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A nonlinear elliptic system with a transport term and singular data
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ABSTRACT
We consider the nonlinear elliptic system

ue ch%1 (@) —divIMEOVU) +u = —div(uM(x) V) +f(x),
Y WA (@) —divIMOVY) + ¥ = RW) + EX) VY,

where € is a bounded, open subset of RN, N > 3; M(x) is a coercive,
symmetric matrix with L°°(Q2) coefficients; f(x) and E(x) belong to some
Lebesgue space, and R(s) is a continuous function such that

2
0 <R(s) < |s|?, for9<N.

Using a duality technique, we prove existence of at least a weak solution
(u, ¥). Moreover, if N=3 or N=4, we prove under stronger assumptions

on f(x) and E(x) that the solution u belongs to W&'Z(Q).

1. Introduction

In this paper we study the nonlinear elliptic system
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0<uce WONL_l (2): —diviMx)Vu) + u = —div(uM(x) Vi) + f(x), (1)

0<y e Wy*(R):
under the following assumptions.

e Qisabounded, open subset of RN, N > 3;
e M:Q— RN isa symmetric matrix such that

Mx)&-& > alg)?,

for some 0<a < <oo and for every & in RY;
e f(x) > 0isa function such that

f(x) log(1 + f(x)) € L'();
e E(x) is a vector field such that

E(x) e [LN @Y

—diviM(x)V{¥) + ¥ = R(u) + E(x) Vi,

IM(x)| < B, for almost every x € €, (2)

3)
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e R:R — Risa continuous function satisfying

2
0 <R(s) <|s|?, forsome 0<0<N' (5)

The study of the nonlinear elliptic system (1) is the natural continuation of the works [1,2]. In [1],
the authors consider the problem

ue W(f%1 (2): —diviMx)Vu) + u = —div(u M(x) Vi) + f(x), 6)
Y e Wt (@) —diviM@)VY) + ¢ =i,

and prove the existence of positive solutions u and ¥ in Wé’z(Q) N L*°(R2), with f(x) in L™(R),
m>%. One of the main tools of the proof is the use of nonlinear test functions g(u) (in the first
equation) and h(u) (in the second equation), with /’(s) = s ¢’ (s). This choice produces a cancellation
of the terms coming from —div(u M (x) Vi) and —div(M(x) Vi) (see also Section 4).

Conversely, in this paper we use a linear duality approach, so that we cancel the contribution of
the principal parts; even if our problem is nonlinear, here we use a duality method as in [2].

With respect to (6), system (1) presents the extra term E(x) Vi, where E(x) belongs to [LN (Q)]V.

A system like (1) has been studied in [2], where the second equation is
¥ e Wok(Q) 1 —div(M@VY) + ¥ = Bw) + E(x) Vi),
with B(s) is a continuous, bounded and positive function. The authors obtain the existence of at least

N
a weak solution (1, ¥) in Wé\’Tl () x Wé’z(Q).

System (1) is related to the stationary solutions of biological models of one or several species whose
movement is driven by chemical stimuli. Such systems were introduced in the literature in the 70’s
after the pioneering works of Keller and Segel [3,4] and it is known as chemotaxis system or Keller-
Segel model: see for instance the surveys Horstmann [5,6]; Hillen and Painter [7]; Bellomo et al. [8]
and references therein for more details concerning previous results of such systems.

The Keller-Seller model describes the behaviour of the biological species ‘u’ in terms of a parabolic
equation (see for instance [9-11] among others). System (1) represents the stationary case of such
models where f(x) and E(x) are external data. Chemotaxis systems with external data have been
already studied by different authors, see for instance Tello and Winkler [12], Black [13,14] among
others.

The main result of this paper is the existence of solutions of system (1) under assumptions (2)-(5).

Due to the assumptions on the data f(x) and E(x), we are going to prove the existence of weak
solutions, whose definition is the following.

