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Abstract Wave propagation and band gap behavior
of square lattices encapsulating identical nonlinear res-
onators in each cell are investigated through an asymp-
totic treatment of the wave propagation equations. The
nonlinear effects of the resonators, composed of sus-
pended piezoelectric membranes with a central mass,
are investigated through the introduction of a gener-
alized nonlinear version derived from the plane-wave
expansion (PWE) method. This method leads to non-
linear wave propagation equations and the analytical
derivation of nonlinear dispersion functions using the
method of multiple scales. Numerical simulations ver-
ify the validity of the analytical solutions. The proposed
nonlinear PWEmethod is shown to overcomes the lim-
itations of the popular approach based on the enforce-
ment of the Floquet–Bloch theorem in the context of
the cell projection method. While the latter provides
the dispersion curves of the fundamental propagation
mode, the nonlinear PWEdelivers the nonlinear disper-
sion curves of all modes, offering a broader perspec-
tive into the design process for semi-adaptively pro-
grammable metamaterials aimed at controlling wave
propagation.
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1 Introduction

Metamaterial structures are attracting a great deal of
attention thanks to their capability of suppressing or
attenuating the propagation of elastic waves via manip-
ulation of the stopbands. The formation of stopbands
includes Bragg scattering, inertial amplification, local
resonance etc, general details of the mechanisms of
metamaterials can be found in few textbooks, e.g., [1,2]
and review articles [3–5], to list but a few. Local res-
onance stopbands are the focus of the present work
because they show less dependence on the periodic-
ity of the structure, and turn out to be easily tunable
through proper structural design optimizations. Studies
addressing 2D periodic structures with local resonance
mechanisms can be found in several previous works,
see, e.g., [6–14].

Among the analytical methods for periodic struc-
tures, the well-known Plane Wave Expansion (PWE)
method [15] is widely employed for dealing with wave
propagation in periodic systems. In [16], the authors
applied the PWE method to analyse periodic 3D meta-
materials consisting of spherical inclusions in a cubic
lattice, while in [17], they applied the PWEmethod for
computing dispersion properties using Mindlin’s plate

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-024-10458-5&domain=pdf


Y. Shen, W. Lacarbonara

theory considering concentric circular inclusions, and
the results were compared with those obtained using
Kirchhoff’s plate theory and full 3D models. Miranda
Jr et al. [18,19] employed the PWE and extended PWE
methods to theoretically investigate the flexural waves
propagating in an elastic square lattice metamaterial
with attached local resonators, where Kirchhoff-Love
thin plate theory and Mindlin-Reissner thick plate the-
orywere considered, respectively. Recently, a 2Dmeta-
material cellular system inspired by lightweight honey-
combs and spider webs was proposed and investigated
in [20], whereby the PWE method was employed to
obtain the dispersion curves and the stopband sensitiv-
ity with respect to the design parameters, experimental
results further validated the theoretical predictions and
confirmed the robustness of the stopband behavior.

In the last decades, the topic has been approached
by the community of nonlinear dynamicists. Herein we
list a few recent papers for sake of conciseness. In [21],
the authors presented and analyzed four highly nonlin-
ear metamaterial models to illustrate the evolution of
typical nonlinear band structures by employing the har-
monic balancemethod. In [22] amovable metamaterial
propelled by nonlinear elastic waves was addressed.
Inspired by stopband properties, it introduced nonre-
ciprocal crawling, behaving as a dynamic mechanical
diode. In [23], the authors investigated theoretically and
experimentally a metamaterial beam endowed with the
nonlinear magnetic mass-beam resonators to achieve
tunable band gaps. In particular, the method of multi-
ple scales [24] has been widely employed and investi-
gated for stopband calculations, wave propagation pre-
dictions, andvibration analysis. In [25], the authors pre-
sented a comprehensive review of recent advancements
in the analysis, experimental investigation, and prac-
tical applications of wave propagation within weakly
nonlinearmetamaterials. In [26], the authors carried out
analysis of dispersive wave propagation via the method
of multiple scales in which the homogeneous solutions
were considered at each order. More recently, in [27],
the nonlinear tension-torsion coupling motion of Kres-
ling origami was tackled and the method of multiple
scales employed for deriving the first-order solutions
for the semi-infinite system.

As the programmability (see, e.g., [28]), tunability
(see, e.g., [23,29,30]) and optimality (see, e.g., [31–
33]) for stopband widths in metamaterials are increas-
ingly pursued as venues for unprecedented perfor-
mance in wave cloaking in practical applications, in

prior work of the present authors [34], the investigation
centered on a metamaterial featuring membrane res-
onators aimed to create highly adjustable band gaps by
manipulating the membrane modal properties through
the application of voltage-induced membrane stretch-
ing/tension via the piezoelectric effect. The projection
method [33,35,36],whichworkswell for analysing fre-
quency stopbands within the fundamental propagating
mode, was applied to obtain a closed-form representa-
tion of the linear and nonlinear dispersion properties of
the system. However, it is crucial to thoroughly under-
stand all the propagating modes of the metamaterial
system. To this end, here analytical and numerical stud-
ies are conducted to examine the impact of local non-
linear resonances on the nonlinear dispersion relations
of the metamaterial. The PWE method is explored and
implemented for metamaterials weakly coupled with
nonlinear resonators, and themethod of multiple scales
is employed to obtain the nonlinear dispersion func-
tions of the nonlinear coupled system.

The paper is organized as follows. After the Intro-
duction, in Sect. 2, the modeling approach yielding the
equations governing wave propagation is proposed.
Section3 discusses the PWE method applied to the
nonlinear metamaterial coupled system. In Sect. 4, the
linear dispersion relationships are introduced by solv-
ing the eigenvalue problem, and nonlinear dispersion
relationships are obtained via the method of multiple
scales. The numerical investigation and validation into
the nonlinear stopbands has been made in Sect. 5. The
summary with the main findings of this study is pro-
vided in Sect. 6.

