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Abstract

This thesis investigates new advances in Derivative-Free Optimization (DFO), focusing on complexity
analysis for line-search methods and proposing a novel mixed penalty-barrier approach for handling
constraints in black-box optimization problems. Classical optimization approaches often rely on gra-
dient information; however, in practical applications, derivatives may be unavailable, unreliable, or
costly to compute. DFO addresses this gap by developing methods that depend solely on function
evaluations, which are crucial for applications with noisy, expensive, or simulation-based objective
functions.

Chapter 2 presents a theoretical analysis of line-search based DFO algorithms, concentrating on
their worst-case complexity bounds in both unconstrained and bound-constrained contexts. For
unconstrained problems, a worst-case complexity bound is established that matches the iteration
requirements of existing direct search methods, marking a significant theoretical contribution to the
field. Additionally, for the bound-constrained case, a criticality measure is introduced to evaluate
solution quality, with complexity bounds developed to ensure efficient progress. An active-set iden-
tification property is also demonstrated, showing that the method can recognize and exploit bounds
that are active at the solution, enhancing computational efficiency for bound-constrained problems.

Chapter 3 introduces a sequential mixed-penalty approach for solving general nonlinear constrained
black-box optimization problems, where traditional derivative-based constraint-handling techniques
are unsuitable. This approach combines two distinct penalty mechanisms: a logarithmic barrier for
handling inequality constraints and an exterior penalty for equality constraints. This dual strategy
leverages a line-search framework to enforce constraint satisfaction while accommodating variable
bounds, demonstrating improved feasibility attainment in constrained black-box settings. Further-
more, a direct search variant of the algorithm is developed, incorporating the mixed penalty strategy
to manage unrelaxable constraints effectively.

Together, these contributions advance the field of DFO by providing rigorous complexity bounds
for line-search methods and a robust mixed penalty-barrier framework for constrained optimiza-
tion. Empirical tests validate the efficacy of these algorithms across a diverse range of constrained
optimization problems, underscoring their applicability in real-world black-box settings.
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Notation

Throughout the thesis, vectors will be written in lowercase boldface (e.g., v ∈ Rn, n ≥ 2), and the
i-th component of v ∈ Rn will be denoted as (v)i or vi in absence of ambiguity. Matrices will be
written in uppercase boldface (e.g., S ∈ Rn×p). The set of column vectors of a matrix D will be
denoted by D, and more generally sets such as N,Q,R will be denoted by blackboard letters. The
set of nonnegative real numbers will be denoted by R+. Sequences indexed by N will be denoted by
{ak}k∈N or {ak} in absence of ambiguity. Let A = {a1, . . . , ap} ⊂ Rn be a (finite) set of vectors, we
denote as cone(A) the cone generated by the positive combinations of the vectors ai. Given a point
x ∈ Rn and a set Ω ⊂ Rn, we denote by xΩ the projection of x onto Ω, we use the notation TΩ(x) to
denote the tangent cone to Ω at x and GTΩ(x) to denote the set of generators for TΩ(x), and we use
NΩ(x) to denote the normal cone to Ω at x. Given β ∈ R, we indicate the sign of β by sign(β), that
is, sign(β) is −1 if β < 0, 0 if β = 0 and 1 if β > 0. Finally, ∥v∥ denotes the ℓ2-norm of vector v.
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Chapter 1

Introduction

Optimization plays a crucial role in almost every discipline where decision-making is based on improv-
ing the performance of a system. From minimizing costs in logistics and operations to maximizing
efficiency in engineering designs and machine learning models, the ability to find optimal solutions
is a foundational task in applied mathematics and computational science. Classical optimization
techniques rely heavily on gradient-based methods, which exploit derivative information to guide the
search for an optimal solution. However, in many real-world scenarios, these derivatives are either
unavailable or too costly to compute, necessitating alternative approaches.

When derivatives cannot be accessed directly, either due to the complexity of the objective
function or the nature of the problem itself, Derivative-Free Optimization (DFO) becomes a critical
tool. DFO refers to a class of optimization techniques designed to solve problems where gradient
information is not available, unreliable, or impractical to compute. These methods rely solely on the
values of the objective function to search for the best solution.

DFO has become increasingly relevant due to the growing number of applications where the
objective functions are either noisy, discontinuous, non-smooth, or computationally expensive. For
instance, in engineering design, optimizing the shape of an aircraft wing often requires running
complex fluid dynamics simulations, where derivative information may be difficult or impossible to
compute. Similarly, in machine learning, hyperparameter tuning tasks can be modeled as black-
box optimization problems, where the evaluation of model performance is possible, but obtaining
derivatives with respect to hyperparameters is not feasible. In such cases, DFO methods provide a
practical approach to identifying high-quality solutions without relying on derivatives.

This thesis is situated within the field of DFO and focuses on developing and analyzing opti-
mization algorithms tailored to specific classes of problems. The problems under consideration are
characterized by computationally expensive objective functions, where each function evaluation is
costly in terms of time or computational resources. Additionally, these problems often involve con-
straints, either in the form of equality or inequality conditions, further complicating the optimization
process. The primary objective of this thesis is to provide new theoretical results on the efficiency
of line-search methods, and propose a technique that can efficiently handle constrained optimization
problems within the DFO framework.

The first section of this chapter provides a detailed background on DFO, highlighting the key
principles and methodologies that form the foundation of this field. Particular attention is given
to the classes of algorithms that are most relevant to the research presented in this thesis. These
include line-search techniques and direct search methods.

The second section shifts focus to nonlinear constrained optimization problems, which are fre-
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quently encountered in real-world applications. These problems involve finding the minimum or
maximum of an objective function subject to constraints on the decision variables. Constraints may
take the form of equality conditions (e.g., physical laws or conservation requirements) or inequality
conditions (e.g., safety limits or operational thresholds). The section introduces the fundamental con-
cepts required to understand such problems, along with a brief description of the principal techniques
used to solve them.

By combining the theoretical foundations of DFO with a practical understanding of constrained
optimization problems, this thesis seeks to make significant contributions to the development of
algorithms capable of solving these challenging problems more efficiently. The research presented in
this thesis addresses the pressing need for optimization techniques that are not only flexible in their
application but also scalable and efficient in the context of expensive and constrained functions.

In summary, this introduction chapter sets the stage for the two core aspects of the thesis: first,
the exploration of DFO techniques as they relate to expensive optimization problems, and second, the
integration of these techniques into the broader context of constrained optimization. The following
sections will delve deeper into these topics, outlining the key algorithms and methodologies that
serve as the foundation for the research conducted.

1.1 Derivative Free Optimization
What is DFO? In [6] C. Audet and W. Hare write:

Derivative-free optimization (DFO) is the mathematical study of optimization algorithms
that do not use derivatives.

DFO has been an active field of research for many decades. It arises from problems where the ana-
lytical expression of the objective function is not available nor reliable. The field of research focused
on solving the latter class of problems is known as black-box optimization (BBO). In mathematical
optimization, a black-box is thought of as an input-output process wherein the patterns defining the
relation between input and output are not explicitly known, so that analytical information about
the underlying functions is not available.
The algorithm forming the basis of large part of modern DFO methods is the Coordinate Search
(CS) [44], also known as Compass Search. CS aims to solve the unconstrained problem

min
x∈Rn

f(x),

where f : Rn → R. Starting from an initial point x0, the method iterates over the coordinate
directions ei. At each iteration k it performs a step of length αk along each ei and it searches for
a new candidate solution improving the value of the objective function, i.e. f(xk + αkei) < f(x).
If it fails to find such a point, the step-size αk is reduced by a factor, otherwise the step-size keeps
the same value. The method is intuitive and practical to implement, which is one of the reasons for
its popularity. Even though the authors did not provide theoretical guarantees for the algorithm to
converge towards stationary points, it has been shown later on by Polak [82] that, provided that f is
continuously differentiable and a global solution of the problem exists, the method does eventually
converge to points where the gradient of the objective function is equal to 0.
We follow the classification in [6] to introduce the main classes of DFO methods proposed in literature

• Genetic Algorithm (GA). These methods are called population-based. Starting from an initial
population of candidate solutions, they exploit a so-called fitness function to assess the quality
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of each candidate. Based on their fitness values, the candidates are then recombined to provide
a new generation population from which the process starts all over.

• Model-based (MB). These methods generate a set of points with suitable geometric properties.
Afterwards, the points are used to build a local model of the objective function. The model is
then exploited to identify a descent direction, or it is minimized within a trust-region to identify
a new candidate solution.

• Direct Search (DS). These methods follow the same structure of CS. The key difference is that
DS algorithms can generate a different set of directions at each iteration. Furthermore, they
allow for heuristic strategies to be incorporated within an additional step.

• Line-search (LS). Similarly to CS and DS methods, LS algorithms iterate over a set of directions,
performing steps on each one to try and improve the value of the objective function. In this
case there are two key differences. First, they exploit a different step-size for each direction.
Furthermore, they use the notion of sufficient decrease to define a successful decrease of the
objective function, and, when such an improvement is found over any direction, the step-size
is increased as long as the objective keeps decreasing.

Note that GA aims to reach a global solution of the problem, whereas the other classes of meth-
ods have theoretical guarantees to reach general stationary points. In the results proposed in this
thesis we are not concerned with algorithms belonging to the classes of GA and MB. For further
understanding about these methods, more details and references can be found in [6, 30].

1.1.1 Direct Search Methods

The term direct search appears for the first time in the work by Hooke and Jeeves in 1961 [84]. They
provide the following definition:

We use the phrase “direct search” to describe sequential examination of trial solutions
involving comparison of each trial solution with the “best” obtained up to that time to-
gether with a strategy for determining (as a function of earlier results) what the next trial
solution will be. The phrase implies our preference, based on experience, for straight-
forward search strategies which employ no techniques of classical analysis except where
there is a demonstrable advantage in doing so.

In more recent years, the latter definition is used by R. M. Lewis et al. in [69] to discuss what DS
methods are and are not. They stress on how "derivative-free" or "zero-th order" are not suitable
definitions. The authors point out that even though it is true that such methods do not use derivative,
and that they can be seen as zero-th order in the terms of Taylor expansions, i.e. they only use
values of the objective function, this is not enough to distinguish them from other optimization
methods. There exist many algorithms wherein only values of the objective function are used, such
as finite differences or MB methods, but they still rely on the approximation of, at least, first-order
information. In the past two decades it has been shown how exploiting surrogate models of the
objective function can enhance the performance of DS methods, and it has become a key step of
more sophisticated modern algorithms. Nevertheless, such strategies are only used as heuristics and
they do not play any role in the theoretical analysis of these methods.
As in [3], we see in further details the two classes of methods inheriting the main features of the CS
algorithm, namely pattern search (PS) and mesh adaptive direct search (MADS).



4 1. Introduction

Pattern Search

Pattern Search [58, 85] is a first generalization of the CS algorithm. At each iteration, starting from
the incumbent point, that is, the best candidate found by the algorithm so far, the method performs
exploratory moves following geometric patterns. Such patterns are defined by the directions the
search is performed over, which are chosen during the initialization. Using the same step length for
each direction, the algorithm is able to produce a sequence of points lying on a rational lattice. In
modern literature, the lattice is called mesh. In the case of the CS algorithm, using the coordinate
vectors, the mesh is a grid. Furthermore, when the function is differentiable, one wants to make sure
that a descent direction exists among the ones used to define the pattern. In fact, it is possible to
ensure such property by using a suitably defined set of n + 1 directions. Such sets are called positive
bases. The theory behind positive bases has been studied in the past decades [37, 31, 55, 56]. The
scheme of PS can be summarized in the following.

Algorithm 1 Pattern Search
1: given x0 ∈ Rn, θ ∈ (0, 1), α0 > 0, a positive basis D := {d1, . . . , dr} with di ∈ Rn

2: for k = 0, 1, . . . do
3: if f(xk + αkd) < f(xk) for some d ∈ D then
4: set xk+1 = xk + αkd and αk+1 = αk

5: else
6: set xk+1 = xk and αk+1 = θαk

7: end if

8: end for

As we can see, the mesh is not explicitly invoked by the algorithm. Nevertheless, exploiting the
mesh is one of the key steps to prove convergence. Additionally, it is reasonable to think that
using always the same directions might not be the most efficient way to solve the problems, indeed
it would be desirable to use directions that better encompass the local behaviour of the objective
function. Having that in mind, and noticing the theoretical importance of the mesh, PS was further
generalized.
First, it is possible to generalize the construction of positive bases. Given a matrix Z ∈ Zn×r which
columns form a positive basis for Rn, which is also defined as a positive spanning matrix, and an
invertible matrix G ∈ Rn×n, it is possible to show that the set of columns of the matrix defined
as D = GZ is also a positive basis. One can select any finite dimensional matrix Z, so that the
number of its columns can be arbitrarily large. The pattern is then defined by the set of columns of
D, namely D. Note that it is not necessary to consider the full pattern at each iteration k, but a
set Dk ⊆ D can be consider, as long as Dk is also a positive basis. A mesh centered on the current
iterate can then be explicitly defined, that isMk = {xk +δkDy : y ∈ Nr} ⊂ Rn. Since the directions
in D do not necessarily share the same norm value, it would not be proper to refer to the parameter
δ as the step-size, as we did for αk, indeed it was first called the coerciveness and then standardized
into the mesh-size parameter. The mesh can be used to define heuristic strategies to find a better
incumbent point. As long as the new incumbent lies on the mesh, it does not matter which strategy
is used, the algorithm maintains its convergence properties. The latter modifications allow us to
introduce the modern class of PS methods, referred to as generalized pattern search (GPS) [85]. The
structure of GPS is detailed below.
The method is now divided into two main steps: the Search Step, where heuristics are applied and
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Algorithm 2 Generalized Pattern Search
1: given initial point x0 ∈ Rn, mesh-size adjustment parameter τ ∈ (0, 1), initial mesh-size param-

eter δ0 > 0, a positive spanning matrix D := GZ.
2: for k = 0, 1, . . . do

3: Search Step
4: if f(t) < f(xk) for some t ∈ Sk ⊆Mk then
5: set xk+1 = t and δk+1 = τ−1δk

6: end if

7: Poll Step
8: Select a positive spanning set Dk ⊆ D
9: if f(xk + δkd) < f(xk) for some d ∈ Dk then

10: set xk+1 = xk + δkd and δk+1 = τ−1δk

11: else
12: set xk+1 = xk and δk+1 = τδk

13: end if

14: end for

points are projected to the mesh, identifying a set of trial points Sk ⊆ Mk; the Poll Step, where
exploratory moves along some of the initially defined directions are performed. Note that the Poll
Step only utilized directions in D, so that the points generated lie on the mesh by definition. One
more difference lies in the possibility for GPS to increase the mesh-size parameter when a better
incumbent is found.

Mesh Adaptive Direct Search

The flexibility of choice in GPS makes it a very powerful tool to solve BBO problems. The theory is
sound when the objective function is assumed to be differentiable, though, that does not totally solve
the challenges of general BBO. Indeed, it is not rare having to deal with nonsmooth functions for
such class of problems. Clearly, working with a finite set of directions is not a viable option to reach
sound theoretical convergence properties if one does not assume the objective function to be smooth.
In order to be able to build an infinite set of directions, GPS is further modified. Surprisingly, the
construction of D does not change, it is still defined as the set of columns of the finite dimensional
matrix D = GZ. The difference lies in the way the directions are generated during the Poll Step.
First, the new concept of frame is introduced, namely Fk = {x ∈ Mk : ∥xk − x∥∞ ≤ ∆kb}, where
b = max{∥d∥∞ : d ∈ D}, and ∆k is called the frame-size parameter. Using the infinity norm, the
frame defines a square centered on the incumbent point wherein all the points lying on the mesh are
considered. The set of directions in the Poll Step is now defined as D∆

k such that the set of points
Pk = {xk + δkd : d ∈ D∆

k } is a subset of Fk. Note that the directions in D now are only defining the
geometrical structure of the mesh, and they are not directly affecting the directions in D∆

k anymore.
The idea is that, by letting δk go to 0 faster than ∆k, the set of points in the frame become denser
and denser, so that an asymptotically dense set of directions can be built. In order to achieve that,
at each iteration k the mesh-size parameter is updated as δk = min{∆k, ∆2

k}. These modification
define the algorithm proposed in [4] and denoted as Mesh Adaptive Direct Search (MADS). Note
that GPS can be seen as a subclass of MADS where δk = ∆k.
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MADS was developed not only to deal with nonsmooth problems, but also to target constrained
ones. Indeed the following problem is considered

min
x∈Ω

f(x),

where Ω ⊆ Rn represents the feasible set. The strategy initially proposed to solve such problem
is the so-called extreme barrier, which consists in considering the following extended valued barrier
function

fΩ(x) =
{

f(x) when x ∈ Ω
∞ when x /∈ Ω ,

and solving the unconstrained problem min
x
{fΩ(x) : x ∈ Rn}. The following scheme describes the

main structure of the method.

Algorithm 3 Mesh Adaptive Direct Search
1: given initial point x0 ∈ Ω, frame-size adjustment parameter τ ∈ (0, 1), initial frame-size param-

eter ∆0 > 0, a positive spanning matrix D := GZ.
2: for k = 0, 1, . . . do

3: Parameter Update
4: δk = min{∆k, ∆2

k}

5: Search Step
6: if fΩ(t) < fΩ(xk) for some t ∈ Sk ⊆Mk then
7: set xk+1 = t and ∆k+1 = τ−1∆k

8: end if

9: Poll Step
10: Select a set of directions D∆

k such that Pk is a subset of Fk

11: if fΩ(t) < fΩ(xk) for some t ∈ Pk then
12: set xk+1 = t and δk+1 = τ−1δk

13: else
14: set xk+1 = xk and ∆k+1 = τ∆k

15: end if

16: end for

Note that the Search Step is much freer than the Poll Step, since the points generated do not have
to lie inside the frame.

1.1.2 Line-search Methods

DFO Line-search arises from a direct modification of the line-search methods based on derivatives.
These algorithms generate a sequence of points of the type

xk+1 = x + αkdk.

Setting dk = −∇f(xk) for each k we get the steepest descent. That does not have to be the case in
general. Nevertheless, roughly speaking, dk has to be a descent direction in order for the algorithm
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to be globally convergent. Line-search methods are especially focused on determining the right value
of the step-size αk. Well-known conditions to fulfill such purpose are the ones of Armijo or Goldstein,
for example. In [38] the authors introduced acceptability criteria for the line-search step-size wherein
only objective function values are used. The main idea was to avoid computing the gradient of
the objective in intermediate points while computing a suitable length for the step. In particular,
the authors consider two of the proposed conditions to be the derivative-free equivalent of Armijo
and Goldstein conditions. Since the work did not provide strategies to identify a descent direction
without using derivatives, it does not provide a full framework for a derivative-free LS method. Such
framework is proposed in [53], where conditions on the sequence of directions are provided in order
to guarantee global convergence of the algorithm. In more recent years, LS methods have been
proposed using a set of directions over which the algorithm iterates at each iteration k, similarly to
the patterns of DS. As we have seen, for classical DS methods new points are accepted when they
simply provide a decrease of the objective function, i.e. f(xk+1) < f(xk), and it is called simple
decrease. LS methods do not rely on a mesh for theoretical guarantees, instead they rely on different
rules to accept new points. Such rules have the form of

f(xk + αd) ≤ f(x)− q(α),

where q : R+ → R+ is known as sufficient decrease. The expression of q(·) used the most in literature
is q(α) = γα2, with γ > 0, proposed in [38]. In the same paper, the authors provide a geometrical
interpretation of such condition. It enforces a quadratic decrease of the objective function with
respect to the step performed. Considering the direction d, a concave parabola is built placing its
vertex on the current point xk. Given an initial step-size α satisfying f(xk + αd) ≤ f(x)− γα2, the
step length is allowed to grow as long as the objective function lies below the parabola.

Figure 1.1. Quadratic decrease of the objective function.

Differently from DS, where the iteration k is terminated as soon as a better incumbent is found,
LS iterates over all the directions at each iteration k, possibly performing multiple movements. In
section 2.3.2 we point out how such feature combined with the behaviour of the line-search provides
stronger convergence properties than DS. Another distinguishing feature of LS algorithms is that,
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considering a set of directions D = {d1, . . . , dr}, different step-sizes αi are used for the different
directions di. A formal description of standard LS is detailed below.

Algorithm 4 Line-search
1: given x0 ∈ Rn, θ ∈ (0, 1), δ ∈ (0, 1), γ > 0, α̃i

0 > 0, i = 1, . . . , n, D = {d1, . . . , dr}
2: for k = 0, 1, . . . do

3: set y1
k = xk

4: for i = 1, . . . , r do

5: compute αi
k by the DF-Linesearch-Procedure(yi

k, di, γ, δ, α̃i
k)

6: set yi+1
k = yi

k + αi
kdi

k

7: if αi
k = 0 then

8: set α̃i
k+1 = θα̃i

k

9: else
10: set α̃i

k+1 = αk

11: end if

12: end for
13: set xk+1 such that f(xk+1) ≤ f(yr+1

k )
14: end for

As we can see, at each iteration k, two kinds of step-sizes appear for each direction di:

• αi
k, the moving step-size, which represents the actual movement performed along di at each

iteration k, possibly equal to 0;

• α̃i
k, the stored step-size, which represents the initial step-size along di at each iteration k, and,

for the iteration k + 1, it is set equal to αi
k whenever αi

k > 0 whereas it is reduced by a factor
θ ∈ (0, 1) whenever αi

k = 0.

The moving step-size αi
k is computed by means of a derivative-free line-search procedure described

in the following.

Algorithm 5 DF-Linesearch-Procedure(x,p,γ,δ,ν)
1: set α = ν
2: if f(x + αp) > f(x)− γα2 then
3: set α = 0 and return α
4: else
5: while f(x + α

δ
p) ≤ f(x + αp)− γ

(
α

δ

)2
do

6: set α = α

δ
7: end while
8: end if
9: return d and α

Such procedure first makes sure that the objective function of the first trial point lies below the
parabola, as described previously. Then, it increases the step-size by repeatedly dividing it by
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a scalar δ ∈ (0, 1), until the next point fails to satisfy the sufficient decrease condition, i.e. the
procedure stops as soon as a point is found where the objective function lies above the parabola.
Such procedure guarantees that at each iteration k and for all di ∈ D, a step-size βi

k > 0 exists such
that

f(yi
k + βi

kdi) > f(yi
k)− γ(βi

k)2.

If the objective function is differentiable and the gradient is Lipschitz continuous, and provided that
the set D positively spans Rn, the latter property allows to determine an upper bound of the norm of
the gradient of f for the point xk at each iteration k. Further details are provided in 2.3.2. Finally,
the line 13 of Line-search algorithm, where the incumbent point for the next iteration is chosen,
allows for any point wherein the objective function does not increase to be selected. A viable option
is of course yr+1

k , but any heuristic strategy can be used to identify a better point, like the Search
Step within DS methods.
Note that LS methods are usually proposed using the set of coordinate directions, namely D =
{±e1, ...± en}. This is done either to ease the theoretical analysis, or to suitably address problems
with bounds on the variables. Note that, in such case, it is preferable to use the same step-size αi

for each coordinate i, i.e. for each pair of directions ±ei.
For smooth unconstrained minimization problems, it has been proved LS methods generate a se-
quence of points {xk} such that lim

k→∞
∥∇f(xk)∥ = 0, which is stronger than the result for DS wherein

only a subsequence of the points generated by the algorithm tends to a point where the norm of the
gradient is equal to 0. Suitable modifications of LS have been proposed to provide global convergence
properties when the objective function is nonsmooth [42].

1.2 Constrained optimization
In this section we introduce techniques to solve the following nonlinear constrained optimization
problem

min
x∈X ⊆Rn

f(x),

s.t. g(x) ≤ 0m,
h(x) = 0q,

(CP)

where f : Rn → R, g : Rn → Rm, f : Rn → Rq, and X is a set defined by linear constraints. We
refer to the set of feasible points of (CP) as F = {x ∈ X : gℓ(x) ≤ 0, hj(x) = 0, ℓ = 1, . . . , m, j =
1, . . . , q}. Even though approaches to deal with nonsmooth functions exist, it is out of scope for this
work. Thus, we assume all the functions to be continuously differentiable.
Many methods have been proposed to solve constrained problems. Let us propose a summary of the
main techniques of our interest:

• Penalty Methods (PM): penalty methods modify the objective function by adding a penalty
term for violating constraints. The idea is to solve an unconstrained problem where constraint
violations are penalized in the objective function, forcing the optimizer to find feasible solutions.

• Barrier Methods (BM): starting from a feasible point, they ensure that the solution stays
within the feasible region by introducing a barrier function that becomes infinite as the solution
approaches the boundary of the feasible region.

• Filter Methods: they do not combine the objective function and constraints into a single aug-
mented function. Instead, they treat the objective function and constraints separately and
maintain a set of acceptable trade-offs between them.



10 1. Introduction

There exist other approaches to address constraints in optimization, Augmented Lagrangian [12],
Sequential Quadratic Programming [14] or Projection Methods [10]. It is not our goal to provide a
general understanding of all such methods.
In the following sections we see more insights on PM and BM to understand their basic ideas. In
Chapter 3 a technique is proposed that is based on a mix of these two strategies.

1.2.1 Optimality Conditions for Constrained Problems

In order to better understand the previous techniques we first introduce some basic concepts of
constrained optimization.
It is important to identify stationary points of Problem (CP). In the case of unconstrained problems
it is possible to define these points as those where the directional derivative of the objective function
is nonnegative for all d in Rn, i.e. points x in Rn where ∥∇f(x)∥ = 0. In the constrained case
one has to take into account that some, possibly all, directions might not be feasible, so that points
where the norm of the gradient is equal to 0 are not the only candidate solutions for the problem.
The following well-known result provide a better characterization of the points of our interest when
the set X is equal to Rn.

Proposition 1.2.1 (Fritz-John theorem). Let x ∈ F be a stationary point of Problem (CP). Then
there exists a nonzero vector [λ0 λ1 . . . λm µ1 . . . µq] ∈ R1+m+q such that

λ0∇f(x) +
m∑

ℓ=1
λℓ∇gℓ(x) +

q∑
j=1

µj∇hj(x) = 0, (1.1)

λℓgℓ(x) = 0, ℓ = 1, . . . , m,

λ0 ≥ 0, λℓ ≥ 0, ℓ = 1, . . . , m.

Conditions (1.1) are useful, but not totally satisfying. Indeed, had we split one equality constraint
hj(x) into two inequalities, i.e. −hj(x) ≤ 0 and hj(x) ≤ 0, any point x in F would satisfy (1.1). One
might notice that the presence of λ0 multiplying the gradient of the objective function allows the
constraints to possibly play the main role in complying with the latter conditions. In order to avoid
the use of such multiplier, it is necessary for the constraints to satisfy some regularity conditions,
known in literature as constraint qualifications. Many constraint qualifications have been proposed
in literature, we make use of the one proposed by Mangasarian and Fromovitz.

Definition 1.2.2 (Mangasarian-Fromovitz constraints qualification [13, Proposition 4.3.18]). A point
x̄ ∈ X is said to satisfy the Mangasarian-Fromovitz constraint qualification (MFCQ) if the following
two conditions are met:

(a) there does not exist a nonzero vector α = (α1, ..., αq) such that:( q∑
i=1

αi∇hi(x)
)T

(x− x̄) ≥ 0, ∀x ∈ X ;

(b) there exists x ∈ X such that:

∇gℓ(x)T (x− x̄) < 0 ∀ℓ ∈ I(x), ∇hj(x)T (x− x̄) = 0 ∀j = 1, ..., q

where I(x) = {i : gi(x) = 0}.
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Let us now introduce the Lagrangian function associated with Problem (CP), that is

L(x, λ, µ) = f(x) + λT g(x) + µT h(x),

where λ ∈ Rm and µ ∈ Rq are the Lagrangian multipliers associated with the constraints. The
Lagrangian function is an important tool to state optimality conditions for constrained problems.
Indeed, the following result has been proved (see, for instance, [13]).

Proposition 1.2.3. Let x⋆ ∈ F be a local minimum of problem (CP) that satisfies the MFCQ. Then,
λ⋆ ∈ Rm, µ⋆ ∈ Rq exist such that

∇xL(x⋆, λ⋆, µ⋆)T (x− x⋆) ≥ 0 ∀x ∈ X , (1.2)

(λ⋆)T g(x⋆) = 0, λ⋆ ≥ 0. (1.3)

The latter result can be used to define stationary points for Problem (CP).

Definition 1.2.4 (stationary point). A point x⋆ ∈ F is said to be a stationary point for problem
(CP ) if vectors λ⋆ ∈ Rm and µ⋆ ∈ Rq exist such that (1.2) and (1.3) are satisfied.

1.2.2 Penalty and Barrier methods

As previously stated, PM and BM modify the objective function by adding a term depending on the
values of the constraints. It can be formally stated in the following way

PM : z(x; ε) = f(x) + 1
ε

p(x),

BM : z(x; ε) = f(x) + εb(x),

where ε ∈ R, p : Rn → R and b : Rn → R. The penalty function p(·) represents a penalization which
grows along with the violation of the constraints, and it is equal to 0 for all points that are feasible.
The barrier function b(·) tends to +∞ as the points approach the boundary of the feasible region,
and it is set to +∞ for all points that are infeasible. The parameter ε plays a different role in the two
methods. Indeed, in PM as ε decreases the penalization grows, pushing the optimization procedure
towards the feasible region, whereas in BM the effect of the barrier is reduced when ε becomes
smaller. The two methods work somehow in a complementary way, aligning with the extreme barrier
as the parameter ε is driven towards 0. Note the BM works from the interior of the feasible region,
thus the barrier cannot be used for equality constraints unless one makes use of slack variables. For
the seek of simplicity, in this section we consider Problem (CP) having only inequality constraints,
that is

min
x∈X ⊆Rn

f(x),

s.t. g(x) ≤ 0m.
(CPI)

The merit function z(·) is then used to transform Problem (CPI) into the following one

min
x∈X ⊆Rn

z(x; ε).

A sequence of decreasing parameters {εk} is built such that εk → 0. Both PM and BM solve a
sequence of subproblems depending on εk, finding for each one an optimal solution x(εk). The goal
is for the sequence of solutions {x(εk)} to tend towards an optimal solution of the original problem.
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In order to do so, the merit function must be built so that the gradient of z(·) somehow mimics the
behaviour of the gradient of the Lagrangian function. The following are among the most common
options

p(x) =
m∑

ℓ=1
max{0, gℓ(x)}ν , ν > 1,

b(x) = −
m∑

ℓ=1
log(−gℓ(x)).

Note that in such case the domain of b(·) is restricted to Ω = {x | gℓ(x) < 0 for all ℓ = 1, . . . , m}.
Using the latter definitions and denoting by zPM(·) and zBM(·) the merit functions of the penalty and
the barrier methods respectively, we get the following expressions for their gradients

∇zPM(x; εk) = ∇f(x) +
m∑

ℓ=1

ν

εk
max{0, gℓ(x)}ν−1∇gℓ(x),

∇zBM(x; εk) = ∇f(x) +
m∑

ℓ=1

εk

−gℓ(x)∇gℓ(x).

It is possible to observe that by defining λℓ(εk) = ν

εk
max{0, gℓ(x(εk))}ν−1 for PM and λℓ(εk) =

εk

−gℓ(x(εk)) , recalling that x(εk) is an optimum solution for the subproblem related to εk, we get

(
∇f(x(εk)) +

m∑
ℓ=1

λℓ(εk)∇gℓ(x(εk))
)⊤

(x− x(εk)) =

∇xL(x(εk), λ(εk))⊤(x− x(εk)) ≥ 0, ∀x ∈ X .

