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Abstract

This thesis explores advanced aspects of lattice thermal transport and dynamical response in
electronic systems, tackling unresolved questions in theoretical models of solid state physics.

We address the general theory of thermal transport, introducing a response formalism
in the presence of a temperature gradient. Using a many-body Green’s function approach,
we compute the conductivity in ultralow thermal conductivity materials, accounting for
the intraband transport of phonons. We obtain a new Kubo formula valid for strongly
anharmonic systems, where conventional perturbative methods fail and phonon interactions
are computed by exploiting self-consistent approaches. We derive an original expression of
thermal conductivity obtained from first principles valid in self-consistent schemes, thereby
advancing our understanding of heat transport near phase transitions.

We introduce a variational formulation for dynamical response functions in electronic
systems including exchange interactions beyond the standard density functional theory
picture. We demonstrate that this formulation yields a quadratic error dependence on the
approximated electronic density matrix, enabling more accurate simulations of spectroscopic
properties.
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Introduction and overview

Condensed matter physics is rooted in the principles of quantum mechanics. Its founda-
tional equations and the basic theory of solids have been firmly established and understood
for about a century. As a consequence, much of recent theoretical effort in condensed matter
focuses on applying known principles, with emphasis on developing innovative methods to
address the computational challenges posed by the complexity of large-scale simulations.
Advances in ab initio methods, combined with progress in computer architecture, have en-
abled researchers to perform highly accurate in silico experiments on crystals and molecules.
These breakthroughs have established condensed matter physics as a key tool for materials
science, offering unprecedented possibilities to expand the frontiers of modern technology.

However, despite our complete comprehension of its basic principles, solid-state physics
presents several unresolved questions that challenge our understanding. In particular, the
intricate nature of electronic response and transport phenomena in solids give rise to fea-
tures that are not fully captured by current theoretical models. These aspects reveal that,
even within well-defined frameworks, advancing our fundamental knowledge of condensed
matter physics demands a theoretical effort to address concepts that still lie beyond our
intellectual reach. In this thesis, we present our effort to grasp some of the high-hanging
fruits of solid-state physics, namely the theory of thermal transport in strongly anharmonic
crystals and the response of interacting electronic systems including exchange effects.

Heat conduction is one of the fundamental processes by which energy is transferred, and
probably the transport phenomenon occurring in nature we witness the most. Nonetheless,
the definition of flowing heat is somewhat more subtle that e.g. , the definition of the electrical
current. Indeed, the latter is immediately defined in terms of the flux of its constituents,
namely charged particles in motion under the action of an electric field. In contrast, the
problem of heat transport has no such straightforward visualization. In solid-state physics
we deal with systems composed by a regular array of atoms in which both electrons and
the crystal lattice can participate to thermal transport. In metals the electrons are the main
actors of thermal transport, whereas in electrical insulators and semiconductors the lattice of
ions is responsible for heat conduction. In these systems, the phonons — i.e. the quantized
excitations of the oscillations of the crystal lattice — behave as the heat carriers, moving heat
as flowing vibrational energy. The fascinating aspect about thermal transport in solids is that
even if so commonly experienced, it poses fundamental theoretical issues. How to derive the
response function when the system is driven out of equilibrium by a temperature field? How
can we describe the observables such as the heat flux in a quantum mechanical framework?
What are the key mechanism that allow heat to flow in a solid? How do we describe heat
transport in strongly anharmonic crystals where the main actors of heat transport are ill
defined? Some of these questions were investigated and resolved, while others still remain
open in the state of the art of the research in condensed matter.
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The first Chapter of this thesis focuses on formulating a response formalism in the pres-
ence of a temperature gradient. Response functions are typically obtained assuming that an
external field perturbs the equilbrium state of the system, entering as an external potential
in the Hamiltonian. In the context of thermal transport, the temperature gradient plays the
role of the perturbation. However, the temperature is a statistical property of the system,
so it cannot be described by an external field. To describe the physical configuration of
steady heat flow, we will employ a procedure based on the maximum entropy principle
and a modified Liouville equation to formally account for irreversibility in the dynamics
of thermal transport.1,2 Even if specifically used in the derivation of a Kubo formula for
thermal conductivity, our theoretical framework is applicable to the calculation of DC con-
ductivities beyond thermal transport. Moreover, we will discuss how our formalism differs
from standard derivation of the DC conductivity based on the adiabatic switching-on of an
external “mechanical” potential that simulates the effects of a temperature field.

In the second Chapter, we employ a many-body Green’s function formalism to compute
thermal conductivity from the Kubo formula in materials with ultralow thermal conductivity.
In the last few years, the technological interest in increasing the efficiency of thermoelectric
energy-conversion devices,3–5 or in optimizing thermal shields and thermal barrier coat-
ings,6–11 has stimulated intense research on materials with ultralow thermal conductivity.
So-called complex crystals, defined as materials with a phonon spectrum featuring interband
spacings smaller than the linewidths,12,13 are promising candidates for these applications
since their thermal conductivity is very low. More precisely, the thermal properties of com-
plex crystals can be regarded as intermediate between those of simple crystals, where the
interband spacings between phonon branches are much larger than their linewidths,12,13

and those of glasses, where vibrational eigenstates are quasi-degenerate. In simple crys-
tals, namely crystals with a unit cell of simple enough structure and weak anharmonicity,
the picture of thermal transport describes the lattice as a phonon gas. Heat is carried by
propagating phonon wavepackets moving through the system as free particles, eventually
scattered by anharmonicity or disorder effects in a semiclassical picture framed by the the-
ory of Peierls-Boltzmann Transport Equation14 (PBTE). Ab-initio implementation of the PBTE
model resulted in accurate quantitative predictions of thermal conductivity data in simple
crystals.15–25 This successful method fails spectacularly when applied to complex crys-
tals.26–32 The intermediate nature between a crystal and a glass of complex crystals has been
related by several works12,26, 29, 32–34 to the coexistence of Peierls-Boltzmann transport,14,35, 36

associated with intraband transport, and interband transport, dominant in amorphous me-
dia.37,38 In fact, interband transport is enabled by large broadening of the phonon branches
due to anharmonicity or disorder.

In order to account for both interband and intraband transport, we derive a full quantum
description of heat transport using a many-body Green’s function approach applicable to the
case of complex crystals. We will explain analogies and differences between the various ex-
isting approaches,12,33 with the goal of pointing to a consistent theoretical framework for the
computation of lattice thermal conductivity. More specifically, we derive the thermal con-
ductivity in the so-called dressed-bubble approximation, where the effects of anharmonicity
and disorder are encoded via renormalized phonon spectral densities including all self-
energy corrections. We provide a general expression able to describe thermal transport both
in the low-damping regime, where phonon excitations are still well defined and interband
transport is eventually relevant for densely spaced phonon bands, and in the overdamped
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regime, where the phonon quasiparticle picture breaks down. Still, our dressed-bubble
approximation consist in a particular truncation of the diagrammatic expansion around the
fully anharmonic Born-Oppenheimer Hamiltonian, justified within perturbation theory. We
show that our findings coincide with the expression obtained in some recent theoretical
studies,12,13 but slightly differ from others.33,39 Despite formal differences between existing
formulations, the numerical results for thermal conductivity are quantitatively very similar.
We investigate two test cases: perovskite CsPbBr3 and zirconate La2Zr2O7, both materials
with ultralow thermal conductivity. In these systems, we find that the different formulations
lead to little or negligible numerical discrepancy, and the different approaches give success-
ful predictions in agreement with experimental data. We then investigate the theoretical
foundations for the consistency among the results obtained from different formulations,
arguing if some invariance principle of transport coefficients lies behind such similarities.40

In the third Chapter, we develop a nonperturbative theoretical framework for lattice
thermal transport. Anharmonicity becomes particularly relevant near structural phase
transitions or at elevated temperatures, where traditional theoretical approaches struggle.
Most established theoretical methods for studying lattice transport rely on perturbation the-
ory,12,15, 41–47 treating anharmonicity as a small correction to an ideal network of harmonic
oscillators. However, perturbative approaches are inapplicable in regimes of strong an-
harmonicity. In instances where the crystal structure is stabilized by thermal or quantum
fluctuations, such as in the high-temperature phases of ferroelectric materials,48,49 a stan-
dard perturbative calculation may yield imaginary phonon frequencies, giving a misleading
indication of lattice instability. To address this limitation, modern strategies introduce
self-consistency by solving lattice equations iteratively, thus capturing the full impact of
anharmonicity nonperturbatively.50–55 As an example, the self-consistent harmonic approx-
imation (SCHA) is among the most advanced theoretical tools used to model crystals at the
verge of structural instabilities.50,56 In the SCHA, the density matrix of the interacting lattice
is approximated with a Gaussian density matrix, describing the system as a set of effective
harmonic oscillators. The interatomic force constant matrix and the equilibrium position of
the ions are optimized to obtain the best estimate of the free energy of the fully anharmonic
lattice of ions. As a result, the interatomic force constants acquire a temperature dependence,
indicating the self-consistency of the model Hamiltonian that describes the system.