2 Analytical metamaterial model

The considered metamaterial is a lattice constituted by
square thin-walled cells supporting, in the midplane,
suspendedmembranes with central masses (see Fig. 1).
Such lattice was first introduced and analysed in [34].
The square frames surrounding the flexible membranes
are sufficiently stiff to ensure the load-bearing capacity
of the entire periodically patterned plate. Although the
global modes of the infinite plate induce out-of-plane
deformations of the unit cells, these deformations are
small enough to neglect their influence on the local
modes of the membranes, which have much higher fre-
quencies. We will provide next an overview of the for-
mulation of the membrane resonators together incor-
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Fig. 1 a Schematic view of
the lattice with the
periodically distributed
membrane-mass resonators
(shown in part (b) with a
cross-section in (c)). The
square cell geometry with
thickness h, side length a,
wall width th . The lattice
vectors are denoted by
(a1, a2) and the fixed frame
by (e1, e2, e3)

porating the full model of the overall lattice with the
membrane resonators.

2.1 Nonlinear membrane resonator modeling

The resonators are modelled as homogeneous isotropic
piezoelectric membranes holding central lumped mas-
ses M (C). The nonlinear equation of motion for
a membrane resonator is reduced via the Galerkin
method employing the basis of membrane eigenfunc-
tions obtained with fixed boundary conditions. The
resulting reduced-order model of the membrane res-
onators are thus described in terms of modal mass,
linear and nonlinear modal stiffness. The membrane
resonators are assumed to have negligible damping.
For treatment of damping, see [37]. Full details of the
model formulation can be found in [34], herewemerely
review the main equations.

We consider initially only the mnth mode with the
assumption that each mode is away from internal reso-
nances with other membrane modes. The single-mode
reduced model of the resonator, obtained by applying
the Galerkin method on the cell domain, reads as [34]:

Mmnz̈mn(t) + Kmnzmn(t) + K (3)
mnz

3
mn(t) = 0, (1)

where the overdot indicates differentiation with respect
to time t . The modal mass Mmn , the modal stiffness
Kmn , and the nonlinear stiffness coefficient K (3)

mn are
expressed as:

Mmn = ρmhml2m
4

+ M (C) sin2
(mπ

2

)
sin2

(nπ

2

)
,

Kmn = n(0)
(π

2

)2 [
m2 + n2

]
,

K (3)
mn = 3Emhmπ4

64l2m

[
m2 + n2

]
,

(2)

where lm is the characteristic length of the membrane,
ρm is the mass density, and hm is the membrane thick-
ness, Em is the Youngmodulus of themembrane piezo-
electric polymer material. The membrane pre-stress
n(0) can be effectively tuned by suitably changing the
applied DC voltage thanks to the piezoelectricity. In
our study, by adopting PVDF (PolyVinylidene DiFlu-
oride) as piezoelectric polymer, the tension arising in
the membrane due to the piezoelectric strain can be
expressed as

n(0) = Em

∫ hm

0

d0V

hm
dz = Emd0V, (3)

where d0 = 1.358 × 10−11C/N is the nominal cou-
pling piezoelectric coefficient for PVDF. The pre-stress
is directly proportional to the applied DC voltage V ,
the Young modulus Em , and the coupling piezoelectric
coefficient d0.

The subscript mn can be substituted with a single
index associated with the ordering of the modal fre-
quencies; for example, one can set, for convenience,
M11 = M1, M21 = M2, M22 = M3, etc. In the next
sections, we shall use only the subscript r to indicate
the sequential modal number of the resonator mode
according to the adopted modal ordering.

2.2 Metamaterial modeling

Figure 1 illustrates the reference configuration of
the indefinitely periodic lattice, which can be mod-
elled as an equivalent orthotropic plate depending
on the selected lattice geometry. The plate reference
plane is positioned in the (e1, e2)-plane of the fixed
frame, while the positions of the equivalent membrane
resonators are ruled by the lattice vectors (a1, a2).
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Each membrane resonator shall be interpreted and
treated as a nonlinear multi-mass-spring system result-
ing from the multi-dof Galerkin reduction of the
spatially continuous (infinite-dimensional) membrane
with the attached central mass, as discussed above.
Each resonator is thus equivalently represented by
modal masses and modal springs positioned at lattice
points x(i j) = ia1 + ja2, with i and j being integers,
a1 = (a11, a12) = (a, 0) and a2 = (a21, a22) = (0, a)

being the direct lattice vectors with a denoting the lat-
tice parameter.

The mass density ρ∗ of the equivalent, homog-
enized orthotropic plate model is derived from the
homogenization originally proposed in [38] and the
effective bending stiffness coefficients of the equiv-
alent orthotropic plate reported in [39] are given in
“Appendix A”. The thin plate theory (see [40]) is
employed to model the equivalent orthotropic plate
with the attached resonators. The equations of motion
for the coupled system represented by the orthotropic
plate with the resonators can thus be expressed as

ρ�h
∂2w(x, t)

∂t2
+

[
D∗
11

∂4w(x, t)

∂x41
+ 2(D∗

12 + 2D∗
66)

∂4w(x, t)

∂x21∂x
2
2

+ D∗
22

∂4w(x, t)

∂x42

]

+
∑
r

∑
i, j

M (i j)
r

[
ẅ(x, t) + z̈(i j)r (t)

]

δ(x − x(i j)) = 0,

M (i j)
r

[
ẅ(x(i j), t) + z̈(i j)r (t)

]

+ K (i j)
r z(i j)r (t) + K (i j)(3)

r (z(i j)r (t))3 = 0,

with r = 1, . . . R, i, j = −∞, . . . ,∞,

(4)

where x = x1e1 + x2e2 is the position vector for an
arbitrary material point of the plate mid-surface, t is
time, w(x, t) is the displacement of the plate at posi-
tion x and time t , z(i j)r is the modal amplitude of the
r thmode of the (i j)th resonator (i.e, the resonator posi-
tioned at x(i j)), R is the number of retained resonators
modes, h is the plate thickness, D�

rs are the equiva-
lent plate bending stiffness coefficients, and ρ� is the
density of the equivalent plate whose expressions are
given in “Appendix A”; K (i j)

r , M (i j)
r and K (i j)(3)

r are
the modal stiffness, mass, and nonlinear modal stiff-
ness coefficients of the r thmode of the (i j)th resonator,
δ(x − x(i j)) is the 2D Dirac-delta function introduced
to represent the inertia force of the (i j)th resonator

at its reference position. Note that the linear and non-
linear modal properties of the resonators do not vary
across the 2D lattice since the resonators are periodi-
cally repeated. This allows us to drop the superscript
(i j) for ease of notation.