Thus, all points of the sequence {x(εk)} satisfy condition (1.2). Unfortunately, one can not generally
ensure condition (1.3) to be satisfied by x(εk) for any value of εk. One can either prove that such
condition is met by the limit point of the sequence {x(εk)} or assume so. In both cases, a major
issue has to be overcome, that is, the sequences {λℓ(x(εk))} might be unbounded. The matter is
that Proposition 1.2.3 requires λ to be a real vector, so that the limit of such sequences must be
finite. Further assumptions on the problem or on the limit point of the sequence {x(εk)} has to be
made in order to ensure the sequences of multipliers to be bounded. Furthermore, for real problems
it is nonviable to find an exact solution, so that for numerical implementations of such methods some
level of approximation has to be allowed when solving any subproblem.
The mentioned difficulties are all addressed in Chapter 3, where a strategy that mixes the penalty
and the barrier approaches is proposed within two different DFO frameworks.
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Chapter 2

Worst-case complexity bounds for
Line-search DFO methods ∗

The motivation to explore worst-case complexity bounds for line-search methods in derivative-free
optimization (DFO) arose from a fundamental observation: line-search methods have shown better
convergence properties compared to direct search methods, which are more common in derivative-
free contexts. This observation prompted an investigation into whether the inherently stronger
convergence characteristics of line-search algorithms could yield more favorable complexity bounds
than those already established for direct search methods. Initially, the project aimed to leverage
these stronger properties to go beyond the worst-case complexity bounds typically derived for direct
search algorithms, hoping to demonstrate that line-search methods could achieve improved iteration
efficiency and potentially uncover further advantages.

In particular, while bounding the number of iterations required to drive the gradient norm below
a specified tolerance ε for line-search methods followed an approach similar to direct search methods,
establishing a bound on the number of function evaluations proved more intricate. The line-search
approach inherently allows the step-size to expand multiple times along a given direction, introducing
variability in the number of function evaluations required at each iteration. Consequently, in our
initial work, detailed in Section 2.3, we conducted a detailed analysis of the line-search method’s
behavior to identify any necessary conditions to at least match the complexity bounds known for di-
rect search methods, while also exploring the potential for improved bounds or additional theoretical
properties unique to line-search.

The results were encouraging. Not only did we achieve bounds comparable to those for direct
search methods, but we also reached further by providing a bound on the total number of function
evaluations for which the norm of the gradient remains above the tolerance ε, an accomplishment
that, to our knowledge, is novel within the DFO context.
This work subsequently led us to consider the expansion procedures characteristic of line-search
methods as a potential advantage when dealing with bound-constrained optimization problems. The
hypothesis was that the extrapolation capability inherent in line-search methods could facilitate

∗The work presented in this chapter has been developed in two papers. The first, "Worst Case Complexity Bounds
for Linesearch-Type Derivative-Free Algorithms" [20], co-authored with Prof. Giampaolo Liuzzi ("Sapienza" University
of Rome), Prof. Stefano Lucidi ("Sapienza" University of Rome), Prof. Morteza Kimiaei (University of Vienna). The
second, "Complexity results and active-set identification of a derivative-free method for bound-constrained problems" [18],
co-authored with Prof. Andrea Cristofari (University of Rome "Tor Vergata"), Prof. Giampaolo Liuzzi (–), Prof. Stefano
Lucidi (–).



14 2. Worst-case complexity bounds for Line-search DFO methods

faster convergence toward bounds, especially compared to other DFO methods. Inspired by this po-
tential, we extended our investigation to derive worst-case complexity bounds for bound-constrained
problems akin to those established in the unconstrained case. A key aim here was to demonstrate
the algorithm’s ability to identify the active set of the final solution—those variables resting on the
boundary constraints—in a finite number of iterations. This bound-constrained analysis and its im-
plications are detailed in Section 2.4, completing a comprehensive study of line-search methods in
both unconstrained and bound-constrained settings within the DFO framework.
Through this exploration, Chapter 2 establishes line-search methods as a robust and theoretically
grounded approach to DFO.

2.1 Introduction

In this section we provide an introduction to the topics of this chapter. In particular we first explore
some literature related to the worst-complexity bounds derived for unconstrained problems in the
context of DFO and we underline our contribution to this topic. Then, we describe the main known
results for complexity bounds related to bound (and linear) constrained optimization and we deepen
into the contributions of our work.

Following the introductory section, there are four more: Section 2.2 introduces the algorithm that
constitutes the basis for both unconstrained and bound-constrained problems, that is, the LAM al-
gorithm; in Section 2.3 and Section 2.4 we analyze the properties of LAM to unconstrained and
bound-constrained problems respectively; in Section 2.5 we derive some final remarks on the work
presented.

2.1.1 Unconstrained case: literature and contribution

In the unconstrained settings, over the past decade, the analysis of worst case complexity for op-
timization algorithms has gained more and more interest and attracted many researchers [25, 2].
Specifically for derivative-free algorithms, in [86, 40] worst case complexity bounds have been de-
rived for direct search methods using sufficient decrease in f . In particular, it has been proved that
direct search methods (based on a search step and a poll step and using sufficient decrease in the
objective function to accept new points) require at most O(nϵ−2) iterations and O(n2ϵ−2) function
evaluations to find a point xk such that ∥∇f(xk)∥ ≤ ϵ.

In [24] an adaptive cubic regularization algorithm has been proposed which is based on gradient
estimation via finite differences. The algorithm has a worst case complexity of O(n2ϵ−3/2) function
evaluations, which is better than the complexity obtained for direct search methods. Additionally,
a method based on quadratic regularization with finite-difference gradient approximations has been
recently proposed [50], achieving a worst-case complexity bound of O(nϵ−2) function evaluations.

In [48], the complexity of a smoothing technique for the optimization of nonsmooth functions
has been studied. It has been shown that the smoothing algorithm has a worst case complexity of
O(ϵ−3) to achieve ϵ-stationarity.

Prior to this thesis, analogous results for line-search based DFO algorithms (see e.g. [75, 42])
have not yet been established. These algorithms typically have stronger asymptotic convergence
properties which are tied to the use of more complex extrapolation techniques.

For unconstrained problems, we contribute to the DFO literature by proposing a framework of DFO
algorithms based on a line-search-type extrapolation technique, which exploits sufficient decrease,
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and by proving that such algorithms share the same worst-case complexity bounds of direct search
methods. The results heavily depend on the ability of the algorithm to produce sufficient decrease
of an auxiliary function which encompasses the overall behaviour of the method, regardless of the
iteration being successful or unsuccessful. Furthermore, thanks to the extrapolation technique, it is
possible to prove that the number of iterations (in the worst case) wherein ∥∇f(xk)∥ ≥ ϵ is of the
order of ϵ−2. The latter property considerably enriches the worst-case analysis of DFO algorithms
and, to the best of our knowledge, is new in this context. The property characterizes the behaviour
of the DFO algorithm better than the usual complexity results. Indeed, typical complexity results
provide a bound for the number of iterations required to drive the norm of the gradient below
a prefixed tolerance for the first time. When the method is running, the norm of the gradient
might well rise back above the tolerance again. The property we propose bounds the total number
of iterations wherein the norm of the gradient lies above a specified tolerance by a constant that
depends on ϵ−2.

2.1.2 Bound-constrained case: literature and contribution

Several derivative-free methods have been proposed to deal with the presence of bounds or linear
constraints. In particular, we can distinguish among model-based methods [27, 30, 52, 54, 59,
83], where the objective function is sampled in a neighborhood of the current iterate to build an
appropriate model to be minimized, direct search methods [4, 51, 60, 61, 65], where the objective
function is sampled in a neighborhood of the current iterate in order to find a descent direction, and
line-search methods [74, 76], where directions are explored by allowing the step-size to dynamically
expand and contract.

For model-based and direct search methods applied to problems with linear constraints (thus
including bound constraints), a worst-case analysis can be found in [51, 59], providing upper bounds
on the maximum number of iterations and function evaluations needed to drive a criticality measure
below a prespecified threshold. In particular, in [51], it is shown that at most O(nϵ−2) iterations
and O(n2ϵ−2) function evaluations are required, for a (deterministic) direct search method, to pro-
duce the first point with a criticality measure below ϵ > 0, matching the same complexity for the
unconstrained case [40, 86]. In [59], similar bounds of O(k2

Dϵ−2) iterations and O(nk2
Dϵ−2) function

evaluations are obtained, matching the same complexity for the unconstrained case [47], with kD

being a problem dimension-dependent constant which define a fully linear model.

Here we contribute to the DFO literature by extending the framework proposed in [20] for uncon-
strained problems to bound-constrained ones.

We provide a worst-case analysis for the proposed method, which yields to the same bounds for
direct search [51], that is, O(nϵ−2) iterations and O(n2ϵ−2) function evaluations to produce the first
point with a criticality measure below ϵ > 0. Additionally, as in the unconstrained case, we are able
to bound the total number of iterations wherein the criticality measure is above ϵ, thus reaching
beyond the complexity results for direct search methods given in [51].

Furthermore, we are able to prove identification of the active constraints in a finite number of it-
erations for the proposed line-search method. Such a property is usually desirable for an optimization
algorithm due to, among other things, the possibility of saving function evaluations if one recognizes
the surface where the optimal solution lies. In several applications, we might be interested only in the
identification of the surface containing an optimal solution (or its support). In the literature, finite
active-set identification was established for smooth optimization algorithms and proximal methods
(see, e.g., [11, 15, 22, 57, 87]), also providing complexity bounds in some cases [16, 32, 81]. For
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DFO, parameter-dependent estimates were used in [52, 68, 76], allowing for finite identification of
active constraints if certain conditions hold. Moreover, finite identification results have been shown
in [33] for a method using an inner approximation approach to minimize a function over the convex
hull of a given set of vectors, meaning that, in a finite number of iterations, the algorithm is able
to identify, under appropriate assumptions, the vectors with zero weight in the convex combination
representing the final solution. Here, we prove that the proposed algorithm correctly identifies the
active constraints satisfying the strict complementarity condition in a finite number of iterations,
without using any parameter-dependent estimate. Namely, this feature is a general property of the
method.

2.2 The problem and the LAM algorithm

We consider the following minimization problem

min
x∈Ω⊆Rn

f(x), (P1)

where f : Rn → R is a black-box function which is known by means of an oracle that only outputs
function values. Hence, derivatives of f can neither be approximated nor computed explicitly. The
feasible set Ω is equal to Rn in the unconstrained case, while for bound-constrained problems it is
defined as Ω = {x ∈ Rn : li ≤ xi ≤ ui, i = 1, . . . , n}, where li, ui ∈ R ∪ {±∞}, li < ui, i = 1, . . . , n.
For the sake of clarity we use the notation [l, u] to refer to the feasible set Ω in such case.

Throughout the present chapter, for both unconstrained and bound-constrained problems, the fol-
lowing assumption is considered satisfied, even where not explicitly invoked.

Assumption 2.1. The objective function f : Rn → R is continuously differentiable with a Lipschitz
continuous gradient ∇f with constant L > 0 over Ω, i.e.,

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥ ∀x, y ∈ Ω.

Moreover, f is bounded from below over Ω, i.e., a constant fmin ∈ R exists such that

fmin ≤ f(x) ∀x ∈ Ω.

To solve problem P1, we propose a DFO algorithm based on an extrapolation technique, and
we refer to it as Linesearch Algorithm Model (LAM). The main structure of LAM is the same for
both unconstrained and bound-constrained problems, the difference between the two cases lies in the
DF-Linesearch, the procedure where the extrapolation technique is performed, wherein the bounds
are explicitly treated in their presence. The details of the DF-Linesearch procedures are provided
in the following sections, and they are analyzed differently for the two cases we are considering.

As we can see, at each iteration k, LAM performs an exploration of the space around the current
iterate xk using the coordinate directions and producing the points yi

k, i = 1, . . . , n + 1 (note that
y1

k = xk).
More in particular, points yi

k, for i = 2, . . . , n+1, are computed by means of a suitable derivative-
free line-search, namely the DF-Linesearch procedure. The line-search is invoked by passing a
tentative step-size, i.e.

νi
k = max{α̃i

k, c∆k},
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Algorithm 6 Linesearch Algorithm Model: LAM
1: given x0 ∈ Ω, θ ∈ (0, 1), δ ∈ (0, 1), γ > 0, c ∈ (0, 1], α̃i

0 > 0, i = 1, . . . , n
2: for k = 0, 1, . . . do
3: set ∆k = maxi=1,...,n{α̃i

k}
4: set y1

k = xk

5: for i = 1, . . . , n do
6: set νi

k = max{α̃i
k, c∆k}

7: compute di
k and αi

k by the DF-Linesearch(yi
k, i, γ, δ, νi

k)
8: set yi+1

k = yi
k + αi

kdi
k

9: end for
10: set xk+1 = yn+1

k

11: if xk+1 ̸= xk then

12: set α̃i
k+1 =

{
αi

k if αi
k > 0

νi
k otherwise

i = 1, . . . , n

13: else
14: set α̃i

k+1 = θνi
k, i = 1, . . . , n

15: end if
16: end for

where ∆k = max
j=1,...,n

{α̃j
k}. It is worth noting that the initial step-size νi

k is quite unusual for line-
search-type derivative-free algorithms. In this work, such initialization is of paramount importance
since it allows us to prove that within all the iterations the method achieves sufficient decrease of an
auxiliary function that is used to derive the worst-case complexity bounds.

During the extrapolation phase, an actual step-size, i.e. αi
k, is produced, which can either be 0

or greater or equal than νk. We refer to k as a successful iteration if xk+1 ̸= xk, indicating that at
least one positive step-size αi

k, i = 1, . . . , n, has been computed. We refer to k as an unsuccessful
iteration if xk+1 = xk, that is, if αi

k = 0 for all i = 1, . . . , n. Depending on whether the iteration
k is successful or unsuccessful, we use specific rules to update the tentative step-sizes for the next
iteration k + 1. In further detail, for a successful iteration k, each α̃i

k+1 is set to αi
k if the latter is

positive, whereas α̃i
k+1 is set to νi

k otherwise. For an unsuccessful iteration k, each α̃i
k+1 is set to

θνi
k, with θ ∈ (0, 1).

2.3 Unconstrained problems

In this section we see the insights of the framework proposed to solve P1 in the case where Ω = Rn.
We start by introducing the line-search within the algorithm in such case and describe its main
features, afterwards we prove convergence properties of LAM, and finally we prove the worst-case
complexity bounds in terms of iterations and function evaluations.

2.3.1 Unconstrained DF-Linesearch

In the following section we introduce the unconstrained extrapolation technique.
As we can see, The DF-Linesearch employs a sufficient decrease criterion, which is evaluated
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Algorithm 7 Unconstrained DF-Linesearch(x,i,γ,δ,ν)
1: set α = ν and d = ei

2: if f(x + αd) ≤ f(x)− γα2 then
3: go to line 9
4: end if
5: if f(x− αd) ≤ f(x)− γα2 then
6: set d = −ei and go to line 9
7: end if
8: set α = 0 and return d and α

9: while f(x + α

δ
d) ≤ f(x + αd)− γ

(
(1
δ
− 1)α

)2
do

10: set α = α

δ
11: end while
12: return d and α

between successive points, i.e.

f(x + α

δ
d) ≤ f(x + αd)− γ

(
(1
δ
− 1)α

)2
.

Regarding the line-search (expansion) procedure, its primary distinction from other line-search tech-
niques (see e.g. [74, 75]) lies in its continual expansion of the step while maintaining adequate decrease
between consecutive points. We note that other derivative-free line-search approaches employ the
following sufficient decrease criterion

f

(
x + α

δ
d
)
≤ f(x)− γ

(
α

δ

)2
.

The above formula uses as reference point the initial point x, whereas the criterion within the method
we are proposing uses as reference point x + αd.

The adopted sufficient decrease criterion allows us to obtain the complexity bound on the number
of function evaluations in a more straightforward way than the usual criterion. Needless to say, both
criteria lead to the same asymptotic global convergence properties.

To facilitate the analysis of the convergence properties of the algorithm and to deepen further
into the overall behaviour of LAM, we report and prove the following property, which connects the
value of the maximum of the step-sizes between consecutive iterations.

Lemma 2.3.1. Let {∆k} be the sequence of maximum tentative step-sizes produced by LAM algorithm
using the Unconstrained DF-Linesearch. Then, for all k we have

∆k+1

{
≥ ∆k if xk+1 ̸= xk

= θ∆k if xk+1 = xk.

Therefore, ∆k ≤ ∆k+1/θ for all k.

Proof. First, let us consider the case where xk+1 ̸= xk (i.e., k is a successful iteration). In this
case, the algorithm sets α̃i

k+1 = αi
k if αi

k > 0 and α̃i
k+1 = νi

k if αi
k = 0. Since, from the line-search

procedure, αi
k ≥ νi

k for all i = 1, . . . , n, we can write

α̃i
k+1 ≥ νi

k ≥ α̃i
k, i = 1, . . . , n,
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where the last inequality follows from the definition of νi
k. Then, using the definition of ∆k, we get

∆k+1 ≥ ∆k.
Now, let us consider the case where xk+1 = xk (i.e., k is an unsuccessful iteration). In this case,

the algorithm sets α̃i
k+1 = θνi

k = θ max{α̃i
k, c∆k}. Namely, for all i = 1, . . . , n, we have that

α̃i
k+1 =

{
θα̃i

k if α̃i
k ≥ c∆k,

θc∆k if α̃i
k < c∆k.

(2.1)

From the definition of ∆k and the fact that c ∈ (0, 1], it follows that α̃i
k+1 ≤ θ∆k for all i = 1, . . . , n,

implying that
∆k+1 = max

i=1,...,n
α̃i

k+1 ≤ θ∆k. (2.2)

Now, let ı̄ ∈ {1, . . . , n} be such that α̃ı̄
k = ∆k. Since c ∈ (0, 1], we have α̃ı̄

k ≥ c∆k and then,
recalling (2.1), we get α̃ı̄

k+1 = θα̃ı̄
k = θ∆k. It follows from (2.2) that

∆k+1 = α̃ı̄
k+1 = θ∆k,

thus concluding the proof.

2.3.2 Asymptotic convergence analysis for LAM

First of all, we derive an upper bound on the norm of ∇f(xk) at each iteration k.

Proposition 2.3.2. Suppose that Assumption 2.1 holds. Let {xk} be the sequence produced by LAM
using Unconstrained DF-Linesearch. Then, for each k such that xk+1 ̸= xk

∥∇f(xk)∥ ≤
√

n

(
γ + L(

√
n + 1)

δ

)
∆k+1, (2.3)

whereas, for each k such that xk+1 = xk

∥∇f(xk)∥ ≤
√

n
γ + L

θ
∆k+1, (2.4)

where the constants γ, δ, θ are those defined in the LAM algorithm and the Unconstrained DF-Linesearch
procedure.

Proof. For each iteration k such that xk+1 ̸= xk and every index i = 1, . . . , n, one of two cases can
occur:

Case (i), αi
k = 0. By αi

k = 0, and α̃i
k+1 = νi

k, we have:

f(yi
k + νi

kei) > f(yi
k)− γ(νi

k)2,

f(yi
k − νi

kei) > f(yi
k)− γ(νi

k)2.

Then we get from the Mean Value Theorem

∇f(ui
k)T ei > −γνi

k, (2.5)
∇f(vi

k)T ei < γνi
k, (2.6)
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where ui
k = yi

k + λi
kνi

kei and vi
k = yi

k − µi
kνi

kei with λi
k, µi

k ∈ (0, 1). From (2.5) and (2.6) and the
Lipschitz continuity of ∇f , we have that

∇f(xk)T ei > −γνi
k − L∥xk − ui

k∥ > −γνi
k − L∥xk − yi

k∥ − Lνi
k,

∇f(xk)T ei < γνi
k + L∥xk − vi

k∥ < γνi
k + L∥xk − yi

k∥+ Lνi
k.

Hence

|∇f(xk)T ei| < (γ + L)νi
k + L∥xk − yi

k∥ ≤ (γ + L)νi
k + L

√
n∆k+1

= (γ + L) α̃i
k+1 + L

√
n∆k+1

≤ (γ + L)∆k+1 + L
√

n∆k+1,

so that
|∇f(xk)T ei| ≤

(
γ + L(

√
n + 1)

)
∆k+1.

Case (ii). From αi
k = α, and α̃i

k+1 = α ≥ νi
k, it results either

f

(
yi

k +
α̃i

k+1
δ

ei

)
> f(yi

k + α̃i
k+1ei)− γ

(1
δ
− 1

)2
(α̃i

k+1)2,

f(yi
k + δα̃i

k+1ei) ≥ f(yi
k + α̃i

k+1ei) + γ(1− δ)2(α̃i
k+1)2

or

f

(
yi

k −
α̃i

k+1
δ

ei

)
> f(yi

k − α̃i
k+1ei)− γ

(1
δ
− 1

)2
(α̃i

k+1)2,

f(yi
k − δα̃i

k+1ei) ≥ f(yi
k − α̃i

k+1ei) + γ(1− δ)2(α̃i
k+1)2.

Then, we get,

∇f(ūi
k)T ei > −γ

(1− δ

δ

)
α̃i

k+1, −∇f(ûi
k)T ei ≥ γ(1− δ)α̃i

k+1, (2.7)

or
∇f(v̄i

k)T ei < γ

(1− δ

δ

)
α̃i

k+1, −∇f(v̂i
k)T ei ≤ −γ(1− δ)α̃i

k+1, (2.8)

where ūi
k = yi

k + λ̄i
k

(1− δ

δ

)
α̃i

k+1ei, ûi
k = yi

k + λ̂i
k(1− δ)α̃i

k+1ei, v̄i
k = yi

k − µ̄i
k

(1− δ

δ

)
α̃i

k+1ei, and

v̂i
k = yi

k − µ̂i
k(1− δ)α̃i

k+1ei, with λ̄i
k, λ̂i

k, µ̄i
k, µ̂i

k ∈ (0, 1).

When (2.7) holds, from ∇f(ūi
k)T ei > −γ

(1− δ

δ

)
α̃i

k+1 we can write

[∇f(ūi
k)−∇f(xk) +∇f(xk)]T ei > −γ

(1− δ

δ

)
α̃i

k+1,

so that we obtain

∇f(xk)T ei > −γ

(1− δ

δ

)
α̃i

k+1 − L∥xk − ūi
k∥

> −γ

(1− δ

δ

)
α̃i

k+1 − L∥xk − yi
k∥ − L

(1− δ

δ

)
α̃i

k+1.

(2.9)
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From ∇f(ûi
k)T ei ≤ −γ(1− δ)α̃i

k+1 in (2.7), we can write

[∇f(ûi
k)−∇f(xk) +∇f(xk)]T ei ≤ −γ(1− δ)α̃i

k+1,

so that, in this case, we obtain

∇f(xk)T ei ≤ −γ(1− δ)α̃i
k+1 + L∥xk − ûi

k∥

≤ γ

(1− δ

δ

)
α̃i

k+1 + L∥xk − yi
k∥+ L

(1− δ

δ

)
α̃i

k+1.
(2.10)

Now, considering (2.9) and (2.10), we get

|∇f(xk)T ei| ≤
(

γ + L(
√

n + 1)
δ

)
∆k+1. (2.11)

The same bound can be obtained when (2.8) holds. Thus, finally, we obtain

∥∇f(xk)∥ ≤
√

n

(
γ + L(

√
n + 1)

δ

)
∆k+1.

On the other hand, for each iteration k such that xk+1 = xk, i.e. yi
k = xk for all i = 1, . . . , n + 1, we

have for every index i = 1, . . . , n

f

(
xk +

α̃i
k+1
θ

ei

)
> f(xk)− γ

(
α̃i

k+1
θ

)2

,

f

(
xk −

α̃i
k+1
θ

ei

)
> f(xk)− γ

(
α̃i

k+1
θ

)2

.

Then we get from the Mean Value Theorem

∇f(ui
k)T ei > −γ

α̃i
k+1
θ

, (2.12)

∇f(vi
k)T ei < γ

α̃i
k+1
θ

, (2.13)

where ui
k = xk + λi

k

α̃i
k+1
θ

ei and vi
k = xk − µi

k

α̃i
k+1
θ

ei with λi
k, µi

k ∈ (0, 1). From (2.12) and (2.13)
and the Lipschitz continuity of ∇f , we have that

∇f(xk)T ei > −γ
α̃i

k+1
θ
− L∥xk − ui

k∥ > −γ
α̃i

k+1
θ
− L

α̃i
k+1
θ

,

∇f(xk)T ei < γ
α̃i

k+1
θ

+ L∥xk − vi
k∥ < γ

α̃i
k+1
θ

+ L
α̃i

k+1
θ

.

Hence
|∇f(xk)T ei| < (γ + L)

α̃i
k+1
θ

,

so that we can write
∥∇f(xk)∥ ≤

√
n

γ + L

θ
∆k+1,

concluding the proof.
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Drawing inspiration from [62, 26, 5], we now introduce the following function:

Φk = f(xk) + η∆2
k, (2.14)

where η satisfies:
0 < η < γ(1− δ)2. (2.15)

Note that, whenever Assumption 2.1 holds, we have

Φk ≥ fmin. (2.16)

Function Φk allows us to state the following result which characterizes the evolution of the algorithm
at each iteration.

Proposition 2.3.3. Let {xk} and {α̃i
k}, i = 1, . . . , n, be the sequences produced by LAM using

Unconstrained DF-Linesearch. Then for all k = 0, 1, . . . :

Φk+1 − Φk ≤ −c̃LAM∆2
k+1, (2.17)

where

c̃LAM = min
{

η

(
1− θ2

θ2

)
, γc2,

(
γ(1− δ)2 − η

)}
, (2.18)

η is a parameter satisfying (2.15) and c, γ, δ, θ are the constants defined in the LAM algorithm and the
Unconstrained DF-Linesearch procedure.

Proof. For each k ≥ 1, consider the iteration k − 1. We split the set of iteration indices {0, 1, 2, . . . }
into the two subsets Ks and Ku, namely

i) k ∈ Ks when xk+1 ̸= xk;

ii) k ∈ Ku when xk+1 = xk.

Then the following cases can occur.

• xk ̸= xk−1 (i.e., k − 1 ∈ Ks) and ∆k = ∆k−1. Hence, there exists a coordinate ı̄ such that we
have moved from xk−1 along ±eı̄ and we have

αı̄
k−1 ≥ ν ı̄

k−1 = max
{

α̃ı̄
k−1, c∆k−1

}
≥ c∆k−1 = c∆k.

Then, from the line-search procedure, we can write

f(xk) ≤ f(xk−1)− γc2∆2
k.

Hence, we have

Φk − Φk−1 = f(xk)− f(xk−1) + η
(
∆2

k −∆2
k−1

)
≤ −γc2∆2

k. (2.19)
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• xk ̸= xk−1 (i.e., k − 1 ∈ Ks) and ∆k > ∆k−1. Then we have that an index ȷ̄ exists such
that a line-search has been performed along the ȷ̄-th direction producing the step length αȷ̄

k−1
satisfying

αȷ̄
k−1 = α̃ȷ̄

k = ∆k.

More specifically, we have

f(xk) ≤ f(yȷ̄
k−1 + α̃ȷ̄

kdȷ̄
k)

≤ f(yȷ̄
k−1 + δα̃ȷ̄

kdȷ̄
k)− γ(1− δ)2(α̃ȷ̄

k)2 ≤ f(xk−1)− γ(1− δ)2(α̃ȷ̄
k)2

= f(xk−1)− γ(1− δ)2∆2
k.

(2.20)

Hence, we obtain

Φk − Φk−1 = f(xk)− f(xk−1) + η
(
∆2

k −∆2
k−1

)
≤ −γ(1− δ)2∆2

k + η
(
∆2

k −∆2
k−1

)
≤ −γ(1− δ)2∆2

k + η∆2
k

≤ −
(
γ(1− δ)2 − η

)
∆2

k. (2.21)

• xk = xk−1 (i.e., k − 1 ∈ Ku). Recalling Lemma 2.3.1, we have

∆k = θ∆k−1.

Then,

Φk − Φk−1 = f(xk)− f(xk−1) + η
(
∆2

k −∆2
k−1

)
≤ η

(
∆2

k −
1
θ2 ∆2

k

)
= −η

(
1− θ2

θ2

)
∆2

k.

(2.22)

Finally (2.22), (2.19) and (2.21) conclude the proof.

Exploiting the properties of Φk, we prove that the sequences of initial step-sizes α̃i
k, i = 1, . . . , n,

are all convergent to zero.

Proposition 2.3.4. Suppose that Assumption 2.1 holds. Then, LAM using Unconstrained DF-Linesearch
produces sequences {α̃i

k}, i = 1, . . . , n, such that

lim
k→∞

max
i=1,...,n

{α̃i
k} = 0.

Proof. By Proposition 2.3.3, the sequence {Φk} is monotonically decreasing. Since Φk ≥ fmin, we
have that

lim
k→∞

Φk = Φ̄.

Recalling again Proposition 2.3.3 and the above limit, we get

lim
k→∞

∆k = 0,

and using the definition of ∆k the proof is concluded.



24 2. Worst-case complexity bounds for Line-search DFO methods

Corollary 2.3.5. Suppose that Assumption 2.1 holds. Then, LAM using Unconstrained DF-Linesearch
produces an infinite sequence {xk} such that

lim
k→∞

∥∇f(xk)∥ = 0.

Proof. The proof easily follows recalling Proposition 2.3.2 and Proposition 2.3.4.

Remark Note that the result of Proposition 2.3.4 is somewhat stronger than analogous results
for GPS [85] and MADS-type [4] algorithms. Indeed, for those algorithms it is only possible to show
that a subsequence of the step-sizes converges to zero. As a consequence, also the result of Corollary
2.3.5 is stronger in that it states that every limit point of the sequence of iterates is stationary.

2.3.3 Complexity bounds for LAM

This section is devoted to the definition of the worst case complexity bounds for the LAM algorithm.
The next two propositions ensure that the algorithm model takes at most O(nϵ−2) iterations and
O(n2ϵ−2) function evaluations to produce a point xk such that ∥∇f(xk)∥ ≤ ϵ.

Proposition 2.3.6. Suppose that Assumption 2.1 holds. Let {xk} be the sequence of points produced
by LAM using Unconstrained DF-Linesearch. Given any ϵ ∈ (0, 1) and α̃i

0 ≥ ϵ, for i = 1, . . . , n,
assume that ȷ̄ϵ + 1 is the first iteration such that ∥∇f(xȷ̄ϵ+1)∥ ≤ ϵ, i.e. ∥∇f(xk)∥ > ϵ, for all
k = 0, 1, . . . , ȷ̄ϵ. Then,

ȷ̄ϵ ≤
⌊

n c2
1 (Φ0 − fmin)

c̃LAM
ϵ−2
⌋

= O(nϵ−2), (2.23)

where c̃LAM is given by (2.18) and

c1 = γ + L

θ
. (2.24)

Proof. Using the function Φk defined by (2.14) we can write:

Φȷ̄+1 − Φ0 = (Φȷ̄+1 − Φȷ̄) + (Φȷ̄ − Φȷ̄−1) + · · ·+ (Φ1 − Φ0)

and exploiting Proposition 2.3.3 we have:

Φȷ̄+1 − Φ0 ≤ −c̃LAM

ȷ̄+1∑
k=1

∆2
k = −c̃LAM

ȷ̄∑
k=0

∆2
k+1.

By recalling (2.16), we can write

fmin − Φ0 ≤ Φȷ̄ − Φ0 ≤ −c̃LAM

ȷ̄∑
k=0

∆2
k+1. (2.25)

As done previously the set of iteration indices {0, 1, 2, . . . } can be divided into the two subsets Ks
and Ku, namely

i) k ∈ Ks when xk+1 ̸= xk;

ii) k ∈ Ku when xk+1 = xk.
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Furthermore Proposition 2.3.4 implies that Ku is infinite.
Now it is possible to define the following two set of indices:

Js = {0, . . . , ȷ̄} ∩ Ks succ. iterations up to ȷ̄,

Ju = {0, . . . , ȷ̄} ∩ Ku unsucc. iterations up to ȷ̄,

and to rewrite (2.25):
fmin − Φ0 ≤ −c̃LAM

∑
k∈Js

∆2
k+1 − c̃LAM

∑
k∈Ju

∆2
k+1. (2.26)

For all k ∈ Js we associate an index m(k) given by:

i) if Ju ∩ {0, . . . , k − 1} ≠ ∅ then m(k) in the biggest index of Ju ∩ {0, . . . , k − 1};

ii) if Ju ∩ {0, . . . , k − 1} = ∅ then m(k) = −1.

The steps of LAM ensure that, for all k ∈ Js,

∆2
k+1 ≥ ∆2

m(k)+1. (2.27)

Using these inequalities in (2.26), we obtain

fmin − Φ0 ≤ −c̃LAM

∑
k∈Js

∆2
m(k)+1 − c̃LAM

∑
k∈Ju

∆2
k+1. (2.28)

Now recalling (2.4) of Proposition 2.3.2, the choices for αi
0, for i = 1, . . . , n and that ∥∇f(xk)∥ > ϵ,

for all k = 0, 1, . . . , ȷ̄ϵ, we obtain:

Φ0 − fmin ≥ (ȷ̄ + 1)c̃LAM
θ2

n(γ + L)2 ϵ2.