Definition 1.1: Let Q be as above, and let M(x), f (x), E(x) and R(s) be such that assumptions (2)-(5)
hold. We say that a pair of functions (1, /) is a weak solution to system (1) if u | V1 |> belongs to L ()
and

0<uc Wg’%(ﬂ): /M(x)Vqu+/ uw:/ uM(x)Vt/wa—f—/f(x)w,
Q Q Q Q
0=y e Wp(Q): /M(x)vwwf wnzf R(u)n+/ E@) Vi1,
Q Q Q Q

forany w € WM (Q), n € WiA(Q).

Remark 1.2: In view of assumption (3), (16) and Moser-Trudinger inequality, the term

/Qf(x)w

is bounded.
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The article is organised as follows. In Section 2, we approximate the system by modifying the
unbounded terms f (x), E(x), R(s), and the nonlinear term

—div(uM(x) V)

to obtain some a priori bounds of the approximating solutions. Thanks to such a priori bounds, we
obtain a sequence {(uy, ¥,)} which converges to a weak solution of (1). The details of this convergence
are presented in Section 3. Finally, in Section 4 we prove that ift N=3 or N =4, if f(x) belongs to

LN (), and if E(x) belongs to [L*®°(2)]Y, then the solution u of the first equation of system (1)
belongs to Wé’z(Q).
Throughout the article we will use the following notation:

. 2N ., 2N
=, 2,=0Y = ——.
N-2 N+2

2. Approximate solutions

Following [2,15-17], we approximate problem (1), and then obtain some a priori estimates on the
solutions; these solutions will then converge to a solution of (1). Given # in N, we first define the
sequence {f,} as

f(x)
1+ L)

Ja(¥) =
Notice that, in view of (3),
0<fulx) <f(x), fuel™®(Q),VYneN,
and
fo = f, in LX(Q).
Analogously, we replace the terms

divuM(x)Vy), Ex)Vy, R(u),
by
) Uy E(x) R(uy)
— M My |, —2 vy, ——
dw(1+%|un| ) 1/f) T 2w T3 IRGmy

to obtain the following approximating system

Un
————M(x)Vir, (%),
T+ L )V ) + fu(x)
R(uy) E(x)
1+ 2 R(uy) 14+ |uy

Uup € WA(Q) : —div(M(x) Vi) + uy, = —div
(7)

Y € Wo() : —div(M(x) Vi) + Yy = V.

In order to prove a priori estimates on the sequences {u,} and {y,,} we recall the definition of weak
solution for system (7).
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Definition 2.1: A weak solution to (7) is a pair of functions (u, V) in [Wé’2 (€2)]? such that

/M(x)Vuan+/ unw=/ M(x)VlﬁnVW+/fn(x)W
Q Q 1+-| nl

and

/MuwwV-ﬁfw —/—J@ﬁ— +/—£@—Vw
o nV¥n o nll = Ql—i—%R(un)n Ql+%|un| n1

for every w € Wy*(Q2) and n € W ().

R(s)
1+1 R(s)
the sense of Definition 2.1; such result is obtained (see [2] for the details) applying Schauder fixed
point theorem to the function S : Wé’z(Q) — Wé’z(Q) defined by

Since the function is continuous and bounded, system (7) has at least a weak solution in

S(w) =z,

with z is the weak solution to the equation

z € Wé’z(Q) : —diviM(x)Vz) + z = —div (ﬁM(x)V() + fu(x), (8)
n w
where ¢ is the weak solution of
¢ e W@ NL¥(Q) : —div(M@)VE) +¢ = — ) EO g, ©)

1+ 1Rw) 1+ 1wl

Note that existence and uniqueness of z follows from Lax-Milgram theorem, while existence and
uniqueness of ¢ follows from the results of [16].

We devote the following lemmas to obtain some a priori estimates on the solutions of the approx-
imated problem. In the proofs, C, C(f) and C(f, E) denote positive quantities depending on the data
of the problem; of course these quantities do not depend on the approximating parameter n and they
may change over the curse of the proofs.

We first recall some known results.

