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Abstract

The volume of data processed by machine learning models, particularly deep neural networks
(DNNs), is rapidly increasing alongside the dimensions of these models. In 2023, Internet users
generated an average of approximately 2.5 quintillion bytes (2.5 x 10'®) of data daily!. The
well-known large language model, ChatGPT, has been trained on a dataset containing hundreds
of billions of web pages?.

As tasks become more complex and training datasets grow larger, the number of trainable
parameters in DNNs has been increasing exponentially. State-of-the-art DNNs can have billions,
or even trillions, of trainable parameters, thanks to innovations like self-attention layers [102],
diffusion models [46], and the use of over-parameterization to achieve perfect interpolation [38|.
Encompassing such tasks as regression and image classification, this thesis is focused on the
training of deep neural networks in a supervised context, where the training problem is formu-
lated as the unconstrained minimization of a smooth and possibly non convex objective function
with respect to the network weights. Hence, the dimension of the target problem depends both
on the dimension of the network and on the amount of the input data available for the training,
which makes it computationally impossible to use traditional full-batch optimization methods
such as Gradient Descent, L-BFGS, and other Newton’s method modifications. This lead to
the widespread adoption of mini-batch methods, which update the network weights using, at
each iteration, only a small subset of the available samples to compute an estimate of the gra-
dient of the objective function. Despite their increased computational efficiency with respect
to full-batch algorithms, mini-batch methods require strong assumptions (e.g, convexity, strong
convexity, gradient-related search directions) to prove the convergence to a stationary point.
Furthermore, adaptive mini-batch methods, which adjust the step size based on the gradient
estimate, can suffer from instability in the final phases of training.

Seeking for a balance between theoretical guarantees of convergence and stability and the steadily
increasing efficiency requirements to minimize the training time, as well as the carbon footprint
of the training process itself [166], in this thesis we propose an approach based on enhancing
Incremental Gradient (IG) and Random Reshuffling (RR) algorithms through the use of sufficient
decrease conditions and derivative-free extrapolation linesearch procedures. More in detail, we
consider an efficient version of the Controlled Mini-batch Algorithm (CMA), firstly proposed in
Seccia’s PhD Thesis and available in [186]. CMA is a framework encompassing both IG and RR
with a sufficient decrease condition on the objective function and the possibility to execute a
line-search to ensure the convergence even when no assumptions are made on the search direction
or the gradient. We further present the light version of CMA, CMA Light, which achieves the
same convergence results in the IG framework but much better efficiency performance on state-
of-the-art regression and image classification tasks using an estimate of the objective function
to check the sufficient decrease. With the further variant Block-Decomposed CMA Light (BD-
CMAL), we also investigate the possibility of coupling our mini-batch method with a block

decomposition framework, trying to expand further what proposed in [164]. Finally, with Fast-

"https://explodingtopics.com/blog/big-data-stats
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Controlled Mini-batch Algorithm (F-CMA), we extend the convergence theory of CMA Light
to the case, when the samples are reshuffled at every iteration and we develop a line-search
procedure that uses an approximation of the objective function. We test F-CMA on networks
with up to 120 millions of trainable parameters against the most commonly used state-of-the-art
optimizers for deep learning, and we show a significant advantage both in terms of stability and

in terms of generalization capability of the trained models.

Keywords: Deep Learning, Large-scale Optimization, Smooth Optimization.
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Chapter 1

Introduction

1.1 Research motivation

Big Data and Deep Learning represent significant challenges in the modern era of artificial
intelligence. The demand for Al-based systems is steadily growing across an extensive range
of real-world applications, from image and video recognition to recommendation engines, user
profiling, predictive analytics, and the recently introduced large language models. Each of
these applications relies on vast datasets and increasingly complex, resource-intensive models to
deliver accurate and responsive outputs. Efficiency is essential in modern Al-based systems [193],
impacting both economic returns and environmental sustainability [166]. This need for efficiency
spans both across the training phase, where models learn tasks, and the inference phase, where
models are deployed (for instance on the Web) to handle large-scale data and to process external
users’ queries. The primary driver of efficiency is the computational cost, typically measured in
GPU-hours!, which directly affects both the operational expenses (e.g., energy, cooling systems)
and the carbon footprint associated with model training and deployment. These computational
costs are not just financial. They also contribute significantly to environmental costs, such
as energy consumption and greenhouse gas emissions. Moreover, they also influence market-
related aspects, including the time needed to train a model and the latency experienced by
users during inference. As explained in detail in the recent survey [193], there are different and
often complementary approaches to increase the efficiency of Al-based system. Some of them
are still an open research field for the Computer Science community, such as the regulation of
the numerical precision of the system (weights quantization) [124, 178| or the parallelization of
the data sampling process [2, 123, 162]. Some others are strictly related to the architectural
choices in the model engineering and have been successfully proposed and adopted by the Deep
Learning research community since 2010s, like convolutional neural networks [11], self-attention
mechanisms [204] or diffusion models [46].

However, when the efficiency is particularly critical in the training phase, that is in supervised
machine learning, where models are trained on vast datasets of input-output pairs, the optimiza-

tion strategy becomes the game changer [163]. In supervised learning, training an industrial-scale

!Graphics Processing Units, hardware devices built to optimize the efficiency of parallelized mathematical
operations




1.1. Research motivation

model is a massive challenge and is out of the possibilities of most research institutions, but at
the same time, as we will see, it "simply" requires solving a non-convex unconstrained mini-
mization problem with smooth objective function. Using fast, stable and reliable optimization
algorithms to solve the mathematical problem behind the training of a supervised machine is
the key element of optimization-driven efficiency.

The aim of this thesis is to propose the Controlled Mini-batch Algorithm (CMA) framework,
a novel approach to the problem of maximizing the efficiency of training algorithms for deep
learning models. In our opinion, the development of stable, efficient and reliable optimization
algorithms with strong mathematical properties is an important efficiency driver in deep learning.
For instance, training large models such as GPT-3 [171] or PaLM [41] can cost millions of US
dollars. The expense arises from the number of trainable parameters, i.e., the number of variables
of our target problem (e.g., GPT-3 has 175 billions of parameters), which results in extensive
computational power required for training, often involving GPUs and TPUs? for weeks or even
months. The computational overhead of the training process can be influenced also by the
inherent sequential nature of some models, like the diffusion models [46], that are not easily
parallelizable. Cloud services charge Al-system developers based both on compute hours and
data storage, making the cost prohibitive for many research institutions or smaller companies.
These costs could easily exceed $ 5 million for very large models, depending on the infrastructure
used?. OpenAI’s GPT-3 reportedly cost about $ 12 million to train from scratch?, while the
recently released GPT-4 cost $ 64 million °.

The most commonly used optimizers, the first-order mini-batch algorithms, are based on the
well-known gradient descent method, which updates the variables of the objective function
moving alongside the anti-gradient with a properly chosen scalar step-size. As we will see in
detail in the following chapters, mini-batch methods uses only a small subset (a.k.a. mini-
batch) of the samples available in the training dataset to compute an estimation of the anti-
gradient and to perform an update step. Hence, they are much more efficient than traditional
first-order methods, which rely on the exact gradient to update the variables. However, mini-
batch methods also have weaker convergence properties, often require strong assumptions on
the problem and are generally less studied from a theoretical perspective. Furthermore, all the
mini-batch methods that have gained increasing popularity since the end of the 1990s [16, 194],
come with efficiency limitations.

On the one hand, the non-adaptive methods (like the classical SGD [176]) do not require a critical
amount of data storage and can be easily parallelized as each update only depends on the gradient
with respect to the samples in the current batch. This simplicity also facilitates parallelization
since the step size, a scalar value, can remain fixed or follow a predefined schedule, independent
of previous updates. However, tuning the initial step size is crucial yet computationally intensive,

as finding an optimal setting involves an exhaustive pre-training phase. This pre-training phase,

2Tensor Processing Units, hardware devices built to optimize operations involving tensor products

3https://wuw.cudocompute . com/blog/what-is-the-cost-of-training-large-language-models

4https://deeperinsights.com/ai—blog/the—costs—and—complexities—of—training—large—language—m
odels

*https://medium.com/@rohanbalkondekar/the-full-training-run-of-gpt-5-has-gone-1live-cb06a75
0a35c¢
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known as hyper-parameters setting [12|, involves procedures such as K-Fold cross validation
and grid search, which demand substantial GPU resources, making it a significant driver of the
overall computational cost.

On the other hand, adaptive methods (such as Adagrad [58] and Adam [103]) have been pro-
gressively adopted by deep learning practitioners since the 2010s, as they update the step-size
dynamically during the training, using stored information from past iterates. This approach
significantly reduces the need for an expensive pre-training phase and the tuning of the initial
step-size is not as crucial as for non-adaptive methods. However, the improved efficiency in
terms of GPU-hours is counterbalanced by the increased memory storage needed to keep the
information (e.g., the mini-batch gradients) from past iterates. While being a merely technical
issue, this has an impact on the cost of the training. Furthermore, as we will see in detail in
chapter 3, adaptive methods are still poorly understood from a theoretical perspective. Most of
the existing adaptive methods that are implemented in state-of-the-art deep learning libraries
have never been investigated systematically. And even the few algorithms, like the aforemen-
tioned Adam and Adagrad, for which a convergence theory has been developed, rely on strong
assumptions (e.g., convex objective function, correct descent search direction), often not satisfied
in deep learning applications.

More recently, the idea of using line-search techniques to correct the step-size after or during
an epoch of non-adaptive method [80, 133, 139, 205] gained growing interest as a possible
solution to have the computational advantages of non-adaptive methods without the need for
an expensive pre-training phase. However, to our knowledge, all the existing methods still
rely on assumptions that cannot be considered standard in most real-world applications. One
of the most frequent assumptions in the non-convex setting, for instance, is that the search
direction (i.e., the estimated gradient) is a sufficiently "good" descent direction. While this
can be true in certain contexts, modern deep learning models are often trained on upcoming
data that can contain corrupted and/or inexact information. In this setting, commonly known
as byzantine learning [117, 118, 181, model weights can be updated using completely wrong
estimated gradients for a certain number of iterations. The CMA framework, introduced in
[185, 186] and proposed in this thesis, is a highly reliable and efficient solution to this problem,
allowing for a straightforward convergence proof to a stationary point without any assumptions
on the search direction. The underlying idea of CMA is to check, after each iteration of non-
adaptive method, a certain condition which we name safeguard rule. If the safeguard rule is
not satisfied, then the step-size is adjusted using an extrapolation derivative-free line-search
according to the specific algorithm’s mechanics. In the CMA framework, to deal with learning
in presence of error (e.g., byzantine learning), we admit the possibility to drive to zero the step-
size for a given iteration, if the line-search fails and/or specific conditions on the current search
direction are not satisfied.

This thesis is structured to reflect the progressive development of our research on CMA. Step
by step, we present our efforts to refine the safeguard rule and line-search procedure mechanics,

improving algorithmic efficiency and expanding theoretical results.
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1.2. Outline

1.2 Outline

This thesis is structured as follows.

In chapter 2 we provide the reader with the preliminary concepts to understand the target
problem and the existing methods. More in detail, we firstly recall how, according to the
Vapnik-Chervonenkis theory, the problem of training a supervised machine consists in solving
the unconstrained minimization of the sum of P possibly non-convex smooth functions. This
formulation places our target problem in the field of finite-sum smooth unconstrained opti-
mization, bridging the world of machine learning and operations research. Then, we provide
a general description of mini-batch methods and we describe the mechanics and the variables
update rules of the most commonly used algorithms to train a deep neural network. Finally, we
derive a closed expression for our target problem in different scenarios, showing how the objec-
tive function strongly depends on the type of neural network we want to train. In particular,
we focus on feed-forward neural networks, convolutional neural networks and transformer-based
architectures. A significant part of this chapter (sections 2.2 and 2.3) have has been written
using the article [44], recently appeared on "TOP - Transactions on Operations Research".

In chapter 3 we review the main existing literature in the field of large-scale optimization for deep
learning. We focus on the convergence theory of the existing methods in the non-convex setting.
We examine the trade-offs between convergence guarantees, worst-case complexity bounds and
assumptions required to prove a given result. In this chapter, we dedicate a section to the
analysis of the stochastic methods, which are still the most widely adopted by deep learning
practitioners and another one to the review of the existing deterministic convergence results
on mini-batch methods. After having reviewed the most widespread traditional mini-batch
methods, distinguishing between adaptive and non-adaptive ones, according to the step-size
update rule, we recall the most significant existing works that, as this thesis, are based on
line-search techniques.

In chapter 4 we present the Controlled Mini-batch Algorithm framework, the main work this
doctoral research, which resulted in the article [186], currently at the second step of a peer-
reviewing process at "Computational Optimization and Applications". We describe the novel
CMA approach, based on the Incremental Gradient (IG) or Random Reshuffling (RR) method,
enhanced by using an extrapolation derivative-free line-search procedure to dynamically tune
the step-size. Two algorithms are presented, jointly with a fully deterministic convergence
theory. We show that these algorithms solve our target problem to stationarity assuming only
the coercivity and the Lipschitz-smoothness of the objective function. We extensively test
the two algorithms on deep learning tasks, using feed-forward neural networks with up to 1
million trainable parameters and we prove that the CMA approach strongly outperforms simple
incremental gradient and the full-batch method L-BFGS. However, we observe that both the
algorithms require at least one evaluation of the objective function per iteration, which can
result in a extremely heavy computational overload on large-scale problems. In fact, we test
the algorithms against the best-performing adaptive optimizers Adam and Adagrad, finding
that CMA framework can be outperformed because of its bottleneck - the need for at least

one function evaluation per iteration. Eventually, we include in the chapter the worst-case
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complexity analysis of a variant of the CMA method, where the step-size is bounded away
from zero and a minimal improvement in the value of the objective function is required at each
iteration. This analysis is based on the research work carried out at the Mathematical Institute
of the University of Oxford under the supervision of Prof. Coralia Cartis.

In chapter 5 we present CMA Light, the evolution of the CMA framework which removes the
main bottleneck. The chapter is based on the pre-print [43|, which is currently about to be
submitted. CMA Light adopts the same approach of CMA but requires the value of the ob-
jective function only to perform the line-search procedure, which activates seldomly in most
computational applications. However, thanks to an additional hypothesis on the individual co-
ercivity of each term of the objective function, has the same theoretical properties of CMA and
converges to a stationary point, if the data batches are sampled according to a deterministic
pre-fixed distribution. We conduct massive computational experiments, both on regression tasks
(on feed-forward neural networks with up to 7 millions of trainable parameters) and on image
classification tasks (on convolutional neural networks with up to 50 millions of trainable vari-
ables). We show that CMA Light significantly outperforms all its competitors in almost all the
experiments and that it also achieves better and faster generalization performance. Eventually,
we present BD-CMAL, a block-decomposed version of CMA Light developed in technical report
[42] jointly with the MS student Ilaria Ciocci.

In chapter 6 we present the enhanced version of CMA Light, Fast-CMA, which removes the
need for the objective function evaluation even in the line-search and, under the gradient growth
condition, can be proved to converge to a stationary point even in case of random reshuffling
of the samples. After formalizing and proving the convergence properties of Fast-CMA, we
present other computational experiments on image classification tasks, using vision transformers
and residual networks with up to 150 millions of trainable parameters. The computational
experiments on F-CMA, which required thousands of GPU-hours have been made possible by
the strong collaboration with ALCOR Lab. F-CMA strongly outperforms nine state-of-the-art
deep learning optimizers in any setting, both in terms of training efficiency and in terms of
generalization performance achieved.

Finally, in chapter 7, we discuss the conclusion of this doctoral thesis and we present the early
results of a forthcoming work, which is, in our opinion, the natural prosecution of this research.
In particular, we discuss the applicability of the CMA-framework in generative tasks (GenAl).
We present an heuristic line-search procedure, based on the first-order Armijo conditions [6],
which turns F-CMA into a completely objective function-free |73, 74| method. We discuss the
early results obtained on training a diffusion model architecture with approximately 170 millions

trainable parameters to generate images of handwritten digits.

1.3 Dissemination

Our main contributions to the research in the field of optimization methods for deep learning

are in the following articles and pre-prints, that constitute the backbone of this thesis:

e C. Coppola, L. Papa, M. Boresta, I. Amerini, L. Palagi, Tuning parameters of deep neu-
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ral network training algorithms pays off: a computational study, TOP - Transactions on
Operations Research. DOI: 10.1007/s11750-024-00683-x

e R. Seccia, C. Coppola, G. Liuzzi, L.Palagi Convergence of ease-controlled Random Reshuf-
fling gradient Algorithms under Lipschitz smoothness, submitted at COAP - Computa-
tional Optimization and Applications, currently at the second step of peer-reviewing pro-

cess, arxiv pre-print: arxiv:2212.01848

e C. Coppola, G. Liuzzi, L.Palagi, CMA Light: a novel Minibatch Algorithm for large-scale

non convex finite sum optimization, arxiv pre-print: arXiv:2307.15775

e C. Coppola, L. Papa, I. Amerini, L. Palagi, Beyond adaptive gradient: Fast-Controlled
Mini-batch Algorithm for large-scale optimization, submitted at "Expert Systems with

Applications", arxiv pre-print: arxiv:2411.15795

e [. Ciocci, C. Coppola, L. Palagi, L. Papa, Block Layer decomposition applied to a watchdog
controlled minibatch algorithm, Technical Report at DIAG - Sapienza University of Rome
- 2024-TR~n02

The research work on the CMA, at different steps of its development, has been exposed in the

following venues:

e the 19th EUROPT Workshop on Advances in Continuous Optimization, held in Lisbon
(Portugal) in July 2022;

e the Optimization2023 Mathematical Optimization conference held in Aveiro (Portugal) in
July 2023;

e the 20th EUROPT Workshop on Advances in Continuous Optimization, held in Budapest
(Hungary) in August 2023;

e the "2024 Numerical Analysis Seminaries" for the Trinity Term at the Mathematical In-
stitute of the University of Oxford, in February 2024, Oxford (UK);

e the 25th International Symposium on Mathematical Programming, held in Montreal (Canada)
in July 2024;

e the "Operations Research Seminaries" at the FCT-NOVA in Lisbon (Portugal) in October
2024

1.4 Reproducibility

The algorithms presented in this thesis have all been implemented in Python, using the standard
machine learning library Pytorch 2.06.
The implementation details and the hardware used for the different tests is specified, case by

case, in the corresponding sections.

Shttps://pytorch.org/
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1.4. Reproducibility

All the computational results that are presented in this thesis are fully reproducible and the

source code is available in the following repositories:

e Chapter 4, all sections with CMA, NMCMA, CMA-FD at https://github.com/corrado
coppola97/ControlledMinibatchAlgorithm

e Chapter 5, CMA Light, results in section 5.4 at https://github.com/corradocoppola9
7/CMA_Light

e Chapter 5, BD-CMAL, results in section 5.5 at https://github.com/corradocoppolad
7/BLD_CMA_L

e Chapter 6, Fast-CMA available at https://github.com/corradocoppola97/Fast_CMA

e Chapter 7, early results on the case-study described in section 7.3 available at https:

//github.com/corradocoppola97/EAL_Generation

In the repositories web-page further instructions on how to use and/or replicate the code are

reported.
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Chapter 2

Preliminaries

Training a deep neural network in a supervised setting involves solving the unconstrained mini-
mization problem of a smooth, and often non-convex, objective function. The primary challenge
in solving this problem lies in the function’s dimensionality, which depends on both the number
of network parameters and the size of the training dataset. This makes training deep neural net-
works a complex task in the field of large-scale optimization. As the demand for more powerful
and accurate models grows, the size of these networks is increasing exponentially. This trend is
driven by the need to handle complex tasks such as natural language processing [40], computer
vision [207], and large-scale recommendation systems [62]. Additionally, reducing training time
is crucial to accelerate research and deployment cycles, keep computational costs manageable,
and minimize energy consumption [28, 146, 187]. As a result, optimizing deep neural network
training remains a significant and challenging problem in modern machine learning. In this chap-
ter, we introduce the foundational concepts necessary to further present the novel algorithms
designed to address this challenge.

The chapter is structured as follows. In Section 2.1, we review the fundamentals of super-
vised learning theory, focusing specifically on the minimization of expected risk and Vapnik-
Chervonenkis theory. We then demonstrate how training a supervised learning model is inher-
ently structured as a finite-sum unconstrained minimization problem. In Section 2.2, we provide
a concise overview of the most commonly used optimization methods for deep learning. Since
these methods are currently considered state-of-the-art, they will serve as our main benchmark
in the subsequent chapters of this thesis. Finally, in Section 2.3, we review the primary types
of deep neural networks that we will use in our experimental test-beds in the following chap-
ters. Specifically, we demonstrate how to mathematically derive the output of Feed-forward
Neural Networks (FNNs), Convolutional Neural Networks (CNNs), and Transformers and how
this influences the mathematical structure of the training problem.

This chapter, in particular sections 2.2, 2.3.1, and 2.3.2, was developed using material from the
article by Coppola C., Papa L., Boresta M., Amerini 1., and Palagi L. [44], which has been
published on TOP - Transactions on Operations Research on Sep 17th, 2024.
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2.1 Training a neural network: a mathematical perspective on

supervised learning

In order to understand why optimization theory plays a crucial role [163] in supervised machine
learning we firstly need to recall how the training of a generic machine can be always be expressed
in the form of an optimization problem. In supervised learning, regardless the specific tasks
discussed further, we have a training set of points and labels T = {(z;,v;),7 = 1,..., P} that
are sampled from an unknown probability distribution P(z,y). The points z; € ® C R? are
vectors representing any input information to the machine, such as physical dimensions, pixels
of an image or sequences of numbers representing words and/or any other kind of data. The
dimension d will be further considered as the number of input features. The labels y; € ¥ C R™,
also named output or ground truth. ¥ can be a discrete set in {0,1}™ in case of a classification
task, or a continuous set in R™ in case of a regression task. The goal of a learning machine
is to select a function p(;w) : & — ¥, parametrized in w € R™ and belonging to a class
of functions F, that, for a given input x, returns an accurate prediction § = ¢(z;w) of the
corresponding output y. The criterion that driving the choice of this function is a measure of
dissimilarity between the prediction returned by ¢(-; w) and the ground truth y. This measure of
dissimilarity £(x,y, ¢(x;w)) is usually named loss function. In all the cases that will be further
analyzed, the loss function is a Lipschitz-continuous and differentiable measure of dissimilarity:
the mean squared error (MSE) or the cross entropy loss (CEL).

In the statistical learning theory, formalized in the past 30 years in [30, 45, 201-203], the problem
of training a machine using a given loss function is expressed in the form of the unconstrained

minimization of the expected risk, which is the expected value of the loss function in the form:

R(w) = E[L(z,y, ol w))] = / £z, g, o w))dP(z, ) (2.1)

However, the problem:

J,Iel%}b R(w) (2.2)

is intractable, as it depends both on the unknown data distribution P and on the inherent
capacity of the learned function ¢ to approximate the output, given the input. Conversely, the

only available computable measure of dissimilarity is the empirical risk:

p
Remp(w) = %Zﬁ(xi,yi,go(xi;w)) (2.3)

i=1

where L(z;, yi, p(zi;w)) is the loss function computed between a single predicted output and its
corresponding correct label in the training set 7. In the context of deep learning, the empirical
risk is commonly referred to as training loss.

In 1990s Vladimir Vapnik, Aleksej Chervonenkis, and Corinna Cortes in [45, 201, 203| proved
a revolutionary result, on which the current supervised learning theory (thus, including deep

learning) is based. They proved that, given a loss function belonging to a class of functions F,
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the expected risk is bounded above in probability by the sum of the empirical risk and a non

negative term called Vapnik-Chervonenkis (VC) confidence. The result states that:

Pr | R(w) < Remp(w) + \/hlog & +;) “le®)) o, (2.4)

where P is the cardinality of the training set, n € (0,1) is a given level of confidence, and h
is the VC dimension. The VC dimension measures the capacity of a given class of function of
shattering input points. More formally, A is the maximum number of input points (z1,...,zp),
whose corresponding outputs can be correctly predicted by the function ¢ € F for any possible
labeling of (x1,...,xp).

While we refer the reader to [201] for a more detailed analysis of the result stated in (2.4), we

underline that there are two main approach to solve (2.2):

e Minimize the VC dimension. This is done in Support Vector Machines (SVM), that

are not analyzed in this work and for which we refer the reader to [30, 163|.

e Minimize the empirical risk. This approach is called empirical risk minimization

(ERM) and is the starting point of deep supervised learning.

From now on, we will focus only on the ERM, when the learning machine is a deep neural

network and the problem can be thus be stated as follows:

P

Inin 2 L(yi, p(wi;w)) (2.5)

where:

e ¢(-;w) is a deep neural network parametrized in w, i.e., w is the vector of the trainable

variables;
e (x;,y;) are the input-label pairs in the training set 7 for i =1,..., P;

e [ is the loss function to be minimized.

2.1.1 The ERM in deep learning: the main assumptions

As stated, the problem (2.5), even if theoretically tractable, is too general and reflects an amount
of practical applications that go beyond deep learning theory. Deep learning is only one of the
possible applications of the ERM, alongside with decision trees [34, 66, 132], k-NN [61], boosting
methods [67, 69], and Bayesian learning [19, 156].

Deep neural networks (DNNs) are composed of interconnected nodes, or neurons, arranged in a
series of layers: an input layer, several hidden layers, and an output layer. Each neuron processes
input data and passes it through an activation function to produce an output. The depth of the
network, referring to the number of hidden layers, allows the model to learn hierarchical repre-
sentations of data, which is particularly effective for tasks such as image and speech recognition,

natural language processing, and complex pattern recognition. The training of these networks
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involves adjusting the weights associated with the connections between neurons to minimize the
empirical risk, which is typically done using gradient-based optimization techniques. Hence, the
underlying optimization problem in deep learning can vary significantly, depending on the prop-
erties of the network itself, i.e., the architecture. For this purpose, the architectures discussed
in this thesis will be presented in the specific Section ...

However, regardless any architectural difference, there are some general hypothesis we assume

on the neural network ¢(-;w).

Assumption 2.1.1 (Smoothness). The neural network learning function ¢ is continuously dif-

ferentiable and its gradient is Lipschitz-continuous, i.e.,
IVe(wi) = Vip(ws)[| < Lijwy — wall

for all wi,wy € R™

Assumption 2.1.2 (Coercivity). The neural network learning function ¢ is coercive, i.e., all

the level sets LS, (w) = {w € R™ : p(w) < p(w)} are compact for any w € R™.

These assumptions, for a proper choice of the loss function £, allow the use of gradient-based
optimization to solve the problem (2.5). In particular, we introduce the following assumptions

on the loss function.

Assumption 2.1.3 (Smoothness). The loss function L is continuously differentiable with respect

to the network weights w and its gradient is Lipschitz-continuous, i.e.,
IVL(w1) = VL(w2)| < Lfjwy — wa

for all wi,wy € R™

Assumption 2.1.4 (Coercivity). The loss function L is coercive, i.e., all the level sets LSy (w) =
{w e R": L(w) < L(w)} are compact for any w € R™.

We remark that, since the loss function £ has a direct dependence on the output of the neural
network ¢, Assumptions 2.1.3 and 2.1.4 cannot hold if conditions of Assumptions 2.1.1 and 2.1.2
are not satisfied.

Therefore, under the stated assumptions, the problem of training a deep neural network using
ERM can be expressed as the unconstrained minimization of the sum of P smooth, coercive,

but possibly non-convex functions:

weR™ 4

P
min Z fi(w) (2.6)
i=1

Here, to avoid any ambiguity, we define f;(w) = L(y;, ¢(x;;w)). In other words, the i-th function
in the objective represents the value of the loss function between the predicted output for the

i-th sample of the training set and its true value y;.
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2.2 Optimization methods for Deep Learning

As mentioned above, under the assumptions we have introduced on the learning machine function
(i.e., the neural network output), training a deep neural network is achieved by solving problem
(2.6). Assumption 2.1.3 makes suitable the use of gradient-based methods to solve this problem,
while Assumption 2.1.4 ensures the existence of at least one optimal solution.

In this section, we firstly explain why traditional gradient-based optimization is not typically
used in DL practice. Then, we briefly the most commonly used optimization algorithms for
training deep neural networks.

For the detailed analysis of the convergence properties of the state-of-the-art algorithms that

are reviewed in this chapter, we refer the reader to Chapter 3.

2.2.1 Full-batch vs mini-batch in Deep Learning: the issue of problem di-

mension

The problem (2.6) is an unconstrained minimization problem with coercive and smooth objective.
Therefore, it is theoretically possible to solve it using any method that exploits the gradient
Vf. The most straightforward approach is the Gradient Descent (GD) method, based on the

iteration:

wk+1 _ wk: _ akvf(wk)

which can convergence to a stationary point for f(w) with a sub-linear convergence rate. While
for a comprehensive analysis of the optimization methods for nonlinear smooth optimization
we refer the reader to [79], we remark that they are already well-studied in the literature and
many of them are proved to achieve global convergence (i.e., regardless the starting point) to
a local solution of problem (2.6). A prominent example, is the limited-memory modification
of Newton’s algorithm, the Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) [126, 160], which is

based on the following updating scheme:

WL = b — R HEY f (k)

where H* is an approximation of the Hessian matrix of the objective function. L-BFGS is
proved to achieve global convergence to local minima of f(w) with a super-linear convergence
rate and this property made it attractive also for deep learning [114, 142|. The use of L-
BFGS for deep learning, as well as of other methods exploiting the entire gradient of f(w), has
been discussed also in [31, 44]. Computational experience shows that, in spite of their strong
convergence properties, these methods are not scalable. When the dimension of problem (2.6)
grows, computing the entire gradient of f(w) requires a huge amount of time, even on modern

hardware. More specifically, the dimension of (2.6) depends on two factor:

Number of parameters n. This number has been exponentially growing in the past

years (see Figure 2.1) following both the development of novel attention-based architectures
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Figure 2.1: Number of trainable parameters of state-of-the-art networks in the past decade. The image
has been taken from [13].

[52, 102, 125, 171, 204| (see also Section 2.3.3) and the more frequent adoption of over-

parametrization to achieve perfect interpolation [5, 29, 38, 210].

Number of samples P. In the era of Big Data, the amount of data available for training
deep learning models is continually increasing [175, 199]. This growth in data volume
leads to a proportional increase in the computational burden associated with evaluating

the gradient.

As a result, the traditional full-batch gradient descent becomes impractical for large-scale prob-
lems due to the enormous computational resources and time required. Notice that computing

V f(w) implies computing the partial derivatives:

Afi

)
é)lUj

i=1,...,P j=1,....n

where both n and P can be in the order of billions, i.e., n.P ~ 108,

Therefore, approximating the gradient by using only a small subset of the data at each iteration
is generally acknowledged as a better approach for the training of deep neural networks. This
approach is based on optimization algorithms, named mini-batch methods, that strike a balance
between computational feasibility and the accuracy of the gradient approximation, enabling the
handling of increasingly large datasets in deep learning applications.

A general mini-batch method is based on the following updating scheme:

W = Wk — ok gk

where oF is the step-size at iteration k and d” is an estimate of the gradient V f(w*) obtained

using only a subset (i.e., a batch) of samples in the training set.

2.2.2 SGD and its variants

Stochastic Gradient Descent (SGD) is the first proper mini-batch method. It was proposed

in 1951, in [176], and is universally acknowledged as the basic algorithm to perform the mini-
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mization of the objective function using a search direction d* which is random estimate of its
gradient. More formally, in SGD the search direction d¥ is the gradient of the objective func-
tion computed using only one or few samples in the training set. This results in the following

expression

IBMEQYUQ ) for some By C {1,..., P} (2.7)

The updating rule is given by

k+1 k kdk

w =W —«

This rule can be modified to improve the stability of the algorithm by adding a momentum
term (which depends on the hyper-parameter ), which determines the contribution of the past
search directions to the current update. This variant is called SGD with momentum and the

basic iteration is:

Wt = b — ok dk 4 Blwk — kL) (2.8)

Another commonly used SGD modification involves the use of the Nesterov acceleration step
jointly with the momentum term [197|. The acceleration step is an extrapolation procedure
along the difference between the two past iterations to enhance the convergence speed of the

algorithm. The update rule becomes:

whth = 2F — >V (2.9)
|B | iE€EBy
where zF = wk + p(wk — wh1).
There are also other SGD variants, still based on the estimate (2.7), but they differ for how the

samples are selected.

Random Reshuffling (RR). The entire dataset is shuffled randomly at the beginning

of each epoch. The algorithm then processes the samples in this new random order.

Incremental Gradient (IG). The samples are processed in a fixed, cyclic order without
reshuffling. This means that the algorithm goes through the dataset in the same order
repeatedly.

Incremental Aggregated Gradient (IAG). It maintains an aggregated estimate of
the gradient that is updated incrementally. Instead of using only the current sample to
compute the gradient, IAG updates a stored average of the gradients from all previous

iterations.

The convergence theory of SGD and its variants has been deeply studied in the literature for
the past decades and it is still an open field. The main existing results, crucial to the aim of

this thesis, will be discussed in detail in chapter 3 .
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2.2.3 Adagrad

Adagrad [58] is the first mini-batch method that, as most of the following ones, makes use of
adaptive learning rates to discriminate more informative and rare features. The general update
rule of w* € R involves complex matrix operations, for which we need to introduce some other

notation. At iteration & we introduce the cumulative vector

>
|
—_

G = (de ©dy)

T
o

where dy = Y, V fi(w') as in (2.7).

Given € > 0 and the identity matrix I, we define the following matrix:

N

Hy(e) = [Ie + diag(Gy)]

where diag(v), with v € R", denotes the diagonal h x h matrix with elements v; on the diagonal.
Thus, the updating rule resulting after the minimization of a specific proximal function (see [58])

is the following:

whtt = wk — nHy(e)7dy, (2.10)

There is a vast literature on the convergence results concerning Adagrad, which will be discussed
in the follwing chapter. However, Adagrad requires in any cases strong assumptions on the search

direction and/or on the objective function (e.g., strong convexity) to prove the convergence.

2.2.4 Adam

Adam [104], after Adagrad, is one of the first SGD extensions, where the gradient estimate is
enhanced with the use of an exponential moving average according to two coefficients: ; € (0,1)
with ¢ = 1,2. The index i € {1,2} is referred to as the moment of the stochastic gradient, i.e.,
the first moment (expected value) and the second moment (non-centred variance). Being d* the
same mini-batch approximation used in (2.7), we define the following first and second-moment

estimators at iterate k:

k
E [Vf(wk)} ~mb = (1-81) Y B (2.11)
=1
k
o [Vf(wk)] ~oF = (1= B2) Y B (di o dy) (2.12)
=1

where ©® is the Hadamard component-wise product among vectors.