Nevertheless, in previous works the equations for thermal conductivity are derived
within standard linear response, where the temperature variation is a small perturbation
to a temperature-independent Hamiltonian.44,57–59 As we will discuss in the first Chap-
ter, within this approch the equations for thermal conductivity are derived assuming no
temperature dependence of the lattice Hamiltonian, while self-consistent methods embed
anharmonicity in temperature dependence of renormalized phonon frequencies and inter-
atomic force constants. The introduction of self-consistency and temperature-dependent
Hamiltonians in the thermal transport equations challenges the fundamental assumptions
underlying such derivation of the linear response transport coefficients. Consequently, the
common methodology of incorporating frequencies, scattering rates, and other lattice prop-
erties obtained from self-consistent schemes into the expressions for thermal conductivity
based on linear response theory49,60–64 lacks theoretical justification and thus predictive
capabilities.

To formulate a theoretical approach suitable for studying thermal transport in strongly
anharmonic crystals, we rephrase the formalism introduced in Chapter 1 for a self-consistent
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framework. The maximum entropy principle and modified Liouville equation approach is
particularly effective in treating self-consistent systems since it solely relies on manipulations
of the density matrix and of the self-consistent Liouville operator that approximates the exact
dynamics. We thus obtain a Kubo formula for thermal conductivity valid in time-dependent
self-consistent dynamics. Then, we apply it to the dynamical extension of the self-consistent
harmonic approximation. The idea behind the time-dependent self-consistent harmonic
approximation (TD-SCHA) introduced in Ref. 65 is to constrain the ionic density matrix to
be the most general Gaussian in Cartesian coordinates with time-dependent free parameters.
In Ref. 65, a set of self-consistent equations of motion for the parameters of the Gaussian are
derived by minimizing the quantum action.65,66 However, the original formulation of the TD-
SCHA is complex, necessitating an effort to gain a physical understanding of the parameters.
We thus reformulate the TD-SCHA in the Wigner formalism, where the density matrix
becomes a function of position and momentum in quantum-phase space. This approach
makes the TD-SCHA equations more compact and intuitive. Most importantly, the Wigner
formulation allows for a diagrammatic interpretation of the response functions obtained
in TD-SCHA, granting a clear understanding of the variety of the anharmonic scatterings
included in the theory and enabling easier comparisons with other existing theories of lattice
dynamics.

We use this diagrammatic picture to interpret thermal conductivity as a two-phonon
response function. Finally, by applying our newly formulated Kubo expression for self-
consistent schemes, we find that thermal conductivity diverges in TD-SCHA. This limita-
tion stems from an intrinsic shortcoming of the TD-SCHA itself: in the approximate self-
consistent dynamics, the dressed-bubble diagrams —responsible for the natural decay of the
heat-flux autocorrelation function and the resulting finite conductivity— are absent. Thus,
while the TD-SCHA represents on of the most advanced first-principles approach to lattice
dynamics, it still does not offer a fully nonperturbative model for thermal transport.

Our profound study of linear response in self-consistent schemes served us to face an-
other theoretical challenge. In the fourth Chapter, we present a variational formulation
of the dynamical response function in electronic systems within generalized TD-DFT with
hybrid functionals, TD-HF and Bethe-Salpeter equation approaches. Following linear re-
sponse theory,67,68 the electronic response functions can be written in terms of a dressed
(or screened) vertex and a bare (or unscreened) one. We refer to this formulation as ‘bare-
screen’. Nonetheless, if some approximations for the vertices are performed, the bare-screen
structure yields results that are not the closest to the exact solution. It has been discussed
in Ref. 69 for static perturbations, extended to time-dependent perturbations in Ref. 70 and
recently confirmed in Ref. 71, that an exact rewriting of the response function in terms of
dressed vertices corresponds to a variational formulation in terms of the electronic density.
Within such formulation, any approximation of the self-consistent density, and hence of the
self-consistent vertices, affects the value of the response function to the second order, con-
trary to the bare-screen case which is affected to the first order. We refer to this variational
formulation as the ‘screen-screen’ approach.

Our goal is to extend the results of the Refs. 69 and 70 for a generic response function,
and for a wider class of problems. In particular, we consider systems that can be described
via generalized Kohn-Sham equations,72 i.e. containing nonlocal electronic interactions. We
operate neglecting retardation effects in the screening of the electronic interactions, as per the
adiabatic approximation of time-dependent density functional theory (TD-DFT).73–75 Several



5

theoretical schemes can be recovered as particular cases of our framework, such as time-
dependent Hartree-Fock76,77 (TD-HF), TD-DFT73,74 with (global78,79 or range separated80–83

hybrid functionals), and the Bethe-Salpeter equation84–86 (BSE) within the static-screened
exchange (SX) approximation.87 The central achievement of our work consists in obtaining
an exact rewriting of the response function in terms of screened electronic vertices, that is
variational with respect to the one-body electronic density-matrix. Our result is in close
analogy to the screen-screen approach of Ref. 70, but valid for a wider class of electronic
interactions and any linear response. In fact, the generality of this response formalism enables
the investigation of virtually any type of electronic response, including the interatomic force
constants used to compute phonons, and the electronic polarizability used to obtain optical
or finite momentum transfer properties. We complement our study by presenting another
formulation, referred to as ‘screen*-screen’, first introduced in Ref. 88 for DFT-like formalisms,
and recently extended to the exact many-body response in Ref. 89. Here, the response
function is rewritten exactly in terms of two vertices that are one the complex conjugate
of the other. We show that the screen*-screen formulation is not variational in the density
matrix, but it allows the rewriting of the imaginary part of the response function exactly as a
generalized Fermi Golden Rule. Being positive definite, it can be used to justify semiclassical
Boltzmann equation approaches, where the dissipation is viewed as a scattering probability.

We implement a computational procedure based on a set of self-consistent equations
for the electronic density matrix to determine the response functions. The level of our
approximation is equivalent to the SX+BSE methods, as developed e.g. in Refs. 90, 91. We
illustrate our developments with an application to graphene, where excitonic effects are
relevant in the description of several spectroscopic features.92–100 In our practical application,
we focus on the optical conductivity in the various formulations for the response function.
We numerically demonstrate that the screen-screen approach is variational with respect to
the electronic density matrix, while the others are not. As further proof, we show that
when the optical conductivity is obtained using an approximated density matrix, the screen-
screen approach approximates the exact optical conductivity with a quadratic error, while
bare-screen and screen*-screen display a linear error.
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Chapter 1

Lattice thermal transport in
perturbative approaches

Introduction

One of the theoretical challenges presented by thermal transport is to formulate the response
formalism in presence of a temperature gradient. Response functions are typically obtained
assuming that an external field perturbs the equilbrium state of our system, entering as
an external potential in the Hamiltonian. Physical quantities are then obtained performing
a linear expansion with respect to the external field. In the context of thermal transport,
the temperature gradient plays the role of the perturbation. However, the temperature is
a statistical property of the system, so it cannot be described by an external field: we will
discuss how the perturbation can be intended as “statistical”, entering the system through
the density matrix.44 We will deal with open systems, so non-isolated systems in contact with
a bath, which build up the temperature gradient and drive the system out of equilibrium. In
this configuration, the non-equilibrium state can be maintained indefinitely; this is what we
will refer to as a “steady state”.101 Thermal transport is treated by considering the system in
a local equilibrium state, characterized by a nonuniform temperature profile. This is a valid
assumption provided that temperature varies slowly on a scale larger than the microscopic
relevant length, e.g. the lattice spacing.