Lemma 2.2: Under assumptions (2)-(5), the solution v, to the second equation of (7) satisfies
Yn > 0.

Proof: The proof is similar to the proof of Lemma 2.3 in [2], therefore we omit the details (see
also [15,18]). [ |

In the next lemma, we present some estimates on the solutions u, (which also hold under the
weaker assumption that E(x) belongs to [L? ()1M).

Lemma 2.3: Under the assumptions (2)-(5) the following inequalities hold

Up 2 0) (10)

osAwsAﬂn ()

and
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Proof: The proof of (10) and (11) is obtained in [15]. See also [1,2,17]. |

As a consequence of Lemma 2.3, from now on we can write u, instead of |u,| in every equation
and formula.

Lemma 2.4: Under assumptions (2)-(5), the sequence {yr,} is such that

/ |wfn|2+/ e < C(f, ).
Q Q

Thus, the sequence {,} is bounded in LP (Q) for any 1 < p< + oo.

Proof: Taken = e?¥» — 1 as test function in the weak formulation of the equation solved by v,, (see
Definition 2.1) to have

2[ M) VY Vi, e’ +/ ‘/fn(ezw" -1

Q Q
R(up) 29, / E(x) 29,
= _ n—1 — Vv, n—1).
f521+5R<un)(e 1 T Ve -

We apply Young inequality to the term

E(x) 29,
— 'V n no__
/QHM Y @ — 1)

and (2) to obtain

za/ |wn|2e2*”"+/ n(@Vr — 1)
Q Q

< / RGu) @Y — 1) + / VP — o / Vil + — f EGPE — 1),
Q Q Q 4a Q

which implies, for k>0 and p>0,

a/ |wn|2e2¢"+oe/ |wn|2+/ wn<e2‘”"—1)+/ Y€V — 1)
Q Q {0<v, <k} {k<¥n)

< / R(uy) (e¥Vn — 1) + / R(uy) (2" — 1)
{0<u, <k} {k<un}

1
— [E@) (e — 1) + — / |E(x) (e — 1).
4o J{|Ee)|<p) 4a Jip< B}

Since 0 < R(s) < 7, and9<1%,<1, we have

a/ |vwn|2e2‘/’n+af |wn|2+f Y (e — 1)
Q Q {0<yr, <k}

+ k/ € —1)—k @ —1)
Q

{0=yn <k}

S k9 / (ezwn _ 1) +/ ug (ezwn _ 1)
{k<uy,}

/ (e*Vn — 1)+— / |E(x)[* (e —1).
{p<|EX)[}
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We now suppose that k is such that

2
>k 4+ 2, (12)
4o

and use the inequality
2 2
t"—1<2(t—=1)"+1, fort=>1,

to obtain, in view of the fact that

f Yn(e®n — 1) >0,
{0<yru <k}

that

af |vwn|2e2%+a/ |Vral? — C(k)
Q Q

< 2/ ufl (e¥n — 1)? +/ uz (13)
{k<un} Q

|EGo)[*(e¥" — 1)* + / |E(x)[%,
Q

20 Jip<|E@))

for some positive constant C(k). Since eV" Vi, = V(e¥n — 1), the Sobolev embedding of Wé’z(SZ)

into L2* () implies that
2
x| 2*
SU |e1””—1|2] s/ IVal? eV,
Q Q

Using this inequality in (13), we obtain

2
%

Sa [/ (ew—nz*]z +a/ IVl
Q Q

< Ck) + 2[ ul (¥ —1)2 +/ ul (14)
Q

{k<un}
1

20 Jip<|E@)

|EGo)[*(e¥" — 1)* + / |E(x)|*.
Q

We apply Hélder inequality with exponents % and % to the right hand side terms of (14) to have that

<k + [z [/ uig]N L [/ |E(x>|N]N] [f (¥ — 1)2"]2*
{k<uuy) 2a [ Jip<iEwl) Q

C E|%. .
+C() + |l ||L2(Q)

