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Abstract

Nonequilibrium phenomena display such diverse phenomenological properties that
cannot be treated in a unified manner. Some of them, especially those of geophysical
origin, are described by a large number of variables following complex dynamical
laws, thus the need of simplified models is strongly felt. In this Thesis we aim at
investigating nonequilibrium properties of two nonlinear dynamical models inspired
by geophysical flows, the Lorenz96 model and the Sabra shell model, using effective
tools from nonequilibrium statistical physics, namely asymmetric time correlations
and response functions. We show that both indicators are able to detect the presence
or absence of time irreversibility, visualize effectively the statistical fluxes where
present, and ultimately provide an alternative perspective on the transport properties
characterizing both systems, whether they are in- or out-of- equilibrium (namely
with zero or non-zero forcing and damping, respectively).
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Chapter 1

Introduction

Many successful physical theories possess a certain degree of universality: their
mathematical framework, even if originally aimed at modelling and studying a
specific phenomenon, has a much broader range of applicability and turns out to
work even for different systems. Naturally this range is limited: some level of
similarity has to exist between the phenomena we want to describe using a given
theory. In this respect, equilibrium statistical mechanics has a high degree of
universality [1]. However, the same thing cannot be said about nonequilibrium
statistical mechanics. A unified approach to treat off-equilibrium processes is still
lacking, and it often happens that concepts and considerations developed for a
given phenomenon appear ineffective when a generalization is attempted. Some
approaches of broad validity are nonetheless available: entropy balance considerations,
Fokker-Planck-like equations, perturbative studies, just to cite a few [2, 3]. The
overall picture is that, while equilibrium processes all fall into the realm of validity
of equilibrium statistical mechanics, on the other hand nonequilibrium processes
cannot be grouped into a unified class, and each specific system must be dealt with
independently. Rephrasing the famous incipit of “Anna Karenina” by Tolstoj, we can
say that all equilibrium systems share quite similar features, each non-equilibrium
system has its own peculiarity.

A common feature of nonequilibrium processes is their time irreversibility [2].
Frequently this property is illustrated in the form of an “arrow of time”: a cube
of ice left at room temperature will inevitably melt, the vacuum in a sealed bag is
filled by air when it is opened, and in both examples the time-reversed process is
never observed. In other cases the irreversible nature is less evident, and physical
quantities may display a stationary behaviour even if they are subject to source and
sink terms: a situation usually referred to as Non-Equilibrium Steady State (NESS)
[4] or persistent nonequilibrium [5]. A notable example of this behaviour is found in
the total kinetic energy measured in a stirred viscous flow, which despite the action
of an external forcing and dissipation behaves as a stationary signal due to delicate
balances [6].

Understanding and identifying nonequilibrium processes is a central problem in
modern statistical mechanics [3]. The problem can indeed be tackled from different
perspectives and using different methods: in this Thesis, the guiding principle
has been the observation and analysis of the temporal, statistical asymmetries
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displayed by nonequilibrium systems, absent instead in equilibrium ones, often
triggering transfer processes among the degrees of freedom; a principle that provides
remarkable relations with the underlying physics, as we observed for models inspired
by turbulent and atmospheric flows exploiting asymmetric time correlations and
response functions. Revealing the irreversible nature of a physical system by only
looking at available measurements in time of some observables can represent a major
challenge, especially if the dynamics that produced the signals is unknown or the
observations cover only a part of the whole system [7]. The possibility to discriminate
an equilibrium regime from a nonequilibrium one is of extreme importance: knowing
that a system is in thermal equilibrium gives access to the solid methods and tools of
equilibrium statistical mechanics, that often allow a complete understanding of the
average properties since the probability distribution is known. Conversely, when out
of equilibrium, the situation is more diversified. Some nonequilibrium systems are
recognized from basic statistical properties - for instance, we will see in the Thesis
that the Lorenz96 model [8] is described by variables showing non-zero expected
values in the viscous formulation, that become zero in the inviscid case. Others
require higher-order moments to ascertain the absence of equilibrium - for instance,
we will also see that the shell variables of the Sabra model [9] display symmetric pdf’s,
either in the viscous or the inviscid case, yet suitable third-order moments permit
the identification of statistical fluxes in the dissipative model and their absence in
the conservative model. After all, third-order moments have a crucial role in systems
whose evolution laws present quadratic nonlinearities: given some relevant quadratic
quantity, its rate of change is mainly ruled by cubic terms if the system cannot be
linearized.

Common techniques used for detecting and studying nonequilibrium properties
look for (temporal, spatial, causal, etc.) “asymmetries” in the system [10, 11, 12].
It is known that the detailed balance condition is broken out of equilibrium, and
the non-equivalence between transition probabilities generates non-zero statistical
fluxes among the degrees of freedom [2]. Sometimes these fluxes are quite obscure
quantities from a physical perspective, but in some cases they reflect transport
properties of characteristic observables (energy flux, electric current). The most
widespread technique, closely related to the concept of irreversibility, is to measure
the entropy production rate of the system (or proxies of it), indicating how far
it is from statistical equilibrium [13, 4]. In its most used definition, the entropy
production rate compares the probabilities of forward-in-time trajectories with that of
time-reversed ones. Statistical equilibrium implies a symmetry of such probabilities,
while broken time-reversal invariance yields a positive entropy production. However
this quantity is hard to compute in general - and only in a few cases, e.g. Gaussian
processes, it can be computed analytically - and it provides just a global indication
(a non-negative number) about the system’s nature. An alternative approach is
represented by Thermodynamic Uncertainty Relations (TURs) [14], establishing a
link between the entropy production and the first two cumulants of the fluctuations
of any kind of current measured in the system, and providing lower bounds for
the entropy production. Other two effective methods, even if less known, exist for
characterizing nonequilibrium processes, and they will constitute the main tools
employed in this Thesis. Asymmetric time correlation functions [15] allow to observe
the lack of time-reversal invariance starting from suitable time signals, providing
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further information about currents and exchange properties. Non-diagonal (or
cross-) response functions [16] reveal causal dependencies among the degrees of
freedom, highlight transfer mechanisms, and their relaxation properties determine
the statistical nature of the system.

Out-of-equilibrium phenomena can be observed everywhere around us. Correctly
describing their behaviour requires the careful determination of the coupling between
system and environment, determining the influence the latter exerts on the former -
but also viceversa. Geophysical processes (having in mind as prototypical examples
fluid turbulence and atmospheric circulation) owe their phenomenology to external
drivings which can have different origins: radiation from the Sun, mechanical stirring,
heat sources and so on [17]. The magnitude of their effect on the system cannot be
neglected: as an example, in most fluid mechanics experiments we can say that the
major energy contribution derives from external forcings. In other contexts, instead,
the opposite may happen: the influence of the environment is minimal, so that it
can be either removed altogether, in the crudest approximation, or treated as a
small corrective term [18]. Energy dissipation is another phenomenon that cannot
be neglected in realistic geophysical systems: at the microscopic scale irreversible
transformations of internal energy into heat take place [19], and at long enough
times they would bring the system to a state of rest if energy supplies were absent.

The joint action of external drivings and viscous dissipation, besides advection,
buoyancy, pressure variations, non-inertial forces (Coriolis) and others, determines
very complex dynamical features. Furthermore, the multiscale nature of geophysical
processes makes it necessary, for a good modelization, to resolve time- and length-
scales encompassing several orders of magnitude. To give an idea, in the atmosphere
turbulent fluctuations at the millimeter scales, lasting a few seconds, coexist with
long-lived waves with typical wavelengths of thousands of kilometers and lasting
up to months [20]. To reproduce and predict these phenomena with computer
simulations one must decide between two alternative approaches. One is to integrate
directly the continuum equations with spatial and temporal discretization schemes,
that should satisfy the requirements imposed by the length and time scales - namely
small enough timestep and grid spacing, but also large integration time and spatial
extension - at the expense of an enormous computational cost [21]. The other is
to exploit simplified versions of the dynamical equations, in which a considerable
reduction in number of degrees of freedom and computational cost is attained, but
discarding some features of the original system [22, 20]. The second approach led
to many celebrated models: the random walk reproducing Brownian motion, the
Drude model for electrical conductivity, the Hopfield model for associative memory
in neural networks1, and many more others. The study of reduced geophysical
models, often described by ODEs instead of PDEs, paved the way to important
discoveries, enabled to reach extreme regimes that could not be attained by Direct
Numerical Simulations (DNS), and also attracted the interest of the mathematical
community [23, 24]. Often, neglecting some details in the physical description of
a phenomenon proved to be useful for identifying the most fundamental aspects

1John J. Hopfield was awarded the 2024 Nobel prize in Physics for the development of this model
and the relevance it had for foundational discoveries and inventions that enable machine learning
with artificial neural networks.
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governing the underlying processes [25].
The work presented in this Thesis aims at detecting and characterizing irre-

versible and, generally, nonequilibrium properties in systems of geophysical and
hydrodynamical origin. In order to accomplish this, simplified yet nontrivial models
have been employed: the Sabra shell model [9] for turbulence and the two-scales
Lorenz96 model [8] for atmospheric circulation. Their evolution equations share a
similar structure, that in terms of a generic phase-space vector x read:

dx

dt
= Q(x,x) + F (x)− ν (c · x) ,

in which Q is a quadratic function coupling a triplet of variables, F a linear term
that may include forcing, and the last is a linear damping term, written separately
in terms of a time-independent vector c with positive entries and a positive constant
ν. They will be used as testing-grounds for analyzing the effectiveness of the two
alternative indicators of statistical nonequilibrium mentioned before. These are
asymmetric time-correlation functions [15], that may be expressed in terms of suitable
time correlations C(τ) as:

ψ(τ) = C(τ)− I[C(τ)] ,

with I[·] indicating the time-reversal operator, and non-diagonal response functions
[16]

RA,B(t) = δB(t)
δA(0)

measuring in time the average displacement of an observable B caused by a pertur-
bation on observable A. The choice of using reduced models comes from several
reasons: the interest in their nonequilibrium nature was predominant over their
adherence to physical reality (let us point out that in both models, despite the very
small number of degrees of freedom, the key features of the physical phenomena are
well reproduced); the added possibility to perform long numerical computations on
a single PC; the nonlinear structure of the evolution equations, for which analytical
results are hard to find and computer simulations represent the first option to obtain
useful information. The present study evidenced how the characteristic transport
properties observed in turbulent fluids and atmospheric flows, nicely reproduced
by the two models, are clearly revealed by both indicators. Furthermore, unlike
entropy production rate that is inherently a global quantity, they allow to investigate
also temporal and “spatial” nonequilibrium properties, and do not present serious
technical difficulties in their computation.

This Thesis is structured as follows:
Chapter 2 gives a pedagogical introduction to the main statistical features of

nonequilibrium systems. Parallelisms, but especially differences, are drawn between
equilibrium and nonequilibrium statistical physics [26], and it is pointed out how
irreversible systems can be divided into two classes: ‘transient’ and ‘persistent’
nonequilibrium processes. The former are characterized by irreversible behaviour only
for a limited amount of time before relaxing to an equilibrium state: examples include
diffusion of a gas from an initial small region, or two bodies of different temperatures
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put in contact and eventually reaching a common equilibrium temperature [27]. The
latter are kept out of equilibrium indefinitely by external drivings, or by intrinsically
time-irreversible internal mechanisms: one may think about Non-Equilibrium Steady
States (NESS) [4], but also about turbulent fluids and the atmosphere since they
are subject to perpetual forcing and dissipation [20]. Afterwards, an overview of
key results about macroscopic irreversibility follows, starting from Boltzmann’s
pioneering results [28], passing through nonequilibrium thermodynamics [29, 27]
and arriving to modern topics such as entropy production and fluctuation relations
[10, 30]. Finally, practical approaches allowing to detect the absence of statistical
equilibrium, that were mentioned before, are properly described. Specifically, we
will analyze the general properties of entropy production rate, asymmetric time
correlations and response functions; also the Fluctuation-Dissipation Relation (FDR)
[16] is discussed at the end. A pedagogical case-study accompanies these theoretical
descriptions, showing operatively the behaviour of these functions in a minimal
discrete-time Gaussian model that can be either in or out of equilibrium by varying a
single parameter, and for which analytical results are found. We point out that time
correlations and response functions will be actively used in the rest of the Thesis,
while the entropy production rate has been avoided for the reasons explained before.

Chapter 3 deals with time-irreversibility and the characterization of transport
properties in the two-scales Lorenz96 model [8]:

dXn

dt
= Xn−1(Xn+1 −Xn−2)− ν1Xn + F − hc

b

K∑
k=1

yn,k

dyn,k

dt
= cbyn,j+1(yn,j−1 − yn,j+2)− cν2yn,k + hc

b
Xn ,

in which the Xn’s are a set of slow variables while the yn,k’s are fast variables,
with n = 1, . . . , N and k = 1, . . . ,K. First the meaning of this simplified model
is understood in the context of atmospheric predictability studies, and the main
properties that contributed to make its fortune in different research areas are outlined.
After that the original contribution is presented, in which the nonequilibrium
indicators mentioned above are computed in both ‘viscous’ (with positive ν1, ν2
and F ) and ‘inviscid’ models (with ν1 = ν2 = F = 0). The former is an out-of-
equilibrium driven-dissipative system and has been extensively studied [31, 32, 33, 34]
(see especially [35] for a survey of different applications), whereas the latter is
conservative, thus in statistical equilibrium, and only a few studies are found in the
literature [20]. We saw how large fluctuations of the asymmetric time correlations
in the viscous model, absent in the inviscid one, reveal the presence of time-reversal
symmetry breaking. Response functions allow to observe that such asymmetry can be
traced in the propagation of traveling waves along the degrees of freedom. The effect
of perturbations crossing from one scale to another is also shown and interpreted.
Using the model as a prototypical example, we proceeded to demonstrate how the
measurement of the average deviation from stationarity of a generic observable
cannot provide many indications about the features of the perturbing agent (in
some cases, not even the origin of the disturbance can be guessed): this is especially
relevant in climate studies. This work is the result of a collaboration with Dr. Dario
Lucente [36].
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Chapter 4 is devoted to the study of the direct energy cascade in three-dimensional
turbulent fluids from the perspective of nonequilibrium statistical mechanics. As
a minimal model of 3D turbulence the Sabra shell model [9] is employed, whose
equations mimic the spectrally-truncated Navier Stokes equation and read:

u̇n = i
[
akn+1u

∗
n+1un+2 + bknu

∗
n−1un+1 − ckn−1un−2un−1

]
− νk2

nun + fn .

For the sake of completeness, the Chapter starts with an introduction to hydrody-
namic turbulence [19]. Ideal fluids are then briefly described, and their connection
with equilibrium statistical physics is explained [37]. A section is dedicated to
Kolmogorov’s statistical theory of homogeneous isotropic turbulence [6], followed
by a description of the multifractal approach [38] introduced for explaining inter-
mittency and anomalous scaling. Reduced turbulent systems called ‘shell models’
are later discussed [39, 40], delineating in particular the properties of the Sabra
shell model. The second part of the Chapter presents the original contribution, in
which both viscous and inviscid Sabra models (the latter roughly reproducing a
truncated Euler flow) are investigated. Asymmetric time correlations, besides the
behaviour already observed in the Lorenz96 model, give further insights into the
energy exchanges taking place among shell variables, that in the viscous case are
consistent with a cascade of energy towards small scales. Further properties about
time irreversibility are studied in terms of moments of the local powers and their
anomalous scaling laws, which are rationalized in terms of the multifractal model.
Response functions display different trends in the two cases: in the inviscid it is
consistent with an energy-preserving dynamics, while in the viscous the presence
(and direction) of a statistical flux among the variables is detected. Afterwards we
analyze the viscous Sabra model when forced at intermediate scales, and not at large
scales as customary. An interesting coexistence of equilibrium (at smaller shells)
and nonequilibrium (at larger shells) properties is observed, as revealed by spectra
and fluxes and confirmed by both nonequilibrium indicators. This work was done in
collaboration with my supervisors Prof. Angelo Vulpiani and Dr. Massimo Cencini
and published in Physical Review E [41].

Finally, Chapter 5 is dedicated to conclusions and perspectives of the Thesis.
The thesis is supplemented by some Appendices in which technical material is

presented, in particular Apps. A and F expand the derivation of some formulas
and results discussed in the core text, App. B provides theoretical background and
App. C some information on the numerics. Appendices D and E, instead, contain
additional discussions on specific topics.
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Chapter 2

Irreversibility and
nonequilibrium statistical
physics: an overview

In this Chapter we aim at giving a brief introduction to the vast field of nonequilibrium
statistical mechanics, with special emphasis on the practical methods for quantifying
the “distance” from equilibrium in a system. We shall start with a quick recap
of equilibrium statistical physics, before entering into the realm of nonequilibrium
phenomena. The pioneering work of Boltzmann regarding macroscopic irreversibility,
which set the path for most of later developments, is then treated, with a focus on
Boltzmann’s equation and the related H-theorem. An account of post-Boltzmann
developments in the field of nonequilibrium thermodynamics and irreversibility
follows. The Chapter ends with a description of the main tools, used in this thesis,
that are able to detect the absence of statistical equilibrium, either revealing the
breaking of time-reversal invariance or the presence of statistical fluxes.

2.1 Equilibrium and nonequilibrium statistical mechan-
ics

2.1.1 A primer on equilibrium physics

Systems in thermal equilibrium are characterized by measurable macroscopic prop-
erties that remain unchanged in time (for instance temperature, pressure, density),
despite the complex and unpredictable molecular dynamics taking place at the
microscopic scale. In the second half of the XIX century the connection between
microscopic and macroscopic world was still unclear: chemistry and thermodynamics
existed only as independent fields.

The desire to predict the macroscopic behaviour of a large system starting from
the microscopic laws of its basic constituents moved three eminent scientists, Maxwell,
Boltzmann and Gibbs, to introduce a novel physical approach in which probability
theory and statistics played key roles. Central in the new field of equilibrium
statistical mechanics is the understanding that the macroscopic state of a system,
called macrostate and defined by the measured values of thermodynamic quantities,
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can be obtained from several different microscopic states, or microstates, described
e.g. by all positions and momenta of the elementary constituents of the system.
Formally, a microstate is a point in a high-dimensional space called phase space,
and the microscopic evolution of the system is described by a curve in phase space.
Microstates and macrostates are characterized by extremely different length and
time scales: indeed, macroscopic properties are obtained from a coarsening procedure
- i.e. computing time and space averages - on the corresponding microstates [42].

The most “likely” macrostates are the ones that are in correspondence with
a comparatively larger number of microstates: this is quantified by the famous
Boltzmann’s law of entropy [18]:

S = kB lnW , (2.1)

stating that the thermodynamic entropy S of a system grows with the number of
microstates W yielding that macrostate. It represents a link between the macroscopic
and the microscopic description of a thermodynamical system. These notions can
be also transposed to phase space, by saying that a set of microstates leading to a
frequently observed macrostate occupies a large portion of the available phase space.
Therefore, thermodynamic equilibrium states are characterized by high entropy and
by a huge number of associated microstates.

A formal probabilistic framework was introduced by means of the concept of
statistical ensembles: our ignorance about the system’s microstate is quantified
by a probability density function ρ(x, t) describing the probability of finding a
microstate in proximity of x at time t. Classical examples are the microcanonical,
canonical and grand canonical ensembles, devised for describing, respectively, isolated
systems, closed systems exchanging energy with a thermal reservoir and open system
exchanging also matter.

A fundamental result that can be derived from equilibrium statistical mechanics
is the generalized equipartition theorem [18]. Considering a system described by an
Hamiltonian H(x), the theorem reads:

⟨xi
∂H

∂xj
⟩ = δijkBT , (2.2)

in which the brackets indicate an ensemble average over the phase-space distribution.
Substituting xi = pi, xj = pi and summing over i yields the classical energy
equipartition theorem found in kinetic theory: ⟨E⟩ = 3

2NkBT , where ⟨E⟩ is the
mean kinetic energy, N the number of particles and T the temperature of the gas.

The formalism of the ensembles always assumes a state of equilibrium due to
mutual interactions between particles (even when not explicitly included in the
Hamiltonian, some form of interaction must be assumed) and to the fact that the
system of interest is, besides in the microcanonical framework, coupled to a larger
reservoir of energy and/or particles. But the introduction of a phase-space density
is a very general procedure, that may be applied even to systems which have little
or no relationship to thermodynamics. In these cases the presence of a reservoir is
not guaranteed, with the consequences that nontrivial macroscopic behaviour, not
accountable with an equilibrium probability density, may emerge. We are entering
the realm of nonequilibrium physics, which will be discussed in the next Paragraph.
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2.1.2 Introducing time: nonequilibrium statistical physics

Systems in statistical equilibrium basically follow a common macroscopic behaviour:
considering a closed system (i.e. exchanging energy but not matter with the en-
vironment) we can say that, whatever its initial condition, the system will relax
to an equilibrium state characterized by the same temperature T of the reservoir
it is in contact with, and by an average total kinetic energy that, according to
the equipartition theorem, will be proportional to T [18]. The microstates which
are “visited” in phase space give rise to macroscopic observables that are slightly-
fluctuating variables around a mean, stationary value. Time is basically irrelevant in
thermalized states: a measurement made around time t will not be that dissimilar
from one performed around time t + τ , even if τ ≫ 1. The macrostate can be
effectively specified by providing the mean value ⟨Ai⟩ and the standard deviation
σAi of a set of thermodynamic variables Ai, where expected values could be obtained
from empirical time averages.

A different approach altogether is necessary for those cases in which there
are no reservoirs yielding a relaxation process in the system. In real life, most
systems are free to exchange energy and matter with their environment. For
instance, there exist in nature different processes that are subject to random external
forces, with magnitude and orientation abruptly changing in time. The effect of a
stochastic driving force on a system is completely dissimilar to that of a reservoir:
at each timestep the phase-space coordinate is displaced in a random direction, and
with a high probability it will be driven far from the high-dimensional manifold
that represents the set of equilibrium states. Another natural mechanism that
prevents to reach a thermalized state is dissipation. Like external forcings, also
irreversible dissipative processes do not allow energy conservation, and generally
their manifestation in phase space consists in the presence of a trivial stable fixed
point where pi = 0 ∀ i, generally acting like a basin of attraction for all initial
conditions. It is trivial that the process of dissipation (of energy, for instance) has
nothing in common with thermodynamic equilibrium, and the time dependence
of the process is useful for estimating the rate of decay of a generic phase-space
quantity. This limited-in-time nonequilibrium behaviour, which can also be found
in diffusive systems characterized by relaxation to equilibrium, is dubbed transient
nonequilibrium.

One could infer from the above discussion that the action of an external driving
and the presence of macroscopic irreversibility is always associated to non-stationary
values of physical observables. While this is generally true if the two processes
do not act simultaneously - the former providing energy to the system and the
latter removing it - it happens that in driven-dissipative systems a Non-Equilibrium
Steady State (NESS) [4] is spontaneously reached, which is the outcome of a balance
between the average input and the average output of energy (or some other quantity).
This behaviour can be named persistent nonequilibrium since a NESS is maintained
indefinitely, as long as the sources and sinks of energy continue to operate. It is
generally said that an open system exists in a state away from equilibrium even when
it reaches its steady state [4]. As a consequence, certain measurements performed
when the mechanical and thermodynamical nature is not known cannot allow to
discriminate between equilibrium and nonequilibrium, since even in the latter there
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are physical observables which are statistically stationary, as in thermal equilibrium.
As an example we point out the case of hydrodynamic turbulence, which will be
studied in Chapter 4: if an external stirring acts on a viscous fluid the aforementioned
balance between energy input and output is established, in such a way that the total
kinetic energy merely fluctuates around a constant value, and any observable has a
stationary statistics.

One of the trademark features of nonequilibrium is the presence of nonzero
currents in the system. Notable examples in physics are: the electric current,
representing the average displacement of charged particles in a preferred direction;
the energy flux in turbulence, carrying energy from the large forced lengthscales
down to the dissipative small scales; the heat current, observed in presence of a
gradient of temperature in a macroscopic object. Speaking in more general terms,
such currents are all manifestations of the same microscopic condition, called “broken
detailed balance”.

The concept of detailed balance originated from Markov systems, which in their
most accessible version describe the discrete-time evolution of a system characterized
by a finite number of accessible states i = 1, . . . , N with initial probability distri-
butions (p1(0), . . . , pN (0)). Also known are the (constant) transition probabilities
qji from state i to state j. This is the only known information about the past state
given the present state, i.e. Markov processes have a finite (usually 1-step) memory.
Considering instead the time variable to be continuous, the probability density of
state i evolves according to the Master Equation:

dpi(t)
dt

=
∑
j ̸=i

[−pi(t)qji + pj(t)qij ] . (2.3)

Let us point out that this equation, which can seem quite abstract, is very useful in
chemistry when substituting the concentration of the i-th component to pi and the
reaction rates constants to qji: it yields the Law of Mass Action in chemical kinetics
[4] describing the dynamics of a chemical reaction between N components. The
detailed balance condition is verified when an invariant distribution (π1, . . . , πN )
exists which satisfies:

πjqij = πiqji , (2.4)

meaning that the probability to have a transition from a state to another is equivalent
to that of the reverse transition. Notice that if detailed balance (2.4) holds then
pi(t) = πi ∀ i are stationary solutions of (2.3), which under specific conditions are
also asymptotic solutions of the Master Equation. In conclusion, this type of system
is said to be in equilibrium if and only if there exists an invariant distribution
(π1, . . . , πN ) and the system satisfies the detailed balance condition (2.4).

On the other hand, the violation of detailed balance determines the absence of
statistical equilibrium. In the same terms as before, if a system has an invariant
distribution (π1, . . . , πN ) but for some i, j πjqij ̸= πiqji holds, then it is said to be
in a nonequilibrium steady state (NESS) [4]. It can happen that the asymmetry
between transition probabilities has visible effects at the macroscopic level, like in
the previously mentioned examples of electric current, energy cascade and heat flux.
Indeed the dissimilarity between forward-in-time and backward-in-time transitions
determines a common nonequilibrium indicator, the entropy production rate [10, 30].
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This and other tools which allow to detect time irreversibility and nonequilibrium
will be discussed in Section 2.3.

Meanwhile, in the next Section we shall describe a historical issue in nonequilib-
rium physics, the emergence of macroscopic irreversibility, stressing Boltzmann’s
contribution to the resolution of this paradoxical phenomenon and then exploring
some modern developments (from the beginning of XX century to the first years of
the XXI) in the study of irreversible processes.

2.2 Macroscopic irreversibility: Boltzmann and beyond
Most thermodynamical processes are of irreversible nature, as ruled by the second
law of thermodynamics. However, the microscopic laws governing them (either
classical or quantum-mechanical) are invariant under time reversal. Then, how
can time-irreversible phenomena arise at the macroscopic scale? The reconciliation
of this apparent paradox is attributed to Boltzmann and his “H theorem” at the
end of the XIX century. Notable developments in the XX century include the
study of irreversible phenomena, such as heat flow and electric current, and their
mutual influence (Onsager relations) [29]. Also, entropy and its rate of change
assumed a central role in nonequilibrium physics, specifically the understanding
that the Entropy Production Rate (EPR) is an invaluable tool for characterizing
time-irreversibility [26, 10]. In the 90’s a novel line of research started focusing on
the asymmetry shown by entropy fluctuations, which led to the discovery of several
Fluctuation Theorems [30]. These works, and further studies focusing on small
systems (polymers, molecular machines, nanoprocessors), are nowadays included
in the novel field of Stochastic Thermodynamics [30, 43]. In this Section we will
give an outline of these above-mentioned developments, to provide a general (and
historical) overview on the topic of macroscopic irreversibility.

2.2.1 Boltzmann’s H theorem

With the aim of understanding the process of relaxation to equilibrium of an ideal
N -particle gas, Boltzmann studied the time evolution of the one-particle distribution
function f(r,v, t), with (r,v) ∈ R6 denoting the microstate of a single particle and
such that f(r,v, t) drdv represents the fraction of molecules in the small phase-space
volume drdv at time t. Starting from the microscopic equations of motion, and
assuming to discretize the velocity variable such that fi represents the probability
of finding the velocity in the region i into which the continuum space has been split,
we obtain:

dfi

dt
=
∑
k,l,j

fk(t) fl(t)W(k,l)→(i,j) −
∑
k,l,j

fi(t) fj(t)W(i,j)→(k,l) . (2.5)

This represents a discretized version of the celebrated Boltzmann equation. The
r.h.s. is the collision term, giving a positive contribution if binary collisions yield one
particle with velocity in region i, and a negative one if a particle from that region
changes its velocity. The terms W(k,l)→(i,j) denote the collision rate from state (k, l)
to state (i, j), and the density of the two-particle state is substituted by the product
of single-particle densities, according to the molecular chaos hypothesis.
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Boltzmann realized that this law allowed to predict the asymptotic behaviour of
a generic initial velocity distribution. Introducing the H-function (or functional)

H(t) =
∑

i

fi(t) ln fi(t) (2.6)

it can be shown [28] to be a non-increasing function, namely:

dH(t)/dt ≤ 0 . (2.7)

This result, known as H-theorem, implies an asymptotic approach of fi towards
a stationary probability distribution, satisfying the equality in Eq. (2.7). This
asymptotic distribution, from the constraint imposed by the theorem, is proved to
be exactly the Maxwell-Boltzmann one.