Given the following matrix:

=

XN/k(e) = 1_% [Ie + diag(vy)]
2

where diag(v) denotes the diagonal h x h matrix with elements v; on the diagonal, and € > 0,
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the updating rule is the following:

1

wk-‘rl — wk: _ nkvk(g)—lliﬁkm
M1

k (2.13)

where my, is given in (2.11).
Despite being much less studied than SGD, Adam can be proved to converge under certain

hypotheses, that will be discussed in detail in the literature review.

2.2.5 Adamax

Adamax [104] performs mainly the same operations described in Adam, but it does not make
use of the parameter €, and the algorithm exploits a modification of the infinite norm to average
the gradient.
More formally, let

Up = IMaX By 'lldill  Up = diag(us)

and my as in (2.11).
Thus, the updating rule is:
= wk — Uy ——my, (2.14)

2.2.6 Nadam

Nadam [56], also known as Nesterov-Adam, performs the same updating rule as Adam but
employs the Nesterov acceleration step in (2.9). Nadam is expected to be more efficient, but the
Nesterov trick involves only the order in which operations are carried out and not the updating

formula itself.

2.2.7 RMSProp

Proposed by G. Hinton et al. in the unpublished lecture [89], RMSProp (Root Mean Square
Propagation) performs a similar operations as Adagrad, but the update rule is modified to slow
down the learning rate decrease.

In particular, following the notation introduced in the last subsections, at iteration k the fol-

lowing matrix is used:

=

Vile) = [Ie + diag(vy)]

where vg, be given by (2.12). The update rule is:
whtl = wh — V()7 Ldy, (2.15)

where dj, is again from (2.7).
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2.2.8 Adadelta

Adadelta [217] can be considered as an extension of Adagrad, which allows for a less rapid

decrease in learning rate. Let us consider the same matrix

=

Vie) = [Ie + diag(v))]

used in RMSProp.

Further, let 65 = w**t! — w¥, then we define:

k

O = Zpkft(l —p) (6 © &) Ai(e) = |Ie + diag(dy) |
=1

[un

Thus, we can write the Adadelta updating rule as follows:
Wit = — Vi(e) T A1 ()i (2.16)

2.2.9 FTRL

FTRL (Follow The Regularized Leader) [145], is a regularized version of SGD, which uses the
L1 norm to perform the update of the variables. Given, at every iteration k, d = Zle gt, and

fixed the quantity oy such that Zf:o o = nik’ the update rule is the following;:

k
Wl — argngn{dfw + Zat“w —w!||? + A|wl|1}
=1

As proved in [145], the minimization problem in the update rule can be solved in closed form,

setting:
o af 2R <A
wk‘-i—l/l _ ’ ' - ' (217)
—ne (2% — sgn(2")\) otherwise
‘ k
where 2% = dj, — Z osw® and sgn(-) is the Signum function.
s=1

2.2.10 Radam

Rectified Adam (RAdam) [127] is a variant of the Adam optimizer that introduces a term to
rectify the variance of the adaptive learning rate. This addition aims to address the issue of
large variance in the early stages of training. RAdam aims incorporates the advantages of Adam
and improves it by reducing the variance of the adaptive learning rate during the initial stages
of training, leading to more stable and reliable convergence.

Let d* be the same estimation stated in (2.7), we define the first and second-moment estimators
at iterate k as in Adam in (2.11) and (2.12).

RAdam introduces a rectification term, r, dependent on the variance of the moving averages.

The rectified term is computed as follows:
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(k—4) _ ko
BT (2 k+1) ifk>4

9 .
@—1lfl€:07,4

Ty =

where ¢t denotes the time step.

The rectified first and second-moment estimators are then given by:

. mk e ok
1— gt L= By
where m* and v* are defined as in (2.11) and (2.12).

Given the following matrix:

Vile) = ( [zg + diag(@k)} ) :

where diag(v) denotes the diagonal h x h matrix with elements v; on the diagonal, and € > 0,

1
155
the updating rule is:

Wt = Wk — e Vi(e) T P (2.18)

2.3 Deep neural networks: tasks and architectures

In this section, we discuss in detail the tasks and the neural networks used to present the results
included in this thesis. We first describe the tasks of the learning machine, i.e., the deep neural
network, and then analyze the structure of the different networks.

Training a deep neural network involves solving the problem (2.5). Therefore, the problem
depends on the functions ¢ and £. The output function of the deep neural network, ¢, is deter-
mined by the organization of the network layers and their connections. This overall structure is
generally referred to as the architecture. The architecture defines the output function ¢, which
we discuss separately for Feedforward Neural Networks (FNNs) in 2.3.1, Convolutional Neural
Networks (CNNs) in 2.3.2, and Transformer models in 2.3.3.

Conversely, the loss function £ depends on the metric used to measure the dissimilarity between
the ground truth and the predicted output. This function must satisfy Assumptions 2.1.3 and
2.1.4. In this thesis, we use two different loss functions: the mean squared error (MSE) and the
cross entropy loss (CEL).

The MSE is used when the task involves predicting a numerical univariate or multivariate output.
The MSE for a DNN is defined as:

P
1
Luse =5 > (i w) = il? (2.19)
=1

The CEL is used in classification tasks, where we need to predict the class a given input belongs
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to, meaning the output is a boolean vector y; € {0,1}" The CEL for a DNN is defined as:

1 P N
Lopr =75 ) liljlog(lp(zsw)];) (2.20)

i=1 j=1

where we use the notation [-]; to indicate the j-th vector of the vector in squared brackets.
Both in (2.19) and (2.20), the term p|lw||?, being p > 0, can be added to ensure that Assumption

2.1.4 holds. This technique is known in DL as explicit reqularization, or simply L-2 regularization.

2.3.1 Feedforward Neural Networks (FNN)

A Feedforward Neural Network (FNN) consists of several processing units, named neurons ar-
ranged in layers connected in a feed-forward way with weights. The architecture of a FNN can
be represented as an acyclic oriented network, where the computational flow is from the input
to the output, as schematically reported in Figure 2.2 A connection edge between two neurons ¢
and j in two adjacent layers £ and £+ 1 is weighted by a scalar wfj. Each neuron 4 in each layer
{ is characterized by a nonlinear activation function af . For the sake of simplicity we suppose
that the activation function ¢! is the same for all the neurons in a layer /.

In order to analytically express the output function ¢(z;w) of a FNN, we use the following
notation. We denote by L the number of layers, while with N¢ the number of neurons in layer
¢ =0,...,L. We consider the layer £ = 0 as the input layer. Furthermore, we name d the
dimension of the input and m the dimension of the output, meaning that z; € R? and y; € R™
for each sample (z;,y;) € T. The vector w of the trainable parameters of a FNN] i.e., the vector

of the variables of problem (2.6) can be seen as:

w = Hwﬂ fori,j=1,..., NZ]Z:O,...,L
where, to avoid an abuse of notation, we omit the biases of each neuron, which can be represented
using a fake unitary input [163].

Now, naming z¢ € RN£7 the output of the layer ¢ and being W**! the N1 x N matrix of the

weights of layer ¢ + 1, we can write the output of the subsequent layer as:
Ny = ot (W“lzf) (2.21)

Now, naming 2¢ € RN, the output of the layer £ and being W' the N1 x N¢ matrix of the

weights of layer £ + 1, we can write the output of the subsequent layer as:
Neyy = ot <W‘+1z’f) (2.22)

Eventually, we conclude that, for a FNN, the output function can be seen in a nested form as

follows:

o(x;w) = Whel =Y WE L2 ot (W) . ..)) (2.23)
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x1
— p(z;w)

T2

Figure 2.2: Example of a feedforward neural network with I = 2 hidden layers, an output of dimension
n = 2, and a univariate output.

FNNs represent the simplest form of neural networks and are universal function approximators
[91], which means they can approximate any continuous function given sufficient neurons and
layers. This makes them extremely versatile for various tasks, including both regression and
classification. However, they suffer from the curse of dimensionality. As the number of input
features (dimensionality) increases, the volume of the input space grows exponentially, making
the data sparse. This sparsity makes it challenging for FNNs to generalize well from the training
data because the network would require an exponentially large amount of data to learn the
underlying patterns effectively. In the computational practice, this makes it impossible to use

FNNs when the dimension of the input is more than few hundreds or thousands.

2.3.2 Convolutional Neural Networks (CNIN)

To address the limitations of FNNs regarding the curse of dimensionality, Convolutional Neural
Networks (CNNs) [11] introduce a novel approach to manage high-dimensional input data. CNNs
are specifically designed to handle grid-like topology in data, such as images, by exploiting spatial
hierarchies through convolutional layers. Convolutional layers operate by applying a series of
numerical filters (or kernels) across the input data, performing a local operation that captures
spatial relationships and patterns. This local connectivity means that each filter processes only
a small portion of the input at a time, drastically reducing the number of parameters compared
to fully connected layers in FNNs. This reduction in parameters helps mitigate the curse of
dimensionality, as the model requires less data to learn effectively. While CNNs are used in a
wide range of applications, including natural language processing and time-series analysis, their
most prominent success stories are in the domain of image-related tasks. While for a more
comprehensive analysis of CNNs we refer the reader to [10, 11|, we describe here how to obtain
a closed expression for the output p(x;w) of a CNN when the input is a 3-axis tensor z of
dimensions C' x H x W (channels, height, width). Notice that, if the input is a colorful red-
green-blue (RGB) image, the number of channels is C' = 3, and H x W represents the number
of pixels.

The overall structure of a CNN is schematically depicted in Figure 2.3. In the figure, a colorful
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input x, is sent into a series of convolutional layers. Then, the output of the last convolutional
layer is flattened and stacked in a single-axis vector. Finally, this vector becomes the input of a
series of fully connected layers. To write in formulas the relation between the input 3-axis tensor

and the output vector, we firstly need to understand how does a convolutional layer work.

Figure 2.3: An example of CNN with an RBG image as input, five convolutional layers, and two fully
connected layers. Figure taken from [44].

Each convolutional layer performs up to four subsequent operations: a standard 2D-convolution,
followed by an activation function, then a pooling operation, and finally the batch normalization.
The input X‘~! to a layer ¢ is a tensor of dimension [d*~', m* ' m‘~!] where d*~! are the
channels and m¢ is the height /width of each channel ¢ = 1,... ,d~ 1 and the output X is a
tensor of dimension [d¢, mf, m’]. The input X© at layer £ = 0 of the layer is the colourful sample
image represented with m? pixels and d° = 3 colour channels (red, green, blue). We denote by
Xf the matrix m! x m¢ for each channel ¢ = 1,...,d" and by z. = X0 e R™™ forc = 1,...,d".
A layer ¢ applies a discrete convolution on the input X*~'. This operation consists in applying
filters (also called kernels) w® € R™ ™ for k = 1,...,d" to the c-th input channel X!~! with
c=1,...,d 1

The convolution operation depends on the integer stride s > 1, representing the amount by
which the filter w? shifts around the input X/~!. The stride is commonly set to s = 1. The
dimension of the filter n, the number of channels d‘, and the stride s > 1, for each layer ¢,
are network hyperparameters. Let us denote as ®; the discrete convolution operation with
stride s € N. The component-wise expression of the convolutional operation between the filter

w? € R™™ and the input feature X!~! is

n n
w2 Xe] =3 S [whlapXelissagrer 025 =0,...om—n (2.24)
Y a=1b=1

where, for the sake of simplicity, we avoid the use of the superscript £. Asreported in [10] Chapter

mé—1 —n+1) % (meil—n+1)

9 (equation (9.4) with s = 1), the k-th convoluted output is the matrix F{ € R 5

defined as the sum over the channels, namely

d471

Ff=) wie, X" k=1,....d (2.25)
c=1
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The convoluted output F* of layer ¢ is thus:

g1 (mfTong1)
FK = [Flf]k:L...,dZ = (F17 s 7Fdé) € Rdzx s x S (226)
The parameters of the convolutional layer ¢ are denoted as
k=1,....d¢ _
Weony = [wf}czl e € Ry XX (2.27)

The nonlinear activation function o applied to the F* output ¢ can be, for instance, the ReLU
0(z) = max{0, z} or the SiLU o(2) = 7%= [147, 172].

The output can be submitted to the pooling operation aimed at further reducing the image
dimensionality. This practice is often referred to as downsampling. The pooling operation Pool
involves sliding a two-dimensional non-overlapping p X p matrix, where p is the pool size, over
each convoluted output F, ,f and contracting the features lying within the p x p region covered by
the filter by using the max or the mean operation. More formally, let us introduce the set P, j
of positions i.e., for each (7, ) the rows and columns of the matrix Flf, that are located in the
p X p region; then Pool: F,f — Gi where the k-th pooled output is

(m£71—7z+1) % (mlil—n-kl)

GieR ™ = > (2.28)

The output of the Max-Pool or Mean-Pool layer is computed respectively as:

1
(Gr)M™ = max  (Fi)re (G = > > (Fi)re (2.29)
(re)€P ) | “J”(ndep@ﬂ

where for the sake of simplicity we removed the superscript £. The set P; ;) depends on how
drastically we want to reduce the dimensionality. In our experiments, we have set p = 2. In this
case, the moving region is just a 2 x 2 matrix, thus we halve the dimension of F'. For instance,
Pay = 1(1,1),(1,2),(2,1), (2,2)}, meaning that G%, is the maximum /mean value between four
different values {F{‘C 1> Flki2, FQk 1> F2k:2}

The output of a convolutional layer with downsampling, obtained by 2.25 and 2.29, is finally

given as:

7t = {Pool [a (F,f)} }kzl,...,dg (2.30)

In most applications, Z¢ is then normalized to stabilize and speed up the training process. The
normalization is performed following the standard batch-normalization procedure described in
[92], i.e., subtracting the mean and dividing by the standard deviation.

Finally, naming Z%(z; Weons ) the output of the last convolutional layer, depending on the input
x and on the convolutional layers parameters Wepp, = [Wfom] =11 and recalling (2.23) for

the output of the LF fully connected layers we can write the closed expression:

o(z;w) =W a(. .. O’(W}CZL(.’L'; Weonw)) - --) (2.31)
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where w = (Wclom, L WE W}c, ce W]{LCF ) is the vector of the trainable parameters of the

CNN, i.e., the vector of variables of problem (2.5).

2.3.3 Self-attention mechanism: the Transformer architecture

Transformers, originally designed in [204] for natural language processing (NLP) tasks, utilize a
mechanism called self-attention, which allows them to weigh the importance of different input
elements, regardless of their position. This enables Transformers to capture global context and
long-range dependencies in input data more effectively than CNNs. Thanks to this ability,
transformers can better understand complex patterns and relationships in data, making them
suitable for a wider range of tasks.

The output function ¢ for a transformer varies significantly depending on the architectural
solution adopted and it is not straightforward to write a unique closed expression. For a detailed
analysis of the most commonly used transformers, we refer the reader to the surveys [85, 125].
Additionally, we will provide specific citations in further chapters when discussing state-of-the-
art architectures. Here, we introduce the overall structure of a transformer layer, which is

schematically reported in Figure 2.4.

_________________________________________________________________

£ Ay
1 1
i Residual connection Residual connection i
! i
1 ]
! i
: :
1 1
i i
1

! i
1 ]
1 ]
1 1
’ ;
! Multi-head LayerNorm Parallel neural LayerNorm |
E self-attention networks (x V) ]
{ i

_________________________________________________________________________________________

Figure 2.4: Schematic representation of a transformer layer. Picture taken from [169].

Differently from what we have seen for CNNs and FNNs, the input of a transformer layer is
mathematically a sequence of N vectors z; € RP with i = 1,..., N. Notice that each x; can in
general be a multi-axis tensor but for the sake of simplicity we show how to derive the output
function in the case z; € RP. In the computational application that we will present in this thesis,
when transformer layers are used, x; is a tensor representing a patch of an RGB image, i.e., a
small, contiguous block of pixels taken from an image. A more detailed analysis can be found
in Chapter 12 of [169]. A typical transformer layer, as in figure 2.4, is composed of several key
components: Multi-Head Self-Attention (MhSa), Layer Normalization (LayerNorm), and Multi-
Layer Perceptrons (MLPs) arranged in parallel, followed by another LayerNorm. Each of these
components plays a crucial role in the functionality of the layer.

To understand how an input sample = [z, 22,...,2y] € RP*V is transformed, we firstly
describe the self-attention mechanism. Self-attention (Sa) is a mechanism that enables a model
to weigh the importance of different elements of the input sequence relative to each other.
Sa aims to capture dependencies between elements, regardless of their position (e.g., different

objects in a picture). The output of the self-attention mechanism is, as the input, a matrix
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Sa(x) € RP*N_ To obtain this matrix, the mechanism firstly computes three new representations

of the input elements as follows:
e Queries ) = Bqlqz\} + Qqx;
o Keys K = 5;91% + Qpx;
e Values V = ﬁvlqj\} + Q,x.

Notice that these representations have the same dimension of the input D x N and depend
on the network trainable parameters €4, 2, Q, € RP*DP and B> Brs Bu € RPX1 The terms
"queries," "keys," and "values" are derived from information retrieval and database systems,
where they describe how information is accessed and matched. Once @, K,V are computed, the
queries and the keys are used to compute the scaled dot-product attention to get the matrix of
attention scores A. These scores indicate how much focus should be given to each element in
the input sequence, as they measure the similarity between two different representations of the
same input. The matrix A is obtained applying the Softmax operator to the scaled dot-product

between the queries and keys as follows:

KT

A = Softmax < Q) € RVXN (2.32)
vD

More in detail, this means that the single element of the attention score matrix can be written

as: -
eki 4
L ek

where k; is the i-th column of the keys matrix K and g; is the j-th column of the queries matrix

Ajj = (2.33)

Q. The self-attention mechanism is schematically reported in Figure 2.5.

/ N Self—attentioh

D
Queries, 2
Q:ﬁqlT +0,X N
N o "
Attention,
T
b 5 Softmax [K7 Q] .
Input, Keys, Output,
X K=03,17 + O, X V - Softmax [K”'Q]
o
D
Values,

_ V=8,1T+a,X -

Figure 2.5: Schematic representation of how the output of a self-attention mechanism is obtained from
an input X. Picture taken from [169].

The multi-head self-attention only aggregates the outputs from H different self-attention mech-
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anisms as in Figure 2.5, using an aggregator function denoted as A(-), in the form:
MhSa(z) = A (Saj(x), Saz(z),...,Sag(x)) (2.34)

where Saj(x) is the output of the h-th self-attention process and A(-) is usually the arithmetical
average.

Following the representation of Figure 2.4, the output of the multi-head self-attention is then
normalized subtracting the mean and dividing by the standard deviation, as seen for CNNs.
The normalized MhSa(x), along with a residual connection where z is added back, is then fed
into N parallel FNNs. More formally let the normalized output of the multi-head self-attention
be:

Z = x +MhSa(z) = [21, 20, ..., 2y] € RPXN

To obtain the final output of the transformer layer, each element z; is fed into a different FNN.
We indicate with ¢(z;;w;) the output of the i-th FNN, where the function ¢ is the same as in
(2.23) and w; is vector of the trainable parameters of the i-th FNN. Eventually, naming ¢(z;; w;)

the normalized output of the i-th FNN, we can write the output of the transformer layer as:

TransformerLayer(z) = [¢(z1; w1), . .., p(zn; wy)] € RP*N (2.35)

We remark that a single transformer layer has a significantly larger amount of trainable pa-
rameters than any other previously seen layer. This number is proportional to the number of
parameters of N FNNs and of H self-attention mechanisms, while each single self-attention
mechanism has a number of trainable parameters proportional to D?. When working on im-
ages D represents the pixels and is usually in the order of thousands, meaning that a single
self-attention mechanism can have millions of parameters. Despite the overall dimension of a
transformer-based network varies across different architectural solutions, it can be easily deduced
from these simple considerations how the number of trainable parameters can grow up to order
of billions (or even trillions in the field of natural language processing) when a large number
of transformer layers are stacked in sequence. Hence, due the number of variables of problem
(2.6), the transformer architecture poses a serious challenge to any optimization method and

has become a driver pushing forward the boundaries of the large-scale optimization theory.
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Chapter 3

Optimization methods for deep
learning: an overview of the

convergence theory

The ambitious goal of this thesis is to propose novel algorithms with a fully developed con-
vergence theory for optimizing large-scale neural models. Achieving this objective requires a
deep understanding of the existing literature, including what has been done in the past and the
current state-of-the-art. In this chapter, we provide the reader with the essential theoretical
references to grasp the forthcoming content.

While the previous chapter reviewed the fundamentals of machine learning, outlined state-of-
the-art algorithms, and introduced the neural networks that form the experimental testbed, as
well as formulated our target problem as an unconstrained minimization problem, this chapter
investigates the various existing theoretical approaches. More in detail, we examine the trade-
offs between convergence guarantees, the assumptions required for proving convergence, and
computational efficiency for the algorithms we mentioned in the previous chapter. This chapter
is dedicated to the literature review of the convergence theory of optimization algorithms for
deep learning, in a highly non-convex framework.

Seeking for a gentle introduction to the novel algorithmic approach that is proposed in this
thesis (starting from chapter 4), we structured this chapter as follows. In section 3.1 we briefly
review the main theoretical aspects of stochastic methods, which are still the most widespread in
deep learning applications. Then, in section 3.2, we dive deeper into the theory of deterministic
algorithms. While these are not the most commonly used methods in deep learning, we still
need to recall their convergence theory, as we will adopt a fully deterministic approach in our
proofs, even when elements of randomness will be introduced. Finally, we dedicate section 3.3
to the review of the main existing works that are based on line-search techniques and, as our

framework, does not fall in any traditional classification.
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3.1. The convergence of stochastic methods

3.1 The convergence of stochastic methods

In the context of deep learning, stochastic optimization methods aim to solve the large scale
minimization problem formalized in (2.6) exploiting first-order information. As all mini-batch
methods, which have been discussed in section 4.3, instead of using the full dataset to compute
the gradient, they rely on a subset of data (a mini-batch) to estimate the gradient, which makes
them much more efficient in terms of computational time. We consider as stochastic any mini-
batch method that uses an estimate of the gradient based on random elements. In particular,
stochastic methods rely on randomly selected mini-batches and can be categorized in various
ways [26, 95, 111, 128|. However, for the purpose of this thesis, a useful distinction can be made
between adaptive and non-adaptive methods, according to the step-size updating rule. Non-
adaptive methods maintain a constant learning rate or use pre-defined decreasing schedules that
do not depend on the observed mini-batch gradients during training. This approaches is simple,
computationally efficient, and universally acknowledged as the foundation for understanding
more advanced methods. In contrast, adaptive methods, such as most of algorithms discussed
in the previous chapter in section 4.3, adjust the step-size dynamically based on the magnitude
of the past gradients. These methods often lead to faster convergence in practice because they
handle noisy and sparse gradients more effectively.

Studying the convergence of stochastic methods presents significant challenges. Unlike deter-
ministic methods where the gradient estimate is available in a closed formula, in stochastic
methods this estimate depends on the sampling distribution over the dataset. The introduction
of randomness into the optimization process would require advanced stochastic tools to study its
behavior rigorously, which is beyond the scope of this thesis. Nonetheless, stochastic methods
remain the most relevant, efficient, and well-established competitors to the novel approach pro-
posed in this thesis. In the following subsections, we will review the history and key theoretical
foundations of the most widely used stochastic mini-batch methods. We will begin with the
earliest algorithm, stochastic gradient descent, move on to random reshuffling, and conclude

with adaptive methods.

3.1.1 Stochastic gradient descent (SGD)

The Stochastic Gradient Descent (SGD) method, initially developed in 1951 by Robbins and
Monro [176], is one of the most fundamental optimization techniques in machine learning. As
the reader is already familiar with the basic SGD iteration (recalled in section 4.3), we will not
delve into the mechanics of the algorithm here. For the sake of completeness, we only report
the algorithmic scheme of SGD in Algorithm 3.1.

Stochastic notation and basic assumptions. In SGD, the variables are updated at each
step based on the current gradient estimate, which is derived from a randomly sampled mini-
batch. Since the mini-batch is chosen randomly (step 4 of Algorithm 3.1), there is no closed
expression for the update direction as a function of the gradients V f;. This is why the direction
d* is treated as a random variable, often referred to as a gradient estimator. A key challenge here

is that this random variable must be somehow related to the true gradient and appropriately
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Algorithm 3.1 Stochastic Gradient Descent (SGD)
1: Input: w® € R?, o
2: Set k=0

3: while (stopping criterion not satisfied) do

4

5

Randomly select a sample B, C {1,..., P}
d" =" Vfi(w")
1€EB
Set wht! = wk 4 oFdk
Update step-size o
Set k=Fk+1
end while
10: Output wk

bounded to prove the convergence to a stationary point. Hence, beyond the already stated
assumptions 2.1.1, 2.1.2, 2.1.3, 2.1.4, the convergence of SGD requires additional hypotheses
on this gradient estimate. These hypotheses can vary significantly across the literature but,
adapting the survey by Bottou et al. [26] to our notation, the most relevant ones can be

formalized as follows:

Assumption 3.1.1 (Standard assumptions on d*). The gradient estimator is a stochastic vari-

able satisfying the following properties:

i) d* is an unbiased estimator of the anti-gradient, i.e.:
E[d*] = -V f(w®) Yk =0,1,... (3.1)
i1) d* is bounded in the Fuclidean norm, i.e., there exists a positive constant A > 0 such that:

IE[@]| < AV.f(w®)]| Yk =0,1,... (3-2)

iii) d* is expected to be a sufficiently good descent direction for the objective function, i.e.,

there exists a positive constant B > 0 such that:

V(W TE[d*) < —B||Vf(w")|? Yk =0,1,... (3.3)

iv) d* has a bounded variance, i.e., there exists two positive constants My, My > 0 such that:

V[d¥] < My + M|V f(w®)|]> vk =0,1,. .. (3.4)

If assumption 3.1.1 holds, then, thanks to the well-known descent lemma [14], it is possible to
prove (see section 4.2 of [26]) that, for all steps k =0,1,...:

E[f(w")] = f(w*) < "V f(w*) Eld] + %L(ak)%[lldkllﬂ (3.5)

This result is the starting point for the convergence analysis of SGD in different settings, and

is generally used to determine the minimal per-step expected improvement in the value of the
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objective function. However, the assumptions 3.1.1 are not trivial and not always easily to attain
in deep learning. In particular, the (3.3) means that, in the expected value, we are following
a sufficiently good direction, i.e., a descent direction. However, the computational practice in
deep learning shows that 3.3 may not hold under certain conditions. One of the most recent
examples of this case is the byzantine federated learning framework [47, 97|, a situation often
observed in real-world applications when the upcoming information from the data source can be
corrupted and, hence, for some epochs, d* is a wrong estimator for V f (w). A robust approach
to address these situations is being developed but still under the bounded variance hypothesis

[98, 116, 117] or the convexity of the objective function [118].

Convergence of SGD with diminishing step-size. The theoretical result that marked a
milestone in studying the convergence of SGD is the proof provided 24 years ago by Bertsekas
and Tsitsiklis in [16]. They prove the global convergence of SGD under the assumptions 3.1.1

and under the condition that the step-size o is chosen according to a decreasing rule that
satisfies:
o0
lim of =0 of = 0o (3.6)
k—o0 o

The convergence proof relies on (3.5) and is reported in Proposition 3 of [16]. More recently
Bottou, Curtis and Nocedal applied this result and formalized, in Theorem 4.10 of [26], the

minimal expected per-step improvement under the assumptions 3.1.1 as follows:
1 1
ELf(w*)] - E[f(w")] < —§BakEUWf(wk)HQ] + §(ak)2LM2 (3.7)

where L is the Lipschitz constant of Vf, following the notation introduced in the previous
chapter.

Since the step-size goes to zero as in (3.6), the minimal expected per-step improvement will go
to zero too and, in this case, it is not possible to derive a universal worst-case complexity bound
to find an e-stationary point. We remark this consideration because this will be the case in
most of the algorithms presented in this thesis as well. However, for the sake of completeness,

we briefly recall the alternative approach.

Convergence of SGD with fixed step-size. The case of a fixed step-size, while lacking
the theoretical guarantees of global convergence associated with diminishing step-size, is still

k — o > 0 has been

widely used in practice. The behavior of SGD under a constant step-size «
extensively studied, and although it does not necessarily guarantee convergence to a stationary
point, it can still provide meaningful results for non-convex problems with a properly chosen a.
One of the first theoretical result on SGD in a non convex setting with a properly chosen step-
size bounded away from zero dates back to 2013. Gadhimi et al. proved, in Theorem 2.1 of [70]

and in the following corollary, that, if ¢ > 0 exists such that:

E[|d" - Vf(w")]"] < o (3.8)
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then SGD finds an e-stationary point with a @(e~*) complexity. However, finding the minimal
expected improvement and the complexity bound relies on an additional hypothesis (step-size
a < %), which is impossible to verify without the knowledge of the Lipschitz constant. Further-
more, condition (3.8) is even stronger than (3.4).

More recently, Bottou proved in Proposition 2.12 of [26], that, under the assumptions 3.1.1, if
of =a € (0, ﬁ), it holds the following bound:

1 o ol aLMy 2(f(w0) — flov)
E k;uwwu < S S (3.9)

where £ is a global lower bound of the objective function. This result implies, in practice,
that SGD can converge to an e-stationary point within O(¢~2) steps. However, the step-size
must be again chosen knowing the Lipschitz constant and the constants A, B, M. Furthermore,
Khaled et al. in [101], claiming that (3.2) is too restrictive, provided a trivial case where (3.2)
does not hold.
In [101], Khaled et al. prove the same convergence result with the same fixed step-size than in
[26], but with a relaxed hypothesis on the gradient estimator, the expected smoothness of the
search direction:

E[J|d*|*) < A(f(w*) = ) + B|V f(w")||* + C (3.10)

with A, B, C positive constants. However, the chose of the step-size still depends on the Lipschitz

constant (lemma 2 of section 5.1 in [101]).

Practical approach in deep learning. Despite the remarkable results achieved in the con-
vergence theory of SGD during the past 25 years, the use of SGD in deep learning is still highly
affected by the difficult choice of the step-size. All the convergence results discussed here rely on
the knowledge of constants that are, in deep learning, unknown and hardly to estimate [44]. In
particular, when using logarithmic losses like CEL (2.20), using fixed step-sizes that are inversely
proportional to the Lipschitz constant would be highly ineffective and lead to slow convergence
[8, 206]. The most commonly used approach is to use a pre-set decreasing schedule for the

k. The decreasing rule and its parameters often depend by hyper-parameters that

step-size a
are tuned adopting a trial-and-error approach, but they mostly satisfy the condition in (3.6).
However, there have also been attempts to develop more elaborated techniques to decrease the

step-size, trying to make SGD closer to adaptive methods [94].

3.1.2 Random Reshuffling (RR)

The convergence of SGD with random reshuffling, named for the sake of simplicity Random
Reshuffling (RR), is generally harder to prove and less studied than the standard case of simple
SGD (sampling with replacement). The core reason for this difficulty lies in the bias introduced
by the dependencies between the samples in random reshuffling. RR, which we report in Algo-
rithm 3.2 in the case of mini-batches containing only one sample, involves shuffling the entire

dataset at the beginning of each epoch and then iterating over the data without replacement.
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This introduces a fundamental dependency between the gradient estimates since the data points
are correlated within each epoch. The gradient estimate d* at any step depends not just on the
current sample but also, implicitly, on the samples that have already been used in the current

epoch and that cannot be picked up again.

Algorithm 3.2 Random Reshuffling (RR)
1: Input: w°, a°
2: Set k=0
3: while (stopping criterion not satisfied) do
4 Let I, = {h1,...,hp} be a random permutation of {1,..., P}
5 Set ﬁﬁo =w"
6: fori=1,...,P do
- ~
8

dﬁl = _vfhi ('&721,1)
: wE, =y, +ardf,
9: end for
10:  Set @* = wh
11: Update o”
12: Set k=k+1
13: end while
14: Output: w”

However, in the computational practice, the random reshuffling of the data samples is proved to
achieve faster convergence and improved stability during training [23, 173, 196|, with only few
exceptions on highly specific tasks [49].

To the best of our knowledge, the specific literature on RR is much more limited if compared
to SGD. RR is often (but from a mathematical perspective erroneously) considered nothing
but a variant of SGD and is embedded in the SGD algorithm in state-of-the-art deep learning
libraries. However, considering the non convex setting, which is of our interest for deep learning
applications, there have been two remarkable theoretical results in the past years.

In 2020, Nguyen et al. [159] developed a unified and organized convergence theory of RR under
different hypotheses. While the main results rely on convexity or strong convexity, they also
provide an absolutely novel convergence proof of RR in the non convex settings, under the
assumptions 3.1.1 and with a fixed step-size inversely proportional to the Lipschitz constant
of the gradient. In theorem 6 of [159], the authors determine the minimal expected per-step
improvement and compute a convergence rate that depends on the Lipschitz constant of the
gradient, on the constant A from (3.2) and on the number of samples P. Mischenko et al. [14§]
rewrite this bound as a function of the expected number of steps needed to attain an e-stationary
point and find a worst-case bound of O (LP (672 + A5*3)) steps to achieve e-stationarity. While
being worse than the bound proved by [26] for SGD from (3.9), Nguyen et al. prove that this
bound can be significantly improved in certain cases. More in detail, in theorem 3 of [159],
the authors prove that, if (3.8) holds, then RR finds an e-stationary point within a maximum
expected number of O (La\/TDE*%) steps, which is significantly better than the SGD bound

in [26] at least by a factor e~3. Notice that the same improvement holds even if we consider
the results of [70], where the hypothesis (3.8) was initially formulated. This result is relevant
to us because it somehow explains why in many deep learning applications the use of random
reshuffling leads to a remarkable improvement in terms of efficiency.

The other relevant result for RR is the extension of the results of [159] provided by Mischenko
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et al. in [148]. The authors enlighten the assumption (3.4) and prove, in theorem 4 of [148|,

that if there exists positive constants C1, Cs such that
1k
) AV ilw) = Viw)|* < 201(f(w) = 1)+ C3 (3.11)
i=1

then, RR converges to an e-stationary point within O (L(PE*2 +VP(J/Ci + 02)6*3)) steps.

However, to prove this result the step-size must be inversely proportional to max{2LP, (C;L?P?) 3 }.
To provide a practical example of how such a step-size can lead to extreme slow convergence,
let us consider a classification task on the Imagenet dataset [51]. In such a case, we optimize
the cross entropy loss (2.20) over approximately P = 14M (14 millions) samples. While it is
impossible to determine exactly L for deep neural networks, it can be estimated [18, 112, 167]
and it can certain assume extremely high values for logarithmic losses like CEL. However, even if
taking the value of L = 2, which only holds for the CEL on the Softmax function, the step-size
would be proportional to approximately 1.2 x 1078, a learning rate that is at least 5 orders
magnitudes smaller than the default in state-of-the-art libraries.

Despite the remarkable theoretical advances in the recent years, we believe that the convergence

properties of RR are still an open research field and a new theory is still to be developed.