Since the sequence {u,} is bounded in L' (Q) by Lemma 2.3, since 6 <2/N, and since E(x) belongs
to [LN(2)]N, we can choose p large enough, and then k large enough so that (12) holds, in order to
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have that

=

2
oy N 1
ZU u,ﬂ} +—U |E(x>|”] <5
{k<utn} 20 [ Jip<|E@l) 2

Therefore

2
50[ « | 2F
— /(e"’" -1? +a/ IVyul? < Ck) + C(H) + IEIZ, = C(f, B),
2 Q Q L2(Q)
which implies the result. [

Remark 2.5: Let f(x) > 0 and g(x) > 0 be functions in L>°(£2). Then, as a consequence of the
inequality

st <slog(l+s)+e, fors teRy, (15)
it follows that

fg £ log(1 +g(0) < /Q £ log(1 +f(x)) + /Q (1 + g(x)). (16)

Our next result proves the main estimates needed in order to pass to the limit in the equations
satisfied by u, and ¥,,.

Lemma 2.6: Under assumptions (2)-(5), the solution (u,, V¥y,) of (7) satisfies

|V, |?
* < C(f,E), 17
|l < OGB (17)
and
\Y% < C(f,E 18
[t = con, 19)

Proof: We split the proof in several steps.
Step 1 — As in [19], we start with a duality approach: we choose ¥, as test function in the first
equation in (7) and uy, in the second one, to obtain

/M(x)vunVWn+/ UnYry Z/ M(x)vwnvvfn /fn(x)l//n
Q Q 1+ =

R(”n)
V n n n H= — 1. _Yn - 1 ne
/QM(x) ynVu +/Quw /;21+%R(un)u +/91+—unE(xww

Combining both expressions we arrive to

" un R(uy) Up
M)V Vi + | ()Y, = E@x)Vin.
/QH% —MEOVY Y /foow /91+5R<un>+/91+%un VY

Since

Uy Uy
o | ——— ——— M) VY, Vi,
/1+ unl Yul? _/Ql—f-%un VY, Vi,
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and

Uy R(uy) < u9+1
T 14 iRy T

and since f,, (x) ¥, > 0, we thus have, thanks to (2)

u
o / —| Vil < / up ¥+ / ———E®) V. (19)
1+ = Q Ql+ ;un

Using Young inequality in the last term, we have

o Uy
/QTWEOC)VWSE/H—_I kg [ R

so that from (19) it follows that

/ |an| f ult +c / un [E()|%. (20)
1+ = Q Q

Step 2 — We now take log(1 + uy,) as test function in the first equation of (7) to obtain, after some
computations, and using (2),

|V“n|2
Q 1 + u”

Uun |Vl Vuy|
Q (1+ $up) (1 + uy)

+ [ unlogt+uy) < + [ flog +u). @)
Q Q

Thanks to (16) and to Lemma 2.3, we have that

f F2(0 log(1 + 1) < / £ log(1 + f(x)) + f (1 + 1) < C(f),
Q Q Q

so that (21) becomes, dropping a positive term,

|Vun|2 Un| V|| V|
a/sz 1+ uy Sﬁ/g (1 + Lu) (1 +uy) . 22

Thanks to Young inequality, we have

/ un| VUullVun| / Un| VYl | V|
o (L+ 2u) (1 +uy) o (1+ 2u) T+ u, VT+ un
132 M2 |Vu |2
<= — |Vgral® + .
Q(1+z”n) (1 + uy) 1+u”
2 2
u o Vu
e A R
200 Jo 14 up 2 Jo1+uy
Using this inequality in (22), we have
o [ |Vuu*> B2 Uy
S <& [ v oo
2 Jol+u, 200 Jo 1 +

i.e. recalling (20),

|V”n|2

Uy
vy, 146 / ) ) ‘
Ql+un§C/1+_ | W| +C(f)<C/ +C Qu|E(x)| + C(f) (23)
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Since

