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Abstract

This thesis investigates the formal aspects of applying the quantisation techniques
developed in Loop Quantum Gravity within a cosmological context. Its principal
contribution is the proposal of a novel symmetry-reduction procedure that defines
the cosmological sector of the Ashtekar-Barbero-Immirzi formulation of General
Relativity for arbitrary cosmological models. Crucially, this method preserves the
local SU(2) gauge symmetry, thereby enabling a quantisation scheme closely aligned
with Loop Quantum Gravity, in which spin-network states on suitably symmetric
graphs arise naturally.

Loop Quantum Gravity is regarded as one of the most promising candidates
for a theory of quantum gravity, primarily owing to its prediction that geometric
quantum operators associated with area and volume have discrete spectra. The
application of the loop quantisation scheme to cosmology leads to Loop Quantum
Cosmology. Although Loop Quantum Cosmology has achieved significant success
in predicting novel and intriguing phenomena, its reliability has been questioned,
particularly concerning its consistency with the full Loop Quantum Gravity theory.

The original contributions of this thesis begin with an extension of the Loop
Quantum Cosmology framework to more general cosmological models not thoroughly
examined in the literature: the non-diagonal models, which are relevant to the
Belinski-Khalatnikov-Lifshitz conjecture. We show that these models can be quan-
tised through a minor modification of the standard approach, introducing angular
variables that describe the directions of cosmic expansion. In this framework, the
fate of the internal SU(2) symmetry is analysed, revealing that the minisuperspace
approximation effectively Abelianises the theory: the Gaufl constraint reduces to
three independent Abelian constraints, equivalent even at the quantum level.

To restore the local SU(2) gauge symmetry, we need to move beyond the
minisuperspace approach. To achieve this, we develop an appropriate geometric
framework by employing principal bundle theory and emphasising the role of spin
structures in the description of both the Ashtekar variables and the associated
constraints. We apply the framework to cosmology, defining a precise notion of
homogeneity for the Ashtekar connection that is consistent with Wang’s theorem.
This enables us to construct the classical cosmological sector while preserving the local
SU(2) gauge symmetry. Furthermore, we explore the properties of the moduli space
of homogeneous Ashtekar connections, uncovering significant topological features
that help address typical issues concerning the quantisation of gauge field theories.

Finally, we propose a novel interpretation of a class of theories often claimed to
incorporate quantum-gravitational effects in an effective manner: the Generalised
Uncertainty Principle theories. We introduce a semiclassical framework in which
such models are described as symplectic manifolds endowed with a non-standard
symplectic structure, conjecturing a link between modified symplectic geometry and
the quantum-deformed Poisson algebra. Applying this formalism to constrained
theories, with particular attention to cosmological scenarios, we demonstrate that
the deformation is consistent with symplectic reduction and thus compatible with
the imposition of constraints.
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Introduction

General Relativity profoundly transformed our understanding of space and time,
revolutionising both physics and our conception of the Universe. Since its formulation
by A. Einstein [78], the theory has received continuous and striking experimental
confirmation. Among the most notable recent achievements are the detection of
gravitational waves [128] and the direct imaging of a black hole [162]. Mathemat-
ically, General Relativity intertwines physical intuition with geometric structure.
Spacetime is modelled as a four-dimensional Lorentzian manifold, while gravity itself
is understood as a manifestation of the curvature of this manifold, determined by the
metric tensor. The dynamics are governed by the Einstein Field Equations, which
link the geometry of spacetime to the distribution of mass and energy.

Despite its extraordinary successes, General Relativity is incomplete. The theory
ceases to be predictive in the presence of singularities, where physical quantities
diverge. Far from being mere mathematical artefacts, S. Hawking and R. Penrose
demonstrated that singularities are robust predictions of the theory, formalised in
the celebrated singularity theorems [141, 109]. These results establish that physically
reasonable spacetimes inevitably contain singularities under certain conditions. As
singularities appear precisely in regimes of extremely high curvature and energy
density, it is natural to expect that quantum effects should play a fundamental role
in resolving these pathologies.

The canonical programme of Quantum Gravity was outlined by P.A.M. Dirac [76,
77] and developed further by J.A. Wheeler and B.S. DeWitt [74], who formulated a
functional equation governing the wave function of the Universe. Although concep-
tually pioneering, this approach faced severe technical and conceptual difficulties,
most notably in defining an appropriate Hilbert space structure and well-defined
quantum states.

A major advance came with the introduction of new variables by A. Ashtekar [12,
13]. The Ashtekar-Barbero-Immirzi formulation recasts General Relativity as an
SU (2) gauge theory, formally analogous to a Yang-Mills theory but dynamically equiv-
alent to Einstein’s gravity. This reformulation paved the way for the development
of Loop Quantum Gravity (LQG), a non-perturbative and background-independent
approach to quantisation. The quantisation is based on holonomies of the connection,
non-local functionals of the gauge field similar to Wilson loops [62], and fluxes of the
densitised triad. This construction leads naturally to a Hilbert space of L?-functions
over the space of connections, with a basis labelled by algebraic structures known as
spin networks, which play a central role in the theory [145, 148].
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The great success of LQG lies in the emergence of a discrete quantum geometry
from an underlying continuum theory. The spectra of geometric operators such
as area and volume are discrete, with the smallest non-zero eigenvalues of the
order of the Planck scale [147, 21, 22]. This remarkable prediction provides the
first consistent picture in which spacetime itself has an atomistic structure at the
quantum level. While ambiguities remain in the precise definition of the Hamiltonian
operator [146], the regularisation scheme proposed by T. Thiemann [163, 164, 165]
provides a consistent framework for writing the quantum FEinstein equations in
the canonical setting. Complementary to the canonical programme, a covariant
formulation via spinfoam models has also been developed [143, 31], offering a path-
integral perspective on quantum spacetime dynamics (for a comprehensive review see
[142, 150]). In this thesis, however, we shall restrict our attention to the canonical
framework.

Cosmology offers a natural testing ground for candidate theories of Quantum
Gravity. In its simplest form, cosmology implements the cosmological principle in
General Relativity, assuming a spatial homogeneous and isotropic Universe: that
the Universe looks the same at every point at a given cosmic time. This symmetry
reduction drastically simplifies the Einstein Field Equations while still capturing
the large-scale dynamics of the Universe [137, 138]. Yet, in the framework of the
standard ACDM model, early-universe cosmology remains puzzling. Inflationary
dynamics erase most information about the very early Universe [136], but a singularity
persists at the beginning of time [109]. It is precisely in this regime that quantum
gravitational effects are expected to dominate.

The application of LQG techniques to cosmology leads to Loop Quantum Cos-
mology (LQC) [27]. LQC provides a quantisation of symmetry-reduced cosmological
models and offers one of the most striking results in the field: the classical Big Bang
singularity is resolved and replaced by a Big Bounce [46, 24, 25, 26]. Beyond singu-
larity resolution, LQC predicts corrections to inflationary dynamics and potential
observational imprints in the Cosmic Microwave Background (for a review [14]). Fur-
thermore, methods developed in LQC extend beyond cosmology, with applications
to gravitational collapse and black hole physics [50, 151, 93, 84]. The formalism has
also inspired related approaches such as Polymer Quantum Mechanics (PQM) [71],
which can be framed within the broader context of Generalised Uncertainty Principle
(GUP) theories [129, 130, 116, 117].

Nevertheless, the robustness of LQC has been questioned, particularly regarding
its precise relation to the full LQG theory [63, 69, 54]. Concerns may be raised
about whether the phenomena predicted in LQC are genuine consequences of LQG
or artefacts of the minisuperspace reduction. A central issue is the loss of the
non-Abelian SU(2) gauge symmetry in the standard LQC framework. Despite the
progress achieved in LQC over the years and the rich phenomenology that has
emerged, its reliability in relation to LQG remains uncertain, representing one of the
major open questions in the field. This thesis addresses this problem by proposing a
formulation that restores the gauge symmetry and recovers spin-network states in a
cosmological setting.

Before turning to the original contributions, the thesis also provides a review of the
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essential background material. In Chapter 1, we recall the Hamiltonian formulation
of General Relativity, beginning with the ADM formalism and then recasting General
Relativity as a theory of connections by introducing spin connections and Ashtekar
variables. This sets the stage for the emergence of an SU(2) gauge symmetry at
the phase-space level. Chapter 2 discusses the canonical quantisation programme of
Loop Quantum Gravity, emphasising its mathematical structure and making use
of techniques from Lie theory commonly employed in constructive Quantum Field
Theory [104] (for a brief overview of these concepts, see Appendix A). In particular,
we review the discrete spectra of the geometric operators and the implementation
of quantum dynamics. Chapter 3 introduces cosmology, clarifies the meaning of
homogeneity and isotropy in this framework, and explores the implications of the
loop quantisation scheme. The central results of Loop Quantum Cosmology are
presented, together with their connections to GUP theories.

The original contributions of this thesis are organised into three main parts.
First, we investigate the generality of the LQC approach when extended to more
general cosmological models not yet systematically studied in the literature, namely
the so-called non-diagonal models, in which the axes of cosmic expansion rotate
during the time evolution. We show that a straightforward generalisation of the
standard LQC construction is admissible: the fluxes can be quantised as in the
diagonal case, yielding a comparable kinematical description, while additionally
incorporating the angular variables that specify the directions of expansion. At the
same time, we exclude alternative scenarios that have been proposed in the literature,
thereby reinforcing the robustness of the Ashtekar school’s approach in this broader
setting. This analysis is presented in Chapter 4. Furthermore, in Chapter 5, we
carry out a detailed investigation of the role of gauge symmetry in these models,
showing how the minisuperspace reduction effectively “Abelianises” the theory. We
establish that the quantum constraints associated with the gauge freedom form an
Abelian algebra, and that their implementation yields the same Hilbert space as in
the standard gauge-fixed theory.

The second part focuses on restoring the SU(2) gauge symmetry, which is typically
lost in the minisuperspace approach underlying LQC. We begin in Chapter 6 with
a rigorous characterisation of the Ashtekar-Barbero-Immirzi formulation in the
language of principal fibre bundles. This requires the introduction of advanced
mathematical structures, most notably the spin structure, which proves crucial in
providing a geometrically consistent interpretation of the theory. We extend this
analysis to the phase space, clarifying the role of spin connections and highlighting
the geometric subtleties often overlooked in the physical literature (cf. Appendix B
for an introduction to principal bundles in physics). Building on this framework,
in Chapter 7 we propose a new procedure for symmetry reduction in cosmology.
This construction yields a reduced phase space that retains a local SU(2) gauge
symmetry, thereby recovering the non-Abelian character of the full theory within
the cosmological context. Importantly, this reduction allows us to quantise the
theory using the standard loop quantisation scheme. In doing so, we find that spin-
network states naturally exhibit peculiar symmetries reflecting the classical notion
of homogeneity, and at the same time they provide a direct link with the quantum
states studied in LQC. In addition, we provide a detailed analysis of the moduli space
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of homogeneous connections modulo gauge transformations. This is carried out in
Chapter 8, where we compute explicitly the moduli spaces associated with different
cosmological models. Remarkably, these spaces exhibit particularly favourable
topological properties: they are finite-dimensional topological manifolds (possibly
with boundary), with contractible connected components, and their structure depends
solely on the underlying symmetry of the cosmological models. These properties
overcome several of the usual difficulties associated with moduli spaces in gauge
field theory, such as singularities and the absence of regular measures, allow for a
rigorous implementation of the quantum theory in cosmology.

Finally, in Chapter 9 we provide a complementary perspective by investigating
the classical formulation of theories incorporating a Generalised Uncertainty Prin-
ciple. Using the framework of symplectic geometry, we derive precise and general
consistency relations for the phase-space functions controlling the deformation of
the Poisson structure. This approach allows us to formulate the conjecture that a
GUP theory is consistently implementable at the classical level if and only if the
corresponding quantum commutators satisfy the Jacobi identities. We then apply
this framework to analyse GUP theories with constraints, including two physically
relevant cases: constraints interpretable as momentum maps, and Hamiltonian con-
straints. Particular attention is devoted to the cosmological setting, where we show
that the induced deformations are well controlled and persist under the reduction of
the phase space.

In summary, this thesis develops a rigorous mathematical framework for the
cosmological sector of Loop Quantum Gravity, identifies the correct role of spin
structures in the Ashtekar-Barbero-Immirzi formulation, and explores the interplay
between Loop Quantum Cosmology and GUP classical theories within a geometric
scheme.

The present thesis is mainly based on the following original research works

e M. Bruno, and G. Montani, "Loop quantum cosmology of nondiagonal Bianchi
models", Phys. Rev. D 107, 126013 (2023).

e M. Bruno, and G. Montani, "Is the diagonal case a general picture for loop
quantum cosmology?", Phys. Rev. D 108, 046003 (2023).

e M. Bruno, S. Segreto, and G. Montani, "Generalized uncertainty principle
theories and their classical interpretation’, Nucl. Phys. B 1009, 116739 (2024).

e M. Bruno, "Fiber bundle structure in Ashtekar-Barbero-Immirzi formulation
of General Relativity', J. Geom. Phys. 214, 105537 (2025).

e M. Bruno, "Cosmology in loop quantum gravity: symmetry reduction preserv-
ing gauge degrees of freedom", Class. Quantum Grav. 42, 185009 (2025).

e M. Bruno, and G. Peluso, "Moduli space of spin connections on three-dimensional
homogeneous spaces". Preprint at arXiv.2507.06104 (2025).



Chapter 1

Hamiltonian formulations of
General Relativity

General Relativity is the dynamical theory of the gravitational field. In its geometric
interpretation, the gravitational field is described by a Lorentzian metric g on a
four-dimensional manifold M called spacetime. The fundamental equations of the
theory are the Einstein Field Equations, in the vacuum they read

1
Ricg — §Rgg + Ag=0.

Where Ric, is the Ricci tensor of g, R, its scalar curvature, and A a dimensional
scalar constant known as cosmological constant. This equation can be derived by a
variational principle, but generally does not admit a Hamiltonian formulation. The
Hamiltonian formulation can be provided under some assumptions of regularity of
the spacetime M and using the Arnowitt-Deser-Misner formalism. The Hamiltonian
formulation is needed to construct a phase space and proceed with the Canonical
Quantisation [75, 112] of the gravitational theory. For the rest of the text, we
consider A = 0.

1.1 Geometrodynamics and canonical variables

To construct a Hamiltonian theory of General Relativity, it is necessary to introduce
the ADM formalism [10]. This formulation requires a globally hyperbolic spacetime,
specifically a time-orientable Lorentzian manifold that admits a Cauchy surface [110].
Let M be a globally hyperbolic spacetime, Geroch’s theorem [92] ensures that M is
homeomorphic to R x ¥, where 3 is a three-dimensional manifold. In particular,
there exists a smooth surjective function f : M — R such that ¥; = f~1(¢) is a
Cauchy surface homeomorphic to ¥ for all ¢ € R. The collection .# = {¥;}icr
clearly defines a foliation for M, in fact, for each point p € M, there exists a system
of local coordinates {z#} such that each ¥; is described locally by the equation
20 = const.

Considering the splitting M = R x X, we can give a set of coordinates in a neigh-
bourhood of p = (¢, ) as 2° = 29(¢), while 2% = 2%(x) coordinates on X. Moreover,
TM = TR x TX, so, on every point, this choice induces a basis of tangent vectors
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compatible with the splitting T, M = T;R & T, X, in particular J,0|; € T¢R and
Ogaly € Ty

In this case, the function of Geroch’s theorem is the projector to the first fac-
tor f = pr;. This function determines the vector field n = df*/||df||, where
f: T*M — TM is the musical isomorphism [124] and || - || is the norm induced by
the metric g. This vector field is, for each fixed ¢ € R, the unit normal vector of ;.
From this, we can write the following linear combination

0y = Nn + N%9,.

The functions N (t,z) and N%(t,x) are called lapse function and shift vector respec-
tively. These functions, together with the induced Riemannian metrics ¢ on ¥y (we
omit the dependence of g on t), characterize the metric g at each point of M

8ab = Gabs  80a = N’ap, 800 = —N? + N*N'qq,

The other geometric quantity that describes the geometry of the hypersurface >,
together with ¢, is the extrinsic curvature K. Consider the Levi-Civita covariant
derivative of the unit normal vector Vn € QY(M, TM), we can define the Weingarten
map k : TYX; — TY; X — Vxn that is a linear endomorphism on the tangent space.
In this way, we can define the extrinsic curvature as the quadratic form K on T,
defined by K(X,Y) = q(k(X),Y), VX, Y € T, %;.

From the Einstein-Hilbert action [113], we can derive the ADM Lagrangian [11]
using the Gaufl equation for the scalar curvature in a Ricci flat spacetime, which
links the scalar curvature of g and the one of ¢, namely

Rg = Rq + |K|2 — (trg k)%, (1.1.1)

where | - |, and tr, are the norm and trace induced by ¢. From which, we can
derive the Hamiltonian H and the conjugate momenta II(x), II,(z), and P®(z) to
N(z), N*(z), and qup(z), respectively, obtaining

IT =0,

I, =0,

ab __ ’N’ / ab _ _abycc (112)
P - KIN det(Q) (K q Kc) )
H=! / &z (AIL+ A°IL, + N°H, + |N|H),
b

where k = 16mGy/c? is a constant proportional to the Newtonian constant of
gravitation Gy, A, A, are Lagrangian multipliers, and

H, = _2QaCDbeca

K (1.1.3)

1
H=—F—= (qac%d - %%b%d) pebped - det(q)Rq-

Vdet(q)

The canonical Poisson brackets between configuration variables and their conjugate
momenta are the following:

{N(t,2),T1(t,9)} = 6P (z,y)
{N°(t,2), Ty (t,y)} = 6561 (, ) (1.1.4)
{Qab(t7 ‘T)a PCd(t7 y)} = 5€a61?)6(3) (.CC, y)
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The lapse function and the shift vector have then trivial dynamics. Moreover, their
conjugate momenta are subject to the primary constraints

MM=0, II,=0.

The dynamical consistency of the primary constraints, namely their trivial evolution
under dynamics, yields two secondary constraints called the spatial Diffeomorphism
constraint and Hamiltonian constraint, respectively:

H,=0, H=0. (1.1.5)

From here, we can see that General Relativity is a fully constrained Hamiltonian
system. Indeed, H = 0 on the solutions of the constraints.

Since the lapse function and the shift vector are just Lagrangian multipliers of the
secondary constraints with trivial dynamics, we will consider the ADM phase space
to consist of pairs (gup, P“b), where ¢qp is a 3-metric and P is a symmetric tensor
on Y, together with the spacial Diffeomorphism and Hamiltonian constraints.

On this phase space the smeared constraints H(f) = Js Hof*and H(f) = [ Hf
form the so-called Dirac algebra [75]

{H(), H(F)} = cH(L:),
{H(f), H(f)} = cH(Lzf), (1.1.6)
{H(f), H(f)} = cH((fdf' — f'df)").

)

1.2 Gravity as a theory of connections

The metric formulation is not the only approach to General Relativity. Using the
connection 1-forms as configuration variables, it can be expressed as a gauge theory.
The main ingredient of a gauge theory is the gauge group. The vierbein formalism
naturally encodes the correct gauge group of General Relativity. This gauge group
is SO(1,3), then, in other words, General Relativity has a local Lorentz symmetry,
according to the equivalence principle. On a globally hyperbolic spacetime, one can
perform a splitting into an SO(3) gauge theory for any fixed time.
A vierbein is an object, with a coordinate index = 0,1,2,3 and an internal index
a=0,1,2,3, e} such that g, = nagel‘jef . The internal index is covariantly derived
using the spin connection 1-form wz‘ﬁ , requiring

Dyey = ey, — 1,65 +w, Bef =0. (1.2.1)

urvco

Here, I'7,, are the usual Christoffel symbol. General Relativity can be reformulated
in terms of ef; and its inverse e;. The internal index « can be raised and lowered
using the Minkowski metric 1,5 = diag(—1,1,1,1). The contraction e, = ek0, is a
orthonormal frame of tangent vector fields, while e = ejjdx* is its dual frame. We
can check that the covariant derivative induced by the spin connection is the usual
Levi-Civita one

X = (0, X" + TV, X%)da! @ 0, = (€50, X" + XPOyely + efTV, XP)edda! @ eq
= (0, X" + (e20ue + T pefed) XP)dat @ eq = (0,V + wisX)dat @ ea,
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Indeed, the spin connection is metric-compatible and torsionless. This formulation
can be adapted to the ADM splitting in the following form

o (N 0\ , (% O
€ ©wo (Naefl ei) y €q = <_N1 ei (122)

a

where g = 51-]-626{;. In this case, the e’ (called dreibein) emulates the role of the
vierbein in the three-dimensional setting, and its inverse ef is called triad. The
internal index is ¢ and the coordinate index is a. Moreover, a three-dimensional
version of (1.2.1) holds. This choice for e, commonly referred to as the time gauge
in physics, is a specific choice and not the most general one. However, it reproduces
a canonical construction in mathematics related to embedded hypersurfaces. In
particular, its form can be deduced from the canonical embedding of the orthonormal
frame bundle of the hypersurface into that of the entire manifold. A brief discussion
of this geometric relationship between the vierbein and the dreibein is provided in
Chapter 6, where we will introduce the proper mathematical language. The time
gauge breaks the local Lorentz symmetry by fixing the temporal component of the
vierbein to be normal to ¥; and the spatial components to lie in its tangent bundle.
For this reason, its role in the quantum theory has been discussed by many authors
(e.g., see [7, 67, 68, 142] and references therein).

Using the dreibein, we can extend the ADM phase space. It is clear that the relation

Qab = 5ijeiei (1.2.3)

is invariant under local SO(3) rotations of the dreibein el Oj-e{;. We can encode
this data in the dreibein by considering an su(2)-valued 1-form e’ 7;, called solder
form. Here, 7; are the generators of the Lie algebra su(2), they are proportional
to the Pauli matrices 7; = —%O‘i, and satisfy [, 7j] = €17, We recall that SU(2)
acts on its algebra via the adjoint representation Ad : SU(2) — GL(su(2)), and, in
the basis of the generators, this action is given by a rotational matrix. Thus, this
description introduces an SU(2) gauge symmetry in the Hamiltonian formulation of

the theory considering as phase space variables the pair (e, KJ'?), where K ;-’ = ngg.

It is possible to introduce a new pair of conjugate variables (A%, E¢), called
Ashtekar-Sen connection and electric field (or densitised triad) [12, 13]. They can
be written in terms of extended ADM variables as

A, =T, + K, (1.2.4)

E¢ = | det(e])] ef. (1.2.5)
where T, = %ei i jw({k , with w¥ being the spin connection of the dreibein e’. When
B is a real parameter, the formulation exhibits an SU(2) redundancy; namely,
we find that, under local rotations, E¢ transforms like the dreibein, while A%
transforms like a connection. In particular, we can interpret the Ashtekar-Sen
connection as an SU(2) gauge field (known as the Ashtekar-Barbero-Immirzi-Sen
connection, in alphabetical order) [34]. In this case, 3 is called the Barbero-Immirzi
parameter. Moreover, inverting the above relation, we can reconstruct the ADM
variables, and this reconstruction is compatible with the gauge freedom. Indeed,
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there exists an SU(2) gauge freedom in the choice of the pair (E¢, A%) associated
with the same (gup, Kqp). Due to the SU(2) redundancy, an additional constraint
arises, characteristic of Yang-Mills theory: the Gaufl constraint, which contains the
structure constants of the gauge group. Thus, on this new phase space, the following
constraints are present

Gy = D E9 + EijkAZLEg7 (1.2.6)

Va = Eszciba (127)
. . imn 0 Fb

S = (Fiy — P e ju(A] - To)(Af — T ) S (128)
| det(E)|

called Gauf}, Vector, and Scalar constraints, respectively. Here, F éb = (’LA%) — AL+
€ jkAgAlg is the curvature of the Ashtekar-Sen connection, while I'?, as function of
E¢, is a homogeneous rational function of degree zero of E¢ and its derivatives (cf.
Eq.4.2.18 in [166]), and S is the Barbero-Immirzi parameter that appears as a free
parameter in the Holst action [115]. It is worth noting, indeed, that these variables
and the constraints can be derived by the Holst action [114].

The fundamental Poisson brackets make the phase space P, composed by the pairs
(E#, A}), a symplectic manifold, rigorous constructed in Chapter 6

Bk

{B2 (@), Aj)} = 05662, (1.2.9)

The algebra of the smeared constraints on P can be obtained by considering an
equivalent deformation of the Vector one D, =V, + A!,G;

{D(X), (X’)}: % (LXX) (1.2.10)
{D(X),S(f)} = -ZS(Lx f),
(S(), S}y = ZED((fdf — f'df)f) + BEG(A(fdf — f'df)F).

The smearing functions have compact support to avoid issues with integrability on
open manifolds. Namely, A € C2°(X,s5u(2)), X € X.(X), and f € C(X). On this
phase space two gauge group acts: the SU(2) gauge group G = C*°(X%,SU(2)), and
the diffeomorphism group Diff(X). Considering g € G, the action, as previously
stated, is

A Adj1A+g'dg, Ev Ady1 E,

where A = Al 1;dz?, and E = GabcE 7;dz® A dz¢. While the diffeomorphisms act
via pullback, let ¢ € Diff(¥),

A oA, Ew— o*E.

The Gaufl and Vector constraints are the infinitesimal generators of the gauge
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transformations on the phase space, indeed,

{G(A), A} = —dA — [A, A],
{G(A)vE} = [Aa E]a

(1.2.11)
{D(X),A} = LxA,
{D(X),E} =LxE.
where [-, ] are the Lie bracket of su(2). Notice that, using the Cartan magic formula,

we can compute Lx A = (X0, Al + Ai@aXb)ndxa, while LxE = %eabc(XdadEZ@ -
E304X + E¢04X ) 1idxb A dz¢. As already stated, from P we can reconstruct the
ADM phase space with the correct Poisson brackets, and so the proper constraints
algebra. To be more precise, the following theorem holds

Theorem 1.2.1. Consider the phase space P with Poisson brackets as in (1.2.9)
and constraints algebra (1.2.10). Then, solving only the Gauf§ constraint leads back
to the ADM phase space together with the spatial Diffeomorphism and Hamiltonian
constraints Hy, = Vy|a,—0 and H = S|g,=0.

This theorem has a clear mathematical interpretation in the setting of symplectic
geometry, as explained in Chapter 6.
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Chapter 2

Loop Quantum Gravity

Loop Quantum Gravity presents a successful way to implement Canonical Quantisa-
tion in the context of diffeomorphism-invariant theories of connections with local
degrees of freedom [23]. The program started from the construction of a peculiar
algebra on the phase space in Ashtekar variables: the holonomy-flux algebra. Then,
an auxiliary Hilbert space of the theory is built as a representation of this algebra
[19]. On this auxiliary Hilbert space, we implement the constraints as in Dirac’s
procedure, finding the physical Hilbert space as the common kernel of the quantum
operators associated with the constraints [99]. The states in the auxiliary Hilbert
space turn out to have remarkable properties; in particular, they decompose on a
basis of states labelled by a continuous family of algebraic objects known as spin
networks [145, 148]. This theory addresses one of the most significant aspects of
quantum gravity: the quantisation of geometry, manifested in the discrete spectra of
geometrical operators such as area and volume [147]. However, the implementation
of the Scalar constraint poses some issues and ambiguities, leaving still open the
quantisation program [165].

2.1 Holonomy-flux algebra

The holonomy-flux algebra B is analogous to the Heisenberg algebra for Quantum
Mechanics. The starting point is the definition of holonomy h.(A), which, given a
connection A and a curve c: [0,1] — X, associates an element of SU(2) satisfying

the equation
d

ds
where c4(t) = ¢(st). This equation describes the inverse of the parallel transport.
An explicit solution to this equation can be given by

hC(A) . li </01 ds: /811 dsy- - - /S:_l dsy, A(sl)A(Sg) ... A(Sk)> .

The first factor of the holonomy-flux algebra 3 is a peculiar class of functions on the
space of smooth SU(2) connections .4 which is canonically a Lagrangian submanifold
of the Ashtekar phase space, the so-called cylindrical functions. Before that, we
need to give a pair of definitions

he,(A) = he, (A)A(é(s)), (2.1.1)
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Definition 2.1.1. e A curve cis a continuous, piecewise semianalytic, embed-
ding map c: [0,1] — X, such that ¢([0,1]) is contained in a compact subset of
3.

o An edge e is an equivalent class of a curve ¢ semianalytic on [0,1]. Two
semianalytic curves ¢, ¢’ are equivalent if ¢(0) = ¢/(0), ¢(1) = ¢/(1) and they
are identical up to semianalytic reparametrization.

e A graph 7 is a collection of edges that intersect at most at their endpoints,
called vertices v. The set of vertices of a given + is indicated by V(v), while
the set of edges is E(v).

The collection of the all possible edges € is a groupoid with composition [c]o[¢/] =
[co ] if ¢(1) = ¢(0), and inverse [c] ! = [¢!]. The composition of curves co ¢ is
defined by coc/(t) = ¢(2t) for t € [0, 4] and co ¢/(t) = ¢/(2t — 1) for ¢ € [5,1], while
the inverse is ¢~!(¢) = ¢(1 — t). The holonomy has some remarkable properties with
respect to these two operations

L. hejocy (A) = he, (A)hc2 (A)v
2. he1(A) = he(A)™1
We can now define the cylindrical functions:

Definition 2.1.2. A function f: .4 — C is said to be cylindrical over a graph =, if
there exists a function f,, : SU(2)EMI — C such that f = f+ © py, where

py: A — SU(2)IFMI
A = {he(A)}ecr()-

We say f is r-times differentiable if f, is it with respect to the canonical smooth
structure of SU(2)FMI. The space of r-times differentiable cylindrical functions is

indicated by Cyl"(A).

The space of smooth cylindrical functions Cyl®(A) is a subspace of the space

CY(A) of continuous functions with compact support on A, and it is an algebra over
C with product the pointwise product of functions.
Thanks to the Poisson structure (1.2.9), we can construct vector fields on P with a
non-trivial projection on A acting like a derivation on C'(A). These vector fields
are generated by the electric flux. Given a piecewise analytic surface .S in X, the
electric flux of £ on S, smeared by a function v € C*(3,5u(2)) is

YJ(F) = /Seabcl/iEgdxb A dz€. (2.1.2)

The action as a derivation of Y& : P — C on Cyl*°(A) is induced by the Poisson
bracket

Ye[fl ={Ys, f}- (2.1.3)
The collection of fluxes varying S and v forms a vector subspace of X(A). The
Poisson bracket with a cylindrical function can be computed explicitly knowing the
Poisson bracket with the holonomies, indeed

v af’y({he’}e’GE('y))
g, 1= >
S c€E(7) 8(he)mn

{Ysl‘/v (he)mn}’he(A)'
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For the sake of simplicity, we can consider the graphs over which the cylindrical
functions are defined adapted to the surface S. Namely, the graph contains only
edges of three kinds: completely outside the surface, completely lies in the surface,
and intersects the surface only at its beginning point. An accurate analysis, involving
a proper regularization for the J-function, shows that the Poisson bracket with the
holonomy reads as

(Y&, he} = Fe(e, S)v(e(0))he, (2.1.4)

where €(e, S) takes value 0 if the edge e lies inside or outside the surface, and +1 if
the orientation of e intersecting S is according or not with the orientation of S. The
action of the cylindrical functions can be written simply as
v Bﬁ %
V=0 Y ele Smle()RLf, (21.5)

e€E(%)
where we introduced the right and left-invariant vector fields on the copy of SU(2)
associated with the edge e, acting as a derivation on cylindrical functions via

) d .
(Refy)({he feery) = %‘tzof'Y({he’}E’;ﬁeaetﬂhe)a

' d
(Léfw)({he/}e/EE(’Y)) = %’tzofv({he’}e’;éea heetn).

These operators satisfy commutation relations [R¢, R] = —¢;;,RF and [Li, Li] =
Eijkng- We now have all the ingredients to properly define the holonomy-flux algebra.

Definition 2.1.3. The holonomy-flux algebra 3 is a Poisson-Lie *-algebra, realized
as the subspace of C°(A) x X(.A) given by the pairs (f,Y¥), where f € Cyl*™(A)
and Y{¢ is an electric flux vector field. The involution is just the complex conjugation,
and the Poisson-Lie brackets are

[, &), (F,Y8)] = (YEIF] - YE 1. [v8, Y40)

As the phase space P, this algebra admits an action via automorphisms of the
symmetry groups G and Diff(3). In particular, it is possible to combine them in
a unique semidirect product group & = G x Diff(X), in which the product of two
elements is (g,).(¢',¢') = (- (¢’ 0 ), p 0 ¢’). The two groups have a left action on
the holonomies given by

he = 9(e(0)heg(e(1) ™, he — Py
The &-action can be extended to the whole algebra by considering the following
action « on the pairs

ag(£,Y%) = (£,({g(e0)heg(e(1) Seen), Y4 ")

ap(f,Yg) = ((fw({hw(e)}eeE(V))’Y;(osw)il) :

To find the representations of such an algebra, analogously with Quantum Mechanics,
we need to introduce the corresponding Weyl algebra, which has the huge advantage
that it can be represented by bounded operators on some Hilbert space. We refer to
this algebra as the quantum holonomy-flux algebra 2.

(2.1.6)
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Definition 2.1.4. The Weyl elements are defined for each fixed ¢ € R as
WY (S) = exp(thYy).

The algebra 2l is generated from all elements f € Cyl®>(A) and Weyl elements
associated with all possible electric flux vector fields Y¢'. The involutive operation is

[*=F,and (WY(8))" = W2,(S) = W,(8) = (W (S)~".
The Weyl relations follow from the Lie bracket of . Explicitly, they are
[f. f1=0,
v v -1 - v t%u(e(O))
W (S)fW(8)— =Wy (S)[f] = fy({e™7 he}eek (),

WY (SYWY (S) (WX (S)) ™" = exp <yh >y (tgm [yg,ys%’](m)> .
m=0

Here the multiple commutator are defined by recursion [Y& ,Yé’,’](o) = Y¥ and
[Ybl”j’ Ysl'/’/](erl) = [YSZ’/7 [Y§7 YSI'j’/}(m)]'

We can now develop the representations of the algebra 21. At the moment, only
one representation has been found. It constitutes the auxiliary Hilbert space of Loop
Quantum Gravity and is presented in the next section. We conclude this section with
the main theorem about the representation of holonomy-flux algebra, the so-called
LOST-F theorem [126, 85]

Theorem 2.1.1. There is a unique, semi-weakly smooth, &-invariant state on 2.
Moreover, the corresponding cyclic GNS representation is irreducible.

Without delving into the GNS construction (cf. [104], for a comprehensive
treatment of these techniques in Quantum Field Theory), this theorem ensures that
the action of & is implemented unitary on the carrier space Hgqyz of the representation,
and there exists a unique vacuum in Hg,, which is invariant under the action of &.
This vacuum is called the Ashtekar-Lewandowski vacuum.

2.2 Spin network Hilbert space

In this Section, we discuss the properties of the Hilbert space of the theory and
implement the Dirac’s procedure to find the physical states.

We need to introduce the quantum configuration space, a proper generalisation of
A, that can be thought of as a distributional extension. The quantum configuration
space is the space of generalised connections A = Hom(%, SU(2)), defined as the
set of homomorphisms from the groupoid of the edges in SU(2) [168]. The set of
cylindrical functions Cyl(A), as in its straightforward generalisation, extends the
holonomy-flux algebra on the space of generalised connections.

The space A offers advantages from a functional analysis perspective. Using the
projective limit technique [20], it is possible to equip A with a natural topology,
resulting in a compact Hausdorff space. On such a space, it is thus possible to define
a regular Borel measure g, while on A, since it is a Fréchet space, a linear Borel
measure cannot exist.
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Definition 2.2.1. The Ashtekar-Lewandowski measure pg on A is the unique
regular Borel measure induced via the Riesz-Markov representation theorem by the
functional Ay : Cyl(A) — C defined by

Ml = [ e TL dnnhfy(hekecr). (22.1)

ecE(v)
Where pp is the Haar measure on SU(2).

For further details on the Haar measure and harmonic analysis on Lie groups,
see Appendix A. Finally, we have a candidate for the Hilbert space of the quantum
theory, namely Hauz = L*(A,dpg). The sets Cyl"(A) are dense in this space.

Theorem 2.2.1. Consider Haur = L*(A,duo) together with a map © : P —
L(Cyl'(A)) given by

(f)b = fob,
m(Yg)p = ihYg[y].
Thus, (Hauz, ™) is a representation for 2.
We can thereby introduce the spin networks and the spin-network states:

Definition 2.2.2. A spin network is a quadruple

§= (’Ya {]e}eGE {me}eeE {ne}eGE )

composed by a graph 7, with each edge e labelled with a triple of numbers (je, me, ne)
where j. is an half-integer spin quantum number and m., n. are magnetic quantum
numbers. Given a representative 7; from each equivalence class of finite-dimensional
irreducible unitary representation of SU(2), a spin-network state of s is a function

e A—C; A H V2je + Drgzne

e€E(y)

Where D%Z)ne (he) are the elements of the D-Wigner matrix associated with the
irreducible representation ;, .

By Peter-Weyl theorem (cf. Appendix A), the spin-network states form an
orthonormal basis for L2(A, dyug). Moreover, as anticipated, on this Hilbert space,
the symmetry group & acts via a unitary irreducible representation. In par-
ticular, we are interested in a slight modification of the original groups. Simi-
larly to the quantum configuration space, we define the generalised gauge group
G = [lbex SU(2) = SU(2)®, which is the collection of generic maps from ¥ to
SU(2). This space is compact because of Tychonoff’s theorem. While we need to
restrict the diffeomorphisms to preserve the semianalytic structure, yielding the
semianalytic diffeomorphism group Diff*(X). The representation U:6— B(Hauz)
on spin-network states is derived by the action (2.1.6)

= I v2e+ 1050 (9(e(0)heg(e(D) ™),
ecE(v) (222)
U(SDWS = ¢gp(s)v SO(S) = (@(7)) {jtp(e) = je}> {mcp(e) = me}v {nap(e) = ne})'



16 2. Loop Quantum Gravity

Notably, the Ashtekar-Lewandowski measure is invariant under &-action since the
functional Ay is it. Indeed, since the Haar measure p g is bi-invariant on SU(2), we
obtain

Ro(0(9)f) = /S veyey L (o) (o(e(O)heg (1) M ecir)

c€E(7)
SU@2)IE® 1;[( dpn (g )" heg(e(1)) fy({heteer ()
~ JsuEom 1;[( dperi (he) [ ({he}ec(y))-

Then, for the diffeomorphism, it is just a matter of relabelling

AO(U(QO)f) = /SU(Q)IEW(“/))I H d,LLH(he)fgo(’y)({he}eGE(cp(v)))

e€E(p(7))
= ({he
SU(2)IEG)] El;[( dper (he) fy({heteer(s))-

This ensures the unitarity of the representation.

We construct now the quantum operators associated with the constraints. Dirac’s
procedure demands finding the states annihilated by the constraints to define the
physical Hilbert space. This procedure has been revised in the operator algebra and
functional analysis setting by the Refined Algebraic Quantisation (RAQ) [99, 98]. In
RAQ), the constraints admit a common dense domain D C Hyy, on which they are
self-adjoint. However, not always do the annihilated states live in D; for this reason,
we look for distributional solutions, analogously to the eigenvectors of position and
momentum in Quantum Mechanics. The mathematical construction is built upon the
"generalised" Gel’fand triple, a sequence of set-theoretical and topological inclusion

D C Houe C D'

Where D’ is the algebraic dual of D, namely the space of linear (not necessary
continuous) functionals on D equipped with the topology of pointwise convergence,
we used the Riesz isomorphism to identify the Hilbert space Hgue with its continuous
dual H},,,. The solutions to the constraints are now elements in D’. The hypothesis
of RAQ is that there exists a "projector" on the solutions called rigging map:

Definition 2.2.3. A rigging map is an antilinear map n : D — D’ such that:

« Q)] = n()[¢] for all ¥, ¢ € D,
« n(¥)[¥] =0 for all ¢ € D,

o forany O € O, one has 5(O¢)[¢] = n(1)[O¢] for all 1, ¢ € D, where O denotes
the algebra of observables (i.e. linear operators on Haux such that D C Dom(O)

and D € Dom(O")) that commute with the constraints.
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The rigging map allows us to define the physical Hilbert space of the theory as

Hpnys = D/ ker(n) (2.2.3)

where the closure is taken with respect to the norm induced by the positive semidef-
inite Hermitian form (¢, 1) = n(¢)[¢)] on D. Indeed, since the left and right radical
of the Hermitian form are both equal to ker(n), the form passes to the quotient,
defining an inner product

<¢phys|¢phys>'thys = 77(¢) WL (2'2'4)

where ¢pnys, Ypnys are the equivalence classes of ¢,v9 € D, respectively. However,
this program can be only partially applied in LQG since the rigging map can
be constructed explicitly using the group averaging technique [97] only when the
symmetry group of the theory is a locally compact Lie group. Thus, we will need an
adaptation of this approach.

The quantum Gauf constraint is defined for any fixed A € C*°(X, su(2)) by the
Poisson bracket

G(A)f =im{G(A), f}
It is in fact possible to interpret the Gaufl constraint as a vector field on A, and
then as a derivation on Cyl!'(A) obtaining

0fy

(G} =5 X (AelO)he = heAe(D)] g0 —

e€E(y)

Thus, the respective operator is densely defined, self-adjoint on Cyl!(A)

> R- Y Lf. (225

e€E(v); v=e(0) ecE(y);v=e(1)

i 2
cwyr="2 3 A

veV(y)

It is easy to show that this family of operators satisfies the quantum version of the
algebra (1.2.10)
A A / 7’/66%3 A /
[G(A), GA)] = ==~ G([A, AT]). (2.2.6)

Considering D = Cyl'(A), in this context, it is possible to apply the group averaging
technique and provide a rigging map as

n:D D /gdmg)w, 0(g))-

This map has range in D, realizing gauge-invariant states as a finite linear combination
of a special class of spin-network states. These spin-network states are the ones
invariant under the action of G, which can be constructed explicitly.

Definition 2.2.4. We say a linear map is equivariant if it is a linear morphism
between two representation spaces of the same group. E.g., given two irreducible
representations (W1, 7;,) and(V72,7j,) of SU(2), a linear map I : V71 — V72 is
equivariant if o j, = m;, o I.

An intertwiner is an equivariant map from some representation space V of a group G
into the trivial representation. We indicate the collection of such maps as Invg(V).
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We recall that intertwiners do not always exist. For SU(2), given two irreducible
representations m;, and j,, InVSU(2)<Vj1 ® V72) #£ ) if and only if j; = j2, while
InVSU(Q)(le ® V2 ® V13) #£ ) then ji,jo, js must satisfy the triangle condition

|71 — j2| < js < ji+ Jo, in this case the intertwiner is a tensor Iﬁ{}%é%s that can be

written in terms of Wigner’s 3j-symbols, characterized by

Z Z Z I1233) | 31my )| joma)|jzms) = |00).

mi1=—j1 m2=—j2 M3=—7J3

For an arbitrary number of irreducible representations, I € Invgy o) (V' @ ... @ Vi*)
is characterised by the following property with respect to the Wigner’s D-matrices
Z G- ]k)D(Jl) . 'ngk) — JU1Jk) (2.2.7)

ni..ng mi..mg"*
N1, Ng

Definition 2.2.5. The gauge-invariant spin network states are finite linear com-
binations of spin-network states, labelled by a triple (fy,j, D ). Where + is a graph,
j is a collection of spin quantum numbers {je}, one for each edge e € E(y), and
I is a collection of intertwiners {I,}, one for each vertex v € V(v), such that
I, e IHVSU(Q)(V‘jEI ®...® V), where ey, ..., e are all the edges with an endpoint
in v.

The gauge-invariant spin network states span the subspace of solutions of the
Gauf constraints in Hays, which is isomorphic to L2(A/G,dug) [30]. In gauge-
invariant spin network states, we can not consider 2-valent vertices; indeed, a
2-valent vertex is the endpoint of exactly two edges carrying representations j; and
Ja, respectively. For the existence of the intertwiner, it must be j; = jo, and the two
edges can be considered as part of the same edge carrying the representation j; = js.

The Diffeomorphism constraint needs a different approach. Indeed, it is not
possible to quantise directly the constraint since its action is not well-defined on
cylindrical functions. The infinitesimal transformation of the holonomy under
diffeomorphisms ¢; generated by a vector field X € X(X) is

d

1
% hc((p:A) :/0 d3hc([o,s})(A)ﬁXAhc([s,l])(A)~ (2.2.8)

t=0

This action does not provide a cylindrical function; moreover cannot be generalised
to A € A since Lx A is not defined in that case. This is a consequence of the fact
that the representation of Diff“(3) in Eq.(2.2.2) is weakly discontinuous, hence does
not admit infinitesimal generators. We then study the finite action of the group,
noticing that, by construction, the diffeomorphism quantum constraint algebra is
free of anomalies

U)U(@)U(e YU ) =TUlpop optog™)

In this case, defining a rigging map is still possible, but it requires a more subtle
analysis. We are looking for the algebraic distribution [ € D’ such that

1U(p)f) =1U(f), Ve e Diff*(%), f € Cyl>®(A) (2.2.9)



2.3 Quantum geometry and quantum dynamics 19

Since every element of D’ can be written as a infinite sum I = > ¢5(¢s, -), it is clear
that cy(s) = ¢s. Introducing the orbits [s] = {¢(s) |¢ € Diff*(X)}, we expect the
rigging map satisfies, for some positive real number ¢,

n(ths) = cig)ljs]> where lig = Y (1hs, ).

s€|s]

Since Diff*(X) is a Fréchet Lie group, it does not admit a Haar measure. However,
we can consider it equipped with the discrete topology, so then the counting measure
is trivially bi-invariant. Unfortunately, the map

Vs — Z <[7(‘P)¢Sa )

©EDIff* ()

does not define an element of D’ because the sum involves the same element uncount-
ably many times. That is, there are uncountably many different diffeomorphisms
that leave invariant the graph v, and so the spin network s. Nevertheless, we
notice that the action (U(¢)ts,1y) = 0 for all ¢ € Diff“(X) if [s] # [¢/]. Thus,
it is possible to decompose the space Hqy, into sectors related to [s]. Specifically,
studying the strongly diffeomorphism-invariant observables, namely operators O
that satisfy U(p)OU (¢ 1) = O for all ¢, the Hilbert space Hqyz splits into mutually
orthogonal superselection sectors labelled by knot classes of graphs [v] (i.e., graphs
whose ranges are related by diffeomorphisms). So that, picking a representative
4 for each knot class [y] and choosing for each v a diffeomorphism ¢, such that
©~(¥) = 7, we define the rigging map applied on the spin-network states as

nWs) = ey 2o . (Ule)U()U (@5 0)ts ) - (2.2.10)

YE[Y(8)] 0€65(s)

Here, &, is the group of graph symmetries [23] defined as the quotient of the isotropy
group IDiffy(3) of v by the group of diffeomorphisms TDiffy (%) that act trivially
on v. Every element ¢ in such a group is associated to a class of diffeomorphisms
¢o € IDiffy (%) /TDiffy (X), which have the same action on 7. The coefficients c|)
are arbitrary positive real numbers. They may be constrained by further requests
on graph-changing strongly diffeomorphism-invariant observable, yet yielding huge
ambiguity in developing the RAQ program.

Setting aside the ambiguity in the rigging map, we can construct the Hilbert
spaces of invariant states under gauge and diffeomorphism transformations. We
usually refer to this space as the kinematical Hilbert space Hp;,, and to the related
constraints as kinematical constraints. The basis of H;, is labelled by equivalent
classes of gauge-invariant spin network [s] related by diffeomorphism, often called
s-knots. The ambiguity is reflected in the possible inequivalent choices of a scalar
product on this space.

2.3 Quantum geometry and quantum dynamics

The main result of Loop Quantum Gravity at the kinematical level is the quantisation
of geometry. This is made clear by the geometric operators of area and volume,
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which can be well-defined in the theory and present discrete spectra [147, 21, 22].
For the sake of completeness, we briefly present the construction and the spectrum
of the area operator, which represents the main result of the LQG program so far.