In this Chapter, we formulate a theoretical approach suitable for studying thermal trans-
port. To achieve this, we follow the footprints of the works by Zubarev,102,103 formally
deriving the state of local thermal equilibrium. We do so employing the Maximum Entropy
Principle to obtain the steady state-density matrix in the presence of heat flow and a mod-
ified Liouville equation to formally account for irreversibility in the dynamics of thermal
transport (cfr. 1 Sec. 20,2 Sec. 2.1) In devising a modified Liouville equation, we establish
a theoretical framework applicable to the calculation of DC conductivities beyond thermal
transport. Moreover, we will discuss how our formalism differs from standard derivation
of the DC conductivity based on the adiabatic switching-on of an external “mechanical”
potential that simulates the effects of a temperature field.44,57, 104
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Chapter Overview

This Chapter is organized as follows: in Sec. 1.1 we provide a general introduction to thermal
transport, discussing some subtleties that differentiate this intricate problem from standard
response theory. In Sec. 1.2, we introduce the maximum entropy principle used to derive the
local equilibrium and the steady-state density matrix from which the thermal conductivity
can be computed. In Sec. 1.3 we calculate the steady-state density matrix solving a modified
Liouville equation, introducing an approach that will serve us for the calculation of the Kubo
formula for thermal conductivity in self-consistent dynamics. Finally, in Sec. 1.4 we draw
some conclusions.

1.1 Situating thermal transport in linear response theory

Thermal transport occurs when heat flows in an inhomogeneous temperature field. The
thermal conductivity κµν is the ratio between the heat flux J and the temperature gradient
∇T

Jγ = −
∑
ν

κγν∇νT , (1.1.1)

where γ, ν=x, y, z are cartesian indices (bold lettering indicates cartesian vectors). In quan-
tum mechanics, the heat flux J is the expectation value of the operator Ĵ (a caret over a letter
will be used to indicate quantum-mechanical operators)

J = Tr
[
Ĵ ρ̂st

]
, (1.1.2)

where ρ̂st is the quantum statistical operator (density matrix) that describes the steady-state:
a nonequilibrium state that features nonuniform temperature and steady currents.

The thermal conductivity is defined by computing ρ̂st at linear order in the gradient of
the temperature field T (x), considered as a perturbation. On general ground, this problem
is analogous to the linear response to a static perturbation. The typical example is the current
response to an electrostatic potential ϕ(x):

Jγe = −
∑
ν

σγν∇νϕ , (1.1.3)

where σγν is the (DC) electrical conductivity and Je the electrical current. However, the
derivation of κµν is conceptually different from the standard derivation of the electrical
conductivity in linear response to a static perturbation. In fact, in the case of a mechanical
process, the static perturbation enters in the Hamiltonian of the system as Ĥtot=Ĥ+Ĥ (1) via
an adiabatic switching-on hypothesis.105,106 In this scheme, the state where the current is
computed is reached at t=0 after the switching-on of the perturbation Ĥ (1) from t=−∞. In
practical terms, one expands the density matrix ρ̂(t=0) ∝ e−β(H+H(1)) at linear order in H (1)

with respect the unperturbed state ρ̂(t=−∞)∝e−βĤ realized at t=−∞ to get:

Je = Tr
[
Ĵe(ρ̂(t=0)−ρ̂(t=−∞))

]
≃ Tr

[
Ĵeρ̂(1)

]
, (1.1.4)

where we defined ρ̂(1) ≃ e−β(H+H(1))−e−βĤ . An implication of the adiabatic switching-on
hypothesis is that the state where the current is computed has lower entropy than the initial
state: the drift current moves all the charges of the same sign towards the minimum of the
potential ϕ(x), resulting in a more ordered configuration than the initial one.
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In the case of thermal transport one does not have a mechanical perturbation. As it has
been originally suggested in Ref. 1,2,107, the current can be derived in this case by a process
of entropy maximization. We will discuss in details in this Section the theoretical procedure
to derive the steady-state density matrix ρ̂st in the presence of a thermal current from the
maximum entropy principle (MEP) or equivalently in Sec. 1.3 from a modified Liouville
equation. Exploiting the MEP, we show that the density matrix that describes the state of
the system in presence of an inverse temperature field β(x)= 1

kBT (x) is

ρ̂loc ∝ e−
∫

dxĥ(x)β(x) , (1.1.5)

where the energy density operator ĥ(x) is defined through its relation with the Hamiltonian
Ĥ via an integral over the volume V of the system as

Ĥ =
∫
V

dx ĥ(x) (1.1.6)

(if not specified, spatial integrals are intended as performed over the volume V ). As a local
maximum of the entropy, we dub the state represented by ρ̂loc in Eq. (1.1.5) a local equilbrium
state. We will show that the local equilibrium state is not a constant of motion and it does
not sustain currents; it is thus unable to describe the steady state we seek. Nonetheless,
the steady state ρ̂st can be obtained from the application of the MEP with the additional
requirement of stationarity, i.e. [ρ̂st, Ĥ]=0. In doing so, we will obtain a steady-state ρ̂st
that still retains the information on the local temperature T (x), but with a modified energy
density.

A key step in our formalism is to show that the steady state obtained from the MEP can
also be written as the static solution of a modified Liouville equation.This result will allow us
to extend in a compact and elegant way the same formalism to the case of the self-consistent
approach to interacting systems, discussed in Chapter 3.

The modified Liouville equation describes a relaxation process that is conceptually dif-
ferent from the adiabatic switching-on of a mechanical perturbation. In fact, we will discuss
how in the modified Liouville equation the steady-state is forced to relax to the local equi-
librium state, with a dynamics that increases the entropy by construction. As per Eqs.
(1.1.3)-(1.1.4), the thermal conductivity is obtained by computing the expectation value of
the heat flux at linear order in the gradient ∇T (x) of the temperature field, by expanding
the steady state with respect to the local equilibrium state, i.e.

J = Tr
[
Ĵ(ρ̂st−ρ̂loc)

]
≃ −

∑
ν

κγν∇νT . (1.1.7)

As we will show, the local equilibrium ρ̂loc is a state with higher entropy than the steady
state. This is the opposite of what happens in the adiabatic switching-on approach encoded
in Eq. (1.1.4), where the current-carrying state has lower entropy than the unperturbed state.
In addition, the dynamics dictated by the modified Liouville equation, and encoded in Eq.
(1.1.7), implies that the current is measured after that the system has evolved from the steady-
state realized in the far past to the local equilibrium. In other words, the difference ρ̂st−ρ̂loc
in Eq. (1.1.7) corresponds to a difference ρ̂(t=−∞)−ρ̂(t=0):

J = Tr
[
Ĵ(ρ̂(t=−∞)−ρ̂(t=0))

]
= Tr

[
Ĵ(ρ̂st−ρ̂loc)

]
(1.1.8)
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that has the opposite sign of what one usually obtains in the case of mechanical perturbation,
see Eq. (1.1.4).

This subtle difference between the electrical and thermal transport has been often over-
looked in the attempts present in the literature to derive the thermal conductivity by response
to a fictious mechanical force. The idea, originally elaborated by Luttinger,57 is to define a
“mechanical proxy” that reproduces the effects of a thermal gradient. One then starts from
the local density matrix ρ̂loc of Eq. (1.1.5) and expand it at linear order in the temperature
field β(x)=β+δβ(x) as ρ̂loc≃e−β(Ĥ+Ĥ(1)), thus defining a “thermal potential”

Ĥ (1)=β−1
∫

dx δβ(x)ĥ(x)

= lim
ϵ→0+

β−1
∫

dx δβ(x)
0∫

−∞

dt eϵt∂ĥ(x, t)
∂t

,
(1.1.9)

where ϵ>0 and the time-dependent density operator is expressed in the Heisenberg repre-
sentation. However, this expansion and the following steps leading to Eq. (1.1.4), implicitly
assume that the thermal current is computed as the equivalent ofJ= Tr

[
Ĵ(ρ̂loc−ρ̂(0))

]
, where

ρ̂(0)∝e−βĤ is the density matrix of the average temperature field. As a matter of fact, this
approach leads, at linear order in ∇T , to the opposite sign of Eq. (1.1.7), giving a negative
thermal conductivity (explicitly proven in Appendix 1.A). To the best of our knowledge, this
sign change has been mentioned in Ref. 108 but it has been overlooked in most of the previ-
ous derivations,44,57, 104 due to a compensation with an accidental errors in the intermediate
analytical derivation leading to the definition of the thermal conductivity. It is worth noting
that while at linear order the difference between a MEP approach to thermal transport and
the use of a mechanical proxy is in a sign change, at next orders the expressions could become
significantly different.109 Finally, besides its conceptual problems, an approach based on a
mechanical proxy cannot be implemented for self-consistent schemes, where the Hamilto-
nian displays an explicit temperature dependence, making it ambiguous the definition of a
perturbative term Ĥ (1) analogous to Eq. (1.1.9). This discussion motivates us to adopt the
MEP and modified Liouville equation scheme to develop a solid theoretical framework for
thermal transport, that will be extended to the case of self-consistent schemes in Chapter 3.