3 Nonlinear plane-wave expansion method

According to the Floquet–Bloch Theorem, the solu-
tion is assumed to be periodic with fundamental wave-
length a given by the unit cell inter-distance (i.e., fun-
damental wave numbers G1 = G2 = 2π/a) and
amplitude modulated by wave numbers k1 and k2 (i.e.,
wave lengths β1 = 2π/k1 and β2 = 2π/k2). There-
fore, w(x1, x2, t) = W (x1, x2, t)e−i(k1x1+k2x2) where
W (x1, x2, t) are periodic solutions of wavelength a,
namely, W (x1 + a, x2, t) = W (x1, x2, t),W (x1, x2 +
a, t) = W (x1, x2, t). Assuming a quasi-periodic solu-
tion of Eq. (4) according to the Floquet–Bloch theory
from the outset to obtain the wave propagation equa-
tions for a subsequent asymptotic treatment is equiva-
lent to solving the equations of motion (4) according
to a perturbation scheme whereby the Floquet–Bloch
solution is assumed at each order of the perturbation
hierarchy [36].

A Fourier series representation of W (x1, x2, t) is
assumed as

W (x1, x2, t) =
∑
m

∑
n

Wmn(t)e
−iG(m)

1 x1e−iG(n)
2 x2 , (5)

where G(m)
1 = mG1 and G(n)

2 = nG2 are integer mul-
tiples of the fundamental wave numbers G1 and G2.
This leads to cast the solution in the form

w(x1, x2, t) =
∑
m

∑
n

Wmn(t)e
−i(G(m)

1 +k1)x1

e−i(G(n)
2 +k2)x2 . (6)

Note that, upon considering x(i j) = (ia1 + ja2) such

that e−iG(m)
1 x (i j)

1 = 1, e−iG(n)
2 x (i j)

2 = 1, where i, j =
−∞, . . . ,∞, one obtains the following key result:

w(x (i j)
1 , x (i j)

2 , t)

=
∑
m

∑
n

Wmn(t)e
−i(G(m)

1 +k1)x
(i j)
1 e−i(G(n)

2 +k2)x
(i j)
2

=
∑
m

∑
n

Wmn(t)e
−iG(m)

1 x (i j)
1 e−iG(n)

2 x (i j)
2

e−i(k1x
(i j)
1 +k2x

(i j)
2 )

= w0(t)e
−i(k1x

(i j)
1 +k2x

(i j)
2 )

(7)
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where

w0(t) := w(0, 0, t) =
∑
m

∑
n

Wmn(t). (8)

Similarly, for the r th resonator at position (x (i j)
1 , x (i j)

2 ),

z(i j)r (t) = z0r (t)e
−i(k1x

(i j)
1 +k2x

(i j)
2 ), (9)

where

z0r (t) := z(i j)r (0, 0, t) =
∑
m

∑
n

Z (r)
mn(t). (10)

It follows that the accelerations are expressed as

ẅ(x (i j)
1 , x (i j)

2 , t) = ẅ0(t)e
−i(k1x

(i j)
1 +k2x

(i j)
2 ),

z̈(i j)r (x (i j)
1 , x (i j)

2 , t) = z̈0r (t)e
−i(k1x

(i j)
1 +k2x

(i j)
2 ).

(11)

Thus, the distribution of inertia forces induced by the
resonators on the hosting structure can be expressed as
∑
i, j

M (i j)
r [ẅ0(t) + z̈0r (t)] e

−i(k1x
(i j)
1 +k2x

(i j)
2 )

δ(x − x(i j))

= Mr [ẅ0(t) + z̈0r (t)] e
−i(k1x1+k2x2)∑

i, j

δ(x − x(i j)) (12)

given that Mr = M (i j)
r and e−i(k1x

(i j)
1 +k2x

(i j)
2 )δ(x −

x(i j)) = e−i(k1x1+k2x2)δ(x − x(i j)). The function
g(x) := ∑

i, j δ(x − x(i j)) is a periodic distribution
of delta-Dirac functions, hence it can be expressed in
Fourier series as

g(x) =
∞∑

i=−∞

∞∑
j=−∞

δ(x − x(i j))

=
∑
m

∑
n

gmne
−i(G(m)

1 x1+G(n)
2 x2)

= 1

a2
∑
m

∑
n

e−i(G(m)
1 x1+G(n)

2 x2),

gmn := 1

a2

∫ a/2

−a/2

∫ a/2

−a/2
δ(x − x(i j))

× e−i(G(m)
1 x1+G(n)

2 x2)dx1dx2

= 1

a2

(13)

Therefore, the distribution of inertia forces reads:

Mr [ẅ0(t) + z̈0r (t)]
1

a2
e−i(k1x1+k2x2)

∑
m,n

e−i(G(m)
1 x1+G(n)

2 x2). (14)

Let M∗
r = Mr/a2, thus the equation of motion can be

expressed as

ρ�h
∑
m

∑
n

Ẅmn(t)e
−i(G(m)

1 x1+G(n)
2 x2)e−i(k1x1+k2x2)

+
∑
m

∑
n

κWmn(t)e
−i(G(m)

1 x1+G(n)
2 x2)e−i(k1x1+k2x2)

+
∑
r

M∗
r [ẅ0(t) + z̈0r (t)]

∑
m

∑
n

e−i(G(m)
1 x1+G(n)

2 x2)e−i(k1x1+k2x2) = 0,

(15)

where κ = D∗
11(G

(m)
1 +k1)4+2(D∗

12 +2D∗
66)(G

(m)
1 +

k1)2(G
(n)
2 + k2)2 + D∗

22(G
(n)
2 + k2)4. Moreover,

e−i(k1x1+k2x2)
∑
m

∑
n

{
ρ�hẄmn(t) + κWmn(t)

+
∑
r

M∗
r [ẅ0(t) + z̈0r (t)]

}

e−i(G(m)
1 x1+G(n)

2 x2) = 0.