Let us consider a semianalytic oriented surface S C X given by the embedding
t: ¢ < X of a compact oriented 2-dimensional manifold ¢. Given a Riemannian
metric ¢ on X, we can easily compute the area as S as

Ax(S) :/dvﬁq:/nSJqu,
S S

where dV, is the volume form of the Riemannian metric ¢, ng is the normal vector
field to S, and _ is the interior product [124]. Given a set of coordinates %',%? on g,
we can describe classically the area in terms of the electric field

Ax(S) = [ Py [3nE ) () B () ES ) (23.1)

Consider now a partition % of ¢ by closed subsets U with open interior. The idea is
to approximate the integral (2.3.1) by the Riemann sum

Ar(S) = 3 O E(U))E; (u(U)),

Uew

and then consider the limit through finer and finer partitions. Here, £;(.(U)) is
the electric flux on the surface ((U) as defined in (2.1.2) with v/ = §/. Since the
electric flux is a well-defined self-adjoint operator on Cyl'(A), the square root is
meaningful in the sense of functional calculus. Let us now consider v adapted to the
surface S, and let P, g be the collection of isolated points of intersection between
edges of v and S. For a refined-enough partition, every +(U) contains at most one
of such points. Hence, for such partitions, the area operator depends only on the
intersections, and the limit becomes trivial

— B2 3 \
Ar(S)f = TP NS ( > e(e,S)Rg> fy - (2.3.2)
eckE

zEPy 5 i=1 (7), z€0e

The operator so constructed is a positive semidefinite, essential self-adjoint operator
on Cyl?(A). We end up with a well-defined geometric operator which encodes
topological information of S (since it depends only on the number of intersection
points with the graph of the quantum state). Furthermore, we can claim that we
have successfully quantised the geometry (at least at the kinematical level) because
the spectrum of this operator is purely discrete, and independent of .S

e ez — — —
o (Ax(9)) =1 7 V214 1) + 252072 + 1)~ Jalja + 1 (2.3.3)
s.t. j1,J2, 73 € 5N, |51 — jo| < s < j1+ jo

From the spectrum, we can clearly see that the theory yields an area gap. The
smallest non-zero eigenvalue is obtained for j; = j3 = % and jo =0

_ V388
%

Ao (2.3.4)
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The area gap is order of Planck length square, as one expects from naive consideration
about quantum effects in gravity, and explicitly depends on the Barbero-Immirzi pa-
rameter, making evident the reason to consider positive real values of the parameter.
For the volume operator, one can follow a similar route. Starting from the classical
expression of the volume for a compact 3-dimensional submanifold R C ¥

1 .
Vol(R) :/Rqu:/RdB:U \/?)!ezﬂkeabcEfEé?Eg. (2.3.5)

One can proceed by quantising fluxes to arrive at the expression

Vol(R)f =45 > TG > eleee)e i RIRLRE, | f,. (2.3.6)
veV(y)NR ’ e,e’ e’ €E(y),
eNne’Ne’’ =v
This is a densely defined, positive semidefinite, and essential self-adjoint operator
on Cyl3(A/G). Tt can not be diagonalised in a closed form, but it can be shown
that its matrix elements depend explicitly on the Wigner’s 3j-symbols, namely on
the intertwiners of the considered state. This operator will play a major role in the
construction of the Hamiltonian operator.

The Hamiltonian operator is the quantisation of the Scalar constraint. Finding
the kernel of the Hamiltonian operator is the main task of the Canonical Quantisation
program of General Relativity, since it defines the physical Hilbert space of the theory.
It is a particularly complicated task since the Hamiltonian constraint is tremendously
non-linear (actually non-polynomial), and needs regularisation, which is a source of
ambiguities. We are going to present an implementation of the Hamiltonian operator
called Thiemann’s regularised Hamiltonian constraint operator [163, 164], in which it
is defined as a graph-changing operator on Hqq, regularised via the introduction of
a natural triangulation of the manifold 3. This triangulation should not be regarded
as a cut-off or a discretisation of the theory, since it depends on the quantum states
themselves, which are constructed from a continuum theory, as previously shown.
To support this interpretation, one can introduce a control parameter ¢ for the
regularisation and demonstrate that, in the limit ¢ — 0, Thiemann’s regularised
Hamiltonian constraint operator is well-defined. In fact, due to the diffeomorphism
invariance of the states in Hp;,, the operator ultimately does not depend on «.
The construction of the Hamiltonian operator starts from the classical expression of
the volume V for the whole manifold 3. In case 3 is open, we can define the integral
via a limit over an exhaustion by compact sets R,, C ¥, namely V' = lim,,_, o, Vol(R,,).
This starting point comes from noticing the following key identity

Br € B} (x) Ej(z)
2 det(q)

= 2e%(V, Al ()}, (2.3.7)

that allows us to hide the non-polynomiality introduced by the factor 1/4/det(q) into
the Poisson bracket. Moreover, looking forward to the quantisation, the volume is a
well-defined operator, while the Poisson bracket will be replaced by the commutator.

Following [166], we quantise a multiple of the scalar constraint H = ﬁS =8 26;“1 Hp—
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Hp, which is, for convenience, divided in two parts: an Euclidean part Hg, that is
the Hamiltonian constraint for Euclidean General Relativity, and a Lorentzian part
Hj. The Euclidean constraint can be written as

1 o 2 \2 ; i
H - _7}71 ijEaEb = () achZ A7,7 V . 238
PE ey @ B = ) ¢ Falde V) (2:35)

The remaining part of the Scalar constraint, namely the Lorentzian part, involves
terms in the extrinsic curvature SK! = A —I"". To enable the definition of a proper
quantum operator, we need to integrate its trace on X

K = / dr K ES. (2.3.9)
b
Noticing that %"K i ={K, A'}, the Lorentzian part is written as
¢I"EYEY 2
Hy = —eim K K ———E :(
L Eilm I o 1\ p BH det(q) /BK,

In a more compact form, recalling that in the fundamental representation Tr(7;7;) =
—%5@- and Tr(rmj7;) = —%ij, we can write the smeared Hamiltonian constraint
concisely as

HL(N) = —4/E (;)4NT1"({A,K}/\ (A K} A{A V),

4 .
) eijre™{ AL, K}{A) K}HALE V). (2.3.10)

, (2.3.11)
Hp(N) = —2/E (;ﬂ) NTe(F A {A, V).

The reason for the splitting also has a procedural sense. We can recognise in the
integrated trace of the extrinsic curvature the time derivative of the total volume

K =—{Hgp(1),V}={H(1),V}.

Then, once one has a well-defined Euclidean Hamiltonian constraint operator H g(N),
the operator K reads as

K= %[ﬁE(n, 7], (2.3.12)

and consequently define the Lorentzian part. Before proceeding to the quantisation,
we must take care of the regularisation. Indeed, the connection A does not have a
corresponding operator in the quantum theory, hence we need to regularise it in
terms of holonomy. The idea is that the holonomy around an infinitesimal loop is
the curvature F' at the first order, while the connection 1-form approximates the
parallel transport along an infinitesimal curve. The regularisation then takes the
form of a “triangle with a nose”. Consider a tetrahedron A embedded in ¥ with three
analytic edges s, (A) meeting at the vertex v(A), the loop aum(A) is constructed
considering the edge a,,,(A) connecting the two other endpoints of s, (A) and s,,(A),
i.e. Apm(A) = 8,(A) 0 anm(A)os t(A), and we are going to consider the holonomy
along oy, 0 87 0 sfl. Then, our building block for the Hamiltonian operator will be

L2/ 2)? o _
HY(N) = 3 <M> N (0(A)e™ Tr (R, (ayhs,a) i a), Vs

L . 4 2 4 Imn —1 —1 —1
XV = 5 () N T 5 K Y (5 K Y (83 VD)

(2.3.13)
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which now can be implemented as an operator on Hg,,. Moreover, it has the correct
limit for shrinking the loop, and it is intrinsically gauge invariant since the path
Ol © 8 © sfl is closed. The idea for the quantisation is that, given a cylindrical
function f,, we can construct such a A for each vertex v € V(). We can construct
a triangulation for the manifold >, however, not every tetrahedron contributes to
the dynamics, hence we limited ourselves to present only the relevant part. The
tetrahedron is constructed starting from a vertex v € V(v) and an unordered triple
of distinguished edges (e, em, €,) in the set of all the edges intersecting at v. Let us
choose three segments s;, s.,, S, each along the corresponding edge ey, e,,, €, small
enough, and choose three semianalytic path a,, Gmn, an; that connect the endpoints
of the segments and do not intersect any edge of «. Incredibly, this construction is
invariant under semianalytic diffeomorphisms. Indeed, a change in the segments,
namely choosing a different endpoint along the edges, is related to a diffeomorphism
thanks to the following lemma

Lemma 2.3.1. Let s1, s3 be two distinct analytic curves in a coordinate chart on
a 3-dimenstonal manifold, which intersect each other only in their starting point
v. There exist parametrisations of these curves, a number § > 0, and an analytic
diffeomorphism such that in the corresponding frame the curves are given by

o 51(t) = (¢,0,0), sa(t) = (0,¢,0), t € [0,0] if their tangents are linearly indepen-
dent at v.

e 51(t) = (¢,0,0), s1(t) = (¢t,t7,0), t € [0,0] for some r > 2 if their tangents are
co-linear at v.

Moreover, the choice of the arcs is labelled by the topology of the routing
and three real numbers, both diffeomorphism-invariant quantities (for details [163]).
Thus, for each vertex v € V (), we construct a number E(v) of “relevant” tetrahedra,
where E(v) depends on the valence n(v) of the vertex and it is just the number of

all possible unordered triple F(v) = % Finally, the action of the Euclidean

Hamiltonian operator over a cylindrical function f reads as

32 l -1 1%
—_— E E emn Tr(ham A hsn A [hs ) ]) f .
3ikB20% eV i) E(v) (=0 1m(8)Psn (A1 s, (A) v

Hp(N)'f = N(v)

(2.3.14)
This operator is well-defined on the finite span of spin-network states, so it is densely
defined and is closable. Hence, the closure cl(Hg(N)) = (Hg(N)) is also densely
defined, and its domain contains the spin-network states.
The Lorentzian part admits a similar treatment. Since both Hg(1) and V have
domain and range in Cyl*(A/G), the operator K defined as in (2.3.12), has also
dense domain and range in Cyl3(A/G). The Lorentzian Hamiltonian operator reads
as

64 N(’U) Ilmn -1 2
AT 2o > €M Te(hg by ay Klhs,a)
Sﬂﬁ(zﬁgP) UEV(’Y) E(U) A,’U(A):’U ! l( )

HL(N)f =
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Finally, we have the Hamiltonian operator H(N)T = %HL(N)Jr —Hp(N)'. Accord-
ingly to Refined Algebraic Quantisation program, the solutions of the Hamiltonian
constraint are diffeomorphism-invariant distribution on Cyl*°(A/G), namely elements
[ of a dense subset Dgig of Hpin such that, for all smearing functions N

IH(N) f) =0, Vf € Cyl™®(A/G). (2.3.16)

Noticing that we can rewrite the Hamiltonian constraint acting on a cylindrical
function on a graph v as H (N =3, Nvﬁf,. From which, we can find an equation
equivalent to (2.3.16), that is, a pointwise implementation of the Hamiltonian
constraint, namely

WH]f,) =0, Yo e V(y).

We can induce an appropriate topology on H 4, considering the weak* topology with
respect to Dgig. With this topology, it is possible to recover the constraints algebra.
Despite the tetrahedra A,y constructed by the transformed graph ¢(v) is not, in
general, equal to the transformed tetrahedra ¢(A,), thanks to the diffeomorphism-
invariant prescription to construct the arcs, the two are always linked by a semi-
analytic diffeomorphism ¢’ such that ¢'(o(7)) = w(v) and ¢'(Ay)) = @(A,). Tt
follows that

U H(*N)U () fy = U()H(N) U (p) 7" £, . (2.3.17)

Thus, on the diffeomorphism-invariant distribution, we recover the correct covariance
for the Hamiltonian operator

WU () H(N) U ()Y f) = UH(*N) f), Vf € Cyi™(A/G). (2.3.18)

Hence, U(@)H(N)1U(¢)~' = H(¢*N)' is an exact operator identity in the topology
described before. Furthermore, the complete Hamiltonian operator is anomaly-free
in the given topology. Namely, H(N)" and A(M)! commute up to a diffeomorphism.
From (2.3.14) and (2.3.15), we can write the Hamiltonian operator acting on a
cylindrical function as

HN)fy= Y N, Y HLf.
veV(y) A v(A)=v
From which, the commutator reads
[H(N)T, H(M)')f,
= (M, AN —NAMY Y AL f,

vev(y) v(Ay)=v
- SN N Y AL i g
VeV (7) v(Ay)=v V'€V (yUA) U(A;UA»\{):’U/ R
= Z (Nv’Mv - Nva’) Z ﬁTA’ UA IA{J{A7 fV (2.3.19)
vV €V () V(D) =vu(AL ) )= Rt
1 gt gt gt it
=3 > (NyM, — NyM,y) > (HA, LHA - HA L HA ) L
v#£V EV () U(Av):v,v(A;UA’Y):U/ TUAy ¥

v(AL)=v', ’U(A'YUA%)

v
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Where we used the fact that the vertices v € V(yUA,)\V(v) are planar, then they
are annihilated by the volume operator and do not contribute to the expression.
The crucial point is that the prescription to attach the arcs near the vertex v and
then v’ is not the same as doing the opposite; then, the two terms in the reason
of the summation are not the same. However, they are linked by a semianalytic
diffeomorphism. In particular, there exists, for each vertex v € V(v), a diffeomor-
phism ¢ € Diff¥(X) that leaves invariant the graph « in a neighbourhood of v but
such that ¢(A,a7) = A,. Hence, I:IZWUN ﬁz,w = (SO)ﬁLWﬁL;v from which, on

diffeomorphism-invariant distributions | € Dg;g

(ol i - L))
= 1((O(HEL, HL - Ue)HL HL,)1) (23.20)
= (AL, 7L )1)
Since [I:ITA,W,I?LW] = 0 when v # ¢/, then the commutator vanishes in the weak*
topology with respect to Dyig
[H(N)!, H(M)T] = 0. (2.3.21)

Thus, it provides a quantum constraints algebra free of anomalies.

Looking for the solutions to the Hamiltonian constraint is not an easy task. However,
we can recast the functional equation (2.3.16) in a finite system of linear equations
for the coefficients of the states, enabling us to approach the problem with tools from
linear algebra [58, 91]. The action of the Hamiltonian constraint, roughly, is the one
of a fourth-order polynomial consisting of creation and annihilation operators, which
spins associated to edge are created or annihilated modifying the previous spin by
Aj=-—1, —%, 0, %, 1. When the spin becomes 0, the edge disappears; conversely, the
Hamiltonian can generate new edges with spin :l:%. The new edges, related to the arcs,
have a peculiar behaviour, being so-called extraordinary edges. Identifying the set Sp
of spin networks with graphs without extraordinary edges, we can generate iteratively
generic spin-network states starting from a given sg € Sp and considering the action
of the Hamiltonian operator. More precisely, fixing Sp(so) = {so}, Sn+1(s0) is
defined as the spin network that appear in the decomposition of H (N )Tws for all
lapse functions N and spin network s € S,,(sp); in such a way, for each spin network
s there is a unique integer n and a unique sp € Sy such that s € S,,(s9). Moreover,
Sn(s0) and S,/ (s() are disjoint unless sg = s, and n = n’

We recall that the diffeomorphism-invariant states decompose into distributions
labelled by s-knot I € Hyin. Thus, giving a sp € Sp and a finite collection of
natural number ny, the Ansatz for the solution is

N
Wiso) Z Z ls)s) (2.3.22)

k=1 [s] E€Sny, (s0)

where the complex coefficients c[;) must be determined by the constraint equation
(2.3.16)
Wit (H(N) ) = 0 (2.3.23)
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for all lapse function N and spin-network states ¢s. Using the decomposition of the
Hamiltonian operator in terms of the vertices of the graph of the spin network s, we
can find a set of equivalent equations

S el (Hivs) =0, (2.3.24)

[5/)€8m (s0)

for each vertex v € V(7(s)). Even if we can deal with it via techniques of finite-
dimensional linear algebra, it is not easy to find solutions to this equation. Recently,
computational and numerical approaches seem to offer new possibilities to overcome
this problem [153, 101].

The equation (2.3.16) represents the quantum analogue of the Einstein Field Equa-
tions, thereby providing rigorously defined solutions to Hamiltonian constraint of
full, four-dimensional Lorentzian quantum General Relativity in the continuum. Al-
though a complete characterisation of non-trivial solutions to the quantum Einstein
equation remains unavailable, this result is nonetheless highly ambitious, particularly
given that even in classical General Relativity the full space of solutions is not yet
completely understood.
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Chapter 3

Loop Quantum Cosmology

Cosmology concerns the evolution of the Universe and its large-scale structure. From
the point of view of this thesis, Cosmology is the implementation of the cosmological
principle in the framework of General Relativity.

Cosmological Principle: At large scale, the Universe is spatially homogeneous
and isotropic.

Cosmology provides a natural testing ground for quantum gravity theories. The
cosmological assumption of homogeneity simplifies the classical model by reducing
the configuration space to a finite number of degrees of freedom, often referred
to as the minisuperspace. Applying LQG techniques to cosmology has led to the
development of Loop Quantum Cosmology [27]. In LQC, the quantum dynamics can
be solved, leading to intriguing phenomena such as the Big Bounce [46, 24, 25, 26].
However, the reliability of LQC has been subject to debate [69, 54]. Indeed, the
symmetry restriction imposed by homogeneity in LQC prevents the preservation of
the SU(2) gauge symmetry in both classical and quantum formulations. Therefore,
the link between LQC and LQG remains an open problem, as does the broader
issue of defining a cosmological sector within LQG [63]. The challenge of preserving
the SU(2) gauge symmetry in LQC is closely related to the symmetry-reduction
problem in gauge theories [167]. Typically, symmetry reduction breaks the gauge
symmetries of the field theory. While this approach can simplify computations in
the classical theory, it does not yield an equivalent formulation of the theory at the
quantum level. Analysing this connection is a crucial step toward demonstrating
that the phenomena predicted by LQC are indeed robust predictions of LQG and
comparing LQG with cosmological observations [14].

3.1 Symmetry reduction and minisuperspace

For the implementation of the homogeneity in General Relativity, we will follow the
description made by L.D. Landau and E.M. Lifshitz [122]. We consider a globally
hyperbolic spacetime M = R x 3 and the corresponding ADM variables (¢, k) at
a given fixed time. Homogeneity implies identical metric properties at all points
of the space. The space is homogeneous if it admits a group of transformations
that can bring every point to any else, and leaves invariant the line element and the
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functional dependence of the metric on the point. Namely, for every transformation
that sends x — 2/, then

qap(xt, 2%, 23)dzdx® = qop(2, 2%, 2"3)da" da”.

This definition coincides with the mathematical definition of Riemannian homoge-
neous space

Definition 3.1.1. A Riemannian homogeneous space is a pair (X, G) composed of a
Riemannian manifold ¥ and a Lie group G that acts transitively on > via isometries.

This means that there exists a left action of G on X such that, for each two points
x,y € X, there exists an element g € G such that y = g.x. Moreover, the image
of the immersion of this group into Diff(X), called L : G — Diff(X), is completely
contained in the isometry group. Notice that the choice of ¢ is not unique; this
redundancy is encoded in the stabiliser of a point H, = {g € G | g.x = z}. On
a homogeneous space, the stabilisers of different points are all isomorphic to one
another, and so the space is characterised by a unique stabiliser called the isotropy
group H.

Generically, the group of transformations leaves invariant three independent differ-
ential 1-forms 6/ = #!(z)dz®. Using them, we can rewrite the metric in a simple
form

Qus() = 101 (2)6] (), (3.1.1)

where 77 is a symmetric, positive definite, real matrix that does not depend on z. It
is possible to define the dual frame of #7, that is, a frame of vector fields &7 = £%0,,
such that 9({5% = 6§. Using the properties of invariance under transformations, we
can prove that this frame of vector fields satisfies

[1,69) = Flyéx, (3.1.2)

where |-, -] are the usual bracket between vector fields, and f75 is a collection of real
coefficients called structure constants. These structure constants characterise the
cosmological models, providing a classification that identifies nine different models,
known as Bianchi classification [42]. Furthermore, the frame of 1-forms satisfies an
equation equivalent to (3.1.2), namely the Maurer-Cartan equation:

1
do’ + iﬁKeJ A =0. (3.1.3)

It is quite clear that this formulation is demanding to deal with a homogeneous
space that admits a Lie group structure, namely ¥ = G. In this case, the action
L is just the left multiplication. The fields £; are left-invariant vector fields, i.e.
(Lg)«&r = & for all g € G, where (Lg), indicates the pushforward, and they are
a basis of the Lie algebra g. Indeed, the Bianchi classification is the classification
of the three-dimensional real Lie algebras. Correspondingly, 8! are left-invariant
1-forms, i.e. L;HI = 0!, where L7 is the pullback. Every left-invariant tensor
can be decomposed on these frames with constant coefficients. A homogeneous
metric is then a left-invariant metric ¢ = 0y ;707 ® 0”7, equivalently a scalar product
on the Lie algebra g (a review of these concepts can be found in Appendix A).
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Additionally, we want to recall that the lapse function N and the shift vector N®
have a similar property in a spatially homogeneous Universe. In particular, the lapse
function is a function of the time N(t) and the shift vector can be factorised as
No(t,x) = £4(x)N1(t), where NI are defined as N¥(t) = N%(t,z)0%(z) and can be
showed that they depend on time only.

Notice that, in this case, the isometry group always contains G and can be bigger.
Indeed, in this setting we are also able to define the isotropic case, also known as
the Friedmann-Lemaitre-Robertson-Walker (FLRW) model, demanding that n;; in
Eq.(3.1.1) is a positive multiple of the identity. In the latter case, the isotropy group
is the group of spatial rotations H, = SO(3). This analysis is further developed in
Chapter 7.

The Einstein Field Equations for the cosmological setting simplify a lot. Cosmol-
ogy is already formulated in the ADM formulation, and the only metric dynamical
quantities are the matrix elements of ny;. This yields a finite-dimensional phase
space composed of 777 and conjugate momenta P!”, known as minisuperspace. In
the FLRW model [88, 89, 125], the matrix is 175 = a?d;, where a is the so-called
scale factor, which is the only dynamical quantity and governs the expansion of the
universe. Another possible homogeneous, but anisotropic, case considered in the
literature is the diagonal case. In which the matrix n;; = a%1)5 17 is diagonal, and
the three configurational variables a1, as, ag are three scale factors which control the
expansion along the directions given by the vector fields ;. In these cases, there is
no Diffeomorphism constraint, then only the Hamiltonian constraint must be solved,
usually put in the form of the Friedmann equation. More general non-diagonal
models are usually not considered in phenomenological analyses. However, they
are studied in the literature [152, 38] due to their connection with the Belinski-
Khalatnikov-Lifshitz (BKL) conjecture [39, 40] (for a quantum analysis see [9, 60])
and the role they may play in introducing inhomogeneities into cosmological models.

In the cosmological setting, the Ashtekar variables admit a similar decomposition
in terms of the 1-forms 67 and the vector fields &; [44]

Ay(z) = ¢16(x), B (t,z) = |det(6;)| p/€f (2). (3.1.4)

The minisuperspace of the Ashtekar formulation of gravity is constituted by the pair
(¢%, pj ) with fundamental Poisson brackets

i Bk i
{67,p]} = 27053-5‘{, (3.1.5)

where f3 is the Barbero-Immirzi parameter, x = 167Gy /c, and Vj is the fiducial
volume Vo = [ |det(61)|d®z, namely the volume with respect the fiducial metric
go = 01760" 26”7, The reconstructed metric can be given in terms of inverse densitised
dreibein as gqp = | det(pf)|6;;pip”,010]. The metric is invariant under rotations
pl R] pj[ , allowing for a global SU(2) gauge transformation. For the peculiarity

of the lapse function and the shift vector, we can explicitly integrate the smeared
constraints, finding expressions in terms of phase space variables and independent of
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x that, up to numerical constants, read as follows

Gi= Eabc(bl}pé - ffijy
1 .
H = ————— (e f{50icnipl — pioin] o)y + pioswi o} (3.1.6)
ry/|det(pE)

3 . o g
+2(1 = B7)(6} — (&) — T))pp]).
In the isotropic case [48], ¢% and pi[ are multiple of the identity matrix via coefficient

¢ and p with Poisson bracket {c,p} = 6?7'2. These variables have a direct connection
with the scale factor via

p= Sgn(a)aza
. B da (3.1.7)
N dt’

In this formulation, the Gauf} constraint and the Diffeomorphism constraint identi-
cally vanish. Indeed, there are no residual gauge symmetries. The diagonal case [49]
has a similar behaviour. For instance, we can study the diagonal Bianchi I model
[132, 28]. In the Bianchi I model, the structure constants vanish f& = 0, ensuring
that the frame £; defines a coordinate frame. The underlying simply connected
topology is R? equipped with a flat metric. It is also consistent with the topology of
a torus T2. The full Lorentzian metric can be written as

g = —N2dt* + a3 (dz')? + a3(dz?)? + a3(d2?)?, (3.1.8)

where a; are the scale factors in each direction. In R3, the concept of fiducial cell
plays a structural role. The fiducial cell is a parallelepiped with edges along the
coordinate curves x® with fiducial length L;. The coordinate curves are the integral
curves of the vector fields 1 = §¢0,, and the fiducial length is the length with respect
to the fiducial metric go = 67707 ® 67 = §,dz® ® daP. In this case, the fiducial
volume is the volume of the fiducial cell Vy = [0 A2 A 03 = [ d3x = L1LyL3 with
respect to the fiducial metric.

Up to a rescaling, the Ashtekar variables have a similar expression as in the isotropic
case

AL =&8i(Lr) '], Ep = VI pisTen, (3.1.9)

a K3

These variables are fully characterised by the six variables &, p’, which are canonically
conjugate in that the following fundamental Poisson brackets hold

{e, 7} = 5261 (3.1.10)

The relation with the rescaled quantities is easy: p;y = LjLxpr with €755 = 1 and
¢r = c;Ly. They also have a direct link with the three scale factors by

ﬁ] = sgn(al)aJaKLJLK with €EIIK = 1)

S (3.1.11)
Cr = ———.

=N dt



3.2 Quantum states for Cosmology 31

The wording “with €;;x = 1”7 indicates that the indices I, J, K are not summed
in the previous expression and satisfy the condition on the Levi-Civita symbol, so
that, for given I, the other two are fixed uniquely. The Gaul and Diffeomorphism
constraints are already satisfied, leaving only the scalar constraint, that is, the
gravitational Hamiltonian, to be imposed. This takes the simple form

2 1

= —— ——— (p1c1p2c2 + pacapscs + p3capicy) . (3.1.12)
K52 \/Ip1p2ps]

This approach to Cosmology with homogeneous space is sometimes called math-
ematical cosmology. In this setting, the homogeneity is imposed at every scale,
requiring a stronger condition than the usual physical principle. However, this ap-
proach is able to properly describe the evolution of the Universe from the inflationary
phase to nowadays, comprehensive of the large-scale structure formation [137, 138].
Nevertheless, the meaning of homogeneity in a microscopic-sized Universe, especially
in a quantum regime, is unclear to the author !. Notwithstanding, clarifying this
point is beyond the scope of this work.?

3.2 Quantum states for Cosmology

The minisuperspace of the Ashtekar variables can be quantised using the technique
of Loop Quantum Gravity. We first consider the isotropic case. The holonomy along
an edge ey of the fiducial cell has a decomposition in terms of trigonometric functions

he, (4) = exp (AcdjLyi) = cos (;/\5) + 277 sin (;)\6) . (3.2.1)

Where A is a real parameter that classically is linked with the parametrisation of
the curve. Then, such holonomies belong to the space of almost periodic functions,
namely, they are linear combinations of trigonometric polynomials. Analogously to
periodic functions, which can be written as functions on T!, the almost periodic
functions are equivalently described as functions on a peculiar Abelian topological
group, that is the Bohr compactification of the real line Ry, constructed as the
Pontryagin dual of the discrete real line [161]. Since it is a compact group, it admits
a Haar measure, and this pair is the quantum configuration space of Loop Quantum
Cosmology [15].

The fluxes are constructed considering a constant smearing function v and the face
Sk of the fiducial cell "orthogonal" to the edge ex. Since the space is isotropic, the
fiducial cell is a cube with edges of fiducial length L and fiducial volume Vy = L3.
The flux is

2
3

Yy, = / p8 NG = pVy = p. (3.2.2)

Sk

LA possible interpretation arises from an effective quantum field theory perspective, in which the
fiducial cell acts as an infrared regulator, scaling with the size of the Universe so that the modes of
the inhomogeneous fields can be neglected and the minisuperspace approximation remains valid
[53, 52].

2In covariant LQG, cosmological transition amplitudes are evaluated between semiclassical states
peaked on homogeneous geometries, thereby overcoming the problem of imposing homogeneity at
the quantum level [41, 111].
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Clearly, this expression does not depend on the chosen face. It is quite immediate
to compute also the classical expression of the volume (with the interpretation of
the physical volume of the fiducial cell) V = ]p\%VO.

The Hilbert space of the theory is then LQ(RBOhr,duH). This space is the
completion of the space of almost periodic functions with the scalar product induced
by the Haar measure. This space is not separable and has an orthonormal basis
|A), labelled by a real number A, defined by the following functions of the variable
cE IRBohr

IAC

>, AeR. (3.2.3)

A) =

The inner product has an easy expression. Let f and g be complex-valued almost
periodic functions on R, then the inner product reads

(f,g) = lim ﬁ/ fle (3.2.4)

T—o0
It is easy to check now that the basis |\) is orthonormal with respect to this scalar
product, i.e. (N|\) = dyy/, where dyy is the Kronecker delta. We can then derive

the action of the fluxes on the almost periodic functions by the fundamental Poisson
brackets. Let f(&) =Y, fre 2 3 for a finite collection of An, then

BE & e

{r(e),p} = 12 2 Mann (3.2.5)

Hence, multiplicative and derivative operators are densely defined on L?(Rponr, djirr):
the holonomies act as multiplication on the space of almost periodic functions, while
flux is a derivative operator. In details, let f, g be almost periodic functions, then

(F9)(@) = F(@)9(8), (Bg) = —iZe 4. (3.2.6)

As in the LOST-F theorem in Loop Quantum Gravity [126, 85], there exist results
establishing the uniqueness of the representation of the holonomy-flux algebra in
the cosmological setting [16, 80]. Moreover, as in the full theory, the action of
the holonomies is weakly discontinuous, thereby violating the assumptions of the
Stone-von Neumann theorem and leading to an inequivalent representation of the
Heisenberg algebra.

We now provide the action of the fundamental operators on the orthonormal

basis, which is useful. Indeed, the operator e2* = X is a shift operator, while p is
diagonalised on the given basis

ANY = A+ N, BN = B, (3.2.7)

As a consequence, the states A\ are eigenstates of the volume, which has a continuum

spectrum
3
2\ 2
VIA) = (BM'EP) IA) = Vi |A). (3.2.8)

12
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In the Hamiltonian constraint, we find the same issue of LQG: since the connection
appears in the Hamiltonian, it has to be regularised. Taking inspiration from lattice
gauge theory techniques, suitably adapted to take into account the features suggested
by LQG, the idea is to compute the curvature of the Ashtekar connection on a
plaquette with edges parallel to the edges of the fiducial cell. The edge of the
plaquette has fiducial length poL and area p3L?, and so shrinking the area to zero,
we obtain

ho,, —1

7; = lim 0Lo/ .
b 110—0 9 2 a’b
Vg’

F!

a

Here, ho,, is the holonomy along the plaquette

hoy, = hehe by by )

ej'ter

Then, using Thiemann’s trick to reabsorb the non-polynomiality in the volume, one
obtains the following Hamiltonian

I1JK 1 1 -1
= S KT (heyhe hg iy the (b V) 3.2.9
BH,LL(] 5 ( J I K{ K }) ( )

Notice that, doing so, we have supposed that the edges along the directions &7 form
a square. However, this condition is ensured only in the Bianchi I model; otherwise,
we need to include in the Hamiltonian a factor that takes into account this defect,
as well as terms from the Lorentzian part [45, 47]. We can now quantise, finding the
Hamiltonian operator

——55 cos(“;)2 sm(“;)2 (cos(“gé)f/ sin("ga SV cos( 05)) , (3.2.10)

) — sin(£3

o

where the operators associated with the trigonometric functions are cos(43%) =

%(e% —|—e_wT0) and 81n(“§c) = %(ewgc —e_%oc). Nevertheless, in the limit g — 0,
this operator is not well-defined. Using input from LQG, we put a lower bound
on the value of ug, fixing the area of the plaquette to be the area gap of LQG.
However, from phenomenological computations, this choice of regularisation, with a
constant g fixed once and for all, yields unphysical results, such as the occurrence
of a quantum bounce even at low matter densities. To overcome this problem, a
dynamical choice for the regularisation scheme is preferred [26]. The latter is known
as the ji-scheme. The input is again the quantum geometry, this time the physical

area of the plaquette, that is p|p|, is subject to the lower bound

V3803
8 b

plpl =

hence 1 is a function of p, and the new Hamiltonian is the one in (3.2.10), but with

—

(3.2.11)

_ . . i (p)e
it instead of pg. The action of e o5

3
the volume. Consider the basis |v) such that V]v) = (1%') > vl |v), then

results extremely simple on the eigenstate of

/A\
ia(p)é

e 2 |v)=|v+1). (3.2.12)
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Thus, the quantum Einstein equation in LQC has the form of a difference equation:

(v +2)y/v(v +4)|v +4) — 202|v) + (v —2)J/v(v —4) v —4) =0 (3.2.13)

In the diagonal case, the picture is quite similar. The Hilbert space is the tensor
product of three copies of L? (@BOhr, dugr), one for each direction. We can analogously
regularise the Hamiltonian by introducing a fiducial cell with edges of different lengths
and three plaquettes, one for each face. Then, introducing three regulators jis, the
Hamiltonian operator has a similar form involving permutations on the index of the
directions.

The LQC dynamics can be solved both at the quantum and the semiclassical level,
even including matter. The characteristic phenomenon is the bounce, which predicts
that the matter and the Universe itself have an expanding phase after a contraction
phase reaches Planckian density [24, 25, 26]. Furthermore, LQC is an important
source of phenomenology [55, 64]. Effective models based on LQC predict corrections
to the Cosmic Microwave Background as well as to the inflationary era [4, 5, 132]
(see also [14] for a brief review). There are also proposals to include inhomogeneity
[149, 59], allowing quantum fluctuations near the classical singularity to be recovered
while preserving the general features of LQC dynamics. Recently, these ideas have
also found applications in the study of stellar collapse [56, 150, 93, 107, 84].

It is, however, important to keep in mind that Loop Quantum Cosmology a
priori does not provide the cosmological sector of Loop Quantum Gravity. Despite
the similarity, the LQC Hilbert space cannot be straightforwardly embedded into the
LQG one. This is since, despite the homogeneous and isotropic connections being a
subspace (in particular, an affine line) in the space of smooth Ashtekar connections,
it is not possible to induce an immersion of Ry, into A [63]. The reason is that
the holonomies are not almost periodic functions on generic curves. Furthermore,
LQC exhibits an “Abelianisation”, in which at the classical level the Gaufl constraint
identically vanishes, and at the quantum level no SU(2) spin-network states emerge.
This undermines the reliability of LQC in connection with the full theory, which
remains one of the big open questions in the field.

3.3 Generalised Uncertainty Principle theories

The techniques developed in the Loop Quantum Cosmology program have a more
general flavour. They can be contextualised in the framework of Polymer Quantum
Mechanics [17, 87, 71]. Polymer Quantum Mechanics starts from the exponentiated
version of the Canonical Commutation Relations (CCR), finding representations for
Quantum Mechanics, inequivalent to the Shrodinger one. In detail, starting from
the classical commutation relation [§, p] = ih1l, we can construct the Weyl elements
Ut) = e and Vi(s)=e satisfying
A A ist A A

U)V(s)=e r V(s)U(t), (3.3.1)

and look for discontinuous representations of one of the two generators. This breaks
the Stone-von Neumann theorem, allowing inequivalent representations. We will
call g-representation if the one-parameter unitary group U(t) is strongly continuous,
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while V(s) is not. Hence, for the Stone’s theorem, in the g¢-representation, the
operator ¢ is well defined, while p is not. The p-representation is defined the other
way around.

Let us consider the g-representation. From the spectral theorem, we can construct
the Hilbert space in the g-polarisation, i.e. the states are functions of ¢. It turns out
to be L?(Rq,dpy), where Ry is the real line equipped with the discrete topology.
The group Ry is locally compact and Abelian, and the corresponding Haar measure
is the counting measure. The orthonormal basis is provided by ¢x(q) = 0, 4, where
0y q is the Kronecker delta. Then, the action of the Weyl algebra is

V(5) a(q) = da(a+ 5) = dr—s(q), d0(a) = Apalq). (3.3.2)

For the p-polarisation, we can proceed by constructing the spectrum of the Abelian
C*-algebra generated by V (s), and then using the Gel’fand representation. In this
case, we obtain the well-known Hilbert space L? (RBohr, ditr) with orthonormal basis

Ua(p) = ¢ . The action of the Weyl algebra is

i(At+s)p

V) oap) = 7 " =), Q0ap) = ihe ™ = —Mpa(p).  (3:3.3)

In the case of p-representation, the Hilbert spaces associated with the ¢- and p-
polarisation switch. We summarise the polymer representations in Table 3.1

g-representation p-representation
L*(R, dpr) L?(RBohr, divrr)
g-pol | Géa(q) = Ada(q) DYA(g) = Aa(g)
V(s)ox(q) = da—s(a) | U(t) ¥a(q) = ¥ase(q)
L?(Rpohr» divr) L*(Rq, dpurr)
p-pol | qua(p) = =Aa(p) | Doa(p) = Ada(p)
V(s)¥a(p) = ¥ass(p) | U(t) or(p) = da+¢(p)

Table 3.1. Hilbert spaces together with the action of the Weyl group for the two different
representations and polarisations.

Since Rponr is the Pontryagin dual of Rq by construction, there exists an abstract
version of the Fourier transform which map L' functions on Rpop, in bounded
continuous functions on Ry which vanishes at infinity (a general overview of this
topic can be found in Appendix A). It is possible to implement this transformation
as a unitary operator from L?(Rpopr, dpgr) to L?(Rg, dugr). Furthermore, both these
spaces are isomorphic to a non-separable Hilbert space H o1y, with an orthonormal
basis |A) labelled by a real number A, and with distinguished operators: a label
operator ¢ and a one-parameter family of shift operators §(¢) which act on the
orthonormal basis as

E|A) = AIN), S(B)|AN) = |A+1). (3.3.4)

The non-existence of one of the two fundamental bare operators implies an ambiguity
in the quantisation of the polynomial functions. In general, the terms involving the
ill-defined operators must be regularised. To do that, we choose a countable subset
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of the orthonormal basis, usually provided fixing a lattice ',y = {nuo € R | n € Z}
on the index set R, and then considering as regularised Hilbert space the linear span
Huo = Span{|X) }rer,, C Hpoly-

Considering, for instance, the Hamiltonian H = % + V(q) in the g-representation,
the quadratic term in the Hamiltonian must be treated appropriately. Choosing the
lattice basis ¥n,,(p) of the p-polarization, the operators defined in (3.3.3) induce
operators on H,,: the action of ¢ is unchanged, while the one-parameter family
becomes a cyclic group of operators generated by V(uo). The idea is to approximate
P by the sine function

p ~ E sin <'u0p) — h (6’4!};)1”—' — 6%‘;0?)
1o h 2ipo

This trick provides a regularisation of the operator p on the regularised Hilbert space
H,,- The regularised momentum operator is defined by

Do = 75 (V(10) = V(=p0)) (3.3.5)

Hence, its action on the orthonormal basis reads

(ﬁuo wnm))(p) = ﬁ (¢(n+1)uo (p) - w(nfl)uo (p)) .

Clearly, the classical approximation holds if p < %/ g, which in a quantum gravity
context is reasonable since we expect that g is Planckian.

This regularisation introduces a modification of the usual Heisenberg algebra.
Indeed, the fundamental Poisson brackets present a deformation

~ A~ Zh A A . 2 R
600 = 5 (Vo) + V(=po)) = it/1 = 5453, (3.3.6)

This modification sets this kind of theory in the more general framework of Gener-
alised Uncertainty Principle theories [116, 130]. These theories allow a deformation
of the usual Heisenberg algebra, and a consequent modification of the Heisenberg
Uncertainty Principle. In a 1-dimensional theory, the deformation is of the form

(4, p] = inf (D), (3.3.7)

where f is a positive real function usually dependent on a real parameter 5 that
controls the deformation. This kind of theory appears at the effective level of different
fundamental theories, i.e. Loop Quantum Gravity (as constructed above) and String
Theory. In the context of quantum gravity, they encode at an effective level the
spacetime structure supposed by the fundamental theories. Indeed, they include
effects as minimal length, and, in the higher-dimensional case, non-commutativity
of the space coordinates [117, 8].

In term of representation theory, the deformed commutation relation (3.3.7) is
usually realised as an operator algebra on the Hilbert space L?(R, %), where %
is a deformation of the usual Lebesgue measure on R. The action of the operator is

PY(p) = p(p), 4v(p) = ihf(p) & (p). (3.3.8)
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The deformed Lebesgue measure ensures that the operator ¢ is symmetric. However,
depending on the form of f(p), it admits a unique, non-unique, or does not admit
a self-adjoint extension. In case of a non-unique extension, a minimal length, as
minimal non-zero variance of the position operator, appears. Thus, the latter are
the most interesting cases from the physical viewpoint [116, 117].

GUP theories offer a unified framework within which to develop and explore
the phenomenology of various quantum gravity models and regularisation proposals.
The key differences among these approaches are encapsulated in the choice of
the deformation function f(p), which represents the sole deviation from standard
Quantum Mechanics. This formulation allows the application of conventional tools
from functional analysis to investigate the implications and physical consequences of
the modified theory.
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Chapter 4

Loop Quantum Cosmology of
non-diagonal models

This chapter is devoted to extending the Loop Quantum Cosmology framework to
non-diagonal Bianchi models. The significance of this study lies in the potential to
implement the BKL conjecture [40, 18] within the quantum cosmological sector. This
would correspond to applying a locally homogeneous, non-diagonal dynamics point
by point in space. Indeed, in the context of a generic inhomogeneous cosmological
model, the assumption of a diagonal representation must be abandoned. Naturally,
one might assume that such a general scenario would fall within the unrestricted
domain of Loop Quantum Gravity. However, the validity of the BKL conjecture,
effectively freezing the dynamics of spatial gradients, could permit a pointwise
description of the quantum dynamics using an extension of the current formulation,
at least in regimes where spatial curvature contributions are negligible.

In non-diagonal models, the principal directions of cosmic expansion rotate
during the evolution. This necessitates the inclusion of angular variables alongside
the scale factors to adequately describe the dynamics. The central idea in addressing
the non-diagonal case is to recover a diagonal kinematical description by fixing the
directions of expansion. We construct the Ashtekar variables in this framework, and
demonstrate that the fluxes can be consistently and coherently defined as in the
diagonal case. As a result, the quantum states are labelled by the diagonal fluxes and
the angles that determine the expansion directions, achieving the desired separation
of variables. While alternative quantisation approaches have been proposed, they
typically fail to yield a proper quantisation of the Hamiltonian or a well-posed
physical interpretation. This study constitutes a foundational step towards assessing
the generality and robustness of the LQC approach when extending beyond the
standard minisuperspace framework to incorporate additional geometrical degrees of
freedom.

4.1 Non-diagonal models in metric variables

In a non-diagonal Bianchi model, the hypersurface ¥ has a metric that evolves in
time as

Q(zb(t7 'T) = nIJ(t)eaI(x)el{(x> (411)
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Following Belinski’s approach to non-diagonal metric in [38], we want to factorise
nry in a diagonal matrix similar to it via a rotation. Since ny;(t) is a symmetric
matrix depending smoothly on the single parameter ¢, it always has three eigenvalues
{a}(t),a3(t),a3(t)}, that can be chosen to be continuously differentiable on the whole
interval [144]. Moreover, if the continuous eigenvalues are such that, whenever two
of them meet of infinite order at some ty € R, they are equal for all ¢ € R, then
all eigenvalues and all eigenvectors can be chosen C* in t [6]. Two parametrised
eigenvalues are said to meet of infinite order at ¢y € R if all derivatives with respect
to t coincide at ty. Since two solutions of an ordinary differential equation that meet
of infinite order coincide identically, this is a reasonable condition to impose on the
eigenvalues. Thus, n;; can be decomposed as

2
ai 0 O
nry = dagRARE  with dap=|0 a3 0|, (4.1.2)
0 0 a3

and R is a rotation matrix that depends on the parameter ¢, and that is infinitely
differentiable. The eigenvalues are positive because n;; are the components of the
Riemannian metric ¢ in basis !, therefore, it is a positive definite, symmetric matrix.
The rotation introduces three new variables: the angles. Using the Euler angles
{0,4, ¢} the rotation reads

R = exp(0T3) exp(¢T2) exp(T3), (4.1.3)
where Ty and T3 are two of the three generators of SO(3), as matrices:
0 0 O 0 0 -1 0 1 0
Ti,=10 0 1|, T3=10 0 0|, I5=[-1 0 O
0 -1 0 1 0 0 0 00

These angles can be interpreted as a physical rotation of the left-invariant vector
fields. Moreover, they are smooth functions of ¢.

4.1.1 Calculation of the ADM Lagrangian

To construct a Hamiltonian theory, one can choose as configuration variables the
three scale factors and the three Euler angles {a1,as,as, 0,1, ¢}. From now on,
these variables are called metric variables. The Lagrangian can be calculated from
the ADM formalism

1 ) .
LADM =N det(Q) (Rq'f—mqacqbd(%zb - Na;b - Nb;a)(ch - Nc;d - Nd;c)+

1 . .
_mqaqud(Qab - Na;b - Nb;a)(ch - Nc;d - Nd;c))-
A sketch of the calculation is presented below and passes through four terms. We
rewrite the Lagrangian as the sum of four terms (excluding the scalar curvature Ry)

1 .
Lapy = Ny/det(q) (Rq + e (qacqbdqachd + q"q" (Nusp + Npa) (Newd + Nae)
- qacqbanb(Nc;d + Nd;c) - qacqbdq.cd(Na;b + Nb;a)

— 4"¢“U(dap — Nasp — Npa)(Ged — Newa — Nd;c)))'
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For the first term, we simply factorize the metric g4, as in Eq.(4.1.1) and (4.1.2):

0“0 Gabeca = (4.1.4)
=dPCd°H (dpy + dag RY AP + dpp RE AL (deg + dara RS AL + do R AE)
=dACdPPT ypdop — 4d*°dap(RA)E + 2d4Bdop(RA)E (RA)G + 2(RA)E(RA)G,
where d4P is the inverse of d4p and A is the inverse matrix of R. Recalling that,
since R is a rotation, A = R! | therefore, the following properties hold
(@) RA+ RA =AR+ AR =0.
(b) (RA) = RA = —RA. (4.1.5)
(¢) Tr(RA)=0.

The property (4.1.5a) follows from the Leibniz rule. The (4.1.5b) can be proved

using (4.1.5a) and it shows the skew-symmetry of RA, so it implies (4.1.5¢). Thus,
n (4.1.4) one term vanishes and the first term reads

00" qapdea =d*“dPPdapdcep + 2d*Pdop(RA)R (RA)G + 2(RA)E(RA)G.