1.2 Maximum entropy principle formalism

1.2.1 Global equilibrium from the maximum entropy principle

To understand the basics of the applications of MEP to the derivation of the density matrix,
we will follow Grandy107 and the book by Zubarev1 Sec. 20. Let us suppose that the available
information on our system are the expectation values of a certain Heisenberg operator

F̂ (t) = Û †(t, t0)F̂ (t0)Û(t, t0) (1.2.1)

where Û(t, t0) is the evolution operator satifying

iℏ
dÛ(t, t0)

dt = Ĥ(t)Û(t, t0) (1.2.2)
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and subject to the initial condition U(t0, t0) = 1 where Ĥ(t) is the Hamiltonian of the closed
system. The time-evolution can also be described following the evolution of the density
matrix

ρ̂(t) = Û(t, t0)ρ̂(t0)Û †(t, t0) . (1.2.3)

In our description of thermal transport, the Hamiltonian is the system Hamiltonian without
any bath coupling, and does not depend explicitly on time, hence Û(t, t0)=e−

i
ℏ (t−t0)Ĥ . Now

let us suppose that all we know about our system is that the operator F̂ has expectation
value f0=⟨F̂ (t0)⟩= Tr

[
ρ̂F̂ (t0)

]
at t=t0. The statistical operator is the maximum of the entropy

functional subject to the constraint

S̃[ρ] = − Tr[ρ̂ log ρ̂] − λ0
(
Tr
[
ρ̂F̂ (t0)

]
− f0

)
(1.2.4)

which is formally solved (along with the normalization condition Tr[ρ̂]=1 )I by

δS̃ = − Tr
[
δρ̂
(
log ρ̂+ λ0F̂ (t0)

)]
= 0,

ρ̂(0) = 1
Z0
e−λ0F̂ (τ0), Z0(λ0) = Tr

[
e−λ0F̂ (t0)

]
.

(1.2.5)

The simplest practical application of this is the canonical ensemble, in which we assume
that our information on the system is the expectation value of the energy E, i.e.

S̃[ρ] = − Tr[ρ̂ log ρ̂] − β
(
Tr
[
ρ̂Ĥ
]

− E
)

(1.2.6)

which of course is maximized by

ρ̂(0) = 1
Z(β)e

−βĤ , Z(β) = Tr
[
e−βĤ

]
(1.2.7)

and the physical interpretation of the lagrangian multiplier (up to now just a mathematical
entity) β= 1

kBT
is provided by the thermodynamical relations

−∂ logZ(β)
∂β

= E ; ∂S(β(E))
∂E

= β (1.2.8)

where the Shannon entropy is reported without a tilde S=− Tr[ρ̂ log ρ̂].

1.2.2 Local equilibrium from the Maximum Entropy Principle

In the previous section we have discussed how to obtain the global equilibrium density
matrix by using the MEP assuming that the sole information that we have on our system
is its energy E. Here, we show how to utilize the MEP to combine more than one piece of
information to obatin the local equilibrium condition. To derive the nonequilibrium density
matrix, we employ the MEP as in Refs. 1,2,102,103. Within the MEP approach, we optimize
the density matrix to maximize the entropy under the constraint of a nonuniform density
variable.1,2, 101 If the constraint is imposed on the mass density, we obtain the density matrix
describing mass transport. If it is imposed on the energy density, we obtain the density
matrix describing a system with a nonuniform temperature profile, which is the situation

IActually, the normalization condition is typically expressed as an extra Langrangian multiplier. Since it does
not change much of the derivation, we will omit it for brevity.
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where thermal transport occurs. Here we discuss the case of thermal transport; the case of
mass transport is presented in Appendix 1.B to showcase the generality of our method.

To study thermal transport, we apply the MEP imposing a nonuniform energy density
field h(x). We seek the density matrix that maximizes entropy while satisfying the constraint
that the expectation value of the energy density operator ĥ(x) equals the energy density h(x).
This can be imposed via a set of local Langrangian multipliers β(x) on the entropy functional
S̃[ρ]:

S̃[ρ] = − Tr[ρ̂ log ρ̂] −
∫
V

dxβ(x)
(
Tr
[
ρ̂ĥ(x)

]
− h(x)

)
. (1.2.9)

Eq. (1.2.9) is maximized by the solution

ρ̂loc = 1
Z[β(x)]e

−
∫

dxβ(x)ĥ(x),

Z[β(x)] = Tr
[
e−
∫

dxβ(x)ĥ(x)
]
,

(1.2.10)

where the Lagrange multiplier β(x) represents the inverse of the temperature field, being
the derivative of the entropy with respect to the local energy density.

ρ̂loc in Eq. (1.2.10) can be understood as the description of the system in a state of “local”
thermal equilibrium. This becomes evident via a procedure of “coarse-graining”58 of the
system over a characteristic length scale ℓ that is large as compared to the typical microscopic
spacing a of the original discrete system, but small compared to the length scale λT over
which the temperature varies, i.e. a≪ℓ≪λT . This hierarchy of length scales allows44,110 to
define a continuous density operator ĥ(x) as the convolution of the microscopic energy
density ĥa, defined from the Hamiltonian

Ĥ =
Ntot∑
a

ĥa , (1.2.11)

with a smooth distribution ∆ℓ as35,110

ĥ(x) =
N∑
a

ĥa∆ℓ(x− x̂a) . (1.2.12)

In (1.2.11), ĥa is the operator that describes the energy associated with particle a, while N is
the total number of components of the system. The function ∆ℓ in (1.2.12) is peaked around
xa (the position of particle a), but it is spatially spread on a mesoscopic length ℓ ≫ a large
enough to allow one for a regularization of small-scale variations, needed to define spatial
derivatives of the density (and current) operator. The additional condition λT≫ℓ can be
used to partition the system into i=1, . . . ,N small spatial volumes of linear size ℓ where
the temperature Ti= 1

kBβi
can be assumed to be locally constant (cfr. Fig. 1.1). Within this

condition, ρ̂loc can be further approximated as the product of uncorrelated “local” canonical
ensembles such that

ρ̂loc ≃
N∏
i=1

ρ̂iloc =
N∏
i=1

1
Z[βi]

e−βiĥi , (1.2.13)

Notice that Eq. (1.2.13) is not an exact equality, since in general local density operators do
not commute [ĥi, ĥj ]̸=0. However, the decomposition becomes exact as N →∞, and it is only
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meant to motive the concept of local equilibrium in relation to the expression (1.2.10), whose
derivation holds in general and does not require the factorization (1.2.13).

Figure 1.1. Pictorial visualization of local thermal equilibrium. The temperature field T (x) can be
thought as being obtained from a continuous limit of discretized subsystems, each at equilibrium
with local temperature Ti on a mesoscopic scale [cfr. Eq. (1.2.13)].

Even though ρ̂loc models a system with an inhomogeneous temperature field, it cannot
describe a steady-state heat flow. In Appendix 1.B, we explicitly demonstrate that

Tr
[
ĵ(x)ρ̂loc

]
= 0 , (1.2.14)

where the current density ĵ(x) is linked to the heat flux Ĵ and the energy density ĥ(x) by

Ĵ(t) = 1
V

∫
V

dx ĵ(x, t), (1.2.15)

∂

∂t
ĥ(x, t) = −∇ · ĵ(x, t) , (1.2.16)

where the evolution of the operators is intended in the Heisenberg scheme

∂Ô(t)
∂t

= i

ℏ
[Ĥ, Ô(t)] ⇒ Ô(t) = eiĤ/ℏÔe−iĤ/ℏ. (1.2.17)

In fact, the steady-state density matrix ρ̂st that sustain steady heat flow must be a solution of
the Liouville equation

∂ρ̂(t)
∂t

+ i

ℏ
[Ĥ, ρ̂(t)] = 0 . (1.2.18)

in the stationary case, i.e. with ∂ρ̂st
∂t =0. As such, it must commute with the Hamiltonian

[Ĥ, ρ̂st]=0. Since ρ̂loc depends on the energy density ĥ(x), which does not, in general,
commute with the Hamiltonian, it follows that ρ̂loc ̸=ρ̂st.