|V“n|2

1
= 4|V[(1 T —1])%
T u, IVI(1 4+ uy) 1l

by Sobolev embedding it follows from (23) that

2
*

[/ [(1+ ) —112*}2 sc/ uL+9+cf n B+ C().
Q Q Q
Now, since

llall — bl < lla—bl

12 () 1) 12y’

from the above inequality we deduce, after some computations, that

lunll 2 <C / W 4 / n [EG) 2 + C(). (24)
L2 (Q) Q Q

Now, for every p>0 we have, thanks to Holder inequality,

/ uy |[E(x)|* = f Uy |E(x)[* + / uy |E(x)[*
Q {|E(x)|<p} {p<|E(x)|}

2

N
< p? + ||lu * / ExIN|
=P Wy T Ml g | | IECO

where in the last passage we have used Lemma 2.3. On the other hand, for every k>0 we have (again

by Holder inequality)
/”;11+0=f“n”z=/ unuZ—i—/ unuz
Q Q {0<u, <k} {k<un}

2

1+6 o5 | ¥
< kR A lluall 2+ Uy .
L2(Q) {k<uy}

Then

/ ;" + / un [E@I < p?If1, ) + K12
Q Q

2 2
N N |N
+ lunll 5 [/ |E(x>|N] +[/ u} :
L2() {p<|E@)|} {k<uy}

We now recall that |E(x) [N belongs to L!(2), that {u,} is a bounded sequence in L!(R2) and that
0 %’ <1. Thus, for any £>0, there exist k>0 and p>0 large enough, such that

2

N oN |N
U |E<x>|N} +[/ u,ﬂ} <
{p<|EX)|} {k<up}

Z

which implies that

" 2 2 1460
/Qun +/Q”"' P = P21l g + K120+ Nl )
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Using this inequality in (24), and choosing ¢ small enough, yields

lunll 2 =< C(f,E), (26)
LT (Q)
which is the second part of (17). From (25) it then follows that
/ up +f un [EG)1® < 011l g + K7 1920 + CF B).
Q Q
This inequality, used in (20) and (23), yields that
2 IVMnI2
IVWI < C(,B), < C(f,B),
Ql+1ly

as desired. [ |

As a consequence of the previous lemma we have the following estimate.

Corollary 2.7: Under the assumptions of Lemma 2.6 we have
N
[ vl < e, (27)
Q

2(N 1)

Proof: We proceed asin [20] and apply Holder inequality with exponents =—— and % to obtain

& Vit 1
[Vuy |1 = | ————— 1+ u, )Z(N )
Q Q (1 4 u,) 7D

<[ |wn|2]w5v—w[/(l+ )]f%
u,) 2
T LJe 1+ un Q !

< C(f,B),

where in the last passage we have used (17). [ |

3. Existence of solutions

In this section we prove the existence of weak solutions to (1). The proof is based on the existence
of a subsequence (uy,, ¥,,) which converges to the solution. The result is presented in the following
theorem.

Theorem 3.1: Under assumptions (2)-(5), there exists a weak solution (u, ) to (1) in the sense of
Definition 1.1.

Proof: We consider the sequence (uy, ¥,,) of weak solutions to (7). Since the sequence {u,} is
N N

bounded in W(f'Tl (€2), there exists a subsequence (still denoted by {u,}) and u in WONil (2) such
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that
u, — u, stronglyin L*(Q2), for any s< % and almost everywhere,
N

N (28)
up — u,  weaklyin Wy ' (Q).

Moreover, the sequence {{/,,} is bounded in Wé’Z(Q) N LP(2) (for any 1 < p< + 00) and therefore
there exists ¥ Wé’Z(Q) and a subsequence (still denoted by {y,}) such that

Yn — ¥, weakly in W (R),

Yy — ¥, strongly in LP(S2), for every p< + oo and almost everywhere. 29)

The strong convergence of the sequence {u,} touin LS (), for s< 1mphes that the sequence {R(u,)}
strongly converges to R(u) in L1(2), for every q< . Since 0 < N, one has that
2% 2N

207 N+2

so that the sequence {R(u,)} converges to R(u) in L%+(€2). Furthermore, by the first equation of (29),
by the fact that E(x) belongs to [LN(2)]Y, and since u, converges to u almost everywhere, we have
that

E(x)

Vi, — E(x) Vi  in L** ().
I+ 1o, Yn (x) Vi ()

Thus, we can pass to the limit in the weak formulation of the second equation of system (7) to have
that

/M(x)VI//VW—i—/ ww=f R(u)w—i—f EX) Vyw, Ywe Wy*(Q),
Q Q Q Q

so that v is a solution of the second equation of system (1) in the sense of Definition 1.1.