3.1.3 Adaptive methods

The underlying mathematical theory of adaptive methods is much less studied than SGD and
RR. Excluding some recent attempts to study adaptive methods within a generalized framework,
which will be discussed in section 3.3, to the best of our knowledge, a proper convergence theory
in the non convex setting has been developed only on Adam and Adagrad. While for the
mechanics of the single algorithms we refer the reader to section 4.3, we remark that proving
the convergence of adaptive methods is much more challenging, compared to the SGD/RR
analyses reported in the previous subsection. On the one hand, adaptive methods are inherently
stochastic - the gradient estimates, as for SGD/RR, depend on the sampling distribution over
the dataset. On the other hand, studying the behavior in the limit of adaptive methods, one
cannot direct apply (3.5). In fact, even in the optimistic scenario where all the assumptions
3.1.1 hold, the step-size o does not properly exist. The step-size, at each update, is individual
for each network parameter and is based on the previously observed mini-batch gradients.

Concerning Adagrad [58], the first remarkable result in the non-convex setting, dates back to
2019, eight years after the algorithm was proposed. Li et al. proved, in theorem 1 of [121],
that, under the assumptions 3.1.1, limy_,o inf E[||V f(w*)||?] = 0 with probability 1. Moreover,
in 2020, Xie et al. proved, in theorem 3 of [209], a O(log(¢~!)) under the Poljak-Lojasiewicz
condition. While their result has a limited application on those particular ML frameworks
where the Poljak-Lojasiewicz condition holds [87, 215], it is remarkable that the proof holds for
any initial step-size. In 2021, Kairouz et al. [96] managed to prove a O((¢P)~!) convergence
rate of Adagrad in the specific case of ERM with differential privacy. A similar result can

be found in [130], but assuming a specific form of quasi convexity of the objective function,
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named ~y-quasar convexity (assumption 1 in [130]). The most generalized result for Adagrad in
the non-convex space, with a potential extension to Adadelta [217], is the proof provided by
Ward et al. in [208]. The authors, adopting a fully deterministic setting, prove, in theorem 2.2
of [208], the convergence of Adagrad to an e-stationary point within O(e=2(LA + %)2) steps,
being A = f(w®) — fv. Differently from what we have seen for RR [148] and SGD [101], Ward
et al. do not require neither (3.2), nor its deterministic version.

Being Adam [104] more recent than Adadelta, its convergence theory is much less developed.
convergence proofs have been provided under different hypotheses, most of all involving convexity
or only achieving local convergence. In 2019 Bock et al. [21] proved the local convergence! of
Adam to a stationary point in a non-convex setting. More recently, in 2022, Zhang et al. [218§]
proved that, for certain hyper-parameters setting, Adam can converge to a neighborhood of a
stationary point. The authors prove that, if (3.4) holds and 31, 32 are such that 31 < /B2 < 1,
then Adam converges to a point that is within an O(y/Mj) distance from a stationary point,
where M is the same constant from (3.4). Eventually, in 2024, Li et. al [119] proved that
Adam converges to an e-stationary point within O(¢~*) steps under the assumptions 3.1.1, local

smoothness of the objective function and bounded norm of Hessian matrix V2 f(w).

3.2 Deterministic methods

Recalling the definition of stochastic method provided at the beginning of the previous section,
we consider as deterministic any mini-batch method that relies on the following estimate of the
gradient:

d¥ =V f(wk) + * (3.12)

where V f(w") is the true gradient in w* and e* is an error that can be written with a closed
deterministic expression. The convergence of deterministic methods has been studied for decades
by the Operations Research community and relies on many consolidated results. However,
deterministic mini-batch methods, i.e., algorithms that use approximation techniques to estimate
first-order information, gained popularity only with the rising of machine learning between the
end of 1990s and the first half of 2000s. In deep learning, deterministic methods are currently
much less used than stochastic but their underlying theory remains a milestone for anyone
following a deterministic approach to prove the convergence of mini-batch methods, as [208] and

us.

Mini-batch gradient method with error. The convergence theory of any mini-batch deter-
ministic method relies on two revolutionary results formalized at the end of 1990s. Considering

a generalized gradient descent step with error in the form:

wh = wk — oF(dF + ) (3.13)

!i.e., under the condition that the starting point finds itself within a certain distance from a stationary point
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Solodov [194]| and Bertsekas and Tsitsiklis [16] proved the convergence of the method in two
different settings, under proper assumptions on the behavior of the error sequence {ek }. Con-
sidering their historical importance, we report the two results in the following propositions,

adapting the original notation to the present thesis.

Proposition 3.2.1 (Theorem 2.1 of [194] - Bounded away from zero step-size (1998)). Let
f(w) be L-smooth and coercive. Let w* be updated according to the rule (3.13) and the following

conditions hold:
i) d* is the exact gradient of f(w) for any k, i.c., Vf(w¥) = d¥;

ii) the error sequence {e*} is such that, for any k, ||e¥|| < o*B for a constant B > 0;

iii) the step-size of is such that limy_,o o = a € (0, t25), for a 0 € (0, 7].

Then, if the sequence { f(w")} is limited, any accumulation point w of the sequence {w*} is such
that ||V f(w)|| < Ca& for a positive constant C.

Proposition 3.2.2 (Proposition 1 of [16] - Decreasing step-size (2000)). Let f(w) be L-smooth

and coercive. Let w* be updated according to the rule (3.13) and the following conditions hold:

i) d¥ is a descent direction for any k such that —V f(w®)Td* > 1|V f(w*)||? for a constant
c1 > 0;

ii) dF is bounded by the true gradient, i.e., there ewists a constant co > 0 such that, for any
ko ldP) < ea(1+ IV £ ("))

ii) the error sequence {e*} is such that, for any k, ||€¥| < oF(p + q||Vf(wh)|)) for positive

constants p, q;

iv) the step-size o converges to zero following any pre-determined schedule that satisfies (3.6).
Then, limy_so0 |V f(wF)|| = 0, and any accumulation point of {w*} is a stationary point for
f(w).

Both the results served as foundational theoretical results for the two methods we are going to
review here. However, as [185], we remark that the trade-off between the assumptions required
to prove the convergence and the convergence guarantees is already evident. The assumptions
required in case of a step-size bounded away from zero are mild and they hold in most deep
learning applications. They can also serve as a starting point to establish a minimal per-step
improvement under proper conditions on the search direction and/or on the step-size. However,
the convergence result is still much weaker than the obtained in [16], when the search direction
is ensured to be a "good enough" descent direction (assumption i) of proposition 3.2.2). Notice
also that the aforementioned assumption is the deterministic equivalent of (3.3). As remarked

there, this may not hold in deep learning applications.
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Incremental Gradient (IG). The first and most basic application of the results in [16, 194] is
the deterministic counterpart of SGD/RR, the Incremental Gradient (IG) method. The method,
reported in Algorithm 3.3, can be seen a particular case of RR, where the random permutation
of the samples (step 4 of Algorithm 3.2) is always the same, i.e., I, = {1,2,..., P} for any epoch
k.

Algorithm 3.3 Incremental Gradient (IG)
1: Input: w°, o°

2: Set k=0

3: while (stopping criterion not satisfied) do

4 Set Wk = w”

5 fori=1,...,P do

6: df = =V fi(wf_,)
7: @f =af | +oFdF
8: end for

9:  Set w* =k

10: Update o
11: Set k=k+1
12: end while

13: Output: w”

IG is fully deterministic and any epoch can be seen as an update step in the form of (3.13),
where d* = S8 Vfi(@F ) and eF = 327 (Vf;(w*) = Vf;(@wF_)). Solodov proved [194] that,
applying proposition 3.2.1 to Algorithm 3.3, if all the mini-batch gradients V f; are bounded
above, then IG converges to an a-stationary point (being & as in iii), proposition 3.2.1). Analo-
gously, Bertsekas proved that if the step-size goes to zero according to (3.6) and the mini-batch
gradients are such that, for some positive constants a, b, |V f;(w¥)|| < a +b||V f(w*)]|, then the
deterministic error sequence satisfies assumption iii) of proposition 3.2.2. Hence, in this case,
IG converges to a stationary point, as stated in proposition 3.2.2.

Unfortunately, while the convergence theory of IG has been deeply investigated in the case of
quadratic or convex objective functions [14, 20, 151, 157, 158|, to our knowledge there have not
been attempts to obtain a deterministic convergence rate in the non convex setting. This makes
the results in [16] amongst the most advanced in the field of convergence theory of deterministic
methods. One objective of this thesis is to propose an alternative approach to find a similar

convergence results but enlightening the assumptions of proposition 3.2.2.

Variants of IG. In the past years there have been some attempts to use the Bertsekas and
Tsitsiklis’ result as a starting point to develop novel incremental methods. The most known is
certainly the averaged counterpart of IG, the Incremental Aggregated Gradient (IAG) method,
reported in 3.4.

Blatt et al. proved in 2007 [20] the convergence of IAG applying the same theoretical framework
developed by Bertsekas and Tsitsiklis. In particular, Blatt et al. prove that IAG converges
to a stationary point, with a fixed step-size, both in the quadratic case and in the general
case under the standard assumption of L-smoothness and the boundedness of the mini-batch
gradients (assumption 2 of [20]). IAG has been further studied in the convex and/or quadratic
setting and a deterministic convergence rate has been established in the strongly convex [81]

and convex [82| case. However, to our knowledge, the only more recent result on IAG in the

Corrado Coppola 35



3.3. Line-search based approaches

Algorithm 3.4 Incremental Aggregated Gradient (IAG)

: Input: o, P starting points w?, wd, ..., wh

1
2: Set k=0

3: Set d* =0 Vfi(w?)

4: while (stopping criterion not satisfied) do
5: Set w*t! = w* — aFd*

6:  Compute p* = mod (k+ 1, P)

7

8

9

0

1

Set d*t = d* — Vi (w*) + V fou (wt)
Set k=k+1
Update o
10: end while
11: Output: w”

non convex setting is the proximal modification proposed by [200], which is proved to converge
to a stationary point for a sufficiently small step-size. However, as seen for SGD, the step-size
must be proportional to (9(%), as explained in lemma 3.5 of [200].

Eventually, a very recent modification of IG, tailored for deep learning applications, is the Block-
coordinate Incremental Gradient (BIG) method, developed by Seccia et al. [164]. BIG converges
to a stationary point under the same assumptions of [16], but outperforms IG in deep learning
applications and supports per-coordinate updates, which can be particulary useful in federated

learning with model partitioning [64, 195].

3.3 Line-search based approaches

Recent advancements in mini-batch methods have already employed line-search techniques to en-
hance convergence rates and stability, particularly in noisy environments and over-parameterized
models. From a theoretical perspective, the line-search approach offers the advantage of not re-
quiring gradient information during updates within an epoch, leading to reduced memory usage,
similar to standard SGD. At the same time, line-search methods can be studied relying on a
well-established and generalized convergence theory, for which we refer the reader to [35]. The
approach proposed in this thesis, as we will see in the forthcoming chapters, is based on per-
forming one epoch of mini-batch method, followed by a correction in the search direction using
a specific line-search technique. This approach is not completely novel and is beneficial because
the line-search corrects the step-size miming the behavior of adaptive methods, but with less
computational overhead, allowing us to prove convergence under milder assumptions.
Mahsereci et al. [139] are the first, in 2017, to introduce a line-search technique specifically as an
additional tool for deep learning applications. The authors developed a probabilistic line-search
method (algorithm 1 of their article) that combines deterministic techniques with Bayesian
optimization, dynamically adjusting the step size to improve stability and reduce parameter
tuning needs. Their method can be seen as a generalized mini-batch gradient algorithm with
a line-search to adjust the step-size instead of tuning it with a computationally expensive grid
search. The authors prove a significant advantage of their approach against SGD /RR on different
FNNs (see section 2.3.1).

In 2017, a remarkable work by Gulcehre et al. [80] has been published. The authors explore the

possibility of using an Armijo-like [6] line-search technique to select step sizes in the stochastic
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setting. To this aim, they propose the AdaSecant algorithm, which ensures certain properties
of the search direction and improves convergence speed and robustness by adapting to the
local landscape of the objective function. AdaSecant outperformed Adam with different hyper-
parameters setting on state-of-the-art machine learning tasks for that period.

However, the first milestone work in this field dates back to 2019, when Vaswani et al. [205]
proposed to embed the Armijo line-search within the single SGD/RR update step. The proposed
method, differently from [80], does not store any past gradient data to perform the Armjio step
and, at the same time, achieves convergence rates under different hypotheses on the objective
function. In the standard non-convex L-smooth case, SGD with Armijo line-search converges to
an e-stationary point within a maximum expected number of O(4Le~2(f(w®)— f(w*)) iterations,
being w* a minimizer for problem (2.6). However, as the reader may have already noticed, the
result, proved in theorem 3 of [205], relies on the initial assumption that a minimizer w* exists.
More formally, the authors assume that the model being trained is able to perfectly interpolate
the input data (assumption in section 2 of the article). Furthermore, the convergence proof

k is such that mMaxg—,1,... aF < O(%), which is only slightly better

holds only if the step-size «
than the O(L~!) step-size we have already encountered in the SGD convergence theory.

More recently, in 2021, Loizou et al, [133] proposed to integrate Polyak step-size [168] in the
SGD update step to adapt the learning rate based on current function values and gradients.
The authors try to imitate the behavior of adaptive algorithm, ensuring, at the same time,
efficient convergence in over-parameterized models without needing problem-specific constants
or additional computational overhead. While the results on particular types of functions (e.g.,
convex, strongly-convex, Polyak-Lojasiewicz) marked a significant advancement in the theory,

the convergence rate in the standard non-convex L-smooth setting, under assumptions 3.1.1, are

not significantly different from [205].
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Chapter 4

Controlled Minibatch Algorithm

Framework

In this chapter we introduce the Controlled Minibatch Algorithm (CMA) framework. Firstly
introduced in the doctoral thesis [185], the CMA framework has been extended and improved in
[131], which is currently under a second peer-review stage at "COAP - Computational Optimiza-
tion and Applications". The submitted article [131]| represents the backbone of this chapter,
as well as the first formalization of the CMA framework. However, the original content of the
article has been enriched with a specific section (the section 4.7), realized between January and
April 2024 under the guidance of Prof. Coralia Cartis, within a visiting research program at the
Mathematical Institute of the University of Oxford.

As we will see throughout the chapter, the CMA framework encompasses two algorithms based
on a mini-batch gradient method enhanced with sufficient decrease conditions and a derivative-
free line-search procedure that ensures the global convergence to a stationary point without any
assumption on the search direction.

The remainder of the chapter is organized as follows. After the introduction in section 4.1, we
discuss the main contributions in 4.2. In section 4.3 we present a unified framework and the
notation for the Mini-batch Gradient (MG) methods and we prove some general convergence
properties for these methods, also reported in [78]. In section 4.4, we define the main assumptions
used to prove the convergence results and we formalize the underlying idea of Controlled Mini-
batch Method (CMA) framework. In section 4.5 we introduce the two algorithms, a monotone
version CMA and a non-monotone version NMCMA, and for each of them provide convergence
results under mild assumptions. In section 4.6 we report two class of computational experi-
ments that we have carried out to assess CMA framework performance against both full-batch
and adaptive methods. Finally, as mentioned above, in section 4.7 we propose an alternative
approach based on a fixed decrease condition that, relying on some additional assumptions,
ensures a deterministic bound of O(£~2) worst-case complexity in finding an e-stationary point.
This approach is supported by additional computational tests, presented separately from the

main results in section 4.6.
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4.1 Introduction

We consider the finite-sum optimization problem

P
min - f(w) =3 fp(w) (4.1)
p=1
where f, : R" — R, p = 1,..., P are continuously differentiable and possibly non-convex

functions, as already stated in (2.6).

As discussed in chapter 2, problem (4.1) plays a key role in many applications and has con-
sequently attracted researchers from many different fields. Some applications can be found in
e.g. methods for solving large-scale feasibility problems by minimizing the constraints violation
[143, 219] or for tackling soft constraints by a penalization approach, or Stochastic Programming
problems, where the elements of the sum represent a set of realizations of a random variable that
can take a very large set of potential finite values [22, 27]. Similar problems also arise in Sensor
Networks, where inference problems are solved in a distributed way, namely without gathering
all the data in a single data center but storing part of the data in different databases [14].

One of the most important applications which rely on the solution of very large finite-sum
problems is the training phase of Machine Learning models (and the tools based on that) |27, 18]
where (4.1) represents the empirical risk minimization problem, and the goal is to find the model
parameters w which minimizes the average loss on the P observations. The computational per-
iteration burden needed to solve problem (4.1) depends on the size of the problem itself, namely
both on the number of terms P in the summation (which is large e.g. in big data setting)
and on the size of the variable vector n (which is large e.g. in deep networks framework).
Traditional first or higher-order methods for smooth optimization can be naively applied to
solve this problem [15, 161]|. However, these methods (a.k.a. batch methods) usually use at
each iteration all the P samples to update the full vector w and become too computationally
expensive when P is very large. Thus, there is an incentive to use less expensive per-iteration
methods that exploit the structure of the objective function to reduce the computational burden
meanwhile avoiding slowing down the convergence process.

As discussed in section 4.3, widely used approaches for solving problem (4.1) are online or
mini-batch gradient methods, which cycle through the component functions using a random or
deterministic order and update the iterates using the gradient of a single or a small batch of
component functions. The reason for the success of online/mini-batch methods mainly relies on
the different trade-offs in terms of per-iteration costs and expected per-iteration improvement
in the objective function (see e.g. comments in [27]). An entire pass over all the samples P is
called an epoch, and solving problem (4.1) usually requires tens to hundreds of epochs, even if
a single epoch can be prohibitive when P is huge (depending on available computational time).
These methods typically outperform full batch methods in numerical studies since each inner
iteration makes reasonable progress towards the solution providing a good trade-off between
per-iteration improvement and cost-per-iteration, possibly enabling early stopping rules which
are used to avoid overfitting in machine learning.

Among the motivations for using such mini-batch methods, there is also an implicit randomness

Corrado Coppola 39



4.1. Introduction

injection to the basic gradient iteration that can lead to better performance both in training and
generalization. Indeed, since the search direction may be not a descent direction, these methods
possess an inherent non-monotonicity which allows them to explore larger regions, thus possibly
escaping regions of attraction of inefficient local minimizers or saddle points. Moreover, it has
been observed that the larger the batch size, the higher the chance to enter the basin of attraction
of sharp minimizers where the function changes rapidly [100], negatively impacting the ability
of the trained model to generalize on new data [90].

The milestone methods in this class of methods are the Stochastic Gradient Descent (SGD),
a.k.a. Robbins-Monro algorithm, [177], which selects samples using a random with-replacement
rule, and the Incremental Gradient algorithm (IG), which selects samples following a cyclic
deterministic order, [14, 75, 137]. Finally, in practical implementations of mini-batch algorithms,
a broadly used method is the Random Reshuffling algorithm (RR) which selects samples using
a without-replacement sampling strategy, consisting in shuffling the order of samples at each
epoch, and processing that permutation by batches. Empirical results show how RR methods
often lead to better performance than other mini-batch methods (see e.g. [9, 25, 33, 149, 189]).
Intuitively, without-replacement sampling strategies process data points more equally and are
often easier and faster to implement, as it requires sequential data access, instead of random
data access.

Most of the state-of-the-art methods are variants of these methods [71] that can be categorized
mainly in gradient aggregation (non-adaptive methods) and adaptive sampling (adaptive meth-
ods) strategies. As discussed in the previous chapter, non-adaptive methods usually lead to
good efficiency performance, but their convergence has been proved only under strong hypothe-
ses, that are not always verified in real-world applications. Adaptive methods, instead, follow
approaches that dynamically modify the number of terms f, used to estimate Vf in order to
improve the estimates. They usually has a more stable behaviour and are more robust to the
choice of hyper-parameters, but are less computationally efficient and their convergence theory
is still an open research field. Theoretically, they would require the batch size to increase to
infinity (see e.g. [48, 68]) or the computation of exact quantities (e.g. the gradient V f), or good
estimates of them [22, 31].

By computing only approximations of V f, mini-batch methods have worse convergence prop-
erties with convergence rates usually slower than full batch methods. With the only exception
of the fully deterministic methods IG o IAG (i.e., the batches are selected in a pre-fixed order),
most of the convergence theory available for such algorithms provides only stochastic results,
with convergence proofs or complexity bounds valid only in expected value. Moreover, when
it comes to the assumptions needed to prove convergence, mini-batch methods usually require
stronger conditions to be satisfied with respect to full batch gradient methods. Indeed, most of
the full batch gradient methods only require Lipschitz-smoothness of each of the components
fi that allow proving the Descent Lemma, and in turn convergence for sufficiently small and
fixed stepsize is proved. Instead, when analyzing mini-batch methods, in an either probabilistic
or deterministic fashion, additional requirements are needed, and the stepsize must be driven

to zero (which in turn allows driving the error to zero as well). The convergence analysis and
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related assumptions are quite different for random or deterministic sampling.

As discussed in detail in section 3.1, when analyzing the convergence and rate of SGD-like
methods, it is required either convexity and/or some kind of growth conditions on the second
moments, such as assumptions 3.1.1 or the expected smoothness, as in equation (3.11). Further-
more, the stepsize must be fixed to a value depending on the Lipschitz constant of the objective
function. In general, many papers have been devoted to study convergence and/or rate of con-
vergence of modification of the basic SGD possibly weakening the required assumptions and for
a more comprehensive analysis we refer the reader to section 3.1. Regarding 1G-like methods,
as discussed in 3.2, convergence has been proved under assumptions that holds only for a few
classes of functions. Proving convergence for the RR algorithm is in general even more diffi-
cult because without-replacement sampling introduces correlations and dependencies among the
sampled gradients within an epoch that are harder to analyze, as discussed in [83, 189, although
recently, in [149] a fairly simpler analysis has been developed that allows having a better insight
into the behavior of the RR algorithm. However, most of the convergence results of the RR
algorithm and its variants require additional assumptions besides the L-smoothness, such as
(strong) convexity [83, 141, 149, 150, 181, 189], some other kind of generalized convexity [1, 120]
or growth conditions on the gradients of the single functions [140, 149| (see also 3.1. Therefore,
although online methods are broadly applied to solve large finite-sum problems, especially in
the machine learning field, convergence analysis for such algorithms in the non-convex setting
is still far from satisfactory.

In this paper, we avoid to use such strong assumptions and we consider only L-smoothness and
compactness of a level set which can be considered as standard assumptions in unconstrained
optimization. Another critical issue in this class of methods is the practical choice of the decreas-
ing rule for the stepsize (also known as learning rate). In practice, a preferred schedule is chosen
manually by testing many different schedules in advance and choosing the one leading to the
smallest training or generalization error. However, this process can be computationally heavy
and can become prohibitively expensive in terms of time and computational resources incurred
[208]. Adaptive gradient methods such as AdaGrad [59, 208] and Adam [56, 103| update the
stepsize on-the-fly according to the gradients received along the iterations.

Quite recently, following the new emerging approach of line-search enhanced method (see section
3.3), in [140], a new approach has been proposed with new convergence results of a slight
modification (the Nastya algorithm) of the basic RR method in the non-convex case has been
proved. The authors’ approach is closely related to our proposal in the fact that they prove
effectiveness of making extra step along the basic RR direction. However, the convergence
analysis of [140] is based on stochastic arguments and the convergence results are only in expected
value. Furthermore, the convergence theory holds only for a stepsize proportional to L~!, which
can result in a very slow convergence for loss functions characterized by high values of L, such
as the cross-entropy loss.

It is evident how the trade-off between theoretical properties and cost per iteration plays a crucial
role in the definition of optimization methods for large-scale finite-sum problems. On the one

hand, establishing convergence of an algorithm with mild assumptions requires a computational
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overhead to determine exact quantities or good estimations with low variance. On the other
hand, the cost per iteration of the algorithm can be reduced at the extra-cost of requiring more
stringent assumptions on the objective function and, thus, reducing the range of theoretical

applicability of the algorithm.

4.2 Main contributions

In this chapter, we focus on ease-controlled modifications of Random Reshuffling gradient (RR)
methods, including the case of the IG method. We aim to define schemes that converge under
mild assumptions, and in particular, without requiring either convexity assumptions (or similar-
like) on the functions or growth and/or boundness conditions on the gradients of the single
components fp.

Most of the discussed literature is focused either on the stochastic convergence analysis for mini-
batch gradient-like methods, or on the development of enhanced versions of these methods.
Aiming at the latter, in this paper we present Controlled Mini-batch Algorithm (CMA) and
its Non-Monotone variant (NMCMA), two RR improved versions with a safeguard rule on the
sufficient decrease of the objective function. The underlying idea of CMA and NMCMA is to
check, after each iteration, whether sufficient decrease condition is satisfied and, if this is not
the case, to perform a derivative-free line-search to adjust the current step-size. While for a
thorough analysis of the proposed algorithms and their convergence theory we refer to reader to

the further sections, the main contributions of this chapter can be summarized as follows:

e we develop two RR modified algorithms jointly with a fully deterministic convergence
theory, independent from the sampling distribution of the training points. Hence, our

convergence theory is deterministic and does not use any probability concept;

e we prove global convergence (i.e., convergence independently from the starting point) to
a stationary point under the assumptions of coercivity and Lipschitz-smoothness of the

objective function without assuming any conditions on the search direction;

e we show that the convergence theory holds for any choice of the initial step-size, as there
is no dependency of it from the Lipschitz constant: the step-size is automatically adjusted

during the optimization process;

e we provide computational experiments on problems from some thousands up to almost
10 millions of variables, proving that CMA and NMCMA are scalable and more efficient
than traditional full-batch methods and than an incremental gradient method with no

safeguard rules.

In order to assess the performance of the proposed methods, numerical results have been carried
out by solving the optimization problem behind the learning phase of Deep Neural Networks.
We perform numerical experiments using different Deep Neural Architectures on a benchmark of
varying size datasets. We compare our implementation with both a full batch gradient method

(i.e. L-BFGS) and a standard implementation of IG/RR online methods, proving that the
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computational effort is comparable with the corresponding online methods and that the control
on the learning rate may allow a faster decrease in the objective function. The numerical results
on standard test problems suggest the effectiveness of CMA-based methods in leading to better
performance results than state-of-the-art batch methods (i.e. L-BFGS) and standard mini-
batch methods (i.e. IG), by finding better solutions with smaller generalization errors when
dealing with large problems. However, although NMCMA slightly outperforms CMA in our
computational experiments, from a theoretical perspective it is not possible to claim a superior

performance of CMA over NMCMA or vice versa.

4.3 A unified framework for Mini-batch Gradient (MG) methods

Given the problem (4.1), a Mini-batch Gradient (MG) method updates the variables by using
a small batch of the samples I, C {1,..., P}, that for the sake of simplicity and without loss of

generality will be shortened up as a single term p. Thus, we denote

fow) = 3 fu(w) and  Viw)= Y Vi, w)

hielp hielp

An iteration of the MG method, which we name Inner_Cycle, is obtained after a full cycle over
P updates. Given a current point w* and a current step-size (¥, this iteration, also called epoch,
is defined in Algorithm 4.1.

Algorithm 4.1 Inner_Cycle

Input: w”, ¢*
Set wf = wk
Let I* = {n¥ ... K%} be a permutation of {1,..., P}
fori=1,..,Pdo
df ==V /u (’[Ezk—l)
wf = wi_y + ¢}
end for

P
8: Output w* = wk, and d* = Z dr
i=1

Each inner step i = 1, ..., P of Algorithm 4.1 is thus very cheap, involving only the computation
of the gradient V fj, (@f_l) corresponding to a mini-batch of samples.

The general mini-batch method is reported in Algorithm 4.2.

Algorithm 4.2 Mini-batch gradient method
. Given step-size (° € R, and initial point w® € R”
: for k=0,1... do
Compute (wF, d*) = Inner_Cycle(w*, (")
Set wht!l = @k = wk + ¢Fdk
Update ¢* according to a given rule
end for

S ook W
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We first observe that we have, for all i =1,..., P,
= wp — CZ V o, (@ (4.2)

In Incremental Gradient (IG) [14, 17| and Random Reshuffling (RR) [83] methods, the sequence
{w*} is obtained as w* = @k ! for k = 1,2,... where @ is obtained as in Algorithm 4.1

starting with @’5 = w" so that for each k = 1,2, ... at the end of each epoch we obtain:

wp = 1w — vah

In IG or Shuffle-Once, samples are always chosen in the same order (which is fixed in a deter-
ministic or random way respectively) per epoch, e.g. hy = 1,...,hp = P for all k, whereas in
RR methods hy,...,hp are sampled without replacement from the set of P terms available.
Convergence properties of these methods are studied with respect to the behaviour of the outer
sequence {w"}.

In this section, we aim to derive properties of the sequence {uN)Zk} generated by Algorithm 4.1
when a sequence {w*} C R” and a sequence of non negative scalars ¢* are given and each
element w® of the sequence represents the starting point ﬂ?’g of the inner MG iterations.
Depending on the assumptions on the sequences {wk} and {¢ k} we can prove different properties
satisfied by the sequences {w*}, {wF} fori = 1,..., P, and {d*} generated by the overall scheme.

Let us now make the following assumption on the objective function:

Assumption 4.3.1. The gradients V f,, are Lipschitz continuous for each p =1,..., P, namely
there exists L > 0 such that

IV fow) = Vi) < Llu—v]  VuweR

Under Assumption 4.3.1, Algorithm 4.1 has the following property.

Lemma 4.3.2. Let Assumption 4.3.1 hold and let w* and ¢* be a given point and stepsize. Let
1175-“ be the points generated by Algorithm 4.1. Then we have, for alli=1,..., P,

laf —agll < ¢ LY llaf, - olHZHth ol - (4.3)
j=1

Proof. For the sake of simplicity we consider the permutation I¥ = {1...P}. From Algorithm

4.1, we have that, w; = wy — (V f1(wp). Hence, we obtain

llwy — wol| = ¢I[V f1(wo) |l (4.4)

and (4.3) holds for i = 1.
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Now, using the Lipschitz assumption we can write for all ¢

[[ws — wol| = —Civfj(@j—l)
iz
= i; (Vfj(wj—1) = Vfj(wo) + V f;(wo))
=
< Ci} IV fj(wj-1) = Vfj(wo) + V fj(wo)ll
i=
< Ci; IV fi(@j-1) = V f5(@o) || + IV £;(wo) ])
i=
< CZ (L 151 = @l + V(@)
i
which concludes the proof. 0

Let us now assume that we have assigned sequences {w*} and {¢*}. We start by proving that,
when both {w*} and {¢¥} are bounded, then the inner sequences {w} are bounded too for all
i=1,...,P.

Proposition 4.3.3. Let Assumption 4.5.1 hold and let {w*} and {¢*} be bounded sequences of

points and positive scalars. Let {@f} fori =1,..., P be the sequences of points generated by
Algorithm 4.1.
Then, the sequences {wF — w*}, fori=1,..., P, are all bounded.

Proof. The proof is by induction. Using the definition of @f as in step 5 and step 6 of Algorithm

4.1 we can write for ¢ = 1:
[} — @]l = |} — w*]| = CFIIV fr ()]

which, considering the boundedness of w*, ¢*¥ and continuity of V fh’fv proves that {ile — 15’5 }is
bounded.
Thus, we assume that {@f —w*} are bounded for all j = 1,...,i— 1, and prove that {@# —w*}

is bounded as well. In fact, thanks to Lemma 4.3.2 we can write

[ 7

~f k k ~f k k

lwf —w| < ¢F {1l —w H+Z||th§(w I
j=1 j=1

which, by the induction assumption, boundedness of w* and ¢* and the continuity of each Vf;,

proves boundedness of {@w? — w*} for all 4. O

We now prove that when the stepsize ¥ is driven to zero, the bounded sequences {{Df} converge
to the same limit point of the outer sequence {w*} and that the sequence of directions {d*}

converges to —V f(w). This result is at the basis of the convergence of IG and RR methods.
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Proposition 4.3.4. Let Assumption 4.3.1 hold. Assume also that {w*} is bounded and that
klim ¢k =0. Let {@F} and {d*} be the sequences of points and directions produced by Algorithm
—00

4.1. Then, for any limit point @ of {w*} a subset of indices K erists such that

kﬁiiorgeK wh =, (4.5)
kagﬁeK ¢t =0, (46)
kﬁiio%d(@f =w, foralli=1,...,P (4.7)
k_}iiOIEGK di, = =V f(w). (4.8)

Proof. Let us consider any limit point @ of {w*}. Then, recalling that limy_,, ¢¥ = 0, we have

that a subset of indices K exists such that

lim w* = w,
k—o0,ke K
lim ¢*F=o0.
k—o0,ke K
Now, for every iteration index k, let I¥ denote a permutation of the set of indices {1,..., P}.

Since P is finite, the number of such permutations is finite. Then, we can extract an infinite

subset of indices K C K such that

lim  w®=w (4.9)
k—o0,keK

li k=0 4.10
kﬁog,rlieK C ( )

Ik:j:{ﬁl,...,hp}, Vke K

Thus, (4.9) and (4.10) prove, respectively, (4.5) and (4.6). From the definition of Algorithm 4.1,
and applying Proposition 4.3.2 we have that for i = 1,..., P and k € K, we can write

i i
@F — wh|| < P\ LY Mf g —wl + Y IV f5, b)) (4.11)
j=1 j=1

Now, to prove (4.7), we proceed by induction on i. Consider first ¢ = 1 so that
~F k k k
[w7 — w"|| < ¥V fr, (")

Taking the limit for & — oo, k € K recalling that {w*} is bounded and continuity of Vi, we

obtain
lim ||@f —w®|| =0
k—o0,ke K
which means, recalling (4.9), that
lim @ = . (4.12)
k—o0,ke K
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By induction on ¢, let us assume that, for all j =1,...,7 — 1,

. ~k k| _
k—>£lor,lli€Kij w®|| =0 (4.13)

By taking the limit for k¥ — oo, k € K, in (4.11), and recalling the induction assumption (4.13),
boundedness of {w*} and continuity of V f,;j for all j, we have that

lim ||of —w®|| =0
k—o0,ke K
which means, recalling (4.9), that
lim  @f = . (4.14)
k—o0,ke K

Then, (4.12) and (4.14) prove (4.7).
In order to prove (4.8), let us recall the definition of d*, for k € K, i.e.

P
d* == V(@ ).
=1

Then, (4.8) follows by recalling (4.7) and the continuity of Vf; , fori=1,..., P. O

Remark 4.3.5. In Algorithm 4.1 the for cycle at step 4 can be modified using in place of P a
value P* < P for all k and such that P* = P for infinitely many iterations. Indeed, under this
condition we have that Proposition 4.3.4 still holds on the further subsequence {k : Pk = P}.

Proposition 4.3.4 shows that, given an “external” converging sequence {w*} and driving the
stepsize (¥ — 0, the “attached” sequences ﬁf for k € K remains in a neighborhood of w* and
converge to the same limit point @. Thus it proves that the direction d* used for updating the

point w* tends in the limit to be the gradient itself. This implies that the error

P
HVf(w’“) — > V(@)
=1

is going to zero in the limit.