For the other terms, it is useful to recall the Maurer-Cartan equation in local
coordinates . .
90, _ 99, I pJpgK
We are interested in computing a common factor to all the remaining terms (N +

N, b;a)'
Before this, we need to compute the Christoffel symbols

1
LapNe = iqcal(Qad,b + Qbd,a — Gab,d)Ne
1 1
= §(Na,b + Nba) + §NCHIJ(9£9&]J; + ‘91{9&]@ — (026) ).

After some tedious calculations, the structure constants emerge using Eq.(3.1.3). In
fact, the factor reads

(Nagp + Npa) = (Nap + Noo — 2Ig, Ne)
= —N°nrs (0202 + 05020 — (9207).c)
=N (nueiwc,b —6) + (0361, — 6,.67)).
For symmetry of 17y and the Maurer-Cartan equation, we get
(Nup + Nia) = =N°(n1s 0L fit 0K OF + 2n15036], )
= 2N" 1y 100,00

We recall that the shift vector N® on a homogeneous space can be factorised as
No(t,x) = N1(#)&¢(z). For the second term, we find

qacqbd(Na;b + Nb;a)(Nc;d + Nd;c) =
=2NANB(fL, 1 + 0" nk L A B ) (4.1.7)
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The third term is the double product; it is trivial that
qacqbdQ(zb(NC;d + Nd;C) = qacqbd(Na;b + Nb;a)q‘cd

since one can obtain one from another, via renaming a < ¢, b <> d. This term can
be easily calculated similarly to the second term

0°¢"%Gap(Newa + Nae) = —=2N50" iy £l (4.1.8)
The fourth term appears quadratically in the Lagrangian; it is
0" (dab — Nagp — Now) = n""1irs + 2N5 fii;. (4.1.9)

Recalling that for Bianchi A class models f;ﬁ ;7 = 0, this term does not depend on
the shift vector. To complete the decomposition, it remains to write n;y and its
inverse 0’7 in terms of diagonal and rotation matrices. As matrix 7 = AdR, then,

n~ ' = Ad ' RAdR + Ad~'dR + AR,

and, from properties (4.1.5), Tr(n~'n) = Tr(d~'d).
The ADM Lagrangian can be written in terms of scale factors and rotation matrices

Lapy = N|det(61)|\/det(dap) ( 4N2 (a*€dPPdapdop
+2d*Pdop(RA) R (RA)G + 2(RA)E(RA)G + 2NN (fAsf b + 0"k firfby)

+ ANEn Ty f ey — dIJdIJdKLdKL)> -

The Lagrangian can be further manipulated. First of all, the scalar curvature
can be written in terms of the structure constants and 7 only [122]. Moreover, d
can be written explicitly as a diagonal matrix dap = a% A)<5 AB, Where a1, as, as are

the scale factors, hence, \/det(dap) = |ajazas].

Furthermore, we can bring out |det(6])| from the integration on the space-time to
compute the Einstein-Hilbert action Sk, because it is the only term that depends
on the point of the hypersurface. It means

1 1
SEH = —;/dtdeLADM(t,QJ) = —E/dtﬁADM(t)/ d*x ]det(ﬁ{ﬂ
>

1
— —EVo/thADM(t). (4.1.10)

Hence, one can consider a Lagrangian that depends only on time £ 4pas(t), which is
defined as the homogeneous part of the Lagrangian defined in Eq.(4.1.1).

The Lagrangian is complex, and its writing in terms of elementary functions is quite
difficult to read. An immediate simplification is to consider the Bianchi I model,
in which the structure constants vanish. Notice that, in this case, all terms which
contain the shift vector vanish.
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4.1.2 Ashtekar variables

The loop approach requires computing the densitised dreibein and the Ashtekar
variables. The dreibein vectors are pretty simple, and they follow from the metric

Qab = 1170%6] = (M@i@i. (4.1.11)
Using the decomposition of 77y in Eq.(4.1.2), it easy to check
= a(i)Rwé i is not summed. (4.1.12)

)
€a

While its dual reads
el = ﬁAff}‘ i is not summed. (4.1.13)

The proof that one is the dual of the other is trivial

l a a a
ehed = ZORIOINI G = ZLRIA = 268 = gt

) a() ay) I
From this, the densitised dreibein is defined as
ajasas
det(g)ef = [det(6) 2% A ey

=,/det(qo) Sgn(a(i))|ajak|AiI£‘} with €, = 1. (4.1.14)

Notice that A is not a pure gauge rotation, but it is a physical rotation, applied to
the left-invariant vectors, necessary to have a non-diagonal metric.

To compute the connection, we use the definition A° =TI'Y + B3K{. First of all, the
extrinsic curvature is calculated

. . 1
Ky = Kape" = 5=(dab = Nap = Nora)a"e;
1
~oN ()RL(U o+ N o fa + N4 k) ol (4.1.15)
For the spin part I}, = k]wj 'k the spin connection is evaluated
wi = 1“@ R 10K — 1%)AI 0K — ! TN f70K . (4.1.16)
a = 5ag IK 9 ag) JJI1KYa 9 aG) 77LK i JI -t

One can check that this expression is skew-symmetric in a,b. Hence, for the spin
term we obtain

;1 1 ..
== 5 Z]kakAIR fKJQK 46”]9%%,677LKA§A7€7]”}195. (4.1.17)

The connection A!, is now expressed in terms of scale factor, rotation matrices and
structure constants

1
zgkak AJR
5¢ Wity + 5 1€

+ ﬁa(i)RiL (0™ sgr + N4 nrs fax + NAfﬁI))gi

T z]k 1 KAL ¢pJ
A, = ( wan nra A Ay fik

(4.1.18)
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As the Lagrangian, the expression in terms of elementary functions is not easy
to read. However, this calculation shows explicitly that the connection is linearly
dependent on the left-invariant 1-form, as one expects.

Finally, one wants to find the dependence of p{ and ¢§ on the scale factors and Euler
angles. Since the dependence of A’ on the left-invariant 1-form is made explicit in
Eq.(4.1.18), the components of the linear morphism ¢ can be easily written

1 1
Py = 3 ZJ’““’fAJR f1J+ ZﬁwkalakaAKAkaK 4 )
.1.19
B
+ o0 W R 0+ N s fix + NAFLD).

While piI can be computed from the metric
Gab = dap R R70,60] = |det(p])|pip50.67
from which one obtains

det(q) = larazas||det(6)] = \/Idet(p])]|det(6)]. (4.1.20)

Recalling that the formula for the densitised dreibein is

= \/det(q \/det ‘|a1a2a3|AI€a

Hence, p{ reads
pi =sgn(ag)lajor|A;  with e, = 1. (4.1.21)

The classical theory presents eight disconnected cases, one for each choice of signs for
ai,as,as; in fact, the eigenvalues of the metric cannot vanish. Thus, without loss of
generality, one can consider a1, as, ag > 0, for all ¢ € R; in the vierbein representation,
this choice means that the densitised dreibein has the same orientation as the left-
invariant vectors.

4.2 The Bianchi I case

In the non-diagonal Bianchi models, the Lagrangian and the connections have a
long and difficult expression, so the study with respect to the scale factors and Euler
angles is too complicated. The Bianchi I model provides a huge simplification of
the formulae. In such a model, many terms in the Lagrangian and the connection
vanish, and they come out very simplified. Considering the Bianchi I model with a
metric as in (4.1.2), the ADM Lagrangian is derived by Eq.(4.1.1), and it reads

Lapym = 4N det(dAB)(dAchDdABdCD

+2d4Bdeop (RA)Q(RA)%

+2(RA)B(RA)G — al’ dUdKLdKL>. (4.2.1)
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Notice that the shift vector does not appear in the Bianchi I Lagrangian. In fact, as
seen before, the shift vector is always paired with the structure constants; therefore,
the gauge fixing N* = 0 has no impact on the equations of motion. This is also
valid for the connection, which we now calculate.

Since the spin connection I} vanishes in the Bianchi I model, the connection has a
really simple expression

i i LJ,:
¢ = ﬁa(i)RLn nJI- (4.2.2)
However, its expression as a matrix function of scale factors and Euler angles
remains difficult to read. Nevertheless, we can do some manipulation, considering

the decomposition of 7, we can rewrite the connection as

i

I= 2NCL(i)

A 9y (4.2.3)

Moreover, the diagonal case can be obtained by considering R; = §%. From the
previous expression, we get

a B . )
T = =007

N
From which, in the isotropic case, given by a1 = as = a3 = a, the connection reads
B

that is the same in [15].

Unlike the connection, we can write the Lagrangian explicitly in terms of the
metric variables

1 .. .. ..
LAapm 27( —dayasag (a1a2a3 + a2a1a3 + asaiaz)
2Na1a2a3

— 2a%a3a3 (29@ costp + 6% 4+ 1* + sz)

+ af (a%(cos 04) 4 sin @sin ¥ p)? + a2 (6 + cos1p cp)Q) (4.2.4)
+ a3 (a%(cos&sinw ¢ —sin01)% 4+ a2(6 + cos @)2)

+ ag (a%(cos@siniwp — sinG@b)Q + a%(cos@aj) + sianinwgb)2) )

The reduction to the diagonal case can be implemented considering the Euler angles
constant and null; thus, only the first term remains

di 2 .. .. ..
Lapy = N (a1a2a3 + aza1a3 + azaraz) .
Hence, for the isotropic case, the Lagrangian is proportional to the scalar curvature

in the flat FLRW model, up to a total derivative

iso - _ ECLC.I?
ADM N
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From the Lagrangian £pps, we can compute the conjugate momenta of the metric
variables. Clearly, we have the momenta

oL 2 . )
GAT?M = _N(GSGQ + a2a3),
oL 2 . )
aATZM = —N(aach + a1a3),
oL 2 . )
#[:W = —N(agal + alag).

The conjugate momenta of the scale factors are the usual ones of the diagonal case.
Instead, the conjugate momenta of the angles have a slightly difficult expression.

oL a : .
gg)M - NajaQ (a1 = a9)"(6 + cos )

OLADM 1 4.2 2,0 A
59 - Narasas ajas(cos” 01 + sinf cos O siny )

+ a3a? (sin 0 4) — sin 0 cos O sin ¢ @)
—i—ag(a%(sinQsz — sin @ cos 0sin 3 §)

+a§(cos29¢—|—sinﬂcosesin¢qﬁ))+

~ 2afada} ),
oL 1 .
ggM - Narasas (a‘ll (ag sin 6 sin ¥ (cos 0 1 + sin O sin 1) )

+ a2 cos (6 + cosp go))
+ a3 (a% cos 0 sin 1p(cos fsin ¢ ¢ — sin 0 1))
+ a2 cos (6 + costp gp))
+ aj (a% cos 0 sin ¢ (cos 0 sin 1 ¢ — sin 0 1))

+ a3 sin @ sin 1 (cos 09 + sin O sin c,b))—i—
—2a2a3a3(f cos 1 + g0)>

In addition, we now verify that the Lagrangian in Eq.(4.2.4) give us the correct
FEinstein equations for the Bianchi I universe. The details of this calculation are
discussed in the following Section, in which we also compare the resulting equations
with the Einstein equations presented in [38].

4.2.1 Classical dynamics for non-diagonal Bianchi I universe

In Eq.(4.2.4), we have a reduced Lagrangian which describes the Bianchi I universe.
Currently, we want to get the Einstein equations from this Lagrangian and verify



4.2 The Bianchi I case 47

that they are the correct ones. The final comparison will be with the equations
(34-37) in [38]. We recall that Bianchi I is the kinetic part of Bianchi IX; hence, all
terms in the equations must contain a time derivative. Consequently, there is no
contribution in the equations from the homogeneous terms in scale factors.

First of all, we want to rewrite the Lagrangian similarly to Eq.(39) in [38]. We define
the inertia momenta

L (@ ad? (o a?
1= a%a% sy 12 — a%ag y 43 — a%a% )

and the angular velocities

w1 :cosésinwgb—sin%/},
wo = sin @sin ) G + cos 0, (4.2.5)
wy =0 + cos 1 p.

Moreover, we use the harmonic time gauge in which N = ajasa3. The Lagrangian
reads

a1a aia asa 1
ﬁADM=—2(12+ 143 23)

1 1
~hw? + ZIhw? + ~I3w3
a1an ajas asas + 2 191 + 2 242 + 2 343

now the dot indicates the derivative with respect to the harmonic time.
In this gauge, the conjugate momenta to the angles are

po = I3ws,
Py = Towy cos O — I1wy sin 6,

Py = I1wy cos O sin 1) + Iaws sin 6 sin 1) + I3ws cos 1.

Then, we impose the Euler-Lagrange equation for the scale factors, obtaining three
equations

(a) w%bz(a‘l1 — aé) + w%a%(aé — a‘f) + 2a$(a§(a§ — azds) + a%(ag — agdg)) = 0.

(b) wiai(as — a5) +wia3(a] — as) + 2a3(a” (a3 — asis) + a3(af — arir)) = 0.

(¢) wiai(as — a3) +wias(af — a3) + 2a3(ai(a3 — agiz) + a5(af — ari1)) = 0.
(4.2.6)

Considering linear combinations, it is possible to show clearly that they are the right
Einstein equations. From the calculation (b) + (¢) — (a) we obtain

4 9 9 odlogay

4

2 2 4 2 2/ 4 _
wiaz(ay — ay) + wias(aj — az) — 2ajasa3 P 0,
where 7 is the harmonic time. It can be rewritten as
dloga; afa3(ai+a3) , o aja3(af+a3) o 5
T (af — a3) (af — a3)

which is Eq.(35) from [38] up to homogeneous terms in scale factors. Clearly,
permuting aq, ag, a3 we find the Eq.(36) and (37) from [38].
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We proceed in the same way for the equations of motion of the angles. The Euler-
Lagrange equation for 6 results

d
%(13(,03) — (IQ — Il)WlWQ = 0.

Linear combinations of the Euler-Lagrange equations for ¥ and ¢ give us

d
di(IIWI) — (13 — IQ)wgwg = O,
T

d
E(IQWQ) — (Il — Ig)wlw:g = 0.

These equations are equations for a free rotation as in Eq.(35) from [38].

4.2.2 Constraints and their algebra for the Bianchi I model

The Bianchi I model simplifies the expression of the connection with respect to the
metric variables. Furthermore, the constraints referred to the Ashtekar variables,
presented in Eq.(3.1.6) for a generic homogeneous model, have simple expressions in
the Bianchi I model:

Gi = €iju 1P,

Vr = G, (4.2.7)

g1 ( Tind @7 — pl i J¢j)

ﬁ62|det(p£f)| D; [p] J — Di .]p] 1)

Notice that the Diffeomorphism constraint D; does not play any role. It is a linear
combination of the Gaufl constraint and the Vector constraint, and it identically
vanishes D; = 0. The Diffeomorphism constraint is not relevant for diagonal
homogeneous models [51]. However, in a generic homogeneous model, it has a
non-null expression, as shown in [44], but in the Bianchi I model. So, we will exclude
the Diffeomorphism constraint from the computation of the classical constraint
algebra.
We are interested in computing the Poisson brackets between the constraints to find
their algebra. The algebra of the constraints is evaluated on the phase space (¢}, ),
with canonical fundamental Poisson brackets {¢!, pf,} = %55 §%. Tt is convenient to
introduce a rescaled scalar constraint S’ = x32|det(p})|S, it is well defined because
|det(p!)| is always strictly greater than zero.
Furthermore, the Poisson brackets of the constraints with the phase space variables
read

{Gi,pj} = 52 € ikDh
{Gi, o7} = % €k B
{S',pl} = =8 (plp] o) —p!pj6})

{S', 61} = w8 (dip) o) — s o))
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where ' = 8/Vp is the Immirzi parameter rescaled by the fiducial volume. From
which we can easily figure out the Poisson brackets between the constraints. For the
Gauf3 constraint, we get

(Gi, G} = Leju (‘Eikm(b}nplj + Eilmqunqbllc) = s imekm®’ DL
While for the Scalar constraint, we obtain
{Gi, 8} = kB (Gl &) — esupl el ) — Gl &'y + eszuorlmin] o)) = 0.
Hence, the algebra generated by the Gaufl constraint and the Scalar constraint reads

{Gi, Gy} = LeijpGh, (4.2.8)

{G;, 8"} =0.
The algebra is closed, and all the constraints are first-class. It is also evident
from the Poisson brackets that the Gaufl constraint is the generator of the gauge
transformation: it rotates the internal index with the su(2) structure constant, while
it leaves invariant the scalar quantities and the coordinate indices I.

Starting from the phase space ((;5{ , p]J), we can perform a further reduction and
use the metric variables. This reduction changes the degrees of freedom of the theory
(in particular, we have six variables instead of nine), hence we expect some changes
in the constraints. Using Eq.(4.2.2) and (4.1.21), the constraints can be written in
terms of metric variables. For the Scalar constraint, we obtain

1
SPh =
2N2a1a2a3

— Qa%agag (291@ cos ) + 62 + % + ng)
+ af (a%(cos 0 1) + sin @sin v p)? + a3 (6 + cosp gb)z) (4.2.9)
+ a3 (aQ(cosﬁsinﬂ) ¢ — sin 0 1))% + a2(6 + cos 1 gb)2)

+ a3 (a%(COSQSiHﬂ) ¢ — sin 0 1))? + a3(cos 1) + sinGsin@Z;y‘a)?) )

( — 4ajaqasg (aldgdg + asaias + agddg)

While the Gauf3 constraint vanishes identically
G = 0. (4.2.10)

The vanishing of the Gaufl constraint implies, due to Theorem 1.2.1, that the Scalar
constraint is exactly the Hamiltonian constraint in ADM variables. One can check
that SP! is the Hamiltonian constraint obtained from the ADM Lagrangian in (4.2.4).
Hence, the connection-flux description in the metric variables is equivalent to the
ADM one.

The vanishing of the Gauf constraint is due to the set of variables chosen; the set
{a1,a9,a3,0,1, ¢} is a set of metric variables, while the Gauf} constraint is associated
with a gauge transformation. Thus, without the gauge freedom, as in this case, the
Gauf3 constraint vanishes identically.
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4.3 Quantisation of the non-diagonal Bianchi I model

The non-diagonal Bianchi I model is strongly linked to the diagonal one. In fact, we
will show that the geometrical information is contained in some "diagonal" quantities
and the quantisation of the non-diagonal model follows the one proposed in [28]
for diagonal Bianchi I models. These considerations suggest that the angles do not
play any role in the kinematical quantisation. We can find a justification for it
in the classical description: a constant rotation of the left-invariant vectors does
not affect the description; in fact, a linear combination of left-invariant vectors is
a left-invariant vector, and it is always possible to lead back to a diagonal metric,
i.e. the rotation can be absorbed in #. Considering a time-dependent rotation, the
linear combination remains in the Lie algebra of the homogeneous space, and for each
fixed time, the previous consideration holds; hence, in each surface at a fixed time, it
is possible to have a diagonal metric. At the quantum level, it means that the angles
do not affect the kinematics, and they contribute only to the dynamics of the theory.
Thus, it is possible to use the kinematical Hilbert space of the diagonal theory as the
core of the Hilbert space that describes the kinematics of the non-diagonal theory.

4.3.1 Holonomy operator

The holonomy is the fundamental operator of the approach with loops. In LQC,
the peculiar symmetries of the holonomy due to a simpler phase space are useful to
quantise the Hamiltonian, and they enable us to define a suitable kinematical Hilbert
space that renounces the SU(2) construction to adopt an Abelian one. We want to
verify if the properties of the homogeneous holonomies, studied in the diagonal case,
hold in the non-diagonal models.

First, we want to find the usual expression of the holonomy in terms of trigonometric
functions as in Eq.(3.1) in [28]. Considering the holonomy along an edge e; with
length Ay

exp </ ds c'aAZTi> = exp ()\jqbiﬂ'i) . (4.3.1)
er
To do the expansion, the Taylor series of the exponential is considered
) S |
exp <)\I¢ZITi> Z ] (Ar¢ym)"

. = (4.3.2)
)\ ¢ 7_ 2n + 1 ( d)z 7_4)2?14-1
gz IPr74 § 2 T 1) IPr74 .

To proceed, we need to evaluate the square of the argument

(\oim)? = Nighmoir; = Niohe (—36y + Seunms)
A2 B Sk
= LAFAT
4 AN? cic; NKINJT
)\2 52

= —Zmn 77KI77JI
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It is useful to define ¢;; = %\/nlaﬁ;{]ﬁ]]. In such a way, the argument of the
series reads

(Arg}m)*" = ( 1)\1011)” = (-1)" (%)\ICH)%,

. 2n . 2n+1 2t i
(Argpm)* = (-1)" (%)\ICH) Ao = (=1)" (%)\1011> i

CII

Hence, the Taylor series reads

> 1

exp (Méim) = 2 o ) [(rgim)®" + Z o H)_(w[ )

(=" 2n+1 (2077:)
)] ( /\IEH)A )—i-z ( /\1011) 051(4'3‘3)
2¢ZITZ

= cos (%/\[cn) +
crr

Plﬂii i

n

sin (%)\[C}]) .

It is evident that the issue is the factor of the sine, which is not present in the
isotropic and diagonal cases. However, we can check easily that, if ¢t = ¢;0%, then
crr = cg, where ¢; are the diagonal variables. Thus, we find the usual expression
exp ()\Idﬁn) = cos (%)\101) + 277 sin (%)\101) presented in Chapter 3 for the diagonal
case.

With this expansion, we can derive some properties of the holonomies in the
non-diagonal Bianchi I model. First of all, the commutation relations are enounced
in the following lemmas:

Lemma 4.3.1. Considering the Lie group SU(2) in its fundamental representation,

i.e. as the group of 2 X 2 wunitary matrices, associated with spin j = % The
commutator between holonomies reads as
. - 4
[exp ()\Iqblﬂ'i) , €xXp ()\J(ZS?]TJ‘)} = FfJTk sin (%)\Icn) sin (%)\JCJJ) )
CricjJj

Proof. Fixed the representation j = % means that the generators of the algebra are
proportional to the Pauli matrices 7; = —§0;, then the matrix commutator defined
on M (2,C) still holds. The calculation follows from the expansion in (4.3.3), where
the terms proportional to the identity are neglected because they do not contribute
to the commutator

[exp (M%n) , exp (AJ¢'§Tj)] -
= [(2¢§Tz) sin (%AIC][) R % sin (%AJCJJ)‘|

CI1 CjJ
(260) o (1he) 290 o (1
= 7)\ *)\ 3 1
o sin (2 [C[[) oy 8111(2 JCJJ> (73, 75]
4

i e
= 7eijk¢’[¢f]7‘k sin (5)\1(:]1) sin (i)\JCJJ) .
Crrcjgj
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This is a completely generic formula valid for any homogeneous holonomy in
Bianchi I. It is evident that, for I = J, the skew-symmetry of FIkJ assures the
vanishing of the commutator of holonomy along the same edge. Moreover, it also
holds in the diagonal case in a slightly simplified expression

[exp (Arcrr) ,exp (AyeyTy)] = 4 €1y Ti sin (%)\Iq) sin (%)\JCJ) .

In contrast, the isotropic case is fundamentally different. Owing to isotropy, no
spatial direction can be distinguished, and therefore the holonomies along each edge
must commute, with their commutator always vanishing. Consequently, the Abelian
treatment of the isotropic case is justified: the group of isotropic holonomies is
Abelian, and, in addition, the Gauf} constraint identically vanishes.

Analogously, it is possible to derive another formula for the commutation property.
It was originally derived by M. Bojowald in [44] for the diagonal case, but it is
possible to generalise it to any homogeneous connection and to prove that it holds
for SU(2).

Lemma 4.3.2. Let g,h € SU(2) in the fundamental representation. Then
gh=hg+h7tg+hg™' —tr(hg™). (4.3.4)

Proof. There are two possible approaches to proving the lemma: one based on
(4.3.3), and the other using quaternions. To establish the result for the entire group
SU(2), the quaternionic formalism provides a more general framework.
Considering the isomorphism between SU(2) and the unit quaternions

F:SU(2) - H
(_aﬁ §>Hq—a+ﬁj a,feC
Recalling the quaternions algebra ij = k, jk = i, ki = j and i = j2 = k? = ijk = —1.
It is possible to define the complex conjugation as the change of the sign of i, j, k
and for unit quaternions ¢~ = g. Notice that, using the fundamental representation
of SU(2), there is a link between trace and real part: Tr(g) = 2Re(F'(g)) = 2Re(a).
Thus, it is enough to prove the formula for the unit quaternions, so the problem is
reduced to doing some simple algebra. Let ¢ = a+bi+cj+dk and g2 = w+xi+yj+zk,
the single terms are computed
@192 — @2q1 = 2(cz — dy)i + 2(dx — bz)j + 2(by + cx)k,
¢ g1 = (aw +bx + cy + dz) + (bw — ax + cz — dy)i
+ (cw — ay + dz — bz)j + (dw — az + by — cx)k,
¢2q7" = (aw + bz + cy + dz) + (—bw + ax + cz — dy)i
+ (ay — cw + dx — bz)j + (az — dw + by — cx)k.

Where the real parts are evident. From which
Qe — @ — ¢ e — gt =
= —2(aw + bz + cy + dz) = —2Re(q2q; V).
Where Re indicates the real part. O
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Using the expansion (4.3.3), after some tedious calculations, we find that the
formula by M. Bojowald is a subcase of this Lemma.

The curvature operator follows the usual definition of the canonical LQC, but
the choice of the plaquette must be different. Recalling that

: ho, — 1
Flri= i ——— ) olo] 4.3
abTi Argllrjl—m ( ATDU ) Haeb ’ ( ? 5)

where Oy is the plaquette, i.e. a rectangular closed path with edges along £; and
£7. We want to emulate the procedure for the diagonal model and find a natural
choice of the plaquette from which to compute the curvature.
In the non-diagonal case, piI is not diagonal, but with a correct choice of the plaquette,
we can bypass the problem and find three fluxes that are the same as the diagonal
case. Considering the vectors

G = A, (4.3.6)

they are elements of the Lie algebra of ¥ and it is easy to check that [¢;, ;] = 0.
Moreover, along these vectors, the densitised dreibein vectors are diagonal

a __ |a1a2a3| ITea a
Eif =/ det(QO)TAi §1 =/ det(qo)p)Gi's (4.3.7)

where the expression of p; can be derived by Eq.(4.1.21)
pi = sgn(a;)|ajar|  with €, = 1. (4.3.8)

Hence, since the choice of the plaquette for the regularisation of the curvature is
completely arbitrary, we choose the plaquette [;; as a rectangular closed path with
edges along ¢; and (j, that lies in the plane I-J rotated.
The holonomy along the edge (; can be easily computed

exp ( ds éaAZTi) = exp ()\ZC{’(;SJIG£7'3> = exp ()\qugT]) , (4.3.9)
Ca
where gi)f is defined as qbf = L;A! qul'. L; is the fiducial length of the i-th edge of the

rotated fiducial cell, which is equal to the canonical fiducial cell L; = Ly if §;; = 1.
In fact, the fiducial metric is invariant under rotations

af’ = 664¢s = SV RIGIR) ) = 09 (4.3.10)

Notice that qzbf has a explicit expression in terms of metric variables
Rl Oy VJV 599 (4.3.11)
)

Writing down qﬁz , an interesting property becomes evident

2 2 2 2
Ly a3—a L3 aj—a
Ly gN o ws gz\/ w2
W — BLy a3—af BLj3 a3—a3
b LB Ly Sk4dy, (4.3.12)

BLy af—a3 BLy a3—a3
2N 1a3 3w2 2N 3(13 2w1 L363
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where c1, ¢2, c3 are the diagonal components of the connection as in the diagonal

case 8
dai
= —=—, 4.3.13
=N @ ( )

and wy,ws,ws are defined in (4.2.5).
The connection is composed of a diagonal part that is exactly the connection of the
diagonal case and out-of-diagonal terms, which depend on angles and are linear in
their conjugate momenta. Notice that for a constant rotation, the connection is
diagonal. Thus, since the holonomies are diagonal, one leads back to the diagonal

case for both the kinematical and the dynamical theory.

4.3.2 Quantum geometry

In the previous section, with a suitable choice of the plaquette, the link with the
diagonal case emerges. The role of the diagonal variables in the quantum geometry
of the non-diagonal Bianchi I model will be examined in depth.

With the choice of the plaquette [;; as above, one of the densitised dreibein vectors
is orthogonal to the plaquette and its diagonal component can represent the area, so
the argument for the diagonal case can also be emulated in the non-diagonal one.
Moreover, the flux of the electric field over the face ; of the rotated fiducial cell is
proportional to p;.

Recalling that the fiducial length is invariant under rotation of the edges, let us
introduce new variables via rescaling p; = L;Lyp; with €;;, = 1.

Lemma 4.3.3. The area of 6; is |pi].

Proof. Considering the face 3 on the rotated fiducial cell. Let {z*} local coordinates
in which £f = 6¢. Since [(;, (] = 0, then there exist local coordinates {Z*} such that
¢ = o

We can write the metric on ¥ in these new coordinates h = a3(dz!)? + a3(d#?)? +
a%(d#3)%. Let ¢ : 53 < ¥ be the inclusion map, and F : ¥ — ¥ a rotation such that
F.& = (1 and so on for 2 and 3.

For 63 we have:

1. 63 = F(o3), where o3 is the face of the fiducial cell "transverse" to 3.

2. The metric on the surface &3 is t*q = a3(d7')? + a3(di?)?. Hence, the volume
form is dV,«, = |ajas|dit A di? = |ps|dzt A dF2.

Thus, the area of 63 reads

Ar(63) :/ Ipaldit A di? = |p3]/ di' A di
o3 F(O’g)
—Ipol [ F(d5' A di®) = Ipsl [ 6" 67
g3 o3

= |p3|L1Ly = |p3].

The same procedure can be repeated for the other two faces. O
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Considering also rescaled connection variables ¢ = Ljc;, the pair (&;,p;) is
exactly the one of the diagonal case. Hence, we can choose the phase space
{P1,D2,P3,0,v, ¢, 1, C2, C3, D9, Py, Pp} With (non-vanishing) Poisson brackets

{Eivﬁj} = I%ﬁ&;’

{eape} =1,
{¢ap¢} = 17
{o,pp} = 1.

Considering the quantum states |p1, p2, P3, 0,1, ), these states are eigenstates
of the quantum geometry. For the Lemma 4.3.3, in such a state the face 63 in the
plane (1, (s of the fiducial cell rotated by (6,, @) has area |ps|. Furthermore, the
classical volume has the same expression as the diagonal one, just like the volume
operator. We obtain the classical expression

V= / d3x\/ etk eae ELELE

= VO\/ Leiiker replpl plk
b Lt (4.3.14)

= VO\/‘éfijkGIJKAfAjAkKPipjpk’

= Voy/Ip1p2ps| = 1/ |P1P2D3]-

Thus, all the geometry information is contained in the “diagonal” variables p;, which
represent the fluxes, with their conjugate momenta ¢&;. Hence, as in the diagonal
case, the pair (p;,¢;) can be quantised in the loop formalism, and their action on
the states is

ﬁl |ﬁ17p2’]53a ‘9’ @ZJ, (10> = pl ’ﬁbﬁ??ﬁ?ﬂ 07 ¢7 g0>7
(4.3.15)

eXp(i)‘él)’ﬁpraﬁ?n03¢7@> = |]51 - Hﬁh)\vﬁ%p&evw)(p%

and similarly for ps and ps.

Since p; is well-defined as an operator, the quantisation of the volume is trivial.
On the previously defined states, the volume operator acts as

V|ﬁlaﬁ25ﬁ3797¢a¢> =V |ﬁ1ﬁ2ﬁ3‘|ﬁ1,ﬁ27]5379»1!%90)-

The information about quantum geometry is wholly encoded by the fluxes p;. The
angles 6,1, ¢ represent how much non-diagonal the state is, i.e. greater the values
more the dreibein is rotated with respect to the left-invariant vectors, which is
important in the choice of a suitable plaquette on which to compute the curvature
operator. As already seen, this choice is arbitrary and we can choose the plaquette
whose area is proportional to p;. Furthermore, without any ambiguity, the volume
depends only on momenta. At the quantum level, the volume operator shares the
same eigenstates as the flux operators, and its eigenvalues depend solely on those of
the fluxes.
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The kinematical states of the theory are linear combinations of |p1, pe, ps, 6,1, ¢),
in which the p; are quantised within the loop framework, while the angles can be
quantised using the Weyl prescription. The fundamental operators read

eiée‘ﬁlvﬁ%ﬁi’)a 97¢7 @) = ei§0’ﬁ17ﬁ27ﬁ370a 1/17 90>7 (4316)
einﬁe |ﬁ17ﬁ27ﬁ37 97¢7 gp) = ‘ﬁ17ﬁ27ﬁ37 0 + 777¢7 90>7 (4317)

and similarly for ¥ and .

In this vector space, a norm can be defined such that it coincides with the one in the
diagonal case. The diagonal states are the ones with null angles |p1, p2, p3, 0,0, 0).
Thus, it is always possible to write any state as a linear transformation of a diagonal
one

’ﬁ17ﬁ27ﬁ37 ©1, P2, 903> = eismﬁg eiSOQﬁqj,veiSDS@p ‘ﬁlvﬁ27 ﬁ37 07 07 0>

To define a kinematical Hilbert space, we need to equip it with a scalar product.
From the quantisation properties, the scalar product must induce a norm that has
to satisfy

1151, D2, B3, 1, 02, @3)||* =

= (P1, P2, D3, P1, P2, P3]D1, P2, P3, 1, P2, ¥3)
= (p1, P2, P3, 0,0, O|6_W3ﬁ“’ e~ W2Py o —1P1D0 L1P1DP0 p1P2Py P3Py |1, P2, P3,0, 0, 0)
= (p1, P2, P3,0,0,0[p1, P2, P3, 0,0, 0)
= |11, P2, 3)||Fiag = 1,
in which || - ||giqg is the norm of the state in the diagonal theory.

The property of leading back the scalar product to the diagonal one holds not only
for the norm. In fact, consider a generic scalar product between two states

<f)17ﬁ27ﬁ37 ©P1, P2, gp3‘ﬁ/laﬁ/27ﬁé7 Q0/17 90/27 @é) =
= (j1, Pa, P3, 0,0, dei(eorw’l)ﬁe e(P2=05)Py i(03—95) P |5}, By, Bs,0,0,0)
= <ﬁ17ﬁ27ﬁ3707070’13/175/27ﬁ§‘)7 Y1 — ()Ollvg02 - S0/27SO3 - Soé>

If o, = ¢, we find the scalar product between diagonal states. So, the scalar
product between equally rotated states is imposed to be

(D1, D2, D3, 915 P2, 3[P1, Doy Py P15 92, 93) = 05,5, Opapt, Opa, -

This is coherent with our interpretation of the quantum kinematics of the angles.
There is no unique choice of a scalar product that induces the properties above.
However, we require that |p1, P2, D3, ©1, 2, @3) are orthonormal states, then, in
according with the quantisation procedure, we are allowed to choose the following
scalar product

<ﬁ17]527ﬁ37 ®1, P2, 903|]5/17]5,27}5§,a (10/17 30,2> Sog’)> (4 3 18)
= 015, 0, Opst, 0 (91 — 1) (02 — 05) 8 (403 — 5)

The kinematical Hilbert space of the theory is equipped with the scalar product
(4.3.18) and it has an orthonormal basis {|p1,p2,P3,6,%,¢)}. In the kinematical
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Hilbert space, the angles do not play any role; hence, the kinematical theory reflects
the properties of the geometric operators. The dynamics of the theory is governed
by the quantisation of the following Hamiltonian

1

—2
H = 20 (—(plpzclcz + pipscics + papscacs) + (% - %) 3
P

-2
+ (% — %2) (—cos @ cotpg — sin 0 py, + COS@CSCQ[)p(p)2

+ (% - Z—‘z’) ’ (—sin @ cot ¢ pg + cos b py, —|—sin9(:scwp¢)2).
This expression corresponds to the scalar constraint (4.2.9), written in the harmonic
gauge and with respect to the diagonal fluxes and their conjugate momenta. It is
noteworthy that the first term matches the Hamiltonian of the diagonal case and
can therefore be quantised using the standard regularisation techniques developed
in Loop Quantum Cosmology. The remaining terms are quadratic in the angular
momenta, do not involve the connection components, and thus can be quantised
unambiguously.

Another viable approach to defining the Hilbert space is to perform the quantisa-
tion at each fixed set of angles. In this setting, we obtain a family of Hilbert spaces
H, for each a € SO(3), all of which are isomorphic to the Hilbert space associated
with the diagonal case Hqc. In analogy with the earlier construction, these spaces
are spanned by basis elements of the form [py, P2, P3, ©1, Y2, ¢3), where the angular
parameters 1, s, @3 are held fixed. Formally, we can describe the total Hilbert
space of the non-diagonal theory as a direct integral over SO(3):

[S2]
/ Ha durr(a) = L(SO(3), Hrgo), (4.3.19)
SO(3)

where pp denotes the Haar measure on the group SO(3). In this construction, to
be mathematically well-defined, each Hilbert space H, must be separable. In this
context, Hrqc may serve as the regularised Hilbert space. The resulting quantum
states are square-integrable sections of the vector bundle | |,c50(3) Ha. Notably,
Kuiper’s theorem ensures that this Hilbert bundle is topologically trivial, thereby
justifying the identification with the Hilbert space L?(SO(3), HLqc). The basis
states |p1, P2, D3, ©1, Y2, ¢3) can then be understood as generalised eigenstates or
distributions on this space, particularly as Dirac delta functions in the angular
variables. This is analogous to the role of position eigenstates in standard Quantum
Mechanics. Furthermore, this space is naturally equipped with an inner product
induced by the Haar measure on SO(3), which endows it with the necessary structure
to serve as a well-defined and physically meaningful Hilbert space for the quantisation
of the non-diagonal cosmological models.

4.4 Representation quantisation

The quantisation of homogeneous models is already implemented (see [51]). In that
case, the same procedure of the full theory is used to find the kinematical Hilbert
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space and the fundamental operators: holonomies and the momentum operators.
The theory is similar to the LQG, but it is described in terms of the homogeneous
part of the connection quiI instead of the full one. This similarity is due to the
fact that there is a non-null Gaufl constraint on the minisuperspace, and then,
we must deal with an SU(2) holonomy. In that approach, the states are vectors
in a representation space of SU(2). Nevertheless, in the 4.2.2, the cosmological
theory of the non-diagonal Bianchi I model, described in metric variables, emerges
naturally with a null Gauf3 constraint. Consequently, the non-diagonal models are
close to the diagonal ones [15, 28], which present a null Gau$} constraint and Abelian
holonomies. In this common approach, the states are almost-periodic functions
in the connection variables. Moreover, the holonomy has the same commutation
relation as the diagonal case by Lemma 4.3.1. Hence, we want to express the theory
as an Abelian theory, as in the usual approach to diagonal models. To do that,
we implement the kinematical quantisation procedure shown in [51] in our case,
imposing that the states are representations of U(1)3. This formulation seems to
be more general than the one proposed in 4.3.2, as it holds for any Bianchi models,
but it presents some issues and problems with physical interpretation; in particular,
in the regularisation of the Hamiltonian operator, and in the interpretation of such
holonomies.

4.4.1 U(1)3*-holonomy

The choice of the Ashtekar variables ¢y, co, c3 for a cosmological setting seems to be
the only reasonable one. However, in the non-diagonal case, there is an ambiguity.
These variables do not emerge naturally from the geometry, but they are useful to
show the relation with the diagonal case. We are interested in looking for a more
natural set of variables. To do that, the expansion in (4.3.3) can be useful; we can
choose the argument of the trigonometric functions as the configuration variables

crr = /Z P97 (4.4.1)

The square root exists because the argument is a sum of squares (in this Section, we
do not use the Einstein summation convention).

Moreover, it is possible to find the conjugate momenta in terms of the connection
and dreibein. Considering a function F/, imposing the invariance of the Poisson
brackets

kB s 7 kG 1 . OF7
BO 57 — (o FIY = B2 2 Nk 98 442
we obtain that gg; oc (¢~ 1)7. Hence, the momenta read

pI =cyy Z(gb*l)fpf (4.4.3)

Notice that also F/ = - > p;’ ¢f] gives us the correct Poisson bracket, but the first

cry
one will be more useful in the next Section.
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For the quantisation, the procedure proposed by M. Bojowald in [51] is implemented
in the U(1)3 case. In particular, to adapt the formalism to the original paper,
rescaled variables are considered

err=1Ly Y ¢t  p' =LjLgp' with erg = 1. (4.4.4)
A

The holonomy-flux algebra is implemented considering representations of holonomies
as kinematical states of the theory, where the quantum number n is the label of the
representation. Thus, a state reads 7y ,(g7) = (exp(iAérr))", with A € Q and n € N,
The binary operations have really simple expressions; the multiplication reads

)N )N2 = Tz,Nin1+Nana (gI)v (4.4.5)

TA1,m1 (gf) " Txg,no (gl) = Tzm1 (gl 17rz,n2 (gI

with z maximal rational such that Ay = N;z and Ay = Noz. While multiplication
between two elements with I # J is the tensor product. The star operator is
Tan(gr)* = ma,—n(gr). For the inner product, the Haar measure on U(1) is required.
It can be defined by

pir(8) = 5-m(F7(S))

for each subset S C U(1), where f is the function f : [0,27] — U(1), t —

(cos(t),sin(t)) and m is the usual Borel measure on the real line. Hence, the
measure for the inner product is

1 2m /%
/ dpip (exp(20épr)) = — / d(zé11). (4.4.6)
U(1) 2m Jo

From this, we can define the inner product as

= ! ol d(zée 4.4.7
(7r>\1,n1 (91)77T/\2,n2 (9J>) - (27_[_)31[_([/0 (ZCKK)WAL*TH (gf) * Thz2,na2 (gJ)' ( e )

Notice that for I # J the inner product vanishes unless A\yn; = 0= Xono. If I = J
one obtains

<7T/\1,n1 (91)7 2,02 (gI>)

1 2m/z ~
T o /0 d(2C11) T, - (91) - Trgina (91)
1 2m

- o 0 dT T Nyny—Nyny (€7) = {

0 if )\1721 75 )\2’!22
1 if )\11@1 = )\2’/12 .

All the definitions above are coherent with the isotropic case studied in [51]. The
momentum operator can be derived from the general case,

' ran(gs) = BOpARG AR (g.)- (4.4.8)

With multiplication operator 7 ,(gr) and momentum operator p!, one now can
compute the commutator acting on a state ¥(gr) = 7, n, (gr) (for J # I is the same
since J-terms do not contribute). The calculation is pretty simple; we obtain

[WA,n(QI),ﬁI] = */86%3)‘”77)\,71(9[)- (449)
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There is no reordering operator R! , then the commutator is exactly the quantisation
of the Poisson bracket. It is possible to show that the reordering operator vanishes
in the Abelian theory

— i}?I(Tr,\l,m (91) -+ Ty .y (91))

N N
== Z Ny (g1)--- Tz (gI)Nl AN N (91) — Z Al A1, (g1)-- “TAN N (g1)
=1 =1

=0,

with z maximal rational such that A\; = zNV;. The reason is that refinement does
not exist in the Abelian theory; in fact, the action of 7 o(gr) as a multiplication
operator is trivial. In the SU(2) theory, the reordering operator reads RZ»I =
—(Bit%) 'l (m,0 — 1), but in the Abelian theory the term in the parenthesis acts
as a null projector on every state, then R =o.

This Hilbert space is isomorphic to the LQC’s usual one: the space of functions
on the Bohr compactification Rpp, of the real line (i.e. almost periodic functions).
There exists a map between the Abelian states and almost periodic functions
B :m\n(9r) — exp(iAnérr). This map is a *-algebra morphism and commutes with
the action of p’. The map is surjective: given any exp(iacyy) it is always possible to
find 7y ,(gr) such that An = a and so, to satisfy B(my ,(gr)) = exp(iacrr). B is also
injective ! because of Lemma 4.4.1.

Lemma 4.4.1. Two elements 7y, n,(g1) and mx, n,(gr) such that \yny = Xang are
the same point in the Hilbert space with the scalar product defined in (4.4.7).

Proof. Let mx, n,(9r) and 7y, n,(gr) such that A\;n; = Aano. Recalling that

(Ta1m1 (G1)s Tagmg (91)) = 1 if Aing = Aang,

we want to compute the distance between these two elements

Hﬂ')\l,nl (gf) — Txa,na (9[)”2

= H7r)\1,n1 (QI)||2 + H7T)\2,n2 (gI) - (7T/\17n1 (gf)aﬂkz,nz (gf)) - (7-()\27712 (gI)’ﬂ)‘lvnl (gI))
=2 2Re((7‘-/\1,n1 (gl)a 7T>\27n2(91))) = 0.

17

O]

Actually, the previous Lemma tells us that the preimage of an element under B
consist of a single point.

The Hamiltonian can be implemented in the theory considering the expression
shown in [47]. In the Bianchi I model, the Hamiltonian is given by the Euclidean
term only, and it reads

i 1JK —1; -1 -1 7
@I;KG Tr(hrhshy by hi (b, V). (4.4.10)

H=

!The injectivity of B descends also from the fact that, in the original paper [61], B is an isometry.
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We can expand this expression in terms of trigonometric functions of ¢;;. The
computation is quite tedious. First of all, one can separate the two terms of the
commutator. The first term vanishes due to the symmetry of Tr(hrhyhyh;!). In
fact, in the fundamental representation, the trace of any SU(2) matrix is real, then

Tr(hrhsh ' hit) = Te((hrhghy ') = Te(hghrhs hh).

The second term can be computed using the expansion (4.3.3))and the Lemma 4.3.2
(the Einstein’s summation convention holds for the indices i, j, k in the following
formula)

S B tr(hihgh B hc Vi)
I1JK

ZGIJK< <COS( C[[)Sin(%élj)shﬂ( CJJ)(

Crr

Ph — "H¢J) — terms (I < J))
IJK

A

in(1exr)V cos( E:KK))

o)

Crrcyy

in(3éxK) —

X (cos(%éKK)

l N[ =

+ 4( cos(3érr) cos(3¢,7) — sin(3¢77) sin(3¢5)) =L sin(3é77) sin(3¢,) x

CIICJJ
n(Lérer) — Pi gin(la (la
sin(5Ck k) — 5.5 s1n(2cKK)V cos(3¢x k)

1 1o Vain2(l
cos(5¢yy) sin(5¢ry) sin(5¢ ~
( (eu (~2 1) (3 JJ)( T — c”¢>J) — terms (I J))
Crr &
(z)k A~ ¢k ~
X €ijkg 81n(2cKK)V K 81n(2cKK)
+ 4(cos(4ér1) cos(3éy7) — %L sin(3ér7) sin(3é;7)) < 0197 sin(3ér7) sin(iés ) x
5CII 5CJJ Er1cs 5CII JJ E11es7 5CIT 5CJJ
P ¢>l .
><6Wnemkl~ sm( CKK)V ( CKK) |-

The problems of this Hamiltonian are evident. In addition to the complexity, linear
terms in the connection appear. An operator for the connection does not exist, and
it cannot be expressed in terms of é;; and p!. The same problem holds for the
volume operator V.

If one restricts to the diagonal case, the expression simplifies, obtaining the usual
Hamiltonian of the diagonal case [49]

> Kt (hyhgh R g Vi) =
1JK

= 3 e (seasmccon(hen)eos(hes) sn(hensin(es) (a4
I1JK

X (cos(%cK)V sin(cx) — sin(%cK)f/ cos(%c;d)).

Despite the good properties of the Hilbert space and the holonomy-flux algebra,
this approach is not useful. In particular, it fails in the implementation of angles
in the kinematical states, which are dependent on only three variables ¢;7. It does
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not have a separable Hamiltonian, nor does it provide proof of the independence
of the geometry from the angles. The same approach along the edges (; can be
considered. Stﬂl it is not possible to find suitable conJugate momenta to the variables
Cis = (Z qu ¢J) because in this formulation ¢% and pZ are mixed.