1.2.3 Steady state from the maximum entropy principle

The strategy employed to obtain the steady-state density matrix involves imposing an addi-
tional constraint on the variational calculation of entropy functional.107,111,112 Specifically,
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we not only maximize the entropy with a constraint on the nonuniform energy density h(x),
but also ensure that the variation maintains the density matrix stationary. Details of the
derivation are presented in Appendix 1.C. We maximize the functional of Eq. (1.2.9) with
the additional constraint

[ρ̂st, Ĥ] = 0 (1.2.19)

to be imposed on the infinitesimal variations δρ̂ on the density matrix, in the sense that the
variations of ρ̂st must be done in such a way as to satisfy Eq. (1.2.19) at all times. We are thus
searching a local maximum of the entropy on the manifold of the statistical operators that
commute with the Hamiltonian. Computing the variation of the functional S̃ in Eq. (1.2.9),
we get

δS̃ = − Tr

δρ̂
log ρ̂st +

∫
V

dxβ(x)ĥ(x)

 = 0. (1.2.20)

If the variation on the density matrix δρ̂ was completely arbitrary, Eq. (1.2.20) would result
in the local equilibrium density matrix Eq. (1.2.10). Instead, the stationarity condition Eq.
(1.2.19) imposes

[ρ̂st + δρ̂, Ĥ] = 0 → [δρ̂, Ĥ] = 0 (1.2.21)

so that the “displaced” density matrix ρ̂st + δρ̂ still possess the relevant features of a steady
state.

We show in Appendix 1.C that the density matrix maximizing the entropy (1.2.9) along
with the constraint (1.2.21) still features a nonuniform temperature β(x), but the local oper-
ator ĥd(x) contains only the diagonal elements of the energy density ĥ(x) on the basis that
diagonalizes the Hamiltonian Ĥ , i.e.

ρ̂st = 1
Zst

e
−
∫
V

dxβ(x)ĥd(x)
, Zst = Tr

[
e
−
∫
V

dxβ(x)ĥd(x)
]
. (1.2.22)

As we demonstrate in Appendix 1.C, the diagonal operator ĥd(x) admits an explicitly rep-
resentation as:

ĥd(x) = ĥ(x) − lim
ϵ→0+

0∫
−∞

dt eϵt ∂
∂t
ĥ(x, t) . (1.2.23)

where ϵ>0. The second term in the right-hand side of Eq. (1.2.23) strongly resembles the
usual correction H (1) to the Hamiltonian Ĥ that is usually introduced in the case of a
mechanical perturbation, see Eq. (1.1.9) above. Indeed, in analogy with this case it breaks
the time-reversal symmetry of the local equilibrium density matrix for every finite ϵ, allowing
a finite heat flux. However, in the MEP derivation such a perturbation crucially enters the
steady-state density matrix ρ̂st with a sign difference as compared to Eq. (1.1.9), that along
with the prescription Eq. (1.1.7) determines the correct sign in the derivation of the thermal
conductivity. To demonstrate it, let us start from the definition of current as the average
value of the heat flux on the steady-state density matrix:

J = lim
ϵ→0+

Tr
[
Ĵ ρ̂ϵst

]
. (1.2.24)

To obtain the thermal conductivity we need to expand ρ̂st at linear order in ∇β(x), where
β(x)=β+δβ(x) and β is the average inverse temperature. To this aim, let us rewrite the pre-ϵ
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limit steady-state density matrix Eq. (1.2.23) as

ρ̂ϵst = 1
Zst

exp
[
−
∫

dxβ(x)ĥ(x) − Û

]
,

Û =
∫

dxβ(x)∇· ∼̂jϵ(x) = −
∫

dx∇β(x)· ∼̂jϵ(x) .
(1.2.25)

where we used the continuity equation Eq. (1.2.16) to replace the time derivative of the
energy density with the gradient of the density current, and we introduced the short-hand
notation

∼̂
jϵ(x) =

0∫
−∞

dt eϵtĵ(x, t) . (1.2.26)

In addition, the last equality of Eq. (1.2.25) has been omitting a surface, negligible in the
thermodynamic limit. Eq. (1.2.25) admits a natural expansion of ρ̂st around the local equi-
librium solution ρ̂loc in powers of ∇β. This can be done by using the exponential operatorial
identity2,111,113 (proven in Appendix 1.D)

e−(Â+B̂) = e−Â − e−Â
1∫

0

dσ eσÂB̂e−σ(Â+B̂) (1.2.27)

so that Eq. (1.2.25) reads:

ρ̂ϵst = ρ̂loc − e−
∫

dxβ(x)ĥ(x)
1∫

0

dσ eσ
∫

dxβ(x)ĥ(x)Ûe−σ[
∫

dxβ(x)ĥ(x)+Û ] (1.2.28)

Since the second term of Eq. (1.2.28) is already of linear order in ∇β(x), one can replace
everywhere in the remaining exponentials β(x)=β to get:

ρ̂ϵst = ρ̂loc − ρ̂(0)

1∫
0

dσ eσβĤÛe−σβĤ

= ρ̂loc − ρ̂(0)T

β∫
0

dλ Û(−iℏλ)e−σβĤ

= ρ̂loc + ρ̂(0)T

∫ 0

−∞
dteϵt

β∫
0

dλ
∫

dx∇β(x) · ĵ(−t−iℏλ)

= ρ̂loc − ρ̂(0)V

T

∫ ∞
0

dte−ϵt
β∫

0

dλ∇T · Ĵ(−t−iℏλ)

(1.2.29)

where we defined the density matrix of the global thermal equilibrium as

ρ̂(0) = 1
Z[β]e

−βĤ , Z[β] = Tr
[
e−βĤ

]
. (1.2.30)

and we used the Heisenberg representation (1.2.17) for the operators. In addition, in the
last step of Eq. (1.2.29) we assumed an uniform temperature gradient. In principle, to
get the current at linear order in ∇T one should expand in Eq. (1.2.25) also the 1/Zst
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normalization factor. However, once replaced into Eq. (1.2.24), the expansion of the inverse
partition function leads to the product of the uncorrelated density operators with respect
to the ∇T=0 term of the expansion, that according to Eq. (1.2.29) is the local equilibrium
density matrix. Since we already demonstrated that Tr

[
Ĵ ρ̂loc

]
=0, the term coming from the

expansion of the normalization constant is zero. From the decomposition Eq. (1.2.29) one
immediately obtains for the average current computed on the steady state:

J(ϵ)µ = Tr
[
Ĵµρ̂ϵst

]
≃ −V

T

∞∫
0

dt e−ϵt
β∫

0

dλTr
[
ρ̂(0)Ĵµ(0)Ĵν(−t−iℏλ)

]
∇νT

(1.2.31)

from which it immediately follows the usual Kubo formula for thermal conductivity.1,58, 110, 113, 114

κγν = lim
ϵ→0+

V

T

∞∫
0

dt e−ϵt
β∫

0

dλTr
[
ρ̂(0)Ĵν(−t−iℏλ)Ĵγ(0)

]
. (1.2.32)

1.3 Modified Liouville equation approach

In the derivation of Eq. (1.2.32), the time-dependence of the steady-state solution Eq. (1.2.22)
appears as an artifact to represent the diagonal density operator via Eq. (1.2.23). A deeper
understanding of the above result based on the time evolution of the density matrix from
the steady state Eq. (1.2.22) to the local equilibrium ρ̂loc can be obtained by showing, as done
in Appendix 1.C, that the pre-ϵ-limit expression ρϵst can be seen as the static solution of the
modified Liouville equation developed by Zubarev,102

∂ρ̂ϵ(t)
∂t

+ i

ℏ
[Ĥ, ρ̂ϵ(t)] = −ϵ [ρ̂ϵ(t) − ρ̂loc(t)] . (1.3.1)

In Eq. (1.3.1) we impose a relaxation timescale of ϵ−1 to simulate coupling with a thermal
bath, that breaks time-reversal symmetry of the Liouville equation (1.2.18),2,113 by allowing
entropy production and irreversibility.2,107,111,115 As discussed in Appendix 1.B, the absence
of currents in the local equilibrium state ρ̂loc arises from time-reversal symmetry: the Liou-
ville equation Eq. (1.2.18) describes the dynamics of a closed system in which the entropy
is conserved. Therefore, solutions of the standard Liouville equation can not account for
dissipative processes involving directional heat flow: energy excitations propagate back and
forth in the system and result in zero net current over time. On the other hand, the mod-
ified Liouville equation brings in the ϵ term in equation Eq. (1.3.2) to break time reversal,
introducing an effective coupling with a thermal bath and simulating entropy production.
In the ϵ→0+ and thermodynamical limit, the details of the coupling with the bath become
irrelevant.107

