [50, 51], regardless of the density matrix
of its matter content. Intuitively, for the generalized second law (GSL) [52] to hold, the entropy of a
general system cannot be arbitrarily large. This is because the growth of the black hole’s horizon area
depends on the mass added to it [53], regardless of the entropy of the matter system. If systems with
arbitrarily large entropy at a given mass and size were possible, the GSL could be violated, implying
that the entropy of any general system must be bounded from above. To make this argument sharper,
we employ the most general entropy bound applicable to Lorentzian geometries, known as the covariant
entropy bound (CEB) [50, 51], which asserts that the entropy on any lightsheet L(B) 1 of a surface B

1A given surface B possesses four orthogonal null directions represented by null hypersurfaces F1 , . . . , F4 that border
on B. Introducing the expansion scalar, θ(λ) ≡ dA/dλ

A , where λ is an affine parameter for the light rays generating Fi,
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cannot exceed its surface area
S[L(B)] ≤ A[B]

4GNℏ
. (3.3)

However, using the CEB, we can also constraint the entropy of the whole spacetime bulk using a
background independent formulation of the holographic principle [54]. For this aim, we perform a null
foliation, i.e. we slice the spacetime into a 1-parameter family of null hypersurfaces H(τ). Next, on each
null hypersurface H(τ) we locate the two-dimensional spatial surface of maximal surface area Amax(τ);
unless it lies on the spacetime boundary, this surface divides H(τ) into two parts. By construction, this
hypersurface of maximal area for a given τ has two lightsheets, implying that

S[H(τ)] ≤ Amax(τ)

2GNℏ
. (3.4)

Repeating this construction for all values of τ , one obtains a 2+1-dimensional hypersurface A, called
the holographic screen on which the entire spacetime information can be stored holographically, i.e. at
a density not exceeding one bit for Planck area. Taking a causal diamond D whose past boundary is a
portion of the remnant black hole event horizon, the CEB will imply that, in Planck units

S[H⋄(τ)] ≤
A⋄(τ)

2
≃ O(1)X 2 , (3.5)

where we introduced the null foliation H⋄(τ) on D and A⋄ ⊃ D is the holographic screen of the
causal diamond. Thus, the CEB implies that the information stored in a spacetime region with
linear size of the order of lPl has to be finite, in contradiction with the existence of an infinite
number of remnant states. The key point of this argument is that black hole thermodynamics is
fundamentally incompatible with continuous global symmetries. This incompatibility lends support
to the hypothesis that exact continuous global symmetries are not intrinsic to the frameworks of
quantum gravity and black hole physics. Secondly, in the context of string theory, it can be shown that
explicit breaking effects of continuous global symmetries are always due to non-perturbative effects,
with candidates including worldsheet instantons, brane instantons and gauge instantons [55, 56]. The
inability to preserve a global symmetry in string theory can be seen as a consequence of the fact that
the effective field theories associated with classical vacua of superstring theories (regardless of whether
they are spacetime supersymmetric) lack continuous global symmetries—all continuous symmetries
are gauged [57]. Alternatively, in the context of the AdS/CFT correspondence, it can be demonstrated
that any global symmetry, whether discrete or continuous, in a bulk quantum gravity theory would be
inconsistent with entanglement wedge reconstruction on the CFT side of the correspondence [58].

We now briefly discuss some key aspects of a string-theoretic setup, as certain details will prove
important in the continuation of our work. In the perturbative formulation of string theory, the string
mass scale Ms and the string coupling gs are fundamental parameters that govern both the physics of
the strings themselves and their interactions. The string mass scale Ms is a measure of the energy at
which stringy effects become significant. The string coupling gs controls the strength of interactions
between strings. In the weak-coupling regime, where gs ≪ 1, the interactions between strings are
rare, and the perturbative expansion in powers of gs is well-defined. The Planck mass of gravity in
four-dimensional spacetime is related to Ms, gs, and the six-dimensional volume of the compactified
extra dimensions V . When six of the original ten dimensions of string theory are compactified, the
four-dimensional Planck mass is related to the string scale by [59]

M2
Pl ≈

(VM6
s )M

2
s

g2s
. (3.6)

we assume that λ increases in the direction away from B and A is the infinitesimal area spanned by two neighboring
lightrays. If Fi is such that θ(λ) ≤ 0 everywhere, then Fi is said to be a lightsheet.
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In addition to the string mass scale, another important energy scale in compactified string theories is
the Kaluza-Klein (KK) mass scale. This scale arises from the compactification of extra dimensions,
where the momentum modes of particles propagating in the compact dimensions are quantized due
to the compact geometry. The KK mass scale is inversely related to the size R of the compactified
dimensions and is typically given by MKK ≈ R−1 ≈ V −1/6 (under the assumption that the compactified
dimensions have a common radius R). We thus find

gsMPl ≈
(
Ms

MKK

)3

Ms . (3.7)

It is important to emphasize that the two mass scales Ms (related to the fundamental string tension
and controlling the onset of stringy effects—i.e., the energy scale at which the extended nature of
strings becomes significant and point-particle approximations break down) and MKK (determined by
the size R of the compactified extra dimensions) are generally independent parameters in a string
compactification,2 although they can become comparable under certain conditions. If we consider the
case Ms ≈MKK, the string mass scale, the string coupling and the four-dimensional Planck mass are
related by

gsMPl ≈Ms , (3.8)

with Ms ≪ MPl in the weakly coupled regime. Under these circumstances, and based solely on
dimensional analysis, the breaking effects due to non-perturbative stringy instantons are expected to
contribute to the axion potential as in (3.2), now with |λ|2 = g2se

−C/gs where C = O(1) is an order 1
constant.

The key aspect is the exponential suppression given by the factor e−SE = e−C/gs , where SE is the
Euclidean action of the string instanton generating the axion potential [60]. Consequently, if string
theory is weakly coupled, i.e., if gs ≪ 1, all non-perturbative effects, and in particular the explicit
symmetry-breaking effects of global symmetries, are exponentially suppressed. In this regard, it is
worth emphasizing that there are strong semi-quantitative indications suggesting that quantum gravity
is indeed ultraviolet (UV) completed at weak coupling. i) Imagine N species of quantum fields, with
masses at the scale M , coupled to gravity. In this case, both perturbative renormalization arguments [61,
62] and non-perturbative black hole considerations [63, 64] suggest that in the presence of N -species
the effective contribution to the Planck mass is parametrically given by (N/16π2)M2 ≈ M2

Pl which
would imply gs ≈ 4π/

√
N . Consequently, the presence of a large number of particle species, N ≫ 1,

lowers the gravitational cutoff parametrically below the Planck mass. ii) In the Standard Model, flavor
symmetries are approximate global symmetries explicitly broken by the Yukawa couplings. From the
perspective of the UV theory, the smallness of certain Yukawa couplings appears to be compatible with
the exponential suppression associated with the presence of weak coupling. iii) Inflation is a theoretical
phase of rapid exponential expansion in the early universe, proposed to resolve issues like the horizon,
flatness, and monopole problems. It is driven by the potential energy of a scalar field, the inflaton,
which causes space to expand dramatically over a very short time. This expansion amplifies quantum
fluctuations, stretching them to macroscopic scales and seeding the anisotropies observed in the cosmic
microwave background (CMB). The energy scale of inflation is characterized by the Hubble parameter H,
typically around H = O(1013) GeV, though it varies with different inflationary models. The amplitude
of the scalar power spectrum, which describes the density fluctuations in the early universe, is related
to H; specifically, the larger H, the larger the predicted amplitude of these primordial fluctuations.
The observed amplitude of the scalar power spectrum, As ≃ 2.1× 10−9, provides constraints on the
inflationary energy scale and potential. In string theory, the inflaton field can emerge from various

2For example, in large extra dimension scenarios, MKK can be much smaller than Ms, allowing KK modes to become
observable at lower energies.
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configurations, such as the distance between branes or compactification moduli [65]. Most models of
inflation in string theory are formulated under the condition H ≪Ms ≈MKK ≪MPl, with the inflaton
mass, mϕ, parametrically given by mϕ ≈

√
ηVH, where ηV = M2

PlV
′′(ϕ)/V (ϕ), with V (ϕ) being the

inflaton potential. For slow-roll inflation to occur, the potential must be relatively flat, which means
that the inflaton mass is typically smaller than or comparable to the Hubble scale, ηV ≪ 1. Under
these assumptions, the inflaton is the only light field, while the others have masses far above the Hubble
scale; the heavy fields can then be integrated out, leaving a model of single-field inflation. Describing
the dynamics of the inflaton within the context of an effective theory featuring only a single mass
scale, Ms, and a fundamental coupling, gs, leads to the result that the amplitude of the scalar power
spectrum is intrinsically tied to the coupling g2s . This is a consequence of dimensional analysis. In
the slow-roll approximation, we write As = H2/8π2ϵM̄2

Pl, where ϵ is the first slow-roll parameter and
M̄Pl the reduced Planck mass. The ratio H2/M̄2

Pl has dimensions of a coupling squared, and the only
possibility—given the assumptions under which we are working—is that As ∝ g2s . Consequently, the
measurement of As implies that the string coupling is in the weak regime. Throughout this work, we
will assume that the UV completion of gravity is a string theory in the perturbative regime of weak
coupling.

3.1.1 Symmetry breaking due to Euclidean wormholes

Finally, it has been conjectured that global symmetries are violated by Euclidean wormholes in the
quantum gravity path integral [66–70]. If this claim were true, the breaking effect due to wormholes
could pose a threat to the axion solution of the strong CP problem; it is indeed known that the scalar
action describing the spontaneous breaking of a U(1) symmetry admits wormhole solutions (dubbed
Euclidean axion wormholes), whose explicit symmetry-breaking effects become particularly significant
when the radial degree of freedom of the complex scalar field is treated as dynamic [68, 69, 71]. However,
there are some very fundamental conceptual issues with Euclidean wormholes, cf. ref. [72] for a recent
review. Specifically, it is not yet clear whether Euclidean wormholes actually contribute to the path
integral. It is indeed crucial to ensure that the wormhole solutions are stable to small perturbations
of their topology, an analysis which so far has not led to definitive conclusions. See, for example,
the discussion in ref. [73], where it is concluded that wormholes are not relevant saddle points of the
functional integral in quantum gravity.

Throughout this work, we will not take into account the presence of Euclidean wormholes, assuming
that they do not contribute to the quantum gravity path integral.

3.1.2 Gravitational instantons

Given these premises, the perspective we choose to consider in this work is as follows. Let us first
return to the case of QCD. Yang-Mills instanton solutions—non-perturbative solutions to the Yang-
Mills equations that describe tunneling between different vacua of QCD with different topological
charges [34, 40]—are essential for the axion solution to the strong CP problem since they provide the
non-perturbative dynamics that generate the axion potential, allowing the axion field to dynamically
cancel the θ-term and restore CP symmetry in QCD.

Remarkably, Einstein’s theory of gravitation, in its Euclidean formulation, admits non-perturbative
solutions, dubbed gravitational instantons, that strongly resemble the Yang-Mills instantons [74, 75].
Consequently, it is reasonable to expect that these gravitational instantons are the most likely candidates
to play a significant role when considering gravitational effects in the context of the axionic solution to
the strong CP problem. These solutions, in fact, persist even under the assumption that string theory
is weakly coupled (see Eq. (3.8)) or when neglecting the effects of wormholes (cf. section 3.1.1), and, as
we will demonstrate, provide a calculable contribution to the axion potential in the controlled setup of
semi-classical gravity.
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Let us try to clarify more precisely what a gravitational instanton actually is (cf. ref. [76] for a
comprehensive discussion). In the fields of mathematical physics and differential geometry, a gravitational
instanton refers to a non-singular, geodesically complete, four-dimensional Riemannian manifold that
solves the vacuum Einstein equations Rµν = 0 (without a cosmological constant, also known as Ricci-flat
metrics). These manifolds are called gravitational instantons due to their role as analogues to instantons
from Yang–Mills theory, but in the realm of quantum gravity. Similar to self-dual Yang–Mills instantons,
gravitational instantons are typically expected to behave like four-dimensional Euclidean space at large
distances and possess a self-dual Riemann tensor. A self-dual Riemann tensor verifies the condition
Rµνρσ = R̃µνρσ with R̃µνρσ = ϵ αβ

µν Rαβρσ/2 and ϵµναβ =
√
gεµναβ the totally antisymmetric Levi-Civita

tensor (with ϵµναβ = εµναβ/
√
g). We remark that this condition automatically guarantees the vanishing

of the Ricci tensor, Rµν = 0. In addition, we focus on solutions that have the interesting property of
approaching a flat metric at infinity. Since the Yang-Mills instanton potential approaches a pure gauge
configuration at infinity, this class of Einstein solutions closely resembles the Yang-Mills case. Ricci-flat,
self-dual metrics approaching a flat metric at infinity exhibit several notable characteristics. Firstly,
they typically possess zero action, which highlights their importance in the path integral approach
to quantum gravity.3 Additionally, as these metrics tend toward flatness and effectively eliminate
gravitational interactions at infinity, one can employ standard asymptotic-state techniques to investigate
quantum effects. On the contrary, self-dual metrics that are regular and have finite action, but are
not asymptotically flat, are characterized by a gravitational field that persists throughout spacetime,
making it difficult to define the asymptotic plane-wave states necessary for ordinary scattering theory.

There are no non-trivial gravitational instantons that are truly asymptotically Euclidean [79, 80].4

However, there are two important classes of gravitational instantons that approach flat space at infinity
in a specific manner.

◦ Asymptotically locally Euclidean (ALE) metrics. These solutions are called ALE metrics because,
despite their local flatness at large distances, their global topology at infinity differs from that
of ordinary Euclidean space. More specifically, ALE metrics are asymptotically flat, but the
boundaries are three-spheres with points identified under the action of some discrete group, namely
(S3/Γ)× R where Γ is a finite group of isometries acting freely on S3.

Notable examples include the Eguchi-Hanson (EH) metric [82] and the Gibbons-Hawking multi-
center metric in special configurations in which the centers are arranged symmetrically [83].

◦ Asymptotically locally flat (ALF) metrics. ALF spaces also approach flat space at infinity, but
their asymptotic structure is more complicated. In ALF spaces, the geometry at infinity resembles
a flat space with a circle fibration.

Notable examples include the Taub-NUT space [84, 85], where the metric asymptotically ap-
proaches R3 × S1, and the Gibbons-Hawking multi-center metric in generic configurations.

In general, Ricci-flat ALE metrics—such as the EH metric—exhibit zero action, while Ricci-flat ALF
metrics—such as the Taub-NUT metric (cf. ref. [75])—possess finite non-zero action due to their
more complex asymptotic structure, which introduces a non-zero contribution from the boundary

3The Euclidean Einstein-Hilbert action is given by

S =
1

16πGN

∫
d4x

√
g R︸ ︷︷ ︸

≡Sbulk

+Sboundary , (3.9)

where R is the Ricci scalar, g is the determinant of the metric, and Sboundary represents the boundary contribution given
by the Gibbons-Hawking-York boundary term [77, 78]. Ricci-flat gravitational instantons have R = 0, and the bulk part
of the action vanishes. However, it is possible to get a non-vanishing contribution from the boundary term.

4More precisely, if the manifold has the topology of Euclidean space at infinity, that is, S3 × R, and approaches the
flat Euclidean metric sufficiently fast, then every self-dual solution is isometric to Euclidean space, cf. ref. [81].
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term. In a semiclassical approach to quantum gravity, therefore, ALE instantons are often considered
more relevant than ALF instantons due to their zero action. For this reason, we will focus on ALE
gravitational instantons for the remainder of this work (we will provide a more detailed justification
in section 3.2.2). Topologically speaking, there are three invariants of utmost importance: the Euler
characteristic χ, the Hirzebruch signature τ , and the spin-12 index I 1

2
. These three invariants are central

in characterizing the properties of smooth manifolds and can be thought of as the gravitational analogs
of the Yang-Mills topological invariants [86–88]. Gravitational instantons have been classified based
on their topological properties in refs. [75, 76]. Gravitational instantons with non-zero spin-12 index
are those that support non-trivial solutions to the massless Dirac equation for spin-12 fermions (called
fermionic zero modes) in the background of the gravitational instanton. In this regard, there is once
again a strong parallelism between gravity and Yang-Mills theories. In Yang-Mills theory, fermions
couple to gauge fields, and their dynamics are governed by the Dirac equation in the background of
the gauge field. For a given instanton solution of the Yang-Mills equations, the Dirac operator in that
background may have zero modes-solutions to the Dirac equation with zero eigenvalue. These zero
modes are essential because instantons induce processes that can violate chiral symmetry in theories
with massless fermions. Therefore, we are particularly interested in gravitational instantons that possess
a non-zero spin-12 index. However, most of the known gravitational instantons have a vanishing spin-12
index [76]. The only relevant exception is the gravitational instanton known as K3. The K3 surface
is the only compact regular simply-connected manifold without boundary which admits a nontrivial
metric with self-dual curvature. The spin-12 index is I 1

2
(K3) = +2. However, as just mentioned, K3

has no boundaries and does not approach a flat space at infinity. It is still possible to take K3-type
gravitational instantons into account through a procedure that involves cutting out a 4-dimensional ball
and gluing K3 into flat spacetime via a wormhole-type throat [89]. The downside is that K3 transitions
from having a vanishing action to a Planckian action of the form SE ∼ ρ2M2

Pl [89], where ρ is the
typical size of the wormhole throat, and its contribution to the gravitational path integral becomes
automatically suppressed. For this reason, we will not further analyze this possibility in this work.5

However, there exists a second, natural possibility: one can seek and construct a combined solution
to the Maxwell-Einstein equations in the presence of the gravitational instanton metric. Remarkably,
introducing a gravitational instanton that also solves the Maxwell equations can lead to significant
changes in the spin-12 index, often resulting in non-vanishing contributions due to the interplay between
fermions and the electromagnetic field in the modified spacetime. In particular, this is the case for
the ALE EH gravitational instanton [82]. The latter has Euler characteristic χ(EH) = 2, Hirzebruch
signature τ(EH) = −1, spin-12 index I 1

2
(EH) = 0 and vanishing action. The EH gravitational instaton

supports a non-zero Maxwell field strenght with 1/r4 asymptotic behavior. It is worth emphasizing
that this asymptotic behavior is the same as that of Yang-Mills instantons.6 These gravitational
instantons are known as Abelian Eguchi-Hanson (AEH) instantons [88]. The AEH instantons possess
two properties of great importance for our study. First, their action is no longer vanishing but non-zero,
and it is controlled not by the Planck scale but by the electromagnetic coupling. Second, the AEH
instantons can have a non-zero spin-12 index.

For these reasons, AEH instantons have been the subject of several studies in relation to the quality
problem of the QCD axion. Before starting our analysis, it is therefore useful to summarize what
has already been discussed in the literature. First, ref. [90] studied the gravitational analogues of CP
violating effects in QCD, recognizing that they arise through the addition of terms θemFµνF̃µν and
θgravRµνρσR̃

µνρσ to the Lagrangian density, where Rµναβ and Fµν are the curvature tensor and Maxwell
field tensor, respectively, with R̃µνρσ and F̃µν their Hodge dual. It was argued that both terms can

5Moreover, as already recognized in the analysis of ref. [89], it is unclear whether the stability problem of the wormhole
mentioned earlier, if present, could give rise to any pathology in this patched solution as well.

6For instance, the self-dual ALF Taub-NUT metric supports a non-zero Maxwell field strength with 1/r2 asymptotic
behavior (like a magnetic monopole).
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be non-trivial in spacetimes with sufficiently complex topology. Refs. [91, 92] demonstrated that AEH
gravitational instantons provide a concrete and calculable new source of intrinsic PQ symmetry breaking
by quantum gravity. The results of refs. [91, 92] suggest that the gravitational contribution to the
axion potential could saturate the current experimental bound on the neutron electric dipole moment.
Ref. [93] (see also refs. [94, 95]) considers colored Eguchi-Hanson (CEH) gravitational instantons. CEH
gravitational instantons are the non-abelian analogue of AEH instantons [96, 97]. Ref. [93] makes the
bold claim that CEH gravitational instantons compromise the axion solution to the strong CP problem.

In this work, we will critically reanalyze the role of AEH and CEH gravitational instantons as
responsible for the explicit gravitational breaking of the PQ symmetry. We anticipate that the effects
we will find will be significantly smaller than those previously reported, and we will argue that there is
no reason for the PQ symmetry to suffer from a quality problem due to gravity.

3.2 Gravitational instantons and the quality problem of the QCD axion

We investigate the gravitational contribution to the axion potential V (a) arising from gravitational
non-perturbative effects, specifically as the sole sources of CP violation induced by gravity.

In section 3.2.1, we will begin by making some perturbative comments regarding the axion’s
anomalous coupling to gravity, while in section 3.2.2 we will discuss the non-perturbative effects.

3.2.1 Perturbative considerations

The axion, a Goldstone boson (GB) of the non-linearly realized chiral U(1)PQ symmetry, exhibits a
mixed anomaly with QCD and gravity. These anomalies couple the axion to the QCD field strength
and its dual, as well as to gravitons through the Riemann tensor and its dual [98]. The anomalous part
of the axion effective Lagrangian reads

La ⊃−
1

32π2fa
aGaµνG̃

a,µν − E

32π2Nfa
aFµνF̃

µν +
G

768π2Nfa
aRµνρσR̃

µνρσ , (3.10)

where αS ≡ g2S/4π (with gS being the strong coupling), α ≡ e2/4π (with e being the fundamental
electric charge), while N , E and G are model-dependent anomaly coefficients of order one, which can
be computed explicitly for a given UV-complete axion model. To provide an example, we calculate the
value of these coefficients in the case of a UV-completion of the KSVZ type (cf. ref. [99] for a review).
We consider the generalized KSVZ model described by the Lagrangian density

LKSVZ =(∂µΦ)
∗(∂µΦ)− V (Φ) +

∑
Q

[
Qi /DQ−

(
λQΦQLQR + h.c.

)]
,

V (Φ) =λΦ

(
|Φ|2 − v2a

2

)2

, (3.11)

with spontaneously broken global U(1)PQ symmetry with order parameter va. We parametrize the
complex scalar field as Φ = (va+ρ)e

ia/va/
√
2, with the Goldstone field a that plays the role of the axion.