Despite the several simplifying assumptions, the theorem provided a justification
to the time-irreversible nature of relaxation processes despite being described, at
the microscopic level, by time-symmetric laws. However it also yield seemingly
paradoxical consequences, even in contradiction with well-established mathematical
laws:

• Zermelo pointed out that Poincaré’s recurrence theorem should imply, at
some point, an increase of the H-function close to its initial value. This
objection was dismissed by Boltzmann by noticing that the recurrence time
TR, in macroscopic systems, is so large to be practically unreachable. A rough
estimate of TR indeed showed that, in a cubic centimeter of gas at ambient
pressure and temperature, the recurrence time is incredibly larger than the
age of the universe.

• Loschmidt, on the other hand, noticed that upon inversion of the velocity
components the H-function should retrace its history, and thus increase towards
its initial value. Boltzmann responded by pointing out that the H-function
is not perfectly monotonic. Fluctuations also generate small and short-timed
increases, but the crucial point is that H(t) remains non-increasing on average,
with a probability of decreasing that is larger the more the p.d.f. is distant
from the Maxwell-Boltzmann distribution.

Boltzmann’s work contributed to bridge the gap between mechanics and thermo-
dynamics, particularly in understanding that it is impossible to recover irreversibility
only from mechanical laws. Macroscopic irreversibility turns out to be an emerging
phenomenon, which requires specific conditions to manifest itself: a very large
number of interacting particles - or generally degrees of freedom - and proper initial
conditions. Furthermore, a single macroscopic evolution can in principle evolve
“against” the arrow of time, but this event has a probability to occur so tiny that, in
practical terms, it will never be observed.

2.2.2 Irreversible processes and Onsager relations

The first steps towards extending the classical thermodynamic formalism to irre-
versible processes were taken, naturally, in the vicinity of equilibrium. For small
deviations from equilibrium it is possible to use the hypothesis of local equilibrium:
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the system of interest is made of small “mass elements” for which the entropy per
unit mass, s, is the same function of macroscopic variables (e.g. internal energy,
specific volume, mass fraction) as happens in the equilibrium case [27]. A direct
consequence is that for such mass elements the first law of thermodynamics remains
valid.

In a general framework of nonequilibrium thermodynamics [27, 44], the state of
the system is defined by a set of extensive variables α1, . . . , αn that can be quantities
like volume, energy, electric charge. We assume that thermodynamic functions are
completely determined by the specification of the α’s1. The entropy S is thus written
as a function of these variables, namely:

S = S(α1, . . . , αn) = S(α) . (2.8)

Its maximum S0 is reached when the variables assume their equilibrium values
αi = α0

i , i.e. S0 = S(α0
1, . . . , α

0
n). Let us now define the thermodynamic forces (or

affinities) as:
Xi = ∂S

∂αi
, (2.9)

which measure the tendency to move towards equilibrium, and the corresponding
fluxes (or rates) as:

Ji = ∂αi

∂t
. (2.10)

The latter ones can be flows of matter, heat, electricity, etc. The entropy change
due to a small fluctuation about equilibrium δα = (α − α0) can be expanded in
Taylor series:

∆S ≡ S − S0 = −1
2
∑
i,j

sijδαiδαj +O(α3) . (2.11)

The linear term is zero because ∂S/∂αi|α0 = 0 (remember that entropy is stationary
at equilibrium) and we have defined sij = −∂2S/∂αi∂αj |α0 . We know that ∆S ≤ 0,
therefore the symmetric matrix sij is a positive-definite form. Neglecting higher
order terms consists in assuming that fluctuations are Gaussian: as a matter of fact,
Boltzmann’s law of entropy (2.1) can in principle be inverted to give a measure of
the probability of a thermodynamic state knowing its entropy. It follows that:

P (α) ∝ e∆S/kB ∝ exp

− 1
2kB

∑
i,j

sijδαiδαj

 . (2.12)

The end result is the following: small fluctuations of a thermodynamic variable about
equilibrium follow a multivariate Gaussian distribution centered at the equilibrium
value.

Let us point our attention to the thermodynamic forces (2.9) and the fluxes (2.10).
From the discussion above we know that, at thermodynamic equilibrium, Xi = 0 = Ji

for any thermodynamic quantity. Furthermore, well-established phenomenological
equations assert that the fluxes are linear functions of the thermodynamic forces
[27]: the most notable are Fick’s law of diffusion, Fourier’s law of heat conduction

1The assumption of local equilibrium is necessary for defining thermodynamic functions.
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and Ohm’s law of electric conduction. They all quantify the physical phenomenon
according to which a localized dynamic quantity tends to move naturally towards
regions with less presence of such quantity (i.e. an evolution towards a maximum
entropy configuration). Moreover, linear laws involving cross-effects between different
phenomena have been observed: thermoelectric phenomena, in which an electro-
motive force generates a heat flux and a temperature gradient produces an electric
current, have been known since the middle of the XIX century, while the Soret effect,
consisting in diffusion in presence of a temperature gradient, is accompanied by the
reciprocal Dufour effect, where heat flow is caused by a concentration gradient [27].
Formally, these phenomena can be written as a linear system relating fluxes and
forces, like:

Ji =
∑

j

LijXj , (2.13)

or:
Xi =

∑
j

RijJj . (2.14)

The matrices L and R, whose entries are generally named “phenomenological coeffi-
cients”, are such that LR = I, I being the identity matrix. This is a known result
in linear algebra.

It is conceivable that in some particular cases the relationship between flows and
forces may not be linear, but in a limited range close to equilibrium one may assume
the linear relation to retain its validity. It happens indeed that ordinary transport
phenomena like heat and electric conduction are linear even under rather extreme
experimental conditions, whereas chemical reactions must be described by nonlinear
laws [27].

Despite the enormous difference in the physical nature of this cross-phenomena,
there were already strong evidences that the phenomenological coefficients displayed
peculiar symmetries. Thomson, in 1854, analyzed various thermoelectric phenomena
characterized by an electric current J1 and a heat flow J2 driven, respectively, by
an electromotive force X1 and by a force X2, associated to heat, proportional to
(minus) the temperature gradient. The interference between the two processes
yields linear relations of the type (2.13) or (2.14), with i, j = 1, 2. Thomson, using
thermodynamic reasoning and conservation laws, and adding further assumptions,
was able to determine the relation [27]: R12 = R21. In words, it means that when
the electric current J1 is influenced by the temperature gradient ∝ X2, then the
heat flux J2 is also influenced by the electromotive force X1 through the same
phenomenological coefficient R12 = R21. This was the first reciprocal relation found
in cross-phenomena, but unfortunately the line of thought applied for Thomson’s
special case proved to be ineffective for other irreversible processes. A generalization
of this relation encompassing all nonequilibrium processes alike was long sought
without success, until in 1931 Onsager [29] adopted a microscopic approach and
proved that all reciprocal relations are in fact a consequence of the invariance of the
microscopic equations of motion under time reversal.

The derivation is not very lengthy, and proceeds as follows [45]. Retrieving
the notation used from Eq. (2.8), and assuming without loss of generality that
α0 = (0, . . . , 0), implying that δα = α, we are interested in the time correlation
between delayed fluctuations of the α’s, of the type: αi(t)αj(t+ τ), where the
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overbar denotes a time average on the variable t. On the other hand, the correlation
αj(t)αi(t+ τ) differs from the previous one only by the temporal order of the
fluctuations, or by the substitution τ → −τ . Microscopic reversibility is then
expressed by:

αi(t)αj(t+ τ) = αj(t)αi(t+ τ) . (2.15)

Subtracting αi(t)αj(t) from both members of the equation, dividing by τ and taking
the τ → 0 limit leads to:

αi(t)α̇j(t) = αj(t)α̇i(t) . (2.16)

An observation is needed here: the time derivative has to be intended as a quotient
of finite differences, because the value of τ cannot be smaller than a characteristic
molecular time τ0 of the same size of the time interval between molecular collisions.
Substituting the linear relations (2.13) for Ji ≡ α̇i into (2.16) we get:∑

k

Ljkαi(t)Xk(t) =
∑

k

Likαj(t)Xk(t) . (2.17)

Assuming ergodicity, the correlations appearing in (2.17) are equivalent to the
expected values of Xiαj ≡ ∂∆S

∂αi
αj on the probability distribution P (α) ∝ e∆S/kB ,

with ∆S the entropy variation (w.r.t. equilibrium) caused by fluctuations in the α’s.
A fairly easy computation of this integral allows to find: Xiαj = −kBδij , in which a
Kronecker delta appears. This is the last ingredient needed, because a substitution
into (2.17) yields: −kB

∑
k Ljkδi,k = −kB

∑
k Likδj,k, i.e.:

Lji = Lij . (2.18)

These are the Onsager relations we sought.
The extension to systems violating microscopic reversibility (e.g. in the presence

of an external magnetic field or of Coriolis forces) is not trivial. The so-called
Onsager-Casimir relations can be obtained reverting, besides time and velocity,
also the direction of the invariance-breaking agent (e.g. magnetic field and angular
velocity, respectively), but this action would generate a separate system. Nonetheless,
a generalized time-reversal symmetry that lead to the usual reciprocal relations
was recently devised [46]. The further extension to continuous system adds formal
difficulties, as elucidated in [27] for various applications.

2.2.3 Entropy production and fluctuation relations

The way the entropy of a generic thermodynamic system changes over time allows
to characterize its statistical nature: as we already saw, the unconstrained evolution
would bring the system towards a state of maximum entropy. Unlikely (far-from-
equilibrium) initial conditions are characterized by a low entropy, so the relaxation
to equilibrium is accompanied by a positive entropy production.

The variation of entropy dS in a physical system can be written as the sum of
two terms [27]:

dS = deS + diS , (2.19)

where deS is the exchange (or external) entropy, i.e. the entropy supplied to the
system by the external environment, while diS, the internal entropy, is the entropy
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produced inside the system. From the second law of thermodynamics we know that:

diS ≥ 0 , (2.20)

equality holding if the system performs reversible (equilibrium) transformations.
On the other hand, the supplied entropy deS can be positive, zero or negative
depending on the interaction of the system with its surroundings. The Carnot-
Clausius definition is: deS = dQ/T , dQ denoting the heat supplied to the system
by the environment and T the absolute temperature at which heat is exchanged. It
follows that for an isolated system (i.e. deS = 0) the inequality dS ≥ 0 holds. Thus,
in isolated systems entropy can never decrease, so the behaviour of such function
provides a criterion for detecting the presence of irreversible processes.

It is useful to write the time variation of the entropy in terms of intensive and
local quantities. We thus define the entropy per unit mass s (dependence on space
coordinates will be omitted) as:

S =
∫

V
ρ s dV , (2.21)

where ρ is the mass density and V the volume occupied by the system. The entropy
exchange and entropy production can be supposed to evolve in time according to:

deS

dt
= −

∫
Ω

Js · dΩ diS

dt
=
∫

V
σdV , (2.22)

where Ω is the surface enclosing the volume V , Js the (outward) entropy flow per
unit area and unit time, and σ the entropy production per unit volume and unit
time. The first equation is written as a continuity equation, since the exchange
entropy variation is only due to contributions crossing the boundary of the system.
The second means that internal entropy increments are generated by a source term.
Using Gauss’ theorem and substituting (2.21) and (2.22) into Eq. (2.19), we obtain:

∂ρs

∂t
+ ∇ · Js − σ = 0 . (2.23)

The above expression provides a balance equation for the entropy density ρs, in
terms of a flux term and a source term. Furthermore, from (2.20) one has

σ ≥ 0 . (2.24)

Equations (2.23) and (2.24) are the local expressions for the second law of thermody-
namics [27]. In deriving it, we have tacitly assumed that the laws (2.19) and (2.20),
which are valid for macroscopic systems, also hold for infinitesimally small parts of
the system.

Going back to the linear irreversible processes seen in the previous Paragraph,
we can rewrite the time derivative of the entropy change (2.11) in terms of thermo-
dynamic forces and fluxes:

d∆S
dt

= −
∑
i,j

sijαj
dαi

dt
=
∑

i

XiJi , (2.25)
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where we used (2.10) and recognized that −sijαj = ∂∆S/∂αi ≡ Xi. The entropy
rate of change thus becomes a bilinear expression in the forces and fluxes appearing
in the phenomenological equations.

The study of weak deviations from equilibrium is certainly relevant for large
macroscopic systems, where thermal fluctuations are small. However, as the dimen-
sions of the system decrease, fluctuations away from equilibrium begin to dominate
the behavior and can lead to significant deviations from the system’s average behav-
ior [47, 30]. Small systems with this behaviour are ubiquitous in nature: one can
think of magnetic domains, polymers, quantum dots and so on. These small systems
operate away from equilibrium, dissipate energy continuously, and make transitions
between steady states. They often exchange heat and work with their environment,
so the concepts of entropy and entropy production emerge naturally, even though in
small systems they will be highly-fluctuating quantities. We cannot expect entropy
fluctuations to be Gaussian-distributed anymore: in far-from-equilibrium regimes
positive increments of entropy must be dominant over negative ones, so an asymmetry
in the fluctuations has to emerge

The research that initiated the study of fluctuations asymmetry in nonequilibrium
systems was published in 1993 by Evans, Cohen and Morriss [48] for a two-dimensional
thermostatted shear-driven fluid in contact with a heat bath. Supported by molecular
dynamics simulations, they found that the ratio of the probability of finding a value
of the shear stress and the probability of finding its opposite-signed value falls
exponentially with the shear stress. Since this hydrodynamic quantity turns out to
be proportional to a generalized rate of entropy production, they indirectly found the
first Fluctuation Relation (FR) indicating an asymmetry between the probability of
a positive and a negative entropy production rate σ in a NESS. The results indicated
in any case a nonzero probability of violating the second law of thermodynamics. A
transient FR valid for the relaxation towards the steady state was later found by
Evans and Searles [49], while Gallavotti and Cohen [50] proved the steady-state FR
for a large class of systems using concepts from chaotic dynamical systems. What
became later known as Gallavotti-Cohen relation roughly states that, for the total
entropy production ∆S [30]:

P (−∆S)
P (∆S) = e−∆S , (2.26)

where the total entropy production is computed for an arbitrary length of time. In
words, the larger the negative fluctuations of entropy are, the exponentially-smaller
their probability of occurrence will be.

The quantitative study of fluctuations and heat exchanges in mesoscopic systems,
supported by FRs, later extended their scope and contributed to the establishment
of Stochastic Thermodynamics [30, 43].

2.3 Tools for detecting and characterizing nonequilib-
rium

In this Section we aim at describing different tools and techniques that have proved
to be much effective in detecting the absence of statistical equilibrium.
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Arguably, there are two different approaches that one can follow to study devi-
ations from equilibrium or, otherwise stated, there are two conditions to look for
in a generic system. One is to analyze the behaviour of entropy changes, namely
look for positive entropy production. Systems in equilibrium are found in a state
of maximum entropy, hence the entropy becomes a time-independent quantity. On
the other hand, system driven far from equilibrium are usually characterized by a
lower-entropy regime, and their tendency to restore equilibrium yields a positive
entropy production. This increase has a finite duration for transient nonequilib-
rium states, whereas it continues indefinitely in systems characterized by persistent
nonequilibrium. In the latter case it has become very common to quantify how much
a system is far from statistical equilibrium by measuring the value of the (positive)
Entropy Production Rate (EPR). The second approach, more probability-based,
exploits the breaking of the detailed balance condition (2.4), signaling an asymmetry
in the transition probability between two states. Due to ergodicity, the relationship
between conditional probability distributions can be mapped into a relationship
between time correlation functions, thus the broken detailed balance is formally
equivalent to an asymmetry between time correlation functions. From this idea,
a descriptor of nonequilibrium, or better of broken time reversal invariance, is a
class of Asymmetric Time Correlation Functions (ATCFs) [15, 51] that fluctuate
around zero in the equilibrium case while showing nontrivial time dependencies in
nonequilibrium regimes. Furthermore, the absence of detailed balance implies the
existence of statistical fluxes (or currents), which often can be related to physical
fluxes (energy or heat fluxes, electric current, etc.). The asymmetry created by the
statistical fluxes is well captured by suitable Response Functions (RFs) [12, 11], since
they are able to display the disturbances created by an external perturbation as they
evolve and travel through the system. These indicators allow a good characterization
of the nonequilibrium properties, as we will see when they will be used on the
Lorenz96 and the Sabra models in Chapters 3 and 4, respectively. We will now
proceed to delineate the main features of the above mentioned quantities: EPR,
ATCFs and RFs.

2.3.1 Entropy Production Rate (EPR)

We have already met the EPR σ in Eq. (2.22), where it was defined as the source of
“internal” (e.g. not caused by the environment) entropy change diS per unit time and
unit volume [27]. The second law of thermodynamics immediately implies that it is
a non-negative quantity, as written in (2.24). Despite its clear thermodynamic origin
and meaning, novel results in stochastic thermodynamics led to understand that
EPR, just like many other thermodynamical concepts, could be given an alternative
form if one follows the new interpretation of thermodynamic variables as stochastic
ones, defined on individual microscopic trajectories.

Among the first investigations on this matter we find the one by Lebowitz and
Spohn [10] on Markov processes, which preceded the birth of stochastic thermody-
namics. Let us consider a continuous time Markov process with finite state space S.
Points in S are denoted by s. The process is determined by the rates k(s, s′) ≥ 0 for
jumping from s to s′. We will call µ(s, t) the probability distribution of s at time
t, such that any function f depending on phase space coordinates has an expected
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value: ⟨f⟩µ(t) = ∑
s µ(s, t)f(s). The time evolution of ⟨f⟩µ(t) is written as:

d

dt
⟨f⟩µ(t) =

∑
s,s′

µ(s, t)
[
k(s′, s)f(s′)− k(s, s′)f(s)

]
, (2.27)

and taking f to be a Kronecker delta selecting state s we obtain the Master Equation:

dµ(s, t)
dt

=
∑
s′

k(s′, s)µ(s′, t)− r(s)µ(s, t) , (2.28)

where r(s) = ∑
s′ k(s, s′). The Gibbs entropy then reads:

SG(µ(t)) = −
∑

s

µ(s, t) logµ(s, t) . (2.29)

Its rate of change can be written, using (2.28), in the form:

d

dt
SG(µ(t)) = R(µ(t))−A(µ(t)) , (2.30)

where

R(µ(t)) = 1
2
∑
s,s′

[
k(s, s′)µ(s, t)− k(s′, s)µ(s′, t)

]
log

[
µ(s, t)k(s, s′)
µ(s′, t)k(s′, s)

]
≥ 0 (2.31)

and
A(µ(t)) =

∑
s,s′

k(s, s′)µ(s, t) log
[
k(s, s′)
k(s′, s)

]
. (2.32)

This splitting of the rate of change into a non-negative term R and a term A that is
linear in µ leads us to identify the first as the entropy produced by the stochastic
jumps per unit time - i.e. the EPR - and the second as the entropy flow that can
have either sign. Notice the evident similarity between (2.23) and (2.30).

On the other hand, defining a trajectory (or history) of the process t→ st, the
authors define the quantity:

W (T, {st, 0 ≤ t ≤ T}) =
∫ T

0

∑
s,s′

ws,s′(t) dt (2.33)

with ws,s′(t) denoting a sequence of δ-functions, located at those times t when st

jumps from s to s′, with weight w(s, s′) = [log k(s, s′)− log k(s′, s)]. This means
that if the trajectory visits in succession the states s0, s1, . . . , sn, where s0 is the
state at time 0 and sn the state at time T , then:

W (T, {st, 0 ≤ t ≤ T}) = log
[
k(s0, s1)
k(s1, s0) . . .

k(sn−1, sn)
k(sn, sn−1)

]
. (2.34)

This quantity was named by the authors action functional.
Now, when the system reaches the steady state - and µ(t) converges to the

stationary measure µ - we have that dSG(µ)/dt = 0 and the entropy flow balances
the entropy production rate. It means that:

lim
T →∞

⟨W (T )/T ⟩ = R(µ) = A(µ) . (2.35)
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Thus the quantity on the l.h.s. is equivalent to the EPR in the steady state. Let us
remark that R(µ) = A(µ) = 0 if k(s, s′) satisfies detailed balance with the invariant
measure µ(s) ∼ e−V (s), i.e.

e−V (s)k(s, s′) = e−V (s′)k(s′, s) . (2.36)

This happens because each term of the sum in the definition of R vanishes, and by
(2.35) also A will be zero. Thus, as expected, the EPR is zero in statistical equilibrium
(where detailed balance holds), whereas it is strictly positive in nonequilibrium
regimes (where entropy exchanges with the environment may also be observed).

It is quite interesting to notice that the action functional (2.34) compares forward-
in-time and backward-in-time trajectories. The probability of a trajectory {s} =
{s0, . . . , sn} is:

P ({s} = µ(s0)p(s0, s1) · · · p(sn−1, sn) (2.37)

when starting in the stationary measure µ. Indeed we can rewrite (2.34) as:

W (n, {s}) =
n∑

j=1
log

[
p(sj−1, sj)
p(sj , sj−1)

]
= log P ({s})

P (R{s}) , (2.38)

having denoted with R{s} the time-reversed trajectory {sn, . . . , s0}. Indicating with
P (T, {s}) the probability of a trajectory of length T passing through the states {s},
the EPR reads:

σ ≡ R(µ) = lim
T →∞

1
T

〈
log P (T, {s})

P (T,R{s})

〉
. (2.39)

This constitutes a direct link between time reversal invariance and statistical equi-
librium signalled by zero entropy production rate.

A stochastic thermodynamics approach to entropy production was later pointed
out by Seifert [13, 30] in the context of small systems with intrinsic randomness.
To convey the idea, the author considers the motion x(t) of a colloidal particle of
mobility γ subject to an external force F (x, t) and evolving according to a Langevin
equation. The associated Fokker-Planck equation [52] can be written as well for
p(x, t), the probability to find the particle at x at time t, and reads:

∂tp(x, t) = −∂xj(x, t) = −∂x [γF (x, t)−D∂x] p(x, t) , (2.40)

where j(x, t) is the probability current defined by the r.h.s. while D is the diffusion
coefficient of the particle. A “trajectory-dependent” entropy for the particle is
defined as:

s(t) = − log p(x(t), t) , (2.41)

where the probability is evaluated along the stochastic trajectory. The rate of change
of the total entropy stot, sum of the entropy of the system s and that of the medium
sm, can be explicitly computed. Exploiting Eq. (2.40) and using thermodynamic
relations one obtains:

ṡtot(t) ≡ ṡm(t) + ṡ(t) = −∂tp(x, t)
p(x, t)

∣∣∣∣
x(t)

+ j(x, t)
Dp(x, t)

∣∣∣∣
x(t)

ẋ . (2.42)
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At this point, the entropies should be averaged over the probability distributions
for comparing them to the familiar quantities of nonequilibrium thermodynamics.
Omitting the details, the author found that:

⟨ṡtot⟩ =
∫
dx

j2(x, t)
Dp(x, t) ≥ 0 , (2.43)

where equality holds in equilibrium only. Furthermore:

⟨ṡm⟩ =
∫
dx

F (x, t)j(x, t)
T

, (2.44)

where T is the temperature.
EPR, however, has important downsides: it is a difficult quantity to measure in

real systems since it requires the complete knowledge of the states visited by the
system, and can be explicitly calculated only in limited cases (e.g. Markov processes).
Furthermore it is a global quantity, so it cannot provide any information about the
physical currents between degrees of freedom. Even though EPR will not be used in
the numerical studies of this thesis, we thought it useful to discuss its derivation
and meaning since it is very widespread in both nonequilibrium thermodynamics
and stochastic processes.

A case study part 1/3: EPR

We think it is worthwhile, before moving on, to present a simple example where
analytical calculations can be performed to find an explicit expression of the EPR
(2.39). The 2nd and 3rd part of such study, about response functions and the
fluctuation-dissipation relation, will be continued in Paragraphs 2.3.3 and 2.3.4.
The toy model we will use is a slight variation of the one introduced in [12]: it is
a linear map with reciprocal interactions between three variables, xt, yt and zt, in
which one single coupling has a variable weight that can break the reciprocity. The
discrete-time evolution reads:

xt+1 = axt + (a− β)yt + azt + η
(x)
t (2.45a)

yt+1 = axt + ayt + η
(y)
t (2.45b)

zt+1 = axt + azt + η
(z)
t . (2.45c)

where ηt’s are independent Gaussian variables with zero mean and unitary variance,
while a and β are assigned constants. In compact form, the evolution can be written
as:

st+1 = Ast +Bηt , (2.46)

where st = (xt, yt, zt)T , ηt = (η(x)
t , η

(y)
t , η

(z)
t )T , B = I3 ≡ diag(1, 1, 1), and

A =

a a− β a
a a 0
a 0 a

 (2.47)

The former parameter is fixed to a = 0.4, while β is varied from 0 to a. The value of
a was chosen to ensure that the spectral radius of A was less than one ∀β, thereby
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Figure 2.1. Panel (a): sketch of the model, where black solid arrows refer to a value a = 0.4
in the interaction matrix, while the red dashed arrow has a weight (a − β), with β a
free parameter. Panel (b): Entropy production rate, computed from (2.49), at varying
β. Reciprocal interactions (β = 0) yield σ = 0, while a breaking of the interaction
symmetry (β > 0) translates into a positive EPR.

avoiding a diverging dynamics. A sketch of the model is represented in Fig. 2.1a.
The case β = a is an example in which the behavior of two quantities, y and z, is
influenced by a common-causal variable x; as a consequence, y and z are correlated
even though they are not in causal relationship. On the other hand, if β = 0 all
interactions are reciprocal, and A becomes a symmetric matrix.

For linear Gaussian processes, with either continuous or discrete time, several
analytical results can be found [52]. Among them, an explicit formula of the EPR
(2.39) can be written. Since our system (2.46) is Markovian, we only need to consider
one time-step, namely:

σ =
〈

log P ({st′}t+1
t )

P ({st′}tt+1
)
〉
, (2.48)

where the average is taken on P ({st′}t+1
t ), the probability of the direct path st →

st+1. After expressing the above probabilities in terms of Gaussian distribution, the
following expression is found:

σ = Tr
[
(ATB−2 −B−2A)AC0

]
= Tr

[
(AT −A)AC0

]
, (2.49)

in which C0 = ⟨sts
T
t ⟩, and in the last step we discarded the matrix B−2 = I3. The

complete derivation of (2.49) can be found in Appendix A. The values of the EPR
at varying β are shown in Fig. 2.1b. As expected, for β = 0 we have no entropy
production: all interactions are reciprocal (AT = A) and detailed balance holds.
Increasing the value of β we create an asymmetry in the system and bring it out of
statistical equilibrium, resulting in a positive EPR. Let us notice that a non-zero
EPR could have been obtained, besides for non-reciprocal interactions, also if the
matrix B had non-identical elements on the diagonal, i.e. in presence of temperature
gradients.
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2.3.2 Asymmetric Time Correlation Functions (ATCFs)

In nonequilibrium systems one would like to understand how the (density, temper-
ature, etc.) fluctuations are correlated in time, namely investigate the temporal
coherence of a system. To this end one can introduce time correlation functions [26].

Let us denote with δA(t) the instantaneous deviation or fluctuation of the
observable A(t) from its time-independent statistical average ⟨A⟩ (describing either
an equilibrium state or a NESS), namely:

δA(t) = A(t)− ⟨A⟩ . (2.50)

Let us remark in passing that the average ⟨·⟩ computed over a steady-state distribu-
tion can be intended also as a time average assuming ergodicity. While from the
definition it trivially follows that ⟨δA⟩ = 0, one can obtain interesting information by
considering correlations between fluctuations at different times. This is computed,
for two fluctuations at time 0 and time τ , as:

C(τ) = ⟨δA(0)δA(τ)⟩ = ⟨A(0)A(τ)⟩ − ⟨A2⟩ . (2.51)

In an equilibrium system the correlations between dynamical variables at different
times should depend only upon the separation between these times: equilibrium
systems are by default stationary. Then:

C(τ) = ⟨δA(t)δA(t+ τ)⟩ . (2.52)

An important consequence of stationarity is that C is an even function:

C(τ) = ⟨δA(0)δA(τ)⟩ = ⟨δA(−τ)δA(0)⟩ = C(−τ) . (2.53)

For τ = 0 and τ →∞, considering that at large times the fluctuations will become
uncorrelated, the time correlations behave as:

C(0) = ⟨(δA)2⟩ C(τ) τ→∞−−−→ ⟨δA(0)⟩⟨δA(τ)⟩ = 0 . (2.54)

A widespread normalized form of correlation functions, that in statistics is called
Pearson correlation coefficient, reads as:

C̃(τ) = ⟨δA(0)δA(τ)⟩
⟨(δA)2⟩

= ⟨A(0)A(τ)⟩ − ⟨A2⟩
⟨A2⟩ − ⟨A⟩2

, (2.55)

and is such that: C̃(0) = 1.
Actually the type of correlations we just described are often called time auto-

correlation functions, since they measure the statistical similarity of two delayed
fluctuations of the same quantity A. In the more generic case of two different
observables A(t) and B(t) one defines, as in (2.51),

CA,B(τ) = ⟨δA(0)δB(τ)⟩ = ⟨A(0)B(τ)⟩ − ⟨A⟩⟨B⟩ , (2.56)

and we will call them Time Correlation Functions (TCF). Now the symmetry relation
(2.53) becomes:

CA,B(τ) = CB,A(−τ) , (2.57)
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while the normalized form (2.55) reads:

C̃A,B(τ) = ⟨δA(0)δB(τ)⟩√
⟨(δA)2⟩⟨(δB)2⟩

= ⟨A(0)B(τ)⟩ − ⟨A⟩⟨B⟩√
[⟨A2⟩ − ⟨A⟩2] [⟨B2⟩ − ⟨B⟩2]

. (2.58)

One sees that all quantities and relations found for autocorrelation functions are
special cases of the general ones found for TCFs if A = B.