Thus, the number ȷ̄ϵ of iterations can be bounded from above by

ȷ̄ϵ ≤
⌊

n(γ + L)2(Φ0 − fmin)
c̃LAM θ2 ϵ−2

⌋
= O(nϵ−2)

which concludes the proof.

Now, we prove the worst case complexity bound for the number of function evaluations.

Proposition 2.3.7. Suppose that Assumption 2.1 holds. Let {xk} be the sequence of point produced
by LAM using Unconstrained DF-Linesearch. Given any ϵ ∈ (0, 1) and α̃i

0 ≥ ϵ, assume that ȷ̄ϵ + 1
is the first iteration such that ∥∇f(xȷ̄ϵ+1)∥ ≤ ϵ, i.e. ∥∇f(xk)∥ > ϵ, for all k = 0, 1, . . . , ȷ̄ϵ. Then,
the number of function evaluations #fϵ required by LAM until the ȷ̄ϵ-th iteration are in the worst case
such that

#fϵ ≤ 2n

⌊
nc2

1(Φ0 − fmin)
c̃LAM

ϵ−2
⌋

+⌊
nc2

1(f(x0)− fmin)
γc2 max

{
1,

(
δ

1− δ

)2}
ϵ−2
⌋

= O(n2ϵ−2),

where c1 and c̃LAM are defined in (2.24) and (2.18), respectively.
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Proof. By assumption, for all k = 0, 1, . . . , ȷ̄, we have that

ϵ < ∥∇f(xk)∥. (2.29)

Let Uȷ̄ϵ and Sȷ̄ϵ be the index sets of unsuccessful and successful iterations until the iteration ȷ̄ϵ.

Then, for every iteration k, if k ∈ Uȷ̄ϵ , the Algorithm performs

#fu
k = 2n,

function evaluations.
On the other hand, if k ∈ Sȷ̄ϵ , we can partition the function evaluations performed by the

algorithm into those producing a sufficient decrease in the objective function and those producing a
failure, i.e. the last function evaluation performed by the Unconstrained DF-Linesearch procedure.
Hence, we divide the number of such function evaluations into #fs and #f

s. For the latter, we have

#f
s ≤ 2n|Sȷ̄ϵ |.

Exploiting the previous inequality, we can write

#fϵ = #fu
k |Uȷ̄ϵ |+ #f

s + #fs ≤ 2n (|Uȷ̄ϵ |+ |Sȷ̄ϵ |) + #fs = 2nȷ̄ϵ + #fs (2.30)

Concerning #fs, each time that such a function evaluation is performed, we have, by the instructions
of Unconstrained DF-Linesearch, either

f(yi
k)− f(yi

k + αjd̂) ≥ γα2
j ≥ γ min

{
1,

(1− δ

δ

)2}
c2∆2

k,

or

f(yi
k + αjd̂)− f(yi

k + αj/δd̂) ≥ γ

(1− δ

δ

)2
α2

j ≥ γ + αjd̂) ≥ γα2
j ≥ γ min

{
1,

(1− δ

δ

)2}
c2∆2

k.

Now, for all k ∈ Sȷ̄ϵ we can define an index m̃(k) given by:

i) if k > 0 and Uȷ̄ϵ ∩ {0, . . . , k − 1} ≠ ∅ then m̃(k) in the biggest index of
Uȷ̄ϵ ∩ {0, . . . , k − 1};

ii) if k = 0 or Uȷ̄ϵ ∩ {0, . . . , k − 1} = ∅ then m̃(k) = 0.

Then, we obtain:

f(yi
k + αjd̂)− f(yi

k + αj/δd̂) ≥ γ min
{

1,

(1− δ

δ

)2}
c2∆2

m̃(k) ≥ γ min
{

1,

(1− δ

δ

)2}
c2 ϵ2

nc2
1
.

Then, recalling that f is bounded from below by fmin, summing the above relation over all such
function evaluations, we obtain

f0 − fmin ≥ #fsγ min
{

1,

(1− δ

δ

)2}
c2 ϵ2

nc2
1
,
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so that
#f s ≤ c2

1n(f0 − fmin)
γc2ϵ2 max

{
1,

(
δ

1− δ

)2}
.

Finally, using (2.30) and (2.23), the following holds

#fϵ ≤ 2n

⌊
nc2

1(Φ0 − fmin)
c̃LAM

ϵ−2
⌋

+
⌊

nc2
1(f0 − fmin)

γc2ϵ2 max
{

1,

(
δ

1− δ

)2}⌋
= O(n2ϵ−2), (2.31)

where c1 and c̃LAM are defined in (2.24) and (2.18), respectively. The latter concludes the proof.

The previous results show that the line-search DFO approach is also able to propose algorithms with
exactly the same complexity bounds of those obtained in [86] for direct search methods.
In addition, the next proposition shows that the use of the line-search technique allows us to guarantee
to a DFO algorithm the further property that the number of iterations such that ∥∇f(xk)∥ > ϵ is
of the order of ϵ−2. In particular, for the LAM algorithm, the number of such iterations is O(n2 ϵ−2)
in the worst case.
Proposition 2.3.8. Suppose that Assumption 2.1 holds. Let {xk} be the sequence of point produced
by LAM using Unconstrained DF-Linesearch. Given any ϵ ∈ (0, 1), consider the following subset of
indices:

Kϵ = { k = 1, . . . : ∥∇f(xk)∥ > ϵ } . (2.32)
Then,

|Kϵ| ≤
⌊

n c2
2 (Φ0 − fmin)

c̃LAM
ϵ−2
⌋

= O(n2ϵ−2), (2.33)

where c̃LAM is given by (2.18) and

c2 = max
{(

γ + L(
√

n + 1)
δ

)
,

(
γ + L

θ

)}
. (2.34)

Proof. Proposition 2.3.3 shows that the sequence {Φk} is not increasing and that, for every k, we
have:

Φk − Φ0 ≤ −c̃LAM

k∑
k̃=1

∆2
k̃

= −c̃LAM

k∑
k̃=0

∆2
k̃+1. (2.35)

Since the sequence {Φk} is bounded from below, Φ∗ exists such that:

lim
k→∞

Φk = Φ∗ ≥ fmin.

Taking the limit for k →∞ in (2.35) we obtain:

Φ0 − Φ∗ ≥ c̃LAM

∞∑
k=0

∆2
k+1 ≥ c̃LAM

∑
k∈Kϵ

∆2
k+1,

which, together with the definition of Kϵ and Proposition 2.3.2, gives

Φ0 − fmin ≥ c̃LAM

∑
k∈Kϵ

∆2
k+1 ≥ |Kϵ|c̃LAM

ϵ2

nc2
2
.

Thus
|Kϵ| ≤

⌊
nc2

2(Φ0 − fmin)
c̃LAM

ϵ−2
⌋

= O(n2ϵ−2)

and the proof is concluded.
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2.4 Bound-constrained problems

In this section we see the insights of the framework proposed for bound-constrained problems. We
start again by introducing the line-search within the algorithm in such case and describe its main
features. We then see some preliminary results that are used afterwards to prove the convergence
properties of LAM, and we prove the worst-case complexity bounds in terms of iterations and function
evaluations. Finally we analyze the properties of the method regarding the identification of the active
set.

2.4.1 DF-Linesearch with bound constraints

In the following we describe the line-search procedure for bound-constrained problems.

Algorithm 8 Bounded DF-Linesearch(x,i,γ,δ,ν)
1: if ν > max{ui − xi, xi − ℓi} then return d = ei, α = 0
2: end if
3: set ᾱ = ν
4: if ᾱ ≤ xi − li and f(x− ᾱei) ≤ f(x)− γᾱ2 then
5: set d = −ei, αmax = xi − li and go to line 12
6: end if
7: if ᾱ ≤ ui − xi and f(x + ᾱei) ≤ f(x)− γᾱ2 then
8: set d = ei, αmax = ui − xi and go to line 12
9: else

10: return d and α = 0
11: end if
12: set α = ᾱ and ω = min{α/δ, αmax}
13: while

(
α < αmax and f(x + ωd) ≤ f(x + αd)− γ(ω − α)2) do

14: set α = ω and ω = min{α/δ, αmax}
15: end while
16: return d and α

Given a feasible point x, the exploration of the i-th coordinate direction ei is performed by a
line-search procedure outlined in the Bounded DF-Linesearch. First, we check if the given step-size
ν is feasible along ±ei, that is, if one among x+νei and x−νei is feasible. If that is not the case, we
end the line-search returning a zero step length to indicate a failure. Otherwise, we try to determine
if one between ei and −ei is a “good” descent direction, that is, if a sufficient decrease in the objective
function can be obtained by using a feasible step-size, with the same rule used for the unconstrained
case. If neither ei nor −ei qualifies as a suitable descent direction, then the line-search procedure
terminates, returning a zero step length to indicate a failure. If a sufficient decrease of f is achieved,
then an extrapolation (or expansion) phase starts (i.e., lines 12–15), where we try to increase the
step-size to the maximum extent while preserving feasibility and guaranteeing the sufficient decrease
condition. Specifically, the while loop keeps expanding the step-size as long as the most recently
accepted point remains strictly within the bounds (i.e., α < αmax) and the new tentative point is
sufficiently better than the last accepted one (i.e., f(x + ωd) ≤ f(x + αd)− γ(ω − α)2).

For the seek of clarity, let us briefly compare the Bounded DF-Linesearch with the Unconstrained
DF-Linesearch. The structure both the algorithms is the same. First, the methods verify wether
the sufficient decrease condition is satisfied along one of the sides of the current coordinate direction,
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performing a step of the given size ν. If the condition is met, then the expansion procedure begins,
otherwise the algorithms stop returning a step-size equal to zero. The difference lies in the fact
that, whenever the Bounded DF-Linesearch tests the sufficient condition, it also checks if the trial
point is feasible. It is important to point out that, in the first phase, the Bounded DF-Linesearch
is immediately terminated if, along both sides of the current direction, the trial points are found
infeasible. On the contrary, during the extrapolation phase, if a trial point is found infeasible, it is
projected on the bound, and the sufficient decrease condition is verified for the the latter.

As in the previous section, we state the following property of LAM. Note that the same arguments
used for Lemma 2.3.1 in the unconstrained case can be used in the following Lemma, so the proof is
omitted.
Lemma 2.4.1. Let {∆k} be the sequence of maximum tentative step-sizes produced by LAM using the
Bounded DF-Linesearch. Then, for all k we have

∆k+1

{
≥ ∆k if xk+1 ̸= xk

= θ∆k if xk+1 = xk.

Therefore, ∆k ≤ ∆k+1/θ for all k.

2.4.2 Preliminary results

In this section we consider (P1) in the case where Ω = [l, u].

The following assumption is considered satisfied throughout this section, even when not explicitly
invoked.
Assumption 2.2. A constant Mg ≥ 0 exists such that

∥∇f(x)∥ ≤Mg

for all x ∈ [l, u].
Under Assumption 2.1, we can also provide the following definition of coordinate-wise Lipschitz

constants.
Definition 2.4.2. The coordinate-wise Lipschitz constants Li > 0, i = 1, . . . , n, of ∇f are such that,
for all x ∈ [l, u],

|∇if(x + sei)−∇if(x)| ≤ Li|s| ∀s ∈ R : x + sei ∈ [l, u], i = 1, . . . , n.

Moreover,
Lmax = max

i=1,...,n
Li. (2.36)

Now, given x ∈ [l, u], let us introduce the following criticality measure:

χ(x) = max
x+d∈[l,u]

∥d∥≤1

−∇f(x)⊤d.

The above measure has been successfully used in the analysis of some direct search methods for
linearly constrained problems [51, 60, 61]. It can be interpreted as the progress on a first-order
model in a ball centered at x with unit ray subject to feasibility constraints [29, 61], thus generalizing
∥∇f(x)∥ from the unconstrained setting. Originally proposed in [28] for more general constraints
and further analyzed in [29], χ(x) is continuous, non-negative and such that χ(x) = 0 if and only if
x is a KKT point. So, we can define a stationary point as follows.
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Definition 2.4.3. A point x∗ ∈ [l, u] is said to be a stationary point of problem (P1) if χ(x∗) = 0.

Next, given ϵ ≥ 0, we define the set of ϵ-active constraints at x ∈ [l, u] as

Il(x, ϵ) = {i : xi ≤ li + ϵ},
Iu(x, ϵ) = {i : xi ≥ ui − ϵ}.

Namely, Il(x, ϵ) and Iu(x, ϵ) denote the sets of lower and upper bound constraints, respectively, that
are nearly active at x with a tolerance ϵ. Accordingly, let us define N(x, ϵ) as the ϵ-normal cone
generated by the ϵ-active constraints, that is,

N(x, ϵ) = cone
(
{−ei, i ∈ Il(x, ϵ)} ∪ {ei, i ∈ Iu(x, ϵ)} ∪ {0}

)
,

while the ϵ-tangent cone T (x, ϵ) is the polar of N(x, ϵ), that is,

T (x, ϵ) = N(x, ϵ)◦ = {d ∈ Rn : d⊤v ≤ 0, ∀ v ∈ N(x, ϵ)}.

The use of ϵ-normal and ϵ-tangent cones is a well known tool in the analysis of direct search methods
applied to linearly constrained problems [51, 60, 61]. Essentially, the set x + T (x, ϵ) is an approxi-
mation of the feasible region near a feasible point x, that is, moving from x along any direction in
T (x, ϵ) with a step-size less than or equal to ϵ ensures that all constraints stay satisfied.

In our case, considering the structure of the feasible set of problem (P1), it is straightforward to
verify that a set of generators for T (x, ϵ) is given by

GT (x,ϵ) = {−ei, i ̸∈ Il(x, ϵ)} ∪ {ei, i ̸∈ Iu(x, ϵ)} ∪ {0}, (2.37)

that is, T (x, ϵ) = cone (GT (x,ϵ)).
The following two propositions from [61] show how χ(xk) can be bounded above by using the

projection of −∇f(xk) onto T (xk, ϵ) and N(xk, ϵ).

Proposition 2.4.4 ([60, Proposition 8.2]). If x ∈ [l, u], then for all ϵ ≥ 0 we have that

χ(x) ≤ ∥(−∇f(x))T (x,ϵ)∥+ ϵ
√

n∥(−∇f(x))N(x,ϵ)∥.

Proposition 2.4.5 ([60, Proposition 8.1]). Given ϵ ≥ 0, let GT (x,ϵ) be defined as in (2.37). If
(−∇f(x))T (x,ϵ) ̸= 0, then there exists d ∈ GT (x,ϵ) such that

1√
n
∥(−∇f(x))T (x,ϵ)∥ ≤ −∇f(x)⊤d.

2.4.3 Global convergence

In the following proposition, we show that LAM using the Bounded DF-Linesearch is well defined, i.e.,
the Bounded DF-Linesearch cannot cycle so that the sequences of points and step-sizes produced
are infinite overall.

Proposition 2.4.6. LAM using the Bounded DF-Linesearch is well defined, i.e., it produces infinite
sequences {xk}, {αi

k}, {α̃i
k}, i = 1, . . . , n.
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Proof. We have to show that the Bounded DF-Linesearch procedure cannot infinitely cycle over
steps 12–14 in the while loop. Let us suppose, by contradiction, that the while loop does not
terminate, i.e., we always have α < αmax. At the j-th iteration of the while loop, we have

α = ᾱ

δj

with δ < 1. If αmax is finite, then we have α > αmax, for j sufficiently large, which is a contradiction.
Otherwise, if αmax = +∞, then, for every j we have

f(x + ωd) ≤ f(x + αd)− γ(ω − α)2, (2.38)

with ω = α/δ = ᾱ/δj+1. Now, for j sufficiently large, (2.38) contradicts Assumption 2.1, i.e., that f
is bounded from below inside the feasible set.

In the following, we present some results concerning the global convergence of LAM using the
Bounded DF-Linesearch to stationary points. More specifically, by extending some results from [74]
and Section 2.3, we establish a relationship between ∇f(xk), with specific directions d, and the
largest tentative step length at ∆k+1. As to be shown, the bound depends, besides on the problem
dimension n, on the Lipschitz constant L and the algorithm parameters γ, θ and δ.

From now on, let us denote

Tk := T (xk, ∆k) and Gk := GT (xk,∆k), (2.39)

where Gk is the set of generators of Tk and is defined as in (2.37).

Theorem 2.4.7. Let {xk} be the sequence produced by LAM using the Bounded DF-Linesearch.
Then, for all k and for all d ∈ Gk, we have that

−∇f(xk)⊤d ≤


(

γ + L

δ
+ L
√

n

)
∆k+1 if xk+1 ̸= xk,

(
γ + Lmax

θ

)
∆k+1 if xk+1 = xk.

(2.40)

Proof. First, consider an iteration k such that xk+1 ̸= xk (i.e., a successful iteration). The following
cases can occur, recalling that the analysis is limited to considering directions ±ei, i = 1, . . . , n,
belonging to Gk.

(1a) ei ∈ Gk, (yi+1
k )i = li and (yi

k)i = li. Then, αi
k = 0 and α̃i

k+1 = νi
k. From the instructions of

the line-search procedure, we have that

f(yi
k + α̃i

k+1ei) > f(yi
k)− γ(α̃i

k+1)2.

By the mean value theorem, we have

f(yi
k + α̃i

k+1ei)− f(yi
k) = α̃i

k+1∇if(ξi
k),

where ξi
k = yi

k + ti
kα̃i

k+1ei and ti
k ∈ (0, 1). Then,

−∇if(ξi
k) < γα̃i

k+1.
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It follows that
−∇if(ξi

k) +∇if(xk)−∇if(xk) < γα̃i
k+1

and we can write

−∇if(xk) < γα̃i
k+1 − (∇if(xk)−∇if(ξi

k))
≤ γα̃i

k+1 + L∥xk − ξi
k∥

≤ γα̃i
k+1 + L∥xk − yi

k∥+ L∥yi
k − ξi

k∥.
(2.41)

Moreover, since ti
k ∈ (0, 1), we have ti

kα̃i
k+1 ≤ α̃i

k+1. Then,

∥yi
k − ξi

k∥ ≤ α̃i
k+1.

Hence, since αi
k+1 ≤ α̃i

k+1 ≤ ∆k+1 for all i = 1, . . . , n, and taking into account that yi
k =

xk +
∑i−1

j=1 αj
kdj

k, so that ∥xk − yi
k∥ ≤

√
n∆k+1, we get

(−∇f(xk))⊤ei < γα̃i
k+1 + L∥xk − yi

k∥+ Lα̃i
k+1 ≤

(
γ + L + L

√
n
)

∆k+1. (2.42)

(1b) −ei ∈ Gk, (yi+1
k )i = li and (yi

k)i > li. Then, α̃i
k+1 = αi

k > 0. From the instructions of the
line-search procedure, there exist βi

k and βi
k such that βi

k ∈ [νi
k, α̃i

k+1], βi
k ∈ {0} ∪ [νi

k, α̃i
k+1)

and βi
k − βi

k > 0, and the following holds

f(yi
k − βi

kei) ≤ f(yi
k − βi

kei)− γ(β̃i
k − βi

k)2 ≤ f(yi
k − βi

kei).

By the mean value theorem, we have

f(yi
k − βi

kei)− f(yi
k − βi

kei) = −(βi
k+1 − βi

k)∇if(ξi
k),

where ξi
k = yi

k − βi
kei + ti

k(βi
k − βi

k+1)ei and ti
k ∈ (0, 1). Then,

−∇if(ξi
k) ≤ 0.

Hence, by similar reasoning as in case (1a), we obtain

(−∇f(xk))⊤(−ei) ≤
(
L + L

√
n
)

∆k+1. (2.43)

(2a) −ei ∈ Gk, (yi+1
k )i = ui and (yi

k)i = ui. Then, αi
k = 0 and α̃i

k+1 = νi
k. Reasoning as in case

(1a), with minor differences, we get

(−∇f(xk))⊤(−ei) ≤
(
γ + L + L

√
n
)

∆k+1. (2.44)

(2b) ei ∈ Gk, (yi+1
k )i = ui and (yi

k)i < ui. Then, α̃i
k+1 = αi

k > 0. Reasoning as in case (1b), with
minor differences, we get

(−∇f(xk))⊤ei ≤
(
L + L

√
n
)

∆k+1. (2.45)
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(3a) {±ei} ∩Gk ̸= ∅, li < (yi+1
k )i < ui and (yi

k)i = (yi+1
k )i. Then, αi

k = 0 and α̃i
k+1 = νi

k. From the
instructions of the line-search procedure, we have that

f(yi
k + α̃i

k+1ei) > f(yi
k)− γ(α̃i

k+1)2 if ei ∈ Gk,

f(yi
k − α̃i

k+1ei) > f(yi
k)− γ(α̃i

k+1)2 if − ei ∈ Gk.

By the mean value theorem, we have

f(yi
k + α̃i

k+1ei)− f(yi
k) = ∇if(ξi

k)α̃i
k+1 if ei ∈ Gk,

f(yi
k − α̃i

k+1ei)− f(yi
k) = −∇if(ξ̄i

k)α̃i
k+1 if − ei ∈ Gk.

where ξi
k = yi

k + ti
kα̃i

k+1ei and ξ̄
i
k = yi

k − t̄i
kα̃i

k+1ei, with ti
k, t̄i

k ∈ (0, 1). Then,

−∇if(ξi
k) < γα̃i

k+1 if ei ∈ Gk,

∇if(ξ̄i
k) < γα̃i

k+1 if − ei ∈ Gk.

and, recalling that ti
k, t̄i

k ∈ (0, 1), we also have

∥yi
k − ξi

k∥ = ti
kα̃i

k+1 ≤ α̃i
k+1 if ei ∈ Gk,

∥yi
k − ξ̄

i
k∥ = ti

kα̃i
k+1 ≤ α̃i

k+1 if − ei ∈ Gk.

Hence, reasoning as in case (1a) (i.e., using (2.41) for ei and applying minor changes to (2.41),
with ξi

k replaced by ξ̄
i
k, for −ei), we obtain

−∇f(xk)⊤ei ≤
(
γ + L + L

√
n
)

∆k+1 if ei ∈ Gk,

−∇f(xk)⊤(−ei) ≤
(
γ + L + L

√
n
)

∆k+1 if − ei ∈ Gk.
(2.46)

(3b) di
k ∈ Gk, li < (yi+1

k )i < ui and (yi
k)i ̸= (yi+1

k )i. Then, αi
k > 0, α̃i

k+1 = αi
k. Let us assume that

di
k = −ei, i.e., yi+1

k = yi
k− α̃i

k+1ei (the proof for the case di
k = ei is identical, except for minor

changes). Then, from the instructions of the line-search procedure, there exist βi
k and β̄i

k such
that βi

k ∈ {0, δα̃i
k+1}, α̃i

k+1 < β̄i
k ≤ α̃i

k+1/δ and

f(yi
k − α̃i

k+1ei) ≤ f(yi
k − βi

kei)− γ(α̃i
k+1 − βi

k)2 ≤ f(yi
k − βi

kei),

f
(
yi

k − β̄i
kei

)
> f(yi

k − α̃i
k+1ei)− γ

(
β̄i

k − α̃i
k+1

)2
.

By the mean value theorem, we have

f(yi
k − α̃i

k+1ei)− f(yi
k − βi

kei) = −(α̃i
k+1 − βi

k)∇if(ξi
k),

f
(
yi

k − β̄i
kei

)
− f(yi

k − α̃i
k+1ei) = −(β̄i

k − α̃i
k+1)∇if(ξ̄i

k),

where ξi
k = yi

k−βi
kei−ti

k(α̃i
k+1−βi

k)ei and ξ̄
i
k = yi

k−α̃i
k+1ei−t̄i

k(β̄i
k−α̃i

k+1)ei, with ti
k, t̄i

k ∈ (0, 1).
Then,

−∇if(ξi
k) ≤ 0,

∇if(ξ̄i
k) < γ(β̄i

k − α̃i
k+1).
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Moreover, from the definition of β̄i
k, it follows that 0 ≤ β̄i

k − α̃i
k+1 ≤ (1/δ − 1)α̃i

k+1 ≤ α̃i
k+1/δ,

where we have used the fact that δ ∈ (0, 1). Then,

−∇if(ξi
k) ≤ 0,

∇if(ξ̄i
k) < γ

(1− δ

δ

)
α̃i

k+1 ≤ γ
α̃i

k+1
δ

,

and, recalling that ti
k, t̄i

k ∈ (0, 1), we also have

∥yi
k − ξi

k∥ = βi
k + ti

k(α̃i
k+1 − βi

k) ≤ α̃i
k+1 ≤

α̃i
k+1
δ

,

∥yi
k − ξ̄

i
k∥ = α̃i

k+1 + ti
k(β̄i

k − α̃i
k+1) ≤ β̄i

k ≤
α̃i

k+1
δ

.

Hence, reasoning as in the previous case, we obtain

−∇f(xk)⊤(−ei) = ∇if(xk) ≤
(

γ + L

δ
+ L
√

n

)
∆k+1,

−∇f(xk)⊤ei = −∇if(xk) ≤
(

γ + L

δ
+ L
√

n

)
∆k+1.

(2.47)

Hence, from (2.42), (2.43), (2.44), (2.45), (2.46) and (2.47), we conclude that

−∇f(xk)⊤d ≤
(

γ + L

δ
+ L
√

n

)
∆k+1 ∀d ∈ Gk.

Now, let us analyze an iteration k such that xk+1 = xk (i.e., an unsuccessful iteration). In such
a case, only cases (1a), (2a) and (3a) can occur, although we have to consider that yi

k = xk and
α̃i

k+1 = θνi
k. Hence, replacing L with Li, we have that the following relations hold:

−∇f(xk)⊤ei ≤
γ + Lmax

θ
∆k+1 if ei ∈ Gk,

−∇f(xk)⊤(−ei) ≤
γ + Lmax

θ
∆k+1 if − ei ∈ Gk.

As above, we finally conclude

−∇f(xk)⊤d ≤ γ + Lmax

θ
∆k+1 ∀d ∈ Gk.

Remark 2.4.8. The result expressed in Theorem 2.4.7 strongly relies on the extrapolation phase
of the line-search procedure (i.e., lines 12–15 of Bounded DF-Linesearch). In particular, since we
quit the expansion with a failure in the objective decrease when we do not hit the boundary of the
feasible set, then we are able to upper bound χ(xk) for all iterations, including the successful ones.
This represents a relevant difference over direct search [51] methods, where χ(xk) is usually upper
bounded only for the unsuccessful iterations. Moreover, this property will allow us to give a complexity
bound on the total number of iterations where χ(xk) is above a specified threshold (see Theorem 2.4.13
below).
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Combining Proposition 2.4.5 and Theorem 2.4.7, it is now straightforward to relate χ(xk) with
∆k+1, as stated in the following result.

Theorem 2.4.9. Let {xk} be the sequence of points produced by LAM using the Bounded DF-Linesearch.
Then,

χ(xk) ≤


√

n

(
γ + L

δ
+ L
√

n + Mg

θ

)
∆k+1 if xk+1 ̸= xk,

√
n

(
γ + Lmax + Mg

θ

)
∆k+1 if xk+1 = xk.

Proof. Using Proposition 2.4.4 with ϵ = ∆k and Lemma 2.4.1, we obtain

χ(xk) ≤ ∥(−∇f(xk))Tk
∥+ ∆k+1

θ

√
nMg,

where we have used the fact that ∥(−∇f(xk))N(xk,ϵ)∥ ≤ ∥∇f(xk)∥ ≤ Mg, where the last inequality
follows from Assumption 2.2. So, using Proposition 2.4.5, it follows that there exists a direction
d ∈ Gk such that

χ(xk) ≤
√

n

(
−∇f(xk)⊤d + Mg

θ
∆k+1

)
.

The desired result hence follows from Theorem 2.4.7.

In order to get convergence to stationary points and provide worst-case complexity bounds for
the proposed algorithm, for each iteration k let us define

Φk = f(xk) + η∆2
k, (2.48)

where η satisfies
0 < η < γ(δ(1− δ))2. (2.49)

Recalling Assumption 2.1, note that

Φk ≥ fmin ∀k ≥ 0. (2.50)

Now, in the next theorem, we bound the difference Φk − Φk−1 for each iteration k. Note that the
proof of the following theorem is equivalent to the one of Proposition 2.3.3 in the unconstrained case
for the first and the third cases, while it differs from it for the second one. Indeed, in the bounded
case, when we increase ∆k, the last success in the Bounded DF-Linesearch might happen reaching
the bound of the current coordinate, providing no precise information about the magnitude of the
last expansion.

Theorem 2.4.10. Let {xk} be the sequence produced by LAM using the Bounded DF-Linesearch.
Then,

Φk − Φk−1 ≤ −c1∆2
k ∀k ≥ 1, (2.51)

with
c1 = min

{
γc2,

(
γ(δ(1− δ))2 − η

)
, η

(
1− θ2

θ2

)}
> 0, (2.52)

with η satisfying (2.49), and c and θ are defined in LAM.

Proof. For each k ≥ 1, consider the iteration k − 1. The following cases can occur.
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• xk ̸= xk−1 (i.e., k−1 is a successful iteration) and ∆k = ∆k−1. Hence, there exists a coordinate
ı̄ such that we have moved from xk−1 along ±eı̄ and we have

αı̄
k−1 ≥ ν ı̄

k−1 = max
{

α̃ı̄
k−1, c∆k−1

}
≥ c∆k−1 = c∆k.

Then, from the line-search procedure, we can write

f(xk) ≤ f(xk−1)− γc2∆2
k.

Hence, we have

Φk − Φk−1 = f(xk)− f(xk−1) + η
(
∆2

k −∆2
k−1

)
≤ −γc2∆2

k. (2.53)

• xk ̸= xk−1 (i.e., k − 1 is a successful iteration) and ∆k > ∆k−1.
Hence, there exists a coordinate ı̄ such that

αı̄
k−1 = ∆k.

Let hi
k−1 be the number of times the step-size related to the i-th coordinate is expanded on

iteration k − 1, that is, if αi
k > 0

αi
k−1 = min{αmax, δ−hi

k−1νi
k−1},

where αmax is the distance to the bound of the i-th coordinate over di
k−1. Now, considering ı̄,

we have
αı̄

k−1 > ∆k−1 ≥ ν ı̄
k−1,

which implies that hı̄
k−1 ≥ 1, otherwise we would have αı̄

k−1 ∈ {0, ν ı̄
k−1}.

If hı̄
k−1 = 1, then we have

∆k = αı̄
k−1 = min{αmax, δ−1ν ı̄

k−1} ≤ δ−1ν ı̄
k−1 =⇒ ν ı̄

k−1 ≥ δ∆k

Thus, we get
f(xk) ≤ f(xk−1)− γ(ν ı̄

k−1)2 ≤ f(xk−1)− γδ2∆2
k. (2.54)

Let us now consider hı̄
k−1 ≥ 2. We have

∆k = αı̄
k−1 = min{αmax, δ−hı̄

k−1ν ı̄
k−1} ≤ δ−hı̄

k−1ν ı̄
k−1

δ−(hı̄
k−1−1)ν ı̄

k−1 ≥ δ∆k. (2.55)

Therefore we can write

f(xk) ≤ f(xk−1)− γ
(
δ−(hı̄

k−1−1)ν ı̄
k−1 − δ−(hı̄

k−1−2)ν ı̄
k−1

)2

= f(xk−1)− γ
(
δ−(hı̄

k−1−1)ν ı̄
k−1(1− δ)

)2

using (2.55) ≤ f(xk−1)− γ (δ(1− δ))2 ∆2
k.

(2.56)

Finally, using (2.54) and (2.56), and considering that min{(1− δ)2, (δ(1− δ))2} = (δ(1− δ))2,
we can write

f(xk) ≤ f(xk−1)− γ(δ(1− δ))2∆2
k.
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Hence, we have

Φk − Φk−1 = f(xk)− f(xk−1) + η
(
∆2

k −∆2
k−1

)
≤ −γ(δ(1− δ))2∆2

k + η∆2
k

= −
(
γ(δ(1− δ))2 − η

)
∆2

k.

