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Abstract In this article, we develop a novel hidden
Markov graphical model to investigate time-varying
interconnectedness between different financial mar-
kets. To identify conditional correlation structures
under varying market conditions and accommodate
shape features embedded in financial time series,
we rely upon the generalized hyperbolic family of
distributions with time-dependent parameters evolv-
ing according to a latent Markov chain. We exploit
its location-scale mixture representation to build a
penalized EM algorithm for estimating the state-
specific sparse precision matrices by means of an

L, penalty. The proposed approach leads to regime-
specific conditional correlation graphs that allow us
to identify different degrees of network connectivity
of returns over time. The methodology’s effectiveness
is validated through simulation exercises under dif-
ferent scenarios. In the empirical analysis, we apply
our model to daily returns of a large set of market
indices, cryptocurrencies and commodity futures
over the period 2017-2023.

Résumé Dans cet article, nous développons un
nouveau modele graphique de Markov caché pour
étudier I'interconnexion variable dans le temps entre
différents marchés financiers. Afin d’identifier les
structures de corrélation conditionnelle sous des
conditions de marché variables et d’intégrer les
caractéristiques de forme présents dans les séries
temporelles financiéres, nous nous appuyons sur la
famille des distributions hyperboliques généralisées
avec des paramétres dépendants du temps évoluant
selon une chaine de Markov latente. Nous exploitons
sa représentation en mélange de localisation-
échelle pour construire un algorithme EM pénalisé
permettant d’estimer les matrices de précision
clairsemées spécifiques a chaque état a 'aide d’une
pénalité L,. L’approche proposée conduit a des
graphes de corrélation conditionnelle spécifiques
aux régimes, nous permet-tant d’identifier différents
degrés de connectivité du réseau des rendements au
fil du temps. L'efficacité a travers des exercices de
simulation sous différents scénarios. Dans I’analyse
empirique, nous appliquons notre modele aux
rendements quotidiens d’un large ensemble
d’indices de marché, de cryptomonnaies et de
contrats a terme sur matiéres premieres sur la
période 2017-2023.
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1 Introduction

The financial system is a complex, dynamic, and interconnected world. Observing the extreme financial inte-
gration in the recent global crisis, researchers soon noted the crucial importance of identifying how the impact
of stress events can spread across the whole global financial system. In the last few years, the development
of statistical techniques to accurately quantify and investigate the interrelations among financial institutions
has been at the centre of attention not only of investors and fund managers, but also of regulators for early
identification of systemic risk and proactively engaging preventive measures to control financial stability (Silva
et al., 2017, 2018; Giudici and Parisi, 2018; Brunetti et al., 2019). For this reason, network science has emerged
as a useful tool for describing the propagation of systemic risk, where the interconnectedness between mar-
kets is represented by a graph whose nodes stand for companies, commodities, and institutions, and edges
represent their interactions. In this context, Gaussian Graphical Models (GGMs) have received considerable
attention because they provide a simple method to model the pairwise conditional dependencies of a collection
of stochastic variables. As is well known, for normally distributed data, the underlying conditional dependence
structure is completely characterized by the inverse of the covariance matrix, also known as the precision or
concentration matrix, of the corresponding GGM (see Lauritzen (1996) for a general background). Thus, param-
eter estimation in GGMs is a fundamental issue for the identification of the zero entries in the concentration
matrix. When dealing with large dimensional problems, we are interested in identifying only the variables
that exhibit the most relevant and strongest connections. Among the several graphical methods proposed in
the literature (Dempster, 1972; Drton and Perlman, 2004; Banerjee et al., 2008; Drton and Perlman, 2008; Cai
etal., 2011; Liu et al., 2012; Liu and Wang, 2017), there exists the popular and computationally efficient Graph-
ical Lasso (glasso) algorithm of Friedman et al. (2008), which maximizes the likelihood of the model penalized
by the L;-norm of the elements of the precision matrix.

Moreover, financial time series are characterized by well-known shape features like fat tails, leptokurtosis,
and deviations from normality, that the analysis needs to properly take into account. Especially in the highly
turbulent cryptocurrency market, risk managers and regulators are increasingly interested in determining
whether, and how, the temporal evolution and volatility clustering of returns can be influenced by hidden
variables, such as the state of the market, during tranquil and crisis periods. In this context, hidden Markov
models (HMMs, see MacDonald and Zucchini, 1997; Zucchini et al., 2016) have been successfully employed
in the analysis of financial time series data, with applications to asset allocation and stock returns as discussed
in Mergner and Bulla (2008), De Angelis and Paas (2013), Nystrup et al. (2017), Maruotti et al. (2019, 2021),
Pennoni et al. (2022), and Foroni et al. (2024a, 2024b). In the context of undirected graphs, estimation of
graphical models in HMMs has been addressed by Stddler and Mukherjee (2013) using multivariate Gaussian
emission distributions with sparse precision matrices which can be interpreted as state-specific conditional
independence graphs. More recently, Bianchi et al. (2019) introduced a Markov switching graphical seemingly
unrelated regression model to investigate time-varying systemic risk based on a range of multifactor asset
pricing models. Nevertheless, “nonstandard” features of returns cannot be accommodated by standard models
such as those based on normality assumptions. Unfortunately, the literature regarding non-GGMs is fairly
limited. Potential modelling strategies could rely on semiparametric Gaussian copula models (Liu et al., 2012;
Xue and Zou, 2012), such as the nonparanormal model of Liu et al. (2009), or power transformations of
the data. Alternatively, Finegold and Drton (2011) have introduced a robust graphical model based on the
multivariate t distribution called tlasso.