(16)

To satisfy the equation of motion at any (x1, x2), we
apply the harmonic balance method by ensuring that
each harmonic term vanishes. That is,

ρ�hẄmn(t) + κWmn(t)

+
R∑

r=1

⎡
⎣M∗

r

⎛
⎝

N∑
m=−N

N∑
n=−N

Ẅmn(t) + z̈0r (t)

⎞
⎠

⎤
⎦ = 0,

m, n = −N , . . . , N , r = 1, . . . , R,

(17)

where N is the number of retained harmonics, z0r (t) =∑
m

∑
n Z

(r)
mn(t) as defined before. At the same time,

the equations for the r th mode of the periodically dis-
tributed resonators read

M∗
r

(
N∑

m=−N

N∑
n=−N

Ẅmn(t) + z̈0r (t)

)

e−i(k1x
(i j)
1 +k2x

(i j)
2 ) + Kr z0r (t)e

−i(k1x
(i j)
1 +k2x

(i j)
2 )

+ K (3)
r (z0r (t))

3e−3i(k1x
(i j)
1 +k2x

(i j)
2 ) = 0.

(18)

Equation (18) upon multiplication by ei(k1x
(i j)
1 +k2x

(i j)
2 )

yields

M∗
r

(
N∑

m=−N

N∑
n=−N

Ẅmn(t) + z̈0r (t)

)

+ Kr z0r (t) + K (3)
r∗ (z0r (t))

3 = 0,

(19)
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where K (3)
r∗ = K (3)

r e−2i(k1x
(i j)
1 +k2x

(i j)
2 ). The equation

governing wave propagation depends only on the
motion of the resonator at x0 = 0. This leads us to
consider K (3)

r∗ = K (3)
r e−2i(k10+k20) = K (3)

r . There-
fore, the final equations for wave propagation across
the metamaterial are

ρ�hẄmn(t) + κWmn(t)

+
R∑

r=1

⎡
⎣M∗

r

⎛
⎝

N∑
m=−N

N∑
n=−N

Ẅmn(t) + z̈(r)0 (t)

⎞
⎠

⎤
⎦ = 0,

m, n = −N , . . . , N

M∗
r

⎛
⎝

N∑
m=−N

N∑
n=−N

Ẅmn(t) + z̈0r (t)

⎞
⎠

+ Kr z0r (t) + K (3)
r (z0r (t))

3 = 0, r = 1, . . . , R.

(20)

Upon introducing the following nondimensional vari-
ables and parameters:

x̃1 = x1
a

, x̃2 = x2
a

, t̃ = ω0t, ω0 =
√

D∗
11

ρ∗ha4
,

W̃mn = Wmn

a
, z̃0r = z0r

a
,

x̃(i j) = x(i j)

a
, k̃ = ka, D̃12 = D∗

12

D∗
11

,

D̃∗
22 = D∗

22

D∗
11

, D̃66 = D∗
66

D∗
11

,

M̃r = Mr

ρ∗ha2
, K̃r = Kra2

D∗
11

, K̃ (3)
r = K (3)

r a4

D∗
11

.

(21)

The nondimensional equations of motion of the cou-
pled system read:
¨̃Wmn(t) + κ̃W̃mn(t)

+
R∑

r=1

[
M̃r

(
N∑

m=−N

N∑
n=−N

¨̃Wmn(t)

+¨̃z0r (t)
)]

= 0, m, n = −N , . . . , N ,

M̃r

(
N∑

m=−N

N∑
n=−N

¨̃Wmn(t) + ¨̃z0r (t)
)

+ K̃r z̃0r (t) + K̃ (3)
r (z̃0r (t))

3 = 0, r = 1, . . . , R,

(22)

where κ̃ = (G(m)
1 + k̃1)4 + 2(D̃∗

12 + 2D̃∗
66)(G

(m)
1 +

k̃1)2(G
(n)
2 + k̃2)2 + D̃∗

22(G
(n)
2 + k̃2)4. Equation (22)

can be recast as:

Mü + Ku = 0, (23)

Fig. 2 The first irreducible Brillouin zone

withu=[W̃−N−N , . . . , W̃00, . . . , W̃NN , z̃01, . . . , z̃0R]�.
The nondimensional wave numbers k̃1 and k̃2 within

the irreducible Brillouin zone (IBZ) exhibit the fol-
lowing ranges (see Fig. 2): �X , XM, M�. The wave
numbers (k̃1, k̃2) should be within the triangular range
formed by the three vertices (�, X, M).

4 Dispersion functions

4.1 Linear dispersion functions and eigenvectors

First the linear dispersion properties are tackled as a
basis to solve the nonlinear problem. To this end, by
dropping the nonlinear terms in Eqs. (20) and letting
W̃mn(t) = W̃mneiωt and z̃0r (t) = Z̃r eiωt , the resulting
equations of motion become the following eigenvalue
problem:

− ω2W̃mn + κ̃W̃mn − ω2

∑
r

M̃r

(
N∑

m=−N

N∑
n=−N

W̃mn + Z̃r

)
= 0,

m, n = −N , . . . N

− ω2M̃r

(
N∑

m=−N

N∑
n=−N

W̃mn + Z̃r

)

+ K̃r Z̃r = 0, r = 1, . . . , R

(24)

which can be rewritten as (K − ω2M)u = 0. The lin-
ear dispersion equation is given by det(K−ω2M) = 0,
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whose roots, denoted byωn , describe the frequencies of
the propagation modes φn obtained, in turn, as eigen-
solutions. The application of the cell projectionmethod
entails retaining the fundamental harmonic only in the
harmonic series of the PWE method. The resulting
equations in this instance allow to obtain the closed-
form expressions for the linear frequencies of the fun-
damental propagation mode, facilitating the determi-
nation of the lowest stopband properties [34,36]. On
the other hand, upon utilizing the PWEmethod with an
arbitrary number of series terms, Eq. (24) proves too
complex to yield closed-form solutions for the frequen-
cies.