(2.57)

• xk = xk−1 (i.e., k − 1 is an unsuccessful iteration). Recalling Lemma 2.4.1, we have

∆k = θ∆k−1.

Then,

Φk − Φk−1 = f(xk)− f(xk−1) + η
(
∆2

k −∆2
k−1

)
= η

(
∆2

k −
1
θ2 ∆2

k

)
= −η

(
1− θ2

θ2

)
∆2

k.

(2.58)

Finally, we get (2.51) by combining (2.53), (2.57) and (2.58), where c1 > 0 since c ∈ (0, 1].

Using the above result, we can easily show the convergence to zero of the sequences of tentative
and actual step-sizes produced by the algorithm, i.e., {α̃i

k}, {αi
k}, i = 1, . . . , n, respectively, together

with the convergence to zero of the sequence of maximum tentantive step-sizes {∆k}.

Proposition 2.4.11. Let {α̃i
k}, {αi

k}, i = 1, . . . , n, and {∆k} be the sequences produced by LAM using
the Bounded DF-Linesearch. We have that

lim
k→∞

α̃i
k = 0, i = 1, . . . , n; (2.59)

lim
k→∞

αi
k = 0, i = 1, . . . , n; (2.60)

lim
k→∞

∆k = 0. (2.61)

Proof. From (2.50) and (2.51), we get (2.61). Then, using the definition of ∆k given in LAM,
also (2.59) holds. Since, for all k ≥ 1 and for all i = 1, . . . , n, from the instructions of the algorithm
either αi

k−1 = 0 or αi
k−1 = α̃i

k, then (2.60) follows from (2.59).

Using Theorem 2.4.9 and Proposition 2.4.11, it is now possible to prove the convergence of the
algorithm to stationary points.

Theorem 2.4.12. Let {xk} be the sequence of points produced by LAM using the Bounded DF-Linesearch.
Then,

• lim
k→∞

χ(xk) = 0, i.e., every limit point of {xk} is stationary,

• lim
k→∞

∥xk+1 − xk∥ = 0.

Proof. From Theorem 2.4.9 and (2.61) in Proposition 2.4.11, taking the limit for k → ∞ it follows
that χ(xk)→ 0, that is, every limit point of {xk} is stationary. Finally, since xk+1−xk =

∑n
i=1 αi

kdi
k,

using (2.60) in Proposition 2.4.11 we also have that ∥xk+1 − xk∥ → 0.
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2.4.4 Worst-case complexity

This section is devoted to analyze the worst-case complexity of LAM using the Bounded DF-Linesearch.
In particular,

(i) we give an upper bound of O(n2ϵ−2) on the total number of iterations where χ(xk) is not below
a specified threshold ϵ;

(ii) we give an upper bound of O(nϵ−2) on the number of iterations required to generate the first
point xk where χ(xk) is below a specified tolerance ϵ;

(iii) we give an upper bound of O(n2ϵ−2) on the number of function evaluations required to generate
the first point xk where χ(xk) is below a specified tolerance ϵ.

We start by providing an upper bound of O(n2ϵ−2) on the total number of iterations where
χ(xk) ≥ ϵ, with a given ϵ > 0.

Theorem 2.4.13. Let {xk} be the sequence of points produced by LAM using the Bounded DF-Linesearch.
Given any ϵ > 0, let

Kϵ = {k : χ(xk) ≥ ϵ}.

Then, |Kϵ| ≤ O(n2ϵ−2). In particular,

|Kϵ| ≤
⌊

c2
2(Φ0 − fmin)

c1
ϵ−2
⌋

,

where c1 is defined as in Theorem 2.4.10 and

c2 =
√

n max
{

γ + L

δ
+ L
√

n + Mg

θ
,
γ + Lmax + Mg

θ

}
.

Proof. From Theorem 2.4.10, it follows that the sequence {Φk} is monotonically non-increasing.
Furthermore, for all k ≥ 1, we can write

Φk − Φ0 ≤ −c1

k∑
j=1

∆2
j = −c1

k−1∑
j=0

∆2
j+1. (2.62)

Since the sequence {Φk} is bounded from below, there exists Φ∗ such that

lim
k→∞

Φk = Φ∗ ≥ fmin,

with fmin defined as in (2.50). Taking the limit for k →∞ in (2.62) we obtain

Φ0 − fmin ≥ Φ0 − Φ∗ ≥ c1

∞∑
k=0

∆2
k+1 ≥ c1

∑
k∈Kϵ

∆2
k+1.

Therefore, using the definition of Kϵ and Theorem 2.4.9, we get

Φ0 − fmin ≥ c1
∑

k∈Kϵ

∆2
k+1 ≥ |Kϵ|c1

ϵ2

c2
2
.

Thus, the desired result is obtained.
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As appears from the proof of Theorem 2.4.13, the above result relies on Theorem 2.4.9 which,
in turn, uses Theorem 2.40. The latter, as pointed out in Remark 2.4.8, strongly relies on the
extrapolation phase of the line-search procedure (i.e., lines 12–15 of the Bounded DF-Linesearch),
which allows us to bound χ(xk) at both successful and unsuccessful iterations.

In the following theorem, we give an upper bound of O(nϵ−2) on the maximum number of
iterations required to produce a point xk such that χ(xk) is below a given threshold ϵ > 0. This
bound aligns with established findings for direct search [51] and model-based [59] methods.

Theorem 2.4.14. Let {xk} be the sequence of points produced by LAM using the Bounded DF-Linesearch.
Given any ϵ > 0, let jϵ ≥ 1 be the first iteration such that χ(xjϵ) < ϵ, that is, χ(xk) ≥ ϵ for all
k ∈ {0, . . . , jϵ − 1}.

Then, jϵ ≤ O(nϵ−2). In particular,

jϵ ≤
⌊

nc2
3(Φ0 − fmin)

c1
ϵ−2
⌋
,

where c1 is given by (2.52) and
c3 = γ + Lmax + Mg

θ
. (2.63)

Proof. Let Φk the function defined in (2.48). We can write

Φjϵ − Φ0 =
jϵ−1∑
k=0

(Φk+1 − Φk)

and, using Theorem 2.4.10, we have that

Φjϵ − Φ0 ≤ −c1

jϵ−1∑
k=0

∆2
k+1.

Recalling (2.50) and the fact that Φk ≥ f(xk) for k ≥ 0, we get

fmin − Φ0 ≤ Φjϵ − Φ0 ≤ −c1

jϵ−1∑
k=0

∆2
k+1. (2.64)

Now, we can partition the set of iteration indices {0, . . . , jϵ − 1} into Sjϵ and Ujϵ such that

k ∈ Sjϵ ⇔ xk ̸= xk−1, k ∈ Ujϵ ⇔ xk = xk−1, Sjϵ ∪ Ujϵ = {0, . . . , jϵ − 1},

that is, Sjϵ and Ujϵ contain the successful and unsuccessful iterations up to jϵ − 1, respectively. So,
from (2.64), we can write

Φ0 − fmin ≥ c1
∑

k∈Sjϵ

∆2
k+1 + c1

∑
k∈Ujϵ

∆2
k+1. (2.65)

For all k ∈ Sjϵ , let us define the index m(k) as follows:

• if Ujϵ ∩ {0, . . . , k − 1} ≠ ∅, then m(k) is the largest index of Ujϵ ∩ {0, . . . , k − 1};

• otherwise, m(k) = −1.
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Note that, by definition, m(k) is the last unsuccessful iteration before iteration k, i.e., all the iterations
from m(k) + 1 to k are successful iterations. Lemma 2.4.1 guarantees that ∆k+1 ≥ ∆m(k)+1 for all
k ∈ Sjϵ . Using (2.65), we obtain

Φ0 − fmin ≥ c1
∑

k∈Sjϵ

∆2
m(k)+1 + c1

∑
k∈Ujϵ

∆2
k+1.

From Theorem 2.4.9, we have that ∆m(k)+1 ≥ χ(xm(k))/(
√

nc3) for all k ∈ Sjϵ and ∆k+1 ≥
χ(xk)/(

√
nc2) for all k ∈ Ujϵ . Since χ(xk) ≥ ϵ for all k ∈ {0, . . . , jϵ−1}, with Sjϵ∪ Ujϵ = {0, . . . , jϵ−1},

we get
Φ0 − fmin ≥ jϵ

c1
nc2

3
ϵ2.

Thus, the desired result is obtained.

The last complexity result we give is about the maximum number of function evaluations required
to produce a point xk such that χ(xk) is less than or equal to a given threshold ϵ > 0. Using arguments
from the related literature [86] and Section 2.3, we obtain an upper bound of O(n2ϵ−2), which still
aligns with established findings for direct search [51] and model-based [59] methods

Theorem 2.4.15. Let {xk} be the sequence of points produced by LAM using the Bounded DF-Linesearch.
Given any ϵ > 0, let jϵ ≥ 1 be the first iteration such that χ(xjϵ) < ϵ, that is, χ(xk) ≥ ϵ for all
k ∈ {0, . . . , jϵ − 1}.

Denoting by Nfjϵ the number of function evaluations required by LAM using the Bounded DF-Linesearch
up to iteration jϵ, then Nfjϵ ≤ O(n2ϵ−2). In particular,

Nfjϵ ≤ 2n

⌊
nc2

3(Φ0 − fmin)
c1

ϵ−2
⌋

+

nc2
3(f0 − fmin)

γc2 max
{

1,

(
δ

1− δ

)2}
ϵ−2

 ,

where c1 and c3 are given in (2.52) and (2.63), respectively.

Proof. First, let us partition the set of iteration indices {0, . . . , jϵ − 1} into Sjϵ and Ujϵ such that

k ∈ Sjϵ ⇔ xk ̸= xk−1, k ∈ Ujϵ ⇔ xk = xk−1, Sjϵ ∪ Ujϵ = {0, . . . , jϵ − 1},

that is, Sjϵ and Ujϵ contain the successful and unsuccessful iterations up to jϵ − 1, respectively.
When the algorithm evaluates a new point, the latter can either succeed to decrease the objective

function or fail to do so. Note that we consider the function evaluations where the extrapolation has
led to the variables bounds as failing ones, since we cannot be sure if the performed step length is
somehow related to ∆k. Let us then define #fS

jϵ
as the total number of function evaluations related

to points which succeed to decrease the objective function up to iteration jϵ. Note that, for each
iteration, the maximum number of function evaluations related to points which fail to decrease the
objective function is 2n (and it can be equal to 2n only when Tk = Rn). So, we can write

Nfjϵ ≤ 2njϵ + #fS
jϵ
≤ 2n

⌊
nc2

3(Φ0 − fmin)
c1

ϵ−2
⌋

+ #fS
jϵ

, (2.66)

where the last inequality follows from Theorem 2.4.14. Now, let us consider any iteration k < jϵ and
any index i ∈ {1, . . . , n} such that the line-search succeeds to produce a decrease in the objective
function. For each α used in the extrapolation phase of the line-search, we have that either

f(yi
k)− f(yi

k + αdi
k) ≥ γα2 ≥ γc2∆2

k, (2.67)
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or

f(yi
k + αdi

k)− f(yi
k + (α/δ)di

k) ≥ γ

(
1− δ

δ

)2

α2 ≥ γ

(
1− δ

δ

)2

c2∆2
k. (2.68)

Let us define the index m(k) as follows:

• if Ujϵ ∩ {0, . . . , k − 1} ≠ ∅, then m(k) is the largest index of Ujϵ ∩ {0, . . . , k − 1};

• otherwise, m(k) = 0.

Note that, by definition, m(k) is the last unsuccessful iteration before iteration k, i.e., all the iterations
from m(k) + 1 to k are successful iterations. Lemma 2.4.1 guarantees that ∆k ≥ ∆m(k)+1 for all
k ∈ Sjϵ . Hence, from (2.67) and (2.68), it follows that

f(yi
k)− f(yi

k + αdi
k) ≥ γα2 ≥ γc2∆2

m(k)+1 ≥ γ min
{

1,

(
1− δ

δ

)2}
c2∆2

m(k)+1,

and

f(yi
k + αdi

k)− f(yi
k + (α/δ)di

k) ≥ γ

(
1− δ

δ

)2

α2 ≥ γ min
{

1,

(
1− δ

δ

)2}
c2∆2

m(k)+1.

From Theorem 2.4.9, we have that ∆m(k)+1 ≥ χ(xm(k))/(
√

nc3). Since χ(xk) ≥ ϵ for all k ∈
{0, . . . , jϵ − 1}, we can write

f(yi
k)− f(yi

k + αdi
k) ≥ γ min

{
1,

(
1− δ

δ

)2}
c2 ϵ2

nc2
3
,

and

f(yi
k + αdi

k)− f(yi
k + (α/δ)di

k) ≥ γ min
{

1,

(
1− δ

δ

)2}
c2 ϵ2

nc2
3
.

Then, recalling Assumption 2.1 and summing up the above relation over all function evaluations
producing an objective decrease, we obtain

f0 − fmin ≥ #fS
jϵ

γ min
{

1,

(
1− δ

δ

)2}
c2 ϵ2

nc2
3
,

that is,

#fS
jϵ
≤

nc2
3(f0 − fmin)

γc2 max
{

1,

(
δ

1− δ

)2}
ϵ−2

 .

The desired results hence follows from (2.66).
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2.4.5 Finite active-set identification

In this section, we show that LAM using the Bounded DF-Linesearch identifies the components of
the final solution lying on the lower or the upper bounds (the so called active set) in a finite number
of iterations.

First, let us give an equivalent definition of stationarity for problem (P1) when Ω = [l, u], which
will be useful for our analysis.

Definition 2.4.16. A point x∗ ∈ [l, u] is a stationary point of problem (P1) (i.e., χ(x∗) = 0) if and
only if, for all i ∈ {1, . . . , n}, we have that

∇if(x∗)


≥ 0 if x∗i = li,

= 0 if li < x∗
i < ui,

≤ 0 if x∗
i = ui.

Now, let us recall the definition of strict complementarity and non-degenerate solutions.

Definition 2.4.17. Given a stationary point x∗ of problem (P1), we say that a component x∗
i satisfies

the strict complementarity condition if x∗
i ∈ {li, ui} and ∇if(x∗) ̸= 0. If the strict complementarity

condition is satisfied by all components x∗
i , we say that x∗ is non-degenerate.

In particular, we define Z (x∗) as the active set for a stationary point x∗, that is, the index
set for the active components of x∗. We also define Z +(x∗) as the index set for those components
satisfying the strict complementarity condition. Namely,

Z (x∗) = {i : x∗
i = li} ∪ {i : x∗

i = ui} and Z +(x∗) = Z (x∗) ∩ {i : ∇if(x∗) ̸= 0}.

Furthermore, for any stationary point x∗ such that Z +(x∗) ̸= ∅, let us define

ζ(x∗) = min
i∈Z +(x∗)

|∇if(x∗)|. (2.69)

We see that ζ(x∗) is a measure of the minimum amount of strict complementarity among the variable
in Z +(x∗). This quantity will be used to define a neighborhood of x∗ where the active components
are correctly identified, following a similar approach as in [32, 81].

Before diving into the main theorem of this section, we need some preliminary results following
from the Lipschitz continuity of ∇f . Recalling Definition 2.4.2, using standard arguments (see,
e.g., [79]) one can prove that, for all x ∈ [l, u], we have

|f(x + sei)− f(x)− s∇if(x)| ≤ Li

2 s2 ∀s ∈ R : x + sei ∈ [l, u], i = 1, . . . , n.

Hence, for all x ∈ [l, u], we have

f(x + sei) ≤ f(x) + s∇if(x) + Li

2 s2 ∀s ∈ R : x + sei ∈ [l, u], i = 1, . . . , n, (2.70)

f(x + sei) ≥ f(x) + s∇if(x)− Li

2 s2 ∀s ∈ R : x + sei ∈ [l, u], i = 1, . . . , n. (2.71)

The two following results provide bounds for the objective function when exploring any coordinate
direction.
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Proposition 2.4.18. Given x ∈ [l, u], γ ≥ 0 and i ∈ {1, . . . , n}, then

f(x− s sign(∇if(x))ei) ≤ f(x)− γs2

for all 0 ≤ s ≤ 2 |∇if(x)|
Li + 2γ

such that x− s sign(∇if(x))ei ∈ [l, u].

Proof. From (2.70), we can write

f(x + sei) ≤ f(x) + s

(
∇if(x) + Li

2 s

)
∀s ∈ R : x + sei ∈ [l, u].

The right-hand side of the above inequality is less than or equal to f(x)− γs2 if

s

(
∇if(x) + Li

2 s

)
≤ −γs2.

If ∇if(x) ̸= 0, solving with respect to s we obtain

−2∇if(x)
Li + 2γ

≤ s ≤ 0 if ∇if(x) > 0,

0 ≤ s ≤ −2∇if(x)
Li + 2γ

if ∇if(x) < 0,

leading to the desired result.

Proposition 2.4.19. Given x ∈ [l, u] and i ∈ {1, . . . , n}, then

f(x + s sign(∇if(x))ei) ≥ f(x)

for all 0 ≤ s ≤ 2|∇if(x)|
Li

such that x + s sign(∇if(x))ei ∈ [l, u].

Proof. From (2.71), we can write

f(x + sei) ≥ f(x) + s

(
∇if(x)− Li

2 s

)
∀s ∈ R : x + sei ∈ [l, u].

The right-hand side of the above inequality is greater than or equal to f(x) if

s

(
∇if(x)− Li

2 s

)
≥ 0.

If ∇if(x) ̸= 0, solving with respect to s we obtain

0 ≤ s ≤ 2∇if(x)
Li

if ∇if(x) > 0,

2∇if(x)
Li

≤ s ≤ 0 if ∇if(x) < 0,

leading to the desired result.

The next proposition shows that, when νi
k is sufficiently small at a given iteration, LAM using the

Bounded DF-Linesearch cannot move along an ascent direction.
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Proposition 2.4.20. Consider an iteration k of LAM using the Bounded DF-Linesearch. If νi
k ≤

2|∇if(yi
k)|/Li for an index i ∈ {1, . . . , n}, then

αi
k > 0 ⇒ di

k = − sign(∇if(yi
k))ei.

Proof. Using Proposition 2.4.19, for all α ≤ νi
k and γ > 0 we have

f(yi
k + α sign(∇if(yi

k))ei) ≥ f(yi
k) > f(yi

k)− γα2.

That is the line-search in the Bounded DF-Linesearch fails when using the direction sign(∇if(yi
k))ei

with any step-size 0 < α ≤ νi
k. So, if the line-search returns αi

k > 0, necessarily di
k = − sign(∇if(yi

k))ei.

Now, we are ready to state the main result of this section, establishing finite active-set identifi-
cation of Algorithm 6.

Theorem 2.4.21. Let {xk} be the sequence of points produced by LAM using the Bounded DF-Linesearch
and let x∗ be a limit point of {xk}, i.e., there exists an infinite subsequence {xk}Kx → x∗. Then,

(i) lim
k→∞, k∈Kx

xk+1 = x∗;

(ii) an iteration k̄ ∈ Kx exists such that, for all k ≥ k̄, k ∈ Kx, we have that (xk+1)i = x∗
i for all

i ∈ Z +(x∗).

Proof. Since y1
k = xk and yi+1

k = xk+
∑i

j=1 αj
kdj

k, from Proposition 2.4.11 and the fact that ∥di
k∥ = 1,

i = 1, . . . , n + 1, we have

lim
k→∞
k∈Kx

yi
k = lim

k→∞
k∈Kx

xk = x∗, i = 1, . . . , n + 1. (2.72)

Since xk+1 = yn+1
k , then point (i) follows.

To show point (ii), assume that Z +(x∗) ̸= ∅. Let k̄ ∈ Kx be the first iteration such that the two
following relations hold for all k ≥ k̄, k ∈ Kx:

∥yi
k − x∗∥ ≤ min

{ 1
L

,
2

2L + Lmax + 2γ

}
ζ(x∗), i = 1, . . . , n, (2.73a)

∥yi
k − x∗∥+ Lmax

2L
max

j=1,...,n
α̃j

k ≤
ζ(x∗)

L
, i = 1, . . . , n. (2.73b)

Note that (2.72) and Proposition 2.4.11 imply the existence of k̄ ∈ Kx such that (2.73) holds for all
k ≥ k̄, k ∈ Kx.

Consider an index i ∈ Z +(x∗) and an iteration k ≥ k̄, k ∈ Kx. To prove that (xk+1)i = x∗
i ,

we have to show that (yi+1
k )i = x∗

i since, from the instructions of the algorithm, (xk+1)i = (yi+1
k )i.

Without loss of generality, assume that x∗
i = li (the proof for the case x∗

i = ui is identical, except
for minor changes). So, we have to show that

(yi+1
k )i = li. (2.74)

Preliminarily, we want to prove that

|zi − li| ≤
2∇if(z)
Li + 2γ

∀z ∈ Rn such that ∥z− x∗∥ ≤ ∥yi
k − x∗∥, (2.75)

νi
k ≤

2∇if(yi
k)

Li
. (2.76)
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According to Definitions 2.4.16 and 2.4.17, we have that ∇if(x∗) > 0 and, from the definition of
ζ(x∗) given in (2.69), it follows that

0 < ζ(x∗) ≤ ∇if(x∗). (2.77)

Consider any z ∈ Rn such that ∥z−x∗∥ ≤ ∥yi
k−x∗∥. Using the Lipschitz continuity of ∇f , we have

∇if(x∗)−∇if(z) ≤ ∥∇f(z)−∇f(x∗)∥ ≤ L∥z− x∗∥. (2.78)

Moreover, from (2.73a) we can write

∥z− x∗∥ ≤ ∥yi
k − x∗∥ ≤ 2ζ(x∗)

2L + Lmax + 2γ
.

Multiplying the first and last terms above by (2L + Lmax + 2γ)/(Lmax + 2γ), we have

( 2L

Lmax + 2γ
+ 1

)
∥z− x∗∥ ≤ 2ζ(x∗)

Lmax + 2γ
,

that is,
∥z− x∗∥ ≤

(
ζ(x∗)− L∥z− x∗∥

) 2
Lmax + 2γ

. (2.79)

Since, from (2.77) and (2.78), we have

ζ(x∗) ≤ ∇if(z) + L∥z− x∗∥, (2.80)

then, using (2.79), we obtain

∥z− x∗∥ ≤ 2∇if(z)
Lmax + 2γ

.

Taking into account that Li ≤ Lmax and recalling that x∗
i = li, it follows that (2.75) holds. To

prove (2.76), from (2.73b) and the definition of νi
k we can write

νi
k ≤ max

j=1,...,n
α̃j

k ≤
(
ζ(x∗)− L∥yi

k − x∗∥
) 2
Lmax .

Using (2.80) with z = yi
k and the fact that Li ≤ Lmax, we thus get (2.76).

In view of (2.76) and Proposition 2.4.20, it follows that

di
k = −ei, (2.81)

that is, yi+1
k = yi

k − αi
kei. Using z = yi

k in (2.75), we also have

αmax = |(yi
k)i − li| ≤

2∇if(yi
k)

Li + 2γ
, (2.82)

where αmax is the largest feasible step-size along the direction di
k at yi

k. So, if αmax = 0, then
αi

k = 0 and, using (2.81), we have (yi+1
k )i = (yi

k)i = li, thus proving (2.74). If αmax > 0, using
Proposition 2.4.18, (2.81) and (2.82), it follows that a sufficient decrease of f along di

k is obtained
with the first step-size ᾱ used in the line-search, that is, the condition at line 4 of the Bounded
DF-Linesearch is satisfied. Now, consider the extrapolation phase in the line-search procedure, that
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is, lines 12–15 of the Bounded DF-Linesearch. Recalling (2.81), each step-size ω = min{α/δ, αmax}
is such that α ≤ ω ≤ (yi

k)i − li, that is,

0 ≤ ω − α ≤ (yi
k + αdi

k)i − li.

So, from (2.81) and the fact that x∗
i = li, it follows that ∥yi

k + αdi
k − x∗∥ ≤ ∥yi

k − x∗∥. So, we can
apply (2.75) with z = yi

k + αdi
k and then we obtain

0 ≤ ω − α ≤ (yi
k + αdi

k)i − li ≤
2∇if(yi

k + αdi
k)

Li + 2γ

for every step-size ω used in the extrapolation. Then, using Proposition 2.4.18 with x = yi
k + αdi

k,
s = ω − α and di

k as in (2.81), it follows that

f(yi
k + ωdi

k) ≤ f(yi
k + αdi

k)− γ(ω − α)2.

Namely, a sufficient decrease of f is obtained with all step-sizes used in the extrapolation and we
quit when we get the largest feasible step-size, meaning that (yi+1

k )i will be at the lower bound li
and thus proving (2.74).

Note that Theorem 2.4.21 establishes finite identification for any limit point of {xk}, thus not
requiring the convergence of the whole sequence. Note also, in the proof of Theorem 2.4.21, the
crucial role played by the extrapolation in the line-search procedure. Loosely speaking, when we
are sufficiently close to a stationary point, expanding the step-size allows us to hit the lower or the
upper bound, provided the strict complementarity condition holds. This guarantees to identify all
the variables satisfying the strict complementarity after a finite number of iterations.

Now, let us point out a useful property for the limit points of {xk}. To this aim, let us define X ⋆

as the set of all limit points of {xk}, i.e.,

X ⋆ := {x : ∃Kx ⊆ N such that lim
k→∞,k∈Kx

xk = x}.

The following result roughly states that, if for all x ∈ X ⋆ there does not exists i such that xi violates
the strict complementarity, then either all xi lie on the same bound or they all are strictly feasible.

Proposition 2.4.22. Let {xk} be the sequence of points produced by LAM using the Bounded DF-Linesearch
and consider an index i ∈ {1, . . . , n}. Assume that there is no x ∈ X ⋆ such that i ∈ Z (x) \Z +(x).
Then,

• if there exists x∗ ∈ X ⋆ such that i ∈ Z +(x⋆), we have that xi = x∗
i for all x ∈ X ⋆;

• otherwise, xi ∈ (li, ui) for all x ∈ X ⋆.

Proof. We limit ourselves to show only the first point since the second one can be obtained as a
logical consequence. From Theorem 2.4.12 and recalling Ostrowski’s theorem [13], the set X ⋆ of
limit points of the sequence {xk} is a connected set. Now, let us consider any two points in X ⋆,
say x̄ ∈ X ⋆ and ȳ ∈ X ⋆, such that x̄ ̸= ȳ, and ȳi ∈ {li, ui}. Since X ⋆ is connected, there exists
a continuous function ρ : [a, b] → Rn such that ρ(a) = x̄, ρ(b) = ȳ and ρ(t) ∈ X ⋆, i.e., ρ(t) is
stationary, for all t ∈ [a, b]. Let us assume, without loss of generality, that ȳi = li (the proof for the
case ȳi = ui is identical, except for minor changes). By contradiction, now assume that x̄i > li. Since
ρ(a)i = x̄i > li and ρ(b)i = ȳi = li, then there exists t̄ ∈ (a, b] such that ρ(t)i > li for all t ∈ [a, t̄)
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and ρ(t̄)i = li. Furthermore, by the stationarity conditions given in Definition 2.4.16, we have that
∇if(ρ(t)) = 0 for all t ∈ [a, t̄) and ∇if(ρ(t̄)) > 0, where the last inequality follows from the stated
hypothesis. Then, by continuity of ∇f(·), a scalar t̂ ∈ (a, t̄) exists such that ∇if(ρ(t)) > 0 for all
t ∈ (t̂, t̄]. The latter is a contradiction since ∇if(ρ(t)) = 0 for all t ∈ (t̂, t̄).

Applying the above proposition for all indices i ∈ {1, . . . , n}, the following result immediately
follows, enforcing the finite active-set identification property established in Theorem 2.4.21 when all
the limit points of {xk} are non-degenerate.

Corollary 2.4.23. Let {xk} be the sequence of points produced by LAM using the Bounded DF-Linesearch
and assume that every x ∈ X ⋆ is non-degenerate. Then, for any pair x′, x′′ ∈ X ⋆, we have
Z (x′) = Z (x′′) and x′

i = x′′
i for all i ∈ Z (x′).

2.5 Conclusions
In this chapter we analysed the worst case complexity of line-search based DFO algorithms for the
unconstrained and bound-constrained optimization of a black-box objective function, and we inves-
tigated further properties of the bounded case regarding the identification of the active set.

First, we considered LAM for unconstrained problems. We have managed to show that the algorithm
model takes at most O(nϵ−2) iterations and O(n2ϵ−2) function evaluations to drive the norm of the
gradient below ϵ and that produces at most O(n2ϵ−2) iterations where the norm of the gradient is
above ϵ. Note that in the paper [20], two slight variations of LAM are proposed to generalize the
results, where one has better and one has worse dependency on the dimension of the problem for the
worst-case complexity bounds with respect to LAM. A brief numerical experimentation in the same
paper has shown that the algorithm with the best complexity results presents the lowest efficiency,
while the algorithm with the worst complexity results presents the best performance.

Furthermore, we have analyzed a derivative-free line-search method for bound-constrained problems.
We have first provided complexity results. In more details, given a threshold ϵ > 0, we have shown
that the criticality measure χ(xk) (which vanishes at stationary points) falls below ϵ after at most
O(nϵ−2) iterations, requiring at most O(n2ϵ−2) function evaluations. These bounds match those
obtained for (deterministic) direct search [51] and model-based [59] methods. Additionally, we have
established an upper bound ofO(n2ϵ−2) on the total number of iterations where χ(xk) ≥ ϵ. The latter
result is obtained thanks to the extrapolation strategy used in the proposed line-search, allowing us
to upper bound χ(xk) on both successful and unsuccessful iterations.

In the last part of the paper, we have considered the active-set identification property of the
proposed method, i.e., the ability to detect the variables lying on the lower or the upper bounds for
the final solutions. We have shown that, in a finite number of iterations, the algorithm identifies the
active constraints satisfying the strict complementarity condition. This property is also obtained by
exploiting the extrapolation used in the proposed line-search, allowing the step-size to expand until
we hit the boundary of the feasible set.

Finally, some topics for future research can be envisaged. In particular, under convexity assump-
tions, the worst-case complexity of the algorithm might be tightened, in order to match the results
given in [39], and a bound on the maximum number of iterations required to identify the active
constraints might be given. We wish to report more results in future works.
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Chapter 3

A mixed penalty-barrier method for
nonlinear constrained optimization∗

The work in this chapter originates from an interest in exploring alternative strategies for han-
dling constraints in DFO, particularly within BBO problems involving general nonlinear constraints.
Building on previous research that successfully employed a penalty method to handle nonlinear in-
equalities from the exterior, we wondered if adopting a different strategy—one that operates from
within the feasible region—might yield improved constraint handling, particularly for unrelaxable
constraints. This led us to consider a logarithmic barrier approach, which restricts the algorithm’s
search to the interior of the feasible region while enforcing constraints more rigidly. By leveraging
this interior approach, we aimed to create a mixed penalty-barrier method (MPB) capable of ad-
dressing both inequality and equality constraints, the latter being an aspect less frequently addressed
in existing DFO approaches.

To simplify initial analysis, we assumed convexity for the inequality constraints and began work-
ing towards convergence to stationary points under this assumption. However, as we pursued this
convergence analysis, especially to ensure boundedness in the sequences of multipliers, it became
evident that the penalty parameter’s updating rule proposed in the previous research required ad-
justment. Developing this revised updating rule became a critical feature of our method. Meanwhile,
the convexity assumption for inequality constraints introduced its own challenges: removing this as-
sumption required overcoming two main obstacles. First, the lack of convexity allows for infeasible
points between strictly feasible ones, where the merit function may be undefined, preventing us from
directly applying the mean value theorem. Secondly, without convexity, the merit function is not
Lipschitz continuous near the boundary of the feasible region. This issue affects convergence since
points generated by the algorithm may approach this boundary at varying speeds, impacting the con-
vergence of multipliers. The solution involved two key developments: the use of Proposition 3.2.8,
and the proof of the existence of a constant, c2, in Proposition 3.4.3, relying on an adjusted updating
rule that guarantees step-sizes tend to zero faster than the squared values of inequality constraints
along a specific subsequence.