In this article, we contribute to the existing literature by introducing a sparse hidden Markov graphical
model to investigate time-varying conditional correlation structures in multivariate time series data, without
assuming normally distributed returns. To build our network model, we consider multivariate symmetric gen-
eralized hyperbolic (GH, McNeil et al., 2015) distributions with time-dependent parameters evolving according
to a discrete, homogeneous latent Markov chain. Within the financial literature, this family of densities has
garnered significant attention for describing pertinent features of the distribution of returns (Chen et al., 2008;
Necula, 2009; Ignatieva and Landsman, 2015) but also for its considerable flexibility in modelling financial data
(Konlack Socgnia and Wilcox, 2014; Zhang et al., 2019) which includes the multivariate normal, t, Laplace, and
several others as particular cases (McNeil et al., 2015; Browne and McNicholas, 2015). Following Finegold and
Drton (2011), we demonstrate that, conditionally on each latent state, the inverse of the state-specific scale
matrix of the multivariate GH completely characterizes the conditional correlation structure among the ran-
dom variables. To induce sparsity in the inverse of the scale matrices, that is, the precision matrices, and identify
whether two nodes are connected by an edge, we exploit the Gaussian location-scale mixture representation of
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the GH family to build a suitable penalized expectation-conditional maximization either (ECME) algorithm.
This enables us to include in our estimation procedure the glasso approach of Friedman et al. (2008) accounting
for an L, penalty on the off-diagonal elements of the precision matrices in the M-step of the algorithm. We call
this method the hidden Markov generalized hyperbolic graphical model (HMGHGM). Within this scheme, our
modelling framework allows us to construct a set of regime-specific graphs whose set of edges is determined
by the nonzero elements of the estimated state-specific precision matrices. As opposed to GGMs, the proposed
methodology has several advantages. Firstly, it enables us to estimate levels of network connectivity among
asset returns in different market phases corresponding to different states of the latent process. Secondly, we
do not rely on the restrictive assumption of normally distributed data, but instead each state-dependent GH
distribution has shape parameters that are free to vary within the GH family to provide the best fit to the data.
Using simulation exercises, we validate the ability of our method to correctly (i) recover the true values of the
parameters under different states of the Markov chain, (ii) identify the true HMM clustering partition, and (iii)
retrieve the graphical model by recovering the true edges of the graphs.

Empirically, we analyze daily returns of a large set of financial assets, including the world’s most important
stock market indices, commodity futures, and the largest cryptocurrencies by market capitalization. In the last
10 years, the emergence of the cryptocurrency market has increasingly attracted the attention of market par-
ticipants. The shortage of safe assets after the global financial crisis of 2008 has raised several concerns among
investors and researchers about whether digital currencies can offer hedging and safe-haven abilities for equity
investments (Bouri et al., 2020a). In the current literature, there are very few studies examining how traditional
asset classes, (i.e., stocks, bonds, and foreign currencies), commodities and different cryptocurrencies interact
with each other. The existing approaches have mainly focused on the relationships between a limited collec-
tion of cryptocurrencies and assets (Baur et al., 2018; Corbet et al., 2018; Ji et al., 2018; Bouri et al., 2020b; Chen
et al., 2020; Giudici and Polinesi, 2021) or relied on conditional means to identify correlation structures (Bouri
et al., 2017), which cannot provide a complete picture of the dependencies and the transmission path of risks
between markets. Here, we implement the proposed HMGHGM to analyze the conditional correlation struc-
ture among the cryptocurrency, commodity, and stock market sectors from 2017 to 2023 and evaluate how it
may vary when considering different volatility clusters. During the period considered, there were significant
episodes of price fluctuations and instability, such as the explosion in cryptocurrencies at the start of 2018, the
COVID-19 pandemic erupting in 2020, and the EU sanctions to Russia dictated by the Ukrainian war, which
have triggered unexpected levels of uncertainty and high volatility. In this context, the latent process captures
structural changes or regimes that influence the observed data’s correlation patterns. These latent states rep-
resent “market conditions”, such as periods of high and low volatility, that emerge in response to shocks and
structural shifts in the markets.

To the best of our knowledge, this is the first attempt to build a non-Gaussian hidden Markov graphical
model for estimating time-varying cross-market conditional association structures of financial returns. The rest
of the article is organized as follows. In Section 2, we briefly review the GH distribution and formally introduce
the HMGHGM. Section 3 proposes the ECME-based maximum likelihood approach and the related penalized
algorithm for sparse estimation of the state-specific precision matrices. In the Supplementary Material we pro-
vide simulation results, while the empirical application is presented in Section 4. Section 5 summarizes our
conclusions.

2 Methodology

In this section we introduce the hidden Markov generalized hyperbolic graphical model (HMGHGM). Before
describing the model, we briefly revise the symmetric multivariate GH distribution, its location-scale mixture
representation and its limiting cases. Subsequently, we show how it is possible to build sparse state-specific
graphical models for characterizing time-varying conditional correlation relations among variables.