The error going to zero has been exploited to prove convergence of deterministic IG and RR
methods requiring strong assumptions on the objective functions as done in most papers |17,
24, 81, 165, 184|. Indeed, these strong assumptions are not satisfied in many important machine
learning models.

In Proposition 4.3.4, these assumptions on the objective function are replaced by a strong
assumption on the sequence {w*}, which has to remain bounded. In the next sections, we
show how to enforce this assumption by embedding Algorithm 4.1 in a more specific framework
producing the sequence {w"}.

Another crucial aspect in methods using diminishing stepsize rule is how to drive the stepsize
¢* — 0. Indeed many heuristic rules have been defined [71] to avoid the stepsize decreasing too
fast and thus slowing down convergence. The algorithms that we define in the next sections

also allow tackling this aspect in an automatic way by controlling the reduction of the stepsize.
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In particular, the price to pay for lightening the assumptions requires a limited additional

computational effort by checking periodically a sufficient reduction of the objective function.

4.4 Main assumptions and underlying idea: the CMA framework

Throughout the paper, we require only the following assumptions on the objective function f(w)

and its gradient.

Assumption 4.4.1. The function f is coercive, i.e. all the level sets
L(wo) ={w eR": f(w) < f(wo)}

are compact for any wy € R".

Assumption 4.4.2. The gradients V f, are Lipschitz continuous for each p =1,..., P, namely
there exists L > 0 such that

IV o) = VAW < Lju—v] ¥ uweR”

Assumption 4.4.1 enforces the existence of a global solution. It is trivially satisfied e.g. in
training problems for Deep Neural Networks (DNNs) when using a fs regularization term for
the empirical error. Assumption 4.4.2 is a standard and mild assumption in gradient-based
methods.

The idea at the basis of the proposed schemes, firstly proposed in [185], consists in perturbing
as less as possible the basic iteration of the RR/IG gradient algorithm to retain their light
computational effort and the low memory requirement per iteration. The ingredients used are
indeed the basic mini-batch iteration and tools derived from derivative-free methods.

In particular, we define two algorithmic schemes in which the IG/RR iteration is controlled by
using a watchdog rule and a derivative-free linesearch that activates only sporadically to guar-
antee convergence. The two algorithms differ in the watchdog and the linesearch procedures,
which are performed using either a monotonic or a non-monotonic rule. They also allow con-
trolling the updating of the learning rate used in the main IG/RR iteration, avoiding the use of
pre-set rules that may drive it to zero too fast, thus overcoming another challenging aspect in
implementing online methods, which is the updating rule of the stepsize. We prove convergence
under the mild assumption of Lipschitz continuity of the gradients of the component functions,
without assuming any further hypotheses on the search direction d*.

In Algorithm 4.3, we report the rough algorithmic scheme of the proposed algorithms. The
underlying idea of CMA and NMCMA is to control both the iteration and the stepsize of
RR mini-batch gradient iteration. Indeed, a trial point @w”* is obtained by Algorithm 4.1, as
for any other mini-batch methods. However, differently from what happens in the standard
mini-batch methods (see Algorithm 4.2), the trial point is accepted only when a watchdog-
flavoured condition [37] is verified and a sufficient decrease of the objective function is attained

(represented with the checking sub-routine SufficientDecrease()). When this is not satisfied,
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we resort to a linesearch procedure (DerivativeFreeLineSearch() in Algorithm 4.3) to enforce
convergence. However, since we want to avoid computing the gradient even periodically, we
adopt a derivative-free-type linesearch |77, 115, 136], which is used to define the new iteration
and to possibly update the stepsize used in the mini-batch cycle. Therefore, the extra cost to pay
for lightening the assumptions needed to prove convergence is given by the function evaluation
needed at the end of each epoch and possibly in the linesearch. We remark that CMA and
NMCMA require different watchdog and linesearch updating rules and are not comparable from
a theoretical point of view in the final effort required. However, as it can be seen in Step 9 of
Algorithm 4.3, they both produce a point w**!, which is a modified IG/RR point. In particular,
if the watchdog condition is satisfied, we get exactly the IG/RR point, otherwise we either take
a longer step along the search direction d* or restart. In this last case we admit the possibility

of wasting one epoch of computational time.

Algorithm 4.3 Sketch of algorithms CMA and NMCMA
1: Let ¢° >0, and w® e R*, k=0
2: for k=0,1,2... do
3. Compute (@*,d*) = Inner_Cycle(w*,¢¥)

4: if sufficient decrease is attained then

5: Set ¢+l = ¢* and o = ¢F

6: else

7: Compute &* by a linesearch procedure (LS)

. Set af — {&k if LS successful kel = {Ck if LS is successful
0  otherwise o¢k

9: end if

10wkt = wk + oFdk

11: end for

4.5 The proposed algorithms: CMA and NMCMA

In this section, we introduce the two algorithms: Controlled Mini-batch Algorithm (CMA) and
Non-Monotone Controlled Mini-batch Algorithm (NMCMA). For each of them we prove con-
vergence properties under specific light assumptions. Indeed, the aim of CMA-based algorithms
is to define schemes that require a low increased computational cost with respect to traditional
RR or IG algorithms, and allow to control convergence without requiring strong assumptions
on the objective function. In particular, neither convexity, nor strong growth conditions on
the gradients of each f, and on the full gradient, as in [14, 83, 165| are required, but we use
Assumptions 4.4.1 (assumed always satisfied) and 4.4.2 (recalled when needed).

The underlying idea of the Controlled mini-batch Algorithm schemes consists in defining the
“external” sequence {w¥} by trying to accept as much as possible the points generated by

b+l — 155% for as many iterations k as possible. The acceptance

Algorithm 4.1, namely setting w
of the trial point @ﬂ% is controlled by means of both a watchdog approach and, in extreme cases,

a derivative-free linesearch procedure involving a few evaluations of just the objective function.
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(a) MG (b) CMA

k+1

Figure 4.1: a) MG gradient outer iteration; b) Controlled mini batch outer iteration: w is selected

as on one of the green points.

k

In particular, the outer iterations w” are defined as:

wh Tt = wk + oFd” (4.15)
P
where d* = —ZV Iy (wF ) is the search direction obtained in the Inner_Cycle and the
stepsize can také:tlhe values
¢k the trial point {Ef; is accepted
ofF =<0 restart from the last point w*

> ¢ take a longer step along d*

In Figure 4.1, we report a picture of the outer iterations in the MG gradient method (as in
Algorithm 4.2) and in the Controlled Mini Batch scheme (Algorithm 4.3). We highlight how
the outer iteration in Controlled mini-batch Algorithms allows an extrapolation step along d*
but also the possibility of having a restart, thus discarding completely the iterations done in
the last epoch. The computational experience reported in section 4.6 shows that the restart
step appears very seldom and does not affect the overall performance. As already mentioned,
in [140], a result on the convergence of a modification of the RR method which considers a
similar extrapolation step along the direction d* has been provided with the Nastya algorithm.
However, the main difference between Nastya and CMA frameworks relies on the hypothesis
needed to prove convergence: we do not need to know to any extent the Lipschitz constant, so
that ¢* is adjusted in an automatic way. Moreover, we also include the possibility of restarting
the iteration.

Further, we also have the chance to control the stepsize (¥ used in the Inner_Cycle. Algorithm
4.1 constitutes the inner iterations which defines trial points @* and search directions d*. Even-
tually, the stepsize ¢* used in in the Inner_Cycle is driven to zero. However, the decreasing
rule depends on watchdog rule on the iteration, and it may happen that ¢**t! = ¢¥. This avoid
the inner stepsize to decrease too fast and slowing down the practical convergence.

We call the method “Controlled mini-batch Algorithm” since at each “outer” iteration the watch-
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dog approach is leveraged to apply mini-batch iterations as much as possible, while reductions
of the objective function over the iterations and of the stepsize ¢* are checked and, when needed,
enforced via a derivative-free linesearch procedure.

In the following, two different versions of the algorithm are introduced that use either a mono-
tone or non-monotone linesearch procedures thus forcing either a monotone or non monotone
decreasing sequence {f(w”*)}. Both the two line-search procedures use as starting stepsize the
value of (¥ and envisage the possibility of extrapolating, namely of taking larger steps along
the direction d*. For the sake of simplicity, we will refer to these two methods as CMA and
NMCMA respectively.

The two methods differ not only in the DFLS but also in the acceptance rules of the trial
points and in the reduction of the stepsize. From a theoretical point of view we cannot prove
the superiority of one w.r.t. the other, while, from a practical perspective, they can explore

different regions of the searching space and can achieve different numerical performances.

4.5.1 Monotone Controlled mini-batch Algorithm

In this section, we present the Controlled mini-batch Algorithm (CMA) which is a monotonically
decreasing method. Following the general description, a trial point @* and a direction d* are
obtained by applying Algorithm 4.1 with a constant stepsize ¢*.

CMA checks if a sufficient reduction in the trial point is satisfied, namely f(@w*)— f(w*) < —~¢*.
In this case, the trial point is accepted, and the stepsize (¥ is left unchanged.

Otherwise, CMA checks whether the direction d* can be considered as a good estimate of a
descent direction or if we are close enough to convergence. In these cases, the inner stepsize
¢* can be reduced, and the direction can possibly be used within an Extrapolation Derivative-
Free Linesearch (EDFL). When used, EDFL computes the outer stepsize aF used to update the
iteration. It checks first for a sufficient monotonic reduction using a derivative-free condition
f@*) — f(wk) < —~¢¥||d¥||?, and when satisfied, it employs an extrapolation procedure for
taking longer steps than (¥ along the direction. The scheme of the Linesearch procedure EDFL
is provided in Algorithm 4.4 [136].

Algorithm 4.4 Extrapolation Derivative-Free Linesearch (EDFL)

Input (w”,d*, ¢*;~,8): w* € R*, d* € R*, ¢¥ >0,y € (0,1),6 € (0,1)

Set a = (¥

if f(w* + ad®) > f(w*) —ya|d*||? then
Set o = 0 and return

end if

while f(w" + (/6)d*) < min{f(w*) —~(a/d)||d*|?, f(w" + ad*)} do
Set v = a/§

end while

Set o = o and return

Output: oF

,_.
e

The scheme of the CMA is provided in Algorithm 4.5. We note that the stepsize returned by the

EDFL is called &* and it is used together with ¢¥ and d* to check several different conditions on
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k is set to zero only when

the sufficient reduction of the objective function. The final stepsize «
all the conditions are not met, and the produced point would be outside the Level set £(w?).
In this way we try to allow acceptance of the trial point as much as possible, thus perturbing
the classical RR or IG iteration as few times as possible. Also, CMA allows a further degree
of freedom in choosing w**! w.r.t. to (4.15) that can actually be set to any point such that

Fhh) < f(wh + ofd)

Algorithm 4.5 Controlled mini-batch Algorithm (CMA)
1: Set ¢Y > 0,0 € (0,1),7 >0,y € (0,1),5 € (0,1)
2: Let w’ € R", k=0
3: for k=0,1,2... do
4:  Compute (w*,d¥) = Inner_Cycle(w*,¢*)

5. if f(@*) < f(wF) — v¢¥ then

6: Set ¢F+1 = ¢* and o = ¢F

7. else

8: if ||d*|| < 7¢* then

9: Set ¢F1 = 0¢* and of = {Ck i f(U)k.) < fw?)
0  otherwise

10: else

11: a* = EDFL(w*, d*, ¢*;,0)

12: if a*||d*||> < 7¢* then

ak ifak >0
13: Set (*1 = 6¢k and of = ¢ ¢ if @F =0 and f(@") < f(uw")

0 otherwise

14: else

15: Set ¢F+1 = ¢* and of = aF
16: end if

17: end if

18: end if

19:  Set y* = w* + oFdk
20:  Select w**! such that f(w*+1) < f(y*)
21: end for

CMA Convergence analysis

We first recall that the Linesearch procedure in Algorithm 4.4 is well defined; namely it termi-

nates in a finite number of iterations.
Lemma 4.5.1. Algorithm 4.4 is well defined, i.e. it determines in a finite number of steps a
scalar o such that

Flwh + akdb) < flwh) — yak |dF (4.16)

Proof. First of all, we prove that Algorithm 4.4 is well-defined. In particular, we show that the

while loop cannot infinitely cycle. Indeed, if this was the case, that would imply

f <wk+ckdk> < flw*) - (Ck> "> vi=1,2
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so that for j — oo we would have (¢¥/§7) — oo which contradicts the compactness of £(w?)
and continuity of f.

In order to prove (4.16), we consider separately the two cases i) af = 0 and ii) o > 0. In the
first case, (4.16) is trivially satisfied.

In case ii), the condition at step 4 implies
fwh 4+ ¢Fdb) < fwb) = 4¢Pt

Then, if o = ¢*, the condition is satisfied. Otherwise, if a* > ¢*, the stopping condition of the
while loop, along with the fact that we already proved that the while loop could not infinitely

cycle, is such that we have
£k +a¥d) < Flwh) = a¥
which again proves (4.16), thus concluding the proof. O

We now prove that the sequence generated by CMA remains in the level set £(w") which is

compact by Assumption 4.4.1, thus satisfying the assumption required in Proposition 4.3.4.

Lemma 4.5.2. Let {w*} be the sequence of points produced by algorithm CMA. Then, {w*} C
L(w?).

Proof. By definition of algorithm CMA and recalling Lemma 4.5.1, for every iteration k, we
have that f(w**!) < f(y*) (step 20). Furthermore, exactly one of the following cases happens

i) step 7 is executed, i.e. f(y*) < f(w®) —~CF;
ii) step 16 is executed, i.e. f(y*) < f(w*) —ya¥||d¥||?;
iii) step 10 is executed, then, we have that

— fy") < f(w°) or

— fy*) = fwh);
iv) step 14 is executed, then, we have that
— f*) = f(w*) or
- f(y") = f(@") < f(w”) or
— fy*) = fwh + aFd¥) < f(w + ¢Fd¥) = f(@*) < fwb) —¢F)dF|>.

Then, for every k, we have in particular that either f(w**1) < f(w%) or f(w*+1) < f(w*). Now,

let us split the iteration sequence into two subsets, namely K and K, such that

K={keN:k>0,f(w"
K={keN:k>0,f(w"

(w™)},

(w* )}

<f
<f

Corrado Coppola 53



4.5. The proposed algorithms: CMA and NMCMA

Note that, in particular, 0 € K, i.e. K # (). It obviously results that
{w*} i C L(w"). (4.17)

On the other hand, for every k € K, let my, be the biggest index such that mj < k and my, € K.
Since K # (), my, is always well-defined. Then, by definition of K, K and my, we can write

F?) < ) <o < ™) < f(u?)
Hence, when k € K we still have that f(w*) < f(w?), so that
{w*} & C L(w"). (4.18)

Then, the proof is concluded recalling (4.17) and (4.18).

Now we show that the inner stepsize (¥ goes to zero as k — co.

Proposition 4.5.3. Let {¢*} be the sequence of steps produced by Algorithm CMA, then

lim ¢F =o.

k—o0

Proof. In every iteration, either ("1 = (¥ or ¢**1 = 0¢* < ¢*. Therefore, the sequence {¢*} is

monotonically non-increasing. Hence, it results
lim ¢¥=¢>0.
k—o0

Let us suppose, by contradiction, that ¢ > 0. If this were the case, there should be an iteration
index k& > 0 such that, for all k& > k, ¢¥*t! = ¢¥ = . Namely, for all iterations k > k, step 7 or
16 are always executed. Then, for all & > k we have f(w**1) < f(w®).

Let us now denote by

K' = {k: k>k, and step 7 is executed}
K" = {k: k>k, and step 16 is executed}

Let us first suppose that K’ is infinite. Then, for ¥ € K’ and k > k, we would have that
infinitely many times

¢ < fwf) = fwt),

Then, taking the limit for & — oo and k € K’, we get a contradiction with the compactness of

the level set and the continuity of the function f.

On the other hand, let us suppose that K” is infinite. Then, thanks to Lemma 4.5.1, we would
have that, for k € K",

FMh) < fwh + aFd®) < f(wh) — a2,
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By taking the limit in the above relation and recalling the compactness of the level set £(w°)

and continuity of f, we have that f(w*) — f € R,k — oo and we would obtain
lim o”||d*||> = 0.
k—o0
But then, for k € K" and sufficiently large, it would happen that
oF|d*|* < ¢
which means that Algorithm CMA would execute step 10 setting ¢¥t!1 = ¢ thus decreasing
¢*+1 below ¢. This contradicts our initial assumption and concludes the proof. O

We are now ready to provide the main convergence result for CMA.

Proposition 4.5.4. Let Assumption 4.4.2 hold and let {fwk} be the sequence of points produced
by Algorithm CMA. Then, {w*} admits limit points and (at least) one of them is stationary.

Proof. By the compactness of £(w?) and considering that w* € £(w°) for all k, we know that
{w*} admits limit points.

Now, let us introduce the following set of iteration indices
K ={k: (" =06¢"}

and note that, since limy_, oo Ck = 0, K must be infinite. Let w be any limit point of the

subsequence {w*} g, then, by Proposition 4.3.4, a subset K C K exists such that

lim w”® = w, (4.19a)
k—o0,ke K

lim d* = -V f(w), (4.19b)
k—o0,ke K

lim ¢*=0 (4.19¢)
k—o0,ke K

Then, let us now split the set K into two further subsets, namely,

K {keK: [ld" < ¢,
Ky = {ke K\ K, :ad")|?<rck).

Note that, K7 and K5 cannot be both finite.
First, let us suppose that K is infinite. Then, the definition of K7, (4.19b) and (4.19¢) imply
that

li kI = )| =
] = V@) =0

thus concluding the proof in this case.

Now, let us suppose that K> is infinite. In this case, we proceed by contradiction and assume
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that w is not stationary, i.e. |V f(w)| > 0. By the definition of K5 and (4.19c), we obtain

lim  a&"||d*||* =0,
k—o00,ke Ko

which, recalling (4.19b) and the fact that ||V f(w)| > 0, yields

lim &F =0. (4.20)
k—o00,ke K2

Now, let us further partition K5 into two subsets, namely

N

1) K2:{kEK2:
i) Ky ={keKy: a >0}

Let us first suppose that K5 is infinite. This means that, by the definition of algorithm EDFL,

f(w") — f(w* + ¢*db)
Ck

<lld*)%.
Then, by the Mean-Value Theorem, a number &% € (0, ¢*) exists such that
—Vf(wh 4+ aFd)TdF < | d*|>.
Taking the limit in the above relation, considering (4.19a), (4.19b) and (4.19c¢), we obtain
IVF@)II* < 7V f ()|
which, recalling that v € (0,1), gives
IV f ()| =0,

which contradicts ||V f(@)] > 0. Now, let us suppose that Ky is infinite. This means that

fw®) — fw* + (6% /6)d")

d¥|2.

Then, reasoning as in the previous case, and considering (4.20), we again can conclude that

|V f(w)|| = 0, which is again a contradiction and concludes the proof. O

4.5.2 Nonmonotone Controlled mini-batch Algorithm

In this section, we propose a nonmonotone version NMCMA of the Controlled mini-batch Al-
gorithm.

This algorithm is motivated by relaxing the acceptance criteria so to accept even more frequently
the trial point @”* thus possibly decreasing the need for function evaluations and increasing the
computational efficiency.

In particular, we introduce a nonmonotone acceptance criterion both in step 6 of CMA and in

steps 4 and 7 of Algorithm 4.4. Following classical approaches in nonmonotone scheme |76, 78|,
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in these conditions we substitute the value f(w*) with a reference value R¥ which does not
exceed the value of the objective function in the last M iterations, being M the nonmonotone
memory.

Following [78], we introduce the Nonmonotone Derivative Free Linesearch procedure NMEDFL
in Algorithm 4.6. We note that the use of the reference value R¥ is not the only difference w.r.t.
the monotone version. Indeed, steps 3 and 6 require a parabolic reduction condition on the

stepsize « instead of a linear one.

Algorithm 4.6 Nonmonotone Extrapolation DF Linesearch (NMEDFL)

1: Input (RF, w®,d* ¢*;~,6): wk e R*,d* € R*", RF ¢ R,¢* > 0; v € (0,1),6 € (0,1)
2: Set a = (¥

3: if f(w* + ad®) > R¥ — vy(a)?|d*||> then

4. Set o = 0 and return

5: end if

6: while f(w* + (a/6)d*) < min{R* — v(a/6)?||d*|]?, f(w* + ad®)} do

7 Seta=a/d

8: end while

9: Set o = o and return

10: Output: o

The scheme of the overall nonmonotone algorithm NMCMA is provided in Algorithm 4.7. We
note that step 6 of NMCMA relaxes the monotonic requirement of step 6 of CMA but strengthens
the sufficient reduction condition, being max{¢*, ¢¥||d*||} > ¢*. Furthermore, we have no more
the additional freedom of selecting w**! such that f(w**!) < f(w* + o¥d"). This is due to the
k+1 _ w¥| among iterates. Thus, it is not possible to state

that NMCMA is computationally less expensive than CMA .

need of controlling the distance ||w

NMCMA Convergence analysis

We first recall that the Linesearch procedure in Algorithm 4.7 is well defined, namely it termi-

nates in a finite number of iterations.

Lemma 4.5.5. Algorithm 4.7 is well defined, i.e. it determines in a finite number of steps a
scalar o satisfying
fw* + afd") < RY —~(a*)?)d")%, (4.21)

where R is a reference value such that

f(w®) <R _Ogjgrﬁg)th}{f(w )}

Proof. Algorithm NMEDFL cannot cycle indefinitely within the while cycle because that would
imply

2
by ) < m o () vi= 12
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Algorithm 4.7 Nonmonotone Controlled mini-batch Algorithm (NMCMA)
1: Set ¢Y > 0,0 € (0,1),7>0,M €N, v€(0,1),6 € (0,1)
2: Let w® € R", k=0
3: for k=0,1,2... do

: Set Rk = k—j .
4 Se ogjgﬁlﬁ}{{k,m{f(w )}

5. Compute (@, d*) = Inner_Cycle(w*,(*)
6: if f(@*) < RF — ymax{¢*,¢¥|d*||} then
7. of = ij Ck-i—l — Ck

8: else

9: if ||d¥|| < 7¢* then

10: CHHl=0ck  oF =0

11: else

12: of = NMEDFL(R*, dé, w, ¢¥; v, 6)
13: if (o)?||d*||> < 7¢* then

14: Set ¢kl = g¢k

15: else

16: Set ¢F+l = ¢k

17: end if

18: end if

19:  end if

20:  whtl = wk + aFdP

21: end for

so that for j — oo we would have (¢¥/67) — oo which contradicts the compactness of £y and
continuity of f.

In order to prove (4.21), we consider separately the two cases i) af = 0 and ii) o > 0. In the
first case, (4.21) is trivially satisfied given the definition of R.

In case ii), since the if condition at step 3 of NMEDFL is not satisfied, we have that

fwh + ¢Fd) < RF —4(¢)?1d )2

Then, if the final o is equal to ¢¥, the condition is satisfied. Otherwise, if o > (¥, the

conditions of the while loop are such that we have

f(w* +afd’) < R* —~(a®)?|d"|?
thus the proof is completed. O
We now recall an important lemma (Lemma 1 in [78]) that we will need further.

Lemma 4.5.6 (Lemma 1 from [78]). Assume that a constant L' > 0 exists such that
() = f(0)] < L'|u = v|.
Let {w*} be a sequence such that

F™) < R* — ot —wh|) (4.22)
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where o : RT — Rt is a forcing function and R is a reference value that satisfies

k k k—j
fw") <R < Ogjgnmlﬁ{ck’M}{f(w N} (4.23)

for a given integer M > 0. Suppose that f is bounded below, and that it is Lipschitz continuous

on L, that is, there exists a constant L such that
[f(x) = f)l < Lllz —yll, for all, z,y € L. (4.24)
Furthermore, for each k > 0, let (k) be an integer such that k —min{k, M} < ¢(k) < k and that

f'®)y = max  {f(w)}

0<j<min{k,M}
Then, we have:
i) wk e L0 for all k;
i) fwhh) < f(w'™) = o(|Jwktt —wk]]);
iii) limp_yo0 WP — wl®)|| = 0, where 0(k) = 0(k + M + 1);
iv) the sequence {f(wF)} is convergent;
) Tty soq [0 — ¥ = 0,

Proof. For each k > 0, let (k) be an integer such that k& — min(k, M) < ¢(k) < k and that

f®) = max  [f@).

Then, using (4.22) we get
FwF) < fw'@) — g (Hw’f“ - wkH> . (4.25)

which proves assertion ii). As a first step we show that the sequence { f(w**))} is non increasing.
Indeed, consider the index k+1—min(k+1, M) < {(k+1) < k+1 and using min(k+1, M) <
min(k, M) + 1, we get

f(wz(kﬂ) = max [f(wk+1_j < max [f wk+1_j)] =

0<j<min(k-+1,M) T 0<j<min(k,M)+1

_ max{f(wé(k))7f(wk+1)} _ f(we(’“))

where the last equality follows from (4.25).

As {f(w*®)} is non increasing, and w*® = w° we get also that f(w*) < f(w), so that
w* € L0 for all k which proves assertion i). Further the non increasing {f(w‘®))} sequence
admits a limit for £ — oo.

Now we observe that if iii) holds then we easily get iv) and v). Indeed by the Lipschitz assumption
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written on points w* and w**) and the fact that {f(w®))} sequence admits a limit we get

lim f(w*) = lim f(w"®) = lim f@!® M) = lim fw'®)
k—o0 k—o0 k—ro0

k—o00

which proves iv). Then by assumptions (4.22) and (4.23) we get also v).

Thus, it remains to prove iii). We can write

wZ(k) _ (wZ(k) _ wZ(k;)—l) i (w?(k)—l _ wZ(k)—z) NI (wk—f—l _ wk) 1wk

so that
~ k Y
tim o™ — k| = 1 ( fk)—i+1 _ e(k)—j) 4.26
Jim lw I'= lim ;_ﬁ w (4.26)

~

where ((k) —k < M + 1. We prove by induction on 1 < j < M + 1 that

lim wa<’€>—3’+1 - wf(k)—jH ~0. (4.27)

k—o0

Let consider the ii) written for k = ¢(k) — 7 — 1 we have
Ft®=i+1y < pp @R=0)y _ o (wa(m—jﬂ _ w“’fHH) (4.28)

Let j = 1, taking the limit, using f(w/®) — f(w!“®*)=1) — 0 and the definition of forcing
function, we get
lim Hwe(k) — we(k)flu =0

k—o00
which is iii) with j = 1. Using the Lipschitz continuity, we also get for j = 1 that

lim f(w'®)~ )—kli_{n Fw®)y (4.29)

k—o0

Now we assume that (4.27) (4.29) hold for j and we prove that they are valid for j + 1.
By (4.28) with j + 1, using (4.29) and the definition of forcing function we get
lim sz(k we(k)ﬂ;lH =0
k—o0
Now using the Lipschitz continuity and (4.29) we get that (4.29) holds for j + 1 too. This
terminates the induction.
Now from (4.26) we get

lim ||w£(k wk|| =0
k—o0

O]

It is now possible to prove the following result on the behaviour of the sequence of points
produced by algorithm NMCMA {w*}.

Proposition 4.5.7. Let {w*} be the sequence of points produced by algorithm NMCMA.
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Then,
i) wk € L(w®) for all k;
i) {R*} and {f(w*)} are both convergent and have the same limit R*;
i) limy s [|w* 1 — wk|| = 0;

Proof. By Assumption 4.4.2 the function f is Lipschitz continuous and by Assumption 4.4.1,
f is bounded below. Recalling Lemma 4.5.6, the fact that f is continuously differentiable and
that £(w?) is compact, we have that all the assumptions of Lemma 1 in [78] are satisfied. For
the sake of completeness, the statement and proof of this Lemma are reported in Lemma 4.5.6.

Hence, the proof exactly follows from |78, Lemma 1| except that we have still to prove that
lim R* = lim f(w").
k—o00 k—o0

This is proved by noting that {f(w*)} converges to a limit, and by recalling the definition of
RF ie. R¥ = maxo<j<mingean {f(w")}.
O

We now show that the inner stepsize (¥ goes to zero as k — co.

Proposition 4.5.8. Let {¢*} be the sequence of steps produced by Algorithm NMCMA, then

lim ¢* = 0.

k—o0

Proof. The first part of the proof is similar to the one of Proposition 4.5.3. In every iteration,
either ¢F1 = (¥ or ¢**1 = 9¢F < ¢*. Therefore, the sequence {¢*} is monotonically non-
increasing. Hence, it results

jim ¢t =20
Let us suppose, by contradiction, that ¢ > 0. If this were the case, there should be an iteration
index k > 0 such that, for all k > k, ¢¥*1 = ¢¥ = ¢. Namely, for all iterations k > k, step 16 or

7 are always executed.

Let us now denote by

K/
K//

{k: k >k, and step 7 is executed},

{k: k >k, and step 16 is executed}.

Let us first suppose that K’ is infinite. Then, for £ € K’ and k > k, we would have that
infinitely many times

¢ < RF — f(whth).

Then, taking the limit for & — oo and k € K’, and recalling the results of Proposition 4.5.7, we
get a contradiction with ¢ > 0.
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On the other hand, let us suppose that K” is infinite. Then, infinitely many times, we would
have that, for k € K",

FMHY) = fk + akdh) < BE = (ab)? ¥,

By taking the limit in the above relation and recalling the compactness of the level set £(w°)

and continuity of f, we would obtain
lim (o*)?||d*|? = 0.
k—o00
But then, for k € K” and sufficiently large, it would happen that
(a®)||d*|* < ¢

which means that Algorithm NMCMA would have executed step 14 setting ¢**t! = 6, thus
reducing ¢**1 below (. This contradicts our initial assumption and concludes the proof. O

We are now ready to provide the convergence result for NMCMA.

Proposition 4.5.9. Let Assumption 4.4.2 hold and let {wk} be the sequence of points produced
by Algorithm NMCMA. Then, {w*} admits limit points and (at least) one of them is stationary.

Proof. By the compactness of £(w?) and considering that w* € £(w®) for all k, we know that
{w*} admits limit points.

Now, let us introduce the following set of iteration indices
K ={k: ¢"=06¢"}

and note that, since limy_, o Ck = 0, K must be infinite. Let w be any limit point of the

subsequence {w*} g, then, by Proposition 4.3.4, a subset K C K exists such that

lim w* = w, (4.30a)
k—o0,ke K

lim d* = -V f(o), (4.30b)
k—o0,ke K

lim ¢F=0 (4.30c)
k—oo,ke K

Then, let us now split the set K into two subsets, namely,

Ky = {keK: |d*| <7¢*},
Ky = {keR\K :(a")?d"|? <r¢k).

Note that, K7 and K9 cannot be both finite.
First, let us suppose that K is infinite. In this case, (4.30) imply that

li d*|| = 0| =
k%g}flemll | =1Vf(w)|] =0
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thus concluding the proof in this case.

Then, let us suppose that K> is infinite. In this case, we proceed by contradiction and assume
that w is not stationary, i.e. |V f(w)|| > 0. By the definition of K5 and considering (4.30c), we
obtain

lim (ab)2 "2 = 0,
k—o00,k€e Ko

which, considering (4.30b), yields

lim  of =0. (4.31)
k—o00,ke K2
Now, let us further partition K into
1) K2:{kEK2: Oék:()}
ii) KQZ{I{:EKQZ ak>0}.

Let us first suppose that infinitely many times point (i) happens. This means that

f*) — f(w* + ¢*d¥)
Ck

<ACHlat|?.
Then, by the Mean-Value Theorem, a number &* € (0,¢ k) exists such that
—Vf(wk + akd)Tadx < ~¢¥||d¥)?.
Taking the limit in the above relation for k — oo, k € K3, recalling (4.30), we obtain
IVF(@)|* <0

ie. |[Vf(w)| =0.
Now, let us suppose that point (ii) happens. This means that

fwb) — f(w* + (¥ /8)d")

s < (0 /6) "

Then, reasoning as in the previous case, and recalling (4.31) we again can conclude that
|V f(w)|| = 0, thus concluding the proof. O

4.6 Numerical Experiment

In this section, we report numerical results when comparing the implementations of CMA and
NMCMA with full batch and mini-batch methods. We consider problems with different values
of n and samples P to check how the algorithmic performance changes varying the size of the
optimization problem and the size of the batch.

The aim of the computational experience is twofold. On the one hand, we aim to analyze the
additional computational effort required by the CMA and NMCMA with respect to a standard

online method and the effectiveness of the updating rules for the stepsize to avoid it to be driven
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to zero too fast. On the other hand, the quality of the solution obtained in a limited time in
comparison with online methods and classical batch methods.

The present section is organized as follows. In subsection 4.6.1 we provide a detailed description
of the experimental testbed. In subsection 4.6.2 we report the main computational results
from the main paper [131]. Finally, in subsection 4.6.3, we discuss additional computational
tests carried out to compare CMA with state-of-the-art mini-batch optimizers for deep learning,
including adaptive methods that, despite having weaker convergence properties, do not require
at all the evaluation of f(w).

4.6.1 Experimental testbed

The performances of the algorithms were tested on the minimization problem raised when min-

imizing the ¢ regularized least square training error of a Deep Neural Network (DNN), namely
1 L
- - 2 2
minf(w) = 5 2:1 19(w; xp) — plI” + pllw]]
p:

where {z,, yp}ff:l, with x, € R? and y, € R™ are the training data and g, is the output of the
DNN with weights w € R™. The regularization parameter p is set equal to 1075,

The DNN is organized in H hidden layers. Each neuron is characterized by an activation function
g(+), that we set to be the sigmoidal function for all the neurons, with the only exception of the
output layer which has a linear activation function. Denoting with w, the weights from layer ¢
to layer ¢ + 1, the output takes the form reported in (2.23).

We considered eight different neural network architectures classified into small and large sizes
as reported in Table 4.1. For the sake of simplicity, we considered only networks with the same
number of neurons per hidden layer, and we denote as [H x N| the neural network with H
hidden layers and N neurons per layer. The dimension n of the trainable parameters vector w
depends on the number of neurons per layer N7, j = 1,..., H and on the input dimension d,
and in our case is equal to n = N(d + 1) + N?(H — 1).

Table 4.1: Deep Network architectures

small networks large networks
[1x50] [3x20] [5x50] [10x50] | [12x 300] [12x 500] [30 x 500]

H 1 3 5 10 12 12 30
N 50 20 50 50 300 500 500

All the algorithms were tested over a set of eleven problems with a different number of samples
P and features d taken from open libraries [3, 7, 36]. The datasets have been divided into two
groups: small-size datasets, where the number of samples and/or features is small enough to
be tackled by standard batch methods; big-size datasets, where the number of samples and/or
features challenges fully batch methods and motivates the use of mini-batch algorithms.