In full generality, we consider vector-like fermions Q transforming according to the SM representation

Q ∼ (CQ, IQ,YQ)SU(3)C×SU(2)L×U(1)Y
. (3.12)
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We find

N ≡
∑
Q
χQd(IQ)T (CQ) ,

E ≡
∑
Q
χQd(CQ)Tr(q2Q) ,

G ≡
∑
Q
χQd(IQ)d(CQ) , (3.13)

with fa ≡ va/2N . χQ = ±1 with χQ = +1 for a Yukawa coupling of the form λQΦQLQR + h.c.
and χQ = −1 for a Yukawa coupling of the form λQΦQRQL + h.c.; T (CQ) is the colour Dynkin
index for the representation CQ with SU(3)C generators T aCQ , and it is defined by the condition
Tr(T aCQT

b
CQ) = T (CQ)δab; d(IQ) denotes the dimension of the weak isospin representation IQ. The electric

charge operator is defined by qQ ≡ T 3
IQ + YQ; notice that YQ is to be understood as YQ 1d(IQ)×d(IQ)

with YQ a scalar number. It is possible to rewrite Tr(q2Q) = Tr[(T 3
IQ + YQ)(T 3

IQ + YQ)] = T (IQ) +
Y2
Qd(IQ), where T (IQ) is the Dynkin index of the SU(2)L representation IQ and where we used

Tr(T 3
IQ) = 0. The electromagnetic contribution, which is blind to SU(3)C, is proportional to the

dimension of the representation CQ and to the trace of the charge operator q2Q. On the other hand, the
gravitational coupling, which is blind to both SU(3)C and SU(2)L, is proportional to the dimension
of the representation CQ and IQ. Therefore, the gravitational coupling of the axion does not vanish
even in the case in which one takes the vector-like fermions Q to be completely uncharged under the
SU(3)C × SU(2)L gauge group (that is, d(IQ) = d(CQ) = 1).
In the infrared—that is, at the level of the chiral axion Lagrangian—a chiral rotation of the light quarks
has the following effects: i) eliminates the effective axion-gluon coupling, ii) introduces a derivative
axial-vector axion-quark coupling, and iii) modifies the effective axion-photon and axion-graviton
couplings. As far as the latter are concerned, we find

La ⊃−
1

32π2fa

[
E

N
− 6Tr(Qq2)

]
aFµνF̃

µν +
1

768π2fa

(
G

N
− 6

)
aRµνρσR̃

µνρσ , (3.14)

with q ≡ diag(2/3,−1/3,−1/3) and Q = (m−1
u +m−1

d +m−1
s )−1diag(1/mu, 1/md, 1/ms). We note that

in the original KSVZ model with one vector-like pair of heavy fermions with Q ∼ (3, 1, 0) we have
N = 1/2 and G = 3. In this case, therefore, the effective axion-graviton coupling vanishes. More in
general, in the case in which we have one single heavy fermion, we find, whatever SU(2)L × U(1)Y
quantum numbers, G/N = d(CQ)/T (CQ). This immediately implies that in the case of the fundamental
representation of SU(3)C for which d(CQ) = 3 and T (CQ) = 1/2 we have G/N = 6 and the gravitational
coupling vanishes. However, in more general KSVZ models we have G/N ̸= 6. For instance, in
the non-minimal solution with Q1 ∼ (8, 1, 0), Q2 ∼ (6, 1, 0) and opposite χQ charge (that is, the
non-minimal model that gives NDW = 1) we get G/N = 4. Furthermore, following from the previous
argument, in the case of a single Quark, G/N ≠ 6 if Q transforms according to SU(3)C irreps of
dimension higher than the fundamental. To fix ideas, we consider some of the most relevant cases
discussed in ref. [100]. In table 3.1, we show for which variations of the KSVZ model it is possible to
obtain a non-zero value for the gravitational coupling G/N − 6. When non-zero, we observe that the
value of the combination G/N − 6 remains of order one in realistic situations.

From a phenomenological standpoint, it is clear that the gravitational coupling of the QCD axion
is of negligible relevance in perturbation theory. In the weak–field limit, the quantization of gravity
amounts to expanding the metric around the Minkowski background gµν = ηµν + κhµν . The inclusion
of the factor κ ≡ √32πGN in the definition of the graviton field hµν gives this field a mass dimension
of unity and results in a kinetic term (arising from the standard Einstein-Hilbert action) with standard
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Q representation
R1 R3 R6 R8 R9 R12

R8 ⊖R3 R8 ⊕R6 ⊖R9 R6 ⊕R9 R12 ⊖R9
(3, 1,−1/3) (3, 2, 1/6) (3, 3,−1/3) (3, 3,−4/3) (6̄, 1,−1/3) (8, 1,−1)

E/N 2/3 5/3 14/3 44/3 4/15 8/3 122/3 170/3 23/12 44/3

G/N 6 6 6 6 12/5 8/3 6 24 15/4 4

NDW 1 2 3 3 5 6 2 2 4 1

Table 3.1: Numerical values for E/N , G/N and NDW = 2N for some of the most relevant Q represen-
tations discussed in ref. [100]. The symbol ⊕ refers to χQ = +1 while ⊖ to χQ = −1.

normalization. For matter interactions, the order of κ keeps track of the number of gravitons involved
in an interaction. Consequently, for a Lagrangian density of the form L = y aRµνρσR̃

µνρσ we find

p1

p2

µν, λ

ρσ, λ′

= 2yiκ2εµραβp
α
1 p

β
2

[
p1σp2 ν − (p1 · p2)ηνσ

]
, (3.15)

while the interaction Lagrangian density L = k aFµνF̃
µν generates the amplitude

p1

p2

µ, λ

ν, λ′

≡ 4ikεµνρσp
ρ
1p
σ
2 . (3.16)

The axion-graviton coupling, if compared to the axion-photon one, pays a huge suppression factor of
the order of

a→ gravitons
a→ photons

∼ α−1

(
ma

MPl

)2

, (3.17)

where we have treated powers of momentum as the axion rest mass ma. Based on dimensional analysis,
the decay width of the axion into two gravitons can be estimated to be of the order of

Γa→gg ≈
G2
Nm

7
a

π4f2a
, (3.18)

which is phenomenologically irrelevant.
From a model-building perspective, one might consider attempting to engineer a mechanism that

leads to an amplification of the gravitational coupling of the axion (without altering that of QCD). A
potentially interesting possibility is to implement a clockwork mechanism [101, 102], along the lines
of that proposed in ref. [103]. In its original formulation, the clockwork mechanism is described by a
renormalizable theory involving a sequence of N + 1 complex scalar fields ϕi with a global U(1)N+1

symmetry that is spontaneously broken at the scale f . This global symmetry is further explicitly
broken, but in a manner that leaves a residual U(1) symmetry intact. The corresponding NG boson,
which can be identified with the QCD axion as discussed in ref. [103], resides in a compact field space,
where its effective decay constant is determined by 3N f ≫ f . The core idea presented in ref. [103]
is as follows: new vector-like fermions responsible for generating the color anomaly are coupled to
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the final site N of the scalar chain. This setup still resolves the strong CP problem but with the key
distinction that the scale 3N f can be significantly larger than the fundamental symmetry-breaking scale
f . In the standard QCD axion model, the vector-like fermions that mediate the QCD anomaly also
contribute to the axion-photon coupling. However, in the clockwork QCD axion framework, additional
electromagnetically charged vector-like fermions are coupled to a siteM < N in the scalar chain. These
fermions generate the axion-photon coupling, which is effectively decoupled from the solution to the
strong CP problem. In its simplest realization, the clockwork axion model requires the existence of
a single vector-like colored fermion in the fundamental representation of SU(3)C and a single color
neutral vector-like fermion with unit hypercharge and singlet under SU(2)L.

In our case, it is sufficient to introduce a single heavy vector-like fermion, even if completely neutral
under the Standard Model gauge group, to contribute to the gravitational axion coupling. The setup
we have in mind, therefore, takes the structure given by the following schematic

ϕ0 ϕ1 ϕN−1 ϕNϕM

Q ∼ (CQ, IQ,YQ)Ψ ∼ (1, 1, 0)

in which one vector-like fermions Q is coupled to the last site of the clockwork chain while a second
vector-like fermion Ψ, uncharged under the Standard Model gauge group, is coupled to the site M.
The effective coupling of the axion to gluons and gravitons arises by performing a chiral rotation to
remove the axion from the Yukawa coupling involving the fermions Q and Ψ. We find

La ⊃ −
1

32π2fa
aGaµνG̃

a,µν +
G

768π2Nfa
aRµνρσR̃

µνρσ , (3.19)

with

G

N
=
d(IQ)d(CQ) + 3N−Md(IΨ)d(CΨ)

d(IQ)T (CQ)
. (3.20)

Even considering a fermion Q ∼ (3, 1, 0) in the color fundamental and isospin singlet, we find that, at
low energies, the gravitational coupling of the axion is non-zero and is given by

G

N
− 6 = 2× 3N−M , (3.21)

where we used d(IΨ) = d(CΨ) = 1. The relation between the fundamental symmetry breaking scale f
and the effective decay constant fa is given by fa = 3N f . Furthermore, we note that in this particular
realization with Q ∼ (3, 1, 0) and Ψ ∼ (1, 1, 0), the axion-photon coupling is entirely generated at low
energies and is therefore controlled by the effective axion decay constant fa.

We have thus found that the coupling to gravitons can be exponentially large, and its magnitude is
controlled by the distance between the site coupled to the colored fermions and the site coupled to the
uncharged ones. It is natural at this point to ask how large this enhancement can be. It is not difficult
to realize that, at least within the context of this minimal setup, there is a fundamental obstruction to
the attempt to make the gravitational coupling arbitrarily large. On the one hand, we would like to
consider an axion mass as large as possible in order to minimize the ratio given by eq. (3.17). On the
other hand, the axion mass generated by non-perturbative QCD effects is described by the scaling [23]

ma ≈ 5.7× 10−10

(
1016 GeV

fa

)
eV . (3.22)

Consequently, increasing the axion mass implies decreasing the value of fa = 3N f , and thus considering
a small value of 3N (assuming a fixed value of f , for instance f = O(100) GeV, which approximately
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corresponds to the smallest possible value, given that at the scale f the massive scalar gears produced
by the clockwork mechanism are found). However, this latter factor is precisely what should contribute
to the enhancement of the gravitational coupling.

To be a bit more concrete, if we consider a GUT-scale value fa ≈ 1016 GeV and a spontaneous
breaking scale f ≈ 100f GeV, we obtain an enhancement factor (we takeM = 0 to maximize the effect)
3N ≈ 1014, which, however, is still too small to make the gravitational coupling phenomenologically
relevant. Numerically, eq. (3.18) gives

Γ−1
a→gg ≈ 10102

(
fa

1016 GeV

)9

3−2N s≫ τU ≈ 1017 s , (3.23)

where τU is the age of the universe.
In perturbation theory, since GG̃ ≡ GaµνG̃

a,µν is a total derivative, the axion Lagrangian is shift-
invariant. However, because of QCD non-perturbative effects, GG̃ will generate an axion potential.
Analogously, RR̃ ≡ RµνρσR̃µνρσ, is a total derivative and, in perturbation theory, it does not spoil the
axion shift-invariance. We now move to consider non-perturbative effects.

3.2.2 Non-perturbative breaking induced by gravity

We ask whether gravitational non-perturbative effects can induceRR̃ to generate an axion potential. This
could be naturally interpreted as the axion potential induced by gravitational interactions. Mimicking
the strong interactions [34–36, 40], where in the Euclidean functional integral ZE we have to sum over
all the topologically distinct gauge sectors, we have the full (Euclidean) generating functional [104]

ZE ≡ lim
τE→∞

⟨0| e−ĤτE |0⟩out in =

∫
[DA] [DΨ] [Dg] e−SE , (3.24)

where, [DΨ] means summing over all the matter fields in the theory, [DA] over all the topologically
distinct sectors of the Yang-Mills theory and [Dg] over all the gravitational sectors. At this stage,
it is crucial to pause for an important remark. Regarding the gravitational part of the functional
integral defining the vacuum persistence amplitude in eq. (3.24), one should sum over all 4-dimensional
Riemannian spaces {M, gµν} with arbitrary topology for the manifold M and arbitrary metric gµν ,
subject to the condition that M has a prescribed boundary ∂M , and that gµν induces some prescribed
metric kab on ∂M . It seems plausible that the appropriate boundary condition for the vacuum persistence
amplitude corresponds to metrics that are asymptotically Euclidean, with a boundary at infinity that
can be interpreted as a 3-sphere equipped with its standard metric. We could thus attempt to imagine
the contribution of a gravitational instanton as schematized in fig. 3.2.

From an operational standpoint, this sum can be organized as follows [105]. First, it is possible to
divide the positive definite metrics gµν on M , which induce the given metric kab on the boundary ∂M ,
into equivalence classes under conformal transformations with a conformal factor Ω that is positive and
equal to one on ∂M . Second, it is possible to select a metric from each conformal equivalence class
that satisfies R = 0. One can then explicitly perform the integration over conformal deformations of
this metric. This leaves the task of summing over all metrics that satisfy R = 0. In full generality, the
action of these metrics is given by a boundary term (the bulk term vanishes).

At this point, in order for the functional integration to behave properly, one can invoke the so-called
positive-action conjecture [105, 106]: all non-singular asymptotically flat metrics with R = 0 everywhere
have non-negative action. It is further conjectured that the action is zero if and only if the space is
flat. The validity of the positive action conjecture—which, we reiterate, must hold true in order to give
meaning to the functional integration—has a striking consequence of great relevance to our discussion.
In fact, the positive action conjecture requires that there are no Ricci-flat asymptotically Euclidean
metrics other than flat space [81, 106]. Consequently, if we restrict ourselves to considering exclusively
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Euclidean time

ρ

Gravitational instanton

|0⟩out
S3

τE = + ∞

|0⟩in

τE = − ∞
S3

Figure 3.2: Schematic representation of a gravitational instanton of size ρ, as a tunneling event between
two disjoint vacua, intended as two flat Euclidean spacetimes.

metrics that are asymptotically Euclidean, it would not be legitimate to include gravitational instantons
(as defined in section 3.1.2) in the sum defining the vacuum persistence amplitude. This argument
would resolve our issue at its root. The gravitational instantons discussed in refs. [91–93], which could
potentially spoil the axion solution to the strong CP problem, simply must not be considered in the
gravitational path integral.

However, in the remainder of our analysis, we choose to follow the discussion in ref. [81], in which
an alternative asymptotic condition was proposed by introducing a fundamental group at infinity:
the metric locally approaches the Euclidean one but a neighborhood of infinity has the topology of
(S3/Γ)×R where Γ is a finite group of isometries acting on S3. These are nothing but the ALE spaces
discussed in section 3.1.2.

In the following, therefore, we will contemplate summing over ALE spaces. The reasoning behind
this choice is to demonstrate, as we will explicitly do, that even in the case where ALE spaces are
taken into consideration, the low-energy physics that is potentially sensitive to these geometries remains
protected, even in the absence of Planck-scale suppression. In particular, as explained in section 3.1.2,
we will focus on the contribution of the AEH gravitational instantons.

We have, in full generality, the Euclidean action

SE = Sgrav + Sgauge + Smatter + Sθ , (3.25)

in which
Sgrav = − 1

16πGN

∫
M
d4x
√
g R− 1

8πGN

∫
∂M

d3x⃗
√
k [K] ,

where the volume integral of the Ricci scalar R is taken over M with boundary ∂M and [K] ≡ K −K0

denotes the difference between the trace of the second fundamental form of the boundary ∂M in the
metric gµν (denoted by K), and its value in the flat metric (denoted by K0); k is the determinant of
the induced metric on the boundary.
The second term in eq. (3.2.2), known as the Gibbons-Hawking-York boundary term, is an important
term added to the Einstein-Hilbert action in the context of General Relativity (GR) when spacetime
has boundaries, and is necessary because the variation of the Ricci scalar R, which contains second
derivatives of the metric, leads to boundary terms involving first derivatives of the metric that must be
canceled to ensure a well-posed variational principle [77, 78, 107]. In eq. (3.25), we further have

Sgauge + Smatter =

∫
M
d4x
√
g

{
1

4 g2S
GaµνG

a,µν +
1

4 e2
FµνF

µν + L[A,Ψ]

}
,
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where L[A,Ψ], in which A and Ψ collectively representing the gauge and matter fields, respectively, and
includes the axion Lagrangian La. Finally, we have the topological terms (that are purely imaginary in
Euclidean spacetime [44])

Sθ = i

∫
M
d4x
√
g

{
θ

32π2
GaµνG̃

a,µν +
θem
32π2

FµνF̃
µν − θgrav

768π2
RµνρσR̃

µνρσ

}
, (3.26)

where θem is non-zero in non-topologically trivial backgrounds. In the following we will demonstrate
that AEH instantons [88] (see Appendix 3.4) allow for an explicit and controlled computation of
the gravitationally induced axion potential, identifying it as the dominant contribution from non-
perturbative gravitational effects. Indeed, in the case of gravitational instantons, the one-instanton
contribution to the Euclidean path integral will be

ZE|1−inst =
∑

g=gAEH

∫
[DA] [DΨ] [Dh] e−SE[A,Ψ,g,h] ,

gµν = gµν + hµν/MPl . (3.27)

The AEH instantons have Euclidean action (see appendix 3.4)

SE [gAEH] =
πp2

α
− i p

2

2
θem − i

θgrav
16

, (3.28)

where e is a U(1) gauge charge that may naturally be interpreted as the electric charge and p is a real
number. Consequently, eq. (3.27) becomes

ZE|1−inst =
∑
p

∫
[DA] [DΨ] [Dh] e−πp2

α
+i p

2

2
θem+i

θgrav
16

+... +O(e−M2
Plρ

2
) , (3.29)

where the ellipses stand for quantum fluctuations around the classical solution. At this point, after
discussing the theoretical foundations of the semi-classical gravity approach within which we are
operating, we can proceed to the calculation of the axion potential generated by gravitational instantons.

3.2.3 Contribution to the axion potential

In full analogy to the computation of the axion potential arising from QCD instanton effects, we will
employ the method of ’t Hooft operators to compute the axion potential induced by gravitational effects.
In ref. [43], ’t Hooft showed that (see the discussion in Section 2.1.3), at distances much larger than
the instanton size—so that we can describe one instanton event in a local way—BPST instantons [108]
produce effective interactions for a quark qsi with color index i = 1, . . . , Nc and flavor index s = 1, . . . , Nf

with effective Lagrangian

∆Linst(x) = c eiθ
(
K(Nf )
Nc

)i1i1...iNf
det
s,t

[
q̄sR(x)q

t
L(x)

]
i1i2...i2Nf

+ h.c. , (3.30)

where
c = O(1) exp[−SE(Ainst)] . (3.31)

We indicate with Ainst the classical BPST instanton [108] whose action is given by SE(Ainst) = 8π2/g2S
with gS the strong coupling constant; in eq. (3.30), K(Nf )

Nc
is a tensor of the color group SU(Nc).

The physics content of eq. (3.30) can be intuitively understood from the celebrated index theo-
rem [109], which states that the violation of the chiral charge

Q5 =

Nf∑
j=1

∫
d4xΨjγ0γ5Ψj ,
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in a background A is ∆Q5 = 2(n+ − n−) = 4NfT (CΨ)n, where n is the winding number, normalized as

n =
1

32π2

∫
d4xGaµν G̃a,µν = 0,±1,±2, . . . ,

Gaµν = Gaµν(A) (that is, Gaµν denotes Gaµν evaluated on the gauge configuration A) and n+ − n− =
index

(
i/D
)
A is the index of the Dirac operator in the background of A, i.e. the number of normalizable

eigenvectors with zero eigenvalue of i /DA (the so-called zero modes). Under a chiral transformation, we
have qR → qRe

−iα, qL → qLe
iα. Furthermore, for simplicity, we have assumed that all the fermions

Ψj ’s are in the same representation of the color group with Dynkin index T (CΨ) = 1/2. From the
index theorem, in the background of one instanton (for which n = 1), the chiral charge is violated
by ∆Q5 = 2Nf units. That is to say, each flavor violates the chiral charge by 2 units. This effect of
non-perturbative chiral charge violation in presence of one instanton event can be incarnated by the
effective vertex in eq. (3.30), which indeed violates, in a non-perturbative way, the chiral charge by 2Nf

units.
In the PQ solution [14], θ is promoted to θ → θ + 2Na/va; therefore, eq. (3.30) is modified to (with

fa ≡ va/2N , and omitting the color indices i)

∆Linst(x) = c eiθeia/fa K(Nf )
Nc

det
s,t

[
q̄sR(x)q

t
L(x)

]
+ h.c. . (3.32)

One then can easily convince oneself that, closing the fermion legs using all the interactions at disposal
contained in Smatter+Sgauge, obtains the instanton contribution to the axion potential; indeed eq. (3.32)
is not invariant under the shifts a(x)/fa → a(x)/fa + α.

Following the methodology applied in the QCD case, we construct the gravitational analogue of ’t
Hooft vertex in eq. (3.30) by analyzing the Dirac zero-modes, i.e. the violation of the chiral charge, in
the background of a gravitational instanton. That is to say, we have to solve for normalizable solutions
of the covariant and massless Dirac equation:

γµDµψf = 0 , (3.33)

where Dµ is the Dirac operator evaluated in the gravitational instanton metric background twisted by
the abelian gauge field Aµ, that is to say

γµDµ,A = /DA = γaEµa

(
∂µ −

1

8
ω bc
µ

[
γb, γc

]
+ iQfemAµ

)
.