21 The GH distribution and its special cases

Formally, let Y, = [Yt(l), s Yt(d)]’ denote a continuous d-dimensional random vector for t € {1, ..., T}. The joint
probability density function of Y, following the (symmetric) GH distribution can be written as

A—d/2

]qu_d/z(\/ [ +80am D) ©

1 X+6Q;m2)
Qm)A21Z2K, (P x) ¥
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Figure 1: Special and limiting cases of the symmetric GH distribution in terms of 4, y, and .

where u € R? is the location parameter, X is a d X d positive definite and symmetric scale matrix, such that
|Z] = 1 for identifiability purposes (see McNeil et al. (2015) for details), 1 € R is the index parameter, y > 0
and 3 > 0are concentration parameters, 5(y,; u, 2) = (¥, — u)’ Z_l(y[ — um)is the squared Mahalanobis distance
between y, and u with scale matrix X and finally K;_g/,(-) denotes the modified Bessel function of the third
kind of order A — d/2. We adopt the compact notation Y, ~ GH (u, 2, 1, x, ). One of the key benefits of the
GH distribution is that, using equation (1), Y, admits the following location-scale mixture representation:

Y, =p++ Wtzl/zzt 2

where Z, ~ N;4(04,1;) denotes a d-variate standard normal distribution whose covariance matrix is the
identity matrix and W, has a generalized inverse Gaussian (GIG) distribution, W, ~ GIG(4, x, %), with Z,
being independent of W,. From equation (2), we can refer to the following hierarchical representation of

Yt ~ 9‘7{11(#’ Z’ﬂ" X '(,b)

Wl ~ 9?9(},,){,1#),
YW, =w, ~ Ng(u, w,X) (3)

which is useful for random data generation and for the implementation of our ECME algorithm.

The GH family encompasses several well-known applied models for financial data by varying appropriately
the values of the parameters of the GIG distribution, (4, x, %), including the multivariate Laplace, t, and normal
distribution as presented in Figure 1.

A complete taxonomy of all the models belonging to the class of GH densities can be found, for instance, in
McNeil et al. (2015), Browne and McNicholas (2015), and Bagnato et al. (2024).

2.2 Hidden Markov graphical models with state-specific GH densities

In this section we describe the proposed hidden Markov graphical model with state-specific multivariate GH
emission densities. Formally, let {St}tT=1 be a latent, homogeneous, first-order Markov chain defined on the
discrete state space {1, ..., K}. Let 7, = Pr(S; = k) be the initial probability of state k, k € {1, ..., K}, and 7y); =

Pr(S;;1 = kIS, = j), with Zf:lﬂkl j = 1land my; > 0, denote the transition probability between states j and k,
that is, the probability of visiting state k at time ¢ + 1 from state j at time t, j,k € {1,...,K},and ¢t € {1,...,T}.
We collect the initial and transition probabilities in the K-dimensional vector z and in the K X K matrix II,
respectively.

In our model we assume that the conditional distribution of Y; given the state occupied by the latent process
at time ¢ corresponds to a GH distribution in equation (1) whose parameters depend on the value of the Markov
chain S;, namely, Y;|S, = k ~ GH4((i, Zie, ks Xi» Pic)- We define with @ = 2;1 for k € {1, ..., K}, the precision
matrices used to build state-specific undirected graphs that convey the conditional intercorrelation structure
among the elements of Y; given the latent process S;. More precisely, supposing S; = k, let G, = (V,E;) be
an undirected state-dependent graph where V' € {1, ..., d} denotes the set of state-invariant nodes, such that
each component of the random variable Y, corresponds to a node in V, and E; C V X V represents the set of
undirected edges in the kth state. In order to study the conditional correlation structure of ¥, within the kth
state through the graph Gy, we establish a useful result that allows us to make inference on the edge set E; based
on the precision matrix @, . Following Finegold and Drton (2011) and exploiting the mixture representation of
the symmetric GH in equation (2), we can characterize the conditional correlation structure as shown in the
following proposition.
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Proposition 1. Consider S, = kandlet Y,|S, = k ~ GF 4(pic, Zies Ai» Xi» Pr)- If two nodes j and h, with j,h € V
and j # h, of the graph are non adjacent in the sense that all paths between them are blocked by a set of nodes

C eV, then Yt(j ) and th) are conditionally uncorrelated given YEC) and S; = k.

Proof. Without loss of generality, throughout the proof we omit the subscript k indicating the latent state yet all
the following equalities are conditional on S, = k. To prove the result it is sufficient to show that YEJ ) and Yt(h)

are conditionally uncorrelated given YEV\U ) Partition V into a = {j,h}and b = V /{j, h}. For a given value of
W, and given ® = =

(V1Y W) ~ 2, (19 - 04,0, (V) - 1), W,0.%) @
and
(ng)lyghub)’ W[) ~ N ( u - G);,}@j,hub (thub) _ #(hub)) ) W@},}), 5)
where @, is the submatrix of ® with rows and columns indexed by the sets a and b. Since ©;, = 0,
E [Yt(])lyghub)’ Wt] = ) — 91}@,',17 (ng) _Iu(b))
=E[v1Y",w] (6)
for any value of W,. Therefore,
E[Yt(j)lyﬁhub)] _ E[E [Yt(j)lyfhub)’wt] |Y§hub)] - F [E [ng)lbe),Wt] |Y§b)]
= B[y @)

which implies that Yt(j ) and Yt(h) are conditionally uncorrelated given Yﬁb). O

Based on equation (4), we can exploit the properties of GGMs to characterize conditional correlation rela-
tionships between the elements of Y, in each state k € {1, ..., K}, estimating the precision matrices ®;’s. More
formally, for each state and for any pair of nodes j, h, with j # h, if the (j, h)th element of the matrix @y, O ; 5,

is equal to 0, then Yt(] ) and th) are conditionally uncorrelated given va\“ " and S; = k. Hence, for each
k € {1, ...,K}, the edge set E, of the graph G describing the distribution of Y;|S; = k is completely encoded by
the matrix @, of the GH distribution, that is, (j, h) € Ej if and only if © ; , # 0. The proposed methodology
allows us to capture regime-specific conditional correlation structures for probability distributions within the
GH family. With respect to alternative strategies, our framework is a generalization of the graphical model of
Finegold and Drton (2011) when K = 1 where the GH reduces to the multivariate t distribution. In addition, we
encompass the hidden Markov Gaussian graphical model (HMGlasso) of Stddler and Mukherjee (2013) when
the state-specific GH emission densities reduce to the multivariate normal distributions.