In this Section we will show explicitly how the thermal conductivity Eq. (1.2.32) can
be obtained from the solution of the modified Liouville equation (1.3.1). This derivation
permits to express the time dependence of the leading term in ρ̂ϵst via the formal action of
the Liouville superoperator, providing a general solution that can be extended to the case
of self-consistent problems. In addition, the modified Liouville equation allows to identify
the time evolution of the density operator as a relaxation process from the steady-state ρ̂st
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realized at t=−∞ to the local equilibirum ρ̂loc at t=0, as mentioned in Eq. (1.1.8) II.
To derive the steady-state solution from the modified Liouville equation (1.3.1) let us first

rewrite it as (
∂

∂t
+ i

ℏ
L
)
ρ̂ϵ(t) = −ϵ [ρ̂ϵ(t) − ρ̂loc(t)] (1.3.2)

where ϵ>0 and the Liouville superoperator acts as Lρ̂=[Ĥ, ρ̂], so that the Heisenberg evolu-
tion (1.2.1) is equivalently expressed as:

∂Ô(t)
∂t

= i

ℏ
LÔ ⇒ Ô(t)=e

i
ℏLtÔ (1.3.3)

To find the steady-state ρ̂st, we look for stationary solutions ∂ρ̂
∂t=0 of Eq. (1.3.2). For finite ϵ,

we integrate from time −T to t (1.3.2), obtaining

e( i
ℏL+ϵ)tρ̂ϵ(t) − e−

i
ℏLT e−ϵT ρ̂ϵ(−T )=

t∫
−T

dt′ϵeϵt′e
i
ℏLt

′
ρ̂loc(t′) . (1.3.4)

In the T→∞ limit, the factor e−ϵT eliminates information about the initial conditions: the
bath coupling implies memory loss. Notably, the two limits do not commute; if the limits
are reversed, hence if ϵ→0+ is done before T→∞, we get the unitary evolution of the initial
state ρ̂(t)=e

i
ℏL(t−T )ρ(−T ) that does not encompass dissipative processes.113

Taking the T→∞ limit of Eq. (1.3.4) and integrating by parts we get

ρ̂ϵ(t)=ρ̂loc(t)−
t∫

−∞

dt′ e−ϵ(t−t′)e−
i
ℏL(t−t′)

[
∂

∂t′
+ i

ℏ
L
]
ρ̂loc(t′) . (1.3.5)

Eq. (1.3.5) represents the formal solution of the modified Liouville equation Eq. (1.3.2),
and allow us to derive the steady-state density matrix; by setting ∂ρ̂

∂t =0 and evaluating the
solution at t=0, we get the steady state

ρ̂ϵst(0) = ρ̂loc(0) −
∞∫

0

dt e−ϵte−
i
ℏLt

i

ℏ
Lρ̂loc . (1.3.6)

In Eq. (1.3.6), we can express the steady state as the difference between the solution of the
modified Liouville equation and ρ̂loc(t=0), since the local equilibrium density matrix does
not contribute to transport (Sec. 1.2.2, Appendix 1.B).

The main ingredients of Eq. (1.3.6) are the Liouville superoperator L that describes
the internal dynamics of the system and the local equilibrium density matrix ρ̂loc. We
stress that the derivation of Eq. (1.3.6) is not specific to lattice thermal transport. When
the relevant local equilibrium conditions — e.g. the electrochemical-local equilibrium for
charge and mass transport [Eq. (1.B.2)] — and the appropriate Hamiltonian governing the
dynamics are defined, the result Eq. (1.3.6) can describe the steady state for different transport
phenomena.101

It is worth nothing that obtaining the steady-state with finite currents in the ϵ→0+ com-
IIActually, it is not important that the local equilibrium ρ̂loc is established precisely at t=0, but rather that it is

established after an infinite time with respect to the “steady-state”. This will be more clear in introducing the
modified Liouville equation, where the relaxation timescale from the steady state to the local equilibrium scale
goes to infinity as ϵ goes to zero.
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bined with the thermodynamical limit is similar to the problem of describing a ferromagnet
with finite magnetic moment. In a ferromagnet, the Hamiltonian is symmetric upon reversal
of the direction of the magnetic moments, while the state — i.e. the density matrix — possess
a preferential orientation (namely, the direction of the magnetic moment). The state with
positive (negative) magnetic moment is obtained by taking off the external magnetic field
h→0+ (h→0−) that enforces the symmetry of the state after the thermodynamical limit.116

In this sense, the existence of a steady state that sustains a heat flux can be intepreted as the
spontaneous symmetry breaking of time-reversal symmetry of the Liouville equation.2,115

1.3.1 Derivation of thermal conductivity from the modified Liouville equation

To derive the thermal conductivity we proceed as before from Eq. (1.2.24), by expanding ρ̂ϵst
in Eq. (1.3.6) at linear order in the temperature gradient, in full analogy with the procedure
detailed in the previous Section. In particular, by defining β(x)=β+δβ(x) and by using the
operatorial identity (1.2.27) we obtain at linear order in δβ(x)

ρ̂loc ≃ ρ̂(0)−ρ̂(0)

β∫
0

dλ eλĤ
∫

dx δβ(x)
β

ĥ(x)e−λĤ , (1.3.7)

By using the definition of the time derivative of the operators in the Heisenberg scheme
(1.2.17), Eq. (1.3.3) and the fact that Lρ̂(0)=0, we can plug Eq. (1.3.7) into Eq. (1.3.6) obtaining

ρ̂ϵst=ρ̂(0)

∞∫
0

dt e−ϵte−
i
ℏLt

β∫
0

dλ
∫

dx δβ(x)
β

eλĤ
∂

∂t
ĥ(x, 0)e−λĤ , (1.3.8)

where ĥ(x, 0) is ĥ(x) computed at t=0. Now using the continuity equation Eq. (1.2.16), inte-
grating by parts and using the approximation of a uniform temperature gradient throughout
the sample,44,58 we get

ρ̂ϵst=−ρ̂(0)

∞∫
0

dt e−ϵte−
i
ℏLt

β∫
0

dλ eλĤ ∇T

β
· V Ĵ(0)e−λĤ . (1.3.9)

The thermal conductivity is thus obtained by calculating the expectation value of the heat
flux Eq. (1.2.24) with the steady-state density matrix Eq. (1.3.9) as

κγν= lim
ϵ→0+

V

T

∞∫
0

dt e−ϵt
β∫

0

dλTr
[
ρ̂(0)e−

i
ℏ tLe−λĤ Ĵν(0)eλĤ Ĵγ(0)

]
(1.3.10)

that can alternatively be expressed as Eq. (1.2.32) above since:

e−
i
ℏ tLe−λĤ Ĵν(0)eλĤ = Ĵν(−t−iℏλ) (1.3.11)

For finite ϵ, we can solve the time integral in Eq. (1.2.32) obtaining

κγν(iϵ) = V

T

β∫
0

dλTr
[
ρ̂(0) i

iℏϵ− L
Ĵν(−iℏλ)Ĵγ(0)

]
(1.3.12)
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in which the conductivity can be seen as the DC (ω=0) value of a complex conductivity
κγν(ω+iϵ), featuring the many-body propagator [ℏ(ω+iϵ) − L]−1,75,110 as in the standard
result linear response to an external time-dependent Hamiltonian104,106,117 [apart from a
sign, cfr. Appendix 1.A].

It is worth mentioning that the same procedure used to derive Eq. (1.2.32) can be used to
derive the Kubo formula for the electrical conductivity or Fick’s law for mass diffusivity by
setting the appropriate local equilibrium state with nonuniform electrochemical potential
µ̄(x)=µ(x)+qϕ(x), where ϕ(x) is the electrostatic potential and q is the charge of the particles
in the system [cfr. Eq. (1.B.2)].