Table 4.2 provides a description of the datasets by reporting the number of samples in the

training set and the number of features, along with the number of variables of each optimization
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problem corresponding to different neural architectures [H x N|. Datasets are sorted according
to their dimensions, with small problems reported first, and large problems reported later. The
order within each group is alphabetical. All the datasets are publicly available, and the source

where they can be found is reported as a reference for each dataset.

nin K
small network large network
Dataset P d | [1x50] [3x20] [5x50] [10x50] |[12x300] [12x500] [30 x 500
Ailerons [3] 10312 41 2.1 1.64 12.1 24.6 935 2557 7567
— | Bejing Pm25 [7] 31317 48 2.45 1.78 12.5 25 935 2558 7568
g Bikes Sharing [7] 13034 59 3.0 2.0 13 2.55 936 2559 7569
“| California [3] 15480 9 0.5 1.0 10.5 23 933 2556 7556
My [3] 30576 13 0.7 1.08 10.7 23.2 934 2556 7566
BlogFeedback [7] 39297 281 14.1 6.44 24.1 36.6 948 2570 7580
Covtype [7] 435759 55 2.8 1.92 12.8 25.3 936 2558 7568
oo Protein [7] 109313 75 3.8 2.32 13.8 26.3 937 2560 7570
2 Sido [36] 9508 4933 247 99.5 257 269 1180 2802 7812
Skin NonSkin [7] 183792 4 0.25 0.9 10.3 22.8 933 2555 7566
YearPredictionMSD [7] | 386508 91 4.6 2.64 14.6 27.1 937 2561 7571

Table 4.2: Dataset description (P = number of training samples; d= number of input features) and
n =number of variables (in K) of the optimization problems corresponding to the network architecture
[H x N|

4.6.2 CMA vs full-batch methods and Incremental Gradient

Both the neural network structures and the optimization algorithms were implemented in Python
version 3.9, leveraging Pytorch 2.1.0' as a scientific computing library. Numerical tests are
carried out on a GPU NVIDIA Quadro P2200 (VCQP2200-SB) 5 GB.
We compared the performance of CMA and NMCMA against a full batch method and an
incremental gradient method. All the algorithms run with a maximum computational time of
100 seconds.
Since the problems are highly non-convex, numerical results might be affected by the starting
point used to initialize the algorithms. Thus, a multi-start strategy was implemented so that
for each problem we compared each algorithm over five runs, each starting with a random point
w® which is the same for the four algorithms.
As a batch method, we considered a limited-memory Quasi-Newton optimization algorithm
L-BFGS [161] that can be regarded as one of the state-of-the-art batch algorithms. We used L-
BFGS from the standard implementation available in Pytorch?. Default hyperparameters have
been used as they resulted in the best performance.
As a mini-batch method, we implemented an Incremental Gradient (IG) method, I¥ = {1, ... P}
for all k. As updating rule for the stepsize ¢* in Algorithm 4.2, we selected the one suggested
in [71]

¢HF1 = ¢F(1 — ech) (4.32)

with ¢® = 0.5 and € = 1073, that gave the best performance out of an hyperparameter tuning

phase.

"https://pytorch.org/
2https://pytorch.org/docs/stable/generated/torch.optim.LBFGS. html
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For the sake of fairness, the same IG implementation is used for the Inner_Cycle (Algorithm
4.1) in both CMA and NMCMA methods, as we aim to analyze to what extent controlling the
stepsize in CMA and NMCMA affects the optimization performance. In CMA and NMCMA
the stepsize ¢* is automatically updated according to the controlling steps in Algorithms 4.5
and 4.7.

The tuning of the algorithmic hyperparameters of CMA and NMCMA has been performed by

a grid search procedure. The resulting best values are reported in Table 4.3.

Table 4.3: Hyperparameters settings in CMA and NMCMA
‘ ¢0 T 0 ~y 6 M
CMA |05 1072 05 10 05 -
NMCMA [ 0.5 1072 0.5 107% 05 5

We further analyze the computational behavior of the CMA and NMCMA with the aim of

e assessing the additional effort required over the basic IG method and the effectiveness of

the updating rules for the stepsize ¢*;

e comparing performance with the basic IG and the L-BFGS methods when a restriction on

the computational time is given (100 seconds).

We consider the set of 77 test problems P, obtained by considering the 7 network architectures
described in Table 4.1 and the 11 different dataset from Table 4.2. Each of these problems has
been solved by each of the four algorithms starting from five different random points with a
total of 385 runs for each algorithm.

We first observe that both CMA and NMCMA require at least a function evaluation in the trial
point f(@*) at the end of each epoch. The smaller the number of function evaluations, the
less the linesearch procedure is used. However, this may also result in failures in accepting the
trial point @w* produced by the Inner_Cycle algorithm, meaning that all the computations of
the Inner_Cycle are lost, and the stepsize (¥ is reduced. To analyze the occurrence of such
cases, we construct the boxplots in Figure 5.1 where all the runs of CMA and NMCMA have
been considered. In 4.2(a) the average number of function evaluations per iteration is reported
for small (upper graph) and large (lower graphs) problems; if it is greater than 1.0, the LS is
activated at least once. In 4.2(b) we report the number of times that the trial point " has been
accepted.

The boxplots of Figures 4.2(a) and 4.2(b) are coherent. Indeed, from Figure 4.2(a), we observe
that NMCMA almost always performs a single function evaluation per iteration, which is less
than the iterations performed by CMA. This corresponds to the more often acceptance of the
trial point, namely the standard iteration of the IG method.

In Figure 4.3(a), we report the average value of the final stepsize for the algorithms CMA,
NMCMA, and IG. In general, NMCMA tends to maintain a larger final stepsize than both
CMA and IG, which is coherent with the fact that in NMCMA the trial point is accepted more
often than in CMA. The three algorithms start with the same initial value of the stepsize ¢°,

however, in IG the stepsize is updated following (4.32) which allows a slower decrease rather
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Figure 4.2: Boxplot on all the runs: comparison of CMA and NMCMA on the average number of
function evaluations and acceptance rate of @*
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(b) Linesearch failures: o =0

Figure 4.3: Boxplot on all the runs: stepsize values and restarts

than the simple halving rule of both CMA and NMCMA. This may explain why the average final
stepsize of IG is larger than in CMA and NMCMA. Moreover, it is interesting to underline how
the range of variability of the final stepsize is bigger for both CMA and NMCMA, suggesting
that the two methods are able to tune the stepsize according to the specified instance under
consideration.

Figure 4.3(b) reports the number of failures of the LS in CMA and NMCMA, namely the times
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that o = 0 and a restart is needed from the last point w* so that all the computations of the
Inner_Cycle are lost. We note that both in CMA and NMCMA, o can be set to zero not
only in the LS. However, we aim to visualize how the non-monotone rule helps in accepting
the stepsize. From the boxplots above, it seems that CMA and NMCMA accept often the trial
point of the basic IG iteration, controlling the stepsize reduction, at the cost of extra calculus
of objective functions that are not needed in the basic IG method.

We now aim to analyze the performance in terms of the quality of the returned solution (value of
the objective function) when the computational time is restricted. In this last case, we compare
also with the L-BFGS which in general decreases faster, being a full batch method.

To assess the numerical performance of the algorithms, we considered the performance profile
curves [54], with the convergence test proposed in [152] when evaluating the performance of
derivative-free solvers with a restricted computational budget. In particular, given a set of
solvers § and a set of test problems P, a problem p € P is solved by solver s € S if it returns a

point w such that

fw) < fo+7(f(w) — fu), (4.33)

where f7 is the best value returned by all the solvers on the 5 multi-start runs, f(w") is the
starting point of the solvers (it is the same for all the solvers) and 7 is a tolerance. The smaller
7, the more stringent the requirement.

For each s € § and p € P, we define ¢, as the total time needed by solver s to solve problem

p and the ratio
Cs,p

Tsp = minges{csp}

which represents the performance of solver s on solving problem p compared to the best-
performing solver on problem p. Thus 7., = 1 if the solver s solves the problem within
minges{csp} seconds, and 74, > 1 otherwise. Then, the performance profile ps(c) of a solver s
is given by

1
PS(O‘):ﬁHPGP|TS,p§0‘}| a>1,.

Performance profiles seek to capture how well the solver performs compared to the other solvers
in S on the set of problems in P. When a = 1, ps(«) is the fraction of problems for which
solver s performs the best, when « is sufficiently large, it is the fraction of problems solved by
s. Solvers with high values for ps(a) are preferable [152].

In particular, in Figure 5.3 we report the performance profiles of the four algorithms when left
running for 100 seconds. Results are reported for decreasing values of 7, 10~%, 1072 and 1074,
cumulative on all the networks but separating small-size and big-size datasets, with the former
on the left and the latter on the right of the figures.

When 7 = 107!, CMA and NMCMA have similar performance profiles and they outperformed
both IG and L-BFGS methods on small-size and large-size problems.

When a =1 CMA and NMCMA solve a smaller portion of the problems. For increasing values
of a they both reache 100 %, CMA having a slight advantage over its non-monotone counterpart.
Conversely, L-BFGS is far away and it solves around one third of the small-size dataset problems

and less than 20 % of the large-size ones, which is an expected result. Indeed, despite its faster
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Figure 4.4: Performance profiles on all the networks for different values of 7. Results for small-size
datasets are reported to the left, and for big-size datasets to the right.

theoretical convergence, L-BFGS iteration often requires a large number of function evaluations
to become inefficient against mini-batch algorithms. For decreasing values of 7 = 1072 and
7 = 1074, this behaviour is even more evident. When high-precision on large-size dataset is
required (see 4.4(f)), L-BFGS never happens to be the best solver. It is interesting to notice
that CMA and NMCMA, despite requiring at least one evaluation of the entire objective function
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(i.e., on the whole dataset) per iteration, always outperform IG, which never requires to compute
the full f(w*). This suggests that checking the quality of the trial direction can in practice speed
up the convergence and leading faster to a stationary point. When dealing with larger problems,
the advantage of CMA and NMCMA over IG is slightly reduced by the computational burden
of evaluating f(w¥), but even in that case they both seem to scale up keeping their advantage.
Eventually, recalling the bias that can be introduced by the use of the performance profiles to
compare more than two solvers |72], we also report in the appendix, in figure A.1, the comparison
between CMA and NMCMA, which confirms a slight outperforming of the latter.

4.6.3 CMA vs adaptive methods, towards further research

In addition to the results presented in the previous section, we provide other findings from our
attempts to test CMA against state-of-the-art deep learning methods. As extensively discussed
in Chapter 3, these methods have weaker convergence properties but are regarded as the most
efficient, which is why we used them for comparison with CMA. The results presented here are
not included in the main paper [131] because their purpose is to evaluate the trade-off between
computing the objective function at least once per iteration with strong convergence guarantees.
These tests served also a starting point for the prosecution of this research, with CMA Light
algorithm, presented in the following chapter.

For these tests, we have used the same experimental testbed presented in subsection 4.6.1. We
tested CMA with the hyper-parameters setting of Table 4.3 against Adam, Adadelta, Adagrad
and SGD with weight decay from the Pytorch library. As done for the experiments reported in
the last subsection, we have fixed a time limit of 100 seconds and carried out 5 multi-start runs
per each architecture-dataset pair, resulting in 385 runs for every optimizer. The performance
profiles obtained are reported in Figure 4.5.

We observe that the adaptive methods are generally much more efficient than CMA both for
small and large datasets. Despite being less stable, they do not need any full evaluation of
f(w). This consideration, along with the growing interest in the recently developed Objective
Function-Free Optimization (OFFO) framework |73, 74|, motivated our continued research on
the CMA framework. As we will discuss in the following chapter, identifying a limitation of
CMA (specifically, the requirement for at least one evaluation of f(w) per iteration) became the
basis for developing a new variant of CMA that eliminates this computational bottleneck by not

requiring f(w) at every iteration.
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Figure 4.5: Performance profiles against Adam, Adagrad, Adadelta, and SGD with weight decay on
all the networks for different values of 7. Results for small-size datasets are reported to the left, and for
big-size datasets to the right.

4.7 CMA-FD: estimating the complexity of CMA

Differently from most of the currently available research (see Chapter 3), in CMA we develop a

unified monotone and non monotone framework, and prove the global convergence to a stationary
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point in a fully deterministic way. Our convergence theory holds under the solely assumptions of
coercivity and smoothness of the objective function f(w), without any further hypothesis on the
search direction. However, this is attained by admitting the possibility that an entire epoch fails
in returning a successful point, leading to an undefined amount of wasted computational effort.
While creating a novel convergence theory removing any possible assumption on the search
direction is out of the scope of this thesis, in this section we present CMA with Fixed Decrease
condition (CMA-FD), an adjusted version of CMA to prove O(g~2) worst-case complexity. The
analysis is straightforward and based on the current available literature.

Although the complexity of CMA is still an open question, our theoretical analysis, along with
early computational results, indicates that the efficiency of CMA-FD is comparable to that of
CMA against IG and L-BFGS.

4.7.1 Algorithmic scheme and assumptions

The rough scheme of CMA-FD is reported in Algorithm 4.8, while in Algorithm 4.9 we report

the extrapolation derivative-free linesearch tailored for CMA-FD.

Algorithm 4.8 CMA-FD
1: Let v > 0,6 €(0,1),0€(0,1),°=a’>0,( >0, uw’cR"
2: Set k=0
3: for k=0,1,2... do
4:  Compute a search direction dj,

5. Compute wy, = wy + Cpdy

6: if f(wy) < f(wy) —C then
7: Set, wk‘H = ’L’Z}/k

8 Set Ck+1 — Ck:

9: Set ag = (g

10:  else

11: Set ay, = EDFL(wy;, dg, Ck,7,0)
12: if a; > 0 then

13: Set a, =

14: Set Cry1 = Ck

15: else

16: Set o, = 0 and (x41 = ¢k
17: end if

18:  end if

19: Set wht! = wi, + apdy

20: end for

In Algorithm 4.8, the Step 4 can be performed with any suitable mini-batch method. However,

in order to determine a complexity bound for CMA, we need to make the following assumptions.

Assumption 4.7.1. The function f is coercive, i.e. all the level sets
L(wo) ={w e R": f(w) < f(wo)}

are compact for any wy € R".
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Algorithm 4.9 EDFL (for CMA-FD)

Input (wg, dk, Cx;7,0): wi € R, d, € R",{; >0, v € (0,1),0 € (0,1)

Set o = (g,

if f(wy, + adg) > f(wg) — val|dg||* then
Set a, = 0 and return

end if

Set max number of iteration Ng

while f(wy + (a/8)dy) < min{f(wy) — v(a/d)||di||?, f(wy + ady)} and i < Ng do
Set v = a/§

end while

Set o = a and return

: Output: oy

—
—= o

Assumption 4.7.2. The function f is Lipschitz-smooth and there exists L > 0 such that
IVf(w) = Vil <Lju—v]|  VuweR"

Assumption 4.7.3. The gradients V f,, are Lipschitz continuous for eachp =1,..., P, namely,
foralli=1,..., P there exists L, > 0 such that

IV fp(w) =V Ip(0) < Lpllu—vl ¥V uweR"

Assumption 4.7.4. The function f is bounded below, i.e., there exists a value f'° € R such
that:
f(w) > f1o ¥ w e R

Notice that they are the same assumptions made in 4.4, expect for the boundedness of the
objective function (Assumption 4.7.4).
However, to prove the theoretical results, we need to introduce other assumptions on the search

direction, which allows to prove the following lemma.

Lemma 4.7.5. Suppose that Assumptions 4.7.1, 4.7.2, 4.7.8, 4.7.4 hold. Suppose also that there
exist two positive constants c1,ca > 0 such that, for every iteration k = 0,1,..., di is a search

direction with the following properties:
a) |ldil* = c1l|V.f (wi) 1?5
b) =V f(w)"dx > ca|di]|.
Then, for v € (0,c2), any scalar o < 2(%_7) satisfies the condition at step 6 of Algorithm 4.9.

Proof. First of all, recalling the integral mean-value theorem, we have that, given a point w, a
direction z and a step-size &, we can build a function depending on a step-size £ € R, g(§) =
f(z + 2£), for which it holds:

1

1
fa+2) — f() = g(1) - g(0) = jgsdgz /0 SV f(a + 2)de < / TV f () de

1
0 0
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1 1 L
+y/ éWVf0c+§a-—VfcwkmrSzTVf@»+wvui/ Le|z2de = 2TV f(x) + 2|2
0 0 2

Now, applying this result on our case, we can set * = wy and z = dpay. Thus, it is always true
in CMA, that:
L
F*) = fwy) < apdy V f (wy) + §(Oék)2|’dkHz (4.34)

In particular, after EDFL, we will get either o = (Sé—’,f-,k, being E Dy the number of EDFL inner
iterations at CMA iteration k, or aj = 0, in case condition at Step 3 of EDFL holds.

Now, we consider that the condition at Step 6 is satisfied if:

f(wr+ ady) < ) =54l < F(we) = yoldi” (4:35)

Recalling (4.34), this means that Step 6 is satisfied if:

L
a(—dg V f(wy)) — 5 ldkll* = vallde]? (4.36)

Now, using condition b), we can write:

L L
a(—d V f(wy)) — §a2||dk||2 > acyl|di||* ~ 5042||dk||2 > valldg|?

Dividing by «l|dy||? we get:

L
02—50427

which proves the thesis. O

4.7.2 Worst-case complexity in finding an e-stationary point

To show the convergence rate of Algorithm 4.8 in finding an e-stationary point for f(w), we
firstly need to define the successful iteration of CMA-FD with fixed decrease and to prove that
there exists a minimal improvement in the value of the objective function for every such iteration.
Then, we need to provide a bound for unsuccessful iterations.

Recalling that f(w) is bounded below (Assumption 4.7.4), we only focus on the convergence rate
in relation with 4.9, as condition at Step 6 of Algorithm 4.8 can hold only for a finite number

of times. We define the following sets of iterations:
e Successful iterations at step k: S¥ = {j =0,1,...,k:a? > 0};
e Unsuccessful iterations at step k U* = {0,1,... k} \ S*.
Now, with the following proposition, we can bound the number of successful iterations.

Proposition 4.7.6. If at iteration k there exists a scalar ounn such that o > aupn for all

7=0,...,k, then:
1 (5NE (7))
k< Si| 1 — | +1 4.37
= log () D g Og( 0 ) * (ammﬂ 30

Corrado Coppola 74



4.7. CMA-FD: estimating the complexity of CMA

Proof. We have that:

min < g < aigdSHINE I

where the right side of the inequality comes from the case where, at every successful iteration,
EDFL is executed, always for the maximum number of iteration Ng.

Taking the logarithm we get:

|Sk|NE log(0) + |Uy|log(8) + log(ag) > log(tmin)

|Sk|NE log(0) + [U|log(f) = log ( 0 )

min

Recalling that |Uy| = k — |Sk| we get:

Sk N log(6) — S| 10a(8) + Klog(8) > log ( o0 )

Qmin

that is:

klog(6) > log (aao > + |Sk|(log(8) — Ng log(8)) = log <a0‘° > + |Sk| log <5]€E>

min min

Multiplying by —1, we get:

1 min 6NE
klog | = ) <log a + |Sk|log | ——
0 (7)) 0

which concludes the proof. O

We now prove that there is a fixed minimal improvement in the value of f(w) at any successful

iteration.

Proposition 4.7.7. Suppose Assumptions 4.7.1, 4.7.2, 4.7.8, 4.7.4, and hypotheses a) and b)
of Lemma 4.7.5 hold. Suppose also that ag > 2(027{7) > 0. Then, at any successful iteration k
of Algorithm 4.8, it holds that

. 2(02 '7)
> g = 027 )
Ignglil Q5 > Qmin [

Proof. The proof follows by considering that, at every iteration k, there are only three possible

outcomes of CMA-FD:

i) The fixed decrease condition at Step 6 holds, which, as said before, can hold only for a

finite number of times;
ii) EDFL succeeds in finding a scalar, which satisfies condition (4.36);

iii) EDFL fails, i.e., condition at Step 3 of Algorithm 4.9 is satisfied.
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Now, let’s admit, by contradiction, that there exists a successful iteration (type i) or ii)) & for
which af < 0@. This means that there was an unsuccessful iteration (type iii)) k <k,
O‘IE < 2(02*’}/)

where aj = . But this is contradiction with Lemma 1, because if aj was less than

(02 0)

the quantity then the iteration should have been successful, which proves the thesis. [

We can now finally prove the complexity of Algorithm 4.8.

Theorem 4.7.8. Suppose Assumptions Assumptions 4.7.1, 4.7.2, 4.7.3, and hypotheses a) and
b) of Lemma 4.7.4 hold. Suppose that oy > @ > 0. Then, the number of iteration of
Algorithm 4.8 to obtain a point wy, where ||V f(wy)|| < € is bounded by the following constant:

Jp— 1 f(wO) — frow SNE (o7}
#it = Tog (1) Lmin{C.yammerss) 8 < 0 ) +log <am>} (4.38)

2 —
where iy, = 0@.

Proof. Let’s first identify the minimal improvement in the value of f(w) for each successful

iteration k. In case condition at Step 6 of Algorithm 4.8 holds, then this improvement is ~.

Conversely, if the EDFL is successful, using the results of Lemma 4.7.5 and Proposition 4.7.7,

we find that this improvement is the quantity:

2(ca — )
L

yagl|d®|? = 6 c1||V £ (wr)||?

Let’s now suppose that at iteration k, we have that min;<y, ||V f(w;)|| > €. We can now consider
that:

k—1
F@°) = fiow 2 F(°) = flwr) = Y [f(w?) = flw*H] = 37 Fw®) — flwp) =
Jj=0 jESk
3 minfC 022 =0 )2} > |4 min{C 7022 D ey

jESK

2(c2—7)
L

Now, we can name vy, = 0 and we find the bound on the number of successful iterations:

0y _
min{¢, yminc1£?}
We can now replace |S¥| in (4.37) and this concludes the proof of (4.38). O

4.7.3 Early results and conclusions

To gain a general understanding of how CMA-FD performs compared to its main competitors,
and to compare it with CMA, we repeated the computational tests from section 4.6 on the
same problems described in Table 4.2. The performance profiles are reported in the appendix
of this thesis, in figure A.2 (CMA-FD against CMA competitors) and in figure A.3 (CMA-FD
against CMA). It can be observed that the performance of CMA-FD and CMA are extremely
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similar for low precision levels, whereas, for higher precision, CMA-FD tends to perform slightly
better, which is also confirmed looking at figure A.3. We argue that this can happen because
in CMA-FD the condition for to have a successful iteration is stricter than in CMA, where the

sufficient improvement tends to zero with the step-size ¢*.
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Chapter 5

CMA Light: a mini-batch algorithm for
non-convex large-scale finite sum

optimization

In this chapter we present the enhanced almost objective-function free version of CMA, CMA
Light, tailored for applications in training large-scale neural architectures.

The backbone of this chapter comes from the pre-print [43] by C. Coppola, G. Liuzzi and L.
Palagi, which is currently under the first cycle of peer review. However, the introduction and
some theoretical remarks have been shortened with respect to the original paper in order not
to repeat concepts and explanations the reader, coming from the previous chapter, is already
familiar with. The notation and the general set-up of this chapter follows the same structure of
the previous one, which is often recalled to precise or update results and/or technical details,
such as the mechanic of the algorithms. Furthermore, the early computational study presented
in section 5.5 is not part of the original paper and is instead the result of Ilaria Ciocci’s Master
Thesis work, which has been conducted under the supervision of Prof. Laura Palagi, Lorenzo
Papa, and Corrado Coppola. This work resulted in the publication of a technical report [42],
which contains the extended version of section 5.5.

The remainder of the chapter is organized as follows. After a brief introduction in section 5.1,
we begin by laying out the assumptions and background of the CMA Light algorithm in section
5.2. This is followed, in section 5.3, by a detailed description of the algorithm and the proof
of the global convergence of CMA Light to a stationary point. Then, in section 5.4 we present
our computational experiments. In section 5.5 we present an early computational study on a
block-decomposed version of CMA Light, BD-CMAL. Finally, in section 5.6, we discuss our

conclusions.

5.1 Introduction

We consider the same non-convex unconstrained minimization problem described in (4.1) arising

in deep learning applications, using the same notation:
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P
min ) =Y fw) (5.1)
p=1
where f, : R" — R, p = 1,..., P are continuously differentiable and possibly non-convex

functions, as already stated in (2.6).

In recent years, the need for efficient and scalable algorithms for non-convex large-scale optimiza-
tion problems has become increasingly important, particularly in the context of deep learning
applications. The focus of this chapter is the development of CMA Light. Our approach builds
on the foundational work of the CMA framework, which was introduced in the previous chapter.
While CMA /NMCMA offer significant advantages in terms of convergence guarantees, their re-
liance on at least one evaluation of the objective function across the entire dataset per each epoch
limits the applicability in large-scale settings. Furthermore, as shown in section 4.6.3, even on
problems with only few millions of variables (see table 4.2), CMA is already outperformed by
adaptive methods, in spite of its theoretical superiority.

The purpose of CMA Light is to address the computational bottleneck of the CMA framework
by reducing the frequency of full-dataset evaluations, making it more efficient while maintaining
equally strong theoretical guarantees. As we will see, this is achieved by replacing the real
objective function value with an approximation built on mini-batch gradients.

As we have many times remarked in the previous chapters, mini-batch methods are widely
employed in deep learning due to their ability to handle large datasets and deep architectures
but their convergence is proved only under strong assumptions (see chapter 3). To the best of
our knowledge, only few attempts have been made to prove the convergence of algorithms that
avoid the explicit evaluation of the objective function, while not requiring strong assumptions,
such as convexity or conditions on the search direction. In particular, the OFFO (Objective
Function-Free Optimization) framework, introduced in 2023 by Gratton et al. [73], marked
for the research community a significant step forward to the idea that evaluating the objective
function is not strictly necessary in large-scale unconstrained optimization. The authors solve
problem (5.1) relying only on an approximation of f(w) and, assuming that f € C and that it
is possible to compute up to the (p — 1)-th derivatives tensor of the objective function, prove
that OFFO converges to an e-stationary point within (’)(5_%1) iterations. While this bound
does not have a direct application to deep learning, where evaluating V f(w) or, in general,
VP f(w), is computationally impracticable, the authors’ finding prove that, having V f(w) (i.e.,
p = 2), means converging to an e-stationary point within (9(5_%) iterations without any single
evaluation of f(w), which is (’)(\i@) better than all the standard results we have reviewed in
chapter 3. Intuitively, this suggests that having the gradient, or at least a good estimate of it,
is much more important than perfectly knowing the value of the objective function. Eventually,
in 2024, Gratton et al. [74] have analyzed a particular case of OFFO framework, the ASTR1
algorithm, which generalizes Adagrad as an example of objective function-free first-order method

with approximated gradients.
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5.2 Initial assumptions and background

Following the CMA framework introduced in the previous chapter, we aim at improving its effi-
ciency making only seldomly necessary to evaluate the objective function on the whole dataset.
While this is a common practice in Deep Learning community, especially when dealing with
large-scale datasets and deep architectures, to the best of our knowledge no attempts to prove
global converge have been made yet. We introduce the following assumptions on the objective

function and on its components f,,.

Assumption 5.2.1. The function f(w) is coercive, i.e. all the level sets
L(wo) ={w e R": f(w) < f(wo)}

are compact for any wy € R".

Assumption 5.2.2. The gradients V fp(w) are Lipschitz continuous for each p = 1,..., P,
namely there exists L > 0 such that

IVIp(uw) =V ) < Lu=v2f  VuweR"

Assumption 5.2.3. The components f, are all non-negative and coercive, for eachp =1,..., P,

namely,
1. fp(w) >0 for any w € R

2. L(wy) ={w e R": fp(w) < fp(wo)} is a compact set for each p =1,..., P and for any
wy € R

Although the assumption 5.2.3 was not required in CMA, we note that it holds for at least the
most common loss functions used in training deep neural networks, such as mean square error
and cross-entropy loss.

Similarly to CMA, our algorithm is based on a mini-batch gradient method iteration embedded
in an outer iteration (epoch).

Algorithm 4.1 encompasses not only the Incremental Gradient method [14, 17, 20] but also most
of the state-of-the-art optimizers used to train deep neural networks (see 2.2). However, ex-
ploiting its deterministic convergence properties, we focus on the Incremental Gradient method.
Since IG requires strong properties on the gradient of the objective functions [17], CMA frame-
work has been proposed as an ease-controlled modification of IG which converges under milder
assumptions. Nonetheless, the watchdog rule introduced in the CMA framework to force the
sequence generated by the algorithm to remain within a compact level set requires at least one
evaluation of the objective function per each epoch to verify that f(w*) < f(w"). While com-
putational effort is still accepTable when training simple neural architectures, evaluating the
objective function on the whole dataset is computationally unaffordable for large-scale datasets
and state-of-the-art deep networks.

The underlying idea of CMA Light is to replace the real objective function value with an estima-

tion, without introducing any further assumption. For this purpose we define a new Inner_Cycle
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in Algorithm 5.1, which is by definition an epoch of IG method returning also an approximated

value of the objective function fF.

Algorithm 5.1 Inner_Cycle
1: Input: wF, ¢*
2: Set wf = w”

3: fori=1,..,P do

4 fF = filwfy)

5

6

7

&= vkt )
at =k, + chal
: end for

P P
8: Output w* = wk, d* = de, fr= Zﬁk
i=1 i=1

More formally, in CMA Light we avoid evaluating f(w*) by checking the watchdog rule condition

on the following approximated function

p
FE =0 fi@f ) = fu(@g) + fa(@F) + -+ fp(dh ) (5.2)
i=1

where the points ﬁ)f are defined according to the iterations of the Inner_Cycle, i.e., we replace
the real value of f(w*) with the sum of the fp evaluated in the points produced by an IG epoch.
According to Lemma 4.3.2 andd Proposition 4.3.3, we can prove the following result, i.e., the

approximated objective function converges to the real f(w).

Proposition 5.2.4. Let fi(w) € C} for alli = 1,...,P. Assume that {w*} is bounded and
that limy_,o, ¥ = 0. Let {wF} and {d*} be the sequences of points and directions produced by
Algorithm 5.1.

Then, for any limit point w of {w*} a subset of indices K exists such that

lim  w® =, (5.3)
k—o0,ke K

li k= 4
k%og,rliel(c 0, (54)

lim @f =w, forali=1,...,P (5.5)
k—oo0,ke K

li = — 0). )
otiier = V) >0

li fF = f(w). .
m = (w) (5.7)

Proof. Recalling that 5.3,5.4,5.5,5.6 have already been proved in Proposition 4.3.4, we have,
from Algorithm 5.1:

P
=" fwf ) = f1(06) + fa(@f) + - + fp(dh,)
=1
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Recalling that f(w) = Zil fi(w) and that fi(w) € CL for all i = 1,..., P, using 5.5, we have:

k—o0,ke K

P
lim 5 =" fi(w) = f(w)
=1

5.3 The convergence of CMA Light

In this section we define the algorithm scheme of CMA Light and prove convergence under the as-
sumptions above. The CMA framework has been developed aiming at improving computational
efficiency with respect to batch-methods, while preserving deterministic convergence properties.
In the first version of CMA (Algorithm 4.5), the convergence is ensured by a watchdog approach,
imposing a condition of sufficient decrease of the objective function (step 5 of Algorithm 4.5).
When this condition holds, which is the most frequent case, the point returned by the Inner Cy-
cle is accepted and no other operations are required. Conversely, when the condition is violated,
either the step-size is adjusted, or the derivative-free linesearch is executed.

In CMA Light we want to accept as much as possible the points generated by Algorithm 5.1
so that in practice we almost never need to evaluate f(w*). To further reduce the number of
function evaluations, if the sufficient decrease condition is not satisfied, we perform a modified

version of Algorithm 4.4, which we name EDFL Light and report in Algorithm 5.2.

Algorithm 5.2 Extrapolation Derivative-Free Linesearch (EDFL_Light)
Input (f*, wk, d¥, ¢¥;v,8): wh € R",d* € R",¢F >0, v € (0,1),6 € (0,1)

Setjzoaazckvfj :fk
if %> f(w*) — yal|d*||> then
Set aF = 0 and return
end if
while f(w + (/8)d*) < min{ f(w*) — ralld*|2, £;} do
Set fj1 = fw* + (a/8)d")
Set j =45+1
Set a = a/§
end while
. Set of = a and return

. Output: o, f(w* + oFd")

—_ =
o= O

It is trivial to verify that the following lemma holds.

Lemma 5.3.1. Algorithm 5.2 is well defined, i.e. it determines in a finite number of steps a

scalar o such that
fwF + aFd*) < f(w*) — va® | d¥|. (5.8)

Proof. First of all, we prove that Algorithm 5.2 is well-defined. In particular, we show that the

while loop cannot infinitely cycle. Indeed, if this was the case, that would imply

f <wk+ckdk> < flw*) - (Ck> "> vi=1,2
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so that for j — oo we would have (¢¥/§7) — oo which contradicts the compactness of £(w?)
and continuity of f.

In order to prove (5.8), we consider separately the two cases i) of = 0 and ii) o > 0. In the
first case, (5.8) is trivially satisfied.

In case ii), the condition at step 6 implies
fw* 4+ ¢Fdb) < fwh) — 4¢Pt

Then, if o = ¢*, the condition is satisfied. Otherwise, if a* > ¢*, the stopping condition of the
while loop, along with the fact that we already proved that the while loop could not infinitely

cycle, is such that we have
F® +ahd) < f(wh) —ya|d"|?
which again proves (5.8), thus concluding the proof. O

Therefore, the scheme of CMA Light is provided in 5.3.

Algorithm 5.3 Controlled Minibatch Algorithm Light (CMA Light)
1: Set ¢°>0,0 € (0,1),7>0,v€(0,1),6 € (0,1)
2: Let w® € R, k=0 3 3
3: Compute f(w®) and set f0 = f(w’) and ¢° = f°
4: for k=0,1... do

5. Compute (@¥,d*, f¥+1) = Inner_Cycle(w",¢")

6: if fFH < min{¢* —~¢*, f(w°)} then

7: Set ¢! = ¢* and of = ¢* and ¢kt = frH1

8: else

9: if ||d*| < 7¢* then

10: Set ¢F*1 = g¢* and of = {Ck if fkﬂé f(w?)
0  otherwise

11: Set pFt! = pF

12: else

13: (&F, f*1) = EDFL_Light (w*, d*, ¢¥;~, §)

14: if a*||d*||? < 7¢* then

aF if &* >0 and fE1 < f(wd)
15: Set ("1 =0¢* and of = ¢ ¢* if &% = 0 and f* < f(u)

0 otherwise

16: else X

17: Set ¢F1 = (¥, and of = {O‘k if & > 0 and f5+1 < f(u)
0  otherwise

18: end if

19: Set ¢I<:+1 _ min{fk—i—l’ fk+1’¢k}

20: end if

21:  end if

22:  Set wht! = wkF + aFdk

23: end for

We do not assume any further assumptions on the norm of V f(w) or on the relation between
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f(w”) and its estimate f% but, in order to prove the convergence, we need to impose conditions
that ensure the boundness of the output sequence {w*}. The underlying idea of CMA Light
is avoiding the evaluation of f(w*) without losing the control on the behaviour of the output
sequence. At step 6 we check that the estimate of the objective function is below its initial value
and the same condition is imposed every time the EDFL is executed, in steps 15 and in step
17. This additional control is necessary because we do not assume any relation between f(w*)
(which depends only on the point w*) and f%. which depends on all the gradients V fi(w®) for

i =1,..., P. This makes easy to prove the following lemma.