An explicit computation (see appendix 3.5 for details), shows that, differently from what was found
in ref. [110] and used in ref. [91], the number of zero modes in the AEH background is, instead [111]

|n+ − n−| =
[2|Qfemp|+1]∑
2j+1=1

(2j + 1) , (3.34)

in which Qfem is the electric charge of the fermion ψf in eq. (3.33) and [N ] is the largest integer strictly
smaller than N (for instance [3] = 2, etc). From topological arguments, see eq. (3.61), for a fermion in
a AEH background, we have the Dirac string quantization condition

|Qemp| = 0, 1, 2 . . . . (3.35)

Therefore, since Qemp is an integer, one AEH instanton event violates the chiral charge Q5, associated
with the axial current Jµ5 =

∑
f ψfγ

µγ5ψf , by

|∆Q5| = 2|n+ − n−| = 2|Qfemp|
(
2|Qfemp|+ 1

)
(3.36)
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units. Since the minimal electric charge of the Standard Model is −1
3 , the instanton charge p has to be

restricted to [91]
p = 3n, for some integer n , (3.37)

and eq. (3.29) becomes

ZE|1−inst =
∑
p=3n

∫
[DA] [DΨ] [Dh] e−πp2

α
+i p

2

2
θem+i

θgrav
16

+... +O(e−M2
Plρ

2
)

=

∫
[DA] [DΨ] [Dh] e− 9π

α
+i 9

2
θem+i

θgrav
16

+... +O
(
e−M

2
Plρ

2
, e−

9π
α

)
, (3.38)

where, in the following, we will exclude p = 0 instantons, as they do not violate the chiral charge and
therefore do not contribute to the axion potential. Therefore, the ’t Hooft operator, generalizing the
QCD one in eq. (3.30), associated with p = 3 AEH instantons will be

∆LAEH(x) = K
(
9π

α

)5/2 ∫
m−1

UV

dρ

ρ5
det

 ∏
f=fermions

(
ψR,fψL,f

)3|Qfem|
(
6|Qfem|+1

) e− 9π
α
+i 9

2
θem+i

θgrav
16

+ h.c. , (3.39)

where K is an O(1) number, we have used the fact that the chiral charge in eq. (3.36) is violated by
∆Q5 = 6|Qfem|

(
6|Qfem|+ 1

)
units, that the abelian gauge connection has 5 zero modes (see appendix 3.4

for details) and the product in eq. (3.39) runs over all the fermions at disposal. In the presence of an
axion, the topological angles in eq. (3.26) are shifted to

θem → θem +
2Ea

va
, θgrav → θgrav +

2Ga

va
. (3.40)

Therefore, the exponential in eq. (3.39) is modified to

exp

(
−9π

α
+ iθAEH + iEAEH

a

fa

)
, (3.41)

where, for simplicity, we have defined θAEH ≡ 9
2θem +

θgrav
16 and EAEH ≡ 9E

2N + G
16N . As in the QCD case,

since eq. (3.41) is not symmetric under continuous shifts a(x)/fa → a(x)/fa + α, it may be naturally
interpreted as a gravitationally induced axion potential. In particular, it should be noted that in
eq. (3.39) we are integrating up to (see eq. (3.8))

mUV < Ms = gsMPl , (3.42)

because the instanton solution we are considering is a solution of Einstein’s equations, and, as commonly
believed, GR is not the complete theory of gravity. However, assuming that the UV completion of
gravity is weakly coupled, Ms ≪MPl, i.e. that the new degrees of freedom associated with quantum
gravity must appear before MPl, these non-perturbative effects arising from a UV completion of gravity
will be weighted by the Euclidean action

∼ exp

(
−const

gs

)
≪ exp

(
−9π

α

)
, (3.43)

where the inequality follows if we consider gs ≪ α; under this assumption, M4
s /g

2
s exp(−9π/gs) ≪

VAEH(a). We can depict this separation of scales as in fig. 3.3. This allows us to conclude that, under
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ρ−1 Ms = gs MPlmUVλ fa

Figure 3.3: The AEH solution is reliable up to some mass scale mUV, after which corrections to GR
become to be relevant due to the onset of particles of the UV-completion.

the assumption that the UV completion of GR is weakly coupled, with gs ≪ α, the gravitationally
induced axion potential is dominated by effects of classical GR. That is to say

∆LAEH(x) = ∆LAEH(x)|GR +O
(
e
− const

gs

)
≃ ∆LAEH(x)|GR . (3.44)

In the following ∆LAEH(x) = ∆LAEH(x)|GR. Taking as a proxy λfa ≃ 1012GeV, where λ is some
coupling, we can compute numerically the axion potential induced by eq. (3.41). As long as we are
at energy scales below λ fa we will not be able to probe the onset of the UV completion of the axion
model, therefore the product in eq. (3.41) will run over Standard Model fermions. Therefore, omitting
the color indices, the integral in eq. (3.39) separates into two distinct contributions, which we write as

∆LAEH(x) = K
(
9π

α

)5/2 ∫
(λ fa)

−1

dρ

ρ5
det

[{(
lRlL

)21
(uRuL)

10 (dRdL)3}Ng] e− 9π
α
+iθAEH+iEAEH

a
fa

+K
(
9π

α

)5/2 ∫ (λ fa)
−1

m−1
UV

dρ

ρ5
×

× det

[{(
lRlL

)21
(uRuL)

10 (dRdL)3}Ng∏
Q

(
QRQL

)3|QQ
em|(6|QQ

em|+1)
]
e
− 9π
α
+iθAEH+iEAEH

a
fa

+ h.c. , (3.45)

where Ng is the number of generations of light fermions and we have taken into account, for λ fa <
ρ−1 < mUV the onset of the axion model UV completion, i.e. the heavy fermions Q, since there are
additional heavy degrees of freedom (arising above mUV) that we have integrated out in our treatment.
Diagrammatically, this instanton vertex is represented on the left side of fig. 3.4.
We now examine how to translate this interaction into a potential for the axion. There are two important
points to consider.

◦ Let us consider the first of the two integrals in eq. (3.45), the one bounded below by the length
scale (λfa)

−1. Given our interest in computing the maximum contribution of this non-perturbative
effect, we close the fermion legs in a way that optimally enhances the instanton contribution,
thereby avoiding any mass suppression (vEW ≪ fa). Since we want the lower limit of integration
to dominate, we close the fermion legs with Yukawa insertions, as depicted in the right panel of
fig. 3.4.

◦ Let us now consider the second integral, defined over length scales in the range λ fa < ρ−1 < mUV.
To ensure the reliability of the contribution in the second line of eq. (3.41)—i.e., that the AEH
solution remains unaffected by physics near Ms—we must close the fermion legs with mass
insertions, resulting in an integral that exhibits dominant behavior near the scale (λ fa)

−1. This
is shown, in the corresponding range of lengths, in the right panel of fig. 3.4.
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λ fa mUV
(dR dL)j

(uR uL)i

(lR lL)k

(uR uL)i

(lR lL)k

(dR dL)j

(𝒬R 𝒬L)l

ρ−1

yui

ylk

ydj

λ fa mUV
mui

mlk

m𝒬l
mdj

Figure 3.4: Diagrammatic representation of AEH instanton vertex (on the left). AEH instanton
contribution to the axion potential (on the right).

All in all, we obtain the axion potential contribution (see appendix 3.6), up to O(1) factors

VAEH(a) = λ3ℏ17Ng
(
9π

α

)5/2 (λ fa)
4

(π2)17Ng

Ng∏
i=1

(
y21l y10u y3d

)
i
e
− 9π
α
+iθAEH+iEAEH

a
fa

+ λ3
(
9π

α

)5/2

(λfa)
4−34Ng−10NQ

Ng∏
i=1

(
m21
l m

10
u m

3
d

)
i

NQ∏
Q=1

M10
Q ×

× e−
9π
α
+iθAEH+iẼAEH

a
fa + h.c. , (3.46)

where, for dimensional reasons, we have one overall factor of λ3, and, for concreteness, we consider the
case in which QQ

em = 2/3. We find numerically that, since we want to enhance as much as possible
this effect, taking λ = O(1), fa = 1012GeV and α = 10−1, because of loop and mass suppressions (see
appendix 3.6)

VAEH(a)≪ λ3
(
9π

α

)5/2

e−
9π
α (λfa)

4︸ ︷︷ ︸
≃10−70 GeV4

cos

(
θAEH + EAEH

a

fa

)
. (3.47)

We may try to enhance this potential closing the fermion legs via Yukawa couplings associated with
scalars that are not the Standard Model Higgs [45]. Nevertheless, we find that (taking the Yukawa
couplings to be O(1) numbers) this effect is still negligible compared to the QCD contribution.

3.2.4 Comment on the colored case

We notice that we could have taken into account in the Euclidean generating functional ZE in eq. (3.27)
also the so-called CEH instantons [93]. CEH instantons have Euclidean action

SE [gCEH] =
4π2

g2S
× 3 + i

3

2
θ + i

θgrav
16

. (3.48)
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Using similar arguments for the abelian case, one gets the ’t Hooft vertex

∆LCEH(x) = K̃
(
3π

αS

)8 ∫ Λ−1

(λ fa)
−1
e−SE[gCEH] dρ

ρ5

∏
QCD quarks

(qL qR) +

+ K̃
(
3π

αS

)8 ∫ (λ fa)
−1

m−1
UV

e−SE[gCEH] dρ

ρ5

∏
QCD quarks

(qL qR)
∏
Q

(
QLQR

)f(RQ)

+ h.c. , (3.49)

where K̃ is a O(1) number, gS is the strong coupling, f(RQ) is the number of zero-modes associated
to the color representation RQ under which Q transforms [112], Λ is an infrared scale and, shifting
θ → θ + a

fa
, the exponential in eq. (3.49) is modified to

exp

(
4π2

g2S
× 3 + iθCEH + iACEH

a

fa

)
, (3.50)

in which θCEH = 3
2θ +

θgrav
16 and ACEH = 3

2 + G
16N . All the calculations involving the ’t Hooft operator

in eq. (3.30), namely closing external fermion legs to get a potential, are valid as long as the coupling
associated with the gauge connection is perturbative, since in the perturbative domain one-instanton
contributions saturate the axion potential. In other words, closing the legs of the ’t Hooft vertices
in the strong coupling regime is unlikely to yield reliable results. Supporting this argument is the
fact that the mass of the η′ is not governed by large instanton effects, but rather by the confinement
dynamics [113]. In light of these observations, in the second contribution in eq. (3.49), i.e. the one
in which λ fa < ρ−1 < mUV, the coupling is perturbative. Consequently, using ’t Hooft operators to
calculate the axion potential can yield meaningful results. For the instanton calculation to produce
a reliable result, in the integration region (λ fa)

−1 < ρ < Λ−1 where αS(Λ) = O(1), the legs of the
vertex in eq. (3.49) can be closed only through interactions that force the lower limit of integration
to dominate, since for ρ−1 = λ fa, gS is perturbative. Therefore, to avoid the large instanton region,
we must not introduce positive powers of ρ, differently from the analysis in [93]. The only way to
do avoid the strong coupling regime is by closing the legs with Yukawa interactions. Because of the
perturbativity of αS and loop suppressions, we get, for λ = O(1) and αS = 10−2

VCEH(a) ≲ O(10−200)VQCD(a) , (3.51)

where

VQCD(a) = −m2
πf

2
π

√
1− 4mumd

(mu +md)2
sin2

(
a

2fa

)
.

This therefore shows that CEH instantons provide a subleading contribution to the axion potential
compared to the abelian case.

3.2.5 Gravitational potential enhancement in Nnatualness

The only beyond the Standard Model scenario in which these gravitational effects can be significantly
enhanced involves introducing multiple copies of the Standard Model to address the Higgs boson mass
hierarchy problem [114]. Having N copies of the SM, naively implies that each copy has its own theta
angle θi, however, if the SN symmetry distinguishing among the different copies is only softly broken
by Higgs mass terms (i.e. these copies differ only for the mass term in the Higgs potential), all these
angles would be equal. Therefore, a shared axion would be able to set to zero all the θi’s at the same
time. Moreover, if one naively assumes the presence of an axion in each sector, this would elevate the
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number of light degrees of freedom, consequently worsening the constraints on Neff . If a shared axion is
the solution to the strong CP problem, then the number of copies is bounded to N < 1010 [114]. In this
case, the ’t Hooft operator will be

∆LAEH(x) =
1010∑

SM=us


(
9π

α

)5/2 ∫
m−1

UV

dρ

ρ5
det

 ∏
f=fermions

(
ψR,fψL,f

)3|Qfem|
(
6|Qfem|+1

) e−SE + h.c.


∣∣∣∣∣∣
SM

,

where, as usual
SE = e

− 9π
α
+iθAEH+iEAEH

a
fa .

Taking the Yukawa couplings to be O(1) numbers, one gets that this contribution is still significantly
small compared to the QCD contribution. Therefore, this gravitational contribution to the axion
potential is still exceedingly small with respect to the axion potential generated by confinement
dynamics in the strong interactions.

3.3 Conclusions

In this work, we analyzed the role of self-dual ALE solutions of the vacuum Euclidean Einstein equations
in the Euclidean gravitational path integral. Our results indicate that low-energy physics potentially
sensitive to these contributions—particularly the QCD axion—remains protected. This protection
persists even across a range of beyond Standard Model scenarios, which might otherwise enhance these
effects. Adopting a maximally inclusive definition of the path integral (as discussed in section 3.1.1), we
derived an upper bound on the gravitational contribution to the axion potential. Our key findings are
summarized as follows:

◦ AEH instantons and weakly coupled string theory: Assuming a weakly coupled string
theory as the UV completion of gravity, we argued that AEH instantons saturate the gravitational
contribution to the axion potential.

◦ Zero modes and loop suppressions: Following ref. [111], we identified zero modes previously
overlooked in refs. [91, 115]. These additional zero modes, along with loop and mass suppres-
sions, significantly reduce the AEH instanton contribution to the axion potential, see eq. (3.47).
Specifically, the abelian contribution remains well below the current experimental bounds on the
neutron electric dipole moment, independent of the axion model’s UV completion.

◦ CEH instantons and PQ protection: By including CEH instantons in the sum over ALE
manifolds in the gravitational path integral, see eq. (3.27), we showed that—contrary to the results
of ref. [93]—these do not spoil the PQ solution. Instead, their contribution is subleading compared
to the abelian case.

◦ PQ quality problem in beyond the Standard Model scenarios: Our analysis demonstrates
that this non-perturbative contribution to the axion potential does not introduce a PQ quality
problem, even in extended beyond the Standard Model scenarios. For instance, in the model
discussed in ref. [114], where multiple Standard Model copies are coupled to a single U(1)PQ, the
PQ symmetry remains protected.

In conclusion, our findings suggest that gravitational effects do not pose a threat to the robustness
of the QCD axion solution. This strengthens the viability of axion-based solutions to the strong CP
problem across a wide range of UV completions and beyond the Standard Model frameworks.
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3.4 Appendix A: Eguchi-Hanson manifold

Eguchi and Hanson discovered a non-trivial spherically symmetric solution of Einstein’s equations in
4-dimensional Euclidean spacetime [82, 88], the so-called Eguchi-Hanson instanton. One would expect
that the relevant instanton-like metrics would be those whose 2-form curvature Rab is (anti)-self-dual,
are localized in Euclidean spacetime and free of singularities. In fact, solutions have been found
which have the interesting property that the metric approachs a flat metric at infinity, i.e. a vacuum
configuration (as required for a tunneling interpretation). These solutions are called “asymptotically
locally Euclidean” metrics, because as we shall see, at infinity, they are locally Euclidean. Apart for
this solutions, the obvious metrics that seem to incarnate these features (self-dual, localized and free of
singularities) are the standard solutions of black hole physics, which however in Euclidean spacetime
are not asymptotically flat. The instanton metric is

ds2EH =
dr2

1− ρ4

r4

++
r2

4
(σ2x + σ2y) +

r2

4
σ2z

(
1− ρ4

r4

)
=

dr2

1− ρ4

r4

+
r2

4

[
dθ2 + sin2 θ dϕ2

]
+
r2

4

(
1− ρ4

r4

)
(dψ + cos θ dϕ)2 , r ≥ ρ , (3.52)

where we introduced the 1-forms

σ1 = sinψ dθ − cosψ sin θdϕ ,

σ2 = cosψdθ + sinψ sin θdϕ ,

σ3 = dψ + cos θdϕ ,

(ϕ, θ, ψ) are the Euler angles on the S3 sphere with ranges

0 ≤ θ < π , 0 ≤ ϕ < 2π , 0 ≤ ψ < 4π ,

and ρ is the instanton core size. That is, in matrix form

gEHµν =


r2

4 0 0 0

0 −ρ4 cos 2θ+ρ4−2r4

8r2
(r4−ρ4) cos θ

4r2
0

0
(r4−ρ4) cos θ

4r2
r4−ρ4
4r2

0
0 0 0 1

1− ρ4

r4

 .

We have the vierblein

ds2EH =
4∑

a=1

4∑
b=1

eaebηab , e
a = eaµdx

µ

ea =

(
r

2
σx,

r

2
σy,

u r

2
σz,−

dr

u

)
, u =

√
1− ρ4

r4
,

(3.53)
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where in the Euclidean ηab = ηab = diag(1, 1, 1, 1). We have the wedge products

e1 ∧ e2 = r2

4
sin θ dθ ∧ dϕ ,

e1 ∧ e3 = r2

4
u
(
− cosψ sin θ dϕ ∧ dψ

+ sinψ [dθ ∧ dψ + cos θdθ ∧ dϕ]
)
,

e1 ∧ e4 = − r

2u

(
sinψdθ ∧ dr − sin θ cosψdϕ ∧ dr

)
,

e2 ∧ e3 = u r2

4

(
sin θ sinψ dϕ ∧ dψ

+ cosψ [dθ ∧ dψ + cos θ dθ ∧ dϕ]
)
,

e2 ∧ e4 = − r

2u

(
cosψ dθ ∧ dr + sin θ sinψ dϕ ∧ dr

)
,

e3 ∧ e4 = −r
2

(
dψ ∧ dr + cos θ dϕ ∧ dr

)
.

We have the curvature 2-form

Rab = Rab =
1

2
Rabµνdx

µ ∧ dxν ≡ dωab + ωac ∧ ωcb ,

where ωab is the spin-connection 1-form [116, 117], and we find the self-dual curvature (for the flat
indices a, b we are taking ε1234 = +1), Rmn = +1

2εmnabRab,

R14 = R23 = −
2ρ4

r6
(
e1 ∧ e4 + e2 ∧ e3

)
,

R24 = −R13 = −
2ρ4

r6
(
e2 ∧ e4 + e1 ∧ e3

)
,

R34 = R12 = +
4ρ4

r6
(
e3 ∧ e4 + e1 ∧ e2

)
.

To remove the coordinate singularity at r = ρ, we have to identify antipodal points of r = a > ρ
spherical surfaces. That is to say

0 ≤ θ < π,

0 ≤ ϕ < 2π,

0 ≤ ψ < 2π .

(3.54)

This is an explicit example of a metric whose topology is asimptotically locally Euclidean, but not
globally Euclidean (i.e., not S3). We have the Pontryagin invariant

p = − 1

16π2

∫
MEH

d4x
√
gRµνρσR̃

µνρσ =
1

16π2

∫
MEH

d4x
√
g
384ρ8

r12
= 3 .

The EH metric (3.52) supports the self-dual U(1) field

A =
pρ2

r2
σz, (3.55)

which is to say

Ar = Aθ = 0, Aψ =
pρ2

r2
, Aϕ =

pρ2

r2
cos θ . (3.56)
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S3/Z2

identified

S3/Z2

S2

ρ|0⟩out |0⟩in

Figure 3.5: Schematical representation of M(A)EH spacetime.

This gauge field connection has 5 collective coordinates: 4 related to the instanton center x0, 1 related
to the integration constant ρ. We have the field-strength

F = dA = ∂µAν dxµ ∧ dxν

= −2pρ2 cos θ

r3
dr ∧ dϕ− 2pρ2

r3
dr ∧ dψ − pρ2 sin θ

r2
dθ ∧ dϕ

= −4pρ2

r4
(
e1 ∧ e2 − e3 ∧ e4

)
. (3.57)

That is, in matrix form

Fµν =


0 −pρ2 sin θ

r2
0 0

pρ2 sin θ
r2

0 0 2pρ2 cos θ
r3

0 0 0 2pρ2

r3

0 −2pρ2 cos θ
r3

−2pρ2

r3
0


which is anti-self-dual, that is

F̃µν =
1

2
√
g
εµνρσFρσ = −Fµν , ε0123 = 1 .

Indeed, since (anti)self-dual Maxwell fields have vanishing energy-momentum tensor7, the Einstein
equations are undisturbed and, decorating the EH spacetime in eq. (3.52) with the gauge field in
eq. (3.55), we have an automatic solution of the Einstein-Maxwell equations [118]. This is what we call
an AEH spacetime. We have the action [119]

SAEH = − 1

16πGN

∫
M
d4x
√
g R− 1

8πGN

∫
∂M

d3x⃗
√
k [K]

+
1

4e2

∫
MAEH

d4x
√
gFµνFµν + i

∫
MAEH

d4x
√
g
θem
32π2

FµνF̃µν (3.58)

− i
∫
MAEH

d4x
√
g
θgrav
768π2

RµνρσR̃
µνρσ =

πp2

α
− i p

2

2
θem − i

θgrav
16

. (3.59)

Note that this action is independent of Newton’s constant and rather similar to that of the Yang-Mills
instanton except for a factor of 2. This can be traced back to the identification of antipodal points in
EH space, which becomes a half of the (asymptotic) Euclidean space. We now ask whether the AEH

7One can easily verify that, using F12 = F43 = − 4pρ2

r4
, obtains Tab = −FacFbc + 1

4
ηabFcdFcd = 0.
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space actually admits the existence of spin structures (Fermi fields) [120]. Consider a path γ at constant
r = a > ρ with 0 < ψ < 2π at fixed (θ, ϕ). Since at constant r > ρ, MEH ∼ S3/Z2, this path is indeed
a loop. Furthermore this loop cannot be contracted to a point, since the loop encloses the S2 sphere at
r = ρ. Propagating a fermion field Ψ(x) with charge Qfem along γ, one will obtain a new field Ψ′(x)
which is related to the original field by the abelian transformation

Ψ′(x) = eiQ
f
em

∮
γ A Ψ(x) . (3.60)

However, from the Stokes’ theorem, in the limit a→∞,∮
γ
A =

∫
Mγ

F = −
∫
Mγ

4pρ2

r4
(
e1 ∧ e2 − e3 ∧ e4

)
=

∫
Mγ

4pρ2

r4
r

2
dψ ∧ dr = −2πp ,

where Mγ is the manifold lying over the loop contour γ. For the fermion Ψ(x) to be consistently
defined over the manifold, since antipodal points are identified, we have to impose the Dirac string
quantization condition [120]

Qfem p = integer . (3.61)

identified

S3

S2

ρ

γ

Ψ(
x)

Ψ(
x)

exp
[iQ

f em
∮ γ

𝒜]

Figure 3.6: Propagation of the fermion Ψ(x) along the loop γ.

3.5 Appendix B: Computation of Dirac zero-modes on AEH manifold

To make the analysis parallel to the Yang-Mills case and to give a precise estimate of all the loop
factors we have to find explicitly the zero-modes of the Dirac operator i /D in the AEH background
(see [111, 121] for a review). In this appendix we find the zero-modes of the Dirac operator for 4-
manifolds with isometry group SO(3) and a self-dual Riemann tensor. Introducing the radial functions
f(r), a(r), b(r), c(r), the metrics take the form

ds2 = f2dr2 + a2σ21 + b2σ22 + c2σ23 . (3.62)

We furthermore introduce the vierblein

e1 = aσ1, e2 = bσ2, e3 = cσ3, e4 = −fdr .

By definition, the inverse vierblein is given by

Eµa = ηabg
µνebν ⇔ Eµa e

b
µ = δba ,
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from which, inverting the 4× 4 matrix eaµ, we straightforwardly find

E1 =
1

a
X1, E2 =

1

b
X2, E3 =

1

c
X3, E4 = −

1

f
∂r ,

where
X1 = sinψ ∂θ + cosψ (cot θ ∂ψ −

1

sinψ
∂ϕ) ,

X2 = cosψ ∂θ − sinψ (cot θ ∂ψ −
1

sin θ
∂ϕ) ,

X3 = ∂ψ .

For many calculations it is convenient to use a proper radial coordinate R defined via

dR ≡ f dr ⇔ E4 = −∂R .

