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Abstract

This thesis investigates direct error minimization methods for real-time Simultaneous Local-
ization and Mapping (SLAM), a fundamental problem in robotics and autonomous systems.
SLAM enables sensor-equipped systems to construct representations of unknown environ-
ments while simultaneously estimating their own pose, relying exclusively on onboard
sensory data. Traditional SLAM approaches often depend on explicit data association and
indirect optimization techniques; in contrast, direct methods optimize error functions defined
directly on sensor measurements, improving robustness and versatility across various sensor
modalities.

Our research begins with the formulation of a direct error minimization pipeline for
LiDAR, as realized in the MD-SLAM framework. This approach highlights the key advan-
tage of direct methods, namely, the avoidance of explicit data association, and its modular
design permits straightforward adaptation to additional sensor types such as RGB-D cameras.
To further support the development and benchmarking of state estimation algorithms, we
present a novel dataset featuring high-precision ground truth derived from a sensor fusion
pipeline that combines GNSS-inertial measurements with multi-view LiDAR optimization.
Within this framework, the LiDAR optimization problem minimizes a composite error
function, integrating both geometric and photometric (direct) terms. The use of bilinear
interpolation in the projection function enables sub-pixel accuracy in the alignment process.

Expanding this paradigm to radar sensors, we formalize a direct approach to radar
odometry based on correlation maximization between a local map and incoming radar scans
for ego-motion estimation. While the field of radar odometry has historically been dominated
by indirect approaches, considered faster and more amenable to real-time operation, our work
demonstrates that direct methods can achieve competitive performance when equipped with
a GPU-parallelized implementation. This enables real-time operation without sacrificing the
accuracy and versatility inherent to direct approaches, setting a new state of the art in radar
odometry.

Collectively, this thesis demonstrates that direct error formulation is a powerful and
adaptable framework for SLAM across diverse sensing modalities, providing advancements
in accuracy, versatility and robustness, and, when accelerated with GPU computation, can
achieve real-time capability.
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Chapter 1

Introduction

N this chapter, we introduce Simultaneous Localization and Mapping (SLAM) as

the core problem of estimating both a robot’s trajectory and the structure of its

environment in real time. We then motivate the shift to direct error formulation,

showing how it leverages raw sensor data for greater robustness and computational
efficiency, and contrast it with traditional indirect, feature-based pipelines. Finally, we
outline the organization of the thesis and summarize the main contributions presented in
each chapter.

1.1 Motivation

The evolution of autonomous systems, from self-driving vehicles navigating urban environ-
ments to drones inspecting critical infrastructure, demands robust perception capabilities
that can operate reliably across diverse and challenging conditions. While traditional SLAM
approaches have achieved remarkable success in controlled settings, real-world deployment
exposes fundamental limitations that motivate our investigation into direct error formulation
methods.

Beyond Feature Dependency. Indirect methods’ reliance on distinctive visual or
geometric features creates critical failure modes. In textureless environments like tunnels,
foggy conditions, or scenes dominated by glass and reflective surfaces, feature extraction
becomes unreliable or impossible. Yet these are precisely the scenarios where robust
perception is most crucial for safety-critical applications. Direct methods circumvent this
limitation by leveraging all available sensor data, not just sparse salient points.

Computational Efficiency Through Simplicity. The two-stage pipeline of indirect
methods, feature extraction followed by geometric optimization, introduces computational
overhead and potential points of failure. Each stage must be tuned for specific sensors
and environments, creating a complex parameter space. Direct formulation unifies these
stages into a single optimization problem, reducing system complexity while maintaining
or improving accuracy. This simplification becomes particularly valuable when deploying
perception systems on resource-constrained platforms or when processing high-frequency
sensor data in real-time.

Sensor Agnosticism as a Design Principle. Modern autonomous systems increasingly
rely on heterogeneous sensor suites: cameras for semantic understanding, Light Detection
and Ranging (LiDAR)s for precise geometry, Radio Detection and Ranging (RADAR)s
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for all-weather operation, and Inertial Measurement Unit (IMU)s for high-frequency mo-
tion tracking. Traditional SLAM pipelines require sensor-specific feature extractors and
matching strategies, leading to a proliferation of specialized algorithms. Our direct approach
demonstrates that a single algorithmic framework can seamlessly handle RGB-D cameras,
LiDARs, and even millimeter-wave RADARSs by simply adapting the projection model and
error metric. This versatility accelerates the integration of new sensors and simplifies system
design.

Exploiting Modern Computational Architectures. The dense, regular structure of
direct error computation naturally maps to parallel processing architectures. While indirect
methods struggle to parallelize sparse feature matching, direct methods can leverage Graphic
Processor Unit (GPU) acceleration to process millions of pixels simultaneously. This
architectural alignment transforms previously intractable dense optimization problems into
real-time capable systems, as we demonstrate with our GPU-accelerated implementations
achieving real-time processing times.

Towards Robust Autonomy. Perhaps most critically, the ability to operate without
explicit data association makes direct methods inherently more robust to perceptual aliasing
and ambiguous correspondences. In cluttered environments or during aggressive motions
where feature tracking fails, direct methods continue to provide reliable motion estimates by
exploiting the full information content of sensor measurements. This thesis demonstrates that
direct error formulation is not merely an alternative to feature-based methods but represents
a in some cases a fundamental shift in how we approach the SLAM problem, one that
aligns with the computational resources and robustness requirements of next-generation
autonomous systems.

1.2 Direct vs Indirect Methods

In most contemporary approaches, we begin by defining a probabilistic model that maps
noisy sensor measurements, denoted by Z, to an estimator X of the hidden quantities of
interest (e.g., the 3D scene structure and sensor motion). A common strategy is to adopt a
Maximum Likelihood formulation, seeking the parameter set X that makes the observed
data Z most probable:

X* =argmax P(Z | X). (1.1)
X

From this general framework two algorithmic families emerge: indirect methods and
direct methods, which differ in how they handle the raw sensor data.

1.2.1 Indirect Methods

Indirect methods decompose the estimation task into two sequential stages:

1. Pre-processing (feature extraction & matching). The sensor’s raw outputs are first
transformed into an intermediate representation. Typically, this involves detecting
a sparse set of salient keypoints and establishing correspondences between sensor
measurements (though one can also match dense optical-flow fields or fit and match
other geometric primitives, such as lines, curves or conics).
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2. Probabilistic inference. These intermediate correspondences, now treated as noisy
measurements Z, are fed into a probabilistic estimator that solves for the underlying
scene geometry and motion parameters.

Because the intermediate values represent geometric quantities, i.e.point positions, flow
vectors, or primitive parameters, indirect methods naturally pose the estimation problem as
minimization of a geometric error.

1.2.2 Direct Methods

Direct methods bypass the explicit feature-extraction step altogether. Instead of convert-
ing pixel intensities into higher-level descriptors, they incorporate the raw photometric
measurements, the actual recorded brightness values, as inputs to the probabilistic model.
In passive vision setups (standard video cameras), this leads to formulations that directly
minimize a photometric error, measuring the discrepancy in pixel intensity after projecting
a hypothesized 3D scene and motion into the image plane. For sensors that intrinsically
produce geometric readings (e.g., depth cameras or LIDAR or RADAR), a direct formulation
may likewise optimize a geometric error, but one that operates on the raw depth or range
measurements themselves, as done in this thesis.

The conceptual elegance of direct methods, operating on raw sensor data without
intermediate abstractions, suggests potential advantages in terms of accuracy, robustness,
and computational efficiency. However, their adoption in the SLAM community has been
limited, particularly for non-visual sensors. Several factors have historically hindered their
widespread use:

¢ Computational complexity: The dense nature of photometric error functions tradi-
tionally required processing orders of magnitude more data than sparse feature-based
approaches.

* Convergence challenges: Direct optimization over high-dimensional measurement
spaces can be sensitive to initialization and prone to local minima.

This thesis challenges these preconceptions by demonstrating that modern computational
resources, careful algorithm design, and a unified mathematical framework can unlock the
full potential of direct methods across diverse sensor modalities. We show that what was
once considered computationally prohibitive can now achieve real-time performance, and
that the same core principles can elegantly adapt from cameras to LIDARs to RADARs with
minimal modification.
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1.3 Thesis Organization

This thesis is organized as follows

Chapter 2 | It lays the mathematical and sensing foundations that underpin our direct-
error SLAM framework. It begins by reviewing the three primary sensor
modalities, cameras, LIDARs and RADARs, deriving their geometric
projection models (pinhole for cameras, spherical for spinning LiDAR
and polar for RADAR), and discussing each modality’s strengths and
limitations. Next, the chapter introduces Gaussian Process regression
as a flexible tool to interpolate or smooth sensor measurements by
placing a prior over functions and inferring continuous signal estimates
from discrete, noisy samples. Finally, it covers the core principles
of nonlinear least-squares optimization on manifolds, from first-order
gradient methods to Gauss—Newton and Levenberg—Marquardt, and
shows how Lie theory lets us optimize over pose manifolds, all wrapped
in a factor-graph abstraction for efficient SLAM back-ends.

Chapter 3 | It presents MD-SLAM, a unified direct-error SLAM pipeline that works
seamlessly with both RGB-D and LiDAR data. It formulates tracking,
loop closure and global optimization as the minimization of a dense,
multi-cue direct error solved via a Gauss—Newton/Levenberg—Marquardt
solver on SE(3). The system builds image pyramids for coarse-to-fine
registration, uses appearance-based proposals with geometric verifica-
tion for loop detection, and fuses all relative-pose constraints in a pose
graph for global consistency. Experiments demonstrate sub-centimeter
RGB-D accuracy and competitive LIDAR SLAM, with strong numeri-
cal stability across modalities.

Chapter 4 | We introduce a versatile, large-scale robotics perception dataset recorded
in Rome. It comprises high-resolution RGB imagery, 3D LiDAR point
clouds, IMU readings and Real-Time Kinematic (RTK)-Global Nav-
igation Satellite System (GNSS) poses. Unlike existing collections,
often limited to narrow environments, simple motion patterns or lacking
standardized benchmarks, ours is tailored for the latest SLAM and 3D
reconstruction research. We address key challenges such as environmen-
tal diversity, dynamic motion profiles and high-frequency, cross-sensor
synchronization. All sensors undergo rigorous intrinsic and extrinsic
calibration; timestamps are aligned to within a few milliseconds. Cru-
cially, we supply accurate 6-Degree-of-Freedom (DoF) ground truth
by refining RTK-GNSS trajectories via multi-view LiDAR registration
and bundle adjustment. The dataset, split into training and validation
sequences.
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Chapter 5 | We present a lightweight extrinsic calibration method for accurately
estimating the rigid-body transform between LiDAR and camera frames.
Precise alignment is essential for fusing their data, yet most robotics
workflows rely on large, expensive targets to compensate for LIDAR’s
sparse returns. By contrast, our approach uses readily available, compact
markers (e.g., A3 chessboards) and casts calibration as a least-squares
plane-to-plane registration. In both simulation and real-world experi-
ments, we achieve sub-centimeter and sub-degree accuracy, matching
or surpassing state-of-the-art techniques that require specialized tags.

Chapter 6 | We present a unified photometric bundle-adjustment framework that
works seamlessly with both RGB-D and LiDAR data. By formulating a
single, dense photometric cost over all sensor poses, our method refines
SLAM- or GNSS-derived trajectories to maximize intensity consistency
across frames, implicitly handling data association for each modality. In
standalone tests, it matches or exceeds state-of-the-art (SOTA) camera-
only and LiDAR-only optimizers; when precise extrinsic calibration
is available, it further improves accuracy by jointly leveraging both
Sensors.

Chapter 7 | It tackles motion-distortion in spinning 2D LiDAR scans by moving
beyond a single rigid-body pose per sweep. Instead, it models the
sensor’s trajectory over each scan with continuous linear and angular
velocities, then jointly estimates those motion parameters to “undistort”
the point cloud. Integrated into a standard 2D LiDAR odometry pipeline,
this approach demonstrably reduces drift and scan mismatch, and lays
the groundwork for the full Doppler-aware RADAR odometry developed
in Chapter 8.

Chapter 8 | We introduce DRO, a breakthrough SE(2) odometry method for spin-
ning Frequency-Modulated Continuous-Wave (FMCW) RADARs that
directly aligns raw intensity scans to a local map, with no feature ex-
traction needed, and compensates for motion- and Doppler-induced
distortions. When the RADAR’s modulation allows Doppler velocities
to be observed, DRO adds a dedicated Doppler constraint, dramatically
improving performance in feature-poor or adverse-weather scenarios.
Implemented in real time on the GPU, it sets a new state of the art in
RADAR odometry across hundreds of kilometers of urban and off-road
data.

This thesis presents a unified methodology applied to several heterogeneous problems.
Because of that, insted of providing a single Related Work Chapter, we report the bibliogra-
phy per Chapter.

1.4 Publications

Part of this thesis has been published in peer-reviewed conference and journal articles:
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— L. Di Giammarino, L. Brizi, T. Guadagnino, C. Stachniss, G. Grisetti. Md-slam:
Multi-cue direct slam. IEEE International Conference on Intelligent Robots and
Systems (IROS), Kyoto, 2022. [67]

— L. Di Giammarino, E. Giacomini, L. Brizi, O. Salem, G. Grisetti. Photometric
lidar and rgb-d bundle adjustment. /IEEE Robotics and Automation Letters (RAL),
2023. [44]

— 0. Salem, E. Giacomini, L. Brizi, L. Di Giammarino, G. Grisetti. Enhancing LiDAR
performance: Robust de-skewing exclusively relying on range measurements. Inter-
national Conference of the Italian Association for Artificial Intelligence, 2023. [137]

— E. Giacomini*, L. Brizi*, L. Di Giammarino, O. Salem, P. Perugini, G. Grisetti.
Ca’Lib: Simple and Accurate L-RGB Calibration using Small Common Markers.
MDPI sensors, 2024. [64]

*authors have contributed equally

— L. Brizi*, E. Giacomini*, L. Di Giammarino, S. Ferrari, O. Salem, L. De Rebotti, G.
Grisetti. VBR: A Vision Benchmark in Rome. IEEE International Conference on
Robotics and Automation (ICRA), Yokohama, 2024. [22]

*authors have contributed equally

— S. Ferrari, L. Di Giammarino, L. Brizi, G. Grisetti. MAD-ICP: It is all about matching
data—robust and informed LiDAR odometry. IEEE Robotics and Automation Letters
(RAL), 2024. [51]

— C. Le Gentil, L. Brizi, D. Lisus, X. Qiao, G. Grisetti, T. D. Barfoot. DRO: Doppler-
Aware Direct Radar Odometry. Robotics: Science and Systems (RSS), 2025. [97]



Chapter 2

Fundamentals

N autonomous robotics, sensors are fundamental for perceiving and interacting with

the environment. The ability of a robot to map its surroundings, localize itself, and

make decisions hinges critically on the quality and interpretation of sensor data. This

chapter lays the groundwork by exploring the main sensor modalities used in robotics,
cameras, LiDARs, and RADARs, highlighting their operating principles, advantages, and
limitations. We emphasize the need for a 2D representation of sensor data to properly
formulate the direct optimization problem central to this work. Additionally, the chapter
covers foundational mathematical tools such as Gaussian Process (GP) regression and
nonlinear optimization techniques that support advanced perception algorithms discussed
throughout this thesis.

2.1 Sensors in Robotics

In robotics, sensors are the foundation of autonomous behavior. They provide the only
means by which an agent can perceive and interact with its environment. All higher-level
capabilities, i.e.mapping, navigation, control, and decision-making, ultimately depend on
the quality and interpretation of the raw data acquired from onboard sensors. In the context
of SLAM, sensors allow a robot to infer both its position in the world and the structure of
the surrounding environment. Yet, interpreting sensor data is not trivial: measurements are
inherently noisy, limited in resolution, and subject to occlusions and ambiguities.

A key distinction in robotic perception lies in the nature of the sensors themselves,
specifically, whether they are categorized as active or passive, based on whether they emit
energy into the environment.

Passive sensors, such as monocular or stereo cameras, capture ambient signals (e.g.,
light) reflected by objects. They are lightweight, low-cost, and capable of capturing rich
appearance information, making them ideal for tasks that benefit from texture, color, and
dense imagery. However, their performance is sensitive to lighting conditions, scene texture,
and motion blur, and they do not directly provide metric depth unless supplemented with
active illumination or stereo baselines.

Active sensors, on the other hand, emit structured energy, such as laser beams (LiDAR)
or radio waves (RADAR), and measure the returned signal to infer range, reflectivity, or even
velocity through Doppler shifts. These sensors are generally more robust to illumination
changes and provide direct geometric information, but tend to be more expensive and power-
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hungry. They can also suffer from multipath interference and complex signal reflections.

Each sensor type presents different trade-offs in terms of resolution, field of view, noise
characteristics, and observability. Consequently, the choice and combination of sensors, as
well as how their data is interpreted, whether through filtering or optimization, are central
design decisions in robotic state estimation systems.

Among the most commonly used modalities in robotics are cameras, LiDARs, and
RADARSs, each with distinct sensing principles and characteristics that influence their
suitability for various tasks. Understanding their geometry is essential to properly interpret
measurements, project data into 2D or 3D space, and integrate them into state estimation
pipelines.

Cameras provide dense 2D imagery rich in appearance features such as color and texture.
They are low-cost, lightweight, and high-resolution, making them ideal for object detection,
visual SLAM, and semantic scene understanding. However, they are sensitive to lighting
conditions and lack inherent depth information unless used in stereo or active configurations.

LiDARs actively measure depth by emitting laser pulses and computing the time-of-
flight of reflected signals. They offer accurate 3D geometric information and are largely
unaffected by illumination, which makes them well suited for outdoor and large-scale
mapping applications. Still, they come with higher cost and power demands, and their data
is typically sparser and limited in vertical resolution. Notably, some modern LiDARs are
capable of measuring radial velocity via Doppler shifts, offering motion information similar
to RADAR systems.

RADAR also emits signals, but operates at radio frequencies. It is especially robust in
challenging environments such as fog, rain, or darkness, and can directly measure radial
velocity through Doppler shifts. While RADAR data is generally lower in resolution
and noisier compared to LiDAR and vision, it provides critical redundancy and dynamic
awareness in adverse conditions.

The choice of sensor depends on system requirements and environmental constraints.
Cameras are preferred where appearance information is crucial and conditions are favorable.
LiDARs offer precise 3D measurements for structure-rich environments, while RADAR
provides robustness in low-visibility or high-speed scenarios. To support the direct error
formulations discussed in this thesis, we now formalize the geometric models associated
with each sensor type.

2.1.1 Camera

Cameras capture 2D projections of a 3D scene by recording light rays that enter the lens and
strike the image sensor. Each pixel measures the intensity of light arriving from a particular
direction. For simplicity, this directional information is modeled as a single ray originating
at a point in 3D space and passing through the camera’s center of projection. This mapping
between image pixels and spatial rays is defined by the camera model, which depends on a
set of intrinsic calibration parameters.

In practice, most robotic systems adopt simplified models that balance expressiveness
with computational efficiency. The most widely used among them is the pinhole camera
model, which assumes all light rays pass through a single point, known as the optical center
or pinhole, before intersecting a planar image sensor. The sensor is positioned perpendicular
to the optical axis, and the point where this axis meets the image plane is called the principal
point.
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Under this model, a camera is characterized by four intrinsic parameters: the focal
lengths f, and f,, which relate to the lens’s magnification in the horizontal and vertical
directions, and the coordinates ¢, and ¢, of the principal point. These parameters are
grouped into the camera calibration matrix:

fr 0 ¢
K=1[0 f, ¢f. 2.1
0 0 1

The values f, and f, are typically equal when the sensor has square pixels, though older
or specialized sensors may use rectangular pixels, resulting in distinct focal lengths.

v[ Pﬂz . p
(PT i) /

/ f ‘:1; s f .y
s L,

Y

Figure 2.1. Illustration of the pinhole camera model. The sensor frame S (used instead of C' to
generalize the notation across sensors) is located at the optical center. The image plane is
mirrored in front of the camera for clarity. Crosses indicate intersections with the image plane,
while filled circles mark the corresponding 3D points in space. The depth d (in green) denotes
the distance from the camera center to the 3D point along the z-axis. Illustration courtesy of Di
Giammarino [43].

Projection

Given a 3D point p = [x,, 2] " expressed in the camera coordinate frame, the pinhole

projection computes the corresponding pixel location u = [u, v] " as:
mp(p) = ¢(Kp), 2.2)
1 |v, .
o(v) = — , with v = Kp. (2.3)
Vy vy

The function ¢ performs homogeneous normalization by dividing the first two compo-
nents by the depth z. This gives the 2D image coordinates corresponding to the 3D point. If
z < 0, or if the resulting u falls outside the image dimensions, the point is not visible.
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Inverse projection

The inverse projection recovers a 3D point from a 2D pixel u and a scalar depth d along the
optical axis. This operation maps image coordinates back to 3D space as follows:

u
p=d-K'|v]|. (2.4)
1

The result p is the unique 3D point lying along the ray associated with u, at a depth d.
If the depth is unknown, the inverse projection gives only the direction of the viewing ray,
which can be normalized to obtain a unit vector.

Figure 2.1 illustrates the geometry of the pinhole model. The camera reference frame S
is located at the optical center, with the z-axis pointing forward. For visualization purposes,
the image plane is shown mirrored in front of the camera. The depth d is defined along the
optical axis and corresponds to the distance from the pinhole to the 3D point.

2.1.2 LiDAR

LiDAR sensors estimate distances by emitting pulsed laser beams and measuring the time
they take to reflect back from surrounding objects. These sensors are commonly categorized
into two main types: mechanical and solid-state LiDARs.

Mechanical LiDAR systems utilize rotating components, such as servo motors, to
sweep laser beams across the environment. In 3D LiDARs, the lasers are arranged in
vertical stacks and the entire assembly rotates, enabling a full 360-degree field of view.
This omnidirectional sensing capability is highly advantageous for applications requiring
comprehensive environmental awareness, such as autonomous driving and 3D mapping.
However, their moving parts introduce mechanical complexity, making them bulkier, more
susceptible to wear, and often more costly.

Solid-state LiDARs, by contrast, have no moving parts. Instead, they use electronic
beam-steering technologies, such as optical phased arrays or MEMS mirrors. These systems
offer greater durability and a more compact form factor, making them ideal for embedded
and rugged environments. Their field of view, however, tends to be narrower and less
predictable due to their non-repetitive scanning patterns.

In this thesis, we concentrate on mechanical LiDARs due to their ability to generate
consistent, panoramic and dense scans. These scans can be readily structured into 2D range
images, thanks to their systematic vertical beam layout and rotational motion. Conversely,
the data produced by solid-state LiDARs is more irregular, making it harder to interpret or
image in a structured way.

Each laser in a LiDAR emits a pulse of light, and the sensor measures the round-trip
time to calculate the distance to the reflecting surface. The return intensity I,.(p, A) received
from an object depends on multiple factors and can be modeled as follows [131]:

0] P
I.(p,\) = 107747Tp25(p, A) exp (—2/0 o(r,\); dr> (2.5)

Here, Iy is the emitted intensity, 7 is the sensor’s efficiency, O is the solid angle of the
beam aperture, 3 represents surface reflectivity, and o characterizes the medium’s absorption.
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Figure 2.2. Single laser beam operation illustrating the measurement principle described in Eq. (2.5).
[lustration courtesy of Di Giammarino [43].

Figure 2.2 visualizes this sensing principle. Reflectivity g is influenced by surface material,
texture, moisture, and angle of incidence.

Range accuracy is primarily dictated by the resolution of the time-of-flight measurement.
In high-precision systems, phase difference between emitted and received signals can also be
analyzed. To reduce measurement noise, multiple pulses are typically emitted per direction,
although this reduces acquisition frequency.

Mechanical constraints limit the rotational speed of the sensor. A 2D LiDAR typically
uses a single rotating mirror, while a 3D system houses multiple lasers arranged vertically.
Modern devices may include up to 128 channels.

Apart from range, LiDARs also measure the reflected intensity of each beam, often
normalized and discretized to 8- or 16-bit values. The intensity information is the amount
of laser radiation that reflect back from the object. While this intensity is useful for object
identification, it is also sensitive to numerous variables. Nonetheless, all terms in Eq. (2.5)
vary smoothly, implying that minor viewpoint changes yield minor variations in intensity.

Modern LiDARSs generate dense point clouds that can be converted into structured
images. A common method is to construct a panoramic image by arranging vertical beams
horizontally. For instance, with 128 vertical beams and 1024 horizontal encoder steps, the
resulting image has 128 rows and 1024 columns. This method is known as projection by
ID. While it produces complete, hole-free images, the transformation is not differentiable,
limiting its use in optimization-based state estimation.

To overcome this and maintain consistency with pinhole camera models, we use a
spherical projection and its inverse, which map between 3D points and image coordinates in
a differentiable manner.

Spherical Projection Model

The spherical projection maps 3D points onto a 2D spherical surface, with the reverse
mapping reconstructing 3D coordinates from image pixels and range. Unlike the pinhole
model, this transformation involves a conversion between Cartesian and spherical coordinates
before flattening into the image space.

Projection. Let p € R? be a point in LiDAR coordinates. We define a projection ,(p)
via a mapping v from a 3D point to azimuth and elevation angles, followed by a camera
matrix K:
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ms(p) = K[1,2)%(p) (2.6)

atan2(vy, vs)

P(v) = |atan2 (vz, \JuZ + ’Ug) 2.7

1

Here, K € R?*3 has the form used in Equation Eq. (2.1). We define its parameters,
i.e.the azimuth and elevation resolution from LiDAR specifications:

max hgoy — min hggy max Vroy — Min vpgy

gres = (Z)res =

rOws cols

(2.8)

where min vg,y and max vg,y are taken from the LiDAR datasheet, while min hg,yv
and max hg,v depends on the rotation done by the encoder (to acquire an omnidirectional
point cloud, these are respectively 0 and 360 deg). The number of rows are equivalent to the
number of beams vertically distributed, while the number of cols depends on the number of
steps done by the encoder.

The focal lengths and principal points are simply parameterized by:

1 cols
r = — T = "o 2.
J . c > (2.9)
1 TOWS
fy=— o T 3 (2.10)
v P
(C.'ITLC,U)

\;\;

Figure 2.3. Spherical projection illustration. The LiDAR frame typically uses a z-up convention.
The red lines represent spherical coordinates: azimuth 6, elevation ¢, and range p. Illustration
courtesy of Di Giammarino [43].

Inverse Projection. Given a pixel coordinate u = [u, v] " and a range p, we compute
the corresponding 3D point p as:

u
p=p-9! K[*le} v 2.11)
1
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where 1)~ converts spherical coordinates (6, ¢) back to Cartesian:

cos f cos ¢
10, ¢) = |sinfcos ¢ (2.12)

sin ¢

Here, p denotes the range from the sensor origin to the point (see Figure 2.3). Unlike
camera depth, which is defined along the z-axis, range is the full Euclidean distance.

Projection by ID

In the previous section, we discussed a differentiable spherical projection model. However,
for tasks such as visualization or learning from image-like data (as for the work described in
Chapter 5), we often use a discrete indexing strategy known as projection by ID.

Let p be a 3D point. We define its projection as:

ma(p) = AY(p) (2.13)
_ -f:v 0 ¢z
A= G 10 (2.14)
[atan2(vy, v,)
Y(v) = ring(v) (2.15)
1

Here, the ring(v) index indicates which vertical laser fired the point. This index is either
provided by the sensor or inferred from the data ordering. Unlike the spherical model,
projection by ID lacks differentiability and distorts geometric structure. Nevertheless, it
provides clean, hole-free images useful for downstream tasks. The inverse mapping can be
implemented with a simple lookup table.

ISy 2 e =

(a) Projection by ID. The image is visually complete but introduces distortions and is non-
differentiable.

(b) Spherical projection. Preserves geometry and differentiability, though it may contain holes due
to calibration error.

Figure 2.4. Comparison between projection methods: ID-based (top) and spherical (bottom).

Depending on which quantity associated with each point, such as range, reflectance
intensity, or estimated surface normals, is used to populate the corresponding image pixels,
different types of LIDAR images can be generated. These images highlight various properties
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of the scene and are useful for different downstream applications such as segmentation,
registration, or surface analysis. A visible comparison between the two projections is shown
in Fig. 2.4.

2.1.3 RADAR

Let us consider the type of RADARs commonly used in the automotive and robotic industries:
FMCW RADAR. As their name suggests, these RADARSs continuously emit Frequency-
Modulated Electromagnetic Waves. Operating typically in the millimeter-wave bands,
FMCW RADARs transmit radio waves whose frequency is modulated over time, enabling
simultaneous measurement of both range and relative velocity of reflecting objects.

The sensor emits electromagnetic waves with a frequency that changes linearly over
time in a chirp-like pattern. When these waves encounter an object, they reflect back to the
sensor with a time delay proportional to the object’s distance. By comparing the transmitted
and received signals, the RADAR extracts the frequency difference, which encodes the
distance information. This mechanism differs fundamentally from LiDAR, which relies
on measuring the time-of-flight of light pulses. The longer wavelengths of RADAR waves
allow for greater penetration through adverse weather conditions such as fog, rain, or dust,
making FMCW RADARs highly valuable for robust sensing in automotive and robotic
applications.

Thus, instead of directly measuring the time between the emission and reception of
waves, the distance to an electromagnetic reflector corresponds to a frequency difference
A f between the signal transmitted and received. For the sake of simplicity, the following
explanation will consider a single reflector at a certain distance r from the RADAR. In
reality, the FMCW RADARSs provide a reflection score/value for many ‘range bins’ along
the emission beam.

Considering linear modulation of the frequency with a slope s as shown in Fig. 2.6, the
distance r between the RADAR and reflector is

cAf
2s

where c is the speed of light, and the divider 2 accounts for the fact that A f represents
twice the distance r due to the time for the wave to reach the reflector and return.