1.4 Conclusions

In this Chapter, we have reviewed the essentials of Zubarev’s maximum entropy principle
plus modified Liouville equation approach to discuss response functions in nonequilibrium
systems. We have discussed how it can be applied to derive the formal expression of the
local equilibrium density matrix, which can then be used to derive the steady-state nonequi-
librium operator. The latter is the central object in studying nonequilibrium systems since
it describes that state that sustains currents, hence it can be used to compute the transport
coefficients. We have shown how from this formalism a Kubo formula for thermal conduc-
tivity can be derived. The Kubo formula Eq. (2.1.1) has the same structure as the equivalent
expression for electrical conductivity. However, the starting point of the derivation of the
two is conceptually different. Electrical conductivity is typically derived as a response to an
external electrical field, while here the perturbation consists in the presence of a temperature
gradient, that characterizes the local equilibrium state. Due to its generality, this formalism
can also be used to discuss electrical and mass transport (cfr. 1.B). Another important feature
that we will exploit is that this procedure solely relies on manipulations of the density matrix
and of the Liouville operators, providing a solid theoretical foundation for the application of
self-consistent methods to transport phenomena. This will allow us to derive a Kubo formula
of thermal conductivity that does not rely on any perturbative truncation of the Hamiltonian
of the system. We will explore such an extension of the method in Chapter 3.
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Appendices of Chapter 1

1.A Transport coefficients and adiabatic switching-on of a mechan-
ical potential

In this Appendix, we discuss some of the complications of the standard methodology used
to obtain the transport coefficients in linear response theory. The approach outlined by the
seminal paper of Luttinger57 and revised by Mahan104 consist in considering an adiabatic
switched on perturbation of the form

Ĥtot(t) = Ĥ + eϵtĤ (1) (1.A.1)

and supposing that the density matrix evolves from equilibrium accordingly as

ρ̂(t) = ρ̂(0) + eϵtρ̂(1) , (1.A.2)

where ρ̂(0) is the equilibrium density matrix that features the hamiltonian Ĥ [Eq. (3.1.2)]. In
Eq. (1.A.1), the perturbation has the form

Ĥ (1) =
∫

dxψ(x)d̂(x) (1.A.3)

whereψ(x) is the external field that couples to the density d̂(x), which is related to its current
î(x) as

∂d̂(x, t)
∂t

+ ∇ · î(x, t) = 0 . (1.A.4)

For the case of electric transport, ψ(x)=ϕ(x) is the electrostatic potential, while d̂(x)=qn̂(x)
is the charge density. For thermal transport, as seen in Eq. (1.1.9), ψ(x)= δβ(x)

β is the variation
of the temperature field, while d̂(x)=ĥ(x) is the energy density. By expanding at linear order
in the perturbation the Liouville equation

∂ρ̂(t)
∂t

+ i

ℏ
[Ĥ, ρ̂(t)] = ∂ρ̂(t)

∂t
+ i

ℏ
Lρ̂(t) = 0 , (1.A.5)

with Ĥtot, one gets
(iℏϵ− L)ρ̂(1) = [Ĥ (1), ρ̂(0)] . (1.A.6)

Using the Kubo identity106 (proven in Appendix 1.D

[Â, e−βĤ ] = e−βĤ
β∫

0

dλ eλĤLÂe−λĤ , (1.A.7)

we get that Eq. (1.A.6) is solved by

ρ̂(1) = −ρ̂(0)

0∫
−∞

dt e(ϵ+ i
ℏL)t

∫ β

0
dλ eλĤ i

ℏ
LĤ (1)e−λĤ . (1.A.8)
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Using the definition of the Heisenberg evolution of the operators [Eq. (1.2.17)], we can express
Eq. (1.A.8) as

ρ̂(1) = −ρ̂(0)

∞∫
0

dt e−ϵte−
i
ℏLt

β∫
0

dλ
∫

dxψ(x)eλĤ ∂

∂t
d̂(x, 0)e−λĤ (1.A.9)

Now using the continuity equation Eq. (1.A.4), integrating by parts and using the approxi-
mation of a uniform gradient ∇ψ throughout the sample, we can express Eq. (1.A.9) as

ρ̂(1) = −ρ̂(0)

∞∫
0

dt e−ϵte−
i
ℏLt

β∫
0

dλ eλĤV∇ψ · Î(0)e−λĤ , (1.A.10)

where we have introduced the macroscopic current Î associated with the current density
î expressed in Eq. (1.A.4). To obtain the transport coefficient, we compute the expectation
value of the current Î at t=0 as

Iγ(0) = Tr
[
ρ̂(0)Îγ

]
=−V

∑
ν

∇νψ

∞∫
0

dt e−ϵt
β∫

0

dλTr
[
ρ̂(0)Îγ Îν(−t−iℏλ)

]
.

(1.A.11)

In the case of electrical transport, −∇ψ=−∇ϕ is the electric field E , and Eq. (1.A.11) consists
in the Kubo formula for electrical conductivity Jγe =

∑
ν σ

γνEν . However, in the case of
thermal transport −∇ψ=−∇β=∇T , and Eq. (1.A.11) gives the Fourier law Jγ=

∑
ν κ

γν∇νT

with the wrong sign.108 Notice that even if slightly different, the derivation of thermal
conductivity provided by Allen44 gives the same sign of thermal conductivity [there is a
misprint in the sign of the second term of Eq. (16) of Ref. 44, cfr. Eq. (1.2.27)].

Even if appears as a mathematical finesse, the complication just discussed actually has a
deep physical meaning. In fact, if we come back to Eqs. (1.A.6)-(1.A.7), we can express the
induced density matrix as

ρ̂(1) = 1
iℏϵ− L

Lρ̂(0)

β∫
0

dλ eλĤĤ (1)e−λH (1.A.12)

so that the density matrix Eq. (1.A.2) at t=0 reads

ρ̂(t=0)=ρ̂(0) + 1
iℏϵ− L

Lρ̂(0)
∫ β

0
dλ eλĤĤ (1)e−λH (1.A.13)

which using Eq. (1.2.27), can be seen as

ρ̂(t=0) = 1
Z
e−β(Ĥ+Ĥ(1)) + O(ϵ) . (1.A.14)

For the case of thermal transport, this tells us that the adiabatic switching-on of the ther-
mal potential Eq. (1.1.9) basically describes the evolution from the global equilibrium ρ̂(0)

established in the infinite past to a local equilibrium regime at t=0

ρ̂(t=−∞) ∝ e−βĤ → ρ̂(t=0) ∝ e−
∫

dxβ(x)ĥ(x) . (1.A.15)
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As can be easily understood, the local equilibrium condition has lower entropy than the
global equilibrium, since the temperature field constrains the system to be in a more ordered
phase (from hot to cold). In fact, if left isolated, the local equilibrium condition would
eventually relax to the global equilbrium in a spontaneous transformation,1 increasing the
entropy.

In conclusion, while apt for the description of transport process where the currents are
stimulated by mechanical forces, hence are driven in the direction of the minimum of the
energy, the standard procedure of the adiabatic switching-on of the perturbation does not
reproduce the evolution of the system in which entropy is produced.

1.B Mass transport and proof of absence of transport in local equi-
librium

In this Appendix, we present the formulation of the local equilibrium density matrix apt
to describe a system with a nonuniform density of particles, thus representing the physical
situation for mass transport to occur. Moreover, we report the discussion delivered by
Nakajima101 about the impossibility to describe mass diffusion from a local equilibrium
density matrix in presence of nonuniform particle distribution.

For the case of mass transport, the local equilibrium density matrix can be obtained
from the MEP. The constraints to be imposed consist in the average value of the energy
E (canonical ensemble), and the presence of a nonuniform particle density n(x). The
constrained optimization is performed with Lagrange multipliers β and µ(x), maximizing
the functional

S̃[ρ]=− Tr[ρ̂ log ρ̂]−β
(
Tr
[
ρ̂Ĥ
]
−E

)
−
∫

dxλ(x) (Tr[ρ̂n̂(x)]−n(x))
(1.B.1)

to obtain

ρ̂el−chemloc = 1
Z [β, λ(x)]e

−βĤ−
∫

dxλ(x)n̂(x) ,

Z [β, λ(x)] = Tr
[
e−βĤ−

∫
dxλ(x)n̂(x)

]
,

(1.B.2)

where n̂(x) is the particle density operator. Unless specified otherwise, spatial integrals are
conducted over the volume V of the system.