We are interested in the general form of the Dirac operator in metrics like the one in eq. (3.62) and
coupled to a spherically symmetric abelian U(1) gauge connection with self-dual field strenght: indeed
for (anti)-self-dual field strenght the energy momentum tensor identically vanishes. The gauge potential
can then be written as

A = A1σ1 +A2σ2 +A3σ3 ,

where A1, A2, A3 are functions of R only. The Dirac operator in the presence of the connection A is

γµDµ,A = /DA = γaEµa

(
∂µ −

1

8
ω bc
µ

[
γb, γc

]
+ iQfemAµ

)
= γa

(
Ea −

1

8
ω bc
a

[
γb, γc

]
+ iQfemA(Ea)

)
,

where Qfem is the charge of the fermion under the U(1) connection A, A(Ea) = EµaAµ and we introduced
the Euclidean γ matrices

{γa, γb} = −2δab , a, b = 1, . . . , 4 , (3.63)

where

γi =

(
0 τi
−τi 0

)
, γ4 = −i

(
0 1
1 0

)
,

and we have the Pauli matrices [τi, τj ] = 2iϵijkτk , i = 1, 2, 3. The self-duality of the Riemann tensor
implies that the spin connection 2-form ωab is

ω14 = −ȧσ1, ω24 = −ḃσ2, ω34 = −ċσ3 ,
ω23 = −Aσ1, ω31 = −Bσ2, ω12 = −Cσ3 ,

(3.64)

where

A =
b2 + c2 − a2

2bc
, B =

a2 + c2 − b2
2ac

, C =
a2 + b2 − c2

2ab
,

and φ̇ = dφ/dR. Using eq. (3.64), we obtain

/DA = γ4

{[
−∂r
f

+ iQfemA(E4)−
1

2

(
ȧ

a
+
ḃ

b
+
ċ

c

)]
I4

+

[
i(Ei + iQfemA(Ei))τi +

1

2

(
A

a
+
B

b
+
C

c

)](
−12 0
0 12

)}
.
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Introducing
Di ≡ Xi + iQfemA(Xi), A(Xi) = Xµ

i Aµ , i = 1, 2, 3 ,

we get

/DA =

(
0 T †

A
TA 0

)
,

where

TA =

[
i
∂r
f

+QfemA(E4) +
i

2

(
ȧ

a
+
ḃ

b
+
ċ

c

)]
12 + iBA ,

BA = i

(
τ1D1

a
+
τ2D2

b
+
τ3D3

c

)
+

1

2

(
A

a
+
B

b
+
C

c

)
12 ,

and

T †
A =

[
i
∂r
f

+QfemA(E4) +
i

2

(
ȧ

a
+
ḃ

b
+
ċ

c

)]
12 − iBA .

The operator T †
A is the adjoint operator of TA with respect to the scalar product

⟨ϕ| |ψ⟩ =
∫
dV ϕ†ψ =

∫
e1 ∧ e2 ∧ e3 ∧ e4 (ϕ∗)Tψ ,

where ϕ and ψ are L2 functions. Consider the metric

ds2hTN ≡ Vds2H3L +V−1σ23 ,

where
ds2H3L = dr2 + 4L2 sinh2

( r

2L

)
(σ21 + σ22) ,

and we have introduced the positive function

V ≡ 1

L

(
1

β
+

1

er/L − 1

)
=
er/L + β − 1

βL(er/L − 1)
,

where β and L are non-negative constant. If we conformally rescale the metric ds2hTN with the conformal
factor

Λ ≡
√

4L

β

1

(2− β) cosh
(
r
2L

)
+ β sinh

(
r
2L

) ,
we obtain a 1-parameter family of metrics

ds2β = Λ2ds2hTN . (3.65)

For β → 2 we get, making the change of variables

r = ρ arccoth

(
w2

ρ2

)
, ρ = 2L,

the AEH line element

ds2β=2 =
dw2

1− (ρ/w)4
+
w2

4

[
σ21 + σ22 +

(
1−

( ρ
w

)4)
σ23

]
, (3.66)
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while, for β → 0 we get the Taub-NUT line element. We are now going to explicitly solve the Dirac
zero-mode equation /DAψ = 0 on the manifold defined by the line element in eq. (3.65) with the
connection of the kind (see eq. (3.55))8

A = pA3σ3 = p
σ3
βLV

−−−→
AEH

pρ2

w2
σ3 , (3.67)

where p is a real constant. We furthermore are interested in the case a = b. In the presence of the
gauge connection given in eq. (3.67), after some algebra, eq. (3.65) becomes

Tp = i

[(
∂r
f

+
ȧ

a
+

ċ

2c

)
1+

√
V λ

2Λ
Pp

]
,

where

Pp =

(
λ−1(2iX3 −Qfemp̃) 2iX−

2iX+ −λ−1(2iX3 −Qfemp̃)

)
+

(
λ2 + 2

2λ

)
12 , (3.68)

X± = X1 ± iX2 and we have introduced the constants

λ−1 = 2LV sinh
( r

2L

)
,

p̃ =
p

βLV
.

Thus, in order to compute the eigenvectors of /DAψ = 0, we have to compute the eigenvectors of Pp [121].
The Laplace operator

∆S3 = −X2
1 −X2

2 −X2
3 ,

commutes with iX3, thus we can consider the basis of simultaneous eigenvectors{
|j,m,m′⟩ | 2j ∈ Z, 2m, 2m′ ∈ Z, |m| ≤ j, |m′| ≤ j

}
,

∆S3 |j,m,m′⟩ = j(j + 1) |j,m,m′⟩ ,
iX3 |j,m,m′⟩ = m |j,m,m′⟩ .

iX3 and iX± satisty the angular momentum algebra, which means

iX+ |j,m,m′⟩ =
√
(j −m)(j +m+ 1) |j,m+ 1,m′⟩ ,

iX− |j,m,m′⟩ =
√
(j +m)(j −m+ 1) |j,m− 1,m′⟩ .

Given the expression for Pp it is quite natural to male the ansatz for its eigenvector to be of the form(
α |j,m,m′⟩

β |j,m+ 1,m′⟩

)
, (3.69)

for some real constants α, β to be determined. Substituting eq. (3.69) in the eigenvalue equation for Bp
one obtains

α

β
=

1

2λ
√

(j −m)(j +m+ 1)

×
[
1 + 2m−Qfemp̃±

√
(1 + 2m−Qfemp̃)2 + 4λ2(j −m)(j +m+ 1)

]
,

8We notice that, in the colored case, the gauge connection could be written as A = pAa
3σ3τa, where τa is the color

SU(2) Pauli matrix.
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and we have the eigenvalues, with multiplicity 2j + 1 (m′ is a spectator at this level)

λ

2
± 1

λ

√
(1 + 2m−Qfemp̃)2 + 4λ2(j −m)(j +m+ 1) .

The above result holds for −j ≤ m ≤ j − 1. Indeed, for m = j we have the eigenvector(
|j, j,m′⟩

0

)
,

with eigenvalue
λ

2
+

1

λ
(2j + 1−Qfemp̃),

and multiplicity 2j + 1. For m = −j − 1 we have the eigenvector(
0

|j,−j,m′⟩

)
,

with eigenvalue
λ

2
+

1

λ
(2j + 1 +Qfemp̃),

and multiplicity 2j + 1.
We are now ready to solve the Dirac equation for the zero-modes over the backgrounds given by
eq. (3.65)

/Dpψ = /Dp
(
Ψ
Φ

)
= 0 ,

where Ψ and Φ are 2-component Weyl spinors. Since

/Dpψ =

(
0 T †

p

Tp 0

)(
Ψ
Φ

)
= 0⇒

{
TpΨ = 0,

T †
pΦ = 0 .

It can be shown that T †
p has trivial kernel, hence we can set Φ = 0. Using spherical symmetry, the

spinor Ψ has the form

Ψ =

(
K1

K2

)
h(r) |j,m,m′⟩ ,

where K1,2 are arbitrary constants and h(r) is a radial function. From the form of Pp in eq. (3.68)
follows that, since for general K1,2 ̸= 0,

Pp

(
K1

K2

)
|j,m,m′⟩��∝

(
K1

K2

)
|j,m,m′⟩ ,

the equation /DpΨ = 0 has non-trivial solutions for

K2 = 0⇒ m = j ,

or
K1 = 0⇒ m = −j .

As a consequence of eq. (3.65), we have

a = b = ΛahTN = 2LΛ sinh
( r

2L

)
,

c = ΛchTN =
Λ√
V
,

f = ΛfhTN = Λ
√
V ,
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and

Tp =
i

2LΛ
√
V

{[
− 2L∂r −

LV,r
2V
− coth

( r

2L

)
+

3

2

(
(2− β) sinh

(
r
2L

)
+ β cosh

(
r
2L

)
(2− β) cosh

(
r
2L

)
+ β sinh

(
r
2L

))]12 + Pp

2 sinh
(
r
2L

)} . (3.70)

For K2 = 0

TpΨ = 0 ,

has the solution

h(r) =K
(
er/L − 1

)j (−β + er/L + 1
)3/2√

β + er/L − 1
e
− r

4L

(
3+4j+ 2

β
(2Qfemp−2j−1)

)
, (3.71)

where K is a complex integration constant. In the case K1 = 0, one obtains the solution in eq. (3.71)
with p replaced by −p. Concentrating on the case K2 = 0, for large r, h(r) has the asymptotic behavior

h(r) ≈ exp[− r

4L

(
−1 + 2

β
(2Qfemp− 2j − 1)

)
] .

We now impose this function to be square integrable with respect to the volume element

dV = fabc σ1 ∧ σ2 ∧ σ3 ∧ dr ≈ e−r/L σ1 ∧ σ2 ∧ σ3 ∧ dr ,

therefore, for h(r) to be L2 we must have

2j + 1 <
β

2
+ 2Qfemp ,

that is
1 ≤ 2j + 1 <

β

2
+ 2Qfemp ⇒ 2Qfemp > 1− β

2
.

Analogously, for K1 = 0

1 ≤ 2j + 1 <
β

2
− 2Qfemp ⇒ 2Qfemp < 1− β

2
.

Therefore, for fixed j we have (remember that m′ is a spectator at this level) 2j + 1 distinct solutions
coming from the allowed values for m′, giving

dim(Ker(Tp)) =

[2|Qfemp|+β/2]∑
2j+1=1

(2j + 1) ,

where [n] is the largest integer strictly smaller than n (so that [3] = 2 etc). In the AEH case, see
eq. (3.61), Qfemp is an integer, therefore the number of zero-modes of the Dirac operator is

|n+ − n−| =
[2|Qfemp|+1]∑
2j+1=1

(2j + 1)

= |Qfemp|
(
2|Qfemp|+ 1

)
, (3.72)
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furthermore the zero-modes take the form

ψ
(j)
+ (x) =


h(j)(r) |j, j,m′⟩

0
0
0

 , Qfemp > 0 (3.73)

or

ψ
(j)
− (x) =


0

h(j)(r) |j,−j,m′⟩
0
0

 , Qfemp < 0 , (3.74)

where

h(j)(r) = c12
3j+4

(
L2

w2 − 4L2

)j+ 3
2
(
w2 − 4L2

w2 + 4L2

) 1
2
(j+|Qfemp|+1)

√
w2 − 4L2

w2
,

that is choosing c1 = 2−3j−4L−2j−3K, we obtain (see eq. (3.66))

h(j)(r) = K 1

w[w4 − ρ4](j+1)/2

(
w2 − ρ2
w2 + ρ2

) |Qfemp|
2

,

r = ρ arccoth
(
w2

ρ2

)
, ρ = 2L ,

with K a normalization factor. That is, we have the normalized mode

h(j)(r) = 2j+1

√
2

π

 Γ
(
j + |Qfemp|+ 1

)
Γ(2j + 1)Γ

(
|Qfemp| − j

)
1/2

ρ2j+1

w[w4 − ρ4](j+1)/2

(
w2 − ρ2
w2 + ρ2

) |Qfemp|
2

, (3.75)

where

r = ρ arccoth
(
w2

ρ2

)
, ρ = 2L , (3.76)

and

j = 0, . . . ,
2|pQfem| − 1

2
. (3.77)

Analogously to SU(N) gauge group, the index /DA, could also be computed – instead of computing
explicitly and then counting the zero modes – in an integral form using the Atiyah-Patodi-Singer (APS)
index theorem [111, 118, 122].

3.6 Appendix C: Closing fermion loops with Yukawa interactions in the
AEH manifold

Having identified the ’t Hooft vertex, we have to tie up the fermion zero-modes using all the interactions
at disposal. For instance, allowing for a Yukawa-type interaction, we have to evaluate integrals of the
kind

I =

∫
d4x1
√
g d4x2

√
g×

× [h(j)(x1)]
2GF (x1, x2)[h(j

′)(x2)]
2 , (3.78)
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Figure 3.7: Functions FQf (j) for Qfem = 1, 1/3, 2/3, where from (3.75), jmax(Qem = 1) =
5/2 , jmax(Qem = 1/3) = 1/2 , jmax(Qem = 2/3) = 3/2.

where GF (x1, x2) is the Euclidean scalar propagator in the AEH background, computed solving(
gµνEH∇µ∇ν +m2

s

)
GF (x, x′) = −4π

√
gEHδ

(4)(x− x′) .

In principle, to do computations with O(1) accuracy, we should compute numerically the integral
in eq. (3.78); however we will discuss a counting rule for π2 factors appearing in instanton diagrams.
Indeed, as in the Yang-Mills case, one might think at first glance that instanton amplitudes are highly
suppressed by loop factors, nonetheless the meaning of loop is not trivial in instanton calculus. Similarly
to the flat spacetime case, from the integration over vertices we get∫

d4x
√
g ∝ 8

π2

∫ ∞

ρ
dr r3 , (3.79)

in addition to the 1/π2 provided by momentum integration. Moreover, from the explicit expression of
the zero modes on EH, see eq. (3.75), the zero-mode wavefunctions do not contain π factors other the
ones coming from the normalization. Therefore, for Qfemp > 0, we estimate

I ∝
(

8

π2

)2 1

π2

(
8

π2

)2
Γ(2j + 1)Γ

(
Qfemp− j

)
Γ
(
j +Qfemp+ 1

)
Γ(2j′ + 1)Γ

(
Qfemp− j′

)
Γ
(
j′ +Qfemp+ 1

)


≈ 1

π2
F
Qfem

(j)F
Qfem

(j′) , (3.80)

where we introduced

F
Qfem

(j) =
Γ(2j + 1)Γ

(
Qfemp− j

)
Γ
(
j +Qfemp+ 1

) . (3.81)

Therefore, up to O(1) factors, we can count a loop with a 1/π2 loop suppression factor.

3.7 Appendix D: One scale, one coupling

In the MKS system [123], there are three fundamental units: length [L], mass [M] and time [T]. From
these three fundamental units, all other units (such as force, energy, pressure, etc.) can be derived.
Specifically, the energy [E] is given by the combination [E] = [M][L]2/[T]2. Let us now consider a system
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of units in which c = ϵ0 = 1 (where ϵ0 is the vacuum permittivity). In this case, we have [L]=[T] and,
consequently only two fundamental units remain, namely [L] and [M]. Since now [E]=[M], we can work
with [L]=[T] and [E]. The action S has the dimensions of energy multiplied by tume, [S] = [E][L], which
corresponds to the dimensionality of the Planck constant. Therefore, we can write [S] = [ℏ] = [E][L]. It
follows that the dimension of a Lagrangian density is – in four dimensions – [L] = [ℏ]/[L]4. From the
corresponding canonical kinetic terms, we therefore obtain the dimensions of a bosonic field ϕ and a
fermionic field Ψ

Lϕ ⊃
(∂ϕ)2

2
⇒ [ϕ]2/[L]2 = [ℏ]/[L]4 ⇔ [ϕ] = [ℏ]1/2/[L] , (3.82)

LΨ ⊃ Ψ/∂Ψ⇒ [Ψ]2/[L] = [ℏ]/[L]4 ⇔ [Ψ] = [ℏ]1/2/[L]3/2 . (3.83)

It then follows that a mass parameter m∗, whether bosonic of fermionic, appearing in the Lagrangian
has the dimension [m∗] = [L]−1, that is, it corresponds to the inverse of a length scale (consequently,
note that [m∗] = [E]/[ℏ]). This sharply defines m∗ as a scale, namely a length scale. A typical coupiling
g∗ in the Lagrangian, such as a Yukawa coupling or a gauge coupling, i.e. g∗ϕΨΨ, or g∗AµΨγµΨ, has
the dimension [g∗] = [ℏ]−1/2. In natural units. the dimensionality of the coupling is obscured, and one
might be tempted to treat g∗ as if it were a dimensionelss numerical constant. However, by reinstating
ℏ, the fundamental distinction between g∗ and a pure number becomes evident. In gravity, the Ricci
scalar R has the dimension of [L]−2 (since it is quadratic in the derivatives of the metric), thus from
the Einstein-Hilbert action

SE−H =
M̄Pl

8π

∫
d4x
√−g R⇒ [ℏ] = [L]2[M̄Pl]

2 ⇔ [M̄Pl] = [ℏ]1/2/[L] . (3.84)

Motivated by the previous relation, it is useful to introduce the coupling dimension [C] such that

[C] = [ℏ]−1/2 = [E]−1/2[L]−1/2 .

The Lagrangian density has then dimensions

[L] = 1

[C]2[L]4
, (3.85)

and also, we have
[C][M̄Pl] = [L]−1 , (3.86)

that is, the product of the Planck mass times a fundamental coupling is sthe inverse of a length scale.
Similarly, an object like the Goldstone decay constant fπ, where U(x) = exp(iσaπa(x)/fπ), has then
the dimensions

[C][fπ] = [L]−1 . (3.87)

Assuming the existence of one fundamental coupling g∗ and one fundamental scale m∗, we write the
Lagrangian density in the form

L =
m4

∗
g2∗
L̂
(
∂

m∗
,
g∗ϕ

m∗
,
g∗Ψ

m
3/2
∗

,
R

m2
∗

)
, (3.88)

where, assuming all fields canonically normalized, L̂ is a dimensionless polynomial functional with
arbitrary order-one numerical coefficients.



Part II

The strong CP problem: axion detection

99



CHAPTER

4
An Effective Field Theory for anisotropic

antiferromagnets

4.1 Introduction

Antiferromagnets are magnetic materials which, below a certain temperature, exhibit long range
order but no net magnetization. Contrary to ferromagnets, they were initially thought to have limited
practical applications [124]. Recent years, however, have witnessed the development of a plethora of such
applications, ranging from electron transport controlled by the spin degrees of freedom [e.g., 125, 126],
the so-called spintronics, the development of quantum sensors [e.g., 127, 128], and, recently, light dark
matter detection [129, 130]. Moreover, magnetic materials, both ferromagnets and antiferromagnets,
are typically regarded as the textbook example for the phenomenon of spontaneous symmetry breaking
and the emergence of Goldstone bosons [e.g., 131]. These are indeed nothing but the spin collective
excitations of these systems, the so-called magnons.

Yet, in reality, the spectrum of most antiferromagnets feature tiny but non-zero gaps. This can
be attributed to magneto-crystalline anisotropies, which provide small effects of explicit symmetry
breaking. This is due to the presence of certain energetically favorable directions for the spins of
the material, which are dictated by the underlying crystal structure of the antiferromagnet. These
anisotropies, along with the exchange interaction, in turn determine the ground state of the system as
well its behavior under the application of an external magnetic field.

In this work we extend the well known effective field theory (EFT) for magnons in antiferromag-
net [e.g., 131–133] to include these anisotropic effects. In particular, we will consider the case where
the system features two distinct anisotropies, the so-called “easy plane” antiferromagnets [134]. The
other class of anisotropic antiferromagnets, so-called “easy axis”, feature only one anisotropy, but their
spectrum can be obtained from that the previous class, simply setting one of the parameters to zero. We
will show that this extended EFT, while being eventually rather simple, features a number of interesting
phenomena, such as the presence of the so-called gapped Goldstones [e.g., 135–138], their lifting to
pseudo-Goldstones, as well as the presence of the so-called “spin flop” phase transition triggered by
a varying external magnetic field, where the spin alignment in the ground state suddenly changes its
direction [e.g., 134]. All this, is computable within the regime of validity of the EFT.

Moreover, in the presence of a magnetic field, as we will see, the theory cannot be diagonalized by a
local redefinition. Hence it requires a careful quantization procedure, which we address in this work.
Finally, we match our EFT to the short distance theory for a particular antiferromagnet, namely, nickel
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oxide (NiO). The latter, thanks to its simple structure and spin interactions, is often considered as the
prototypical room-temperature antiferromagnet. Indeed, this material has been used to study a number
of different processes, such as inelastic light scattering [e.g., 139, 140] and magnetic response to terahertz
frequencies [141, 142]. Moreover, as mentioned, it has recently been realized that such a system offers
an optimal target to look for the scattering of dark matter with spin-dependent interactions and masses
as low as the keV [129], as well as to look for axion-like dark matter with masses in the meV range [143].

The goal of this work is also to present everything in a framework which can bridge the linguistic
gap that is often present between the standard condensed matter and high energy physics literature.
This is particularly important in light of the role that antiferromagnets might play in future searches
for light dark matter, a genuinely high energy physics question which, however, requires condensed
matter tools to be tackled. Moreover, an EFT formulation has the great advantage of allowing to neatly
disentangle those phenomena that are universal, i.e. solely due to long-distance physics, from those
that are, instead, due to a specific short-distance realization of the system.

Conventions: We adopt natural units, ℏ = c = 1, and an index notation such that i, j, k = 1, 2, 3 label
spatial coordinates. We also employ Einstein’s notation for summing over repeated indices.

4.2 The EFT

We now proceed to the construction of our EFT step-by-step, from the simplest instance to the most
involved one. Throughout our manuscript, we assume to work at zero temperature. This is partially
motivated by the phenomenological reasons highlighted in Ref. [143], but also due to the fact that the
inclusion of thermal effects in a general quantum field theory is typically rather non-trivial and beyond
the scope of this work.

4.2.1 The simplest EFT: the isotropic case

Let us start by reviewing the construction of the standard EFT for antiferromagnets, which has been
discussed, for example, in Refs. [131–133]. We will go through this review rather thoroughly, in order
to set the stage to the subsequent study, as well as highlight a few points which can make an easier
connection between the high and low energy formalisms used to described antiferromagnets.

At distances comparable to its lattice spacing, an antiferromagnet is essentially a collection of
magnetic moments, which antialign with respect to the neighboring ones. These magnetic moments
typically arise from the fundamental spin of the unpaired electrons localized around each atom of the
crystal. The exchange and superexchange interactions between electrons pertaining to different atoms
give rise to a coupling between these spins. The simplest example of a short distance Hamiltonian
describing such a system is given by the Heisenberg model [e.g., 144],

H0 =
∑
i,j∈A

Jij Si · Sj +
∑
i,j∈B

Jij Si · Sj , (4.1)

where i and j are positions on the lattice, which is usually seen as “bipartite”, i.e., as composed of two
sublattices, which we label as A and B. Si is the spin pertaining to a given lattice site, and Jij are the
above mentioned couplings. For an antiferromagnet, all the spins have the same magnitude, |Si| = S.