In this setting, it is therefore crucial to accurately determine the matrices @, ..., @ for a correct interpre-
tation of the graphs and to visualize the true interactions among the variables. In Section 3, we introduce a
maximum likelihood approach to estimate the model parameters and make inference on the sparsity pattern
in the @ ’s.

3 Estimation

As shown in the previous sections, the location-scale mixture representation of the GH is a convenient tool
to build a sparse graphical model. To estimate the model parameters of the method proposed based on the
observed data, one could use direct numerical maximization of the likelihood (Otting et al., 2021; Maruotti
and Punzo, 2021) or exploit an EM algorithm (Baum et al., 1970). Here we focus on the latter. Since we are
interested in detecting only the most important connections, we also propose a penalized version of the EM by
considering the Lasso-type regularization of Tibshirani (1996) for sparse matrix estimation in high-dimensional
settings where a large number of variables is available.

DOI: 10.1002/¢js.70030 wileyonlinelibrary.com/cjs


https://onlinelibrary.wiley.com/journal/1708945x

60f18 | FORONI, MERLO, AND PETRELLA

31 The EM algorithm

For a given number of hidden states K, the EM algorithm runs on the complete log-likelihood function of the
model introduced, which is defined as

T K K

£.(0) Z N logme+ Y. 20> &(j, k) logmy;

t=2k=1j=1

T K
+ 2.2 vi)log fy,1S; = k), 8)

t=1k=1

where @ = (U, oo s Mg Z1s ve s ZRs Ay e s Ak P15 oo s P> X15 -+ » XK > IL) represents the vector of all model param-
eters, y;(k) denotes a dummy variable equal to 1 if the latent process is in state k at occasion ¢ and 0 otherwise,
and £,(j,k) is a dummy variable equal to 1 if the process is in state j in ¢ — 1 and in state k at time ¢ and 0
otherwise. Unfortunately, the log-likelihood of the GH distribution does not yield any closed-form expression
in the optimization process. Nevertheless, following Chatzis (2010), the issue can be resolved by exploiting the
data augmentation scheme of equation (3). We exploit the conditional structure by writing

log fy,IS; = k) = L (ui, Ze ISy = k) + LAk, Xie> Pl S = k) €))
where
T .
b B215 = ) =3, [—% l0g(2m) ~ & log(ug) L tog 5y — 25RO (10)
and
r
b 408, =0 = 30 (0 = Dloglun) = 556 — S~ S log(xo)

+%/lk log(yy) — log [2Kﬂ,k <\/ (IPka))]}- (11

Working on ¢.(8), we adopt the ECME algorithm of Liu and Rubin (1994). The ECME algorithm is an
extension of the expectation-conditional maximum (ECM) algorithm which replaces the M-step of the EM
algorithm by a number of computationally simpler conditional maximization (CM) steps. The ECME algorithm
generalizes the ECM algorithm by conditionally maximizing on some or all of the CM-steps the incomplete-
data log-likelihood. In our case, the ECME algorithm iterates between four steps, one E-step and three CM-
steps, until convergence. The three CM-steps arise from the update of the partition of 6 as {6,, 6,, 65}, where

01 = {1, X1, o Mis 2 h 02 = {41, X1, ¥, -5 Ak Xk Yk and €3 = {zr, IT}

311 E-step

In the E-step, at the generic (k + 1) th iteration, the unobservable indicator variables y,(k) and &,(j,k) in
equation (8) are replaced by their conditional expectations given the observed data and the current param-
eter estimates 6. To compute such quantities we require the calculation of the probability of being in state k
at time ¢ given the observed sequence

yP(k) = P (S, = klyys e ¥7p) (12)

and the probability that at time ¢ — 1 the process is in state j and then in state k at time ¢, given the observed
sequence

W, k) = Poany(Si—y = Ju Si = klyys e ¥p)- (13)

The quantities in equations (12) and (13) can be obtained using the forward-backward algorithm of
Welch (2003).
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Then, we use these to calculate the conditional expectation of the complete log-likelihood function (8),
given the observed data and the current estimates:

T K K

Q(616™) Z YR log e+ D00 D0 €(j k) log my
t=1k=1j=1
+ ZZ yPUO[Q (i 216D, S, = k) + QoA 1 116D, S, = k). (14)

t=1k=1

In equation (14), Q;(ux, = |6™, S, = k) and Q,(Ax, xx, ¥k |6™, S, = k) are respectively the conditional
expectations of I (uy, 2 |S; = k) and L(Ay, i, ¥k |S: = k) given the observed data, using the current 8% for
6. To compute Q; and Q,, we have to consider the expected value of any function of the latent variable W,
in equation (10). In particular the functions are w;;, 1/wy, and log(w;;) and their expected values must be
calculated with respect to the current 8, Since the conditional distribution of W, given Y; corresponds to a
GIG distribution with parameters Ay — d/2,5(y,; My, Zi) + Xk> Pk, that is,

Swoy, Wil Y: =y, S, = k) ~ GIG(A4, — d/2,5(y,; Mic» Zic) + Xk Yi)> (15)
it follows that (see Chatzis, 2010)

h
v = E®O[W, Y, =y,.5, = k| =

(h) (h) ) (h)
60 50 + 10 ) Kig-ap (VA L0050 + 7))