The relation (2.57) is expected to hold for any system in a stationary state:
it is valid for both statistical equilibrium states and NESS’s. On the other hand,
time-reversibility implies that for any pair of observables A and B the identity:

CA,B(τ) = CB,A(τ) (2.59)

holds. As a consequence, if two observables exist such that (2.59) is violated, then
the system is in a nonequilibrium regime.

In a 1982 work, Pomeau [15] studied the behaviour of nonequilibrium fluctuations
under time reversal. He noticed that, while the function C(τ) (Eq. (2.51)) is
unchanged by the transformation τ → −τ , being then insensitive to the direction of
time, one could exploit the property (2.59) of CA,B(τ) to devise other types of TCFs
able to manifest the nonequilibrium nature (hence time-irreversibility) of the “signal”
A(t). Specifically, one defines Asymmetric Time Correlation Functions (ATCFs),
depending only on the observable A(t), that are exactly zero if the system is time
reversible and which do not vanish if it is not invariant under time reversal. The
general idea is to seek time correlations that change form under time reversal -
this excludes simple autocorrelations of the type (2.51) - and exploit this change
in form to construct an ATCF which is the difference between the forward and the
time-reversed correlations. In general quadratic correlation functions, like the ones
we described up to now, cannot reveal this asymmetry: higher-order correlations (at
least cubic) must be employed.

Of course, different possible functions can be built using this procedure. The
author suggested as examples the following third- and fourth-order functions:

Ψ1(τ) = ⟨A(t)[A(t+ 2τ)−A(t+ τ)]A(t+ 3τ)⟩ , (2.60)

Ψ2(τ) = ⟨A3(t)A(t+ τ)−A(t)A3(t+ τ)⟩ . (2.61)

Notice that the ATCFs are odd: Ψi(τ) = −Ψi(−τ). Let us remark that Eqs. (2.60)
and (2.61) are zero in equilibrium: this follows from microscopic reversibility, as we
saw in Eq. (2.15). On the contrary, far from equilibrium the time-reversed TCF
is not equivalent to the forward one, so the resulting ATCF will show a nontrivial
behaviour. A peculiar property is that, for third-order functions such as (2.60) it
is equivalent to study the ATCF of the observable A(t) itself, as in the examples
above, or that of the deviation δA(t): the additional terms involving ⟨A⟩ all cancel
out if stationarity holds. On the other hand, it can be shown that ATCFs from the
fourth order above, computed for δA(t), can be split into a linear combination of
same- and lower-order ATCFs computed for A(t).

One particular ATCF that will be used in the following studies is:

Ψ(τ) = ⟨A2(t)A(t+ τ)−A(t)A2(t+ τ)⟩ . (2.62)
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It is cubic, thus computing the correlation of the observable or of its fluctuation
is the same. Furthermore, one can easily notice that the function Ψ(τ) is formally
equivalent to:

Φ(τ) = 1
3⟨[A(t+ τ)−A(t)]3⟩ . (2.63)

Expanding the cube, we get: Ψ(τ) = ⟨[A3(t+ τ) + 3A2(t)A(t+ τ)− 3A(t)A2(t+ τ)−
3A3(t)]⟩/3. But the first and last term cancel out due to stationarity, so one has:

Ψ(τ) ≡ Φ(τ) . (2.64)

If we imagine A(t) to be a physical time signal, like kinetic energy, electric current,
temperature, then the correlation function Φ(τ) has a clearer meaning than the less
intelligible Ψ(τ): Eq. (2.63) measures the third moment of that quantity’s variation
after a finite time τ .

In Sections 3.3.2 and 4.5.1 we will investigate the behaviour of the ATCFs for
the specific cases of the Lorenz96 model and the Sabra model, respectively. These
studies have shown that the numerical computation of ATCFs is a delicate matter:
since we are considering the difference of two TCFs, many cancellations of terms
with opposite sign occur. In addition, spurious behaviour in the case of finite-size
statistics (i.e. any numerical study) is often observed. These issues are discussed in
Appendix D.

2.3.3 Response Functions (RFs)

Closed systems are not very common in nature: even less so are isolated systems,
where not only matter but also energy cannot be exchanged with the external
environment. Instead, the physical reality abunds of open systems, ranging from
very large spatial extensions (Earth’s atmosphere, but also solar systems and galaxies)
to microscopic scales (cells, nanoprocessors). All of them are often subject to external
perturbations, originating from the interaction with the outside environment and
possibly causing a change of state in the system. After the displacement from the
previously occupied state - which could have been an equilibrium state or a NESS -
the system, if left undisturbed, tends to relax to the original stationary state2. In
general the characterization of this relaxation process is not easy, but the hypothesis
of weak perturbations allows to derive a meaningful relation connecting the deviation
of a dynamical variable from its steady-state value to suitable correlation functions of
that variable, computed on the unperturbed system. Systems weakly displaced from
equilibrium are studied in the framework of linear response theory, and the relation
between displacements - measured by RFs - and time correlations goes under the
name of Fluctuation-Dissipation Relation (FDR) [53, 54, 16]. A concise description
of both linear response theory and FDRs will follow in the next Paragraph, while in
the present one the focus is on defining and pointing out the main features of RFs.

Response functions were originally introduced in the context of Hamiltonian
systems [55]. Generally speaking, one can consider [16] a system described by
the Hamiltonian H(P ,Q, t) = H0(P ,Q) − F(t)A(P ,Q), where H0(P ,Q) is the

2If the system can be in different possible steady states, e.g. dynamical systems with multiple
attractors, the external perturbation could make the system jump from a steady state to another.
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time-independent part, (P ,Q) are the usual conjugated canonical variables, and
the second term represents a time-dependent perturbation to the unperturbed
Hamiltonian H0. In particular, F(t) is an applied field that couples to A(P ,Q)3,
and the linear response regime holds if F ≪ 1. Let us suppose to be interested
in the effect of this external perturbation on an arbitrary function B(P ,Q) of the
phase-space variables. The deviation from its equilibrium value at time t will be
called ∆B(t) = B′(t)− ⟨B⟩, with B′ indicating its value in the perturbed system.
In the linear regime, some calculations (that can be found in the next Paragraph)
show that the average of the displacement ∆B(t) can be written in the form:

⟨∆B(t)⟩p =
∫
dt′R(t, t′)F(t′) . (2.65)

The brackets ⟨·⟩p formally indicate an average taken on the perturbed phase-space
probability distribution, that can be expressed in terms of the equilibrium canonical
distribution under the present assumptions. Here R(t, t′) is the RF, sometimes also
called “generalized susceptibility”. Of course, Eq. (2.65) represents the first term,
linear in F , of a Taylor expansion in which O(F2) terms and higher-order ones have
been neglected.

The definition (2.65) implicitly provides a physical interpretation for R(t, t′)
[26]. First of all, one notices that ⟨∆B(t)⟩p is a functional of F(t), thus the first
nonvanishing term of the Taylor expansion of such functional at time t reads∫

dt′
δ⟨∆B(t)⟩p
δF(t′) F(t′) , (2.66)

in which δ/δF(t′) denotes a functional derivative computed at time t′. Hence:

R(t, t′) = δ⟨∆B(t)⟩p
δF(t′) , (2.67)

i.e. the RF represents the change in the average displacement at time t due to a
change in the external disturbance at time t′.

Let us now move from generic perturbations to more specific cases. One instance
is represented by “impulsive” disturbances, namely F(t) = F0δ(t− t0). Inserting this
form into (2.65) yields: ⟨∆B(t)⟩p = R(t, t0)F0. The RF is proportional to the average
displacement when the perturbation is an impulse, and all other responses can be
interpreted as linear combinations of this special case. There are two properties
that follow from physical considerations. First, the response depends only on the
time displacement from the instant when the disturbance happened, and not on the
absolute times:

R(t, t′) = R(t− t′) . (2.68)

Second, the system cannot respond before the disturbance is applied, a property
known as causality:

R(t− t′) = 0 if t− t′ ≤ 0 . (2.69)
3For example, F might be an electric field that couples to the instantaneous dipole moments of

the molecules in the system, in which case A is the total dipole, or polarization, of the system.
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These properties transform Eq. (2.65) into:

⟨∆B(t)⟩p =
∫ t

t0
dt′R(t− t′)F(t′) , (2.70)

having assigned time t0 to the beginning of the perturbation.
However, there exist various systems that lack an Hamiltonian structure, whose

evolution is often described by Ordinary or Partial Differential Equations (ODEs
and PDEs, respectively). In such cases the definition of a RF slightly changes,
even though it retains the usual significance [16]. For the sake of generality, now
the perturbation is considered to act on a stationary state, that can be even of
nonequilibrium type. For instance, let us consider a chaotic dynamical system,
described by the ODE ẋ = f(x). Given an impulsive perturbation δx(0) of the state
of the system x(0) at time 0, one can consider the Taylor expansion of the difference
between the perturbed and unperturbed trajectories at time t, δx(t) = x′(t)− x(t).
Component-wise, it reads:

δxi(t) =
∑

j

∂xi(t)
∂xj(0)δxj(0) +O(|δx(0)|2) . (2.71)

Averaging over the initial conditions one obtains the following RF:

Rj,i(t) =
〈
∂xi(t)
∂xj(0)

〉
. (2.72)

The functions with i = j are named diagonal (or self ) RFs, while if i ̸= j they are
called non-diagonal (or cross) RFs. While the former give valuable indications about
the de-correlation times, the latter are particularly interesting in nonequilibrium
settings because the influence of a perturbation on quantities other than the perturbed
one allows to recognize the presence of statistical fluxes and to infer dependencies
between degrees of freedom [12, 11]. We will see these non-diagonal RFs in action in
Sections 3.3.3 and 4.5.2. In numerical settings, when one can actively manipulate
the system, it is customary to perform perturbations of fixed amplitude such that
the previous formula, substituting the derivative with the ratio of finite differences,
amounts to:

Rj,i(t) = ⟨δxi(t)⟩
δxj(0) . (2.73)

The numerical computation is straightforward. After perturbing the variable xj

at time t = t0 with a small perturbation δxj , one follows the separation δx(t|t0)
between perturbed and unperturbed trajectories up to a prescribed time t1 = t0 + τ .
At time t = t1 the variable xj on the reference trajectory is again perturbed with
the same amplitude, and a new sample of δx(t|t1) is obtained up to t2 = t1 + τ .
Repeating this procedure M ≫ 1 times, and considering the average over initial
conditions as an arithmetic average over these consecutive realizations, one evaluates
for the variable xi the following RF:

Rj,i(τ) = 1
M

M−1∑
k=0

δxi(tk + τ |tk)
δxj

≡ δxi(τ)
δxj

. (2.74)
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In the presence of chaos the two trajectories separate exponentially in time, therefore
the response is the result of a delicate balance of terms that grow in time in different
directions. It is best in any case to avoid large values of τ , since the statistical
errors in the RFs grow exponentially as well. Indeed, a rough estimate of the error
stemming from (2.74) is [56]:

err(Rj,i(τ)) ∼ eL(2)τ/2/
√
M , (2.75)

where L(2) is the generalized Lyapunov exponent of order 2 (the definitions of
Lyapunov Exponents and some related concepts, such as Generalized and Finite-Size
Lyapunov exponents, can be found in Appendix B). We are not constrained to
perturb and measure only the explicit phase-space variables: also functions of x can
appear in both numerator and denominator of Eq. (2.72), and the formula is to be
interpreted as a functional derivative, like we saw in (2.67).

A case study part 2/3: RFs

Here we will examine again the model described at the end of Paragraph 2.3.1 in
order to show the effectiveness of response functions to detect causal relationship
among variables. The setup of the model remains the same as before. The case β = a
represents a minimal example in which the behavior of two quantities, y and z, is
influenced by a common-causal variable x; as a consequence, y and z are correlated
even though they are not in causal relationship. Decreasing β from that value, the
link from y to x becomes more and more important, and a causal connection from
the former to the latter is established. The RF of interest is:

Ryz
t = ⟨δzt⟩

δy0
, (2.76)

by means of which we analyze the average effect that a perturbation on yt, of size
δy0 = 0.01, has on the variable zt.

The causal behaviour we anticipated clearly emerges from Fig. 2.2, in which the
responses (2.76) are computed at varying β. When β = a the variable y has no
influence on x, and consequently neither on z: this is revealed by the RF computed
in this case (black, bottom curve), namely a perturbation on y has zero effect on z.
As β decreases the causal link from y to x acquires a nonzero weight that increases
as β is lowered down to β = 0. In the figure the increased strength of the causal
link is revealed by the larger peaks assumed by the RFs at decreasing β.

2.3.4 Addendum: Linear Response Theory and Fluctuation-Dissipation
Relation (FDR)

The study of fluctuations, and of their relation with the response to external
perturbations, has led to fundamental discoveries throughout the XX century. After
Einstein’s studies on Brownian motion, Onsager [29] introduced his regression
hypothesis stating that the relaxation of a macroscopic nonequilibrium perturbation
follows the same laws that govern the dynamics of fluctuations in equilibrium systems.
This principle already contained the seed of the Fluctuation-Dissipation Relation
(FDR) which was later embedded into the linear response theory by Kubo [55].
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Figure 2.2. Response functions (2.76) at increasing β, from β = 0 (top, blue curve) to
β = a (bottom, black curve) with a step ∆β = a/8. When β = a the causal path from y
to z is absent (see Fig. 2.1a), while this link is generated and increased in strength as β
decreases to zero.

In the same Hamiltonian framework of Paragraph 2.3.3, the FDR expresses RFs
in terms of time correlation functions computed at equilibrium. Remembering that
the perturbed Hamiltonian is written as: H(P ,Q, t) = H0(P ,Q) − F(t)A(P ,Q),
Kubo’s FDR reads as:

RA,B(t) = β⟨Ȧ(t′)B(t)⟩ = −β⟨A(t′)Ḃ(t)⟩ , (2.77)

where t′ is the time of the perturbation, and angular brackets denote an equilibrium
ensemble average.

The application of the FDR to real systems leads to meaningful relations among
physical quantities. The first FDR, found long before the above general formula
was obtained, is the celebrated Einstein relation between the diffusion coefficient D
and the mobility µ for a colloidal Brownian particle. If V is the particle velocity -
assuming 1D motion for simplicity - and the perturbing force is F , the mobility is
defined by the relation: ⟨∆V ⟩ = µF , where the first term is the average deviation of
the velocity caused by the disturbance. The Einstein relation reads:

µ = D

kBT
, (2.78)

and it provides a link between a property of the unperturbed system (the diffusion
coefficient) and a measure of the system’s reaction to a small perturbation (the
mobility). Several similar relations exist that connect transport coefficients to equi-
librium two-time correlations of a system. They are called Green-Kubo relations, and
some of the most notable examples connect mobility to momentum time-correlation,
shear viscosity to pressure tensor time-correlation, and electrical conductivity to
electric current density time-correlation.
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After Kubo’s FDR, it was understood that a generalized FDR holds under
rather general hypotheses for a vast class of systems with chaotic dynamics, also for
non-Hamiltonian systems. To see this, let us consider a dynamical system described
by the phase space vector x ∈ RN , whose time evolution can be either deterministic
or stochastic. We assume the system to be mixing, and the invariant probability
distribution ρ(x) to be smooth. The aim is to express the average response of a
generic observable B(x) to a perturbation x → x + ∆x. The perturbed system
is described by the distribution ρ′, and expectation values with respect to the
unperturbed and perturbed measures are denoted with ⟨·⟩ and ⟨·⟩′ respectively.
Omitting the full derivation, which can be found e.g. in [16], the average deviation
of B is expressed by:

∆B(t) = −
N∑

j=1

〈
B(x(t))∂ ln ρ(x)

∂xj

∣∣∣∣
t=0

〉
∆xj(0) =

N∑
j=1

Rxj ,B(t)∆xj(0) , (2.79)

in which ∆B = ⟨B⟩′−⟨B⟩, and the perturbation is applied at t = 0. The generalized
FDR thus reads:

Rxj ,B(t) = −
〈
B(x(t))∂ ln ρ(x)

∂xj

∣∣∣∣
t=0

〉
. (2.80)

Notice that the smoothness of ρ was necessary to compute the partial derivatives
inside brackets. However many chaotic systems have strange attractors, whose
invariant measure has a multifractal character, thus they are outside the range of
validity of the generalized FDR. The problem can be circumvented by applying
a small amount of noise that smoothens ρ(x). Besides, projections from high-
dimensional phase spaces to a low-dimensional one also allow to retrieve a smooth
probability measure. It can be seen that Kubo’s FDR for Hamiltonian systems
reduces to a special case of the generalized FDR (2.80). Indeed, considering the
usual canonical ensemble, one has that ln ρ = −βH(P ,Q)+const. Using Hamilton’s
equation, the response on Qk stemming from a perturbation on Pk becomes:

∆Qk(t)
∆Pk(0) = β

〈
Qk(t)dQk

dt

∣∣∣∣
t=0

〉
= −β d

dt
⟨Qk(t)Qk(0)⟩ , (2.81)

which is exactly Kubo’s FDR (2.77).

A case study part 3/3: FDR

We will conclude here the study on the Gaussian linear model, Eq. (2.45) or (2.46),
with a verification of the correspondence between response functions and a suitable
combination of time correlations imposed by the FDR. It can be verified that in our
model, but generally for Gaussian linear systems, the FDR amounts to:

Rt = CtC
−1
0 , (2.82)

where Rij
t ≡ Rs(j)→s(i)

t , Cij
t = ⟨s(j)

0 s
(i)
t ⟩, indicating with s(i) the i-th component of

the vector s, and C0 is the covariance matrix. The derivation of (2.82) can be found
in App. A. We show in Fig. 2.3 the equivalence observed in our model between the
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Figure 2.3. Test of the FDR. Colored lines: response functions. Symbols: combination
of time correlations (matrix elements of C̃t ≡ CtC

−1
0 ). Either diagonal or non-diagonal

matrix elements and equilibrium or nonequilibrium cases are shown, as in legend.

RFs and the combination of time correlations represented by the matrix product on
the r.h.s. of (2.82). Colored lines are response functions, while symbols are matrix
elements of C̃t ≡ CtC

−1
0 : a perfect superposition of corresponding functions is clearly

observed. Different cases are presented: diagonal and non-diagonal matrix elements,
either in the equilibrium (β = 0) or the out-of-equilibrium (β > 0) case. This is to
further remark that FDRs hold even far from statistical equilibrium.
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Chapter 3

Nonequilibrium properties in
the Lorenz96 model

In this Chapter a study on nonequilibrium properties of the two-scales Lorenz96 model
is presented. Its importance in the context of geophysical phenomena, especially for
studies about the predictability in atmospheric sciences, is highlighted in the first
part, followed by an exposition of the main features observed by previous studies in
both the single-scale and the two-scales versions of the model.

Then, the third Section contains the original work, devoted to a study of the
nonequilibrium indicators that have been introduced in the previous Chapter. Inter-
esting parallelisms are drawn between the model with forcing and linear damping,
which is far from equilibrium, and the one without forcing and dissipation that is
instead in statistical equilibrium.

3.1 The model and its context

The predictability of physical systems, characterized as the ability to predict the
future state from present (but also past) observations, is a central problem in
geophysical sciences. Different difficulties arise when tackling this topic. From
a practical point of view, physical measurements cannot even provide an exact
initial condition, since finite sensitivity in the instruments or truncation errors in
computers always introduce a degree of uncertainty. This has dramatic consequences
in chaotic systems, since an arbitrarily small variation of the initial condition causes
the ‘perturbed’ trajectory to separate exponentially fast from the reference one.
The evolution of real natural systems is indeed modelled - and approximated - by
means of dynamical equations which often show a chaotic behaviour. This hinders
the predictability of such systems: the “true” future state can be anyone among a
plethora of diverging-in-time points stemming from very similar initial conditions.
Furthermore, real systems are never really deterministic in their evolution, because
the presence of some randomness in the evolution process (and in the modelling
equations) must often be taken into account. For instance, a thorough discussion
about the importance of thermal noise for correctly describing turbulence can be
found in [57].

It is natural to associate the word “predictability” with the weather, since the
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type of scientific predictions that most affect our everyday lives are, without a
doubt, weather forecasts. However the atmosphere is a very complex system: its
state is determined, zone by zone, by a large number of physical variables (such
as pressure, temperature, wind velocity, air density) whose coupled evolution is
described by complicated PDEs. The atmosphere is also a multiscale system [17]:
its overall behaviour is the combined result of dynamical effects which range from
sub-millimeter scale up to synoptic scales - of the order of thousands of kilometers.
Even fluid turbulence displays this complex multiscale character, as will be described
in the following Chapter. The chaotic nature of the atmosphere, accompanied by the
difficulties met when trying to perform faithful numerical studies of its patterns, can
only allow a finite predictability window before the errors exceed a chosen tolerance
value. For this reason weather forecasts are considered accurate enough for a time
window of 1-2 days, whereas they become much less reliable for larger time windows.

Quantitative estimations of the predictability times have historically relied on
Lyapunov exponents [58] (see Appendix B). If the initial state of a system is known
with (infinitesimal) accuracy δ, and we are interested in how long the state of the
system can be predicted within a tolerance ∆, then the exponential amplification of
the initial error provides the following estimate for the predictability time:

Tp(δ,∆) = 1
λ1

ln
(∆
δ

)
∼ 1
λ1

, (3.1)

where the first Lyapunov exponent λ1 appears. However, in multiscale systems
the above naive estimate fails to account for the complex hierarchy of timescales
involved, since λ1 can only describe errors of the fastest scales. It proves necessary
to analyze differently the various stages of the error evolution, in which different
timescales alternate in dominating the overall behaviour [59]. In order to do so, the
concept of Finite-Size Lyapunov Exponents (FSLEs) [60] was introduced. A concise
description of these objects can be found in Appendix B.

Lorenz’s interest in the predictability of geophysical fluid systems is evidenced by
his celebrated 1969 paper [61], in which he aimed at determining quantitatively the
range of predictability of Earth’s atmosphere. From pairs of solutions originating
from nearly identical initial conditions, he studied the ensemble-averaged error of
the kinetic energy for different scales of motion, in which by “error” one means
the difference in kinetic energy between the two solutions. The problem posed
by the presence of different scales is substantial, since tiny errors on the smallest
scales influence the uncertainty measured at the largest scales, the latter giving
the predominant contribution to the overall error. In practice, the equation for
the evolution of the error was derived from a model of a two-dimensional fluid in
an infinite plane, suitably discretized in Fourier space. It is easy to notice how
the modelization of complex dynamical phenomena is a very widespread topic in
Lorenz’s scientific production [25]: ever since the famous Lorenz63 model [62], whose
influence on the fields of dynamical systems, geophysics and statistical mechanics are
unprecedented, different other studies followed in which the behaviour of nontrivial
physical systems was reduced, by means of simplifying assumptions, to a description
in terms of much more tractable equations.

His 1996 work [8] can be considered as a convergence of the above-mentioned
interests: the study of predictability of the atmosphere, but introducing and making
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Figure 3.1. Schematic representation of the two-scales L96 model for N = 6 and K = 4.

use of a “rather crude” (in his own words) model of its dynamics. This model
became known as Lorenz96, and in the following it will be abbreviated as L96. The
single-scale L96 model is described by N variables X1, . . . , XN evolving according
to the equations:

dXn

dt
= −Xn−2Xn−1 +Xn−1Xn+1 − νXn + F n = 1, . . . , N . (3.2)

Periodic boundary conditions are imposed, namely: Xn+pN = Xn, p ∈ Z. Broadly,
the {Xn} can be thought of as scalar atmospheric variables, such as temperature or
vorticity, measured in N equidistant sites along a mid-latitude circle. The system is
formally homogeneous, since cyclic site-translations do not change the dynamics. The
resemblance with a geophysical system is confined to the presence of external forcing
(F , independent on n), dissipation (the linear damping) and nonlinear interactions
mimicking advection (the quadratic terms). The parameter ν = {0, 1}, absent in the
original formulation by Lorenz, can be used to turn on and off the damping term.
The nonlinear terms conserve the total energy

E = 1
2

N∑
n=1

X2
n , (3.3)

since it is easily shown that:

dE
dt

=
N∑

n=1

(
FXn − νX2

n

)
, (3.4)

so that in absence of forcing and dissipation the total energy is a conserved quantity.
In the same publication, Lorenz introduced an extension of the previous model

having two distinct timescales and a different spatial structure. Besides the Xn’s,
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further NK variables yn,k appear where k = 1, . . . ,K, so that the coupled equations
now read:

dXn

dt
= Xn−1(Xn+1 −Xn−2)− ν1Xn + F − hc

b

K∑
k=1

yn,k (3.5a)

dyn,k

dt
= cbyn,k+1(yn,k−1 − yn,k+2)− cν2yn,k + hc

b
Xn . (3.5b)

The periodic boundary condition yn+pN,k = yn,k, p ∈ Z holds here as well, whereas
on the second index we have the following connection rule: yn,k+pK = yn+p,k, which
means that yn,K is the left neighbour of yn+1,1, while yn,1 is the right neighbour of
yn−1,K for arbitrary n. In Fig. 3.1 we represent a sketch of the mutual dispositions
and interactions among variables. Also Eq. (3.5b) displays an advection-like term
and dissipation, while lacking an explicit forcing term. The coupling between X’s
and y’s is mediated by the last term of both Eqs. (3.5), stating that a variable
Xn directly interacts, with a coupling strength h, with the K variables yn,k having
that same first index. It can be thought as a parametrization of the dynamics
occurring at a spatial and temporal scale unresolved by the X variables. Also
here fictitious viscosities ν1, ν2 = {0, 1} have been added. The parameters b and
c quantify the disparity in amplitudes and timescales between the two scales: the
variables y will fluctuate c times faster and show typical amplitudes that are b times
smaller than those of the X’s. For this reason the X’s are often dubbed “slow”
variables while the y’s are “fast” variables. Let us notice that the fast variables are
dynamically invariant only for translations of multiples of K sites (see Fig. 3.1), i.e.
for yn,k → yn,k+iK = yn+i,k with i ∈ Z: otherwise stated, the invariance is for cyclic
permutations of the first index while keeping the second fixed. Hence the two-scales
L96 model is inhomogeneous. Here the total energy reads:

E = 1
2

N∑
n=1

(
X2

n +
K∑

k=1
y2

n,k

)
, (3.6)

so that its balance equation is

dE

dt
=

N∑
n=1

(
FXn − ν1X

2
n − cν2

K∑
k=1

y2
n,k

)
. (3.7)

The forms of the coupling terms are chosen in order to give no contribution to
the total energy balance, even though the coupling in Eq. (3.5b) must necessarily
provide energy to the y’s to balance the friction term and obtain a stationary state.
In other terms, the main role of the coupling is to favor energy transfer between the
two scales.

The L96 model, due to the simplified but mathematically-nontrivial structure,
extended its influence beyond its original scope: either as the core of novel research
or as a case study for applying new concepts, the model was employed likewise in
physics [63, 64, 65, 66, 35], mathematics [67, 68, 69, 34] and geosciences [70, 71, 33].
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3.2 Main features

In this Section we focus on the dynamical properties of the L96 model, noting the
similarities with real geophysical flows and describing the types of solutions (fixed
points, periodic or chaotic motions) they display when the parameters are varied.
The properties that we will examine first refer to the single-scale model and to the
structure of its evolution equation, while some additional features of the two-scales
model are presented in the second part.

Single-scale L96 model

It can be readily verified by substitution that a trivial steady solution of (3.2) is:
X1 = · · · = XN = F . It had already been noticed by Lorenz in his first study [8]
that the nature of the solutions depended parametrically on the forcing F and the
system size N : he pointed out, without showing quantitative proofs, that as the
forcing F > 0 increases the system’s steady solutions transition from stable fixed
points to periodic cycles and later to a chaotic behaviour.