In an antiferromagnet, the couplings J are such that the zero-temperature classical ground state,
i.e., the state corresponding to the minimum classical energy,1 corresponds to a configuration where all

1Contrary to ferromagnets, the exact quantum ground state of an antiferromagnet is unknown, and it is only
approximated by its classical counterpart. Yet, the spin wave theory built out of this latter ground state gives a very
accurate description of experimental results [e.g., 144].
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the spins in the sublattice A are aligned parallel to each other, and those in the sublattice B are aligned
in the opposite direction. The emergence of this ground state is quantified by an order parameter, the
Néel vector, given by N ≡∑i∈A Si−

∑
i∈B Si. On the classical ground state, the Néel vector acquires

an expectation value parallel to the spins, ⟨N ⟩ ≠ 0, which can in principle be aligned in any direction.
The spin-wave excitations of the system, called magnons, are the long wavelength modulations of the
order parameter around its equilibrium value.

From a symmetry viewpoint, the Hamiltonian (4.1) enjoys a global SO(3) symmetry, corresponding
to the simultaneous rotation of all spins, Si → R · Si, with R a 3× 3 rotation matrix. Nonetheless,
this symmetry is not respected by the ground state order parameter, which selects a specific direction.
In other words, the original spin rotations are spontaneously broken down to the subgroup that leaves
the order parameter unchanged, i.e., SO(3) → SO(2). In this respect, magnons are nothing but the
associated Goldstone bosons and, as such, their dynamics can be described by an EFT valid at low
energies and long wavelengths.

Beside the continuous symmetry just discussed, a central role is played by two discrete symmetries:
time reversal, T , and a discrete rotation of 180◦ in the plane where the spins lie, which we represent by
Rπ. Both these transformations act on the spins by changing the direction of all of them. The order
parameter thus changes sign under the separate action of T and Rπ, i.e.,

N T−→ −N , N Rπ−−→ −N . (4.2)

Consequently, the theory must be invariant under their combined action, which leaves the order
parameter unchanged.2. Here we prefer to phrase everything in terms of the rotation for two reasons: (1)
it is better defined at long wavelengths, where one is insensitive to distances comparable to the lattice
spacing, and (2) we believe that, phrased this way, it allows for a unified description of ferromagnets
and antiferromagnets, as we explain in Appendix 4.7. The complete symmetry breaking pattern is then
SO(3)× T → SO(2)× (T Rπ). The EFT we present here is built in order to implement this pattern.

Now, magnons correspond to local modulations of the order parameter away from equilibrium,
represented by a field n̂(x), with ⟨n̂⟩ ∝ ⟨N ⟩ and n̂2 = 1.3 With this at hand, the most general low
energy EFT for magnons with at most two derivatives is simply given by [131],

L0 =
c1
2

[
(∂tn̂)

2 − v2θ(∇in̂)2
]
, (4.3)

where c1 is an effective coefficient that can be determined in terms of parameters of the microscopic
Hamiltonian, as done in Ref. [129], while vθ is the magnon propagation speed. All possible additional
terms necessarily contain more derivatives and are therefore suppressed in the low energy/long wavelength
limit.

Note that, by treating time derivatives and spatial gradients as completely independent from each
other, we assumed the explicit breaking of boost invariance (whether Galileo or Lorentz is irrelevant).
This is ultimately not what happens in Nature, as boosts are always spontaneously broken by the
underlying lattice, and the ordinary gapless acoustic phonons are the corresponding Goldstones bosons
necessary to recover the full symmetry, which they realize non-linearly [e.g., 145, 146]. Our approximation
is valid as long as we are not interested in the phonon dynamics and their interplay with magnons. For
an EFT including both, see Ref. [133].

2In the literature, instead of the discrete rotation we are using here, one often finds a discussion involving the action of
a translation by a single lattice site [e.g., 131], which effectively exchanges the two sublattices, A and B, thus changing
the sign of the order parameter

3This can be understood from the fact that the coset space SO(3)/SO(2) ≃ S2, which is the unit 2-sphere, and n̂
denotes the unit vector on S2.
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In the presence of an external uniform magnetic field, H, the microscopic Heisenberg Hamiltonian
in Eq. (4.1) is modified by the Zeeman term,

HH = H0 − µ
∑
i

H · Si , (4.4)

where µ is the gyromagnetic ratio of the spins. At the level of the EFT, as explained for example in
Ref. [147], this can be included by promoting the time derivative in the Lagrangian L0 to a “covariant”
derivative, ∂tn̂→ ∂tn̂+ µH× n̂, i.e.,

LH =
c1
2

[
(∂tn̂+ µH× n̂)2 − v2θ(∇in̂)2

]
. (4.5)

The correctness of this procedure is guaranteed by the fact, when going to the associated Hamiltonian
density, one indeed recovers a purely Zeeman term, as expected.

To determine the spectrum of this theory, we first need to find the background value for n̂. This is
done by minimizing the Hamiltonian density, taken in the static and homogeneous limit, which reads

HH

∣∣
stat.,homog.

= − LH
∣∣
stat.,homog.

= −c1
2
(µH× n̂)2 =

c1
2
µ2H2

(
n̂2z − 1

)
, (4.6)

where we take the magnetic field to be aligned along the z-axis, H = H ẑ, a configuration we will
assume in the rest of the work for simplicity. (A more general case is reported in Appendix 4.8.)
The Hamiltonian above is clearly minimized by any configuration such that n̂z = 0. Therefore, while
in absence of magnetic field the background value of the order parameter can be aligned along any
direction, now this freedom is restricted to the plane perpendicular to the magnetic field itself. We will
then take our background value to be, for example, ⟨n̂⟩ = ŷ.

Following the standard coset construction ideas [148, 149], the magnon fields can be parametrized
as local broken transformations around equilibrium. Specifically, the background spontaneously
breaks the rotations generated by S1 and S3, meaning that we can express the magnon fields as
n̂(x) = ei(θ

1(x)S1+θ3(x)S3)ŷ. The corresponding quadratic Lagrangian is then,

LH =
c1
2

[(
θ̇1
)2 − v2θ(∇θ1

)2 − µ2H2
(
θ1
)2

+
(
θ̇3
)2 − v2θ(∇θ3

)2
+O

(
θ4
)]
, (4.7)

and, the dispersion relations can be read off to be,

ωq,− = vθq , (4.8a)

ωq,+ =
√
µ2H2 + v2θq

2 . (4.8b)

A comment about this spectrum is in order. In absence of magnetic field, the two modes are degenerate,
and both gapless. This is because the background Hamiltonian of the system would be completely
insensitive to the direction taken by ⟨n̂⟩. The two gapless modes are the Goldstone bosons reflecting
this fact.

What happens at finite magnetic field? First of all, the existence of the gapless mode is the hallmark
of the fact that the background Hamiltonian in Eq. (4.6) is still degenerate, but now only on the plane
perpendicular to the z-axis. The gapless mode is the corresponding Goldstone boson. Secondly, the
second mode, has a gap that is universal, meaning that it does not depend on the microscopic details of
the system, which here are encoded in the effective coefficient c1: it is solely dictated by the magnetic
field. This is, instead, the hallmark of the so-called gapped Goldstones [135–138], which arise when a
system has a finite density for one of its non-Abelian broken generators. This is indeed the case here
for the broken charge S3. In fact, the background value of the spin density, obtained from the SO(3)
Noether current derived from the Lagrangian (4.5), is given by

⟨s⟩ =
〈
c1 [∂tn̂× n̂+ H− (H · n̂) n̂]

〉
= c1Hẑ . (4.9)
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As another check of this, one can verify that the Lagrangian (4.5) can be obtained from the La-
grangian (4.3), valid in absence of magnetic field, by replacing n̂→ e−iµHtS3 · n̂, which shows that the
background under consideration also breaks time translations, but preserves a combination of them
with a spin rotation generated by S3. In other words, the symmetry breaking pattern in the presence of
an external magnetic field is SO(3)×H → H̄ = H + µH · S.4 One recognizes H̄ to be precisely the
modified Hamiltonian used to defined the ground state of a system at finite density for the operator
H · S. Crucially, gapped Goldstones are still exact Goldstone, meaning that they are needed to realize
non-linearly the full SO(3) symmetry of the system.

4.2.2 EFT with anisotropies

As anticipated, we are interested in extending the EFT presented above to include the effects of tiny
explicit breaking of the internal SO(3) symmetry, which are at the origin of the observed magnon
gaps [e.g., 150, 151]. As mentioned in the Introduction, we are interested in the case of “easy plane”
antiferromagnets, which involve two distinct anisotropies. (For a simpler illustrative case, see Ref. [147].)
In particular, the microscopic Hamiltonian is modified to [151, 152]

H = HH +
∑
i

Dx (Sx
i )

2 −
∑
i

Dz (Sz
i )

2 , (4.10)

where Dx , Dz > 0 are new anisotropic energies. The anisotropies along the x- and z-axes typically go
under the name of, respectively, “hard axis” and “easy axis” anisotropy [134].

From the low energy viewpoint we again look at the symmetry breaking pattern. It is evident
that the two anisotropies, if taken separately, would explicitly break the SO(3) spin rotations down
to rotations around x̂, for the hard axis anisotropy, and around ẑ, for the easy axis one. Since the
additional terms in the Hamiltonian (4.10) are quadratic in the spins, they are also invariant under
flipping of all the spins at the same time, Si → −Si, which in turn corresponds to n̂ → −n̂. It
follows, as it is probably reasonable to expect, that the additional terms in the effective Lagrangian are
quadratic in the order parameter, i.e.,

L =
c1
2

[
(∂tn̂+ µH× n̂)2 − v2θ(∇in̂)2 + 2λzn̂

2
z − 2λxn̂

2
x

]
, (4.11)

where λx , λz > 0 are two new effective coefficients, which can be determined in terms of the microscopic
anisotropic energies (see Sec. 4.4). Their sign has been chosen for later convenience. In particular, the
last two terms indeed explicitly break the full SO(3) group.

To define the ground state, we again consider static and homogeneous configurations in the
Hamiltonian density,

H
∣∣
stat.,homog.

= − c1
2

[
(µH× n̂)2 + 2λzn̂

2
z − 2λxn̂

2
x

]
=
c1
2

[
(µ2H2 − 2λz)n̂

2
z + 2λxn̂

2
x

]
, (4.12)

where we have dropped any irrelevant constant terms. Now, since λx > 0, the second term in the
expression above is necessarily minimized by setting n̂x = 0. For the first term, instead, we have
two possible configurations, depending on the relative strength between magnetic field effects and
anisotropic ones. In particular, by defining a “spin-flop” field, Hs.f. ≡

√
2λz/µ, we have

◦ for H > Hs.f. the first terms is minimized by n̂z = 0, and the ground state is

⟨n̂⟩ = ŷ ;

In this phase, the background value of the spin density in Eq. (5.6) — i.e., the total magnetization
— is ⟨s⟩ = c1Hẑ. This is what is typically called the “spin-flop” phase [e.g., 134].

4To keep the notation light, we omit the discrete symmetries.
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⟨n̂x⟩

⟨n̂
⟩,
H
<
H

s.
f. H

⟨n̂⟩, H>Hs.f.

⟨n̂y⟩

⟨n̂z⟩

Figure 4.1: Background configuration in the simultaneous presence of an external magnetic field H = Hẑ,
and both easy and hard axis anisotropies. Depending on the magnitude of the external magnetic field
H, the system undergoes a phase transition, which, in the EFT framework, consists in a discontinuous
change of the direction of the ground state.

◦ for H < Hs.f. the first term is minimized by n̂z = 1, and the ground state is

⟨n̂⟩ = ẑ .

In this phase, instead, we have ⟨s⟩ = 0, which identifies this as the standard antiferromagnetic
phase.

This situation is schematically represented in Fig. 4.1. Importantly, when the external magnetic field is
varied across its spin-flop value, the order parameter, ⟨n̂⟩, is discontinuous. This is the hallmark of
a first order phase transition [134, 153]. Let us study these two phases separately, starting with the
instance where the anisotropies are a small correction to what done so far, and then consider the case
where they become dominant over the magnetic field.

4.2.2.1 Small anisotropies: the H > Hs.f. phase

In this case the background is the same as in the absence of anisotropies, and we thus expect the explicit
breaking effect to simply contribute to a small gap to the Goldstone modes. Indeed, by expanding
again at quadratic order in the magnon fields, one gets,

L =
c1
2

[
(θ̇1)

2 − v2θ(∇θ1)
2 − (µ2H2 − 2λz)(θ

1)
2
+ (θ̇3)

2 − v2θ(∇θ3)
2 − 2λx(θ

3)
2
+O

(
θ4
)]
. (4.13)

The corresponding gaps are given by,

ωq,+ =
√
2λx + v2θq

2 , (4.14a)

ωq,− =
√
µ2H2 − 2λz + v2θq

2 . (4.14b)

As anticipated, in this phase, the role of the anisotropies is that of turning the exact Goldstones
described in Section 4.2.1 into pseudo-Goldstones. Moreover, the quadratic action above is simply a free
theory for two independent real scalar fields. Consequently, it can be quantized in the standard way.

4.2.2.2 Large anisotropies: the H < Hs.f. phase

When the effects of the anisotropies are larger than those of the applied magnetic field, the background
changes, and the system undergoes a phase transition. As an indication of this, the gap of the mode in
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Eq. (4.14b) becomes imaginary, thus pointing to an instability. As anticipated, the new background is
now ⟨n̂⟩ = ẑ. In this case, the broken generators are S1 and S2, and we must parametrize the magnon
fields as n̂(x) = eiθ

a(x)Sa · ẑ, with a = 1, 2. Expanding Eq. (4.11) at quadratic order, one obtains

L =
c1
2

[(
θ̇a − µHϵabθb

)2 − v2θ(∇θa
)2 − 2λz

(
θa
)2 − 2λxδ

a2δb2θaθb +O
(
θ4
)]
. (4.15)

In this phase, the quadratic Lagrangian is not diagonal in the magnon fields, θ1 and θ2. To determine the
spectrum, we must write the linerized equations of motion in Fourier space, i.e. Mab(ω, q)θb(ω, q) = 0,
with

Mab(q, ω) = c1

[
δab
(
v2θq

2 − ω2 + 2λz − µ2H2
)
+ 2λxδ

a2 δb2 + 2 iµHω ϵab
]
. (4.16)

The dispersion relations for the magnon modes are found by requiring that these equations of motion
admit non-trivial solutions, that is to say, demanding that the determinant of the matrix above vanishes.
After doing that, one obtains the following modes:

ω2
q,α=± = µ2H2 + λx + 2λz + v2θq

2 ±
√
λ2x + 4µ2H2

(
λx + 2λz + v2θq

2
)
. (4.17)

The corresponding gaps are

ω2
0,± = µ2H2 + λx + 2λz ±

√
λ2x + 4µ2H2 (λx + 2λz) , (4.18)

which, for zero external field, are

ω0,+

∣∣
H=0

=
√
2(λx + λz) , (4.19a)

ω0,−
∣∣
H=0

=
√

2λz . (4.19b)

We can understand this spectrum using the following argument. For H = 0 and neglecting the easy-
axis anisotropy (indeed, as we will see, for NiO crystals λz ≪ λx), the ground state must have n̂x = 0,
i.e., performing rotations around the x-axis costs zero energy. There will thus be an exact Goldstone
boson associated with this residual SO(2) invariance. However, introducing even a small anisotropy
along the z-axis breaks this residual invariance, forcing the ground state along the z-direction.5 We
notice that the dispersion relations obtained in the isotropic case (4.8a) cannot be obtained taking the
limit λx,z → 0 in (4.17), since, in this limit, the background changes and the field parametrization must
be re-evaluated.

4.3 Quantization of the EFT

We are now ready to proceed with the quantization of our theory in the non-trivial case of H < Hs.f..
Lagrangian (4.15) contains both a term with a single time derivative and one with two time derivatives.
This makes it impossible to diagonalize the quadratic action by a local field redefinition. (See Ref. [154]
for a recent discussion.) This can be seen, for example, from the fact that the eigenvectors of the matrix
in Eq. (4.16) present non-analyticities in the frequency ω. In order to deal with local fields, we then
continue to work in the non-diagonal basis. In this basis, the magnon fields, θa, are not in one-to-one
correspondence with the physical magnon states, |q, α⟩, which are (approximately) asymptotic states
with dispersion relations ωq,α, given in Eq. (4.17).6 This makes the quantization of the theory in the
H < Hs.f. phase non-trivial.

5The high energy physicist would call this “vacuum selection”.
6We remind the reader that the index α = ± runs over the two possible magnon degrees of freedom.
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In the following, we will denote with aq,α the annihilation operator associated with the single
magnon state |q, α⟩, that is to say that,

a†q,α |0⟩ = |α, q⟩ , (4.20)

where the vacuum state is the one defined by the background configuration in presence of a magnetic
field, as discussed in Sec. 4.2.2. We also adopt the relativistic normalization of the one-particle states,
meaning the following commutation relation,[

aq,α, a
†
p,β

]
= 2ωq,α δαβ(2π)

3δ(3)(q − p) , (4.21)

where the ωq,α are given in (4.17). We will also work with canonically normalized fields, which are
achieved by simply replacing θa → θa/

√
c1 in Eq. (4.15).

Since the quadratic Lagrangian is non-diagonal, we have that ⟨0|θa|q, α⟩��∝ δaα . To proceed with the
quantization procedure, we first write the mode expansion of our fields,

θa(x) =
∑
α=±

∫
d3q

(2π)32ωq,α
e−iωq,αt+iq·xZaq,α aq,α

+ h.c. ,

(4.22)

where we introduced the overlap functions [e.g., 154–157], Zaq,α, which connect the θa fields to the
physical magnon state, |q, α⟩. They are defined as,

⟨0|θa(x)|q, α⟩ = e−iωq,αt+iq·xZaq,α . (4.23)

Since our theory is invariant under spatial rotations but not under boosts [157], the overlap functions
will depend on q. To determine them, we impose the equal time commutators between the magnon
fields and their conjugate momenta,[

θa(x, t), θb(y, t)
]
= 0 , (4.24a)[

θa(x, t), πb(y, t)
]
= i δab δ(3)(x− y) , (4.24b)[

πa(x, t), πb(y, t)
]
= 0 , (4.24c)

where πa ≡ θ̇a − µH ϵab θb. From the above commutators we get, respectively, the conditions,

∑
α=±

Zaq,αZb ∗q,α −Za∗q,αZbq,α
ωq,α

= 0 , (4.25a)

∑
α=±

[
Zaq,αZb∗q,α + Za∗q,αZbq,α

]
= 2δab , (4.25b)

∑
α=±

ωq,α

[
Zaq,αZb∗q,α −Za∗q,αZbq,α

]
= 4iµHϵab . (4.25c)

Imposing the equations of motion for θa, we get the further constraint,

Mab(q, ωq,α)Zbq,α = 0 , for α = ± , (4.26)

whereMab is defined in (4.16).
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Figure 4.2: The crystal structure and spin arrangements in NiO below the Néel temperature, TN ≃
523 K, are characterized by a face-centered-cubic arrangements of Ni2+ ions. The Ni2+ ions align
ferromagnetically along the [112] axis, indicated with bold dashed lines, lying within {111} planes,
depicted as colored triangular planes on the left. In this work, we consider the NiO sample in an
external magnetic field, H, that we choose oriented along the [112] axis. In the following we will adopt
a reference frame where the [111] and [112] axes, called hard and easy axes, coincide with the x- and
z-axes, respectively.

We can use the equation above to solve for one component of the overlap functions in terms of the
other. In particular, we get

Z2
q,± = i

(
v2θq

2 − µ2H2 + 2λz − ω2
q,±

2µH ωq,±

)
Z1
q,± . (4.27)

Plugging this into the constraints reported in Eqs. (4.25) one finally finds

|Z1
q,±| =

√√√√1

2
± 2µ2H2 − λx

2
√
4µ2H2(v2θq

2 + λx − 2λz) + λ2x

. (4.28)

The overall phase, common to Z1
q,α and Z2

q,α, is arbitrary.
We notice that, taking first the limit H→ 0, and then λz → 0, we get

Zaq,+ =

(
0
−i

)
, Zaq,− =

(
1
0

)
, (4.29)

as a check of the fact that, in this limit, the quadratic action reduces to a diagonal form.

To make sure of the correctness of our results, in Appendix 4.9, we rederive the overlap functions
using so-called “polology” arguments.

4.4 Matching to a short distance theory

Let us now give explicit values of the effective coefficients appearing in the effective theory. To do that,
we match some observable quantities obtained within the EFT with the same quantity as obtained from
the short distance Hamiltonian. In particular, we will focus on the case of NiO, which is of particular
phenomenological relevance [e.g., 140, 143, 150].
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In particular, the spin structure of NiO is dictated by that of its Ni2+ ions which, below its Néel
temperature, TN ≃ 523 K, are ordered in stacked parallel planes. In each of these planes, the spins are
aligned ferromagnetically, with each plane being antiferromagnetic with respect to the adjacent ones [e.g.,
134]. In crystallographic jargon these are usually called {111} planes — see Fig. 4.2. Moreover, in each
plane, the spins are aligned along the so-called [112̄] direction, as again showed in Figure 4.2. The spin
structure just described is dictated by the presence of two anisotropies in spin space. The first one is
along the direction perpendicular to the planes mentioned above, the so-called [111] direction, and is
responsible precisely for forcing the spins to lie on these planes. This is the hard axis anisotropy. The
second one, instead, is in the [112̄] direction, and is responsible for the final orientation of the spins.
This is the easy axis anisotropy.

For this material, the spins are arranged in a face centered cubic lattice with the nearest, next-
to-nearest, and next-to-next-to-nearest neighbors separated, respectively, by the following distances,

|i− j| = a√
2

(nearest) , (4.30a)

|i− j| = a (next-to-nearest) , (4.30b)

|i− j| =
√

3

2
a (next-to-next-to-nearest) , (4.30c)

where a is the cubic lattice parameter, see Fig. 4.2. As observed by neutron scattering experiments,
the next-to-nearest spin-spin coupling is by far the dominant one [150, 151], and the corresponding
Heisenberg Hamiltonian is well approximated by

H = 2
∑
⟨i,j⟩

J2 Si · Sj +
∑
i

Dx (Sx
i )

2 −
∑
i

Dz (Sz
i )

2 +O (J1/J2, J3/J2, . . . ) , (4.31)

where the sum over ⟨i, j⟩ runs only over lattice positions such that |i− j| = a, J2 is the corresponding
next-to-nearest-neighbor coupling, and J1, J3, and so on are the remaining sub-leading couplings.