4.4.2 U(1)5-holonomy

The previous approach can be slightly modified, considering as a multiplication
operator its "natural extension" in a symmetric matrix (still Einstein summation

convention is not adopted)
cry= > ¢l (4.4.12)
i

Also, the momenta are the "generalisation' of the ones found before
T=crsd pllo™ ")) (4.4.13)
a

It is not trivial to check that the conjugate momenta are symmetric. Considering
the expression of the connection and of the dreibein as matrices

B oip.
—CR
2N 777

= \/det(d”)AC”l,

where C' = diag(ay, ag, a3). The conjugate momenta read

¢ =

P x ¢ pt c nTIACCTIR = 7Y, (4.4.14)

where 7 is symmetric, then p’” is symmetric too. In these variables, the classical
scalar constraint S’ can be written in a simple way

JK

p 2 2
S = Z pHery)? Z —Ckr- (4.4.15)
IJ 1KLL €IL JK

If we implement Thiemann’s trick for the Hamiltonian, we obtain the same Hamilto-
nian shown in the previous Section, since it comes from a general approach. This
formalism seems to adapt better to the problem than the U(1)% one due to the
natural emergence of six variables, but the quantisation program has several issues.
To emulate the Hilbert space defined in Sec.4.4.1, we want to use as states the
representations of U(1)® holonomies. In such a Hilbert space, the same properties of
the U(1)? formulation hold. However, U(1)% holonomy has no physical meaning. In
canonical LQC, the power of U(1) is due to the different directions in the space, hence
6 holonomies can not have the usual interpretation as holonomy along an edge and
do not have one. A possible way to find a "geometry+angles" interpretation from this
approach is to diagonalise the matrix c;; and consider as variables the eigenvalues
and the angles of the change-of-basis matrix. Unfortunately, the conjugate momenta
are difficult to find, and the Hamiltonian does not seem to simplify further.

In conclusion, constructing a Hilbert space analogous to that of the general
homogeneous case in [51] and isomorphic to the space of functions on the Bohr



4.4 Representation quantisation 63

compactification of the real line does not provide a viable route forward. As
demonstrated in the previous two Sections, several issues arise in the quantisation
of the Hamiltonian and in the definition of the kinematical states. In particular,
the linear term in the connection cannot be neglected, and it is not legitimate
to consider almost-periodic functions derived from an expansion of the holonomy.
Consequently, the quantisation scheme proposed in Sec. 4.3 is the only consistent
framework. This approach implements a meaningful kinematical split between the
diagonal fluxes, which depend solely on the scale factors, and the rotational angles,
within a well-defined Hilbert space. Furthermore, the Hamiltonian can be regularised
using the standard regularisation scheme of Loop Quantum Cosmology, yielding
the Hamiltonian of the diagonal case augmented by quadratic terms in the angular
momenta. Therefore, for the remainder of this work, we shall adopt this scheme as
the LQC quantisation for non-diagonal cosmological models.
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Chapter 5

Abelianisation of Gauifl
constraint in Cosmology

The quantisation scheme proposed in the previous chapter can be generalised to
incorporate gauge transformations. Although the standard approach in Loop Quan-
tum Cosmology typically does not preserve the full SU(2) gauge symmetry, the
symmetry reduction induced by homogeneity does not, in principle, preclude its
preservation. In this chapter, we try to restore the SU(2) gauge symmetry within a
cosmological setting, alongside the associated Gaufl constraint. The central idea is
that spatial homogeneity still permits global, time-dependent rotations of the triad
vectors, thereby reinstating a non-trivial Gaufl constraint akin to that in the full
theory.

This analysis explores in detail the relationship between the Ashtekar-Barbero-
Immirzi-Sen connection and the electric field with the standard ADM Hamiltonian
variables. It leads to the conclusion that the standard framework of LQC is sufficiently
general to accommodate non-diagonal terms and gauge freedom. When the SU(2)
gauge connection is expressed in terms of metric variables (namely, the three scale
factors, three Euler angles, and three gauge angles), a local expansion reveals a linear
dependence of the Gauf constraint on the momenta conjugate to the gauge angles
(which generate global rotations). This observation motivates an ab initio adoption
of the Holst formulation, whereby the SU(2) connection is parametrised directly
by metric variables. This approach yields a crucial result: a linear correspondence
between the components of the Gauf3 constraint and the momenta conjugate to the
gauge angles, implying that the constraint is satisfied if and only if these momenta
vanish. In particular, we demonstrate that the Gaufl constraint can be reformulated
as three Abelian constraints, reflecting the pure gauge character of the three angles
that rotate the triads. An explicit expression for the matrix relating the original
non-Abelian Gauf} constraint to its Abelian form is derived.

The most significant consequence of this study is that gauge-invariant kinematical
states must be independent of the gauge angles, since in the canonical formalism,
they are annihilated by the vanishing momenta. As a result, the quantisation of
the model reduces precisely to the framework discussed in the previous Chapter on
non-diagonal Bianchi models. Even when starting from a fully general configuration
with nine independent variables, three of these are merely gauge angles. The
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corresponding Gauf} constraint reduces to three Abelian conditions on vanishing
momenta, and the resulting quantisation matches that of a non-diagonal Bianchi
universe, characterised by a diagonal representation of fluxes, in full agreement
with the standard LQC approach. This supports the conclusion that the proper
incorporation of the SU(2) gauge group within the quantisation of the minisuperspace
framework is not achievable.

5.1 Rotations as gauge transformations

In this Section, we aim to characterise the gauge transformation of the homogeneous
Ashtekar variables (3.1.4). The gauge transformation for the densitised triads is
discussed in Chapter 3, which allows a rotation p{ > p]I- O!, with O € SO(3). Due to
the homogeneity hypothesis, pi] only depends on time, and this property must also
hold after the gauge transformation. Hence, although O can be arbitrary and does
not contribute in any physical sense, it must depend on time only too. Moreover,
the gauge transformation can be seen as a rotation of the dreibein e — Of ej. This
interpretation allows us to find the associated gauge transformation of the connection
variables ¢.

Consider the usual expression of the Ashtekar connection A% = T + BK.. We
can treat the two terms separately. The second term KCZL = K, pe™ contains the
external curvature K,;,, which is a geometrical quantity and is not affected by
gauge transformations, while e is a dreibein vector, so it rotates under a gauge
transformation. It is easy to check that the rotation matrix is the inverse of the
transformation matrix that acts on e’ because J¢ = ee} must be invariant. Then,
Kape® Kab(O_l)ée“j. Moreover, the spin part transforms as I} — (O‘l)éfg.
Thus, under a gauge transformation, a matrix rotation appears:

Ay = 610y — (071)34] = (07)jé76;. (5.1.1)
Therefore, on the phase space ( 3, p}-] ) the gauge transformation acts as
pl = pjOl, 6f = (01, (5.1.2)

We can check that such a transformation leaves the hypersurface identified by
the Gaufl constraint invariant. In fact, the transformation of the Gaufl constraint
G; = el-jkqﬁl[pi reads

Gi = € (ON)]OF ¢hpr, = ejrOleipl, = O1G;. (5.1.3)

Now, we look for a description in metric variables like the ones in Chapter 4. The
new phase space of the metric variables, composed of the three scale factors a1, as, ag
and the three Euler angles of the physics rotation 6, v, ¢, needs to include variables
of the gauge freedom. Since O € SO(3), it can be written in terms of Euler angles

O = exp(aT3) exp(pT) exp(vT3), (5.1.4)

Then, the three gauge variables are these three Euler angles («, 3,7), seen as a chart
on SO(3), o,y € (0,2m), B € (0,m). Hence, the new configuration coordinates are

{alv az, asg, 9»1/% », &, B),y}
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In order to construct a theory in which the Gaufl constraint does not vanish
identically and in which the role of the cosmological quantities is made explicit, the
assumption of phase space with configuration variables {a1, az,as, 0,9, ¢, o, 8,7~}
seems to be a reasonable solution. The idea is to impose a canonical transformation
between the two phase spaces such that the conjugate momenta to the gauge variables
are included in the expression of the Ashtekar variables. These momenta will play a
role in the Gaufl constraint, and they can be removed from the theory to recover
the expressions in Sec. 4.1.2.

5.2 Examination of the Bianchi I model

For the non-diagonal Bianchi I model, we have a simple expression of Ashtekar
variables in terms of metric variables, which allows us to do some computations.
We want to use the connection and fluxes expression in Sec. 4.1.2 and Sec. 4.3.2
properly gauge rotated

Ph = 2Na-A3] Ns1(0")}, (5.2.1)
J

pl = ajarAfO! with €5, =1, (5.2.2)

where A is the physical rotation introduced in the previous Chapter. A direct
computation shows that, despite the gauge freedom, the Gauf3 constraint identically
vanishes (as well as in Ref. [49]). Thus, the gauge momenta play a fundamental
role in a non-vanishing Gaufl constraint description. Now, we want to analyse this
aspect.

5.2.1 The Lie condition approach

Consider the two phase spaces: the connection-fluxes one (¢¢, pil ), and the metric
one

(GnsPm) = (a1, a2,a3,0,%, 0,0, B,7,01,D2, 3,06, P P> Pas PB> Py) -

We want to impose a canonical transformation between them starting from the
expression of p! in Eq.(5.2.2) to find a formulation of the connection which includes
a dependence on the gauge momenta. We expect that the gauge momenta can give
a non-trivial contribution to the Gaufl constraint.

For simplicity, we switch coordinates and momenta of (d)@, pi[ ) and we implement a
canonical transformation via the Lie condition with a null total differential

, - opl
Ordp] — pndgn = <¢’Ia : —pn> dg, = 0. (5.2.3)
Adn
. I
Now, we want to find ¢%. It is useful to introduce the matrix M defined as M = gs :l,

seen as a 9 x 9 matrix, such that the term qbildpi[ can be written as a matrix-vector
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product
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In such a way, the Lie condition can be written as p'= M 5, where p'= (p,) is the
vector of the momenta, while d_; is the vector of the ¢%, ordered as in Eq.(5.2.4).
Using the expression of pZ-I in terms of metric variables, M can be written explicitly,
but the expression is too long to write here. However, the computation of the inverse
is too difficult, and even computing programs such as Wolfram Mathematica do not
give a solution. At least, the determinant does not vanish identically, and the matrix
is invertible in an open subset of the configuration space.

The complexity of the matrix is due to the abundant presence of trigonometric
functions. Consequently, to do an approximate analysis, we need to fix the values
of the angles such that the matrix is invertible. These values are /2 for all the
angles. At this point, the matrix M is invertible, and qﬁ can be written in terms
of the gauge momenta. From which, a non-identically vanishing Gauf3 constraint is
provided

Gi = (D3 P P)- (5.2.5)
We can check that, imposing the constraint (i.e. putting the gauge momenta to
zero), we recover the same expression of ¢4 as in Eq.(4.2.2). Since the non-vanishing
condition of the determinant is an open condition, there exists an open neighbourhood
of /2 in which the matrix is invertible. So, now we expand M at the first order
with respect to a small parameter e, and, for € small enough, we obtain an invertible
matrix. We need a small parameter for each angle: the small parameter that affects
the 6 angle is defined as g9 = 6 — /2, and similarly for all the other angles. From
this, we compute M at the first order. The inverse of the matrix can be found, as
well as the connection. In the first-order approximation, the Gaufl constraint has a
simple expression

G~ (pﬁ + €yDPa;, Pa 1 EBPy — E4PB; pA,)- (5.2.6)
It is trivial to check that, for ¢ — 0, one finds the quantities computed at /2.

A non-vanishing Gaufl constraint is found; this means that a formulation in
terms of the gauge variables is the right way forward. However, this result is not
satisfying. The expression for the Gauf} constraint is an approximated form around
an arbitrary point, in which the limit does not lead back to any well-known theory.
Moreover, no explanation is given about the identically vanishing Gauf} constraint
that emerges in the previous Chapter. Hence, a deeper analysis is required.

5.2.2 The Lagrangian approach

We want to investigate what happens to the Hamiltonian formulation starting from
the Holst action

1 iy . N
Sttolst = 7 / dt (p{ ¢ + NGy — NTv; — 255) : (5.2.7)
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and considering the connection and the dreibein written in terms of the metric
variables as in (5.2.1) and (5.2.2). We want the Holst action to be explicit in
terms of metric variables, the calculation of the single terms provides that the
GauB constraint vanishes G; = 0, and so the Vector constraint V; = 0, while the
Scalar constraint has the same expression as in Eq.(4.2.9). As we expected, the
gauge freedom does not appear in the Lagrangian, which is invariant under gauge
transformation. Hence, the momenta can be computed and the gauge momenta
are null (i.e., po =0, pg =0, p, = 0), while the others are the same as presented
in Sec 4.2. We can now perform the Legendre transformation with Lagrangian
multipliers A; to find the Hamiltonian

1 N
H=—1(AX A A3py — =S5 . 5.2.8
5H< 1Pa + A2pg + A3py 5 ) ( )
Thus, the theory of the non-diagonal Bianchi I model in metric variables is a
constrained Hamiltonian theory with phase space

(a17 az, as, 07"?7 ®, 04757,vaavpbapwp@apw7p<p7pa7pﬁap’y)

with four constraints
pazoa p,B:O7 p’y:()a S:07 (529)

and with a Hamiltonian which is a linear combination of these constraints.

Notice that the same theory written in terms of connection and dreibein (gb}, p}-] )
has four constraints given by G; = 0 and S = 0. The Scalar constraint is the
same in both formulations in the sense that it is possible to switch from one to the
other using the transformation (5.2.1). This property does not hold for the Gaufl
constraint, which also vanishes in gauge variables. However, it is replaced by the
three constraints on the pure gauge momenta. We interpret this result as follows:
the Gauf} constraint after the canonical transformation becomes the gauge momenta
constraint. In such a way, the dependence on the gauge momenta we introduce
in the Ashtekar variables vanishes on the constraints’ hypersurface, recovering the
usual description.

5.3 Equivalence between Gauf} constraint and pure gauge
momenta

In this Section, we want to find an explicit expression for the Gaufl constraint.

Previously, we showed that there exists a relation between the Gaufl constraint and
the momenta constraint, which we interpreted as

G;=0 = pg =0, (5.3.1)

where g € {a, 8,7}
Such a relation is satisfied if the Gaufl constraint is linearly dependent on pure gauge

momenta py only. For simplicity, it will be our ansatz:
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Ansatz. The Gaufl constraint depends on the gauge momenta via a 3 X 3 matrix

L

ig*
Gi = Ligpg, (5.3.2)

with ¢ is SU(2) internal index and g € {a, 8,7}.

Using this ansatz, we can explicitly compute the coefficients of the linear combina-
tion without using M, nor an explicit expression of ¢¢. Let p! be as in Eq.(5.2.2) and
the gauge momenta p, given by the transformation that satisfies the Lie condition
(5.2.3). With these assumptions, the Gauf} constraint reads

i T j hy\I
Gi = eird e = o1 (") Eijkoi

Opt .
ig ][8712 = ¢]1(Pph)lIL

. . a0}
= LijgPg = ig 8(]g .

Where (pP)! is the physical part of the dreibein (i.e. the one not gauge rotated).
From this, we can derive the following equation

€iji = Lig(ON)f =L, (5.3.3)

This equation is enough to fully characterise the matrix L;4; in fact, the RHS has the
same skew-symmetric property as the Levi-Civita symbol. Therefore, we obtain nine
linearly independent equations. The equations’ system has nine equations in nine
variables, and the associated determinant is sin® 3, so it is non-degenerate. Hence,
there exists a unique solution. The solution L;, can be found easily and it reads

—cscfcosy siny  cotBcosy
Lijg = | cscfBsiny cosy —cotfBsiny|. (5.3.4)
0 0 1

Finally, the Gaufl constraint can be written explicitly in terms of gauge momenta

— csc 3cosypq + sinypg + cot 3 cos ypy
G;= csc 3 sinypq + cosypg — cot B sinypy . (5.3.5)
Dy

The ansatz enables us to find the explicit dependence of the Gaufl constraint on
the gauge momenta. The matrix of coefficients is invertible since its determinant
is det(L;g) = — csc 3, then the equivalence condition (5.3.1) holds. This explains
the vanishing Gauf} constraint in our initial approach, and in general, in similar
approaches of Loop Quantum Cosmology. In fact, the connection A% =T + 3K}
is reduced and, when it is described in terms of metric variables, it results in a
function defined on the constraints’ hypersurface, as well as the dreibein, and so,
the linear dependence (5.3.2) implies that the Gaufl constraint computed from such
a connection must vanish.
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5.3.1 Relation with su(2)

The GauB constraint is deeply linked with the gauge group SU(2) and, in particular,
with its Lie algebra su(2). We want to explore this link in view of the previous
results.

The expression in (5.3.5) has no evident SU(2) symmetry. However, via a change
of coordinates, a contribution of su(2) appears in the expression. Consider the matrix
O of the gauge transformation parametrized by three angles a1, a9, a3 such that
O = exp (a;7;) = exp [a(n;7;)], where 7; are the generators of su(2), n; = o;/a and
a = /(a1)? + (a2)? + (a3)?. Imposing Eq.(5.3.3), we find a new set of equations.
They admit a unique solution, and the matrix L;, can be found. An expansion for
small o of L, give us

1 0 0 1 0 (0%} —Q9
Lg=|0 10 +5f -0s 0 o |+ O(a?). (5.3.6)
0 0 1 a9 —Q] 0

It is interesting to notice that the first-order term is a skew-symmetric 3 x 3 matrix, so
it is an element of the Lie algebra so(3) = su(2). There is another and more profound
link between the Gaufl constraint and the SU(2) group that will be examined in the
next Section.

5.4 Gauf} constraint as the generator of gauge transfor-
mations

It is well known that the Gaufl constraint G; is the generator of the gauge trans-
formations on the phase space (¢7, p}-] ). This feature should also hold in the new
variables. Therefore, we want to compute the canonical Poisson brackets with respect
to {a, 8,7, Pa,ps, Py} of the GauB constraint in (5.3.5). We obtain

{Gi, G} = =€ Gy (5.4.1)

The sign is not relevant. We expect that this formulation comes out from the canonical
transformation in (5.2.3) in which the connection and dreibein are switched, then a
sign in the Poisson bracket appears.

Hence, the Gaufl constraint respects the su(2) Lie brackets and generates the
SU(2) gauge transformations. Furthermore, it is linear in gauge momenta, so the
hypersurface defined by G; = 0 is also described by p, = pg = p, = 0. Thus, the
Gauf} constraint is equivalent to three constraints on the momenta. Consequently,
the generators of the gauge transformation can be decomposed into three generators
which commute with each other

{pPa,ps} = {Pa,py} = {ps: Py} = 0. (5.4.2)

This decomposition is particularly useful in simplifying the implementation of the
Gaufl constraint in a quantum theory.
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5.4.1 Quantum Gauf} constraint

In the previous Chapter is shown that the quantisation of the non-diagonal Bianchi
I model can be provided in terms of diagonal fluxes and angle variables. It is
reasonable that a similar quantisation can be provided for the other non-diagonal
models, given a loop quantisation of homogeneous Universes. However, to complete
the description in the loop framework, we need to include the gauge transformations
and a non-vanishing Gaufl constraint.

Supposing that we have a quantisation like in the non-diagonal Bianchi I case, it is
enough to add the gauge variables to the phase space of the diagonal fluxes and angles.
These gauge variables will be the Euler angles of the gauge rotation, and they will
be quantised independently (likely the physical angles) via the Schrodinger picture.
Thus, the wave functions are V(p1, p2, P3, ©1, ¥2, ¥3, @, 3,7), where pi, P2, p3 are the
diagonal fluxes, and 1, p2, @3 are the physical angles. Moreover, the Hamiltonian
(such as the Lagrangian) is independent of the gauge variables, hence the wave
function factorises ¥ = ¢(a, B8,7)P(p1, P2, D3, ©1, ¥2, ¢3). On these functions, the
action of the Gauf} constraint is essentially a first-order derivative, so the imposition
of the weak constraint G;¥ = 0 is equivalent to

—ihgij =0, —ihg\; =0, —z'hgtl; =0. (5.4.3)
The solution of this set of equations is trivial: ¢(a, 8,7) = const. Thus, in this Hilbert
space, the Gauf} constraint imposes that the wave function must be independent of
the gauge angles. Consequently, the kinematical Hilbert space for the non-diagonal
Bianchi I model, as presented in Section 4.3.2, remains unchanged even when gauge
transformations are taken into account. This demonstrates that the proposed
approach generalises consistently to include gauge freedom, and highlights that
the Abelianisation of the theory is a fundamental feature of the loop quantisation
scheme within the minisuperspace context. Furthermore, the gauge symmetry
commutes with the quantisation procedure: the gauge-invariant states obtained here
are precisely those that result from the conventional approach, in which the gauge is
fixed before quantisation.
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Chapter 6

Spin bundle for
Ashtekar-Barbero-Immirzi
formulation

The primary objective of this Chapter is to provide a framework within fibre
bundle theory for giving a geometric interpretation to the Ashtekar variables. This
framework incorporates the principal bundle structure, analogous to Yang-Mills
theory, but with an additional component: a spin structure. Despite the existence
of a rigorous mathematical literature on the subject [82, 83, 86], a deep analysis
and comprehensive treatment of the Ashtekar-Barbero-Immirzi formulation within a
proper geometric framework has been lacking. In particular, a unified description
of the Ashtekar variables and constraints as geometric objects, rigorously defined
within the context of principal bundles, together with a geometric characterisation
of the reconstruction process, has not been available. In this Chapter we fill this
gap: within our framework, the pair of Ashtekar variables is interpreted in terms of
connections and sections in the adjoint bundle, while the spin structure is shown to
be necessary for the geometric interpretation of the reconstruction. Furthermore, we
can express the constraints of the theory in a coordinate-free manner and interpret
them as sections of suitable vector bundles. From a purely mathematical perspective,
we will precisely define and prove that, on a 3-dimensional spin Riemannian manifold
(%, q), the following two sets of data are equivalent:
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w K
connection in the principal Spin(3)-bundle | (0, 2)-symmetric tensor on T
together with equations together with equations

Gw)=0

Gauf} constraint
V(w)=0 D(K)=0

Vector constraint Codazzi equation
S(w)=0 H(K)=0

Scalar constraint Gauf} equation

Table 6.1. The two datasets are shown. On the left, the data relate to the Ashtekar-
Barbero-Immirzi formulation of General Relativity. On the right, along with the metric
q, the data pertain to the ADM formulation.

The data set on the left originates from the Ashtekar-Barbero-Immirzi formulation

of General Relativity. The connection w will be associated with the Ashtekar-Barbero-
Immirzi-Sen connection. We will show that the quantities G, V', and S correspond
to the constraints in this formulation. Specifically, the Gaufl constraint G will be a
3-form on ¥ with values in the adjoint bundle of the spin bundle, analogous to the
Yang-Mills theory [121]. The Vector constraint V' will be a 3-form with values in
the cotangent bundle of ¥, encoding the torsion of w. Finally, the Scalar constraint
S will be a 3-form related to the scalar curvature of w.
On the right-hand side, the data correspond to the ADM formulation of General
Relativity. The supermomentum D and the superhamiltonian H are a 1-form and a
scalar function on X, respectively. These constraints are well-known equations in the
context of Riemannian submanifolds; specifically, they are the contracted Codazzi
equation and the Gaufl equation for the scalar curvature. Using these constraints,
we can interpret K as the extrinsic curvature of an isometric embedding of ¥ into a
Ricci-flat spacetime M [65]. Namely, a spacetime that satisfies the Einstein Field
Equations for a vacuum Universe.

Afterwards, we will discuss the implementation of the symmetries of the physical
theory and the formulation without a metric within the provided framework, thereby
recovering background independence to better align with the principles of General
Relativity. Furthermore, we will demonstrate that these symmetries are associated
with the action of the automorphism group of the spin bundle. Finally, we can
construct and analyse the phase space, examining its topological and symplectic
properties. Using the tools of symplectic geometry, we will discuss the action of
the automorphism group, providing a momentum map for this action constructed
from the Gaufl and Vector constraints, and demonstrating, within this framework,
the well-known correspondence between the Ashtekar variables and the ADM phase
space.
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6.1 Gauge theory structure

In this section, we aim to understand how the SU(2) symmetry emerges at the
geometric level. Specifically, we will construct a principal SU(2) bundle associated
with the metric ¢ and analyse its properties to implement the Ashtekar-Barbero-
Immirzi-Sen connection as a connection (in the sense of a principal bundle) on it.
The bundle structure is inherently present on the spacetime M and becomes evident
through the vierbein formalism. In this approach, the spacetime is equipped with
a local frame at each point, which can be interpreted as a section of a principal
bundle.

Suppose M is orientable, the orthonormal frame bundle PSO(M ) of M is well-defined.
For an oriented, n-dimensional Riemannian or Lorentzian manifold, the orthonormal
frame bundle is defined as the collection of the fibre on a point p € M

Pps O(M) = {h: R" — T,M | h orientation-preserving linear isometry}.

The orthonormal frame bundle PS¢(M) = |5, PY?(M) is a principal SO(n)-
bundle over M with the right action of SO(n) defined by

PO(M) x SO(n) —P5° (M)
(h,0) —hoO.

Because the metric g is Lorentzian and the spacetime M is four-dimensional, the
orthonormal frame bundle is a principal SO(1, 3)-bundle. An element of this bundle
in the fibre over p € M is an orientation-preserving linear isometry h : R — T, M.
Hence, the vierbein is the data of a section of PSP (M). Tt defines a set of orthonormal
vectors {eq}, i.e. g(ea,es) = Nag, by €a(p) = hp(ea), where 1.5 = diag(—1,1,1,1)
and e, is the canonical basis of R1:3.

We consider a spinnable spacetime, namely an oriented spacetime M that admits a
spin structure. We use the definition of spin structure given in [32]:

Definition 6.1.1. A spin structure on M is a pair (P°P™(M), p) consisting of:
« a principal Spin(n)-bundle P (M) over M,

« a twofold covering p : PSP (M) — P99 (M) such that the following diagram
commutes:

PSPn(M) x Spin(n) —— PSP(M)

N

pXp p M

/

P39(M) x SO(n) —— PS9(M)

Here, p : Spin(n) — SO(n) is the twofold covering homomorphism of SO(n). The
horizontal maps are the group operations (right multiplications) on the principal
bundles.
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In this setting, the spin connection wz‘ﬁ, defined in Eq.(1.2.1), is the connection
1-form of the Levi-Civita connection in the orthonormal basis:

Ve, = wgeg.

Thus, Eq.(1.2.1) is interpreted as the covariant derivative of the Casimir element
of the endomorphisms on the tangent space: VIdtys = 0, that is automatically
satisfied in this framework. Hence, the condition (1.2.1) allows us to consider this
fibre bundle construction.

The existence of spinor fields on spacetime is a physical fact, necessary for the
description of the elementary particles. Hence, the existence of a spin structure on M
is a proper hypothesis. Given a spacelike hypersurface in M, it can be equipped with
a unique spin structure induced by the one on M. Let 3 be a spacelike hypersurface,
there exists a canonical embedding ¢ : P59(X) < P39(M). Let n be the normal
vector field along ¥, this embedding map is given by ¢ : (h : R® — T,X) — (K :
RY3 — T, M), where 1/ (0,v%,02,v3) = h(v!,v?,v3) and 1/(1,0,0,0) = n(p). This
embedding is compatible with the canonical embedding SO(3) — SO(1,3), so
the right action on the respective orthonormal frame bundles commutes with the
embedding. Let (PSP (M), p) be the spin structure on M, the spin structure on X
is (PSVin(S) = 5-1(PSO(X), p) [32].

In the case of a globally hyperbolic spacetime M = R x 3, every Cauchy surface
f~1(t) admits a spin structure. Here, f is the surjective function of Geroch’s theorem.
Notice that the vierbein defined in (1.2.2) corresponds to a choice of an element b’/
of PSO(M), as defined above. Specifically, let M = R x ¥, with a chosen coordinate
system as in Sec. 1.1, and h be a section of P59 (%;) over the Cauchy surface ;. The
vierbein h’ defined by the embedding toh has a matrix form that is exactly the inverse
of the matrix in (1.2.2). Indeed, let us consider ¢,, with o = 0, 1, 2, 3, as the canonical
basis of R13. Hence, the vierbein satisfies ¢(h(eg)) =n = 9o — %Oa = ey, and
t(e(e;)) = e(e;) = el0,.

We can also provide a topological algebraic argument to show that if M = R x X
admits a spin structure, then ¥ admits one too. We will check this by computing
the Stiefel-Whitney classes [123]. Notice that TM = TR x TY = priTR & priT3.
Here, pr; : M — R and pry : M — X are the projectors on the first and second
factor, respectively. Using the naturality of Stiefel-Whitney classes and the Whitney
sum formula, and recalling that wy = 1, we get

w1(TM) = w (pr{ TR © priT) = wy (T5),
wa(TM) = wa(priTR @ pryTE) = we(TE).

Recalling that M is spinnable if and only if w;(TM) = 0 and wa(TM) = 0, hence, if
M is spinnable, then w; (TE) = 0 and wy(TY) = 0, meaning that ¥ is also spinnable.
Thus, the hypothesis of the existence of a spin structure on X is determined by the
same condition on the globally hyperbolic spacetime M.

Let (X, ¢) be a 3-dimensional oriented Riemannian manifold. On such a manifold,
the oriented orthonormal frame bundle P°(%) is a principal SO(3)-bundle over .
Using the construction of the associated vector bundle, we can properly see the role
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of the dreibein. The tangent bundle can be realized as an associated vector bundle
TY = P5O(%) x4, R3, where Ay : SO(3) — GL(3,R) is the defining representation
of SO(3). Hence, elements of the tangent bundle are equivalence classes of pairs
[h,v], h € PSO(X), v € R? associated with the tangent vector h(v). In this context,
the index i serves purely as a counting index for the elements of the orthonormal
basis. Therefore, it can be raised or lowered using the Kronecker delta.

In this setting, the dreibein is equivalent to the data of a (global) section h : ¥ —
P39(%). Indeed, given the canonical basis {e1,e2,e3} of R?, we can associate a
frame of orthonormal vector fields (the triad): [k, e;] = h(e;) = e; = €?0,. From this,
the cotriad (or dreibein) is the 1-forms dual frame {e’ = ¢! dz®} C Q!(2). Notice
that the vector v € R? represents the components of h(v) in the trivialization of the
bundle induced by h, namely the components with respect to the frame e;.

The dreibein is also related to a section in End(TY) = T*¥ ® TX. Actually, the
section that to each point associates the Casimir operator of the endomorphisms of the
tangent space, namely the identity, can be written as Idry = efe! ® 9, = el dr? ® e;.
In this context, e? and its inverse e’ play the role of change-of-basis matrices.

The SU(2) structure emerges when spinors are introduced into the theory. The
existence of a spin structure on 3 can be inferred from the natural requirement of a
spin structure on M, as discussed above. With a spin structure, every associated
vector bundle to PP (X) is isomorphic to one to PSP*(X). Consider a representation
X : Spin(3) — GL(V) of the form X\ = ) o p, for some representation \ : SO(3) —
GL(V), then PP (2) x5 V 2 PSO(%) x, V. In particular, TY. & P5O(%) x, , R? =
PSPIN(Y) X ),,0p R3. Moreover, in dimension three, since the defining representation
of Spin(3) is equivalent to the adjoint one, we get TY = ad PSP (%) = PSP (%) x aq
spin(3). Thus, the dreibein defines (not uniquely) also a section h : ¥ — PP (%)
that satisfies poh = h. In this way, it defines the same vector fields of h : ¥ — PS9(%),
in the sense that e; = [h, ¢;] € PSPIN(Z) x 0, R®.

Moreover, spinnable 3-manifolds are parallelizable. Since Spin(3) is simply
connected and compact, then PP (%) is a trivial principal bundle over 3. As
associated bundles of a trivial principal bundle are trivial, TX is trivial. Hence,
PS9(%) is trivial too. Thus, we can always consider global sections of such bundles.

From now on, the manifold 3 is always considered equipped with a spin structure
(PSPin(%), p) and, to make the discussion closer to the usual physical notation, we
identify Spin(3) = SU(2), and so spin(3) = su(2).

6.1.1 Connection and gauge field

The connections on PP (%) are the so-called metric-compatible connections. Among
them, we can recognise a preferred one, which is the Levi-Civita connection w”. The
spin structure allows us to define a one-to-one correspondence between connections
on P%9(%) and connections on PSP(%). Given a connection w on P39(X), we
can define a connection @ = p;!p*w on PP (%), where p; ' is the isomorphism
50(3) = su(2) induced by p. The contrary is also true; every connection on PSP (X))
can be written in this way.

The Ashtekar connection is the local 1-form of a connection on PSP*(%), namely
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its pullback via a section

A=h*. (6.1.1)

The Ashtekar connection A is a su(2)-valued 1-form A = A’ dx® ® 7;, where 7; is a
basis of generators for su(2). Under a change of section h — hg, with g : & — SU(2),
it transforms as A +— Adg1 A+ g~ 'dg. Tt is clear that, due to the properties of the
spin structure, to deal with an Ashtekar connection is equivalent to dealing with a
connection in P39(X). Actually, since the bundle maps h* and p* commute with
the Lie algebra isomorphism p,, A is also the local 1-form of a metric-compatible
connection
A=hw=hp p'w=p (poh)w=phw.

In which the only difference is that 7; is substituted by T;, the generators of so(3).
In such a way, the local field A depends only on the section h and not on the specific
lift h, and in general, on the chosen spin structure.

A curvature form O is associated with a connection @. It is a 2-form on PP (%)
with values in su(2) defined by:

1

The pullback of © is the curvature (or field strength) F' = h*©. The curvature is
written locally as
F=dA+ }ad(A) A A (6.1.2)

The curvature transforms under a change of section h — hg as F — Adg1 F and in
a coordinate chart reads:
F = (0, A} + YA} Af [y, mi) ) da® A da® = (0, A} + §€' 5, AL AP T @ da® A da®
= 2(0aA} — QAL + € AT AY)T; ® da® @ da® = JFlyr; @ da® @ da.
We can associate with © an element of Q*(X, adPoP™™(%)) uniquely. Explicitly, it is
F = |h, %Fébn] ® dz® A dab. Hence, F is the expression of F in the trivialization of

the bundle ad P°P"*(¥) induced by the section A. For simplicity, by now we will omit
the k-form part in this kind of object, so the previous reads F = [h, Fir;] = [h, F].

6.1.2 Electric field and solder form

In physics, the dreibein is collected in a su(2)-valued 1-form. Given the cotriad €,
we are going to consider the contraction of the 1-forms with the basis of generators
7; of su(2)

e=eldz® T

This construction, apparently unnatural, is linked with a solder form on PSpi”(E).

On the orthonormal frame bundle, the tautological solder form 6 is a 1-form on
P39(%) with values in R? defined by

Oy (v) = 71 (diapym(v),
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where z € ¥, h € P7O(X),v € T(%h)PSO(Z) and 7 is the projection of the bundle.
The solder form is right equivariant Rj6 = Ast(g71)0. Let h be a section of PS5O (M),
then the cotriad is

(et,e?,e3) = h*6. (6.1.3)

Thus, point by point, for all v € T, M

e (@)da (v)e; = ;" (A, 0 dah(v)) = by (Aol o B)(v)) = by (v).
From the tautological solder form, we can induce a solder form on PSP"(X).
Considering firstly the pullback of 8 via p and then the composition with the SU(2)
equivariant isomorphism ¢ : R? = su(2), the solder form ¥ € QY (PP (%), su(2)) is
defined by:

9= ¢ o p*o. (6.1.4)

It is horizontal because 6 is horizontal. Moreover, it is SU(2)-equivariant:

R0 = ¢o Rip™0 = do 5 R0 = d(ril(p(g™))0"0) = Ady-1 6(570).

It is well-defined since the adjoint action of SU(2) is equivalent to the adjoint action
of SO(3). With such a form, it is possible to associate uniquely a differential 1-form
e € Q1(X,adP5P" (X)) that, in a trivialization h, reads as

e = h*0. (6.1.5)

From which, the transformation under change of trivialization is e — Adg-1 e.

Now, we can introduce the electric field E. In a trivialization of PSP"(X), it can
be defined as an element of Q%(3, su(2)*) such that

1
Str(E ne) =dv, (6.1.6)

where tr is the natural pairing between su(2)* and su(2) (or, analogously, the multiple
of Killing form such that the generators of su(2) form an orthonormal basis. In
particular, it is proportional to the standard trace Tr, tr = —2Tr). It is clear that
FE is the contraction of the Hodge dual of the cotriad

xe' = %\/det qefz/qa/aeabcdxb Adz¢ = %5ijE;~leabcd:Eb A dx€, (6.1.7)

with the dual basis of su(2) given by {t'} C su(2)*. Under a change of trivialization
h + hg, the electric field must transform as E Ad}l E, where Ad* is the coadjoint
representation, to maintain the invariance of Eq.(6.1.6).

Hence, [h, %Ei“eabcti] ® dxb A dzf is a well-defined 2-form with values in ad* PoP™"(X),
namely E = [h, E] € Q*(%,ad* P (%)). Such a vector field is associated with a
horizontal 2-form 7 € Q2(PSP™"(%), 5u(2)*) such that E = [h, h*7].
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6.1.3 Equivalence of the data

We want to show how to reconstruct a (0, 2)-tensor field K starting from a connection
w on PPin(%),

On PSP"(¥)), there exists a special connection that is the spin connection @
associated with the Levi-Civita connection w™“ = p;1p*w’C. The difference w—w
is a horizontal and SU(2)-invariant 1-form on PSP""(X), so, it is associated with
an element of Q'(X, ad PP"™(X)). In a trivialization h, it reads SK = h*(w — 0™C),
where 3 € RT is fixed. From the global trivialization, we can define the tensor

LC
LC

K = tr(e® K), (6.1.8)

where e = h*9 is the solder form. K is invariant under change of trivialization since
tr is proportional, pointwise, to the Killing form on su(2), then tr(Adge ® Ady K) =
tr(e® K) for all g : % — SU(2). Therefore, K € Q'(2) ® Q}(3) is a well-defined
tensor.

For an a priori trivialization-free definition, we must use the bundle isomorphism
® : TY = adPP" (%) induced by the solder form 1 and defined by ® : X —
e(X). Then, we can define k = ®~1([h, fr* (@4 — ©T“)]) and conclude K(X,Y) =
q(k(X),Y)VX,Y € T,%.

Finally, we must check that, in local coordinates, K is the map (1.2.4):

BK =tr(e® BK) = ¢/ @ (A" — T)tr(r7)) = ¢/ ®@ (A" — T%)d;,
= ¢! (A] — T))d;;da" ® da®.

However, the symmetry of this tensor is not deduced from this construction. The
Gauf3 constraint ensures this property.

6.2 Constraints

The constraints arise from the Hamiltonian formulation of General Relativity in
Ashtekar variables, and they have a well-known interpretation as the generators of
infinitesimal transformations of the phase space. However, they can also acquire a
geometric interpretation and can be described within the framework of fibre bundle
theory.

We recall that associated with a connection on a principal bundle, there exists a
unique covariant derivative on the associated vector bundles. Hence, a connection w
on PSP(X) induces a covariant derivative D on T and its functorial constructions
(for details see Appendix B). Its action on the triad and its dual frame read in terms
of Ashtekar connection

Dei = [B, de@- + )\*(ﬁ*w)ez] = [B, Aj)\*(rj)ei] = [B,AjEjikek] = Ajéjikek,
Dé' = [h,de; — 'A(h*w)e;] = [h, —AT I\ (7))ei] = [h, Alejiper] = Alejie”.
Here, — '), is the dual representation, that, in terms of matrices, is minus the

transpose of the defining representation A, of the Lie algebra su(2). The indices
i,J, k are raised and lowered using the Kronecker delta. Moreover, let V be the
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Levi-Civita covariant derivative, we recall that Ve; = erkij ej.

A connection w also induces the so-called exterior covariant derivative d, on k-forms
with values in a vector bundle. The derivation rule is the following: consider 7 a
k-form on X and s a section in a associated vector bundle

dy(n®s) =dn® s+ (—1)kn A Ds.

Notice that the su(2)-valued 1-form K, defined in Sec.6.1.3, plays a role in the
induced covariant derivative. Indeed, the covariant derivative on TX can be written
as D = V + K, where K € Q}(X, AntiSym(TY)). Here, AntiSym(TX) is the bundle
of skew-symmetric linear operators on the tangent space. In particular, its action on
the dreibein is

Ke; = De; — Ve; = [h,de; + M(h*w)e;] — [h, de; + /\*(B*LDLC)QZ']
= [h, M (B (w — @) es] = [h, M (BK ) e;] = [B,ﬁKjejikek] = ﬁKjejikek.

From which ¢(K(0,)e;, e;) = BK, Cllﬁlij7 showing the skew-symmetry property.

6.2.1 Gaufl constraint

It is well-known that the Gaufl constraint forces the tensor K to be symmetric. This
fact follows from a simple computation; for completeness, we reproduce it here

Gi= 0uBY + €;;F AL B = \/detq (Vaef + e;" Aef)
= /detq (erjikei + el-jkAéei) = /detq (—ﬂngjike%) = B@Kabeijkeie?.
It is quite evident that
Gi=0 < eiijabe%e? =0 <= Ky =Ky,

We are now interested in a coordinate-free definition and a geometric interpretation
of the GauBl constraint. It can be found quite straightforwardly via the exterior
covariant derivative of the electric field:

G =d,E. (6.2.1)

This defines an element of Q3(%, ad* PSP"(%)). Considering a global trivialization,
we can define the su(2)*-valued 3-form

G = duE = dE + ad*(A) A E. (6.2.2)

In such a way, G = [h, G]. The proof that this object is the usual GauB constraint
follows immediately:

duE = d(3E%eqpeda® A dz®) @ [h, €] + (L Efeapedz® A dz®) A D[h, ]
= (30w Efeapedz® A da® A dz®) @ [, €] + L Eleapeda® A da® A dz® @ [h, A th]
= (0B + € ALER)dx" A da? A da® @ [h, '] = Gida' A da® A dx® @ [h, ).

Thus, the constraint G = 0 imposes the vanishing of the exterior covariant derivative

for the electric field, and the equation d4FE = 0 is analogous to the equations of
motion of a Yang-Mills theory.
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6.2.2 Vector constraint

The Vector constraint admits an expression in terms of the exterior covariant
derivative. Its expression in terms of the cotriad is clear and concise and gives us an
element of Q3(X, ad PSP (X))

V =de. (6.2.3)

In a global trivialization, its components read as
V =de=ad(F)Ae. (6.2.4)

However, in physics, the Vector constraint is a 1-form. We can obtain this formulation
by considering the bundle isomorphism induced by the solder form, analogously to
Sec. 6.1.3. In this case, we can define V € Q3(2) @ QY(2) as

V=trle®V). (6.2.5)

Now, we can check that this expression of the Vector constraint is the usual one by
performing a computation in coordinates

V=ad(F)Ae=F'Nel @ [ri,7j] = %eiijébegdl"a Ada® A dzf @ T,
and then

V=¢ eiiji A ejtT‘(TlTk) = %e“bceiijébe{;efi/d:ﬂl Ada? A da? @ dz®
= %eachébea/blcEfldzz:l Adz? Ade? @ de® = FiyEdat A da® A da® © da®.

Where we used the property E! = %eijkeabce?ei, obtained by the Hodge duality
(6.1.7). Clearly, V = 0 if and only if V = 0.
The equation d4e = 0 does not resemble one from Yang-Mills theory, even considering
e as the "Hodge dual" of E (see Eq.(6.1.6)). In this context, a Yang-Mills-like equation
is dge = 0, and if this equation holds, then the Vector constraint is necessarily
satisfied. This Yang-Mills-like equation is the local version of the torsion-less
condition for the connection w because e is the local realisation of the solder form
9. Hence, it can be written as a pullback, with respect to a global section, of the
equation on PP (X))

d 4+ ad(w) A9 = 0. (6.2.6)

The left-hand side of this equation is the torsion form ¥ of w. Thus, the Vector
constraint requires a connection w with parallel torsion form, namely a torsion form
with vanishing exterior covariant derivative:

d,% = ad(©) A ¥ = 0. (6.2.7)

Now, we show that the Vector constraint yields the Codazzi equation when the
Gauf} constraint is satisfied. This is a standard result that we are going to prove in
this bundle language.

First of all, we can rewrite the curvature F in a fixed trivialization splitting I" and
K:
F =R+ BdK + Bad(T) A K + 2 ad(K) A K. (6.2.8)
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Here, R is the curvature of the Levi-Civita connection I'. Therefore, the Vector
constraint is composed by four terms. The first term ad(R) A e vanishes because it
is the Vector constraint for the connection I', but it is the Levi-Civita connection
and so it is torsion-free.

The fourth term ad(ad(K)AK)Ae = 2ad(K)Aad(K)Ae is proportional to the Gaufl
constraint. Thus, considering the Gaufl constraint satisfied, the only non-trivial
contribution to the Vector constraint comes from the middle terms of F', which are
the exterior covariant derivative of K with respect to the Levi-Civita connection.
Hence, the reduced Vector constraint reads

ad(drK) ANe=0. (6.2.9)
Passing to a coordinate system, we obtain the following equation
(0aKy — OpKC, + € DYKE + €y KITE) B} = 0.

Using the relation with the usual Christoffel symbols T'¥e, ji = eiI‘gbe? + ef,@aeé’- the
previous equation reads

Vdetq (0uK7 — 0K} + ThKf — T5.K?) = 0. (6.2.10)

This equation is known as the contracted Codazzi equation [119] in a Ricci flat
spacetime.

6.2.3 Scalar constraint

Even for the Scalar constraint, we can give a formulation in terms of the connection
and the electric field. The Scalar constraint can be written as

S=tr (BEA«(F =38+ 1)ad(K) A K)) . (6.2.11)

Hence, S is a top-form, namely an element of Q3(X). Here, K is a function of A and
the dreibein as defined in Sec.6.1.3. The Scalar constraint is interpreted as a section
of the trivial bundle ¥ x R, which is an associated bundle of PP""(%) with the
vector space R under the trivial representation Ay, : SU(2) — GL(R), mapping every
group element to the identity element on R. Since sections of ¥ x R are canonically
identified with real-valued functions on ¥, we have

DB, T xR) 2B X)) 0% (%) = 03xD).

The computation that Eq.(6.2.11) yields Eq.(1.2.8) in a local coordinate system is
quite simple, and we will show it only for the so-called Euclidean part:

tr(E AxF) = %eiijébe?efnel"}Lej AeFnet = %eijkejk"Fébe?e%el%dV&

A 1 . BE9E?
_ 1.1 b _ k j 'k 1 2 3
= e iFyeter,dVy = 562-] ngmd:ﬂ Adz® A dx®.
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We can also notice that the definition of scalar curvature from Riemannian geometry
provides a similar result

scalp = Z q(D%ei,ej €i, €5) Z bel e; ek,lq(el, €;)
i,J 1], kl

Z kaUe

,Jk

Thus, tr(E A xF) = scalp dV.

From the Scalar constraint, we can extract the Gaul equation using the de-
composition (6.2.8) and impose the Gaufl constraint (i.e., considering a symmet-
ric K). The 2 terms cancel out while the other terms must be studied one by
one. The first term tr(E A xR) = scalgdVj is the Ricci curvature. The second
term tr(E A *drK) = tr(e NdrK) = dtr(e A K) + tr(dre A K) vanishes because
tr(e A K) = 0 when K is symmetric and dre = 0 since I is torsion-less. The last
term is ¢r(E A x(ad(K) A K)) that is the same of (3, ; K(e;, ej)? =3 Kes, e;)?)dV,.
Thus, the constraint S = 0 reads

scalp + Y K(e;, e5)° — ZK(ei, e;)? = 0. (6.2.12)

0]

This equation is the Gaufl equation for the scalar curvature in a Ricci flat spacetime
[119].

6.3 Elements from the physical theory

A crucial property of General Relativity is background independence. In our descrip-
tion, we fixed a metric to construct the spin structure and the related geometrical
quantities. However, we want to describe the metric as a dynamical quantity re-
constructed from the electric field. Indeed, the relevant geometric quantities are
objects on P°P"™(%)) independent from the spin structure and from the metric, such
as the physical variables. Therefore, we now aim to emancipate from the metric by
encoding the metric data, and even the orientation, in the electric field, using the
correspondence between ¢ and E, or equivalently 7 (cf. Sec. 6.1.2), and prove the
independence of the set of connections from the metric.