A preliminary information about the regimes encountered at varying F is provided
by a linear stability analysis [31, 20]. Substituting Xn(t) = F + xn(t), with xn

indicating a perturbation around the steady state, into Eq. (3.2) yields, at linear
order:

dxn

dt
= F (xn+1 − xn−2)− xn . (3.8)

Given the periodic and discrete “spatial” structure of the model, it is fruitful to
apply a discrete Fourier transform to these perturbations, a standard procedure in
solid-state physics to study lattice vibrations, defined as:

x̂q = 1
N

N∑
j=1

xje
−2πijq/N , (3.9)

where i =
√
−1. This transformation entails that perturbations around the steady

state, in liner approximation, assume a wave-like form. In terms of these Fourier
coefficients (3.8) becomes:

dx̂q

dt
= aqx̂q , (3.10)

with:
aq =

[(
e2πiq/N − e−4πiq/N

)
F − 1

]
. (3.11)

Linear stability analysis then tells us that the steady state becomes unstable if
Re(aq) > 0 for some q, that is when:

cos(2πq/N)− cos(4πq/N) > 1/F . (3.12)

As expected, the instability condition only depends on the number of sites and
on the forcing. One can compute that the factor [cos(2πq/N)− cos(4πq/N)] has
a maximum positive value equal to 9/8 when cos(2πq/N) = 1/4. This means
that the steady solution becomes unstable with respect to waves of “wavelength”
N/q = 2π/ arccos(1/4) ≃ 5 sites when F > 8/9.
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The property of the single-scale L96 model that contributed substantially to its
success in the geophysics community is the presence of a behaviour analogous to
that of barotropic flows [20]. If we write xj in the wave-like form

xj =
N∑

q=1
Aq exp

(
i
2πjq
N
− iω(q)t

)
(3.13)

and substitute it into the linearized equation (3.8) we obtain the following dispersion
relation:

ω(q) = i
[(
e2πiq/N − e−4πiq/N

)
F − 1

]
. (3.14)

The imaginary part Im{ω(q)} determines the linear stability of the wave, as already
shown, while ω̃(q) ≡ Re{ω(q)} gives us the pulsation at varying q. The latter reads:

ω̃(q) = −
[
sin
(2πq
N

)
+ sin

(4πq
N

)]
F . (3.15)

The phase velocity of the wave packet (3.13) is computed as V (q) = ω̃(q)/q, whereas
the group velocity is:

Vgr(q) = dω̃(q)
dq

= −2πF
N

[
cos

(2πq
N

)
+ 2 cos

(4πq
N

)]
(3.16)

Indicating the direction of positive V ’s as “eastward” and the opposite as “westward”,
it is readily seen that at varying q/N all four combinations of positive and negative
phase and group velocities can be obtained. Particularly interesting in geophysics is
the regime showing westward phase velocity and eastward group velocity: the former
feature is characteristic of Rossby waves, a type of large-scale dispersive waves that
emerges in shallow fluids on a rotating sphere (e.g. the atmosphere and the oceans),
whereas the latter is observed in flows in the β-plane approximation1 [20]. Such
velocities are observed in the following domain:(

0.1489 < q

N
<

1
3

)⋃(
0.5904 < q

N
<

2
3

)
, (3.17)

and from the previous discussion one sees that, at the critical value F = 8/9, the
first wave losing linear stability (q/N ≃ 1/5) falls into this interesting regime. This
opposite direction of the characteristic velocities is well documented: Lorenz and
Emanuel [31] showed that, starting from the initial condition Xn = F ∀n ̸= m and
Xm = F +ε for a single site m, the slightly-perturbed flat profile develops oscillatory
disturbances as time grows, where the individual maxima progress westward and
the “center of activity” (e.g. the center of the wave packet) moves eastward.

Several numerical studies have been performed about the transition to chaos
when varying F and N . In a subsequent study [25] Lorenz observed that the steady
solutions, after the well-known stable fixed points observed for F < 8/9, become
periodic above that threshold and assume a chaotic nature if F > 5 (as long as
N ≥ 12). Karimi and Paul [65] studied spatio-temporal chaos in the model by

1This procedure consists in locally approximating a curved surface with small radius of curvature
(like Earth’s surface) by a tangent plane.
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computing the fractal dimension2 for different values of F and N . For a small
forcing F = 5 they found alternating windows of periodic and chaotic dynamics
with increasing system size, where the periodic windows occur at nearly regular
intervals. On the other hand, an intermediate forcing F = 10 yields chaotic dynamics
for all system sizes explored (5 ≤ N ≤ 50). The transitions between dynamical
regimes were mathematically formalized later by van Kekem and Sterk [72] studying
bifurcation events in the model at varying F > 0: they concluded that no evident
pattern seems to arise in bifurcations at different N ’s.

In conclusion, the single-scale L96 model shows a rich variety of dynamical
behaviours that strongly depend on the size of the system and on the magnitude
of the external forcing. While some of the transitions between regimes have been
understood from a mathematical standpoint, the largest part of them can be found
only from numerical parametrical studies. A diagram showing where the bifurcations
take place at varying F and N can be found in [72]. Yet, a law predicting whether
the model’s solutions will be periodic or chaotic is still unknown.

Two-scales L96 model

The study of stable solutions for the two-scales model is not as straightforward as
for the single-scale case. First of all, no fixed points are known besides the trivial
one ({Xn}, {yn,k}) = (0, . . . , 0). A linear stability analysis along the lines of the
single-scale model, or other analytical approaches, do not seem to be viable options.

Information about the nature of solutions can be gathered only from numerical
inspection of the parameter space. Key observations are made by Lieb-Lappen and
Danforth [73]: numerical simulation performed for different combinations of N and
K (only a rather restricted number of them were considered), and also tuning the
coupling parameter h, displayed the existence of both regular and highly chaotic
regimes. The regularity is particularly enhanced by increasing the number of fast
variables K interacting with each slow one. Frank et al. [32] extended considerably
the parametric study, and showed that diminishing the coupling from the customary
value h = 1, showing a chaotic evolution, a regular region was observed around
h ≃ 0.5, while going further below the system is led to a strongly-chaotic regime,
with the largest Lyapunov exponent increasing as h approaches zero. On the other
hand, the regularity for large K observed by the former study is lost for an even
larger number of small variables (K ≳ 30): this value makes the system revert
to a chaotic evolution. In summary, parameters h and K display an intermediate
region of stability separating two chaotic regions above and below it, while the
observed behaviour does not change appreciably when the number of slow variables

2Introduced to define the complexity of a fractal structure, the fractal dimension Dλ is often
computed using a linear interpolation formula by Kaplan and Yorke in terms of the spectrum of
Lyapunov exponents λ1 ≥ · · · ≥ λN . The formula reads:

Dλ = K +
K∑

i=1

λi

|λK+1| ,

where K is the largest integer such that the sum of the first K Lyapunov exponents is non-negative.
The fractal dimension of a dynamical system is considered as an approximate value of the number
of degrees of freedom acting in the system.
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N is increased. These results should make clear that the two-scales model shows a
very complex dynamical behaviour, that probably would not have been discovered
without resorting to numerical analysis.

Important observations about decorrelation and relaxation times for the slow
and fast scales are made in Paragraphs 3.3.1 and 3.3.3, as part of the original work
presented hereafter for the two-scales model.

3.3 Nonequilibrium indicators in the viscous and invis-
cid two-scales Lorenz96 model

The chief interest of the present study is to characterize time-irreversible properties
as revealed by two effective indicators of the absence of statistical equilibrium:
Asymmetric Time-Correlation Functions (ATCFs) [15], analyzed in Paragraph 2.3.2,
and Response Functions (RFs) [53, 16], introduced in 2.3.3. Both of them, but
especially RFs, allowed for a deeper insight into the transfer properties (in the form
of travelling waves) observed in the model, and into the interactions between slow
and fast variables. There are several reasons for choosing the L96 model for such a
study: the presence of nonlinear interactions between variables hinders the use of the
solid theoretical framework built for linear systems, thereby making necessary the
use of numerical simulations. Since we have access to the explicit evolution equations,
one can choose to study the “standard” model, namely a driven dissipative system
that is far from statistical equilibrium, or else the “reversible” model, where damping
and external forcing are put to zero and the total energy is a global conserved
quantity, so the system is in statistical equilibrium in the microcanonical sense. In
the following we will refer to the original model as “viscous” or “irreversible” L96,
and to the model with F = ν1 = ν2 = 0 as “inviscid” or “reversible” L96. In this
respect, it becomes especially interesting to analyze the differences between the two
above-mentioned indicators when they refer to the former or the latter version of the
model. Furthermore, dynamical and statistical features of the inviscid L96 model are
much less studied than its viscous forced counterpart (some analysis can be found in
[20, 34]), so this study is a relevant addition to the existing literature.

The following Paragraphs are structured as follows. In 3.3.1 the basic statistical
properties of the system (i.e. pdf’s and time autocorrelation functions) are investi-
gated. Then, Paragraph 3.3.2 includes our results on ATCFs, while 3.3.3 examines
different types of responses to external perturbations of the energy.

3.3.1 Low-order statistics: pdf’s and autocorrelation functions

In the whole study we used the following parameters for Eqs. (3.5): c = 5, b = 10,
h = ν1 = ν2 = 1, F = 10, N = 30 and K = 5, in order to place the system in the
chaotic regime [32]. The inviscid model is recovered by putting F = ν1 = ν2 = 0.
Further specifics on the numerical simulations are described in Appendix C.

In its inviscid version, despite the non-Hamiltonian structure, the system evolves
on a (D − 1)-dimensional surface, where D = N(K + 1), having constant energy
E determined by the initial conditions and defined in (3.6). Hence, all statistical
properties of the system are described by the microcanonical ensemble. Furthermore,
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Figure 3.2. Inviscid (or reversible) system. (a): Probability density functions ρ(z), where
z denotes both fast and slow variables. Light grey lines indicate pdf’s obtained from
single-variable trajectories at different values of n and k, while blue and orange lines
denote the pdf’s averaged on the two latitude circles, namely ρ̄(z) = 1

M

∑M
n=1 ρ(zn) for

z = X, y and M = N,NK, respectively. Gaussian distribution is represented by a black
dashed line. (b): Time autocorrelation functions Cz,z(t). The blue curve is the average
autocorrelation computed on all slow variables, and the orange curve the same for fast
variables. The inset shows the nice collapse obtained when the time axis of the blue
curve is rescaled by a factor bc.

Figure 3.3. Viscous (or irreversible) system. (a): Probability density functions ρ(z) for
z = X (main plot) and z = y (inset). Light grey lines of both panels indicate pdf’s
obtained from single-variable trajectories, whereas the blue line in the main panel is the
pdf averaged on all the N slow variables. Colored plots in the inset, with colors shared
with panel (b), represent pdf’s averaged over the slow indices n at fixed fast index k.
Gaussian distributions are represented by black dashed lines. (b): Semilog plot of the
time autocorrelation functions Cz,z(t), averaged over the latitude circles, for z = Xn

(blue) and z = yn,k (each color representing a different index k = 1, . . . ,K).

since E is quadratic in X and y the equipartition theorem holds, i.e.

⟨X2
n⟩ = ⟨y2

n,k⟩ = E

N(K + 1) = E

D
, (3.18)

with the angular brackets representing an ensemble average on the constant-energy
hypersurface. The dynamics is still chaotic like in the viscous forced case, and
a computation of the largest Lyapunov exponent λ1 with the Benettin-Galgani-
Strelcyn procedure [74] gave the value λ1 ≃ 3.7. For comparison, the forced viscous
model shows a maximum exponent λ1 ≃ 5.5. Each variable is distributed according
to a normal distribution with variance E/D, as can be seen from Fig. 3.2a. The
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equivalence of the variables must be understood only as regards the static statistical
properties of the system, such as the average energy. From a dynamical point of
view, however, the variables Xn and yn,k evolve on different time scales, as clearly
highlighted by Fig. 3.2b, which shows the normalized time autocorrelation functions

Cz,z(t) ≡ ⟨z(t0)z(t0 + t)⟩ − ⟨z(t0)⟩2
⟨z2(t0)⟩ − ⟨z(t0)⟩2 . (3.19)

Ensemble averages may be replaced by temporal averages with respect to t0 invoking
ergodicity and assuming statistical stationarity, and z = {Xn, yn,k} indicates a
generic variable of the system. Since in the inviscid case the system is subject only
to advection-like interactions, and these terms in the equations for the y’s are bc
times larger than those of the X’s, the ratio between the two time scales is of the
same order of magnitude of bc. This is evident in the inset of Fig. 3.2b, where
the slow-variable autocorrelation is plotted as a function of the rescaled time t / bc,
showing a nice collapse onto the fast-variable curve.

The behavior of the viscous system is rather different from the inviscid case: the
total energy is no longer a constant of motion and, at long times, it fluctuates around
a stationary value that is determined by the balance between forcing and dissipation.
This causes the system to behave irreversibly and the statistical properties are
no longer described by an equilibrium statistical ensemble. In this situation the
equipartition theorem does not hold, and fast and slow variables cease to be equivalent
even with regard to static properties. These considerations are illustrated in Fig. 3.3a,
which shows the probability distributions for both Xn (main plot) and yn,k (inset).
First, it emerges that both variables are skewed and clearly non-Gaussian [64].
Furthermore, from comparing the horizontal scales, it can be seen that the y
variables have a standard deviation approximately b times smaller than the typical
fluctuations of the X variables, as imposed by construction in the model. Regarding
the dynamical behavior, the autocorrelation functions (Fig. 3.3b) of both X and y
display, at later stages, oscillations with the same frequency and phase. However, the
autocorrelation functions of the y’s decay roughly c times faster than the correlations
of the X’s. The short-time behaviour is due to the fact that the characteristic
dissipation times of X and y differ by exactly a factor of c, but at larger times the
slower timescales will drive the fast variables via the coupling term in Eq. (3.5b),
and consequently induce low-frequency oscillations like those of the slow variables.

As we will see in the next Paragraph, the properties of the model mentioned
above will play a crucial role in interpreting the behavior of the indicators which are
typically considered to reveal time-reversal symmetry breaking.

3.3.2 Time irreversibility

In this Paragraph, we would like to measure deviations from equilibrium (or from
time-reversibility) by defining suitable ATCFs, introduced in Paragraph 2.3.2. Our
aim is to study the difference observed in the ATCFs Ψ(τ), defined in Eq. (2.62),
when measured both in the inviscid model with F = 0 and in the viscous one with
F = 10. The type of asymmetric time correlation functions used in this study are,
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Figure 3.4. ATCFs in the inviscid (red palette, labelled with ‘i’) and viscous (green palette,
labelled with ‘v’) two-scales L96 model for different n’s. (a) Correlations of slow variables,
Eq. (3.20) with z = Xn. (b) Correlations of fast variables, Eq. (3.20) with z = yn,k.
Non-overlap between leftmost (k = 1) and rightmost (k = K) fast variables, for arbitrary
n, is evident. Statistics: 2 · 105 samples.

in non-dimensional form:

Ψz(τ) = ⟨z
2(t)z(t+ τ)⟩ − ⟨z(t)z2(t+ τ)⟩

⟨z2(t)⟩3/2 , (3.20)

where again z = {Xn, yn,k} is a generic variable. They represent the lowest-order
type of non-symmetric time correlations that are “local” in terms of Xn(t) or yn,k(t).
The denominators need to be even moments of the variables, because odd-order ones
vanish in the inviscid case.

The difference between the two systems clearly emerges in Fig. 3.4, representing
in panel (a) the functions (3.20), for z = Xn, for both viscous and inviscid models
and in panel (b) the functions (3.20), for z = yn,k, for the same cases. The large
fluctuations experienced by the forced dissipative model are a clear sign of deviation
from equilibrium, and the peculiar damped oscillations can be understood as a
superposition of many complex exponentials of the type (3.13) [31, 20]. As expected,
the symmetry of slow variables under cyclic translation of the indices is reflected in
the almost-perfect superposition of the correlations in the viscous case. For the fast
variables there is cyclic symmetry as well but only for translations modulo K, as
emerges in Fig. 3.4b.

Let us notice that the differences in typical magnitudes and timescales between
X’s and y’s are lost in these time correlations: the peak amplitudes and oscillation
frequencies are almost identical in the viscous case. Similarity in the peaks amplitudes
is a simple consequence of the normalization, while the coincidence of timescales
after a few decorrelation times was a trend already found in Fig. 3.3b for Cz,z(τ),
and it can be explained in the same way.

We computed also sixth-order ATCFs, of the kind Ψz2(τ), representing asym-
metric time correlations of the “local” energies. The qualitative behaviour is rather
similar to Fig. 3.4 so we avoid showing them here. However, the signals appear more
noisy since larger statistics are needed for computing higher-order moments. This
similarity is interesting because these asymmetric correlations are formally equivalent
to third-order moments of local-energy differences in time [75, 41], functions that
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are investigated for the Sabra model in Paragraph 4.5.1 and Appendix D. Therefore
the initial negative trend shown by Ψz2(τ), similar to that displayed by the green
curves in both Figs. 3.4, would represent an initial energy loss for variable z. Yet
this implies that both fast and slow variables lose energy at small times, while the
total energy is observed to remain stationary. Further simulations allowed to better
understand this odd behaviour: third-order moments of the time variations of X2

n or
y2

n,k, at a fixed n, appear to be balanced in sign by the analogous quantity computed
for ∑K

k=1 y
2
n,k. This explanation is still rather vague and speculative, and what we

found may just be the effect of trivial cancellations when expanding the powers of
the polinomials: further investigation on this matter are necessary, so we shall not
delve into more details.

3.3.3 Energy response functions

This Paragraph is dedicated to the other class of powerful nonequilibrium indicators,
able to determine causal interactions [12] and transition asymmetries [11]: non-
diagonal RFs (see Paragraph 2.3.3). Our aim here is to investigate the relaxation
behaviour of a perturbation acting locally on a single variable Xn or yn,k. This
relaxation will propagate to all the variables interacting directly or indirectly with
the perturbed one, but the way in which the redistribution occurs provides useful
information about the statistical properties of the system. As will be clear shortly,
both the long-time behaviour of the RFs and the transients leading to it are able to
discriminate between equilibrium and nonequilibrium, and highlight statistical fluxes
where present. Of course the effectiveness of RFs for this type of study depends on
the choice of the right observables.

The general form of the RFs we will employ is that of Eq. (2.73), recalling that
also functions of the phase space can be used. A reasonable choice could be to
consider the local energies,

EXn = X2
n/2 Eyn,k

= y2
n,k/2 , (3.21)

as the perturbed and measured observables of the RFs. The reason for such a
choice is that it is physically easier to imagine a perturbation that increments or
decreases the energy of a system, while a perturbation displacing directly the Xn’s
or yn,k’s could give problematic interpretations. In order to ease the notation, we
will indicate as subscripts of the RFs only the indices of the variables, namely:
Rm ;n(t) ≡ REXm ;EXn

(t) and Rm,j ;n,k(t) ≡ REym,j ;Eyn,k
(t). The indices before of

after the semicolon makes clear if a fast or a slow variable is involved. Thus, the
focus will be on functions like:

Rm ;n(t) = δEXn(t)
δEXm

(3.22)

Rm,j ;n,k(t) =
δEyn,k

(t)
δEym,j

, (3.23)
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4,2 ≃ 3.7. Inset: same as main panel but in semilog scale. Here and in all

following plots the average is over 105 realizations.

measuring intra-scale properties, or like:

Rm ;n,k(t) =
δEyn,k

(t)
δEXm

(3.24)

Rm,j ;n(t) = δEXn(t)
δEym,j

, (3.25)

measuring inter-scale properties. The (positive-signed) perturbations are performed
in the following way:

X ′
m = sgn(Xm)

√
X2

m + 2 δEXm (3.26)
and similarly for ym,j . Here δEXm is the amplitude of the perturbation, chosen to be
of the order of typical fluctuations of that energy [76], namely equal to the standard
deviation of EXm . This procedure ensures that the perturbation is independent of
Xm and it always increases its energy. Let us remark that, since disturbances are
not infinitesimal, we are outside the regime of linear response theory.

Diagonal (or self-) RFs provide quantitative information about the relaxation time
of the initial perturbation: usually one can define the relaxation time τ (R)

m (in the
same compressed notation) as the time a diagonal response function Rm ;m(t) takes
to cross a chosen threshold, e.g. 1/2. In Fig. 3.5 the four different kinds of self-RFs
are shown, with time measured in terms of the relaxation times of the perturbation
on Ey4,2 in both inviscid and viscous systems, named respectively τ (R,i)

4,2 and τ
(R,v)
4,2 .

The relaxation is slower in the inviscid model: not only τ (R,i)
4,2 is almost 4 times bigger
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than τ
(R,v)
4,2 , but comparing the relaxation times between slow and fast variables of

same-type systems we find τ (R,i)
9 /τ

(R,i)
4,2 ≃ 8.0, whereas τ (R,v)

9 /τ
(R,v)
4,2 ≃ 3.2. (see blue

and yellow curves in Fig. 3.5). The different relaxation times are appreciated better
in the inset, where a logarithmic time axis is employed. The comparison between
the characteristic time scales of temporal autocorrelation functions of the variables
and diagonal responses of the energies deserves some discussion. In the viscous case,
both the ratio of slow-to-fast-variables decorrelation times and the energy relaxation
time of a slow variable divided by that of a fast variable are close to the value of
c. In the inviscid system, instead, the ratio between the time scales of the energy
self-RFs is approximately 10, while for the variables autocorrelations a ratio of about
bc = 50 was estimated in Paragraph 3.3.1 (see Fig. 3.2 and related discussion). Even
though FDRs cannot be invoked, since neither we are in the linear regime nor we
are looking at time correlations and responses on the same observables (namely,
correlations of z and response functions of z2), it is nonetheless interesting to note
how differently multiscale systems behave with respect to time-dependent statistical
properties when one switches from a conservative to a dissipative dynamics.

There is a clear difference in the asymptotic behaviour of equilibrium and
non-equilibrium RFs. While the viscous responses relax to zero, meaning that
the perturbation will eventually die out and the perturbed energy will recover its
unperturbed value, the inviscid ones reach a common positive value. As a matter of
fact, equilibrium statistical mechanics tells us that a perturbation on a conservative
system will carry it away from the hypersurface in phase space where the dynamics
was constrained, to a new “perturbed” hypersurface. Assuming that the asymptotic
state is a new equipartition configuration, then the long time value of all inviscid RFs
reads: Rm,(j) ;n,(k)(t)

t→∞−−−→ [N(K + 1)]−1. This value is reported in Figs. 3.5 and 3.6
as a black dashed horizontal line. Due to the slow dynamics the establishment of a
new equipartition state takes a very long time, so even our longest computations were
not able to get close to the expected asymptotic value. Also inviscid nondiagonal
responses display the same asymptote: in Fig. 3.6 the average spreading of an energy
perturbation, performed respectively on a slow (Fig. 3.6a) and a fast (Fig. 3.6b)
variable, are represented. Also instances of inter-scale RFs are included as blue solid
lines.

We will now focus on the RFs in the viscous system. We saw in Section 3.2 that,
in the linear regime of the single-scale L96, small fluctuations around the steady
state propagate like waves with definite phase and group velocities [31, 20]. Even
though the extension of this result to the two-scales model is made more difficult by
the coupling terms, one may expect analogous (or at least similar) behaviours to be
found even in this case. The nonlinear terms in the equations (3.5) imply that, if
the slow variables display waves propagating with a given phase velocity direction,
then the fast ones will be characterized by waves moving in the opposite direction.
We will now see that RFs help to visualize in an alternative way the propagation of
waves that are triggered by the initial perturbation.

Figures 3.7 shows intra-scale energy RFs for slow (first row) and fast (second row)
variables, when measured in the westward (left column) or eastward (right column)
direction, with the usual rescaled times. The most stricking feature is the almost
perfect similarity between the westward slow responses in panel (a) and eastward fast
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Figure 3.6. Nondiagonal RFs for the local energies in the inviscid system. Responses with
same distance from the perturbed variable share the same color coding. (a) Perturbation
on the energy of a slow variable. (b) Perturbation on the energy of a fast variable.
In both panels, time is rescaled with the relaxation time of the perturbed variable.
Triangles: intra-scale responses measured eastward. Circles: intra-scale responses
measured westward. Blue solid line: inter-scale response of the corresponding (same n)
variable. Black dashed line: same asymptote as Fig. 3.5.

responses in panel (d): the functions show positive peaks that become more damped
and delayed as one gets further away from the perturbation. As highlighted in the
insets the speed of propagation is constant: the time to reach a site at a distance d
is linear in d. On the other hand, panels (b) and (c), showing respectively eastward
slow responses and westward fast responses, show a less clear behaviour with both
positive and negative peaks at short times, even though some qualitative similarities
are observed. This coherent behaviour of the RFs in the direction of a statistical flux,
accompanied by incoherence in the opposite direction, is also observed in turbulent
shell models [41] and will be treated in Section 4.5. It is possible that the unclear
behaviour in the “upstream” direction (opposite to that of wave propagation) may
be due to a superposition of perturbation-induced fluctuations. Considering for
instance a perturbation on a slow variable, the upstream response is influenced by
both fluctuations that have travelled upstream remaining in the same scale but also
by those that have passed to the faster scale, moved “downstream” up to a point
and then returned to the slow scale.

Let us remark, in passing, that the response functions closest to the perturbation
display non-zero initial time derivatives. This is a simple consequence of the evolution
equations (3.5). Taking for instance the Xn’s, it can be shown that:

Ṙm ;n(t)|t=0 =

±C
[

XnXn+p

Xm

]
if n = m− 1,m+ 1,m+ 2

0 otherwise
, (3.27)

where C is a positive constant and p = ±1,±2. Now, in the viscous model the pdf’s
of the Xn are shifted towards positive values, as can be appreciated in Fig. 3.3a:
actually in the single-scale model it can be computed analytically that 1/N∑

nXn

lies in the range [0, F ] [31]. We may then suppose that also products and ratios of
X’s, taken at different sites but at equal time, will be positive on average, therefore
the mean value on the r.h.s. of (3.27) is positive and the sign of the time derivative
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Figure 3.7. Nondiagonal energy RFs in the viscous system. Westward and eastward
responses are represented separately. (a) Westward RFs for the perturbation on a slow
variable. (b) Eastward RFs for the perturbation on the same slow variable. (c) Westward
RFs for the perturbation on a fast variable. (d) Eastward RFs for the perturbation on
the same fast variable. Time axis is rescaled like in Fig. 3.6. Insets in panel (a) and
(d) show the (rescaled) times at which the maxima are reached, as a function of the
distance from the perturbation. The dashed lines are linear best fits.

is determined by the ± before C, which comes from the nonlinear term and merely
depends on the relative position of n with respect to m.

When studying inter-scale RFs some care must be taken, especially when the
two scales are characterized by different amplitudes and timescales. In such cases
some form of rescaling is needed for comparing RFs with perturbation and measure
on different variables. The rescaled functions one can choose are:

R̃m,(j) ;n,(k)(t) =
δEXm(ym,j)

⟨EXn(yn,k)⟩
Rm,(j) ;n,(k)(t) =

δEXn(yn,k)(t)
⟨EXn(yn,k)⟩

. (3.28)

They measure the relative energy deviation of a chosen variable caused by a per-
turbation on the energy of another (or the same) variable. We show in Fig. 3.8
how the inter-scale response functions (3.24) and (3.25) appear after the rescaling
(3.28). It is evident that a finite perturbation on a fast variable has almost no effect
- in percentage - on the corresponding slow one, while an energy fluctuation on a
slow variable has a visible effect on the corresponding fast variables. Moreover, the
maximum responses for the fast variables are attained at a time comparable with
the relaxation time of the slow variable, τ (R,v)

9 (red vertical dashed line). Of course
a generic perturbation, even infinitesimal, has a drastic consequence on any chaotic
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system if one waits long enough. The purpose of rescaled RFs is rather to visualize
the interplay between different timescales, and how much influence one has on the
other.

These results should make clear that, in order to give meaning to the measurement
of a response function, one needs to know which degree of freedom has been initially
perturbed, and possibly know the dynamical features (amplitude, timescale) of such
variable. In order to further prove this point, we show in Fig. 3.9 two RFs of the total
energy E, defined in Eq. 3.6, when a perturbation of same amplitude is performed
on a slow or on a fast variable, namely:

Rm,(j) ;E(t) = δE(t)
δE(m,(j)) . (3.29)

The common perturbation has a strength: δE(m,(j)) =
√
δEXm δEym,j , where δEXm

and δEym,j are the perturbations previously used respectively for slow and fast
variables in Figs. 3.7 and 3.8. The key observation here is that the two functions are
subject to two perturbations of equal amplitudes (same denominator) and measure
responses of the same quantity, yet they showcase very different relaxation behaviour:
a faster relaxation is associated to the initial perturbation on the fast variable. That
is to say that measuring the induced fluctuations of a physical quantity cannot
provide much information about the physics of the system if one does not know
where the perturbation causing the fluctuations came from (i.e. which observable
was perturbed).
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3.4 Conclusion

In the study presented in this Chapter we have studied in details two common
indicators, namely asymmetric time-correlation functions and response functions,
of time-reversal symmetry breaking in the two-scales Lorenz96 model, a system
usually taken as a paradigm for the evolution of geophysical flows. We have shown
that such time correlations successfully discriminate the statistical state of the
system. In the inviscid case, their behaviour is dominated by statistical errors
causing modest fluctuations around zero as expected for an equilibrium system. In
the forced and viscous case, instead, these correlations show a pronounced peak at
small times followed by damped oscillations, revealing the nonequilibrium nature of
the dynamics.

We then focused on studying the responses to impulsive external perturbations
of the local energies. It has been shown that, apart from providing useful infor-
mation about the transport phenomena in the system, the asymptotic behavior
of the responses provides clear indications on the presence of temporal asymme-
tries. Indeed, in the inviscid case all the response functions converge to the same
non-vanishing constant as expected from a system evolving on a constant-energy
phase-space hypersurface. On the other hand, in the viscous system the energy of
the perturbed system, after a transient, returns to fluctuate around the value it had
in the unperturbed dynamics. The response functions also highlight the presence of
traveling waves in both slow and fast variables, propagating with constant speed
but in opposite directions. The study of inter-scale responses then allowed us to
elucidate some aspects of multiscale systems. In particular, due to the different
scales presented by the variables, it has been observed that a finite perturbation of
a fast variable induces negligible fluctuations (in percentage) in the slow variables,
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while perturbations of the slow variables cause macroscopically relevant fluctuations
of the fast variables. Although the particular coupling between the slow and fast
scales certainly plays a role, this characteristic is expected to be typical of many
geophysical systems.

Finally, by considering the response of global variables (such as the total energy
of the system) to local perturbations of fixed amplitude we provided evidence of the
impossibility of predicting the behaviour of the system without detailed knowledge
of either its dynamics or the procedure adopted to produce the fluctuation. It is
equally questionable to use results and features from time correlation functions, such
as decorrelation times, to gain information about the relaxation following an external
perturbation. This consideration sheds light on some of the practical difficulties
that must be faced when studying complex systems, such as the climate, where it
is impossible to directly perturb the system (except by considering computational
models), and in which macroscopic fluctuations generally arise from the simultaneous
occurrence of many different physical processes.