Let us now proceed with the matching. The magnon speed of propagation, vθ, can be found from
the dispersion relations in Eq. (4.17) in the case of zero applied field, H = 0, since, for sufficiently
large momenta, they become degenerate and linear, ωq,α ≃ vθq. The effective coefficient c1, instead, is
nothing but the so-called perpendicular magnetic susceptibility, c1 = χ⊥, as one deduces from Eq. (5.6)
(see also Refs. [158, 159]). Its expression in terms of the short distance parameters, instead, has been
found in Ref. [129] by computing the rate of emission of one magnon by neutron scattering both within
the EFT, as well as within the short distance theory, as done in Ref. [144]. The result is

c1 =
4S2
av2θ

J2 . (4.32)

The two anisotropic couplings, λx and λz, instead, can be determined by matching the values of the
magnon gaps computed at zero magnetic field. In the short distance theory, these can be computed either
by looking at the semiclassical solutions of the Landau-Lifshitz equations, or by actually quantizing
the Hamiltonian and determining the spectrum of the corresponding magnon modes [e.g., 134]. Both
methods return the same results:

ω0,+

∣∣
H=0

= µ
√

2HE (HAz +HAx) , (4.33a)

ω0,−
∣∣
H=0

= µ
√

2HEHAz , (4.33b)

where HE , HAz, and HAx are microscopic magnetic fields built out of the parameters of the Heisenberg
Hamiltonian. Specifically, they are given by

HE =
2SzJ2
µ

, HAx =
2SDx

µ
, HAz =

2SDz

µ
, (4.34)
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Short distance Long distance
µ/µB S a [Å] HE [kOe] HAx [kOe] HAz [kOe] Hs.f. [kOe] vθ c1 [MeV/Å] λx [meV2] λz [meV2]
2.18 1 4.17 9684 6.35 0.11 46.3 1.3× 10−4 0.58 9.80 0.17

Table 4.1: Summary of the relevant parameters for NiO, both for the short distance Hamiltonian and
for the long distance EFT. All short distance values are taken from Ref. [134], except for the lattice
parameter, a, which is taken from Ref. [150]. The propagation speeed, vθ, is fitted from the dispersion
relations measured in Ref. [150]. Finally, the effective coefficients c1, λx and λz are determined from
the matching conditions in Eqs. (4.32) and (4.35). In particular, in the expression for c1 we traded
the dominant coupling J2 for the microscopic magnetic field HE. For the sake of the more high energy
oriented reader, we recall that magnetic fields in a material are typically measured in oersted (Oe). In
these units, the vacuum permeability is given by µ0 = 10−4 T/Oe.

Figure 4.3: Gaps of the lowest lying magnon modes, ω0,±, as a function of the external magnetic field.
Across the critical value, H = Hs.f., the lightest mode becomes gapless, while the higher one has a
discontinuity.

where z is the number of next-to-nearest neighbors coupled by J2, the so-called “coordination number”,
which for NiO is z = 6. With this at hand, the low energy anisotropic couplings are found to be

λx = µ2HEHAx , (4.35a)

λz = µ2HEHAz . (4.35b)

In Table 4.1, we summarize the numerical values of both the short and long distance parameters for
NiO. In Fig. 4.3, instead, we plot the gaps of the two lowest lying magnon modes of NiO as a function
of the magnitude of the external magnetic field.

Note also that the value of the critical spin-flop magnetic field can also be determined in the short
distance theory. In particular, it is given by [134],

Hs.f. ≃
√
2HEHAz , (4.36)

where the approximation comes from considering the limit HAx,Az ≪ HE . Using Eqs. (4.35), this
reproduces exactly what was found independently within the EFT, as discussed below Eq. (4.12).

4.5 The regime of validity of the EFT

As any effective theory, our EFT is valid only within certain conditions on the momenta and energies
under consideration. Indeed, the Lagrangian in Eq. (4.11) is just the leading order in a systematic
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expansion in small momenta and energies. We then conclude our discussion by determining the limits
of our EFT.

First of all, the theory is applicable as long as the wavelengths of interest are much larger than the
typical distance characterizing the microscopic system. This translates into a cutoff on the momenta
that one can consider: for momenta larger than this cutoff, one starts being sensitive to the short
distance details of the material at hand. In a lattice, the natural momentum cutoff is given by the
inverse lattice spacing, which means that our EFT is valid as long as the momenta are such that
q ≪ 1/a. As far as the energy cutoff is concerned, instead, the natural energy cutoff is given by the
dominant spin-spin coupling, i.e., the theory is valid for ω ≪ J2. Physically, this is the energy that one
must provide to the system in order to be able to completely flip one of the spins.

Moreover, our theory also accounts for the effects of explicit symmetry breaking. This can be done
consistently only as long as these effects are consistent with the regime of applicability of the EFT, and
can therefore be included in the power counting. In detail, this can be quantified by requiring for the
gaps induced by the anisotropies to be substantially smaller than the energy cutoff. This means to
require that

√
λx,z ≪ J2. Using Eqs. (4.34) and (4.35), this can be rephrased in terms of microscopic

magnetic fields, corresponding to requiring HAx,Az ≪ HE . This condition is indeed well satisfied by our
prototypical antiferromagnet, NiO (see Table 4.1).

Finally, since our setup also features an external magnetic field, we also need to make sure that
this is sufficiently small not to cause drastic changes is the short distance structure of the material.
Similarly as above, we can estimate the maximum magnetic field, beyond which the theory loses validity,
as the value for which the gap of one of the magnon modes becomes comparable to the energy cutoff.
When the magnetic field becomes large, it dominates the expression for the largest gap in Eq. (4.14),
which then become simply ω0,− ≃ µH. When this is comparable to the energy cutoff, the theory is not
applicable anymore. In other words, we must further make sure that the applied magnetic field satisfies
H≪ J2/µ. Note that, up to order one factors, this coincides with H≪ HE .

4.6 Conclusions

In this work, we have built a low energy EFT for anisotropic antiferromagnets. We showed that
the introduction of small anisotropies induces the emergence of a number of interesting phenomena,
especially in the presence of a magnetic field, which can nonetheless be studied analytically within
the regime of applicability of the EFT. This contributed to elucidate which of these phenomena are
universal, meaning that they do not depend on the precise details of the short distance physics.

Moreover, an EFT description of this class of systems can help phrase the question in a language
that can be understood from both a condensed matter and a high energy physics viewpoint. Such a
description also makes it straightforward to compute magnon scattering amplitudes, which play an
important role in determining the magnon lifetime in magnetic materials where traditional methods
encounter difficulties [160]. This is also relevant in light of recent proposals to employ antiferromagnets
as a target for light dark matter detection [129, 130, 143].

Various additional effects are, however, still left out of the present treatment. These are, for example,
the inclusion of the long distance effects of dipolar interactions between spins. These are believed to be
at the root of a richer spectrum observed in NiO, which features six additional light modes [140]. These
modes all have gaps substantially below the energy cutoff of our EFT and, thus, it should be possible
to systematically account for them. Furthermore, it is known that the magnon gaps can be varied by
straining the antiferromagnetic sample [161]. This requires a treatment which includes interactions
with phonons in our EFT. We leave these and other interesting direction for future work.
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4.7 Appendix A: On the role of discrete symmetries in ferromagnets and
antiferromagnets

We now take a moment to discuss systematically the role played by discrete symmetries and, in
particular, how to employ them in the low energy EFT to discriminate between ferromagnets and
antiferromagnets. In doing so, we will revisit some of the arguments that are typically found in the
literature, rephrasing them in a way that, in our opinion, offers a viewpoint that is fully consistent with
the proper low energy EFT ideology — see also Ref. [147].

Consider again a bipartite lattice of spins, as discussed in Sec. 4.2.1. Regardless of what magnetic
system one is actually considering, the presence of long range order is indicated by the existence of
a given order parameter, say O, which transforms linearly under the SO(3) group of spin rotations,
O →R ·O, and acquires a non-zero expectation value on the ground state, ⟨O⟩ ≠ 0. This fact alone
tells us that the original spin rotation symmetry is spontaneously broken to the subgroup that leaves
⟨O⟩ unchanged. At this level, there is no distinction between ferromagnets and antiferromagnets. In
both instances, their low energy EFT will be formulated in terms of a 3-vector field, n̂(x), such that
|n̂(x)| = 1 and ⟨n̂(x)⟩ ≠ 0. The difference arises when one wants to express the order parameter in
terms of the degrees of freedom of the short distance theory, i.e., the spins of the material. In particular,
one has

O =

{∑
i∈A Si +

∑
i∈B Si ≡M , ferromagn.∑

i∈A Si −
∑

i∈B Si ≡N , antiferromagn.
,

where M is the magnetization and N is the Néel vector.
How about discrete symmetries? As mentioned again in Sec. 4.2.1, both time reversal, T , and the

discrete rotation of 180◦ in the plane containing the spins, Rπ, flip the direction of all the spins. But
then, the order parameter also changes sign under either of these transformations,

O T−→ −O , O Rπ−−→ −O , O T Rπ−−−→ O . (4.37)

Again, this is true regardless of whether one is dealing with a ferromagnet or an antiferromagnet. It
then follows that both these systems feature the same symmetry breaking pattern, i.e. SO(3)× T →
SO(2)× (T Rπ).

The rules of the game to build a low energy EFT for either of these systems are then exactly the
same.

1. Consider the field n̂(x) such that,

◦ it rotates under SO(3), n̂(x)
SO(3)−−−→ R · n̂(x);

◦ it changes sign under either time reversal or the discrete rotation of 180◦, n̂(x) T−→ −n̂(x)
and n̂(x)

Rπ−−→ −n̂(x);
◦ it has unit norm and acquires a non-zero expectation value on the ground state, ⟨n̂(x)⟩ ≠ 0.

2. Write the most general theory for n̂(x) that is invariant under the full SO(3) and under the
combined action of (T Rπ).

3. Organize the theory in a derivative expansion.

Following this, the most general leading-order Lagrangian respecting these rules is the one reported
also in [133],

L =
c1
2
(∂tn̂)

2 − c2
2
(∇in̂)2 + c3 (∂tϕ) cos θ , (4.38)
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where θ(x) and ϕ(x) are the polar and azimuthal angles defining n̂ = (sin θ cosϕ, sin θ sinϕ, cos θ). As
shown in Ref. [133], under an infinitesimal SO(3) rotation, the Lagrangian above changes by a total
derivative, thus ensuring the invariance of the theory (modulo possible non-trivial topologies).

What discriminates a ferromagnet from an antiferromagnet then? The difference between the two
systems lies in the behavior of the magnetization. First of all, for a ferromagnet, the magnetization
changes sign under time reversal or, equivalently, under Rπ. For an antiferromagnet, instead, it does
not. Moreover, the background value of the magnetization of a ferromagnet is non-zero, while it vanishes
for an antiferromagnet.

Starting from the above low energy EFT, the magnetization is simply found as the temporal
component of the Noether current associated to the original SO(3) symmetry, i.e., the spin density.
From Eq. (4.38), one gets

s = c1 ∂tn̂× n̂+ c3 n̂ . (4.39)

Now it is clear that the only way that one has to reproduce the correct behavior of the magnetization
described above must be if c1 = 0 for ferromagnets, and c3 = 0 for antiferromagnets, thus reducing the
Lagrangian in Eq. (4.38) to the known ones for these two systems.

In light of the discussion above, we stress what we believe is an important conceptual point. The
conditions c1 = 0 or c3 = 0 do not follow from different symmetry breaking patterns distinguishing
ferromagnets from antiferromagnets. At low energies they have the same symmetry breaking pattern.
What is happening here is different. The magnetization in Eq. (4.39), which is a long distance observable,
is an output of our EFT, not an input. By comparing the behavior of s under time reversal to that
obtained from the microscopic theory of ferromagnets and antiferromagnets, we are rather performing a
matching procedure which determines the values of the effective coefficients, as per usual. Alternatively,
if we would have included the single-time derivative term in the Lagrangian for antiferromagnets, we
would have arrived at the conclusion that they have a non-zero background magnetization, which is at
odds with experiment.

4.8 Appendix B: Background and quadratic theory for a more general
magnetic field

It is interesting to study what happens to the ground state of our theory, and to its quadratic Lagrangian,
in the more general case of a magnetic field in the anisotropy plane, i.e., for H = Hcos θ x̂+Hsin θ ẑ.
For simplicity we limit ourself to the range θ ∈ [0, π/2]. In this instance, the Hamiltonian obtained
from Eq. (4.11), computed on static and homogeneous configurations, reads

H|stat.,homog. =
c1
2

[
(2λx + µ2H2 cos2 θ)n̂2x − (2λz − µ2H2 sin2 θ)n̂2z

+ 2H2n̂xn̂z sin θ cos θ
]
,

(4.40)

where again we omit irrelevant constant terms. One can verify that the background configuration that
minimizes the Hamiltonian depends on the value taken by the projection of the magnetic field along
the easy axis. In particular, for Hsin θ > Hs.f. the background is ⟨n̂⟩ = ŷ, while for Hsin θ < Hs.f. it is
⟨n̂⟩ = ẑ.

In this more general case, the quadratic Lagrangian is always non-diagonal, in each of the two phases.
The Fourier space linear equations of motion for the magnon fields are again given byMab(ω, q)θb(ω, q),
where now the kinetic matrix is given by
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Mab =

(
v2θq

2 − ω2 + µ2H2 sin2 θ − 2λz −µ2H2 cos θ sin θ
−µ2H2 cos θ sin θ v2θq

2 − ω2 + µ2H2 cos2 θ + 2λx

)
,Hsin θ > Hs.f. ,

Mab =

(
v2θq

2 − ω2 − µ2H2 sin2 θ + 2λz 2iµHω sin θ
−2iµHω sin θ v2θq

2 − ω2 + µ2H2 cos 2θ + 2(λx + λz)

)
,Hsin θ < Hs.f. .

(4.41)
Now, while neither of them is diagonal, the off-diagonal terms for the Hsin θ > Hs.f. case do not

depend on frequency. This means that the quadratic theory can be diagonalized by a simple, local
field redefinition. In other words, one can simply work with a linear combination of the magnon fields,
chosen to diagonalize the matrix. For Hsin θ < Hs.f., instead, the off-diagonal terms are frequency
dependent, and one thus need to follow the same procedure discussed in Sec. 4.3.

The spectrum of the theory is found again by requiring that the matrices above have vanishing
determinant. The final expressions can be found analytically, but they are considerably more involved
than what was found in the main text. We thus omit them.

4.9 Appendix C: Overlap functions from “polology”

To verify our procedure, we rederive the overlap functions with an alternative method, using the
so-called “polology" technique [162], in a way analogous to what has been recently done in Ref. [154,
157]. As usual for such kind of manipulations, we will be using the completeness relation,

1 =
∑
α=±

∫
d3q

(2π)32ωq,α
|q, α⟩ ⟨q, α|+ . . . , (4.42)

where the ellipsis stands for multi-particle states. The latter will not play any role as long as one is
interested in tree level S-matrix elements, for which one considers the on-shell limit of the external
one-particle states. Inserting the above relation in the time-ordered two-point function (or, alternatively,
the correlator) of the magnon field, one gets

⟨0|T
{
θa(x, t)θb(y, t′)

}
|0⟩ = ⟨0|θa(x, t)θb(y, t′)|0⟩ θ(t− t′) + ⟨0|θb(y, t′)θa(x, t)|0⟩ θ(t′ − t)

=
∑
α=±

∫
d3q

(2π)32ωq,α

[
⟨0|θa(x, t)|q, α⟩⟨q, α|θb(y, t′)|0⟩θ(t− t′)

+ ⟨0|θb(y, t′)|q, α⟩⟨q, α|θa(x, t)|0⟩θ(t′ − t)
]
+ . . .

=

∫
d4q

(2π)4
e−iω(t−t

′)+iq·(x−y)×

×
∑
α=±

1

2ωq,α

[
iZaq,αZb∗q,α

ω − ωq,α + iε
−

iZa∗q,αZbq,α
ω + ωq,α − iε

]
+ . . . ,

≡
∫

d4q

(2π)4
e−iω(t−t

′)+iq·(x−y)Kab(ω, q) + . . . ,

(4.43)

where d4q = dωd3q, |0⟩ is the vacuum in the presence of external magnetic field and anisotropies (see
Sec. 4.2.2), and we used the identity θ(t) =

∫
dω
2π

i
ω+iεe

−iωt.
Now, at tree level, the Fourier transform of the two-point function is the inverse of the kinetic

matrix, which we reported in Eq. (4.16), i.e.,

Kab(ω, q) = − i
[
Mab(ω, q)

]−1

=
−i

det [M(ω, q)]

(
δab
[
v2θq

2 − µ2H2 − ω2 + 2(λz + λz)
]
− δa2 δb22λx − 2iµHω ϵab

)
. (4.44)
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Since this is an identity between Fourier coefficients, it must hold true for any value of ω, and should
thus be solved by comparing terms with the same powers of the frequency. Specifically, setting
a = b = 1, 2, we can extract the absolute values of the overlap functions. Indeed, for a = b = 1, we get
|Z1
q,−|

2
+ |Z1

q,+|
2
= 1 and ∑

α=±
|Z1
q,α|2ω2

q,−α = v2θq
2 − µ2H2 + 2(λz + λz) , (4.45)

where ω−α = ω∓, for α = ±. Analogously, for a = b = 2, we get |Z2
q,−|2 + |Z2

q,+|2 = 1 and∑
α=±
|Z2
q,α|2ω2

q,−α = v2θq
2 − µ2H2 + 2λz . (4.46)

Therefore we find that

|Z1
q,±| =

√√√√1

2
± 2µ2H2 − λx

2
√
4µ2H2(v2θq

2 + λx − 2λz) + λ2x

,

|Z2
q,±| =

√√√√1

2
± 2µ2H2 + λx

2
√
4µ2H2(v2θq

2 + λx − 2λz) + λ2x

,

in agreement with Eqs. (4.27) and (4.28). To determine the relative phase between Z1
q,α and Z2

q,α we
write them as

Zaq,α =
∣∣Zaq,α∣∣ eiφaα . (4.47)

By taking a = 1, b = 2 in Eq. (4.44), we obtain the following equation for the relative phase,
∆φα ≡ φ1

α − φ2
α,

∑
α

i|Z1
q,α||Z2

q,α|
ωq,α

(
ω2 − ω2

q,α

) [i ω sin∆φα + ωq,α cos∆φα]

= − 2µHω

det [M(ω, q)]
.

(4.48)

Equating again terms with the same powers of ω, we find ∆φ± = ±π/2, which again agrees with
Eq. (4.27).
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5
Axion detection with anisotropic

antiferromagnets

5.1 Introduction

Direct dark matter searches for both heavy Weakly Interacting Massive Particles [e.g., 163–167] and
axions [e.g., 168–178], have so far reported null results. Concerning the axion, in particular, only a
handful of experiments have (or will have) enough sensitivity to probe the QCD axion region, i.e. the
right masses and couplings to potentially offer a solution to the strong CP problem. In order to keep
expanding the scope of our searches, and probe yet unexplored regions in parameter space, new ideas
and detection strategies are needed.

A good deal of work has been recently devoted toward taking advantage of the rich spectrum of
collective excitations featured by different condensed matter systems, trying to employ them to look for
sub-MeV dark matter scattering and axion absorption, probing new values of their possible mass [e.g.,
130, 179–202]. For a review, see [203, 204].

In this work we show that nickel oxide (NiO), a well studied antiferromagnet [e.g., 140, 205, 206],
offers an optimal target to probe the electron coupling of axion dark matter with masses in the
unexplored range ma ∼ O(0.1− 10) meV. (Other proposals valid for similar masses are [194, 195, 201].)
It has already been shown that NiO provides an ideal target also to look for sub-MeV dark matter
scattering from spin-dependent interactions [200]. Among other reasons, this is because its vanishing
magnetization ensures that the emission of multiple collective excitations (the so-called magnons) is
allowed. This enables the transfer of a large fraction of the dark matter energy even at masses as low
as the keV.

As we will argue, NiO is also very efficient at absorbing axions, with masses in the same range as
the typical energies of its magnon modes. In particular, the process of axion conversion into a single
excitation provides (at least) two resonant values for a narrowband search, corresponding to the two
lowest lying magnon modes. By tuning an external magnetic field one can also make one of the magnons
arbitrarily light, giving access to axion masses even below the meV range. The conversion into two
magnons, instead, offers the possibility for a broadband channel: the system is able to absorb axions in a
wide range of masses by simply adjusting the total energy and relative momentum of the two outgoing
excitations.

We work within an effective field theory (EFT) for the description of magnons and their interactions,
valid at low energies and long wavelengths [131, 132, 147, 207], which we extend to incorporate the rich
phenomenology of NiO [208]. In this framework, magnons are the (pseudo-)Goldstone bosons associated
with the breaking of non-relativistic spin symmetry, as induced by the antiferromagnetic ground state.
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vθ c1 [MeV/ ] µ/µB λx [ meV2 ] λz [ meV2 ] ΛUV [ keV ] ρT
[
g/cm3 ]

1.3× 10−4 0.58 2.18 9.80 0.17 0.6 6.7

Table 5.1: Parameters for the EFT of magnons in NiO [208]. µB is the Bohr magneton, and the mass
density, ρT is taken from [210]. ΛUV is estimated from [205] as the momentum for which the dispersion
relation deviates from linear by 10%. Note that while the EFT is general for any antiferromagnet with
the same symmetry breaking pattern, the value of the parameters crucially depends on the microscopic
structure of the order parameter and of the crystal.

The main advantage of this EFT is that it is completely dictated by symmetry, thus bypassing the need
for a microscopic description of the system. The intricacies of the short distance physics are encoded
in a few effective coefficients, which we match from data. This has a twofold advantage. On the one
hand, the EFT formulation allows one to clearly disentangle those phenomena that are universal, i.e.,
common to a broad class of systems, to those that are specific to a given short distance realization of
these systems. On the other hand, it helps formulating the current problem in a language that is closer
to high energy physics, thus allowing one to borrow concepts and techniques from this field.

Conventions: We use natural units, ℏ = c = 1, and follow an index notation with i, j, k = 1, 2, 3 and
a, b = 1, 2.

5.2 The EFT

We start by summarizing the EFT for magnons in NiO, which has been developed in full detail in [208].
After that, we introduce the axion, and describe how to incorporate it into the above mentioned EFT.
Throughout our treatment, we will assume to work at zero temperature, as motivated by the standard
setup for direct dark matter searches.

5.2.1 Magnons in NiO

A magnetic material can be thought of as a collection of spins arising from the elementary spins of the
unpaired electrons localized around each lattice site, with the exchange and superexchange interaction
between these electrons providing an effective coupling between different spins. In an antiferromagnet,
these couplings are such that, below a certain critical temperature, the ground state of the system
develops a long-range order, with neighboring spins antiparallel to each other and all aligned along one
direction. We take this to be the z-axis. For NiO, this happens below the temperature TN ≃ 523 K,
called the Néel temperature [e.g., 205, 209].

In this context, one can define an order parameter, the so-called Néel vector, consisting of a staggered
sum of all the spins in the material, i.e., N ≡ ∑i(−1)iSi, where Si is the spin of the i-th lattice
site and (−1)i is positive for spins on even sites, and negative for those on odd sites. In the ordered
ground state, the Néel vector acquires a non-zero expectation value, ⟨N ⟩ ∝ ẑ. From the symmetry
viewpoint, this spontaneously breaks the internal spin rotations to the subgroup of rotations that leave
the order parameters unchanged, i.e. those around the z-axis. The symmetry breaking pattern is then
SO(3)→ SO(2), and magnons are nothing but the associated Goldstone bosons. As such, they can be
described by an EFT.