(2.16)

F=

Projection

As with other sensors, it is useful to define a mapping between the raw RADAR data format,
which is naturally represented in polar coordinates, and Cartesian coordinates for geometric
interpretation and fusion with other sensors.

The RADAR data is typically collected in scans covering the full 360° field-of-view
around the sensor. Each scan consists of N azimuthal beams indexed by n, each associated
with an azimuth angle «,, and a timestamp ¢,,. Along each beam, the sensor records
electromagnetic reflection intensity values 1, at M discrete range bins indexed by m,
corresponding to distances 7, from the sensor. Hence, a RADAR scan can be interpreted as
a two-dimensional polar intensity image or equivalently as a set of tuples {a,, P, Ynm }-

Let p = [pz,py]" € R? be a point in the RADAR coordinate frame. We define
a projection function 75(p) that maps this 2D Cartesian point to polar RADAR image
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coordinates by applying a transformation 7 from Cartesian to polar, followed by a linear
scaling with matrix K:

ms(p) = K7(p), (2.17)

atan2 (pya px)

2.18
\/P3 + Pl (18)

m(p) =

The matrix K € R2*2 encodes the RADAR’s angular and range resolution, derived
from its datasheet specifications:

L 0
K= h)es . ] (2.19)

Tres

where «,.. is the azimuth angular resolution (in radians per pixel) and 7.5 is the range
resolution (meters per pixel). These parameters determine the discretization of the RADAR
image along the angular and range dimensions respectively.

This mapping corresponds to a straightforward polar coordinate transformation com-
bined with a normalization step to convert the physical angular and range values into pixel
indices within the RADAR intensity image.

Inverse projection

Conversely, given a pixel coordinate u = [u,v] ' in the RADAR image, we can recover the
corresponding point in Cartesian coordinates by inverting the projection:

p=r"(K"u), (2.20)

1

where 77~ converts from polar coordinates (c 7y back to Cartesian coordinates as

7 cos o
7sin o

7 Ha,?) = [ (2.21)

This inverse mapping enables the interpretation of RADAR pixel data in spatial terms,
facilitating sensor fusion with other modalities (such as LiDAR or cameras) and allowing
geometric reasoning about the scene(see Fig. 2.5).

Doppler Effect in RADAR Measurements

Thie relationship in Eq. (2.16) is only true (¥ = r) if the relative velocity between the sensor
and the reflector is null. In the presence of relative motion, the measured A f is impacted
by the Doppler effect that compresses or expands the electromagnetic wave, thus resulting
in Af = Afy + Afy, with A f; being the shift corresponding to the waves travelling time,
and A f; the Doppler-induced frequency shift. This shift A f; is proportional to the signal
frequency )\% and the velocity along the emission beam, denoted ‘radial velocity’ u, as

Afy = i—“ (2.22)
t
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(a) Raw RADAR returns plotted in polar coordinates, with azimuth on the y-axis and range on the
X-axis.

(b) Corresponding Cartesian representation after applying the inverse
projection Eq. (2.20).

Figure 2.5. An example of RADAR measurement: polar representation (top) and corresponding
Cartesian (bottom).

Accordingly, the ‘range’ measurement provided by Eq. (2.16) is perturbed by the Doppler
effect
CAft CAfd _

F=s + 5 =7 +rg(u). (2.23)

When considering a frequency modulation with a sawtooth pattern and multiple mea-
surements of the same reflector, we cannot dissociate A f; and A f; from A f.

However, if we use a triangle pattern consisting of a succession of ‘up-chirps’ and
‘down-chirps’ as illustrated in Fig. 2.6, two measurements of the same reflector allow for
the recovery of the radial velocity:

. - cAf cAfq —cAfy cAfq
Th—Ty = + - -
2s 2s —2s —2s

(2.24)
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Figure 2.6. Impact of different frequency modulation patterns (top) and Doppler effect on the data
collected with spinning FMCW radars (bottom).

where the components in A f; cancel out resulting in

2uc -

W Bu. (2.25)

A?ﬁ:}ffi:

In reality, FMCW RADARSs do not only expect one return per beam but collect ‘reflec-
tivity’ information through a wide range of discrete ranges through a fast-Fourier transform
of the received signal. Thus, the data from such RADARs can be interpreted as inten-
sity/reflectivity images, in which rows correspond to different beam azimuths and columns
to different ranges. Fig. 2.6 illustrates the effect of the Doppler effect on FMCW data. The
data collected with a moving RADAR using a triangular pattern presents an alternating shift
between each row of the scans, while all the rows are shifted according to the sign of the
radial velocity for sawtooth RADARSs. Depending on the RADAR model, the modulation
pattern can be changed or not in the firmware. Thus, not all spinning FMCW RADARs
enable the extraction of Doppler-based velocities.

2.2 Gaussian Process Regression

Gaussian Process regression [130] is a probabilistic, non-parametric interpolation method.
Let us consider a signal h(x) over an input space x € R”, modeled with a GP h(x) ~
GP (0,k (x,x’)) with zero mean and the covariance function k (x,x’). The latest char-
acterizes the covariance between two instances of / (at x and x’). Given noisy samples
y; = h(x) +n, withn ~ N (0,0) and i = (1,---, N), the GP regression aims at inferring
the signal / and its variance at any new input location x*. The definition of a GP corresponds
to the following multivariate normal distribution:

y 0 Kxx + ¢’ kxx+
h(x*)] ~N Qo] : l Kx k(x*,x*)D : (2.26)
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where kyx = (kxx=) | = [k (x*,x1) -+ k‘(X*va)],Kxx = [kXx1 o kxxn s

andy = [yl yN}-
By conditioning Eq. (2.26) with respect to the noisy observations we obtain the inference
of h at any x* and the covariance as

h(x*) = kex (Kxx + 0%1) 'y, -
var (fz(x*)) =k (x*,x") — kx*x (Kxx + 021)71 Kxx*. ‘

2.3 Non-Linear Optimization

State estimation in robotics often involves nonlinear problems, arising naturally from
sensor measurements, robot motions, and environmental interactions. The robotics com-
munity typically addresses these challenges through two main paradigms: filter-based and
optimization-based approaches. These paradigms fundamentally differ in how they represent
and update the robot’s internal state and its relationship with the external world.

Filtering-based approaches rely on recursively maintaining and updating a probabilistic
belief about the robot’s current state. This belief is commonly expressed as a joint probability
distribution over latent variables, such as the robot’s pose and relevant environmental features.
The Bayes filter framework underpins these methods, performing two principal operations:
a prediction step, which introduces uncertainty based on the robot’s motion model, and a
correction step, which refines the belief using sensor measurements. Central to this method
is the Markov property, meaning future states depend solely on the current state, ignoring
past states.

A prevalent filtering technique is the Extended Kalman Filter (EKF), which approximates
the system’s belief as a multivariate Gaussian, propagating both mean and covariance
through linearized motion and measurement models. Despite its elegance and computational
efficiency, the EKF is limited by its linear approximation and can degrade significantly under
highly nonlinear conditions.

In contrast, optimization-based approaches reframe state estimation as a Maximum
Likelihood Estimation (MLE) problem. Given a probabilistic measurement model con-
ditioned on the robot’s state, the goal is to find the state that maximizes the likelihood
of the observed data, potentially involving the entire robot trajectory. Equivalently, this
is posed as minimizing a negative log-likelihood, forming a Non-Linear Least-Squares
(NLS) optimization task. Such methods explicitly model sensor measurements and noise
characteristics, accommodating delayed measurements, re-linearization, and iterative refine-
ment as new data arrives. The optimization is generally performed over a nonlinear cost
function. Common optimization algorithms include Gradient Descend, Gauss-Newton, and
Levenberg-Marquardt.

Throughout subsequent chapters, we consistently address situations where closed-form
solutions to estimate unknown state variables x from noisy and incomplete measurements
Z = {zl}i\i 1 are infeasible. Therefore, we define a unified and robust estimation approach
using a cost function F(x,Z) to quantify how well a state hypothesis explains observed
data. This cost function typically takes the following general form:

E(x,2)=>lex)la; (2.28)
k
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where ey (x) denotes the residual error of the k-th measurement, and 2 represents the
covariance matrix weighting each residual. To enable effective numerical optimization, the
residuals ey (x) must be minimal at the optimal state and continuously differentiable.

The following subsections explore various optimization strategies, beginning from
simpler, intuitive methods and progressing toward advanced techniques leveraging manifold
and Lie group structures intrinsic to robotic states.

2.3.1 First-Order Methods

First-order iterative optimization methods extensively used in nonlinear optimization are
based on following the gradient direction to maximize or minimize a function. Gradient
Descend is the most fundamental of these methods. The idea is to take repeated steps in the
opposite direction of the gradient (or approximate gradient) of the function at the current
point because this is the direction of steepest descent. Conversely, stepping in the direction
of the gradient will lead to a trajectory that maximizes that function; the procedure is then
known as Gradient Ascent.

Formally, given a differentiable cost function F'(x), the iterative update rule for gradient
descent is:

x'=x—nVE(x), (2.29)

where 7) is a positive step size (learning rate), and V E(x) is the gradient of the cost
function with respect to x. If the step size 7 is sufficiently small and under suitable conditions
(convexity of the cost function and Lipschitz continuity of its gradient), gradient descent
guarantees convergence to a local minimum.

Selecting the step size 7 is critical: if 5 is too large, the algorithm may overshoot
the minimum and fail to converge; if too small, convergence can be unnecessarily slow.
Advanced variants of gradient descent, such as adaptive gradient methods (e.g., AdaGrad,
RMSProp, Adam), dynamically adjust the step size to balance convergence speed and
stability, effectively handling challenging optimization landscapes.

Moreover, Gradient Descend (GD) is particularly advantageous when dealing with high-
dimensional problems or cases where computational simplicity is paramount. Unlike second-
order methods (such as Gauss-Newton (GN) or Levenberg-Marquardt (LM)), GD does
not require the computation or inversion of the Hessian matrix, making it computationally
efficient and easier to implement, especially for large-scale optimization problems.

In certain scenarios, such as correlation maximization between signals, formulating the
problem as a least-squares minimization, as in GN optimization, is not straightforward or
even possible. This occurs because correlation-based objectives inherently maximize similar-
ity measures rather than minimizing squared residuals. Hence, gradient-based methods like
GD become indispensable, as they directly handle arbitrary differentiable objective functions
without the necessity of a quadratic approximation inherent to least-squares methods. They
are known as first-order methods because, at any point where the gradient is computed, the
function is approximated as a linear function. Conversely, in GN optimization, the function
is approximated by a quadratic function.
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2.3.2 Gauss-Newton Optimization

The Gauss-Newton method is an iterative optimization strategy particularly suited for
minimizing nonlinear cost functions, such as those encountered in state estimation problems.
Unlike GD, which often demands meticulous tuning of the step size to avoid local minima
traps, GN leverages second-order information, providing more stable and typically faster
convergence.

To minimize a cost function E(x), GN iteratively refines an initial state estimate x by
determining small increments Ax. At each iteration, it approximates the residuals using a
first-order Taylor expansion around the current estimate x:

er(x + Ax) = ex(x) + JLAXx, (2.30)

where Jj, represents the Jacobian matrix of the residual ej(x) at the current state
estimate.
Incorporating this linear approximation into the cost function in Eq. (2.28) gives us:

E(x+Ax) =Y lex(x+ Ax)[g, (2.31)
k
N 2
= Z (ek(X)Tlek(X) + 2e; (X)TQkaAX + AXTJgﬂkaAX> .
k

(2.33)

By reorganizing terms, we introduce the standard notation used in nonlinear optimiza-
tion:

c= Z er(x)T Qrep(x), (2.34)
k

b=> I Qex(x), (2.35)
k

H=> JiJ, (2.36)
k

where b is half the gradient of the cost function at the current estimate, and H is the GN
approximation to the Hessian matrix. Thus, the approximated cost can be strictly expressed
as a quadratic function in Ax:

E(x + Ax) ~ c + 2bT Ax + AxTHAx. (2.37)

To Minimize this quadratic approximation requires taking the derivative with respect to
Ax and setting it to zero, since it is a quadratic function. This is yielding the linear system:

HAx = —b, (2.38)
which is solved to update the state:

Ax =-H 'b, x+ x+ Ax. (2.39)
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Figure 2.7. Visual illustration of the GN algorithm. Starting from an initial state x, the cost function
(gray curve) is approximated locally by a quadratic function (orange curve), represented as a
parabola in one dimension. The updated state x; is computed by adding the increment Ax to the
previous state, and the procedure is iterated until convergence at the final state x3. Illustration
courtesy of Di Giammarino [43].

Iteratively applying these updates refines the solution toward a stationary point (typically
a local minimum) of the nonlinear cost function. The quality of GN convergence depends
crucially on the accuracy of the linear approximation of residuals. Specifically, the GN
approximation to the Hessian neglects second-order derivative terms involving residual
curvature:

VEE(x) =2 [ JEd + D (en(x)); Vi (er(x)); | - (2.40)
k J

This approximation remains effective as long as residuals remain small and approxi-
mately linear near the optimum. Residuals that behave nearly linearly around their minima
reduce the contribution of these neglected second-order terms, thus facilitating better con-
vergence.

The iterative process of the GN method, emphasizing the successive quadratic approxi-
mations of the cost function and their respective minimizations, is visually represented in
Fig. 2.7.

Iterative Reweighted Least Squares Sensor noise, mismatches, and dynamic outliers
can significantly skew the solution if each residual is treated equally. Iterative Reweighted
Least-Squares (IRLS) mitigates this by adapting the weight of each residual in proportion to
its magnitude. A robust loss function p(+) is chosen, such as Huber or Tukey, to limit the
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influence of large errors. At each iteration, residuals are scaled by:

/
p'(lex(x)[$2%)
yp(x) = ENERTER) (2.41)
2= el
and the modified information matrix becomes Q,(x) = v (x)Q. This reweighting natu-
rally integrates into the GN normal equations:

H(x) =) JiQu(x)Jp, b(x) =Y JfQu(x)ex(x). (2.42)
k k

By iterating weights and updates, IRLS delivers a solution that is robust to outliers while
retaining the fast convergence properties of GN.

Levenberg-Marquardt Method Although GN can converge rapidly near the optimum,
it may produce unstable or divergent steps in highly nonlinear regions. The LM algorithm
interpolates between GN and GD by introducing a damping parameter A > 0. The update

rule becomes:

1

Ax = —(H+ ) 'b, (2.43)

For small A\, LM behaves like GN; as A increases, it approaches a scaled gradient descent
step. The update becomes Ax ~ — ()\I)_1 b = —1/Ab. The damping factor is adjusted
dynamically: if a step reduces the cost, A is decreased (e.g., divided by 10); if the cost
increases, A is increased (e.g., multiplied by 10). This adaptive strategy ensures consistent
descent while capitalizing on GN’s fast convergence when the linear model is valid.

2.3.3 Lie Theory and Optimization on Manifold

Up to this point we have treated the state vector as if it lived in a Euclidean space. In many
robotics applications, however, the state comprises rotation matrices in SO(3) or unit-length
vectors on the sphere S, both of which reside on curved manifolds rather than flat vector
spaces. A manifold is a space that looks Euclidean only in an infinitesimal neighbourhood
around every point. Consequently, during optimization we must ensure that algorithms such
as LM, GN or GD update the state without letting it drift off its manifold. The present section
reviews the mathematical tools that integrate manifold structure into Iterative Least-Squares
(ILS) optimization routines.

A Lie group G is a smooth (differentiable) manifold M whose elements also form a
group under some binary operation o. The group axioms are:

* Closure: Combining two elements with o yields another element of the set.
 Identity: There exists a neutral element that leaves every element unchanged.
* Inverse: Each element possesses an inverse that returns the identity when composed.

* Associativity: The order in which three elements are grouped does not affect the
result.
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Figure 2.8. Relationship between a Lie group and its Lie algebra. The Lie algebra m = Tg M (red
plane) is the tangent space to the group manifold M (blue sphere) at the identity element &.
A straight line v ¢ in the Lie algebra is mapped to a geodesic exp(v t) on the manifold via the
exponential map, establishing a one—to—one correspondence between the two. This link lets us
perform calculations in the flat algebra and transfer the results back to the nonlinear group. The
S? sphere sketched in R3 is a 2-D drawing aid; the actual Lie group is the 3-sphere S® C R*
that represents unit quaternions. Illustration courtesy of J. Sola [146].

Because M is differentiable, each point admits a unique tangent space; at the identity
this space is called the Lie algebra m. The Lie algebra is a vector space and can therefore
be identified with R™, where m equals the degrees of freedom of M. To relate a Carte-
sian vector 7 € RM to an element of the Lie algebra T, M, we define the Har and Vee
isomorphisms

Hat: R™ > m; T%TAZEiAilTZ'EZ‘ (2.44)
Vee: m—RM; 7/ o (") =7 =M re;, '

where F; are the Lie algebra generators and e; their vector counterparts in R (so that
Let exp : RM — M map Lie algebra elements to the group and log : M — R be its
inverse:

X £ exp (") (2.45)
T £ log(X)V. (2.46)

The exponential map, also called a ret raction, “wraps” the tangent vector onto the
manifold along a geodesic, as sketched in Fig. 2.8.

For convenience we use capitalized operators that act directly on vectors 7 € R™ (=
T.M) and group elements X € M:
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Exp :R™ — M, T+ X = Exp(1) (2.47)
Log :M — R™; X — 7 = Log(&X) (2.48)

We now introduce manifold addition and subtraction via the right- and left-operators
H and H. Each is a composition of Exp/Log with the group operation, so their definitions
depend on whether the update is applied from the right or from the left. The right-hand
versions are

right-f8 Y=XH12XExp(r) e M (2.49)
right-8 : T=YBX2Log(X to)) e RY, (2.50)

while the left-hand versions read

left-m8 Y=1BX2Exp(r)X ¢ M (2.51)
left-8 : T=YBX 2 Log(Y loXx)eRM. (2.52)

See [71, 146] for exhaustive treatments.
With these tools the Gauss—Newton linearization in Eq. (2.30) extends to a manifold-
valued estimate X € M as

8ek(f{ H AX)

X @ Ax) ~ X
ex(X 8 Ax) ~ o(X) + YT E

Ax. (2.53)
Ax=0

Once the increment is found, it is composed with the current estimate via
X « X #H Ax. (2.54)
If the measurement error itself lies on a manifold (e.g. pose—pose constraints), a local
subtraction using H is required:
ek(X) = h(X) H Zk, (2.55)

where h denotes the measurement prediction function.

2.3.4 Factor Graph

In SLAM and 3D reconstruction, the estimation problem requires recovering a state com-
posed of heterogeneous variables, i.e.robot poses in SE(3), landmark positions R3, and
sensor calibration parameters, often totaling thousands of dimensions. Despite this scale,
each measurement constrains only a small subset of the state: a single relative motion
reading, loop closure, or point reprojection involves just two or three variables. This locality
induces a sparse optimization structure, which factor graphs make explicit.

A factor graph is a bipartite graph consisting of:

¢ Variable Nodes (x;): state elements to estimate.
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* Factor Nodes (¢;): sensor measurements or priors that impose constraints on one or
more variables.

Each factor ¢; connects to its associated variables x;,, ..., x;, and encodes a residual
function

€j(Xjus s X5y ) = 25 = hj(xj, 5 X5 ),

weighted by an information matrix €2;. All residuals then combine into the unified
least-squares formulation as in Eq. (2.28).

Crucially, the sparsity pattern of H matches the factor graph: nonzero blocks appear
only for variable pairs sharing a factor. Exploiting this correspondence with sparse Cholesky
factorization and graph-based variable ordering heuristics dramatically reduces memory
usage and computation time.

Factor graphs are modular: adding a new sensor modality, be it inertial, LiDAR, or
RADAR, simply introduces new factor types without changing the solver. Common
factors include:Pose-Pose: odometry or loop-closure constraints between two frames;
Pose-Landmark: reprojection errors linking 3D points to camera poses; Priors: anchors
that fix gauge freedoms or initialize calibration.

By unifying all constraints under the least-squares framework and exploiting the resulting
sparsity, factor graphs provide a scalable, extensible backbone for modern SLAM pipelines.
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Chapter 3

MD-SLAM: Multi-cue Direct SLAM

LAM is a popular field in robotics, and after roughly three decades of research,
effective solutions are available. As many sectors rely on SLAM, such as au-
tonomous driving, augmented reality and space exploration, it still receives much
attention in academia and industry. The advent of robust machine learning systems
allowed the community to enhance purely geometric maps with semantic information or
replace hard-coded heuristics with data-driven ones. Within the computer vision community,
we have seen photometric (or direct) approaches used to tackle the SLAM (or Structure from
Motion (SfM)) problem. The direct techniques address pairwise registration by minimizing
the pixel-wise error between image pairs. By not relying on specific features and having
the potential of operating at subpixel resolution on the entire image, direct approaches
do not require explicit data association and offer the possibility to boost registration ac-
curacy [139]. Whereas these methods have been successfully used on monocular, stereo,
or RGB-D images, their use on 3D LiDAR data is less prominent; probably due to the
comparably limited vertical resolution relation to cameras. Della Corte et al. [38] presented
a multi-cue photometric registration methodology for RGB-D cameras. It is a system that
extends photometric approaches to different projective models and enhances the robustness
by considering additional cues such as normals and depth or range in the cost function.
Recently released 3D LiDARSs sensors offer up to 128 beams of vertical resolution, making
direct approaches also more attractive for LIDAR data. In addition, most LiDARs provide
intensity or reflectivity information besides range data. This intensity information can be
used to sense a light reflectivity cue from the objects in the environment. Being able to
assemble an intensity-like image out of a LIDAR scan has unleashed the possibility of using
well-known computer vision appearance-based methods for place recognition [66].

The dominant paradigm for modern SLAM systems today is graph-based SLAM. A
graph-based SLAM system works by constructing a SLAM graph where each node repre-
sents the sensor position or a landmark, while edges encode a relative displacement between
nodes. Pose-graphs are a particular case in which only poses are stored in the graph. These
local transformations stored in the edges are commonly inferred by comparing and matching
sensor readings. This paper investigates the fusion of multi-cue direct registration with
graph-based SLAM.

In this chapter, we are going to present a flexible, direct SLAM pipeline for 3D data.
To the best of our knowledge, our approach is the only open-source SLAM system that
can deal with RGB-D and LiDAR in a unified manner. We realized a revised version of
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Figure 3.1. Scenes reconstructed using our pipeline. Top: results of a self-recorded dataset using
Intel Realsense 455 RGB-D. Bottom: using LiDAR OS0-128 of the cloister sequence from the
Newer College Dataset [170]. Red pyramids represent the keyframe poses of the sensor; green
lines show the factors between them.

MPR [38] for computing the incremental motion of the sensor operating on RGB-D as well
as LiDAR data. We detect loop closures by an appearance-based algorithm that uses a Binary
Search Tree (BST) structure proposed by Schlegel et al. [138], populated with binary feature
descriptors [136]. All components that require the solution of an optimization problem
rely on the same framework [71], resulting in a compact implementation. It is designed for
flexibility, hence not optimizing the SLAM system to a specific sensor. Our system has
been tested on both, RGB-D and LiDAR data, using benchmark datasets. The accuracy is
competitive concerning other sensor-specific SLAM systems, while it outperforms them
if some assumptions about the structure of the environment are violated. An open-source
CUDA/C++ implementation that runs in realtime for both sensors:https://github.com/rvp-
group/mdslam. Fig. 3.1 illustrates example maps map built with our system using RGB-
D (top) and LiDAR (bottom).


https://github.com/rvp-group/mdslam
https://github.com/rvp-group/mdslam
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3.1 Related Work

3D SLAM has been widely addressed by the computer vision and robotics community and a
large number of valid SLAM systems are available. The available computational resources
limited early approaches to operate offline [119] in fairly limited environments[162]. After
the Kinect sensor became available about 15 years ago, we observed a revamped interest
in RGB-D SLAM. Newcombe et al. [81] were the first to leverage a dense tracking on
a Truncated Signed Distance Function (TSDF) stored in the GPU while using massively
parallel implementation to render the surface of the local scene perceived by the sensor.
Meanwhile, Segal et al. [140] proposed a robust variant of Iterative Closest Point (ICP)
relying on a point-to-plane metric. These initial methods addressed the open-loop registra-
tion approaches, tracking the pose of the sensor in a small neighborhood. The advent of
efficient optimization systems such as 1S AM [83] and 920 [72], made it possible to build
an effective full-fledged 3D SLAM system supporting loop closures and providing an online
globally consistent estimate. Novel efficient salient floating point [15] and binary image
descriptors [136], paired with bag-of-words retrieval methods inspired from web search
engines, lead to impressive place recognition approaches [59]. These methods were then
employed within visual SLAM systems, ORB-SLAM by Mur Artal et al. [118] being one of
the most popular ones. The pipeline fully relied on the stability of features (keypoints), min-
imizing the reprojection error of the reconstructed landmarks within the image. In contrast
to these indirect methods, another line of research aimed at photometric error minimization.
Keller et al. [87] use projective data matching in a dense model, relying on a surfel-based
map for tracking. Others rely on keyframe-based technique [89]. As it happened for feature-
based approaches, these works were assembled into full visual SLAM systems [48]. More
recently, BAD-SLAM, a surfel-based direct Bundle Adjustment (BA) system that combines
photometric and geometric error [139] using feature-based loop closures, shows that, for
well-calibrated data, dense BA outperforms sparse BA. The accuracy and elegance shown by
photometric approaches lead to further developments such as MPR [38] aiming at unifying
both LiDAR and RGB-D devices into a unique registration method. Built maps can then be
used for robot navigation [152], even in hazardous environments [148].

In parallel, the community approached LiDAR-based odometry by seeking alternative
representations for the dense 3D point clouds. These include 3D salient features [168,
82], subsampled clouds [155] or Normal Distributed Transform (NDT) [147]. Nowadays,
LiDAR Odometry and Mapping (LOAM) is perhaps one of the most popular methods
for LiIDAR odometry [168, 169]. It extracts distinct features corresponding to surfaces
and corners, then used to determine point-to-plane and point-to-line distances to a voxel
grid-based map representation. A ground optimized version (LeGO-LOAM) method has
been later proposed [141], as it leverages the presence of a ground plane in its segmentation
and optimization steps. In contrast to sparse methods, dense approaches suffer less in a non-
structured environment [16]. Compared to RGB-D images, 3D LiDARs offer lower support
for appearance-based place recognition. It is common for dense LiDAR SLAM systems
to attempt a brute force registration with all neighborhood clouds to seek loop closures.
Thanks to the typically small drift, this strategy is most successful; however, computational
costs grow significantly in large environments. LiDAR loop closures have been addressed
in different ways compared to RGB-D. Magnusson et al.proposed an approach suitable
for NDT representations [113]. Rohling et al. [134] investigated the use of histograms
computed directly from the 3D point cloud to define a measure of the similarity of two
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Figure 3.2. Illustration of our system. Range Z/" and Z; images are taken as input from the system.
An optimized trajectory within a map is produced as output. This system works independently
both for RGB-D and LiDAR.

scans. Novel types of descriptors have been investigated, exploiting additional data gathered
by the LiDAR sensor — i.e., light emission of the beams [37, 73]. However, despite being
very attractive, these descriptors are time-consuming to extract and match, resulting in a
slower system overall. Recent works address loop-closures detection in a RGB-D fashion,
relying on the visual feature matching extracted from the image obtained by using the
LiDAR intensity channel [66].

Building on top of prior works [38, 66], the contribution of our study is a flexible and
general SLAM approach. It is a direct method working on RGB-D and 3D LiDAR data
alike providing a unified approach. Our results show that it is competitive with other
sensor-specific systems.
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3.2 Multi-cue Direct SLAM

Our approach relies on a pose-graph to represent the map. Nodes of the pose-graph store
keyframes in the form of multi-cue image pyramids. Our pipeline takes as input intensity
(grayscale) and depth images for RGB-D or intensity and range images for LiDAR. For
compactness, we will generalize, mentioning only range images. The pyramids are generated
from the inputs images each time a new frame becomes available. By processing the range
information, our system computes the surface normals and organizes them into a three-
channel image, which is then stacked to the original input to form a five-channel image.
Pyramids are generated by downscaling this input. This process is described in Sec. 3.2.1.

The pyramids are fed to the tracker, which is responsible for estimating the relative
transform between the last keyframe and the current pyramid through the direct error
minimization strategy summarized in Sec. 3.2.2. The tracker is in charge of spawning new
keyframes and adding them to the graph when necessary, as discussed in Sec. 3.2.3.

Whenever a new keyframe is generated, the loop closure schema, described in Sec. 3.2.4,
seeks for potential relocalization candidates between the past keyframes by performing a
search in appearance space. Candidate matches are further pruned by geometric validation
and direct refinement. Successful loop closures result in the addition of new constraints in
the pose-graph and trigger a complete graph optimization as detailed in Sec. 3.2.5.

e

Figure 3.3. Cues generated for LIDAR (top) and RGB-D (bottom) images. The first row/column
shows the intensity 7%, the middle shows the range Z”, and the last one illustrates the normals
encoded by color Z". The red pixels on the intensity cues are invalid measurements (i.e., range
not available).

3.2.1 Input Preprocessing

The first step to generate a pyramid from a pair of intensity Z' and range image Z” consists
of extracting the normals. To calculate the normal at pixel u we unproject the pixels in
the neighborhood U/ = {u’ : ||u — v'|| < 7} whose radius 7, is inversely proportional
to the range at the pixel /”(u). The normal n, is the one of the plane that best fits the
unprojected points from the set /. All valid normals are assembled in a normal image Z",
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so that 7" (u) = ny,.

One level of a pyramid Z, therefore, consists of three images: Z, Z# and Z". Further
channels such as curvature and semantics can easily be embedded into the representation by
adding additional images. In the remainder, we will refer to one general image in the set 7
as a cue 1°.