An interesting perspective is to apply the tools investigated here to probe a more
genuine geophysical system, if not directly experimental records. Indeed, asymmetric
time correlation functions offer important information about the statistics of the
system that can be used in the context of stochastic parametrization [24]. The
response functions may be more difficult to obtain, but nevertheless they may provide
useful insights about transport properties and causal dependencies of the system
under investigation.
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Chapter 4

Nonequilibrium in turbulent
shell models

This Chapter starts introducing some basic ideas on hydrodynamic turbulence from
both a mechanical and statistical point of view. The purpose is to give enough
background to better understand the topics presented in the second part, namely in
Section 4.5, which constitutes the original part of the Thesis.

Specifically, we shall first introduce the cornerstone equation of fluid dynamics,
the Navier-Stokes equation, along with its main features and symmetries. It is then
pointed out how the truncated Euler equation, which is the unforced inviscid version
of the Navier-Stokes equation, can be qualified as a system in statistical equilibrium.
After that, the statistical approach to turbulence will be introduced, stressing the
importance of the Fourier-space representation. The Richardson cascade picture and
statistical theory due to Kolmogorov, called K41 theory, are then presented with
their most notable results, focusing next on the phenomenon that K41 could not
explain: intermittency. Finally, it will be seen that the difficulties encountered in
those equations can be reduced by resorting to simplified dynamical systems, able to
reproduce both turbulent and inviscid phenomenology: the shell models. Particular
emphasis is placed on the Sabra shell model, which is the one used in our work.

The second part deals with the original research project. The purpose is the
understanding of how the persistent nonequilibrium state reached by 3D forced
turbulence, known as “turbulent energy cascade”, is reflected in the behaviour of
nonequilibrium descriptors which are not only able to discriminate between statistical
equilibrium and its absence, but can add physical insights to the phenomenon. The
two descriptors, or indicators, used in this work are the ATCFs, first introduced
by Pomeau in the 80’s, and nondiagonal RFs. Both have been introduced and
discussed in Section 2.3. In order to perform numerical studies we used the Sabra
shell model, which retains the principal features of turbulence while reducing greatly
the computational complexity.

4.1 Fluid mechanics: history and main properties

The highly peculiar behaviour of fluids have been captivating scientists since ancient
times: the first methodical study on the properties of fluids at rest is attributed to
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the greek scientist Archimedes of Syracuse (ca. 287 – ca. 212 BC), who formulated
the law bearing his name for the buoyancy force exerted on a body immersed in a
fluid. Much more recent studies (Torricelli and Pascal, XVII century) brought a
definition and formalization of concepts such as the hydrostatic pressure.

However it is rather the behaviour of fluids in motion, which is observed every-
where in nature, that appears more mesmerizing and intriguing. Mere observations
made clear that such flows can be split in two categories or regimes: the chaotic
and disordered motion observed in the majority of fluids, named turbulent, and the
regular and smooth one called laminar. Since laminar flows are just rare occurrences,
most efforts have been directed towards the study of turbulence phenomenology.
Let us point out that, as we will see shortly, both regimes are actually described
by the same dynamical laws: the discriminating factor between them is the relative
importance (magnitude) of different terms appearing in the equation.

The quest to fully understand and predict properties of fluid motion, which
started centuries ago by Newton and Bernoulli, proved to be extremely challenging,
and it still is nowadays.

The cornerstone law which describes the flow of a viscous fluid is the celebrated
Navier-Stokes (NS) equation, according to which the evolution of the velocity field
u = u(r, t), satisfies [19]:{

Dtu ≡ ∂tu + u ·∇u = −∇p/ρ+ ν∆u + f (4.1)

∇ · u = 0 (4.2)

Here Dt ≡ ∂t + u ·∇ is called material or advective derivative, and represents the
rate of change, computed in the laboratory frame, of a fluid element moving along
(advected by) the flow. Then, p = p(r, t) is the local fluid pressure, ρ = ρ(r, t) the
fluid density, ν the kinematic viscosity and f = f(r, t) a generic external forcing
per unit mass, which is typically a stirring force which injects energy at large length
scales. The constraint ∇ · u = 0 ensures the incompressibility of the flow, namely
that the density ρ of each moving fluid element does not change in time. There are
further external constraints imposed on the flow, namely boundary conditions, which
depend on the specific problem at hand. They can be adherent to real fluid, like a
no-slip boundary condition on a wall, or more abstract, like the infinite-volume limit
or periodic boundary conditions.

Despite being of a very complicated nature from a mathematical standpoint
1 , the NS equation merely represents Newton’s 2nd law - again, in the frame of
reference moving with velocity u. The l.h.s. of (4.1) is the acceleration experienced
by the small portion of fluid when it is subject to the forces (per unit mass) displayed
on the r.h.s. The first term is the pressure force exerted by adjacent fluid elements,
acting perpendicularly to the surface of the considered fluid volume. The second is
the contribution by viscous forces, which basically quantifies the friction between two
elements sliding one with respect to the other and acts tangentially to the surface. It
is a dissipative force converting irreversibly the kinetic energy of the fluid into heat.

1It is certainly known among mathematicians and physicists that the proof of existence and
uniqueness of global solutions, for all times, for the 3D NS equation is one of the Millennium
Prize Problems, and is still an open problem. For info see: https://en.wikipedia.org/wiki/
Millennium_Prize_Problems.

https://en.wikipedia.org/wiki/Millennium_Prize_Problems
https://en.wikipedia.org/wiki/Millennium_Prize_Problems
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Both terms can indeed be expressed in terms of a single stress tensor σ̃: the pressure
force can be computed from its diagonal components, while the viscous one from the
non-diagonal entries. Finally, the third term can be any external volume force, for
instance due to gravity or to a propeller. A source of energy plays a fundamental
role if one is interested in measuring stationary properties of the flow. In the absence
of viscosity and external forcing, Eq. (4.1) becomes the Euler equation:

∂tu + u ·∇u = −∇p/ρ , (4.3)

which describes the dynamics of an ideal fluid.
It is common knowledge that the presence of symmetries in a system of interest

considerably facilitates the understanding of its mechanical properties, thanks to
the relationship between continuous symmetries and conserved quantities formalized
by Noether’s theorem. As a consequence it proves quite useful to seek symmetries
in the NS equation (4.1) [6]. In order to put ourselves in the most “symmetric”
configuration, let us consider a fluid without boundaries. Since this could cause
convergence problems at infinity, one considers instead a fluid in a periodic box of
linear size ℓ (i.e. a torus T3 if we assume 3 space dimensions), meaning that the
velocity field u(r) = u(x, y, z) satisfies the periodic boundary conditions:

u(x+mℓ, y + nℓ, z + qℓ) = u(x, y, z) , m, n, q ∈ Z , x, y, z ∈ [0, ℓ) . (4.4)

The unbounded-space limit can be recovered by letting ℓ→∞. The main symmetries
of the NS equation are [6]:

• space translation: r −→ r + r′, r′ ∈ R3;

• time translation: t −→ t+ τ, τ ∈ R;

• Galilean transformation: r,u −→ r + vt,u + v, v ∈ R3.

Another symmetry exists, the one under scaling, that deserves special attention
since from a physical perspective it leads to a crucial concept in turbulence. For the
Euler equation (4.3) it reads:

• scaling transformation: r,u, t −→ λr, λhu, λ1−ht, λ ∈ R+, h ∈ R .

The presence of the viscous term, though, limits its range of validity: in the NS
equation (4.1) the scaling symmetry only holds if h = −1. However, as pointed out
by Frisch [6], the “full” scaling symmetry for any h ∈ R is restored at small scales
in the regime of fully-developed turbulence, corresponding to the limit ν → 0. As
we shall see in Paragraph 4.3.2, Kolmogorov’s theory predicts a scaling exponent
h = 1/3. We would like now to apply scaling transformations to make the NS
equation non-dimensional, i.e. measure time, length, velocity and so on in terms of
arbitrary reference scales. Choosing a length scale L and a velocity scale U , one can
define non-dimensional quantities in the following way:

r′ = r

L
, u′ = u

U
, t′ = U

L
t , p′ = p

ρU2 , f ′ = L

U2 f (4.5)
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(a) (b)

(c) (d)

Figure 4.1. Manifestations of self-similarity in real-world turbulence. Disregarding the
different sizes and velocities of the phenomena, there is evident visual similarity between
clouds (a) and nebulae (b), but also between vortices in air (c) and hurricanes (d)2.

which produce the following non-dimensional NS equation:

Dt′u′ = −∇′p′ + 1
Re∆′u′ + f ′ (4.6)

where ∇′ and ∆′ involve derivations with respect to x′, y′, z′. In this rescaled version
only one non-dimensional parameter is left in the equation, the so-called Reynolds
number :

Re = LU

ν
. (4.7)

Usually the generic scales L and U are considered with specific physical meaning,
L representing a characteristic macroscopic length of the flow (e.g. diameter of the
pipe, linear size of the container) and U the mean fluid velocity. In case no physical
boundaries are present, one takes L as the length scale where energy is mostly
injected, and U can also be the root-mean-square (rms) velocity of the velocity field.
By dimensional analysis one sees that (4.7) measures the relative strength of the
the inertial advective term with respect to the dissipative viscous term, namely
Re ∼ u·∇u

ν∆u . The higher the Reynolds number, the more the inertia will keep the fluid
in a state of motion, and the less the internal friction will be effective in bringing

2Source of photos: (a) https://www.sciencefocus.com/planet-earth/
what-gives-clouds-their-shape-a-scientist-explains; (b) https://hubblesite.org/
contents/media/images/2006/01/1826-Image.html; (c) https://en.wikipedia.org/
wiki/Wake_turbulence; (d) https://www.nasa.gov/centers-and-facilities/goddard/
irma-atlantic-ocean/.

https://www.sciencefocus.com/planet-earth/what-gives-clouds-their-shape-a-scientist-explains
https://www.sciencefocus.com/planet-earth/what-gives-clouds-their-shape-a-scientist-explains
https://hubblesite.org/contents/media/images/2006/01/1826-Image.html
https://hubblesite.org/contents/media/images/2006/01/1826-Image.html
https://en.wikipedia.org/wiki/Wake_turbulence
https://en.wikipedia.org/wiki/Wake_turbulence
https://www.nasa.gov/centers-and-facilities/goddard/irma-atlantic-ocean/
https://www.nasa.gov/centers-and-facilities/goddard/irma-atlantic-ocean/
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the flow to rest. This is why high-Re fluids are of turbulent nature and low-Re ones
are laminar. It follows from the definition (4.7) that the fully-developed turbulent
regime can also be expressed as the limit Re→∞.

The rescaled version (4.6) of the NS equation entails the famous similarity law in
fluid mechanics [19]: two flows with different length scales, viscosity and nature will
manifest similar behaviour in their evolution if they have the same Reynolds number.
Otherwise stated, one can pass from one flow to the other by simply changing
measurement units. In Figure 4.1 we show two instances of self-similarity: despite
the enormous difference in time- and length-scales, the appearance of clouds does
not differ much from the gas formations in a nebula, and the same goes comparing
a vortex produced by the wing of an airplane with the shape of an hurricane.

Two parallel and somehow independent lines of research have developed in
order to unravel the “turbulence problem” [77]. There is a statistical point of
view, stemming from the influencial work of Taylor and Kolmogorov, whose interest
lies in analyzing statistical properties of a turbulent flow. The relevance of such
approach is demonstrated by the influence that the Kolmogorov theory [78, 79],
often dubbed K41, still retains in modern research. About the topic of symmetries,
it is observed that dynamical symmetries which get broken in a turbulent flow
are restored in a statistical sense as Re grows [6]. The other point of view is
the deterministic or dynamical one. The fluid is a mechanical system, effectively
described by Newton’s law, thus peculiar properties like coherent structures and
vortices, should be investigated from a dynamical perspective. To this latter group
one normally includes engineering applications and numerical modeling of physical,
geophysical and environmental interest.

In the following Sections we will focus on the statistical mechanical approach to
fluid dynamics, first for perfect (or ideal) fluids, where ν = 0 and no energy input is
present, and then in the turbulent case in which the scale separation between forcing
and dissipation generates all the nontrivial effects observed in real fluids.

4.2 Ideal fluids and equilibrium statistical physics
There are fundamental differences between an ideal fluid, described by the Euler
equation (4.3), and a viscous one, following the Navier Stokes equation (4.1). While
the latter system, as we saw from the spectral representation in Section 4.3.1, is
subject to an average energy flux directed from large to small scales, due to the
presence of a large-scale source and a small-scale sink of energy, the former constitutes
an isolated system and the total energy

E(t) =
∫
dr|u(r, t)|2/2 (4.8)

is conserved at each time. Ideal fluids in two space dimensions possess another
positive-definite conserved quantity, the enstrophy:

Ω(t) = 1
2

∫
|ω(r, t)|2 dr , (4.9)

where ω(r, t) = ∇ × u(r, t) is the fluid vorticity. In 2D the vorticity reads ω =
(0, 0, ω): the only non-zero component is perpendicular to the xy plane of the fluid,
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so vorticity is treated like a scalar. In physical terms, a large number of vortical
structures with high angular velocity correspond to a large value of the enstrophy
(in 2D or 3D). On the other hand, three-dimensional ideal fluids have a different
second conserved quantity which is not positive-definite, the helicity:

H(t) = 1
2

∫
u(r, t) · ω(r, t) dr , (4.10)

which represents the degree of chirality of the flow, or also how much the vortex
lines are tangled [80]. We will now briefly discuss how perfect fluids can be studied
in the framework of equilibrium statistical mechanics, and then some considerations
about the difference between 2D and 3D will follow.

The study of equilibrium statistical mechanics in hydrodynamic models began in
the 50’s, with major independent contributions from Hopf, Lee and Kraichnan [37].
The NS equation in Fourier space (4.24) roughly resembles an evolution equation for
non-linearly interacting modes. To retain only a finite number of them a truncation
of the available wave vectors is needed, for instance those whose moduli fall in the
range (kmin, kmax), alongside a discretization of k-space 3. As a result there will be
a finite set of N interacting variables {ya}1≤a≤N , whose evolution in phase space
reads:

dya

dt
=

1,N∑
b,c

b̸=a̸=c

Aabc yb yc (4.11)

where Aabc = Aacb are constant coefficients. In Section 4.3 we will write the NS
equation in Fourier representation, and one can notice that Eq. (4.11) is formally
identical to the Fourier representation of the nonlinear term (see (4.23) below). By
construction the phase-space flow is volume-preserving, i.e.∑

a

d

dya

(
dya

dt

)
= 0 , (4.12)

and the conservation of the total energy ∑a y
2
a is valid if: Aabc + Abca + Acab = 0.

The incompressibility of phase-space flow and the presence of a global conserved
quantity allows to exploit the microcanonical formalism of equilibrium statistical
mechanics, which leads to concluding that the distribution of points in phase space
is non-zero only on the hypersurface of constant total energy. This sharp constraint
can be relaxed in the canonical ensemble, which yields a Gaussian distribution for
the y’s:

P (y) ∝ exp{−α
∑

a

y2
a} (4.13)

where α plays the role of an inverse temperature. A notable feature is that ⟨y2
a⟩

is independent of a, implying energy equipartition among the variables. From the
definition (4.29) the energy spectrum will follow the power law Ẽ(k) ∼ k2, and the
mean energy per unit mass will then be: E ∼ k3

max. This means that a realistic ideal
fluid described by the full Euler equation (with kmax →∞) will never reach a state
of statistical equilibrium.

3It is of course more convenient to get to this point by not taking the limit L → ∞ after having
performed the discrete Fourier transform of the Euler equation in a box of finite size L.
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However energy is not the only conserved quantity: the presence of additional
ones add further dynamical constraints in phase space and will thereby modify the
equilibrium state. In 2D we can define the enstrophy as: Ω = ∑

a k
2
ay

2
a, where ka is

the wavenumber corresponding to the variable ya. With two quadratic conserved
quantities the canonical distribution is:

P (y) ∝ exp{−
∑

a

(α+ βk2
a)y2

a} (4.14)

which now gives an a-dependent second moment

⟨y2
a⟩ ∝

1
α+ βk2

a

. (4.15)

In this case, perfect energy and enstrophy equipartitions are recovered only in
the cases β = 0 and α = 0 respectively, yet energy equipartition appears in first
approximation also for small ka, where ⟨y2

a⟩ ∼ α−1, whereas in the range of large
wave numbers one finds instead enstrophy equipartition: ⟨k2

ay
2
a⟩ ∼ β−1. This means

that low-k “modes” are dominated by energy, whereas large-k ones by enstrophy, so
the spectrum will be peaked at low wavenumbers. In between a smooth transition
between the k0

a and k−2
a slopes of the modal energies is observed. It is worth

mentioning that the possibility to have α < 0 while ensuring the necessary constraint
of a positive energy spectrum opens the way to the study of negative-temperature
states, originally studied by Onsager [81] in a Hamiltonian system of point-vortices
on a plane [82].

The situation in 3D is less straightforward: helicity is still quadratic but is not
positive-definite - it is actually a pseudoscalar. Defining a linear combination of
energy and helicity in truncated Fourier space, Kraichnan [83] showed that the
velocity and helicity variances per unit volume associated to wavevector k are:

U(k) = 2α
α2 − β2k2 Q(k) = 2βk2

α2 − β2k2 , (4.16)

and the integrability of the canonical probability distribution is ensured provided
α > 0 and |βkmax| > α. This implies that negative-temperature equilibrium states
are not admitted in truncated 3D flows.

4.3 Statistical approach to fluid mechanics

4.3.1 Fluids in Fourier space

Before actually delving into statistical fluid mechanics it is quite necessary to
delineate the advantages of recasting the NS equation in spectral representation.

When observing a liquid or gas in turbulent motion, the most striking feature
that catches one’s attention is the widespread presence of fluid structures changing
shape and size in an sort of unpredictable fashion. For instance it is not rare to see
some vortex-like structure forming, becoming smaller and smaller until disappearing.
Depending on geometrical features of the flow, one could also witness vortices
increasing progressively in size, maybe also merging. Such observations make clear
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that the notion of length scale plays a central role in the study of turbulence
phenomenology. As it turns out, the physics at the larger scales differs considerably
from that at the smallest (molecular) scales, and it is natural to ask what happens
at an intermediate range of scales between the two extremes.

When our system shows “regular” statistical properties, which we will introduce
shortly, it is extremely useful to abandon the conventional formulation in coordinate
space and instead work in Fourier space, where the wavevectors k and especially
their moduli k offer a natural description of the length scales of our fluid.

At the conceptual basis of the K41 theory, which will be the topic of the next
Section, lie two significant statistical features that the turbulent system ought to
possess:

• homogeneity, meaning that the fluid is statistically invariant under space
translations;

• isotropy, meaning that the fluid is statistically invariant under space rotations.

These properties are not only mathematical abstractions to facilitate computations:
in a highly turbulent and spatially extended flow it is not unrealistic to suppose that
the average measurements in one point in space are equivalent to those in another
point, and the same should apply for measurements at different orientations (at least
at sufficiently small scales).

Once again we exploit the simplification brought by considering our homogeneous
turbulent flow to be cyclic within a box of size ℓ: in this way, filling the whole space
with an infinite number of boxes, one constructs a periodic velocity field u(r, t) of
period ℓ in all space directions. Such field can be expressed as a Fourier series, so
that in 3D one has [77]:

u(r, t) =
(2π
ℓ

)3 +∞∑
n1,n2,n3=−∞

e(i2π/ℓ)(n1x+n2y+n3z) ũB(n1, n2, n3, t) =

=
(2π
ℓ

)3 +∞∑
n1,n2,n3=−∞

e(i2π/ℓ)k·r ũB(k, t) ,
(4.17)

where (n1, n2, n3) ∈ Z3 and having introduced the wavevector

k =
(2π
ℓ
n1,

2π
ℓ
n2,

2π
ℓ
n3

)
. (4.18)

ũB(k, t), where the pedix B stands for ‘box’, is the discrete Fourier transform of
the periodic velocity u(r, t). In the limit ℓ→∞, namely when the box occupies the
whole space and hence the flow is not necessarily periodic, the series becomes an
integral and we get the definition of the (inverse) integral Fourier transform:

u(r, t) =
( 1

2π

)3 ∫
dk eik·rũ(k, t) , (4.19)

which can be inverted to give:

ũ(k, t) =
∫
dr e−ik·ru(r, t) . (4.20)
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From here on, quantities like f̃ denote the Fourier transform of the corresponding
quantity f in coordinate space. Since the field u(r, t) is real, then its Fourier
transform is such that ũ∗(k, t) = ũ(−k, t), where the asterisk denotes complex
conjugation.

Let us now consider the NS equation (4.1) with the incompressibility condition
(4.2). The purpose is to write its equivalent formulation in Fourier space [77]. Since
partial differentiation with respect to rj (j = 1, 2, 3) becomes multiplication by ikj

when passing to Fourier space, and similar relations apply to the operators ∇ and
∆, one easily sees that the divergence-free constraint becomes:

k · ũ(k, t) = 0 . (4.21)

This implies that the spectral velocity lies in a plane perpendicular to k. In turn,
terms like ∂ũ/∂t and νk2ũ belong to that plane, while the pressure gradient ikp̃ is
parallel to it, so the latter will not appear in our sought equation. The term which
is less straightforward to write in Fourier representation is u ·∇u, but we know in
advance that we shall consider only its projection onto the plane perpendicular to k.
To this end let us introduce the projection operator

Pij(k) = δij −
kikj

k2 (4.22)

such that Pij(k)aj (from here on, Einstein notation on repeated indices is considered)
represents the i-th component of the projection of a onto the plane normal to k. It
follows that the transform of the advection term uj ∂ui/∂xj reads:

ikmPij(k)
∫

p+q=k
dp ũj(p, t)ũm(q, t) , (4.23)

where the constraint on the allowed wavevectors in the integral derives from the rule
that multiplications become convolutions in Fourier space.

We can finally write the component-wise, Fourier-space equivalent of the incom-
pressible NS equation (4.1)-(4.2):

(
∂

∂t
+ νk2

)
ũi(k, t) = −ikmPij(k)

∫
p+q=k

dp ũj(p, t)ũm(q, t) + f̃i(k, t) (4.24)

kiũi(k, t) = 0 (4.25)

Let us notice that the nonlinear advection term in coordinate space has become an
interaction among triads of Fourier modes ũ(k, t), ũ(p, t) and ũ(q, t) such that:

k = p + q . (4.26)

It follows that the spectral representation of the flow makes explicit the interaction
between different scales of the fluid, which is fundamental in the description and
modelling of all transfers occurring from large to small scales and viceversa. All
these processes take place only if the triangular relation (4.26) between wavevectors
is satisfied. We will see in Section 4.4 how Eq. (4.24) represents the basis for building
an extremely simplified model which speeds up considerably computer simulations
while retaining the most relevant statistical features of a turbulent fluid.
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A very useful quantity to compute in Fourier space is the energy spectrum, which
indicates how the energy is distributed among different Fourier modes - or generally
among different length scales. Let us consider a small portion of wavevector-space,
say a parallelepiped of sizes dkj (j = x, y, z), volume dk and with a corner situated
at k. Its energy content per unit mass at time t is: 1/2 |ũ(k, t)|2dk. We therefore
define its ensemble average as:

dẼ(k, t) = 1
2⟨|ũ(k, t)|2⟩dk , (4.27)

where with the brackets ⟨·⟩ we indicate a statistical average upon a large collection
of independent realizations [77]. Let us point out that ⟨|ũ(k, t)|2⟩, often called
Ũ(k, t) in the literature, is the Fourier transform of the 2nd order velocity correlation
function U(r′, t) = ⟨u(r + r′, t)u(r, t)⟩. Due to isotropy, Ũ only depends on the
modulus of the wavevector k. Integrating (4.27) over all Fourier space yields the
mean kinetic energy per unit mass:

E(t) = 1
2

∫ ∞

0
⟨|ũ(k, t)|2⟩ 4πk2 dk , (4.28)

We then define the energy spectrum Ẽ(k, t) as the kinetic energy density in a
spherical shell of internal radius k and width dk, such that the total energy per unit
mass is also expressed as E(t) =

∫ ∞

0
Ẽ(k, t) dk. It follows from (4.28) that:

Ẽ(k, t) = 2πk2⟨|ũ(k, t)|2⟩ . (4.29)

In Fourier space the redistribution of energy among spectral components takes
the form of a constant average energy flux, directed from large to small scales. This
term comes out naturally in the spectral energy balance relation, which we will now
describe. It is convenient to start from the evolution in time of the energy spectrum
(4.29), in the isotropic case for the sake of simplicity. Computing its time derivative,
and exploiting (4.24) one finds the following law:

∂Ẽ(k, t)
∂t

= −⟨T̃ (k, t)⟩ − νk2Ẽ(k, t) + ⟨F̃ (k, t)⟩ . (4.30)

The first term on the r.h.s. is the average non-linear energy transfer across wavenum-
ber k, which reads [84]:

⟨T̃ (k, t)⟩ = k3

2π

∫ ∞

0

[
sin(kr′) + 3cos(kr′)

kr′ − 3sin(kr′)
(kr′)2

]
Bll,l(r′) r′2 dr′ , (4.31)

having defined the triple correlation

Bll,l(r′) = ⟨u2
l (r)ul(r + r′)⟩ (4.32)

written in terms of ul, the projection of the velocity field along the r′ direction.
Instead ⟨F̃ (k, t)⟩ is the average injection rate of spectral energy.
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At this point one can write an energy budget relation for the energy contained
in a spherical shell in Fourier space of radius K. Integrating the balance equation
(4.30) from 0 to K one gets:

∂

∂t

[∫ K

0
Ẽ(k, t) dt

]
= −

∫ K

0
⟨T̃ (k, t)⟩ dk − ν

∫ K

0
k2 Ẽ(k, t) dk +

∫ K

0
⟨F̃ (k, t)⟩ dk =

= −⟨T̃K(t)⟩ − ν⟨Ω̃K(t)⟩+ ⟨F̃K(t)⟩ .
(4.33)

Above we have introduced the notation according to which a quantity with index
K is its integral computed up to wavenumber K, e.g. its low-pass-filtered version
[6]. The dissipative term in the above relation depends on the enstrophy, defined in
coordinate space in Eq. (4.9). In Fourier space its ensemble average, again in the
homogeneous isotropic case, reads:

⟨Ω(t)⟩ =
∫ ∞

0
k2Ẽ(k, t) dk . (4.34)

On the other hand ⟨T̃K(t)⟩ is the average spectral flux of energy, namely the average
rate at which energy flows (in the outward direction) through a spherical surface of
radius K and unit area.

Taking the limit K →∞ of (4.33) we obtain an energy balance equation for the
whole k-space. Assuming that for long times the total energy reaches a statistically
stationary value, and considering that the integrated transfer term equals zero due
to energy conservation (no energy can be transferred out of the whole Fourier space),
then (4.33) yields:

⟨F̃∞(t)⟩ = ν⟨Ω̃∞(t)⟩ ≡ ε , (4.35)

where we used the notation: Ã∞(t) = lim
K→∞

ÃK(t).
Thus, over long enough times, the average injection rate of energy balances

the average dissipation rate, named ε. Furthermore, if the scale (or wavenumber)
separation between injection and dissipation is very large then the average spectral
flux is constant in the spectral range between these (inverse) scales, and equal to ε.
Such range with constant energy flux, where forcing and dissipation are negligible,
is called inertial range. When this balance condition is reached the energy spectrum
assumes a characteristic power-law shape in the inertial range, a feature observed in
experiments and explained by Kolmogorov in his 1941 theory.

4.3.2 Turbulent energy cascade and Kolmogorov theory

Understanding and possibly predicting the behaviour of fluids in turbulent motion
becomes paramount in the field of climate physics, especially so in the study of
weather predictions. In that context, the main aim is making forecasts of the
near-future state of the atmosphere, as described by a vast number of atmospheric
variables: namely, starting from accurate measurements of the current state, compute
the future states by evolving the deterministic, yet chaotic, equations. At the same
time, investigating statistical properties can lead to a better understanding of other
features, such as steady states, spectral properties and fluxes [20].
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The role of L. F. Richardson in this field is of utmost importance. Despite his
main interest lied in the practical computation of weather forecasts, he was well
aware of Reynolds’ work on average properties of turbulent flows. In his famous
treatise “Weather Prediction by Numerical Process” he explained the dynamical
behaviour of eddies with the following poem-like phrase:

[...] big whirls have little whirls that feed on their velocity, and little
whirls have lesser whirls and so on to viscosity – in the molecular sense.

This refrain has indeed become a quite common way to give an intuitive understanding
of the phenomenon called turbulent cascade [6].

This scenario, often referred to as Richardson cascade, indicates the mechanism
of turbulent energy transfer occurring in 3D flows. This process moves the energy
injected by generic driving forces at large scales (which usually correspond approxi-
mately to the linear size of the container) down to the small scales, where energy
is converted into heat by molecular viscosity. The “intermediate” range of scales
between these two extrema, where the effects of both forcing and dissipation are
of lesser importance, is dominated by inertia in the form of nonlinear interactions
between eddies. For this reason, these length scales constitute the inertial range.
The more the injection and dissipation scales are further apart, the wider the inertial
range is, and in turn the more turbulent the flow is. As a matter of fact, if ℓin is
roughly the injection scale and ℓout the dissipative one, then the fully developed
turbulent regime Re → ∞ is attained for the asymptotic limit of infinite scale
separation: ℓin/ℓout →∞.