In order to prove that u is a solution of the first equation, we begin by proving that the convergence
of the sequence {v,,} in Wé’z (2) is actually strong. In order to do that, we take 1/, — v as test function
in the weak formulation of the second equation of (7) to have

/ M)V — Y1V — 9] = —/ M@V — ]
Q Q

(30)
R(uy) E(x)
_/Q‘ﬂn[lﬁn—w]—f-/;zm[lﬂn—W]—i‘/ﬂmvwn[wn—W]-
Since
E(x)
/Q W Vi [ — ]| < IIE(X)HLN(Q) ||1//n||Wé,2(Q) 1 =l @’

from the second convergence of (29) with p = 2* we have that

im [ 29 et AUSIIEY)

n—+400 Ql+_

Furthermore, since the sequence {R(u,,)} is bounded in L7 (2) by Lemma 2.3, again from the second
convergence of (29) with p = ( ) =1 0, we have

R(uy)

1‘ 1, < n - = 0)
naufoo ol+ %R(Un) [w 1/]]
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while the fact that

lim /Qllfn (Yn—¥1=0,

n—-+00

follows from the strong convergence of ¥, to ¥ in L2(£2). Since from the first convergence of (29):

lim f ME VYV — 9] =0,
Q

n—+00

from (2) and thanks to (30) it follows that

n——+o00

lim a/ VY — 1P =0,
Q

so that the sequence {y,,} strongly converges to i in Wé’z(Q). Therefore, up to subsequences, we
have that

the sequence {V,} almost everywhere converges to Vi in Q. (31)

We now follow [2]. Let p>0, and let ¥ be a measurable subset of 2. Then, recalling (18),

Uy 1 Uy ,
—1|V1ﬁn|=/0 Uy + — —1|VK/fn|
1+ un SO{IVYal<p) P Jsntp<ivyaly 1+ Lu,

fp/ un‘i‘@.
z P

If >0, thanks to the strong convergence of the sequence {u,} to u in L' (), one can choose p large
enough, and then | X| small enough, to have that

Un
sup | —— IVl <,
neN Jz 1 n

so that
the sequence u—rllwwnl is equiintegrable.
14+ - uy,

Therefore, from Vitali theorem it follows that

u

1—'1’an } strongly converges to u Vi in [L'(22)]".
Un

the sequence {

Using this result, as well as the strong convergences of u,, to u, and of f,(x) to f(x) in L' (), we can
pass to the limit in the equation solved by u, to have that

/M(x)VquzH—/ ugo:/ uVlﬁV(p—I—ff(x)(p, Vo e CX(Q).
Q Q Q Q

In order to obtain test functions in Wé’N (£2), we need a further step. Recalling again (18), and using
the almost everywhere convergence of u, to u and of Vi, to Vi, as well as Fatou lemma, we obtain
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that

05/ u|vw|zsliminf/ M vy, P < C(f,B),
Q Q

n—+00 1+ % Uy,
so that the function u | V/|? belongs to L' (). Thus, writing
uVy = JuJuvy,
we have, recalling that \/u is in ¥ (), and that \/u V is in [L*(Q)]V, that
N N
uVy € [L¥-1()]7,
so that one has
uvVyvn e L{(Q), Ve wiN(Q).