Thus, on a spinnable closed 3-manifold 3, our data will consist of the pair (w, 7),
which allows us to reconstruct the pair of tensors (¢, K). Here, w is a connection
on the unique principal SU(2) bundle PSP"(%) over ¥, while 7 is a non-degenerate
element of Q2(PP"(%))) ® su(2)* that is horizontal and SU(2)-equivariant.

6.3.1 Independence from the metric

In the previous Sections, we used the spin structure as a necessary tool to give a
geometrical interpretation to the physical variables and to prove the equivalence
of the data. To do that, we fixed a metric. However, we will prove that the set of
Ashtekar connections is actually independent of the metric.

Fixing a spin structure on a given metric fixes the spin structure for every other metric.
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Let us consider a metric ¢ associated with an orthonormal frame bundle P%° (%, q)
and with a spin structure (PP"(X),p). A different metric ¢’ on ¥ is associated
with a different orthonormal frame bundle P5C (%, ¢'). Between these two principal
bundles, there exists a vertical isomorphism 1 : P59(X,q) — P%9(2,¢), given
pointwise by the matrix which maps an orthonormal basis of ¢ in an orthonormal
basis of ¢’. Moreover, there exists a vertical automorphism 1 : PSP"(X) — PSP (%),
Defining p' : PSP"(%) — P99(%, ¢') such that the following diagram commutes:

PSpin(z) ¥ PSpm(z)
g 7|
PSO(3,q) ———— PSO(3,¢)

>~

The pair (PSP (%), o' =1p o potp™1) clearly defines a spin structure for P59(%, ¢').
Furthermore, the isomorphism 1 defines an isomorphism between the sets of metric-
compatible connections, namely for any connection w on PSO(E, q) there exists a
unique connection w’ on P39 (X, ¢') such that w = 1)*w’. For any pair of connections
of this kind, the respective spin connections are linked by a gauge transformation
p*w = 1*p™*w’. Thus, the space of spin connections does not depend on the metric.

6.3.2 Reconstructing the metric

Fixed a global trivialization of P°P""(%), the non-degeneracy of 7 means that the
three 2-forms E; € Q%(X) that characterise E = h*t = E;t* are linearly independent.
Hence, they define a global frame for A2T*¥. In such a way, it is possible to induce
a scalar product and an orientation on TX.

To show that, let us see what happens in R?. Let us consider a basis {W;} C AZR3.
Each vector of A2R? can be decomposed as W = u A v with u,v € R3. We want to
prove that the basis is decomposed uniquely on a basis of R3.

There exist ug, u3 € R? such that W7 = ug A ug, we can complete {us, u3} to a basis
for R? adding the vector w1, then W5 is a linear combination Wo = aug A ug + Bus A
uz + yus A u;. We have two cases:

1. If a # 0, we can substitute u; with the vector u + gu;)). And then uy with
U + %uz),, obtaining Wy = au; A ug and leaving W invariant.

2. If v # 0, we can substitute u; with the vector u; + qu. And then us with
uz + %uz, obtaining Ws = ~yus A uy and leaving Wj invariant.

The two results are linked to a choice of orientation for the basis {Wy, Wy, W3},
so, without loss of generality, we can consider v # 0. The last vector is again
a linear combination W3 = a/uj A us + B'us A uz + v'ug A uy, where necessarily
o’ # 0. We can substitute u; with the vector uj + g—:Ug,. And then us with ug + g—:u;)),
obtaining W3 = o/u; /\ uo and leaving Wi and W5 invariant. The last step is the

rescaling of u; by uz by /2, and u3 by ,/%/, the radicand is positive under

oc'y’
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a proper choice of the orientation, i.e. a relabelling of W;. Thus we obtain that,
given a basis {W7, Wa, W3} C A2R3 there exists a basis {u1,u2,us} C R3 such that
Wi = ug Aug, Wo = uz ANur, Wy = ug A uo.
These bases are metric compatible in the sense that if {u;} is an orthonormal basis,
then {W;} is an orthonormal basis with respect to the scalar product induced by
the one on R3. The proof is straightforward

1
6ilk£jmn<ul A Uk, Um N un> = *Gilkfjmn((slm&kn - 5ln5km)

1

4
1
= gCilkEilk = 0ij-

Moreover, the decomposition is unique. Suppose there exists u; = a;pui such that
W; = %eijkuj Aup = %eijku; A u},, then the coefficients a;; must satisfy

det(oz)eijk = Eljkali.

Forcing the matrix a = {a,,} to be diagonal and det(a) to be the diagonal terms.
Hence, the only solution is the identity matrix.

Moreover, if two bases {W/}, {W;} C A?2R? are linked by an orthogonal transforma-
tion, the two bases of the decomposition are linked by the same transformation.

Hence, since the fibre of T*¥ is isomorphic to R3, for each E € Q?(X) ® su(2),

there exists a unique coframe of 1-forms {e’} C Q!(X) that decomposes the frame of 2-
forms {E;} C Q%(X) as E; = %ezjkej A e¥. The 1-forms frame €’ is the reconstructed
dreibein or cotriad. Its dual frame {e;} C X(X) is the reconstructed triad and,
declaring it to be orthonormal, is associated with a unique metric q. Moreover, it
induces an orientation on TX.
This procedure, starting from 7, defines a unique metric ¢ and provides an orientation
for 3. Changing the global trivialization, £ changes via the adjoint representation,
and thus the frame {E;} is rotated by a special orthogonal matrix. As a result, the
dreibein is also rotated by the same special orthogonal matrix, meaning that the
associated metric and the orientation do not change. Even considering a different set
of generators of su(2), the metric remains invariant. Indeed, a change of generators
corresponds to an automorphism of the Lie algebra, but Aut(su(2)) = SO(3), leading
to the same conclusion.

6.3.3 Symmetries

An important aspect of the physical theory is its symmetries. We now aim to analyse
the known symmetries of the Ashtekar-Barbero-Immirzi formulation of General
Relativity within our framework. The physical theory tells us that two groups act
on the local fields F and A, encoding the symmetries of the theory. These are the
group of vertical automorphisms G = Gau(P°P"(%)) and the diffeomorphism group
Diff (%).

The geometrical description of the Ashtekar-Barbero-Immirzi formulation is
given by a pair 7 and w of su(2)-valued differential forms on PSP (). However, in
the physical description, we work with fields on X. Since PSPi"(Z) is trivial over X,
it is possible to establish a natural correspondence between the geometric data and
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the local fields by fixing a global trivialization. Let s be the global section associated
with the trivialization. In this case, 7 is mapped to an electric field F = s*1 €
02%(¥) ® su(2)* and w to an Ashtekar connection A = s*w € Q'(X) ® su(2). The
group of gauge transformations has a convenient isomorphism G = C*°(3, SU(2)),
and the group action can be deduced by the pullback. Let f € G be identified by
g:%X — SU(2), then f*r — Ad, -, E and f*w — Adg-1 A+ g~ 'dg. While Diff(X)
acts via pullback of the k-form part of the local fields.

This is the local version of saying that Aut(P%P"(X)) is the symmetry group
of the theory. Indeed, it is well known that, since PSP""(X) is trivial, the following
short sequence holds [1]

1 — G — Aut(PP"(%)) — Diff(Z) — 1.

Moreover, there exists an homomorphism from Diff(X) to Aut(PP™ (%)) which
maps, in a fixed trivialization, ¢ — ¢ xidg(2). That map is projected by the second
homomorphism into the identity on Diff (¥). This condition is necessary and sufficient
for Aut(P°P"™(X)) to be isomorphic to G x Diff(X). Notice that Aut(P5P" (X)) is
the group of isomorphisms in the category of principal bundles, providing a natural
parallelism between physical symmetry and geometric equivalence.

A deeper analysis of these symmetry groups is provided in the context of sym-
plectic geometry in the next Section.

6.4 A note on phase space

In this Section, we aim to characterise the phase space of the theory in terms of
symplectic geometry. We are going to provide a symplectic form and show that
the Gaufl and Vector constraints can be interpreted as momentum maps on this
symplectic manifold. The construction of the phase space emulates the procedure
proposed in [166], namely we will consider as elements of the phase space the pairs
of local fields (E, A), which in our framework means to fix a global trivialization
(equivalently choose a section) for PP (%), However, the generalisation to vector-
valued sections and connections is quite straightforward.

Let X be a spinnable closed 3-manifold. From what we have seen before, we
can collect the data of the metric in an ad* PP (X)-valued 2-form E. In a fixed
trivialization, it is represented by a 2-form E = Efegp.dz® A dz’t with values in
su(2)*. Such a 2-form has to be nondegenerate, namely det(E¢) is never zero. Thus,
the configuration space is £ = {F € Q?(X) ® su(2)* | E is non degenerate}. The
space & is a Fréchet manifold. Indeed, it is an open subset of Q?(¥) ® su(2)*, which
is a Fréchet topological vector space. The Fréchet space structure is inherited, via
pullback map of the chosen section, by the one of Q?(X,ad* PSP™™(X)), which is a
Fréchet space for a fixed choice of a triple composed by an auxiliary metric on ¥, a
Riemannian product on ad* PP (%), and a auxiliary connection on PP™(%). By
compactness of X, the Fréchet space structure does not depend on the choice of the
triple [33]. The family of seminorms on Q?(%, ad* PSP"(%)) is given by

1l = .  max IV'E(x)|, m € Ny, (6.4.1)
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where | - | is the norm induced on T*2® @ A2T*Y ® ad* PSP (%) by the auxiliary
metric and the Riemannian product, and V is the covariant derivative induced
on T*3® @ A2T*S @ ad* PSP (%) by the Levi-Civita connection and the chosen
auxiliary connection. More concretely, we can consider a collection of seminorms on
0?(3) ® su(2)* as given by an auxiliary metric, the scalar product on su(2) defined
in (6.1.6), and a flat connection, namely

Ellp = E @
1Ello = max | Ea(2)t°],

|E||; = max {HEHO, max (VA Ba(a))

3

Ell2 = max {|[ B, max [74'Y (V2B (2)

3

||E||3 = max {||EH2, max (VA1®A1®A2VA1®A2VA2Ea(x)) @
e

b

where VA’ is the Levi-Civita connection of the auxiliary metric induced on the
exterior power A‘T*Y and |- | is the norm induced by the auxiliary metric on
T*2® ® A2T*Y and the scalar product tr defined before. As a consequence, the
tangent space on each point is isomorphic to Q?(X) ® su(2)*. In particular, the
tangent bundle is trivial and £ is parallelizable, i.e. TE = &€ x (Q3(3) @ su(2)*).
Notice that £ has two connected components associated with the two possible
orientations of ¥, namely the sign of det(E{).

Each FE is associated with a metric, constructed as in Sec.6.3.2. Given this

metric and fixing a spin structure, we can define, as in Sec.6.1, the space of Ashtekar
connections Ag. These spaces do not actually depend on the metric, and they are
canonically the space of SU(2)-connections A.
The space of connections A is an affine space associated with the vector space
QL(2,ad PPin(%)), then it is a Fréchet manifold. Fixing a global trivialization, it
is in one-to-one correspondence with Q!(¥) ® su(2). From which we are going to
consider as phase space P the fibre bundle with base manifold £ and fibre A (the
fibre over each point is Ag). Such a bundle admits a global section, assigns to each
E the corresponding spin connection I'(E), hence it is a trivial bundle P = &€ x A.
The tangent bundle TP can be easily characterized TP = TE x TA = &£ x
(2%(2) @ su(2)*) x A x (2'(2) ® su(2)). Hence, on each point, T(g 4)P = Tpé &
TaA 2 (Q(2) @ su(2)*) @ (Q1(X) @ su(2)). Notice that there is a weakly nonde-
generate pairing between Q?(X) @ su(2)* and Q1(X) @ su(2):

(92(2) ® 5u(2)*) X (Ql(z) ® 5u(2)) S R;

(V,Q)H/Ztr(yAa).

From which, we can define the canonical symplectic form w [131] on the tangent
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space of a point (E, A) € P by

W(E,A) T(E’A)fP X T(E,A)'P - R

((v1,00), (v2, a0)) = /Etr(ul Aag) — /Etr(yg Aaq). (6.4.2)

The symplectic form is defined modulo a constant real factor 5, which represents
the Barbero-Immirzi parameter. Actually, it can be associated with the symplectic
potential

H(E,A) : T(E7A)’P — R

(v,a) — /Etr(E/\oz).

Notice that it is the same symplectic structure of Yang-Mills theory [156, 159].
Introducing the exterior derivative § on P, those objects can be written, with a slight
abuse of notation, as w = [tr(0E A JA) and 0 = [tr(E A 6A), where A represents
the wedge product between k-forms on ¥ and between [-forms of P.

The constraints are well-defined on this phase space. The Gauf} constraint G and
the Vector constraint V can be regarded as functions on the phase space with values
in suitable infinite-dimensional Fréchet Lie algebras. These functions are globally
defined due to the smoothness of the fields and the compactness of . Moreover,
they have an interpretation in terms of momentum maps, and we will implement
them within the framework of symplectic geometry via symplectic reduction. Note
that if we were to consider the space of L? connections instead, we would also need
to analyse the domain of the constraints, likely involving some type of Sobolev space.

6.4.1 Gauge transformations and momentum maps

The infinite-dimensional group of gauge transformations G = C*°(X, SU(2)) acts on
this phase space. The group has a natural right action on P:

GxP—P;
(9, (E,A)) = g.(E, A) = (Ad} -1 E,Ad—1 A+ g~ "dg). (6.4.3)

The action preserves the symplectic form w, i.e. it acts via symplectomorphisms.

(g'*w)(E,A)((Vb ai), (1, az)) = Wy.(E,A) (0g.(v1,0a1),0g.(v2, a2))
= wg.(E,A)((Ad;*I v, Adg—l 041), (Adzfl v, Adg—l ag))

= ‘/ZtT‘(Ad;71 AN Adg—1 042) - /EtT(AdZ,1 vy A\ Adg—l Oél)

= / tr(v A ag) —/ tr(va A o)
b by
Moreover, it is possible to define the momentum map for this action as follows:

UG - P = O3(2) ®su(2)*;

(E,A) — G(E,A)=dE. (6.4.4)
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The map ug is equivariant with respect to the G-action, indeed, G(g.(F, A)) =
Ad;-. G(E,A). The coupling with Lie(G) = QO(%) ® su(2) is given by

(93(2) ®5u(2)*) x (QO(E) ®5u(2)) SR,
(6A) = (6 ) = [ r(en).

We can now prove the momentum map property. Considering the vector field on P
defined by

o(A)(z.a) = %\0 exp(tA).(E, A) = (—ad*(A)E, dA + ad(A)A),

we must show ¢,(pyw =0 (uc, A). Let us compute first the interior product with the
symplectic form

(L)) (v, @) = w ((— ad*(A)E, dA + ad(A)A), (v, )
—_ /E tr(ad*(A)E A a) — /Etr(u A (dA + ad(A)A)).
Then, we compute the differential of the coupling with a slight abuse of notation
5luc, A) = /E tr(G(E, A)A) = /E tr (d6F + ad*(5A) A E + ad*(A) A SE)A)
S /E tr(6E A dA) — /Z tr(ad*(A)E A 5A) — / tr(6E A ad(A)A).

2

Thus, the G-action on P is Hamiltonian and we can consider the symplectic reduction
P /G = ug'(0)/G. However, this action is not free because there exists a non-trivial
centre. We can slightly modify the definition of gauge transformation considering
G = C*(X,Ad SU(2)). This choice does not modify the Lie algebra and the previous
considerations; moreover, the action is free on £ and so on P even if A admits
reducible connections [140].

6.4.2 Diffeomorphisms group and ADM phase space

A second group acts via symplectomorphism on P, it is Diff (X).
The action is ¢.(E, A) = (¢*E, p*A), it passes to the quotient, and the symplectic
form is invariant under it:
(0 w)(m,a) (1, 1), (2, @2)) = Wy (1,4)(8p-(v1, 1), 6. (2, 2))
= Wy (g,4) (P V1,9 1), (P 1, 9 az))

= /Etr(cp*yl A p*ag) — /Ztr(go*yg A p*ar)
= / o tr(v1 N ag) — / O tr(ve A aq)
> >
= / tr(v1 A ag) — / tr(va A aq)
p(2)

103))

:/Et’r(ljl/\oég)—/ tr(va A o).

3
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The map given by (E,A) — V(E,A) = tr(e(E) @ ad*(F(A)) Ae(F)) is invari-
ant under the action of G, hence it defines a well-defined map on the quotient
space. Moreover, its range is in 23(X) ® Q'(X) and that map is Diff(X)-equivariant
V(e*E,p*A) = ¢*V(E, A). Its projection to the quotient is the momentum map
associated with Diff(X), which is the supermomentum constraint.

Using the procedure explained in Sec.6.3.2, it is possible to associate a metric
q(E) to E, which is the same for the entire equivalent class. In the same proof,
the cotriad e(E) reconstructed from E is also defined. Moreover, we can define
the function I'(E) that is the Levi-Civita connection of the metric ¢(£) with re-
spect to the triad reconstructed by E. Such a function is a homogeneous function
of E and its derivative of degree zero [166]. Finally, we can associate a tensor
K(E,A) = tr (e(F) ® (A—T(FE))) that it constant along the G-orbits in P and
symmetric on ,uél(O). Changing the orientation is equivalent to consider the trans-
formation E' — —F, we can notice that ¢(F) = ¢(—F) and K(F, A) = —-K(—E, A).
Hence, the equivalence classes [E, A] in P // G are identified by pairs (¢(F), K(E, A)).
Therefore, the reduced symplectic manifold P // G is a fibre bundle with base
manifold the space of Riemannian metrics Met(X) and as fibre the vector space
C*(%,Sym(TY)) of symmetric tensors. Since Met(X) is contractible, the fibre
bundle is trivial.

The action of the Diffeomorphism group is induced by the one on P and reads
(¢, K) — (¢*q, »*K). It acts via symplectomorphisms and has a momentum map
that is the supermomentum constraint. This is induced on the reduced manifold
by the projection of the Vector constraint, while the Scalar constraint is projected
into the Hamiltonian one. Hence, this phase space is isomorphic to the ADM one
12, 13)].

6.4.3 Full group of symmetries

We can consider the action of the full group & = G x Diff(X), where the group
product is

(g1,¢1) - (92, 02) = (g1 - (92001 1), 1 0 @2).
The action of the pair (g,¢) on P is
(9,9)-(E, A) = (Ad} 1 ¢"E, Adg-1 9" A+ g~ 'dyg). (6.4.5)
The Lie algebra of this group is isomorphic as a vector space to Lie(G) @ Lie(Diff (%)).
Following some basic calculations about semidirect products of groups, we find the
adjoint action on (A, X), where A € C®(X,s5u(2)) = Lie(G) and X € X(X) =
Lie(Diff(X)):
Adg o) (A, X) = (AdgAo 01— gdg (e X), 0 X). (6.4.6)

From which we can find the coadjoint representation by imposing

<Ad>(kg,4p) 06 A), (A, X)) = ((x, M), Ad(g,<,0)—1 (A, X))
= /Etr (x® (Ady10p A0 0 = (g7 0 p)d(g 0 ) (911 X)) + /E My ' X)

= Lo (@age o) - Lo (e e d0) + [ ),
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Then, the coadjoint action reads

Ad{, ) (06 A) = (Ad; (0 ) x, (@) A+ (™) x ® gdg ). (6.4.7)

For completeness, we can compute the adjoint action of the algebra on itself, namely
the Lie bracket:

ad(a, xp) (A2, X2) = (adp, Ay + dA1(X2) — dAa(X1), —Lx, X2). (6.4.8)

We can now discuss the momentum map of this full group, which acts via symplec-
tomorphisms.

It is known that the correct constraint that implements diffeomorphisms is a defor-
mation of (but equivalent to) the Vector constraint. In our case, the Diffeomorphism
constraint reads

D(E,A) =V(E,A) +tr(G(E,A) ® A). (6.4.9)
The momentum map is defined by:
piP = () @su2)) e (P e(®);
(B, A) —u(E, A) = (G(E, A), D(E, A)). (6.4.10)
This map is B-equivariant with respect to the right action
1o (g,9).(E,A) = (Ad;-1 9*G(E, A), 9" D(E, A) + tr(¢*G(B, A) @ g~ 'dg))
= Ad)(:]_l,cp_l) /.,L(E, A)

With the same slight abuse of notation as before, we can find that
5(up, X) = / tr(LxE ASA) —/ tr(6E A LxA).
by by

Considering now the vector field o(X)(g 4) = (Lx E, LxA) on P that generates the
Diffeomorphism transformations, the interior product matches the differential of the
pairing

(Loxyw) (v, ) =w (Lx B, Lx A), (v,a))
_ / tr(LxE A a) —/ tr(v A LxA).
% X

The previous computations show that the Diffeomorphism constraint D(E, A) is the
momentum map for the Diff (X)-action and has the correct transformation behaviour
under G-action in order to u be the momentum map for the &-action on P

6<,Uﬂ (A¢ X)> = Lo(A,X)W-

Concerning the usual physical notation, the Hamiltonian functions of the respective
group actions, namely the natural pairing between momentum maps and Lie algebra
elements, are the so-called smeared constraints.
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Chapter 7

Cosmology in Loop Quantum
Gravity preserving local gauge
degrees of freedom

In this chapter, we aim to address the loss of internal SU(2) gauge symmetry in
the cosmological setting. As demonstrated in Chapter 5, to properly recover gauge
symmetry at both the classical and quantum levels, it is necessary to go beyond
the conventional minisuperspace framework. This is achieved by allowing the gauge
transformations to possess local degrees of freedom. Importantly, this extension does
not contradict the assumption of homogeneity. Since gauge transformations are not
physical observables, it is not required that the gauge itself be homogeneous to yield
homogeneous physical quantities. The common imposition of a homogeneous gauge
in Loop Quantum Cosmology is precisely what leads to the effective disappearance
of the SU(2) gauge symmetry.

The approach we take here is to permit the Ashtekar variables to include local
gauge degrees of freedom, while enforcing the reconstructed ADM variables to remain
homogeneous. To facilitate this, we adopt a geometric perspective based on the
tools introduced in Chapter 6, which enable a rigorous definition of homogeneous
connections and densitised triads. More specifically, we introduce the mathematical
concepts of homogeneous spaces and invariant principal bundles. We carry out a
parallel analysis to that of the previous chapter, now within a cosmological context.
We demonstrate that the notion of a homogeneous connection, as formalised by
Wang’s theorem, provides precisely the structure needed to complete the classical
formulation and to identify the appropriate cosmological sector of the Ashtekar-
Barbero-Immirzi formulation of General Relativity.

Following the classical construction, we proceed to discuss the properties of the
corresponding cylindrical functions and examine the classical constraint algebra.
Remarkably, we find that the resulting description closely resembles that of full Loop
Quantum Gravity. This approach successfully restores the full SU(2) gauge symmetry
and, at the same time, introduces significant simplifications in the formulation, laying
a robust foundation for the subsequent quantisation.
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7.1 Classical gauge field theory

We want to find a picture of the Ashtekar variables in the cosmological setting
using the prescriptions of the gauge theories and the language presented in the
previous Chapter. We aim to analyse the classical description and identify the
cosmological sector of General Relativity in Ashtekar variables. To achieve this, we
must articulate the cosmological hypothesis and the Landau description in a pure
group-theoretic form.

7.1.1 Homogeneous hypothesis on Cauchy hypersurface

The homogeneous hypothesis compelled us to regard > as a homogeneous space.

Definition 7.1.1. A homogeneous space is a pair (X, G) with X a topological space
and G a group that acts transitively on X'. In this case, X = G/H, where H is the
stabiliser of a fixed point.

In cosmology, we require that (3, ¢) is a Riemannian homogeneous manifold,
namely, that the isometry group Isom(X, q) acts transitively. However, the formalism
presented in Sec.3.1 and proposed by L.Landau (c.f. [122]) describes the pair (X, q)
as a 3-dimensional Lie group G equipped with a left-invariant metric n. In this
case, we have a copy of G into the isometry group G < Isom(G,n). Moreover,
considering a Lie group with a left-invariant metric instead of a generic Riemannian
homogeneous manifold has a well-posed mathematical aspect. Every class A ! simply
connected Riemannian homogeneous manifold admits a Lie group structure, hence
it is isometric to a suitable group G equipped with a left-invariant metric 7 [2].
Furthermore, from simply connected Lie groups we can generate a 3-dimensional
Lie group with non-trivial topology taking the quotient by a normal subgroup (two
interesting examples are R3/Z3 = T3 and SU(2)/Z? = SO(3)). In addition, there
exist Lie groups associated with class B 2 Riemannian homogeneous manifolds.
Finally, the description through Lie groups is quite general and includes all the
physically relevant models.

Once we deal with the pair (G, n), we need to discuss which group acts on this
Riemannian manifold. In fact, on the same Riemannian manifold, different groups
can act via isometries. In our case, on (G,7n), there are two relevant groups: the
group of orientation-preserving isometries S = SIsom(G,n) or the copy of G in it:
G1, that acts on G via left multiplication. We choose the smaller group of S that acts
transitively on G, which is G. Then, our homogeneous space is the pair (G,GL).
This choice is interpreted as the weakest request for homogeneity and is equivalent
to dealing with Bianchi models, without any further symmetry. To consider the
stronger constraint given by isotropy, we need to enlarge the symmetry group.
Another equivalent way to state the hypothesis is to consider the homogeneous space
(X, G) with a transitive and free action of G [51]. Such a request provides G = 3,
and the action is always equivalent to the left multiplication. Namely, there exist a

1A homogeneous Riemannian space is class A if it admits a compact quotient. If the space is a
Lie group, it is class A if it is unimodular [135].
2A homogeneous Riemannian space is class B if it is not class A.
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diffeomorphism ¢ : ¥ — G such that the action can be written as ¢! o Ly 0 ¢. To
include isotropic models, we can ask for an effective action instead of a free one.

Recalling the Definition 7.1.1 for homogeneous space, we can use it to define the
configuration space of a dynamical theory of geometry for a spatially homogeneous
universe with spatial slice a homogeneous space (G,Gr). Namely, we consider the
set of left-invariant metrics on G:

Sa ={ne€ Met(G) | Lyn=n Vg€ G}.

As a consequence, the conjugate momenta, as well as the extrinsic curvature, will be
represented by left-invariant symmetric tensors. These are the conditions that the
quantities reconstructed from the Ashtekar variables must satisfy. As already noted in
[37], this choice breaks the full diffeomorphism gauge symmetry. However, a residual
gauge symmetry remains, given by the action of the semidirect product G x Aut(G),
where G acts by right multiplication and Aut(G) denotes the automorphism group.
The structure and implications of this residual symmetry will be discussed in detail
later.

7.1.2 Homogeneous spin bundle

We aim to analyse the properties required by the Ashtekar variables to understand
a spatially homogeneous Universe. We aspire to utilise the Yang-Mills approach,
where the connection is desired to be homogeneous in the sense of Wang’s theorem.
Thus, we need to begin studying the homogeneity of the corresponding principal
bundle.

Considering the formulation in Chapter 6, and let G be a connected 3-dimensional
Lie group, we must work with the orthonormal frame bundle P°(G). It is defined
as the disjoint union P°9(G) == ||, PYC(G), where

PS59(@) = {h : R* = T,G| h orientation-preserving linear isometry}.

The group S = Slsom(G,n) acts freely and transitively via automorphisms on
PS9(@). In fact, let f € S, the action

f:PO(G) = PRO)(G);
hisdyfoh,

preserves the principal bundle structure. Hence, the orthonormal frame bundle is
homogeneous with respect to S (properly, it is S-invariant), and so, the desirable
connections would be too. Remark that this defines also an action L of G on P9°(Q),
such that L, is the lift of L, for all g € G, then PSO(Q) is also G-invariant (or
just G-invariant).

However, in the Ashtekar formulation, we are interested in the involvement of
classical spinors. Hence, we must include in our analysis the spin bundle PP (@)
(cf. [32, 123]). Moreover, since the homogeneous property will be verified on the
reconstructed quantities (g, K) (on which we have a standard notion of homogeneity),
we need to deal with a (possibly invariant) spin structure.

There exists a notion of homogeneous spin structure:
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Definition 7.1.2. On a homogeneous space (X, G), a spin structure (PP (X), p)
is homogeneous (G-invariant) if PSP (X) is equipped with a G-action covering the
natural action of G on P39 (X).

On a homogeneous space (G, G), where G is a connected Lie group, there always

exists a unique G-invariant spin structure. Namely, there exists an action L of G on
PSP (@G) such that po L, = ig opforall g €.
The previous property does not hold for every homogeneous space, even with the same
base manifold. The example of the 3-sphere S? is enlightening [72, 3]. Considering
the 3-sphere as a group S = SU(2), in this case there exists a SU(2)-invariant
spin structure, while, if S* 22 SO(4)/SO(3), a SO(4)-invariant spin structure does
not exist. In our language, ¥ = S3 & SU(2) = G with the action of the groups
G = SU(2) and S = SO(4), respectively.

Thus, we will examine the connected Lie group G, the orthonormal frame bundle
PSO(G), and the spin structure PS’””(G) equipped and invariant under the action
of G L-

7.1.3 Homogeneous Ashtekar variables

Such as the homogeneous space (G, Gr), we require the Ashtekar connection A to
be Gp-invariant. Motivated by the approach in Yang-Mills theory [61, 43] and in
previous works in Loop Quantum Gravity [57], we demand that the connection
I-form w on P°C(G) must be G-invariant, namely f};w = w. The homogeneous
spin structure helps us to define a proper notion of homogeneity for the connections
on PP"(@G). We require that the homogeneous Ashtekar connections be the ones
G-invariant on the unique invariant spin structure. These two requirements are
equivalent. Indeed, considering a connection w on PSO(G) and the associated
connection & on PSP (@), since the spin structure is homogeneous, the following
equation holds:

Liw=Lip, ' p'w = p; ' p*Lyw = p; ' p'w = . (7.1.1)

Showing that, if w is homogeneous, the w is homogeneous too. The contrary is also
true. Proceeding along the same steps, we end up with p;lﬁ*ng = p; 'p*w, since

1 - . . — s e s . el s . -
py * is an isomorphism and p* is injective, then it implies Lyw = w.

These properties ensure that Wang’s theorem can be applied to both P°?(G) and
PSPin(G)), so that the homogeneous Ashtekar variables are precisely those classified
by the theorem:

Theorem 7.1.1 (Wang’s theorem [169]). Let P be a G-invariant principal K -bundle
over a manifold X, where X = G/H is a homogeneous space and H is the stabiliser
of a point xg € X. Let pg € P be a point in the fibre over xg, and let A : H — K
denote the isotropy homomorphism associated with pg.

Then, the G-invariant connections w on P are in one to one correspondence with
linear maps ¢ : g — £ such that

1. ¢po Ady = Adyp) o9, for all h € H,
2. ¢l = dA.
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The correspondence is given by

P(§) = wpo (Xe)
where X¢ is the vector field on P induced by & € g.

In our framework, the theorem is simplified a lot. Our homogeneous space is a
Lie group (G, Gr) and, so, the stabiliser contains only the identity element H = {1}.
The principal bundle we are considering is P°P™(G) as a principal SU(2)-bundle,
and it is Gp-invariant, as the desirable connections. Hence, the theorem can be
recast in a simplified version:

Corollary 7.1.2. Let PSP"™(G) be the unique Gp-invariant spin structure on G.
Then, the G -invariant connections w are in one-to-one correspondence with linear
maps ¢ : g — su(2).

Notice that considering the orthonormal frame bundle P°(G) as a principal
SO(3)-bundle, due to the isomorphism s0(3) = su(2), we obtain the same classifica-
tion for the G-invariant connections on P5C(G).

For such connections, there exists a preferred trivialization s : G — P%P""(@G) such
that the corresponding local gauge field can be written as

A= S*w:¢09Mc, (7.1.2)

where 07 is the Maurer-Cartan form on su(2) [108].

Once we have clarified the properties of the Ashtekar connection, we need to
discuss the dreibein. The restriction we want to impose is that the reconstructed
physical quantities, the Riemannian metric ¢ and the extrinsic curvature K (i.e., the
ADM variables), be homogeneous.

We interpret the dreibein as a section h : G — PS9(G). Since P99(G) is G-
invariant, the associated metric ¢ is therefore homogeneous by construction.

It is useful to notice that there exists a G'p-equivariant dreibein, namely a section
such that the following diagram commutes

P39(@) o, P39(@)

e )

G— 5 @
Thus, the equation for the G r-equivariant dreibein is
hiy@) = dolg o ha, Yo € G, g € G, (7.1.3)

where h, is the section h evaluated on the point = € G, which is an element of
P29(@). Moreover, given a Gz-equivariant dreibein h, h(v) (the image of a vector
v € R3 via h) is a left-invariant vector field and, so, an element of the Lie algebra g.
It is easy to prove that every section is gauge equivalent to a Gr-equivariant section,
and that a G p-equivariant section is the preferred section in Eq.(7.1.2).

Invariant sections also exist for the spin bundle. Suppose h : G — PSpm(G) such
that poh = h then h is Gp-equivariant if and only if h is it.
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Proof. Suppose h is Gp-equivariant, i.e. it satisfies h o L, = I_/g o h, then
ﬁoBoLg:ﬁo[_/gofz == hoLg:IN/goﬁoﬁ:f/goh.
Thus, po h defines a invariant section of P5°(Q).

Suppose h is Gp-equivariant, i.e. it satisfies ho L, = f}g o h, then
pohoLy=hoLy,=Lsoh=L,opoh=poL,oh.

Fixing a point x € G and an open neighbourhood U C G small enough such that the
image U’ = ho Ly(U) = L, o h(U) € P39(G) is such that p~'(U") = U’ x Z?. For
every point y € U, we can fix ho Lg(y) to be in the 4+1 connected components while
Eg o l_z(y) will be in the 4+1 or —1 connected component appropriately. When g is
the identity, the two terms Ly o h(z) and h o Ly(x) are equal. Let us consider g in a
small enough open neighbourhood V' C G of the identity such that L,z is in U, then
ho Ly(x) = h(y) for some y € U, moreover h o L,(z) remains in the same connected
components as h(x) for all g € V. Due to the continuity of the action, L, o h(z)
must also remain in the same connected components of h(x). Hence, L, o h(x) and
ho Ly(x) must define the same element.

However, since G is connected, V' generates G (Prop.7.14 in [124]). Thus, every g
can be written as a finite product of elements of V. Suppose g = gngn—1 - - - 9291,
where ¢g1,...,9n € V then

L,oh

Il
1
Q
=
o
o
~
Q
(¥
o
~
S
o
>
I
~i
Q
=
o
o
h
Q
[ V)
o
>
o
h
2

_ This means, it is always possible to find two sections, h : 3 — PSO(G) and
h: ¥ — PS™(@), such that the following diagram commutes:

PSpin(G) i) PSpm(G)

bl

il PSO@) Ly psoqy |

fle D

G —— G

These sections induce an automorphism between P39 (G) with G-action f/g and
the trivial bundle G' x SO(3) equipped with the action (Lg,idso)). In such
a way, the homogeneous spin structure becomes p : PP"(G) = G x SU(2) —
G xSO(3); p(g,a) = (g, p(a)), with G-action (Lg,idg(2)). With this automorphism,
a connection on PP"(G) reads as

W(g,a) = atda + (fld)ga,
where @ is a su(2)-valued 1-form on G. When w is G-invariant, & is a left-invariant

form, identified with A in Eq. (7.1.2).
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Reconstruction and reduced phase space

Recall that the extrinsic curvature is defined starting from the Weingarten map k :
TG — TG as the symmetric bilinear form K on T,G such that K(v, w) = q(k(v), w)
for all v, w € T,G. We can obtain the Weingarten map from the Ashtekar connection
A and the local Levi-Civita connection I' associated with h by

k= ®([h, A—T)), (7.1.4)

where @ : ad PP (@) =5 TG is the natural vector bundle isomorphism.

We now verify that the extrinsic curvature is homogeneous. Let w be a homogeneous
connections on P P"(G) and w’C be the “lifted” Levi-Civita connection, then
Q =w—wl? is a G-invariant and horizontal su(2)-valued 1-form on P5P™"(G). Let
h be a G-equivariant section and fix z € G and v,w € T,G

(B 12 (deLy(v) = R, (dr,eh o daLy(v) =, (dalhio Ly)(v))
= Q4 1) (de(Lg 0 B) () = O 1, (d, Ly 0 dah(v)) = D, (d:h(v))
= (h*Q)(v).

Since @ is an isomorphism between homogeneous fibre bundles, it preserves the
homogeneous structure. Let V be a R3-valued 1-form on G such that ®([h, h*Q)]) =
[h, V], hence L7V =V when h is G -equivariant. Thus, the Weingarten map satisfies

kLya(deLg(v)) = [hLyz; Viga(deLg(v))] = duLg 0 by (Ve (v)) = dyLg (ke (v)). (7.1.5)

From which descend that

(LZK):E(U’ w) = Qng(kLgcc(deg(U))v dng(w)) = Qng(dng(kx(”))a deg(w))
= qu(kz(v),w) = Ky (v, w). (7.1.6)

Since the last expression is gauge independent, it holds for every choice of the
dreibein. Hence, from generality of z € G, v,w € T,;G and L, € G, the extrinsic
curvature is homogeneous.

The data of the classical cosmological sector of General Relativity in Ashtekar
variables consists of an invariant connection w together with a section e in the
homogeneous orthonormal frame bundle P5(@). In particular, the reduced phase
space is composed of the local fields A = h*w, referred to as the homogeneous
Ashtekar connections, and the densitised dreibein E of e as defined in Sec.6.1.2.
As in Chapter 6, the set of connections will depend on the metric, and so on
the dreibein Ag, and a fixed choice of a spin structure (in this case, we have a
canonical choice: the homogeneous one). However, the reason to maintain the
orthonormal frame bundle in the description is that the procedure can be generalized
in the case in which there is no homogeneous spin structure, and no lift of the
action on the principal SU(2)-bundle, that unable us to provide a definition in
terms of homogeneous SU(2) connections. For instance, this happens in the closed
FLRW model, namely the discussed case of the 3-sphere with SO(4)-action. In
those cases, we can still define Ag to be the image by a fixed spin structure (not
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homogeneous) of G-invariant metric-compatible connections on P5°(¥) (now G
acts transitively and effectively). All these sets are isomorphic to the set A of
G-invariant SO(3) connections on the trivial bundle ¥ x SO(3) pullbacked by the
map p = (idy, p) : £ x SU(2) — ¥ x SO(3). When a homogeneous spin structure
exists, the two approaches are the same. The collection of homogeneous Ashtekar
connections A will play the role of the configuration space, providing the classical
cosmological sector of the Ashtekar-Barbero-Immirzi-Set connections.

Isotropic case

The isotropic case deserves a peculiar treatment. The isotropic hypothesis prevents
finding a preferred direction even during the dynamics evolution of the metric and
the extrinsic curvature [79].

In this case, the usual mathematical definition of an isotropic manifold does not
catch the whole feature we desire.

Definition 7.1.3. A Riemannian manifold (X, q) is isotropic if, for any x € ¥ and
any unit vectors v, w € T;X, there exists an isometry f : ¥ — ¥ with f(x) = x such
that fi(v) = w.

This definition means that ¥ is a homogeneous space and the stabiliser group is

isomorphic to the group of rotations. Herewith, G admits an action of H = SO(3) C
S with a fixed point (the fixed point will be the identity element 1 € G). However,
we can see in Table 1 from [103] that the full isometry group of R? equipped with any
left-invariant metric has an SO(3) subgroup. Moreover, for every two left-invariant
metric ¢, ¢ on R? always exists an automorphism F' € Aut(R?) such that ¢ = F*¢/
and their stabilizers are conjugate under it, H, = Adp Hy [102]. Roughly speaking,
let @ = {qrs} and Q" = {¢},} be the matrices associated with the two metrics in a
given basis of generators of the Lie algebra R3 = T{R3, then, there exists a matrix
M such that Q = MQ'M!. Hence, given a transformation A that leaves the metric
Q invariant AQA? = Q, we get an invariant transformation for @', namely MAM 1.
Thus, the stabiliser group H, is conjugate to the stabiliser of the canonical scalar
product of R3, i.e., SO(3).
Thinking about the two different metrics as a time evolution, the stabiliser group
evolves in time but is still isomorphic to SO(3). Nevertheless, this can not be a
description of an isotropic universe because of the generality of ¢ and ¢’. Then, we
have to restrict our definition to be the stabiliser group not isomorphic to SO(3) but
exactly H = SO(3), corresponding to fixing @) as a positive multiple of the identity
matrix.

Definition 7.1.4. An isotropic model is a Riemannian homogeneous space (G, S)
together with a metric ¢ such that the stabiliser is H = SO(3) C S.

In our description of class A simply connected Bianchi models, there are only
two Lie groups available for the isotropic model, R? and S* [103]. So they are
homogeneous spaces together with the action of Ef = R? x SO(3) and SO(4),
respectively. However, S* does not admit an SO(4)-invariant spin structure. We
can avoid this problem considering connection on P9(S3) because in the usual
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formulation they are in one-to-one correspondence with the connection in the SU(2)-
principal bundle.
Hence, we require that the connection be invariant under the action of the chosen
group.

For consistency, we will show that there exists a gauge in which we can write
the Ashtekar connection in the canonical form [48].
Consider R? equipped with a positive multiple of the canonical scalar product o?(-, -)
and P39(R?) together with the natural action of E3. The fibre on a point = € R? is
canonically SO(3) times the positive factor a

PIS o (R?’) ={U: R?ﬁ — T,R3 = Rg’ﬁ(.’_) | orientation-preserving linear isometry }

The action of g = tR € E3 on PYO(R3) = R? x SO(3) (forgetting the a factor),
with ¢ translation and R rotation, can be written explicitly

Ly : P7O(R%) = P5O(RY);
U dggoU, = Ly(x,U)=(Rz+t, RU).

In this case, a section equivariant under the action of ES does not exist. But,
invariant connections exist due to Wang’s theorem.

A connection w over PS9(R3) can be written as w = a~'da + a~'@a, where & is
a 50(3)-valued 1-form over R? and a € SO(3). Given a section h : R3 — P9 (R?),
we obtain the local connection 1-form h*w = h='dh 4+ h='@h. Fixing h, = (z, 1),
h*w = @. The action of L, on the connection is

L*w = (Ra)"'d(Ra) + (Ra)'g*®(Ra) = a”'da+a 'R™'g*®Ra.
From which the condition of invariance is
()2 (v) = Gresi(R0) = R (v) R,

That is, in the gauge fixing, & invariant under the adjoint action of SO(3), hence,the
unique solution is & = ¢Y", T, ® ¢, where {¢%} is the canonical dual basis of R3,
T, are the generators of s0(3), and ¢ is a real number. It corresponds on each
T,R3 = R3 to the equivariant isomorphism R?® = s0(3). In a matrix form, it is

Ol = coM(T,) . (7.1.7)

(2

Dropping the Lie algebra generators T,, we notice that it is exactly the expression
of the Ashtekar connection in a spatially homogeneous and isotropic Universe:
Al = cé.

Such a connection reconstructs an isotropic extrinsic curvature. Let w4 be a
E3-invariant connection and w’ be the Levi-Civita one. Their difference is

O =w'—w’=0"10% - a'%"aq = a"'Qa,

and it satisfies g*h*(a™1Qa) = AdgQ. Let v be a R3-valued 1-form such that
O([h, h*Q)) = [h,v], if h = (x,1), then (¢*V)z(v) = VRy4+(Rv) = Rvz(v). Hence, the
Weingarten map rotates under this transformation

krz+t(Rv) = [hRz+t, VRz+t(RV)] = [hRytt, Rve(v)] = Rky(v). (7.1.8)
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While the extrinsic curvature keeps the E3-invariant (i.e., isotropic and homogeneous)
property

(0"K)z(v,w) = Kggtt(Rv, Rw) = alkpryyi(Rv), Rw) = a(Rky(v), Rw)
=a(ky(v), w) = Kz (v, w). (7.1.9)

Thus, in our formulation, we are able to recover the canonical form of the Ashtekar
connection in an isotropic case and be consistent with the request of an isotropic
metric and extrinsic curvature.

7.2 The fate of the gauge symmetries

We now discuss the role of the gauge symmetries, namely the invariance of this
formulation under the action of the spatial diffeomorphism group Diff(G) and the
gauge group (vertical automorphisms) of the bundle G = Gau(P%P™(G)). We
are going to verify that these two groups have a well-defined action on the set of
homogeneous Ashtekar connections A%,

Notice that the homogeneous connections on PP(G) form an affine space associated
to the vector space Hompg(g, s1(2)) as a consequence of Wang’s theorem. On such a
space, not the whole G acts but only a subgroup given by the automorphisms that
commute with the action L

GE={feG|folLy=1Lyof YgeG}=SU(2).

However, on A% we can recover the action of the whole G. Let us consider A € A®,
then there exists a section s : G — P5P"(G) and a homogeneous connection w such
that A = s*w. The action of G is given by the transformation of w

G x AC — A%,
(f,A) = A =s"fw. (7.2.1)

Despite f*w being no more homogeneous, A’ is it. Indeed, A’ = s* f*w = (f o s)*w,
and fos is a section of the spin bundle, then A’ is still the local field of a homogeneous
connection.

The behaviour of the Diff(G)-action requires more attention since a diffeomor-
phism changes the spin structure and the orthonormal frame bundle as well. Let us
first consider the automorphism group Aut(G) < Diff(G); this group preserves the
homogeneity condition for the metric. Indeed, let ¢ € Aut(G),g € G,z € G, then
@o(Lgx) = Ly(g)p(x). Hence, considering a metric n such that Lyn = n,Vg € G, we
get that p*n is still homogeneous:

Lop™n = " Ligyn = ¢ n.

Together with the automorphism group, the right multiplication preserves the homo-
geneous structure because it commutes with the left multiplication. In particular, if
€ is a left-invariant vector field, (Rg)«£ is left invariant. Thus, we can notice that the
request of homogeneity for the metric breaks the diffeomorphism-invariance, reducing
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the group to G x Aut(G) (for a group-theoretic focus on this group, see the next
section). Analytically, this reflects the expression of the Vector constraint, which in
cosmology is dependent on the structure constants of g [44]. As a consequence, f*7,
with f = (g, ¢) € G x Aut(G) acting on G as f = Ry-1 0, still defines a orthonormal
frame bundle that is homogeneous under the natural left action L of G, and there
exists the associated unique G-invariant spin structure (PSP(G), o/, E;).

The map f intertwines two equivalent actions f o Ly = L4 o f. Now, considering
the two actions L and L, on the same frame bundle P59(@), an invariant sec-
tion e with respect to one action will be invariant with respect to both. Namely,
the two actions on the same trivialized bundle reads as ig = (Lg,idso(3)) and
fjw(g) = (L~g0(g)7idSO(3))~' Moreover, there exists an automorphism ¢ = (i, idgo(s))
such that L) = ¢ o Ly o @~ '. Hence, the spin structure (PSP(@), p) is the same
for both the actions L, = (L, idgy()) and I’w(g) = (Ly(q),idsu(2)), and a lift of the
automorphism exists ¢ = (¢, idgy(2)). Thus, a local field A = s*w transform under
the group Aut(G) as ¢*A = (s 0 p)*w = (pos')*w = s*@p*w, where s’ = posop !
and ¢*w is invariant under action of E; g for all g € GG, and so under E;. Analogous
computations are performed when we include the term R,-1 because it does not
modify the left action. Hence, A® is invariant under the action of G' x Aut(G).