Pyramids are required to extend the basin of convergence of direct registration methods.
This is due to the implicit data association, which operates only in the neighborhood of
a few pixels. Hence, downscaling the images increases the convergence basin at the cost
of reduced accuracy. However, the accuracy can be recovered by running the registration
from the coarser to the finest level. Each time a level is changed, the initial guess of the
transformation is set to the solution of the previous coarser level.

Another way to increase the convergence basin is by smoothing the images with a
Gaussian filter and progressively reducing the kernel size as convergence improves. This
approach is similar to the pyramid strategy, but since the image resolution is preserved, it is
more computationally demanding.

A pyramid P is generated from all the cues Z = {Z°}, by downscaling at user-selected
resolutions. In our experiments, we typically use three scaling levels, each of them half the
resolution of the previous level.

3.2.2 Direct Error Minimization

As in direct error minimization approaches, our method seeks to find the transform X* &
SE(3) that minimizes the photometric distance between the two images:

u/

X* = i Tia) = 7' (7 (X7~ (u, 2 3.1
argmin 3 | Z'(w) (7 (X7 () | (3.1

€u

Where el denotes the error between corresponding pixels. The evaluation point u’ of 7!
is computed by inverse projecting the pixel u, applying the transform X and projecting it
back. To carry out this operation, the range at the pixel p = Z”(u) needs to be known.

Eq. (3.1) models classical photometric error minimization assuming that the cues are
not affected by the transform X. In our case, range and normal are affected by X. Hence,
we need to account for the change in these cues, and we will do it by introducing a mapping
function M¢(X, Z¢(u)). This function calculates the pixel value of the c*" cue after applying
the transform X to the original channel value fc(u). We can thus rewrite a more general
form of Eq. (3.1) that accounts for all cues and captures this effect as follows:

X* = argmin Z Z | ME(X,Z¢(u)) — Z¢(u') || (3.2)
XeSEB) ¢ ~
The squared Mahalanobis distance || - |3 is used to weight the different cues. More

details about a general methodology for direct registration can be found in [38].

While approaching the problem in Eq. (3.2) with the ILS method described in Sec. 2.3.2,
particular care has to be taken to the numerical approximations of floating-point numbers.
In particular, since each pixel and cue contribute to constructing the quadratic form with
an independent error e, the summations in Eq. (2.34) might accumulate millions of terms.
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Hence, to lessen the effect of these round-offs, Eq. (2.34) has to be computed using a stable
algorithm. In our single-threaded implementation, we use the compensated summation
algoritm [78]; its numerical-stability benefits are detailed in Sec. 3.4.

We use multi-cue direct alignment in incremental position tracking, explained in next
section (Sec. 3.2.3) and in loop closure refinement and validation (Sec. 3.2.4).

3.2.3 Tracking

This module is in charge of estimating the open-loop trajectory of the sensor. To this
extent, it processes new pyramids as they become available by determining the relative
transform between the last pyramid P;, and the current keyframe /C;. A keyframe stores a
global transform X;, and a pyramid P;. The registration algorithm of Sec. 3.2.2 is used to
compute a relative transform Z; ; between the last two pyramids. Whenever the magnitude
of such a transform exceeds a given threshold or the overlap between P; and P; becomes
too small, the tracker spawns a new keyframe KC;; 1, with transform X; 1 = X;Z; ;11.
Furthermore, it adds to the graph a new constraint between the nodes ¢ and ¢ 4 1, with
transform Z; ; 1, and information matrix €2; ;41. The latter is set to H matrix of the direct
registration at the optimum. The generation of the new keyframe triggers the loop detection
described in the next section. Using keyframes reduces the drift that would occur when
performing subsequent pairwise registration since the reference frame stays fixed for a longer
time. Potentially, if the sensor hovers at a distance smaller than the keyframe threshold, all
registrations are done against the same pyramid, and no drift would occur.

3.2.4 Loop Detection and Validation

This module is responsible for relocalizing a newly generated keyframe with respect
to previous ones. More formally, given a query frame K;, it retrieves a set of tuples
{(K;,Z;;,8; ;)}, consisting of a past keyframe /C;, a transform Z; ; between /; and K;
and an information matrix £2; ; characterizing the uncertainty of the computed transform.
Our system approaches loop closing in multiple stages. At first, we carry on visual place
recognition on the intensity channels. This approach leverages the results of previous
work [66]. For visual place recognition, we rely on ORB feature descriptors, extracted from
the 7' of each keyframe. Retrieving the most similar frame to the current one results in
looking for the images in the database having the closest descriptor “close” to the one of the
current image. To efficiently conduct this search, we use a hamming distance embedding
BST (HBST) [138], a tree-like structure that allows for descriptor search and insertion in log-
arithmic time by exploiting particular properties of binary descriptors. A match from HBST
also returns a set of pairs of corresponding points between the matching keypoints. Having
the depth and inverse projecting the points, we can carry on a straightforward RANdom
SAmple Consensus (RANSAC) registration. Finally, each candidate match is subject to
direct refinement (Sec. 3.2.2). This step enhances the accuracy and it provides information
matrices on the same scale as the ones generated by the tracker. The above strategy is
applied independently to RGB-D or LiDAR data. These surviving pairs {(K;, Z; j, €2; ;) },
constitute potential loop closing constraints to be added to the graph. However, to handle en-
vironments with large sensor aliasing, we introduced a further check to preserve topological
consistency. Whenever a loop closure is found, we carry on a direct registration between all
neighbors that would result after accepting the closure. If the resulting error is within certain
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bounds, the closure is finally added to the graph, and a global optimization is triggered.

3.2.5 Pose-graph Optimization

The goal of this module is to retrieve a configuration of the keyframes in the space that is
maximally consistent with the incremental constraints introduced by the tracker and the
loop closing constraints by the loop detector. A pose-graph is a special case of a factor
graph [71, 83], as presented in Sec. 2.3.4. The nodes of the graph are the keyframe poses
X = {X,}i=1.n, while the constraints encode the relative transformations between the
connected keyframes, together with their uncertainty {(Z; ;,€2; ;) }. Optimizing a factor
graph consists in solving the following optimization problem:

X* = argmin » || X;'X;8%Z;; 5, (3.3)
XeSE@)N 77 ~———— "
eZ,J
Here, the error e; ; is the difference between predicted displacement X Ix ; and result
of the direct alignment Z; ;. The total perturbation vector Ax € RSN results from stacking
all variable perturbations { Ax;}.

Figure 3.4. Qualitative RGB-D reconstructions showing the global consistency produced by our
pipeline. Data has been self-recorded with an Intel Realsense 455.

3.3 Experimental Evaluation

In this section, we report the results of our pipeline on different public benchmark datasets.
To the best of our knowledge, our approach is the only open-source SLAM system that
can deal with RGB-D and LiDAR in a unified manner. Therefore, to evaluate our system,
we compare with state-of-the-art SLAM packages developed specifically for each of these
sensor types. For RGB-D we consider DVO-SLAM [89] and ElasticFusion [161] as direct
approaches and ORB-SLAM?2 [118] as indirect representative. For LiIDAR we compare
against LeGO-LOAM [141] as feature-based and SuMA [16] representing the dense category.
We specify that our pipeline is purely photometric namely, not IMU or odometry source
have been used as assistance. To run the experiments, we used a workstation with an Intel
Core 17-7700K CPU @ 4.20GHz and 16GB of RAM. Since this work is focused on SLAM,
we perform our quantitative evaluation using the Root Mean Square Error (RMSE) on the
Absolute Trajectory Error (ATE) with SE(3) alignment. The alignment for the metric is
computed by using the Horn method [79], and the timestamps are used to determine the



3.3 Experimental Evaluation 35

associations. Then, we calculate the RMSE of the translational differences between all
matched poses.

The tracking module dominates the runtime of our approach since loop closures are
detected and validated asynchronously within another thread. Hence, we report the average
frequency at which the tracker runs for each sensor. At the core of the tracker, we have the
photometric registration algorithm, whose computation is proportional to the size of the
images. Runtimes summarized in Tab. 3.1

RGB-D (480x640) | LiDAR (128x1024)
CpPU GPU CPU GPU

8 30 15 60
Table 3.1. MD-SLAM runtimes expressed in Hz.

3.3.1 RGB-D Results

We conducted several experiments with RGB-D sensor. Qualitative analysis have been done
using self-recorded data and are shown in Fig. 3.4. As public benchmarks we used the
TUM-RGB-D [149] and the ETH3D [139]. The TUM RGB-D dataset contains multiple real
datasets captured with handheld Xbox Kinect. A rolling shutter camera provides RGB data.
Further, the depth and color streams of the camera are not synchronized. Every sequence
accompanies an accurate ground truth trajectory obtained with an external motion capture
system. ETH3D benchmark is acquired with global shutter cameras and accurate active
stereo depth. Color and depth images are synchronized. We select several indoor sequences
for which ground truth, computed by external motion capture, is available.

On these datasets, we compare with DVO-SLAM, ElasticFusion and ORB-SLAM?2.
These three approaches are representative of different classes of SLAM algorithms. Tab. 3.2
shows the results on the TUM RGB-D datasets, while Tab. 3.3 presents the outcome on the
ETH3D datasets. DVO SLAM implements a mixed geometry-based and direct registration.
Internally the alignment between pairs of keyframes is obtained by jointly minimizing
point-to-plane and photometric residuals. This is similar to ElasticFusion, whose estimate
consists of a mesh model of the environment and the current sensor location instead of the
trajectory. In contrast to these two approaches, ORB-SLAM?2 implements a traditional visual
SLAM pipeline, where a local map of landmarks around the RGB-D sensor is constructed
from ORB features. This map is constantly optimized as the camera moves by performing
local BA. Loop closures are detected through DBoW?2 [59] and a global optimization on a
Sim(3) pose-graph to enforce global consistency is used.

The TUM dataset provides images 640 x 480 pixels, while ETH3D 740 x 460 pixels.
From these images, we compute a 3 level pyramid with scales 1/2, 1/4, and 1/8. Our system
runs respectively at 8 and 7.5 Hz at these resolutions on Central Processing Unit (CPU). On
GPU, differently, operates at 30 Hz and 28.5 Hz, making the graphic-card implementation
suitable for real-time applications.

In Tab. 3.2 we can see that ORB-SLAM?2 clearly outperforms all other pipelines. DVO-
SLAM and ElasticFusion provide comparable results, and our approach is the worst in terms
of accuracy. Yet, the largest error is 6.4 cm, which results in a usable map. As stated before,
this dataset is subject to rolling shutter and asynchronous depth effects. ORB-SLAM?2,
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frl/desk frl/desk2 fr2/desk

DVO-SLAM 0.021 0.046 0.017
ElasticFusion 0.020 0.048 0.071
ORB-SLAM2  0.016 0.022 0.009
Ours 0.041 0.064 0.057

Table 3.2. ATE [m] results on TUM RGB-D datasets, recorded with non-synchronous depth using a
rolling shutter camera.

table3 table4 table7 cablesl plant2 planar2
DVO-SLAM  0.008 0.018 0.007 0.004 0.002 0.002

ElasticFusion — 0.012 — 0.018 0.017 0.011
ORB-SLAM2 0.007 0.008 0.010 0.007 0.003 0.005
Ours 0.021 0.022 0.036 0.015 0.001 0.001

Table 3.3. ATE [m] on ETH3D, recorded with global shutter camera and synchronous streams.
ElasticFusion fails in table3 and table7.

being feature-based, is less sensitive to these phenomena. DVO-SLAM and ElasticFusion
explicitly model these effects. Our approach does not attempt to address these issues since it
would render the whole pipeline less consistent between different sensing modalities.

Tab. 3.3 presents the results on the ETH3D benchmark. In this case, our performances
are on par with other methods, since intensity and depth are synchronous, and the camera is
global shutter.

These results highlight the strength and weaknesses of a purely direct approach not
supported by any geometric association. While being compact, it suffers from unmodeled
effects and requires a considerable overlap between subsequent frames.

3.3.2 LiDAR Results

We conducted different experiments on public L benchmarks to show the performances of
our SLAM implementation. For the LIDAR we use the Newer College Dataset [129, 170]
recorded at 10 Hz with two models of Ouster LiDARs: OS1 and OS0. We conducted our
evaluation on the long, cloister, quad-easy and stairs sequences. The OS1 has 64 vertical
beams. We selected the long sequence that lasts approximately 45 minutes. It consists of
multiple loops with viewpoint changes between buildings and a park.

The other three shorter sequences are recorded with the OS0, which has 128 vertical
beams. The LiDAR quad-easy sequence contains four loops that explore quad, cloister
mixes outdoor and indoor scenes while stairs is purely indoor and based on vertical motion
through different floors.

Qualitative analysis have been performed to show the results obtained by our pipeline.
Fig. 3.6 illustrates some reconstructions obtained with MD-SLAM from Newer College
sequences. Fig. 3.5 and Fig. 3.7 show the global consistency of our estimate on long
sequence.

Quantitatively, we compare against LeGO-LOAM and SuMA. These represent two
different classes of LiDAR algorithms, respectively sparse and dense. Tab. 3.4 summarizes
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Figure 3.5. MD-SLAM map on long sequence from Newer College Dataset [129] aligned with
Google Earth.

0S0-128 0S1-64

cloister quad stairs  long

LeGO-LOAM  0.20 0.09 3.20 1.30
SuMA 3.34 1.74 0.67 -
Ours 0.36 0.25 0.34 1.74

Table 3.4. ATE [m] results of all benchmarked approaches on the Newer College Dataset. SUMA
fails on long sequence.

the results of the comparison. LeGO-LOAM is currently one of the most accurate Li-
DAR SLAM pipelines and represents a sparse class of LIDAR algorithms. In contrast to our
approach, LeGO-LOAM is a pure geometric feature-based frame-to-model LiDAR SLAM
work, where the optimization on roll, yaw and z-axis (pointing up) is decoupled from the
planar parameters. SuMa constructs a surfel-based map and estimates the changes in the
sensor’s pose by exploiting the projective data association in a frame-to-model or in a
frame-to-frame fashion. For both the pipelines loop closures are handled through ICP. Being
ground optimized, LeGO-LOAM shows impressive results mainly in chunks where ground
occupies most of the scene, yet our approach provides competitive accuracy. The situation
becomes challenging for LeGO-LOAM when its assumptions are violated, such as in the
stairs sequence. In this case, our pipeline is the most accurate since it does not impose any
particular structure on the environment being mapped. SUMA performances are the worst in
terms of accuracy. We tried this pipeline both in a frame-to-frame and frame-to-model mode.
The one reported in Tab. 3.4 represents SUMA frame-to-frame that always outperforms the
frame-to-model on these datasets.

We use the OS1 to produce images of 64 x 1024 pixels while the OSO0 to produce images
of 128 x 1024 pixels. Since the horizontal resolution is much larger than the vertical one,
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(a) quad-easy (b) stairs

Figure 3.6. Some scenes from Newer College dataset reconstructed by our system.

to balance the aspect ratio for direct registration, initially, we downscale the horizontal
resolution by 1/2 for OS0 and by 1/4 for OS1. Our approach generates a pyramid with the
following scales: 1, 1/2 and 1/4. With these settings, our system operates in CPU at around
15 Hz on the OS0 and at approximately 24 Hz on the OS1. In GPU respectively at 60 Hz
and 120 Hz. This makes both implementation suitable for online estimation.

3.4 Numerical Stability analysis

Numerical stability is an essential consideration in computationally intensive tasks such as
SLAM, where precision and accuracy are critical. This section delves into numerical stability
concerns relevant to our direct SLAM framework, emphasizing floating-point representation
challenges and practical strategies to mitigate these issues.

Floating-point numbers, as represented in standard computing architectures, e.g.IEEE-
754 standard [1] commonly implemented in C++, exhibit non-uniform density. This means
the distribution of numbers that can be represented with a fixed number of bits is denser
near zero and progressively sparser with increasing magnitude. Consequently, computations
involving very small or very large values can lead to significant precision loss. This effect is
particularly pronounced when many small numerical contributions are accumulated into a
single computational structure.

In our SLAM system, the tracker Sec. 3.2.3 processes a single RGB-D frame of reso-
lution 480 x 640 pixels. Each pixel contributes multiple residuals which are accumulated
into a compact linear system—namely a Hessian matrix H € R%*6 and a gradient vector
b € RS,
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Figure 3.7. Alignment of our estimate with the ground truth in long sequence of Newer College.
The color bar on the right shows the translational error [m] over the whole trajectory.

During this accumulation process of Hessians and gradient vectors, each new value
added can be orders of magnitude smaller than the current sum. Over numerous operations,
these small errors can compound, resulting in significant inaccuracies in the computed linear
system.

To mitigate these accumulation errors in CPU computations, we employ the Kahan
summation algorithm [78], designed explicitly to minimize floating-point errors. The
algorithm introduces a compensation term, continuously adjusted during summation to
correct accumulated rounding errors. The pseudo-code of the Kahan summation algorithm
is shown in Alg. 1.

Algorithm 1 Kahan summation algorithm

Require: input_vec > Input vector
Ensure: S > Accurate sum
S+ 0,c+0 > The compensation ¢ will store and correct the error
2: for each x in input_vec do
3: Y+~ —cC
4: temp <~ S +y > Temporarily store the sum
5: c< (temp—S8)—y > Update the compensation
6: S+ temp > Sum update

This method ensures the accumulation of small values does not degrade the overall
accuracy, significantly improving numerical stability Fig. 3.8.
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Comparison of Summation Methods
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Figure 3.8. Absolute error comparison of summation algorithms. The y-axis marks O at the
numerical precision threshold (~ 107'6), making it explicit in log scale. Kahan summation
(blue) consistently maintains this level of accuracy, unlike naive (green) and pairwise (orange,
black) approaches.

On GPU platforms, the parallel nature of computation inherently helps manage numerical
stability through structured hierarchical summation, known as parallel reduction. CUDA,
for example, provides efficient implementations of parallel reduction that organize additions
in a tree-like hierarchy, significantly reducing the potential for accumulated rounding errors
compared to sequential additions [75]. Each GPU thread initially handles a small subset of
the data, combining these subsets in multiple stages to form a final stable summation. This
structured reduction naturally reduces numerical inaccuracies.

Both CPU-based (Kahan summation) and GPU-based (parallel reduction) approaches
contribute critically to the stability and reliability of our SLAM framework. By effectively
addressing numerical precision concerns, these strategies ensure consistent and accurate
performance across various sensor configurations and computational scenarios.

3.5 Conclusion

In this chapter, we introduced a comprehensive direct SLAM framework capable of in-
tegrating both RGB-D and LiDAR sensors. The central contribution lies in the unified
handling of diverse sensor modalities by employing a shared internal representation that
only requires adjustments in the projection models specific to each sensor. To the best of our
knowledge, our method is uniquely positioned as an open-source solution that seamlessly
bridges RGB-Dand LiDAR data within a single iterative least squares solver. Comparative
experiments show that our generic method can compete with sensor-specific state-of-the-
art approaches. This architecture not only ensures compact and maintainable software
but also maintains competitive accuracy when compared to specialized, sensor-dedicated
state-of-the-art approaches.

While our approach represents significant progress in unifying sensor data processing,
it remains preliminary, particularly regarding the application of direct methods to LiDAR-
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based SLAM. A crucial limitation identified in this chapter is the absence of compensation for
motion distortion stemming from non-instantaneous data acquisition. Experimental results
underscore this challenge: sequences captured with rolling shutter cameras demonstrated
notably inferior performance compared to those recorded using global shutter cameras.
Similarly, the relatively low acquisition rate of LiDAR sensors (around 10 Hz, compared
to 30 Hz typical of cameras) intensifies motion distortion effects, significantly degrading
the system’s accuracy. Consequently, our method underperforms compared to dedicated
solutions that assume planar motion for simplifying the least squares optimization or facil-
itating data association, such as LeGO-LOAM and SuMa. However, precisely due to its
motion-model agnostic nature, our system demonstrates superior versatility and accuracy in
scenarios like handheld operations, where assumptions about movement cannot be reliably
applied.

Additionally, we contextualized our contributions with respect to recent advances in
frame-to-model approaches, which are recognized for their reduced drift compared to
keyframe-based SLAM methods relying on pose graph structures. These approaches fre-
quently utilize neural rendering techniques, such as Neural Radiance Fields (NeRF) [42, 135]
and Gaussian Splatting [115], for model representation. Such methods synthesize novel
viewpoints to match incoming measurements, effectively reducing drift. LIDAR-specific
adaptations of these neural techniques have also been explored [65]. Nonetheless, these
frame-to-model approaches typically rely on sensor-specific solutions, in contrast to the
more generalized, sensor-independent nature of the framework presented in this chapter.

Given these insights and identified limitations, explicitly addressing motion distortion
emerges as an essential future direction. Subsequent chapters will elaborate on advanced
strategies to manage motion distortion more effectively Chapter 7. In particular, the Direct
Radar Odometry (DRO) Chapter 8 framework, detailed in a subsequent chapter, explic-
itly addresses motion distortion and other sensor-induced artifacts, resulting in significant
improvements in estimation accuracy and robustness. This enhancement further demon-
strates the potential and flexibility of our direct estimation methods across diverse sensor
modalities.
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Chapter 4

VBR: A Vision Benchmark in Rome

TANDARDIZED datasets have played a central role in advancing computer vision

and robotics by enabling rigorous benchmarking, algorithm comparison, and

reproducible research. When ground truth is available, communities have been

able to define meaningful metrics, pushing the state of the art through iterative
development and competition. In recent years, with the proliferation of machine learning
and data-driven techniques, such datasets have become essential, not only for evaluation but
also as the input for training non-parametric models.

Among all, the KITTI dataset has had a transformative impact on both the robotics
and computer vision communities, setting a de-facto standard for visual odometry and
SLAM evaluation. Since its introduction, several other multi-sensor datasets have emerged
[112, 139,91, 171], yet none have achieved the same broad influence or completeness of
KITTI [62].

Despite its continued relevance, KITTI shows its age. In the past decade, sensor
technology, computing hardware, and ground truth systems have evolved significantly.
Many modern datasets still rely on GNSS/Inertial Navigation System (INS) pipelines that
are vulnerable to synchronization issues and often lack the precision required for evaluating
cutting-edge SLAM systems, especially those relying on direct, dense representations.
Furthermore, most available datasets are focused on road scenarios and autonomous driving
applications, limiting their utility for general-purpose robotics and SLAM research.

Some recent works have tried to address these limitations by focusing on seasonality
[112] or hand-held indoor trajectories with improved ground truth [129], but few have
attempted to address all these issues simultaneously in a cohesive framework.

In this chapter, we introduce a dataset family designed to support the development and
evaluation of high-precision state estimation systems in a wide variety of environments. We
provide six datasets recorded in the city of Rome using a hardware-synchronized multi-
sensor setup, including a 3D LiDAR, a large-baseline stereo camera, an RTK-GNSS, and a
high-grade IMU. The dataset spans more than 40 kilometers of trajectory and nearly four
hours of continuous acquisition, amounting to approximately 2 TB of data.

The sequences intentionally cover a range of environments, i.e.urban, forested, and
indoor, with consistent sensor configurations but varying acquisition modalities. This
diversity is meant to challenge generalization and reduce overfitting to specific domains,
thus offering a more robust benchmark for SLAM research.

A central contribution of this work is a procedure to generate accurate ground truth
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Figure 4.1. A summary of our dataset. Data illustrating some of the sequences recorded (top). 3D
mapping done with of our ground truth (bottom).

trajectories by fusing RTK-GNSS with a global BA performed on the LiDAR data. This
process leverages a photometric refinement stage based on LiDAR-image alignment and
bilinear interpolation projection models, inspired by recent advances in direct methods.
The resulting ground truth has been validated against a total station along a 1.5 km mixed
indoor/outdoor trajectory, achieving an accuracy of approximately +3 cm.

Importantly, this chapter not only introduces a benchmark but also lays the groundwork
for other works of this thesis, particularly the chapter dedicated to direct approaches in
Chapter 3 and Chapter 6. The ground truth generation pipeline developed here directly
reflects the core theme of the Chapter 6. Thus, this dataset serves both as a research artifact
and as a practical tool to validate the direct methods introduced throughout the thesis.

Following the KITTI convention, each sequence is released in two flavors: a training
version with public ground truth and a benchmarking version without. The latter supports the
establishment of an online leaderboard hosted at our website, where results can be submitted
for evaluation using hidden ground truth data.

4.1 Related Work

Within the domain of SLAM and 3D reconstruction, several datasets have played pivotal
roles in benchmarking and advancing autonomous robotics systems and algorithms. These
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Figure 4.2. Comparison between LiDAR clouds attached to ground truth trajectories of KITTI (up)
and ours (down). The zoom shows the elevation view.

datasets vary in terms of their operational contexts, sensory configurations, and the accuracy
of their associated ground truth data. One of the seminal car datasets in this field is KITTI.
Its strength is providing different benchmarks (i.e. visual odometry, optical flow, stereo
matching, and object detection).

The KITTI datasets are publicly available and divided into training and evaluation
sequences, fostering fair comparisons among the approaches. Despite being made available
for more than a decade nowadays, KITTI is the most used benchmark in robotics perception
and computer vision. However, KITTI presents synchronization issues between IMU
readings and images, the ground truth data for visual odometry is produced only by fusing
RTK GNSS receiver and IMU, and the hardware used for recording data is nowadays
outdated (Fig. 4.2, Fig. 4.3). Still, KITTI was pivotal in the development of many popular
SLAM methods. Oxford RobotCar is another noteworthy car dataset [112]. In contrast to
KITTIL, it distinguishes itself by featuring the longest sequences among the datasets. Yet, the
ground truth in the Oxford RobotCar dataset relies only on partial GNSS and INS data, which
makes the baselines unreliable for benchmarking the accuracy of SLAM and localization
methods. Furthermore, approaches like Mulran use the same ground truth generation process,
leading to the same issue. However, this dataset is renowned for embracing multimodal
sensor data, including LiDAR and RADAR. While this adds diversity to the sequences, only
the front half of the LiDAR field-of-view is included in the data collection [91].

In contrast to datasets collected from ground-based vehicles, certain research efforts
have focused on data acquisition from micro aerial vehicles. For instance, the EuRoC dataset
[28] stands out for its use of synchronized hardware and a laser tracking system to attain
accurate ground truth data. However, the dataset does not provide LiDAR aquisition but only
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Figure 4.3. Projection of the KITTI LiDAR point cloud into an image plane (up), projection of our
LiDAR into an image plane (down). The many holes of the up image due to uneven distribution
of the LiDAR beams and calibration issues make the KITTI LiDAR image unusable for computer
vision tasks.
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KITTI [62] X X
EuRoC [28] X
Oxford RobotCar [112]
ETH3D [139] X X
MulRan [91] X
Newer College [129] X
Hilti [171] X X X X
Kitti-360 [103] X X X
Ours X X X X X

Table 4.1. The table summarizes the most important datasets in robotics perception and computer
vision related to odometry estimation and SLAM. For "Accurate GT" we mean any ground truth
recorded with motion capture, Laser Total Station, or globally refined.

a stereo-camera and an IMU. In addition, data is recorded only in industrial environments.

Recent advancements in handheld datasets, exemplified by Newer College [129] and
Hilti [171], have achieved exceptional levels of accuracy in ground truth generation through
the use of 3D imaging laser scanners. This innovative technique involves acquiring a prior
map and registering LiDAR point clouds using a localization approach. Nevertheless, a
notable limitation in this case is the impracticality of applying this method to large-scale
scenarios, which constrains its broader utility.

This chapter introduces a diverse and heterogeneous dataset encompassing a wide
range of environments. Our design accommodates various robotic platforms, including
quadrupeds, quadrotors, and autonomous vehicles, making it a versatile resource for the
robotics community.

We maintain hardware synchronization to ensure data accuracy and reliability and em-
ploy stereo cameras with a wide baseline to capture robust visual information. Furthermore,
we provide an accurate 6-DoF ground truth even in large scale scenarios.
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Figure 4.4. Sensor setup and reference frames. Our ground truth is expressed in the LiDAR reference
frame RF,. More details can be found in our website and supplementary materials.

4.2 The Datasets

Creating comprehensive and authentic benchmarks for the tasks mentioned earlier is chal-
lenging. These challenges encompass collecting vast data in real-time, calibrating different
sensors operating at various speeds, producing accurate ground truths with minimal over-
sight, and choosing the right sequences and frames for every benchmark. The following
section delves into our approaches to address these issues.

4.2.1 Sensors setup

Our sensor system is illustrated in Fig. 4.4 and consists of two RGBcameras, a 3D LiDAR,
an RTK-GNSS, and an IMU. The cameras are two global shutter Manta G-145 capturing in
RGB and arranged in a wide stereo fashion, with a baseline of approximately 50 cm. The
cameras have a horizontal Field of View (FoV) of 45° and a vertical one of 40°. During
the acquisition, we enable auto white-balance and auto-exposure, while maintaining a fixed
focus. The maximum exposure is fixed at 20 ms. Each image is 1388 x 700 pixels and
stored in Bayer pattern to reduce the memory footprint without losing information.

Two LiDARs were employed, tailored to the specific motion characteristics of the
captured sequences. For hand-held sequences, an Ouster OS0-128 was used. This sensor
offers a maximum range of 55 meters and a vertical FoV of 90° spanned by 128 beams. For
car sequences, we used an Ouster OS1-64. This sensor provides a longer maximum range of
120 meters, a narrower vertical FoV of 45° spanned by 64 lasers.