4.2 Nonlinear dispersion properties

By employing the mass-normalized modal matrix

 = [φ1,φ2, . . . ,φS+R], which collects S+R eigen-
vectors, where S = (2N + 1)2 is the total number
of harmonics retained in the system, and by intro-
ducing the change of coordinates u = �q, with
q = [q1, q2, . . . , qS+R]�being the principal coordi-
nates vector, Eq. (22) can be rewritten as the following
matrix-valued equation:

M�q̈ + K�q = K (3)(�q,�q,�q), (25)

whose K (3)(�q,�q,�q) is the vector of the nonlinear
forces (whose expression is given inEq. (27)). Equation
(25), upon pre-multiplication by��, yields the linearly
decoupled system of modal equations:

q̈ + �q = c(q, q, q), (26)

where � = diag(ω2
1, ω

2
2, . . . , ω

2
S+R) and

c(q, q, q) = ��K (3)(�q, �q, �q)

= ��

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0
...

0

−K̃ (3)
1 (φ�

(S+1)q)(φ�
(S+1)q)(φ�

(S+1)q)

...

−K̃ (3)
R (φ�

(S+R)
q)(φ�

(S+R)
q)(φ�

(S+R)
q)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

(27)

where φ(n) = �� ·en are the column vectors collecting
the nth rows of the mass-normalized modal matrix �,
respectively, en = [δ1n, δ2n, . . . , δ(S+R)n]�.

The asymptotic method of multiple scales can be
effectively employed to analyse the nonlinear wave
properties of the considered metamaterial with the
embedded membrane resonators. To this end, the solu-
tion is expressed as a series of the small nondimen-
sional book-keeping parameter ε, where each term in
the series is a function of two time scales Tj = ε j t for
j = 0, 2, according to

q(t; ε) = εq1(T0, T2) + ε3q3(T0, T2) + O(ε5). (28)

By considering the change of time variables, the deriva-
tives with respect to the actual time are expressed
as: ∂(·)/∂t = D0 + ε2D2, and ∂2(·)/∂t2 = D2

0 +
2ε2D0D2, where Dj (·) := ∂(·)/∂Tj . By equating all
terms of like powers of ε to zero, the following hierar-
chy of problems is obtained:

Order(ε) :
D2
0q1 + �q1 = 0, (29a)

Order(ε3) :
D2
0q3 + �q3 = −2D0D2q1 + c(q1,q1,q1). (29b)

Here we focus on the special case of unit cells with R
nonlinear modal resonators. Accordingly, the generat-
ing solutionof thefirst order problemgivenbyEq. (29a)
can be expressed in the form:

q1 =
⎡
⎣

q1,1
...

q1,S+R

⎤
⎦

=
⎡
⎣

A1(T2)exp(iω1T0)
...

AS+R(T2)exp(iωS+RT0)

⎤
⎦ + c.c. (30)

where A j (T2) are complex-valued amplitudes and c.c.
stands for the complex conjugate of the preceding
terms. The cubic perturbation problem expressed by
Eq. (29b) contains resonant terms due to the cubic non-
linearity which can cause secular terms if not removed.
By enforcing the solvability condition in the nth propa-
gation mode, and assuming that the frequencies ωn are
away from the condition ωn ≈ 3ωm so as to prevent
the onset of 3:1 internal resonances, one finally obtains
the modulation equation:
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2iωnD2An = φ�
n

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0
...

0

−K̃ (3)
1 (3φ3

S+1,n A
2
n Ān + 6φS+1,n An

∑S+R
i=1 [φ2

S+1,i Ai Āi (1 − δin)])
...

−K̃ (3)
R (3φ3

S+R,n A
2
n Ān + 6φS+R,n An

∑S+R
i=1 [φ2

S+R,i Ai Āi (1 − δin)])

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(31)

where φi, j represents the modal component of the i th
row and j th column of 
.

To obtain the real-valued form of Eq. (31), one has
to express An in its polar form as

An(T2) = 1
2an(T2)exp(iθn(T2)), (32)

where an and θn are the unknown amplitude and phase
of the nth propagation mode, respectively. By substi-
tuting Eq. (32) into Eq. (31) and separating real and
imaginary parts in Eq. (31), one obtains:

a
′
n = 0,

θ
′
n = 3

∑
r K̃

(3)
r (φ4

S+r,na
2
n + 2φ2

S+r,n

∑S+R
s=1 [φ2

S+r,s(1 − δsn)a2s ])
8ωn

,

(33)

where the prime indicates differentiation with respect
to the slow time scale T2. Finally, by re-absorbing ε in
the amplitude definition, the nonlinear frequencies of
the propagation modes are expressed as

ω
(n)
nl = ωn + 3

∑
r K̃

(3)
r (φ4

S+r,na
2
n + 2φ2

S+r,n

∑S+R
s=1 [φ2

S+r,s(1 − δsn)a2s ])
8ωn

, (34)

with n = 1, 2, . . . , (S + R).

5 Numerical simulations

Numerical computations are carried out to investi-
gate first the linear dispersion properties and, subse-
quently, the effects of the resonator nonlinearity. The
objective is to provide an optimization strategy of
the resonators design embedded in a given metamate-
rial. Square lattices are considered with the following
parameters for the numerical simulations: character-
istic length a = 0.14 m, plate thickness h = 0.005
m, wall width th = 0.0025 m, mass density of the
hosting structure ρ = 1, 150 kg/m3, Young’s modu-
lus E = 2.2 GPa, shear modulus G = 0.85 GPa,

Poisson’s ratio ν = 0.35. The equivalent mass of a sin-
gle square cell of the hosting structure is computed as
ρ∗ha2. The parameters for the membrane resonators
are: side length lm = a − 2th , membrane thickness
hm = 0.1 mm, mass density of the membrane material
ρm = 1, 150 kg/m3, Young’s modulus Em = 2.2 GPa.
The pre-stress of the resonating membranes caused by
the tension n(0) due to the piezoelectric effect is set to
be 12N/m, and the ratio μ between the center mass
M (C) and the mass of the bare membrane is set to be 6,
such that, for the conducted numerical tests, stopbands

are manifested in a relatively low frequency range.
The relationship between the nondimensional modal
parameters (M̃mn , K̃mn) and the physical parameters
(μ, n(0)) is expressed as:

K̃mn = ñ(0)( π
2 )2(m2 + n2), ñ(0) = n(0)a2/D∗

11

M̃mn = [μ sin2(mπ
2 ) sin2( nπ

2 )

+ 1
4 ](ρmhml2m)/(ρ∗ha2).