It also has an interpretation in terms of spin structure on different orthonormal
frame bundles. Let f € G x Auto(G), there exists a isomorphism of principal bundles
between P9 (G,n) and P5C(G,f*n) given by

f: P2O(G, ¢"n) = P3G, n);
his dof o h,

such that it is a lift of f. Moreover f o ig = f/@(g) o f. Considering two G-
equivariant sections: h for P%9(G,n), and K for PSO(G, f*n). In a fixed point
r € G, £(h,) = Ryhg(y), for some v € SO(3). Here, R, is the right action of a
element in SO(3) on P5°(G,n). Moving on another point via left multiplication,
we obtain

This means that, with respect to the trivialization induced by the two sections, f
acts as (z,p(a)) — (f(z),p(a)u). Hence, we can lift the action on the trivialised
PSP (@) by choosing a preimage by p of u in SU(2). We can fix it by continuity,
asking that u = 1 when f = idg. To do that, f must lie in the identity component
of G x Aut(G). Since G is connected, then the identity component is G x Auto(G).
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Thus, we have found an automorphism f such that the following diagram commutes:

PSPin(@) £ (&)
o o
- Ly _ Le(g)
psrin(@) ¥ psrin(@) p
7 J
\L
7 P39(G, ) F— PS9(G,n)
_ T p ~ 1
J/ — Lg l« ~ Lf(g)
PS9(G, £*n) F P39(G,n)

Furthermore, f* maps homogeneous connections on P5°(G,n) to homogeneous
connections on P°C(G, p*n), and f* maps homogeneous connections in homogeneous
connections on PSpm(G) with respect to the proper unique invariant spin structure
(the spin structures are the same once the bundles are trivialized)

Liw=w <= L f'w="fw.
Hence, A = s*f*w = (f o s)*w = (s’ o f)*w = f*A’, where s’ = fosof~! is a new
section.

7.2.1 The broken diffeomorphism group G x Aut(G)

We are going to discuss the group-theoretic and spectral properties of G x Aut(G),
for a connected Lie group G. The semidirect Lie group G x Aut(G), which is
topologically G x Aut(G), is characterized by the following product

(91, ¢1)-(92, p2) = (9191(92), 1 © P2).

The inverse is (g,¢) "t = (¢~ 1(g71), 1), and identity (1,idg). This group has an
effective left action on G, and so a smooth injective homomorphism

a: GxAut(g) — Diff(G);

7.2.2
(9,9) = Rg10¢. (722)

Notice that, under the usual choice of left action (g,¢) — L, o ¢, the image in
Diff(G) is the same since Ly o p = R;-1 o (Adg-1 op). We want to describe the Lie
algebra of G x Aut(G) in terms of vector fields on G. Namely, find the Lie subalgebra
in X(G) of the image of G x Aut(g) in Diff(G) via a.

Let us start from the normal subgroup G. Let £ € g, and v = &; € TG its value
on the identity. Then, a(exp(tv)) = Rexp(—tv) is the flow of the left-invariant vector
field —¢ on G. Hence, o (g) = —g. So, on the image [£1,&2]a. g = ade, Lo = —[&1,&2],
where [-, -] are the usual Lie brackets between vector fields, i.e. [X,Y] = LxY. We
recall that the adjoint action of G on g in terms of left-invariant vector fields is
Ady €& = (Ry-1)«£. Since Aut(G) is canonically a subgroup of Diff(G), it inherits
the same adjoint representations. Let X € Lie(Aut(G)) C X(G), then, for all
¢ € Aut(G), Ad, X = ¢*X, and, for all Y € X(G), ady X = [X,Y]. Moreover,
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the action of Aut(G) on G lift to g simply by (¢,§) — p.«&. Now, we have all
the ingredient to describe au(Lie(G x Aut(G))) C X(G). As vector space, it is
g @ Lie(Aut(G)). The adjoint representation of the group is given by

Ad(g,go)(gv X) = (Adg(so*f) + O-g((p*X)v QD*X)’

where, o, : Lie(Aut(G)) — g is given by identify g with T;G and map X to
dgLy-1(Xg). From which, we can derive the inner automorphism of the Lie algebra:

ad(y vy (&, X) = ([& 0] + [X, 0] = [V, €], [X, Y]).

Notice that, if X is the vector field associated to an automorphism ¢, then [X,&] € g
for all £ € g. So, this expression is well defined.

Since G x Aut(G) is a Lie group, it admits a Haar measure. We can construct
it explicitly starting from left-invariant measures pug on G and pg on Aut(G). It
cannot be just the product of the two due to the bad behaviour of ug under the
action of Aut(G) on G. To deal with that, notice that ug o ¢ is still a left-invariant
measure on G, for each ¢ € Aut(G), then ug o p = A(p)ug, where A(p) is a real
positive number. More properly, it is easy to show that A : Aut(G) — R* is a
continuous homomorphism. Thus, considering the functional

I:C%G x Aut(@)) - C
f = /G /A iy TP () dic(s).

thanks to the Riesz-Markov-Kakutani representation theorem, it defines a left-
invariant measure on G x Aut(G).

7.3 Abelian artefact, gauge fixing, and point holonomies

In this framework, generically, the holonomy maintains its value in SU(2) (cf. Theo-
rem 4.1 in [119]). Therefore, it is capable of reintroducing the SU(2) internal degree
of freedom lost in the canonical approach in LQC [66, 70, 69, 54]. Moreover, this
formulation does not require a minisuperspace, allowing gauge transformations to
possess local degrees of freedom that do not adhere to the homogeneous property, as
necessary to have a non-Abelian nor identically vanishing Gaufl constraint. Further-
more, we can recover the classical formulation in minisuperspace. The description
of the classical Ashtekar variables in cosmology by M. Bojowald [44, 51] coincides
with the restriction of our framework to G-equivariant dreibeins, as can be seen
from Eq.(7.1.2). Indeed, our pair of variables (A, E') can be described by the usual
collection of functions (A% (z), E¢(x)) such that, in a specific gauge, they can be
written as Al (z) = ¢t0l(x) and E¥(x) = |det(0)|p/c%(x). Here, & is a set of
generators for the Lie algebra g, and 67 its dual basis. That specific gauge h is a
G-equivariant one. As discussed in Sec. 7.1.3, A is left-invariant in such a gauge
and, due to Eq.(7.1.2), A% (x) = ¢t0L(z), where ¢} is the matrix associated with
the map ¢ : g — su(2) with respect to the basis of generators £; and 7; (we recall
that Oyrc = &7 ® 07). The frame of vector fields h(e;) is left-invariant, here ¢; is the



7. Cosmology in Loop Quantum Gravity preserving local gauge degrees of
106 freedom

canonical basis of R3, and so e?(z) = ¢!&;(x), where ¢! is a change-of-basis matrix.

The usual description of LQC [15, 48, 49] can be recovered by a complete gauge
fixing, namely choosing a specific G-equivariant dreibein, as shown explicitly in the
isotropic case. Furthermore, as a special case, we can rescue the point holonomies,
which characterise LQC. Let us consider the parallel transport along the integral
curve of a left-invariant vector field £. Considering ¢ : [0, 1] — G; t — ¢(t) an integral
curve of a left-invariant vector field £ associated with a vector v = &1 € T1G. Hence,

¢(t) == dye(0y) = &(c(t)).

Let u : [0,1] — SU(2) be the parallel transport along the curve ¢, fixing e be a
G-equivariant dreibein, the parallel transport equation reads

u(t) = —A(e(t))u(t) = —¢ o Onc(§(c(t))ult) = —d(v)u(t). (7.3.1)

The solution of this equation is u(t) = exp(—¢(v)t). The holonomy is defined as the
inverse of the parallel transport operator evaluated in ¢t = 1

he(A) = u(t = 1) = exp(4(v)).

However, a remembrance of the path-ordering product appears. If we consider a
composition of that kind of integral curves associated with vectors vy,...,v,, we
can easily convince ourselves that the holonomy along this curve is

he(A) = exp((v1)) . - - exp((vn))-

To connect the geometrical point of view on gauge fixing with an analytical
one, we recall that, in Chapter 5, we found that, in the minisuperspace, the Gauf3
constraint loses the divergence term 0, F', and we showed how to recast it into three
Abelian constraints. The equation 0, E{* = 0 is proper for the minisuperspace model,
and it is analogous to some previous results [133, 134]. Actually, a G-equivariant
section of PSP (@) yields a dreibein e; composed of left-invariant vector fields, which
have constant covariant divergence div(e;) = const. For class A Bianchi models, the
constant is zero. Thus, we can interpret d, Ef' = 0 as the minisuperspace constraint,
which should enable us to recover Bojowald’s description of reduced phase space.

7.4 Cylindrical functions and constraints algebra

In the phase space presented in Sec.7.1.3, the functional dependence of the constraints
on the Ashtekar variables remains the same as that of Loop Quantum Gravity. Since
no minisuperspace is required, not only does the Gauf3 constraint persist, but even
the Diffeomorphism constraint does not vanish, thereby recovering the full set of
constraints of LQG. Beginning with this observation, in this Section, we are going
to analyse the classical constraints algebra and the cylindrical functions restricted
to the classical cosmological sector AC.
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7.4.1 Homogeneous cylindrical function

The holonomy-flux algebra can be properly defined on the reduced phase space,
integrating the connections and the electric fields over all the possible suitable
curves and surfaces. Hence, the space of cylindrical functions comes out naturally
as functions on A% supported on a graph. We recall the definition of graph:

Definition 7.4.1. A graph ~ is a collection of piecewise analytic, continuous,
oriented curves c: [0,1] — G (c is an embedding in G of an open subset of R that
contains [0, 1]) which intersect each other at their endpoints.

However, there is a distinguished collection of graphs with useful properties,
which we will call homogeneous graphs.
We recall that the classical notion of an invariant subset cannot be properly im-
plemented. Let S C G be a subset, it is invariant if L,(S) C S, Vg € G. Since G
acts transitively, the orbit of a point is the whole space G, then no proper invariant
subsets exist. However, a finer property can be found for curves on G. On a Lie
group, the exponential map exp : g — G is well-defined. Locally, this map is a
diffeomorphism, specifically, there exists an open neighbourhood U C G of the
identity element and a ball of radius 0, B5(0) C g = T1G such that for all g € U
there exists a unique v € Bs(0) such that g = exp(v).
This property can be extended to all pairs of close enough points. Let g; and go be
two elements of G such that g, 'gs € U, then 3lv € B;(0) such that g;'gs = exp(v),
hence go = g1 exp(v).
The object exp(v) can be interpreted as the endpoint of the integral curve of the
left-invariant vector field associated with v. Thus, between two close enough points
g1 and g9, there always exists an analytic curve ( : [0,1] — G such that ((0) = g;
and (1) = g, this curve is ((t) = g1 exp(tv). Using such curves, we can approximate
every continuous curve ¢ : [0,1] — G. Consider a partition of the [0,1] interval
P, = {0,t1,...,ty, 1}, if the partition is fine enough, the points g; = ¢(¢;) and
gi—1 = c(ti—1) will be close enough and, so, there exists an integral curve that
connects them (;(t) = g;—1 exp(tv;). Thus every curve c: [0,1] — G is approximated
by a continuous, piecewise analytic curve (5, : [0,1] — G composed by integral
curves:

G(E) if0<t<t,
t—1t1 .
(o.(t) = :42(”_“) Thstst (7.4.1)

G (B=2) ifta <t < 1.

The finer the partition, the better the approximation. Thus, every curve ¢ can be
realised as the limit of some sequence composed of integral curves. In this sense, the
set of curves composed of integral curves is dense in the set of piecewise analytic,
continuous curves with the topology of pointwise convergence.

Definition 7.4.2. A homogeneous graph v is a collection of integral curves of
left-invariant vector fields and their compositions.

Such as the curves, the set of homogeneous graphs is dense in the set of graphs.
Poorly speaking, a homogeneous graph is made starting from a graph and substituting
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at each curve its approximation in integral curves. (Notice that this definition
differs from the usual mathematical notion of a homogeneous graph as used in
[36].) We will refer to cylindrical functions supported on homogeneous graphs as
homogeneous cylindrical functions, and denote their space by Cyly C Cyl>®(AY).
The computation in Sec. 7.3 concerning point holonomies suggests that, up to
gauge transformations, homogeneous cylindrical functions effectively localise point
holonomies along the edges.

7.4.2 Classical constraints algebra

As we stated before, since our pair of variables for the phase space are still
(A% (z), E¢(z)), the constraints have the same form as the usual LQG ones. They can
also be derived geometrically from the description proposed in Chapter 6, considering
A to be homogeneous in the sense given before. Thus,

G, = 8aEf + EijkAgEz,

Vo= FLEl — ALG,, (7.4.2)
. . . . . Eo Eb
H = (Fiy — S8 (4] - T9)(Af —T)) Smmomn
| det(EY)]

We observe that these are precisely the constraints of standard Loop Quantum
Gravity. The imposition of homogeneity, as implemented in this work, does not yield
any significant simplification in the form of the constraints. They retain the same
functional dependence on the phase space variables Ef(z), AF(y) even though these
variables now belong to the cosmological sector of the theory. Furthermore, since
we adopt the standard symplectic structure {Ef(z), AF(y)} = %—”5,‘}5}“5(:6 —y), the
resulting smeared constraint algebra coincides with that of LQG:

Nevertheless, we must carefully consider the choice of smearing functions, as we are
ultimately interested in their action on cylindrical functions and must ensure that
they generate the correct gauge transformations. For the Gaufl constraint, there
are no such restrictions: since we have recovered the full gauge action on A%, we
can take A € C2°(X,su(2)). A more subtle analysis is required for the smearing
functions X and f. In cosmological settings, these are typically associated with the
shift vector and the lapse function, respectively, both of which are required to be
left-invariant. From the action of the Hamiltonian constraint on the ADM metric ¢,
it is evident that, to preserve homogeneity, f must be constant in our case as well.
Regarding the vector field X, which is the generator of diffeomorphisms on the space,
we must note that diffeomorphism symmetry is broken in our setup. Therefore, X
must preserve the structure of left-invariant tensors. In other words, X must lie in
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the Lie algebra Lie(G x Aut(G)), as constructed in Section 7.2.1. With this choice
of smearing functions, the classical constraint algebra is significantly simplified:

{G(A), G(A)} = BEG(IA, A)),
{G(A),D(X)} = Z*G(LxA),
{G(A), H(f)} =0,

{D(X), H(f)} =0,

In this form, the constraint algebra is isomorphic to the Lie algebra
(C(2,5u(2))dLie(G x Aut(G))) @ R.

Where the first sum is a semidirect sum, and the third term is the direct sum with
the real 1-dimensional Abelian algebra R. Thus, C2°(3,su(2)) is an ideal as in the
full theory, while H(f) generate the centre.

If the Lie group on which the theory is defined is not compact, we may encounter
issues with the convergence of D(X) and H(f). However, since we are ultimately
interested in their action on cylindrical functionals, the support of the smeared
constraint is irrelevant as long as it is large enough to contain the entire graph.
Therefore, we can define the integral via a limit over an exhaustion by compact
sets X, C G, ensuring that it is well-defined, similarly to the procedure used in the
definition of the volume in [163].

The action of the infinitesimal transformation of the cylindrical functions is the
same as the full LQG. The Gauf} constraint can be implemented in the same way;
indeed, its action on the holonomies reads as

_Bx

(G, ()} = 5

(A(c(0))he(A) = he(A)A(c(1))),

providing the infinitesimal version of the gauge transformations implemented by the

group G = CX(%,SU(2))
U(a)he(A) = he(Ady-1 A+ a 'da) = a(c(0))h(e) (A)at(e(1)). (7.4.4)

We need to pay attention to the Diffeomorphism constraint. Indeed, despite Lx A
being well-defined on our configuration space, the action on smooth holonomies

1
{V(X), he(A)} :/0 dt heo,0) (A)(Lx A) ety he(e17) (A)

does not produce a cylindrical function. Hence, we are forced to consider the finite
action of the group G x Aut(G) as

U((p)hc(A) = he(p*A) = hga(c)(A) (7.4.5)

Notice that the subspace Cyl¢¥ is invariant under these actions. This lays the
foundation for the quantisation of the theory and the implementation of the quantum
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constraint algebra. Thanks to the simplified structure of the algebra and the
symmetric properties of the cylindrical functions, this framework appears more
tractable using the established techniques of canonical LQG. It may also offer a
concrete link with the structure of LQC, while potentially avoiding some of the
ambiguities present in the full theory.

7.4.3 Quantum constraint operators

The natural candidate for the auxiliary Hilbert space is the completion of CylZ
with respect to the scalar product

Mol = [ e TL dnnhe) fi(thedececr)

e€E(y)

As discussed previously, this space is invariant under the action of gauge transforma-
tions and diffeomorphisms. Moreover, the Gau3 and Diffeomorphism constraints
can be implemented in the same way as in canonical LQG, as shown in Eqs. (7.4.4)
and (7.4.5).

The auxiliary Hilbert space is not of the form L?(.A%) because A% is not locally
compact, and therefore the Riesz-Markov theorem does not apply. However, this
issue can be circumvented after imposing the Gaufl constraint. Indeed, due to
homogeneity, the moduli space A% /G is particularly simple: in fact, it is always a
topological manifold (possibly with boundary), which allows one to define an induced
measure via the linear functional Ag. The topological properties of the moduli space
A% /G are studied in detail in the next section.

The operators defined in Eqs. (7.4.4) and (7.4.5) provide a representation of the
group G x (G x Aut(G)). To obtain a quantum constraint algebra free of anomalies,
it is necessary to define the Hamiltonian operator appropriately. We adopt a graph-
preserving version of Thiemann’s Hamiltonian operator, first introduced in [154] and
later extensively studied in [94, 95, 96]. The form of the operator at a vertex, acting
on a spin-network state, remains the same; however, the loops are not constructed
by adding new edges, but instead by using edges already present in the graph. In
particular, the construction involves a normalised sum over the so-called minimal
loops: given a graph v, a vertex v € V(v), and two distinct edges e,e’ € E(v)
starting at v, a loop within v starting along e and ending along €’ is said to be
minimal if there is no other loop with the same properties that traverses fewer edges
of 7v. The Euclidean Hamiltonian constraint then reads

. TN )

)
! (U) ejNeaNe3=v ’L(U, €1, 62)| a€L(v,e1,e2) “

where L(v, e1, e2) denotes the set of minimal loops associated with the pair of distinct
edges ej, e starting at v.

While the Hamiltonian is manifestly gauge invariant, and the commutation
relations between the Gaufl and Diffeomorphism constraints are correctly reproduced
at the quantum level, owing to our representation of the group G x (G x Aut(G))
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via its finite action on holonomies, we must still verify the commutation between
the Diffeomorphism transformations and the Hamiltonian constraint.

The Hamiltonian constraint is, in general, diffeomorphism invariant, since the
notion of a minimal loop is purely topological. Considering the smeared constraint
H (N)=,N ﬁf , where N is a constant lapse function (and thus acts as an overall
multiplicative factor), it follows immediately that

Ule) HIN)U(p™") = H(N),

which is the finite version of the commutation relation between the Diffeomorphism
and Hamiltonian constraints in the algebra (7.4.3). Moreover, the commutator of
two Hamiltonian constraints vanishes:

A

[H(N), H(M)] = 0.

This follows from the fact that the commutator contains a factor (M, N, — Ny M,),
which vanishes identically when both N and M are constant. Indeed, H (N) and
H(M) are multiples of a common Hamiltonian operator H(1); hence, there is a single
generator of the dynamical evolution, rather than one for each point, in accordance
with the homogeneity assumption. The Lorentzian Hamiltonian constraint exhibits
the same behaviour. Thus, the quantum constraint algebra is anomaly-free and
reproduces the classical algebra (7.4.3).

We now briefly discuss the solution of the quantum constraints. The implementa-
tion of the Gauf} constraint straightforwardly mirrors that in the full theory, yielding
as the space of solutions the invariant spin-network states, labelled by intertwiners
at the vertices. This construction may be interpreted (though it remains to be
rigorously demonstrated) as the quantisation of the moduli space of connections,
a procedure that is typically both mathematically well-motivated and physically
consistent [139]. A detailed analysis of the moduli space of homogeneous Ashtekar
connections is provided in the following chapter

Since the Diffeomorphism and Hamiltonian constraints operators commute on
the auxiliary Hilbert space, most of the issues typically related to the construction
of physical states appear to be resolved. However, constructing a generic solution of
the quantum Einstein equations remains non-trivial. One might expect that, since
G x Aut(G) is a Lie group, it would be possible to construct a proper rigging map
to solve the Diffeomorphism constraint. In practice, this is not the case. Owing to
the weak discontinuity of the representation, the rigging map is trivial. Indeed, the
only non-vanishing contribution to

)= [ ) (6, 0())
GxAut(G)

comes from those ¢ such that U(p)ys € Span(t)s), namely when ¢(s) = s. These
¢ form a subgroup of G x Aut(G), which cannot be an open subset, otherwise it
would coincide with the whole group (which it cannot, as the group acts transitively
on ). Any closed subgroup, however, has measure zero, implying (1) = 0.
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Since Aut(G) depends strongly on the chosen cosmological model, a detailed
analysis of the solutions to the Diffeomorphism and Hamiltonian quantum con-
straints, as well as the characterisation of the physical Hilbert space, will require an
investigation on a model-by-model basis.
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Chapter 8

Moduli space of homogeneous
Ashtekar connections

In this chapter, we analyse the homogeneous Ashtekar connections introduced in
the previous chapter within a rigorous mathematical framework. This in-depth
treatment of the previously outlined approach enables both a generalisation and a
classification of homogeneous Ashtekar connections across all cosmological models.
We demonstrate that, in this setting, a clear distinction emerges between homo-
geneous spin connections and homogeneous SU(2) connections. Only the former
exhibits the correct behaviour required by the physical theory, as anticipated from
the geometric considerations discussed in earlier chapters. Furthermore, we explicitly
compute the moduli spaces of the two types of connections associated with each
three-dimensional homogeneous space, corresponding to the various cosmological
models.

The moduli space plays a central role in the quantisation of gauge field theories.
While such spaces typically exhibit singularities, we find that, in our case, the moduli
spaces of both types of connections possess exceptionally favourable properties:

e The moduli space depends only on the isotropy group of the homogeneous
space, which encodes the symmetry class of the corresponding cosmological
model.

e The moduli space admits the structure of a finite-dimensional topological
manifold (possibly with boundary).

While the first property aligns with expectations based on physical considerations,
the second introduces a significant regularisation within the quantum theory of the
homogeneous Ashtekar-Barbero-Immirzi formulation. This regularisation arises from
the ability to employ standard, well-defined tools typically used in the quantisation
of systems with finitely many degrees of freedom. As a result, this structure paves
the way for a mathematically rigorous analysis of the associated quantum theory.

The explicit computation of the moduli spaces reveals a distinction between the
two types of connections. This distinction allows us to conclude that the Ashtekar
connection, when interpreted in the cosmological setting, should be understood as
a homogeneous spin connection (up to a slight generalisation, as discussed below).
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This interpretation not only aligns with the mathematical structure of the moduli
space but also agrees with the physical requirements of the theory, reinforcing the
necessity of incorporating spin structures in any rigorous approach to the Ashtekar-
Barbero-Immirzi formulation.

8.1 Homogeneous spaces, spin structures and connec-
tions

We start from a review of the structure and objects that will be the main characters of
our study, and some well-known facts about them. A Riemannian homogeneous space
is a pair (M, G) where M is an n-dimensional orientable Riemannian manifold and G
a connected Lie group which acts transitively from the left via orientation-preserving
isometries. Fixing a point o € M, the stabiliser of that point is the so-called isotropy
subgroup H C G. Whenever H is connected and compact, M ~ G/H is reductive,
namely g = h & m, where h is the Lie subalgebra of H and m is a vector subspace
invariant under the action of H via adjoint representation Ad : G — GL(g).

We denote with L, : M — M the group action of G on M. This action defines a
representation called linear isotropy representation of H in the linear group of T,M,

ANt H = GL(T,M); g Ag) =doLy. (8.1.1)

In general, the action L can be lifted to the orthonormal frame bundle P5C (M) of
M

L:Gx P;O(M)— PES.(M);
(g7u) = d:Jch ou,

where an element u in the fibre over a point x is a orientation-preserving linear
isometry u : R — T, M. With this action, G acts on PS©(M) via automorphisms,
hence PSO(M) is a G-invariant principal SO(n)-bundle. Fixing a frame u, in the
fibre over o € M, the linear isotropy representation can be identified with the
homomorphism A : H — SO(n) defined by

Mg) = uyt o dyLy o u,.

When M ~ G/H is reductive, then A is faithful and homogeneous metric-compatible
connections exist. In our case, homogeneous metric-compatible connections are
connections, interpreted as so(n)-valued 1-forms w on the orthonormal frame bundle
PSO(M), that are G-invariant, namely

Lyw=uw, Vgeq.

The existence of such a connection is ensured by a specialised version of Wang’s
theorem for reductive homogeneous spaces [119]. Moreover, this Theorem also
provides a classification of such connections.

Theorem 8.1.1 (Wang’s theorem for reductive spaces). Let P be a G-invariant
principal K-bundle on a reductive homogeneous space M ~ G /H with decomposition
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g =bhdm. Then there is a one-to-one correspondence between the set of G-invariant
connections on P and the set of linear maps A : m — € such that

A(Adp(v)) = Adyp)(A(v)), for allvem, he H,
where X denotes the isotropy homomorphism H — K.

In case of PSO(M), we just need to set K = SO(n). We would like to stress
that the following vector spaces are isomorphic

m = T,M = R",

where the first isomorphism is given by the tangent map of the projection 7 : G — M
on the identity element, while the second, by the choice of a frame u,. Through
those isomorphisms, the adjoint representation Ad : H C G — GL(g) is mapped to
the linear isotropy representation, and to the isotropy homomorphism, respectively.

We are interested in the cases in which M admits a spin structure, namely
a pair (P9P""(M), p) where PP"(M) is a principal Spin(n)-bundle over M and
p . PSP (M) — PS9(M) is a double-covering such that the following diagram
commutes [32].

PSP (M) x Spin(n) —— PSP"(M)

N

pXp p M

7

P3O(M) x SO(n) —— PSO(M)

Here, p : Spin(n) — SO(n) is the twofold covering homomorphism of SO(n). Over
a homogeneous manifold M ~ G/H, we call homogeneous spin structure a spin
structure (PSP"(M), p) equipped with an action of G on PSP (M) covering the
action of G on P®C(M) and that is invariant under it. Namely, for every g € G
there exists an automorphism L, : PSP (M) — PSP (M) such that po L = Lo p.
In this case we can define a homogeneous spin connection & on P P™ (M) as the
pullback of a homogeneous metric-compatible connection via a homogeneous spin
structure (P°P"(M), p), i.e.
0= p; ptw.

However, a homogeneous spin structure does not always exist. To remedy this
problem, we can notice that the set of homogeneous spin connections is in one-to-one
correspondence, due to the injectivity of the pullback, with the set of homogeneous
metric-compatible connections when a homogeneous spin structure exists. And, in
the physical theory, the local fields do not depend on the specific spin structure, so
they reflect directly the properties of homogeneous metric-compatible connections.
Thus, we will study the latter set as a “generalisation” of the first.

We recall that on the set of metric-compatible connections acts the group
of vertical automorphisms, or gauge group, G of PSO(M), whose elements are



116 8. Moduli space of homogeneous Ashtekar connections

automorphisms of PP (M) that cover the identity on M. A subgroup of G acts on
the set of homogeneous metric-compatible connections, and it is defined by

GE={feG|folLy=Lyof VYgeG} (8.1.2)

On a homogeneous space M ~ G/H, principal Spin(n)-bundles have their
own homogeneous connections for which homogeneous spin connections represent
a subset. The collection of all possible homogeneous connections on all possible
principal Spin(n)-bundles modulo gauge transformations has been studied in the
past years due to its relation with Yang-Mills theory. This collection is a moduli
space defined as follows (cf. [43] for details)

_ J(u,A) € Hom(H, Spin(n)) x Homg(g/h, spin(n)) .
M = { s.t. Ao Ad, = Ad, ) oA Vh € H }/Spln(n). (8.1.3)

where Spin(n) acts via conjugation on the pair (u, A), i.e. the action is (u,A) —
(gug™t, Ad, oA) for g € Spin(n).

8.1.1 Speciality of dimension 3

In the peculiar and physically relevant case of dimension 3, we want to analyse the
collection of homogeneous spin connections and compare it with the moduli space of
homogeneous Spin(3)-connections.

We recall the speciality of dimension 3: the simply connected homogeneous
Riemannian manifolds are classified. It is possible to prove that the isotropy group
H is a Lie subgroup of O(3), presenting three cases according to the physical
symmetries. Since H is connected and compact, it must be isomorphic to SO(3)
or U(1), or be trivial. These cases correspond, respectively, to a homogeneous and
isotropic Universe, to a homogeneous Universe with axial symmetry, and, finally, to
the so-called Bianchi Universes. We will provide our analysis, separating these three
cases.

In dimension 3, we also have some useful isomorphisms. The spin bundle
PSPin(M) is trivial, namely it is diffeomorphic to M x Spin(3). Moreover, Spin(3)
is isomorphic as Lie group to SU(2), and the Lie algebras so(3) and su(2) are
isomorphic. Furthermore, su(2) equipped with the adjoint representation of SU(2),
50(3) equipped with the adjoint representation of SO(3), and R3 equipped with
the defining representation of SO(3) are all isomorphic representations of SU(2)
considering the last two actions precomposed with p : SU(2) — SO(3). Namely,
there exists an invertible equivariant map between each two of those vector spaces.

Using the previous properties, in the next Sections we are going to compute the
moduli space of the two different types of connections in the three cosmological cases
identified by the isotropy group H. The first moduli space is the moduli space of
homogeneous metric-compatible connections. According to Wang’s theorem, the
set of homogeneous metric-compatible connections A% is an affine space associated
with the vector space

{A € Homg(R?,50(3)) | Ao A(h) = Adyg oA Vh € H}. (8.1.4)
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The moduli space we are interested in is the space of the orbits A%/GY, where the
dependence on the homogeneous space will be only encoded by H. The second
moduli space is the moduli space of homogeneous SU(2) connections, defined by

(1, A) € Hom(H, SU(2)) x Homg (R3, su(2))
N“:{M &nAoAm):A%mpA£%€£{ }/ﬂﬂm. (8.1.5)

Since g/h = m = R3, even this moduli space depends only on the isotropy group H.

8.2 Homogeneous Connections on Bianchi groups

Let M be a 3-dimensional orientable connected Riemannian manifold equipped with
a Lie group structure G and with a left-invariant metric. It is a particular case of
a Riemannian homogeneous space in which the stabiliser H is trivial, M ~ G/{e}.
The simply connected spaces of this kind are known as Bianchi groups. On such
spaces, the natural action we are going to consider is the left multiplication

L:GxG—=G;
(9:9") = Loy’ = g9'.
Remark ([72]). On a Lie group G, there exists a unique homogeneous spin structure

(PSP"(@), p) equipped with an action L of G that covers L.

In this case, the space of homogeneous metric-compatible connections A% is
simply given by Wang’s theorem as an affine space over the finite-dimensional vector
space Homg(g,50(3)). The gauge group G, which acts on A%, is the group of
G-equivariant vertical automorphisms defined in (8.1.2).

Proposition 8.2.1. G% is isomorphic to SO(3).

Proof. Let p,p’ € P9(G) be such that 7(p) = 2 and 7(p’) = y, then there exists a
unique g € G such that Lyz = y. Hence, there exists a unique a,;y € SO(3) such
that Lyp = p'a,,y. Let f be in G¢, the value of f(p/) is fixed by the value of f(p).
Recalling that there exists a unique b, € SO(3) such that f(p) = pbp, Vp € P99(G):

f(p/):f(Lgpapp) f(Lgp) pp/—Lgf( ) =
= L,(pb, )a,, , = L,pb, a, (8.2.1)

_ il
= plapy Pp,p'-

From which b, = a, pa;;/. Thus, the isomorphism is given, fixed a point p €
PSO(@), by the map f + by, O

Thus, the space A® / G%, composed by equivalence classes of homogeneous metric-
compatible connections, in reason of Wang’s theorem and Prop.8.2.1, is in one-to-one
correspondence with Homg (R3, s0(3))/SO(3) with the adjoint action of SO(3) on
its Lie algebra.

Considering just the spin bundle PP (@), in [43], we can find an expression of
the moduli space M which can be interpreted as the disjoint union of the equivalence
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classes of homogeneous connections with respect to all the possible nonequivalent
lifts of the G-action on the all possible spin bundles. In this peculiar case, the
spin bundle can be only the trivial one, and all the lifts are equivalent. Indeed,
the moduli space (8.1.5) is pretty simple M = Homg(R?,5u(2))/SU(2) and the
following proposition holds

Proposition 8.2.2. AG/QG and M are in one-to-one correspondence. Furthermore,
there exists a bijective map from M to M3(R)/SO(3), with the action of SO(3) on
the space of the 3 x 3 real matrices M3(R) given by the left composition.

Proof. The Lie algebra so(3) and su(2) are isomorphic. Let p : SU(2) — SO(3)
be the natural double covering homomorphism. The isomorphism between the Lie
algebras is given by the pushforward p, : su(2) — so(3) [123]. Considering s0(3)
and su(2) as carrying spaces of the respective adjoint action, the isomorphism p,
is also an equivariant map, in the meaning that p.(Ad,v) = Ad, ) p«(v) for all
v € su(2), a € SU(2).

Elements of Hompg (R3, su(2))/SU(2) are equivalent classes of linear maps [A] with
A ~ Ad, oA for any a € SU(2). We can define the map

o0 : Homp (R3, 5u(2))/SU(2) — Homg(R?,50(3))/SO(3);
[A] = [p« 0 Al

This map is well-defined thanks to the equivariant property
0[Adg oA] = [ps 0 Ady oA] = [Ad,(q) 0ps © A] = [ps 0 A] = o[A].

Clearly, it is invertible because p; is it.

Moreover, s0(3) with the adjoint action of SO(3) and R? with the standard
action of SO(3) are isomorphic representation. The isomorphism is given by

x 0 —2 wy
yl—1 z 0 —=x
z -y x 0

Hence, following a similar procedure we conclude that there exist a one-to-one
correspondence between Hompg (R3, 50(3))/SO(3) and Homg (R?, R3)/SO(3). Since
Hompg (R?, R3) = M3(R), we conclude

Hompg (g, su(2))/SU(2) = Homg(g,50(3))/SO(3) = M3(R)/SO(3),  (8.2.2)
with the action of SO(3) on M3(R) to be the left composition. O

Notice that the vector spaces associated to homogeneous connections are isomor-
phic as vector spaces Hompg (g, su(2)) = Hompg(g,s0(3)). At the level of connections,
this isomorphism can be implemented by the unique homogeneous spin structure,
which maps homogeneous metric-compatible connections w into homogeneous spin
connections @ = p; 1 p*w.

Our aim is characterize the moduli space M realized as M3(R)/SO(3). Before to
do that, let us notice that the set of positive (negative) semi-definite symmetric 3 x 3
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matrices C4 (C_) is a convex cone in the vector space of symmetric 3 x 3 matrices,
and its boundary 0C; (0C—) is composed by matrices with a vanishing determinant.
Hence, we can enounce the following Lemma:

Lemma 8.2.3. The moduli space M3(R)/SO(3) is in one-to-one correspondence
with C4 UC_/ ~. Where the equivalence relation is:

P~P iff P=—-P and P,P' €9C, UOC_. (8.2.3)
Proof. We consider M3(R) equipped with the following action of SO(3):

50(3) X Mg(R) — Mg(R);
(O,M)+— OM.

This action is clearly not free.
Let M € M3(R), in reason of the polar decomposition, there exists a unique positive
semi-definite symmetric 3 x 3 matrix P = vV M!M such that M = UP for some
U e O(3).
If det (M) # 0, then the orthogonal matrix is unique and P is positive definite. Multi-
plying both for sgn(det(M)), we always obtain that M is given by the composition of a
special orthogonal matrix and a positive-definite (if det(A/) > 0) or negative-definite
(if det(M) < 0) symmetric matrix. Hence, the map M — sgn(det(M))vV MtM is
constant on the orbit of the SO(3)-action and differs on different orbits. Thus,
the maps passes to the quotient and defines a bijection between the orbit space of
invertible matrices in M3(R) and the set of positive-definite and negative-definite
symmetric matrices.
If det(M) = 0, we need to study the different ranks separately; in such cases, U is
no longer unique. If rk(M) = 2, let U,U’ € O(3) be such that M = UP = U'P,
then (U — U")P = 0, and so U = U’ on Ran(P). Furthermore, since U, U’ € O(3)
and ker(P) L Ran(P), hence U(ker(P)) C ker(P) and U’(ker(P)) C ker(P), and
then or U = U’, or U = —U’ on ker(P). Thus, exactly one of U and U’ is in
SO(3). This means that the stabiliser of M is trivial. Therefore, for all M such
that rk(M) = 2, there exists a unique pair U;,U_ € SO(3), and a unique pos-
itive and a unique negative semi-definite symmetric matrices Py and P_ such
that M = Uy Py = U_P_. Where, Uy, Py is the pair constructed before, and
U_ = _IdRan(P+)U+ and P_ = _IdRan(P+)P+ = —P+.
If rk(M) = 1, we can proceed in a similar analysis as before. In this case, there are
infinite U, U’ € O(3); in fact, the stabiliser of such an M is isomorphic to SO(2).
Moreover, there exist infinite pairs Uy, U_ € SO(3) as before, but the semi-definite
symmetric matrices are unique: Py = vV M!M and P_ = —P.
If rk(M) = 0, the orbit contains only the null matrix, and so Py = P_ = 0.
This means that, when det(M) = 0, Py and P_ are in the same orbit. So, it is
no longer true that different semi-definite symmetric matrices identify different
orbits. Thus, we need to impose the following equivalence relation on semi-definite
symmetric matrices with det(P) = 0: P ~ P’ if and only if P = —P".

O

Let us consider M as in the above identification, and the space of traceless
symmetric 3 x 3 real matrices Sym$(R). Both spaces admit a filtration in terms of
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algebraic manifolds with edges. Consider M with collection of subspaces
M, ={P € M3(R)/SO(3) | tk(P) <n} forn=0,...,3.
While, for Sym3(R) x R, we can consider the subspaces S, given by

S3 = Sym3(R) x R,
Sp = {(A,A) € Sym§(R) x R | A =0},

27(det(A))? = —4(min(A))3,}
0 )

Sy = {(A, ) € Sym3(R) x R ‘ A =0, det(A) >

So = {(A,\) € Sym§(R) x R | A =0, A =0}
Where min(A) denotes the second coefficient of the characteristic polynomial, namely:

min(A) = % (Te(A%) — (Tr A)2), for A€ My(R).

This filtration induces a stratification of the spaces, which on M coincides
with the stratification naturally induced by the quotient. Moreover, the equation
that describes S is extremely singular; in fact, if there were a point on which the
gradient of the equation is non-trivial, then it would be possible to describe S;
locally as a four-dimensional manifold. This is impossible because the choice of an
element in S; is equivalent to the choice of an eigenvalue 2i > 0 and the relative
eigenvector, and those conditions can be done with three degrees of freedom. So, as
a topological manifold, S; has dimension 3 while So has dimension 5. As a result,
we can characterise the moduli space M in terms of traceless symmetric matrices:

Proposition 8.2.4. There exists a weakly stratified isomorphism between M and
Sym$(R) x R.

Proof. To provide the topological manifold structure, we specify a bijective map
F: M — Sym$(R) x R, which, using the isomorphism SymJ(R) x R = RS, gives us
a global chart for M. Specifically, we are going to construct a global chart for C;
and C_, showing that the glueing of them gives us a global chart for the whole M.
We define the following maps

F, :Cy — Sym3(R) x Ry;
P s (P — L Ty(P) I3, Ap) :

where \p is the eigenvalue of P with the smallest modulus |[Ap|, and I3 is the identity
matrix of order 3. This map is bijective with an inverse

F7 i Symi(R) x Ry — Cy;
(A N) = A+ (A — pa)ls,

where A is a null-trace symmetric 3 x 3 matrix and u4 is its smallest eigenvalue
(surely non-positive). Hence, this map defines a global chart for C.
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With a change of sign, we obtain the global chart for C_

F_: C_ — Sym9(R) x R_;
P = (=P + S Te(P)Ig, Ap) .
F~': SymJ(R) xR_. — C_;
(A, N\) > —A+ A+ pa)ls.

Remains to show that the glueing of these two maps is well-defined. Considering
P e€0dCy and so —P € 9C_, hence Ap =0 = A_p, thus

F_(=P) = (=(=P) + } Tx(-=P)I3,0) = (P = } T(P)I3,0) = Fy(P).

We can check that the projection to the quotient 7w : M3(R) — M is contin-
uous with respect to the global chart (M, F'). Let us consider the map M
sgn(det(M))vV MtM, where sgn(det(M)) can be 1 indifferently when det(M) van-

ishes, and noticing A_p = —Ap in general, we obtain
Fon(M) = (VMM = ytr(v'MIM)Is, sgn(det (M)A /5777 ) » (8.2.4)

which is a continuous map.

We now prove that the strata are mapped appropriately. Evidently, F/(Ms3) = S3
and F(My) = Sp. Moreover, it is immediate to see that F(Ms) C Se. Conversely,
tk(F~1(A)) < 2, indeed, the eigenvector of A with the smallest eigenvalues j4 is in
the kernel of F~1(A) = A — puals, then F(My) = Ss.

Let us now consider P € Mj, given a basis of eigenvectors vg,v1,ve, with
v1,vg € ker(P) and v, with eigenvalues A > 0 (without loss in generality), they are
eigenvectors of F(P) = P — %TI‘(P)Ig with eigenvalues —% and %, respectively.
Hence, det(F(P)) = 2% > 0 and min(F(P)) = —4, from which 27(det(A))? =
—4(min(A))3. Then, F(M;) C 5.

Let A € 51, its eigenvalues 1, po, 13 satisfy

g1+ po 4 ps =0, and §(uipops)® = —5-(papz + pops + pspr)®.
Plugging the first into the second, we obtain an equation
Al + 1203 iy — B p3 — 260313 — 3pTpus + 120 5 + 4p§ = 0.

A possible solution is pg = 0, in this case det(A) = 0, and so min(A4) = 0 and
Tr(A) = 0, imposing that A = 0. Considering ua # 0, we can introduce the variable
t = p1/pe, and the previous equation reads

445 +12° — 3t — 2612 — 3t + 12t + 4 = 0.

This polynomial equation has three roots, each with multiplicity 2: t =1, t = —2,
t = —%, providing three similar cases: pu; = pus = —%,ug, W = Uz = —%ul, and
s = g1 = —% 2. The condition det(A) > 0 forces the two equal eigenvalues to be
negative. Thus, the spectrum is

o(A) = {—p,—p,2u} with p>0.
Now, F~1(A) is given by A + uI3 which has rank almost 1. Thus, F(M;) = S;. 0O
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As part of the proof, we get the following corollary

Corollary 8.2.5. The moduli space M is a topological manifold homeomorphic to
RS.

8.3 Axial symmetry: a peculiar case

This case represents a peculiar symmetry in physics, characterised by the stabiliser
being the abelian group U(1). The peculiarity of this case is that there are two
possible inequivalent choices for the isotropy homomorphism; however, they provide
the same classification of homogeneous connections.

Since we do not fix the group G neither the action on M, we can figure out the
isotropic homomorphism looking for injective homomorphisms in the set of inequiva-
lent homomorphism Hom(U (1), SO(3))/SO(3), with SO(3) acting via conjugation.
This classification is provided by the maps into the maximal tori of SO(3). Since
the maximal tori are conjugate to one another, we can pick a representative as the
map into the natural SO(2) subgroup. The only two elements of the set represented
by injective maps are

Ay :U(1) — SO(3);
1 0 0

et — [0 cosf® —sind | . (8.3.1)
0 sinf cosd

Using the equivariant map between so(3) and R3, we obtain two vector spaces
associated to homogeneous metric-compatible connections, one for each isotropy
homomorphism

1% — {A € Hom(R>, R*) | Ao Ax(h) = Ax(h) o A, for all h e H}.

Both these vector spaces read as the space of linear maps on R? that commute with
the rotation about the x axis. Such matrices are the multiples of rotational matrices
on the plane (y, z), thus

a 0 O
A= L10 b —cl| st abce Ry =R (8.3.2)
0 ¢c b

As anticipated, the group G is independent of the group G and depends only on
the stabiliser H = U(1). Then, we call the group in this axial symmetric case G**.

Proposition 8.3.1. G* is independent of the choice of isotropy homomorphism,
and it is isomorphic to SO(2).

Proof. The proof is similar to the proof of Prop.8.2.1. In this case, we have a
preferred point p(jf € PSO(M) in the fibre over o € M for each choice of the isotropic
homomorphism A4, such that thoi = poi)\i(h) for all h € H. Considering the
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homomorphism f +— bpi, where f (pa[) = poi bpi, we have a constraint on the values
0 0
of b_x:
Pg

Po by As(h) = f(Lipg) = Lnf () = py A= (Wb,

namely bpg must commute with Ap(h) € SO(3) for any h € H. Thus, bpg €
A+ (H) = SO(2) because A1 (H) is a maximal torus in SO(3). O

As a consequence, G acts via the adjoint representation of A\(H) = SO(2) C
SO(3) on the so(3) factor, namely via left matrix multiplication on A%* as expressed
in (8.3.2). From which, we can compute the moduli space:

Proposition 8.3.2. A% /G s a smooth manifold with boundary diffeomorphic to
R x RZO'

Proof. Using polar coordinates b = rcosd, ¢ = rsin 6, every element of A% can be

written as
a 0 0

0 rcosf —rsinf|, a,0 € R, r € R>p.
0 rsinf rcosb

Varying 6, we move along an orbit, and we can clearly see that every orbit has a
different representative for § = 0, obtaining:

Aaw/ga:c% ’CLER,TEREQ gRXRzo.

o O R
o 3 O
3 O O

O

Nevertheless, on such a homogeneous space, a homogeneous spin structure does
not always exist (see [72] for the case U(2)/U(1)). Hence, a proper notion of
homogeneous spin connection can not be found. However, we can look at the space
of homogeneous connections on the spin bundle PSP (M).

The formula 8.1.5 gives us a rapid way to compute the moduli space of ho-
mogeneous connections on a spin bundle. First of all, we need to compute the
space Hom(U (1), SU(2))/SU(2), which counts the inequivalent lifts on PP (M) of
the G-action on M. The classification is analogous to the SO(3) homomorphism.
Looking at a fixed maximal torus in SU(2) to find the representatives

pn o U(L) — SU(2);
; e”™0 0 8.3.3
R ( AT (8.3.3)

we describe countable distinguishable classes, each one represented by u, with n € Z.
We can now compute the moduli space of homogeneous SU(2) connections in this
axially symmetric case.

Proposition 8.3.3. The moduli space M has countable connected components,
each diffeomorphic to R.
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Proof. We recall that we have a priori two moduli spaces, each associated with a
possible isotropy homomorphism

ar | (1, A) € Hom(U(1),SU(2)) x Homg (R3, su(2))
MY = { SR Ao As(h) = Ady ) oA the H }/SU(Q).

Using the isomorphism between su(2) and R3, we can construct the action j, (U(1)) C

SU(2) on R3:
e~ 0 1T —y+iz) [em? 0 B
0 ™) \y+iz —ix 0 e ™|

_ 1T ‘ (—y+ iz)e‘Qme
(y + iz)e?? —ix ’

Hence, p,(U(1)) acts on the vector (z,y, z) as a rotational matrix

1 0 0
R(2nf) = |0 cos2nf —sin2nf
0 sin2nf cos2nf

This means that, for a fixed u,, and Ay, we are looking for endomorphisms A of R3
such that AR(4+60) = R(2n#)A. Those A must be like

A= , ceR.

S OO
o O O
o O O

Clearly the description is the same for A, or A_. This is enough to provide the
classification. Considering an equivalent class [u, A’], there exists an a € SU(2) and
n € Z such that [u, A'] = [un, Ad, oA’], where Ad, oA’ is in the type of A found
before. If there exists a € SU(2) such that [pn, A] = [pn, Ady oA}, then a can be
associated to a special orthogonal matrix O, such that, when applied to A, gives a
matrix A’ = O,A with all entries zero but the first. However, considering the first
column as a vector, it must conserve its modulus, hence the first entry must be the
same as A, then O, A = A.