Lemma 5.3.2. Let {w*} be the sequence of points produced by algorithm CMA Light. Then,

forallk=0,1,..., at least one of the following conditions is satisfied:
- P < f?)
- fwF) < flw)

Proof. By definition of algorithm CMA Light and recalling Lemma 5.3.1, for every iteration k,

we have that one of the following cases happens:
i) step 7 is executed, i.e., we move to a new point such that fk < min{* = — ¢k, f(w®)}.

ii) step 10 is executed. We move to a point such that fk < f(w®), or we set o =0, i.e., we

do not move from w*.

iii) step 14 is executed. After the linesearch, we move to a point such that either fk < fw?)
or f(w* 4+ aFd*) = f(wF!) < f(w®) or we do not move if neither of the conditions is

satisfied.

iv) step 16 is executed. After the linesearch we move to a point such that f(w* + a*d¥) =

fw* 1) < f(w®) or we do not move.

The proof follows by induction. Let’s consider £ = 0. For k = 0 both the conditions are trivially
satisfied. We prove that this is true for k = 1.

If step 7 is executed, we find w! such that f! < fO = f(w®). If step 10 is executed we either
move w! such that f1 < f(w?), or we have w! = w®, which implies that f(w') = f(w°). If step
14 is executed we either accept the step-size returned by the linesearch and find w® such that
f(w) < f(w'), either we decrease step-size and accept w' such that f! < f(w?), or we have
again w! = w’, which implies that f(w!) = f(w?). Eventually, if step 16 is executed we either
accept the step-size returned by the linesearch and find w! such that f(w') < f(w"), or again
w! = w’. So, we have that the lemma holds for k = 1.

Let’s now assume that the lemma is true for a generic k. Recalling the possible cases, we can

easily proof it is true for k + 1. In fact, we will find w**! such that one of the following holds:
a) f(w™) < f(w)
b) A< f(u?)

k+1 k

c) W't =w

Corrado Coppola 84



5.3. The convergence of CMA Light

If a) or b) holds, then the lemma holds too by definition. If ¢) holds, we have f(w**1) = f(w¥)
and fk“ = fk, so that in both case the lemma still holds. O

Now, we can prove the boundness of the output sequence of CMA Light {w*}, which, differently
from the CMA case, is not guaranteed by the compactness of £(w®). In fact, the following

lemma proves that {w*} cannot diverge even if for some k it happens that f(w*) > f(w?).

Lemma 5.3.3. Let {w*} be the sequence of points produced by algorithm CMA Light. Then,

{wk} is limited.

Proof. Recalling Lemma 5.3.2, we have that the set of index {0, 1,...} can be represented with

the following partition:
o Ki={k=0,1,-: fF < f(°), f(wk) > f(u®)}
o Ko={k=0,1,---: fF> f(u®), f(w") < f(u®)}
o Kg={k=0,1,--: f¥ < f(w°), f(wF) < f(u®)}

Let’s now suppose by contradiction that {wk} is not limited, i.e., there exists an infinite index
set K C{0,1,...} exists such that

lim |[w"]| = oo (5.9)

k—o00

keK
We want to show that K1 N K is an infinite index set. Let us assume by contradiction that this
is not the case. If this is the case, when k — oo, k € K, then it must hold that £k € K5 or
k € K3. This implies that for k¥ € K and sufficiently large, k € Ko U K3, that is w* € £(w?).
This is in contrast with (5.9) and assumption 5.2.1.
Thus, we have that:

lim |Jw"|| = o0

—00

keK1NK

Recall that { fk} K,nk is limited both from below and above by non-negativity and by the
definition of the set K7. From the definition of fk and the non-negativity of f; for all j, we can

write
P
=3 R = fi@§) + f(@h) + -+ fp(@hy) > fi(af) (5.10)
=1

where w’g = w”. Since, by coercivity of f;,

lim  fi(w") = oo,
k—oo
ke KiNK

an index k € K, N K exists such that f;(w*) > f(w®). Then, by (5.10), we also have

o> fi(w) > fu)

which contradicts the fact that, by definition of K1, f* < f (w?) for all k € K1NK and concludes
the proof. n
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Thanks to this result, we only need to prove that limy_,., (¥ = 0 in order to apply Proposition
5.2.4 for the convergence proof. For this purpose we have introduced the monotonically non-
increasing sequence of values {¢*}, which does not affect the computational efficiency of CMA

Light but compensates the fact the both {f*} and { f(w¥)} are not assumed to be non-increasing.

Proposition 5.3.4. Let {Ck} be the sequence of steps produced by Algorithm 5.3, then

lim ¢* = 0.

k—o0

Proof. In every iteration, either ¢**1 = ¢¥ or ¢(**! = 0¢* < ¢*. Therefore, the sequence {¢*} is

monotonically non-increasing. Hence, it results
lim ¢*=¢>o0.
k—o0

Let us suppose, by contradiction, that ¢ > 0. If this were the case, there should be an iteration
index k > 0 such that, for all k& > k, ¢¥*t! = ¢¥ = (. Namely, for all iterations k > k, step 7 or
16 are always executed.

Let us now denote by

K' = {k: k>k, and step 7 is executed}
K" = {k: k>k, and step 16 is executed}

Let first proof that K’ cannot be infinite. If this was the case, we would have that infinitely

many times
’YC < ¢k . fk+1: ¢k . d)k-i-l

since, for k € K’, the instructions of the algorithm imply that ¢¥*1 = f¥+1. Note that, by the
instructions of the algorithm {¢*} is a monotonically non increasing sequence. Also, for all k,
" > 0. Hence, the sequence {(Z)k} is bounded from below hence it is convergent to a limit ¢.

Then, every sub-sequence of {¢*} is converging to the same limit. In particular,

lim = lim b+l — .
k—o0,ke K’ ¢k k—o0,ke K’ (b ¢

That is to say that
lim  ¢"—¢F =0
k—o0,ke K’ (b (b
which is in contrast with ¢ > 0.

Thus, an index k exists such that, k € K” for k > k. Thanks to Lemma 5.3.1, for k > k, we

have

F@M) < fw® + oFdb) < fwh) — ok a2, (5.11)

that is the sequence { f(w*)} is definitely monotonically non-increasing and bounded below since
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f(w) > 0. Hence
kli_)m fwk) = kli_}nl f(wkth) = f.

Then, taking the limit in relation (5.11) we obtain:
lim o||d*|? = 0.
k—o0
But then, for k > k sufficiently large, it would happen that
oF|d*|* < ¢

which means that Algorithm CMA Light would execute step 10 setting ¢¥*1 = ¢ thus decreasing

¢**1 below ¢. This contradicts our initial assumption and concludes the proof. O

Now we remark that all the hypothesis required by Proposition 5.2.4 are satisfied. Thus, with

the following theorem, we prove the global convergence of CMA Light to a stationary point.

Proposition 5.3.5. Let Vf,(w) € C+ Vp = 1,...,P and let {w*} be the sequence of points
produced by Algorithm 5.8. Then, {wk} admits limit points and at least one of them is stationary.

Proof. By the fact that {w*} is limited, we know that {w*} admits limit points.

Now, let us introduce the following set of iteration indices
K ={k: (" =0c"}

and note that, since limy_ oo (¥ = 0, K must be infinite. Let @ be any limit point of the

sub-sequence {wk} &, then, by Proposition 5.2.4, a subset K C K exists such that

lim  w® = w, (5.12a)
k—oo,ke K

lim d* = -V f(w), (5.12b)
k—o0,ke K

lim ¢*=0 (5.12¢)
k—o0,ke K

Then, let us now split the set K into two further subsets, namely,

K {keK: |ld"| <"},
Ky = {ke K\K;:a"|d"|?<r¢ky.

Note that, K7 and K5 cannot be both finite.
First, let us suppose that K is infinite. Then, the definition of K, (5.12b) and (5.12¢) imply
that

li dF|| = 0| =
HO;’H,;%II | =IVf(w)]| =0

thus concluding the proof in this case.
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Now, let us suppose that K> is infinite. In this case, we proceed by contradiction and assume

that w is not stationary, i.e. |V f(w)| > 0. By the definition of K and (5.12c), we obtain

lim  a&"||d*||? =0,
k—o00,ke K2

which, recalling (5.12b) and the fact that |V f(w)| > 0, yields

lim a*=0. (5.13)
k—o00,k€ K2

Now, let us further partition Ko into two subsets, namely

i)K2:{kEK2: kZO}

N

11) [?QZ{kEKQ &k>0}
Let us first suppose that K5 is infinite. This means that, by the definition of algorithm 5.2,

f(w") — fw* +¢Fd")

F <Alla4|P.

Then, by the Mean-Value Theorem, a number &% € (0, Ck) exists such that
—Vf(w* 4+ aka)Tdk < ~|d¥|?.
Taking the limit in the above relation, considering (5.12a), (5.12b) and (5.12c), we obtain
IVF(@)|* <AV f(w)]?
which, recalling that v € (0,1), gives
IVf(w)]| =0,

which contradicts |V f(w)|| > 0. Now, let us suppose that K is infinite. This means that

f(wk) = f(w* + (@ /8)d")
ak /s

< lld*|.

Then, reasoning as in the previous case, and considering (5.13), we again can conclude that

|V f(w)|| = 0, which is again a contradiction and concludes the proof. O

5.4 Numerical experiments

In this section we report the computational experiments we have carried out to assess CMA
Light performance against different algorithms.

CMA Light has been implemented on Python 3.9, using the automatic differentiation tools for
backward propagation provided by the open-source library Pytorch 2.0'. As CMA and NM-

"https://pytorch.org/
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CMA, CMA Light is built as a torch.0Optimizer object and, jointly with the fully reproducible
numerical results, is available on the public Github repository https://github.com/corrado
coppola97/CMA_Light. All the tests have been conducted on GPU NVIDIA GP106GL Quadro
P2200 5 GB @ 60Hz.

The tests are presented in three different subsections. In subsection 5.4.1, we briefly compare
CMA and CMA Light performances in terms of computational efficiency on the same experimen-
tal testbed used in section 4.6 for CMA. Notice that the comparison between CMA and CMA
Light is presented in a separate subsection because CMA Light is significantly more efficient.
Both CMA and CMA Light may require the evaluation of the objective function, whereas their
main competitors never do. If the results were reported together, they could be skewed and
biased due to the inclusion of CMA, which differs greatly from the other methods. In subsection
5.4.2, we discuss the tests of CMA Light again on the same problems in Table 4.2 against its
competitors. Finally, in subsection 5.4.3, we report the tests of CMA Light with cross-entropy
loss function (2.20) on the image classification datasets CIFAR10 and CIFAR100? using the
residual network architectures [88].

As a benchmark for CMA Light we have used four of the most used optimizers in deep learning;:

e SGD [176] with decreasing stepsize the initial learning rate set to 0.01, as for CMA Light.
The stepsize decreasing rule is taken from the stepLR scheduler, implemented in Pytorch
2.0 as an additional tool for SGD 3.

e Adaptive gradient methods Adam [104], Adagard [60], and Adadelta [217] with the Pytorch

default hyper-parameters.

In Table 5.1 we report the hyper-parameters setting of CMA Light used for the tests.

¢° T 0 ¥ J
CMA Light [ 0.01 1072 0.75 1072 0.9

Table 5.1: Hyper-parameters settings in CMA Light

To assess the performance of CMA Light with respect to its competitors, we have followed a
two-sided approach.

On the one hand, we are interest in evaluating the efficiency of CMA Light in solving the
optimization problem (2.6). For this purpose, we use the performance profiles curve on the
training loss, as introduced by [54, 152] and described in detail in section 4.6.

On the other hand, we are also interested in assessing the overall generalization performance on
a given task. For the first type of experiments, we measure it by computing the final value of
the MSE obtained on the test set. For the second type of experiments, we use the test accuracy

on the multi-class image classification tasks.

Ihttps://www.cs.toronto.edu/ kriz/cifar.html
Shttps://pytorch.org/docs/sTable/generated/torch.optim.lr_scheduler.stepLR.html
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5.4.1 CMA vs CMA Light on regression tasks

We have trained the seven different deep networks reported in Table 4.1 on the 11 open-source
datasets from Table 4.2. The training process consisted in the minimization of the MSE loss
function. Analogously to what was done in the previous chapter, the numerical tests have
been conducted performing 5 multi-start runs and setting a time limit of 300 seconds for each
problem, i.e., for each pair (dataset, architecture). This resulted in 11 x 7 x 5 = 385 runs for
every optimizer, which means approximately 35 hours of GPU time. We remark that in this case
the dimension of problem (2.6) is up to few millions of variables and 500 thousands of samples
(see Table 4.2).

Looking at Figure 5.1(a), we observe that, as expected, CMA Light requires significantly less
average number of objective function evaluations per epoch, leading to a significant reduction of
computational effort. This holds, despite the acceptance rate of the tentative point (box-plot in
Figure 5.1(b)) is not always higher in CMA Light than in CMA (notice that for small networks
it is even lower). This result is not surprising, since our computational experiments show that
the estimate of the objective function (5.2) is often an upper approximation for the real f(w").
Recalling the definition, fk is computed using the sequence of points produced by Algorithm
5.1, which means that it is equally influenced by the samples i = 1,..., P. Our computational
experiments show that the anti-gradients —V f; are often a descent direction even for f(w),
which means that the points found in the first inner iteration will correspond to worse value of

the objective function.

(b) Acceptance of the trial point "

Figure 5.1: Boxplot on all the runs: comparison of CMA Light and CMA on the average number of
function evaluations and acceptance rate of @F.
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Figure 5.2: Performance profiles of CMA against CMA Light. Results for small datasets are reported

to the left, and for big datasets to the right.

5.4.2 Tests with MSE error function

For this class of tests, the experimental testbed, as well as the training methodology and the

multi-start strategy, does not differ from what reported at the beginning of the previous sub-

section. However, we remind the reader that this resulted in 11 x 7 x 5 = 385 runs for five
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optimizer, i.e., a total number of 1925 runs. These tests required approximately 170 hours of
GPU time, including the training set-up and the dataset upload.

In Figure 5.3 we report the performance profiles on the training loss for different levels of
precision 7. We observe that, for 7 = 107! and 7 = 1072, CMA Light clearly outperforms the
other methods, on both small and big datasets. We also notice that SGD and CMA Light, which
involve more simple operations and do not require additional memory storage to accumulate the
past gradients, achieve much better efficiency performance than their adaptive competitors. This
behaviour is confirmed even for high precision level 7 = 1074, SGD and CMA Light converge
faster and have a higher success rate than the other optimizers, which also reflect their stronger
convergence properties. Nonetheless, for high precision level, SGD outperforms CMA Light. We
suppose this happens do to the evaluations of f (wk) that are performed when executing the
EDFL_Light.

For the sake of completeness, in the appendix we also report (in tables A.1 and A.2) the final

values of the test loss averaged over the five runs.

5.4.3 CMA Light on large-scale image-classification tasks

Considering that CMA Light has an increasing advantage over the other algorithms on large-
scale problems, we have carried out another class of tests on the image classification datasets
CIFARI10 and CIFARI100 with ResNet architectures [88].

CIFARI10 is an image classification dataset with 10 classes. It has 50.000 RGB (3 x 32 x 32)
training images. CIFAR100 has the same structure but the task is harder, since there are 100
different types of objects.

The ResNet architectures are five different convolutional neural networks with residual connec-
tions, introduced specifically for the multi-class image classification problem with the aim of
solving the vanishing gradient effect [88]. More details on ResNet architecture can be found in
Chapter 2 (section 2.3.2).

The target optimization problem, in this case, is the unconstrained minimization of the cross-
entropy loss (CEL (2.20)). In Table 5.2 we report the number of variables of problem (2.6),
depending on the pair (dataset,architecture). While CIFAR10, and CIFAR100 are still consid-
ered basic image classification tasks, the number of variables is between one and two orders of
magnitude larger than in datasets in Table 4.2. The main purpose of this test is to assess the
scaling capability of CMA Light when increasing the problem dimension.

Conducting these numerical tests required significantly higher computational effort than for the
previous ones because we needed the real value of f(w*) after each epoch to plot the performance
profiles. To optimize the consumption of hardware resources, we performed a single-run test
using the state-of-the-art network initialization from ImageNet [155, 211] and setting a fixed
number of of 50 epochs. The number of epochs has been chosen following the same heuristic
approach described by [53, 214], seeking for a minimization of the computational effort required.
A single-run train took an average of 4 hours of GPU-time. Considering the five algorithms, the
five networks and the two datasets and including the set-up times, the tests presented in this

sections required approximately 215 hours of GPU-time.
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Figure 5.3: Performance profiles on the training loss on all the networks for different values of 7.
Results for small datasets are reported to the left, and for big datasets to the right.

As done for the tests on the problems in Table 4.2, in Figure 5.4 we report the performance
profiles on the training loss for different levels of precision 7. We observe that, for lower pre-
cision levels 7 = 107! and 7 = 102 (Figures 5.4(a) and 5.4(b)), CMA Light outperforms its
adaptive competitors, which highlights its enhanced computational efficiency in achieving faster

an approximated solution of (2.6). However, the advantage of CMA Light decreases for high
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n in M
Dataset P d | ResNet-18 ResNet-34 ResNet-50 ResNet-101  ResNet-152
CIFARI10 50.000 3.072 11.18 21.29 23.53 42.52 58.16
CIFARI100 | 50.000 3.072 11.17 21.28 23.52 42.51 58.16

Table 5.2: Dataset description (P = number of training samples; d= number of input features) and
n =number of variables (in M) of the optimization problems corresponding to the network architecture.

precision levels. We observe in Figure 5.4(c) and 5.4(d) that Adagrad and Adadelta achieves

k is close to a

a better efficiency performance. We argue that this happens because, when w
stationary point, CMA Light executes the EDFL_Light more frequently, meaning the full f(w)

is evaluated.
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Figure 5.4: Performance profiles on the training loss on all the residual networks for different values of
7 - CMA Light vs SGD and adaptive methods

Finally, in Table 5.3, we report the test accuracy values obtained at the end of the training
process, and we observe that CMA Light is almost always the best-performing optimizer. In the
appendix, in figures A.4, A.5,A.6,A.7,A.8 we report the training loss and the test accuracy plot
against time during training, observing that CMA Light achieves better level of accuracy faster

than its competitors. Seeking for a more reliable assessment of the CMA Light performance
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against the most commonly used optimizers in deep learning, we also report the one-by-one
comparisons of CMA Light against Adam (figure A.9) and Adagrad (figure A.10).

Dataset ResNet-18  ResNet-34 ResNet-50 ResNet-101  ResNet-152
- Adam 0.7429 0.7347 0.7496 0.7163 0.6815
E Adagrad 0.7432 0.7451 0.7141 0.6928 0.7209
é Adadelta 0.7464 0.7446 0.7499 0.7336 0.7574
O | SGD 0.6202 0.6421 0.6486 0.6434 0.6402

CMA Light 0.7580 0.7544 0.7808 0.7219 0.7783
o | Adam 0.4069 0.4309 0.3991 0.3201 0.3280
o‘gj Adagrad 0.3804 0.4003 0.3793 0.2944 0.3042
< | Adadelta 0.4237 0.4469 0.4614 0.4556 0.4359
% SGD 0.3141 0.3477 0.3541 0.3936 0.3579

CMA Light 0.4632 0.4724 0.5159 0.4805 0.5045

Table 5.3: Test accuracy (in %) obtained with the different neural networks on all the image classifi-
cation datasets with all the optimizers at the end of the training process.

5.5 BD-CMAL: A block-decomposed version of CMA Light

In this section we introduce Block-Decomposed CMA Light (BD-CMAL), a block-decomposition
heuristics based on CMA Light, in which at each iteration only a subset of the variables is
updated, while the others are kept fixed at their current value. To leverage the additive structure
of the objective function, we embed the decomposition scheme into the minibatch framework,
exploiting both sample-wise decomposition and block-wise decomposition. In other words, at
each inner iteration, a subset of variables is updated using only a mini-batch. The aim of this
strategy is to reduce the computational cost of the optimization process by mitigating not only
the issues caused by a large number of samples P through mini-batch methods, but also the

difficulties posed by a huge number of variables n through variable decomposition.

Notation: For the sake of clearness, we state the specific notation used throughout this sec-
tion, which slightly differs from the CMA Light notation. w € R" is the vector of all the network
parameters, wy € Rl is the subvector of the weights belonging to layer £ € {1,...,L}. Notice
that we use the term layer in a broad sense, denoting any subset of network parameters com-
posing a block of variables. The set of all the network layers, denoted by £ = {1,...,L}, is a
generic partition of the network parameters. Therefore ZELZI |we| = n.

Vw/fi € R™ represents the estimate of the gradient considering only the samples belonging to
batch i, instead of all the P samples. We denote with V,, f; € Rl the partial derivative
computed with respect to the block of variables wy. We denote with [-], the vector where all
the components are set to zero except for those of the ¢-th layer. Consequently, V,, f; can be
expressed as S0 [Va, file-

In our proposed scheme, we consider the possibility of updating only a subset of the variables at

each iteration, denoting the set of layers that are updated at iteration & with ck. Consequently,
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the direction d* is evaluated using only the gradient computed with respect to the variables

wy, l € L*. The set of the layers not updated at epoch k is denoted as £F = £ \ ck.

5.5.1 Outline of the method

As mentioned earlier, BD-CMAL cannot be directly compared to CMA or CMA Light as a
fully convergent algorithm, since no formal convergence theory has been developed for it yet.
However, two element of novelty make this algorithm substantially different from CMA Light:
the use of a decomposed version of Algorithm 5.1 for the inner cycle and the introduction of a
deactivation heuristic to select the layers to be frozen at a given epoch.

To understand BD-CMAL, we first focus on how the standard CMA /CMA Light inner iterations
are replaced by a mini-batch method using a Decomposed Inner Cycle, as shown in Algorithm
5.4. In this approach, only a subset of variables is updated during each epoch. During each
inner iteration of the Decomposed Inner Cycle, this subset of variables wy, ¢ € LF is iteratively

updated using a mini-batch of samples for each step.

Algorithm 5.4 Decomposed Inner Cycle
Input: w”, ¢*, ck
Set wk = wk
Let I* = {h¥...h%} be a permutation of {1,... P}
fori=1,...,Pdo
TE = fuuwh )
df = =3 pe i [V fr5, (Wi )]e
wy = wi_y + ¢Fdf
end for

P P
Output w* = wh, d* = dl and kaZﬁ
=1 i=1

©

7

7

Differently from a traditional decomposition method, we do not update the variables in a sequen-
tial order or in parallel. Instead, we dynamically select the blocks of variables to be updated
at each iteration, while leaving the others unchanged. This can be considered as a training
method that leverages the decomposition over variables to enhance computational efficiency
performances. At each epoch, after having executed the Decomposed Inner Cycle, we add some
additional controls to determine whether it is beneficial to deactivate or reactivate some blocks
of variables. This results in an heuristic deactivation strategy.

The selection of the parameters to be updated at each epoch aims to reduce the computational
effort by considering only the most relevant variables at that step of the training procedure.
When a block is active, its variables are updated during the optimization step of the current
epoch. Instead, when convenient, some blocks of variables are left unchanged during one or
more epochs, reducing the dimensionality of the optimization problem and decreasing its com-
putational time.

Specifically, at each epoch we consider one candidate block (denoted as b™) for deactivation and

another candidate block (denoted as b™) for reactivation. These candidate blocks are determined
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based on an architectural importance heuristic, which assesses the relevance of each block within
the neural network architecture considering its impact on both computational time and accuracy.
The process of identifying these candidate blocks is called ablation test (see [192] for more
details). It involves systematically removing parts of the neural network to evaluate and sort
the different impacts on performance metrics. The underlying idea is that if removing a block
has minimal impact on the accuracy loss while leading to a significant computational gain, it
should be considered as a candidate for deactivation. Conversely, if deactivating a block caused
a substantial decrease in accuracy without significant reduction in computational time, it should
not be deactivated; rather, it should be a prime candidate for reactivation. These considerations
will be reflected in an ordered list prioritizing blocks considering their overall importance, based
on their impact on accuracy and computational time.

This decision on whether to deactivate the candidate block b~ or not, is based on a certain
deactivation threshold, computed as a function of the norm of the parameter updates of the
currently active blocks. If the norm of the update of block b~ is below this threshold, then
it can be assumed that these parameters do not play a major role at that training stage and
are not significantly contributing to the current training iteration. Therefore, the correspond-
ing variables can be deactivated in order to reduce the computational time. Subsequently, to
avoid an excessive loss in accuracy, we compute the validation accuracy at each iteration to
determine whether some variables should be reactivated. We use a counter to keep track of
the number of consecutive epochs without sufficient improvement in the validation accuracy.
If there is no sufficient improvement for a certain number of consecutive epochs (defined by
the patience parameter), the current set of active blocks may not be sufficient for an effective
training. Consequently, the candidate block b™ is reactivated. This possibility of deactivating
and reactivating blocks of parameters based on conditions on the training performance allows
to find a good trade-off between reducing the computational cost and maintaining accuracy.
Given L, which represents the set of all the network blocks ordered by their importance, we
initialized the sets £0 = £ and £0 = (), updating all the network parameters for a certain
number of epochs determined by the parameter k. After a number k of epochs, in which all
the network parameters are updated, we start to check whether it is convenient to deactivate or
reactivate some blocks of parameters using the scheme reported in Algorithm 5.5.

When a block is deactivated, it is removed from the list of the blocks to be updated in the
subsequent iteration L1 and added to the list of the deactivated blocks £¥+1. Both of these
lists are built containing the blocks in ascending importance order. Consequently, at epoch k,
the deactivation candidate b~ is the first block of the list £F , while the reactivation candidate
bt is the last element of the list £F.

In this scheme, A represents the validation accuracy computed at iteration k, while 5 is a
parameter used to regulate the inclination to deactivate some blocks of parameters, so that
increasing [ leads to a higher degree of parameter deactivation. The parameter p defines the
minimum increase in validation accuracy we aim to achieve at each iteration. Finally, we use the
counter count to keep track of the number of consecutive epochs without sufficient improvement

in the validation accuracy. When the counter reaches the patience, the candidate block b™ is
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Algorithm 5.5 Deactivation/activation scheme over blocks of variables

1: Input: Ek,countk

2: Set deactivation threshold = ﬁ > ek P(|Jwk —whH))

L=\

b- =Lk bt =Lk,

Lk+1 — rk

if [wy — w;f:lH < deactivation threshold then
Lkl — rk \ {b7}

end if

Compute A*

10: if A¥ < pA*~1 then

11:  count® = count® 4 1

12: Ak = Ak-1

13:  if count® = patience then

14: countFt! =0

15: Lkl — ph+l {pt}
16:  else

17: count*t! = count®
18: end if

19: else

20:  countFt! =0

21: end if

22: Output £+, counth+!

reactivated and the counter is set to zero. The deactivation threshold is computed as the average
of a function 1 of the norm update of the active blocks, multiplied by the parameter 5. In our

tests we used 1 as the identity function.

Finally, we report the complete scheme of the algorithm, which incorporate the decomposed
inner cycle and the additional controls into CMA Light. The algorithm starts by initializing
the parameters and variables. It enters the main loop over the epochs, beginning with the
Decomposed Inner Cycle, where the variables belonging to LF are updated. If the iteration
count exceeds the number k of epochs during which all the parameters are updated, the blocks
to be updated in the following epoch are selected through the Deactivation/Activation scheme.
In addition, when necessary, the Extrapolation Derivative-Free Linesearch is executed. In the
final scheme below, the monotonically non-increasing sequence {¢*} introduced in CMA Light, is
used to check the watchdog condition of sufficient decrease. The use of this sequence compensates
the fact that { f k1 is not assumed to be non-increasing and was utilized to prove the convergence
of CMA Light.

5.5.2 Numerical results

In this subsection, we report the early numerical results comparing the implementations of CMA

Light and its block decomposed version described in Algorithm 5.6, denoted as BD-CMAL. As
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Algorithm 5.6 Block-Decomposed CMA Light (BD-CMAL)
1: Let (>0, w® € R?, 6 € (0,1), k=0, k, count® = 0, 3, p, patience and LO=r
2: for k=0,1,2,... do B
3:  Compute (w*, d*) = Decomposed Inner Cycle(w*, (¥, LF)

4 ifk>k then B
5: Compute (L1 count¥!) — Deactivation/Activation scheme (LF,count)
6: end if
7. if A <min{¢* — ~¢F, f(WO)} then
8: Set CkJrl — Ck7 of = Ck and ¢k+1 — fk+1
9: else
10: Set (&, f**1) = Extrapolation Derivative-Free Linesearch
,..,k . k . .
a” if LS successful if LS is successful
11: Set af = . , Rl = ¢ k :
0  otherwise 0C%  otherwise
12: Set pFt! = min{fk+1,fk+1,¢k}
13:  end if
w® + a*d*  the RR/IG point
14: whtl =k restart
wk + a*d*  longer step along dj,
15: end for

for the previous section, the tests were conducted on the image classification tasks CIFAR10
and CIFAR100 with the five state-of-the-art residual networks (see [88] and section 2.3.2). We
used the same hardware GPU NVIDIA Quadro P2200 4 GB and carried out a single 50 epoch
run with the default ImageNet weight initialization [110]. The aim of these experiments is to
evaluate the efficiency and effectiveness of BD-CMAL when applied to large-scale problems.
Our analysis focuses on improvements in terms of computational time and the impact on the
performance of training loss, training accuracy and test accuracy. To ensure a fair comparison,
we used the default hyperparameters setting for both CMA Light and BD-CMAL, reported
in the following Table 5.1. In addition to these settings, the decomposed version of the CMA
Light algorithm includes the hyperparameters of the Deactivation/activation scheme for the
selection of the blocks to be updated. These parameters include the number of epochs in which
we first update all the network blocks k, the parameter § to regulate the deactivation threshold,
the parameter p to evaluate the sufficient improvement in validation accuracy and the patience.

The selected values are reported in Table 5.4.

Table 5.4: Deactivation/activation scheme hyperparameter settings
I} ‘ p ‘ k ‘ patience
12510055 2

The obtained results are summarized in the Table 5.5, which provide performance metrics at
epoch 50 of average training loss, test accuracy, training accuracy and computational time.

The obtained results demonstrate the potential of BD-CMAL to achieve significant time gain
with only a slight loss in test accuracy. It is important to note that the hyperparameters for
block deactivation were determined through a trial and error process on the sole ResNet-18 archi-

tecture. Consequently, when applied to other architectures, the block deactivation mechanism
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Dataset Net ‘ Algorithm  Train Loss Test Acc Train Acc Time

ResNet1g | CMA Light  2.99e5  76.01%  99.93%  3313.09

BD-CMAL 2234  74.56%  99.81%  1399.01

_ ResNet3y | CMA Light  1.68e-5  76.62%  99.97% 572539

- BD-CMAL  2.36e-5  76.40%  99.96%  5663.57
= : §

= ResNep.so | CMA Light  L7le5  77.67%  99.98%  5206.62

3 BD-CMAL  226e-5  75.83%  99.97%  5085.57

ResNep.1o1 | CMA Light  9.92e-4  76.74%  99.80%  9460.65

BD-CMAL  4.34e-5  68.48%  99.55%  8632.54

CMA Light  1.06e-5  76.22%  99.98%  10912.27

ResNet-152 1 51y OMAL 8576 78.20%  99.98%  10651.00

ResNet.18 CMAL 2.86e-4  46.27%  99.90%  3088.51

BD-CMAL  35led  46.49%  99.83%  3052.19

- ResNep.as | CMA Light  145e-d  4817%  99.80%  5178.58

S BD-CMAL  1.9le-4  47.34%  99.51%  5244.39

g ResNep.so | CMA Light  1.02e-4  5094%  99.91%  4874.15

= BD-CMAL  1.13e-4  51.69%  99.93%  4661.35

ResNep.1o1 | CMA Light  8.08c-5  50.72%  99.96%  7785.69

BD-CMAL  6.89¢-5  50.48%  99.97%  7832.62

CMA Light  7.29¢-5  51.63%  99.99%  10250.25

ResNet-152 | phy MAL  1.05e-d 50.11%  99.97%  10291.73

Table 5.5: Results on CIFAR10 with ResNet-18

did not always work effectively. Looking at ResNet-18, BD-CMAL significantly reduced training
time compared to CMA Light, with only a slight drop in test accuracy. This indicates that the
block deactivation in BD-CMAL was effective for ResNet-18, demonstrating its potential for
improved computational efficiency. However the reduction in terms of computational effort is
slighter for the other networks, where some blocks were deactivated only in the latest epochs.
This also leads to some inconsistencies in the results, especially on the CIFAR100 dataset where,
on ResNet-152 and ResNet-101, BD-CMAL is even slower.

Although these early results indicate the need for hyper-parameter tuning (as shown in Table
5.4), and the configuration found for ResNet-18 may not be fully transferable to other tasks,
they still demonstrate a potential efficiency gain when the hyper-parameters are optimized for
the specific problem. The efficiency of this approach, which includes ablation testing to rank
the importance of different blocks and hyper-parameter optimization, remains uncertain and is
the focus of ongoing research. This method may only turn out to be useful when similar tasks

are repeated multiple times, e.g., training networks with slight architectural variations [44].

5.6 Conclusions

In this chapter we have presented a novel algorithm of the CMA family, which was deeply in-

spired by the recent findings in the field of objective function-free optimization. Despite the
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use of a deterministic incremental rule for the sample selection, CMA Light outperforms all its
competitors in almost all settings in terms both of training efficiency and of generalization per-
formance. While we did not investigate the number of line-search iterations and failed epochs as
a function of the probability that the search direction is a "good" descent direction (which can
certainly be matter of future research), our experiments show that, for many state-of-the-art
tasks, the computational overhead of CMA Light line-search is more than compensated by the
increased training efficiency and generalization performance. Moreover, the better generaliza-
tion performance of networks trained with CMA Light suggests that our algorithm is a more
efficient and flexible "teacher". Unlike classical non-adaptive methods, which often require a
computationally intensive grid search to tune the step-size, CMA Light automatically adjusts
the learning rate during training with the line-search. While quantifying this advantage precisely
is challenging, it is important to highlight that CMA Light, through its occasional activation of
a line-search, imitates the adaptive mechanism of algorithms like Adam, without needing the
same amount of memory to store the past mini-batch gradients. The next step of this research,
which we will present in the next chapter, involves enhancing the efficiency of th eline-search
procedure itself and extending the CMA Light convergence theory to the case where samples

are randomly reshuffled after each epoch.
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Chapter 6

Beyond adaptive gradient:
Fast-Controlled Minibatch Algorithm

for large-scale optimization

In this chapter we introduce the Fast-Controlled Minibatch Algorithm (F-CMA), which is the
enhanced version of CMA Light. Differently from CMA Light, F-CMA supports the random
reshuffling of the samples, while preserving the same convergence guarantees. The work de-
scribed in this chapter has been carried out during the first half of 2024 year with the invaluable
help of ALCOR Lab, which provided the hardware resources for the massive computational tests
on F-CMA and its competitors. The work has been submitted at "IEEE Transactions on Neural

Networks and Learning Systems".