Our algorithm, named LOG-DFL, was then tested against NOMAD in a series of numerical experi-
∗The work presented in this chapter has been developed in two papers. The first, "An interior point method

for nonlinear constrained derivative-free optimization" [21], co-authored with Prof. Giampaolo Liuzzi ("Sapienza"
University of Rome), Prof. Stefano Lucidi ("Sapienza" University of Rome). The second, "Nonlinear Derivative-free
Constrained Optimization with a Mixed Penalty-Logarithmic Barrier Approach and Direct Search" [19], co-authored
with Ph.D. Everton José Da Silva ("NOVA" School of Science and Technology), Prof. Ana Luísa Custódio ("NOVA"
School of Science and Technology), Prof. Giampaolo Liuzzi (–).
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ments. During these trials, we recognized a limitation in that LOG-DFL required the initial solution to
strictly satisfy all inequality constraints. To broaden its applicability, we extended the merit function,
allowing inequalities to be grouped based on constraint type: some managed by the logarithmic bar-
rier, others by the penalty term also used for equality constraints. This extended approach enabled
LOG-DFL to run even when starting with partially infeasible solutions and yielded competitive results
against NOMAD. These observations highlighted areas for potential improvement, such as integrat-
ing surrogate models for enhanced performance and leveraging information from infeasible points,
similar to techniques used by NOMAD. Furthermore, although effective, the extended penalty-barrier
function was only applied heuristically in our initial trials, suggesting the need for a more formal-
ized theoretical framework for this function. The work regarding LOG-DFL is presented in Section 3.2.

Building on these insights, we initiated a second phase of work aimed at addressing these limitations.
We based this phase on the SID-PSM algorithm, a GPS method that utilizes polynomial models
to enhance search and poll steps. This foundation allowed us to apply the MPB method more
robustly, incorporating information from infeasible points and building surrogate models. Unlike
the initial work where only bound constraints were directly addressed, this second phase explored
handling general linear inequalities directly, taking advantage of pattern search’s adaptive direction
adjustments in the Poll Step. We adapted our theoretical results from the line-search framework
to this DS setting, establishing a rigorous foundation for the extended penalty-barrier function and
integrating strategies for handling general linear constraints.

Our final algorithm, LOG-DS, demonstrated promising improvements in numerical experiments,
outperforming the original SID-PSM, which relies on the extreme barrier for constraints. A com-
parative analysis against LOG-DFL and NOMAD confirmed LOG-DS’s competitive performance, further
supporting the potential of our mixed penalty-barrier approach in DFO with complex constraint
requirements. This second line of work, detailed in Section 3.3, ultimately advances our under-
standing of DFO’s capabilities, providing insights into handling both interior and exterior constraint
enforcement, along with strategies for leveraging infeasible information and surrogate models within
a robust theoretical framework.

3.1 Introduction

In this chapter we consider the nonlinear constrained minimization problem

min
x∈X ⊆Rn

f(x),

s.t. g(x) ≤ 0,
h(x) = 0,

(P2)

where f : Rn → R, g : Rn → Rm, h : Rn → Rq, and X is a set of linear constraints. We
assume that f , g and h are continuously differentiable functions even though their derivatives can be
neither calculated nor explicitly approximated. This situation is quite frequent in many real-world
problems, for instance those arising in industrial engineering, chemical processes optimization, and
many others, where problem function values are computed by means of complex simulation programs.
Such programs can be viewed as a black-box that given the values of the decision variables returns
the results of the simulation in output. Thus, the analytic expressions of the problem functions are
unavailable to the optimizer. As a consequence, derivatives are not available or, at the very least,
they are untrustworthy.
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Many algorithms have been proposed for the solution of constrained BBO problems. In particular,
in [67] the use of an augmented Lagrangian function in connection with a pattern search algorithm
has been proposed. In [73] a sequential penalty derivative-free line-search approach has been studied,
whereas in [71] the use of a nonsmooth exact penalty function has been proposed. A mesh adaptive
direct search method, namely NOMAD, has been firstly introduced and analyzed in [4] to solve con-
strained black-box problems by using an extreme penalty function to manage general and hidden
constraints. More recently, in [33], a derivative-free optimization method has been proposed for the
solution of structured black-box problems such as e.g. those with constraints of a special structure.
The proposed method is able to take advantage of the special structure of the constraints to achieve
fast convergence.

When unrelaxable constraints are present in the definition of the problem, they can be typically
managed by a so-called extreme penalty approach (see e.g. [9]). In particular, an objective func-
tion value of +∞ is assigned to points that are infeasible with respect to one or more unrelaxable
constraints. However, it should also be mentioned that such penalization strategy, by making the
objective function discontinuous on the boundary of the feasible region, introduces many difficulties
and ill-conditioning in the problem. As a result, solving the problem could become impractical or
the computed solution could be far away from the real one.

A possible way of handling the above mentioned difficulty, consists in the use of some sort
of “interior” penalization, meaning that the penalization modifies the landscape of the objective
function in the interior of the feasible region by adding to the objective function terms that gradually
tend to +∞ as the points approach the boundary of the feasible region (see e.g. [46, 34, 80]). This
approach might look similar to the one of using an extreme barrier, especially when the interior
penalty function is defined +∞ outside the feasible region. However the behavior of an interior
penalty function approaching the boundary of the feasible set can avoid the difficulties deriving from
the discontinuities introduced by an extreme penalty approach. For optimization problems where first
order information on the objective and constraint functions is available, interior penalty functions
have been proved to be an effective tool provided that the sequence of the values of the penalty
parameter and the sequence of levels of approximation for the minimization of the penalty function
are efficiently connected.

The aim of Section 3.2 is twofold. On one side we extend BM to optimization problems where
first order information on the objective and constraint functions is not available. This approach
constitutes a viable alternative to the use of the extreme penalty approach when there are unrelaxable
inequality constraints. The analysis is inspired by the infeasible penalization technique proposed
in [73]. Introducing an alternative feasible method is relevant in the BBO framework where an
infeasible approach might not be applicable.

The present work has many similarities with [73], but there are some difficulties that had to be
overcome. First of all, to our knowledge, this is the first time a method using a logarithmic barrier is
proposed in the field of DFO. The logarithmic barrier alone already introduces many criticalities: the
lack of Lipschitz continuity of the gradient of the merit function with respect to the whole feasible
set, the discontinuity of the merit function on the boundary of the feasible region, and managing the
boundedness of the Lagrangian multipliers, coming from the gradient of the merit function, where
the value of the constraints appear at the denominator. Furthermore, in the present work we also
consider equality constraints and the interaction between the logarithmic barrier and the exterior
penalty. The two different penalty approaches have different purposes, while the exterior penalty
tries to push towards feasibility increasing the level of penalization, the logarithmic barrier tries to
"release" the penalization as the points are approaching the boundary of the feasible region. Since
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both levels of penalization are handled by a penalty parameter, finding a way to make both of them
work together was a matter of our interest.

In particular, a LS DFO algorithm is proposed. Its main aspect is the definition of a new barrier
parameter updating rule which efficiently exploits the information obtained by the sampling of the
penalty function performed by the algorithm. In this work we show how such updating rule, even
if it might look similar to the one proposed in [73], has wider implications, and it allows to handle
both the challenges of the logarithmic barrier and those of the coexistence of the two different
penalization strategies. Indeed, we prove that all the accumulation points of a specific sequence of
iterates generated by our method satisfying the MFCQ conditions are KKT-stationary. The MFCQ
conditions are standard [13] to be assumed when dealing with nonlinearly constrained optimization
problems. Furthermore we consider all the functions to be continuously differentiable, and we assume
the set X of bound constraints (linear inequalities are treated within the MPB) to be compact, which
is reasonable in practical engineering problems. Finally, we make use of Assumption 3.1, which is
necessary when dealing with non-relaxable constraints and when proposing a feasible method. Note
that we do not assume convexity over any of the problem functions. Furthermore, a preliminary
implementation of the algorithm has shown a very promising numerical behavior on a relatively
large set of test problems from the literature when compared to a state-of-the-art solver.

Moreover, we show the algorithm to be working well in practice when compared to the state-
of-the-art solver NOMAD. When considering problems satisfying the assumptions considered in the
theoretical analysis, our method outperforms NOMAD. We also provide a numerical evidence for the
method to be comparable to NOMAD when a wider class of problems is considered, indeed we propose a
slight modification of the merit function that allows to handle relaxable inequalities that are violated
at the starting point, so that problems not satisfying Assumption 3.1 can be solved. The modification
is then theoretically studied in Section 3.3.

The goal of Section 3.3 is to extend the framework proposed in Section 3.2 to DS methods, to
provide a theoretical foundation for the modification of the merit function mentioned above, along
with explicit treatment not only of the bounds on the variables, but also of general linear inequalities.
Our contribution provides a much greater flexibility to handle general constraints, allowing to solve
a broader class of challenges where the different nature of constraints can be properly addressed.

Under the same assumptions used in Section 3.2, and without requiring a starting solution which
is strictly feasible with respect all the nonlinear inequality constraints, we prove again that all the
accumulation points of a specific sequence generated by our method, and satisfying the MFCQ
conditions, are KKT-stationary of the problem.

Another motivation for this work arises from the numerical results obtained for LOG-DFL, the
algorithm proposed in Section 3.2. As stated before, LOG-DFL treats all the inequality constraints
as unrelaxable, thus, it does not use any information of points violating such constraints. Though,
in order to perform a fair comparison, NOMAD, even if forced to treat the unrelaxable inequalities
with the extreme barrier, was allowed to exploit the values of the objective and the constraints of
the same infeasible points. Furthermore, NOMAD makes use of quadratic models of the functions to
improve the performance, whereas LOG-DFL does not. Nevertheless, LOG-DFL appears to be very
competitive. Therefore, one natural question to be asked is, using such information and exploiting
surrogate models, if that would enhance the performance of the MPB approach.

Thus, starting from the SID-PSM algorithm [35, 36], an implementation of a GPS method, where
polynomial models are used for both the search and the poll steps to improve the numerical perfor-
mance of the code, LOG-DS has been developed, a DS method able to address nonlinear constraints
by a MPB approach. In the experiments we carried out and which are showed in the dedicated
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subsection, LOG-DS appears to outperform both LOG-DFL and NOMAD, especially for problems with
the equality constraints.

3.2 LOG-DFL
In this section we propose a DFO method based on line-search techniques which exploits a mixed
penalty strategy to solve problem (P2). In particular, in Section 3.2.1 the requirements of the method
proposed are shown jointly with some preliminary results. In Section 3.2.2, LOG-DFL is introduced
and explained in details. In Section 3.2.3 we prove some properties of LOG-DFL and the convergence
to KKT-stationary points. Finally, In Section 3.2.4 we present some numerical results.

3.2.1 Assumptions and preliminary results

We consider (P2) and we denote by Ωg the set of feasible points with respect to the inequality
constraints, by Ωh the set defined by the equality constraints, and we assume X to a be defined only
by bound constraints (linear constraints can be considered within Ωg), that is,

Ωg = {x ∈ Rn : g(x) ≤ 0m}, Ωh = {x ∈ Rn : h(x) = 0q}, X = {x ∈ Rn : l ≤ x ≤ u},

with l, u ∈ Rn and l < u. By F we denote the overall feasible set of problem (P2), namely,

F = Ωh ∩ Ωg ∩ X .

By definition X is a compact set so that F is compact as well. Note that in practical problems one
can usually restrict the variables to reasonable bounds, thus the compactness assumption on X is a
viable one.
In [64, 63] a complete taxonomy of constraints for simulation-based optimization has been proposed.
In particular, constraints can be classified as either known (K) or hidden (H), a priori (A) or simula-
tion (S), relaxable (R) or unrelaxable (U), quantifiable (Q) or nonquantifiable (N). In this paper, we
assume that the inequality constraints defining set Ωg are of type: known, simulation, unrelaxable
and quantifiable. More specifically, as stated in [64, Definition 1], the degree of feasibility of unrelax-
able constraints is always accessible. The degree of violation might or might not be available, but it
is always possible to detect when a point is infeasible. Note that whenever one or more unrelaxable
constraints are violated, the violation, whether with or without the relative amount, is the only
meaningful output, i.e. values of the objective function and feasible constraints are not available.
We point out that the method we propose in this section does not require to compute the degree of
violation of the constraints defining Ωg, so that a wider class of practical problems can be addressed.

Throughout this section, we require the following assumption to hold true.

Assumption 3.1.

• The inequality constraints gℓ, ℓ = 1, . . . , m, are “unrelaxable”, that is the objective function
f cannot be computed at x when gℓ(x) > 0 for (at least one) ℓ ∈ {1, . . . , m}.

• A point x0 ∈ X∩
◦
Ωg is known.

In the framework of design optimization, where variables represent geometrical properties of the
object to be modeled, an initial feasible project is usually available. The objective to be optimized is
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usually computed by a simulation program that would fail if geometrical constraints are not satisfied,
i.e., the constraints are non-relaxable. For instance, in [23] the optimal design of the hull of the S-175
containership [43] has been considered. Roughly speaking, the problem is that of finding the ship
hull that conveys the highest reduction of the heave motion of the ship when advancing in head seas.
The ship hull must satisfy a few inequality constraints related in particular to the displacement and
the length of the ship. The initial design satisfies these constraints but has a high heave motion.
Moreover, if the displacement and length constraints happen to be violated then the simulator cannot
compute the heave motion of the ship.

To solve problem (P2), we propose a mixed penalty-barrier method. We make use of a merit function
wherein inequality (unrelaxable) constraints are handled by logarithmic barrier terms and equality
constraints are addressed by standard exterior penalty terms (see e.g. [45]), i.e.

z(x; ρ) = f(x)− ρ
m∑

ℓ=1
log [−gℓ(x)] + 1

ρ

q∑
j=1
|hj(x)|ν ,

where ν ∈ (1, 2]. Bound constraints on the variables will be addressed explicitly by the optimization
algorithm. Note that in z(·) a single penalty parameter ρ is used to scale the terms relative to both
the interior and exterior penalization. It allows us to keep the presentation of the algorithm as simple
as possible and to avoid excessive technicalities in the theoretical analysis.

Then, in place of the original problem (P2), we consider the “penalized” problem

min z(x; ρ)
s.t. x ∈

◦
Ωg ∩X

(C1)

Note that for every fixed value of the penalty parameter ρ, z(x; ρ) is continuously differentiable in
◦
Ωg under the stated assumptions. In order to obtain a clearer description of the proposed algorithm,
we assume that, z(x; ρ) = +∞, for all x ∈ Rn such that g(x) ̸< 0. Hence, in place of problem (C1),
the following problem can be considered

min z(x; ρ)
s.t. x ∈ X .

(P3)

Within a directional DFO approach it can be particularly useful to exploit the particular structure
of X by dealing directly with the box constraints. The idea is to efficiently sample a merit function
that only penalizes nonlinear constraints at points that satisfy the box constraints. To this end, we
provide the specific definition of the tangent cone of a point x with respect to X and recall some of
its properties.

Definition 3.2.1 (cone of feasible directions). Given a point x ∈ X , let

TX (x) = {d ∈ Rn : di ≥ 0 if xi = li, di ≤ 0 if xi = ui, i = 1, . . . , n}

be the cone of feasible directions at x with respect to the simple bound constraints.

Then, let us define the set of unit vectors

E = {±e1, . . . ,±en},

where ei, i = 1, . . . , n, is the i-th unit coordinate vector.
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Now we recall two results from [70] and [73] concerning the relation between set E and TX (x).
In particular, point (a) of the following proposition shows that E contains the generators of the cone
of feasible directions TX (x) at any point x ∈ X ; point (b) proves that the feasible directions (with
respect to the bounds) at any point are also feasible for points sufficiently close to it.

Proposition 3.2.2.

(a) Let x ∈ X . It holds that
cone{E ∩ TX (x)} = TX (x). (3.1)

(b) Let {xk} be a sequence of points such that xk ∈ X for all k. Assume further that xk → x̄
for k → ∞. Then, given any direction d̄ ∈ TX (x̄), there exists a scalar β̄ > 0 such that, for
sufficiently large k, we have

xk + βd̄ ∈ X ∀β ∈ [0, β̄].

The presence of the box constraints can also be exploited to introduce particular optimality condi-
tions which highlight the possibility of treating the box constraints in a different way with respect
to other constraints.

As usual in the nonlinear context, any necessary optimality conditions need the constraints to
satisfy some qualification condition. In particular, we recall the following extended Mangasarian-
Fromovitz constraints qualification (EMFCQ) which points out the role of the cone TX (x).

Definition 3.2.3 (Extended Mangasarian–Fromovitz constraints qualification [13, Proposition 4.3.18]).
A point x ∈ X is said to satisfy the EMFCQ if the following two conditions are met:

(a) there does not exist a nonzero vector α = (α1, ..., αq) such that:( q∑
i=1

αi∇hi(x)
)T

d ≥ 0, ∀d ∈ TX (x); (3.2)

(b) there exists a feasible direction d ∈ TX (x) such that:

∇gℓ(x)T d < 0 ∀ℓ ∈ I+(x), ∇hj(x)T d = 0 ∀j = 1, ..., q (3.3)

where I+(x) = {i : gi(x) ≥ 0}.

Note that the above definition is an extension of the well-known Mangasarian-Fromovitz con-
straint qualification (MFCQ) [77]. Indeed, whenever TX (x) = Rn, which happens in particular when
either x ∈

◦
X or X = Rn, Definition 3.2.3 extends the MFCQ considering also infeasible points.

Now, the Lagrangian function associated with the nonlinear constraints of problem (P2) is

L(x, λ, µ) = f(x) + λT g(x) + µT h(x).

Then, the following proposition report a well-known result (see, for instance, [13]) which states
necessary optimality conditions for problem (P2).

Proposition 3.2.4. Let x⋆ ∈ F be a local minimum of problem (P2) that satisfies the EMFCQ.
Then, λ⋆ ∈ Rm, µ⋆ ∈ Rq exist such that

∇xL(x⋆, λ⋆, µ⋆)T (x− x⋆) ≥ 0 ∀x ∈ X , (3.4)

(λ⋆)T g(x⋆) = 0, λ⋆ ≥ 0. (3.5)
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On the basis of Proposition 3.2.4, it is possible to introduce the definition of stationary point for
problem (P2).

Definition 3.2.5 (stationary point). A point x⋆ ∈ F is said to be a stationary point for problem
(P2) if vectors λ⋆ ∈ Rm and µ⋆ ∈ Rq exist such that (3.4) and (3.5) are satisfied.

3.2.2 LOG-DFL Algorithm

In this section, we describe and analyze the proposed DFO algorithm used to solve the constrained
problem (P2).

The algorithm that we propose approximates stationary points of problem (P2) by approximately
solving problem (P3) for decreasing values of the penalty-barrier parameter ρ.

The scheme of the algorithm, as it can be easily seen, follows the lines of other line-search based
DFO algorithms, see e.g. [74, 73]. According to this approach, sufficient information on the behavior
of the merit function z(·) along the feasible directions is extracted by performing suitable samplings
along particular sets of directions. Proposition 3.2.2 (see also [60, 74]) shows that, in the case of
bound constrained optimization problems, the set E of the unit coordinate vectors ei, i = 1, . . . , n is
a suitable choice for the set of search directions.

Algorithm LOG-DFL.

Data. x0 ∈ X such that g(x0) < 0, ρ0 > 0, γ > 0, {δ, θ} ⊂ (0, 1), α̃i
0 > 0,

ν ∈ (1, 2], β > 1
ν−1 and set di

0 = ei for i = 1, . . . , n.

For k = 0, 1, 2, . . . do (Main iteration loop)

Step 1. Set y1
k = xk

For i = 1, . . . , n do (Exploration of the search directions)
Forall p ∈ {di

k,−di
k} do

Let b be the largest step such that yi
k + bp ∈ X .

Set α̂i
k = min{α̃i

k, b}
If α̂i

k > 0, and z(yi
k + α̂i

kp; ρk) ≤ z(yi
k; ρk)− γ(α̂i

k)2,
compute αi

k by the Expansion Step(α̂i
k, b, yi

k, p, γ, ρk; αi
k);

Set yi+1
k = yi

k + αi
kp, α̃i

k+1 = αi
k, di

k+1 = p and break
Else

Set αi
k = 0, yi+1

k = yi
k + αi

kp, di
k+1 = p, α̃i

k+1 = δα̃i
k

End forall
Endfor

Step 2. Set (gmin)k = min
i = 1, . . . , n + 1,

ℓ = 1, . . . , m

{|gℓ(yi
k)|}

If max
i=1,2,...,n

{α̃i
k, αi

k} ≤ min{ρβ
k , (gmin)2

k}

Then choose ρk+1 = θρk Else set ρk+1 = ρk.

Step 3. Find xk+1 ∈ X∩
◦
Ωg such that z(xk+1; ρk+1) ≤ z(yn+1

k ; ρk+1).

Endfor

Some comments regarding algorithm LOG-DFL are in order. At every iteration k of the method we
have the following three main steps:
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• (Step 1) exploration of the search directions;

• (Step 2) updating of the penalty-barrier parameter ρk;

• (Step 3) selection of the next iterate xk+1.

In Step 1, the set of search directions Dk = {d1
k, . . . , dn

k} is employed. The directions are initialized
to the unit coordinate vectors, i.e. di

0 = ei, for i = 1, . . . , n, and iteratively updated by the method
itself.

Starting from the current iterate y1
k = xk, all the directions di

k, i = 1, . . . , n, are sequentially
explored. Indeed, the i-th iteration of the inner for loop, produces the actual step-size αi

k ≥ 0 and
the new point for the subsequent (i+1)-th iteration, namely yi+1

k = yi
k±αi

kdi
k. Note that, yi+1

k = yi
k

when αi
k = 0. More precisely, the following two cases can happen:

i) αi
k > 0 when “sufficient” decrease is achieved along di

k or −di
k;

ii) αi
k = 0 otherwise.

In particular, the step-sizes αi
k are computed by visiting the i-th coordinate direction and seeking

for a sufficiently large movement along either di
k or −di

k. To this aim, through the definition of α̂i
k

we decide whether direction di
k is feasible at yi

k and if sufficient reduction can be achieved. In this
case, αi

k ≥ α̂i
k is computed by means of an expansion step. If di

k is not feasible or when sufficient
reduction cannot be achieved, the opposite direction −di

k is tried (by using the same strategy) before
declaring failure and setting αi

k = 0.
Exploring the directions di

k for i ∈ {1, . . . , n}, the following rule is adopted to define di
k+1:

di
k+1 =


di

k when “sufficient” decrease is achieved along di
k,

−di
k when “sufficient” decrease is achieved along −di

k,
di

k otherwise.

Let us further discuss the computation of the actual steps αi
k. In particular, when αi

k > 0, the
step is computed by means of the following Expansion Step procedure.

Expansion Step (α̂, b, y, p, γ, ρ; α).

Data. δ ∈ (0, 1) and b the largest step such that y + bp ∈ X .

Step 1. Set α← α̂.

Step 2. set α̌← min{b, α/δ}

Step 3. If y + α̌p ̸∈
◦
Ωg return

Elseif α̌ < b and z(y + α̌p; ρ) ≤ z(y; ρ)− γα̌2 then

set α← α̌

Elseif α̌ = b and z(y + α̌p; ρ) ≤ z(y; ρ)− γα̌2 then

set α← α̌ and return

Else (i.e. z(y + α̌p; ρ) > z(y; ρ)− γα̌2)

return

Step 4. Go to Step 2.
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The main aim of the Expansion Step procedure is to compute a step α ≥ α̂ such that

1. the new point is strictly feasible, i.e. y + αp ∈ X∩
◦
Ωg;

2. sufficient decrease is obtained w.r.t. y, i.e.

z(y + αp; ρ) ≤ z(y; ρ)− γα2.

Note that the Expansion Step is invoked with a step-size α = α̂ and a direction p such that

y + αp ∈ X∩
◦
Ωg and z(y + αp; ρ) ≤ z(y; ρ)− γα2. (3.6)

Then the expansion cycles between Step 2 and Step 4 to try and increase the step-size along p as
much as possible, guaranteeing a sufficient decrease on the objective function. To better understand
the expansion cycle, we have to delve into the conditions of Step 3. First, note that the conditions
involve the tentative step α̌. Then the following cases can occur:

1. the tentative step α̌ is too large up to the point that y + α̌p ̸∈
◦
Ωg (i.e. the first if condition).

Then the expansion cycle terminates producing the last step α which surely satisfies (3.6);

2. the tentative step-size is such that the new point is on the boundary of X , within
◦
Ωg and such

that sufficient reduction is guaranteed (i.e. the third if condition). In this case, the expansion
cycle terminates producing α = α̌ which satisfies (3.6);

3. the tentative step-size does not achieve sufficient decrease, i.e. z(y + α̌p; ρ) > z(y; ρ)−γα̌2. In
this case, the expansion cycle terminates producing the last step-size α which satisfies (3.6);

4. the tentative step-size is such that sufficient decrease is obtained and there is still room for
possible step enlargements (i.e. the second if condition). In this case, the expansion cycle does
not terminate but updates the current step α.

Considering the above description, the Expansion Step procedure computes also a further step-
size, namely α̌, such that α < α̌ ≤ α/δ. The ideal situation (and the one that will be used in the
proof of Proposition 3.2.8) for α̌ would be

y + α̌p ∈
◦
Ωg, and z(y + α̌p; ρ) > z(y; ρ)− γα̌2.

However, the following cases might occur as well:

i) either y + α̌p ̸∈
◦
Ωg;

ii) or α̌ = b, y + α̌p ∈ X∩
◦
Ωg and

z(y + α̌p; ρ) ≤ z(y; ρ)− γα̌2;

In case (i), considering that y + αp ∈
◦
Ωg and exploiting the structure of the barrier function, we will

show that ξ > 0 exists such that α < ξ < α̌ and y + ξp ∈
◦
Ωg and

z(y + ξp; ρ) > z(y; ρ)− γξ2.
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Whereas for case (ii), by exploiting the particular structure of the search directions, we will show
that eventually it cannot happen (see the proof of Proposition 3.2.8).

In Step 2, the penalty-barrier parameter ρk is (possibly) updated. We can say that the main novelty
of algorithm LOG-DFL resides in this step. In fact, as we shall see in the convergence analysis, the
updating rule is crucial to prove convergence of the sequence of iterates toward stationary points of
the constrained problem. As we can see, the barrier-penalty parameter updating rule is defined on
the basis of two quantities, namely

i) the “maximum step-size” maxi=1,2,...,n{α̃i
k, αi

k}, i.e. the maximum step-size used by the algo-
rithm in the entire inner for loop. We recall that this quantity can be roughly considered as
a measure of stationarity for the penalty function, see e.g. [74, 60];

ii) the “minimum value” for the non-relaxable inequality constraints (gmin)k, i.e. the smallest abso-
lute value of the inequality constraints found in the inner for loop, namely: min

i=1,...,n+1,
ℓ=1,...,m

{|gℓ(yi
k)|}.

These two quantities play a crucial role in the penalty-barrier parameter updating rule and hence in
the convergence analysis. More precisely, the algorithm updates the penalty-barrier parameter when
the measure of stationarity maxi=1,2,...,n{α̃i

k, αi
k} is smaller than the smallest value between ρβ

k and
(gmin)2

k. In more details, ρk is reduced when both the following conditions are satisfied.

i) maxi=1,2,...,n{α̃i
k, αi

k} is smaller than ρβ
k ;

ii) maxi=1,2,...,n{α̃i
k, αi

k} is smaller than (gmin)2
k.

Condition (i) requires that the measure of stationarity is better than the quality of the approxima-
tion performed by the merit function w.r.t. the constrained problem. Indeed, the penalty function
approaches the extreme penalty as the penalty parameter ρ approaches zero. On the other hand,
condition (ii) requires the step-size used by the algorithm to be sufficiently small in order to drive the
iterates towards the boundary of the feasible region. It is worth noting that both conditions imply
that the maximum step-size maxi=1,2,...,n{α̃i

k, αi
k} must go to zero faster than the penalty-barrier

parameter (which is required to go to zero in order for the iterates to approach a KKT point in the
limit) and than the minimum value for the non-relaxable inequality constraints (in the case the limit
point lies on the boundary of the feasible region) respectively.

Condition (i) of the updating rule is the same used in [73] where an exterior penalty approach
has been proposed to solve problems with only inequality constraints. The updating rule we propose
in our algorithm is more restrictive than the one in [73] because in algorithm LOG-DFL we have to
take into account the effects of two types of constraint penalization techniques. More specifically, the
precision required when solving a subproblem with a given penalty parameter ρ must be sufficiently
high, i.e. the maximum step length maxi=1,2,...,n{α̃i

k, αi
k} must be sufficiently small, relative to

the current approximation of the constrained problem performed by the merit function and to the
proximity of the points generated by the algorithm to the boundary of Ωg.

Finally, in Step 3, the new point xk+1 is selected to be any point which is better than the
one produced by the inner for loop in Step 1, i.e. yn+1

k . In particular, since we require that
z(xk+1; ρk+1) ≤ z(yn+1

k ; ρk+1), a viable choice could be xk+1 = yn+1
k . Step 3 is especially useful

considering the iterations where the penalty parameter ρk is updated. Those are iterations where
the shape of the merit function gets modified, and the current iterate might not be the best one
among the ones previously generated by the algorithm. Thus, when that happens, it is possible to
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select the point which provides the best value of the current merit function as the current iterate.
Furthermore, the freedom in the selection of the new point xk+1 can be exploited in many other ways.
For example, at the end of the iteration, we could try to build quadratic models of the objective and
constraint functions to help define a tentative point x̃x+1. Such a point could then be selected as
the new point if the merit function value does not deteriorate with respect to yn+1

k .

3.2.3 Convergence analysis

This section is devoted to the analysis of the convergence properties of the proposed algorithm.
First of all we have to show that algorithm LOG-DFL is well-defined, that is it produces the

infinite sequences of points and scalars necessary to prove asymptotic convergence. In particular,
since the Expansion Step procedure is possibly invoked at iteration k when exploring directions
±di

k, i = 1, . . . , n, we must guarantee that the procedure never infinitely cycles. Indeed, in the
following proposition, we prove that the Expansion Step procedure always returns a step α.

Proposition 3.2.6. The Expansion Step is well defined, i.e. it always returns a step α.

Proof. We proceed by contradiction and assume that the procedure infinitely cycles. If that is the
case, it produces an infinite sequence of values {α̌j}. By the instructions:

α̌j = α

δj
,

which contradicts α̌ < b.

The next theorem ensures that the updating rule of the algorithm produces sequences {ρk}, {α̃i
k},

and {αi
k} of penalty parameter values, tentative and actual step-sizes, respectively, which tend to

zero. This result is of paramount importance for two reasons:

1. the parameter ρk multiplies the log-barrier terms of the merit function and must indeed go to
zero to allow us to prove convergence to stationary points of the original problem;

2. the step-sizes going to zero means that the algorithm performs finer and finer sampling of the
merit function along the search directions, thus recovering the unavailable first order informa-
tion in the limit.

Theorem 3.2.7. Let {ρk} be the sequence of barrier-penalty parameters and {α̃i
k}, {αi

k}, i =
1, 2, . . . , n, be the sequences of tentative and actual step-sizes produced by Algorithm LOG-DFL. Let
Kρ = {k ∈ N : ρk+1 < ρk}. Then:

1. lim
k→∞

ρk = 0;

2. lim
k→∞,k∈Kρ

max
i=1,...,n

{α̃i
k, αi

k} = 0.

Proof. We first prove point (1). By the instructions of the algorithm, {ρk} is a monotonically non-in-
creasing sequence of positive numbers. Hence, it is convergent to a limit ρ̄ ≥ 0. Then, we proceed by
contradiction and assume that ρ̄ > 0. That means, for k sufficiently large, ρk is no longer updated.
Hence, we can assume that ρk stays fixed, i.e. ρk = ρ̄, definitely, i.e. the test at step 2 of Algorithm
LOG-DFL is no longer satisfied that is

max
i=1,2,...,n

{α̃i
k, αi

k} > min{ρ̄β, (gmin)2
k}. (3.7)
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By the instructions of Algorithm LOG-DFL, we have that, for all k sufficiently large,

z(xk+1; ρ̄) ≤ z(yn+1
k ; ρ̄) ≤ · · · ≤ z(y1

k; ρ̄) = z(xk; ρ̄). (3.8)

Hence,
lim

k→∞
z(xk; ρ̄) = z̄ < +∞. (3.9)

Then, since ρk → ρ̄ > 0, we can use the same arguments as in [73, Proposition 5, point (ii)]. In
particular, for each index i = 1, . . . , n, let us split the iteration sequence into two sets K1 = {k :
αi

k = 0} and K2 = {k : αi
k > 0}. By (3.8), we have that

z(xk+1; ρ̄) ≤ z(yi
k + αi

kdi
k) ≤ z(yi

k; ρ̄)− γ(αi
k)2 ≤ z(xk; ρ̄).