Experimental energy spectra showing power law decay in the inertial range,
as already mentioned in the previous Section, have been observed since the early
laboratory measurements. A mathematical justification of this behaviour was
provided in the early 40’s thanks to the work of Kolmogorov [78, 79], who is
universally considered the father of statistical fluid mechanics. In the following
we will outline the main aspects of his 1941 works, which became known as “K41
theory”.

Of particular interest in K41 theory are the velocity increments:

δu(r, r′, t) = u(r + r′, t)− u(r, t) , (4.36)

and their projection onto the increment direction, the so-called longitudinal velocity
increments:

δul(r, r′, t) = δu(r, r′, t) · r′

r′ . (4.37)

The purpose is understanding the statistics of these velocity differences at varying
the distance r′ between measurements. Assuming local homogeneity and isotropy
implies the independence of average values from r and from the direction of r′,
therefore one has δu(r, r′, t) = δu(r′, t) = 0, where we indicated with the overbar the
expectation value over the p.d.f. of velocity increments. If the flow is also statistically
stationary, the time dependence is dropped as well. Higher-order moments of the
projected increment show more interesting properties, so let us introduce the p-th
order longitudinal structure function as:

Sp(r′) = [δul(r′)]p . (4.38)
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At this stage Kolmogorov formulated two similarity hypotheses [78] to bring
forward his study. The first hypothesis states that for locally isotropic turbulence
the probability distributions of the velocity increments are uniquely determined by
the viscosity ν and the average dissipation rate of energy ε. The second hypothesis
adds that, if the separation r′ is much larger than the scale ℓout, where dissipation
dominates, then the p.d.f.’s only depend on ε and not on ν. These two assumptions
are sufficient to determine a functional law for the second-order structure function
in locally homogeneous isotropic turbulence:

S2(r′) = Cε2/3(r′)2/3 , (4.39)

where C is a universal nondimensional constant. It is quite remarkable that the
(nontrivial) derivation by Kolmogorov can be bypassed, and (4.39) readily obtained
by simple dimensional analysis. The physical dimensions of ε and r are respectively
[L]2 [T]−3 and [L], and their only combination providing the dimensions [L]2 [T]−2

of S2 is the one appearing in (4.39). This power-law behaviour for the mean
squared velocity difference matched quite nicely experimental measurements already
performed at that time, and this further contributed to the success of Kolmogorov
theory.

Closely related to this result is the prediction of the power-law shape of the energy
spectrum Ẽ(k) defined in (4.29). Indeed, the energy spectrum E(k) is related to the
Fourier transform of the velocity correlation function ⟨u(x)u(x+ r′)⟩. Associating
to r′ a wavenumber k ∼ 1/r′, the following power-law behaviour naturally follows:

Ẽ(k) = C ′ε2/3k−5/3 , (4.40)

with C ′ another nondimensional constant.
Another influential work published by Kolmogorov, again in 1941 [79], led to

the celebrated “4/5 law”, which is one of the few exact results in statistical fluid
mechanics. Assuming as before homogeneous and isotropic turbulence, the law
states that the third-order longitudinal structure function S3(r) is linked to the
second-order one S2(r) by:

S3(r) = −4
5εr + 6ν dS2(r)

dr
. (4.41)

This is an exact result in the sense that no approximation - besides homogeneity
and isotropy - has been introduced in the derivation. Yet this law is mostly known
in the r ≫ ℓout case, where the second term on the r.h.s. is negligible in comparison
with the first so that:

S3(r) ≃ −4
5εr . (4.42)

This law has quite important implications. The immediate one is that it explicitly
provides a power-law behaviour for S3(r) with exponent equal to 1. Since this comes
from an exact result, we expect this linear dependence to be observed even in real
turbulence, at least in homogeneous and isotropic settings. Furthermore, considering
that for large distances S3(r) is always negative, then the probability distribution
of the velocity differences is negatively skewed. It is possible to show that the
third-order structure function is directly related to the average energy flux in the
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Figure 4.2. Anomalous exponents ζp of the structure functions for increasing order p.
Symbols are measurements from different experiments. The dash-dotted line is the K41
linear prediction ζp ∼ p/3. The other lines are obtained from three predictive models,
some of which will be mentioned later. Figure from [6].

inertial range, thus its constant sign is a manifestation of the transfer of energy in
the cascade from large to small scales. From a statistical mechanics point of view,
let us point out that a non-zero odd-order moment of a fluctuating quantity is often
associated to the presence of a statistical current, and consequently to the absence
of statistical equilibrium.

4.3.3 Beyond K41: intermittency and multifractality

Despite the success of Kolmogorov theory in predicting spectra and correlations
in real turbulence, some of the predictions appeared to show some fallacies. For
instance, trusting dimensional analysis one would find for the p-th order structure
function the scaling law εp/3 (r′)p/3, with the exponents growing linearly in p (the so-
called Kolmogorov exponents). This dependence would imply a perfect self-similarity
of the structure functions: two values of Sp measured at different space-separations
r′ are trivially linked by a simple rescaling of space and velocity. This is why K41 is
often said to describe a fractal structure of turbulence. Results from experiments
and numerical simulations revealed that the exponents of the structure functions
are indeed anomalous, namely they present a nonlinear dependence on the order
of the moment. As it can be appreciated in Figure 4.2, the anomalous exponents
ζp deviate more and more from the linear Kolmogorov expectation as higher-order
moments are considered.

This leads us to another feature of turbulence not accounted for by K41 theory:
intermittency. Following Frisch [6], a random time-dependent function is said to
be intermittent when it shows activity (e.g. evident fluctuations) during only a
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Figure 4.3. Time signals of the average local dissipation rate, normalized by its time-
averaged value ⟨ε⟩. Panel (a) is obtained from measurements in a laboratory boundary
layer at moderate Re, while panel (b) in the atmospheric surface layer at high Re. Here
the space averages are actually computed on a line instead of a volume, for simplifying
the experimental procedure. Time and space intervals, on the horizontal axis, are
considered on the same footing under Taylor’s frozen-flow hypothesis [6]. Figure from
[6].

fraction of the time, and the activity decreases as the scale under consideration gets
smaller. In the context of turbulence, the most revealing dynamical quantity is the
instantaneous dissipation rate of energy. One can write an evolution equation for the
energy of a fluid element by just computing the scalar product of the NS equation
(4.1) with the velocity field u(r, t). Taking the space average, on a small volume V ,
of the viscous term one obtains the average local dissipation rate ε′:

ε′(t) = − 1
V

∫
V
dr′ ν u(r′, t) ·∆u(r′, t) . (4.43)

After integration by parts and the introduction of the vorticity ω = ∇ × u, this
quantity can be recasted as [40]:

ε′(t) = 1
V

∫
V
dr′ ν |ω(r′, t)|2 . (4.44)

Observing a time series of the local energy dissipation rate one notices sudden
bursts of the signal separated by longer periods of quiescence, as reported in Figure
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4.3. The two panels show two experimental time series of ε′(t) from a laboratory and
an atmospheric flow. At higher Reynolds number (panel (b)) the intermittency of the
bursts is more evident. It is necessary to remark that intermittency is not a property
confined to the dissipation range: the energy transfers dominating the inertial range
are not smooth processes, but occur in bursts in a similar way. But intermittency is
not only a temporal phenomenon: the activity is strongly localized also in space, so
that one can also talk of spatial intermittency. Spatio-temporal intermittency was
first pointed out by Landau [6], who argued that the similarity hypotheses in K41
theory did not take into account the non-universality of the average dissipation rate ε,
caused by the random nature of the energy transfer mechanisms. In particular he also
mentioned the existence of strong localization of vorticity in limited regions, which is
a clear manifestation of spatial intermittency. Landau’s remark led Kolmogorov to
revise his previous work and present the K62 theory [85]. Regarding the local space
average of the energy dissipation, defined in (4.43), Kolmogorov added the further
assumption (often referred to as “third Kolmogorov hypothesis”) that its logarithm
follows a normal distribution if V 1/3 ≪ L, where L is the macroscale of the fluid.
Also, the variance of such distribution is given by: σ2 = A+ µ ln(L/V 1/3), where A
and µ are two constants. This modification to the theory yields a correction to the
exponents of the structure functions, since:

S(K62)
p (r) ∼ r

p
3 + 1

18 µp(3−p) . (4.45)

Intermittency, introduced as a dynamical mechanisms, has natural consequences
on the statistical properties of turbulent flows, which emerge especially when investi-
gating quantities depending on space-time intervals such as the longitudinal velocity
increments (4.37). Experiments and simulations show that the computed p.d.f.’s
of the velocity increments differ in a substantial way when decreasing the spatial
separation r. For large r, of the order of the largest scale of the system, the shape is
indistinguishable from a Gaussian with zero mean, however as r becomes smaller the
tails of the distribution become heavier and heavier, and for very small separation
the p.d.f. becomes similar to a stretched exponential 4. As a matter of fact, it
is customary to associate intermittency to the non-gaussianity of the probability
distributions, due to rare but strong dissipative events which increase the tails of
the p.d.f.’s.

The anomalous exponents ζp presented in Figure 4.2 defied physical interpretation.
The existence of a single scaling exponent h = 1/3 such that δul(r) ∼ rh appears
inconsistent with the strong fluctuations experienced by the energy dissipation, and
is further disproved by the anomalous exponents ζp ̸= p/3 of the structure functions.
While dissipation range intermittency seems to be better understood in terms of
singularities of the solutions of the NS equation at complex times [86], the same
phenomenon in the inertial range is more elusive.

Among the first studies which tried to understand intermittency at the level
of the energy cascade is the so-called beta model by Frisch, Sulem and Nelkin [87].
The idea at its core is, similarly to Richardson, to consider the energy cascade as
a “multi-step generative process”: calling l0 the scale of the largest eddy, at step n

4In Figure 4.6 an instance of the gradual change in the shape of the distribution functions is
represented, from numerical simulations performed on a shell model.
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the eddies are assumed to have typical sizes ln = l0r
n, with 0 < r < 1. Such eddies

generate the eddies at step n+ 1 of sizes ln+1. Whereas in the Richardson cascade
the eddies are always space-filling at each step, in the beta model the fraction of
volume occupied at step n+ 1 is only a fraction β of the volume occupied at step n.
Repeating Kolmogorov analysis with the added hypothesis that a part of the volume
is inactive, one can find the following scaling for the structure functions:

ζ(β)
p ∼ r

p
3 +(3−D)(1− p

3 ) , (4.46)

where (3 − D) ≡ ln β/ ln r. However the anomalous exponents provided by this
model are again linear in the order p, so there is no agreement with the concave
shape, which emerges from experimental data.

It was understood that a smooth curved line for ζp could not be obtained with a
single scaling exponent h, and neither with a finite number of h’s. Therefore, the
novel idea of Parisi and Frisch [38] was to assume a continuum of scaling exponents,
ranging from hmin to hmax. Before delving into this theory, it is important to point
out that the scaling exponent h is what mathematicians call the Hölder exponent
which appears in the Hölder continuity condition for a function f : ||f(x)− f(y)|| ≤
C||x− y||h . A physical restatement of this condition, applied to our context, is that
the velocity field develops a singularity of order h > 0 at a point r if:

lim
r→r′

||u(r)− u(r′)||
||r − r′||h

̸= 0 . (4.47)

The Kolmogorov estimate h = 1/3 implies that the velocity field is not smooth, but
only Hölder continuous of order 1/3, making the existence of singularities possible.
Mandelbrot [88] proposed that singularities are concentrated on a set A ∈ R3 having
non-integer (fractal) Hausdorff dimension. Let us define the set of points in which
we have a singularity of order h as S(h), and the Hausdorff dimension of such set as
d(h). In fully developed turbulence d(h) is not a trivial function of h: sets of point
associated to different singularity exponents will have different dimensions. Moreover
the ensemble of all fractal sets S(h) at varying h form a hierarchical structure, since
if h < h′ then S(h) ⊂ S(h′): this ensemble, in the literature, is called multifractal
set, and the model developed by the two authors based on this formalism became
known as multifractal model.

At this point it would be useful to link the Hausdorff dimension d(h) to the
anomalous exponents ζp of the longitudinal structure functions. In order to do so we
can adopt a probabilistic viewpoint, and consider that the probability of a point r to
develop a singularity with exponent h - namely that ||u(r)−u(r′)|| r→r′

∼ ||r− r′||h -
goes to zero as ||r − r′||3−d(h) when ||r − r′|| → 0 5. From this, one could write the
structure functions as:

⟨(δu(r))p⟩ ∝
∫
dµ(h)

(
r

ℓin

)3−d(h)
(εr)ph , (4.48)

where dµ(h) is a measure on the region where d(h) > 0, and ℓin is again the scale of
energy injection. The integral can be evaluated with the saddle-point method, leading

5The reason for this non-intuitive relation between the probability of a singularity occurrence
and the “codimension” (3 − d(h)) is made very clear by Frisch’s pedagogical explanation in [6,
section 8.5.1].
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for the multifractal model to the prediction S
(MF)
p (r) ∼ rζ

(MF )
p where, neglecting

small corrections:
ζ(MF)

p = min
h
{ph+ 3− d(h)} . (4.49)

In this theory, the anomalous exponents are the Legendre transforms of the codi-
mension of the set S(h). This definition assures the convexity property observed
in experimental data, since Legendre transforms are inherently convex. An explicit
formula for (4.49) cannot be found unless an expression for the dimension d(h)
is known. This is the main drawback of this model, since experiments can have
no access to this quantity (besides, of course, computing it via inverse Legendre
transform by using the ζp’s measured from the velocity increments), nor it can be,
at least currently, derived from first principle, i.e. from the NS equation. It is
noteworthy that the structure function of order p is determined by a single value of
h, the one whose set S(h) of singular points has Hausdorff dimension satisfying the
minimization constraint of the transform.

Benzi, Paladin, Parisi and Vulpiani [89] then generalized the beta model to take
into account such multifractal structure, presenting the random beta model. The
progressive rarefaction of the active regions by a factor β, as the cascade progresses,
is still valid, but now β = β

(i)
n is a random variable independently extracted, at each

step n of the cascade and for each eddy i present at that step, from a probability
distribution P (β). Using the constancy of the energy flux in the inertial range to
build a recursive equation for the velocity at step n, it is possible to compute the
predicted exponents of the structure functions:

ζ(rand-β)
p = p

3 − log2

{∫
dβP (β)β1−p/3

}
. (4.50)

The authors showed that, with the fairly simple p.d.f. P (β) = x δ(β − 1/2) +
(1 − x) δ(β − 1) and choosing the free parameter x = 1/8, a good fit with the
experimental data is obtained. Naturally there is no reason to prefer this bimodal
P (β) to any other, as well as that specific value of x.

Ten years later, another phenomenological model attempted to explain inter-
mittent corrections to the scaling laws. The study by She and Leveque [90] starts
by defining the p-th order energy dissipation structures at inertial-range scale r
by: ε(p)

r = ⟨εp+1
r ⟩/⟨εp

r⟩, where εr is the energy dissipation rate averaged in a ball of
size r, as that of K62 theory [85]. The endpoints of this hierarchical structure are
ε

(0)
r = ⟨εr⟩ and ε

(∞)
r , where the latter is the most intermittent structure, assumed

to be an isolated filament. Under the assumption that the scaling of ε(p+1)
r only

depends on ε
(p)
r and ε

(∞)
r , the solution of a recursive relation leads to:

ε(p)
r ∼ rτp , (4.51)

in which:
τp = −(2/3)p+ 2[1− (2/3)p] . (4.52)

Since K62 theory provides the following relation between the exponents τp of the
average dissipation rate and those of the structure functions ζp:

ζp = p/3 + τp/3 , (4.53)
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one ends up finding:

ζ(SL)
p = p

9 + 2
[
1−

(2
3

)p/3
]
. (4.54)

The advantage of the present model is that it has no free parameters, but it
substantially relies on the correctness of K62 theory.

The models that have been introduced in the last decades in order to predict
the intermittent statistics of the turbulent energy cascade are phenomenological:
they make strong assumptions on the underlying nature of the process, based on
observations or on reasonable hypotheses. A major open problem in turbulence is
whether it is possible to explain intermittency from first principles, i.e. starting from
the dynamics of the Navier Stokes equation.

4.4 Shell models

Hydrodynamic turbulence is fundamentally a multiscale phenomenon: the nontrivial
dynamical behaviour is to be traced to the interactions taking place among fluid
structures characterized by different length and time scales. For instance, our
atmosphere sees the coexistence of giant coherent structures, hundreds of kilometers
in size, like hurricanes and cyclones, with tiny fluctuations just above the molecular
scale. As already stated in Section 4.1, in order to properly speak of turbulence
there must be a considerable separation - several orders of magnitude - between the
largest and smallest scales.

This poses a serious problem in Computational Fluid Dynamics (CFD). The
optimal space discretization using a mesh of points should require both a highly
refined grid for capturing the sub-millimeter physics and, at the same time, a giant
extent of the whole mesh for studying the largest structures which carry most of the
energy. Performing these computations is unfeasible even for modern computers:
state of the art Direct Numerical Simulations (DNSs) have reached 81923 ∼ O(1011)
grid points, corresponding to Re ∼ O(106), whereas in atmospheric turbulence
the Reynolds number can be even 1000 times larger. Each of these grid points
must store relevant physical information (velocity components, but also density and
temperature) and computations are continually performed on them - principally
spatial derivatives.

Also time discretization is necessary for reproducing the dynamics of relevant
observables, and a similar issue arises here as well. The time step cannot be too
large since the dynamics of the fastest eddies would not be reproduced accurately,
aside from numerical instabilities. The errors would propagate to larger and slower
structures [61], making the whole simulation of the fluid completely unphysical. On
the other side, the time evolution must be continued long enough, otherwise the
large structures would not change appreciably. In this respect, long-time behaviours
are measured in terms of the large eddy turnover time, whose duration can be quite
long: in atmospheric boundary layers it ranges from several minutes to over an hour.
Reliable statistics can be gathered only if the modelled fluid has evolves for many
large eddy turnover times. The bottom line is that CFD based on the NS equation
is a serious challenge, requiring huge computational power and state-of-the-art
hardware (cluster computers, GPUs) not available in all facilities.
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It is also true that physicists often aim at understanding and predicting the
behaviour of complex natural phenomena, with either known or unknown dynamical
equations, by means of models which are simplified, but yet preserving the main
physics. In principles, models should reproduce the most crucial parts of the
observed physical system, even if that means disregarding other aspects which are
deemed secondary, but at the same time they must introduce simplified equations
for permitting better analytical and computational investigations. Notable examples
of physical modelling include: the Lorenz63 model, which transformed the nontrivial
dynamics of thermal convection in the atmosphere in a system of three ODEs; the
Lotka-Volterra equations, describing the population dynamics of predators and
preys; the Ising model, reproducing some magnetic properties in solid matter using
two-state variables. Indeed, scientists interested in atmospheric physics often test
new ideas and approaches on simple models like the Lorenz63 and the Lorenz96 -
the latter of which has been thoroughly discussed in Chapter 3 - before moving to
more faithful but complex models.

The need for simplification is especially felt in turbulence: the mathematics
involved in the NS equation is far from being tractable, and in Fourier space there is
not much simplification since we find an enormous number of nonlinear interactions
between modes. This hinders the possibility to analyze features like cascades,
asymptotic features and intermittency. A turning point for the modelization of
turbulent systems arrived in the 1970’s from the Soviet school, where the shell
models [22, 39, 40] were conceived.

The basic idea of shell models is to consider a discrete, finite set of N wavenumbers
kn, n = 1, . . . , N , which can be seen as radii of Fourier-space spherical shells. These
wavenumbers are exponentially-spaced as:

kn = k0λ
n−1 (4.55)

where k0 is the radius of the smallest shell, and λ > 1 is a free parameter, which
determines how fast the growth of Fourier-space shells is. In Figure 4.4 a schematic
representation of the spherical shells is provided. The mostly used value is λ = 2,
however other studies have been conducted with alternative values since it was noticed
that λ = 2 does not allow the triangle relation k = p + q between wavevectors
belonging to interacting modes. To each shell is associated a single shell variable (or
velocity) un(t), either real or complex, which is a surrogate of the velocity fluctuations
observed at scales ∼ k−1

n . Even though there is no direct mathematical relation
between the real-space velocity field u(r, t) or its Fourier transform ũ(k, t) and the
shell velocities un(t) just defined, a possible physical meaning can be attributed to
the latter by considering them as shell-averaged Fourier coefficients, like:

un(t) ←→ 1
kn+1 − kn

∫ kn+1

kn

ũ(k, t) dk , (4.56)

or else like shell-averaged velocity differences:

un(t) ←→ 1
kn+1 − kn

∫ kn+1

kn

[
u(r + k−1, t)− u(r, t)

]
dk (4.57)

(here we considered velocity fields as scalars, just to convey the idea).
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Figure 4.4. Subdivision of Fourier space into spherical shells, whose radii grow according
to the exponential law (4.55).

Once we have this reduced set of variables reminiscent of the Fourier-transformed
velocity field, it is necessary to provide dynamical equations resembling the structure
of the NS equation. In this respect, the presence of triad interactions in the spectral
representation (4.24) of the NS equation suggests that the evolution equation of
the shell variable un should contain a term of the kind anun′un′′ , with an a generic
shell-dependent constant which is determined using symmetries and conservation
laws of the NS equation. Also, the forcing and dissipative terms can be taken of the
same form as (4.24), which in our new variables read fn and −νk2

nun respectively.
To sum it up, all shell models are described by a finite set of ODEs having the
following structure:

u̇n(t) = I({um}m=1,...,N ) +D(un) + F (un) , (4.58)

in which one recognizes on the r.h.s. the interaction, dissipative and forcing terms.
We assumed the most general coupling, with variable un interacting with all the
other ones.

Examining the different shell models proposed since the 1970’s, one can observe
that the principal features which discriminate them are:

• the type of shell variables: in the first models the velocities were real numbers,
while the latter ones employed complex variables (doubling the number of
d.o.f.) because they yielded more realistic results, e.g. chaotic dynamics
instead of fixed points;

• the number of shell variables per shell: while most studies have been performed
on models with a single variable per shell there have been cases where multiple
shell velocities per shell were considered, trying to add a minimum spatial
structure into the simplified model;

• the interaction term: besides the constraints imposed by the inviscid invariants,
there is enough freedom in the form of the interaction term between triplets
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of shell variables (e.g. nearest-neighbors, next-to-nearest-neighbors, or longer-
range interactions) 6 .

4.4.1 A tentative history of shell models

In this Section we quickly present, in chronological order, the different minimal
turbulent models which have been proposed during the years, all of which would be
known as shell models [22, 40]. There is no claim to delineate a complete historical
account, but only to track the evolution which these models experienced and to
reveal the different features listed in the above bullet points.

1. In 1971 Obukhov [91] first proposed a model with a structure similar to modern
shell models, but with no intention to approximate the NS equation. A set of
velocities un ∈ R associated to discrete wavenumbers kn evolves according to
the equation:

u̇n = an−1un−1un − anu
2
n+1 − νnunδn>M + fδn,1 . (4.59)

The first two terms on the r.h.s. represent nonlinear advection, the third is
the viscous dissipation acting only on large wavenumbers (beyond kM ) and
the fourth is the forcing which injects energy only on the first variable. The
advection term conserves the kinetic energy ∑n u

2
n/2: this can be verified by

multiplying (4.59) by un, summing over all n’s and seeing that in absence
of forcing and viscosity the r.h.s is zero. However this model does not sat-
isfy Liouville’s theorem, namely du̇n/dun ̸= 0: the phase space flow is not
incompressible.

2. In 1973 Gledzer [92] studied a similar model, differing from Obukhov’s in the
next-to-nearest neighbors interactions and the validity of Liouville’s theorem -
the latter condition obtained by imposing the independence of the r.h.s. on
un. The equations read:

u̇n = Anun+1un+2 +Bnun−1un+1 + Cnun−2un−1 − νnunδn>M + fn . (4.60)

The lower and upper boundary conditions are: u−1 = u0 = 0 and uN+1 =
uN+2 = 0. Again the generic coefficients An, Bn and Cn can be chosen to
conserve two inviscid invariants 7, the energy E = ∑

n u
2
n/2 and, for instance,

the enstrophy H = ∑
n k

2
nu

2
n/2 as happens in 2D inviscid flows.

3. One year later, in 1974, Desnyansky and Novikov[93] performed a study using
a simple model with nearest-neighbors interactions, which evolved according
to:

u̇n = kn

[
u2

n−1 − 2unun+1 − 21/3C(un−1un − 2u2
n+1)

]
− νk2

nun + fn . (4.61)
6The locality of interactions in the inertial range has been proved in 3D: it is a direct consequence

of the k−m shape of the energy spectrum in that range, provided that 1 < m < 3 [37]. Then, in
shell models reproducing 3D turbulence, using nearest-neighbors interactions among shells is not an
extreme simplification since they give the major contribution to the energy transfer.

7Range-2 interactions between shell variables allow an additional conservation law to be imposed
on the nonlinear terms: this will be clearer in the following treatment of the Sabra model in section
4.4.2.
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The parameter C is not fixed and determines the scaling behaviour of un:
for C < 1 one recovers the Kolmogorov 5/3 spectrum, while for C > 1 the
spectrum is not integrable for kn → 0. Let us point out that, for any value of
C, the Kolmogorov scaling un ∼ k−1/3

n is a stable fixed point of the dynamics,
a result which is in contradiction with the anomalous exponents of structure
functions. Regardless, this type of model - and generalizations of it - found
much popularity in the mathematics community, where it is also called “dyadic
model”.

4. More than a decade later, in 1989, Ohkitani and Yamada [94] proposed
a fundamental change in the Gledzer model (4.60) by using complex shell
variables. The resulting model, known as Gledzer-Ohkitani-Yamada (GOY)
model, is described by the equations:

u̇n = i
[
Anu

∗
n+1u

∗
n+2 +Bnu

∗
n−1u

∗
n+1 + Cnu

∗
n−2u

∗
n−1

]
− νk2

nun + fδn,4 , (4.62)

the asterisk indicating complex conjugation. The same zero-valued boundary
of the Gledzer model is enforced by imposing B1 = C1 = C2 = 0 and
AN−1 = AN = BN = 0. Energy conservation is retrieved by assigning the
following values to the coefficients:

An = kn , Bn = −βkn−1 , Cn = (β − 1)kn−2 , (4.63)

where β ∈ R is a free parameter. A second conserved quantity H is present,
its explicit form depending on the value of β:

H =
N∑

n=1
kα

n |un|2 , where α = − logλ(β − 1) , (4.64)

where λ was defined in (4.55). For instance, choosing λ = 2, the value β = 5/4
yields α = 2, so that H has the physical dimension of enstrophy. More generally,
for β > 1 the exponent α is a real number (positive if β < 2), so the second
invariant is positive-definite. Instead for β < 1 the exponent α is a complex
quantity:

α = − [logλ(1− β) + iπ logλ e] ≡ Re(α) + i Im(α) if β < 1, (4.65)

and the second invariant becomes: H = ∑
n(−1)nk

Re(α)
n |un|2. The physical

dimension of helicity is obtained by using β = 1/2, which corresponds to
Re(α) = 1, even though defining an helicity in a model without spatial
structure is not straightforward. The success of this model follows from its
chaotic behaviour, which is a necessary ingredient to obtain broken scale
invariance and anomalous exponents of the structure functions.

5. Nevertheless the GOY model still exhibited some shortcomings (see next
section): this motivated L’vov and coworkers to adopt, in 1998, an “improved”
shell model renamed Sabra [9]. The main features of such model will be
presented in the next Section, since the Sabra model is the one chosen in our
numerical studies.
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Clearly the history does not end with the Sabra model. Many are the reduced
hydrodynamic systems employed in the past decades which are inspired by the original
shell models: some have a drastically changed structure, like hierarchical tree models
[95], whereas others originated from the will to investigate other phenomena, such as
magnetohydrodynamics [96], passive scalar advection [97], helicity in 3D turbulence
[98], thermal convection [99] and split cascade [100].

4.4.2 The Sabra shell model

As anticipated, the popular GOY model had some inherent spurious properties,
which needed to be removed in order to better reproduce the statistical features of
an hydrodynamic system.

In shell models the structure functions are defined as:

Sp(n) = ⟨|un|p⟩ , (4.66)

the brackets indicating a time average computed on the stationary state. Their
anomalous scaling is a fundamental property, which then must be reproduced by
shell velocity moments. In other words, the structure functions (4.66) should scale
with shell wave number kn, in the inertial range, as:

Sp(n) ∼ k−ζp
n , (4.67)

where ζp is the p-th order anomalous exponent. However, the GOY model presented
visible periodic oscillation around the expected power law behaviour. This periodicity
is due to the presence of second order correlations between variables in shells separated
by multiples of three, i.e.: ⟨unu

∗
n+3m⟩ ≠ 0, m ∈ Z. Such spurious effect is found also

for higher-order correlations, therefore the scaling behaviour is spoiled in the GOY
model if the issue is not properly taken into account.

L’vov et al. [9] realized that some minor changes in the nonlinear terms of
the GOY equations (4.62) allowed to eliminate the period-three oscillations. The
equations of motion of the new model, named Sabra, read:

u̇n = i
[
akn+1u

∗
n+1un+2 + bknu

∗
n−1un+1 − ckn−1un−2un−1

]
− νk2

nun + fn . (4.68)

Let us first point out that both the GOY and Sabra model reproduce the same
structure of the NS equation in Fourier space (4.24). In particular the quadratic terms
in (4.62) and (4.68) are reminiscent, in form and physical dimensions (∼ ikunum),
of the triad interaction terms found in the original equation.