A convenient way of parametrizing them is in terms of local modulations of the order parameter,
n̂ = eiθ

a Sa ·ẑ, where Sa = {S1, S2} are the broken SO(3) generators, with (Si)jk = −iϵijk, and θa(x)
are the magnon fields. The most general, lowest order Lagrangian describing magnons at low energies
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and small momenta is simply given by [e.g., 131]

Lθ =
c1
2

[
(∂tn̂)

2 − v2θ (∇in̂)2
]
. (5.1)

Here vθ is the magnon propagation speed, and it can be determined from their dispersion relation,
obtaining vθ ≃ 1.3× 10−4 [200]. The coefficient c1 can instead be matched to the parameters of the
microscopic spin Hamiltonian using neutron scattering data [200]. We report the values of all the
effective coefficients in Table 5.1.

The phenomenology of NiO is, however, richer than this. Specifically, its magnon modes actually
present a small but non-zero gap. This is due to tiny explicit breaking effects, turning the magnons
into pseudo-Goldstones. To the best of our knowledge, the microscopic mechanism generating these
gaps has not been completely understood. Data from Raman and Brillouin scattering experiments
seem to point to magneto-crystalline anisotropies and dipolar interactions between spins as the most
plausible explanation [140]. Yet, the simplest model which correctly reproduces the spectrum of the two
lowest lying magnon modes only includes two anisotropic terms with no dipole interactions, as done,
for example, in [205, 206]. These anisotropies explicitly break the internal SO(3), and are encoded in
the EFT by two additional operators [208],

Lanis = c1
[
λz n̂

2
z − λx n̂2x

]
, (5.2)

where λz, λx > 0. The anisotropic couplings can also be matched to the parameters of the microscopic
Hamiltonian [208], and their values are again in Table 5.1. The anisotropies in the x- and z-directions
are often dubbed “hard” and “easy” axis anisotropies, respectively [206].

In order to scan different axion masses, one needs to vary the magnon gap. This can be achieved
by placing the NiO sample in a constant magnetic field, which we take to be aligned with the easy
axis, H = H ẑ. This can be accounted for in the EFT by promoting the ordinary time derivative
to a covariant one in the Lagrangian (5.1), ∂tn̂ → ∂tn̂ + µH × n̂, such that the Lagrangian is now
invariant under simultaneous gauge transformations of n̂ and H, with the latter playing the role of a
vector potential. Indeed, at the level of the Hamiltonian, this procedure returns the standard Zeeman
coupling [147, 208, 211]. Here µ is the gyromagnetic ratio, again given in Table 5.1.

All together, the EFT for magnons in NiO is given by

LEFT =
c1
2

[(
∂tn̂+ µH× n̂

)2 − v2θ(∇in̂)2]+ Lanis
=
c1
2

[(
θ̇a − µHϵabθb

)2 − v2θ(∇θa
)2 − 2λz

(
θa
)2 − 2λxδ

a2δb2θaθb +O
(
θ4
)]
,

(5.3)

where we expanded in fluctuations around equilibrium.
From the solutions to the linearized equations of motion one finds that there are, as expected, two

physical magnon modes, with dispersion relations given by [208],

ω2
q,± = µ2H2 + λx + 2λz + v2θq

2 ±
√

4µ2H2(λx + 2λz + v2θq
2) + λ2x . (5.4)

The quantization of this theory is complicated by the presence of a one-derivative kinetic term,
which does not allow one to diagonalize the quadratic Lagrangian (5.3) by a local field redefinition.
The details of the quantization procedure have been developed in [208].

Importantly, as the magnetic field increases, the gaps of the + and − modes in Eq. (5.4) respectively
increase and decrease. This feature can be used to scan over different axion masses. At µ0H =
µ0
√
2λz/µ ≃ 4.62 T,1 the lightest modes becomes gapless and, for larger fields, the system undergoes a

1In the presence of a material, the magnetic field H is typically reported in oersted (Oe). In this work, we use
µ0 = 10−4 T/Oe to convert to Tesla, which is more common in the high energy literature.
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(first order) “spin-flop” phase transition to a different ground state, characterized by ⟨n̂⟩ = ŷ [e.g., 206,
208]. In this work, we are not interested in this regime. However, we notice that thermal and radiative
corrections are expected to change both the magnon dispersion relation, as well as the value of the
critical magnetic field, but not too dramatically [212]. They are also expected to induce a small gap
even at the phase transition point.

It is also interesting to note that in the absence of magnetic fields, the magnon gaps are ω0,+/− ∼√
λx/z, corresponding to O(meV) energies. This is in contrast to ferrimagnets [194], where the gaps

are O(µeV), and hence are more suitable to probe axion masses in that range.
Finally, our EFT breaks down for momenta larger than a strong coupling scale, ΛUV, when the

details of microscopic system become relevant. This cutoff can be estimated, for example, as the
momentum for which the dispersion relation sensibly deviates from linearity, indicating that higher
derivative terms in the effective Lagrangian become relevant. In the rest of this work, we always
ensure that momenta and energies are below, respectively, ΛUV and vθΛUV, the latter being the typical
microscopic energy scale.

5.2.2 Axion-magnon coupling

We are interested in the axion-electron coupling, which is ultimately responsible for the interaction
between axions and magnons. The corresponding Lagrangian is

La =
gaee
2me

∂µa ēγ
µγ5e

n.r.−−→ − gaee
me

∇a ·
(
e†nr

σ

2
enr

)
IR−−→ − gaee

me
∇a · s

(5.5)

where we first took the non-relativistic limit as described in [200] (see also [213]), with enr the non-
relativistic electron field, neglecting terms suppressed by the ratio of the axion mass to the electron
mass. In going to the second line, we used the fact that e†nrσenr/2 is the electron spin density. At low
energies, it must be expressed in the terms of the relevant degrees of freedom, which in this case are
the magnons. Note that we have neglected an additional term, which scales as the electron velocity.
For most materials, this is subleading with respect to the coupling included here. For a more detailed
discussion we refer the reader to [201, 214]. The inclusion of this additional effect is beyond the scope
of the present work.

Now, the spin density is nothing but the Noether current associated with the original SO(3)
symmetry which, given the Lagrangian (5.3), reads as

si = c1

[(
∂tn̂× n̂

)i
+ µ(H · n̂) n̂i

]
(5.6)

≃ c1
[
δia
(
θ̇a − µHϵabθb

)
− δi3θa

(
ϵabθ̇b + µH θa

)]
,

where we omitted constant terms and neglected higher order contributions in the small fluctuations.
With this at hand, and given the expression for the canonical fields reported in [208], one easily

finds the amplitudes, iM, for the axion-magnon conversions:

p q, α
= i

gaee
√
c1

me
pa

[
iωq,αZaq,α+µHϵabZbq,α

]∗
, (5.7a)

p
q,
α

k, β

= i
gaee
me

pz
[
i (ωq,α − ωk,β) ϵabZaq,αZbk,β + 2µHZaq,αZbk,β

]∗
, (5.7b)
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where α, β = ± run over the physical magnon states, with dispersion relations as in Eq. (5.4). The
coefficients Zaq,α ≡ ⟨0|θa(0)|q, α⟩ are the overlap functions between the magnon fields and the physical
magnon states. They are given by [208]

|Z1
q,±| =

√√√√1

2
± 2µ2H2 − λx

2
√
4µ2H2(v2θq

2 + λx + 2λz) + λ2x

, (5.8a)

Z2
q,± = i

(
v2θq

2 − µ2H2 + 2λz − ω2
q,±

2µHωq,±

)
Z1
q,± , (5.8b)

where the common overall phase is arbitrary.

5.3 Event rates

We can now compute the axion absorption event rates per unit target mass. For a target material of
density ρT (see Table 5.1), this is given by

R(v̂e) =
ρa

ρTma

∫
d3v f(|v + ve|) Γ(v) . (5.9)

Here f(v) is the dark matter velocity distribution in the Milky Way. To compare with other proposals,
we take this as a truncated Maxwellian as in the standard halo model, with dispersion v0 = 230 km/s,
escape velocity vesc = 600 km/s and boosted with respect to the Galactic rest frame by the Earth velocity,
ve = 240 km/s [215, 216]. We also take the axion dark matter density to be ρa = 0.4 GeV/cm3 [215,
217].

One of the advantages of employing an EFT approach like we do, and thus formulating the problem
in terms of local Lagrangians, lies in the fact that the rate Γ can now be computed in the standard way,
as explained in any particle physics textbook.

5.3.1 One-magnon absorption and directionality

For the conversion into a single magnon, momentum conservation enforces its momentum to be equal
to the axion one, q = mav. Since we will be interested in masses ma ≲ 1 eV, this momentum is always
extremely small, and can be set to zero everywhere without any appreciable corrections, as one can
check explicitly. In light of this, the absorption rate is

Γα =
πma|gaee|2

2m2
e

c1
ω0,α

∣∣vaV a
α

∣∣2 δ(ma − ω0,α) (5.10)

→ ma|gaee|2
m2
e

c1
ω0,α

∣∣vaV a
α

∣∣2 maω0,αγα(
m2
a − ω2

0,α

)2
+
(
ω0,αγα

)2 ,
where V a

α ≡ iω0,αZa0,α + µHϵabZb0,α, and we regulated the energy δ-function with a Breit-Wigner
distribution, accounting for the magnon finite width, γα. This width is roughly γα = O(1−100) µeV [218,
219], and it depends on various properties of the material, such as Umklapp scattering, temperature,
and boundary effects [219]. To the best of our knowledge, this information is not available for NiO. We
thus follow the conservative approach of [194] and treat γα/ω = γα/ma as a free parameter.

The event rate has a non-trivial dependence on the direction of the Earth velocity. This is because
antiferromagnets feature a preferential direction, as set by the order parameter. This directionality
can be exploited as an efficient strategy to discriminate between signal and background [e.g., 220, 221].
As we show, in NiO this feature is quite remarkable, with a modulation following the direction of the
Earth velocity of about 300%.
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Figure 5.1: One-magnon event rate as a function of the direction of the Earth velocity, taken to be on
the xy-plane, i.e. v̂e = cosϕ x̂+ sinϕ ŷ, at µ0H = 1 T. The rate is normalized to its minimum value,
achieved for v̂e = ẑ. Note that the minima of the curve lie very close to Rα/Rmin

α = 1. This means, for
example, that the R+ rates evaluated at ve = ẑ and ve = x̂ are very similar. This is because the V a

α

vectors have one component much larger than the other, as a consequence of the large hierarchy between
the effects due to the external magnetic field, and those due to the intrinsic anisotropies.

After averaging Eq. (5.10) over the dark matter velocity distribution, the rate depends on the Earth
velocity as

Rα(v̂e) ∝
⟨v2

⊥⟩
2

V a
α (V

a
α )

∗ +
∣∣vaeV a

α

∣∣2 , (5.11)

where v⊥ is a velocity perpendicular to the order parameter (i.e., on the xy-plane), and directionality is
due to the second term. If the axion has the right mass to emit an α = + magnon, the rate is maximum
when v̂e = ŷ, while for α = −, this happens when v̂e = x̂. In Fig. 5.1 we report the directional
dependence of the event rate. As anticipated, the signal modulation is very strong. However, we point
out that realistic materials present various domains, each with a different orientation of the order
parameter. This effect could decrease the modulation.2

In Fig. 5.2 we instead show the projected reach obtained assuming three events per year for a
kilogram of NiO, in the ideal absence of background. The total rate is given by R = R+ +R−, and we
evaluate it in the v̂e = x̂ configuration. The result obtained for the v̂e = ŷ is analogous, differing by no
more than order 1. We show results for both γα/ω = 10−3 and 10−5, with the second one being rather
optimistic and likely achievable only in very pure samples. We also scan different values of the external
magnetic field, in the range µ0H ∈ [0, 4.5] T. Crucially, when this approaches the critical value (see
Sec. 5.2.1), the one-magnon process probes lower and lower values of the axion mass, as again shown in
Fig. 5.2. This makes the H-field scanning in NiO potentially a very powerful avenue to cover a large
portion of the parameter space.

5.3.2 Two-magnon absorption

As explained also in [200], antiferromagnets offer the possibility of multi-magnon events, which are
instead strongly suppressed by symmetry in ferrimagnets [188]. In the context of axion absorption,

2We are grateful to G. Marocco for pointing this out.
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Figure 5.2: Projected reach at 95% CL for a kilogram of material and a year of exposure, assuming no
background. For single magnon absorption, we treat γα/ω as a free parameter. The one- and two-magnon
channels have been computed, respectively, for v̂e = x̂ and v̂e = ẑ. The red shaded regions are obtained
for a magnetic field varying in the range µ0H ∈ [0, 4.5] T. The same scan for the higher magnon mode
is not visible in logarithmic scale. The projections are interrupted when the energy/momenta involved
exceed the EFT cutoff. The yellow band corresponds to the QCD axion models reviewed, for example,
in [99, 222], and is stopped in correspondence to the cosmological bound determined in [223]. The white
dwarf bound is taken from [224], and the XENONnT one from [176] (see also [225]).

these allow for a broadband channel, since the system can absorb axions with different masses by simply
changing the energy and relative momentum of the multiple excitations, without the need for any
external tuning. In our EFT language, the matrix element for two-magnon absorption is in Eq. (5.7b).

In this case the magnons are effectively emitted back-to-back, p ≃ −k, since again the axion
momentum is irrelevant. This considerably simplifies the calculation of the event rate, which is now the
sum over all possible outgoing magnons R = R++ + R+− + R−+ + R−−. Moreover, contrary to the
one-magnon case, the maximum rate in this case is obtained for v̂e = ẑ. The resulting projections are
again reported in Fig. 5.2. As one can see, the absorption into two magnons provides a broadband
channel, which can be dominant when the magnons are particularly long-lived.

5.4 Conclusions

NiO can be employed as an optimal target to probe the electron coupling of axion dark matter with
masses around the meV and couplings down to the QCD axion ones, a region still experimentally
uncharted. The one-magnon channel features a strongly directional signal, which can be key to an
efficient background rejection strategy. Moreover, by varying the external magnetic field toward its
critical "spin-flop“ value, it is possible to probe axion masses that are, in principle, arbitrarily small,
thus covering a large portion of the unexplored parameter space. Finally, the excitation of multiple
magnons in the final state provides a broadband channel for axion absorption, which is the dominant
signature in samples that allow for an especially narrow magnon mode.

Our results, together with the previous proposal to employ NiO as a target for sub-MeV dark matter
scattering from spin-dependent interactions [200], make a strong physics case for the employment of
this material as a multi-purpose target for light dark matter searchers, covering a brand new region of
parameter space.
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This also paves the way to a number of further investigations. For instance, our study does not
deal with magnetic fields that are arbitrarily close to the critical point, as other effects might become
relevant when the magnon becomes sufficiently light. It is also important to understand how the
possible directional signal is affected by the presence of multiple domains in a realistic material, or if
other material might perform better than NiO (see, e.g., [226]). In this second instance, one will have to
work out another EFT, if useful. Moreover, it is known that NiO features a number of additional light
excitations [140], and that the magnon gaps can also be varied (quite a lot) by applying an external
strain to the sample [e.g., 161]. Neither of these features are currently included in our EFT, and their
implications for light dark matter searches have not been explored. In particular, if not suppressed
by possible selection rules, the other light magnon modes could provide additional channels for axion
absorption, which would allow one to cover an even larger region in parameter space. Finally, to turn
this into a concrete proposal, one must address the question of what are the observable signatures
associated with the emission of magnons in the NiO sample. This is also relevant in light of the fact
that, once a concrete detection strategy is in place, the final excluded region could be different from the
ideal one presented here. We leave these and other interesting directions for future work.
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CHAPTER

6
Highest natural scale and inflation

6.1 Introduction

Whether the Standard Model is a natural theory or not remains an open question—one that has
fueled remarkably theoretical development (see e.g. the review [227] and the references cited therein).
In a nutshell, a theory is natural if the contribution to the Higgs mass δmh arising from quantum
corrections is not larger than Higgs pole mass Mh ≈ 125GeV. However, it is less clear how to implement
the naturalness principle concretely. For example, if we assume some unknown scale of new physics
ΛNP and compute the one-loop correction to the Higgs mass coming from the top quark using cutoff
regularization, we would get δm2

h ∼ y2t /(4π)
2Λ2

NP, where yt ≈ 1 is the top Yukawa coupling. The
condition δm2

h ≲M2
h would imply ΛNP ≲ TeV. However, no new physics has been so far seen at LHC

with
√
s ≈ 14TeV. This argument invests the regulator with a physical meaning [24, 228], namely ΛNP

is the scale where the Higgs mass becomes calculable. Although this physical interpretation, quadratic
divergences are regulator-dependent artifacts and do not manifest in all regularization schemes—for
example, they are absent in dimensional regularization, where power-law divergences are systematically
set to zero.

A practical, bottom-up possibility for reconciling the naturalness principle with experimental
constraints is provided by the criterion of finite naturalness, introduced in Ref. [229] (see also [234]).
The basic idea is that we should ignore quadratic divergences in loop computations. From the UV
perspective, such an assumption may be justified in models where an infinite tower of states at the
new-physics scale cancels power divergences [235, 236], or where the Planck scale arises from spontaneous
symmetry breaking [229]. The finite naturalness principle guarantees that the Higgs mass remains small
if there are no new heavy mass particles sizably coupled to the Higgs boson. Indeed, the Standard
Model alone satisfies the criterion of finite naturalness, without demanding new physics up to the
Planck scale [229]. However, in extensions of the Standard Model that introduce particles with masses
far above the weak scale, the Higgs mass generally acquires a quadratic dependence on these heavy
scales—independent of the chosen regularization or subtraction scheme. Fig. 6.1 schematically illustrates
the finite naturalness bound in relation to the presence of a mass scale M , directly or loop-coupled to
the Higgs, as motivated by beyond-the-Standard-Model scenarios.

Hereafter, we define the Planck mass through G =M−2
Pl , and the reduced Planck mass as M̄Pl =

MPl/
√
8π.
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Figure 6.1: Finite naturalness limits for new physics scenarios. Thick blue lines show heavy states with
mass M coupled to Standard Model particles (thin black lines in loops).

6.2 The SM with a decoupled heavy scale

As a proxy for the existence of a heavy mass scale, we introduce a Dirac fermion Ψ with mass MΨ and
without direct coupling to the Higgs boson. Therefore, contributions to the Higgs running mass mH

proceeds through the exchange of virtual gravitons. The common lore is that one needs (at least) three
loops to produce an additive contribution to the Higgs running mass involving the new heavy scale [229,
232], δm2

h ∼ y2tM6
Ψ/M̄

4
Pl(4π)

6, resulting in a finite naturalness bound [232] MΨ ≲ 1014GeV.
This result is derived assuming that the Higgs boson is minimally coupled to gravity. However,

quantum fluctuations will unavoidably generate a dimension-four operator ξH†HR, even if set to zero
at some scale [237, 238]. Thus, the principle of renormalizability demands the addition of this operator
to the original action from the beginning, inducing a non-minimal coupling to gravity.

We start with the Jordan frame action

S =

∫
d4x
√−g

{
1

2

[
M̄2

Pl + ξ(h+ v)2
]
R+

1

2
(∂µh)(∂

µh)−
(
1

2
m2h2 + λvh3 +

λ

4
h4
)}

+ Sm(Ψ, gµν ;MΨ) , (6.1)

that combines the Einstein-Hilbert term (R is the Ricci scalar), the Higgs sector of the SM after
spontaneous symmetry breaking and the matter action Sm describing the Dirac fermion Ψ (decoupled
from the SM). The Higgs mass is m2 = 2λv2. We work in the unitary gauge and neglect the interaction
terms in the covariant derivatives.

The non-minimal coupling gives rise to a kinetic mixing between the Higgs and the graviton. The
propagation of these two degrees of freedom is decoupled by means of a conformal transformation

gµν → Ω2gµν , with: Ω2 ≡ 1 +
ξ(h+ v)2

M̄2
Pl

. (6.2)

Together with suitable field redefinitions, Eq. (6.2) brings the original action Eq. (6.1) into the Einstein
frame, where the Higgs field becomes indeed minimally coupled to gravity, but the scalar potential and
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the matter action are transformed (see Supplementary Materials for details). The key aspect is that
the fermion mass term becomes

−MΨ

Ω
Ψ̄Ψ , (6.3)

with Ω given in Eq. (6.2). In the Einstein frame, therefore, the Ψ mass generates a tower of interaction
terms that couples Ψ to the Higgs field. The leading correction to the Higgs mass in the limit ξ ≪ 1
comes from the following effective operator

ξMΨ

2M̄2
Pl
h2Ψ̄Ψ . (6.4)

In Supplementary Materials we also derive the same result working directly in the Jordan Frame,
showing consistency among various approaches.

At one loop, the finite contribution to the Higgs mass from the vertex Eq. (6.4) is

δm2
h = ξ

4M4
Ψ

(4π)2M̄2
Pl
, (6.5)

that gives the following bound of naturalness on the mass-scale MΨ

MΨ ≲ 1010 ξ−1/4 GeV . (6.6)

This is more stringent than the bound given in Refs. [229, 232]. Of course, Eq. (6.6) depends on
the non-minimal coupling ξ; however, it should be noted that the latter only enters with the scaling
ξ−1/4 which makes the dependence mild. Thus, even when ξ is loop generated, i.e. ξ ∼ 1/(4π)2, the
corresponding bound is MΨ ≲ 1011.

The bound in Eq. (6.6) holds also if we consider a scalar field instead of a Dirac fermion in the
original action Eq. (6.1), since the resulting mass term in going from the Jordan to the Einstein frame
will again acquire a factor Ω−1.

6.3 Application to inflationary theories.

We consider an inflaton field ϕ with canonically normalized kinetic term and potential given, at the
renormalizable level, by

V (ϕ) =
4∑

k=2

ak
k!

gk−2ϕk

Mk−4
, (6.7)

where g is some fundamental coupling, M a mass scale and ak dimensionless coefficients. We find it
advantageous to keep track of the correct powers of coupling, along with those of mass, in the various
terms of the potential. We further assume that the mass M and the Planck scale are related by the
equation gM̄Pl =M . The potential takes the form

V (ϕ) =M2M̄2
Pl

4∑
k=2

ak
k!

(
ϕ

M̄Pl

)k
. (6.8)

We further define ck ≡ ak/k!, and c̄k ≡ ck/c4. We thus rewrite our potential in the form

V (x) = c4M
2M̄2

Pl

[
c̄2x

2 + c̄3x
3 + x4

]
, (6.9)
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with x ≡ ϕ/M̄Pl. The expression in square brackets is purely dimensionless, while the dimensionful part
of the potential is completely captured by the factorized product M2M̄2

Pl. Field values are naturally
given in units of the reduced Planck mass. The potential in Eq. (6.9) is nothing but a linear combination
of monomial terms, each of which, if analyzed individually, is in tension with the upper limit on the
tensor-to-scalar ratio. To overcome this issue, we consider a specific combination that yields the presence
of an exact stationary inflection point at some field value ϕ0. In other words, we impose the conditions
V ′(ϕ0) = V ′′(ϕ0) = 0. Solving the corresponding system of equations, we write

V (x) = c4M
2M̄2

Pl

[
2x20x

2 − 8x0
3
x3 + x4

]
, (6.10)

with x0 ≡ ϕ0/M̄Pl. In this form, the model features two free parameters. The overall scale of the
potential, V0 ≡ c4M2M̄2

Pl, and the parameter x0 that controls the position of the stationary inflection
point. In particular, only x0 enters into the description of the inflationary dynamics, while V0 is an
overall normalization essentially determined by ensuring the match with the measured value of As.