If K2 is infinite, taking the limit for k → ∞, k ∈ K2 in the above relation and taking into account
(3.9), we obtain

lim
k→∞,k∈K2

αi
k = 0.

Hence, since αi
k = 0, for all k ∈ K1, we have that

lim
k→∞

αi
k = 0. (3.10)

Now, recall that for all k ∈ K1, we have α̃i
k+1 = δα̃i

k, whereas all k ∈ K2 are such that α̃i
k+1 = αi

k.
Hence, if K2 is infinite, from (3.10), we have

lim
k→∞,k∈K2

α̃i
k+1 = 0. (3.11)

On the other hand, if K1 is infinite, for each k ∈ K1, let us denote by m(k) the biggest index such
that m(k) < k and m(k) ∈ K2. Then, by the instructions of the algorithm, we can write

α̃i
k+1 = δk+1−m(k)α̃i

m(k) ≤ α̃i
m(k).

Then, from (3.11), we obtain
lim

k→∞,k∈K1
α̃i

k+1 = 0. (3.12)

Then, from (3.11) and (3.12), we finally obtain

lim
k→∞

α̃i
k = 0.

Repeating the above reasoning for all indices i = 1, . . . , n, we get

lim
k→∞

α̃i
k = 0 for i = 1, . . . , n, (3.13)

lim
k→∞

αi
k = 0 for i = 1, . . . , n, (3.14)

Now, recalling (3.7) and the fact that ρk = ρ̄ for all k sufficiently large, we have that:

lim
k→∞

(gmin)k = 0.

Given the definition of (gmin)k in the algorithm and the fact that the number of constraints m and
of the variables n are both finite, an infinite index set K′′ ⊆ {0, 1, . . . } exists such that

(gmin)k = |gℓ̄(y
ı̄
k)|,
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for some ȷ̄ ∈ {1, . . . , m} and ı̄ ∈ {1, . . . , n + 1}. By the instructions of the algorithm, we also have

yı̄
k = xk +

ı̄−1∑
ℓ=1

αℓ
kdℓ

k.

Now, since xk ∈ X then, a subset of indices K′′′ ⊆ K′′ exists such that

lim
k→∞,
k∈K′′′

xk = x̄

lim
k→∞,
k∈K′′′

yı̄
k = x̄,

and
lim

k→∞,
k∈K′′′

|gℓ̄(xk)| = 0

i.e. x̄ ∈ ∂Ωg ∩ X . Hence, we have that

lim
k→∞,
k∈K′′′

z(xk, ρ̄) = +∞

This is a contradiction with (3.9) and concludes the proof of point (1).
Concerning point (2), let us assume for the sake of contradiction that a subset of iterations K ⊆ Kρ

exists such that, for all k ∈ K,
max

i=1,2,...,n
{α̃i

k, αi
k} ≥ ᾱ.

Since ρk → 0, it also results that lim
k→∞,k∈K

ρk = 0, i.e. a further set K̄ ⊆ K exists such that

lim
k→∞,k∈K̄

ρk = 0 and, since K̄ ⊆ K ⊆ Kρ, for all k ∈ K̄,

ᾱ ≤ max
i=1,2,...,n

{α̃i
k, αi

k} ≤ min{ρβ
k , (gmin)2

k} ≤ ρβ
k .

This last relation contradicts point (i) and concludes the proof.

Now, we introduce the following set of iteration indices

Kρ = {k : ρk+1 < ρk}. (3.15)

Note that, by virtue of Theorem 3.2.7, Kρ is an infinite index set.

In the next proposition we report a technical result needed to show the convergence properties of
the algorithm. It points out that, eventually, the algorithm performs suitable samplings of the merit
function along all the generators of the cone of feasible directions at any limit point x̄.

Proposition 3.2.8. Let {xk}, {ρk}, and {yi
k}, i = 1, . . . , n + 1, be the sequences produced by

Algorithm LOG-DFL and let {xk}Kx
ρ
, Kx

ρ ⊆ Kρ, be a subsequence converging to the point x̄. Then, for
all di ∈ E ∩ TX (x̄), there exist vectors zi

k and scalars ξi
k > 0 such that:

for k ∈ Kx
ρ sufficiently large,

zi
k + tξi

kdi ∈ X∩
◦
Ωg, ∀ t ∈ [0, 1], (3.16)

z(zi
k + ξi

kdi; ρk) > z(zi
k; ρk)− o(ξi

k); (3.17)
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and,

lim
k→∞,
k∈Kx

ρ

ξi
k = 0, (3.18)

lim
k→∞,
k∈Kx

ρ

∥zi
k − xk∥ = 0. (3.19)

Proof. By the instruction of the algorithm, we have y1
k = xk and for every i = 2, . . . , n + 1,

yi
k = xk +

i−1∑
j=1

αj
kdj

k+1, (3.20)

where di
k+1 = ±ei, i = 1, . . . , n. Taking the limit in (3.20), for k → ∞, k ∈ Kx

ρ, recalling that
by Theorem 3.2.7, {αi

k}k∈Kρ → 0, and that, by assumption, lim
k→∞,k∈Kx

ρ

xk = x̄, we have, for all

i = 1, . . . , n,
lim

k→∞,
k∈Kx

ρ

yi
k = x̄. (3.21)

Let us now consider a direction di ∈ E ∩ TX (x̄). By point (b) of Proposition 3.2.2, we know that for
k ∈ Kx

ρ sufficiently large di ∈ TX (yi
k), i.e. β̄ > 0 exists such that

yi
k + βdi ∈ X , ∀ β ∈ [0, β̄].

By Theorem 3.2.7, we have that {α̃i
k}k∈Kρ → 0 and {αi

k}k∈Kρ → 0 (and αi
k/δ → 0). Hence, we have

either

• αi
k = 0 which implies 0 < α̃i

k < β̄, for k ∈ Kx
ρ sufficiently large, or

• αi
k > 0, which implies αi

k < β̄ and αi
k

δ < β̄, for k ∈ Kx
ρ sufficiently large.

If αi
k = 0, then

z(yi
k + α̃i

kdi
k; ρk) > z(yi

k; ρk)− γ(α̃i
k)2,

z(yi
k − α̃i

kdi
k; ρk) > z(yi

k; ρk)− γ(α̃i
k)2.

(3.22)

If αi
k > 0, then we have either that an expansion has been performed along direction −di

k (in which
case a failure has been obtained along di

k); or an expansion has been performed along direction di
k (in

which case direction −di
k has not been explicitly considered); in the latter case, we can still extract

information along −di
k by setting ỹi

k = yi
k + α̃i

kdi
k and obtain a suitable failure along −di

k. Hence,
we have either

z(yi
k + α̃i

kdi
k; ρk) > z(yi

k; ρk)− γ(α̃i
k)2,

z(yi
k −

αi
k

δ
di

k; ρk) > z(yi
k; ρk)− γ(αi

k

δ
)2;

(3.23)

in the former case, or

z(yi
k + αi

k

δ
di

k; ρk) > z(yi
k; ρk)− γ(αi

k

δ
)2,

z(ỹi
k − α̃i

kdi
k; ρk) ≥ z(ỹi

k; ρk) + γ(α̃i
k)2, with ỹi

k = yi
k + α̃i

kdi
k,

(3.24)
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in the latter case.
When (3.22) holds, we choose zi

k = yi
k and ξi

k = α̃i
k; when (3.23) holds, we choose zi

k = yi
k and

ξi
k =

{
α̃i

k if di = di
k

αi
k

δ if di = −di
k;

when (3.24) holds, we set {
zi

k = yi
k, ξi

k = αi
k

δ if di = di
k

zi
k = ỹi

k, ξi
k = α̃i

k if di = −di
k.

Then, by (3.21) and recalling Theorem 3.2.7, we have that, for k ∈ Kx
ρ sufficiently large, zi

k and
ξi

k, i = 1, . . . , n, are such that

zi
k + ξi

kdi ∈ X (3.25)
z(zi

k + ξi
kdi; ρk) > z(zi

k; ρk)− o(ξi
k); (3.26)

furthermore,

lim
k→∞,
k∈Kx

ρ

ξi
k = 0 (3.27)

lim
k→∞,
k∈Kx

ρ

∥zi
k − xk∥ = 0. (3.28)

We also recall that, given the definition of the penalty-barrier function z(·) and by Assumption 3.1
(i.e. x0 ∈ X∩

◦
Ωg), for all k we have

zi
k ∈ X∩

◦
Ωg .

Now, let us assume there exists t̂i
k ∈ (0, 1] such that zi

k + t̂i
kξi

kdi /∈ X∩
◦
Ωg. Then, by (3.25) and

the compactness of X

zi
k + t̂i

kξi
kdi /∈

◦
Ωg, i.e. gℓ(zi

k + t̂i
kξi

kdi) > 0, for some ℓ = 1, . . . , m.

Since zi
k ∈

◦
Ωg, using the continuity assumption on the constraints, there exists a constant ťi

k ∈ (0, t̂i
k]

such that:
max

ℓ=1,...,m
gℓ(zi

k + ťi
kξi

kdi) = 0 and zi
k + tξi

kdi ∈ X∩
◦
Ωg for all t ∈ [0, ťi

k).

By the definition of z(·):

z(y; ρk) is continuous ∀y ∈ [zi
k, zi

k + ťi
kξi

kdi) and lim
t→ťi

k

z(zi
k + tξi

kdi; ρk) = +∞,

thus, a constant t∗,i
k ∈ (0, ťi

k) exists such that:

z(zi
k + t∗,i

k ξi
kdi; ρk) > z(zi

k; ρk)− o(t∗,i
k ξi

k)

zi
k + tξi

kdi ∈ X∩
◦
Ωg ∀t ∈ [0, t∗,i

k ].

By renaming t∗,i
k ξi

k again ξi
k we have

z(zi
k + ξi

kdi; ρk) > z(zi
k; ρk)− o(ξi

k) (3.29)

zi
k + tξi

kdi ∈ X∩
◦
Ωg ∀t ∈ [0, 1]. (3.30)

Then, (3.27), (3.28), (3.29) and (3.30) finally conclude the proof.
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Finally, we can state the main result concerning convergence of the proposed LOG-DFL algorithm
to stationary points of the original problem (P1).

Theorem 3.2.9. Let {xk} be the sequence generated by Algorithm LOG-DFL. Let Kρ be the set of
indices defined in (3.15). Assume that every limit point of the sequence {xk}Kρ satisfies the EMFCQ;
then, every limit point x̄ of the subsequence {xk}Kρ is a stationary point of problem (P2).

Proof. Since {xk}Kρ ⊆ X and X is a compact set, the subsequence {xk}Kρ admits limit points. Let
us consider one such limit point x̄, i.e. an index set Kx

ρ ⊆ Kρ exists such that

lim
k→∞,
k∈Kx

ρ

xk = x̄.

Let us denote T̄ = E ∩ TX (x̄). Recalling Proposition 3.2.8 we have that (3.16), (3.17), (3.18) and
(3.19) hold.
Then, for all k ∈ Kx

ρ sufficiently large and for all di ∈ T̄ :

i) yi
k ∈ X∩

◦
Ωg

ii) yi
k + tξi

kdi ∈ X∩
◦
Ωg for all t ∈ [0, 1]

iii) the following inequality holds

z(yi
k + ξi

kdi; ρk) > z(yi
k; ρk)− o(ξi

k). (3.31)

By applying the mean-value theorem to (3.31), we can write

−o(ξi
k) < z(yi

k + ξi
kdi; ρk)− z(yi

k; ρk) = ξi
k∇z(ui

k; ρk)T di ∀di ∈ T̄ , (3.32)

where ui
k = yi

k + ti
kξi

kdi, with ti
k ∈ (0, 1). By recalling (3.16), ui

k ∈ X∩
◦
Ωg. Thus, we have

−o(ξi
k)

ξi
k

< ∇z(ui
k; ρk)T di ∀di ∈ T̄ .

By considering the expression of z(x; ρ), we can write

∇z(ui
k; ρk)T di =

(
∇f(ui

k) +
m∑

ℓ=1

ρk

−gℓ(ui
k)
∇gℓ(ui

k) (3.33)

+
q∑

j=1

ν

ρk
|hj(ui

k)|ν−1∇hj(ui
k)
)T

di > −o(ξi
k)

ξi
k

∀di ∈ T̄ .

Recalling that ui
k = yi

k + ti
kξi

kdi, with ti
k ∈ (0, 1), we have that, for all i such that di ∈ T̄ ,

lim
k→∞,

k∈K̄

ui
k = x̄. (3.34)

Now, let us define the following approximations of the multipliers.

λℓ(x; ρ) = ρ

−gℓ(x) , for all ℓ = 1, . . . , m

µj(x; ρ) = ν

ρ
|hj(x)|ν−1, for all j = 1, . . . , q.
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It is possible to show that the sequences {λℓ(xk; ρk)}Kx
ρ
, ℓ = 1, . . . , m, and {µj(xk; ρk)}Kx

ρ
, j = 1, . . . , q

are bounded. The proof of this property is rather technical and, to simplify the exposition, the result
is reported in Theorem 3.4.7 in Section 3.4.

Then there exists a subset of indices Kx,λ
ρ ⊆ Kx

ρ, such that

lim
k→∞,

k∈Kx,λ
ρ

λℓ(xk; ρk) = λ̄ℓ ≥ 0, ℓ = 1, . . . , m, (3.35)

lim
k→∞,k∈Kx,λ

ρ

µj(xk; ρk) = µ̄j ≥ 0, j = 1, . . . , q, (3.36)

where λ̄ℓ = 0 for ℓ ̸∈ I+(x̄).

Since yi
k ∈ X∩

◦
Ωg and, by continuity of gℓ(x), for all ℓ = 1, . . . , m, set Ωg is closed, any

accumulation point of the sequence {yi
k} belongs to X ∩ Ωg. We consider now the sequence of

positive penalty parameters ρk. By Theorem 3.2.7, we have that:

lim
k→∞

ρk = 0.

Then, multiplying (3.33) by ρk and taking the limit for k → ∞, k ∈ Kx,λ
ρ , recalling (3.35) and the

continuity assumptions, we have: p∑
j=1

ν|hj(x̄)|ν−1∇hj(x̄)

T

di ≥ 0 ∀di ∈ T̄ . (3.37)

Since x̄ satisfies EMFCQ, by (3.2), it results:

hj(x̄) = 0 ∀j = 1, . . . , p.

Therefore the point x̄ ∈ F , i.e. it is feasible for problem (P2).
By simple manipulations, (3.33) can be rewritten as(

∇f(ui
k) +

m∑
ℓ=1
∇gℓ(ui

k)λℓ(xk; ρk) (3.38)

+
m∑

ℓ=1
∇gℓ(ui

k)
(
λℓ(ui

k; ρk)− λℓ(xk; ρk)
)

+
q∑

j=1
∇hj(ui

k)µj(xk; ρk)

+
q∑

j=1
∇hj(ui

k)
(
µj(ui

k; ρk)− µj(xk; ρk)
))T

di > −o(ξi
k)

ξi
k

∀i : di ∈ T̄ .

Taking the limits for k →∞ and k ∈ Kx,λ
ρ in relation (3.38) and recalling (3.98) and (3.99) from the

proof of Proposition 3.4.7 previously invoked, we obtain∇f(x̄) +
m∑

ℓ=1
∇gℓ(x̄)λ̄ℓ +

q∑
j=1
∇hj(x̄)µ̄j

T

di ≥ 0 ∀i : di ∈ T̄ .

Recalling that T̄ = E ∩ TX (x̄), from point (a) of Proposition 3.2.2 we get

∇L(x̄, λ̄, µ̄)T d ≥ 0 ∀d ∈ TX (x̄),

which concludes the proof.
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To conclude the section, we highlight the different reasoning at the basis of Proposition 3.2.8 and
Theorem 3.2.9 with respect to Proposition 4 and Theorem 1 in [73]. In particular, Proposition 3.2.8
shows that algorithm LOG-DFL is able to produce suitable points and step-sizes, i.e. that satisfy some
specific conditions. Then, Theorem 3.2.9 builds on top of the latter results and shows convergence
to stationary points. On the contrary, [73, Proposition 4] gives minimal conditions that should be
guaranteed in order to get convergence to stationary points. Then [73, Theorem 1] basically shows
that the algorithm is able to guarantee the convergence conditions thus showing convergence to
stationary points.

3.2.4 Numerical experiments

In this section we report the numerical performance of the proposed log-barrier derivative-free Algo-
rithm LOG-DFL on a set of test problems chosen from a well-known collection.

Test problem collection

In this subsection we report the set of constrained test problems selected from the CUTEst collection
[49]. In particular, we selected all the problems with n ≤ 50 variables and having at least one
inequality constraint for which the provided initial point is strictly feasible. The first numerical
experimentation considers the test problems discarding all the violated constraints. We then propose
an alternative version of the penalty function which is able to handle violated inequalities, therefore
such constraints will be taken into account. The collection provides a total of 96 problems.

Figure 3.1. Cumulative distributions, respectively, of the number of variables and of the proportion of strictly
satisfied constraints with respect to the total number of constraints.

In figure 3.1 we report the cumulative distributions, respectively, of the number of variables and
of the proportion of strictly satisfied constraints with respect to the total number of constraints, i.e.

D(α) = 1
N
|{p ∈ P : np ≤ α}|

M(α) = 1
N

∣∣∣∣∣
{

p ∈ P : m̄p

mp
≤ α

}∣∣∣∣∣
where
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- P is the set of problems;

- N = |P|;

- np is the number of variables of problem p ∈ P;

- mp is the number of constraints of problem p ∈ P;

- m̄p is the number of strictly satisfied inequality constraints at the initial point for problem
p ∈ P.

Problem np mp m̄p meqp

ANTWERP 27 10 2 8
DEMBO7 16 21 16 0
ERRINBAR 18 9 1 8
HS117 15 5 5 0
HS118 15 29 28 0
LAUNCH 25 29 20 9
LOADBAL 31 31 20 11
MAKELA4 21 40 20 0
MESH 33 48 17 24
OPTPRLOC 30 30 28 0
RES 20 14 2 12
SYNTHES2 11 15 1 1
SYNTHES3 17 23 1 2
TENBARS1 18 9 1 8
TENBARS4 18 9 1 8
TRUSPYR1 11 4 1 3
TRUSPYR2 11 11 8 3
HS12 2 1 1 0
HS13 2 1 1 0
HS16 2 2 2 0
HS19 2 2 1 0
HS20 2 3 3 0
HS21 2 1 1 0
HS23 2 5 4 0
HS30 3 1 1 0
HS43 4 3 3 0
HS65 3 1 1 0
HS74 4 5 2 3
HS75 4 5 2 3
HS83 5 6 5 0
HS95 6 4 3 0
HS96 6 4 3 0
HS97 6 4 2 0
HS98 6 4 2 0
HS100 7 4 4 0
HS101 7 6 2 0
HS104 8 6 3 0
HS105 8 1 1 0
HS113 10 8 8 0
HS114 10 11 8 3
HS116 13 15 10 0
S365 7 5 2 0
ALLINQP 24 18 9 3
BLOCKQP1 35 16 1 15
BLOCKQP2 35 16 1 15
BLOCKQP3 35 16 1 15
BLOCKQP4 35 16 1 15
BLOCKQP5 35 16 1 15

Problem np mp m̄p meqp

CAMSHAPE 30 94 90 0
CAR2 21 21 5 16
CHARDIS1 28 14 13 0
EG3 31 90 60 1
GAUSSELM 29 36 11 14
GPP 30 58 58 0
HADAMARD 37 93 36 21
HANGING 15 12 8 0
JANNSON3 30 3 2 1
JANNSON4 30 2 2 0
KISSING 37 78 32 12
KISSING1 33 144 113 0
KISSING2 33 144 113 0
LIPPERT1 41 80 64 16
LIPPERT2 41 80 64 16
LUKVLI1 30 28 28 0
LUKVLI10 30 28 14 0
LUKVLI11 30 18 3 0
LUKVLI12 30 21 6 0
LUKVLI13 30 18 3 0
LUKVLI14 30 18 18 0
LUKVLI15 30 21 7 0
LUKVLI16 30 21 13 0
LUKVLI17 30 21 21 0
LUKVLI18 30 21 21 0
LUKVLI2 30 14 7 0
LUKVLI3 30 2 2 0
LUKVLI4 30 14 4 0
LUKVLI6 31 15 15 0
LUKVLI8 30 28 14 0
LUKVLI9 30 6 6 0
MANNE 29 20 10 0
MOSARQP1 36 10 10 0
MOSARQP2 36 10 10 0
NGONE 29 134 106 0
NUFFIELD 38 138 28 0
OPTMASS 36 30 6 24
POLYGON 28 119 94 0
POWELL20 30 30 15 0
READING4 30 60 30 0
SINROSNB 30 58 29 0
SVANBERG 30 30 30 0
VANDERM1 30 59 29 30
VANDERM2 30 59 29 30
VANDERM3 30 59 29 30
VANDERM4 30 59 29 30
YAO 30 30 1 0
ZIGZAG 28 30 5 20

Table 3.1. Test set selected from the CUTEst collection. Parameters np, mp, m̄p, and meqp denote,
respectively, the number of variables, of inequality constraints, of inequality constraints treated by the
logarithmic barrier, and of equality constraints for the given problem. The problems in boldface are used
for the second numerical comparison detailed in Section 3.3.5.
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Implementation details

The proposed method has been implemented in Python 3.9, and all the experiments have been
conducted adopting the following choices:

- Exponent parameter for exterior penalty
ν = 2.

- Parameters introduced in the LOG-DFL algorithm scheme
γ = 10−4, β = 1 + 10−10, α̃i

0 = 1.0.

- Penalty parameters initialization
In order to properly balance the different ways the two terms of penalization impact the merit
function we define two different parameters ρin

0 , ρex
0 . We can write the new penalized function:

z(x, ρk) = f(x)− ρin
k

m∑
ℓ=1

log [−gℓ(x)] + 1
ρex

k

q∑
j=1
|hj(x)|ν . (3.39)

We initialize the two penalty parameters with the following rules:

ρin
0 = 10−1

ρex
0 = min

{
10−3,

1
max{|f(x0)|, 10−10}

}
- Penalty parameter updating criterion

According to our theoretical results and those in [73], we use two different updating criteria for
the penalty ρex

k and barrier ρin
k parameter:

max
i=1,2,...,n

{α̃i
k, αi

k} ≤ (ρex
k )β, (3.40)

max
i=1,2,...,n

{α̃i
k, αi

k} ≤ min
{

(ρin
k )p, (gmin)2

k

}
, (3.41)

where we remind that (gmin)k is the minimum absolute value for the non-relaxable constraints
at iteration k.
Concerning the parameter θ, we split it into two different parameters: θin = 0.35 and θex =
10−2. When (3.41) is satisfied the algorithm performs the following update:

ρin
k+1 = θinρin

k .

When (3.40) and (3.41) are both satisfied the algorithm performs the following update:

ρex
k+1 = θexρex

k .

Note that the rule (3.41) is more restrictive than (3.40), and θex < θin. Hence, the new
updating mechanism is able to guarantee that both the parameters, ρex

k and ρin
k , go to zero

with the same speed and that there is an infinite subsequence of iterations where they are both
updated.
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- Stopping criterion

We stop the algorithm whenever max
i=1,2,...,n

{α̃i
k, αi

k} ≤ 10−8.

The LOG-DFL algorithm is freely available for download through the DFL library as package LOGDFL
at the URL https://github.com/DerivativeFreeLibrary/
For comparison we used the state-of-the-art MADS algorithm implemented in the well-known NOMAD
package (version 4) [9]

Note that NOMAD does not allow for explicit handling of equality constraints. For this reason we
had to split the equality constraints into two inequalities.

Furthermore the resulting inequalities are treated by the progressive approach specifying the PB
type of constraint. Namely, for each equality constraint hj , j = 1, . . . , q, we define

gm+j(x) = hj(x), PB

gm+q+j(x) = −hj(x), PB.

We also implemented a basic mechanism to force NOMAD to stay feasible with respect to the in-
equality constraints. In particular, we forced NOMAD to handle those constraints with an extreme
barrier approach. Furthermore, since LOG-DFL and NOMAD use different strategies to handle con-
straints, it might not be fair to compare them using the same precision on the stopping criterion.
Thus, in order to be sure that NOMAD would exploit the evaluations budget as much as possible, we set
the stopping criterion relative to the mesh size δ to 10−12. It has to be pointed out that, during this
phase of the experiments, we are considering the inequality constraints to be non-relaxable, however
NOMAD builds surrogate models of the constraints and the objective using also information from
points which violate the inequalities. Since NOMAD is able to handle infinite values, we limited
the information on those points by manually setting infinite values for the objective function, still
leaving the information on feasibility and violation available.

Performance and data profiles

Numerical experiments will be analyzed using performance [41] and data [78] profiles. To provide a
brief overview of these tools, consider a set of solvers S and a set of problems P. Let tp,s represent
the number of function evaluations required by solver s to satisfy the convergence test adopted for
problem p.

For an accuracy τ = 10−k, where k ∈ {1, 3, 5}, we adopted the convergence test:

fM − f(x) ≥ (1− τ)(fM − fL), (3.42)

where fM represents the objective function value of the worst feasible point determined by all solvers
for problem p, and fL is the best objective function value obtained by all solvers, corresponding to
a feasible point of problem p.

The convergence test given by (3.42) requires a significant reduction in the objective function
value by comparison with the worst feasible point fM . We assign an infinite value to the objective
function at points that violate the feasibility conditions, defined by c(x) > 10−4, where

c(x) =
m∑

i=1
max{0, gi(x)}+

q∑
j=1
|hj(x)|.

https://github.com/DerivativeFreeLibrary/
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The performance of solver s ∈ S is measured by the fraction of problems in which the performance
ratio is at most α, given by:

ρs(α) = 1
|P |

∣∣∣∣∣
{

p ∈ P | tp,s

min
{
tp,s′ : s′ ∈ S

} ≤ α

}∣∣∣∣∣ .
A performance profile provides an overview of how well a solver performs across a set of optimization
problems. Particularly relevant is the value ρs(1), that reflects the efficiency of the solver, i.e., the
percentage of problems for which the algorithm performs the best. Robustness, as the percentage of
problems that the algorithm is able to solve, can be perceived for high values of α.

Data profiles focus on the behavior of the algorithm during the optimization process. A data pro-
file measures the percentage of problems that can be solved (given the tolerance τ) with κ estimates
of simplex gradients and is defined by:

ds(κ) = 1
|P |
|{p ∈ P | tp,s ≤ κ (np + 1)}| ,

where np represents the dimension of problem p.

Results and comparison

We divide the subsection in three parts. We first introduce accelerating strategies that helped to
improve the performance of LOG-DFL and show the related results. Then we compare the proposed
algorithm with NOMAD, first on the collection of problems presented before, and afterwards consid-
ering the same collection of problems where the inequalities violated at the starting point are not
discarded and treated by means of an exterior penalty of the same expression of the penalization for
the equality constraints. All the comparisons are done considering a budget of 100× (n + 1) function
evaluations.

Accelerating strategies for LOG-DFL

In the following, we first describe two heuristics that helped us improve the basic version of the
LOG-DFL algorithm. Note that there is no theoretical evidence the accelerating strategies are able
to improve the performances of the algorithm, but they do not affect the theoretical convergence
properties of the method. Indeed, both strategies can be considered as Step 3 of Algorithm LOG-DFL.

1. First (S1), at each iteration the method attempts to use one more direction to try to exploit
the overall movement of the current iteration itself. The direction is computed as (dn+1)k =
xk+1 − xk. We then perform a further exploration by means of a suitable modification of
the expansion step procedure, which makes sure the generated points are feasible with respect
to the bounds, i.e. X . It is a naive approach for a minimal exploitation of the information
gathered at each iteration. We believe the strategy could be further improved by computing
(dn+1)k building surrogate models of the merit function, since the structure of the method can
guarantee a good geometry of the points generated at each iteration, which are the ones that
would be interpolated.

2. Second (S2), since the merit function changes its values when using a different penalty param-
eter, it is reasonable to think that, when the parameter is modified, the current iterate might
not be the best among the previously visited ones. Thus, at all the iterations the penalty
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parameter is changed, we select from the history of the algorithm the point with the best value
of the current merit function and use it for the following iteration.

LOG-DFL algorithm with accelerating strategies is freely available for download through the DFL
library as package LOGDFL at the URL https://github.com/DerivativeFreeLibrary/

The comparison between our original algorithm LOG-DFL and the improved method (which we call
X-LOG-DFL) are reported in Figure 3.2 and 3.3. As we can see, X-LOG-DFL is significantly better than
the original version both in terms of efficiency and robustness. One can see how both accelerating
strategies allow for improvement with respect to the original method, especially for higher level of
precision.

Figure 3.2. Performance and data profiles for the comparison between LOG-DFL and the accelerating strategies
among the whole collection of test problems.

https://github.com/DerivativeFreeLibrary/
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Figure 3.3. Performance and data profiles for the comparison between LOG-DFL and the accelerating strategies
among the problems with only inequality constraints.

Comparison with strictly feasible inequalities

In Figures 3.4 and 3.5, we report the comparison between X-LOG-DFL, LOG-DFL and NOMAD. As one
can see, considering either the results in Figure 3.4, where some problems have equality constraints,
i.e. NOMAD has no theoretical guarantees, or the results in 3.5, where only problems with inequality
constraints are considered, both LOG-DFL and X-LOG-DFL are competitive against NOMAD. In particu-
lar, both algorithms perform better than NOMAD for low precision levels, and X-LOG-DFL is performing
better also on higher precision levels, where, from the performance profiles, it seems to be able to
reach better quality solutions. Note that while X-LOG-DFL is using no information at all for points
that are not feasible with respect to the inequality constraints, NOMAD, for the same points, exploits
the values of the constraints to build surrogate models, i.e., X-LOG-DFL is performing better using
less information than the competitor.
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Figure 3.4. Performance and data profiles for the comparison between X-LOG-DFL, LOG-DFL and NOMAD on
the entire collection of test problems.

Figure 3.5. Performance and data profiles for the comparison between X-LOG-DFL, LOG-DFL, and NOMAD on
the subset of test problems with only inequality constraints.
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Comparison with violated inequality constraints

To conclude the section, we further investigate the behaviour of the competing algorithms introducing
a new term to the penalty function, with the purpose of dealing with problems where inequality
constraints might be violated at the starting point. The modifications of the method affect only
the part of the penalty parameters initialization. We computed the values of the constraints at the
starting point x0 and we defined two sets of indices:

Glog := {ℓ : gℓ(x0) < 0},

Gext := {ℓ : gℓ(x0) ≥ 0}.

We set a logarithmic penalty for strictly feasible constraints and exterior penalty for active and
infeasible ones. We define two parameters ρ

log
0 , ρext

0 , and we initialize them with the rules we defined
in the previous section. We can write the new penalized function:

z(x, ρk) = f(x)− ρ
log
k

∑
ℓ∈Glog

log [−gℓ(x)] + (3.43)

1
ρext

k

 ∑
ℓ∈Gext

[g+
ℓ (x)]ν +

q∑
j=1
|hj(x)|ν

 ,

where g+
ℓ (x) = max{gℓ(x), 0}.