The IMU is an SBG Ellipse-E IMU, with 0.05 ° of roll/pitch accuracy, whose firmware
supports GNSS integration. The RTK-GNSS antennas are two Septentrio PolaNt-x MF
GNSS antennas mounted in differential configuration. The GNSS receiver supports multi-
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Sensor Type Details Rate
1 . (o}
Ouster, 0S0-128 Hﬁ;‘;ﬁ‘; EZ;-gz% " 10 Hz
LiDARs ’

) Vertical FoV: 45°
Ouster, 0S1-64 Horizontal Res: 1024 20 Hz

Global Shutter

Cameras  Manta G-125B/C Stereo configuration 20 Hz
. . 30 Hz

Wide baseline
MU SBGEllipseE  Choosynchronization 5y py,

0.05° precision
Table 4.2. Summary of the devices in our sensor setup, and the accuracy of the temporal synchro-
nization.

frequency GPS, GLONASS, Galileo, BeiDou, QZSS, NavIC, Compass and L-band signal
reception with an accuracy open-sky condition of 0.6 cm horizontally and 1 cm vertically.
All sensors are rigidly attached to an aluminum frame. The relative position of the sensor
is the same for both the hand-held datasets and for the driving datasets. Fig. 4.1 shows the
sensor placement on the car. Tab. 4.2 summarizes the devices used in our system.

4.2.2 Calibration

The accuracy of intrinsic and extrinsic sensor calibration is fundamental in achieving
dependable ground truth data. Our calibration process is outlined below.

Initially, we calibrate the stereo camera intrinsically and extrinsically. Subsequently, we
determine the SE(3) parameters that connect the coordinate systems of the laser scanner
within the right camera. Finally, we align the LiDAR/camera system with GNSS/IMU
reference frame. To calibrate the camera’s intrinsic and extrinsic parameters, we use an
A3 checkerboard. Keeping the camera steady, we move the checkerboard and detect its
corners in the calibration images. Minimizing the average reprojection error allows us to
find optimal parameters for our setup [20]. Using the same target, we estimate the rigid
transformation between the right camera (RFcR) and the LiDAR. We achieve accurate
results by minimizing plane-to-plane error [64]. A comprehensive description of this method
is provided in Chapter 5. For each recorded sequence we acquire the calibration data which
are public available.

Determining the relative pose between the GNSS/IMU and the LiDAR relies on the
sensor systems’ motion, since the two devices cannot observe a common target. To this
extent, we recover a trajectory from the LiDAR/camera system using a LIDAR odometry
based on point-to-plane ICP. During the process, we ensure a wide range of orientations
and translations essential for addressing the minimization issue. This technique is known
as hand-eye calibration [46] and aims at computing the sensor offset that results in the
maximum overlap between two LiDAR trajectories: the one computed by the odometry,
and the one obtained by computing the LiDAR motion from the GNSS measurements (after
applying the estimated offset).

4.2.3 Synchronization

A key challenge during acquisition involves synchronizing sensors to establish a shared
temporal reference. Within our platform, two separate subsystems are at play: one comprises
the LiDAR and RGB stereo pair, while the other includes the GNSS receiver and IMU.
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In the first system, the LiDAR takes on the role of the master, generating synchronization
pulses during its acquisition phase based on angle data from its encoder. For hand-held use,
the LiDAR records at 10 Hz, and the synchronization pulse activates every 120 degrees,
resulting in a 30 Hz signal. Moreover, in the automotive setup, the LiDAR operates at 20
Hz, with the synchronization pulse set to trigger once per revolution. The signal triggers the
frame acquisition for both cameras, leading to sub-millisecond synchronization between
the frames. Once the frames are received, their timestamp is overwritten with one of the
LiDAR data packets received when the encoder was at the trigger angle. This ensures an
accurate hardware synchronization between the two sensors.

In contrast, the GNSS-IMU system relies on Pulse Per Second (PPS) protocol for
synchronization, which is directly addressed by the IMU firmware. The streams from
the two subsystems are merged together by performing an offline time synchronization to
determine the difference between the internal clocks of GNSS and LiDAR. We exploit the
internal LiDAR IMU measurements to compute the temporal shift respect to the IMU, using
cross-correlation. This technique allows us to obtain a maximum of 5 ms error considering
possible un-observable phase shift between the IMUs signals that come every 10 ms. A
temporal drift also affects the internal clocks of the LiDAR and GNSS. In the longest
sequences, we observed a maximum shift between the two clocks of about 10 ms, which is
neglectable compared to the scan/image frequency and the velocity of the sensor.

4.2.4 Ground truth generation

Generating accurate trajectories is the main objective of this work; hence, major attention
was dedicated to this task. Some work produces very accurate ground truth using ICP
localization within 3D Total Station reconstruction ( [129], [171]). This is not always
possible when moving in a very large environment. In such cases, a GNSS RTK system
is usually used. These systems can reach an accuracy of a few centimeters, but the signal
quality is not always optimal. In addition, these systems provide good global estimation, but
poor locality.

In the remainder, we assume a 3D pose X € SE(3) be represented as a homogeneous
4 x 4 matrix where R is the rotation matrix, and t is the translation vector.

We combine the GNSS priors Z¢ € SE(3) with a variation of the BA formulation
proposed in [44], which will be described in detail in Chapter 6. This allows us to combine
the global accuracy of the GNSS with the local precision of registration approaches. Our
procedure works first by computing a LIDAR odometry that expresses the relative transform
73}, between subsequent frames. To this extent, we use the same ICP algorithm used
for temporal synchronization mentioned in Sec. 4.2.3. This odometry is accurate, reliable
in the short term, and can cope with GNSS outages. Subsequently, we determine a global
alignment of all the poses using the RTK-GNSS readings and considering the incremental
measurements of the LiDAR odometry. In short, we solve the following optimization
problem:

Xir = ar}%minZHLOg(Zi?ﬁlxt_lxtH)H?z;r;lH
1:T

+ D I[Log(ZE " Xo) g @.1)



50 4. VBR: A Vision Benchmark in Rome

Here ||v||, = vI €2v denotes the Omega L2 norm of a vector v, with {2 representing
the information matrix encoding the accuracy of the measurement. Accordingly, in Eq. (4.1)
Q5™ is the information matrix resulting from scan matching, while 2f encodes the GNSS
accuracy.

Once this process is completed and we have a reasonable initial guess, we look for the set
of poses that is maximally consistent with all LiIDAR scans. We solve the following problem
using geometric and photometric error terms. The geometric part based on point-to-plane
results in a configuration of the rigid motion which is close to the optimum. The second
photometric step, increases the accuracy by ensuring subpixel consistency. Let (i, j) be the
set of poses, (k,l) geometric associations, and u the image pixel generated by spherical
projecting the LiDAR point cloud into an image (as illustrated in Sec. 2.1.2), and discussed
more in detail in Chapter 6. The total residual can be expressed as follows:

ba __ geo |2 hoto |2
B> = Z Pgeouek,l Hﬂgeo + Z Pphotoneg ¢ 0||Qphoto~ 4.2)
(YRR (A
We employ a point-to-plane metric for the geometric error term, explicitly relying on
efficient KD-tree data association based on Principal Component Analysis (PCA) splitting
criteria. The geometric term can be compactly written as:

ef] (Xi, X;) = (Xipij — Xjpr) - (Rimip) 4.3)

with p; ; and p;,; denoting corresponding points between the poses X; and X, and
n; ;, be the corresponding normal. The photometric term, instead, follows the formulation
illustrated in [44], but relies only on range and intensity images. The overall error function
to minimize, taking into account GNSS information, will be therefore

X{ir = E™ + || Log(ZF ' X4) g (4.4)

We measured the accuracy of our ground truth using a Total Station and 6 highly
reflective markers disposed as a hexahedron in the scene, to lock all redundantly all degrees
of freedom. Since ranges are invariant of reference frame, we measure the differences
between the distances measured from the points acquired from Total Station and the one
detected in our estimated map. Our 6-DoF ground truth results in +3 cm accuracy on a
trajectory of length of approximately 1.5 Km (indoor/outdoor). Our ground truth generation
process has been shown to scale well to large environments while relying only on the
onboard sensors. The final estimated global clouds are usually in the order of billions of
points.

We release the ground truth for each training sequence, always expressed in the LIDAR
reference frame RF7y,.

4.2.5 Data selection

In the context of this research study, the OS0-128 LiDAR system offers extensive capabilities
for collecting spatial data. Specifically, it delivers precise range measurements across the
entire horizontal plane, covering large distances. Furthermore, it employs an dense array
of vertical beams distributed over a 90°, enabling comprehensive scans of a spherical area
surrounding the sensor.
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Given the nature of the chosen environments and to ensure a rich and diverse dataset, we
used various configurations provided by the LiDARs with varying resolution and frequency.
We used the OS1-64 for car sequences at 20 Hz to maximize the observation in wide
scenarios and to reduce the skewing effect at higher speeds. Moreover, we employed the
0S0-128 for hand-held sequences at 10 Hz to maximize the observation in narrow scenarios.

We provide 6 datasets split into different sequences. Among the datasets, 4 were
acquired by walking using the hand-held device, while the other 2 collected by car. Each
sequence was collected in a different environment, with different challenging scenarios such
as dynamics, traffic, long sequences, and wide areas. Tab. 4.3 summarizes some parameters
for the sequences and provides some illustration.

In the remainder, we shortly review each sequence, describing the scenario:

Spagna this sequence has been acquired in Piazza di Spagna and in the nearby streets. It
features several large loops going up and down the stairs hence, the trajectory is non-planar.
The narrow streets limit the FoV of the LiDAR, but the building facades are a rich source of
structure.

Colosseum consists of two rounds around the Colosseum and the Arco di Costantino. The
range of the LiDAR is not always sufficient to capture vertical structure. In some cases, the
maximum range of the sensor is not sufficient to measure the entire surroundings, and the
environment is repetitive, making some chunks difficult for state estimation.

Pincio several loops were collected in Villa Borghese. This dataset is characterized by rich
vegetation and a repetitive environment.

DIAG this sequence is a mixed indoor/outdoor dataset. We traveled inside and outside our
building, walking inside the corridors, through the courtyard, up to the stairs, and on the
roof, which is the only part where the reception of RTK-GNSS was available.

Campus in contrast to all other sequences, this has been acquired at the main Campus of
Sapienza University using the equipped car, and features several loops, spanning approx-
imately all the streets that can be traversed by car. There are several narrow passage and
some tunnels that pass under buildings. The dynamic is composed mainly of people walking
composing a low percentage of the recorded data.

Ciampino these sequences have been recorded in the city of Ciampino (Fig. 4.5). It is the
longest sequence so far: the length of the total trajectory is about 21 km, while being subject
to moderate dynamics.

4.3 Benchmark

For a detailed assessment of SLAM and odometry estimation, we concentrate on the ATE and
Relative Pose Error (RPE). As in [62], we assess rotation and translation errors independently
rather than merging them into one metric.
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Dataset

Detail

Name: Spagna
Motion: hand-held
Type: urban/vertical
Length: 2.045 km
Duration: 1827 s

Name: Colosseum
Motion: hand-held
Type: urban/dynamics
Length: 2.159 km
Duration: 1383 s

Name: Pincio
Motion: hand-held
Type: park/trees
Length: 2.541 km
Duration: 2064 s

Name: DIAG
Motion: hand-held
Type: outdoor/indoor
Length: 1.480 km
Duration: 1458 s

Name: Campus
Motion: car
Type: urban, underpasses
Length: 11.455 km
Duration: 2290 s

Name: Ciampino
Motion: car
Type: urban/traffic
Length: 271.064 km
Duration: 3688 s

Table 4.3. Summary of our dataset sequences.
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Figure 4.5. The image shows the overlay of the 3D model obtained from our ground truth system
and a view from Google Maps.

ATE emphasizes SLAM performance over odometry. To compute its RMSE, we first
align the estimated trajectory with the ground truth using a SE(3) transformation, matching
poses with synchronized timestamps and employing the Horn method [79]. Subsequently,
we calculate the RMSE of the ATE [m] among all the matched poses.

On the other hand, RPE emphasizes the odometry comparing local motion estimate
chunks within the ground truth. It involves computing the RPE [%] (measured in percentage),
over a set of subsequences of different lengths, as proposed by [62]. Afterwards, the
translational part of the RPE [%] and the rotational part [deg/m] of a sequence are computed
as the average of all chunks RPE. Differently than any other benchmark, we have chosen
to make chunk lengths adaptive to the total sequence length. In fact, local and global
accuracy of our ground truth trajectories allows us to choose subsequences of arbitrary
lengths, without biasing evaluation results.

Given a trajectory estimate for each sequence, a cumulative error curve is computed,
like those in Fig. 4.6. For a given error value on the x-axis, the y-axis shows in how many
sequences a method achieves a lower error. Therefore, the method ranking is determined as
the area under curve, up to the selected maximum error and, for this metric, the larger the
better. This metric rewards the robustness of evaluated methods, since a successful result
on a sequence usually adds much more area under the curve than slightly improving the
accuracy on many sequences.

Additional information, supplementary materials, and the leading table can be accessed
on our website.
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4.3.1 Evaluation

To assess our recorded data’s integrity, we evaluated different LIDAR odometry and visual
SLAM systems on all our training sequences, specifically focusing on three notable solutions:
KISS-ICP [157], F-LOAM [158] and ORB-SLAMS3 [31]. The evaluation outcomes are
reported in Fig. 4.6, showing cumulative RPE [%] and ATE RMSE [m], with threshold
limits set to 10 % and 10 m respectively. As expected, LIDAR odometry methods are
more robust and accurate than visual SLAM, in fact both KISS-ICP and F-LOAM perform
successfully across all our 8 training sequences. The outcomes slightly change in the ATE
RMSE [m] graph, where the area under the curve of every method is reduced, emphasizing
the challenges in estimating the egomotion with global accuracy.

In the case of the Colosseum sequence, LeGO-LOAM demonstrated superior perfor-
mance when compared to F-LOAM, managing to estimate a trajectory closely aligned
with the ground truth. This outcome can be attributed to the sequence’s characteristic of
traversing the same area twice, which significantly reduces the potential for SLAM drift.
Conversely, the Campus sequence captured from the car is more extensive and presents
a more challenging scenario. In this case, LeGO-LOAM exhibited limitations in closing
larger loops, leading to unrecoverable drift. Notably, the performance of both pipelines in
this sequence was fairly similar, with reasonable RPE but higher ATE. Finally, we report
trajectory plots for LeGO-LOAM, LeGO-LOAM (SLAM mode), and F-LOAM on the
Colosseum and Campus sequences. These were selected to represent two distinct motion
profiles: Colosseum involves hand-held motion in a dense urban environment, while Cam-
pus features vehicle-mounted data in a semi-structured setting. The visual comparisons in
Fig. 4.7 highlight the accuracy and drift behavior of each method under different operating
conditions.

4.4 Conclusion

In this work, we introduced the Visual Benchmark in Rome (VBR), a dataset specifically
designed to support the development and evaluation of high-accuracy state estimation
methods in robotics. The dataset comprises a collection of urban driving sequences that
include time-synchronized LiDAR and camera data, together with centimeter-level accurate
ground truth trajectories. Unlike many existing datasets that rely on standard GNSS/INS
pipelines or post-processed trajectories for ground truth, the VBR dataset is constructed
using a novel multi-stage sensor fusion pipeline. This pipeline combines global positioning
information with precise inertial data and performs a global optimization that fuses geometric
and photometric constraints exploiting LiDAR observations.

A central element of the VBR pipeline is the incorporation of a photometric BA using
LiDAR, where LiDAR point clouds are projected into a sequence of images and refined by
minimizing the direct error between corresponding image patches. This direct formulation,
which leverages bilinear interpolation for subpixel alignment, results in a more accurate and
locally consistent pose estimate, particularly in areas where traditional geometric methods
may suffer due to low structure or repetitive features. While the global consistent is ensured
by the GNSS/INS system. This method is used in this work as a means to generate accurate
ground truth, it also serves as a concrete application of direct error minimization principles
applied to LiDAR data.

This aspect of the work aligns closely with the broader objectives of this thesis, which



4.4 Conclusion

55

8 .
7 .
wn
S 61 -|
=
D)
=
5] 57
n
£ 4
8
Q
2 3
wn
= ) ]
—— KISS-ICP
1 - —— F-LOAM
—— ORB-SLAM3
O T T T T
0 2 4 6 8 10
RPE [%]
8 .
7 .
wn
S 61
=
(D]
=.
g5
(]
= 31
wn
= ) ]
—— KISS-ICP
1 - —— F-LOAM
—— ORB-SLAM3
O T T T T
0 2 4 6 8 10
ATE RMSE [m]

Figure 4.6. Our benchmark. Cumulative RPE [%] and ATE RMSE [m] across all training sequences

in our dataset for KISS-ICP, F-LOAM and ORB-SLAM3.



56 4. VBR: A Vision Benchmark in Rome

—— groundtruth LeGO-LOAM (SLAM) LeGO-LOAM F-LOAM — groundtruth LeGO-LOAM (SLAM}) LeGO-LOAM F-LOAM

100
—100

—200

—300

—400

—50 0 50 100 150 200 —200 —100 0 100 200

(a) Trajectory comparison on the Colosseum (b) Trajectory comparison on the Campus se-
sequence (hand-held). quence (vehicle-mounted).

Figure 4.7. Trajectory plots of LeGO-LOAM, LeGO-LOAM (SLAM mode), and F-LOAM. Each
plot is aligned to ground truth using a rigid transformation.

investigates direct methods as an alternative to traditional feature-based SLAM pipelines.
In particular, the photometric LiDAR refinement process developed for VBR lays the
methodological groundwork for the Chapter 6 that follows, where we formalize and extend
this idea into a full photometric BA framework for LiDAR-based SLAM.

Moreover, VBR contributes to the thesis not only as a technical tool but also as a bench-
mark for evaluating the broader class of direct SLAM methods. The dataset’s combination of
high-quality ground truth and dense sensor data makes it particularly suitable for validating
the performance of direct optimization pipelines that operate on raw measurements. This
stands in contrast to existing benchmarks, which often lack dense LiDAR data or rely solely
on ground truth generated by GNSS/INS systems, making them less suitable for evaluating
direct formulations. As such, VBR helps close the loop between theoretical developments in
direct SLAM and empirical evaluation, ensuring that proposed methods can be tested under
realistic and challenging conditions.

In summary, this work contributes a dataset that is both methodologically innovative
and practically useful. By leveraging a direct, photometric approach to pose refinement
during ground truth generation, it supports the core thesis goal of exploring sensor-agnostic,
direct error minimization methods for SLAM. The lessons learned in this process, from error
formulation and optimization to sensor calibration and synchronization, inform and motivate
the subsequent chapters, reinforcing the value of direct methods not only as algorithmic
tools but as a paradigm for unified multi-sensor state estimation.
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Chapter 5

Ca’Lib: Simple and Accurate
L-RGB Calibration using Small
Common Markers

NTEGRATING LiDAR with RGB imaging systems significantly boosts the capabilities
of robotic perception and state estimation. The complementary nature of these two
vision sensors helps bridge the gap between geometric and visual understanding of
the environment: LiDAR technology is renowned for its high-accuracy depth-sensing
capabilities, which provide a reliable foundation for spatial reasoning, while RGBcameras
offer high-resolution color information, enabling appearance-based scene understanding.

Within the broader context of this thesis, which investigates sensor-agnostic direct
methods for state estimation and environment perception, combining LiDAR and RGBdata
plays a critical role in enabling robust, multi-modal mapping pipelines. Recent advances
demonstrate that these modalities can be fused through guided depth completion to produce
unified dense RGB-D representations, widely adopted in downstream perception applications
such as 3D reconstruction, object detection, and semantic segmentation [107, 163, 84, 122].
Moreover, in the domain of 3D reconstruction, coupling LiDAR and RGBdata has shown to
enhance both the robustness and accuracy of the recovered scene geometry [43].

Despite their complementarity, integrating LiDAR and RGBsensors in practice intro-
duces significant challenges due to their inherently different sensing modalities. This
challenge stems from the need to align and synchronize data streams with different modali-
ties. A core technical problem lies in determining the relative spatial transformation between
these sensors, referred to as extrinsic calibration. This process requires extracting and
matching meaningful features from their respective observations, which is complicated by
differences in resolution, perspective, and sensing principles.

Current approaches often rely on artificial calibration targets, extending methods used
in mono-modal systems (such as multi-RGB calibration with checkerboards [21]) to the
multi-modal case. A calibration target typically refers to an object with known geometric
and/or visual properties that can be reliably detected by both sensors. Extracting a set of
mutually visible, well-localized features from these targets is typically sufficient to determine
the extrinsic parameters.

However, in the LIDAR-RGB case, identifying such common features is non-trivial.
Traditional visual markers like checkerboard corners, while easily detected in camera images,
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Figure 5.1. Reprojection of a LIDAR point cloud on a fisheye RGB camera rigidly attached to the
former. The offset between the sensors leads to shadows on parts of the image.

are usually invisible or ambiguous in LiIDAR data due to sparse point returns and low angular
resolution. This necessitates the exploration of more complex features. One example is the
use of holes with known dimensions: a LiDAR can infer the hole center by capturing points
on its perimeter, while the camera can apply classic circle detection methods [80] to estimate
the same feature. Although effective, these solutions typically require ad-hoc markers
that are often expensive to manufacture (e.g., using CNC machining) and cumbersome to
transport or deploy in field conditions.

Calibration in robotics is frequently performed on-site, especially for mobile or field-
deployed systems. This makes portability, ease of use, and affordability of calibration
targets critical considerations. Moreover, frequent recalibration may be required during
development or after sensor realignment, further reinforcing the need for practical and
repeatable solutions.

In this chapter, we present a calibration method that relaxes the need for specialized
targets by enabling the use of standard planar patterns, such as checkerboards or ChAruCO
boards [61], which are already widely adopted for RGB camera calibration. The proposed
approach builds upon robust planar feature extraction and employs a direct, non-linear
optimization framework to estimate the extrinsic transformation between a LiDAR and a
camera. Remarkably, high accuracy can be achieved with as few as three observations per
sensor, supporting a lightweight and flexible calibration workflow.

An open-source implementation of the proposed method is available at https://
github.com/rvp-group/ca2lib, facilitating reproducibility and integration into
broader perception systems. This work contributes to the thesis by providing a modular
calibration pipeline that strengthens the integration of heterogeneous sensors—an essential
step toward building reliable, sensor-agnostic state estimation frameworks. This calibration
method is the one we used to calibrate LiDAR and cameras for the dataset presented in
Chapter 4.

5.1 Related Work

This paper’s section delves into LIDAR-RGB calibration and explores the two main classes
of approaches: target-based and target-less. As the name suggests, target-based approaches
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require the user to place artificial markers that both the camera and LiDAR can easily detect.
This contrasts with target-less methods that free the user from this task. The core idea
of calibration is common in the two approaches: computing common features between
heterogeneous measurements and estimating the transformation that minimizes the distance
between corresponding features.

First, an overview of target-less approaches is presented: Pandey et al. presents an
automatic data-driven approach based upon the maximization of mutual information be-
tween the sensor-measured surface intensities [121]. Using different calibration parameters,
the authors exploit the correlation coefficient for many scan-image pairs’ reflectivity and
intensity values. However, shadows of objects or colored surfaces that completely absorb
infrared lights might result in a weaker correlation between scan-image pairs. Yoon ef
al. proposes a calibration method using region-based object pose estimation. Objects are
segmented in both measurements, and then a 3D mesh is generated from the LiDAR mea-
surements, while images are used to reconstruct the scene using SfM. The two models are
then registered together to acquire an initial guess on the relative pose. The final solution is
obtained iteratively by finding correspondences between the reconstructed objects from both
measurements [166]. Bai et al. introduces an approach for calibration that relies on parallel
lines commonly visible in urban environments (i.e., edges of buildings)[11]. The relative
pose estimate is obtained by aligning the directions of the lines observed by the two sensors
to find the relative orientation and then by solving a set of linear point-on-line constraints
to find the relative translation. In recent years, the development of learning-based methods
has also spanned in this field: Lv ef al. proposes a real-time self-calibration network
that predicts the extrinsic parameters by constructing a cost volume between RGB and
LiDAR features [110], while Sun et al. first estimates an initial guess by solving a hand-eye
calibration method [150]. Moreover, the guess is fine-tuned by segmenting the image-cloud
pair and aligning the distances between centroids. The advantage of the target-less method
is that it can be used without preparing the environment. This comes at the cost of lower
accuracy and robustness when compared to their target-based counterpart. Target-based
methods estimate the relative pose using an observed known structure. Given the difference
in resolution for the two sensors, it is highly unlikely that correspondences within the
measurements can be established directly. For this reason, point-to-point methods tend
to process LiIDAR measurements to implicitly obtain virtual points, i.e.points that are not
explicitly detected, but estimated from the LiDAR measurement, which are easily detectable
from an RGB sensor. For instance, Park et al. utilizes a specially designed polygonal planar
calibration board with known lengths of adjacent sides [123]. By estimating the 3D corre-
sponding points from the LiDAR, vertices of the board can be determined as the meeting
points of two projected sides. The vertices, along with the corresponding points detected
from the color image, are used for calibration. Pusztai ef al. introduces a methodology
that utilizes cubic objects with predetermined side lengths [127, 126]. The corners of the
cubes are estimated by initially detecting each side of the box and subsequently determining
their intersection points. Furthermore, the corners and their corresponding RGB image are
employed to calibrate the system by solving ICP. Zhouet al. propose a single-shot calibration
method requiring a checkerboard [175]. The target is detected both in the RGBimage and
LiDAR measurement, using RANSAC[53] for the latter. Furthermore, the four edges of
the checkerboard are estimated and aligned to compute the relative offset between the two
sensors. Grammatikopoulos et al. uses a custom-made retro-reflective target paired with an
AprilTag[120] fiducial marker to establish correspondences on the center of the target[69].
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The relative pose is optimized by solving a Perspective-n-Points (PnP) problem. T6th et
al. introduces a fully automatic calibration technique that leverages the utilization of spheres,
enabling accurate detection in both point clouds and camera images [154]. Upon successful
detection, the algorithm aligns the set of sphere centers using Singular Value Decomposition
(SVD). Beltran et al. presents a methodology that utilizes a custom calibration target with
four holes and AruCO markers specifically designed for monocular detection [17]. The
methodology employs a set of techniques for each sensor to estimate the center points of
the holes. Subsequently, the relative offset between sensors is determined by aligning the
set of centers obtained from each sensor, Li ef al. adopt a similar approach while using a
checkerboard with four holes [102]. Fan et al. propose a two-stage calibration method using
an auxiliary device with distinctive geometric features [50]. The method extracts lines from
images and LiDAR point clouds, providing an initial estimation of the external parameters.
Nonlinear optimization is then applied to refine these parameters. In the work of Singand-
hupe et al., the authors first extract planar information from RGB and L measurements, then,
two grids of points are extracted from the computed planar patches and aligned using a
customized ICP algorithm [143]. Albeit these approaches provide accurate results with few
measurements, care should be taken during the estimation of virtual correspondences, as
they can cause significant errors in the estimation step. Moreover, these custom targets often
require precise construction or expensive manufacturing.

Another group of approaches does not directly solve the calibration problem using point-
to-point correspondences but rather exploits the flatness of the target to reduce the feasible
set of solutions using plane-to-plane constraints. Mirzaei et al. addresses the challenge of
accurate initial estimates by dividing the problem into two sub-problems and analytically
solving each to obtain precise initial estimates [116]. The authors then refine these estimates
through iterative minimization. They also discuss the identifiability conditions for accurate
parameter estimation.

A method closely related to our proposed approach is presented by Kim et al. [90],
who estimate the extrinsic transformation by first computing the relative orientation using
observed surface normals and SVD. They then obtain an initial estimate of the translation
by minimizing the pairwise distances between corresponding planar features, followed by a
refinement step using non-linear optimization using LM. While conceptually straightforward,
their method decouples rotation and translation estimation, which may result in suboptimal
accuracy and a higher requirement on the number of observed features to achieve reliable
convergence.

Building upon this line of research, we propose a tightly-coupled, joint formulation for
non-linear optimization that simultaneously estimates relative rotation and translation by
minimizing a plane-to-plane alignment error. In contrast to methods that rely on specialized
or logistically demanding calibration targets, our approach supports standard checkerboard
and ChArUco patterns of A3/A4 size, which are easy to produce and deploy. Furthermore,
our calibration framework is modular and extensible: it separates the geometric optimization
from the detection phase, allowing the use of different fiducial patterns or feature detectors.
The implementation also supports a variety of camera models and lens distortion profiles,
enhancing its applicability to both narrow and wide field-of-view systems.

An open-source implementation of the method is made available as part of this the-
sis, promoting reproducibility and facilitating its integration into broader perception and
calibration pipelines.
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5.2 LiDAR-RGB calibration

In this section, we provide a detailed description of the proposed extrinsic calibration
pipeline between a LiDAR and an RGBcamera. Assuming prior familiarity with coordinate
transformations, camera and LiDAR models, and non-linear least squares optimization, as
introduced in Chapter 2, we outline each stage of the method in technical depth. The process
begins with the acquisition and preprocessing of raw sensor data, followed by the detection
of planar targets and the extraction of geometric features. Subsequently, we describe the
matching strategy used to associate observations across modalities and formulate the joint
optimization problem that estimates the rigid-body transformation between the sensors. The
final output consists of the relative pose, expressed as a 6-DoF transformation in SE(3), that
aligns the two sensing frames.

Plane Representation: Let 7 = (n, d) be a 3D plane, where n € S? represents its
normal and d € R is its orthogonal distance concerning the origin coordinate system (visible
in Fig. 5.2a). This representation is also known as Hesse normal form. Applying a transform
X € SE(3) to a plane 7 yields new coefficients 7/, as follows:

Rn
Xm = { d+ (Rn)Tt CRY

Here X = (R;t) is represented by a rotation matrix R € SO(3), and the translation
vector t € R3.