Unless explicitly stated, the features we are going to present in the following
are shared between GOY and Sabra models. The free coefficients a, b, c ∈ R are
constrained by the usual conservation laws: multiplying (4.68) by u∗

n and summing
from n = 1 to n = N one finds that the total energy is constant in time if and
only if: a + b + c = 0. One of the three coefficients, e.g. a, can be eliminated by
dividing the whole Sabra equation by it and absorbing the common factor in the
other terms - rescaling thus the time variable, the coefficients b and c, the viscosity
and the forcing amplitude. The remaining coefficients are then related by:

1 + b+ c = 0 , (4.69)
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so there is still a free parameter left. Imposing the conservation of a second global
quantity H = ∑

n k
α
n |un|2 one obtains, in an analogous way:

1 + bλα + cλ2α = 0 . (4.70)

Defining z = λα [101], we can solve the quadratic equation 1 + bz + cz2 = 1 + bz −
(1 + b)z2 = 0, where we used (4.69), and obtain the two solutions:{

z1 = 1
z2 = −(1 + b)−1 =⇒

{
α1 = 0
α2 = − logλ(−b− 1)

(4.71)

The first solution corresponds to the energy: this was expected because we
already used the relation derived from energy conservation to eliminate c from the
quadratic equation. The second solution, the same written without proof in (4.64)
with the change of notation b = −β, denotes the second quadratic invariant, which
can be enstrophy-like or helicity-like depending on the value of b, as found varying
β in the GOY model.

It is easy to construct an energy balance equation. Defining the kinetic energy
of shell n as:

en = unu
∗
n/2 (4.72)

we can compute its time derivative and get the energy budget for that shell:

ėn = −tn + dn + in . (4.73)

The transfer tn, dissipation dn and injection in terms read, respectively:

tn = ∆n+1 + b∆n − (1 + b)∆n−1 , (4.74)

dn = −νk2
nunu

∗
n , (4.75)

in = Re{fnu
∗
n} . (4.76)

In (4.74), ∆n couples consecutive shell variables in the following way:

∆n = knIm{u∗
n−1u

∗
nun+1} . (4.77)

Its average actually plays an important role in the statistical theory of the model.
Specifically, in [9] the authors define the third-order structure function for the Sabra
model as:

S3(n) = ⟨∆n⟩/kn . (4.78)

This implies that, provided Kolmogorov’s 4/5 law is valid, the quantity ∆n is
shell-independent in the inertial range.

It is evident that the difference between the Sabra and GOY equations, respec-
tively (4.68) and (4.62), resides only in the choice of complex conjugation for the shell
velocities in the three advection terms. This is because the relation between phases
of consecutive shell velocities generated in the GOY model the spurious periodic
correlations discussed before: the modified version of the coupling in the Sabra
model leads to new phase relations and to the disappearence of unphysical long-range
correlations [9]. More explicitly, if we take the phase transformation un → une

iθn ,
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the GOY equations will be invariant under the transformation if θn−1 +θn +θn+1 = 0,
while for the Sabra model the relation reads θn−1 +θn−θn+1 = 0. Both equations can
be solved recursively once θ1 and θ2 are given, but the former displays a period-three
solution, e.g. θn = θn−3, which in turn generates oscillations of the same period in
the structure functions. The phase relation for the Sabra model does not present
this annoyance, so the only nonzero correlation functions are the short-range ones.

Let us finally notice that all shell models also allow to study a reduced, simplified
version of the truncated Euler equation, which we discussed in Section 4.2, by simply
imposing ν = fn = 0. That makes the system conservative, since in the energy
balance equation (4.73) the only surviving term on the r.h.s. is the transfer term
tn, which neither creates nor dissipates kinetic energy. This will allow us to make
comparisons between nonequilibrium indicators in the “regular” Sabra model and in
the inviscid one, which are out-of-equilibrium and equilibrium systems, respectively.

Before concluding, it is worthwhile to state explicitly the chief advantages of
employing shell models in dynamical and statistical studies of turbulence, and to
show some visual proofs in support of the claims. As already mentioned, comparing
the (truncated) NS equation with the shell model equations one easily realizes the
enormous dimensional reduction enjoyed by the latter. For DNS halving the smallest
measured spatial scale (grid spacing) means refining the grid by increasing the
number of points by a factor 2D, with D the spatial dimensionality of the system.
On the other hand in shell models simply adding one variable uN+1 - i.e. two degrees
of freedom - allows to measure velocity fluctuations at scale lN+1 ∼ lN/λ, where λ is
the increment factor of the shell radii. This has the important consequence that the
scale separation between the large forcing scales and the smallest dissipative ones can
be increased without much effort, thereby attaining very high Reynolds numbers. For
instance, the approach to fully-developed turbulence can be studied in shell models by
increasing the extent of the inertial range adding further shells (but suitably tuning
the viscosity for obtaining stable stationary states). Conversely this type of numerical
study is unfeasible in DNS, even for the most powerful supercomputers. Remarkably,
the most peculiar features of turbulence such as intermittency, dissipative anomaly,
Kolmogorov’s 4/5 law and direct/inverse cascades, are observed also in the hyper-
simplified framework of the Sabra shell model. Even though it could be argued that
some of these properties are strongly dependent on the spatial structure of the fluid,
the multiscale nature of turbulent fluids makes sure, to some extent, that a set of
coupled ODEs resembling the evolution of shell-averaged Fourier modes is effective
enough in capturing the spectral properties of real turbulence. Of course interesting
spatial features, e.g. vortices, coherent structures, plumes, are lost in the shell model
description, where the spatial relationships are absent by construction: this is the
reason why they are also called zero-dimensional models.

Figure 4.5 shows two instances of the “unreasonable effectiveness” of the Sabra
shell model: in panel (a) the structure functions defined in (4.66), and in panel (b)
the average energy flux out of shell M , which reads:

⟨ΠM ⟩ =
M∑

n=1
⟨tn⟩ = ⟨∆M+1⟩+ (1 + b)⟨∆M ⟩ . (4.79)

The structure functions reveal a very extended inertial range, covering the majority
of the employed shells. A smooth power law behaviour is observed, followed by
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Figure 4.5. (a) Structure functions (4.66) from order p = 2 to p = 6. The inertial-range
power laws in terms of kn become linear trends when plotted against n in logarithmic
y axis. The black line reproduces the scaling of S2(n) with the anomalous exponent
ζ2 = 0.71 estimated in experiments and simulations. (b) Average energy flux out of shell
M . The flux is positive and constant in the inertial range, equal to ϵ = 1.
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Figure 4.6. Rescaled p.d.f.’s of Re(un), with n ranging from the inertial to the dissipative
range. Notice the tails becoming fatter as n increases. The black dashed line is a rescaled
Gaussian with the same variance as shell n = 5.

the damping of the last shells by viscous effects. The anomalous scaling displays
a very good agreement with experimental and numerical data: the black solid line
represents the power law k−ζ2

n ≃ λ−nζ2 plugging in the exponent measured in the
numerical study [102], which is, surprisingly, also compatible with experimental
estimates. The average energy flux is positive as expected from the direct energy
cascade, and in the inertial range it is equal to the rate of energy injection (and
dissipation) ϵ. In these simulation a forcing with constant input power equal to
1 was used on the first two shells, namely: i1 + i2 = ε = 1, where in is defined
in Eq. (4.76). For details see Appendix C. Apart from the breaking of self-similar
scaling, intermittency also emerges from the probability density functions of the
degrees of freedom, which in our case are the real and imaginary parts of each shell
velocity. In Figure 4.6 one clearly notices that, as the shell number increases, the
tails of the p.d.f.’s become larger and larger because higher shells experience more the
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effect of impulsive local bursts of energy dissipation. From the Gaussian shape shown
by lower shells (larger length scales) there is a transition towards exponential-tailed
distributions at higher n’s, until reaching a stretched-exponential form ∼ exp(−xα)
with 0 < α < 1 for the largest shell displayed. The results in the figures come
from simulations on the Sabra model with N = 24 shells and forcing on n = 1, 2.
More details on the numerics, which are the same employed in most of the following
studies, are reported in Appendix C.

4.5 Nonequilibrium indicators in the viscous and invis-
cid Sabra model

In this Section we present our results about the nonequilibrium nature of the viscous
Sabra shell model, results which become more meaningful when compared with
those of the analogous inviscid model, a system in statistical equilibrium. We shall
first discuss in 4.5.1 the test of irreversibility by exploiting the non-symmetric time
correlation functions introduced in Section 2.3.2. They will be tested for the viscous
shell model forced at large scales (run-LSF) and for the inviscid shell model without
forcing (run-Eq). This topic leads naturally to investigating the instantaneous
rates of change of the shell energies, whose statistics is dealt with in a subsequent
dedicated Paragraph. We then present in 4.5.2 the study on non-diagonal energy
Response Functions (RFs) which are able to highlight in run-LSF the asymmetry
between shell interactions and the consequent presence of an energy cascade, whereas
in run-Eq they reveal energy equipartition as expected for a conservative system.
Finally we introduce in 4.5.3 a Sabra model forced at intermediate scales (run-ISF),
showing that the physics at scales larger than the forcing scale is akin to the inviscid
model (equilibrium) while at scales smaller than the forcing we observe the usual
non-equilibrium energy cascade.

4.5.1 Time irreversibility

As discussed in Sec. 2.3.2 in order to test the irreversibility of the turbulent energy
cascade we focus on the energy signal en(t) = |un|2/2 at shell n, and varying n in
the cascade-dominated inertial range. In particular, we measure the ATCF Ψ (2.62)
or, equivalently, Φ (2.63), which we rewrite here in nondimensional form as:

Ψen(τ) = ⟨e
2
n(t)en(t+ τ)⟩ − ⟨en(t)e2

n(t+ τ)⟩
⟨e3

n(t)⟩ ≡

≡ Φen(τ) = 1
3
⟨[en(t+ τ)− en(t)]3⟩

⟨e3
n(t)⟩ . (4.80)

Even though the two quantities are divided by non-dimensionalizing factors (here
the average cubed energy of shell n) which in Eqs. (2.62) and (2.63) are absent,
we decided not to change notation to simplify the comprehension. Again, let us
remember that ⟨·⟩ indicates time average over a stationary state. We also recall that
the two different expressions should be formally equivalent for a stationary signal,
but can be numerically different for finite statistics (see Appendix D).
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Figure 4.7. Asymmetric time-correlation functions Ψen
(t) at varying n as labeled. (a)

Turbulent case, shells n in the inertial range. Different functions show a qualitatively
similar behavior, and symmetry under time reversal is absent. Statistics: 6 · 105 samples.
(b) Inviscid case, shells n as labeled in the range with energy equipartition. Small
fluctuations around zero are compatible with Ψen(t) = 0. Statistics: 5 · 105 samples.

The inviscid unforced shell model reaches an equilibrium statistically stationary
state characterized by detailed balance and zero net currents. In other words, forward
and backward dynamics are indistinguishable. As a consequence we should expect
that Ψen(τ) ≡ Φen(τ) = 0. Conversely for the viscous forced shell model, owing to
the presence of an energy flux from large to small scales (i.e. from small to large
shells), the dynamics is irreversible and Ψen(τ) ≡ Φen(τ) ̸= 0. Such expectations are
well verified as shown in Figure 4.7: apart from unavoidable fluctuations, Ψen(τ) = 0
for the inviscid model (run-Eq, Figure 4.7(b)), while for the forced model is clearly
different from zero (run-LSF, Figure 4.7(a)) for all measured shells and, actually,
the nonequilibrium case displays several interesting features that we discuss in the
following.

First of all, for small time lags Ψen(τ) is negative, but it becomes positive at
larger τ and finally it approaches zero in an asymptotic fashion (not clearly visible
in logarithmic time axis used in Figure 4.7(a)). This is consistent with the idea
that energy decreases on a fast time scale and increases over a longer time scale
(notice that by stationarity ⟨en(t+ τ)⟩ = ⟨e(t)⟩). This is similar to the flight-crash
events described in [75], but in that work they were studied in terms of the kinetic
energy of a Lagrangian tracer particle, while here they are intended at the level of
a single shell. The phenomenon by which the energy loss is faster than the energy
gain is physically understood from the fact that the time scale of the shell decreases
with the scale as τn ∼ (unkn)−1 ∼ k−2/3

n , where in the last approximation we used
Kolmogorov scaling. Therefore, it takes longer to receive energy from larger and
slower scales (smaller n) than to transfer it to smaller scales (larger n).

The temporal behavior of Ψen(τ) is the result of several time-scales simultaneously
at play, as already clear from Figure 4.7(a). Indeed one can see that the short time
minima depends on the shell index n while the large-time decay is essentially
independent of n, as the curves reach zero at about the same time. The presence
of many time scales is even clearer by looking at Figure 4.8, showing that different
rescaling of the time lags depending on the scale as kβ

n are needed to make either
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The vertical dashed lines are drawn to guide the eyes making clearer the line up.

the minima (β ≈ 0.76, Figure 4.8(a)) or the maxima (β ≈ 0.5, Figure 4.8(b)) line
up. While we have no clear understanding of the latter exponent, the first one can
be understood as follows.

As discussed in the following Paragraph and in Appendix D, at short times the
following should hold:

Ψen(τ) ≡ Φen(τ) ≈ ⟨ėn
3⟩

⟨e3
n⟩
τ3 . (4.81)

Equations (4.67) and (4.84) (see next Section) imply that ⟨ėn
3⟩/⟨e3

n⟩ ∼ k
3−ζ(9)+ζ(6)
n .

From our simulations we get ζ(6) ≈ 1.70(2) and ζ(9) ≈ 2.43(6). If we now re-scale
τ in Eq. (4.81) with τn ∼ k−β

n by requiring that the expression does not depend
on n we have β = (3 − ζ(9) + ζ(6))/3 ≈ 0.76(3), which is in good agreement
with the numerical exponent that rescales the minima in Figure 4.8(a). We also
notice that Ψen is the difference of two disconnected, single scale and multi-time
correlation functions that, as thoroughly discussed in Ref. [103], should involve
a whole hierarchy of fluctuating eddy-turnover times from the shortest up to the
largest. In [103] the general framework of multi-time and multiscale correlation
functions was discussed, into which the functions Ψen find their place: one can define
suitable correlations involving energy at different shells and different times, which
besides providing information on the irreversibility can also further characterize the
physics of the energy cascade. However, this goes beyond the aim of this thesis and
can be investigated possible future studies.

Power fluctuations

The negativity of Ψen(τ) for small τ can be further scrutinized by studying directly
the τ → 0 limit. Indeed by expanding (4.80) for small τ (see Appendix D, where
a discussion on the subtle numerical aspects related to the short time behavior of
Ψ and Φ is also present) it is easy to realize that the initial-time behaviour means
that ⟨ė3

n⟩ < 0, while we know by stationarity that ⟨ėn⟩ = 0: this means that the
statistics of ėn is negatively skewed, which confirms the fact that it is more probable
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Figure 4.9. (a) Asymmetric moments −Aq(kn) defined in (4.83) at varying the shell
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The moments for q < 1 are positive (not shown) and A1(kn) = 0 by stationarity. The
lowest and highest shells are omitted. (b) Symmetric moments Sq(kn) (empty symbols)
and asymmetric ones −Aq(kn) (filled symbols) rescaled by their value at n = 3 for three
values of q, as labeled. The black solid lines display the prediction (4.84). Inset: the
ratio −Aq(kn)/Sq(kn), with q = s/3 for s = 1, . . . , 9 from bottom to top. Statistics is
computed on 2.5 · 106 samples.

to lose than to gain energy on short time intervals. This observation was originally
made in [75] in the context of irreversibility of Lagrangian trajectories in turbulence,
and further analyzed in [104] in both direct numerical simulations and in a shell
model version of Lagrangian motion. In particular, in [104] a set of symmetric and
asymmetric moments was introduced to probe the asymmetry of the distribution.

Here, following the mentioned work, we consider the moments:

Sq(kn) = ⟨|ėn|q⟩/ϵq (4.82)
Aq(kn) = ⟨ėn|ėn|q−1⟩/ϵq (4.83)

where the normalization by ϵq is only to make the quantities nondimensional. These
moments allow to probe the scaling behavior of both symmetric and asymmetric
components of the power statistics. Numerical simulations show that Aq(kn) > 0
for q < 1 and < 0 for q > 1, whereas for q = 1 is zero by stationarity. Moreover,
as shown in Figure 4.9(a), the asymmetric moments display a power law behavior,
−Aq(n) ∼ kα(q)

n . To rationalize the exponents α(q) we can use dimensional analysis
in the spirit of the multifractal model [6]. Noticing that ėn is energy divided by
time, we can assume that for each shell one has to use its own characteristic eddy
turnover time, that dimensionally can be estimated as τn ∼ 1/(|un|kn), so that

⟨ėq
n⟩ ∼ ⟨|un|2qkq

n|un|q⟩ ∼ kq
nS3q(n) ∼ kq−ζ(3q)

n , (4.84)

where we used (4.66) and (4.67) in the last two steps. It should be noted that
this argument is purely dimensional, thus it applies both to the symmetric and
asymmetric moments. It is worth stressing that it is not obvious a priori that Sq(kn)
and −Aq(kn) should scale in the same way, and neither that the asymmetric moment
could be guessed with a dimensional argument. Indeed it depends on cancellations
that, in principle, are very difficult to control or to guess. However, Figure 4.9(b)
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shows that Sq(n) and −Aq(n) possess the same scaling behavior, and that it agrees
perfectly with the dimensional prediction (4.84). In the inset the ratios between
asymmetric and symmetric moments of different orders are plotted, showing that in
the inertial range they are shell-independent quantities.

4.5.2 Energy response functions

In this Section we continue the investigation of nonequilibrium features in the Sabra
model by means of time-dependent indicators, again comparing the results with
those of its inviscid unforced counterpart. While the chosen asymmetric correlation
functions studied in the previous Section were essentially local (in shells) quantities
- even though we stress once more that their overall behaviour was due to a large
hierarchy of timescales, e.g. shells - here we would like to gain additional information
about the dynamical relationship between nearby shells. It is known that the
spectral-space triad interactions are the source of the nontrivial transport properties
generating, for instance, the energy cascade. Such cascade can be viewed as a
symmetry breaking of the upscale vs. downscale coupling terms, favoring energy
transfer towards large shells.

In order to detect this scale asymmetry between shells, we shall study non-
diagonal RFs on the shell energies en(t) of the type introduced in (2.73):

Rm,n(t) = δen(t)
δem(0) , (4.85)

where the first index refers to the perturbed shell and the second to the shell whose
energy variation one measures. To fix the initial energy perturbation δem(0) of each
experiment we use the following rule for the shell velocity at t = 0:

um =
√

2eme
iθm −→ u′

m =
√

2(em + δm)eiθm (4.86)

where θm is the phase of um, and
√

2em its modulus. The constant δm quantifies the
magnitude of the initial energy perturbation while keeping the phase of um fixed,
and is such that: δem(0) = δm. The phases are indeed crucial for the energy transfer
[105]: for this reason we opted for not introducing any deviation in them. Moreover,
we consider a non-infinitesimal perturbation similarly to [76]: specifically, we choose
δm to be a finite fraction of the typical fluctuation of the shell energy, namely its
standard deviation:

δm = fσen = f

2

√
⟨|un|4⟩ − ⟨|un|2⟩2 , (4.87)

in which f ≃ 0.2 was used.
In Figure 4.10 we compare the RFs Rm,n with n −m = ±1 measured in the

viscous model (run-LSF, panel a) and in the inviscid model (run-Eq, panel b).
The functions in Figure 4.10(a) clearly display the asymmetry between degrees of
freedom mentioned before: in the turbulent system the opposite sign of the “forward”
(towards smaller scales) and “backward” (towards larger scales) RFs reveals the
presence of an overall energy current, displacing energy on average from larger to
smaller scales. The different amplitudes and relaxation times relate to the fact that
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Figure 4.10. Non-diagonal energy RFs defined in (4.85), with error bars, measured at
the neighboring shells of the perturbed one. (a) Turbulent Sabra model. Initial energy
perturbation: δm=11 ≃ 9.93 · 10−3. (b) Inviscid Sabra model. The initial transient is
plotted with logarithmic time axis up to the red vertical line, the later stages with a linear
axis. Another RF has been added (green plot), with more distance between m and n, in
order to show the common asymptotic value. The dot-dashed line shows R(∞)

eq which is
the value that would be reached if perfect energy equipartition occurs, the dashed line
shows R(∞)

corr which is the asymptotic value taking into account the boundary corrections
(see Appendix E and main text). Initial perturbation δm=6 = δm=7 ≃ 1.79 · 10−3. The
insets of both figures are enlargements of the initial-time range, showing respectively
a non-zero and a zero first derivative at t = 0. In all figures statistics is computed on
5 · 105 realizations.

larger scales have larger amplitudes and are slower than the smaller scales. On the
other hand, such an asymmetry is clearly lost in the inviscid system, as shown in
Figure 4.10(b): the RFs are all positive, and after an initial transient they approach
a common non-zero asymptotic value. This trend can be explained as follows. In the
inviscid system the total energy ∑n en (but also helicity) is conserved, therefore our
perturbation, which always increases the energy of the perturbed shell, brings the
system to a larger constant-energy hypersurface in phase space. Assuming a perfect
energy equipartition one can compute the expected long-time value R(∞)

eq = 1/N .
However, as discussed in Appendix E, boundary effects prevent perfect equipartition.
Taking them into account one can compute a corrected asymptotic value, R(∞)

corr ,
which fits better with the data as shown in Figure 4.10(b).

It is equally interesting to notice that short shell-distance RFs show non-zero
initial time derivatives in the turbulent case, whereas they are zero in the inviscid
system (see the insets of Figure 4.10). Briefly, this is due to the presence or absence,
respectively, of energy cascades in the system, since these derivatives are related to
the order-three correlator describing the energy flux through the shells. A thorough
treatment on this point is present in Appendix F.

In order to obtain a more complete investigation of the turbulent cascade we
also studied, in run-LSF, the response of shells further-apart from the perturbed
one. Owing to the fact that the energy spectrum decays as a power law, in the main
panel of Figure 4.11(a) we show the relative energy deviation,

δm

⟨en⟩
Rm,n = δen(t)

⟨en⟩
, (4.88)
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Figure 4.11. Relative energy deviation (4.88) at consecutive shells, with fixed perturbed
shell m, in the turbulent shell model: (a) for shells n > m = 5, with δm=5 ≃ 0.1; (b)
for shells n < m = 14 and δm=14 ≃ 2.74 · 10−3. The insets show the un-rescaled RFs.
Statistics is computed on 5 · 105 iterations.

for n > m. The advantage of the relative deviation (4.88) is that it allows for
normalizing the amplitude of the functions, making it possible to compare the
responses of shells at different distances from the perturbed one. Figure 4.11(b)
shows the same for shells smaller than the perturbed one. The insets represent the
usual (non-normalized) RFs. The energy deviations in the forward direction nicely
collapse onto the same curve, apart from the functions with n −m = 1, 2. These
two are the only functions whose index n is in the same triad of consecutive shells
as m, so a difference with the other functions can be expected. On the other hand,
the energy deviations in the backward direction lack any kind of similarity between
themselves, and their short-time value, before the relaxation, can be indeed positive
(energy gain) or negative (energy loss) for different values of n − m. Unlike the
forward functions, the backward ones show smaller amplitudes as the distance from
the perturbed shell grows. Overall, a correct interpretation of the latter RFs requires
a better understanding of how the different timescales involved, from the slowest to
the one with shell index max{m,n}, contribute to the energy deviation, in the same
way as assumed for multi-time, multi-scale correlation functions [103].

4.5.3 Coexistence of equilibrium and nonequilibrium in the Sabra
model with intermediate-scale forcing

So far we have discussed either the case of the inviscid, unforced shell model or the
forced viscous one. We have shown how asymmetric energy correlations and energy
RFs can reveal the breaking of time reversal and scale symmetry, both induced by
the energy flux from the scales of forcing down to the smaller scales. Of course,
at scales smaller than the forced ones the direct energy cascade is expected in 3D
turbulence: this has been understood since the pioneering work of Richardson and
Kolmogorov.

Less studied is the statistical behaviour of the modes whose length scales are
instead larger than the forcing scales, modes which are figuratively situated upstream
of the cascade source. Since such scales are not directly influenced neither by the
forcing nor by the viscous damping, and considering the direction of the cascade,
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samples.

it has been conjectured that the physics of these large scales should be akin to the
equilibrium one [6]. Numerical [106, 107, 108] and experimental [109] studies indeed
seem to confirm that many aspects of the scales above the injection scale are well
captured by absolute equilibrium theory [83]. Recent studies [110, 111], however,
seem to point to the fact that deviations from equilibrium can be detected in direct
numerical simulations. In particular in [111] the authors show that the third order
velocity structure function is not zero (as a Gaussian-equilibrium statistics would
have prescribed), but decays as the second power of the scale. This observation is
substantiated by an inspection of the Kàrmàn-Howarth-Monin equation [6], which
ultimately shows that such deviations can be ascribed to non-local interactions that,
however, are absent by construction in the shell model. On the other hand, the
k-dependence of the energy spectrum at large scales appears to be determined by the
momentum injected by the forcing: for instance in [110] it is claimed that a solenoidal,
localized-in-space forcing would yield a large-scale spectrum not compatible with
absolute equilibrium.

All the above discussed works motivated us to investigate the behaviours of
asymmetric correlations and energy response functions at scales smaller and larger
of the forcing scale. In order to accomplish this, we now study the Sabra model with
N = 30 shells forced at intermediate scales (i.e. shells nf and nf + 1, with nf = 13)
such that a big enough range of shells was provided both above and below the forced
ones (see Appendix C for further technical details about run-ISF).

Figure 4.12 shows the energy spectrum ⟨en⟩ in the main panel, and the average
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similar to those of Figure 4.11a and b, respectively. (b) Rm,n for m = 7 in the middle of
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asymptotic value as in Figure 4.10(b). The dashed line is estimated as R(∞)

eq = 1/N∗,
where N∗ is the number of shells for which energy equipartition holds. In both cases
statistics is over 2 · 105 realizations.

energy flux ⟨ΠM ⟩ in the inset: energy equipartition and zero energy flux obtained
for shells smaller than the forced ones are good indicators of statistical equilibrium.
At first we study the asymmetric correlation (4.80) to test the time asymmetry of
the energy evolution at scales both below and above the forcing one. As shown in
Figure 4.13, Ψen(τ) for n > nf (main panel) is akin to the results of Figure 4.7(a)
obtained with the usual large scale forcing, while for n < nf (see inset) is statis-
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tically compatible with zero, as expected in an equilibrium regime (compare with
Figure 4.7(b)). Then we investigate the relaxation of an energy perturbation, either
perturbing a shell m > nf (i.e. in the energy cascade range) or a shell m < nf (i.e.
in the supposed equilibrium range). Figure 4.14(a) displays the normalized RFs,
i.e. the relative energy deviations (4.88), when the perturbed shell is larger than
the forced ones, and their behavior retain the features shown by both forward and
backward normalized RFs. Conversely, Figure 4.14(b) refers to the case where the
perturbation acts on a shell smaller than forced ones: as in the inviscid model, all
RFs are positive and reach a common asymptote whose value is again found, in first
approximation, by assuming energy equipartition among the degrees of freedom.

Summarizing, the behavior of both asymmetric correlation and energy response
functions gives strong evidence that, in the Sabra shell model, the physics of the
scales larger than the forcing one is compatible with the equilibrium as in the inviscid
shell model. We remark, however, that there could be some properties which can
deviate from equilibrium. The dynamics clearly does not preserve neither the total
energy nor the total helicity, and it is unclear what will be the effect on, e.g., the
spectrum at the scales which match the forcing scales. As discussed in Appendix E,
in the inviscid case oscillations in the spectra are expected in correspondence of the
largest shell: this behaviour will be clearly modified by the presence of the forcing.
A confirmation of this difference is found in the good estimate of the asymptotic
value computed with the perfect-equipartition assumption: boundary correction
appears not necessary (see Figure 4.14(b)). In Ref. [111] it was pointed out that
there are detectable deviations from Gaussianity at scales larger than the forcing
scale for the Navier-Stokes equations. We studied a similar quantity, namely the
Sabra model third-order structure function as defined in (4.78), and we found that
it takes values compatible with zero for n < nf (not shown). This result is further
confirmed by considering the analogous of the Kàrmàn-Howarth-Monin equation for
the shell model. The difference between DNS and shell model is likely due to the
fact that in the latter the quadratic interaction term is local, and not long-ranged.

4.6 Conclusion

The study of asymmetric time correlations and of energy response functions provided
interesting information about the energy cascade (in the viscous case) or its absence
(in the inviscid case). Asymmetric time correlation functions of the shell energies can
clearly distinguish the case of a forced shell model displaying the direct energy cascade,
in which the peculiar behaviour of the functions is linked to the irreversible energy
transfers, from the case of an unforced and inviscid model where the correlations
simply amount to zero. Energy response functions display great dissimilarities
between the two cases as well: in the inviscid case the conservative nature of the
model clearly emerges from the long-time behaviour of such functions. Moreover, a
net difference is observed in the forced case when looking at shells larger (smaller
scales) or smaller (larger scales) than the perturbed one, as a consequence of the
average energy current from large to small scales. The quantities studied in this
Chapter thus allow to observe - somehow from another novel perspective - the
celebrated Richardson cascade scenario from the point of view of nonequilibrium
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statistical mechanics. Finally, we also considered the case of a Sabra model forced at
intermediate scales, in order to be able to scrutinize the behavior of both quantities
at scales larger or smaller than the forcing scale. The emerging picture seems to
confirm the belief that scales larger than the forcing display properties which can be
ascribed to the equilibrium physics of the unforced-inviscid Sabra model.