As one can see in (3.43), we are now using a hybrid approach, where some inequality constraints
are handled by interior penalty and some are handled by exterior penalty. In fact, equality con-
straints are treated by splitting them into two inequality constraints, which will be managed by
exterior penalty. Furthermore, we add a new strategy with the aim of exploiting the efficiency of the
logarithmic barrier: when an initially infeasible inequality (which is penalized by using the exterior
penalty approach) becomes feasible, we change the penalization method adopted for that particular
constraint, thus switching to an interior point penalization. For this part of the experiments we
consider the inequalities to be relaxable, so we let NOMAD run in default settings, i.e. using PB (pro-
gressive barrier) and exploiting all the information of the problem, with the only specification that
the algorithm will keep running as long as the mesh size parameter δ is greater than 10−12. Note
that X-LOG-DFL still does not exploit information on points where the inequalities gℓ with ℓ ∈ Glog

are violated. The results are reported in Figures 3.6, 3.7 and 3.8. On the problems without equality
constraints, Figure 3.8, the two algorithms show a similar performance. The results appear to be
similar also for the problems where both solvers find a feasible solution, Figure 3.7, with X-LOG-DFL
being faster when considering the two highest levels of precision. It is worth noticing that, in the
latter case, even though both solvers find a feasible solution, the two algorithms do not solve the
whole subset of test problems. That means that the algorithms are reaching different solutions for the
different problems. As it might seem an obvious conclusion, it is also a sign that further numerical
investigation is needed in order to understand which kind of problems each algorithm performs the
better on. In conclusion, when considering the whole collection of problems, Figure 3.6, X-LOG-DFL
performs better than NOMAD.
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Figure 3.6. Performance and data profiles for the comparison between X-LOG-DFL, NOMAD for the whole
collection of test problems considering also violated inequalities.
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Figure 3.7. Performance and data profiles for the comparison between X-LOG-DFL and NOMAD on the subset
of problems where both solvers find feasible solutions.
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Figure 3.8. Performance and data profiles for the comparison between X-LOG-DFL and NOMAD on the subset
of problems without equality constraints.
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3.3 LOG-DS

In this section we propose a DS algorithm which exploits the MPB strategy to solve problem (P2).
The structure of this section is similar to that of the previous one. In Section 3.2.1 the assumptions
used are detailed along with some preliminary results. In Section 3.2.2, we introduce LOG-DS and we
explain its main features. In Section 3.2.3 we prove some properties of LOG-DS and the convergence
to KKT-stationary points. Finally, In Section 3.2.4 describe how we have practically implemented
the algorithm and we present the comparison against state-of-the-art solvers.

3.3.1 Assumptions and preliminary results

We consider (P2). Following the idea of (3.43) in the previous section, we partition the inequality
constraints into two sets, namely Glog and Gext, such that Glog ∩ Gext = ∅ and Glog ∪ Gext =
{1, . . . , m}. We denote the sets defined by the inequality constraints as Ωlog = {x ∈ Rn | gℓ(x) ≤
0, ℓ ∈ Glog} and Ωext = {x ∈ Rn | gℓ(x) ≤ 0, ℓ ∈ Gext}, respectively. The first corresponds to the
inequality constraints to be addressed with a logarithmic barrier approach, while the constraints in
the second are handled using an infeasible penalization term. Additionally, Ωh corresponds to the
set defined by the equality constraints, and X = {x ∈ Rn | Ax ≤ b}, with A ∈ Rp×n and b ∈ Rp, is
a polyhedron, defining a set that we assume to be compact. Therefore, the feasible region F , which
is assumed to be nonempty, is given by

F = X ∩ Ωlog ∩ Ωext ∩ Ωh ̸= ∅,

and it is also a compact set. Differently to the method proposed in Section 3.2, where the goal was
to propose an efficient method to treat unrelaxable constraints, the aim of this section is to show
the efficiency of the mixed penalty strategy in more general settings. Therefore, here we are not
assuming the inequality constraints to be unrelaxable, even though the method is able to deal with
the presence of unrelaxable constraints.
Throughout this section, we require the following assumption to hold true.

Assumption 3.2.

• The set X is compact.

• A point x0 ∈ X ∩ Ω̊log is known.

The set X includes the bounds on the variables, thus assuming its compactness is viable. Fur-
thermore, given any initial solution x0, it is possible to define the sets Glog and Gext so that the
assumption is satisfied, as it has been done in the previous section. Note that in case gℓ(x0) ≥ 0 for
all ℓ = 1, . . . , m, then we have Glog = ∅ and Ωlog = Rn.

In order to solve Problem (P2), the following merit function is considered:

z+(x; ρ) = f(x)− ρ
∑

ℓ∈Glog

log(−gℓ(x)) + 1
ρν−1

 ∑
ℓ∈Gext

(max{gℓ(x), 0})ν +
q∑

j=1
|hj(x)|ν

 , (3.44)

where ρ > 0 and ν ∈ (1, 2]. Therefore, z+(x; ρ) = +∞, for all x ∈ X such that gℓ(x) ≮ 0, for
ℓ ∈ Glog.
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The following problem
min z+(x; ρ)
s.t. x ∈ X ∩ Ω̊log

(C2)

will be considered at each iteration, with an adequate strategy for updating the parameter ρ > 0.
We assume that a point x0 ∈ X ∩ Ω̊log is known, so that the set X ∩ Ω̊log is nonempty.

Lemma 3.3.1. Let ρ > 0, ν ∈ (1, 2], and α ∈ R be given parameters. If X ∩ Ωlog is compact, then,

L(α) = {x ∈ X ∩ Ω̊log : z+(x; ρ) ≤ α}

is compact.

Proof. The set L(α) is bounded since, by definition, it is a subset of X ∩ Ωlog which is compact. It
remains to prove that L(α) is closed. To this end, we will show that for any sequence {xk} ⊂ L(α)
such that lim

k→+∞
xk = x̄, it results x̄ ∈ L(α).

Since xk ∈ L(α), for all k, we have

z+(xk; ρ) ≤ α.

Taking the limit for k → +∞ in the above relation we get

lim
k→+∞

z+(xk; ρ) ≤ α. (3.45)

Then, x̄ ̸∈ ∂Ω̊log, otherwise we would get limk→+∞ z+(xk; ρ) = +∞ > α. Thus, x̄ ∈ X ∩ Ω̊log. We
know that z+(x; ρ) is continuous on X ∩ Ω̊log. Thus, by (3.45), we have

lim
k→+∞

z+(xk; ρ) = z+(x̄; ρ) ≤ α

which means that x̄ ∈ L(α). That concludes the proof.

One might notice that nonlinear constraints still appear, due to the presence of the inequalities
in Glog which still need to be satisfied. Nevertheless, considering the properties of the merit function
and the structure of the proposed scheme, it will be clear that any point x /∈ Ω̊log will be rejected.
That is, Problem C2 can be reformulated considering only linear constraints, i.e.,

min z+(x; ρ)
s.t. x ∈ X .

(P4)

In order to deal with the linear constraints, one has to be able to capture the geometry of X
around a point x ∈ X . In the following we provide the proper definitions of the tangent cone with
respect to X .

Definition 3.3.2 (Active constraints and tangent related sets). For every x ∈ X , i.e., such that
Ax ≤ b:

IX (x) = {i | a⊤
i x = bi} (set of indices of active constraints)

TX (x) = {d ∈ Rn | a⊤
i d ≤ 0, i ∈ IX (x)} (tangent cone at x)

Given a point x ∈ X (possibly not belonging to the boundary of X ), it is possible to approximate
the previous sets by the following ones, depending on a parameter ε > 0. Note that this definition
is an extension of the ϵ-tangent cones defined in Section 2.4.2 for the bound constraints.
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Definition 3.3.3 (ε-Active constraints and tangent related sets).

IX (x, ε) = {i | a⊤
i x ≥ bi − ε} (set of indices of ε-active constraints)

TX (x, ε) = {d ∈ Rn | a⊤
i d ≤ 0, i ∈ IX (x, ε)} (ε-tangent cone at x)

A relation between the two groups of sets introduced in Definition 3.3.2 and Definition 3.3.3 has
been established in [76]. We recall the result in the following proposition.

Proposition 3.3.4. Let {xk}k∈N be a sequence of points in X , converging to x∗ ∈ X . Then, there
exists an ε∗ > 0 (depending only on x∗) such that for any ε ∈ (0, ε∗] there exists kε ∈ N such that

IX (x∗) = IX (xk, ε)
TX (x∗) = TX (xk, ε)

for all k ≥ kε.

Finally, we provide a definition that will be useful to specify the requests on the directions used
by the algorithm in the following section.

Definition 3.3.5 (ε-conformed to X ). Let x ∈ X . A set of directions P is said to be ε̄-conformed
to X in x if for some ε̄ > 0

cone(P ∩ TX (x, ε)) = TX (x, ε), ∀ ε ∈ (0, ε̄].

3.3.2 LOG-DS Algorithm

Let us introduce the structure of the LOG-DS algorithm, based on the sequential inexact minimization
of linearly constrained subproblems, i.e. (P4), differing from each other in the penalty parameter ρ.

LOG-DS

Data. x0 ∈ X such that gℓ(x0) < 0 for all ℓ ∈ Glog, α0 > 0, ρ0 > 0, ν ∈ (1, 2], θα, θρ ∈ (0, 1), ϕ ≥ 1, and
β > 1.

For k = 0, 1, 2, . . . do

Step 1. (Search Step, optional)
If zk ∈ X can be computed such that z+(zk; ρk) ≤ z+(xk; ρk)− ξ(αk),
Then set xk+1 = zk, αk+1 = ϕαk, and go to Step 3.

Step 2. (Poll Step)

Select a set of directions Pk

If xk + αkt ∈ X and z+(xk + αkt; ρk) ≤ z+(xk; ρk)− ξ(αk) for some t ∈ Pk,
Then set xk+1 = xk + αkdi

k and αk+1 = ϕαk.

Else set xk+1 = xk and αk+1 = θααk.

Step 3. Set (gmin)k = min
ℓ∈Glog

{|gℓ(xk+1)|}

If αk+1 ≤ min{ρβ
k , (gmin)2

k} and αk+1 < αk,
Then set ρk+1 = θρρk.
Else set ρk+1 = ρk.

Endfor



82 3. A mixed penalty-barrier method for nonlinear constrained optimization

In the method detailed above, the acceptance of new points relies on the notion of sufficient
decrease. The next definition adjusts the concept of forcing function (see [60]) and it is used to
define the sufficient decrease condition required to accept new points in LOG-DS.

Definition 3.3.6. Let ξ : [0, +∞) → [0, +∞) be a continuous and nondecreasing function. We say
that ξ is a forcing function if:

- ξ(t)/t→ 0 when t ↓ 0;

- if ξ(t)→ 0 then t→ 0.

Following the general structure proposed by Audet and Dennis [7] for generalized pattern search,
each iteration of LOG-DS is organized into two main steps, plus an additional one related to the novel
approach:

• Step 1 and Step 2, namely the Search Step and the Poll Step, which are part of the basic
structure of a generalized pattern search method, here applied to the solution of (P4);

• Step 3, the penalty parameter updating step, which is the original feature of the proposed
approach.

The search step is very flexible, not even requiring the projection of the generated points in some
type of implicit mesh, since a sufficient decrease condition is used for the acceptance of new iterates.
As detailed in Section 3.3.4, the original SID-PSM algorithm uses quadratic interpolation models,
which are minimized to generate new trial points. The latter approach is adapted into LOG-DS as
described in Section 4.1, but since it is not relevant for establishing convergence properties, for now
it is omitted.

We are now in position of specifying the requests on the sets of directions, Pk, used by the
algorithm (see [72, Assumption 2]). Note that in Chapter 1, when describing the MADS algorithm,
the set Pk is defined as a subset of the points lying on the mesh within the frame. Here, using a
sufficient decrease condition, we are not using the mesh, and the directions are directly generated as
a subset of D. The set Pk, then, denotes the directions used during the Poll Step.

Assumption 3.3. Let {xk}k∈N be a sequence of points in X. The sequence {Pk} of poll directions
satisfies:

Pk = {di
k | ∥di

k∥ = 1, i = 1, . . . , |Pk|}

and for some ε̄ > 0,
cone(Pk ∩ TX (xk, ε)) = TX (xk, ε), ∀ ε ∈ (0, ε̄].

Furthermore, D =
+∞⋃
k=0
Pk is a finite set, and |Pk| is uniformly bounded.

Strategies to conform the poll directions to the geometry of X , satisfying Assumption 3.3, can
be found in [1, 61, 66].

One problem still to be addressed is related to the fact that the merit function is defined and dif-
ferentiable only in the interior of the feasible region, i.e. Ω̊Glog . An analysis based on differentiability
assumptions seems not to be applicable. It turns out that the structure of the merit function can be
exploited to extract information that allows the infeasible points to be treated as feasible failures, as
it will be stated in Proposition 3.3.9, similarly to as it is proved in Proposition 3.2.8 for LOG-DFL.
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3.3.3 Convergence Analysis

In order to prove the global convergence of the method, we will establish that the sequences of step-
sizes and penalty parameters converge to zero. Initially, we derive an auxiliary result analyzing the
behavior of the algorithm for fixed values of the penalty parameter.

Lemma 3.3.7. Let {ρk} and {αk} be the sequences of penalty parameters and step-sizes, respectively,
generated by algorithm LOG-DS. Assume that

lim
k→+∞

ρk = ρ̄ > 0 (3.46)

Then,
lim

k→+∞
αk = 0.

Proof. From the updating rule of the penalty parameter, i.e. ρk+1 = θρρk, we have that {ρk} is a
monotone non-increasing sequence. Furthermore, if ρk is updated infinitely many times we would
have ρ̄ = 0. Hence, we have that ρk+1 = ρk = ρ̄ for all k sufficiently large. Let us split the iteration
sequence into the following two sets

Ks = {k : xk+1 ̸= xk},
Ku = {k : xk+1 = xk}.

At every iteration k of the algorithm, for k sufficiently large, we have either z+(xk+1; ρ̄) = z+(xk; ρ̄)
(when k ∈ Ku) or z+(xk+1; ρ̄) ≤ z+(xk; ρ̄) − ξ(αk) (when k ∈ Ks). Hence, the sequence of function
values {z+(xk; ρ̄)} is monotonically nonincreasing. By Lemma 3.3.1, z+(x; ρ̄) has compact level sets,
thus it is bounded from below. Hence,

lim
k→+∞

z+(xk; ρ̄) = z̄. (3.47)

If Ks is infinite, from (3.47) we get
lim

k→+∞
k∈Ks

ξ(αk) = 0.

Recalling Definition 3.3.6, we get
lim

k→+∞
k∈Ks

αk = 0. (3.48)

If Ku is infinite, for every k ∈ Ku, let us define mk to be the largest index such that mk ∈ Ks and
mk < k (the result is immediate if Ks is empty). Then, we can write

αk = αmk
ϕθk−mk−1

α .

When k → +∞, k ∈ Ku, we have that either mk → +∞ as well (when Ks is infinite) or k−mk−1→
+∞ (when Ks is finite). Thus, by (3.48) and the fact that θα ∈ (0, 1), we have

lim
k→+∞
k∈Ku

αk = lim
k→+∞
k∈Ku

αmk
ϕθk−mk−1

α = 0. (3.49)

The proof is concluded considering (3.48) and (3.49).
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Lemma 3.3.7 is used to show that the sequence of penalty parameters converges to zero, which is
required to ensure that in the limit the algorithm can solve the original problem. As a consequence,
we are able to establish that the sequence of step-sizes also converges to zero in the general case.
Since it is well-known that the step-size is related to some measures of stationarity of the problem
[60], that property is also relevant.

Theorem 3.3.8. Let {ρk} and {αk} be the sequences of penalty parameters and step-sizes generated
by LOG-DS. Let Kρ = {k ∈ N : ρk+1 < ρk}. Then,

lim
k→+∞

ρk = 0, (3.50)

lim
k→+∞,k∈Kρ

αk = 0. (3.51)

Proof. We first prove (3.50). The algorithmic structure implies that {ρk}k∈N is a monotone nonin-
creasing sequence of positive numbers. Hence, we have that

lim
k→+∞

ρk = ρ̄ ≥ 0.

By contradiction, let us assume that ρ̄ > 0. If this is the case, there must exist an integer k̄ such
that

ρk+1 = ρk = ρ̄ > 0, ∀k ≥ k̄.

Again, the instructions of the algorithm imply that, for all k ≥ k̄,

αk+1 > min{ρ̄β, (gmin)2
k} or αk+1 ≥ αk

and
z+(xk+1; ρ̄) ≤ z+(xk; ρ̄) ≤ z+(xk̄; ρ̄) = z̄ < +∞. (3.52)

Since ρk = ρ̄, for all k ≥ k̄, by Lemma 3.3.7 we have lim
k→+∞

αk = 0. Then, there must exist an infinite
index set of unsuccessful iterations Ku such that αk+1 < αk, for all k ∈ Ku. Hence, for every k ∈ Ku,
k ≥ k̄, we also have that

αk+1 > min{ρ̄β, (gmin)2
k} (3.53)

(otherwise, the algorithm would update ρ). Taking the limit in relation (3.53), we obtain

lim
k→+∞,

k∈Ku

(gmin)k = 0.

Thus, we have
lim

k→+∞,
k∈Ku

z+(xk; ρ̄) = +∞.

However, this limit is in contradiction with (3.52), thus proving (3.50).
Now, we prove (3.51). Since ρk is updated at each k ∈ Kρ, then it follows that Kρ ⊆ Ku, and

αk+1 = θααk. Thus, by the penalty-barrier parameter updating criterion, for all k ∈ Kρ

θαᾱ ≤ αk+1 ≤ min{ρβ
k , (gmin)2

k} ≤ ρβ
k ,

which, since ρk → 0, implies {αk}k∈Kρ → 0, thus concluding the proof.
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Let us define the index set
Kρ = {k ∈ N : ρk+1 < ρk}, (3.54)

that is, the set of iteration indices where the penalty parameter is updated. Note that, by the
instructions of the algorithm, αk+1 < αk for all k ∈ Kρ, i.e., every iteration k ∈ Kρ is an unsuccessful
iteration. Recall that, by Theorem 3.3.8, Kρ is an infinite index set.

Before proving the main convergence result, since the merit function is not defined in Rn\Ω̊log
G and

the trial points corresponding to failures might not be feasible, we present the following proposition
that allows us to use the mean value theorem in the proof of Theorem 3.3.10.

Proposition 3.3.9. Given any ρ̄ > 0, x ∈ X ∩ Ω̊log, d ∈ Rn, and ᾱ ∈ R+ such that x + ᾱd ∈ X
and

z+(x + ᾱd; ρ̄) > z+(x; ρ̄)− ξ(ᾱ),
there exists α̂ < ᾱ such that:

x + αd ∈ X ∩ Ω̊log for all α ∈ (0, α̂],
z+(x + α̂d; ρ̄) > z+(x; ρ̄)− ξ(α̂).

Proof. By definition X is convex, then x + αd ∈ X for all α ∈ [0, ᾱ], thus if x + αd ∈ X ∩ Ω̊log for
all α ∈ (0, ᾱ], setting α̂ = ᾱ the proposition holds.
Let us assume x + αd /∈ Ω̊log for some α ∈ (0, ᾱ]. Since x ∈ Ω̊log, so that gℓ(x) < 0 for all ℓ ∈ Glog,
and x + ᾱd /∈ Ω̊log, by continuity of gℓ(·), there exists a scalar α̃ < ᾱ such that

x + αd ∈ Ω̊log for all α ∈ [0, α̃),

x + α̃d ∈ ∂Ω̊log.

Recall that, by definition of z+(x; ρ), for all y ∈ ∂Ω̊log, it results

lim
x→y,

x∈Ω̊log

z+(x; ρ̄) = +∞.

Thus, there exists α̂ ∈ (0, α̃), sufficiently close to α̃, such that x + α̂d ∈ Ω̊log and z+(x; ρ̄) <
z+(x + α̂d; ρ̄) + ξ(α̂), which concludes the proof.

We are now in conditions of stating the main convergence result. In the following we use the
extended Mangasarian-Fromovitz constraint qualification (EMFCQ) as defined in Definition 3.2.3,
and the same necessary optimality conditions introduced in Proposition 3.2.4.

Theorem 3.3.10. Let {xk}k∈N be the sequence of iterates generated by LOG-DS and recall definition
(3.54) of Kρ. Assume that the sequences of sets of directions {Pk}k∈N, used by the algorithm, satisfy
Assumption 3.3 and define Jk = {i ∈ {1, 2, . . . , |Pk|} : di

k ∈ Pk ∩TX (xk; ε)}, with ε ∈ (0, min{ε̄, ε∗}]
where ε∗ and ε̄ are the constants appearing in Proposition 3.3.4 and Assumption 3.3, respectively.
Then, any limit point of {xk}k∈Kρ that satisfies the EMFCQ is a stationary point of Problem (P2).

Proof. First note that, by Theorem 3.3.8, we have

lim
k→+∞
k∈Kρ

ρk = 0,

lim
k→+∞
k∈Kρ

αk = 0.
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Now, let x∗ be any limit point of {xk}k∈Kρ . Then, there exists a set Kx
ρ ⊆ Kρ such that

lim
k→+∞
k∈Kx

ρ

ρk = 0,

lim
k→+∞
k∈Kx

ρ

αk = 0,

lim
k→+∞
k∈Kx

ρ

xk = x∗,

with αk+1 < αk, for all k ∈ Kx
ρ. Recall that Pk = {d1

k, d2
k, . . . , drk

k }. Then, for all k ∈ Kx
ρ sufficiently

large, we know that xk + αkdi
k ∈ X for all i ∈ Jk. For every i ∈ Jk, if xk + αkdi

k ∈ Ω̊log, by the
instructions of the algorithm we have

z+(xk + αkdi
k; ρk) > z+(xk; ρk)− ξ(αk).

Otherwise, i.e. when xk +αkdi
k ̸∈ Ω̊log, Proposition 3.3.9 allows us to ensure the existence of a scalar

α̂i
k ≤ αk such that

z+(xk + α̂i
kdi

k; ρk) > z+(xk; ρk)− ξ(α̂i
k). (3.55)

Applying the mean value theorem to (3.55), we can write

−ξ(α̂i
k) ≤ z+(xk + α̂i

kdi
k; ρk)− z+(xk; ρk) = α̂i

k∇z+(yi
k; ρk)⊤di

k, (3.56)

for all k ∈ Kx
ρ sufficiently large and all i ∈ Jk, where yi

k = xk + ti
kα̂i

kdi
k, with ti

k ∈ (0, 1). Thus, we
have

∇z+(yi
k; ρk)⊤di

k ≥ −
ξ(α̂i

k)
α̂i

k

, ∀i ∈ Jk. (3.57)

By considering the expression of z+(x; ρk), we can write for k ∈ Kx
ρ sufficiently large

∇z+(yi
k; ρk)⊤di

k =

∇f(yi
k) +

∑
ℓ∈Glog

ρk

−gℓ(yi
k)
∇gℓ(yi

k) + ν

 ∑
ℓ∈Gext

(
max{gℓ(yi

k), 0}
ρk

)ν−1

∇gℓ(yi
k)+

p∑
j=1

(
|hj(yi

k)|
ρk

)ν−1

∇hj(yi
k)

⊤

di
k ≥ −

ξ(α̂i
k)

α̂i
k

, ∀i ∈ Jk. (3.58)

By Assumption 3.3, we can extract a further subset of indices Kx,d
ρ ⊆ Kx

ρ such that, αk+1 < αk, for
all k ∈ Kx,d

ρ and

lim
k→+∞
k∈Kx,d

ρ

ρk = 0

lim
k→+∞
k∈Kx,d

ρ

αk = 0,

lim
k→+∞
k∈Kx,d

ρ

xk = x∗,

Jk = J̄ , ∀ k ∈ Kx,d
ρ ,

di
k = d̄i, ∀ i ∈ J̄ , k ∈ Kx,d

ρ ,

(3.59)
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and T ∗ = {d̄i}i∈J̄ . When k ∈ Kx,d
ρ is sufficiently large, for all i ∈ J̄ , with yi

k = xk + ti
kα̂i

kd̄i, and
ti
k ∈ (0, 1), since α̂i

k ≤ αk, by Theorem 3.3.8, we have that, lim
k→+∞
k∈Kx,d

ρ

yi
k = x∗.

Let us define the following approximations to the Lagrange multipliers of each constraint:

- for ℓ = 1, . . . , m set λℓ(x; ρ) =


ρ

−gℓ(x) , if ℓ ∈ Glog

ν

(max{gℓ(x), 0}
ρ

)ν−1
, if ℓ ∈ Gext

- for j = 1, . . . , p set µj(x; ρ) = ν

( |hj(x)|
ρ

)ν−1
.

The sequences {λℓ(xk; ρk)}k∈Kx
ρ

and {µj(xk; ρk)}k∈Kx
ρ
, are bounded (see Theorem 3.4.6 in Sec-

tion 3.4). Thus, it is possible to consider Kx,d,λ
ρ ⊆ Kx,d

ρ , such that

lim
k→+∞

k∈Kx,d,λ
ρ

λℓ(xk; ρk) = λ∗
ℓ , ℓ = 1, . . . , m (3.60)

lim
k→+∞

k∈Kx,d,λ
ρ

µj(xk; ρk) = µ∗
j , j = 1, . . . , p (3.61)

and define λ∗
ℓ = 0 for ℓ ̸∈ I+(x∗).

Multiplying (3.58) by ρν−1
k and taking the limit for k → +∞, k ∈ Kx,d,λ

ρ , recalling ν ∈ (1, 2], we have
that ρν−1

k → 0, so we obtain the following ∑
ℓ∈Gext

ν max{gℓ(x∗), 0}ν−1∇gℓ(x∗) +
p∑

j=1
ν|hj(x∗)|ν−1∇hj(x∗)

⊤

d̄i ≥ 0, ∀d̄i ∈ T ∗.

From Proposition 3.3.4 and Assumption 3.3, we know that there is ε > 0 such that for all
k ∈ Kx,d,λ

ρ sufficiently large

TX (x∗) = TX (xk; ε) = cone(Pk ∩ TX (xk; ε)) = cone(T ∗).

Then, for every d ∈ TX (x∗), there exist nonnegative numbers βi such that

d =
∑
i∈J

βid̄i, with d̄i ∈ T ∗. (3.62)

Let us recall that, by assumption, x∗ satisfies EMFCQ conditions, and let d be the direction satisfying
(3.3) in point (b) of Definition 3.2.3. Then we have,

0 ≤
∑
i∈J̄

βi

 ∑
ℓ∈Gext

ν max{gℓ(x∗), 0}ν−1∇gℓ(x∗) +
p∑

j=1
ν|hj(x∗)|ν−1∇hj(x∗)

⊤

d̄i

 ∑
ℓ∈Gext

ν max{gℓ(x∗), 0}ν−1∇gℓ(x∗) +
p∑

j=1
ν|hj(x∗)|ν−1∇hj(x∗)

⊤

d =

 ∑
ℓ∈I+(x∗)∩Gext

ν max{gℓ(x∗), 0}ν−1∇gℓ(x∗) +
p∑

j=1
ν|hj(x∗)|ν−1∇hj(x∗)

⊤

d.
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Again by (3.3), ∇gℓ(x∗)⊤d < 0, for all ℓ ∈ I+(x∗), and ∇hj(x∗)⊤d = 0, for all j. Then, we get
max{gℓ(x∗), 0} = 0 for all ℓ ∈ I+(x∗) ∩ Gext, so that gℓ(x∗) ≤ 0 for all ℓ ∈ Gext. Furthermore, that
implies  ∑

ℓ∈Gext

ν max{gℓ(x∗), 0}ν−1∇gℓ(x∗) +
p∑

j=1
ν|hj(x∗)|ν−1∇hj(x∗)

⊤

d̄ =

 p∑
j=1

ν|hj(x∗)|ν−1∇hj(x∗)

⊤

d̄ ≥ 0, for all d̄ ∈ TX (x∗).

Using (3.2), we get hj(x∗) = 0 for all j = 1, . . . , p. Therefore, the point x∗ is feasible.
By simple manipulations, inequality (3.58) can be rewritten as(

∇f(yi
k) +

m∑
ℓ=1
∇gℓ(yi

k)λℓ(xk; ρk)

+
m∑

ℓ=1
∇gℓ(yi

k)(λℓ(yi
k; ρk)− λℓ(xk; ρk)) +

p∑
j=1
∇hj(yi

k)µj(xk; ρk)

+
p∑

j=1
∇hj(yi

k)(µj(yi
k; ρk)− µj(xk; ρk))

⊤

d̄i ≥ −ξ(α̂i
k)

α̂i
k

, ∀i ∈ J̄

(3.63)

Taking limits for k → +∞, k ∈ Kx,d,λ
ρ and considering (3.75), (3.81), and (3.82), we get:∇f(x∗) +

m∑
ℓ=1
∇gℓ(x∗)λ∗

ℓ +
p∑

j=1
∇hj(x∗)µ∗

j

⊤

d̄i ≥ 0, ∀i ∈ J̄ . (3.64)

Again, by (3.62) and (3.64), we have, for all d ∈ TX (x∗),∇f(x∗) +
m∑

ℓ=1
∇gℓ(x∗)λ∗

ℓ +
p∑

j=1
∇hj(x∗)µ∗

j

⊤

d =

∑
i∈J

βi

∇f(x∗) +
m∑

ℓ=1
∇gℓ(x∗)λ∗

ℓ +
p∑

j=1
∇hj(x∗)µ∗

j

⊤

d̄i ≥ 0.

Since x∗ is feasible and considering the definition of λ∗
ℓ for ℓ ∈ I+(x∗), λ∗

ℓ gℓ(x∗) = 0, for all
ℓ = 1, . . . , m, and the proof is concluded.

3.3.4 Implementation Details

In this section, we describe a practical implementation for LOG-DS, based on the original implemen-
tation of SID-PSM.

LOG-DS vs SID-PSM

LOG-DS enhances SID-PSM with the capability of handling general constraints through a mixed penalty
log-barrier approach. Thus, the original structure and algorithmic options of SID-PSM implementa-
tion are kept. In this subsection, we will provide a general overview of the main features of SID-PMS,
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highlighting the differences with LOG-DS. For more details on SID-PSM, the original references [35, 36]
could be used.

The main difference between LOG-DS and SID-PSM is the use of a merit function to address
constraints, instead of an extreme barrier approach. In SID-PSM, only feasible points are evaluated,
being the function value set equal to +∞ for infeasible ones. LOG-DS allows infeasibility regarding
the nonlinear constraints. The merit function also replaces the original objective function through
the different algorithmic steps. So, at the Search step, quadratic polynomial models are built for the
objective and constraints functions and, after being aggregated into the merit function, are minimized
inside a ball with radius directly related to the step-size parameter.

The sets of points used in model computation do not require feasibility regarding the nonlinear
constraints, always resulting from previous evaluations of the merit function. No function evaluations
are spent solely for the purpose of model building. Depending on the number of points available,
minimum Frobenius norm models, quadratic interpolation, or regression approaches can be used [35]
to compute the model coefficients.

After the model minimization, LOG-DS needs to make a decision on accepting or rejecting the
new trial point. Differently from SID-PSM, where only simple decrease is required for accepting new
points, in LOG-DS points are accepted if they satisfy the sufficient decrease condition

z+(xk+1; ρk) ≤ z+(xk; ρk)− γα2
k,

where γ = 10−9. The use of a sufficient decrease condition for the acceptance of new points changes
the type of globalization strategy used by the algorithm, which is no longer classified as a Generalized
Pattern Search method, being now a Generating Set Search (GSS) method.

The algorithm proceeds with an opportunistic Poll Step, accepting the first poll point that sat-
isfies the sufficient decrease condition. Before initiating the polling procedure, previously evaluated
points are again used to build a simplex gradient [17], which will be used as an ascent indicator.
Poll directions are reordered according to the largest angle made with this ascent indicator, before
initiating polling (see [36]). In LOG-DS, the simplex gradient is built for the merit function, while in
SID-PSM the original objective function is considered.

Penalty parameter details

In the initialization of LOG-DS, we define the two sets of indices Glog and Gext, considering the values
of the inequality constraints at the initial point x0 ∈ X :

Glog = {i | gℓ(x0) < 0} and Gext = {i | gℓ(x0) ≥ 0}.

Moreover, we define two penalty parameters, one corresponding to the logarithmic barrier term
(ρlog) and another one associated with the penalty exterior component (ρext), and we initialize
them as ρ

log
0 = 10−1 and ρext

0 = 1
max{|f(x0)|,10} . Note that we treat ρext as ρν−1 in equation (3.44).

Therefore, we can write the merit function as

z+(x; ρk) = f(x)− ρ
log
k

∑
ℓ∈Glog

log(−gℓ(x)) + 1
ρext

k

 ∑
ℓ∈Gext

(max{0, gℓ(x)})ν +
p∑

j=1
|hj(x)|ν

 . (3.65)

The penalty parameters are updated only at unsuccessful iterations, considering two different criteria:

αk+1 ≤ min{(ρlog
k )β, (gmin)2

k}, for updating ρ
log
k ; (3.66)

αk+1 ≤ min{(ρlog
k )β, (ρext

k )β, (gmin)2
k}, when updating ρext

k . (3.67)
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Recall that (gmin)k is the minimum absolute value for the constraints in Glog at iterate xk. In the
implementation, we have considered β = 1 + 10−9 and ν = 2. Thus, ρν−1 = ρ in equation (3.44).