The rotation matrix can be calculated from the perturbation vector using the exponential
map at the identity Exp(Ar) € SO(3). We extend the notation of the exponential map to
refer to the transformation encoded in Ax. If the transformation is modified by a small
local perturbation Ax = (Ar|At) then we can rewrite:

_ | Exp(Ar)Rn
(X Exp(Ax))r = { d+ (Rn)7t + nTR7Exp(Ar)T At (5-2)
Deriving the result for Ax leads to the following Jacobian:

0(X Exp(Ax))m _ 03x3 —|Rn], (5.3)
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(a) Shows the Hesse plane representation used in (b) A visual representation of the plane-2-plane
this work. error.

Figure 5.2. Here e, is the error for the normal term while e, represents the plane distances.
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where | v], maps the vector v into a skew-symmetric matrix defined as follows:

0 —v, vy
V], = | vz 0 v, (5.4)

—vy vy O

The distance between two planes depends on the difference between their normals and
the signed distance of the planes from the origin, as shown in Fig. 5.2b. These quantities
can be captured by a 4D error vector e, expressing the plane-to-plane error metric:

p(m) = —ngdy "
o n; —n; 5.6
ep(mi, ;) n} (p(m;) — p(mi)) o

Here p(7y) is the point on the plane closest to the origin of the reference system, and it
is obtained by taking a point along the normal direction n at a distance d.

Throughout the works presented in this thesis, we primarily adopt spherical projection
for LiDAR data (see Sec. 2.1.2), as it preserves geometric consistency and maintains the
spatial relationships between 3D points. This representation is particularly suitable for
tasks involving registration and scan alignment (see Sec. 3.2.2). However, during the
calibration procedure, our focus shifts toward enabling precise manual selection of the
checkerboard plane within the LiDAR view. To facilitate this, we render the LiDAR data
using an alternative projection method based on point identifiers (ID-based projection
Sec. 2.1.2), which ensures a more stable and user-interpretable image for interaction. The
calibration procedure is detailed below. First, we process the incoming raw LiDAR and
RGB measurements to acquire planar information. Assuming the scene remains static
throughout the acquisition of a single joint measurement, the LiDAR cloud is embedded in
an image using the projection by ID. Moreover, the system awaits the user interaction to
guess the position of the calibration target on the LiDAR image.

A parametric circular patch around the user’s selection is used to estimate a plane using
RANSAC, and concurrently, the calibration target detection is performed on the RGB image
using a target-dependent method (i.e., OpenCV[21]). Once the target is detected, the
RGB plane is computed by solving a PnP problem with OpenCV. If the user is satisfied with
both LiDAR and RGB planes, they are stored for processing.

Whereas a straightforward rank analysis of the Jacobians reveals that just three mea-
surements are sufficient to constrain a solution, it is well known from the estimation theory
that the accuracy grows with the number of measurements. From now on, a measurement
represents a synchronized pair of LIDAR RGB measurements.

Once the set of measurements is acquired, we jointly estimate the relative orientation and
translation of the LiDAR to the RGB sensor X € SE(3) by solving the following nonlinear
minimization problem:

X = argmin ZHXWIZ — 7 ? (5.7)

XeSE(3) je7
P

where e, represent the plane-to-plane error.
During acquisition, the user may accept one or more wrongly estimated measurements.
Due to the quadratic nature of the error terms, these outliers are often over-accounted,
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Table 5.1. Average translation error in millimeters with different noise levels and number of
measurements N.

o=0 o] =8e 3 o1 = 16e73
o.=0 o =Te 3 oc = 1473
N mean stdev mean stdev mean stdev

3 41761 104.362 20.790 25.124 57.849 112.365
4 10.872  17.941 12.206 12.363 14940 11.681
5 6.492 7997 8350 9.076  9.115 5.675
10 4591 3458 5759 4974 5849 1.989
20 2.575 1981 3.646 2.564 4.123 1.139
30 2.673 1.263 2867 1.659 3.735 0.878
39 2.091 0.883 2.666 1.206 3.261 0.413

resulting in wrong estimations. We employ a Huber robust estimator p(-) that treats different
measurements based on their error to account for this factor. We rewrite Eq. (5.7) as follows:

X = argmin Z p(|| X7i — 7t]). (5.8)
XeSE(3) icZ
To resolve Eq. (5.8), we employ the GN algorithm. The full pipeline is depicted in
Fig. 5.3.

5.3 Experimental Evaluation

In this section, we describe the experiments we conducted to establish the quality of our
calibration toolbox. We perform quantitative experiments in the simulated environment
provided by [17] to compare our estimates with ground truth while we also conduct qualita-
tive and quantitive experiments on real scenarios using our acquisition system. We directly
compare our results with [90], as it is the work closest to ours. In addition, we compare to
[17] that produce accurate results relying on a very complex target (CNC printed).

LiDAR Point Cloud Multi-Modal Plane Extraction
— i Point Cloud Embedding
—ri—
X= i X — i
RGB Image ‘ i&&lgéﬂ(ll i —mll) }—)
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e

Figure 5.3. Diagram of our calibration pipeline. Measurements are acquired, and calibration target
detection is performed (L planar detection is performed via human intervention). The set of
planes is used to solve the non-linear optimization problem, leading to the optimal relative pose
between the sensors.
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5.3.1 Synthetic Case

We conducted experiments on Gazebo simulator [93] to evaluate the accuracy and robustness
of our approach, injecting different noise figures into the sensor measurements. We also
experiment with how the number of observations affects the final results. The scene setup
includes a Velodyne HDL-64 LiDAR, a BlackFly-S RGB sensor, and a 6 x 8 checkerboard
target with a corner size of 0.2 meters. We randomly generate and acquire 53 valid measure-
ments, where a valid measurement for which both LiIDAR and RGB sensor can detect the
target.

To quantify the impact of the number of measurements on the accuracy of our approach,
we run the calibration procedure with an increasing number of measurements wy = [3. .. 39]
and at three different LiDAR noise levels o1 (0 mm, 7 mm, and 14 mm). For every wg, we
sample 40 sets of measurements.

From Tab. 5.1, we observe a steady decrease of error for every noise level, reaching
an average of 2.6 mm translation error in the intermediate noise case. In the case of three
measurements, the high uncertainty is due to the potentially poorly conditioned system
when using planes with similar normals. Nonetheless, we compare our best result with 3
measurements against the best results of the methods presented in [17] and [90]. Tab. 5.2
shows the results.

Method e; (cm) e, (1072 rad)
Beltrdn et al.[17] 0.82 0.24
Kim et al.[90] 10.2 129.56
Ours 0.11 0.25

Table 5.2. Quantitative results on synthetic data achieved through calibration using N = 3 measure-
ments. We choose this measurement count for parity with the methodology proposed in [17]. In
[17], a single measurement is deemed sufficient for calibration determination, with 3 measure-
ments considered the optimal scenario. Beyond 3 measurements, accuracy does not improve
significantly. Both for our study and in alignment with the findings in [90], 3 measurements
represent the minimum requirement for solution determination, and an increase in this count is
expected to result in more precise outcomes. Our results show that with our minimum number
of measurements, we perform on pair with [17] in rotation while outperforming all methods on
translation, using small commercial tags.

5.3.2 Real Case

In this section, we describe the experiments conducted on real measurements. We perform a
quantitative test on our acquisition system shown in Fig. 5.4, that is the one reported also
in Fig. 4.4. The system is equipped with an Ouster OS0-128 LiDAR with a resolution of
128 x 1024, a RealSense T-265 stereo camera and two Manta-G145 RGB cameras arranged
in a wide horizontal stereo configuration.

Since no ground truth information is available, we use the stereo extrinsic to estimate the
calibration error. The offset between multiple cameras is measured using optical calibration
procedures, which typically reach subpixel precision.

In the first experiment, we consider the LiDAR and the Realsense T-265 sensor, which
provides two wide field-of-view fish-eye cameras with factory-calibrated intrinsic/extrinsic
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Figure 5.4. Acquisition system used for the Real Case experiments. We report nominal measurements
between the sensors. The Realsense T265 (180° horizontal field of view) is installed closer to
the LiDAR, while the two Manta cameras (90° horizontal field of view) are mounted in a further
wide horizontal stereo baseline.

parameters. The task of the experiment is to demonstrate the accuracy of the calibrator in
real-case scenarios and to understand how the number of measurements considered affects
the quality of the solution. As for the synthetic case, we first acquire a set of 17 cloud-image
LiDAR RGB measurements for both cameras. Moreover we perform 40 calibrations with
w, randomly selected measurements with ws € {3, 15}. Finally, for every ws, we combine
the computed extrinsic for both cameras to obtain an estimated stereo transform. Assuming
approximately symmetrical errors in the two cameras, Fig. 5.5a shows the results of this
experiment. We obtained, at best, an average error of 7.1 mm in translation and 0.01 rads in
orientation.

The second experiment is conducted using the wide stereo setup for which we also
calibrate the intrinsics and extrinsics of the cameras, providing expected results in a typical
scenario. The large parallax between the LiDAR and each camera and a smaller field of
view allows us to evaluate our approach in a stressful scenario. The acquisition procedure is
the same as in the first experiment, and Fig. 5.5b shows the experimental result, where we
obtain the best solution with 4.6 mm and 0.2 x 10~2 rads in orientation.

Moreover, Fig. 5.1 and Fig. 5.6 show the reprojection onto the right camera, respectively
of the fisheye and wide baseline RGB sensor. In the latter, the large parallax between
the sensors leads to strong occlusion effects that have been mitigated with a hidden point
removal algorithm [86].

Our evaluation indicates that our method can generate extrinsic estimates comparable or
superior to those obtained using other state-of-the-art approaches. It is important to note
that careful consideration is required when selecting a minimal number of measurements.
However, our experiments demonstrate that the accuracy of these estimates improves as the
number of measurements increases.

5.4 Conclusion

The experiments presented in this chapter demonstrate that planar features represent a valid
and robust alternative to existing methods for LIDAR-RGBcalibration, particularly due to
their resilience to the inherent noise characteristics of LiDARmeasurements. As shown in
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Figure 5.5. (a) Average camera-wise calibration error in the L-T265, wide FoV case. (b) shows the
average camera-wise calibration error in the LiIDAR-Manta case while

Tab. 5.1, the proposed approach maintains comparable translation error across varying noise
levels, highlighting the stability and consistency of the calibration process under sensor
uncertainty.

In addition to synthetic experiments, real-world evaluations further support our claims
regarding the practicality of the method. Specifically, we show that the use of standard planar
targets with dimensions reduced to A3/A4 formats remains effective for accurate extrinsic
estimation. These targets are easily printable and portable, making them especially suited
for field applications. Furthermore, the proposed framework enables seamless integration
with different camera models, including the Kannala-Brandt model [85] used with the
Intel RealSense T-265, and the Radial-Tangential model used with the Manta G-145. This
demonstrates the generality and adaptability of the method across sensor configurations.

Based on these findings, we recommend the application of our method in scenarios
where calibration must be performed on-site, particularly in environments that do not support
dedicated calibration setups, or where transporting specialized calibration targets is not
feasible. Nonetheless, several considerations must be taken into account to ensure successful
calibration. One key factor is the configuration of the sensors and their shared field of view.
Achieving an accurate estimate requires observing the calibration target from multiple poses,
with sufficient coverage from both modalities. In cases where the overlap in field of view is
limited, a single-shot calibration strategy, where all necessary information is captured from
one position, might yield improved accuracy.

Another important aspect concerns the temporal synchronization of the sensor data. Our
method assumes that the input measurements are time-aligned. Even small offsets between
the LiDAR scan and the RGBimage can significantly degrade calibration accuracy. Synchro-
nization is particularly challenging due to the differing operational characteristics of the
sensors: LiDARSs typically exhibit longer revolution periods compared to the exposure times
of RGBcameras. As a practical recommendation, we suggest triggering image acquisition
during periods where the LiDAR scan intersects the camera’s field of view to maximize
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spatial overlap and minimize temporal discrepancy.

One possible enhancement to this work is the introduction of an automatic detection
system for identifying calibration targets within the LiDAR point cloud. Such a system could
operate directly on the 3D data, using spatial analysis to detect planar structures, or indirectly
by projecting the point cloud onto a 2D embedding for image-based detection. Automating
this step would significantly reduce the manual intervention required during calibration,
either by fully replacing or by improving the initial guess for the current human-assisted
plane detection process.

In summary, this chapter introduced a practical, flexible, and accurate method for estimat-
ing the extrinsic parameters between LiDARs and RGB sensors. By exploiting the inherent
planarity of standard calibration targets, we enable reliable geometric alignment between
these sensing modalities while simplifying the calibration process. Our experiments confirm
that planar features not only mitigate the impact of LiDAR noise but also enable precise
calibration even when using low-cost, easily available A3/A4-sized patterns. Finally, to
encourage adoption and facilitate reproducibility, we release an open-source implementation
of the proposed calibration pipeline as part of this thesis.
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Figure 5.6. Qualitative samples showing L. cloud projection on RGB image, in the setting sketched
in Fig. 5.4, where the parallax between the sensor is approximately 66 cm.
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Chapter 6

Photometric LIDAR and RGB-D
Bundle Adjustment

LAM has significantly advanced in robotics over recent decades, enabling robust

solutions for accurate localization and environment reconstruction. SLAM ap-

plications span diverse and demanding domains, such as autonomous driving,

augmented reality, robotics navigation, indoor mapping, and planetary exploration.
This wide span of applications underscores SLAM’s significance and motivates ongoing
academic research and substantial industrial investment.

Contemporary SLAM systems typically consist of two primary components. The first
is the front-end, responsible for real-time sensor odometry estimation. The second is the
back-end, which focuses on optimizing previously estimated sensor poses and refining the
consistency of reconstructed 3D maps. BA [153] remains the gold standard optimization
method for vision-based SLAM and SfM, offering a robust and accurate mechanism for
refining poses and landmark positions simultaneously.

In recent years, photometric or direct methods have emerged as a critical advancement
within the SLAM community, especially due to their capacity to directly minimize pixel-
wise discrepancies across entire image regions. Unlike traditional feature-based techniques,
photometric approaches do not depend on explicit handcrafted feature extraction, circum-
venting the challenges associated with feature sparsity, outliers, and ambiguous matches.
These direct methods achieve enhanced registration accuracy through subpixel precision and
implicit data association, effectively addressing limitations inherent in feature-dependent
frameworks [89, 139].

Although photometric approaches have demonstrated considerable success with various
sensor types such as monocular, stereo, and RGB-D cameras, their application to LiDAR
data remains significantly less explored. Modern LiDAR sensors now offer unprecedented
resolution, often up to 128 channels, and generate dense point clouds at a rate exceeding
five million points per second. Such advancements in LiDAR sensor technology provide
an opportunity to extend photometric approaches beyond traditional image-based sensors,
making them viable and highly beneficial for LIDAR data processing. By projecting
LiDAR scans into panoramic images that capture intensity and reflectivity information,
photometric methods effectively leverage these high-density point clouds, paving the way
for improved mapping accuracy and robustness. [38] presented a general photometric
registration methodology that extends direct approaches to different projective models and
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enhances the optimization robustness by considering additional channels such as normals.

Building upon the foundational concepts introduced in Chapter 3, this thesis proposes
a unified photometric BA strategy capable of seamlessly integrating RGB-D and LiDAR
sensors into a coherent optimization framework. This methodology aims to refine initial
trajectories derived from SLAM systems or GNSS positioning solutions by explicitly maxi-
mizing photometric consistency across multi-sensor observations. Crucially, this approach
operates without the need for explicit data associations, significantly reducing computational
complexity and enhancing robustness to sensor noise and environmental variability.

The proposed framework inherently supports multi-sensor integration, accommodating
the combination of heterogeneous sensors to enhance robustness and accuracy. Comprehen-
sive comparative evaluations conducted on well-established benchmark datasets validate the
effectiveness and versatility of the proposed approach. Results demonstrate competitive or
superior performance compared to existing state-of-the-art sensor-specific BA techniques
and established SLAM algorithms. Moreover, the thesis explores and illustrates the synergis-
tic potential of fusing RGB-D and LiDAR data, further enhancing the proposed method’s
overall efficacy.

In addition, the developed strategy serves a critical role within the ground truth generation
pipeline used for the dataset detailed in Chapter 4. This practical application underscores
the method’s effectiveness, particularly highlighted by an exemplary reconstruction of
Viterbo city-center in Italy, as shown in Fig. 6.1. The reconstruction showcases the method’s
capability to generate detailed, globally consistent, and accurate maps, illustrating the
feasibility of practical deployment and emphasizing its potential for further academic and
industrial exploration. The complete implementation, optimized in CUDA/C++, is publicly
available, thereby facilitating wider adoption and continued research.

6.1 Related Work

Approaches for global refinement such as BA are widely used in Visual SLAM and SfM
systems but are less common for LiDAR. In this chapter, we provide a unified photometric
global registration method for both RGB-D and LiDAR that can improve the accuracy
of the trajectory, and hence the map, obtained by standard SLAM systems that rely on
Pose-Graph Optimization (PGO). PGO formulation reduces the optimization problem’s size
but approximates the original problem by marginalizing the projective observations.

In the RGB-D SLAM field, BA can be classified into two categories: direct and indirect.
In the following, we will explain the difference between these two paradigms and review the
state-of-the-art of both approaches. We finally discuss BA applications in LIDAR SLAM.

Indirect SLAM methods estimate camera poses and 3D structure by minimizing re-
projection error of feature points, making them faster and less sensitive to calibration and
synchronization issues [139]. State-of-the-art implementations perform windowed BA to
refine the map in a neighborhood of the sensor location, and global BA is invoked upon loop
closures on the entire trajectory. To keep the problem tractable, the trajectory is subsampled
in a set of keyframes, and only some salient feature points are considered in the optimization
[118,92].

Direct methods directly minimize the photometric error between overlapping images
without relying on feature detection and matching. The photometric error is calculated as
the difference between the measured and predicted pixel intensities based on an estimate of
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Figure 6.1. Reconstruction of Viterbo city-center (Italy) using our data recorded with an OS0-128.
The trajectory, which is about 2 km long, has been estimated first with MD-SLAM Chapter 3
[67] and then refined with our photometric BA strategy. This image highlights both the global
and local consistencies. We show reconstruction details with multiple scans of the same places
acquired over time.

the 3D structure and camera parameters. Delaunoy and Pollefeys propose an offline dense
3D reconstruction methodology that refines the scene and camera parameters to minimize
photometric error. The scene is represented by triangular meshes, which require frequent
remeshing, making the approach computationally demanding [40]. Goldliiche et al.present a
variational framework that estimates a super-resolution curved surface to precisely represent
the 3D scene, leading to improved estimates and high-quality texture output [68]. Slavcheva
et al.perform pairwise alignment by registering two consecutive Signed Distance Function
(SDF)s generated from the depth images, which is used as global refinement [144]. The
direct methods presented are computationally heavy, being mainly used for offline 3D
reconstructions.

To enhance the computation, some researchers exploited the decomposability of the
problem and investigated data reduction strategies to reduce the computation of BA in SfTM
applications. Hatem Alismail ef al.consider only pixels with reasonable gradient in the
error function to reduce the problem’s size [7]. Eriksson et al.propose a consensus-based
optimization to parallelize BA for large-scale problems [49]. Demmel et al.propose a novel
solution in Distributed BA by breaking down the problem into smaller subparts using the
k-means clustering method, and structuring the resulting subgraphs into well-constrained
connected segments for more efficient processing [41].

In between the class of direct and indirect methods, we find the work of Forster et
al. [56], which proposes a hybrid method to estimate the camera’s motion. First, an initial
guess of the sensor location is computed by minimizing the reprojection error of the world
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points. Then the estimate is refined by minimizing the photometric error of the patches
around the feature points. The final map refinement step is done by performing direct BA.

Recently, the community has focused on embedding BA refinement in SLAM applica-
tions. Hybrid approaches have gained traction to combine the accuracy of direct methods
with the robustness of feature-based ones by mixing direct and indirect error terms in opti-
mization strategies. One example is Bundle Fusion [39], which interleaves feature-based
and photometric BA to refine the global estimate. The photometric refinement considers
only camera poses and not the structure. Similarly, BAD-SLAM [139] minimizes a cost
function that accounts for geometric and photometric errors in motion estimation and global
refinement processes, with three main steps: refining the 3D scene modeled by surfel,
optimizing camera poses with a fixed model, and refining the camera’s intrinsics.

In parallel, the community approached LiDAR-based SLAM by seeking alternative
representations for the dense 3D point clouds. Given the accuracy of these measurements,
the robotics community addressed the problem of building a map incrementally registering
new scans.

Many registration techniques have been exploited using LiDAR data. These include
3D salient features [168], subsampled clouds [155] or NDT [147]. Nowadays, LiDAR
Odometry and Mapping (LOAM) is perhaps one of the most popular methods for LiDAR
odometry [168, 169]. It extracts distinct features corresponding to surfaces and corners,
then used to determine point-to-plane and point-to-line distances to a voxel grid-based
map representation. A revised approach (Lego-LOAM) has been suggested [141], which
takes advantage of a ground surface in its segmentation and optimization steps. Odometry
estimation techniques, or more generally 3D point clouds registration routines, coupled
with place recognition and PGO show satisfying results within LIDAR SLAM [141, 67].
This makes PGO the gold standard optimization method in LiDAR community. A pose-
graph represents the trajectory, and observations between pairs of poses along the path are
computed by registering the two overlapping clouds. Hence, an observation is a relative
transform and potentially a covariance matrix. With this approximation, the constraints
between the poses can be represented in a relatively compact manner. The optimum of a
PGO is the configuration of poses that is maximally consistent with the transforms in the
measurements. Albeit efficient, PGO approaches operate on approximating the original
problem since pairwise measurements are computed once during the SLAM phase and never
revised. Unavoidable drifts will accumulate, and wrong behavior of the place recognition
might lead to inconsistent graphs as shown in [167].

In order to remove these inconsistencies, recently Liu and Zhang presented a global geo-
metrical optimization methodology that considers cloud measurements [108]. In particular,
it formulates a cost function based on LOAM features (i.e., edges and planes) and globally
optimizes the trajectory to maximize the features’ overlap. This approach performs a static
data association based on the co-visibility of landmarks; thus, it requires a good initial guess
to operate.

In recent years, the vertical resolution of modern 3D LiDARs increased, and these
devices provide scans that resemble more and more dense panoramic images. This allows
us to transfer results about direct global refinement from vision to LiDAR. In this work, we
present a unified BA strategy that works independently for LIDAR and RGB-D in the same
way. By operating directly on images, our method constantly refines the data association
during the optimization; hence it is less sensitive to poor initial guesses. Our algorithm’s
capabilities are demonstrated through quantitative and qualitative analyses, consistently
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Figure 6.2. The flow of our approach. The input of our system contains the initial guess of the
sensor pose, the intensity image Z# and the depth image Z¢. MD-SLAM already provides the
input in the correct format since the preprocessing step is embedded in the SLAM system. The
core of our refinement strategy, highlighted in red in this graph, consists in creating a graph
with photometric observations (Sec. 6.2.1) and running a global optimization on the set of poses
Xi.n, as detailed in Sec. 6.2.2.

improving the initial estimates provided by any SLAM systems.

6.2 Photometric Bundle Adjustment

The goal of our approach is to compute the set of sensor poses X . whose photometric
error between overlapping frames is minimized. The input of our system is a set of triplets
<Xz~, 78, Id>, containing the initial guess of the sensor pose, the grayscale/intensity image
7# and the depth image Z9. The workflow of our method is illustrated in Fig. 6.2. The first
step is to generate an augmented image pyramid from each pair of images in a triplet, this part
is equal to the previous work presented in Sec. 3.2.1. The second step is determining which
pairs of images observe a common structure, which is discussed in Sec. 6.2.1. Finally, these
pairs will be used to instantiate a photometric optimization problem presented in Sec. 6.2.2.
Without using geometrical error functions or structure optimization, our approach is entirely
free from any feature association. This makes our method simple, compatible with multiple
depth sensors, and competitive with ad-hoc state-of-the-art approaches.

6.2.1 Graph Construction

Our system takes as input a collection of triplets <Xi,Ig, Id>, that consist of the initial
estimate of the sensor’s pose and pairs of images for both intensity and depth. To instantiate
Eq. (6.3) we need to determine the matching pairs (7, j). The problem can be visualized as
an undirected graph, where each node is a triplet, and an edge between two nodes encodes a
potential match.

To compute the matches, we start from the initial assignment of poses {X,,} and add
edges to the graph based on the input data. To this extent, we use a straightforward criterion
that generates a matching pair if two poses X;, X ; are close in space, and their orientations
are similar. More specifically, we create a pair between X;, X; if all these conditions are
satisfied:

1. the angle between the poses is below a threshold (typically 30 deg);

2. the translation between the poses is below a threshold (typically below 1 meter);
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Figure 6.3. An example of pose-pairs associated, our BA strategy relies on the association of X; and
X if they share observations. In the picture above, the input images with depth and normals
are on the left, and on the right is the reconstructed model using our methodology. Note that
in reality, inputs of our BA are pyramids (as discussed in Sec. 3.2.1, i.e., images of different
resolutions). Here, we show just one level for simplicity. The data used is from ETH3D.

3. the ratio of reprojected valid points from X; onto X is sufficiently high (typically
1/3).

In addition to these criteria, if the data come from a sequential acquisition, we add
matches between subsequent triplets to model odometry-like constraints. An example of
pose-pair associated is shown in Fig. 6.3.

6.2.2 Photometric Error Minimization

Our method seeks to find the set of transformations X%, € SE(3)" that minimizes the
photometric error between each candidate pair of sensor poses that observe a common
portion of the environment. Note that the formulation is very similar to the one explained in
Sec. 3.2.2, however this involves multiple variables rather the one. For clarity, we provide
full details of this methodology below. Let Z; and Z; be two images acquired from poses X;
and X; that form a matching pair. Let Z(u) be the value of the pixel u in the image 7.
The photometric error at image coordinates u in the matching pair is the difference
between ZF(u) and the pixel I]g(u’ ) of the second image. The evaluation point u’ is
computed by unprojecting the pixel u from Z{ onto the image plane of Ijg. This accounts

for the relative transform X ; = Xj_lXi between the two frames, as follows:

w =7 (R} (Rir " (u,depth) + t; — ;) ). (6.1)

To carry out this operation, the depth at the pixel depth = Z9(u) needs to be known.
Standard photometric optimization seeks to find the following minimum:

Xi.ny =argmin » Y || Z8(u) — Ijg’(u’)H2. (6.2)
XN (i) u
Here the inner summation computes the photometric error of a matching pair (7, j) as the

squared norm of the error of all pixels u while the outer summation spans over all matching
image pairs.
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Figure 6.4. The effect of hierarchical optimization when performing BA. From left to right, we
show how the quality of the estimate improves, starting from a bad initial guess. The heatmap is
normalized between 0 and 0.005 [m] for better visualization. The data is self-recorded using an
Intel D455.

Eq. (6.2) models classical photometric error minimization assuming that the cues are
unaffected by X; ;. Whereas this is true when operating with pure intensity/grayscale values,
normals, and depths change when mapped from the frame X; to the frame X;. As in in [38]
these mappings can be encapsulated by the function M¢(X;;, Z¢(u)) that calculates the
pixel value of the c*? cue after applying the transform X ;i to the original channel value
7¢(u). By extension, let Z¢ = MC(X;;,I5) be the image obtained by remapping Z7,
according to X ; ;. We can thus rewrite a more general form of Eq. (6.2) that accounts for all
cues and captures this effect as follows:

2
F(Xin) = > p|D I (w) - Z5(u) (6.3)
ij u e Qe
Xi.ny = argmin F(Xy.x) (6.4)
XI:N
where p is a Huber robust M-estimator. The squared Mahalanobis distance || - |3 is

used to weight the different cues. In our experiment we typically set 28 = 0.6, Q" = 0.8
and Q4 = 1, giving more importance to depth and surface normals compared to grayscale
channel. To carry on the minimization in Eq. (6.4) we employ the LM algorithm implemented
inthe srrg2_solver [71].

At each iteration, we suppress the occluded portions of the images before evaluating
Eq. (6.3). The optimization proceeds by seeking the optimum of all poses, starting from
the coarser level. Once convergence is reached at one level, our system switches to the next
finer one, and the optimization proceeds by choosing the solution computed so far as an
initial guess. Fig. 6.4 shows the effect of this hierarchical approach applied to a BA problem.
Generally, the worse the initial guess, the more the required levels.
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6.3 Experimental Evaluation

In this section, we report the results of our method on different public benchmark datasets.
To the best of our knowledge, our approach is the only open-source photometric BA strategy
that can deal with RGB-D and LiDAR in a unified manner. Therefore, to evaluate our
system, we compare it with state-of-the-art SLAM and BA packages developed specifically
for each of these sensor types.

To run the experiments, we used a PC with an Intel Core i7-7700K CPU @ 4.20GHz,
32GB of RAM and a Zotac Geforce GTX 1070 X 8G. Our BA schema is implemented on
the GPU using CUDA 11. Since this work is focused on global consistency, we perform our
quantitative evaluation using the RMSE on the ATE with SE(3) alignment. The metric’s
alignment is computed using the Horn method [79], and the timestamps are used to determine
the associations. Then, we calculate the RMSE of the translational differences between all
matched poses.

s RGB-D
[ LiDAR
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d+n
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Figure 6.5. The contribution of each cue in our BA strategy. Our strategy uses three types of
information (grayscale/intensity g, depth d, and surface normals n), the histogram shows the
contribution of pairing each of them for RGB-D and L with respect to the initial guess in terms of
ATE. Overall, using the three information together perform always better compared to coupling
only few of them, for both the sensors.

In Sec. 6.3.1, we discuss the approaches and the datasets used for comparison with
RGB-D sensors, while in Sec. 6.3.2 we present the results for LiDAR data. Since our
implementation can run both on GPU and CPU, we report the runtimes of our algorithm for
various pyramid resolutions using different commercial GPUs and our processor (Fig. 6.6).