- () Q) OREONANCINE e
v Koo (P[00 20 + 2]
K _
uy = EWWY, =y,.S, = k] =
1
1 (h) (h) s(h) (h)
5@[’ﬂ§{h),z(h))+x(h) 2K e d/2+1(\/¢ 50)t’#k 2+ X )
- (h) n n) <k h
; Kyoo_opo Vi [o0in 20 + 7))
2(/1(’“) —d /2)
B (h) (), (b) a7
50’[’”‘]( 72 )+X
and
5,1, 5P) 1 5
h, t’ k b
' = E®[logW,)IY; = ,.5, = k] = log )
k
0 (h) (h) (h) (n)

a (h) logK, * d/z(\/lﬁ Sk D)+ x| (18)
As aconsequence, substituting w;, 1/w;, and log(w,, ) with vtk , EZ),and z(h) respectively in [; (i, T |S; =

k) and L,(Ay, xi, ¥k |S; = k), we obtain

Qi (uye, Z [0, S, = k) =) [——loglzkl (19)

t=1
QZ(Ak’ Xks ¢k|9(h),5‘z = k)

-5 fiae - 02 a2~ Bl Zefiog() + logwol ~ log |26, (Vo) @0

t=1

(h)a(.yl’#k’ zk) ]
2

where in equation (19), we dropped the terms which are constant with respect to u; and X,.
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312 CM-step1

The initial probabilities 77, and transition probabilities 77, |; of the partition 85 are updated using

D =y W), kefl, .. K} (1)
and
T o (h),,
§ U,k
71']({7;1) 2 o Jk€{l..K} (22)
Z 22]{ 1§ (J’ k)
313 CM-step2
The second maximization step requires the calculation of 6§h+1) as the value of 8, that maximizes Q; (ux, =, |6™,

S; = k) in equation (19), with 6, fixed at Qéh“). The first-order conditions with respect to y, and @, = Z;l yield

aol(uk,zkw”’)) T X

=2, u(h) = Oy (k) (23)
t=1k=1
0 Ok16)") L& Yk 1 1w :
a®k tZ;}{ZZI ( )[2 aG) 0g |®k| - Eulk a@ (.yt k) G)k(.yt _I’lk) (24)

so the CM-step update expressions for y; and X, are

(h) (h)
(h+1) _ Et 1Zk e (Ou,

C T L )
and
Z(h+1) |z*(h+1)| 1/dz*(h+1) (26)
where
i) _ TSP 0~ 0 - ) o

DD IR ()

#(h+1) | 1/d ;

In equation (26), the scalar |Z, is needed to ensure the identifiability constraint |):(kh+1)| =1.

314 CM-step3

In the third CM-step, we choose the value of 8, that maximizes ¢ .(6) in equation (8), with 8, fixed at Gih“). As

a closed-form solution for 6"+ is not analytically available, numerical optimization can be used with this

aim. As in Bagnato et al. (2024), we perform an unconstrained maximization on R3, based on a (log/exp)
transformation/back-transformation approach for y; and .

The E- and CM-steps are alternated until convergence, that is, when the observed likelihood between two
consecutive iterations is smaller than a predetermined threshold. In this article, we set the threshold criterion

equal to 107%. For fixed K, we initialize the ECME algorithm by providing the initial states partition, {S(O)}t .

according to the K-means algorithm. From the generated partition, the elements of 1 are computed as pro-
portions of transition. The location parameters u, ..., ux are obtained from the centroid of the derived clusters
while we set the initial values of the X, ’s as the empirical covariance matrices of the obtained clusters with unit
determinant using equation (26). Finally, the (1;, xx, ¥x)’s are initialized from uniform distributions. To deal
with the possibility of multiple roots of the likelihood equation and to better explore the parameter space, we
fit the proposed HMGHGM using a multiple random starts strategy with different starting partitions and retain
the solution corresponding to the maximum likelihood value.
All the computations have been conducted using the R software, version 4.4.0 (R Core Team, 2024).
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3.2 Penalized inference with the GH distribution

In this section, we extend the procedure described above for estimating high-dimensional graphs where the
number of model parameters grows with the dimension of the problem. Indeed, the correct identification of
the sparsity patterns is a fundamental issue for capturing the most relevant interconnections, which moti-
vates us to use sparse estimators that automatically shrink the elements of the inverse of the scale matrix.
In the literature, within the GGM context, several works have been put forward to obtain sparse estimates of
the concentration matrix. Friedman et al. (2008) introduced the efficient coordinate descent algorithm, called
glasso, to estimate a sparse graph using the Lasso L; penalty of Tibshirani (1996). Gao and Massam (2015)
proposed to estimate the concentration matrix using further penalties, that is, the smoothly clipped absolute
deviation of Fan and Li (2001) and the minimax concave penalty of Zhang (2010). Alternatively Meinshausen
and Biihlmann (2006) presented a neighbourhood selection scheme that estimates the conditional indepen-
dence relations separately for each node in the graph by using L, -penalized regressions. In this work, we exploit
the efficient glasso approach of Friedman et al. (2008) to induce sparsity in the precision matrices of the GH for
each latent state, without relying on the limitation of normally distributed returns. Specifically, starting from
the EM algorithm of Section 3 and following Green (1990), we construct a penalized EM (PEM) algorithm by
adding to the complete likelihood in equation (8) an L,-norm penalty that shrinks to zero the off-diagonal ele-
ments of the (E);1 matrices. The penalized version of the conditional normal log-likelihood in equation (10) is
reported in the following definition.