Figure 6.2: Prediction in the (ns, r) plane for the model given in Eq. (6.14). We fix two characteristic
values β = 0, 10−2 while varying the parameter x0. We keep track of the latter in the color bar, treating
it as the mass of the inflaton mϕ. We require N = 55 e-folds of inflation after CMB modes exited the
horizon. Experimental constraints are shown using the Planck 2018 baseline analysis (green regions)
and including BICEP/Keck and baryon acoustic oscillation (BAO) data (blue regions), cf. Ref. [239].
We also show (purple regions) the recent results from the Atacama Cosmology Telescope (ACT), cf.
Ref. [240]. We show the 65% and 95% confidence contours. When the inflection point is exact (β = 0)
the model is in tension with BK18+BAO and ACT data.

In Fig. 6.2, we plot the model’s prediction in the (ns, r) plane for the two characteristic values of
N = 50, 60 e-folds, varying the parameter x0 (see the Appendix for details about the procedure we use
to extract cosmological observables). We keep track of the latter in the legend, treating it as the mass
of the inflaton mϕ, which we define as

m2
ϕ ≡ 4x20

(
c4M

2

M̄2
Pl

)
M̄2

Pl . (6.11)

We read the combination of parameters c4M2/M̄2
Pl directly from the measured value of As since in the
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slow-roll approximation we just have

As =
V (ϕ∗)

24π2ϵV (ϕ∗)M̄4
Pl

, (6.12)

Besides being in tension with the recent ACT data (see purple region in Fig. 6.2), this model has a
more severe problem. The slow-roll trajectory identified by the solutions analyzed in Fig. 6.2 is not an
attractor. The simplest way to convince oneself of this point is to calculate the number of e-folds. In
slow-roll approximation, we find

N = −
∫ xend

x∗

V (x)

V ′(x)
dx = −

∫ xend

x∗

x(3x2 − 8xx0 + 6x20)

12(x− x0)2
dx , (6.13)

where x∗ = ϕ∗/M̄Pl and xend = ϕend/M̄Pl. The integrand function in Eq. (6.13) features a singularity at
x = x0. Since, by construction, xend < x0, we are compelled to choose x∗ < x0 to avoid encountering
the singularity. Indeed, in the analysis leading to Fig. 6.2, we imposed the condition 0 < xend < x∗ < x0.
Clearly, there is nothing mathematically wrong in restricting our analysis to this choice. x∗ < x0.

Figure 6.3: Phase-space portrait of the classical inflationary dynamics for x0 = 15 (β = 0). The
slow-roll trajectory associated to observable inflation is indicated in solid bold black. The trajectories
marked in red are disconnected from the rest of the phase space.

We confirm the previous findings in slow-roll approximation by showing in Fig. 6.3 a phase-space
portrait of the classical inflationary dynamics, obtained solving exactly Eq. (6.34) with arbitrary initial
conditions. As a benchmark value, we consider x0 = 15. The trajectories marked in red are disconnected
from the rest of the phase space. Following these trajectories, the inflaton stops at around the inflection
point, and inflation never ends. On the contrary, all trajectories indicated with dashed black lines
converge onto the slow-roll trajectory, indicated in solid bold black, rolling along which the inflaton
first reaches the condition ϵ > 1 where the accelerated expansion ends and subsequently the minimum
at x = 0 where reheating oscillations begin.

In the next section, we show that is it possible to modify the model in such a way that slow-roll
becomes an attractor of the dynamics.
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6.3.1 Quasi-stationary inflection point inflation.

We perturb the stationary inflection point [241] allowing the cubic term in Eq. (6.10) to deviate by a
factor 1− β, i.e.

V (x) = c4M
2M̄2

Pl

[
2x20x

2 − 8x0
3

(1− β)x3 + x4
]
. (6.14)

With this expression, both V ′(x0) and V ′′(x0) are proportional to β. Thus, assuming β ≪ 1, x0

Figure 6.4: Phase-space portrait of the classical inflationary dynamics for x0 = 6 and β = 10−3. Varying
β does not qualitatively change the behaviors of the dynamics. The point along the slow-roll trajectory
which marks the transition between the continuous and dashed part corresponds to x∗, i.e. the field value
at which the CMB modes exited the horizon during inflation.

becomes an approximate inflection point. This simple generalization introduces new features into
the model. In particular, in Fig. 6.4 we show the phase-space portrait of the classical inflationary
dynamics using the benchmark value x0 = 6. At the variance with the previous case, there are no
more curves disconnected from the slow-roll trajectory, meaning that the latter becomes an attractor of
the dynamics. Hence, we conclude that in the large-field regime (x0 > 1) the inflationary dynamics
is robust against perturbations of the initial condition. However, this conclusion has to be changed
in the limit of small-field values (x0 ≲ 1). In Fig. 6.5, we show again the phase-space portrait of the
inflationary dynamics, but fixing x0 = 1. Remarkably, there are two distinct trajectories that contains
a phase of slow-roll inflation. The first one, marked in blue, acts as an attractor for trajectories with
initial position ϕ(N = 0) ≲ 2 M̄Pl, whereas the second one, highlighted in orange, is an attractor when
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Figure 6.5: Phase-space portrait of the classical inflationary dynamics for x0 = 1 and β = 1.85× 10−6.
Varying β does not qualitatively change the behaviors of the dynamics. There are two distinct trajectories
that contains a phase of slow-roll inflation, marked in blue and in orange. The red point along the blue
trajectory corresponds to x∗ ≈ 0.9992, i.e. the field value at which the CMB modes exited the horizon
during inflation. The resulting observables are ns = 0.965 and r = 2× 10−8.

the initial position is ϕ(N = 0) ≳ 2 M̄Pl. In the latter case, the slow-roll parameters are kept small
since the field goes through super-Planckian values and the quasi-inflection point in x0 = 1 does not
play any role. Indeed, the orange curve in Fig. 6.5 is qualitatively the same slow-roll phase generated
by a generic combination of monomials, incompatible with the Planck measurements. Viceversa, the
slow-roll parameters associated to the blue curve in Fig. 6.5 are small thanks to the quasi-stationary
inflection point. In this case, N ≈ 55 e-folds of observed inflation requires the CMB modes to exit the
horizon at x∗ ≈ 0.9992 (see the red point in Fig. 6.5), i.e. slightly smaller than x0. However, the latter
point is not generically reached for trajectories with initial position ϕ(N = 0) ≲ 2 and thus the model
requires fine-tuning. To clarify this property of the model, let us consider the dashed magenta curve
depicted in Fig. 6.5, which goes through x∗ and gives rise to inflationary observables compatible with
Planck data. We see from Fig. 6.5 that a small perturbation on this trajectory generates a new curve
which does not go through x∗ (even if it will generically fall onto the slow-roll trajectory in blue). These
results highlight that the small-field regime is not robust against perturbation on the initial conditions,
even if capable of reproducing experimental data.

The presence of two distinct slow-roll trajectories in the small-field regime is better understood by
studying the solutions to the equation ϵV = 1, where ϵV is defined in Eq. (6.37). It turns out that
for x0 ≫ 1 there is only one positive solution, confirming the existence of just one slow-roll trajectory.
On the other hand, for x0 ≲ 1 different solutions arise, allowing for the existence of a second slow-roll
trajectory. In particular, it is possible to analytically compute the point where the equation ϵV = 1
develops multiple positive solutions for β ≪ 1 as x0 ≈ 2.3.

6.3.2 How robust is single-field inflation?

In Fig. 6.6 we show the allowed parameter space of the model, together with different values of the
inflaton mass. In the large-field regime (x0 ≳ 1), as pointed out in the previous section, inflation is
robust against perturbations of the initial conditions. However, Fig. 6.6 shows that the corresponding
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values of inflaton mass violate the naturalness bound Eq. (6.6), resulting in a destabilization of the
running Higgs mass. To avoid this problem, we are forced to work in the small-field regime (x0 ≲ 1),
where mϕ ≲ 1011GeV. Nevertheless, we already highlighted that in this regime a successful inflationary
dynamics requires a considerable amount of fine-tuning. Furthermore, the recent results from ACT [240]
pushes the viable region in the parameter space even further into the disfavored regime, as visible
in Fig. 6.6. We emphasize that introducing a direct coupling between the inflaton and the Standard
Model, such as λϕ2h2, worsens this issue, as the bound in Eq. (6.6) would become even more stringent.

0.5 1 2 3 5 10 15
109

1010

1011

1012

1013

Figure 6.6: Parameter space of the model considered in Eq. (6.14), shown for different values of
the β parameter. We fix ξ = 1/(4π)2, assuming it is loop-generated. The resulting excluded region,
corresponding to mϕ ≳ 1011,GeV, is shown in beige. The small-field regime, x0 ≲ 2.3, is indicated in
light pink. The region of parameter space compatible with Planck data (blue/azure region), for N ≈ 55
e-folds of inflation, either lies within the region excluded by finite naturalness or falls into the small-field
regime, where inflationary dynamics requires significant fine-tuning (see Fig. 6.5). The ACT data
(purple region) further accentuate this trend. As highlighted in the discussion, the naturalness bound
depends only mildly on ξ.

6.4 Conclusions

In this work, we showed that in the limiting case of an inflationary sector Lϕ that couples only
gravitationally to the SM, fine-tuning is not an option. In particular, in the large field regime inflationary
dynamics provides a compelling dynamical solution to the origin of the observed universe. However, the
required inflaton mass – assuming a finite naturalness criterion – is in conflict with the weak scale, even
if direct couplings to the Standard Model are absent. This is because the principle of renormalizability
demands a non-minimal coupling of the Higgs to gravity, resulting in a contribution to the runnig Higgs
mass well before the three-loop diagrams previously discussed in the literature [232]. On the other
hand, a light inflation would pacifically coesist with the weak scale, but implies a considerable amount
of fine-tuning on the inflationary dynamics, as also shown in Ref. [242].

There are numerous avenues for future research. First of all, we note that although ϕ(N) and
ϕ′(N) define an effective phase space, they do not constitute canonical variables [243]. Consequently,
a rigorous quantification of the fine-tuning in the small-field regime requires introducing a suitable
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canonical measure (see e.g. Ref. [244]). Additionally, our findings might be used as a theoretical guide
for classes of models that elegantly evade the naturalness bound while still operating in the large-field
regime. In this regard, our work motivates the exploration of alternative cosmological scenarios, such
as bouncing cosmologies [245–247], and may represent a first step toward rethinking the origin of the
universe. These questions, however, are beyond the scope of the present work and are left for future
investigation.

6.5 Appendix A: Transformation from the Jordan to the Einstein frame

We start with the Jordan frame action

SEH+H =

∫
d4x
√−g

[(
1

2
M̄2

Pl + ξH†H

)
R+ (DµH)†(DµH)− V (H†H)

]
, (6.15)

that combines the Einstein-Hilbert term (R is the Ricci scalar) and the Higgs sector of the SM. The
Higgs potential is V (H†H) = −µ2H†H+λ(H†H)2 and DµH is the SU(2)L⊗U(1)Y covariant derivative
acting on the Higgs doublet. For simplicity’s sake, we omit the subscript indicating bare parameters and
fields. The potential V (H†H) induces spontaneous symmetry breaking, and, after expanding around
the minimum of the potential, we get

SEH+H ∋
∫
d4x
√−g

{
1

2

[
M̄2

Pl + ξ(h+ v)2
]
R+

1

2
(∂µh)(∂

µh)−
(
1

2
m2h2 + λvh3 +

λ

4
h4
)}

, (6.16)

where m2 = 2λv2. We only focus on the Higgs field (i.e. we work in the unitary gauge and neglect the
interaction terms in the covariant derivatives). Next, we move to the Einstein frame (further details
can be found in Ref. [248]). The Lagrangian density for the Higgs field reads

LH =
1

2

[
1

Ω2
+

3M̄2
Pl

2Ω4

(
dΩ2

dh

)2
]
(∂µh)(∂

µh)− 1

Ω4

(
1

2
m2h2 + λvh3 +

λ

4
h4
)
,

with:

Ω2 ≡ 1 +
ξ(h+ v)2

M̄2
Pl

. (6.17)

This Lagrangian density describes a non-renormalizable scalar theory. This is the prize to pay, in the
Einstein frame, for the non-minimal coupling of the scalar H to gravity – that is, a non-renormalizable
theory – in the Jordan frame. We expand the above Lagrangian up to dimension-four operators in the
field h. We find

LH =
1

2

[
1 + ξ(1 + 6ξ)v2/M̄2

Pl
(1 + ξv2/M̄2

Pl)
2

]
(∂µh)(∂

µh)

−
[
1

2

m2

(1 + ξv2/M̄2
Pl)

2
h2 +

vλ(1− 3ξv2M̄2
Pl)

2)

(1 + ξv2/M̄2
Pl)

3
h3

+
λ(1− 22ξv2/M̄2

Pl + 25ξ2v4/M̄4
Pl)

4(1 + ξv2/M̄2
Pl)

4
h4
]

+ higher dim operators . (6.18)

The field h in Eq. (6.18) is not canonically normalized. If we rescale

h→ ah , with: a ≡ 1 + ξv2/M̄2
Pl

[1 + ξ(1 + 6ξ)v2/M̄2
Pl]

1/2
, (6.19)
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we find the Lagrangian density

LH =
1

2
(∂µh)(∂

µh)−
{
1

2

m2

[1 + ξ(1 + 6ξ)v2/M̄2
Pl]
h2 +

vλ(1− 3ξv2/M̄2
Pl)

[1 + ξ(1 + 6ξ)v2/M̄2
Pl]

3/2
h3

+
λ(1− 22ξv2/M̄2

Pl + 25ξ2v4/M̄4
Pl)

4[1 + ξ(1 + 6ξ)v2/M̄2
Pl]

2
h4
}
, (6.20)

with additional higher-dimensional operators that are not shown. In the limit ξ → 0, Eq. (6.20)
reproduces the Lagrangian density of the SM describing the massive Higgs excitation and its self-
interactions in the broken phase of the electroweak symmetry. The Higgs mass is now given by

M2
h ≡

m2

[1 + ξ(1 + 6ξ)v2/M̄2
Pl]

= m2

[
1− 2ξ(1 + 6ξ)v2

M̄2
Pl

+O

(
v4

M̄4
Pl

)]
, (6.21)

and equals the tree-level Higgs mass in the SM (that is, M2
h = m2) plus small gravitational corrections.

Similarly, the trilinear and qurtic Higgs couplings take the form

trilinear: λv

[
1− 3

4
ξ(5 + 6ξ)

v2

M̄2
Pl

+O

(
v4

M̄4
Pl

)]
h3 ,

quartic:
λ

4

[
1− ξ(23 + 6ξ)

v2

M̄2
Pl

+O

(
v4

M̄4
Pl

)]
h4 . (6.22)

We now add to the Jordan frame action in Eq. (6.15) the action for a free Dirac fermion Ψ with mass
MΨ minimally coupled to gravity and decoupled from the Higgs field H. In the Einstein frame, the key
aspect is that the mass term becomes

−MΨ

Ω
Ψ̄Ψ , (6.23)

with Ω given in Eq. (6.17). If we expand Ω−1 and rescale the field h according to Eq. (6.19), we find

MΨ

Ω
Ψ̄Ψ =

MΨ

(1 + ξv2/M̄2
Pl)

1/2

{
1− ξvh

M̄2
Pl[1 + ξ(1 + 6ξ)v2/M̄2

Pl]
1/2

− ξ(1− 2ξv2/M̄2
Pl)

2M̄2
Pl[1 + ξ(1 + 6ξ)v2/M̄2

Pl]
h2 +O(h3)

}
Ψ̄Ψ . (6.24)

In the Einstein frame, therefore, the Ψ mass generates a tower of interaction terms that couples Ψ to
the Higgs field. The leading term that survives, as expected, even if we take the limit v → 0, is the
effective operator

ξMΨ

2M̄2
Pl
h2Ψ̄Ψ , (6.25)

which destabilizes the Higgs mass.

6.6 Appendix B: A Jordan Frame Analysis

It is possible to obtain Eq. (6.5) working directly in the Jordan frame. For the sake of simplicity, we
focus directly on terms quadratic in h. We further assume gµν = ηµν + κ lµν , where κ ≡ 2/M̄Pl. Since
we are interested in the naturalness problem that arises in the present universe, we expand around a
flat background. It is straightforward to generalized the discussion to an FRLW background, relevant
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for early-universe considerations. The main difference would be a shift in the pole Higgs mass due to
the cosmological constant contribution, but the analysis about quantum corrections still holds.

At first order in κ, the graviton-scalar mixing induced by the non-minimal coupling is described by
the term √−g ξ

2
Rh2 = κ

ξ

2
(lµα∂µ∂α − l□)h2 , (6.26)

where l = ηµν lµν . The overall graviton-scalar interaction can be written as

√−gL(1)H =
κ

2
lµνTµν , (6.27)

where Tµν is the effective energy-momentum tensor associated to the scalar field, i.e.

Tµν = −∂µh∂νh+ ηµν

(1
2
∂αh∂

αh− 1

2
m2h2

)
− ξ(ηµν □− ∂µ∂ν)h2 . (6.28)

The corresponding amplitude is

−iκ
2

[
p1µp2ν + p1νp2µ − ηµν(p1 · p2 −m2) + 2 ξ

(
ηµν q

2 − qµqν
)]
, (6.29)

and the associated Feynman diagram is

p2

p1

q
µν

Figure 6.7: Feynman diagram for the graviton-scalar vertex.

The fact that the non-minimal interaction sources a contribution that involves only qµ, the graviton
momentum, is understood by noticing that the derivatives in Eq. (6.26) can be conveniently carried on
lµν , up to irrelevant boundary terms. The only diagrams that gives a contribution ∼M4

Ψ/M̄
2
Pl is the

following tadpole

q

p p

Figure 6.8: Tadpole contribution to the Higgs propagator.

Due to momentum conservation only the zero graviton modes mediate this tadpole, leading to an
infrared divergence. We regularize this object by assuming q2 ̸= 0 and subsequently taking the limit
q2 → 0. The contribution to the Higgs-self energy is then

iΣgrav =
iκ2

2(4π)2
1

q2
M2

ΨA0(M
2
Ψ)
(
3ξq2 +m2

H

)
. (6.30)

As expected, the contribution coming from the standard vertex, obtained in the minimally coupled
case, is proportional to m2

H and thus vanishes if we send m2
H → 0. On the contrary the contribution

from the non-minimal coupling cancels the soft graviton momentum at the denominator, leaving a finite
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contribution for q2 → 0, and does not vanish in the m2
H → 0 limit. Thus, the additive contribution to

the running Higgs mass is again

δm2
H ∼ ξ

1

(4π)2
M4

Ψ

M̄2
Pl

(6.31)

in agreement with Eq. (6.5).
Finally, we point out that an alternative way to cure the infrared divergence in Fig. 6.8 is to use a

cosmological constant [249]. Indeed, an additional term
√−gΛ gives at fist order the following vertex

proportional to ηµν

Figure 6.9: Counterterm generated by the addition of a cosmological constant.

Thus, the constant Λ can be fine-tuned in such a way that the tadpole (without including the graviton
propagator) vanishes. However, this works only in the minimal case, since Λ can cancel only a constant
quantity and not a momentum-dependent one. Therefore, the contribution proportional to ξ in Eq. (6.30)
will unavoidably survive.

6.7 Appendix C: Inflaton dynamics and relation to cosmological observ-
ables

For the sake of clarity, let us take advantage of this point to define our notation. The Hubble rate is
H ≡ ȧ/a, with ˙≡ d/dt where t is the cosmic time and a the scale factor of the flat Friedmann-Lemaître-
Robertson-Walker (FLRW) metric ds2 = dt2 − a2(t)dx⃗2, with x⃗ comoving coordinates. The e-fold time
N is defined by dN = Hdt. The Hubble-flow parameters ϵi (for i ⩾ 1) are defined by the recursive
relation

ϵi ≡
ϵ̇i−1

Hϵi−1
, with: ϵ0 ≡

1

H
. (6.32)

As customary, we simply indicate as ϵ the first Hubble parameter, ϵ ≡ ϵ1 = −Ḣ/H2. Instead of the
second Hubble parameter ϵ2, sometimes it is useful to introduce the Hubble parameter η defined by

η ≡ − Ḧ

2HḢ
= ϵ− 1

2

d log ϵ

dN
, with: ϵ2 = 2ϵ− 2η . (6.33)

Using the number of e-folds as time variable, the inflaton equation of motion reads

d2ϕ

dN2
+

[
3− 1

2M̄2
Pl

(
dϕ

dN

)2
][

dϕ

dN
+ M̄2

Pl

d log V (ϕ)

dϕ

]
= 0 , (6.34)

and, in turn, the Hubble parameters take the form

ϵ =
1

2M̄2
Pl

(
dϕ

dN

)2

, η = 3 +
M̄2

Pl(3− ϵ)V ′(ϕ)

V (ϕ)(dϕ/dN)
, (6.35)

while the Hubble rate is related to the inflaton potential by means of the Friedmann equation

(3− ϵ)H2 = V (ϕ) . (6.36)
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We indicate the slow-roll approximation of ϵ and η + ϵ as ϵV and ηV . We have

ϵV (ϕ) =
M̄2

Pl

2

(
V ′(ϕ)

V (ϕ)

)2

, ηV (ϕ) = M̄2
Pl

V ′′(ϕ)

V (ϕ)
. (6.37)

As is well-known, the comparison of the theory’s predictions with cosmological observables in the
slow-roll limit consists of three steps.

∗ By imposing ϵ = 1, we find the field value at the end of the accelerated phase of inflationary
expansion, ϕend.

∗ Integrating dN = Hdt in field space, we find the duration of inflation in the interval (ϕend, ϕ∗).
In the slow-roll approximation, we have

N = − 1

M̄2
Pl

∫ ϕend

ϕ∗

V (ϕ)

V ′(ϕ)
dϕ . (6.38)

We indicate with ϕ∗ the field value at which the long-scale CMB modes exited the Hubble horizon
during inflation. By requiring N ∈ (50, 60) e-folds of inflation, we extract ϕ∗ using Eq. (6.38).

∗ Finally, we compute

ns = 1 + 2ηV (ϕ∗)− 6ϵV (ϕ∗) , r = 16ϵV (ϕ∗) , (6.39)

and compare with cosmological data.
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