6.1 Introduction

In recent years, with the introduction of popular optimizers such as Adam [104], adaptive gra-
dient methods have gained popularity in the deep learning community because of their fast
convergence and lower sensitivity to hyper-parameters. Nonetheless, as discussed in Chapter 3,
they suffer from drawbacks, including higher memory demands for elements like moving averages
and a less investigated convergence theory. In this chapter, we propose F-CMA, a fast-controlled
mini-batch algorithm enhanced with backtracking line-search, to solve the unconstrained mini-
mization problem formulated in (2.6).

The exponential increase in the number of model parameters, driven by the advancement in
deep learning architectures, such as attention-based and diffusion models [52, 102, 125, 171, 204|,
combined with the growing adoption of over-parametrization to achieve optimal interpolation
[5, 29, 38, 210], yielded the use of traditional first-order methods prohibitively expensive, since
they require the full-batch gradient of the objective function. Hence, as we have stated so far,
the most largely adopted optimizers are the mini-batch methods, which rely on parameters
updating rules that exploit only a small subset of the available dataset. While the underlying
idea of mini-batch methods dates back to the early 1950s with [176], plenty of these methods
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have been developed in the past decade (see also Chapter 2 and Chapter 3). Moreover, they
can be categorized into adaptive and non-adaptive methods based on whether the learning rate
is static across all parameters or dynamically adjusted during the training process.
Non-adaptive methods, like Stochastic Gradient Descent (SGD) [26, 176, 180, 198] and its
variants such as Incremental Gradient (IG) [16], Incremental Aggregated Gradient (IAG) [81,
200], and random reshuffling (RR) [148] perform parameters update with fixed or decreasing
learning rate in the form:

wt = w4 ofd’ (6.1)

where d' is an estimate of —V f(w!). Despite being simpler to implement with respect to their
adaptive competitors, these methods are highly affected by the initial learning rate setting.
Furthermore, as highlighted in [212|, the optimal fixed learning rate can have strong depen-
dencies on the Lipschitz constant of f(w), while untuned updating rules can often lead to slow
convergence or to exploding gradient [11, 113].

Conversely, adaptive methods perform parameter updates using a fixed learning rate and a di-
rection, that is, an aggregated measure (such as the exponential moving average) of the gradient
estimates sampled until the current step. Many adaptive methods have been proposed by deep
learning researchers (84, 144|, each varying the gradient accumulation rule. In this work, seek-
ing for a comparison between F-CMA and the most frequently used optimizers, we consider as
benchmark the adaptive methods presented in Chapter 2: Adam [104], Adamax [104], AdamW
[134, 135], Adagrad [58|, Nadam [57], and Radam [127]. Despite requiring more memory to store
the past gradient estimates [191], adaptive methods are generally acknowledged to be more ef-
ficient, stable, and robust to the initial learning rate [138, 212, 220]. However, they require
stronger assumptions on the objective function to prove convergence, such as strong convexity
of f(w) [86, 107, 108] or gradient-related search direction [73, 74|, which are often not satisfied
in deep learning application [99, 174]. Moreover, most of the available converge theory rely on
stochastic results, i.e., convergence in the expected value [26].

In addition to non-adaptive and adaptive methods, there have been multiple attempts to address
the problem of learning rate tuning in non-adaptive algorithms such as making SGD adaptive
through the use of a line-search procedure [80, 93, 139, 153, 154|. Building on this research path
and considering the advantages that the RR strategy has demonstrated in numerous applications
compared to its incremental and stochastic counterparts [83, 150, 182, 190, 213|, we propose a
method that integrates RR [148] (Algorithm 6.1) with a safeguard rule to ensure the sufficient
decrease of an approximation, f , of f(w). More in detail, if the safeguard rule is not satisfied,
inspired by the controlled mini-batch framework proposed in [131], F-CMA automatically adjusts
the learning rate by either decreasing it or executing a line-search procedure (Algorithm 6.2).
Similarly to what we have seen for CMA Light in the last chapter, the decrease condition on
f at each epoch is checked using the aggregated running loss over an epoch. However, F-CMA
performs the line-search without the true loss function, and only two full evaluations of f(w)
are required, reducing the computational overhead with respect to CMA Light.

Summarizing, the main contributions introduced with F-CMA can be summarized as follows:
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e We prove that infy, |V f(w*)|| — 0, allowing the random reshuffling of the samples at each

epoch using a deterministic approach and without requiring the convexity of f(w).

e We introduce a learning rate-driven early stopping rule to reduce the computational effort,

lowering the consumption energy required for the training process and its carbon footprint.

e We design a backtracking derivative-free line-search technique that can use any approxi-
mation model of f(w) and requires, in the worst case, at most two full evaluations of f(w)

while still preserving convergence properties and competitive performances.

e We lighten the individual coercivity assumption of CMA Light on f;(w) and replace it
with gradient clipping to ensure the boundedness of ||V f(w")|| and speed up the training
process (39, 170].

e We introduce an internal scheduler (n in Algorithm 6.2) to adjust the learning rate ¢*

before the line-search.

The rest of the paper is organized as follows. In section 6.2 we explain in detail the algorithm
F-CMA, focusing on the elements of novelties with respect to the others algorithm of the CMA
family, and introduce our assumption on the objective function and its gradient. In section 6.3
we prove in a deterministic way that F-CMA globally converges to a stationary point, i.e., the
sequence of points produced by F-CMA is limited and at least one of its accumulation points is
stationary for the objective function. In section 6.4 we discuss the experimental setup and the
hardware used to carry out the computational tests. In section 6.5 we present the results both
on the training loss and on the generalization performance attained by the model. Finally, in

section 6.6, we briefly report our conclusions.

6.2 Fast-Controlled Mini-batch Algorithm (F-CMA)

In this section, we discuss in detail the proposed method and the convergence properties of
F-CMA.

F-CMA, which is reported in Algorithm 6.3, relies on checking after every epoch a sufficient
decrease condition on an estimate of the real objective function. This estimate is obtained by
summing the batch losses accumulated during an epoch. According to Algorithm 6.1, given a

random permutation I* at iteration k, this estimate be formally written as:

P
=" g ) (6.2)
p=1

where {wﬁp_l}pzl’wp is the trajectory of points generated by a RR iteration (Algorithm 6.1).
Notice that f* from (6.2) is the same estimate from (5.2). The notation is different to highlight
that in F-CMA we extend the convergence results of CMA Light to the case with random
reshuffling.

However, before proceeding to the detailed explanation of F-CMA, we introduce the assumptions

we make to prove the global convergence to a stationary point in a deterministic way. These
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Algorithm 6.1 Random Reshuffling iteration

1: Input: w*, ¢*

2: Let I, = {h1,...,hp} be a random permutation of {1,..., P}
3: Set @,’io ="

4: fori=1,..,P do

o: filf, = fn, ("Eﬁi,l)

6 df, = Vi (@f,_,)

T wf, =woF,  +¢*d,

8: end for

9

P P
: Output @" = ap, d* = ZEZIZ“ = Zﬂi
i=1 i=1

assumptions are slightly more restrictive than the ones used in the previous chapters for CMA
and CMA Light.

Assumption 6.2.1. The function f is coercive, i.e., all the level sets
Lp(wo) ={w e R": f(w) < f(wo)} (6.3)

are compact for any wy € N™.

Assumption 6.2.2. f,(w) € Cip (R™) for allp =1,..., P, meaning that the functions f, are all
continuously differentiable and the gradients V f, are Lipschitz continuous for eachp =1,..., P,

namely there exists finite L = max,—1 . p Ly, > 0 such that:

IV fp(u) = V)l < Llu— o[V u,w e R" (6.4)
Notice that, to simplify the notation of the more frequently recurring terms, we will further refer
to the Lipschitz constant of f,(w) as Ly,, while we will indicate the constant of Vf,, as L.

Assumption 6.2.3. The functions f, are bounded below for each p =1,..., P, that is:
Ly (wo) ={w € RN": fp(w) < fp(wo)} is compact for any wo € R™. (6.5)

Assumption 6.2.4. There exist three constants C,D > 0 and M > 0 such that for each
p=1,..., P and for any w € R":

IV fp(w)ll < CIVf(w)l + D (6.6)
IVf(w)l]| <M (6.7)

Assumptions 6.2.1 and 6.2.2 are the same required to prove the convergence of CMA and CMA
Light, while assumption 6.2.3 is a slight modification of assumption 5.2.3. Assumption 6.2.4,
which postulates the boundedness of the norm of the gradient, is more restrictive and was not
required in the previous chapters. However, bounded gradient hypothesis is still widely adopted
in algorithms that use approximations of the true objective function, such as optimization in
federated learning with error [55, 65, 117, 175], adaptive methods in non-convex optimization
[50, 208|, and stochastic gradient method (e.g., [4, 16] assume bounded variance of ||V f(w)]|).
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We refer the reader to Chapter 3 for a more detailed discussion of this topic. Furthermore, we
remark that the convergence of F-CMA still holds if Assumption 6.2.4 is satisfied for any w
produced by F-CMA. In the computational practice this condition can be easily ensured using
the gradient clipping option®, which is also acknowledged to speed up the training process when
using non-adaptive methods [39, 170].

Like CMA Light, discussed in the previous chapter, F-CMA (reported in Algorithm 6.3) follows
the same structure shared by all algorithms adopting the CMA framework. F-CMA is based on
the random reshuffling iteration (Algorithm 6.1). The assumptions stated above, jointly with
the conditions at steps 6, 9, and 13 of F-CMA, make it possible to prove the global convergence
to a stationary point for smooth objective functions. At each epoch k, after performing an RR
cycle and having a tentative point w*, a tentative direction d*, and an estimate of the objective
function in the point @*, f**1 given by (6.2), F-CMA checks at step 6, whether there has been
an improvement by at least a factor 7¢¥, being ¢* the decreasing learning rate. Following the
same logic of CMA and CMA Light, if the condition at step 6 is satisfied, which often occurs in
the first epochs of training, F-CMA produces the same points that would have been produced
by RR. When the condition is no longer satisfied, a safeguard rule on the norm of the direction
is checked. If the norm is too small with respect to the hyper-parameter 7 (condition at step 9),
the learning rate ¢* is decreased by the factor  but, if still in the level set of f(w), the tentative
point is accepted. Otherwise, the Derivative-Free Linesearch (DFL), reported in Algorithm 6.2
is executed as in CMA Light. However the DFL is performed using any suitable model (-)
of the true objective f(w) and the real f(w) is evaluated only to check the initial and final
conditions (step 3 and 13 of Algorithm 6.2). The line-search returns an Armijo-like step-size
[6, 77, 78] and, according to condition at step 13 of F-CMA, the current step-size a* can be
updated as follows: decreased, set to its returned value, or driven down to zero for the current

epoch in case we end up out of the level set (conditions at steps 14.3 or 16.2).

Algorithm 6.2 Derivative-Free line-search (DFL)

Input (f*,w*, d*, ¢*;v,6,4()): w* e R, d* e R",¢" >0, v € (0,1),6 € (0,1),m € (0,1)
Set j = 0,0 = ¢*, f; = f*
Compute f(w")
if f* > f(w") —~ad*||* then
Set o = 0 and return o*, f;
end if
while ¢(w" + (a/8)d*) < min{f(w*) — yal|d*|*, f;} do
Set fir1 = (w” + (a/5)d")
Set j=j+1
10:  Seta=a/d
11: end while
12: Compute f(w* + ad®)
13: if f(w" + ad®) < f(w*) — yal|d¥||* then

©

14:  Set o* = o and return o, f(w”® + o*d")
15: else

16: Set a® = 0 and return o, fo

17: end if

Although F-CMA shares a similar structure with CMA Light, it differs not only in that it

generalizes CMA Light, supporting random reshuffling epoch. In fact, a key innovation in F-

"https://pytorch.org/docs/stable/generated/torch.nn.utils.clip_grad_norm_.html
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6.3. Convergence properties

CMA is its derivative-free line search, which introduces an internal scheduler (parameter 7 in
Algorithm 6.2) and utilizes an approximation model ¢ for the objective function. Firstly, at the
beginning of DFL (step 2), the current learning rate ¢* is scaled by a factor € (0,1) to achieve
more stability than in CMA and CMA Light, where computational experience shows that the
line-search happens to fail when (¥ is still too large to move successfully alongside the search
direction. Then, DFL performs an extrapolation procedure by dividing the current learning
rate by the hyper-parameter ¢ € (0,1) until the condition at step 7 holds. However, in order
to minimize the number of evaluations of the entire objective f(w), we tailored the line-search

to support the use of any coercive model ¥ to approximate f. In our implementation, given

a permutation Iy, = {hi,...,hp}, ¥ is computed using a subset of the available samples, such
that:
P
P(w) = Z fn;(w) with p << P (6.8)
i=1

More formally, we highlight that the algorithm does not change substantially if using any ap-

proximating model 1 which satisfies the following:

Assumption 6.2.5 (Properties of ©). The approzimating model is a function 1 : R™ — R with

the following properties:
i) 1 is coercive;
it) there exists a mon negative constant M < oo such that [ (w) — f(w)| < M for all w € R™.

Eventually, the sufficient decrease condition at step 13 is still evaluated on the true objective
to deterministically prove the global convergence without assuming further hypotheses on the

search direction d¥.

6.3 Convergence properties

Proving the global convergence of F-CMA to a stationary point for f(w) is straightforward if
Proposition 5.2.4 in the previous chapter can be applied to the random reshuffling case. In fact,
the other proofs are mostly by contradiction, and, as seen in the previous chapters, they are all
based on the analysis of the possible outcomes of each epoch k of F-CMA.

For the sake of completeness, we reformulate Proposition 5.2.4 using a notation that highlights
the random reshuffling of the samples at each epoch. Using the assumptions stated in the

previous section, we prove the following result.

Proposition 6.3.1. Assume that the sequence of points produced by Algorithm 6.1 {wy} is

limited and that limg_,0 C, = 0. Then, for any limit point @ of {w*} a subset of indices K exists
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Algorithm 6.3 F-CMA (Fast-Controlled Minibatch Algorithm)
1: Set ¢° > 0,0 € (0,1),7 >0,y € (0,1),8 € (0,1), 1 € (0,1), min >0

2: Let w’ € R" ) )

3: Compute f(w°) and set f° = f(w°) and ¢° = f°

4: for k=0,1... do

5:  Compute (@k7dk7fk+1) — RandomReshuffling(w”, ")
6: if T <min{¢" —~¢*, f(w°)} then
7 Set ¢FT1 = ¢* and of = ¢* and ¢*T1 = fFHL
8: else
9: if ||d®|| < 7¢* then
k f rk4+1 < 0
10: Set (F+1 = ¢ and o = 46 ST ST g ghe g
0  otherwise
11: else .
12: (@, f*) = DFL(w*, d*, ¢*;v,6,n)
13: if &*||d*||?> < 7¢* then
a* if&* >0and fFH < f(w?)
14: Set ¢" =0¢* and o = { ¢F if @* =0 and A < f(w°)
0 otherwise
15: else
G if &k ol 0
16: Set ¢F*! = max{@", amin}, and o = @ na >.0 and 70 < f(w)
0 otherwise
17: end if A ~
18: Set ¢F+1 = min{ fFT1, fEH1 ok}
19: end if
20: end if
21: Set wFt! = wk + o d*
22: end for
such that
lim  w* =, (6.9)
k—oo0,ke K
lim ¢*F=0 6.10
iﬁoo,keKC ’ ( )
lim @ =w, foralli=1,...,P 6.11
k—ookeK . i ( )
lim dp=-Vf(w). 6.12
k—oo0,ke K k f( ) ( )
lim f* = f(w). 6.13
k%oo,ker f (@) ( )

Proof. The first part of this proof is substantially the generalization of Proposition 4.3.4 using

a notation that highlights the dependency of the on the sequence from the current random

permutation.
Recalling that {w*} is limited and that limy_ ¢ = 0, (6.9) and (6.10) follow by definition.
Then, given a permutation I*¥ = {hy,hs, ..., hp}, consider the sequence H{E,]; — w”||. Recalling

that wf = w” follows by definition of 6.1 that:
@,lil = wk — Ckahl (wk)

which implies that:
i, — w* || < IV fo, (") (6.14)
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For 7 > 1 we can write:
g, — w*|| = ¢*| Z V g (@, < CEY NV g (05, ,) + Vg (w?) = Y fi (")
j=1

Exploiting the triangular inequality, (6.2.2), and (6.2.4), we have that:

N NV Sy (@) + V iy (wF) =V o (w |<<kZL|| = WP [V iy (0]
=1

This proves that:
i
@, —w*|| < ¢F > L|ay, | —wF| 4+ |V fu, (wh)]| for alli=1,..., P (6.15)
j=1

Notice that the result in (6.15) is simply the generalization of the thesis of Lemma 4.3.2 with
an explicit dependency from I*.
Hence, we can now reason by induction. If ¢ = 1, then, taking the limit for £ — oo on (6.14)

and recalling that ¢* — 0, we get:

Ii ~k k| —
k—)olor,rlieKHwhl v H 0

Assuming that this is true for 4 = 1,2,...,5 — 1, thanks to the boundedness of {w*}, (6.11) is
proved.

Let’s now consider the direction given by 6.1:

p
= Vin (@, )
i=1

Taking the limit for ¥ — oo, using (6.11) and assumption 6.2.2, (6.12) is proved, since we have:

P
lim d* =— vahi (w) = =V f(w)
i=1

k—o0,ke K

Eventually, using the continuity of f(w) and (6.11), we have:

k—o0,ke K k—o0,ke K

P
T L, th @, )= (@) = f()
i=1

which concludes the proof of (6.13) O

Having proved that F-CMA can converge to a stationary point if {w"*} is bounded and ¢* — 0,
we need to prove that these conditions actually holds. We begin by proving, in the following
proposition, an important property of the DFL (Algorithm 6.2).

Proposition 6.3.2. Suppose that 1(-) satisfies assumption 6.2.5. Then, Algorithm 6.2 is well-

defined, and it returns within a finite number of steps a scalar oy such that:
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Fwk + akd®) < f(wh) — yak|d"|? (6.16)

Proof. First, we show by contradiction that the EDFL cannot cycle an infinitely number of

times. If this was the case, we would have that, for all j =1,2,...:

k k
v+ S < flh) S

Taking the limit for j — oo and being Ck—]” — 00, we would get a contradiction with the
compactness of the level sets of ¢ and with the boundedness of f(w) in 6.2.1.

To prove (6.16), we first consider that it trivially holds if the EDFL fails (step 4) and o = 0.
Conversely, if the condition at step 7 is verified at least one time, we can select a scalar a > 0,

only if (6.16) holds (step 13). O

Now, since we removed the individual coercivity assumption on f;, we need to prove that the
difference between the approximation of the objective function f**! and the real value f (w")
at the beginning of the epoch is bounded by a certain fixed threshold. In the following lemma,
we show that this threshold exists and depends on the constants C' and M, on the number of

samples (or batch of samples) P, as well as on the Lipschitz constant of f(w).

Lemma 6.3.3. Let M > 0 be a scalar such that ||V f(w)|| < M for all w € R™ (assumption
6.2.4). Then, there exists a constant C>= for which the following relation between the estimate

of the objective function f* and the real objective function f(w”) holds for every iteration k =
0,1,... of Algorithm 6.5.

[P = Fh) < PPLyCtOM (6.17)
where Ly is the Lipschitz-constant of f(w).

Proof. To avoid an abuse of notation, the proof is written in the case of the trivial random
permutation I* = {1,2,..., P}.
Let’s consider the difference between the estimate and the real value of the p-th term of f(w).

Recalling assumption 6.2.2 and naming Ly = max,—;__ p Ly, we can write:

P
[fol@y1) = fo(wh)] < Lylldy g —wkll = LyCHI Y V(@5 <
j=1

LiCFp(C|V (@) 4+ D) < Lp¢Fp(CM + A)

where for the last inequalities we exploited Assumption 6.2.4 and the hypothesis on ||V f(w)]|.

Now we can rewrite:

P P
[P = F@) = 1) fol@p_y) = fo(wh)] < Y 1 fpdp_1) = fp(w®)]
p=1 p=1
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F P(P—1) .
<D Lp¢"p(CM + A) = LiCH(OM + A)——— < Ly(*CP?
p=1
with C' = (C'M + A) which proves the thesis. O

We have now collected all the elements to prove, in the following proposition, that the sequence

of points produced by F-CMA is limited.

Proposition 6.3.4. Let {wk} be the sequence of points produced by the Algorithm 6.3 and let
M >0 be a scalar such that ||V f(w)| < M for all w € R™. Then, {w*} is limited.

Proof. The proof begins showing that for each k = 0,1... at least one of the following conditions
holds:

i) fEL< f(w®)

i) whtt =w

By definition of Algorithm 6.3, for every iteration k, we have that one of the following cases

happens:
a) step 7 is executed, i.e., we move to a new point such that f* < min{¢*= —~¢*, f(w°)}.

b) step 10 is executed. We move to a point such that f¥ < f(w?), or we set o = 0, i.e., we

do not move from w*.

¢) step 14 is executed. After the line-search, we move to a point such that either f% < f(w?)
or f(wh + akdF) = f(WFt!) < f(wWP) or we do not move if neither of the conditions is

satisfied.

d) step 16 is executed. After the line-search we move to a point such that f(w* + a*d*) =

Wk < f(wP) or we do not move.

In case a) at least i) holds. In case b) either i) or iii) holds. In case c) either i) or ii) holds if
the line-search learning rate is satisfied otherwise iii) holds. In case d), again, ii) holds if the
line-search learning rate is satisfied, otherwise iii) holds.

Now, suppose by contradiction that the sequence of points {w”*} produced by the Algorithm 6.3

diverges, i.e., an infinite set of index k C {0,1,2,...} exists such that:

lim |w”|| = oo (6.18)
k—o0
keK

Consider the following sets of indexes:
o Ki={k=0,1,---: fA+1 < f(w")}
o Ky={k=01,: f(u¥) < f(u)}

o K3={k=0,1,---: wFt! =k}
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We first show by contradiction that K N (K; U K5) must be finite.
For any k such that i) holds, recalling (6.17), we have that:

fwh)y < fF 4 PP CROM < f(w®) + PPLyCFCM

If KN (K;UKy) is not finite, then taking the limit for & — oo with & € K N (K7 U K3) on both
sizes and recalling that f(w) is coercive (assumption (6.2.1)) and that {¢¥} is by definition a

non-increasing sequence, we get the following contradiction:
00 < f(w®) + P2L;CCM < o0

Conversely, for any k such that ii) holds, if K N (K; U K») is not finite, we immediately have a
contradiction with assumption (6.2.1), since we would get that [Jw*|| — co but f(w*) < f(w®),
meaning that the level set is not compact.
Hence, since KN(K1UK>) must be finite, there must be an infinite set of index K C K3\ (KUK>)
such that:

kli;xolo ||w¥|| = oo (6.19)

ke(KNK)

But here we encounter again a contradiction. In fact, let’s consider an index k € (K N K). If for
allm = {1,2,...} k+m € (KNK), then we get a trivial contradiction with ||w*|| — co. Hence,
to ensure (6.18), there must be an index J > k such that w* # w’_“, which means such that iii)
does not hold. However, we have proved that if iii) does not hold, at least one between i) and
ii) must hold, which means k € (K; U K»). But this is, by definition of K, in contradiction with
ke (KNK). O

Finally, the following proposition proves that the step-size ¢* goes to zero, which is the last
element we need to prove the convergence of F-CMA. Although the proof is structurally identical
to the proof of Proposition 5.3.4, we still report it below because the steps of algorithms F-CMA
and CMA Light differ in numeration.

Proposition 6.3.5. Let {¢*} be the sequence of steps produced by Algorithm 6.3, then

lim ¢F =o.

k—o0

Proof. In every iteration, either ¢**1 = ¢¥ or ¢**1 = 0¢* < ¢*. Therefore, the sequence {¢*} is

monotonically non-increasing. Hence, it results
lim ¢¥=¢>o0.
k—o00

Let us suppose, by contradiction, that ¢ > 0. If this were the case, there should be an iteration
index k& > 0 such that, for all k& > &, ¢¥*! = ¢¥ = ¢ > aynin. Namely, for all iterations k > k,

steps 7 or 17 are always executed.
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Let us now denote by

K' = {k: k>k, and step 7 is executed}
K" = {k: k>k, and step 17 is executed}

Let us first prove that K’ cannot be infinite. If this was the case, we would have that infinitely
many times
’Y& < ¢k‘ _ fk-i-l: ¢k o ¢k:+l

However, by the instructions of the algorithm {¢*} is a monotonically non increasing sequence.
Also, by assumption 6.2.3, for all k, ¢* > 0. This means that:

lim = lim b+l — g,
k—o0,ke K’ ¢k k—o0,ke K’ gb ¢

That is to say that

lim k1 k+1 —0
k—o0,ke K’ ¢ ¢

which is in contrast with ¢ > 0.

Thus, an index k exists such that, k € K” for k > k. Thanks to Proposition 6.3.2, for k > k,
we have
F) < fwh + afd¥) < f(wk) —yab]d)?, (6.20)

that is the sequence { f(w*)} is definitely monotonically non-increasing and bounded below since
f(w) > 0. Hence
lim f(w*) = lim f(w**!) = f.

k—o0 k—o0

Then, taking the limit, we obtain:
klglgo oF||d¥||? = 0.
But then, for k > k sufficiently large, it would happen that
oF|d*|* < ¢
which means that step 10 would be executed, setting ¢¥*1 = 0¢ thus decreasing ¢**1 below (,

which contradicts our initial assumption and concludes the proof. O

Following the last proof, it is now possible to show that F-CMA converges to a stationary point,
i.e., that limy_,o infg |V f(w")]| = 0.

Theorem 6.3.6. Let {w*} be the sequence of points produced by the Algorithm 6.3. Then, {w"}

admits limit points, and at least one of them is a stationary point for f(w).

Proof. {w"*} is limited by Proposition 6.3.4, thus it admits limit points. Furthermore, recalling
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Proposition 6.3.5, the set of index:
K:{k20717"':ck+1 :egk}

must be infinite and, by Proposition 6.3.1, there exists an infinite set K C K such that

lim w*=w

k—oo0,ke K

and

lim d* = -V f(0)
k—oo0,ke K

Now, recalling conditions at Step 9 and at Step 13, we have that for all k € K either ||d*||? < 7¢*,

or @ ||d*¥|| < 7¢*. Hence, we can partition K as follows:

K' = {k: condition at step 9 is satisfied}
K" = {k: condition at step 13 is satisfied}

At least one between K’ and K” must be infinite.

If K’ is infinite, then:

lim d*=-Vf(w)< lim 7¢F=0
k—o0,ke K’ k—o0,ke K’

and the thesis is proved.
If K" is infinite, then:
lim dféF <  lim  r¢F =0
k—o0,ke K’ k—o0,ke K’

Recalling that &* > 0 and using Assumption 6.2.4, this means:

lim d*&* < lim  PCOVf(w®)a* =0
k—oo,ke K’ k—o0,ke K’

If |V f(w")|| — 0, the thesis is proved. Otherwise, it must hold that &* — 0.

But in this last case, considering Proposition 6.3.2, we have that, for all k € K",
flwh +akd") < fw*) —ya*|d"|)?

Applying the Mean Value theorem for all k € K", we know that there exists a scalar £F € (0, &%)

such that:
fw® +€+d") — f(w)
{k
Taking the limit for & — oo, k € K", we obtain:

= Vf(w*)Td" <~|d"|?

IVF@)II* < 7V f ()|

Recalling that v € (0, 1), this is possible only if ||V f(w)| = 0, which proves the proposition. []
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6.4 Experimental setup

This section gives a detailed description of the experimental setup, including training hyper-
parameters, benchmark datasets, and evaluation metrics.

F-CMA has been implemented using PyTorch deep learning API. In order to investigate the
convergence behavior and estimation performances achieved by F-CMA, we select again the
two reference benchmark datasets, i.e., CIFAR10 and CIFAR100 [109], and compare over eight
optimizers and six well-known neural networks. As said in the previous chapters, each dataset
is composed of 60K images, using the common train/test split composed of 50K /10K images,
at a resolution of 32 x 32 pixels with 10 and 100 classes, respectively. More in detail, we select
as reference optimizers the original CMA Light configuration (see table 5.1), Adam, Adamax,
AdamW, SGD, Adagrad, Nadam, and Radam using their default hyperparameters, i.e., the ones
reported in their original papers with the exception of the learning rate of SGD that has been
reduced to 1072 due to the lack of convergence in its original settings. Moreover, we compare the
optimizers performances over five convolutional and a single vision transformer neural networks,
precisely, we chose as reference models ResNet-18, ResNet-50, ResNet-152 [88], Wide ResNet-50
[216], MobileNet V2 [183] and Swin-B [129]. The target problem is always the unconstrained
minimization (see (2.6)) of the cross-entropy loss function, as in (2.20). All the models have
been initialized on the ImageNet [51| dataset and sequentially trained with each optimizer, i.e.,
in 54 different combinations, with a batch size of 128 images for 250 epochs (Np). Due to
the large number of optimizers to be compared and the presence of the ultra-deep transformer
architecture Swin-B, the tests have been carried out on a high-performing GPU NVIDIA GeForce
RTX 3090 24 GB in collaboration with ALCOR Lab? at the Department of Computer, Control
and Management Engineering (DIAG) in Rome, Italy.

6.5 Computational results

Once the training phase is concluded, we are interest both in the optimization performance and
in the generalization capability of the model. Following the same methodological approach of
the previous chapters, we evaluate each model-optimizer combination with performance profiles
[54, 152] on the cross-entropy training loss and with comparative tables on test accuracy values
to determine the architectures performance on the classification tasks.

We firstly report, in Figure 6.1, the performance profiles for different levels of precision. For low
and medium level of precision, in figures 6.1(a) and 6.1(b), we observe that F-CMA strongly
outperforms all the competitors in terms of efficiency. F-CMA, thanks to the random reshuffling
and the reduced computational burden of the derivative-free linesearch, seems to achieve here
what CMA Light only partially achieved in 5.4. In particular, we invite the reader to recall
figure 5.4(a), where we show that, for low precision level, SGD outperforms CMA Light. Con-
versely, F-CMA outperforms both SGD and adaptive methods for 7 = 10~!. According to our
interpretation, this result has an obvious explanation. On the one hand, F-CMA incorporates

the efficiency of SGD (it does not need for any stored information such as averaged gradients

2https://alcorlab.diag.uniromal.it/
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in adaptive methods) and almost the same theoretical guarantees of CMA Light. On the other
hand, the new linesearch makes F-CMA much more efficient, because it only twice needs the real
value of f(w) and also because, starting with a smaller step-size n¢* < ¢*, it is easier to attain
the sufficient decrease condition. Concerning high-precision levels, we observe, in figures 6.1(c)
and 6.1(d), that F-CMA is no more the best-performing optimizer. Nonetheless, for 7 = 1073
and 7 = 1074, all the algorithms tend to have more similar performance than with lower pre-
cision levels and F-CMA is clearly not under the average. Furthermore, it can be noticed that

F-CMA still outperforms CMA Light, as well as some adaptive optimizers.
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Figure 6.1: Performance profiles on the training loss on all the architectures for different values of 7 -
F-CMA vs CMA Light, SGD and adaptive methods

Now, focusing on the test accuracy results, we report in table 6.1 the test accuracy achieved,
the number of epochs (Nep) needed to perform a complete train, the average time needed to
perform a single epoch (T/Ep) measured in seconds, and the epoch in which the highest value
of the test accuracy has been reached (labeled as k*). Based on the reported results, it can
be observed that in most cases, F-CMA achieves the highest accuracy, with a maximum boost
of up to +5% compared to other optimizers and a total training time of up to —68% shorter.
More in detail, we note that in terms of the time needed to perform a single epoch, SGD is the

fastest optimizer, due to its limited amount of operations. However, compared to F-CMA, SGD
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achieves an average boost of only 1 second per epoch, and its convergence is usually slower,
requiring an average of +145 additional epochs to reach k*.

Furthermore, by observing the Acc and k* columns in the table 6.1, it can be noticed that F-CMA
reaches higher accuracy values faster than all other optimizers in &~ 85% of cases; consequently,
the addition of the learning rate-driven early stopping rule significantly reduces the total training
time. More in detail, taking the Swin-B architecture as an example, it can be noticed that F-
CMA achieves accuracy values comparable to CMA Light, i.e., —0.1% and +0.9% respectively
on CIFARI10 and CIFAR100 datasets with faster training time, i.e., a T/Ep equal to —4.0 and
—3.9 seconds and a k* achieved in —30 and —78 epochs, leading to a reduction of —36.5% and
—55.8% in the training time needed to converge (k*). Moreover, in this example, it can also be
noticed that Nadam, with its default hyperparameters, is not able to converge (k* = -). It is
also remarkable that in the cases in which the optimizers reach a k£* value in a range lower than
40/50 epochs, this phenomenon usually leads to low estimation accuracy values; for example,
this behavior can be noticed in the following optimizer/architecture combinations: CMA Light
with ResNet-152 and Nadam with ResNet-18 on the CIFAR100 dataset.

Eventually, we report, in the additional material appendix (figures A.13, A.14, A.15, A.16,
A.17, and A.18), the plots of the training loss and test accuracy against computational time for
each dataset-network pair. The figures confirm what already concluded by analyzing table 6.1.
Trying to better assess the performance of F-CMA against the most commonly used optimizers
in deep learning, we also report the one-by-one comparisons of F-CMA against Adam (figure
A.12) and Adagrad (figure A.12). F-CMA is not only the best-performing algorithm in terms of
test accuracy achieved but it often achieves this result significantly faster than other algorithms.
Finally, looking at the plots, in particular at the training on the CIFAR100 dataset, which is an
harder and larger task, we observe how F-CMA presents a much more stable behaviour than its

adaptive competitors (see, e.g., figure A.17).