Definition 1. The conditional normal log-likelihood function is proportional to:

T
1 1 .
€1, pen(fics Opc| Yy, Wi, S; = k) 5 z 7:(k)1log |®| — ztr{sk@)k} = PV V1O (28)

t=1

where ||@y||; is the sum of the absolute values of the off-diagonal entries of the matrix ®; and 5, is the weighted
empirical covariance matrix defined as

T
S‘k =Z
t=1

Additionally, v, > 0 is a state-dependent weight to allow for penalty adaptation to state-sizes such that
Zlevk =1 and p > 0 is the tuning parameter.

k
J;[Etk) (Y — ) (Y — ) (29)

As one can see, the penalized complete likelihood in equation (28) is exactly the objective function max-
imized in a GGM where the empirical covariance matrix of the data is substituted by the matrix S) defined
in equation (29), for k € {1, ..., K}. This suggests that we can exploit the simple and fast glasso algorithm of
Friedman et al. (2008) to update the estimate of ®;. More specifically, for a given value of p, the proposed PEM
alternates between the E-step described in Section 3.1 and modifies the CM-step 2 by maximizing the quantity
in equation (28). Furthermore, when dealing with HMMs a scaling issue may emerge due to the presence of
latent states. Different states may exhibit variations in scale, but due to the unknown state assignments a priori,
standardization cannot be implemented as a preprocessing step (Stddler and Mukherjee, 2013). For this reason,
in the Supplementary Material we consider a state-specific penalty that not only adjusts for state sizes but also
addresses scaling issues.

4 Empirical application
41 Data description

Inrecent decades, hedge fund managers and regulators have highlighted the need to accurately assess contagion
and systemic risk, depending on the situation of the economy. In this article, we are interested in investigating
how the degree of network connectivity across different asset classes changes in severe market turbulence,
which may threaten the integrity of the financial system and represent a potential source of financial instability.
In our application, the underlying market dynamics and economic conditions are captured via latent states (or
“regimes”) that shape how the observable returns of different assets co-move over time.

For this purpose, we apply the proposed methodology to daily returns of d = 29 financial assets comprising
stock market indices, commodity futures, and digital currencies. The set of assets includes the 10 largest cryp-
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Figure 2: From top to bottom daily time-series of normalized prices of the assets considered. Observations
span from November 10, 2017 to September 28, 2023.

tocurrencies in terms of market capitalization, including Bitcoin, Ethereum, Ripple and Stellar, the 10 most
exchanged metal and energy commodities, such as Gold, Silver, Crude Oil, and Natural Gas, and the 9 major
world stock indices, including the S&P 500, FTSE MIB, Nikkei 225, and the Shanghai Composite Index.

The sample dataset was collected from Yahoo! Finance and the study period starts on November 10, 2017
and ends on September 28, 2023, for a total of T' = 1250 observations after removing missing data. This timespan
is marked by numerous crises that may have impacted cross-market correlation patterns, spanning from the
cryptocurrency bubble crisis in 2017-2018 to the global crisis sparked by the COVID-19 pandemic in 2020-
2021, which caused unprecedented levels of uncertainty and risk. Daily returns with continuous compounding
are calculated by taking the logarithm of the difference between closing prices on consecutive trading days. In
Table 1 we report the list of examined variables and the summary statistics for the whole sample. As one can see,
each asset displays the typical shape features that characterize the financial markets, and cryptocurrencies are
generally much more volatile than commodity futures and stock market indices, having the highest standard
deviations. Such findings reflect the large price variations during the period under consideration, which were
triggered by the burst of the cryptocurrency bubble in 2018 and by the COVID-19 outbreak at the dawn of
2020. In conclusion, the Augmented Dickey-Fuller (ADF) test (Dickey and Fuller, 1979) shows that all daily
returns are stationary at the 1% level of significance. Figure 2 shows the daily prices of the 29 assets over the
entire period of observation. At first glance we immediately recognize the high volatility that characterizes
the market of the cryptocurrencies and the waves of exponential price increases. The first wave started at the
end of 2018, the first big “bubble” that brought BTC above $20,000 USD, another one in mid-2019, and the
most recent and bigger one started in late 2020, which developed over the entire course of 2021. With regard to
commodities and stock indices, we observe quite a different path with respect to digital currencies. The collapse
of the financial markets at the beginning of 2020 caused by the COVID-19 pandemic represents a watershed for
volatility regimes. After March 2020 we see an increase in price volatility for a large proportion of commodities
and stock indices. We also observe price peaks of gasoline, WTI crude and Brent crude during the course of
2022 caused by the sanctions imposed against Russia in response to the Ukrainian war.

4.2 Results

Following these considerations, the proposed HMGHGM can provide insights into the temporal evolution of
the conditional correlations of asset returns, where the assets’ multivariate distribution is not constrained to be
normal but can be assumed to be any fat-tailed distribution within the GH family. As a first step of the empirical
analysis, in order to select the optimal p in equation (28) and number of latent states K, we fit the proposed
HMGHGM for a sequence of 300 values of p for K = {1, ..., 4}. We also include a state-specific penalty term by

setting the weight v, in equation (28) as the (scaled) effective sample size of state k, that is, v, = ZtT:lyt(k) /T,
where y,(k) is defined in equation (12). To select the best pair (K, p), we consider two model selection crite-
ria, namely, a Bayesian Information Criterion (BIC) type index and the mixture minimum description length
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Table 2: BIC and MMDL values corresponding to the optimal p with varying number of states for HMGHGM
and HMGlasso. Bold font highlights the best values for the considered criteria, where lower is better.