In conclusion, every class of homomorphism defines a connected component diffeo-
morphic to R. O

Here, we observe a clear distinction between the two moduli spaces. This
significant difference from the purely homogeneous case arises from the non-existence
of a homogeneous spin structure, which prevents the embedding of homogeneous
metric-compatible connections into the SU(2) framework. This obstruction is due
to the failure of the G-action to lift from the orthonormal frame bundle to the spin
bundle. In the next section, it will become evident which of the two moduli spaces
corresponds to the classification of homogeneous Ashtekar-Barbero-Immirzi-Sen
connections as required by the physical theory.
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8.4 Isotropic spaces

This class of symmetry is one of the most studied in physics; it is characterised by a
stabiliser H = SO(3). The most relevant cases consist of the three simply connected
homogeneous spaces (R?, Ey(3)), (S3,50(4)) and (H3,SO*(1,3)). However, as
in the previous cases, we can provide a unique treatment dependent only on the
stabiliser subgroup.

The classification of homogeneous metric-compatible connections starts by notic-
ing that the isotropic homomorphism A : H — SO(3) is just the identity. Indeed,
since SO(3) has no normal subgroup, a homomorphism A : SO(3) — SO(3) is trivial
or bijective. But the isotropic homomorphism must be injective for a reductive
homogeneous space. Moreover, all the automorphisms of SO(3) are inner automor-
phisms, then they are conjugate to one another. Hence, a suitable choice of py in
the orthonormal frame bundle give us A = idgp(3). Using the version of Wang’s
theorem for reductive homogeneous spaces, we can compute the set of homogeneous
metric-compatible connections .4%°, and for any isotropic homogeneous space we get

Al = A € Homg(R®,50(3)) | Ao R = AdgoA, VR € SO(3)} . (8.4.1)

The invariant gauge group G*° is simplified a lot on this class of spaces
Lemma 8.4.1. G*° contains only the identity element.

Proof. The proof follows from the computation done for Prop.8.3.1. Since b,, must
commute with A\(SO(3)) and A is bijective, by, must leave in the centre of SO(3),
which is trivial. Hence, by, = 1, and so b, = 1 for all p € PSSO, O

Proposition 8.4.2. A*°/G%° is diffeomorphic to R.

Proof. We already discussed that G**° contains only the identity element. Hence,
we just need to discuss A%°. Using the equivariant isomorphism between so0(3) and
R3, we reduce to discussing the linear endomorphisms of R? that commute with the
rotational matrices, namely, we are looking for A : R? — R3 such that Ao R = Ro A
for all R € SO(3). It is easy to show that they are only multiples of the identity.
Thus, the vector space associated to A*° is canonically R. O

As in the axial-symmetric case, on such spaces does not always exist an invariant
homogeneous structure (see [72] for the case SO(4)/SO(3)). Hence, we can not
define a proper homogeneous spin structure. However, in this case, there is only one
homogeneous connection on the spin bundle.

Proposition 8.4.3. The moduli space of homogeneous SU(2) connections for
isotropic spaces is trivial.

Proof. Let us start from the computation of Hom(SO(3), SU(2)). Such a homomor-
phism cannot be injective, but the kernel can be only trivial or the whole SO(3).
Thus, there exists one homomorphism only, which is the trivial one.

The moduli space formula (8.1.5) says us, independently by the specific space

M = {A € Homg(R®,5u(2)) | Ao A(h) = A Vh € SO(3)} /SU(2).
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Using the equivariant isomorphism between su(2) and R3, we reduce to discuss the
linear endomorphisms of R3 such that A o R = A for all R € SO(3). Clearly, the
only possible solution is A = 0. Thus, the moduli space contains only the canonical
connection. O

8.5 Relation with Loop Quantum Cosmology

The isotropic case provides an opportunity to compare the two spaces with the
standard treatment of cosmology in the Ashtekar-Barbero-Immirzi formulation. In
[15], it is stated that the homogeneous and isotropic Ashtekar-Barbero-Immirzi-Sen
connections are classified by a gauge-invariant parameter, which is simply a real
number. Then, the moduli space of homogeneous and isotropic Ashtekar-Barbero-
Immirzi-Sen connections is just the real line [63]. This classification aligns with the
moduli space of homogeneous metric-compatible connections, which become spin
connections upon fixing a spin structure, while it automatically excludes the SU(2)
connection interpretation, as the latter is represented by a single point.

The topological features of the moduli space of homogeneous spin connections
have direct consequences for the mathematical foundations of the quantum the-
ory. Most notably, they guarantee the existence of a regular Borel measure and
allow the use of the Riesz-Markov-Kakutani representation theorem, thereby fa-
cilitating a rigorous construction of gauge-invariant quantum states. Additionally,
the contractibility of the moduli space implies the triviality of the fibre bundle
A% — A%/GC | enabling a global treatment of the gauge-fixing procedure without
encountering topological obstructions.
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Chapter 9

Classical interpretation of
Generalised Uncertainty
Principle theories

It is well understood that the natural formulation of Generalised Uncertainty Princi-
ple theories lies within the quantum regime. Nevertheless, the literature includes
numerous works in which the GUP framework is implemented at the classical level.
This is typically achieved by transferring the deformation in the commutator relations
to the Poisson brackets, which in turn govern the Hamiltonian dynamics. From a
physical perspective, these studies offer a semiclassical formulation, whereby classical
trajectories receive quantum-inspired corrections —presumed to be significant at
certain energy scales— originating, in principle, from the underlying quantum theory.

Despite the physical plausibility of this approach, from a formal standpoint, it
is not immediately obvious whether a given set of deformed commutators can be
consistently translated into a classical Hamiltonian framework. That is, compatibility
with the structure of classical mechanics —particularly the Poisson bracket formalism—
is not automatically guaranteed.

In this work, we investigate whether it is possible to implement a GUP theory
consistently at the classical level using the formalism of symplectic geometry. Given
an even-dimensional smooth manifold P, we interpret the variables (g, p) as local
coordinates on P, and we define a 2-form that reproduces the desired deformed
Poisson brackets. We require this 2-form to be symplectic, i.e. both closed and non-
degenerate, which allows us to fully characterise the symplectic structure necessary
for a consistent formulation of the theory. As a result, we obtain explicit and fully
general conditions on the phase space functions that control the deformation of the
Poisson structure. This comprehensive understanding of the classical symplectic
structure enables us to formulate the following conjecture:

A GUP theory can be consistently implemented at the classical level if
and only if the corresponding quantum commutators satisfy the Jacobi
identities.

Building upon this general framework, we also investigate the role of symmetries
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in such deformed theories. We begin by considering rotational invariance, in which
the deformed algebra is preserved under the action of the rotation group SO(3),
interpreted as a group of symplectomorphisms acting on the symplectic manifold.
This analysis follows a line of reasoning similar to that in [129, 81], but the classical
setting allows for greater freedom in the construction of the models.

The study of symmetries naturally leads us to examine constrained Hamiltonian
systems. In particular, we are interested in how the deformation of the algebra is
affected by the presence of first-class constraints. We analyse two representative
cases: in the first, the constraints can be interpreted as arising from a momentum
map associated with a gauge symmetry group; in the second, we consider a single
Hamiltonian constraint. In both cases, we find that the deformation is well controlled
and passes consistently to the reduced phase space, preserving the essential structure
of the theory.

9.1 Classical interpretation and Jacobi identity

The class of GUP theories, of which we aim to discuss the classical interpretation, is
the one described by the following commutation relations:

[i, ps] = 0,
(i, 4] = ihLi;j (4, D), (9.1.1)
i, pj] = ihdi; £ (q, D)

By classical interpretation of a n-dimensional GUP theory, we can give the

following definition:

Definition 9.1.1. The classical interpretation of a GUP theory in the class given
above consists of interpreting the set (q1,...,¢n,P1,...,Pn) as coordinates on a
2n-dimensional smooth manifold P equipped with a symplectic form w such that it
induces the following fundamental Poisson brackets

{pi,p;} =0,
{Qian} = Lij(qvp)v (9'1‘2)
{ai,pj} = f(q,p)dij.

We refer to the symplectic manifold (P,w) as phase space.

Remark. A symplectic form w induces a Lie algebra structure on C*°(P) via the
Poisson brackets. Let f,g € C°*°(P), and let X; be Hamiltonian vector field of f
defined by df = X ¢.w, the Poisson brackets of two functions are { f, g} = —w(X¢, Xy).
The Poisson brackets satisfy the Jacobi identity and define a non-degenerate Poisson
structure on P.

From Definition 9.1.1 we can compute the matrix associated with the symplectic
form that induces the Poisson brackets (9.1.2) in the coordinate system z? =
(q1y--+,qn,D15---,pn). Indeed, the inverse of the symplectic form matrix is easily
computable:

W = {20, 20} = (_]fln fé”) , (9.1.3)
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The inverse of this matrix is immediate, and so we obtain the matrix of the symplectic

form 0 L

Wap = (11 1an> : (9.1.4)
fn

where clearly L = {L;;} is a skew-symmetric submatrix and I, is the identity matrix

in n dimensions.

From (9.1.4) it is straightforward to realise that, if we want to deal with a
properly defined smooth 2-form, we have to require f(z) # 0, Vx € M. Hence, f is
a function with a definite sign all over P. Specifically, to obtain ordinary classical
mechanics in a proper limit, these functions have to be strictly positive. Usually,
this limit is managed by introducing some suitable parameter that controls the
deformation of the Poisson structure. As this parameter approaches zero, ordinary
Poisson brackets are fully recovered.

However, the 2-form in (9.1.4) is not a symplectic form a priori. This classical
structure is a relevant feature for the study of quantum physics theory. Indeed,
although in the literature it is debated if the semiclassical dynamics of a GUP is
implemented by its classical interpretation, we can, anyway, relate the algebraic
properties of the quantum commutation relations to the symplectic structure. When
L;j and f can be interpreted as smooth functions of the coordinates on an open
subset U C R?", and f is strictly positive on U, we can formulate the following
Conjecture:

Conjecture 9.1.1. A n-dimensional GUP theory as in 9.1.1 admits a classical
interpretation defined in Definition 9.1.1 if and only if the commutators satisfy the
Jacobi identity.

In Section 9.3, we provide a series of cases in which the Conjecture is verified.
As we will see, we can postulate that the Conjecture provides us with a correct
prescription for the quantisation of some relevant phase-space functions, selecting
suitable operator orderings among all the possible ones. In the context of deformation
quantisation, this conjecture is a corollary of a known theorem by M. Kontsevich
[120].
The following Section shows how to construct the symplectic form w just imposing the
non-degeneracy and the closure of w, imposing some constraints for the expressions
of L and f. The considerations expressed in Section 9.2 will constitute the main
part of the construction of the Conjecture 9.1.1.

The non-degeneracy condition is quite trivial since det(wg) = 1/r2". Therefore,
to fulfil the non-degeneracy request, it suffices to deal with a smooth strictly positive
function f on M, as already required.

The closed condition, on the other hand, implies that we have to verify that dw = 0.
As we are going to see, this condition will give us a complete set of equations for L
and f, and it will establish a set of relations between these two objects.

9.2 Building the function f(q,p)

In this section, we are going to explicitly compute the equations coming from dw = 0,
for the 1, 2, and finally the n-dimensional case. Furthermore, we will provide
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some explicit examples and we will discuss, within this symplectic framework, some
well-known GUP models scattered in the literature.

9.2.1 1-dimensional GUP theories

The 1-dimensional case is highly trivial. Being, in this case, the phase space a
2-dimensional manifold, every 2-form is closed. This means that the closed condition
is automatically satisfied. From this, it immediately follows that every 1-dimensional
GUP theory, with a suitable f respecting the minimal conditions imposed above,
has a symplectic structure and hence a classical interpretation.

9.2.2 2-dimensional GUP theories

In the 2-dimensional case, the matrix L;; has a unique degree of freedom L12(q, p) =
l(q,p). Let us call h = % The symplectic form matrix now reads:

0 0 —=h 0
0 0 0 —h

Wab = hL o 0 h2l (921)
0 h —h% 0

The closure condition, namely Ouwapdz® A dz® A dx® = 0, gives us (é) = 4 scalar

equations, i.e. the components of the 3-form dpwgapdz® Adz® Adzb = %(&wab + Ogwpe +

Opweq)dz® @ dz® @ dz® = 0. Explicitly, we obtain the following set of equations:

(123) $ =0,

(124) -5 =0, 92.2)
(134) 2ol Bh -
(234) 9rl4 9h

The first two say that h, hence f, does not depend on g¢i,¢qe, but only on the
momentum variables p1,p2. Therefore, the last two equations of (9.2.2) can be
rewritten as:

al 0 ol 0

oL L OF Ly 9L _OF 9.2.3)

Oq1  Op2 92 Op
These relations can be read as a gradient equation for f in an open set U C R? in
terms of p1,ps. Together with the independence of f from g1, g2, from (9.2.3) we
can deduce a general form for the [ function:

(g, p) = s(p) + a(p)q1 + b(p)ge, (9.2.4)

where s, a,b are smooth functions of py,ps. If U is simply connected, the system
(9.2.3) admits solution if and only if

da(p) _ 0b(p)
o = e (9.2.5)
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In this case, the solution for f is given by the integral along a curve v C U with
final point (p1,p2) modulo an integration constant:

F(p1,p2) = / (2L Oy . (9.2.6)

dg2’  Oq
Note that, in this setting, the system (9.2.3) can be equivalently read as a gradient
equation for .

2D classical mechanics and 2D non-commutative classical mechanics

Fixing [ = ¢, where c is an arbitrary constant, we find a trivial solution for f.
The two equations (9.2.3) impose indeed f = const. With a proper choice of the
constants involved, here we can recover both ordinary 2D classical mechanics (¢=0
and f=1) and one of the most studied formulations of 2D non-commutative classical
mechanics (c=1 and f=1), which does not involve a modification of the Poisson
brackets between conjugate variables (see e.g. [90]).

Interesting example: Kempf-Mangano-Mann 2D-GUP

Consider [(g,p) proportional to the usual angular momentum | = ¢(q1p2 — g2p1).
This function is clearly compatible with the general form (9.2.4) and satisfies the
integrability condition (9.2.5).

In this case the gradient equation (9.2.3) for f assumes a simple form:

of of
cp2 + Bpy 0, cp1+ oy 0.

The solution is f(p1,p2) = —%(p% + p2) + const, which essentially represents, modulo
the factor ¢, a kinetic energy term.
The integration constant can be fixed by introducing a control parameter and
requiring that, in a certain limit, one recovers the ordinary Poisson brackets. In
the case taken into the analysis, this can be done by evaluating the limit for ¢ — 0,
which fixes the integration constant to be 1.
Clearly we are not considering a possible dependence of the integration constant on
the control parameter c¢. The idea is indeed to introduce the deformation parameter
naturally only once and let it properly propagate along the equations.
If we now fix ¢ = —20, where 8 is a positive parameter, what we obtain is the
well-known GUP model first proposed by Kempf, Mangano, and Mann in [117], at
the quantum level.
Note that to deal with a strictly positive f, for the reason discussed above, either
c < 0 or, for ¢ > 0, our phase space is a ball in the space of momenta %(p% +p3) < 1.

It is worth noticing that the symplectic form naturally induces a volume form
in the phase space, which in the 2-dimensional case reads as Vol, = w A w =
%}7!)2 dq' A dg? A dp' A dp®. This volume form is clearly well-defined if and only if
the w is non-degenerate, that is, if f(p) # 0 everywhere. The resulting condition
is very close to the one obtained in the quantum framework from the request of
symmetry of the fundamental operators, in particular, the position operator. In this
context, to recover the symmetry of the operators, a necessary but not sufficient
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condition for the self-adjointness, we need to deform the Lebesgue measure in a very
similar way, introducing a factor 1/f. As a consequence, both measures result in
being well-defined if and only if f # 0, which in turn is a condition related, in the
classical context, to the non-degeneracy of w.

Explicit computation: Polynomial functions

In this Section, we aim to derive an explicit and general form for f from a wide class
of functions for [. We consider a polynomial function I:

Hg:p) = rsmnd@i G301 D5- (9.2.7)

We already know that [(g,p) can be a polynomial with maximal degree one with
respect to ¢ variables. Given that, we can write:

0q,p) =D mnd Py + a1 Y BrndT'P5 + a2 > Y DT'P5 (9.2.8)
The necessary and sufficient condition (9.2.5) now reads as:
MPBrmn-1 +NMYm—-1n =0, Ym,n € N. (9.2.9)
From the constraint (9.2.9), the polynomial [ has the following form:

l(q,p) = Z QmnP|' Py + Z Bmnp1' P31 + Z By q1+

m,n>0 m>1,n>0 n>0
—+1 m, n m
— Y P — D mDl . (9.2.10)
m>0,n>1 m>0

with 8, = Bon and v = —Ymo-
The f function, by reason of (9.2.6), can be computed on a simple curve

(t,0) if0<t<pi,
v(t) = .
(p1,t —p1) it p1 <t <p2+p1,

resulting in

pL ol / /m ol N
Do) = = (ply, 0)dp), — = (py, pb)dpl + c.
f(p1,p2) . 00 (P1,0)dp; . 0 (p1,p3)dpy

From this solution, we can give an explicit form of f(p) in the polynomial case.

f(p1,p2) = — Z %ﬁlpTH - f—flp;‘“ - Z L Bm—1pT'py + . (9.2.11)
m>0 n>0 m,n>1

We can check a posteriori that f is smooth and, if ¢ > 0, there exists € > 0 such
that f is strictly positive in B? C R2. Thus, our phase space is M = R? x B? with
a symplectic form given in coordinates by (9.2.1), where the functions [ and f are
defined in (9.2.10) and (9.2.11), respectively.

Note that the “angular momentum case” is included in this description. It can be
recovered by setting 81 = ¢ = 1 and all other coefficients to null.
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9.2.3 n-dimensional GUP theories

We can extend this analysis to GUP theories in every dimension n. Analogously to
the 2-dimensional case, from the closed condition of the 2-form in (9.1.4), we find a
set of differential equations for L and f.

Notice that we can rewrite the 2-form as w = h@, where h = % and

~ o 0 _In
Wab=\p  hL )"

In coordinates =% = (q1,...,qn,DP1,--.,Pn), the closure condition dw = 0 reads
wabacf + (:)bcaaf + ajcaabf - faca]ab - faaa)bc - faba)ca = 0. (9‘2-12)

The equations can be collected in four sets, depending on the values of the indices.
Clearly, the equations are symmetric under permutations of the indices, obtaining
at most (23") independent equations.

For a, b, c < n, we have a set of trivial identities. So, that choice of indices is not
relevant.

For ¢ > n and a,b < n, defining k =c—n and i,j € {1,...,n}, we get:

of of

———0k + =6 = 0. 9.2.13
3(]1 ik aqj ik ( )
That is the independence of f on gs. We can show it by noticing that the equations
are antisymmetric in 4, j and the only non-trivial equations are for i = k (equivalently

j = k), providing a set of n independent equations
0
o _,
gy
For a,b > nand ¢ < n,let i =a—mn,j =b—n,k € {1,...,n}, we get the
following equations:

1 of of of 1 0f 1 0L;;
Pog" 0 ap " 0, Fog " F oa
Using the independence of f on gs, we obtain
87f5. _9f s 9Ly
api 7t ap "t g

= 0. (9.2.14)

That contains the gradient equation. There are n3 non-independent equations. If

k # i,j we obtain %n(n — 1)(n — 2) independent equations
8Lij
Oqx
Due to antisymmetry of (9.2.14), k = i gives us the same equations as k = j. So,
considering k = j and i # j, we have n(n — 1) independent equations
of 0L
op;  0q;’
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which give us constraints on L;;(q,p) and a gradient equation for f(p). The con-
straints read

oL;;  0L;
4= =R ik <,
dq; 0qx
and give us the general form of L;;
Lij(g,p) = Sij(p) — 9j(p)a; + 9i(p)g;, (9.2.15)
where S;; = —95); and g; are a set of smooth functions on p only.
Thus, the remaining equations are simply recast as the gradient equation
of
= g:(p). 9.2.16
oy Y (p) ( )

Let us consider this differential equation defined on a simply connected subset
U C R” and define the 1-form g = Z?:l gidp;. The equation is equivalent to df = g.
Hence, a necessary and sufficient condition for integrability is dg = 0.

On the other hand, considering a given f(p), the Eq. (9.2.16) fully characterises L;;
modulo a function on the momenta without any further request.

For a,b,c > n, a new equation appears, which is not present in the 2-dimensional
case:

of of af OLi; 0Ly 0Ly
2 2 Lij+ =—Lj+ ——Ly; | — + + —0. (9217
<3pk 7 ap T op; k) / ( opr.  Opi  Opj ( )

The implication of this "strange equation" is not clear immediately.
We can study it by considering the general form of L;; given before, with S;; = 0.
The first term vanishes

0 0 0
! Lij + iij: + iLki

Op Ip; Opj
= gk(—9ja + 9i95) + 9i(—9kq5 + 9jar) + 9;(—giqk + 91 G:)

while the second term contains the integrability conditions
8Lz~j n 8ij n OLy; _
Opr ~ Opi  Opj

0g; 0g; 0 g, 0g; 0
gj g _gk‘_’_g‘j quﬁ-ﬁ

qi + q; q qr — qi
opr, " Opp ”  Opi 7 Opi Op; op;

_ (Ogr  Og; 0g9i  Ogk dg;  0gi
=ls 5|4+ - qj + - k-
Op;  Opx Opr  Op; Op;  Op;
Hence, considering the gradient equation satisfied, the strange equation becomes a
constraint on the S;; functions, which are not fixed by the form of f(p):

2 (afsi- + 8—fsjk + afsk,) —f (aS” 4+ Dk aS’”) =0.  (9.2.18)

Opi, Op; dp; Opr ~ Op; Op;

In reason of the previous discussion, S;; = 0 is a solution of the strange equation.
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The 3-dimensional case

The simplest case in which the strange equation appears is the three-dimensional one.
Following the results of the previous Section, in dimension 3, the closure condition
implies (g) = 20 equations.

Ten of them are trivial identities if we consider f(p) depending only on momentum
variables. We then proceed to examine the remaining 9+1 equations. Let us consider
the first nine of these that correspond to (9.2.14):

(145) HL 4+ 90z —
(146) gig s — ),
23 __
gig; of —_9212 =0
dp1 dgz —
ggg % ZL » (9.2.19)
e o
gii of oL _ 0
(356) % _ 68Lq§3 : ’
Op2 dgqz

As already discussed, that system brings out the following form for L;;

Li2(q,p) = S12(p) — P(p)a1 + Q(p) g2,
Las(q,p) = S23(p) — R(p)g2 + P(p)gs,
Li3(q,p) = S13(p) — R(p)ar + Q(p)gs.

Here, S;;j, P,Q, R are smooth functions of pi1,p2,p3. In such a way, the system
(9.2.19) is recast as three independent equations

% = Q(p1,p2,P3),
%’;2 = P(pl7p27p3)) (9220)

o; = B(p1,p2,p3).-

Again, we obtain a gradient equation in an open subset U C R3. If U is simply
connected, the system is solvable if and only if

oP _0Q _, OR_9Q _, OP OR _

opp  Ops 7 Op1 Ops | Ops  Opo

that is the irrotational condition for the vector field V = (Q, P, R). In this case, the
solution for f(p) is given by fixing a curve v C U with endpoint (p1, p2, p3)

f(p1,p2, p3) =/‘7~d’y- (9.2.21)
v

In dimension three, the strange equation has only one component, which reads

of of of ) <3L12 O0La3  OLs3y )
2( —Las+ —Ls1+ —Li2 | — + + = 0.
(0101 T ! Ops3 op1 Op2
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Considering the gradient equation (9.2.20) satisfied, we obtain a constraint on S;;:

oS a8 08
2(@523+P531+R5’12)_f< 12 23+ 31>:0‘

Ops3 op1 Op2

We note that solutions of the following system are solutions of the above equation
as well:

2R S12 — f9912 =,

Op3
2Q 82 — [ 52 =0,
2P S31 — f%ﬁ; =0.

In the subset of R® where S;;(p) # 0 and f(p) # 0, the system can be written
compactly as
1 08y 1 0f .,
— =2—-— withi#j #k. 9.2.22
Sij Op f Opw #i7 ( )
Hence, a possible solution is S;;(p) = & f(p)?ei (Pi-pi) | where cij = cj; are arbitrary
functions on p;, p; only.

Interesting example: Kempf-Mangano-Mann 3D-GUP

We now want to analyse the “angular momentum case” in three dimensions, but
from the perspective of a fixed f(p).

Let f(p) = B(p? + p3 + p3) + ¢, with B strictly positive. This choice forces Q =
26p1, P = 2Bp2, R = 208ps because of (9.2.20). Hence,

Lij = Sij(p) + 2B(q;pi — 4ipj)-

The Kempf-Mangano-Mann (KMM) GUP theory is recovered for ¢ = 1 and S;; = 0.
However, as we already said, this is not the unique choice for S;;. Nevertheless,
considering 5 the control parameter and requiring that the usual Heisenberg algebra
is recovered for 8 — 0, it is possible to exclude some S;; functions. For instance,
Sij = f2ecii(Pi-Pi) is an admissible solution of 9.2.18 but it does not have the correct
limit because f m ¢, forcing ¢ = 1, and so Sj; Bj e%i(Pi-Pi) which cannot be

zero. For the same reason discussed in Section 9.2.2, here we are not considering
a possible dependence of the ¢;; functions, nor of the constant ¢, on the control
parameter .

9.3 Verifying the Conjecture

In this Section, we are going to discuss the validity of the Conjecture 9.1.1, providing

some cases that satisfy it. Let us start from the following Proposition (Prop.8.11 in
[127]):

Proposition 9.3.1. A symplectic form on P is equivalent to a non-degenerate
Poisson structure.

The equivalence is given identifying the Poisson bivector field 7 [170] with the
inverse of the symplectic form w, i.e., in coordinates, 7% = w®.
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Consider the fundamental Poisson brackets expressed in local coordinates x® =
(q1,---,qn,DP1,-.-,Dn) as in (9.1.2) , where L;; and f are smooth functions of the
coordinates, and f is strictly positive on P. If these Poisson brackets satisfy the
Jacobi identities, then they define a non-degenerate Poisson structure. The non-
degeneracy can be easily checked, considering the bivector field in coordinates

7 = {29, 2%} = (—,?In fé”) : (9.3.1)

for which det(7%) = f2* > 0. From this and Prop. 9.3.1, the following Lemma
holds:

Lemma 9.3.2. The 2-form w defined in (9.1.4) is a symplectic form if and only if
the Poisson brackets in (9.1.2) satisfy the Jacobi identity.

Since a rigorous and consistent quantisation procedure does not exist for GUP
theories, we just check that the quantum Jacobi identity is satisfied if we consider f
and L as in Section 9.2.3 for two possible “natural” operator ordering in the quantum
theory, namely all the momenta to the left and all the momenta to the right.

Let us consider a GUP theory in the class (9.1.1), with L and f that, as functions
on the phase space, satisfy (9.2.13),(9.2.15),(9.2.16). The main problem is the choice
of the operator ordering in L;;(§, p), since, in the classical functions, monomials of
the kind p;q; appear. The other functions, which depend only on p, do not have any
ambiguity in the ordering.

Let us first check the Jacobi identity for the fundamental Poisson brackets that do
not depend on L;j. On the momenta, the commutation is trivially null [p;, [p;, Pr]] +
[ [Pk Dil] + [Pr, [Di, ;] = 0.

Moreover, we have

[Dis [Py, dx]] + [Djs [ar, Di]] + [k, [Ds, Dj]]
= —ihdx[pi, f(D)] + ihda[p;, f(P)] = 0.

Notice that, independently from the chosen ordering for L;;(§,p), we get
[, Lij (4, )] = ih (6ikg; (D) f (D) — 6;x9:(D) f (D)) - (9.3.2)

Furthermore, since there are no ambiguities in f(p), its derivative is well-defined
%(ﬁ) in its clear meaning, and so it is not difficult to prove that:

of

(G, F(P)] = mf(ﬁ)Tpk

(D) = ihf(D)gr(p)- (9.3.3)

This leads us to conclude that another commutator is free from ambiguities:

A

(G5 (35, Dr]] + (455 [P @] + [Prs (G 45]]

= ihd;i[Gi, f(D)] — ihdir[q5, f(D)] + ih[pk, Lij (4, D)]

= —1 (1S (9)9: (D) — i f () g5(D) + Sikg; (D) f (D) — 6;19:(P) f (P))
=0.
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We now need to fix an operator ordering in the theory to proceed. Let us first
consider all the momenta on the left, so the commutation between configuration
coordinates reads

(Gi, 5] = iR (Si;(D) — 95(P)di + 9i(D)d5) , (9.3.4)
from which we can write the double commutator:
[Gr» [4s, 4]
= ih( [k, Sij (9)] = [dk» 95

3>

)16 — 03 (D), 4] + [k, 93 (P))ds + 9: (D) [d- 451

S (foa) 934 5y — £5) 2% (9)d: — 03 () L + 1(5) ‘951 (B)is + 9i(p )ij>

Fixing S;; = 0, the last Jacobi identity is satisfied
Lo o s A A TN
73 (Ui 15, Gl + 195 [k, @il] + 1aw. 143, 4511)

£ >g§§< 0)is — (i) Lis + £ (5 )Zg% )i+ 056) Lis

—f() () — gi(P) jk+f() ()ﬁz‘Jrgk(ﬁ)Lji

pj

0 8
1) ajj; ()i = 93P Lai + S (B) 5, (9)ds + 9i(H) L

0 0 09i . 00k, .\ A
( o = 5 p>> i+ 1) (5o 0) — 520))

+ f(D) <Ziz () — gi; (ﬁ)) k. — 29x(P) (—9;(D)di + 9:(P)dj)
—2g:(p)

(=9x(P)q; + 95 (P)dr) — 29;(P) (=9i(P)dr + 9(D)G:)
=0.

For a not identically null S;;, the Jacobi identity imposes

1

0= 7 ([dis 1G5, Gx)] + [d5, (G, )] + [d, [, 5]])
= 10V 9) — ()5 5) + 05(0)Si(5) + 1) 2 )
pz p]

— 9i(P)Sjr(P) + 9k(P)S;i(p) + f(P) Sk( ) — 9;(P)Ski(P) + 9i(P) Sk (P)

-0 (S + S0+ 5 )

Op; Op;
— 2 (gr()Si; () + 9i(D)Sjx (D) + 95 () Ski(D))

which is the strange equation (9.2.18). If .S;; fulfil the classic equation, the Jacobi
identity is verified and no ambiguities in the ordering arise in the final expression,
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where everything is just a function of the momentum operator.

Nevertheless, the choice of the ordering of the L;; operators is relevant for this last
Jacobi identity, even after S;; is fixed by solving the strange equation. That any
ordering might lead to the same result and thus verify the validity of the latter Jacobi
identity is neither clear nor straightforward to confirm in the general case. However,
we can notice that in the other possible common choice with all the momenta on
the right, the Jacobi identity is still achieved.

The converse, namely if the quantum commutators of a GUP in the class (9.1.1)
satisfy the Jacobi identities then the Poisson brackets of its classical interpretation
satisfy them too, is trivial.

9.4 Maggiore GUP as an application

The mathematical relations we have derived in Section 9.2 are completely general
and are based only on the request that the 2-form w (9.1.4) is symplectic, without
further assumptions on the f and L;; functions.

Nevertheless, usually, in constructing a GUP theory, other constraints are imposed
on the general algebra (9.1.1). The most common additional demands include the
rotational invariance of the algebra and the condition that the L;; functions satisfy
an angular momentum algebra.

This specific subclass of GUP theories is extensively discussed in [130, 81] within the
quantum framework, where formal and physical arguments supporting this choice are
presented, showing in particular how it still maintains a certain level of generality.
In these works, the authors consider the following structure for the GUP algebra:

[Di, pj] = 0,

h2 u
[i- 451 = 5 g aP)ieink, (9.4.1)
(Gi, j] = il f(D)dij-

where Jy, satisfies

[Jiy4;] = iendn, [Ji, D] = deubr,  [Ji, Jj] = ieijidr,
a and f depend on p via its modulus p = \/p? + p3 + p3 only, while x is a deformation

parameter with the dimension of a mass, and c is the speed of light in vacuum.
By means of Jacobi identities, they can find two equations relating f and a:

da(p) ~ %_
dp p-J =0, (9.4.2)
f() dj;(;) = —aéfg : (9.4.3)

Two cases can be distinguished:

. ﬁ .J = 0. This case arises when .J is regarded only as orbital angular momentum.
Due to the zero scalar product, the constraint (9.4.2) is removed, leaving the
choice of a arbitrary. Fixed a suitable a, it is possible to determine correctly f
or vice versa.
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. ﬁ' J = 0. This is the most general situation, happening when we are considering

J as a total angular momentum, including spin.

In this case (9.4.2) sets a(p) = +k, where k is a constant. By rescaling, we can
fix a(p) = £1 and from (9.4.3) we obtain, modulo a sign, a unique solution for
f, namely f(p) = \/1F 55

Once again, we have set the integration constant equal to one for the reason
discussed above.

The final algebra then reads:
h? A
[(jiv q]] = :Fwiﬁz‘ijky

A A . A2
[qi,pj] = zhéij\/ 1+ E%

As it should be clear from the derivation, these specific GUP models acquire relevance
since they are the most general models, defined only by the imposition of Jacobi
identities and the inclusion of the spin operator. We stress that the generality of the
model has to be intended in the sense specified above.

In light of this, in this section, we aim to discuss this particular scheme at the
classical level, further constrain the general relations for f and L;; we have obtained
only asking for the w to be symplectic. Exactly as in [129, 81], we limit our discussion
to the 3-dimensional case.

9.4.1 Closure condition and Maggiore algebra

Consider the corresponding classical interpretation of the algebra (9.4.1):
{pwp]} = 07
{gi,4;} = a(p)eijrJr, (9.4.4)
{gi,pi} = f(p)dij-

Note that now J; is a dimension-full quantity, and we have absorbed the term (xc)~

in the definition of a. We demand that f and a depend on the momenta modulus p
only, and that the J;s satisfy the algebra of an angular momentum, that is

2

{Jia;} = €ijrar,  {Jispj} = €jwprs, {Jis Jj} = €ji i
With specific reference to the Poisson brackets above, the previously derived system
of equations (9.2.19) coming from the closure condition, yields the following relations:

0
(145) $L +a(p)s =0,

aof 0Ja __
dps (I(p)qu - 07

91 _
Y

(146)
(156)
(245) 7 — G(P)?TZ;’ =0,

(246) 22 =, (9.4.5)
(256) L +a(p)d2 =0,

(345) G2 =0,

(346)

(356)

)

7f+a(p)gi£ :Oa
oJ1 _

o —G(P)Tq; =0
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By the same considerations developed for the system (9.2.19), we can obtain the
following general structure for the Js functions:

Ji(q,p) = s1(p) — R(p)g2 + P(p)gs,
(P)a1 — Q(p)gs, (9.4.6)
J3(q,p) = s3(p) — P(p)q1 + Q(p)ga-

N
=
|
w0
&
=
+
=

By imposing an additional structure, namely the angular momentum algebra on the
Js functions, we expect to be able to further constrain the previous expressions and
relations.

As a first thing, we are going to explicitly evaluate the Poisson brackets {Jp,,p;}.
This procedure leads to the following result:

aJ,
emikPk = {Jm, p1} = Tmf(p). (9.4.7)
q
From here, using the Js formulae (9.4.6), we consistently find:

R(p) = —%, P(p) = —%, Qp) = —%. (9.4.8)

This allows us to rewrite the functions (9.4.6) as:

J1(a,p) = 51(p) + 15y (P3d2 — p243),
J2(q, p) = s2(p) + ﬁ(pl% —p3q1), (9.4.9)
J3(a,p) = 53(p) + 75y (D201 — P1g2).

Accordingly, the gradient equation for f that can be extracted from the system
(9.4.5) becomes:

of 4 alp), _

%pfl + fépgpl =0,
a\p _

%71}2 + @]92 = 0, (9410)
a\p _

s T FpP3 =0

We now proceed in calculating explicitly the set of Poisson brackets {.J,, g}, which
leads to the following relation:

0Jm 0Jm
€m ={Jm, = —— + a(p) —=—¢€irJg. 9.4.11
Gk = {Jm> @1} o f(p) +a(p) 9, ( )

By means of the expressions (9.4.9) for the Js functions, we obtain a system of
equations, which we can compactly write as:

a 10f a
——f+ 2 (smpr — $ip;0ij0m imdiPj | 75—+ o) =0.
zf+f<8 D1 — $iDj0ij0mi) + €ijmdiD; (f8p1+f2pl> 0

This set of equations can be simplified by considering the system (9.4.10), leading
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to the following partial differential equations system:

F(p) g+ + a(p)(s2(p)p2 + s3(p)p3) = 0,

F2 ()52 + a(p)(s1(p)p1 + s3(p)ps) = 0,

F2(p) 52 + a(p)(s1(p)p1 + s2(p)p2) = 0,

F2(p)§2 — a(p)p2si(p) =0,

F(p) 3 — a(p)pssi(p) =0, (94.12)
F2(p)§2 — a(p)prsa(p) =0,

F2 ()52 — a(p)pss2(p) = 0,

F(p)§E — alp)piss(p) =0,

()5 — a(p)p2ss(p) = 0.

Finally, we carry out the calculations regarding the last set of Poisson brackets
for the angular momentum algebra:

ik (9.4.13)

0Jpm 0Jy OJpy 0Jp 8J 0Jy,
6mnlJl = {Jma Jn} = ( > ijf

dq; Op;  Opi Og; “04; 9q;

Due to the antisymmetry of the brackets, we need to evaluate just three of them:

( ) - (851 882) 882 851
={J, b} = -J+ J3 — + — —P1=,
={J1, o} = )2 P3P 3 — 53(p) +p3 oo ) " P0ps o,
) (852 883) 883 882
I = {Ja, J T+ + 958) _ py 258 _ 052
1 ={Ja, J3} = f )2 mp- 1—51(p) +p1 o T o) " Pap  P2apsl
a(p) (851 833) 0s3 0s1
Jo=A{Js, Ji} = J+ Jy — + 2 ) — gy — pp—.
o =1{J3, 1} = f(p)Qpr 2 — s2(p) + p2 o T aps) Pop o,

Taking now into account the relations established by the system (9.4.12) and the
derived form (9.4.9) of the Js functions, we can rewrite these conditions on the
Poisson brackets as a simple algebraic system for the s;:

Fpp-s+s1=0,
Fip2p - 5+ s2 =0, (9.4.14)
%pgﬁ' 5+ §3 = 0.

As a homogeneous linear system with respect to the vector §, its determinant is
1+ JfL((pp))Q (p? + p3 + p3). The singular points are represented by the equation:

a(p)(pi + p3 + p3) = — 2 (). (9.4.15)

Clearly, this equation admits a solution only for a(p) < 0. If it is satisfied in an
open subset of R3, then we can put the a(p) derived from the above equation in the
gradient equation (9.2.20). As a result, we obtain a unique solution for f, which is

f(p) = c¢\/p? + p% + p3. This solution is incompatible with the undeformed limit,

since there is no possible dependence of ¢ on the deformation parameter 5 which
results in f —— 1.
B5—0
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As a consequence, the equation (9.4.15) can be satisfied only on a submanifold with
at least codimension one. Where in R3 the determinant is not singular, the unique
solution of (9.4.14) is § = 0. Hence, since s; is a smooth function everywhere null
but on a closed surface, for continuity it must be zero everywhere in R3.

It is trivial to verify that this solution is compatible with the system (9.4.12).

Now that we have further specified the form of the Js functions, we analyse
the remaining condition to be satisfied to have the closure of the 2-form w. This is
exactly the Eq. (9.2.17), the specific form of which in this context is:

a2 8(&]1) a(CLJg) a(an)
2— (J J J =0. 9.4.16
7 (J1p1 + Jop2 + J3p3) + f ( o + s + s ) ( )
By employing the last obtained form of the Js we get:
oa da 0
(i N N ) (9.4.17)

81 32 51)3

If we now recall our assumption of a depending only on the modulus p = |p], we
finally obtain the equation:

pJ— =0, (9.4.18)

which is the same of (9.4.2).
Nevertheless, due to the explicit form of the Js and specifically to the fact that the
s; functions have to be zero, it is immediate to show that p- J is always equal to zero
in this context. This fact leads us to conclude that (9.4.18) is always satisfied for
any smooth, rotational invariant a(p) and rules out the case in which - .J # 0. From
here, we can also deduce the potential role played by the functions s;, as the only
part of the Js able to ensure the condition p'- J # 0. As a consequence, we conclude
that the generality of the solution f(p) = /1 F p? in the quantum framework seems
to be lost at the classical level, being just one of the possible GUP models.
Finally, we can write down the general solution for f by examining the gradient
equation (9.4.10). Being a(p) rotational invariant and considering that p is the
length p = \/p% + p% + p%, the system (9.4.10) can be recast in a gradient equation

for g = f? in = (p1, p2, p3) € R3, completely equivalent to (9.4.3):
Vg = —2a(p)p. (9.4.19)

Clearly, the right-hand side is irrotational

5 X (a(p)p) = a(p)(Vp x P) + (Vja) x ﬁ:,l)

Then, if a(p) is defined on a simply connected domain, the system admits a solution:

2

flp) = (—2/7a(p/)p4 : dﬁf = <—2/0 s a(p)pdp+0> . (94.20)
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9.4.2 Kempf-Mangano-Mann case in Maggiore’s scheme

One of the most studied GUP algebras is the one first presented in [117].

In Section 9.2.2 we have already shown how this particular algebra can be recovered
by choosing the L;; functions as proportional to the ordinary angular momentum,
and in Section 9.2.3 we were able to derive its algebra by fixing the f function and
discussing the limit § — 0. Precisely, the full agreement is obtained by setting
S;; = 0 and the integration constant c equal to one.

Here we briefly show how the KMM algebra can be reproduced in Maggiore’s
scheme as well, unveiling the presence of the rotation generators in the modified
Poisson brackets of the configuration variables.

Starting from the gradient equation (9.4.10) in the form:

Vaf + %ﬁ: 0. (9.4.21)

We can fix the desired f and solve algebraically the system for a. Hence, setting
f(p) = 1+ Bp?, we easily obtain a(p) = —23(1 + Bp?). According to the algebra
(9.4.4), we should have:

{¢i, 45} = alp)eijudi = —2B(1 + Bp*)eiji - (9.4.22)
At the same time, we know the exact form of the Jj functions from (9.4.9):
1 1
Ji = %Q’jk(%‘pj —qjpi) = Wﬁijqu‘pj. (9.4.23)
Putting everything together, we finally obtain:
{9, 45} = —2B8(qip; — qjpi), (9.4.24)

which is the correct expression of the KMM algebra at the classical level and the
same formula obtained in Section 9.2.3, with the identification previously mentioned,
ie. S;j=0and c=1.

9.5 Deformed algebra with a single constraint

We aim to analyse the consistency of the deformation of the Heisenberg algebra in
the setting of constrained Hamiltonian systems, providing a procedure to induce
the deformation on the Poisson algebra after symplectic reduction. We investigate
this within the classical interpretation of Generalised Uncertainty Principle theories,
treating two cases separately.

In the first case, we consider a group action on the phase space together with
a set of first-class constraints that can be interpreted as a momentum map. We
provide an explicit example involving rotationally invariant deformed algebras. In
the second case, we consider a single constraint given by the Hamiltonian, which is
a common situation in General Relativity, with direct applications in Cosmology.

The framework for this investigation is provided by the construction of symplectic
reduction. Recall that, given a symplectic action of a Lie group G on a symplectic
manifold P with symplectic form w, a momentum map for the action may exist.
That is, a map p : P — g* such that:
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1. du(€) = o(€) sw for all € € g;
2. pog=Adypu forall g € G.

That is, the action is Hamiltonian and the momentum map is G-equivariant. Here,
o0 denotes the Lie algebra homomorphism ¢ : g — X(P) induced by the group action.
If G acts freely and properly on p~!(0), then 0 is a regular value of x, and the
quotient ~1(0)/G is a smooth manifold. This quotient inherits a symplectic form
from P; specifically, there exists a unique symplectic form on the quotient whose
pullback to ~1(0) equals the restriction of w to x~1(0). The resulting symplectic
manifold is called the symplectic reduction of P by G and is denoted P / G.

In the classical interpretation of GUP theories, the deformation of the algebra is
encoded in the fact that the physical position ¢ and momentum p are interpreted as
coordinates on a symplectic manifold that do not form a Darboux frame. However,
since Darboux coordinates always exist locally on a symplectic manifold, it becomes
necessary to characterise the coordinate system in which the symplectic form is
evaluated on the reduced manifold, starting from the original coordinate frame.

Definition 9.5.1. A coordinate system (x1,...,Zy,) on P J/ G is said to be natural
with respect to the classical interpretation of a GUP theory if it is possible to induce
coordinates on p~1(0) of the form (6y,...,6;) such that

(xl,...,:cm) :7'((91,...,01),

where 7 is the projection p=1(0) — ¢ ~1(0)/G = P//G, and where the parametrisation
(q1(0),...,qn(0),p1(0),...,pn(0)) of u=1(0) in P is provided. Furthermore, if (¢;, p;)
form a Darboux frame when f(p) =1 and L;; = 0, then (z1,...,xy,) is required to
be a Darboux frame for the induced symplectic form.

This definition generalises straightforwardly to the case in which there is no
group action and the reduced manifold is simply a symplectic submanifold of P.

9.5.1 Rotational-invariant deformed algebra in two dimensions

To illustrate the procedure, we begin with a simple case: a GUP particle in two
dimensions with preserved angular momentum. Specifically, we consider a two-
dimensional version of the Maggiore algebra with the constraint J = 0:

{pi,pj} =0,
{gi, a5} = alp)J, (9.5.1)
{ai,pj} = f(p)dij,

where J is the generator of rotations, satisfying
{J.pi} = €ijpj, {J, @i} = €ijq5.
It can be expressed explicitly as

J = f(lp)(qpo — q2p1). (9.5.2)
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To ensure rotational invariance, it is known that the functions a(p) and f(p) must
depend only on the modulus |p|.

We consider as phase space the manifold P = T*(R?\ {0}) = (R?\ {0}) x R?,
equipped with a symplectic form in the coordinate system (qi, g2, p1,p2) given by

00 -1 0
110 0 0 —1

Wab = 7 1 0 0 %J (953)
0 1 —%J 0

Where the functions a and f must satisfy the following differential equation

of 4
o ap;. (9.5.4)

f

The action of SO(2) on this space is the usual one, and it is represented by the
matrix

cosf) sinf 0 0
—sinf cosf 0 0
0 0 cosf  sinf
0 0 —sinf cosf

The generator of rotations is the candidate to be the momentum map for this action:
the coadjoint action is trivial because SO(2) is Abelian, indeed J is invariant under
rotations. We can check that this action is Hamiltonian. The Lie algebra so0(2) is a
real 1-dimensional Abelian Lie algebra, hence, it is isomorphic to R. The generator

of this algebra is the matrix £ = (_01 (1)> , and the corresponding vector field is
0 0 0 0
- _ B . 9.5.5
o(§) = a2 o Log T Pam P, (9.5.5)

From a simple computation in coordinates, we can check that o(§) 1w is equal to

1 a a
dJ =~ <p2dp1 —pidps — (g2 + p1d)dp1 + (1 +

f f? f?
We now study the orbit space defined by the action of SO(2) on the hypersurface
J = 0. Since SO(2) is compact, its action on P is proper. Moreover, the action is
free because the origin 0 € R* is excluded from the phase space. The map J : P — R
has constant rank equal to 1, and thus it is a smooth submersion. Consequently, the
level set J = 0 is a properly embedded submanifold of codimension 1 in P.
Furthermore, the condition J = 0 is equivalent to ¢ x p = 0, which forces the
vectors ¢ and p to be colinear. Therefore, the constraint surface

S =1{(¢,p) € P|J(qg,p) =0}

is a vector bundle over the base manifold R? \ {0} with fibre R. In fact, it can be
equivalently written as

ng)dpQ) . (956)

S ={(g,p) € (R*\{0}) x R? | p € Span(q) C R?}, (9.5.7)
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which clearly defines a submanifold of dimension 3. This vector bundle is trivial, since
for any fixed o € R\ {0}, the map ¢ — (g, aq) defines a global nowhere-vanishing
section.