(35)

5.1 Linear dispersion properties

The absence of a closed-form expression when apply-
ing the full PWE method poses a significant chal-
lenge in conducting optimization studies similar to
those previously accomplished [34].However, employ-
ing numerical comparisons facilitates a comprehensive
understanding of the relationship and comparative per-
formance of the two methods, thereby enhancing the
approach to optimization.
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5.1.1 Comparing the cell projection method solution
with the PWE

In this section, a comparison of the results obtained
by the PWE method and the cell projection method is
carried out when only one stopband is formed due to
the truncation of the cellular membrane modes to one
vibration mode. In this context, when applying the pro-
jectionmethod, thewavedispersionproperties are char-
acterized by the presence of a low-frequency acoustic
mode and a high-frequency optical mode. On the other
hand,with the full PWEmethod, all propagatingmodes
are taken into account, achieving a more comprehen-
sive overview of the dispersion properties. However,
despite its comprehensiveness, the PWE method lacks
closed-form expressions for the band gap properties.

Figure 3a depicts the dispersion curves of the bare
plate (i.e., without resonators, hence, without stop-
bands), obtained by applying the PWE method (blue)
with N = 3 and the Projection method (black dashed
lines). This figure proves a perfect agreement between
the results obtained with the two methods. It should
be noted that the dispersion curves are overlapped in
the interested low frequency range when N ≥ 3. For
simplicity, in Sect. 5, N = 3 will be applied unless
otherwise specified.

On the other hand, Fig. 3b presents the linear disper-
sion curves for the case in which the resonators induce
the emergence of a fundamental stopband (here,μ = 6
and ñ(0) = 0.5747). A comparison between the pro-
jection method solution (black dashed) and the PWE
method solution with retained harmonics N = 0 (red)
and N = 3 (blue) reveals that the dispersion proper-
ties obtained by the projection method and the PWE
method with N = 0 are very similar, while the PWE
method with N = 3 is able to capture all the propagat-
ing modes. Therefore, the projection method coalesces
into a particular or simplified case of the PWE method
when only one harmonic is retained. A zoomed-in view
of the band gap is provided in Fig. 3b, where it can be
observed that the solution obtained with the projection
method is not exactly the same as that obtained with
the PWE method with N = 0, but it gets much closer
to the PWE method solution with N = 3. Overall, the
difference between the solutions obtained with the two
methods is around 0.5% and thus can be considered
negligible.

5.1.2 Parametric studies within the linear framework

As shown in the authors’ previous study [34], the stop-
band was obtained within the range of the first propa-
gating mode between the minimum linear optical fre-
quency and the maximum linear acoustic frequency by
employing the cell projection method. Moreover, the
sensitivity of the stopband with respect to the resonator
parametersμ and ñ0 was investigated. This knowledge
can be utilized to fine-tune themembrane parameters to
meet specific requirements, allowing for semi-adaptive
control over wave propagation. This approach is partic-
ularly valuable, as the fundamental stopband is crucial
in the vast majority of applications.

Upon applying the PWE method as done in the
present work, the lack of closed form expressions
of the stopband makes the study more challenging.
We first consider four cases with only one resonator
whose parameters are set to μ = 1 while the pre-
stress attains one of the following values: ñ0 =
(0.2395, 0.4790, 0.9580, 1.1975). This allows us to
study how the stopband position is affected by the local
resonance frequency. Figure4a, b reveal that there is a
complete stopband for all wavenumbers and an incom-
plete stopband in the wavenumber range � − X , with
an increasing frequency of the band gap, and with the
absolute stopband widths becoming wider. In Fig. 4c,
there seems to occur a topological change of the optical
mode and the complete stopband becomes relatively
narrow. In addition, there is an incomplete stopband
(cyan) in the rangeM−�. In Fig. 4d, the complete stop-
band disappears and only two incomplete stopbands
exist.

5.2 Nonlinear dispersion properties

In the nonlinear wave propagation regime the modal
amplitudes notably affect the dispersion properties.
With the PWE-based solution, the complexity of the
system of (2N + 1)2 + R equation, makes it hard
to comprehensively analyze the nonlinear effect of
each individual modal amplitude. In addition, with the
projection method, the modal amplitudes respectively
denoted by a− and a+ have the meaning of amplitudes
of the acoustic and optical modes, respectively.
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Fig. 3 The dispersion
curves of the metamaterial
obtained with the PWE
method (blue for N = 3 and
red for N = 0) and the
projection method (black
dashed): Part (a) shows the
case of the bare plate
without resonators; part (b)
shows the case exhibiting
one stopband with the
resonators parameters set to
μ = 6 and ñ(0) = 0.5747.
(Color figure online)

Fig. 4 The dispersion properties of the metamaterial with
the resonators parameters set to μ = 1 and ñ0 =
(0.2395, 0.4790, 0.9580, 1.1975). The blue lines indicate the lin-
ear dispersion curves obtained by the PWE method. The filled

blue or cyan regions represent the linear band gaps. The red lines
represent the dispersion function of the bare plate. (Color figure
online)
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Since the two methods produce different equations
of motion, the modal amplitudes have distinct interpre-
tations. Therefore, a fair comparison between the two
methods in the nonlinear regime is not straightforward.

To discuss the nonlinear effects on the stopband, the
sensitivity of the stopbandwith respect to the resonators
parameters is quantified by computing the ratio of the
nth nonlinear stopband width to the nth corresponding
linear stopband width, i.e.,

Gn = max(ω(n+1)
nl ) − min(ω(n)

nl )

max(ωn+1) − min(ωn)
. (36)

5.2.1 Examples of complete and incomplete stopbands

In this section, two examples are discussed to illustrate
instances where the band gap extends beyond the first
propagating mode, thus making the projection method
inapplicable. In contrast, the implemented nonlinear
version of the PWE method allows to predict linear
and nonlinear dispersion properties for all propagation
modes.

In the first example, the first symmetric mode of the
membrane is consideredwith amplitudean = 3×10−3,
giving rise to two incomplete stopbands beyond the first
propagationmode.The linear (blue) andnonlinear (red)
dispersion curves are shown in Fig. 5a. Similarly, the
filled blue region represents the linear band gap while
the red filled region indicates the nonlinear band gap. In
the second example, the first two symmetric modes of
the membrane are considered. They not only cause two
complete stopbands but also an incomplete stopband
beyond the first propagation mode.