6.6 Conclusions

Looking at the results we have presented and discussed, we can assess that in the analyzed clas-
sification tasks, F-CMA exhibits a faster convergence behavior than well-established algorithms
while attaining higher accuracy values when compared to the same deep learning model. This
is evident both analyzing the performance profiles on the training loss and the test accuracy
achieved. Jointly with a highly stable behaviour, these performances also represent a promising
advancement towards enhancing the efficiency of the training process, reducing the computa-
tional effort required to attain a certain level of precision. This results not only in a potential
cost reduction when training deep neural architectures but also in lowering the energy con-
sumption and the carbon footprint while avoiding architectural modification and/or potential

performance losses [166, 221].
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Table 6.1: Model-optimizer performances over classification tasks. The proposed method is highlighted
in gray, the best results are in bold, and the second bests are underlined.

Net Optimizer CIFAR 10 CIFAR 100
Acct T/Epl N k'L | Acct T/Epl Ne k')
Adam 81.67  6.46 250 139 | 52.30  6.55 250 31
Adamax 8260  7.75 250 228 | 53.14 779 250 86
©  AdamW 81.24 652 250 78 | 5246 649 250 35
i) SGD 79.27  5.96 250 201 | 51.82  5.85 250 139
7z Adagrad 82.02 651 250 106 | 53.03  6.38 250 250
8 Nadam 8127  6.63 250 181 | 51.33  6.65 250 20
= Radam 82.02  6.62 250 114 | 52.78  6.69 250 29
CMA Light | 82.83 745 250 119 | 54.95  7.64 250 179
F-CMA 83.43 652 109 78 | 56.64 646 119 79
Adam 8234 12,65 250 242 | 49.76  12.67 250 102
Adamax 83.64 1545 250 142 | 56.65 1553 250 15
S AdamW 81.67 1275 250 77 | 52.02 1276 250 27
K SGD 81.74  11.95 250 227 | 56.63 11.91 250 191
7 Adagrad 83.01 1257 250 223 | 50.91 12,53 250 201
3 Nadam 8143  13.04 250 198 | 49.17  13.05 250 81
= Radam 82.86  12.92 250 187 | 54.76  12.91 250 37
CMA Light | 84.96 13.90 250 195 | 59.58  13.52 250 70
F-CMA 85.55 12,70 93 75 | 60.51 1257 96 62
Adam 7789  25.58 250 205 | 46.78 2579 250 226
Adamax 82.91  33.05 250 139 | 54.51  33.11 250 47
a AdamW 79.57  25.91 250 239 | 45.61  25.90 250 227
o SGD 80.94  23.77 250 243 | 55.53  23.77 250 205
2 Adagrad 8255 2531 250 192 | 45.08 2524 250 41
g Nadam 80.83  26.53 250 202 | 46.73  26.46 250 168
o= Radam 81.72  26.34 250 245 | 53.82 2633 250 69
CMA Light | 81.38  27.38 250 99 | 47.06 2934 250 6
F-CMA 83.98 2507 105 99 | 58.90 25.01 111 103
Adam 8220  13.77 250 186 | 48.27  13.74 250 241
2 Adamax 8458  16.18 250 178 | 56.79  16.31 250 53
2 AdamW 81.78 1391 250 114 | 49.56  13.87 250 247
z SGD 83.06 12.30 250 232 | 57.96 12.35 250 221
ke Adagrad 82.33  13.36 250 240 | 49.44 1331 250 173
o Nadam 81.10  14.16 250 231 | 47.10  14.03 250 80
° Radam 83.37 1425 250 137 | 55.46  14.16 250 147
= CMA Light | 85.18  14.57 250 61 | 60.18  14.01 250 227
F-CMA 85.93 1310 8 70 | 61.71 1299 98 59
Adam 81.33 1143 250 222 | 52.98  11.46 250 141
~ Adamax 83.50  14.47 250 84 | 56.21 1457 250 43
> AdamW 8227  11.67 250 204 | 53.16  11.55 250 90
3 SGD 80.88  10.87 250 245 | 54.99  10.79 250 248
5 Adagrad 80.98  11.58 250 89 | 52.41  11.37 250 43
3 Nadam 81.61  11.85 250 239 | 47.48  11.85 250 193
§ Radam 8222 1159 250 188 | 55.25  11.68 250 50
CMA Light | 82.13 1245 250 227 | 54.90 1255 250 229
F-CMA 83.001 11.68 78 41 | 57.64 1139 122 08
Adam 85.68  55.96 250 249 | 59.23  55.82 250 102
Adamax 86.50  57.92 250 248 | 62.47  57.74 250 241
AdamW 81.53  56.42 250 238 | 58.95  56.03 250 84
M SGD 87.07 53.29 250 239 | 65.91 53.41 250 250
R Adagrad 86.65 5527 250 243 | 63.93  55.09 250 243
Z Nadam 14.38 5644 250 - | 56.15  56.61 250 71
Radam 85.30  56.63 250 178 | 60.07  56.76 250 64
CMA Light | 89.77 59.31 250 94 | 69.91  59.05 250 148
F-CMA 89.67 55.32 102 64 | 70.81 55.16 120 170
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Chapter 7

Conclusion and further perspectives:
enhanced line-search techniques on

generative tasks

In this chapter, we present the main conclusions from this nearly three years doctoral research
and provide a preview of future developments in this work. The chapter is structured as follows.
In section 7.1, we review the key achievements of the controlled line-search-based approach,
highlighting potential areas for further improvement. In section 7.2, we discuss the instance
generation problem, which is significantly more challenging than the already analyzed regres-
sion and classification tasks, and introduce the diffusion model architecture. Next, in section 7.3,
we summarize the initial results of a case study where we applied the line-search approach to im-
age generation. In particular, we describe the Enhanced Armijo Line-search (EAL), an heuristic
method within the CMA-framework developed in collaboration with MS student Lorenzo Cia-
rpaglini. The convergence theory remains to be fully explored but early results are presented as

the starting point of a forthcoming research. Eventually, we make the final conclusions in 7.4.

7.1 The line-search approach: advantages and limitations

The CMA framework introduced in this doctoral research, as represented in the related lit-
erature, has shown increasingly better results, both in terms of efficiency and generalization
performance. On one hand, we believe this work is valuable to the optimization community
as it provides methods with strong convergence properties under mild assumptions, along with
fully deterministic proofs of convergence, not relying on the expected value and not requiring
bounds on the variance (see section 3.1). On the other hand, this approach appears to be equally
valuable to the deep learning research community, particularly because the algorithms presented
(especially CMA Light and, to an even greater extent, F-CMA) achieve better generalization
performance than their competitors, with significantly reduced training times. This leads to
lower computational costs, in terms of memory usage and in terms of energy consumption for

the training, with positive consequences on the budget needed and on the carbon footprint of the
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training itself. The use of the extrapolation line-search technique has proven to be an effective
way to adapt the step-size, imitating the adaptive methods mechanism, but without the need
to store past gradients in memory, which is a significant advantage. As highlighted in earlier
chapters, we are effectively combining the strengths of both adaptive and non-adaptive methods
while avoiding their respective drawbacks.

Nonetheless, this represents only part of the broader picture. There remain several promising
areas for improvement with this newly developed method. For instance, while the deterministic
proofs are valuable as they demonstrate convergence to a stationary point of the objective
function, they depend on the step-size eventually decreasing to zero (monotonically or not),
making it impossible to establish worst-case complexity bounds, as it is done in literature with
other stochastic methods.

Moreover, the deterministic nature of the current approach prevents CMA-framework from being
entirely objective-function-free, as some objective function evaluations are still required, even
in F-CMA, at the beginning and end of the line-search, to ensure that the sequence of points
generated by the algorithm remains within the level set of the objective function. Incorporating
a stochastic analysis using estimators for the objective function is certainly an interesting future
research direction.

Additionally, it must be underlined that these methods perform optimally when the compu-
tational overhead of line-search is minimal relative to the total number of epochs. In highly
unstable environments, such as byzantine learning [118] with heavily corrupted information, the
algorithms would still converge but at the cost of an immense computational effort. Extending
our results to scenarios where only estimators are used would therefore be highly beneficial.
Lastly, the tasks we have tackled thus far are somewhat limited. While competitive from a
research perspective, they are not yet comparable to the industrial-scale Al systems that involve
models with billions or trillions of trainable parameters. The computational resources required
to train such models are far beyond the reach of most research institutions. A particularly
relevant example is generative machine learning, where the number of parameters needed is
€normous.

Following the beginning of this research path towards the enhancement of the CMA-framework
itself and the extension to stochastic settings, we further present the early results on a case-study

involving the reconstruction of the MNIST! dataset images.

7.2 The challenge of GenAl

Generative tasks in supervised deep learning, differently from what we have seen so far, are
inherently computationally challenging, independently from the dimension of the model, i. e.,
from the number of variables of problem (2.6). In the field of computer vision, image and video
generation tasks play a structural role in many different applications [32, 63, 122|. Furthermore,
even considering the NLP world, it is remarkable that most large-language models have been

integrating features that enable image generation from caption.

"https://yann.lecun.com/exdb/mnist/
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However, for the deep learning community instance generation still represents one of the hardest
and most advanced research areas. As deep learning researchers are trying to improve the state-
of-the-art following different paths, often working on architectural modifications on the models,
it is clear that training efficiency is a first-order priority for this emerging domain. In our
opinion, the development of novel and more efficient optimizers can give a contribution to this

field as well and is somehow the next step of our research.

7.2.1 Instance generation: an overview

Recalling what we have discussed in section 2.3 presenting the main types of neural architectures
for classical supervised learning tasks, we can immediately get an idea of why instance generation
is a particularly hard task.

Firstly, in generative tasks, the model must generate complex and high-dimensional outputs,
such as images, text, or audio, from a simpler input representation. This is significantly harder
than predicting a single scalar (regression) or a class label (classification), where the possible
outputs are far fewer and easier to define. The generative model has to learn not only the key
features but also how to compose them to generate new, plausible examples from the learned
distribution. For instance, if we consider our standard datasets CIFARI1O0, in a classification task
the output is a probability vector whose dimension is determined by the number of classes in the
dataset. Conversely, if the task is to generate images of objects from CIFAR10, the output is a
3 x 32 x 32 images, which means, mathematically speaking, a vector in R372. Considering high-
resolution images, it is clear how the output dimension is remarkably higher than in classification
tasks.

Secondly, while in classification and regression tasks, the goal is to approximate a mapping from
input to a well-defined output space, generative models must learn the underlying data distri-
bution itself, capturing all possible variations in the data (e.g., different ways a cat can appear
in an image). The generative process inherently involves uncertainty, as there are many valid
outputs for a single input. Capturing this complexity requires more sophisticated techniques
and a slightly different mathematical approach.

The mathematical framework, as well as the formulation of problem (2.6) in the case of generative
tasks can significantly vary depending on the architectural setting adopted. Reviewing in detail
the main architectural solutions developed in this field is out of the scope of this doctoral research
and the reader can find a thorough comparison of all existing methods in chapters 15,16,17, and
18 of [169]. However, the most commonly used state-of-the-art architectures for generative tasks
in computer vision are VAEs (Variational Auto-Encoders) and diffusion models. They are both
based on a primitive statistical concept - the maximization of the likelihood.

More formally, given the input data set x = (z1,z2,...,2p), building a generative model for
X means approximating the unknown probability distribution P(z) from which x is generated.
If py(w) is a parametrized probability distribution to approximate P(x), then training the

generative model ¢ means solving the following problem:

min £ [P(x), py(w)] (7.1)

weR™
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where L(p, q) is a metric measuring the distance between probability distributions p and ¢ (e.g.,
the Kullback-Leibler divergence).

Since we do not have any closed expression for the input data distribution P(x), the problem
7.1 must be solved indirectly and there are different approaches depending on the single task
and the architecture. For the purpose of presenting the early findings of this research, we only
explain the underlying idea of diffusion models, which are among the largest and best performing

generative models used in deep learning.

7.2.2 The diffusion model architecture

The diffusion models, following the same theoretical approach of VAEs [105, 106], are based
on solving the problem 7.1 by maximizing the likelihood of having the current data points. It
is intuitive to understand, that, given a data set y, the most straightforward way to infer the

unknown data distribution from a parametrized distribution ¢, (w) is to choose:

¥ Prob 7.2
w eargiiléz]%lg( rob(z|w) (7.2)

where Prob(x|w) is the probability that, when the network parameters are w, the generated

instances are exactly the ones observed in the data set we want to learn the distribution from.

— ) 9
Res. block L f} + Concatenate
Res. block +
self~attention
Concatenate
Concatenate
Concatenate

time embedding

Figure 7.1: U-Net diffusion model architecture, as schematically represented in [169].

Finding w* through (7.2) involves solving a max-likelihood well-known problem in statistics.
The architecture of the diffusion model, illustrated schematically in figure 7.1 with the U-Net
design [179], which is also utilized in our experiments, consists of an encoder and a decoder.
Given an input x, the encoder (i.e., the left side of the network in figure 7.1, progressively

through T layers adds Gaussian noise to the data in the following recursive form:

21 = /1= prx+ /pie1
zt=+1—Bize_1+ /Py fort=2,...,T

where T is the number of encoder layers, ; are hyper-parameters, and &; represents standard
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Gaussian noise added at each layer. We remark that, as in [169], we adopt the t¢-letter nota-
tion, as the diffusion models replicates the statistical diffusion process in time-steps, which is
typical in discrete-time Markov chains. Given an input zg = x and given T encoder layers, it
is straightforward to verify that the conditioned probability distribution of each intermediate
output is q(z¢|z—1) ~ Normal [ = /1T — Biz4—1,0% = BI], being I the identity matrix. Hence,

the joint distribution of the final output conditioned to the data point x can be written as:

T

q(z1, 22, .- ., 27|2) = q(21]7) H q(zt|ze—1) (7.3)
=2

Now, naming a; = H§:1(1 — Bj), it is possible to derive (see section 18.2.1 of [169]) the distri-
bution of the marginal conditioned probabilities q(z|x) ~ Normal [u = /oyx,0? = (1 — ay)I].

The second part (right part of figure 7.1) of the diffusion model, the decoder, is tasked with
re-constructing the instance x from the final embedding zp. To this aim, we firstly need to
explicit the conditioned distribution ¢(z;—1|z¢, ), which is possible using Bayes’ formula and

marginalization rule, as explained in detail in section 18.2.4 of [169]. We can find that:

1— a4 o 1-—
q(2t-1|z, z) ~ Normal M:¢v1—5t2t+ e A (7.4)
1—Oét 1—Oét 1—Oét

Now, we observe that we can formalize the re-construction process as a supervised de-noising
task, where the target distribution at each step is given by (7.4). More formally, in computer
vision applications (as in the case of U-Net) the real unconditioned distribution g(z;—1|z¢) is
approximate with a Gaussian variable and the decoder consists in T' convolutional blocks (recall
section 2.3.2 for the details) that approximate the mean values of these distributions at each

step of the diffusion process as follows:
Prob(zr) = Normal [y = 0, o? = I

Prob(z;—1|zt, x; w;) = Normal [u = @¢(2¢; wy), o’ = atzI]
Prob(z|z1;wi) = Normal [p = ¢1(21;w1), 0% = oil]

where w; is the sub-vector of the trainable parameters belonging to the ¢-th layer of the decoder
and ¢, is the output of this layer.

It is now possible to rewrite problem (7.2) in a more tractable way as the maximization of
the log-likelihood of the dataset, given the network parameters, and the Kullback-Leibler di-
vergence between the approximated distributions Prob(z;—1|z¢, z;w;) and the real distributions
q(2t—1|2t, x) from (7.4). For a dataset of P samples and with 7" diffusion steps we obtain that

the loss function is:

P

w* € arg InaX Z <log [Prob(z;|z1;w1)] ZDKL zt1zt,xi)|Prob(zt1\zt,$¢;wt)]> (7.5)
=1
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To achieve a better computational performance, in most applications, as in U-Net, the network
is re-parametrized such that the predicted outputs are not directly the means of normal distri-
butions, but instead the Gaussian noises that have been added by the encoder. This makes the
optimization problem less heavy from a computational perspective because the problem (7.5) is
reformulated as the mean squared error between the predicted noise and the one actually added
by the encoder, removing the dependency from the probability distributions.

Without entering the implementation details of the diffusion models, we remark that the chal-
lenging nature of problem (7.5) is not only related to the number of trainable parameters, as for
the other tasks we have already tackled in this thesis. The diffusion and de-noising process are
not the equivalent of the forward process in traditional neural networks. More specifically the
diffusion process does not only require matrix dot-products but relies on dynamically sampling
all the intermediate outputs z1, ..., 2z from given distribution. This process is inherently itera-
tive and not parallelizable, making computationally unaffordable the evaluation of the objective
function on the entire dataset.

Eventually, it is intuitive to understand that the larger the number of diffusion steps T, the
better the model can approximate the real data distribution. In real-world application, T can
easily be in the order of thousands. The diffusion process in this case is extremely heavy and

has a high impact on the cost on the carbon footprint of the training [166].

7.3 Re-constructing MNIST - a case study

The iterative nature of the diffusion process, where distributions are computed sequentially,
combined with the increasing complexity of diffusion models and generative tasks, presents a
significant challenge in adapting the CMA framework to these tasks. The need to compute
the full objective function over all data points, even if seldomly, would make this approach
computationally prohibitive.

F-CMA offers a more practical alternative, providing a feasible direction for applying such
techniques in these scenarios. However, even in F-CMA, the line-search procedure requires
evaluating the entire objective function f(w) at least once, before accepting a candidate point
to ensure it lies within the level set £(w®) = {w € R" : f(w) < f(w®)}.

The central aim of this computational study was to develop a heuristic framework that integrates
F-CMA into a fully objective function-free optimization paradigm. Accepting to evaluate the
initial training loss f(w?), we propose to replace algorithm 6.2 with a new line-search heuristic,
based on the Armijo conditions [6], using a stochastic estimator v, as defined in equation (6.8),
which computes the loss over only a subset of samples in the dataset.

The line-search heuristic, which we named Enhanced Armijo Line-search (EAL) is reported
in algorithm 7.1. The algorithm is divided into two stages. In the first stage (cycle at step
3), the line-search follows the standard Armijo condition mechanism, where the true gradient
of the objective function is replaced by the search direction d* = — Zf’; | Vfi(@F_|) obtained
from the RR epoch (algorithm 6.1). Once an « satisfying the condition at step 3 is found, the

algorithm continues to decrease the step size as long as the estimate of the objective function
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Algorithm 7.1 Enhanced Armijo Linesearch (EAL)

1: Input: (w*, d¥, a* ~,¢): wk e R?,d* € R*, o* >0, v €(0,1), ¢ € (0,1)
2:Seta0:ak,(5:1—§

3: while ¢(w* + ;d*) < (W) — yay||d¥||? do

4: Set a1 =, i =i+ 1

5: end while

6: while true do

7. if condition is satisfied then

8: break

9: end if
10: if ’lﬂ(’wk + Oéidk) < ¢(wk + Oéi_ldk) then
11: if |1 (w? + a;d®) — (wk + a;_1d¥)|| < € then
12: break
13: end if
14: Set a1 =i, i =i+ 1
15:  else

16: Update a; = a1, § = 5/2, (=C+0, 1 =3¢, i=1+1
17:  end if

18: end while
19: Output: o

value continues to decrease. When this estimate stops decreasing, the step size is reverted to
the previous value and reduced by a smaller amount. This process is iterated for a fixed number
of times where 1) ceases to decrease, indicating that the we are approaching a neighborhood of
a stationary point. The underlying idea behind this heuristic is to improve the accuracy of the
solution and help navigate closer to stationary points.

To quantify the possible benefits of this approach from a mathematical perspective, we need
to evaluate the average maximum squared error that can be made when using 1 instead of f,
namely Epq(w) = E[(¢(w) — f(w))?]. Intuitively, we can argue that E,,.(w), being directly
related to the second moment of ¢ (w), can be bounded depending on the fraction x € (0,1]
of data points used to estimate f. Furthermore, it is trivial to verify that if x = 1, then
Epaz(w) = 0 for any w.

We believe that bounding this error is possible and can lead to novel convergence results and
this is the first research direction we are already working on.

However, despite not having a developed theory yet, we present to the reader a computational
study that has been made on MNIST dataset, training U-Net diffusion model with F-CMA,
where the extrapolation line-search has been replaced by EAL as in algorithm 7.1. This com-
putational study is a result of a joint work with MS student in Artificial Intelligence Lorenzo
Ciarpaglini and has been possible thanks to the use of high-performing GPUs made avaliable
by ALCOR Lab.

7.3.1 Computational experiments and early results

MNIST dataset contains 50,000 training and 10,000 test black-and-white images of handwritten

digits of dimension 1x28x28. We have performed five multi-start run, training for 100 epochs the
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Figure 7.2: Performance comparison of different optimization algorithms on the image generation task,
using a fraction k = 0.5 of the dataset to compute the stochastic objective function.

U-Net architecture (about 1.7 x 10® trainable parameters) on generating images of handwritten
digits from Gaussian black-and-white noise. We have tested F-CMA with EAL against SGD
with fixed step-size tuned after a grid search, SGD with decreasing step-size according to a
pre-fixed schedule?, Adam and Adagrad.

As shown in figure 7.1, the Adam optimizer outperforms the other methods, achieving the highest
accuracy in the shortest time. However, F-CMA with EAL ranks second across all performance
metrics, surpassing other algorithms such as SGD, SGD with scheduler, and adaptive methods
like Adagrad.

When increasing the fraction s of the dataset used to compute the estimate of the objective
function in the EAL, the computational results seem to confirm our hypothesis on the relation
between x and the error. In figure 7.3, we can indeed observe that, while Adam remains the best
performing algorithm, F-CMA with EAL is more stable in terms of both accuracy and training
loss. It is also remarkable that in any setting, the new algorithm consistently outperforms SGD
both with a tuned fixed learning rate and with decreasing step-size.

Finally, in figure 7.4 we present the results of image generation obtained using the same model
architecture, but with different optimization algorithms. It is evident that the choice of the
optimizer can significantly impact the quality of the generated images, even when the underlying
model remains unchanged. In particular, when looking at figure 7.4, we observe that, within the
fixed number of 100 epochs, only F-CMA with EAL, besides Adam, can train U-Net sufficiently

to generate realistic images of handwritten digits. Other algorithms would require much more

%it has been used the StepLR scheduler from https://pytorch.org/docs/stable/generated/torch.opti
m.lr_scheduler.StepLR.html
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Figure 7.3: Performance comparison of different optimization algorithms on the image generation task,
using a fraction k = 0.75 of the dataset to compute the stochastic objective function.

training epochs.

7.4 Conclusion

As remarked at the beginning of this chapter, we believe that the CMA-framework represents
a valuable contribution to the optimization-driven innovation in the field of deep learning. Al-
though the idea of replacing the adaptive mechanism with a line-search comes with limitation
and bottlenecks as well, the algorithms of the CMA family proved themselves as possible al-
ternatives to standard off-the-shelf optimizers. Furthermore, the computational study we have
performed on the image generation task using a CMA-based heuristic approach lead to remark-
able results both in terms of training efficiency (albeit still not outperforming Adam) and in
terms of optimization theory. We believe that F-CMA with EAL can be the starting point of
a forthcoming research, centered on the extension of the CMA theory to a stochastic setting,
reformulating our initial target problem (2.6) as a stochastic optimization problem. Having a
stochastic counterpart of the deterministic theory of CMA would be also interesting in terms of
convergence rate and worst-case complexity analysis, in order to better assess the guarantees of
our framework compared to the most recent state-of-the-art presented in chapter 3.

Beyond the merely heuristic nature of the proposal presented in this last chapter, the results
obtained so far and the incremental improvements we have been observing for the past two years
strengthen our professional and personal trust in this research direction - multi pertransibunt et

augebitur scientia.
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Figure 7.4: Generated images using the same architecture but different optimization algorithms.
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Appendix A

Additional material

In this Appendix we report figures and tables that are recalled in the present thesis to enforce
and/or highlight the validity of our claims. The choice of moving figures and tables in the

appendix has two main reasons:

e some figures and tables are too long and would take too much space if inserted within the

text, leading the reader to confusion;

e the additional material reported here is not strictly necessary to understand and verify

the claims in the main text.

Furthermore, trying to make it to the reader easier to find figures and/or tables, the additional

material is divided in sections corresponding to the chapters of this thesis.
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A.1 Additional figures and tables from chapter 4 (CMA)
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Figure A.1: Performance profile of CMA on the training loss against NMCMA with decreasing step-
size.
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Figure A.2: Performance profiles of CMA-FD against L-BFGS and IG on all the networks for different
values of 7. Results for small-size datasets are reported to the left, and for big-size datasets to the right.
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Figure A.3: Performance profiles of CMA-FD against CMA on all the networks for different values of
7. Results for small-size datasets are reported to the left, and for big-size datasets to the right.

Corrado Coppola

133



A.2. Additional figures and tables from chapter 5 (CMA Light)

A.2 Additional figures and tables from chapter 5 (CMA Light)

Table A.1: Test Loss on the problems in table 4.2 with the five tested algorithms. The loss reported is
the average over the five multistart runs.

Ailerons ‘ CMA Light Adam Adagrad Adadelta SGD
S 2.49¢-3 8.27e-4  9.09e-4 9.04e-4  4.60e-3
M 4.44e-3 7.48e-4  1.08e-3 1.59e-3  5.21e-3
L 4.43e-3 7.38e-4  8.00e-4 4.43e-3  4.43e-3
XL 4.43e-3 4.43e-3  8.0le-4 4.43e-3  4.43e-3
XXL 4.45e-3 4.43e-3  4.44e-3 4.43e-3  4.43e-3
XXXL 4.44e-3 4.43e-3  4.44e-3 4.43e-3  4.43e-3
4XL 4.45e-3 4.43e-3  4.44e-3 4.43e-3  4.43e-3
Beijing PM25

S 2.41e-3 1.59e-3  1.67e-3 2.29¢-3  2.82e-3
M 2.75e-3 1.45e-3  1.71e-3 2.67e-3  2.93e-3
L 2.74e-3 1.46e-3  1.53e-3 2.86e-3  2.74e-3
XL 2.74e-3 2.74e-3  2.15e-3 2.86e-3  2.74e-3
XXL 2.80e-3 2.74e-3  2.72e-3 2.77e-3  2.74e-3
XXXL 2.83e-3 2.74e-3  2.84e-3 2.77e-3  2.74e-3
4XL 2.85e-3 2.74e-3  2.84e-3 2.77e-3  2.74e-3
Bikes Sharing

S 7.57e-3 2.14e-3  3.72e-3 3.65e-3  1.2le-2
M 1.18e-2 1.70e-3  2.96e-3 3.35e-3  1.20e-2
L 1.18e-2 1.14e-3  2.87e-3 1.18e-2  1.18e-2
XL 1.18e-2 1.18e-2  2.79e-3 1.18e-2  1.18e-2
XXL 1.18e-2 1.18e-2  8.29e-3 1.18e-2  1.18e-2
XXXL 1.18e-2 1.18e-2  1.18e-2 1.19e-2  1.18e-2
4XL 1.18e-2 1.18e-2  1.18e-2 1.19e-2  1.18e-2
BlogFeedback

S 1.93e-4 1.42e-4  1.57e-4 1.95e-4  3.04e-4
M 2.18e-4 1.03e-4  1.29e4 2.07e-4  3.75e-4
L 2.18e-4 9.78¢-5  1.02e-4 2.18e-4  2.18e-4
XL 2.18e-4 2.18e-4  1.20e-4 2.18e-4  2.19e-4
XXL 2.18e-4 2.18e-4  1.52e-4 2.18e-4  2.18e-4
XXXL 2.18e-4 2.18e-4  2.29e-4 2.18e-4  2.18e-4
4XL 2.18e-4 2.18e-4  2.32e-4 2.18e-4  2.18e-4
California

S 1.37e-2 6.89¢-3  7.40e-3 1.07e-2  1.95e-2
M 1.90e-2 6.41e-3  7.27e-3 1.03e-2  1.99e-2
L 1.90e-2 5.93e-3  6.71e-3 1.90e-2  1.90e-2
XL 1.90e-2 1.90e-2  6.91e-3 1.90e-2  1.90e-2
XXL 1.91e-2 1.90e-2  1.90e-2 1.90e-2  1.90e-2
XXXL 1.91e-2 1.90e-2  1.90e-2 1.90e-2  1.90e-2
4XL 1.91e-2 1.90e-2  1.90e-2 1.90e-2  1.90e-2
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Table A.2: Test Loss on the problems in table 4.2 with the five tested algorithms. The loss reported is
the average over the five multistart runs.

Covtype | CMA Light Adam Adagrad Adadelta ~SGD
S 1.25e-2 9.68¢-3  1.20e-2 1.02e-2  1.80e-2
M 1.79e-2 1.05e-2  1.17e-2 1.13e-2  1.83e-2
L 1.81e-2 1.10e-2  1.16e-2 1.80e-2  1.80e-2
XL 1.81e-2 1.80e-2  1.17e-2 1.80e-2  1.80e-2
XXL 1.81e-2 1.80e-2  1.50e-2 1.80e-2  1.80e-2
XXXL 1.81e-2 1.80e-2  1.71e-2 1.80e-2  1.80e-2
4XL 1.82¢-2 1.80e-2  1.82e-2 1.80e-2  1.80e-2
Mv

S 3.96e-3 5.09e-5  1.80e-3 2.77e-4  1.87e-2
M 1.85e-2 1.25e-5  4.99¢-4 4.54e-4  1.99e-2
L 1.85e-2 1.78¢-5  2.5le-4 1.87e-2  1.85e-2
XL 1.85e-2 1.12e-2  1.34e-4 1.87e-2  1.85e-2
XXL 1.87e-2 1.85e-2  7.50e-3 1.87e-2  1.85e-2
XXXL 1.88e-2 1.85e-2  1.86e-2 1.87e-2  1.85e-2
4XL 1.88e-2 1.85e-2  1.86e-2 1.88e-2  1.85e-2
Protein

S 2.24e-3 9.44e-4  1.58e-3 1.03e-3  2.81e-3
M 2.78e-3 8.62e-4  1.06e-3 1.20e-3  2.95e-3
L 2.78e-3 8.80e-4  9.06e-4 2.78¢-3  2.78e-3
XL 2.78¢e-3 2.78¢-3  9.92e-4 2.78¢-3  2.78e-3
XXL 2.78¢e-3 2.78¢-3  2.79e-3 2.78¢-3  2.78e-3
XXXL 2.79¢-3 2.78¢-3  2.79¢-3 2.78¢-3  2.78e-3
4XL 2.80e-3 2.78e-3  2.80e-3 2.78e-3  2.78e-3
Sido

S 8.33e-3 8.20e-3  7.77e-3 8.14e-3  1.17e-2
M 1.20e-2 7.60e-3  7.58e-3 7.99¢-3  1.23e-2
L 1.20e-2 7.79¢-3  7.72¢-3 1.24e-2  1.20e-2
XL 1.20e-2 1.21e-2  8.76e-3 1.24e-2  1.20e-2
XXL 1.21e-2 1.20e-2  9.65e-3 1.20e-2  1.20e-2
XXXL 1.21e-2 1.20e-2 1.21e-2 1.20e-2  1.20e-2
4XL 1.21e-2 1.20e-2  1.21e-2 1.20e-2  1.20e-2
Skin Non Skin

S 2.64e-2 4.81e-3  2.37e-2 4.06e-3  5.50e-2
M 2.86e-2 2.13e-3  7.73e-3 5.13e-3  5.65e-2
L 5.53e-2 4.64e-3  6.22e-3 5.86e-3  5.53e-2
XL 5.53e-2 4.72¢-2  1.30e-2 5.53e-2  5.53e-2
XXL 5.53e-2 5.54e-2  4.56e-2 5.53e-2  5.53e-2
XXXL 5.53e-2 5.54e-2  5.53e-2 5.53e-2  5.53e-2
4XL 5.53e-2 5.54e-2  5.53e-2 5.53e-2  5.53e-2
YearPredictionMSD ‘

S 4.20e-3 3.76e-3  3.92e-3 3.87e-3  5.04e-3
M 5.05e-3 3.78¢-3  4.03e-3 4.04e-3  6.39e-3
L 5.04e-3 3.69e-3  3.93e-3 5.05e-3  5.04e-3
XL 5.04e-3 5.05e-3  3.88e-3 5.08¢-3  5.04e-3
XXL 5.05e-3 5.05e-3  5.04e-3 5.07e-3  5.04e-3
XXXL 5.06e-3 5.05e-3  5.04e-3 5.08¢-3  5.04e-3
4XL 5.07e-3 5.05e-3  5.05e-3 5.14e-3  5.04e-3
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A.2. Additional figures and tables from chapter 5 (CMA Light)
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Figure A.4: Training loss and test accuracy plot during the training of CMA Light and its competitors

in Chapter 5 on the

ResNet-18 architecture.
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Figure A.5: Training loss and test accuracy plot during the training of CMA Light and its competitors

in Chapter 5 on the

ResNet-34 architecture.
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A.2. Additional figures and tables from chapter 5 (CMA Light)
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Figure A.6: Training loss and test accuracy plot during the training of CMA Light and its competitors
in Chapter 5 on the ResNet-50 architecture.
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Figure A.7: Training loss and test accuracy plot during the training of CMA Light and its competitors
in Chapter 5 on the ResNet-101 architecture.
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A.2. Additional figures and tables from chapter 5 (CMA Light)
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Figure A.8: Training loss and test accuracy plot during the training of CMA Light and its competitors
in Chapter 5 on the ResNet-152 architecture.
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Figure A.9: Performance profile of CMA Light on the training loss against Adam.
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A.2. Additional figures and tables from chapter 5 (CMA Light)

Figure A.10: Performance profile of CMA Light on the training loss against Adagrad.
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A.3. Additional figures and tables from chapter 6 (F-CMA)

A.3 Additional figures and tables from chapter 6 (F-CMA)
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Figure A.11:

Performance profile of F-CMA on the training loss against Adam.
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Figure A.12: Performance profile of F-CMA on the training loss against Adagrad.
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A.3. Additional figures and tables from chapter 6 (F-CMA)
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Figure A.13: Training loss and test accuracy plot during the training of F-CMA and its competitors
in Chapter 6 on the ResNet-18 architecture.
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Figure A.14: Training loss and test accuracy plot during the training of F-CMA and its competitors
in Chapter 6 on the ResNet-50 architecture.
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A.3. Additional figures and tables from chapter 6 (F-CMA)
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Figure A.15: Training loss and test accuracy plot during the training of F-CMA and its competitors

in Chapter 6 on the
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ResNet-152 architecture.
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Figure A.16: Training loss and test accuracy plot during the training of F-CMA and its competitors

in Chapter 6 on the Wide ResNet-50 architecture.
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A.3. Additional figures and tables from

chapter 6 (F-CMA)
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Figure A.17: Training loss and test accuracy plot during the training of F-CMA and its competitors
in Chapter 6 on the Mobilenet V2 architecture.
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Figure A.18: Training loss and test accuracy plot during the training of F-CMA and its competitors

in Chapter 6 on the

SwinB architecture.
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