Since the same property is true for M(x) VuVn, for u n, and for f (x) n (recall that n, being in WS’N (),
is exponentially summable, and use 15), one can use the density of C§°(£2) in WS’N (2) to have that

/M(x)Van+/ un:/ uVlﬂVf/—}-ff(x) n, ¥newNQ),
Q Q Q Q
as desired. [ |

4, ThecaseN <4

In this section we are going to prove that if the space dimension N is either 3 or 4, under a natural
assumption on f(x) and a boundedness assumption on E(x), the solution u of the first equation of
system (1) belongs to Wé’z(Q).

Theorem 4.1: Let N=3 or N=4. Let f (x) be a function such that
0 < f(x) € L*(9), (32)
and let E(x) be a vector field such that
Ee [N (33)

The solution u of the first equation of system (1) belongs to WS’Z(Q).

Proof: Since the solution u of the first equation of system (1) is the limit of the sequence {u,} of
solutions of the first equation of system (7), it will be enough to prove that such sequence is bounded
in Wé’z (£2) in order to prove our result. We recall that, as a consequence of (17) and (18), and of the
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fact that the assumptions on f(x) and E(x) are now stronger, one has that

z u
/ Uy +/ ——— |VY|* < C(f,E). (34)
Q Ql+u,

We follow the approach of [1], choosing test functions in the equations of system (7) which will allow
us to ‘cancel out’ two terms. More precisely, we choose u, and

Uy s
H(”):/ >
n n 0 1+%5

as test functions in the first and second equation of (7) respectively. We obtain

u
/M(x)VunVu,,—i—f u? :/ —’}M(x)vwnwnJr/fn(x) U,
Q Q Ql+ 7 Un Q

and

/Q qu M)V YV + / VnHn(ttn)

Zf R(un) H(u)—i—/ Hy(u n)E( Vo
Ql—i—%R(u,,) e Ql—l—nu "

Since the third term of the first expression is equal to the first one of the second, we have

/M(x)Vu,Nu,H—/ ui"‘f Yy Hy(uy)
Q Q Q

_ R(uy,) Hy,(uy)
—/an<x>un+/g—l+%R(un) Hn<un>+/g2 LBV

Since

Uy Uy u2
Oan(un)Z/ dSE/ sds = =2,
0 0

14 %s 2
we thus have, using (2), and dropping two positive terms in the left hand side,
1 1 u2
a [l < [ fowm+ 3 [ [ gl vy (35)
Q Q 2 Ja 1 + -
Let £>0. We have, thanks to Young inequality, and since 2 + 6 <2 + N <3,
/ uiw < C(e) —i—s/ ui. (36)
Q Q
Furthermore, we have, thanks to Young inequality and (34),
u, un IVI/nt
—  |E@)[ VY| = un [E@W)| ———
Ql+ 2 uy Q 1+ 5 Un
<e / uy [E0 > + C(e) / —2 Vil
bt ”n] (37)

< C Un 2
eIl ||m9)/u + (s)/ Tl VP

= ¢ |E|? 3 4 C(f,E).
ell ||L&(Q)/Qun+ (. B)
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Using (36) and (37) in (35), we arrive at

a/ |Vun|25/fn(x)un+C(f,E)g/u3+C(f,E). (38)
Q Q Q

We now have, by Holder inequality,

fore L) [T

Observing that % < % if N < 4, thanks to (34), we have, by Holder inequality,

N >
/unz §C|:/ un2:| < C(f,E),
Q Q
2
x| 2*
[azcen[[a]"
Q Q

Using this inequality in (38), and recalling Sobolev embedding, we have that

=

so that from (39) follows that

Sa [/ uﬁ*r sa/|Vun|2§/fn(x)un+C(f,E)e [/ uff]z* +C(f,E).  (40)
Q Q Q Q

Choosing ¢ small enough, we thus have that, recalling the assumptions on f(x), and again by Holder
inequality,

3=

Sa * zl* *
L] = [rwmrcen < | [ @] oo

This inequality implies that
= C(f.E) Il

li4all 2 g @y

and from this estimate, and (40), it follows that the sequence {u,} is bounded in Wé’Z(Q), as desired.
[ |
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