If inequality (3.66) holds, LOG-DS uses the following rule

ρ
log
k+1 = ζρ

log
k , (3.68)

whereas if inequality (3.67) holds, LOG-DS performs the following update

ρext
k+1 = ζρext

k , (3.69)

in both cases with ζ = 10−2.
The use of two different penalty parameters, for the two different terms of penalization, is a

practical need to be able to properly scale the constraints and the different ways they are handled. In
particular, in our numerical experience, the logarithmic term seemed not to suffer with the different
scales of the objective function, while the exterior penalty seemed to be very sensitive to it. In
practice, if the exterior penalty parameter is set too high, the algorithm might be slow at reaching
feasible solutions. If it is set too low, the algorithm might not be good at reaching solutions with the
best objective function value, even though it might be very capable of attaining feasibility. While
scaling the initial exterior penalty parameter with respect to the initial value of the objective function
improved the numerical results, it is possible that it might not work for specific problems. Indeed, we
are implicitly assuming that the gradient of the objective function is closely related to the objective
function value, which might be true for many real problems, but it is certainly not true in general.
Scaling the objective function and the constraints for general nonlinear optimization problems is
currently an active field of research.

3.3.5 Numerical Experiments

This section is dedicated to the numerical experiments and performance evaluation of the proposed
mixed penalty-logarithmic barrier derivative-free optimization algorithm, LOG-DS, on a collection of
test problems available in the literature.

The numerical experiments exposed in this section use the same collection of test problems and the
same performance and data profiles described in Section 3.2.4.

Results and comparison

This subsection aims to demonstrate the good numerical performance of the LOG-DS algorithm. It
is divided into three parts. First we compare two possible ways of dealing with linear inequalities.
They can be either addressed explicitly by using strategies to conform the directions of the Poll
Step to the tangent cone of ε-active constraints, or they can be treated within the penalty-barrier
function as the other nonlinear inequalities. After selecting the most performative strategy among
the last two options, we make sure that the MPB is more efficient than the original extreme barrier
used in SID-PSM. In order to do so, we select a subset of problems with a strictly feasible point
with respect to the inequality constraints and we test the algorithm on such collections using the
two approaches. Finally, we explore the efficiency of the proposed method against state-of-the-art
solvers, i.e. X-LOG-DFL and NOMAD.
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Comparison between strategies for linear constraints

In this subsection, our focus lies on evaluating the performance of LOG-DS using two distinct ap-
proaches for managing linear inequality constraints, other than bounds. The first approach addresses
each linear inequality constraint as a general nonlinear inequality, i.e. through the penalty approach
discussed previously. The second approach entails addressing the linear inequality constraints via
an extreme barrier method, adjusting the directions in accordance with the geometry of the feasible
region.

The works by Lucidi et al. [76] and Lewis and Torczon [66] propose methods for computing
directions conforming to linear inequality constraints but do not consider degeneracy. Abramson et
al. [1] provide a detailed algorithm for generating the set of desired directions, regardless of whether
the constraints are degenerate or not.

We normalize the linear constraints, i.e., given the rows ai of the matrix A ∈ Rp×n and the
relative constants bi, we perform the following transformation

ai = ai

∥ai∥
, bi = bi

∥ai∥
, i = 1, . . . , p. (3.70)

The ε-active index set is computed using the matrix Ā = [a1 . . . ap] and the vector b = [b1 . . . bp]..
To compute the set of directions Pk that conform to the geometry of the nearby constraints,

we use the algorithm proposed in [1, Alg. 4.4.2]. The latter is divided into two parts: the first
constructs the index set corresponding to ε-active non-redundant constraints, and the second the set
of directions Pk, which include the generators of the cone TX (xk, ε).

It is important to understand why we are comparing the two strategies. First, linear constraints
might not be explicitly given for a black-box type problem, making it a hard task to conform the
directions to the linear constraints. In such cases, we would be forced to treat the linear inequalities
with a mixed penalty. Furthermore, the logarithmic barrier approach is well-known for handling
linear constraints very efficiently, especially in the presence of a large number of constraints. Finally,
conforming the directions to the nearby linear constraints might affect the geometry of the gener-
ated points, impacting the quality of the surrogate models built to improve the performance of the
algorithm. Using the penalty approach allows us to keep using suitable sets of directions, which can
be generated to produce trial points with a good geometry for building surrogate models.

We tested different values of ε to identify active constraints, obtaining the best results with
ε = 10−5. We used Pk = [1 − 1 In − In] as the default set of directions, for each k. Then
we compared the performance of the algorithm using the two different strategies to deal with linear
constraints. Figure 3.9 depicts such comparison, considering a maximum number of 2000 function
evaluations and a minimum step-size tolerance equal to 10−8.
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Figure 3.9. Performance (on top) and data (on bottom) profiles comparing LOG-DS using two different
approaches to address linear inequality constraints.

As we can see, the performance of the LOG-DS algorithm when addressing the linear inequality
constraints within the penalty approach outperforms the competing strategy, addressing the linear
constraints directly. Therefore, in the rest of the work, the experiments will be carried out using
the winning strategy. Note that the significant difference in the performance might be due to the
specific choice of the tested problems and/or the specific strategy used to conform the directions to
the linear constraints, rather than to a flaw in the approach itself.

Comparison with the original Extreme Barrier

We are proposing an alternative strategy to address constraints within the SID-PSM algorithm. Thus,
we start by illustrating that the use of a mixed penalty-logarithmic barrier is competitive against the
extreme barrier approach. The latter can only be adopted for problems without equality constraints
and for which a strictly feasible point is given as initialization, so we selected a subset of problems
satisfying these conditions. The subset consists of a total of 28 problems, highlighted in Table 3.1.

Figure 3.10 presents the comparison between LOG-DS, which exploits the MPB, and the original
SID-PSM, which employs an extreme barrier approach. The default values of SID-PSM were considered
for both algorithms, allowing a maximum number of 2000 function evaluations and a minimum step-
size tolerance equal to 10−8.

As Figure 3.10 shows, LOG-DS presents a better performance than SID-PSM, especially when a
higher precision is considered. Furthermore, the possibility of initializing LOG-DS with infeasible
points allows to handle a wider class of practical problems.

Comparison with state-of-the-art solvers

This subsection focuses on comparing LOG-DS against state-of-the-art DFO solvers that are able to
address general nonlinear constraints. Comparisons were made with MADS [8], implemented in the
well-known NOMAD package (version 4), which can be freely obtained at https://www.gerad.ca/
en/software/nomad [9]. Additionally, the X-LOG-DFL algorithm [21], available through the DFL

https://www.gerad.ca/en/software/nomad
https://www.gerad.ca/en/software/nomad
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Figure 3.10. Performance (on top) and data (on bottom) profiles comparing LOG-DS and SID-PSM.

library as the LOGDFL package at https://github.com/DerivativeFreeLibrary/LOGDFL, was also
tested. Comparison with LOG-DFL [21] is particularly relevant since it uses the same merit function
LOG-DS does. Default settings were considered for all codes and results, reported in Figure 3.11, were
obtained for a budget of 2000 function evaluations.

It can be observed that LOG-DS presents the best performance, for any of the three precision levels
considered, both in terms of efficiency and robustness, across the different computational budgets.

Figure 3.12 compares the different solvers considering the subset of problems with only inequality
constraints (61 out of 96 problems), again allowing a maximum of 2000 function evaluations. Once
more, LOG-DS is clearly the solver with the best performance.

In summary, considering the outcomes of the different numerical experiments, we can conclude
that LOG-DS is the most efficient and robust solver across different scenarios, making it the top-
performing choice.

https://github.com/DerivativeFreeLibrary/LOGDFL
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Figure 3.11. Performance (on top) and data (on bottom) comparing LOG-DS, NOMAD, and X-LOG-DFL, on the
complete problem collection.

3.4 Technical results: boundedness of multipliers
In the analysis of both LOG-DFL and LOG-DS, specifically in the proof of the main convergence
results, i.e. Theorem 3.2.9 and Theorem 3.3.10 respectively, we delayed proving the boundedness
of the sequences of multipliers. The techniques used to prove such property for the two algorithms
are quite similar to each other, thus, the results are presented together in this section, and only the
proofs related to LOG-DS are provided. The proof of Theorem 3.4.7 can be found in [21].
Before diving into the main result of this section, that is, Theorem 3.4.6, we have to prove some
intermediate results. First we provide the following two Lemmas to justify a technical step in
Proposition 3.4.4.

Lemma 3.4.1. Let a ∈ R+, b ∈ R+, a + b > 0 and p ∈ [0, 1]. It results

(a + b)p ≤ ap + bp.

Proof. We have a

a + b
≤ 1 and b

a + b
≤ 1, so

(a + b)p = (a + b)
(a + b)1−p

= a

(a + b)1−p
+ b

(a + b)1−p

= ap
(

a

a + b

)1−p

+ bp
(

b

a + b

)1−p

≤ ap + bp.
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Figure 3.12. Performance (on top) and data (on bottom) profiles comparing LOG-DS, NOMAD, and LOG-DFL,
on the subset of problems with only inequality constraints.

Lemma 3.4.2. Let a ∈ R, b ∈ R and p ∈ [0, 1]. The following inequalities hold

||a|p − |b|p| ≤ |a− b|p, (3.71)

and
|max{a, 0}p −max{b, 0}p| ≤ |a− b|p. (3.72)

Proof. To prove (3.71) consider

|a|p = |a− b + b|p

(Triangular inequality ) ≤ (|a− b|+ |b|)p

(Lemma 3.4.1) ≤ |a− b|p + |b|p (3.73)

On the other hand,

|b|p = |b− a + a|p

(Triangular inequality ) ≤ (|b− a|+ |a|)p

(Lemma 3.4.1) ≤ |a− b|p + |a|p (3.74)

Then, from inequalities (3.73) and (3.74) we derive inequality (3.71).
Now, to prove (3.72), we will analyze four different cases:

i) If a ≤ 0 and b ≤ 0, the result holds trivially.

ii) If a ≤ 0 and b > 0, then | − bp| = bp ≤ |b− a|p = |a− b|p.
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iii) If a > 0 and b ≤ 0, then |a|p = ap ≤ |a− b|p.

iv) If a > 0 and b > 0, using (3.71) we conclude that:

|max{a, 0}p −max{b, 0}p| = |ap − bp| = ||a|p − |b|p| ≤ |a− b|p.

The following two propositions allow to bound the estimations of the multipliers in yi
k with

the ones in xk for all i ∈ Jk. Note that such bounds are necessary since, if we let k → ∞ in
equation (3.58), we might get different limits on the sequences {λℓ(yi

k; ρk)}k∈Kx
ρ

for different i, so
that the arguments used in Theorem 3.4.6 would no longer be valid.

Proposition 3.4.3. Consider the conditions of Theorem 3.3.10, let Kx
ρ be the sequence considered

in the proof of the theorem, yi
k defined as in (3.56), and let

λℓ(x; ρ) = ρ

−gℓ(x) , for all ℓ ∈ Glog.

Then we have
lim

k→+∞
k∈Kx

ρ

|λℓ(xk; ρk)− λℓ(yi
k; ρk)| = 0, ℓ ∈ Glog, ∀ i ∈ Jk (3.75)

Proof. For all ℓ ∈ Glog, considering the expression of λℓ(·)∣∣∣∣∣ ρk

−gℓ(xk) −
ρk

−gℓ(yi
k)

∣∣∣∣∣ = ρk

∣∣∣∣∣ gℓ(xk)− gℓ(yi
k)

(−gℓ(yi
k))(−gℓ(xk))

∣∣∣∣∣ (3.76)

= ρk

∣∣∣∇gℓ

(
ui

k

)⊤ (xk − yi
k

)∣∣∣
|gℓ

(
yi

k

)
||gℓ (xk) |

≤ ρk

∥∥∇gℓ

(
ui

k

)∥∥ ∥∥yi
k − xk

∥∥∣∣gℓ

(
yi

k

)
∥gℓ (xk)

∣∣ ,

where ui
k = xk + t̃i

k(yi
k − xk) with t̃i

k ∈ (0, 1).
Then, c1 > 0 exists such that

ρk

∥∥∥∇gℓ(ui
k)
∥∥∥ ∥∥yi

k − xk

∥∥∣∣gℓ

(
yi

k

)
∥gℓ (xk)

∣∣ ≤ ρkc1
∥yi

k − xk∥
|gℓ(yi

k)||gℓ(xk)|
(3.77)

= ρkc1
∥xk + ti

kα̂i
kdi

k − xk∥
|gℓ(yi

k)||gℓ(xk)|

= ρkc1
∥ti

kα̂i
kdi

k∥
|gℓ(yi

k)||gℓ(xk)|

= ρkc1
ti
kα̂i

k∥di
k∥

|gℓ(yi
k)||gℓ(xk)|

.

Now, we will prove that there is another constant c2 > 0 such that

1
|gℓ(yi

k)|
≤ c2

1
|gℓ(xk)| . (3.78)
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Suppose, in order to arrive to a contradiction, that c2 does not exist. This would imply that there
exists Kx,g

ρ ⊆ Kx
ρ such that

lim
k→+∞
k∈Kx,g

ρ

1
|gℓ(yi

k
)|

1
|gℓ(xk)|

= lim
k→+∞
k∈Kx,g

ρ

|gℓ(xk)|
|gℓ(yi

k)|
= +∞. (3.79)

Let us consider the case where
lim

k→+∞
k∈Kx,g

ρ

|gℓ(xk)| = 0.

Since gℓ(xk) < 0 and gℓ(yi
k) < 0 for all k ∈ Kx,g

ρ , by (3.79) there exists k ∈ N such that, for all k ≥ k,
k ∈ Kx,g

ρ , we have
−gℓ(xk) > −gℓ(yi

k) = −gℓ(xk + ti
kα̂i

kdi
k).

Using the Lipschitz continuity of gℓ, ℓ = 1, . . . , m and the fact that ∥di
k∥ = 1 for all i ∈ Jk, we get

−gℓ(xk + ti
kα̂i

kdi
k) ≥ −gℓ(xk)− Lgℓ

∥ti
kα̂i

kdi
k∥ = −gℓ(xk)− Lgℓ

ti
kα̂i

k.

The definition of Kρ guarantees that

αk+1 ≤ min{ρβ
k , (gmin)2

k}, αk+1 = θααk,

so that, for all k ∈ Kx,g
ρ

αk ≤
min{ρβ

k , (gmin)2
k}

θα
(3.80)

Hence, since α̂i
k ≤ αk, we have

−gℓ(xk)− Lgℓ
ti
kα̂i

k ≥ −gℓ(xk)− Lgℓ
ti
k

1
θα

(gℓ(xk))2, ∀k ≥ k, k ∈ Kx,g
ρ

Thus,

lim
k→+∞
k∈Kx,g

ρ

−gℓ(xk)
−gℓ(yi

k)
= lim

k→+∞
k∈Kx,g

ρ

−gℓ(xk)
−gℓ(xk + ti

kα̂i
kdi

k)

≤ lim
k→+∞
k∈Kx,g

ρ

−gℓ(xk)
−gℓ(xk)− Lgℓ

ti
k

1
θα

(gℓ(xk))2 = 1,

which leads to a contradiction, proving (3.78).
Now, by considering the other case

lim
k→+∞
k∈Kx,g

ρ

|gℓ(xk)| = c < +∞,

we have

lim
k→+∞
k∈Kx,g

ρ

−gℓ(xk)
−gℓ(yi

k)
= lim

k→+∞
k∈Kx,g

ρ

−gℓ(xk)
−gℓ(xk + ti

kα̂i
kdi

k)
< +∞.

Again, this leads to a contradiction, proving (3.78).
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Hence, the existence of the constant c2 > 0, (3.78), and recalling that α̂i
k ≤ αk, allow us to write

ρkc1ti
kα̂i

k

|gℓ(yi
k)||gℓ(xk)|

≤ ρkc1c2ti
kαk

|gℓ(xk)|2 .

The instructions of Step 3 imply that xk+1 = xk, so that (gmin)k = min
ℓ∈Glog

{|gℓ(xk+1)|} = min
ℓ∈Glog

{|gℓ(xk)|}.
Recalling (3.80), we get

ρkαk

(gmin)2
k

≤ ρk

θα
.

Then, recalling Theorem 3.3.8, (3.75) is proved.

Proposition 3.4.4. Consider the conditions of Theorem 3.3.10, let Kx
ρ be the sequence considered

in the proof of the theorem, yi
k defined as in (3.56), and let

λℓ(x; ρ) = ν

(max{gℓ(x), 0}
ρ

)ν−1
, for all ℓ ∈ Gext,

µℓ(x; ρ) = ν

( |hj(x)|
ρ

)ν−1
, j = 1, . . . , p.

Then we have
lim

k→+∞
k∈Kx

ρ

|λℓ(xk; ρk)− λℓ(yi
k; ρk)| = 0, ℓ ∈ Gext, ∀ i ∈ Jk, (3.81)

and
lim

k→+∞
k∈Kx

ρ

|µj(xk; ρk)− µj(yi
k; ρk)| = 0, j = 1, . . . , p, ∀i ∈ Jk. (3.82)

Proof. We first prove (3.81). For all ℓ ∈ Gext, considering the expression of λℓ(·)

∣∣∣∣ ν

ρν−1
k

(max{gℓ(xk), 0})ν−1 − ν

ρν−1
k

(
max{gℓ(yi

k), 0}
)ν−1

∣∣∣∣ =

= ν

ρν−1
k

∣∣max{gℓ(xk), 0}ν−1 −max{gℓ(xk) +∇gℓ(ui
k)⊤(xk − yi

k), 0}ν−1∣∣
(Lemma 3.4.2 – (3.72) ) ≤ ν

ρν−1
k

∣∣gℓ(xk)− gℓ(xk)−∇gℓ(ui
k)⊤(xk − yi

k)
∣∣ν−1

= ν

ρν−1
k

|∇gℓ(ui
k)⊤(xk − yi

k)|ν−1 ≤ ν

ρν−1
k

∥∥∇gℓ(ui
k)
∥∥ν−1 ∥∥xk − yi

k

∥∥ν−1

≤ c3
ν

ρν−1
k

∥∥(xk − (xk + ti
kα̂i

kdi
k)
)∥∥ν−1 = c3

ν

ρν−1
k

(ti
kα̂i

k)ν−1 ∥∥di
k

∥∥ν−1

≤ c3
ν

ρν−1
k

(α̂i
k)ν−1 ≤ c3ν

(
αk

ρk

)ν−1
≤ c3ν

(
ρβ−1

k

θα

)ν−1

= c3νθ1−ν
α ρ

(β−1)(ν−1)
k ,

where ui
k = xk + t̃i

k(yi
k − xk) with t̃i

k ∈ (0, 1), and c3 > 0. Thus, using β > 1, ν ∈ (1, 2], ∥di
k∥ = 1

for all i ∈ Jk, and recalling Theorem 3.3.8, (3.81) is proved.
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We now prove (3.82). For all j = 1, . . . , q, considering the expression of µj(·) and recalling ν ∈ (1, 2]∣∣∣∣∣∣ν
∣∣∣∣hj(xk)

ρk

∣∣∣∣ν−1
− ν

∣∣∣∣∣hj(yi
k)

ρk

∣∣∣∣∣
ν−1

∣∣∣∣∣∣ = ν

ρν−1
k

∣∣∣∣∣|hj (xk)|ν−1 −
∣∣∣∣hj(xk) +∇hj

(
uj

k

)⊤
(yi

k − xk)
∣∣∣∣ν−1

∣∣∣∣∣
(Lemma 3.4.2 – (3.71)) ≤ ν

ρν−1
k

∣∣∣∣hj (xk)− hj(xk)−∇hj

(
uj

k

)⊤
(yi

k − xk)
∣∣∣∣ν−1

= ν

ρν−1
k

∣∣∣∇hj(uj
k)⊤(yi

k − xk)
∣∣∣ν−1

≤ ν

ρν−1
k

∥∥∥∇hj(uj
k)
∥∥∥ν−1 ∥∥∥(yi

k − xk)
∥∥∥ν−1

, (3.83)

where uj
k = xk + t̃i

k(yi
k −xk), with t̃i

k ∈ (0, 1) Now, recalling that hj(·), j = 1, . . . , p are continuously
differentiable functions and yi

k = xk + ti
kα̂i

kdi
k, with ti

k ∈ (0, 1) and ∥di
k∥ = 1, from (3.83) and the

fact that α̂i
k ≤ αk we can write∣∣∣∣∣∣ν

∣∣∣∣hj(xk)
ρk

∣∣∣∣ν−1
− ν

∣∣∣∣∣hj(yi
k)

ρk

∣∣∣∣∣
ν−1

∣∣∣∣∣∣ ≤ ν

ρν−1
k

c4
(
ti
kα̂i

k

)ν−1

≤ c4
ν

ρν−1
k

(
ti
kαk

)ν−1
≤ c4ν

(
αk

ρk

)ν−1

≤ c4ν

(
ρβ−1

k

θα

)ν−1

= c4νθ1−ν
α ρ

(β−1)(ν−1)
k .

Given that β > 1, ν ∈ (1, 2], and recalling Theorem 3.3.8, we can conclude that (3.82) holds.

The following Lemma is the piece completing the picture of requirements to delve into the proof
of Theorem 3.4.6. The result is technical and relatively intuitive, and its proof, which can be found
in [19], does not provide further insights on the method we have proposed, so it is omitted in this
thesis.

Lemma 3.4.5. Let {ai
k}k∈N, i = 1, . . . , ℓ, be sequences of scalars. Two cases can occur:

(i) It results lim
k→+∞

ai
k = 0, i = 1, . . . , ℓ. In particular, all the sequences are bounded;

(ii) An index j ∈ {1, . . . , ℓ}, an infinite index set Kj ⊆ {0, 1, . . . } and a positive scalar āj exist
such that

|aj
k| > āj > 0, ∀k ∈ Kj ,

i.e., at least one sequence is not convergent to zero. Then, there exists an index s ∈ {1, . . . , ℓ}
and an infinite subset K ⊆ N such that:

lim
k→+∞,

k∈K

ai
k

|as
k|

= zi, |zi| < +∞, i = 1, . . . , ℓ, (3.84)

i.e., all the sequences
{

ai
k

|as
k|

}
k∈K

are bounded.
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We are now ready to present the following theorem, proving the boundedness of the sequences of
multipliers.
Theorem 3.4.6. Consider the conditions of Theorem 3.3.10, let Kx

ρ be the sequence considered in
the proof of the theorem. Then, the following sequences are bounded

{λℓ(xk; ρk)}k∈Kx
ρ
, ℓ = 1, . . . , m,

{µj(xk; ρk)}k∈Kx
ρ
, j = 1, . . . , p.

Proof. Recalling the expression of λℓ(·) for all ℓ = 1, . . . , m, and the expression of µj(·) for all
j = 1, . . . , p, and by simple manipulations, we can rewrite inequality (3.58) as(

∇f(yi
k) +

m∑
ℓ=1
∇gℓ(yi

k)λℓ(xk; ρk)+

+
m∑

ℓ=1
∇gℓ(yi

k)(λℓ(yi
k; ρk, )− λℓ(xk; ρk)) +

p∑
j=1
∇hj(yi

k)µj(xk; ρk)+

+
p∑

j=1
∇hj(yi

k)(µj(yi
k; ρk)− µj(xk; ρk))

⊤

dk ≥ −
ξ(α̂i

k)
α̂i

k

, ∀i ∈ Jk and k ∈ Kx
ρ,

(3.85)

where yi
k = xk + ti

kα̂dk
di

k, with ti
k ∈ (0, 1) and α̂i

k ≤ αk. Let

{a1
k, . . . , am

k } = {λ1(xk; ρk), . . . , λm(xk; ρk)},
{am+1

k , . . . , am+p
k } = {µ1(xk; ρk), . . . , µp(xk; ρk)}.

Assume, by contradiction, that there exists at least one index l ∈ {1, . . . , m + p} such that

lim
k→+∞
k∈Kx

ρ

|al
k| = +∞. (3.86)

Hence, the sequence {ai
k}, i = 1, . . . , m+p, cannot be all convergent to zero. Then, from Lemma 3.4.5,

there exists an infinite subset Kx,a
ρ ⊆ Kx

ρ and an index s ∈ {1, . . . , m + p} such that,

lim
k→+∞
k∈Kx,a

ρ

ai
k

|as
k|

= zi, |zi| < +∞, i = 1, . . . , m + p (3.87)

If the index l satisfying (3.86) is unique, then s = l. If multiple indices satisfy the equation, then s
is selected as one of the indices such that {as

k}k∈Kx,a
ρ

tends to +∞ faster than the others. Note also
that

zs = 1, and |as
k| → +∞. (3.88)

Dividing the relation (3.85) by |as
k|, we have(

∇f(yi
k)

|as
k|

+
m∑

ℓ=1

∇gℓ(yi
k)aℓ

k

|as
k|

+
m∑

ℓ=1
∇gℓ(yi

k)λℓ(yi
k; ρk)− λℓ(xk; ρk)

|as
k|

+
p∑

j=1

∇hj(yi
k)am+j

k

|as
k|

+
p∑

j=1
∇hj(yi

k)µj(yi
k; ρk)− µj(xk; ρk)

|as
k|

⊤

di
k ≥ −

ξ(α̂i
k)

α̂i
k|as

k|
, ∀i ∈ Jk and k ∈ Kx,a

ρ .

(3.89)
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We can use the same observation of (3.59). Thus, since lim
k→+∞
k∈Kx,a

ρ

xk = x∗, Assumption 3.3 and

Proposition 3.3.4 ensure the existence of ε > 0 such that for k ∈ Kx,a,d
ρ ⊆ Kx,a

ρ sufficiently large,
TX (x∗) = TX (xk, ε) = cone(Pk ∩ TX (xk, ε)) = cone(T ∗), where we recall that T ∗ = {d̄i}i∈J̄ .

Taking the limit for k → +∞ and k ∈ Kx,a,d
ρ , and using (3.75), (3.81), (3.82), and (3.87), we obtain

 m∑
ℓ=1

zℓ∇gℓ(x∗) +
p∑

j=1
zm+j∇hj(x∗)

⊤

d̄i ≥ 0, ∀d̄i ∈ T ∗. (3.90)

We recall that x∗ satisfies the EMFCQ conditions. Let d be the direction satisfying condition
(b) of Definition 3.2.3. For every d ∈ TX (x∗), there exist nonnegative numbers βi such that

d =
∑

d̄i∈T ∗

βid̄i. (3.91)

Thus, from (3.90) and (3.91), since the scalars βi are nonnegative, we obtain m∑
ℓ=1

zℓ∇gℓ(x∗) +
p∑

j=1
zm+j∇hj(x∗)

⊤

d ≥ 0. (3.92)

Considering Definition 3.2.3, the relation (3.92) becomes

m∑
ℓ=1

zℓ∇gℓ(x∗)⊤d ≥ 0. (3.93)

Theorem 3.3.8 and the definition of zℓ for ℓ ∈ {1, . . . , m}, guarantee

zℓ = 0, for all ℓ /∈ I+(x∗). (3.94)

Since x∗ satisfies the EMFCQ conditions, (3.93) implies

zℓ = 0, for all ℓ ∈ I+(x∗). (3.95)

Therefore equation (3.90) becomes p∑
j=1

zm+j∇hj(x∗)

⊤

d∗ ≥ 0, for all d∗ ∈ T ∗, (3.96)

using again Definition 3.2.3 and (3.96), we obtain

zm+j = 0, for all j ∈ {1, . . . , p}. (3.97)

In conclusion, we get (3.94), (3.95), and (3.97), contradicting (3.88) and this concludes the proof.

As stated at the beginning of this section, the same properties can be proved for the sequences
generated by LOG-DFL. The result is reported in the following theorem as a reference.
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Theorem 3.4.7. Consider the conditions of Theorem 3.2.9. Let Kx
ρ be the sequence considered in

the proof of the theorem, ui
k defined as in (3.32), and let

λℓ(x; ρ) = ρ

−gℓ(x) , for all ℓ = 1, . . . , m

µℓ(x; ρ) = ν

( |hj(x)|
ρ

)ν−1
, j = 1, . . . , p.

Then
lim

k→∞,k∈K

∣∣∣λℓ(ui
k; ρk)− λℓ(xk; ρk)

∣∣∣ = 0, ℓ = 1, . . . , m ∀ i : di ∈ T̄ , (3.98)

lim
k→∞,k∈K

∣∣∣µj(ui
k; ρk)− µj(xk; ρk)

∣∣∣ = 0, j = 1, . . . , q ∀ i : di ∈ T̄ , (3.99)

where we recall T̄ = E ∩ TX (x̄). Furthermore the following sequences are bounded

{λℓ(xk; ρk)}k∈Kx
ρ
, ℓ = 1, . . . , m,

{µj(xk; ρk)}k∈Kx
ρ
, j = 1, . . . , q.

3.5 Conclusions
In conclusion, Chapter 3 introduces a robust framework for DFO aimed at solving nonlinearly con-
strained black-box problems. This framework is embodied in two key methods, LOG-DFL and LOG-DS,
which address distinct yet complementary approaches to constraint management without relying on
derivatives — a critical feature for practical applications.

LOG-DFL, the first method presented, is centered on a mixed penalty-barrier merit function tai-
lored for constrained black-box problems. A defining characteristic of LOG-DFL is its management of
non-relaxable inequality constraints through a log-barrier penalization approach, making it particu-
larly well-suited for tightly constrained problems. The main objective of this work was to demonstrate
that the interior penalization of inequality constraints can be efficiently introduced in a DFO set-
ting. The LOG-DFL algorithm achieves this through three core components: the interior penalization
approach, a DFO line-search exploration, and an automatic rule for updating the penalty-barrier
parameter. Together, these elements ensure convergence to stationary points under standard as-
sumptions, which notably do not require any convexity on the problem functions.

An important feature of LOG-DFL’s theoretical contribution is its applicability to problems con-
taining both equality and inequality constraints, a versatility that distinguishes it from similar solvers,
such as NOMAD, where such general constraint handling may be less supported. Additionally, numer-
ical results indicate that LOG-DFL is both robust and efficient when benchmarked against NOMAD on
a wide array of problems from the CUTEst test suite. The encouraging performance shown in these
empirical tests underscores LOG-DFL’s practical utility. LOG-DFL is also openly accessible via the DFL
library as the package LOGDFL, downloadable at https://github.com/DerivativeFreeLibrary/.

LOG-DS builds on the foundational ideas of LOG-DFL, extending them to address broader con-
straints through a GPS framework. By adapting the SID-PSM algorithm, which leverages polynomial
models at both search and poll steps to improve numerical performance, LOG-DS enhances the flexibil-
ity of constraint handling and broadens the scope to include general nonlinear and linear constraints.
LOG-DS introduces a mixed penalty-logarithmic barrier merit function that effectively separates in-
equality constraints, employing exterior penalties for certain constraints and a logarithmic barrier for

https://github.com/DerivativeFreeLibrary/
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others. This division enables LOG-DS to dynamically manage constraints as the solution progresses,
a feature that allows LOG-DS to more effectively navigate feasible regions within complex constraint
landscapes.

The theoretical contribution of LOG-DS is underscored by its convergence properties, which are
established under standard assumptions without, again, the need for convexity in the problem func-
tions. This flexibility ensures LOG-DS’s adaptability to a wide range of constraint-intensive problems,
making it a powerful tool in constraint-rich BBO. Surrogate models further contribute to LOG-DS’s
performance by providing efficient merit function approximations that limit unnecessary evaluations,
thus optimizing computational load and accelerating convergence. Numerical experiments validate
the effectiveness of LOG-DS, showcasing its robustness and efficiency across various benchmarks from
the CUTEst collection and consistently outperforming other state-of-the-art solvers in accuracy and
function evaluation reduction.

Together, LOG-DFL and LOG-DS contribute a significant advancement to the theoretical and practi-
cal landscape of DFO. By establishing convergence without derivative reliance, incorporating complex
constraint management techniques, and demonstrating empirical efficacy across numerous test cases,
these methods provide a solid foundation for future research. Promising directions for extending this
work include adapting the MPB approach for non-smooth DFO problems and exploring its potential
in multiobjective DFO contexts.
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