Compared to the linear dispersion curves repre-
sented in blue, the nonlinear dispersion curves show
hardening effects since all curves shift upward towards
higher frequencies.Most importantly, for certainmodal
amplitudes, the bandwidthof all stopbandsgets expand-
ed (G > 1) because of the nonlinear resonance effects.

5.2.2 Numerical validation

The nonlinear dispersion properties are analytically
computed using Eq. (34). However, the same curves are
numerically obtained by time integrating the following
system of equations obtained with the PWE method:

¨̃Wmn(t) + c̃mn
˙̃Wmn(t) + κ̃W̃mn(t)

+
R∑

r=1

[
M̃r

(
N∑

m=−N

N∑
n=−N

¨̃Wmn(t) + ¨̃z0r (t)
)]

= F̃mn, M̃r

(
N∑

m=−N

N∑
n=−N

¨̃Wmn(t) + ¨̃z0r (t)
)

+ K̃r z̃0r (t) + K̃ (3)
r (z̃0r (t))

3 = 0, r = 1, ..., R,

(37)

where linear damping is introduced for numerical rea-
sons. The damping coefficient is set to c̃mn = 2η

√
κ̃

with η = 0.15 to facilitate convergence towards the
steady-state in a sufficiently short time overcoming
excessively long transients, but it should be noted that,
while light damping disrupts exact wave cancellation
within the band gaps, optimal damping levels can min-
imize wave amplitudes across these regions as dis-
cussed in [37]. The excitation amplitudes are set to
be F̃mn = 0.01 for m, n = −N , . . . , N to make
sure all propagation modes get excited. Further details
about Eq. (37) are presented in “Appendix B”. The res-
onators parameters are set toμ = 6 and ñ(0) = 0.5747.
The explicit Runge–Kuttamethod (function “ode23” in
Matlab) is used to integrate the equations yielding the
time-dependent response. In these numerical computa-
tions, when the wave numbers or frequencies are rel-
atively small, considerably large simulation times are
necessary to reach steady-states. This implies a heavy
computational burden. By taking into account the fact
that such scenarios yieldmeaningless information, they
are not tackled in the computations.

We collect the maximum displacement amplitudes
of the plate, i.e.,

∑
mn W̃mn , at steady-state for every

choice of wave number and excitation frequency. The
results are shown in Fig. 6 in terms of contour plots
where the horizontal axis denotes the wave number,
the vertical axis indicates the non-dimensional har-
monic excitation frequency, while the steady-state dis-
placement amplitude levels are represented by colors,
in particular, bright yellow means amplitudes beyond
1×10−3, which is above 20% the plate thickness. Cor-
respondingly for the damped wave propagation sce-
nario here considered, the stopband is defined as the
region where the wave amplitude is sufficiently small
(< 5 × 10−4 for the first stopband and < 2 × 10−4

for the second stopband, respectively) across all wave
numbers and excitation frequencies. Figure6a shows

123



Y. Shen, W. Lacarbonara

Fig. 5 The nonlinear dispersion curves of the metamaterial with
the modal amplitude set to an = 3 × 10−3. The blue lines indi-
cate the linear dispersion curves while the red curves indicate
the nonlinear dispersion curves. The filled blue regions repre-
sent the linear band gap while the red regions indicate the non-

linear band gaps. The gray dashed lines represent the dispersion
curves of the bare plate. The resonators parameters set to μ = 1
and ñ(0) = 1.4367 in part (a) while they set to μ = 6 and
ñ(0) = 0.5747 in part (b). (Color figure online)

that the dispersion curves of the metamaterial with
linear resonators, here described by red lines, fully
match the numerically obtained time responses (along-
side the middle of the yellow range). Moreover, the
first stopband region goes from 3.5 to 3.8 while the
second region spans the range from 7.5 to 8.5. On the
other hand, Fig. 6b shows the case in which the res-
onators nonlinearity is turned on. The first stopband
region gets enlarged from 4 to 4.4 and the second gets
enlarged from 7.5 to 8.8, due to the hardening non-
linearity and damping effects. The corresponding 3D
frequency-wave number response plots for the linear
and nonlinear cases are shown in parts (c,d), respec-
tively, to provide a more effective representation of the
damped response amplitudes and the stopbands.

5.3 Semi-active wave propagation control

An advantageous aspect of the piezoelectric meta-
material design lies in the ability to tune the mem-
brane parameters according to specific requirements
to achieve semi-adaptive wave propagation control.
The voltage applied to the piezoelectric membrane res-
onators effects changes in the membrane pre-stress and
this results into a shift of the stopbands towards targeted
frequency ranges.

Figure 7a shows the linear minimum frequency (red
surface) and maximum frequency (blue) for the first
stopbandwith respect to changes of the resonatorsmass
ratio and membrane pretension, and the correspond-

ing width of the first linear stopband is shown as a
contour plot in 7b. The results highlight that, when
the center mass becomes heavier, the linear stopband
will decrease, and when the equivalent modal spring
becomes stiffer, the stopband will have larger width
andmigrate towards higher frequencies.Moreover, one
should note that with resonators lighter mass and stiffer
springs (the left-upper corner in Fig. 7b), the stopband
disappears in the region of the fundamental propaga-
tion mode as shown in Fig. 4d. The results facilitate the
linear design process of the resonator parameters based
on the stopband characteristic requirements.

In the authors’ previous work [33,34,36], examples
are provided to demonstrate how the analytical disper-
sion properties can facilitate the design of membrane
resonators in the nonlinear range. Assuming the mass
of the resonators has been set and the membrane pre-
tension ñ0 is the only tunable parameter, and the modal
amplitudes for all modes are set to a certain range of
values, one can apply the PWE method to obtain the
dispersion curves and the band gaps width. The non-
linear effects depend quadratically on themodal ampli-
tudes of all modes. Optimization of the parameters of
the PVDFmembrane resonators can be made by exam-
ining the resulting gain factor G.