There are open research directions stemming from this study. A natural one would
be to adapt our tools to the case of three-dimensional Navier-Stokes turbulence, to be
studied numerically with DNS, and in particular to explore their behavior at scales
larger than the forcing scale where some features seem to be ascribable to equilibrium
[106, 108, 109] while others show deviations from equilibrium [111]. It could be not
surprising, but surely very interesting, to discover that some properties are well
captured by the equilibrium physics while others are not. It must be remarked,
however, that in NS turbulence there is the risk that interesting properties shown by
asymmetric correlations would be masked by sweeping effects, which are unavoidable
in the Eulerian framework. Another possible direction is to exploit the possibility
offered by the Sabra shell model to change the second inviscid invariant by simply
changing the parameter b, in order to repeat the same study in a 2D-like shell model
[112, 101], where an inverse energy cascade (i.e. towards large scales) accompanied by
a direct cascade of enstrophy should take place. In two-dimensional hydrodynamics
nonlocal interactions have a significant weight on transfer mechanisms, rendering
2D shell models less reliable than their 3D versions. Still, a rich variety of regimes
was conjectured to exist for 2D-like models [113]: it is then interesting to observe
what the tools we introduced can tell us about this topic.
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Chapter 5

Conclusion

This Thesis focused on the characterization of time-irreversibility and transfer
processes in nonlinear simplified models of geophysical and turbulent flows: the
two-scales Lorenz96 model and the Sabra shell model. Only a minimal resemblance
to the original, full equations is retained, yet nontrivial dynamical and statistical
phenomena are observed, such as the propagation of Rossby-like waves in the former
and the direct energy cascade in the latter model. Let us remark here the apparent
similarity between the evolution equations of the two systems: the degrees of freedom
are a finite set of interacting variables, real in the former and complex in the latter;
a forcing term provides “energy” to some variables, while linear viscous damping
drains energy from the system; advective-like couplings, preserving phase-space
volumes and energy, redistribute excitations in order to reproduce known transport
properties. Broadly speaking, both models represent driven-dissipative processes.
Conversely, there are major differences that must be borne in mind. The Lorenz96
model aims at reproducing a one-dimensional spatial structure, namely the indices
of the variables indicate a discretization of the positional coordinate along a mid-
latitude circle, whereas the Sabra model mimicks nonlinear spectral interactions in
Fourier space, thus the indices of the variables indicate the wavenumbers (or inverse
lengths) at which velocity fluctuations are estimated. Then, the Lorenz96 model
is constructed with two timescales (also corresponding to two typical fluctuation
amplitudes), while the Sabra model is a (spatially and temporally) multiscale system,
since each Fourier-space shell has its own timescale and typical amplitude.

The tools chosen for performing our investigation on the nonequilibrium na-
ture of both systems yielded original results. The asymmetric third-order time
correlations showed visible differences when computed in the inviscid or viscous
cases: in the former these functions show almost no activity, as expected from
systems that are time-reversible and in equilibrium, while in the latter they display a
nontrivial dependence on time, especially for short time-separations, as they should
for nonequilibrium systems. The consistent behaviour found in the inertial range
of the viscous Sabra model has been successfully linked to the asymmetries shown
by the energy transfers among shells, transfers that are favored along the cascade
direction. Non-diagonal response functions have demonstrated their effectiveness in
detecting transfer asymmetries but also in discriminating between a conservative
and a dissipative dynamics, therefore giving also access to phase-space properties. A
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coherent behaviour was observed, in both models, for local-energy response functions
when measured along the direction of transport (propagation of travelling waves in
Lorenz96, energy cascade in Sabra), accompanied by incoherence in the opposite
direction. We can conjecture the latter phenomenon to be caused by a sort of
interference caused by fluctuations arriving at a given site after having travelled
different paths, but this is still an open question.

In the Sabra model we also investigated the statistical behaviour of length scales
above the forcing scale: the properties found in that range are indistinguishable
from those of systems in equilibrium, while below the forcing the expected cascade
develops. Thus, a coexistence of equilibrium and nonequilibrium properties was
observed when the model is forced at intermediate scales. Additionally, the study
on response functions in the Lorenz96 model led us to some final considerations
about the predictability of multiscale systems. Comparing the responses of the total
energy to a perturbation acting either on a slow or on a fast variable, it appeared
evident how the simple observation of a relaxation process is not able to provide
any information on the perturbing agent which caused the disturbance. A concrete
example from geophysics is the following: let us consider a situation in which one is
interested in predicting how a fluctuation of the air temperature, measured 2 meters
above Earth’s surface on a tropical region, evolves over time. If this fluctuation was
caused by an increase in sea surface temperature - as during the El Niño–Southern
Oscillation (ENSO) phenomenon - then the time evolution of the fluctuation follows
the evolution of this driving. If instead it was caused by an increase in the solar
incident radiation, then its time scale would be linked to that of the radiative
processes.

This work left several open questions: the study of time correlations and response
functions in 2D-like shell models is certainly of paramount interest, but it seems
to be hindered by the unclear effectiveness of the existing models. Contradicting
results are found in the literature, and the possibility that the original Sabra model,
with a single set of variables, may reproduce a double cascade is quite dubious.
The coexistence of equilibrium and nonequilibrium in real viscous flows is a subtle
matter, since long-range spectral interactions could influence the behaviour of some
observables but not of others. The tools showed here may help in understanding
the behaviour of scales larger than the forced ones, even though the problem of
large-scale sweeping on small eddies has to be somehow circumvented. Furthermore,
while response functions are not easy to measure in more complex and realistic
systems, asymmetric time correlations are easily computed from time series: thus
another direction might be to analyze experimental records of suitable geophysical
quantities to infer the absence of time reversibility.
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Appendix A

Derivation of EPR and FDR for
a discrete-time linear Gaussian
process

In this Appendix we compute the Entropy Production Rate (EPR) and the Fluctuation-
Dissipation Relation (FDR) for a linear Gaussian map, providing the full derivation
to Eqs. (2.49) and (2.82). These derivations can be found in [114] and [12], respec-
tively. Let us consider the most general case, namely a n-dimensional stochastic
process at discrete times

xt+∆t = Axt +Bηt , (A.1)

where xt = (x(1)
t , . . . , x

(n)
t ), ηt is a n-dimensional vector of independent Gaussian

variables with zero mean and unitary variance, A is a n× n matrix whose largest
eigenvalue (in modulo) is < 1, and B is diagonal.

Entropy Production Rate
We denote by Ps(x) the probability of x in the stationary state, and by P (x|y) the
probability for the system to be found in x, given that it was in y at the latest time.
First, one has to compute the probability of the direct path xt → xt+∆t

P ({xs}t+∆t
t ) = Ps(xt)P (xt+∆t|xt)

= Ps(xt)
(2π)n/2|B|

exp
[
−1

2
∣∣∣B−1 (xt+∆t −Axt)

∣∣∣2] ,
and that of the inverse trajectory xt+∆t → xt

P ({xs}tt+∆t) = Ps(xt+∆t)P (xt|xt+∆t)

= Ps(xt)
(2π)n/2|B|

exp
[
−1

2
∣∣∣B−1 (xt −Axt+∆t)

∣∣∣2] .
Since the system is Markovian, we only need to consider one time-step. The entropy
production rate is then defined as:

σ = 1
∆t

〈
log P ({xs}t+∆t

t )
P ({xs}tt+∆t)

〉
, (A.2)
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where the average is taken on P ({xs}t+∆t
t ). Since we are in the stationary state, the

marginal probabilities verify

P (xt) =
∫
dxt+∆tP ({xs}t+∆t

t ) = Ps(xt)

and
P (xt+∆t) =

∫
dxtP ({xs}tt+∆t) = Ps(xt+∆t) .

This fact allows for several simplification in the computation of (A.2). In particular,
we easily get

σ = 1
∆t

〈
xT

t+∆tB
−2Axt − xT

t B
−2Axt+∆t

〉
= 1

∆t
〈
xT

t (ATB−2 −B−2A)xt+∆t

〉
.

In the second passage we used the trivial property that a 1× 1 matrix is symmetric.
By recalling (A.1), we get the final result

Σ̇ = 1
∆t

〈
xT

t (ATB−2 −B−2A)Axt

〉
= 1

∆tTr
[
(ATB−2 −B−2A)AC0

] (A.3)

where by Tr we denote the trace, and

C0 = ⟨xtx
T
t ⟩ . (A.4)

This result can readily be applied to our system of interest (2.46) by simply substi-
tuting ∆t = 1 and B = B−2 = I, with I the identity matrix. The sought expression
(2.49) for the entropy production rate then follows.

Fluctuation-Dissipation Relation

The derivation consists simply in applying the generalized FDR:

Rx(j), x(k)(t) = −
〈
x

(k)
t

∂ ln ρ(x)
∂x(j)

∣∣∣∣
t=0

〉
(A.5)

having substituted B(xt) = x
(k)
t in the general formulation (2.80), and assumed

that the considered process admits a smooth invariant distribution ρ(x). Solving
iteratively Eq. (A.1), setting for simplicity ∆t = 1, we find:

xt = Atx0 +
t−1∑
s=0

At−s−1Bηs . (A.6)

This yields the following relation between time correlations and the matrix A:

Ct ≡ ⟨xtx
T
0 ⟩ = At⟨x0xT

0 ⟩ ≡ AtC0. (A.7)
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On the other hand, the r.h.s. of (A.5) reads

−
∫
dx0 dx

(k)
t x

(k)
t

∂ ln ρ(x0)
∂x

(j)
0

ρ(x(k)
t |x0)ρ(x0)

= −
∫
dx0 dx

(k)
t x

(k)
t

∂ρ(x0)
∂x

(j)
0

ρ(x(k)
t |x0)

=
∫
dx0 dx

(k)
t x

(k)
t ρ(x0) ∂ρ(x(k)

t |x0)
∂x

(j)
0

= −
∫
dx0 dx

(k)
t x

(k)
t ρ(x0) [At]kj ∂ρ(x(k)

t |x0)
∂x

(k)
t

,

where we have indicated by ρ(x(k)
t |x0) the probability density of x(k)

t conditioned to
the initial state x0. In the passage from second to third line an integration by parts
with respect to x(j)

0 is performed, while from third to fourth line we noticed that the
derivative can be switched from x

(j)
0 to x(k)

t , since ρ(x(k)
t |x0) depends on x

(k)
t and

x
(j)
0 only through the linear combination x

(k)
t −

∑
i[At]kix

(i)
0 . Integrating by parts

with respect to x(k)
t one obtains for (A.5):

Rx(j), x(k)(t) = [At]kj (A.8)

that in matrix form becomes, taking into account (A.7),

Rt = CtC
−1
0 . (A.9)

This is the FDR for linear Gaussian processes that was verified in Paragraph 2.3.4,
derived here for discrete-time evolutions but valid also for continuous-time dynamics.
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Appendix B

Lyapunov exponents and their
extensions

Lyapunov exponents [58, 59] quantify the mean rate of divergence of trajectories
starting infinitesimally close to a reference one, generalizing the concept of linear
stability to aperiodic motions.

Let us consider a n-dimensional trajectory x(t) generated by the ODE

ẋ = f(x) . (B.1)

We are interested in the behaviour of nearby trajectories x′(t) starting from initial
conditions x′(0) such that: x′(0) = x(0) + δx(0), |δx(0)| ≪ 1. Supposing that
δx(t) = x′(t) − x(t) remains (infinitesimally) small at all times, then δx can be
considered as a vector z(t) in tangent space. Its time evolution is obtained by
linearizing Eq. (B.1):

ż = J(x)z (B.2)
where Jij(x(t)) = ∂fi(x)/∂xj |x(t) is the Jacobian matrix. As a consequence of
the Oseledec theorem [115], under quite general hypotheses, an orthonormal basis
{ei(x(t))} exists in tangent space such that z can be written as:

z(t) =
n∑

i=1
ci |z(0)| ei(x(t)) eλit , (B.3)

with generic coefficients {ci}. Eq. (B.3) roughly means that a sphere of radius ε and
center x(0) is deformed with time into an “ellipsoid” of semi-axes εi(t) = ε exp(λit)
directed along the ei vectors. The quantities λ1 ≥ λ2 ≥ · · · ≥ λn are called
characteristic Lyapunov Exponents (LEs).

The maximum LE λ1 plays the dominant role in determining the nature of a
dynamical system. Defining the response function Rτ (t) = |δx(τ + t)|/|δx(τ)|, such
exponent can be defined by averaging the logarithm of the response function over
the possible initial conditions along the trajectory [116]:

λ1 = lim
t→∞

1
t

lnR(t) , (B.4)

in which (·) indicates a time average over τ . When the limit exists and yield λ1 > 0,
then the trajectory shows sensitivity to initial conditions and the system is chaotic.
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Let us point out that Lyapunov exponents are associated to a single trajectory, thus
the dependence on x(0) has to be retained unless the dynamics is ergodic.

Characteristic LEs, however, cannot account for time fluctuations due to their
global character. For instance, (B.4) provides an average measurement of the
expansion rate, but tells us nothing about a possible intermittent behaviour. Higher-
order moments of Rτ (t) may be studied to better quantify fluctuations, and to this
end generalized LEs L(q) can be introduced:

L(q) = lim
t→∞

1
t

lnRq(t) . (B.5)

Interestingly, the maximum LE can be recovered from the generalized ones as:
λ1 = limq→0 L(q)/q = dL(q)/dq|q=0. If fluctuations are absent, then L(q) = λ1q.

A further extension of LEs stems from the interest in considering finite-size
perturbations, that are common in real systems. Here the linear tangent-space
formalism does not apply, therefore alternative methods are necessary to study
the divergence of nearby trajectories. A possibility is to consider the Finite-Size
Lyapunov Exponent (FSLE) [60, 59], which quantifies at different observation scales
the average growth rate of non-infinitesimal perturbations. If such perturbations
have initial amplitude δ and we want to follow them up to a chosen tolerance ∆,
one can define a predictability time T (δ,∆) as the time it takes for a perturbation
to grow from size δ to size ∆. The natural definition of the FSLE is an average of
some function of the predictability time, such that if both δ and ∆ are infinitesimal
one recovers the usual maximum LE. A possible choice is:

λ(δ,∆) =
〈 1
T (δ,∆)

〉
ln
(∆
δ

)
, (B.6)

but others viable options exist. The authors [60] also propose, besides (B.6), to
measure the time Tr an initial perturbation of size δ needs to reach a size rδ, with r
a chosen growth factor. Once that separation is attained, the perturbed trajectory
x′ is rescaled at the original distance along the direction δx, and the procedure is
repeated several times. A FSLE at scale δ is then computed as:

λ(δ) =
〈 1
Tr

ln
( |δx(Tr)|
|δx(0)|

)〉
= 1
⟨Tr⟩e

ln r , (B.7)

where ⟨·⟩e is an average over many consecutive experiments. For infinitesimal errors
δ and not too large r this definition yields the maximal LE. Other FSLEs are present
in the literature, and we refer the reader to [60, 58] and references therein.
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Appendix C

Numerical details of simulations

Two-scales Lorenz96 model

The model used in the numerical computation, defined by Eqs. (3.5), is made
N = 30 slow variables and K = 5 fast variables for each slow one, for a total of
D = N(K + 1) = 180 degrees of freedom. The numerical integration is performed by
means of a 4th order Runge-Kutta algorithm. The integration time step employed
is dt = 5 · 10−5 for both inviscid and viscous cases. It was chosen by running a
simulation without forcing and damping terms and ensuring that the total energy
remained constant (within a very small range) for simulation times of O(105). The
study required very long runs of the inviscid system, so it was necessary to minimize
as much as possible the discrepancy between the total energy at the beginning and
at the end of the simulations. The initial conditions, for both cases, are drawn
following a common protocol for the Lorenz96 model: all X’s and y’s are given a
common positive value, chosen here to be 0.1, and then one fast and one slow variable,
randomly extracted, are perturbed by an amount δX and δy. In the inviscid model
δX = δy = 10−4, whereas in the viscous one δX = b δy = 10−4. For completeness we
remember that the parameter used in the viscous system are: c = 5, b = 10, h = 1
and F = 10, while in the inviscid system we put F = 0 and the linear damping
terms are dropped in both (3.5a) and (3.5b).

Sabra shell model

The Sabra shell model, Eq. (4.68), with N shells was integrated by means of a 4th
order Runge-Kutta algorithm, with explicit integration of the linear term (see e.g.
[117]). In the turbulent case, the moduli of the complex shell velocities were first
initialized according to the scaling law |un| ∼ k−1/2

n , while the phases were assigned
randomly in [0, 2π). In the inviscid and unforced shell model we fixed the total
energy to Etot = 0.13 and distributed it equally among all shells as |un| =

√
2Etot/N ,

with phases assigned randomly as well. Then, in both cases, we let the system
evolve for a long enough transient of time (many large eddy turnover times) until
a stationary state is reached, after which we start our measurements. As for the
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forcing fn in (4.68), we inject energy at scale nf and nf + 1 by imposing

fn =
{
ϵ/(2u∗

n) for n = nf , nf + 1
0 otherwise (C.1)

so that the input power ∑n Re(fnu
∗
n) = ϵ is constant at each timestep. In all our

simulations ϵ = 1 was chosen.
Table C.1 summarizes the parameters we used in the three simulations, run-LSF,

run-Eq and run-ISF.

Parameter run-LSF run-Eq run-ISF
∆t 5 · 10−5 5 · 10−5 10−5

N 24 15 30
k0 2−4 2−4 2−10

nf 1 N.A. 13
ν 10−6 0 5 · 10−7

Table C.1. Values of the parameters used in numerical simulations. Run-LSF and Run-ISF
correspond to the forced shell model, i.e. the turbulent case, with forcing at large scales
or intermediate scales, respectively, while run-Eq denotes the unforced inviscid shell
model, i.e. the equilibrium case. The parameters are the time step (∆t), the number
of shells (N), the smallest wave number (k0), the smallest of the two consecutive shell
numbers where the forcing is acting (nf ), and the viscosity (ν).
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Appendix D

Issues on the numerical
computation of asymmetric
correlations

In this Appendix we discuss some delicate issues about the numerical computation
of the correlation functions (2.62) and its equivalent form (2.63). First of all, we can
rewrite Eq. (2.63) as

Φx(τ) = Θx(τ) + Ψx(τ) , (D.1)

with Θx(τ) = 1
3
[
⟨x3(t+ τ)⟩ − ⟨x3(t)⟩

]
. Owing to the assumed stationarity of x(t),

one expects Θx(τ) = 0, and thus Φx(τ) ≡ Ψx(τ). However, in numerical evaluations,
due to the way cancellations are realized, the two equivalent functions Ψx and Φx

have different pros and cons, as discussed below. In the following we will drop the
subscript x and the time dependence from the x variable to ease the notation.

The obvious advantage of computing Ψ(τ) is that, especially at large τ , it
guarantees the cancellation of the term Θ(τ) because it is automatically imposed.
This can be appreciated from Figure D.1 where one can see that, at large τ , the
curves obtained computing Ψ in the Sabra model, i.e. with x(t) = en(t), tend to
be smoother than those obtained by computing Φ, although both curves do convey
the same result. However, as will be shown below, problems due to statistical
convergence can manifest at small τ , while the computation of Φ(τ) is more efficient
in ensuring the cancellations at small τ ’s. To understand such issue it is useful to
Taylor-expand the functions Θ(τ), Ψ(τ) and Φ(τ) at τ ≃ 0, stopping at third order:

Θ(τ) = ⟨x2ẋ⟩τ + 1
2⟨[2xẋ

2 + x2ẍ]⟩τ2

+ 1
6⟨[2ẋ

3 + 6xẋẍ+ x2 ...
x ]⟩τ3 + . . . (D.2)

Ψ(τ) = −⟨x2ẋ⟩τ − 1
2⟨[2xẋ

2 + x2ẍ]⟩τ2

− 1
6⟨[6xẋẍ+ x2 ...

x ]⟩τ3 + . . . . (D.3)

Φ(τ) = 1
3⟨ẋ

3⟩τ3 + . . . . (D.4)
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Figure D.1. Correlation functions Ψen
(τ) and Φen

(τ) for the turbulent Sabra model, with
n = 5, 7, 9. Statistics is computed on 5 · 105 samples. Inset: short time behavior (τ < 1)
of the same correlation functions with inverted sign and in logarithmic y scale. The
dashed and dash-dotted lines denote respectively a linear and a cubic dependence on
τ . Statistics on 106 samples. We point out that computing the running average of
⟨e2

nėn⟩ = d/dt⟨e3
n⟩/3 (not shown) one can clearly see the slow convergence to zero, which

is responsible for the spurious linear behavior.

Since in principle Φ ≡ Ψ, then also Ψ(τ) should behave the same way at small τ . In
order to see this it is useful to rewrite Eqs. (D.2-D.3) as

Θ(τ) = 1
3
d

dt
⟨x3⟩τ + 1

2
d

dt
⟨x2ẋ⟩τ2 + 1

6
d2

dt2
⟨x2ẋ⟩τ3 (D.5)

Ψ(τ) = −1
3
d

dt
⟨x3⟩τ − 1

2
d

dt
⟨x2ẋ⟩τ2

− 1
6

[
d2

dt2
⟨x2ẋ⟩ − 2⟨ẋ3⟩

]
τ3 . (D.6)

Now all the terms of the form dk/dtk⟨[. . .]⟩ should vanish by stationarity, so that
Ψ(τ) = 1

3⟨ẋ
3⟩τ3. However, the statistical convergence of dk/dtk⟨[. . .]⟩ → 0 may be

hard to obtain with a finite statistics, leading to spurious O(τ) terms. The inset
of Figure D.1 does illustrate precisely this problem. As one can see the small τ
behavior of Ψ when computed for the energy of shell 5 and 7 starts with a spurious
linear behavior and recovers the correct τ3 behavior only at sufficiently large τ ’s,
while Φ always displays the correct τ3 dependence. For shell 9 the two curves do
coincide: this is due to the fact that shell 9 is much faster than 7 and 5 so that
statistical convergence, and thus the cancellations, can be realized more easily.

We conclude this appendix by noticing that in Ref. [51] the authors reported a
linear behavior at small τ for an experimental time series of a turbulent velocity flow.
As discussed above, we strongly believe that the linear behavior have a spurious
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origin. It would thus be very interesting to re-analyze the data using Φ(τ) instead
of Ψ(τ) for confirmation.
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Appendix E

Energy equipartition in the
inviscid Sabra model

As discussed in Appendix C, in the inviscid shell model we start from an initial
configuration of perfect energy equipartition. However, as shown in the blue plot
of Figure E.1, after stationarity is reached the measured energy spectrum shows
clear departures from equipartition at large shell indexes, where sharp oscillations do
appear. A few more simulations (not shown), performed at changing the number of
shells while keeping the energy per shell constant in the initial condition, demonstrate
that the oscillations remain confined to the last 5-6 shells. Indeed by appropriately
shifting the shell axis we observed that the oscillations do superimpose. This
demonstrates that such oscillations are due to the boundary conditions which in the
shell model, having a single variable per shell, are expected to have a stronger effect
than in the truncated NS equation. The main consequence of such oscillations is to
alter the equipartition value of the energy far from the boundary, so to invalidate
the naive expectation R

(∞)
eq = 1/N for the asymptotic value of the energy response

functions, as discussed in Section 4.5.2. In order to determine the corrected (effective)
value we have run a long simulation after having performed the usual perturbation
(4.86), and we computed the new spectrum (red plot in Figure E.1). This way one
can directly measure the energy shift in the far-from-boundary shells, which display
equipartition. Due to this effect, the actual difference between the two equipartition
values is larger than it would be in the case of perfect equipartition, meaning that
the asymptotic value of Rm,n(t) is slightly larger than expected (see Figure 4.10(b)).
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Figure E.1. Energy spectra of unperturbed (blue) and perturbed (red) inviscid Sabra shell
model. The fit on the equipartition region of the perturbed spectrum, restricted to the
shells which are far enough from the large-n boundary, leads to the value R(∞)

corr. Initial
perturbation δm=7 ≃ 1.79 · 10−3.
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Appendix F

Initial time-derivatives of
response functions in the Sabra
model

In this Appendix we focus on the initial time derivatives of the energy response
functions, showing that they provide information on the direction of the average
energy flux among shells (where present).

From Eq. (4.68) we derived the equation for the energy rate of change at shell n,
which we rewrite here:

ėn = −tn + dn + in . (4.73)

The transfer term tn, which interests us the most here, reads:

tn = ∆n+1 + b∆n − (1 + b)∆n−1 , (4.74)

where ∆n is defined as:
∆n = knIm{u∗

n−1u
∗
nun+1} . (4.77)

For the sake of readability we omitted the time variable in all the dynamical
quantities. The transfer term explicitly shows that, by construction of the model,
energy is directly exchanged between neighbors and next-to-neighbors shells, i.e.
within a “range” (or distance) 2. The real quantities ∆n play a key role in the
following argument.

In both inviscid and turbulent cases (assuming in the latter to restrict ourselves
in the inertial range so that the forcing is absent and the dissipation can be neglected)
we can express the initial time derivative of Rm,n(t) using (4.73) as follows:

dRm,n

dt

∣∣∣∣
t=0

= − 1
δm

[
t′n(t)− tn(t)

] ∣∣∣∣
t=0

, (F.1)

where primed quantities refer to the perturbed system.
Let us start from the inviscid case. As shown in the inset of Figure 4.10(b), the

time-derivative of Rm,n is zero for t = 0 for any n, which can be understood as
follows. Clearly, if |n−m| > 2 the perturbed shell m does not directly interact with
shell n, which is thus unaware of the perturbation for some time and, consequently,
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dRm,n/dt
∣∣
t=0 = 0. On the other hand if |m− n| ≤ 2 the shell n will in principle be

affected by energy perturbation via the non-linear term. However, at equilibrium,
we should expect the shell velocities to be statistically independent and Gaussian.
Now, by using Eq. (4.73) with in = dn = 0, for n = m+ 1 it is easy to derive that

dRm,m+1
dt

∣∣∣∣
t=0

∝ 1
2(δ∆m+1 + δ∆m)

∣∣∣∣
t=0

. (F.2)

Here δ∆m = kmIm{u∗
m−1δu

∗
mum+1} and δ∆m+1 = km+1Im{δu∗

mu
∗
m+1um+2}, and in

general δf denotes the difference between variable f in the perturbed and unper-
turbed systems. Under the assumption that the average over many realization is
equivalent to the statistical average, one finds that the triple moments factorize into
the product of three single moments, two of which are zero. With the same reasoning
one can conclude that the derivative should be zero also for n = m− 2,m− 1 and
m+ 2.

We now discuss the turbulent case. For |m− n| > 2 the same reasoning relying
on the distance between perturbation and response applies, so that the initial
derivatives of the RFs should be zero. For |m − n| ≤ 2, one can construct the
following argument. First, we rewrite the perturbed velocity (4.86) in terms of um

as u′
m = um

√
1 + δm/em, so that

δum =(u′
m−um)=

(√
1 + δm

em
−1
)
um≡αmum , (F.3)

where we notice that αm is a real positive quantity for δm > 0. Then, the equation
(F.1) can be explicitly written as:

δm
dRm,n

dt

∣∣∣∣
t=0

=−
[
δ∆n+1− 1

2δ∆n− 1
2δ∆n−1

]∣∣∣∣
t=0

, (F.4)

where

δ∆n

∣∣
t=0 =knIm

[
δm,n−1αn−1u

∗
n−1u

∗
nun+1 +

+ δm,n αnu
∗
n−1u

∗
nun+1 + δm,n+1αn+1u

∗
n−1u

∗
nun+1

]
. (F.5)

n R.h.s. of (F.4)

m− 2 −αm∆m−1
∣∣
t=0 < 0

m− 1 αm

[
1
2∆m−1 −∆m

]∣∣
t=0 < 0

m+ 1 αm

[
1
2∆m + 1

2∆m+1
]∣∣

t=0 > 0

m+ 2 αm
1
2∆m+1

∣∣
t=0 > 0

Table F.1. Initial time derivatives of Rm,n(t) for |n−m| ≤ 2.
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The Kronecker delta δa,b imposes that at least one of the three shell velocities involved
has to be the initially-perturbed one, otherwise there will be no contribution, as
seen in the previous case.

Computing the sign of the initial time derivative of the RFs amounts to studying
terms of the kind (indices omitted):

δ∆ ∼ kαIm
{
uuu

}
= α∆, (F.6)

but α is positive by definition (see Eq. (F.3)), and it can be shown [9] that ⟨∆⟩ is
positive on average since it is related to the energy flux (4.79). Again we will assume
that ∆ = ⟨∆⟩.

Once established this result let us reconsider (F.4) and (F.5). In Table F.1 we
explicitly write the non-zero terms, when varying n in the range of indices we are
studying. Given that ∆n > 0, at least for n in the inertial range, we have that
backward RFs start with negative slope, while forward ones with positive slope.
Concerning the case n = m− 1, where the sign of the expression is not as straight-
forward as the others, the negativity of the r.h.s. is ensured by an explicit expression
for ∆n found in Eq. (16) of [9].
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