6.3 Experimental Evaluation 77

] B CPU
] B GTX 1060
6 - B GTX 1650 Ti
] B GTX 1070
] BN RTX 3070
5] 1 RTX 3090
= 4]
o]
g ]
+ 3 4
21
1
0 ]

finest middle coarser

Figure 6.6. Runtimes of our BA strategy evaluated on multiple commercial GPUs and our Intel Core
17-7700K CPU. Cumulative time and standard deviation spent on an iteration of optimization.
In this experiment, the finest level includes around 86M pixels, the middle level includes 22M
pixels, and the coarser level has around SM pixels. Time is expressed in seconds.

The image reports timings for each complete optimization iteration at different resolutions.

In our experiments, to switch from one level to the other, we use a simple termination
criterion involving the variation of the error in Eq. (6.3) over the iterations. The number of
iterations for each level differs from the quality of the initial guess. In our experiments, we
tend to achieve success after 10 iterations on coarser levels, 5 iterations on middle levels,
and merely a few iterations on the finest level.

In Sec. 6.3.3, we present a demonstration illustrating the impact of employing RGB-
D and LiDAR simultaneously on the final estimate. Our findings clearly indicate that
the use of these two sensors in conjunction, as part of our unified approach, consistently
outperforms the single sensor modality.

In Fig. 6.5, we show the contribution of different cues (depth, grayscale, and surface
normals) on the estimation results for both RGB-D and LiDAR. Our findings reveal that
leveraging all available information enhances the performance of both sensors, with a more
pronounced effect observed for LiDAR. The inclusion of surface normals plays a vital
role in accurately determining the orientation of the estimate, thereby influencing the ATE.
Additionally, we observe that the improvement in LiDAR performance diminishes when
intensity values are combined with depth values. This can be attributed to the active nature
of the LiDAR sensor, which yields contrasting results compared to RGB-D, where relying
solely on noisy depth data is insufficient for achieving significant improvements.
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Figure 6.7. Some views of reconstructions using our photometric BA schema. On the left recon-
struction of working table using an Intel L515 belonging to the RGB-Dfamiliy. On the right a
view of the cloister sequence of Newer College Dataset [170] recorded with OS0-128, belonging
to the spinning LiDAR family.

6.3.1 RGB-D

As a public benchmark for RGB-D we used several sequences of ETH3D [139]. This dataset
is acquired with global shutter cameras and accurate active stereo depth. Modeling rolling
shutter effects and light changes cannot be encapsulated in the projection function 7 (-), our
only pipeline component that differs between the RGB-D and LiDAR. For this reason, we
restrict our comparison to the setting mentioned above.

The work proposed in this paper refines the map from a reasonable initial guess. We
compute such initial configurations employing an improved online CUDA version of MD-
SLAM [67], our previous SLAM system that unifies depth sensors through hierarchical
photometric odometry estimation and feature-based loop-closures.

We compare different approaches representative of different classes of SLAM and BA al-
gorithms specific for RGB-D sensors: DVO-SLAM[89], ElasticFusion [161], BundleFusion[39]
BAD-SLAM][139], ORB-SLAM?2 [118]. DVO SLAM implements a mixed geometry-based
and direct registration. Internally the alignment between pairs of keyframes is obtained by
jointly minimizing point-to-plane and photometric residuals. This is similar to ElasticFusion,
whose estimate consists of a mesh model of the environment and the current sensor location
instead of the trajectory. BundleFusion refines the global estimate by interleaving feature-
based and photometric BA. Similar to us, their photometric refinement does not consider
the structure, but only the sensor poses. This method highly depends on data association,
employing correspondences based on sparse features and dense geometric/photometric
matching. BAD-SLAM is a surfel-based direct BA SLAM system that combines photomet-
ric and geometric errors alternating optimization of motion and structure. In contrast to
these approaches, ORB-SLAM?2 implements a traditional visual SLAM pipeline, where a
local map of landmarks around the RGB-Dsensor is constructed from ORB features [136].
The map is constantly optimized as the camera moves by performing local and global BA.

Most of the compared approaches run global refinement on a separate thread in an
anytime fashion. The work presented in this chapter addresses only this global aspect.
Reporting the timings of this experiment would be unfair since our method addresses only a
part of the problem.

ETH3D provides images of 740x460 pixels. We compute a 3-level pyramid from these
images with scales 1/2, 1/4, and 1/8. In Tab. 6.1, we can see that our photometric refinement
performs on par (second after BAD-SLAM) with other state-of-the-art ad-hoc RGB-DSLAM
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table3 — 0.007 0.008 0.017 0.002 0.016 0.009
table4 0.012 0.008 0.018 —  0.002 0.023 0.008
table7 — 0.010 0.007 0.010 0.003 0.018 0.009

cables] 0.018 0.007 0.004 0.022 0.007 0.021 0.006
plant2  0.017 0.003 0.003 0.004 0.001 0.005 0.001
planar2 0.011 0.005 0.002 0.003 0.003 0.009 0.004

mean 0.014 0.007 0.007 0.011 0.003 0.015 0.006
std 0.003 0.002 0.005 0.008 0.002 0.007 0.003

Table 6.1. ATE RMSE [m] on ETH3D benchmark, recorded with global shutter camera and
synchronous streams. ElasticFusion fails in fable3 and table7, BundleFusion fails in table4.

and BA systems. Our method reduces the trajectory error to a few millimeters. More
importantly, it improves by 60% the accuracy of the initial guess provided by MD-SLAM.
Fig. 6.4 and Fig. 6.3 illustrate the effect of the hierarchical optimization on self-recorded
data.

Summarizing, using our general pipeline of MD-SLAM and photometric BA presented
in this paper provides results comparable with other RGB-D specific approaches, being
second only to BAD-SLAM.

6.3.2 3D LiDAR

To validate our approach on LiDAR measurements we used both our data and public
benchmarks. We used the Newer College Dataset [170] as a public benchmark. The dataset
is recorded at 10 Hz with Ouster OS0-128. More specifically, we used the cloister, quad
(easy), and stairs sequences. The quad sequence contains two loops that explore the Oxford
campus courtyard, cloister mixes outdoor and indoor scenes while stairs captures an indoor
scenario with multiple floors. Being based on image comparison, our approach operates
well on LiDAR data having a good vertical resolution. LIiDARs with fewer beams (i.e., 64,
32, 16) would produce an unbalanced horizontal image, reducing the converge basin of the
algorithm.

We compare our method with BALM?2 [108], which, to the best of our knowledge, is the
only publicly available LiDAR global refinement approach. BALM?2 is based on the overall
consistency of points, lines, and planes. This system requires the same input as our method,
namely an initial guess trajectory and the point clouds.

To compute the initial guess, we used several SLAM algorithms specific for LiDAR:
LeGO-LOAM [141], SUMA [16] and our unified MD-SLAM. LeGO-LOAM is a pure
geometric feature-based frame-to-model LiDAR SLAM system, where the optimization
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LeGO-LOAM MD-SLAM SuMA
5 . ) 3 = = 3 = =
7 £ ©|ad & °|a £ ©

cloister 0.20 0.25 0.16 | 0.36 0.37 0.32]3.34 2.67 2.53
quad  0.09 0.09 0.090.25 1.98 0.17 | 1.74 1.72 1.68
stairs  3.20 5.13 3.48|0.23 0.38 0.10 | 0.67 0.86 0.60

Table 6.2. ATE RMSE [m] on Newer College Dataset, recorded with OS0-128. We always improve
the SLAM baseline, a part for stairs starting from LeGO-LOAM estimate.

on roll, yaw, and z-axis (pointing up) is decoupled from the planar parameters. SuMa
constructs a surfel-based map and estimates the changes in the sensor’s pose by exploiting
the projective data association in a frame-to-model or frame-to-frame fashion.

Tab. 6.2 reports the accuracy of our method and BALM?2, for each dataset, and each
initial guess. The ATE of the SLAM solution measures the quality of an initial guess. We
observe that LeGO-LOAM provides a good guess on all planar data but fails on the stairs
dataset resulting in an ATE of more than 3 meters. MD-SLAM performs reasonably well
with a maximum ATE of 0.36 meters, while SUMA yields an acceptable initial guess only in
the stairs dataset. If the initial guess is good, both BALM?2 and our method perform well,
improving the initial estimate. However, as the initial guess degrades, our unified global
refinement’s accuracy remains stable by systematically improving the trajectory estimate.
On these data, we observed BALM2 to be particularly sensible to rotations and less dense
trajectories (i.e., trajectories sampled with fewer keyframe poses). Quantitative results show
that our strategy is successful within LiDAR data, raising the initial estimate close to 60%
improvement when a good initial guess is provided (i.e., stairs with MD-SLAM).

The convergence basin of these global refinement strategies are bounded by inconsistency
in the laser measurements (i.e., skewed point clouds); this is why none of the systems can
further enhance the trajectory in the LeGO-LOAM quad experiment.

Fig. 6.1 shows our large-scale reconstruction of the historical part of Viterbo (Italy) from
self-recorded data using a hand-held Ouster OS0-128 LiDAR. The trajectory is about 2 km
long, and the dataset is available from our repository.

6.3.3 RGB-D + 3D LiDAR

Thanks to the unified nature of our pipeline, it allows the straightforward integration of
multiple heterogeneous sensors. In Sec. 6.2.2, we formulated an optimization problem that
estimates the sensor’s trajectory X.n.

In a multiple sensors configuration, we can express the optimization problem as a func-
tion of the trajectory of a multi-device platform, to which all sensors are rigidly attached. The
multiple sensors setting slightly modify the cost function presented in Eq. (6.3) to include
the constant sensor offsets. The cost function for multi-sensor photometric refinement is just
the sum of the cost functions of each device. In this section, we report an analysis of our
optimization strategy with both RGB-Dand LiDAR. For these experiments, we mounted
an Intel D455 on the top of an OS0-128 and accurately calibrate the offset between the
two sensors using a robust point-to-plane alignment [35]. We recorded some static indoor
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Figure 6.8. Results of fusion experiments. Plots show how the initial perturbation affects the
convergence basin and the algorithm’s accuracy. On the x-y axis, respectively, translation [m]
and rotation [rad] perturbations, the value is denoted by the mean between rotation and translation
error in log scale. Fusing the two sensors with our straightforward approach always shows better
results compared to single sensors.

sequences, each of them containing synchronized grayscale and depth images from D455
and its corresponding intensity and range images from the OS0-128.

We carried out an experiment to evaluate the accuracy and converge basin of our approach
in this configuration. To this extent, we perform our photometric alignment strategy using
a single sensor frame consisting of a RGB-D and a LIDAR measurement pair. Since we
align a sensor frame with respect to itself, we expect the computed estimate to be as close
as possible to the identity. The optimization is carried on starting from increasingly wrong
initial guesses.

In Fig. 6.8, we show the result of this experiment, starting from single sensor optimization
as a baseline. Due to their different characteristics, the two sensors behave very differently
during photometric alignment. The 3D LiDAR has an inferior resolution but a very large
360 deg horizontal FoV. This results in a relatively large convergence basin, but the limited
resolution affects the minimum. Conversely, RGB-D, provides a high-resolution image with
a much smaller FoV of around 70 deg. This results in better minima at the expense of a
smaller converge basin.

We can refine the data in two ways that we name coupled and consecutive. The coupled
approach aims to simultaneously finding the minimum of both photometric errors of RGB-
D F"(X1.y) and LIDAR F'(Xy.x), as follows

X({?}\lfpled = argmin F"(X1.ny) + Fl(XlzN) (6.5)
Xl:N

The consecutive optimization combines the strengths of the two sensors, and operates
by first carrying on an optimization where only the LiDAR is used. Subsequently, it uses the
solution of this first run to find a minimum for the RGB-D problem.

The results suggest that fusing the two sensors always performs better than single sensors
(Fig. 6.8). Specifically, coupled is generally more accurate compared to RGB-D only, having
the converge basin incremented by the LiDAR. Similarly, consecutive seems to be the best
since it takes full advantage of the large convergence basin of the LiDAR and benefits
from the resolution of RGB-D. We believe that this proof of concept opens ways for 3D
reconstruction algorithms that symmetrically fuse the two sensors, taking benefits from both.
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6.4 Conclusion

This chapter presented a unified photometric BA methodology capable of seamlessly refining
sensor trajectories derived from RGB-D and LiDAR data. Unlike conventional approaches
reliant on explicit feature extraction and data associations, our photometric optimization
strategy minimizes pixel-wise difference directly, leveraging the dense intensity, depth,
and surface normal information. This capability enables robust and precise refinement of
trajectories and maps across different sensor modalities.

Through comprehensive experimental evaluations on publicly available datasets and self-
recorded data, our approach demonstrated significant improvements over initial trajectory
estimates produced by state-of-the-art SLAM systems. Specifically, the methodology
achieved competitive or superior performance compared to sensor-specific BA and SLAM
frameworks, underlining its versatility and robustness. The experiments also highlighted the
complementary strengths of RGB-D cameras and modern high-resolution LiDAR sensors,
demonstrating substantial improvements in accuracy and convergence properties when
jointly optimizing both sensor types.

Furthermore, the proposed photometric BA strategy has been validated through practical
application in generating accurate and globally consistent ground truth maps, as showcased
by the detailed reconstruction of Viterbo city-center in Italy. The full CUDA/C++ imple-
mentation has been made publicly available, facilitating widespread adoption and enabling
further research.

Future work aims to extend this unified framework to incorporate generic structure
optimization methods, further exploiting the strengths of combined RGB-D and LiDAR
data for more accurate and robust 3D reconstructions. This direction promises to enhance the
adaptability of photometric approaches across diverse robotics and autonomous navigation
scenarios.
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Figure 6.9. Plots of trajectory estimates in different LIDAR sequences of Newer College [170].
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Chapter 7

Enhancing LiDAR performance:
Robust de-skewing exclusively relying
on range measurements

significant challenge in robotic perception is the phenomenon known as motion

distortion or skewing, which arises when sensors, such as rotating LiDARs,

move during the acquisition of a measurement sweep. This effect results from

the non-instantaneous nature of the sensor’s data acquisition: each measure-
ment in a single scan is effectively captured from a different sensor position and orientation.
When neglected, the skewing effect introduces inaccuracies into the perceived environment,
undermining the precision of subsequent processing steps. This issue becomes particularly
pronounced in direct error minimization techniques, where high precision and subpixel
accuracy convergence are crucial for algorithmic robustness and accuracy.

-’ — ‘7 2 o s 'w{‘. l.,
b _ ~ T \
A . N
(@) - (b)
P W
W (

(c)

Figure 7.1. Effect of de-skewing. (a) Unprocessed (raw) scan acquired by a rotating robot, while
(b) is the corresponding ground truth scan,and finally (c) is the same scan in (a), processed
(de-skewed) using our proposed approach.

In this chapter, we specifically address motion distortion in low-cost, planar 2D LiDAR
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sensors, characterized by relatively slow rotation speeds and the absence of integrated
inertial sensors. Typically operating at frequencies of approximately 5 to 10 Hz, these
devices lack proprioceptive feedback mechanisms, significantly intensifying the distortion
effects from sensor motion during a sweep. Given the slow rotation, each complete LiDAR
scan involves measurements acquired from substantially different sensor poses, causing
noticeable distortion in the perceived geometry of the environment.

Our approach tackles this challenge by proposing a velocity estimation method that
relies exclusively on the LiDAR range measurements, processed in a streaming manner.
We employ a non-rigid plane-to-plane registration algorithm, estimating sensor velocity by
maximizing geometric consistency across sequential measurements. Through comprehensive
experiments involving both synthetic and real-world datasets, we demonstrate that our
method effectively mitigates the impact of motion distortion, significantly improving the
accuracy of the LiDAR scans with minimal computational overhead.

Critically, this foundational study on motion distortion in 2D LiDAR sensors establishes
essential insights and robust methodologies relevant to a broader range of sensor types
and perception techniques. In particular, addressing motion distortion becomes even more
critical when working with radar sensors. Typical automotive RADAR sensors, for instance,
acquire full 360-degree scans at relatively lower frequencies, commonly around 4 Hz. Due
to this slow acquisition rate, RADAR scans inherently span a greater duration compared
to LiDAR scans, thereby amplifying the motion distortion effect. This greater distortion
profoundly affects the precision and effectiveness of direct estimation approaches, making it
imperative to carefully model and compensate for motion during RADAR data acquisition.

Hence, accurately modeling motion distortion becomes not merely beneficial but es-
sential for effectively deploying direct error minimization methods in RADAR approaches,
which we will thoroughly explore and evaluate in Chapter 8. Our investigation in this chapter
thus provides critical groundwork, highlighting fundamental strategies to mitigate motion
distortion in 2D LiDAR data, enhancing the robustness and accuracy, and significantly
advancing robotic perception capabilities.

In Fig. 7.1 we illustrate the effects of our approach on measurements acquired with a
constantly rotating LiDAR, with a rotational velocity 3 rad/s.

7.1 Related Work

In this section, we review the most recent approaches to de-skew LiDAR data. Existing
approaches for de-skewing mostly use either wheeled odometry or IMU to estimate the
relative motion of the sensor/robot while a scan is being acquired. This process involves
motion integration relying on estimators that process the raw proprioceptive data such as a
filter or an integrator that directly provides an estimate of the sensor position each time a
single range is measured.

These methods fall in the class of loosely-coupled, since they do not use the LIDAR
information to refine the proprioceptive estimate. Among this class, we find the work of
Tang et al. [151] that proposes to match subsequent scans to compute the relative motion,
where the initial relative orientations are provided by an IMU. Subsequently, He et al. [76]
proposed a method to estimate relative motion between IMU poses and de-skew subsequent
ranges by using these smoothed poses.

In contrast to loosely-coupled approaches, tightly-coupled methods jointly process
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LiDAR and IMU. These methods are typically based on either smoothing or filtering. Wei
et al. [164] uses a pre-integration scheme to estimate the LIDAR’s ego-motion based on
the inertial measurements, and updates the IMU biases in the correct step of an iterative
EKF whenever a scan is completed. Shan et al. [142] includes the states of IMU in the
factor-graph, updating IMU biases through the optimization process, adapting a well-known
computer vision work [54] to the LiDAR case. These ideas have been further extended
in [159, 165] where the authors resort to full factor-graph optimization to obtain a state
configuration that is maximally consistent with all the IMU measurements and LiDAR
ranges.

For coupled approaches, accurate time synchronization between the sensors is essential.
Unfortunately, this is not straightforward to obtain on inexpensive small devices due to the
unpredicted communication latencies that affects the usb channels. These issues, however,
can be completely avoided when using only LiDAR data to perform de-skewing. At their core
LiDAR only methods have a registration algorithm, which aims to compute the velocities of
the sensor while the robot moves. The basic intuition is that if the correct velocities were
found, the sequence of range measurements could be assembled in a maximally consistent
scan. In this context, Moosman et al. [117] propose to linearly interpolate scans between
the last known pose, and the currently estimated pose, de-skewing the scan at both poses.
However, this double approximation might hinder the accuracy when the initial registration
fails, resulting in even worse estimates.

Al-Nuaimi et al. [5] propose a weighting schema based on their adapted Geometric
Algebra Least Mean Squares (LMS) solver, where they assume that consecutive relative
translation and angular motion are equal, which might be inaccurate due to the existence of
drift and friction.

In this work, we propose a planar LiDAR-only approach that addresses the de-skewing
problem by continuously registering the the sequence of range measurements. The registra-
tion is carried on by estimating the LiDAR’s planar velocity, which iteratively minimizes a
plane-to-plane metric between the de-skewed endpoints. Our results demonstrate that our
methodology is accurate in estimating the velocity of the robot, only based on the laser
measurements.

7.2 Velocity Based De-skewing

Our method leverages some mild assumptions about the motion of the sensor mounted on
the robot and the structure of the environment to operate on a continuous stream of range
measurements. More specifically we assume to have a 2D slow LiDAR sensor, hence, we
define each measurement as z; = (r;, «;, t;). Here, r; is the range, «; is the angle of the
laser beam with respect to the origin of the sensor and ¢; is the timestamp. We assume the
environment consists of a locally smooth surface and that the robot velocities change mildly
within a LiDAR beam revolution.

Our method estimates these velocities by registering the stream of measurements {z; }
onto itself. The most likely velocities are the ones that if applied for de-skewing renders the
measurement maximally consistent. Consistency is measured by a plane-to-plane metric
applied between the corresponding LiDAR endpoints. More formally, let x = (v w)T be
the translational and angular velocity of the robot we want to estimate x*, such that
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x* =argmin ) plle(x, ti, t;)|?. (7.1)
¥ gec

Where e(x, ¢;,t;) denotes an error vector between two planar scan patches computed
around two corresponding range measurements at time ¢; and ¢;. The optimization step
estimates new velocities x = (v w)” under the current set of correspondences C, using
IRLS. In Eq. (7.1) p denotes the Huber robust estimator.

Our algorithm is an instance of ICP since it proceeds by alternating between the data
association (Sec. 7.2.3) and optimization steps (Sec. 7.2.2). In the data association step, the
corresponding endpoints are found using nearest neighbour strategy based on current velocity
estimates. In the optimization step, the velocities are refined from the new correspondences
found by the data association.

7.2.1 Velocity Based De-skewing

Whereas our approach can be applied to more complex kinematics, for the sake of simplicity
we detail the common case of a unicycle mobile base. Our goal is to estimate the location

T(x,t;) = [R(ti)\tz} of the mobile base at time ¢; where R(¢;) € SE(2), and t; =
(24, y,;)T, assuming it starts from the origin and progresses with constant translation and
angular velocities over sampling time x = (v w)?. After a time ¢;, the robot would have
traveled for a distance [; = v - t; and its angle is 0; = w - t;.

The base will move along an arc of radius R, such that:

i
R = A= (7.2)

Ws i

From this consideration, we can easily compute T as

T(X t) - Rsin 07, — -t Sigiei (7 3)
U R(1—cosb;) ) =~ 71_%959i ’
l; i
Assuming the sensor (LiDAR) is located at the center of the mobile base, if at time ¢; the
beam has a relative angle «; and reports a range measurement r;, we can straightforwardly
find the 2D laser endpoint p; as follows:

Here R(0; + «;) € SO(2) is 2D rotation matrix of 6; + «;. Applying this process
to all the measurements and mapping all reconstructed points back to the pose where the
acquisition of the current scan was started, results in the desired de-skew operation.
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Figure 7.2. Illustration of the planar patches calculation and of the correspondence search between
two matching patches m; and m;.

7.2.2 Error Metric for the Optimization

To evaluate a plane-to-plane distance the algorithm needs to compute the normal vectors,
which are based on the endpoints. Since the position of the endpoints is a function of the
estimated velocities x, also the normal vectors are. Hence the algorithm has to recompute
both endpoints and normals at each iteration. Furthermore, when subsequent endpoints are
too close, the noise affecting the range might result in an unstable normal vector, which
hinders the error metric. To lessen this effect, before each iteration, we regularize the scan
to retain only temporally subsequent measurements that are sufficiently far from each other
to ensure a stable normal. In our experiments, we set this threshold to 0.15 m. Similarly, if
there is a large distance gap between two subsequent endpoints (>0.4 m), it is likely that the
surface is not continuous at that point, hence we drop those measurements too.

At the end of this regularization step, we end up with a set of reasonably stable measure-
ments we can use for the remainder of the computation. For each temporally subsequent
pair of endpoints, we compute a planar patch m; = (c;, n;, t;), characterized by a center c;,
a normal vector n;, and a timestamp ¢;, such that:

1
¢ = 3 (Pitk +Pi), (7.5)
Pitk —Pi
n, = (7.6)
‘ ( -1 0 ) HpH—k _sz
ti = ( itk + i ) (7.7)

2

Here, the index k& > 0 accounts for endpoints suppressed during regularization. If two
planar patches m; and m; corresponds to the same portion of the environment, we can
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calculate an error vector e(x, ¢;,t;) accounting for both their differences in position and
orientation. The error vector is a function of the velocities, since the patches m; and m; are
computed based on the endpoints. The latter is related to the velocities by Eq. (7.4).

Let e(x, i, ;) € IR3 be the error vector, whose components are defined as follows:

e(x,tit;) = <%(Ci_cj)T(ni+nj) > (7.8)

nj—ni

Here the first dimension accounts for the distance between two corresponding planar
patches m; and m; projected along the average of their normals. The other two account
for the difference between the normal vectors. Eq. (7.8) is differentiable in the velocities x,
hence we can minimize Eq. (7.1) by IRLS.

7.2.3 Data Association

To determine the correspondence we proceed at each iteration by de-skewing the sequence
of measurements, to get a set of updated endpoints p;. Subsequently, we apply the regular-
ization to discard those measurements whose endpoints fall either too close or too far from
their temporal neighbors. This gives us a set of sequential stable measurements we can use
to extract the planar patches.

Once this is done, for each m; we seek for those other patches m; that fulfill all the
following criteria:

* their centers are close enough |c; — ¢;| < T,
* their normals are sufficiently parallel n; - n; > 7,

* their timestamp are sufficiently distant |t; — ;| > 7.

Within this set we select as correspondence for m;, which is the m; having the smallest
projective distance (c; —c;)T (n; +n;). Fig. 7.3 shows subsequent iterations of our proposed
approach.

7.3 Experimental Validation

In this section, we present quantitative evaluations to demonstrate the accuracy of the
velocities estimated by our approach, and it’s effect on the processed data, using only
LiDAR measurements. To this extent, we carried out statistical experiments under changing
velocities.

The goal of the first experiment is to compare the velocities of the robot calculated by
our approach with the ground truth applied.

Virtual synthetic scans were created with a skewing effect based on the addressed
velocities. We proceed by de-skewing twice, the first time we compute the ground truth
measurement by setting the applied velocities, and the second time we compute the de-
skewed scan by using our velocity estimate. The consistency is measured as the distance
between corresponding endpoints in the two scans. In Tab. 7.1 each cell contains 3 rows in

which: the first row is the estimated translational velocity(v) + std(m/s), while the second

row is the estimated angular velocity(w) 4 std(rad/s), and finally the third row is the point
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Figure 7.3. Iterative evolution of the de-skewing process. Purple points represent skewed points,
green points are the ground truth points, and the blue lines represents the data association. (a):
initial configuration, instance of full scan acquisition, with RMSE = 0.4 m. (b): after 4 iterations
of processing (de-skewing) the raw scan with the proposed approach, decreading error to RMSE
= 0.2 m. (c): after 20 iterations, ending up with a de-skewed scan closer to the ground truth ,
with RMSE = 0.074 m.

to point RMSE (m) for the de-skewed/skewed respectively with respect to their ground
truth counterpart, for each combination of velocities.

v(m/s) 2.000 -1.000 -0.500 0.500 1.000 2.000
w(rad/s)
71.9360.090 | -0.950£0.068 | -0.4710.050 | 0.470+0.047 | 0.962+0.052 | 1.910+0.092
2,000 -1.95240.081 | -1.93340.115 | -1.958+0.066 | -1.96240.052 | -1.95240.070 | -1.9324+0.103
0.090/0.404 | 0.083/0.399 | 0.059/0.351 | 0.061/0.414 | 0.055/0.460 | 0.081/0.579
1.890+£0.131 | -0.979-£0.031 | -0.477+0.035 | 0.482+0.034 | 0.946+0.069 | 1.897+0.073
-1.000 -0.949+0.069 | -0.986£0.023 | -0.973+0.037 | -0.97940.026 | -0.95340.059 | -0.950+0.056
0.067/0.297 | 0.058/0.308 | 0.055/0.296 | 0.049/0.354 | 0.054/0.336 | 0.062/0.399
1.929+£0.085 | -0.978-£0.063 | —0.479+0.054 | 0.492+0.033 | 0.935+0.064 | 1.906=0.062
-0.500 -0.487+0.020 | -0.493+0.022 | -0.477+0.035 | -0.49540.009 | -0.48440.026 | -0.48240.022
0.040/0.308 | 0.035/0.345 | 0.041/0.188 | 0.043/0.200 | 0.060/0.218 | 0.084/0.338
1.955+0.024 | -0.954£0.044 | -0.474+0.071 | 0.4810.048 | 0.969+0.042 | 1,967+0.036
0.500 0.483+0.012 | 0.495+0.018 | 0.476+0.045 | 0.485+0.026 | 0.488+0.020 | 0.496+0.012
0.119/0.158 | 0.029/0.140 | 0.044/0.112 | 0.052/0.132 | 0.059/0.161 | 0.159/0.271
1.844%0.130 | -0.976+0.064 | -0.47240.057 | 0.495+0.028 | 0.969+0.050 | 1.98+0.038
1.000 0.933+£0.077 | 0.976£0.053 | 0.940+0.053 | 0.9924+0.015 | 0.970+0.048 | 0.99240.017
0.063/0.261 | 0.063/0.225 | 0.024/0.231 | 0.055/0.302 | 0.058/0.303 | 0.039/0.335
T1.906=0.116 | -0.941£0.076 | -0.465-0.081 | 0.480+0.065 | 0.940+0.083 | 1.947%0.069
2.000 1.90440.142 | 1.91940.120 | 1.91240.104 | 1.90540.137 | 1.92240.116 | 1.963+0.069
0.074/0.416 | 0.071/0.368 | 0.081/0.358 | 0.075/0.435 | 0.076/0.494 | 0.091/0.424

Table 7.1. Evaluation of the proposed approach using different combinations of translation and
angular velocities.

We repeated this experiment on the real robot and the velocity plots in Fig. 7.4 confirm
that our system can effectively recover the robot’s velocities, correctly de-skewing the scan,
in real life indoor scenarios.
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7.3.1 De-skewing Effects in SLAM application

In our final experiment, we used our de-skewing mechanism to pre-process the input of our
2D LiDAR SLAM system [36]. We run SLAM on three different inputs: the raw (skewed)
scans, the ones de-skewed by using the proposed approach, and finally on the data de-skewed
by using the ground truth. We simulated different exploration runs of the same environment
while changing the velocity bounds of the robot. Fig. 7.5 illustrates the three different maps
obtained.
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Figure 7.4. Evolution of estimated and real velocities.