K=1 K=2 K=3 K=4
Panel A: HMGHGM
BIC 148666.4 141381.2 141727.2 143860
MMDL 148711.1 140743.5 140252.9 141313
Panel B: HMGlasso
BIC 151328.2 142899.7 143277.9 143261.8
MMDL 151328.2 142076.0 141627.1 140479.1

(MMDL, Figueiredo et al., 1999) defined, respectively, as

K
1 1
BICk, = —¢(0ly,,...yp) + 3 log(T)K(K — 1) + 3 log(T) > Df(k,p) (30)
k=1
1 1
MMDLg , = =0y, yr) + 5 log(T)K(K — 1)+ Z 5 log(Tv,,)Df (k, p), (31)
k=1

where ¢(0ly,, ...,y;) denotes the observed log-likelihood and we set the degrees of freedom as Df(k, p) =
d+3+2.,1 o 0" The two criteria are identical, with the only difference being that the MMDL adjusts the
>l oyl

penalty term for the effective sample size Ty, of each state k. The optimal K and p are obtained by selecting the
model with the lowest criterion value. To compare models with differing number of states, Table 2 (Panel A)
reports the BIC and MMDL values for each K at the optimal p. As can be seen, the BIC selects 2 states, while
MMDL chooses K = 3 at the optimal p. For comparison, we also fitted the HMGlasso of Stddler and Mukher-
jee (2013) and reported the corresponding BIC and MMDL values in Panel B of the table. By comparing these
goodness-of-fit criteria, we observe that the proposed model based on GH distributions provides a better fit
to the data than the normal distribution, as evidenced by both criteria. Following the works of Figueiredo
et al. (1999) and Stiddler and Mukherjee (2013), demonstrating that, in general, the MMDL outperforms the
BIC, we thus select the proposed HMGHGM with K = 3 states for our analyses. To obtain standard errors of the
parameter estimates we adopt a parametric bootstrap approach. That is, we refitted the model to 500 bootstrap
resamples from the estimated model, and 95% confidence intervals are obtained via the percentile method.

In light of these points, we begin commenting on the results by the hidden process. The top of Figure 3
represents the estimated posterior probabilities of being in latent state j, at time ¢, where j € {1,...,K} and
t € {1,..., T}, conditional on the observed time-series and with an over-imposed trend according to a smoothed
local regression. The shaded areas represent 95% bootstrap confidence intervals. The bottom of Figure 3 shows
the decoded states obtained through local decoding by considering the maximum of the posterior probabilities
and the Viterbi algorithm. The two methods convey almost identical results. The predicted trajectories indicate
that the three states are visited 38%, 39%, and 23% of the entire period. Overall, the following conclusions can
be drawn. The distribution of states closely mirrors the dynamics of the considered portfolio during the last five
years. In particular, State 3 manages to capture the speculative waves of the cryptocurrency market at the end
of 2017, in mid-2019, and at the most recent surge during 2021. As can be observed in Figure 2, these periods
are characterized by extreme price movements with exponential price change behaviours and can represent
subsequent dramatic losses for investors. States 1 and 2 instead succeed in mimicking the behaviour of com-
modities and stock markets during the considered time frame. State 1, which identifies the period that goes
from the end of 2017 to the collapse of financial markets of March 2020 induced by the COVID-19 pandemic, is
related to a phase of low prices. State 2 instead indicates the phases of the markets that, after the second half of
2020, are characterized by a rise in prices. Overall, Figure 3 suggests to us that the proposed model efficiently
manages to identify high and low prices and volatility trends that alternate over the years. These patterns are
also demonstrated by the estimated transition matrix reported in Table 3, alongside 95% bootstrap confidence
intervals (in parentheses). We observe that State 2 is highly persistent, suggesting that market conditions char-
acterized by rising prices endure for long periods of time, whereas States 1 and 3 are less persistent. Moreover,
markets are more likely to transition from State 3 to State 1, whereas the opposite switch is less likely to occur.
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Figure 3: From top to bottom, predicted posterior probabilities with 95% bootstrap confidence intervals
(shaded areas) and predicted sequence of hidden states over time with K = 3 states. The over-imposed black
lines denote the trend estimated by a local linear regression.

Table 3: Estimated probability transition matrix II with 95% bootstrap confidence intervals in parentheses
obtained over 500 resamples.

State 1 State 2 State 3

State1  0.776 (0.736,0.812)  0.045(0.028,0.068)  0.179 (0.145, 0.213)
State2  0.040 (0.023,0.065)  0.924 (0.890,0.944)  0.037 (0.019, 0.057)
State 3 0.313(0.258,0.370)  0.056 (0.031,0.087)  0.630 (0.571, 0.688)

Table 4: State-specific parameters A, yi, and ¢, k = 1,...,K, with 95% bootstrap confidence intervals in
parentheses obtained over 500 resamples.

Parameter State 1 State 2 State 3

Ak —1.819 (—1.876, —1.054) —3.158 (—3.408, —1.975) —1.856 (—2.179, —1.556)
Xk 5.254 (4.372, 6.085) 8.454 (6.847,9.759) 7.325(5.399, 8.258)

Yy 0.000 (0.000, 0.043) 0.000 (0.000, 0.142) 0.027 (0.008, 0.511)

Moving on to the observable process, we begin by analyzing the shape of the state-dependent distributions.
Table 4 presents the estimates and 95% bootstrap confidence intervals of the state-specific parameters A, y,
and ¥, k =1, ..., K. Clearly, the estimated GH distributions provide a better fit to the empirical kurtosis in
the data than the Gaussian and indicate severe departures from normality. In all three states, the estimated
densities show heavy tails. Particularly, State 2 exhibits the most pronounced extreme tail behaviour and a
leptokurtic-shaped distribution.