To better understand the global structure, let us focus on the vector bundle
description. The constraint surface S inherits the SO(2) action from the ambient
phase space. This action maps fibres to fibres, making S a SO(2)-invariant vector
bundle. Consider the trivialization of .S induced by the section

o: R2\{0} — &S;

v = (4.q), (9.5.8)

which is clearly SO(2)-equivariant. In this trivialization, S is identified with the
product bundle (R? \ {0}) x R, with the group action given by

(¢, @) = (R(0)q, @),

where R(6) is the standard rotation matrix in the defining representation of SO(2).
Hence, the quotient space is given by

((R2\{0}) x R) /SO(2) = R, xR,
so the topology of the symplectic reduction is
PJSO2) =R, xR. (9.5.9)

This suggests that the reduced phase space can be covered by a global coordinate
chart.

We parametrize the constraint surface by introducing coordinates r > 0, p € R,
and 6 € [0,27) as

g1 =rcosf, qgo=rsinf, p; =pcosh, ps=psind.

The projection 7 : J~1(0) — P J SO(2) is then simply given by w(r, p,0) = (r, p),
so that (7, p) define a global coordinate system on P / SO(2). The symplectic form
on the quotient is of the form & = w(r, p) dr A dp, and its pullback by 7 is

*

@ = w(r, p)dr A dp.

To determine the function w(r, p), we impose the condition w|;-1) = 7*@. Using
the parametrisation of the constraint surface, we compute:

1 ; Coa
w|J71(0) = (—f&ij dq’ A dp’ + ?J dpl A dpQ) -1(0)
= —f(l) (d(rcos@) Ad(pcos) + d(rsinf) Ad(psinf)) (9.5.10)
)
1
———— _drndp.

f(p)
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Therefore, the symplectic form on P J/ SO(2) is

W= _f(lp) dr A dp. (9.5.11)

It is important to note that one might be tempted to define r = \/q% =+ q% and

p = \/p? + p2. However, this is not correct: in that case, (r,p) would define only
local coordinates on P/ SO(2). In fact, they cover only the open subset of the
symplectic reduction corresponding to points in S of the form p = ag with o > 0
(or, alternatively, o < 0). Not only does p fail to be smooth at = 0, but these
coordinates cannot distinguish the orbit of the point (g, ag) from that of (¢, —aq),
despite being constant along the orbits.

A possible solution to this issue is to define coordinates on S using the following
charts. On the open set where g1 # 0, define:

D1
r=1/qf + 43, p=sgn <q1> \/pi+ 3.

Similarly, on the open set where ¢o # 0, define:

P2
r=1\/¢+d}, p=sgn <q2> \/pi + 3.

These two charts together cover the entire symplectic quotient. On their overlap
(i.e., when both ¢; # 0 and g2 # 0), they agree, and the expression for the symplectic
form remains unchanged.

It is not immediately obvious that these maps are smooth, especially at points
where p; = 0 or po = 0. However, since p and ¢ are colinear on S, we can write
p1 = aq; and py = aqs, for some o € R. Then:

D1 b1 P1
p = sgh ((11) \/(04%)2 + (ag)? = sgn <Q1> lal\/qf + ¢ = ZT’

which shows that the map is indeed smooth. An analogous computation holds for
the second chart using o = Z—;. On their common domain, the change of coordinates
is smooth, as it is simply the identity map.

We thus see how the deformation of the algebra is inherited by the symplectic
quotient when choosing a coordinate system that is naturally induced by the original
one.

9.5.2 Rotational-invariant deformed algebra in three dimensions

We now provide a similar analysis for the three-dimensional case, in which the phase
space is P = T*(R?\ {0}) = (R?\ {0}) x R3, endowed with the Poisson structure

{pi,pj} =0,
{ai,q;} = a(p)eijiJk,
{ai,p;} = f(p)dij, (9.5.12)

1
where J; = —¢€;51.q;pk-

f
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Which, from a previous analysis, is the most generic form for a rotational-invariant
GUP algebra. An element g € SO(3) acts via the rotation matrix R(g) in the
defining representation as (¢, p) — (R(g)q, R(g)p). The Lie algebra so(3) is spanned
by the matrices T}, with dual basis t!. The momentum map for this action is given
by

p: P = s0(3)%

(¢,p) —  Jith (9.5.13)

Again, the functions a(p) and f(p) must depend only on the modulus of p. Thus,
the SO(3)-equivariance of the momentum map yields

Ji(R(9)q, R(g)p)t' = mfiijlekamet

1 ) )
= ——Ryejrgipt’ = Ji(q,p) Ad t'.
flp)” (@.p) Ad,

Considering an element & = ¢'T; in the Lie algebra so(3), the corresponding vector
field on P is

.0 .0
=il qpe=— + €k Pp—- 9.5.14
Note that &' are constants. A straightforward computation in linear algebra shows
that o(£) Jw is equal to

@
f

The constraint surface ;~1(0) is defined by the three equations .J; = 0. The action
is proper since SO(3) is compact, but it is not free because whenever ¢ and p are
collinear, the stabiliser is isomorphic to SO(2). Moreover, 0 is not a regular value
for this map. Indeed, in coordinates, the tangent map dpp : TpP — Toso(3)* = R3,
for p € 4~1(0), is given by

§'dJ; = 7 <6¢jk€ qidpr — €;kE Prdq; + —§ Jipjdpj) . (9.5.15)

0 —p3s p2 0 —qg q
ps 0 —p1 @3 0 —aqf. (9.5.16)
—p2 D1 0 —g¢ a 0

By the bordered minors theorem, it follows that rk(du) = 2 on p=1(0). However,
the rank is constant on p~1(0), as is the dimension of the stabiliser group at each
point. The constraint surface is thus a smooth 4-dimensional manifold, which is a
vector bundle over R3\ {0} with fibre R. As in the 2-dimensional case, the condition
p(g,p) = 0 is equivalent to ¢ x p = 0, which forces g and p to be colinear. Hence,

S ={(¢,p) € (R*\ {0}) x R® | p € Span(q)} = 1~(0) (9.5.17)

is a trivial vector bundle: S = (R3\ {0}) x R. Using similar arguments as in the
2-dimensional case, we deduce the topology of the symplectic quotient P J/ SO(3).
The constraint surface is an SO(3)-invariant vector bundle. The section

o: R\ {0} — S;

v o (aa, (9.5.18)
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is an equivariant section, since the stabiliser of ¢ coincides with that of o(q) as
subgroups of SO(3). Thus, the trivialisation induced by o is an SO(3)-invariant
vector bundle (R3\ {0}) x R with SO(3) acting by R(g) x idg. The quotient of R?
by the defining representation of SO(3) is well known, and we obtain

P/ SO(3) = ((R*\ {0}) x R)/SO(3) 2R, x R. (9.5.19)

Moreover, every point in p~1(0) has a stabiliser conjugate to SO(2), which is

sufficient to ensure that £ ~1(0) is a manifold and that the quotient x=1(0)/SO(3)

inherits a natural symplectic structure. By Theorem 2.1 in [158], the reduced space

P /) SO(3) consists of a unique stratum, which is naturally a symplectic manifold.
A possible parametrisation of the constraint surface is given by

q1 =rsinfcos¢p, p; = psinbcosp,
g2 =rsinfsing, po = psinfsin @,
q3 =1 cosb, p3 = pcosb,

where r > 0,p € R, and 0 € [0,7],¢ € [0,27). The induced form is w|,-1(p) =
ﬁdp A dr. Since the projection is 7 (r, p, 0, ¢) = (r, p), the symplectic structure on
P/ SO(3) is .

f(p)
Even in this physically relevant case, we can show that the deformation of the
symplectic form is naturally preserved under symplectic reduction, thereby ensuring
a well-posed application of the GUP framework to constrained Hamiltonian systems.

0 =

dp N\ dr. (9.5.20)

9.5.3 Hamiltonian Constraint in GUP

The case in which the theory possesses a single Hamiltonian constraint H = 0
must be treated differently. In this setting, we do not have the action of a Lie
group. Although it is intuitive to interpret the dynamical evolution induced by the
Hamiltonian vector field Xy as an R-action, this is not strictly correct, since the
vector field is not generally complete, and the associated flow cannot be defined for
all times at all points. Consequently, the standard technique of symplectic reduction
cannot be applied in this scenario. To address this problem, we propose an approach
more closely related to gauge fixing and relational observables.

Let us consider a constrained Hamiltonian system (P, w, H), where P is a (2n+2)-
dimensional symplectic manifold, w is a symplectic form, which, in our preferred
coordinate system (q1, ..., qn+1,P1,---,Pn+1), takes the specific form as in Def. 9.1.1,
and H is the Hamiltonian function, which also defines the constraint H = 0. On
the level set S = {x € P | H(z) = 0}, the Hamiltonian vector field is tangent, i.e.
X € X(S). We aim to define our reduced symplectic manifold as a 2n-dimensional
symplectic submanifold (IV,w|x) of S, such that Xy is nowhere tangent to N.

To induce a dynamics on IV, a natural idea would be to consider the local foliation
generated by evolving N under the flow of Xgz. However, this does not yield a
genuine dynamics on IV, since the motion is identified with its initial data, i.e. the
integral curve with its intersection point on N. Instead, we introduce a new vector
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field T' € X(.5), nowhere tangent to N, which will serve as an external time. The
vector field T generates an integrable rank-1 distribution on T'S. By a corollary of
the Frobenius theorem [124], for each x € N there exists an open neighbourhood
U of z in S and coordinates (xg, x1,..., T2, ), with z; € (—¢,¢), in which NNU is
described by g =0 and T = 8%0. This gives rise to a natural local diffeomorphism
for each fixed xy = ¢, namely:

Fi:Up= — N, Fy(xo=t,x1,...,22,) = (0,21,...,%2,).

Hence, we can project the Hamiltonian vector field X g for each fixed time ¢, obtaining
a family of time-dependent vector fields X; = dF(Xp) on N.

One can show that, under general regularity conditions for the Hamiltonian H
and a specific assumption on the symplectic form,

Lx,w|ny =0. (9.5.21)

Thus, if IV is simply connected, there exists a family of time-dependent Hamiltonians
H; on N such that Xg, = X;.

Proof. Suppose H : P — R is a constant-rank map with rk(H) = 1. By the inverse
function theorem, there exists a local coordinate chart (yo, y1, - - -, Y2n, T2nt1) on M
such that the level set S = H~1(0) is locally described by x2,11 = f(%o, - ., y2n). As
discussed, we may change coordinates on S such that N is described by zg = 0. Com-
posing these coordinate transformations yields a new system (xg,x1,...,T2n, T2n+1)
with the desired properties.

In this coordinate system, the symplectic form on P reads:

w = wq dz® A dz® 4+ wep dz® A da® + &g dz® A dz® T+ & dx® A da?

where indices a, b range from 1 to 2n.
Since X is tangent to S, we have Xpy|s sw|s = (Xg sw)|s = (dH)|s = 0.
Moreover:

. 0 . 0 . 0
wls = (wa — waa—xfo + w&g:) ’deo Adz® + (wab + waaxfb> ‘Sd:c“ A dx?,
0 0
Xpls=X" X0 —
H|S o + 81‘07
where X% and X® depend only on (g, ..., Z2,).
The equation Xy 1w = 0 yields 2n + 2 equations on S:
OH 1
fa0 — WX
0OH 1o w0 o o
o = H@X0 X,
0OH
9gd = %Xowa + wbaXb.
The map F; : (xg = t,x1,...,22,) — (0,21,...,22,) provides the projected
vector fields: 5
Xt = Xa|x0:t7

oz’
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The induced symplectic form on N is simply the second term in w|g, evaluated at

o = 0:
0
wly = (wab—i—c‘baa‘};) dz® A da®.
T xro=0
Therefore:
0 0
Xt_n(,u]N :Xawab‘wozod.%'b-i- % (d)aXbaa'i _(vbebaj(.I) dx®.
zo=0

Whenever w, = 0 = w,, we obtain:

dx?,
xo=t

XtJW‘N:

ox®

which is a closed form on N. By Cartan’s formula, it follows that Lx,w|n = 0, so
X; is symplectic. If N is simply connected, i.e. H éR(N ) =0, every closed 1-form is
exact, and every symplectic vector field is Hamiltonian. O

From the proof, it is clear that the specific assumption on the symplectic form is
that the flat coordinates satisfy {20, 2%} = 0 = {22, 2"*+1}.

Cosmology as a Constrained GUP Theory

An example of this procedure is provided by cosmology. We consider Bianchi models
in Misner variables within a GUP framework. The phase space is P = T*R3,
with coordinates (qo, q1, g2, Po, P1, P2), satisfying the following non-vanishing Poisson
brackets:

{4, pj} = f(p)diy,

(9.5.22)
{QL QZ} = l(p)a
for some suitable functions f and [, and with Hamiltonian
2.2 .2 g
H=—-p5+pi+p+e®V(g,q), (9.5.23)

where V' is a positive smooth function characterising the model. The corresponding
symplectic form in this coordinate system reads:

000 -1 0 0
000 0 -1 0
1{fooo 0o o -1

wb=%11 00 0 o o0 | (9.5.24)
01000§
0010—%0

By the closure condition, the function [(p) must satisfy:
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We now analyse the dynamics. The Hamiltonian vector field is computed to be:

X =2pof+— 0 <2p1f + 64q°lav) 0 <2p2f - €4q°lav) 0
940 042/ 9 901/ 96 (g 5 95)
+ 4et0 V7 — 9 4q0f(9V 0 + el ali
Ipo Oq1 Op1 0q2 Opa

The constraint surface is a fibre bundle over the configuration space, with fibres given
by two-sheeted hyperboloids. For each fixed ¢, the equation p% =p? —|—p§+e4qo Vg, q2)
describes a hyperboloid; the positivity of V' guarantees ellipticity. Since the base
manifold is contractible, the bundle is trivial. Thus, we can adopt (qo, g1, g2, p1, P2)
as a global coordinate system on the positive-energy branch:

S = Graph <\/p% + p3 + eV (qy, QQ)> .

On this surface, the Hamiltonian vector field becomes:

OV 0 0V 0
dq1 Op1 dq2 Op2
8V> 0
oq1/) dgq2°

Xpyls = 2\/171 + 3+ 64‘10V(q1,q2)ff +etf
8V> 0
dq2) Oq

We define the symplectic manifold N as the submanifold of S given by gg = 0. On
N, the induced symplectic form is:

(9.5.26)

(2p1f + et0] <2p2f — eto]

s Up)
f(p) (dpl Adqy + dpa A dgs + f(p) dp1 N dp2> . (9.5.27)

We choose the time vector field to be T' = 3q50 SO that our coordinate system defines
a global flat chart on a tubular neighbourhood of N. The family of maps

w]N:

Fi(qo =t,q1,92,p1,p2) = (0,41, 92, p1,P2)
then defines a family {X;} of vector fields on N:

ov 9 Lt ov 9
dq1 O dq2 Opa

ovV\ O oV 0
) + 4tl ) v (2 4tl )
(plf 90 ) 8~ \PP ) G

Xt = dFt(XH‘S) = 6 f
(9.5.28)

To compute Lx,w|n, it is convenient to use Cartan’s magic formula:
ﬁxtw‘N = d(Xt_l w]N),

where d is the exterior derivative on N. Let us first compute:

oV ov
—dqi + e*' Z—dgy + 2p1dp1 + 2padps.
oq 0q2

X ow|n = e

This is clearly a closed 1-form. Since N = R* is simply connected, any closed 1-form

is also exact. It is straightforward to find a family of functions {H;} such that
= dHy; explicitly:

Hy = p? +p3+ *V(q, q2). (9.5.29)
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The geometric framework developed here provides a rigorous foundation for
the study of GUP-deformed constrained Hamiltonian systems. This overcomes an
ambiguity in the GUP literature about cosmology, where deformations are often
imposed directly on the reduced phase space without reference to the parent geometry
[35, 157]. While such approaches can be justified within an effective framework, where
only the physical degrees of freedom are deformed, they bypass the relation between
the reduced and full symplectic structures, potentially undermining consistency. In
contrast, our geometric approach clarifies this relation. When the original symplectic
form deforms all degrees of freedom appropriately, its restriction to N naturally
yields the effective symplectic structure used in cosmological models. This offers a
solid justification for its direct use and grounds the effective method in a well-defined
Hamiltonian formalism.

Importantly, the analysis highlights a structural condition on the deformed
symplectic form: the deformation must preserve commutativity with the chosen
“time” variable. If this condition is violated, the Lie derivative of the induced
symplectic form along the Hamiltonian flow becomes non-zero, signalling a breakdown
of Hamiltonian dynamics. This leads to a loss of phase space volume conservation
and, by extension, time-reversal symmetry. Such a scenario seems to mirror known
issues in non-commutative quantum theories where time is deformed, often resulting
in non-unitarity and causality violations. In this sense, the requirement for time-
space commutativity in the classical GUP framework appears as a classical analogue
of the condition for unitarity in quantum theory [100, 155].

While further generalisations may exist, the current construction establishes
clear geometric and physical constraints on admissible GUP deformations, offering
a consistent basis for future investigations of constrained systems in deformed
Hamiltonian mechanics.
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Summary and Outlook

In this thesis, we addressed the long-standing issue of the relation between Loop
Quantum Cosmology and Loop Quantum Gravity within the canonical framework.
Our analysis focused both on the generality of the standard LQC approach and
on the problem of the apparent loss of the internal SU(2) gauge symmetry in the
cosmological setting.

We began by extending the LQC framework to encompass more general cosmo-
logical models, namely the non-diagonal Bianchi models. We demonstrated that
the main ideas of LQC can indeed be implemented in this setting by quantising
three “diagonal fluxes”, which admit a clear interpretation as the areas of the faces
of a fiducial cell, together with three angular variables encoding the orientation
of the Universe’s expansion axes. In this context, we also examined alternative
quantisation proposals, showing that, although they may appear to simplify the
formalism at first, they encounter difficulties either in the definition of the quantum
Hamiltonian operator or, more problematically, in their physical interpretation.
Within the proposed quantisation scheme, we analysed the status of the SU(2) gauge
symmetry in these general cosmological models. We found that, although a global
SU(2) internal symmetry can be introduced, the imposition of homogeneity in the
minisuperspace quantisation framework inevitably yields an “Abelianisation” of the
theory. This is reflected in the fact that the Gaufl constraint reduces to three Abelian
constraints, whose implementation at the quantum level is equivalent. Consequently,
the imposition of the Gaufl constraint projects to states that are independent of the
gauge variables, effectively recovering the Hilbert space of the non-diagonal models
but without any residual gauge freedom.

This observation makes it clear that recovering the full SU(2) gauge symmetry
requires going beyond the minisuperspace approach. To achieve this, we introduced
in Chapter 6 the appropriate geometric framework for the Ashtekar-Barbero-Immirzi
formulation of General Relativity. Beyond the standard principal bundle language
familiar in gauge theory, we emphasised the necessity of incorporating spin structures,
which are crucial to bridge the SU(2) gauge formulation with the Riemannian setting
of General Relativity. In this framework, not only the phase space variables, i.e. the
Ashtekar-Sen connection and the densitised triad, but also the constraints themselves
can be described as geometric objects, thereby establishing a direct connection with
the mathematical structures of Yang-Mills theory.

A detailed geometric analysis, employing tools from symplectic geometry and
fibre bundle theory, was then carried out both for the full phase space of the theory
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and its symmetry reductions. Applying these techniques to the cosmological setting,
we demanded a notion of homogeneity for the Ashtekar connection consistent with
Wang’s theorem. This allowed us to construct a classical cosmological sector of the
Ashtekar-Barbero-Immirzi formulation that restores the local SU(2) gauge symmetry.
The physical viability of this symmetry reduction procedure is guaranteed by the fact
that the reconstructed ADM variables, namely the spatial metric and the extrinsic
curvature, are homogeneous in the conventional sense, while the diffeomorphism
symmetry is reduced in a controlled manner.

Moreover, we computed the classical moduli space of homogeneous Ashtekar connec-
tions modulo gauge transformations for all three-dimensional homogeneous cosmo-
logical models. We showed that these moduli spaces possess remarkable properties,
overcoming the usual difficulties encountered in gauge field theories: they are finite-
dimensional topological manifolds, possibly with boundary, whose structure depends
only on the isotropy group of the underlying homogeneous space.

We then proceeded to quantise the reduced theory using the techniques of Loop
Quantum Gravity. In this setting, spin-network states naturally emerge, but now
adapted to special symmetric graphs that retain the full combinatorial richness of
LQG while encoding the symmetries of cosmology. These states therefore provide a
natural bridge between the kinematics of LQG and the quantum states of LQC. This
construction lays a solid foundation for the implementation of quantum dynamics:
while preserving the structural complexity of the full theory, the high degree of
symmetry renders the problem more tractable. We expect that, by employing
semiclassical states, one should be able to recover the effective LQC dynamics as an
appropriate limit. On the other hand, the analysis of exact quantum solutions of
the Hamiltonian constraint will likely need to be performed on a case-by-case basis,
but may in turn provide valuable insights for the full theory.

The strength of the approach developed in this thesis lies in its firm geometric un-
derpinnings, which not only illuminate the interplay between LQC and LQG but also
offer a versatile framework readily generalisable to other physical settings. Potential
future applications include black hole models, where symmetry reductions play a
similarly fundamental role, and covariant formulations of LQG, where connections
to spin foam models may be more rigorously established.
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Appendix A

Geometric and spectral aspects
of Lie groups and Lie algebras

In this appendix, we present a brief review of Lie groups and Lie algebras from a
more geometrical perspective. Rather than offering a comprehensive survey of all
relevant topics, we focus on introducing selected notions that are frequently cited
in the main text, presented within the interpretative framework used in this thesis.
This appendix is primarily based on references [124, 105, 106].

A Lie group G is a smooth manifold with a group structure such that the
multiplication and inversion operations are both smooth maps. On a Lie group G,
every element g € G defines maps Ly, R, : G — G called left translation and right
translation, respectively, by

Ly(h) = gh, Ry(h) = hg, forallheG.

Both L, and R, are diffeomorphisms, with inverses given by Lg_1 = Lg-1 and
Rg_l = R,-1, respectively.

If G and H are Lie groups, a Lie group homomorphism from G to H is a smooth
map F' : G — H that is also a group homomorphism. It is called a Lie group
isomorphism if, in addition, F' is a diffeomorphism. Such maps satisfy

FOLQZLF(Q)OF, FORQILR(Q)OF,

from which it follows that every Lie group homomorphism has constant rank.

A Lie subgroup of G is a subgroup endowed with a topology and smooth structure
such that it becomes both a Lie group and an immersed submanifold of G. There is
a strong correspondence between Lie subgroups and Lie group homomorphisms:

Proposition A.0.1. Let F: G — H be a Lie group homomorphism. Then

o The kernel of F' is a properly embedded Lie subgroup of G, whose codimension
is equal to the rank of F'.

o IfF: G — H is an injective Lie group homomorphism, the image F(G) inherits
a unique smooth manifold structure such that it becomes a Lie subgroup of H
and F : G — F(QG) is a Lie group isomorphism.
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Let S be a subset of G, the subgroup generated by S is the smallest subgroup
containing S

Proposition A.0.2. Let U C G be a connected neighbourhood of the identity, then
it generates a connected open subgroup of G. If, in addition, G is connected, then U
generates G.

In particular, U generates the identity component Gy of GG, which is the only
connected open subgroup of G. When a subgroup is generated by a subset S, it
means that every element of the subgroup can be written as a finite product of
elements from S and their inverses.

A vector field X on G is said to be left invariant if it is Lg-related to itself for
every g € (G, namely,

dyLe(Xy) = Xg4g, for all g,¢' € G. (A.0.1)

We recall that dy L, is the differential of the map Ly in ¢/, that is a linear map
on tangent spaces dy Ly : T¢G — Ty G. This equation may be expressed more
concisely as (Lg)«X = X for all g € G, where (L), denotes the pushforward by L.
Similarly, a vector field Y is said to be right invariant if it satisfies (Ry).Y =Y for
all g € G. Given two left-invariant vector fields X and Y, the Lie bracket [X, Y] is
still a left-invariant vector field. We recall that a Lie algebra 21 is a vector space
equipped with an alternating bilinear map [, -] : 2l x 2 — 2l that satisfies the Jacobi
identity. Thus, the set of all left-invariant vector fields forms a Lie subalgebra of
the space of the Lie algebra of smooth vector fields on G equipped with the usual
Lie brackets. We denote this subalgebra by g, and refer to it as the Lie algebra of
G. The Lie algebra g is finite-dimensional. In fact, the following fundamental result
holds:

Theorem A.0.3. The Lie algebra g of G is isomorphic, as vector space, to T1G.

Proof. By construction, g is a real vector space. The isomorphism is given by
the evaluation map ev : X — X.. The map is injective, indeed, if X7 = 0 then
Xy =di1Ly(Xy) =0 for all g € G, hence X = 0. The map is also surjective, for
each v € T1G, we can define a unique vector field X = dy Ly(v), which is clearly
left-invariant and smooth. O

The space of right-invariant vector fields is a Lie subalgebra of X(G), and it
is anti-isomorphic to g. It is well known that every Lie group admits a global
left-invariant frame; hence, every Lie group is parallelizable. Furthermore, every Lie
subgroup defines a Lie subalgebra, and also the converse is true:

Theorem A.0.4. Suppose H C G is a Lie subgroup, and v : H — G is the inclusion
map. Then, there exists a Lie subalgebra in g that is canonically isomorphic to b,
characterized by

{Xeg| Xy €eT1H}.

Conversely, if G is a Lie group and by is a Lie subalgebra of g, then there is a unique
connected Lie subgroup H of G whose Lie algebra is b.
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An important property of a left-invariant vector field is that every left-invariant
vector field is complete, meaning that its maximal integral curves are defined on the
entire real line. This property allows us to establish a strong link between a Lie
group and its Lie algebra.

Definition A.0.1. The exponential map exp : g — G is defined by exp(X) = ¢(1),
where ¢ : R — G is the maximal integral curve of X such that ¢(0) = 1.

The exponential map is a local diffeomorphism from a neighbourhood of 0
in g to a neighbourhood of the identity 1 in G. Furthermore, by Prop.A.0.2,
if G is connected, then every element of G can be written as a finite product
g = exp(X1)exp(X2)...exp(X,), for some finite collection Xi, Xs,..., X, € g.
Moreover, in terms of the exponential map, the integral curves of left-invariant
vector fields admit a particularly simple form. Let X be a left-invariant vector field,
the integral curve of X passing through g for t = 0 is given by

c(t) = gexp (tX7).

A Lie group homomorphism F': G — H induces a Lie algebra homomorphism via
pushforward Fy : g — h. Conversely, any Lie algebra homomorphism arises from a
unique Lie group homomorphism F' : G — H provided that G is simply connected.
Moreover, right multiplication defines an automorphism of g. Specifically, if X is a
left-invariant vector field, then (Ry).X is also left-invariant for any g € G.

Definition A.0.2. The adjoint representation of G on g is given by

Ad: G — Aut(g);

o o Ad (R (A.0.2)

The differential of the adjoint representation at the identity, together with the
identification Tiq,Aut(g) = gl(g), yields a representation of the Lie algebra g on
itself.

Definition A.0.3. The adjoint representation of a Lie algebra g on itself is given by
ad = dy Ad : g — gl(g); (A.0.3)

It is well known that for all X, Y € g, the adjoint action satisfies ady ¥ = [X, Y.
Considering the dual space g* of the Lie algebra g, i.e. the space of linear functionals
on g, one may also define the coadjoint representations:

Definition A.0.4. The coadjoint representation Ad* : G — GL(g*) of G is defined
by
(Ad; \)(X) = A(Ad,' X) forall g € G, X € g, A € g". (A.0.4)

Analogously, the coadjoint representation ad™ : g — gl(g*) of g is defined by

(adx A)(Y)=—-Xadx Y) forall X, Y € g, A € g". (A.0.5)
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A left-invariant metric ¢ on a Lie group G is a Riemannian metric satisfying
L3q = q for all g € G, with L denoting the pullback by L,.. Such metrics are in
one-to-one correspondence with inner products on the Lie algebra g. Note, however,
that left-invariant vector fields are generally not Killing vector fields for g; rather, it is
the right-invariant vector fields that generate isometries of left-invariant metrics. For
semisimple Lie groups, there exists a canonical choice for inner product on g, known
as the Killing form. The Killing form is a symmetric, bilinear, and non-degenerate
form on a semisimple Lie algebra defined by

B(X,Y) = Tr(ady oady). (A.0.6)

Up to a constant factor, it defines a scalar product. Moreover, it is invariant under
the adjoint action: B(adyz X,adzY) = B(X,Y).

On a locally compact Hausdorff group G, there always exists a Haar measure pup,
which is a countably-additive Radon measure satisfying left-invariance: for every
Borel subset S of G, we have ug(gS) = pug(S). The Haar measure is unique up
to a positive multiplicative constant, which, in the case of compact groups, can
be fixed by requiring pp(G) = 1. On a Lie group G, the Haar measure can be
constructed as the volume form associated with any left-invariant metric; this yields
a left-invariant top-form, naturally defining a measure on G. Similarly, one can
construct a right-invariant measure v on G. The left translation of a right-invariant
measure is also a right-invariant measure. Since right-invariant measures are also
unique up to a constant scaling factor, there exists a function A : G — R* such that
vo Ly, = A(g)v. This function is called the modular function, and one can verify
that it is a continuous homomorphism from G to the group of positive real numbers.
If A(g) =1, the group is called unimodular, in which case the Haar measure is both
left- and right-invariant. Most of the Lie groups of interest in physics are unimodular;
for instance, the Poincaré group in Special Relativity and SU(N) in particle physics.

With a Haar measure, one can develop harmonic analysis on Lie groups. We
begin with the following theorem regarding integrable functions on G:

Theorem A.0.5. The space L'(G) is a Banach *-algebra, arising as the completion
of the space C.(G) of continuous complex functions on G with compact support with
respect to the norm

il = [ 17(@ldui(a)

and with the convolution product and involution given by

e (o) = [ B fls o) (o)
(g) = flgHAa(g™).

Furthermore, the space C.(G) has a deep connection with the unitary represen-
tations of G:

Theorem A.0.6. Let U be a strongly continuous unitary representation of G on
some Hilbert space H, then my : Co(G) — B(H) given by

T (f) = /G F(@)U(9)dn (9).
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is a non-degenerate *-representation of the algebra C.(G). Furthermore, the map
U — 7y is a bijection between the set of strongly continuous unitary representations
of G and non-degenerate bounded *-representations of Ce(G).

A particular class of complex functions on G is given by the so-called matriz
coefficients. A matrix coefficient is a function f : G — C that can be written as
f=Lom, where 7 : G — GL(V) is a finite-dimensional continuous representation
of G on a vector space V, and L is a linear functional on End(V'). The following is
the foundational result for harmonic analysis on compact Lie groups:

Theorem A.0.7 (Peter-Weyl theorem). Let G be a compact Lie group.

(i) The set of matriz coefficients of G is dense in the space of continuous complex
functions C(G) on G, equipped with the uniform norm.

(ii) Let 7 be a unitary representation of G on a complex Hilbert space H. Then H
splits into an orthogonal direct sum of irreducible finite-dimensional unitary
representations of G.

(iii) The Hilbert space of square-integrable functions on G decomposes as

LG = P Ve Vy,
mell

where I is the set of equivalence classes of irreducible unitary representations
of G, and V; is a fized carrier space of a representative in the class w. An
orthonormal basis of L>(G) is given by the set

{ dim(Vz)D) | 7w eI, 1 < m,n < dim(Vw)} ;

where, the functions Dﬁf{% are matriz coefficients defined by

D)

n

(9) = (em,m(g)en), for an orthonormal basis {en} of V.

Part (iii) follows directly from (i) and (ii). The space L?(G) can be understood
as a representation of G x G. In this setting, the space of matrix coefficients for a
representation V; can be identified with End(V}), equipped with a unitary action
of G x G defined by (g, h) - A = w(g)Ar(h™1), identifying then End(Vy) = V, ® V7,
from part (ii) follows the decomposition of L?(G), while from (i), one can deduce the
form of the orthonormal basis. In the special case where G = SU(2), which is the
case of interest for Loop Quantum Gravity, the functions Dﬁ,ﬂ{(g) are the well-known
Wigner D-matrices. The last concept relevant to harmonic analysis on Lie groups is

that of the Pontryagin dual.

Definition A.0.5. Let G be a locally compact Abelian group; its Pontryagin dual
G is the collection of continuous group homomorphisms from G to the circle group
T. That is, G = Hom(G, U(1)) equipped with the pointwise product law.

The Pontryagin dual is usually considered equipped with the natural topology
induced by the compact-open topology. An important result follows for the relation
between the topology of a group and its dual.
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Theorem A.0.8. There is a canonical isomorphism G = G between any locally
compact Abelian group and its double dual.

Moreover, G is compact if and only if the dual group G is discrete. Conversely, G is
discrete if and only z'fé is compact.

Notable examples include: R = R, T =12, and Z,, = Z,. Given a Haar measure
on G, one can define an abstract version of the Fourier transform. For f € L}(G),
the Fourier transform is defined as the function f : G — C given by

0 = [ Ho)Xgdunla). (A.0.7)

Moreover, the inverse of this transformation always exists

Prop051t10n A.0.9. For every Haar measure HH 0N G, there exists a Haar measure
v on G such that whenever f € LY(G) and f € LY(G), we have

/f (9)dvg(x)  pm-almost everywhere.

In particular, the Fourier transform sends L' functions to continuous functions
that vanish at infinity, providing a homomorphism of Abelian *-algebras L'(G) —
Co(G). This transform is well defined on the subspace L'(G) N L*(G), particularly
on compactly supported functions. The Plancherel theorem ensures that the Fourier
transform of an L? function is an L? function.

Theorem A.0.10 QPlancherel). Suppose f € C.(G), and let uy, vy be Haar
measures on G and G chosen in duality. Then, the Fourier transform satisfies

L @R dunte) = [ 170 dvnx).
G G

That is, the Fourier transform is a norm-preserving bounded operator on a dense
subset of L*(G), and therefore extends uniquely to a unitary operator:

F:L*(G,duy) — L*(G, dvy).
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Appendix B

Geometry of Yang-Mills fields

The historical development of principal bundle theory and gauge theory is deeply
intertwined. Both have their origins in the late 19*" century, beginning with the
discovery of Maxwell’s equations and, later, with the seminal work of H. Weyl,
who introduced the concept of gauge invariance and proposed it as a fundamental
principle of physics. However, the mathematical and physical developments evolved
largely independently until the 1980s.

In the early 1930s, P. Dirac and H. Hopf independently introduced the concept
of principal U(1)-bundles: Dirac, somewhat implicitly, in his study of magnetic
monopoles and the electromagnetic field; Hopf, more explicitly, through the con-
struction of what is now known as the Hopf fibration.

During the 1950s, S. Chern and N. Steenrod formalised the theory of fibre bundles
in algebraic terms, driven by growing interest in algebraic topology. This work was
supported by earlier contributions from E. Cartan and C. Ehresmann, and by further
developments by Chern himself, particularly in the context of characteristic classes.

Around the same period, C. N. Yang and R. L. Mills formulated what is now
known as Yang-Mills theory, a non-Abelian generalisation of Maxwell’s theory.
These developments coincided with significant advances in quantum field theory,
particularly quantum electrodynamics, which provided the first experimentally
verified predictions of gauge theory.

In 1975, Yang and Chern discovered that their research in non-Abelian gauge
theory and fibre bundles was describing the same theoretical structure. This revela-
tion highlighted a deep and unexpected connection between theoretical physics and
differential geometry.

It was not until the 1980s, particularly through the work of M. F. Atiyah and
E. Witten, that the relationship between mathematics and physics became firmly
established and mutually beneficial. One of the most notable outcomes of this
collaboration was the development of Donaldson’s theory, which revolutionised the
study of four-manifolds using techniques inspired by gauge theory.

This appendix aims to introduce the main concepts of fibre bundle theory in view
of their physical applications. The exposition is primarily based on the foundational
texts [160, 29, 140, 118, 119, 73]. We begin by presenting the mathematical definitions
and central ideas of principal bundle theory. Subsequently, through the introduction
of the Yang-Mills action, we discuss their physical interpretation and relevance.
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Finally, we turn to vector bundles, providing a parallel formulation that proves
useful in physics for the description of matter fields and for understanding the
covariant derivative.

Definition B.0.1. Let M be a smooth manifold and G a Lie group. A principal
G-bundle over M is a smooth manifold P such that:

o G acts freely on P via a smooth right action (p,g) € P x G — pg = R4(p) € P,

o M is the quotient space M = P/G, and the canonical projection 7 : P — M
is smooth,

e P is locally trivial: for each x € M, there exists a neighbourhood U and a
diffeomorphism ¢ : 77 1(U) — U x G such that pry op = 7.

We call M the base manifold, and G the structure group or gauge group. The
preimage of a point x € M is called the fibre over . Notice that G acts freely
and transitively on each fibre, so the fibres are all diffeomorphic to GG. A principal
G-bundle is often represented by the diagram:

G —— P

|7

M

A key concept in the study of principal bundles is the local section. A local
section is a map s from an open subset U C M into its preimage 7~ (U) such that
mos =1idy. Local sections are associated with local trivializations of the principal
bundle: indeed, given a local trivialization ¢ : 7= 1(U) — U x G, it is always possible
to define a section s : U — P by

s(z) = 7z, 1),

where 1 is the identity element in G.

The converse also holds: a local section s : U — P induces a local trivialization
defined by

o) = (7(p), gp.s),

where g, s € G is the unique element such that p = s(z)gy s for each p € 7=1(U).
While local sections always exist, the existence of a global section s : M — P
depends on the topological structure of the bundle.

Proposition B.0.1. A principal G-bundle over M is trivial, i.e., P = M x G, if
and only if it admits a global section.

Without delving into details, principal G-bundles over a manifold M can be
classified by studying the topological properties of the base manifold and the
classifying space BG. In particular, isomorphism classes of principal G-bundles
over M correspond bijectively to the set [M, BG| of homotopy classes of continuous
maps from M to BG. It follows immediately that if either M or BG is contractible,
then the only principal G-bundle over M is the trivial one.
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The geometric problem of describing a horizontal space complementary to the
fibres leads to the introduction of a connection. While it is straightforward to define
the vertical space at a point p € P as

Vp ={v e TpP | dpm(v) = 0},

the choice of a complementary subspace H, such that T,P =V, ® H,, and H,, =
(Rg)«H)p is non-unique. This choice corresponds to specifying a special Lie algebra-
valued 1-form w on P, called a connection form.

Definition B.0.2. A connection form (or simply a connection) on a principal
G-bundle P is a g-valued 1-form w € Q!(P, g) such that:

e w(Xy) = v for each v € g, where X, is the fundamental vector field on P
induced by v:

d
Xo(p) = 7 tiopexp(tv),

e Rjw=Ad,1wiorall geG.

At each point p € P, the connection form w, : T,P — g defines the horizontal
space by
H, = ker(wp).

The introduction of a connection is crucial to define differentiation on principal
bundles.

Definition B.0.3. Let V' be a vector space carrying a representation p of G. A
V-valued k-form « on a principal G-bundle P is horizontal if:

s Rja= p(g Ha forall g € G,
o ap(Xi,..., X)) =0 whenever at least one vector Xj is vertical.

The exterior covariant derivative of a horizontal V-valued k-form o with respect to
a connection w is the horizontal V-valued (k + 1)-form d,a defined by

dw(X(Xl, ey XkJrl) = da(th, cee ,th+1),

where h is the projector onto the horizontal subspace, given pointwise by h, = pr H,
T,P — Hp.

Theorem B.0.2. The curvature form © of a connection w is defined as its exterior
covariant derivative: © = dyw. It can be expressed as

O(X,Y)=dw(X,Y)+ %[w(X),w(Y)], for any X,Y € T,P and p € P.

The mathematical formulation of Yang-Mills theory, and more generally of gauge
field theory, is deeply rooted in the framework of principal bundles. A Yang-Mills
theory with internal symmetry group G is a local theory of the connection on a
principal G-bundle over a Riemannian or Lorentzian manifold M.
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The gauge field or gauge potential is closely related to the connection. Interpreting
the gauge field A as a g-valued 1-form on an open subset of M, it arises as the local
field of a given connection w, namely as its pullback via a local section: A = s*w.
The same relation holds for the field strength and the curvature: the field strength
F of a gauge potential A is the pullback, via the same section, of the curvature form
of the associated connection: F = s*0.

Moreover, the usual gauge transformation law for the field is recovered naturally.
A change of gauge corresponds to choosing a different local section that trivialises
the principal bundle. Given two local sections s, s’ defined over the same open set
U C M, there exists a smooth map g : U — G such that

s'(z) = s(z)g(x),
from which it follows that, when G is a matrix Lie group,
Al(z) = "w, = (Rygs)"'w = Adg(y)-1 A(x) + g(x) tdeg(z). (B.0.1)

The equations of motion for Yang-Mills theory on a closed four-dimensional
Lorentzian manifold M can be derived via a variational principle from the action
functional

‘%M:—l/ﬂﬂFAﬂW (B.0.2)
2 /M

where x denotes the Hodge star operator.

This action is defined on the space A of connections on a principal G-bundle
P. The space A is an affine space whose underlying vector space is the space of
g-valued horizontal 1-forms on P; hence, A is a Fréchet manifold.

The symmetry group of the theory (i.e. the group of transformations that leave
the Lagrangian, and hence the equations of motion, invariant) is the group of vertical
automorphisms, which forms a Fréchet Lie group:

G =Gau(P)={f € Aut(P) | mo f=m}. (B.0.3)

The action of G on A is given by pullback, (f,w) — f*w. Locally, by choosing a
trivialisation, the group G is isomorphic to the group of smooth maps C*(U, G).
The transformation is called vertical because it moves points of the principal bundle
P along the fibres while leaving the corresponding base point fixed. This formalises
the notion of internal transformations: the fibre over a point represents the internal
degrees of freedom, whereas the base manifold M corresponds to the usual spacetime
coordinates.
The space of classically physically distinct states is the moduli space

M = A/G, (B.0.4)

namely the space of gauge orbits. Since the action of G is typically not free, the
moduli space M generally exhibits singularities. Nevertheless, physical observables
are expected to be functionals on M (although in quantum theory this need not
always hold, due to the possible presence of anomalies). This is because gauge
transformations encode redundancies and unphysical degrees of freedom: the true
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physical content is associated with the gauge orbit rather than with an individual
gauge field, and hence observables should depend only on the orbit.
For this reason, it is of interest to study the principal G-bundle over M:

G— A

J (B.0.5)
A/G

While A is contractible, the principal bundle is not trivial. The non-existence of
a global section from M to A is known as the Gribov problem.

The matter content of the theory can be introduced via the notion of a vector
bundle.

Definition B.0.4. Let M be a smooth manifold. A (real) vector bundle of rank r
over M is a smooth manifold E together with a surjective smooth map 7 : £ — M
satisfying the following conditions:

e For each x € M, the fibre E, = 7~ !(z) is endowed with the structure of an
r-dimensional real vector space,

e F islocally trivial: for each x € M, there exists a neighbourhood U of z in M
and a diffeomorphism ¢ : 77 5(U) — U x R” such that pry op = 7, and the
restriction ¢|g, is a vector space isomorphism from FE, to R".

Such a vector bundle is also denoted by £ — M.

A local vector field is a smooth local section o : U C M — E of the vector

bundle. A (global) vector field is a global smooth section o : M — E. The set
C>*(M, E) of vector fields, i.e., the global sections of E, forms a vector space and
admits a natural system of seminorms that make it into a Fréchet space. It is also a
C*°(M)-module.
Two simple examples of vector bundles are the trivial line bundle M x R — M,
whose vector fields are real-valued functions on M and which in physics is used to
describe a chargeless scalar field, and the tangent bundle TM — M, whose sections
are tangent vector fields which may describe either the velocity of a particle or the
velocity field of a fluid.

A local frame for F over an open set U C M is an ordered collection of r local
sections of E, (01,...,0,), such that for each x € U, the tuple (o1(x),...,0.(x))
forms a basis of the fibre E,. If U = M, it is called a global frame or a frame of
vector fields.

Every local frame for a vector bundle is associated with a local trivialisation. Let
@ : 7 YU) = U x R" be a local trivialisation; then one can define a local frame by

oi(r) =@ Hz,e), i=1,...,m

where ¢; is the i-th canonical basis vector of R". Conversely, given a local frame
(01,-..,0p), every v € E, can be uniquely written as a linear combination

v=oloy(x) + -+ "0, (z),
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for some (v!,...,v") € R". Then the corresponding local trivialisation is given by

<)D(U) = (:E’ (vl, e 7UT))'
It follows immediately:

Proposition B.0.3. A vector bundle is trivial if and only if it admits a global frame.

Let E and F be vector bundles of ranks r; and ro respectively over a manifold
M. Given any functorial operation on vector spaces, a corresponding operation
can be defined on vector bundles by applying the operation fibrewise. For example,
the dual bundle £*, the direct sum bundle E & F', and the homomorphism bundle
Hom(E, F) are defined as:

(E*)y = (E,)*, (E®F)y=E,®F,  Hom(E,F), =Hom(E,,F,).

A particularly important construction is the tensor bundle A*T*M ® E. The global
sections of this bundle are called E-valued differential k-forms, and their space is
denoted by QF(M, E).

On vector bundles, one can define the notion of parallel transport via the intro-
duction of a covariant derivative.

Definition B.0.5. A covariant derivative D on the bundle F is a linear differential
operator satisfying the following properties:

o« D:QNM, E)— QY (M, E),
e D(vAho)=dv Ao+ (—1)*v A Do,
for any v € QF(M) and o € Q4(M, E).

Given a section o : M — F, it is said to be parallel with respect to a vector field
X e X(M) if
Dxo=0.

Principal bundles and vector bundles are two sides of the same coin. Let E be a
vector bundle of rank r over a manifold M. Its frame bundle L(E), i.e. the collection
of all ordered bases for each fibre, is a principal GL(r, R)-bundle over M.

Conversely, given a principal G-bundle P and a representation p of G on a vector
space V, one can construct an associated vector bundle defined by

E=Px,V=(PxV)/~,
where the equivalence relation is given by

(p,v) ~ (pg,p(g~")v), for g € G.

The projection map is given by 7,([p,v]) = 7(p).
A particularly important associated bundle is the adjoint bundle, defined via the
adjoint representation of G on its Lie algebra g:

adP =P Xaq 9.
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Sections of the associated vector bundle E correspond bijectively to G-equivariant
smooth maps:

{\II :P—=V ’ T(pg) = p(g~H)U(p) for all g € G} . (B.0.6)

Given a local (or global) section s of the principal bundle, the section of E
induced by such a ¥ is defined as

x— [s(x),U(s(z))].

Consequently, any section of E is described locally by a V-valued function on an
open set U C M. In terms of a local trivialisation, this section can be written as
oly = [s,9], where v = Wos:U — V. Upon changing the trivialising section
according to s(z) — s(z)g(z), the function transforms as

P(x) = plg(z) ") (a).

In physical terms, the matter field 1 is gauge-covariant, as it transforms under a
gauge transformation via the appropriate representation.

This formalism includes not only matter fields, but also other geometrical objects:
there exists a one-to-one correspondence between V-valued horizontal k-forms on P
and elements of Q¥(M, E). The relation is realised via pullback by a local section
and, conversely, via the bundle projection.

As a direct consequence: the space of connections is an affine space modelled
on QY(M,ad P). The curvature form © of a given connection w may be viewed as
an element of Q?(M, ad P), the associated local g-valued 2-form is the physical field
strength F.

Even the connection and covariant derivative are closely linked. Given a connec-
tion w on the principal G-bundle P, one can induce a covariant derivative on the
associated vector bundle E via the local formula:

Do = [s, di) + p«(s*w) A Y], (B.0.7)

where o € QF(M, E) is a section and ¢ is the corresponding local V-valued k-form.
This expression clearly highlights the role of the connection, through the gauge
field A = s*w, in defining the covariant derivative, thereby recovering the standard
formulation familiar from physics.
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