Furthermore we measure the ATE between the ground truth trajectory computed with
by the simulator and the ones estimated by SLAM using the two types of scans. ATE
measures the distance between corresponding points of the trajectories, after computing a
transformation that makes them as close as possible. For trajectory registration we used
Horn method [79], while the corresponding poses are associated based on the timestamps.
The results are summarized in Tab. 7.2. Consistently, the trajectories obtained by using
de-skewed data are substantially close to the ground truth than their skewed counterpart as
shown in Fig. 7.5d. This is confirmed by the maps generated based on the trajectories and
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Velocities ATE(m)
Umax (M/S)  wmax(rad/s) w/o deskewing deskewed
0.5 0.5 0.329 0.113
0.5 1.0 0.246 0.232
1.0 1.0 1.018 0.977
1.0 1.5 1.586 1.520
2.0 2.0 11.18 1.805

Table 7.2. SLAM comparison.

illustrated in Fig. 7.5. These results are consistent with the intuition that using skewed scans
when doing SLAM is not recommended, since these measurements might induce systematic
unrecoverable errors in the registration process.

7.4 Conclusion

This chapter introduced a minimalistic yet effective de-skewing approach for 2D LiDAR
sensors, tailored for scenarios where no additional proprioceptive sensors (such as IMUs
or wheel encoders) are available. By exploiting a plane-to-plane registration framework,
we demonstrated the feasibility of estimating the velocity of the sensor platform directly
from range-only measurements, leading to significantly improved scan consistency even
with slow and noisy sensors.

While the method was developed and validated in the context of 2D LiDAR, the broader
implications of this work reach into more general sensor modalities. In particular, RADAR
sensors pose an even greater challenge in terms of motion distortion, as they often acquire
data at lower frequencies, around 4 Hz, resulting in longer scan durations. This extended
temporal window increases the range of motion covered during scan acquisition, making the
resulting distortions more severe and the correction more critical.

The insights provided in this chapter serve as a technical and conceptual stepping stone
toward robust motion compensation strategies that can be extended to RADAR data. While
the specifics of RADAR sensing, such as its sparse and noisy returns, Doppler measurements,
and angular uncertainty, differ substantially from LiDAR, the core problem of temporally
inconsistent data remains the same.
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Figure 7.5. SLAM Results. (a) Ground truth map (reference). (b) Map constructed using raw scans
acquired directly from the LiDAR. (c) Map constructed using processed LIDAR measurements
de-skewed by our proposed approach. (d) Estimated trajectories from SLAM, produced by scan
matching between cosecutive measurements.
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Chapter 8

DRO: Doppler-Aware Direct RADAR
Odometry

UILDING on the direct—error paradigm developed for LIDAR and RGB-D sensors
in the preceding chapters (Chapter 3, Chapter 6), we now turn to millimetre-
wave RADAR.

air traffic control to weather forecasting via marine navigation, RADAR sensing is
a cornerstone of modern societies. During the early days of mobile robotics, RADAR were
used to detect specific landmarks and perform SLAM [45]. While the advent of LiDAR
technologies and the ubiquity of cameras drove the state estimation research community
away from RADAR sensing [29], we are currently experiencing a ‘new wave’ of interest
toward this modality [74]. This interest is partly driven by the robustness of RADARs with
respect to adversarial weather conditions. In this chapter, we present a novel algorithm for
RADAR-based odometry and benchmark its performance across different datasets in both
automotive and off-road robotic scenarios as shown in Fig. 8.1.

The working principle of RADAR sensing consists of emitting radio waves and analyzing
the signal returned through various reflections of the waves from objects present in the
environment to collect geometric information about the surroundings. This work leverages
data from millimeter wave (mmWave) RADAR that use electromagnetic waves with a length
scale that is in the order of magnitude of one millimetre. Waves in such frequency bands can
penetrate through plastic, textiles, glass, etc. Accordingly, in the context of mobile robotics,
RADAR allows the system to sense its environment in a wide range of conditions, even
under intensely adverse weather conditions such as fog, rain, and snow. Like any wave,
the RADAR-emitted signals are subject to the Doppler effect when the relative velocity
between the system and part of its environment is not zero. Thus, when using specific
frequency patterns and processing, RADAR data can allow for the extraction of Doppler-
based radial velocity information. These benefits represent a competitive advantage of
RADARs compared to other modalities, such as vision or commonly used LiDARs. The
proposed odometry method accounts for the Doppler-based distortion of the RADAR data
and can integrate a Doppler-specific velocity constraint in its optimization, allowing it to
robustly perform odometry even in geometrically feature-deprived environments, such as
featureless tunnels (see Fig. 8.1 (left)).

Two types of RADAR sensors are typically used in robotics applications: ‘fixed’ phased-
array RADARs and spinning RADARSs. In this work, we focus on spinning RADARsS, as they
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Figure 8.1. This chapter presents a Direct RADAR Odometry (DRO) method that provides state-of-
the-art performance in a wide range of environments, including unstructured ones (right) and
geometrically degenerated ones such as featureless tunnels (left).

provide a 360° FoV that contains dense intensity information from up to several hundred
meters away. This makes spinning RADAR enticing for navigational tasks such as odometry,
localization, and object tracking, where a view of the entire surroundings is required for
robustness and safety. The most common spinning-RADAR-odometry approaches are
indirect, they use the dense intensity information to extract a set of points or features
[33, 4, 24, 13, 26, 104, 128]. These approaches work well, with point-based methods
currently being the SOTA [4, 101], but they require computationally costly data association,
critical parameter tuning, and they ultimately discard a large amount of the gathered data in
favour of sparse representations. Methods that have used the entire scan directly for odometry
have done scan-to-scan correlation matching on the intensity image [124], sometimes
requiring pre-processing using a deep learning network [14, 160]. However, these methods
do not explicitly account for the motion and Doppler distortion of the RADAR data, and
discretize the relative transform search space to lower the computational cost. Additionally,
the need for a learned processing component limits the transferability of these approaches to
different environments.

In this work, we present the first Direct Radar Odometry (DRO) framework that accounts
for the continuous motion and Doppler distortion of the incoming data in a principled way.
It can be aided by a yaw-axis gyroscope and does not rely on deep-learning techniques or
hand-tuned discretization parameters. As demonstrated on more than 250 km of data, it is
applicable to a wide range of environments. With the appropriate RADAR emission pattern,
it can also perform in geometrically challenging scenarios that generally lead to degenerated
state estimates. We introduce the first direct radar odometry framework that performs
gradient-based scan registration while explicitly modelling continuous motion and Doppler-



8.1 Related work 97

induced distortions, without discretizing the search space. The method leverages Doppler
measurements for velocity estimation without relying on beam-to-beam correspondences,
achieves state-of-the-art performance when fused with gyroscopic data, and runs in real time
on GPU hardware, with an open-source implementation available at https://github.
com/utiasASRL/dro.

8.1 Related work

A radar odometry system [74, 2, 156, 32], like other odometry systems, aims to estimate
the ego-motion of the sensor, in this case, a RADAR, thus determining the trajectory of the
platform on which the sensor is mounted. The motion estimation process typically involves
formulating an optimization problem, where the objective is to find the sensor’s state and an
environment model that maximizes the probability of observing the measured data. This
principle is known as maximum-likelihood estimation.

In the last decade, RADAR odometry has been dominated by indirect approaches [2],
which rely on selecting salient points or features from radar measurements. Early works, such
as [30], started by leveraging computer vision approaches, such as SIFT [109] features, from
RADAR Cartesian images, while more recent state-of-the-art methods, such as CFEAR [4],
select points based on each individual azimuths of a RADAR signal. There exist two main
categories for feature extraction methods [125]: signal-based and spatial-based extractors.
Signal-based methods identify points by applying thresholds to individual azimuths in the
RADAR signal. A well-known example is the Constant False Alarm Rate (CFAR) method
[52], which processes each azimuth of a RADAR scan using a sliding window. The power
readings within the window are used to calculate a detection threshold. Many variants of
CFAR exist [111, 133, 60, 174, 172, 145, 18]. Another signal-based extractor, K-strongest
[3], selects the K strongest power returns above a static threshold along each azimuth. In
contrast, spatial-based extractors rely on extracting features and descriptors from RADAR
scans transformed into Cartesian images, some of those leverage computer vision algorithms,
such as ORB [136] or SIFT [109].

Indirect odometry systems, extracting points from the RADAR data, rely on matching
these features. The data association step is one of the most critical building blocks of
these systems. Burnett et al. [23] introduced motion-compensated RANSAC to ensure
robust association. Subsequently, they developed Hero [26], a method that leverages learned
key-point locations, uncertainties, and descriptors to address outliers and facilitate matching
within the ESGVI [12] batch state estimation framework. In CFEAR [4], the authors extract
the surface points and demonstrate that the point-to-line and point-to-distribution perform
better than point-to-point, as these metrics mitigate the problem of erroneous associations
between individual points. After an initial scan filtering step, Kung et al. [95] extract sets of
local Gaussian distributions and perform point-to-distribution registration. Finally, some
other systems exploit data-driven approaches to downscale noisy point contributions in the
optimization problem [106] or to select others suitable for the data association [6].

Alternatively, direct methods do not need explicit data association. While this kind of
method has been well studied for LiDAR [38, 67, 44] and Visual Odometry (VO) systems
[48, 55, 70, 40, 47], the literature on direct RADAR-based odometry is still somewhat
limited and methods are slower than feature-based methods. Barnes et al. [14] proposed a
brute-force approach that samples and selects rotations to maximize the dense correlation
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between RADAR scans. Similarly, Checchin et al. [34] and Park et al. [124] addressed
the need for sampling by decoupling rotation and translation. They utilized the Fourier-
Mellin Transform, maximizing phase correlation between log-polar and Cartesian images to
estimate rotation and translation, respectively. A coarse-to-fine phase correlation refinement
on Cartesian images was then applied to improve the translation estimate. While Barnes et
al. [14] achieved remarkable performance in odometry estimation, their method suffered
from high computational complexity. To address this, Weston et al. [160] replaced the
brute-force rotation search with an FFT-based approach, significantly reducing computation
time at the cost of slightly lower accuracy. Overall, existing direct methods either decouple
the estimation of rotation and translation or sub-sample the problem within a discrete search
space. These strategies can result in susceptibility to local minima and poor scalability
across different resolutions. In contrast, our approach optimizes the locally continuous
SE(2) RADAR trajectory without discretizing the search space.

For both direct and indirect methods, motion distortion can significantly degrade system
performance. In the literature, this issue has been addressed using continuous-time trajectory
estimation [9], [8, 10, 57] for LiDAR [19, 137] and rolling-shutter cameras [77]. This
work applies similar concepts to RADAR data while also correcting Doppler distortion in a
continuous-time optimization, estimating the velocity of the sensor. The Doppler information
channel provides valuable additional data that can be leveraged for odometry and ego-motion
estimation. Several works have explored its integration with different models and estimation
techniques to enhance motion estimation accuracy. Kellner et al. [88] demonstrated that
automotive RADAR, combined with an Ackermann vehicle model, can estimate ego-motion
by fitting least-squares to stationary point Doppler velocities identified via RANSAC. In [63],
a gyroscope is used to alleviate the need for an Ackermann platform. Galeote-Luque et
al. [58] extended this by using Doppler measurements for 3D odometry with RANSAC
and a kinematic model. Kubelka et al. [94] showed that integrating high-quality Doppler
data with an IMU outperforms ICP in feature-deprived environments, and Lisus et al. [105]
implemented a continuous-time approach with a white-noise-on-acceleration prior. In [132],
the authors extend the deep-learning-based preprocessing from [14] and trained an additional
network for per-scan velocity regression. In contrast, our model-based approach does not
require any training data and does not suffer from any generalization issues.

8.2 Direct RADAR Odometry

The proposed method addresses the issue of RADAR odometry optionally aided by a
gyroscope. The main concept is the direct use of FMCW intensity data without any point
cloud or feature extraction, or data association.

8.2.1 Problem statement and overview

Let us consider a 2D mmWave FMCW spinning RADAR and a rigidly mounted gyroscope.
Without loss of generality, the extrinsic calibration (rotation matrix) between the two sensors
is assumed to be known and will not appear in the following derivations. The gyroscope
provides measurements ;, at times t;, of the system’s angular velocity around the spinning
axis of the RADAR. The RADAR data is assumed to be collected in scans covering the 360°
field-of-view. Each scan contains information collected from /N beams, each associated with
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Figure 8.2. Overview diagram of the proposed direct RADAR odometry method. To leverage the
Doppler-based velocity constraint, the RADAR must use a triangular frequency modulation
pattern. Note that Oy, accounts for motion and Doppler-induced distortion.

an azimuth «,, and timestamp t,,, and each beam consists of the electromagnetic reflection
intensity ¥, at M different ranges 7,,,. Accordingly, a RADAR scan can be interpreted as
a polar intensity image or a set of tuples {cv,, P, Ynm }-

The rotation, position, and velocity of the RADAR reference frame with respect to
an Earth-fixed frame are described with continuous functions ¢ € R — R, € SO(2),
ply € R2, and vi, € R?, respectively. The details of the various motion models used
to obtain Ri;,, p};,, and vi;, from a finite set of state variables S will be discussed in
Sec. 8.2.4. The proposed method aims to estimate the state variables S, thus the sensor’s
trajectory, during the collection time of the last RADAR scan using the RADAR intensity
data and optionally the angular velocity from the gyroscope. The estimation is done with
the numerical optimization of a combination of objective functions as

S* =argmax Oy + Oy, 8.1
S

with O, an objective function that relates to the direct registration of the RADAR
intensity data (cf., Sec. 8.2.2, and Oy to the Doppler effect (cf., Sec. 8.2.3). Fig. 8.2
provides an overview of the proposed method. As detailed later in this section, both O, and
Og can be interpreted as cross-correlation scores between different parts of the present and
past RADAR data.

8.2.2 Direct intensity objective function

This objective function is inspired by direct methods in traditional monocular state estimation.
The goal is to estimate the continuous pose of the sensor to register/align the last RADAR
scan with past RADAR data. In this work, we opted for a local map that is updated ‘on-
the-fly’ as a way to combine past RADAR scans into a single image representation of the
sensor’s environment with intensity in Cartesian coordinates (as opposed to raw RADAR
data in polar coordinates). The motivation for using a local map instead of solely the last
RADAR scan is the higher robustness to outliers such as moving vehicles or multipath
echoes.

Direct registration

Let us assume the availability of an image-like local map M of the sensor’s environment
expressed in the RADAR’s reference frame at time ¢;. The rows and columns of M
correspond to discrete Cartesian coordinates. The function I'z(M, z, y) allows querying
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the local map intensity for any z and y € R with the radar projection (Sec. 2.1.3) and the
bilinear interpolation.

To compute the direct registration objective between the incoming RADAR scan and the
local map M, we need to correct for the Doppler effect and the motion of the RADAR as

Tom| ot [ [~ Ary\ |cos(ay)
[gnm‘| B Rtl ((Tnm = 2 > [Sin(%)]) * ptl’ (82)
with Ar,, the Doppler-induced shift Eq. (2.25) as a function of the body-centric velocity
and the beam azimuth:

cos(ay,) ' T
an to Tyt
Ar, = 8 [Sm (an)] Rz (8.3)

The sign = is defined by the chirp direction for the azimuth «,,. Please note that this
objective function accounts for the Doppler effect but does not require an FMCW RADAR
with a triangular pattern. Once the RADAR scan is corrected using the current estimate of
the trajectory, the objective function is simply the cross-correlation score,

N M
= Z Z VnmI'B(M, T, T ) (8.4)

between the corrected scan and the local map.

In this chapter, we adopt the term objective function rather than error function to reflect
a fundamental shift in the estimation paradigm. Unlike the approach taken in previous
chapters, where the goal was to minimize a residual error between predicted and observed
measurements, here we frame the state estimation problem as a maximization task. Specif-
ically, we aim to find the trajectory that maximizes the alignment between the corrected
RADAR scan and the local map, as measured by the cross-correlation score. This formula-
tion emphasizes data agreement and provides a more direct means of exploiting the spatial
consistency in the RADAR signal, especially when incorporating Doppler information.

On-the-fly local map

The proposed local map consists of an image-like representation of the past RADAR data
using a per-pixel low-pass filter to update M with the last RADAR scan and the correspond-
ing state estimate. Concretely, given the convergence of the optimization problem Eq. (8.1),
the RADAR scan is corrected to the first timestamp of the following scan in Cartesian coor-
dinates (using Eq. (8.2) replacing Rt" and pi? with RZ‘VH and pt .10 respectively). The
corrected RADAR data is converted into an image-structure Z  with the help of bilinear

interpolation. Then the local map update is

M (1= )M+~T pm, (8.5)

with v € [0,1] a user-defined parameter (y = 0.1 in our implementation). Note that
after receiving the very first RADAR frame, the local map is directly initialized with Z 4.
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Figure 8.3. Illustration of the proposed infilling. The raw Doppler distorted RADAR data (left) is
split between up and down-chirp azimuths. GP regression is used to interpolate every second
azimuth (middle two, the interpolated portion is in grey). Both ZT and Z* virtually observe the
same geometry without assuming that two consecutive azimuths of the raw data observe the
same part of the environment (right, with blue positive and red negative).
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Figure 8.4. Illustration of the GP-based infill highlighting the Doppler effect on RADAR data
collected with a triangular frequency modulation pattern (the blue arrow is the sensor velocity).

8.2.3 Doppler-based objective function

As presented in 2.1.3, an FMCW RADAR using a triangular modulation pattern (alternating
up-chirp and down-chirp for each collected beam) allows for observability of the radial
velocity along that beam if the consecutive beams observe the same part of the environment.
Unfortunately, this is not quite true in the context of mobile RADAR sensing, since the
vehicle and the RADAR dish move between consecutively recorded returns. We propose to
split the incoming RADAR scan into two image-like structures based on chirp direction and
use GP regression Eq. (2.27) to ‘infill’ the missing rows in both images. This is illustrated
in Fig. 8.3. We denote the up-chirp and down-chirp infilled images as Z' = {av,,, #n, V), }
and 7% = {ay, #m, 3, }, respectively. Thanks to the GP regression step, the part of the
environment observed in each row of ZT, be it observed or interpolated, is the same as in the
corresponding row of Z+.

We show in Fig. 8.4 that when the sensors are static, both ZT and Z* overlap well.
However, the Doppler shift is clearly visible in the difference between Z! and Z+ when the
sensors move. The objective function O, aims to constrain the estimated velocity v (¢) using
Z" and Z*. First, we must compute the ‘range shift’, with Eq. (8.3), between each row of the
two images as a function of the sensor velocity. Then, we define the function Iz (ZT, v, )
that queries the intensity value of ZT for any value of € R using linear interpolation for
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each of the image’s row. The objective function is a cross-correlation score between Z+ and
the Doppler-rectified version of Z':

N M
Oa= 3" b Lo(T", an, P + Ary). (8.6)
n=1m=1

The objective function Oy is maximised when the body-centric velocity estimate R.(t,,) " v (t,,)
corresponds to the actual velocity of the sensor.

8.2.4 Motion models

In this section, we present different ways to obtain the continuous trajectory functions R,
ply, and vi;, from the state variables S. As RY, is in SO(2), the rotation can easily be
represented with a simple rotation angle 6(¢) as

cos(0(t))  sin((t))

Riv =Rib | sin(o(1)) cos(0(1))]°

8.7

with R}}, being the starting rotation obtained from the state estimate of the previous
RADAR scan. We introduce two different models to obtain () in Subsections 8.2.4,
and 8.2.4. Regarding the translation and velocity, we use a simple constant body-centric
velocity model in Sec. 8.2.4. For convenience, we define S = {Sr,v,} with Sr the
rotational state variables, and v, the body-centric velocity.

Constant angular velocity

In the absence of a gyroscope, the proposed method can rely on the assumption of constant
angular velocity w for the duration of any RADAR scan with 6(t) = w(t — t1). Therefore,
the state variable is Sg = {w}.

Gyro preintegration

Inspired by [98], when using a gyroscope, the change of orientation of the sensor suite
is defined as a function of the angular rate measurements. To account for the frequency
discrepancy between the RADAR azimuths and the gyroscope measurements, it leverages
continuous preintegration concepts drawn from [100] and [99]. For the sake of simplicity
and lightweight computation, we use a simple piece-wise linear model

(wit1 +wi)(t — )
2(tip1 — ;)
with w; = ©; — b, t € [, t;11], We decided not to include the gyroscope bias b in the

estimated state. In our experiments, biases range from ~ 5¢~° to ~ 4e~2 corresponding

to a maximum of 0.057° drift over the 250 ms of a scan. With the typical 0.9° RADAR
angular resolution, the signal-to-noise ratio is too high to enable robust bias estimation in

a ‘frame-to-frame* approach like ours. This is especially true as the proposed objective

functions are not probabilistic, thus impeding the integration of additional residuals/objective

functions from other modalities and the probabilistic prior/previous knowledge of the bias.

Accordingly, when using a gyroscope, the rotational state is empty Sg = <. However,

0(t) = 0(t;) + +wi(t — ), (8.8)
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we use a separate online bias estimation strategy based on a simple yet effective heuristic:
when the vehicle’s velocity is zero, so is the angular rate. Accordingly, the bias estimate is
initialized by averaging the first () raw gyroscope measurements collected when the velocity
estimate is under 5 cm/s. Then it is updated with a low-pass filter whenever the velocity
estimate is under 5 cm/s.

Constant body-centric velocity

This model assumes a constant body-centric velocity v, € R? during any RADAR scan.
The velocity in the global frame is vi;, = Ri;,v,. The position is

t
Pl = Py + (/t Rfazd8> Vi, (8.9)
1

with p}}, the position resulting from the state estimation during the previous RADAR
scan. The integral in Eq. (8.9) is computed analytically when using the constant angular
velocity assumption. Otherwise, when using a gyroscope, it is numerically preintegrated
using a piece-wise linear model similar to Eq. (8.8) upon each of the matrix elements.

8.3 Experiments

8.3.1 Implementation

The proposed method has been implemented in Python using PyTorch for matrix and algebra
operations. Accordingly, it can easily be run on either a GPU or a CPU. Note that we
have implemented Eq. (8.1) with analytical Jacobians and our solver without relying on
PyTorch’s automatic differentiation and integrated solvers. When using a gyroscope and the
Doppler-based velocity constraints, our method converges in 13.5 iterations on average.

Gaussian process regression

GP regression is known to suffer cubic computational complexity due to the matrix inversion
in Eq. (2.27). With around 2 million points in each RADAR scan, naive GP regression
to generate Z' and Z* is intractable. Fortunately, efficient computation strategies are
enabled by the grid-pattern (image-like) nature of both the RADAR data and the inference
locations in the proposed GP-based infill step. By only considering the dataina U x V
neighbourhood around each inference location, ky=x (K xxX + 021) ~! can be precomputed
and the multiplication with y is a simple convolution operation. Accordingly, with a GPU
implementation, the inference of Z! and Z* is extremely efficient.

Similarly to [105], each row of the GP-inferred image is independently filtered to
attenuate multipath and specular noise. First, the intensity standard deviation is computed
and any range bin with a value inferior to twice the deviation is nullified. Then the intensity
values are normalized so that the maximum value equals one. Per-azimuth Gaussian blur is
applied to smooth the discontinuities introduced in the previous steps. Finally, each intensity
value is cubed to augment contrast.
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Figure 8.5. Illustration of a challenging situation with a line of vehicles coming the other way while
driving over a skyway (very few static elements visible in the RADAR data).

Optimization

The optimization problem Eq. (8.1) is solved with a gradient ascent algorithm with an update
step

V(Og4 + Oq/,)
[V(Oa+ Oy)||’

where V is the gradient operator, and c is a constant equal to 0.1 at the start of the
optimization and halved for every non-ascending step. Note that the objective functions are
element-wise products of intensity values. Thus, the computations linked to intensity values
that are equal to zero do not contribute to the optimization problem and can be omitted to
lower the computational burden.

S« S+e (8.10)

Robust weighting

The proposed objective functions Oy and O, are generally robust to outliers such as moving
vehicles and specular noise. However, on very rare occasions (2 frames among 42k in
our automotive experiments), a very high proportion of consistent outliers can lead to
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erroneous state estimates. A typical example is illustrated in Fig. 8.5 when the sensing
platform is moving over a bridge/skyway with a very small amount of static reflectors in the
surroundings, and a line of vehicles comes the other way. It can make the velocity estimate
suddenly jump unrealistically. Such scenarios are easily detected with a simple threshold on
the sensor’s acceleration from one scan estimate to the next. When detected, we re-run the
optimization weighting the objective functions O, and O as

N M
O. = Z Z p;m¢nmr(a ) ')7

n=1m=1
6
p:tm = (‘wnm —I(, )‘ - 1) )
with e = d or v. Intuitively, the weighting p acts as an outlier-rejection mechanism by
down-weighting the objective components that are too dissimilar in terms of intensity.

8.11)

Velocity bias in Doppler constraint

Similarly to [105], we have empirically observed a velocity bias when performing Doppler-
only velocity estimation. This bias mostly concerns the lateral velocity of the sensing
platform. We believe this bias is partly explained by the disparity between the actual
measurement process and the simple measurement model that assumes the information
contained in a row of the RADAR data corresponds to a single azimuth/timestamp: in
reality, the RADAR’s scanning pattern is continuous. Thus, every measurement from a
row could correspond to a different azimuth and timestamp. We think that the motion
model’s ‘inaccuracy’ leads to a velocity bias that appears as environment-dependent due
to the ignored correlation between the data range and azimuth/timestamp. The authors of
[105] addressed this issue by fitting a linear model to the velocity error using held-out data
with accurate velocity ground-truth. Then, the linear model is used to correct the velocity
estimates directly. In this work, we propose to leverage the non-slip kinematics constraint
to estimate and compensate for the lateral component of the velocity bias online without a
‘calibration’ phase.

Using the angular rate and the extrinsic calibration between the RADAR and the vehicle’s
rear axle, the velocity estimated based solely on the Doppler-based constraint Oy is projected
into the axle reference frame. The y component is projected back to the RADAR frame to
update a low-pass filter that tracks the lateral velocity bias. The filter’s output is then used
to correct the radial velocities when computing the shifts Eq. (8.3) for Doppler distortion
correction. This estimation and correction process is only applied when Oy is part of the
optimization problem Eq. (8.1). It is important to note that this mechanism does not strictly
enforce the non-slip constraint thanks to the low-pass filter. Accordingly, the vehicle can be
subject to momentary side slips without altering the state estimates.

8.3.2 Metrics

To benchmark our algorithm, we use well-established metrics in the odometry literature.
For datasets with ground-truth orientation, the KITTI relative translation and rotation errors
are adopted. Succinctly, for one pose estimate, the estimated trajectory is aligned with the
ground truth. Then, after a certain distance travelled from the aligned poses (segments
varying from 100 to 800 m), the estimated and ground truth poses are used to compute
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position and orientation errors relative to the segment lengths. This process is repeated
every 5 poses of the estimated trajectory, and the results are reported as the average relative
errors in % and °/100 m. In the absence of ground truth orientation, we adapted the RPE
introduced in [173] to bbS E(2) trajectories. It corresponds to the position RMSE between
aligned segments of the ground truth and the estimated trajectory. The length of segments
[50m, 100 m, 150 m, 200 m]. Similarly to the KITTI metric, we display the RMSE error as
a percentage of the segment lengths.

8.3.3 Doppler-enabled automotive odometry

In this section, we provide a detailed analysis of our method’s performance on a dataset
collected with our automotive sensing platform. Note that the RADAR used in this set of
experiments uses a triangular frequency modulation pattern, thus enabling the use of the
Doppler-based velocity constraints Oy in Eq. (8.1).

Dataset description

The goal of this set-up is to replicate experiments from [105]. To do so, we have collected
data with an automotive platform equipped with a Navtech RAS6 RADAR, a Silicon
Sensing DMU41 IMU, a Velodyne Alpha Prime lidar, and an accurate Applanix RTK-
GNSS/INS solution for ground truth with post-processing. All the sensors have been
accurately synchronized. The data used for benchmarking has been collected repeatedly four
times along four routes (16 sequences in total) displaying an increasing level of difficulty:
Suburbs, Highway, Tunnel, and Skyway. The first two environments provide a relatively large
amount of geometric constraints via the presence of many buildings and other human-made
structures in the vehicle’s surroundings. In Tunnel and Skyway, the geometric features
are either degenerate (not constraining all the movement’s axes) or close to nonexistent,
respectively. In these scenarios, only Doppler-induced information can lead to usable
odometry performances. The skyway scenario is especially challenging as for a couple of
kilometres the RADAR does not observe any significant static features except for sparse
lamp posts and weak returns from the side barriers (the RADAR is mounted on the top of
the vehicle and the barriers are relatively short, thus the bulk of the emission cone passes
over the barriers). Accordingly, the ratio of moving to static elements in the RADAR’s
FoV is very high. The length and velocity characteristics of each sequence type are given
in Tab. 8.1 along with the results discussed later in Sec. 8.3.3. Fig. 8.1 (left) shows our
collection vehicle while recording a Tunnel sequence.

Baselines

To benchmark the proposed algorithm, we have replicated four baselines from [25] and [105],
three based on RADAR data and one on LiDAR. The first baseline, denoted CT-R, cor-
responds to the odometry component of the publicly available ‘teach and repeat’ frame-
work [25]. It consists of an ICP-based continuous-time scan registration using point clouds
extracted from the raw RADAR data. The trajectory estimates are computed via a sliding
window optimization based on a continuous-time GP state representation. Note that the
velocity estimates are used to compensate for the Doppler-induced shift of the RADAR
points. The second baseline is DG and replicates the work from [105] on per-azimuth radial
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velocity extraction, followed by a RANSAC-based outlier rejection and robust optimiza-
tion. With the constant-velocity assumption, it allows for the estimation of the vehicle’s
velocity for each RADAR scan. Combined with the gyroscope’s angular rate, it enables
association-free RADAR odometry, even in geometrically feature-deprived environments.
Despite not extracting any point cloud out of the RADAR data, one can consider the radial
velocity as ‘features’ extracted in a ‘front-end’ before an optimization-based state estimation
step. Third is CT-RDG, the integration of the per-scan velocity estimates from [105] and
the gyroscope measurements within CT-R. Finally, the LiDAR baseline denoted CT-LG
consists of the continuous-time ICP from [25] with additional gyroscope constraints. The
various parameters of the baseline, as well as the RADAR-specific value of /3, have been
tuned using an extra sequence of each type.