In order to summarize the interconnectedness among the considered assets during different market condi-
tions, we build the regime-specific graphs G, = (V,E), k €{1,...,K}, where the variables in Table 1 represent
the vertices in V, identified by the corresponding estimated precision matrix O, k € {1,...,K}. Specifically, an
edge between two nodes is created in the kth graph if the estimated @k’i,l # 0, that is, (i, 1) € E,, if and only if
@k,i’l # 0, fori,l € V,i # l. Figure 4a-c reports the estimated graphs for the selected three-states HMGHGM.
To highlight the most important variables in the network, pies in light blue indicate the degree centrality mea-
sure of each node, while the edge colours specify the sign of the corresponding interaction (green = positive,
red = negative), and the edge thickness the magnitude of association. In each graph, stock market indices are
coloured in yellow, cryptocurrencies in grey while commodities are shown in red, and the vertex labels are
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Figure 4: Estimated graphsfor k = 1(a), k = 2(b), and k = 3 (c). Yellow, grey, and red nodes represent respec-
tively indices, cryptocurrencies, and commodities while the vertex labels are illustrated in Table 1. Green edges
in the networks depict positive associations, while red edges represent negative associations. Pies in light blue
indicate degree centrality. The edge thickness represents the magnitude of association. (a) @1, (b) @2, (© @3.

reported in Table 1. In Figure 4, each graph identifies a different regime of network connectivity consistently
with the remarks given above. We identify a high asymmetry in network connectivity: State 3 represents the
speculative waves of the cryptocurrency market, and the third graph shows, as expected, a strong centrality and
clustering pattern of the crypto assets. The most central nodes (BNB, TRON, Litecoin, Stellar) represent some
of the assets with the most “explosive” trends during the crypto bubble. The strong clustering pattern is present
across the three estimated graphs. Specifically, digital currencies are strongly tied to each other and are rather
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isolated from other assets (Dyhrberg, 2016; Bouri et al., 2017; Corbet et al., 2018; Giudici and Polinesi, 2021). It
emerges how they might act as safe-haven assets offering protection to investors against losses to offset market
risk, being uncorrelated with stocks during market up and downturns. In all three networks, Bitcoin is one of
the least central nodes among the cryptos. This is in line with the work of Bouri et al. (2019), which explains
that the behaviour of crypto-traders is not to anchor to a price level: after an exponential price appreciation
in one cryptocurrency (e.g., Bitcoin), they start to look for more attractive cryptocurrencies that have a better
risk-reward profile. One example is represented by Stellar (9) and Litecoin (7), which appear always very cen-
tral in each state of the chain. On the other hand, volatility of commodities and stock indices is closely related
to the uncertainty of the economic outlook. As one can see, in the first two states of the chain the most central
nodes are represented by stocks (in particular Dow Jones, Nasdaq, Dax, and Eurostoxx50) and commodities
(i.e., Platinum, Copper, Crude Oil, and Gasoline), which have been particularly affected by the interruptions
in global production chains over the course of the pandemic. We detect strong clustering patterns for all three
sectors considered. In particular, we highlight the strongest connections within metals, energy, European and
US indices, representing possible co-movements during both upward and downward trends, probably due to
the fact that assets of the same sectors or indices of the same regions have responded similarly to the economic
crisis caused by the pandemic. Finally, we emphasize that gold and natural gas are two of the most disconnected
nodes in the graph for every volatility level. While the expectation for gold’s disconnection aligns with its role
as a safe haven asset, the disconnection observed for natural gas is likely attributable to the anomalous and
sudden price surge of this commodity in 2022 due to the Russo-Ukrainian conflict. The results of the analysis
with an alternative penalty able to handle state-specific scaling are shown in the Supplementary Material.

5 Conclusions

This article proposes a new sparse dynamic graphical model to study time-varying conditional correlations
between important commodities, cryptocurrencies, and stock indices in a period of high volatility and mar-
ket turbulence, without relying on the assumption of normally distributed data. Starting from Finegold and
Drton (2011) and Stddler and Mukherjee (2013), we introduce a hidden Markov graphical model where, condi-
tional on the latent state, emission densities follow a (symmetric) GH distribution with state-dependent param-
eters. Since the index and concentration parameters are completely free to vary within the GH family they allow
us to accommodate well a wide range of empirical characteristics of the data in real applications. To induce spar-
sity and recover only the most prominent relations, we develop a penalized ECME algorithm exploiting the
Gaussian location-scale mixture representation of the GH distribution with a Lasso L; penalty on the elements
of the state-specific precision matrices. Our procedure is computationally efficient and can be implemented by
making use of the glasso of Friedman et al. (2008) within the conditional M-step of the proposed algorithm.
The performance of our model is evaluated using numerical simulations under different scenarios.

In the real data analysis, we considered daily returns of 29 cryptocurrencies, commodities, and market
indices from November 2017 to September 2023 to investigate the dynamics of a conditional correlation struc-
ture across different financial markets during low and high volatility periods. According to the MMDL criteria,
we identified three latent regimes corresponding to different degrees of network connectivity. The first two
regimes show negative and positive phases of the market, respectively, while the third manages to capture
the peculiar explosive trends of the cryptocurrencies. The estimated graphs are consistent with the hypoth-
esis that cryptocurrencies are highly connected to each other and disconnected from traditional asset types
(Bouri et al., 2017; Corbet et al., 2018; Giudici and Polinesi, 2021), resulting in possible safe-haven assets dur-
ing tumultuous times. Commodities that stand out in terms of degree centrality are the ones that have been
the most affected by the interruptions in global production chains over the course of the pandemic, namely,
palladium, copper, Crude Oil and gasoline.

Outside the financial world, a similar methodology could be employed, for example, in the field of dynamic
mixed graphical models, which could convey critical information when employing not just continuous but
also discrete datasets. Future research may also extend the proposed graphical model by using multivariate
asymmetric distributions within the GH family.

Data sharing

The data used for the analysis were downloaded from Yahoo! Finance and are made available in . RData for-
mat at the following link: https://doi.org/10.17605/0SF.I0/7ETYC. These data were derived from the
following resources available in the public domain: https://finance.yahoo.com/.
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