Figure 8 shows the variation of the nonlinear stop-
band gain factor G for the metamaterial with mem-
brane resonators whose mass is μ = 6 and the modal
amplitudes are set to: an = 2 × 10−4 (red) and
an = 2.5 × 10−4 (blue) in terms of the pre-stress
ñ0. The corresponding linear and nonlinear band gap
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Fig. 6 a, b Contour plots showing the displacement amplitudes
of the plate at steady-state for the metamaterial subject to har-
monic excitation (F̃mn = 0.01) and (c, d) the corresponding 3D
plots. The red lines are the analytical linear dispersion curves. In

parts (a, c) the resonators are linear, in parts (b, d) the resonators
are nonlinear with hardening cubic nonlinearity. (Color figure
online)

Fig. 7 a The linear
minimum frequency of the
optical mode (red surface)
and maximum frequency of
the acoustic mode (blue) for
the first stopband with
respect to changes of the
resonators mass ratio and
membrane pretension. b
The width of the first linear
stopband with respect to
changes of the resonators
mass ratio and membrane
pretension. (Color figure
online)
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Fig. 8 a Variation of the linear (black region) and nonlinear
band gap range for the metamaterial with membrane resonators
having μ = 6, modal amplitudes an = 2 × 10−4 (red region)
and an = 2.5 × 10−4 (blue region). b The corresponding non-

linear stopband gain factor G with modal amplitudes set to:
an = 2 × 10−4 (red) and an = 2.5 × 10−4 (blue) in terms
of the pre-stress ñ0. (Color figure online)

ranges are also presented. By choosing the resonator
mass and letting the pre-stress ñ0 be the only tunable
parameter, such analysis is carried out for any combi-
nation of modal amplitudes, as it should be done in the
design of the optimal parameters of the resonators.

6 Conclusions

In this paper, we investigated the nonlinear wave prop-
erties of square lattices incorporating membrane res-
onators. Using the Floquet–Bloch theorem and the
plane-wave expansion (PWE) method, we derived the
equations governing wave propagation. A significant
contribution of this work is the extension of the PWE
method to metamaterials with nonlinear resonators,
which substantially broadens the applicability of this
analytical approach to nonlinear systems. Building on
our previous research [34], we provide a more compre-
hensive perspective by analytically computing nonlin-
ear dispersivewaves. This leads to a deeper understand-
ing of the linear and nonlinear dispersion properties of
the metamaterials. Through the utilization of multiple
scales, we obtained the nonlinear dispersion functions.
Numerical results revealed both the linear and nonlin-
ear dispersion properties of the metamaterials, indicat-
ing the potential for designing metamaterials with

multiple complete or incomplete band gapswith tun-
able frequencies by optimizing the resonator param-
eters. Our study underscores the potential of semi-
adaptive tuning of resonator nonlinearity to enhance
the controllability of wave propagation in metamateri-
als with appropriately designed nonlinear resonators.
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Appendix A The bending coefficients and the mass
density of the equivalent orthotropic plate

The bending coefficients D∗
11, D

∗
12, D

∗
22, D

∗
66 and the

density ρ� of the equivalent orthotropic plate read:

D∗
11 = D∗

22 = Eh3th
12a

, D∗
12 = 0,

D∗
66 = h

12

(
Gt3h (1 − κ)

6

)
, ρ� = th(2 + a/h)

a
ρ.

(A1)

where E is Young’s modulus, G is the shear modulus
of the lattice material, and

κ = 96th
π5h

∞∑
p=1

[1 − (−1)p

p5
tanh

(
pπh

2th

) ]
. (A2)

Appendix B Equations of motion of the model with
damping and external excitations

The equations of motion for the metamaterials con-
sidering damping c and external excitations F can be
expressed as

ρ�h
∂2w(x, t)

∂t2
+ c

∂w(x, t)
∂t

+
[
D∗
11

∂4w(x, t)

∂x41
+ 2(D∗

12 + 2D∗
66)

∂4w(x, t)

∂x21∂x
2
2

+D∗
22

∂4w(x, t)

∂x42

]

+
∑
r

∑
i, j

M (i j)
r

[
ẅ(x, t) + z̈(i j)r (t)

]

δ(x − x(i j)) = F(x1, x2, t)e
−i(k1x1+k2x2)δ(x − x(i j)),

M (i j)
r

[
ẅ(x(i j), t) + z̈(i j)r (t)

]
+ K (i j)

r z(i j)r (t)

+ K (i j)(3)
r (z(i j)r (t))3 = 0,

with r = 1, . . . R, i, j = −∞, . . . ,∞. (B1)

Similar to Eq. (13), the harmonic excitation force with
amplitude f and frequency ω(e) at x(i j) reads:

F(x1, x2, t)δ(x − x(i j))

=
∑
m

∑
n

Fmn(t)e
−iG(m)

1 x1e−iG(n)
2 x2δ(x − x(i j))

= f cos(ω(e)t)

a2
e−i(k1x1+k2x2)

∑
m

∑
n

e−iG(m)
1 x1e−iG(n)

2 x2 , (B2)

where c represents the damping of the plate on each
harmonic component. Let F∗

mn = f
a2

cos(ω(e)t), one
obtains

e−i(k1x1+k2x2)
∑
n

∑
m

{
ρ�hẄmn(t) + cẆmn(t)

+ κWmn(t) +
∑
r

M∗
r [ẅ0(t) + z̈0r (t)] − F∗

mn

}

e−i(G(m)
1 x1+G(n)

2 x2) = 0. (B3)

To satisfy the equation of motion at any (x1, x2), we
prescribe in the same spirit of the harmonic balance
method that each harmonic term vanishes; that is,

ρ�hẄmn(t) + cẆmn(t) + κWmn(t)

+
R∑

r=1

[
M∗

r

(
N∑

m=−N

N∑
n=−N

Ẅmn(t) + z̈0r (t)

)]

= F∗
mn, m, n = −N , . . . , N ,

M∗
r

(
N∑

m=−N

N∑
n=−N

Ẅmn(t) + z̈0r (t)

)

+ Kr z0r (t) + K (3)
r (z0r (t))

3 = 0, r = 1, . . . , R,

(B4)

where N is the number of retained harmonics. Upon
introducing the nondimensional variables and parame-
ters in Eq. (21), one can obtain Eq. (37).
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