Results
CT-R CT-RDG CT-LG DRO-D DRO-G DRO-GD
Sequence type (length, avg. / max. vel.) (25] DG [105] [105] (25] (ours) (ours) (ours)
122/ 060/ 032/ 015/ 072/ 018/  0.19/
Suburbs (4 x 7.9km, 8.1/18.6m/s) 0.37 0.04 0.04 0.07 0.02 0.02 0.02
. 192/ 074/ 049/ 019/ 084/ 016/ 024/
Highway (4 x 9.3km, 11.1/27.0m/s) g7 0.04 0.04 0.06 0.02 0.02 0.02
3590/ 135/ 070/ 335/ 054/ 7.2/ 034/
Tunnel (4 X 1.9km, 8.9/28.2m/s) 096 004 0.04 011 0.02 0.02 0.02
3524/ 117/ 086/ 1698/ 071/ 4576/  0.40/
Skyway (4 x 11.1km, 18.2/31.7m/s) "7 0.02 0.02 0.24 0.01 0.01 0.01

KITTI odometry metric reported as XX / YY with XX [%] and YY [° /100 m].

Table 8.1. Average relative pose accuracy of the proposed method and several baselines on our
dataset (best RADAR-based method in bold).

Tab. 8.1 shows the average odometry error (KITTI metrics) obtained with each baseline
and our algorithm in the four environments. While a thorough ablation study is conducted
in the following subsection, here, we consider three variations of DRO that all rely on the
gyroscope integration for the orientation estimation. The first variant, denoted DRO-D,
solely uses the Doppler-based velocity constraint Oy to estimate the linear dynamics of the
system. The second one, DRO-G, uses solely the direct registration objective function O,.
Note that DRO-G still leverages Doppler compensation of the RADAR data as part of Oy,.
Ultimately, DRO-GD combines both O, and O, as presented in Eq. (8.1).

Overall, DRO-GD significantly outperforms every other RADAR methods. While
the performance gap between DRO-GD and DRO-G is minimal in the well-structured
suburban environment, the difference increases as the data becomes more challenging. The
best RADAR baseline, CT-RDG, shows errors around twice as large as ours throughout
all the sequences When considering ‘Doppler-only’ approaches, DG [105] and DRO-D
perform similarly in Suburbs and Highway. In the more challenging environments, DRO-D
displays a noticeable advantage. All these observations suggest that the direct nature of
the proposed approach (considering all the RADAR information in a single optimization
without any feature extraction) and our novel GP-based infill for Doppler data provide a
greater level of robustness. Without the Doppler-based velocity constraint, DRO-G is not
able to reliably perform odometry in challenging scenarios, similar to CT-R. Despite not
completely failing on all the Tunnel sequences (3 out of 4 runs present a translation error
under 2.5%), the Doppler-compensation that happens in O, is not sufficient for robust
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estimation in feature-deprived environments. Only the LiDAR baseline outperforms DRO-
G in some feature-dense environments (Suburbs). However, CT-LG poorly performs in
feature-deprived sequences (Tunnel and Skyway) while DRO-GD keeps a similar level of
performance.

Fig. 8.6 provides a sample of the estimated trajectories for each sequence type. It is
interesting to note that despite relatively similar KITTI metrics, CT-RDG and DRO-DG
result in fairly different trajectories, with DRO-DG being much closer to the ground truth.
Part of the explanation is that the KITTI metrics only consider segments up to 800 m where
the small orientation drift of CT-RDG has a weak impact on the position at the end of
each segment. However, along the full trajectory length, the orientation drift leads to large
position errors that are visually noticeable. This observation supports the fact that for
kilometre-long odometry, the direct integration of the gyroscope data can provide better
orientation estimates than SOTA odometry.

Ablation study

We have conducted a thorough ablation study to determine which of the presented mecha-
nisms impacts the algorithm’s accuracy the most. Due to the extremely challenging nature of
the Skyway sequences, we have chosen to leave them out of this study, as other factors, such
as the high proportion of outliers, can have a greater impact on the results. Tab. 8.2 shows
the relative pose error of the proposed DRO-GD when various elements are removed from
the pipeline. For the ‘no local map’ row, DRO-GD is run replacing the proposed local map
updated on the fly with simply the last motion and Doppler-corrected scan. As expected,
removing the gyroscope corresponds to the largest performance degradation, leading to
accuracy slightly better than CT-R in Tab. 8.1 (also without a gyroscope) for feature-dense
environments. For the gyroscope-less operation, we correct the estimated state with an
angular velocity bias calibrated using held-off data (0.034° /s for Suburbs and Highway,
and 0.057° /s for Tunnel). We have also applied the robust weighting when the change in
orientation between consecutive scans is not realistic. Without the bias correction, we obtain
relative translation errors of 1.37%, 1.61%, and 3.67% for Suburbs, Highway, and Tunnel,
respectively.

Estimating the system’s orientation in a continuous manner using only RADAR data is
challenging due to the low angular resolution of the sensor (0.9°) and the beam width (1.8°),
even when leveraging a motion prior like CT-R. Interestingly, in more challenging scenarios
like the Tunnel sequences, the drop in our method’s accuracy is not as large as for CT-R
thanks to the proposed Doppler-based velocity constraint. Regardless, the velocity RMSE is
not significantly impacted by the absence of a gyroscope. As for the other variations, the
difference with DRO-GD is limited, and on average, our algorithm still outperforms the best
RADAR baseline CT-RDG.

In Fig. 8.7, we study the sensitivity of DRO-GD with respect to the v parameter used
in the local map update. One can see that the method’s accuracy is not very sensitive to
~. We also analyze the estimated side velocity bias and empirical evidence that, given the
assumption made in our formulation, it depends on the observed environment in Sec. 8.3.6.
Overall, this ablation study demonstrates that the proposed direct RADAR registration is
sound and robust.
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Figure 8.6. Trajectory estimate samples for the different sequence types.

Table 8.2. Pose accuracy ablation study: each row corresponds to a marginal difference with DRO-
GD.

Method Suburbs  Highway Tunnel Vel. er.
DRO-GD @y 0.19/0.02 0.24/0.02 0.34/0.02 0.119
No gyr. bias 0.27/0.03 0.31/0.04 0.42/0.04 0.119
No vel. bias 0.22/0.02 0.29/0.02 0.31/0.02 0.120
Nolocalmap 0.35/0.02 0.43/0.02 0.40/0.02 0.107
No gyroscope 1.00/0.24 1.56/0.38 2.92/0.99 0.132
KITTI odometry metric reported as XX / YY with XX [%] Avg RMSE
and YY [°/100 m] the trans. and rot. errors, respectively. [m/s]
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Figure 8.7. Sensitivity analysis of DRO-GD with respect to the local map update parameter ~y.

8.3.4 Public automotive benchmarks

We have benchmarked the proposed method against state-of-the-art frameworks over the
Boreas and MulRan datasets. In both cases, the RADAR uses a sawtooth modulation pattern.
Thus, none of the results presented in this section include the Doppler-based objective
function Oy.

Boreas dataset

The Boreas dataset [27] was collected by driving a vehicle equipped with a sensor suite
composed of a 3D LiDAR, a 2D spinning RADAR (sawtooth pattern), a front-facing
camera, and an RTK-GNSS/INS solution for ground truthing. The dataset consists of 44
sequences collected over one year along more than 350 km of roads in Toronto, Canada.
Accordingly, the data corresponds to various weather conditions ranging from clear summer
sky to heavy snow and rain. A specificity of Boreas is that most sequences follow a
unique route in a suburban environment, allowing one to test an algorithm’s robustness with
respect to changing conditions. The Boreas dataset also offers a leaderboard for odometry
benchmarking that leverages 13 of the sequences above. Note that the GNSS/INS ground
truth is not publicly available for these sequences.

After testing our algorithm on 6 sequences with ground truth, we submitted our results to
the leaderboard with DRO-G. Our algorithm significantly outperforms all the other methods.
We have reported the four best RADAR-based methods in Tab. 8.4. The core principle of
CFEAR [3] and STEAM-RIO++ [24] is similar as both methods extract a point cloud from
the incoming RADAR data before performing registration to multiple previous scans. A
difference is that CFEAR first performs motion distortion correction based on the previous
estimate and uses point-to-distribution residuals, while STEAM-RIO++ leverages a GP
motion prior, point-to-point constraints and IMU data. CFEAR++ [101] builds atop CFEAR
by embedding the use of the IMU and some semantic information.

Our results confirm the ability of DRO-G to provide state-of-the-art performances
without requiring a RADAR with a triangular modulation pattern and O, as long as the
environment contains sufficient geometric cues. In Tab. 8.3, we present the detailed results
obtained on the 13 sequences of the Boreas dataset leaderboard.
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Table 8.3. Per-sequence errors of DRO-G on the Boeras dataset leaderboard.

Sequence Weather  Trans. Rot. err.

ID conditions err. [%] [°/100m)]
2020-12-04-14-00 &’ 0.24 0.05
2021-01-26-10-59 e 0.20 0.04
2021-02-09-12-55 & 0.22 0.02
2021-03-09-14-23 3t 0.23 0.06
2021-04-22-15-00 bt 0.25 0.05
2021-06-29-18-53 b 0.36 0.02
2021-06-29-20-43 % 0.44 0.04
2021-09-08-21-00 ® 0.30 0.02
2021-09-09-15-28 < 0.53 0.19
2021-10-05-15-35 - 0.12 0.02
2021-10-26-12-35 b 0.13 0.01
2021-11-06-18-55 ® 0.32 0.10
2021-11-28-09-18 ¥ 0.10 0.01

&: Overcast, #: Snow coverage, ##: High snow coverage
% Snowing, 3X: Sun, ®: Rain, *: Dusk, ®: Night

Table 8.4. Boreas dataset SE(2) odometry leaderboard.

Method Trans. err. [%] Rot. err. [°/100m]
DRO-G (ours) 0.26 0.05
CFEAR++ [101] 0.51 0.14
CFEAR [4] 0.61 0.21
STEAM-RIO++ [24] 0.62 0.18

As expected, there seems to be no correlation between the weather conditions and the
translation error. An interesting observation is that the orientation estimates of DRO-G using
solely the gyroscope integration outperform the other inertial-aided methods. This means
that the RADAR constraints in CFEAR++ and STEAM-RIO++ play a negative role in the
orientation estimates.

MulRan dataset

The MulRan dataset [91] has been recorded with a LiDAR, 2D spinning RADAR, and an
IMU mounted atop a car while driving in 4 different locations in Daejeon and Sejong, South
Korea. This dataset originally targeted the task of place recognition, but the availability of
a 6-DoF trajectory ground-truth also enables the benchmarking of odometry and SLAM
algorithms. However, unlike in the previous experiments, the ground truth is not obtained
with an RTK-GNSS but via the optimization of a pose graph that leverages wheel odom-
etry, an optical-fibre gyroscope, and a VRS-GPS. Additionally, the quality of the IMU is
significantly lower than in the Boreas and our automotive datasets.
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Table 8.5. Average error per sequence type of the MulRan dataset.
Sequences CFEAR-3 (4] CFEAR-3-50 (4] DRO-G (ours)
KAIST 1.65/0.70 1.53/0.68 1.44/0.42
DCC 1.75/0.49 1.58/0.50 1.54/0.41
Riverside 1.46/0.51 1.39/0.50 1.38/0.31
Average 1.62/0.57 1.50/0.56 1.45/0.38

KITTI odometry metric reported as XX / YY with XX [%]
and YY [° /100 m] the translation and orientation errors, respectively.

Tab. 8.5 shows the KITTI odometry errors of the proposed method and variations of
CFEAR as reported in [4]. As introduced in Sec. 8.3.4, CFEAR relies on a scan-to-local-
keyframes registration. C-FEAR-3 and C-FEAR-3-50 refer to [4] using a different number
of past keyframes in the registration process: 4 and 50, respectively. The table shows the
ability of DRO-G to outperform SOTA methods even with a low quality IMU. The level of
rotational accuracy highlights the soundness of the proposed integration-only orientation
and reiterates the observation from the Boreas leaderboard that RADAR data can have a
detrimental impact on the system’s rotation estimate compared to pure integration and a
simplistic bias estimation strategy.

Surprisingly, both CFEAR and our method display errors significantly larger with Mul-
Ran data than with the Boreas dataset. We believe that the nature of the ground truth
generation process leads to noisier poses, but also that extrinsic calibration and synchroniza-
tion are suboptimal. For example, we observed that the difference between consecutive IMU
data timestamps presents a variation of +35% around the nominal period of 10 ms and that
there is a constant offset with respect to the other sensors. In our experiments, we corrected
the IMU synchronization by removing 50ms to each inertial timestamp of all sequences.
We also adjusted the RADAR heading by 0.172° (without the heading correction DRO-G
leads to errors of 1.46% and 0.38°/100m). For completeness, without the gyroscope bias
estimation, we obtain errors of 6.00% and 1.57°/100m on average. Due to the lower quality
of the dataset, we believe no strong conclusion can be drawn from this experiment other
than the demonstration that DRO-G does not require a high-end gyroscope to perform at the
level of SOTA methods.

8.3.5 Off-road navigation

To demonstrate the versatility of the proposed method, we collected a series of RADAR-
inertial data sequences with an off-road mobile robot.

Dataset description

Our off-road dataset comprises 16 test sequences divided into four locations ranging progres-
sively from highly structured to unstructured environments. The robot’s maximum velocity
is approximately 1.2m/s. The sensor suite comprises a Navtech RAS3 RADAR and an
Ouster LiDAR with its embedded IMU. The robot is driven over the same loop three or
four times for each environment. The easiest one, Parking, takes place in a parking lot with
many artificial geometric features such as buildings, fences, and parked cars. The second
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Table 8.6. Average RPE in various environments spanning over different levels of structure.

Sequence type C;I;Efgfgl CT-RG128] Blégeg DRO-G (ours)
Parking (4 x 368 m) 3.45 1.03 3.44 1.04
Industrial (4 x 390m) 3.63 0.77 3.57 0.62
Grass (4 x 175m) 5.63 1.05 5.29 0.67
Woods (4 x 421 m) 4.70 1.30 342 0.71

RPE as a percentage [%] of the distance travelled.

location Industrial takes place around a large industrial building with part of the trajectory
going over a grass patch. This environment contains a combination of geometric structures
(fences and buildings) and sparse open areas (trees and bushes) at the back of the industrial
building. For the third trajectory, Grass, the robot moves over a grass field and occasionally
can observe a metallic fence. The last and most challenging environment, Woods, is entirely
off-road in the woods. Fig. 8.1 (right) shows our Clearpath Warthog robot within the Woods
environment.

Baseline

In this experiment, we benchmark DRO-G against a version of CT-R [25] with additional
inertial constraints as in [128]. We denote this ICP-based baseline as CT-RG. For each
CT-RG run, the gyroscope measurements have been corrected with a constant bias estimated
from five seconds of data where the robot is static. CT-RG’s parameters have been tuned
using held-out Parking sequences.

Results

We show the RPE obtained with and without gyroscope bias estimation in Tab. 8.6. In
structured environments (Parking and Industrial), both the direct and point-cloud-based
methods perform similarly. The discrepancy between the two methods increases when
dealing with more challenging environments. Overall, DRO-G maintains a satisfactory
level of accuracy across all scenarios, demonstrating that the level of structure of the
environment does not seem to impact the accuracy significantly. It also shows that direct
RADAR registration is robust to the nature of the environment without requiring any
tedious parameter tuning. Fig. 8.8 provides a visualization of estimated trajectories in each
environment. Tab. 8.6 and Fig. 8.8 also show the efficacy of the proposed gyroscope bias
estimation (DRO-G no-bias-est. vs DRO-G). Unlike the automotive scenario, where the
gyroscope bias is nearly negligible, the lower quality of the LIDAR’s IMU has a significant
impact on the results if the bias is not accounted for. Both methods perform poorly without
any bias correction.

8.3.6 Lateral velocity bias estimate

This section discusses the lateral velocity bias estimation introduced in Sec. 8.3.1. Fig. 8.9
presents the lateral velocity estimates obtained across the different sequences used in
Sec. 8.3.3. The value of the bias is shown as a function of the vehicle’s position along the
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Figure 8.8. Visualization of trajectory estimates in the off-road scenarios (aligned with the ground
truth for visualization using the first 20% of the trajectory).

trajectory. Note that the Highway and Tunnel sequences are split into two plots as they have
been collected separately in one direction and the other. As one can see, there is a clear
correlation between the location of the vehicle and the value of the velocity bias estimate.
This observation supports our hypothesis that the Doppler-based velocity bias is impacted by
the structure of the environment. Note that the extrinsic calibration between the RADAR and
the vehicle rear axle has been thoroughly verified, and thus, the miscalibration hypothesis
has been discarded. Further work will be required to obtain a deeper characterization of this
bias and a clearer understanding of the physical phenomenon behind it.

8.3.7 Computation time

All the experiments in this paper were performed using a laptop equipped with an Intel
17-13850HX CPU and an Nvidia RTX 5000 Mobile GPU. On our automotive dataset, the
computation of DRO-GD took on average 89 ms per RADAR frame using the GPU. This
is far below the real-time limit of 250 ms (4 Hz RADAR). When considering solely the
Doppler-based velocity objective function, DRO-D required only 34 ms per scan. For
comparison, we also changed the target device to CPU in Pytorch. We obtained averages
of 738 ms and 59 ms for DRO-GD and DRO-D, respectively. On the Boreas and MulRan
datasets, the GPU computations needed 79 ms and 95 ms per scan, respectively. The off-
road experiments were the ones that required the most computation time with 134 ms per
frame. To summarise, all our experiments have run in real-time. However, the current
implementation is somewhat modular, allowing for different combinations of objective
functions and motion models. We believe that specializing the code and leveraging a
compiled programming language would lead to significant improvement in the proposed
method’s efficiency, especially for CPU-based operations.
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8.4 Limitations

Currently, the proposed framework strongly relies on the gyroscope data as the orientation is
obtained via direct integration of the angular velocity. We demonstrated that it was sufficient
to obtain SOTA performance in both automotive and off-road scenarios with high-quality
and low-quality IMU. However, significant degradation of the inertial data (saturation, long
dropouts, erroneous measurements, etc), while unlikely, would have a catastrophic impact
on the estimated state. On a similar topic, the proposed approach to estimate the gyroscope
bias requires the vehicle/robot to be static occasionally. Further work is needed to introduce
a principled approach to gyroscope bias estimation in DRO.

Our method and experiments focused on spinning FMCW RADARS. Thus, our findings
are limited to this particular type of sensor. However, we believe that DRO applies to other
RADAR types (e.g. phased arrays) both in 2D and 3D given a sufficient FoV and access to
the intensity returns (unfortunately, most off-the-shelf automotive RADARSs do not provide
this information). A practical limitation of using 3D data is the potential computational load
increase if the RADAR provides much more information than the RADARS used in this
work.

8.5 Conclusion

In this chapter, we presented Direct RADAR Odometry (DRO), a direct method for real-
time odometry estimation using spinning millimetre-wave RADAR. This work extends
the direct error minimization paradigm introduced earlier in the thesis, initially applied to
LiDAR sensors through the MD-SLAM framework ( Chapter 3), to the RADAR domain,
which is inherently more challenging due to its lower spatial resolution, non-trivial signal
distortions, and the presence of Doppler effects.

Unlike most RADAR odometry systems in the literature, which operate through indirect
pipelines based on sparse point or feature extraction [4, 101], DRO avoids this intermediate
representation entirely. Instead, it works directly on the RADAR’s raw polar intensity images,
formulating odometry as a scan-to-map registration problem solved through continuous,
gradient-based optimization in SE(3). This direct approach retains the full information
available in the sensor data and eliminates the need for computationally expensive data
association, fragile thresholding, or tuning-heavy filtering stages.

One of the key contributions of this work is the incorporation of sensor-specific physics
into the estimation pipeline. DRO explicitly models both the motion distortion due to
continuous movement during scanning and the Doppler-induced frequency shifts that arise
from the relative motion between the RADAR and scene elements. In scenarios where the
RADAR uses a triangular frequency modulation pattern, common in many automotive-grade
sensors, these Doppler shifts become asymmetric, rendering the radial component of velocity
observable. We exploit this property to constrain motion estimation in scenes that lack
reliable geometric cues, such as featureless tunnels, where conventional point-based methods
tend to fail catastrophically.

Orientation is obtained through integration of yaw-axis gyroscope measurements, while
body-centric velocity is estimated via the maximization of one or two objective functions,
depending on the RADAR emission profile. Unlike prior work that assumes correspondence
between consecutive RADAR beams [33], our method treats each beam independently,
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enabling Doppler exploitation even in unstructured or dynamic scenes. To our knowledge,
DRO is the first method to integrate both Doppler and motion distortion effects into a unified,
fully differentiable estimation framework for RADAR odometry.

To validate our approach, we implemented a real-time GPU-based version of DRO and
evaluated its performance on more than 250 km of RADAR data. This includes sequences
from public benchmarks such as Boreas [27], which contains varied urban and suburban
driving conditions, and a new off-road dataset that we collected. The results show that
DRO outperforms current state-of-the-art RADAR odometry pipelines both in structured
urban environments and in unstructured terrain, while maintaining real-time performance at
10-30 Hz on a standard NVIDIA GPU. These experiments underscore the core message of
this thesis: that direct methods, when combined with physically grounded sensor models
and efficient numerical solvers, offer a powerful and generalizable alternative to traditional
indirect state estimation pipelines.

Future work on DRO will focus on several key extensions. First, the integration of a
principled bias estimation mechanism for the gyroscope would improve long-term orientation
estimation and reduce drift, especially during slow or stationary phases. Second, we aim
to embed DRO within a full SLAM system, enabling loop closure detection, map reuse,
and global trajectory optimization. This would allow RADAR-based systems to perform
large-scale navigation and mapping in conditions where vision and LiDAR fail, such as
fog, dust or heavy precipitation. Moreover, ongoing developments in RADAR hardware,
including higher angular resolution and Doppler sensitivity, may further enhance the utility
of direct RADAR odometry in the years to come.
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Chapter 9

Conclusion

N this concluding chapter, we revisit the core challenge of SLAM and the rationale for
embracing direct error minimization across heterogeneous sensor modalities. We then
recap the principal contributions of each chapter. Finally, we reflect on the broader
implications of our work and outline promising directions for future research.

9.1 Summary

In this thesis, we have developed and evaluated direct error minimization techniques for
sensors beyond conventional cameras. Although direct methods are well established for
visual odometry and SLAM, they have seen little application to LIDAR and RADAR data.
By formulating alignment and motion estimation directly on raw range and reflectivity
measurements, we eliminate the need for explicit feature extraction and matching. Our
results show that this approach delivers reliable performance in challenging scenarios, and in
the case of RADAR it achieves a clear breakthrough over the previous state of the art. Finally,
leveraging GPU acceleration played a crucial role in realizing real-time implementations of
these methods for autonomous systems.

Chapter 3 presents a novel, direct 3D SLAM pipeline that operates seamlessly with
both RGB-D and LiDAR sensors. Only minor modifications to the projection model are
needed to accommodate each modality. The system combines dense pose tracking with
an appearance-based relocalization module to handle large loop closures, validating each
closure using the same direct registration algorithm employed for odometry. It is the first
pipeline to apply direct error minimization to LiDAR data. A C++/CUDA implementation
enables real-time performance on both sensor types.

In Chapter 4, we introduce a new benchmark dataset that provides RGBimagery, 3D
LiDAR scans, IMU measurements with an high-precision 6 DoF ground truth. The sequences
span both indoor and outdoor environments and cover diverse motion patterns—hand-held
and vehicle-mounted. For the LiDAR data, we provide two acquisition modes: a denser
point cloud for hand-held operation and a higher frequency rate for car-mounted runs. This
variability lets us systematically analyze how sensor configuration affects the performance
of our direct LiDAR direct methods.

To produce reliable data, we had to tackle two core challenges: accurate multi-sensor
calibration and provision of precise 6 DoF ground truth. These are addressed in Chapter 5
and Chapter 6, respectively.
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In Chapter 5, we focus on LIDAR-RGB calibration. Accurate knowledge of the relative
pose between sensors is a prerequisite for fusion, but existing techniques often depend on
large or specialized targets to overcome the sparsity of LiDAR returns. Instead, we employ
a simple A3 chessboard pattern and exploit its planar geometry to establish correspondences
between LiDAR points and image features. A nonlinear optimization then refines the relative
pose, yielding robust, high-accuracy calibration with minimal manual intervention.

Then in Chapter 6, we extend the work presented in Chapter 3 with a unified photo-
metric BA method, refining SLAM-derived trajectories for maximized global photometric
consistency.

In Chapter 7, we present a preliminary study on the effect of skewing, or motion
distortion, in 2D LiDAR scans. Rather than estimating the robot’s pose as a single rigid-
body transform, we parameterize its state by continuous linear and angular velocities. This
formulation enables us to reconstruct the sensor’s motion over each sweep and remove
distortion from the raw scans. We demonstrate the method’s effectiveness within a 2D
LiDAR pipeline, establishing a foundation for our final work on RADAR.

In Chapter 8, we present our final contribution: a direct SE(2) odometry method for
spinning FMCW RADAR. The pipeline registers each incoming scan directly against a
local map using the full RADAR intensity data, without extracting features or generating
point clouds. Trajectories are estimated in a locally continuous manner, with compensation
for motion and Doppler distortions within each sweep. When the RADAR’s frequency
modulation pattern makes radial Doppler velocities observable, we add a Doppler-based
constraint that improves velocity estimation and enables reliable odometry in geometrically
sparse environments (for example, featureless tunnels). We validate this approach on over
250 km of on-road data and show that, with gyroscope assistance, it outperforms existing
methods, achieving an average relative translation error of 0.26 %, which is half that of
the current SOTA. With Doppler-enabled modulation, the translation error further drops to
0.18 %.

9.2 Outlook

A key prerequisite for the success of direct error—minimization methods is a sufficiently
dense data representation. Sensors that produce sparse or irregular measurements,such as
many solid—state LiDARSs or certain 4D RADAR designs, are not directly compatible with
our framework without additional interpolation, sensor fusion or measurements stacking.
Future work should investigate how to adapt direct methods to these emerging modalities,
perhaps by combining them with complementary high-rate sensors or learned upsampling
of sparse returns.

Motion distortion during data acquisition is another critical factor. Our MD-SLAM
experiments in Chapter 3 demonstrated that global-shutter cameras significantly outperform
rolling-shutter devices in direct alignment, achieving state-of-the-art accuracy only when
shutter-induced distortions are eliminated. The effect is even more pronounced for LiDAR:
with scan rates much lower than camera frame rates, raw point clouds suffer from visible
skew unless corrected. As shown in Chapter 7 and Chapter 8, compensating for continuous
motion, for example using onboard IMU data in the LiDAR case, is essential. Extending
these continuous-time formulations to other sensors and improving the tight coupling
between motion estimation and distortion correction remain promising research directions
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for the LiDAR case.

RADAR introduces a distinct form of motion-induced error: Doppler distortion. Al-
though LiDARs, operating at light frequencies, experience negligible Doppler effects at
typical platform speeds, spinning FMCW RADARSs, operating at radio frequencies, can
exhibit measurable range shifts when moving rapidly. As discussed in Chapter 8, incorpo-
rating Doppler-based constraints into the direct registration process improves odometry in
feature-deprived scenarios. Future RADAR approaches may benefit from adaptive modu-
lation schemes that maximize Doppler observability, and from joint estimation of motion
and reflectivity changes. Regarding LiDAR, compensating for Doppler effects is generally
unnecessary unless the platform is moving at very high speeds.

Map representation is another open challenge. For RADAR, our current map is simply
an accumulation of Cartesian intensity scans over time, sufficient for local-map registration
but limited in expressiveness. Correlating also the space in the local-map update could
significantly improve the robustness of the pipeline. LIDARs maps, by contrast, demand
more sophisticated representations (e.g., surfels, octrees, or implicit functions) to support
direct registration at scale. Investigating compact yet dense map structures that balance
memory footprint, update speed, and registration accuracy will be crucial for long-term
autonomy.

Looking ahead, emerging volumetric reconstruction techniques offer exciting possibili-
ties. Neural Radiance Fields (NeRFs) learn a continuous volumetric scene representation
from sparse 2D images, encoding radiance as a function of 3D position and viewing direction.
Their ability to synthesize high-quality novel views and capture fine details makes them
a compelling candidate for generating dense, photometrically consistent maps. Similarly,
Gaussian splatting provides a sample-based volumetric approach where each Gaussian’s
weight decays with distance, enabling fast and smooth merging of data from multiple sensors
or viewpoints. Integrating such learned or sample-based volumetric maps with direct pose
estimation could yield novel-view guided error metrics and improve robustness in visually
challenging conditions.

Finally, our work has assumed a static environment, treating moving objects as outliers.
A truly comprehensive SLAM system must instead model dynamic elements, like vehicles
and nonrigid, deformable objects such as humans. Early efforts in dynamic scene reconstruc-
tion (e.g., [114], [96]) have shown the feasibility of jointly estimating motion and shape.
Extending direct error—minimization techniques to these settings, perhaps by incorporating
object-centric motion priors or online shape deformation models, represents a significant
but rewarding frontier for future research.
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