Eq. (1.B.2) describes an ensemble in contact with a bath that imposes a temperature
T= 1

kBβ
and an electrochemical potential λ(x)=−βµ̄(x)=−β[µ(x)+qϕ(x)], where q is the

charge of the particles (the same for every particle) and ϕ(x) is the electrostatic potential.111

This is understood from the thermodynamical relations with the entropy

−∂ logZ
∂β

= E ,
∂S

∂E
= β ,

−δ logZ
δλ(x) = n(x) , δS

δn(x) = λ(x) ≡ −βµ̄(x) .
(1.B.3)

In fact, a nonuniform distribution of particles is either obtained with a gradient of the
chemical potential or, if the particles are charged, with an electrical field E=−∇ϕ.
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ρ̂ = 1
Z[β, µ(x)]e

−β[Ĥ−
∫

dxµ(x)n̂(x)],

Z[β, µ(x)] = Tr
[
e−β[Ĥ−

∫
dxµ(x)n̂(x)]

]
.

(1.B.4)

The particle density operator is simply

n̂(x, t) =
N∑
a

δ(x− x̂a(t)) (1.B.5)

where the sum runs over all the N particles of the system. From the continuity equation

∂

∂t
n̂(x, t) = −∇ · ĵ(x, t) (1.B.6)

we get the particle current

∂

∂t
n̂(x) = 1

iℏ
[n̂(x), Ĥ] =

N∑
a

1
iℏ
∑
α

[δ(x− x̂a),
p̂2
aα

2ma
]

= 1
2

N∑
a

∑
α

p̂aα
ma

1
iℏ

[δ(x− x̂a), p̂aα] + 1
iℏ

[δ(x− x̂a), p̂aα] p̂aα
ma

= 1
2

N∑
a

∑
α

p̂aα
ma

∂

∂xaα
δ(x− x̂a) + h.c.

= −∇ · 1
2

N∑
a

[ p̂a
ma

δ(x− x̂a) + δ(x− x̂a)
p̂a
ma

] = −∇ · ĵ(x)

(1.B.7)

where p̂a is the momentum of particle a, hence

ĵ(x) = 1
2

N∑
a

[ p̂a
ma

δ(x− x̂a) + δ(x− x̂a)
p̂a
ma

] . (1.B.8)

We then introduce the time-reversal operation T̂ , that acts as

T̂ x̂T̂ = x̂, T̂ p̂T̂ = −p̂ (1.B.9)

and satisfies T̂ 2=1, [T̂ , Ĥ]=0 in the nonmagnetic case. From (1.B.5) and (1.B.8) we understand
that

T̂ n̂(x)T̂ = n̂(x), T̂ ĵ(x)T̂ = −ĵ(x) . (1.B.10)

Since ρ̂loc only depends on Ĥ and n̂(x) that commute with T̂ , it will commute with T̂ as
well, i.e. T̂ ρ̂locT̂ =ρ̂loc. It follows that

j(x) = Tr
[
ρ̂locĵ(x)

]
∝ Tr

[
e−β[Ĥ−

∫
dxµ(x)n̂(x)]ĵ(x)

]
= Tr

[
T̂ e−β[Ĥ−

∫
dxµ(x)n̂(x)]T̂ T̂ ĵ(x)T̂

]
=− Tr

[
ρ̂locĵ(x)

]
= 0

(1.B.11)

which proves that no current is sustained by the local equilibrium state.
The proof outlined above is not tied to mass transport but consists in a general result for the
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local equilibrium density matrix. It follows from the fact that ρ̂loc depends on densities that
are not conserved, i.e. do not commute with the Hamiltonian.1,101,113,118 Since the conserved
density n̂(x) and the correspondent current ĵ(x) are related from the continuity equation
(1.B.6) by a time derivative, they possess opposite behaviour upon time reversal. This can be
understood considering the fact that the time-reversal operator T̂ acts on complex numbers
as complex conjugate operation, hence T̂ ∂

∂t n̂(x, t)T̂ =T̂ 1
iℏ [Ĥ, n̂(x, t)]T̂ = − ∂

∂t

(
T̂ n̂(x, t)T̂

)
if

[T̂ , Ĥ]=0. The local equilibrium density matrix depends on the densities, hence it possess
their symmetry upon time reversal (even). Since the expectation value of a current in a local
equilibrium state consists in the trace of a product of operators with opposite symmetry on
time reversal, it is zero

Tr
[
ρ̂loc(t)ĵ(x, t)

]
= Tr

[
T̂ ρ̂loc(t)T̂ ĵ(x, t)

]
= Tr

[
ρ̂loc(t)T̂ ĵ(x, t)T̂

]
= − Tr

[
ρ̂loc(t)ĵ(x, t)

]
= 0

(1.B.12)

(cfr. 1 Sec. 20.5).

1.C Foundations of the modified Liouville equation from maxi-
mum entropy principle

In this Appendix, we discuss the details of the derivation of the steady-state density matrix
through the application of the maximum entropy principle. Additionally, we demonstrate
how this operator satisfies the modified Liouville equation Eq. (1.3.2) and we show how the
standard Kubo formula for thermal conductivity is recovered with such approach.

Details on the derivation of the steady state from the maximum entropy principle

For this derivation, we will follow the works by Grandy107,111 and Scalapino.112 As discussed
in the main text, to obtain the steady state ρ̂st we maximize the functional

S̃[ρst]=− Tr[ρ̂st log ρ̂st]−
∫
V

dxβ(x)
(
Tr
[
ρ̂stĥ(x)

]
−h(x)

)
(1.C.1)

with the additional constraint
[ρ̂st, Ĥ] = 0 (1.C.2)

to be imposed on the variations. The stationarity condition Eq. (1.2.19) can be rephrased as

[ρ̂st + δρ̂, Ĥ] = 0 → [δρ̂, Ĥ] = 0 (1.C.3)

as introduced in Eq. (1.2.21). Let us introduce a representation in which the Hamiltonian
is diagonal, i.e. a complete set of eigenvectors {|Eν⟩} of the Hamiltonian Ĥ |Eν⟩ = E |Eν⟩
where E is the energy eigenvalue, while ν denotes all the relevant quantum numbers other
than the energy. The stationarity condition Eq. (1.C.3) can be rewritten as〈

Eν
∣∣[δρ̂, Ĥ]

∣∣E′ν ′〉 = 0
(E − E′)

〈
Eν
∣∣δρ̂∣∣E′ν ′〉 = 0

(1.C.4)

which implies that if E ̸=E′, the variations are all zero ⟨Eν|δρ̂|E′ν ′⟩ =0, whereas if E=E′

the above condition is automatically satisfied and the variations ⟨Eν|δρ̂|E′ν ′⟩ are uncos-
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trained. Thus, in order to keep the density matrix stationary, we must perform variations in
a degenerate subspace. Let us express Eq. (1.2.20) in the basis {|Eν⟩}:

δS̃=
∑

EE′,νν′

〈
Eν
∣∣δρ̂∣∣E′ν ′〉 〈E′ν ′∣∣log ρ̂st+

∫
V

dxβ(x)ĥ(x)
∣∣Eν〉 . (1.C.5)

From Eq. (1.C.4) we get that ⟨Eν|δρ̂|E′ν ′⟩ =δEE′δρEν,ν′ , where δρEν,ν′ are the unconstrained
variations, hence

δS̃ =
∑
E,νν′

δρEν,ν′
〈
Eν ′

∣∣log ρ̂st +
∫
V

dxβ(x)ĥ(x)
∣∣Eν〉 = 0. (1.C.6)

Since the variations δρEν,ν′ are unconstrained, their coefficients must be zero for all E, ν, ν ′. If
we define the diagonal part of the energy density as

〈
Eν
∣∣ĥd∣∣E′ν ′〉 = δEE′

〈
Eν
∣∣ĥ∣∣E′ν ′〉 (1.C.7)

we see that Eq. (1.C.6) can be expressed as

〈
Eν ′

∣∣log ρ̂st +
∫
V

dxβ(x)ĥd(x)
∣∣Eν〉 = 0 (1.C.8)

from which we derive the structure of the steady-state density matrix

ρ̂st = 1
Zst

e
−
∫
V

dxβ(x)ĥd(x)
,

Zst = Tr
[
e
−
∫
V

dxβ(x)ĥd(x)
]
.

(1.C.9)

which is the structure introduced in Eq. (1.2.22).
We now exploit Eq. (1.C.7) to derive an explicit operatorial structure for ĥd. Let us

describe for a generic operator Ô its diagonal part as

Ôd = Ô − i

ℏ
[Ĥ, Â] . (1.C.10)

The idea is that since Ôd must commute with Ĥ and Ô in general does not, we are “removing”
the part of Ô that does not commute with Ĥ (related to Â, still to be defined) to obtain Ôd.
Now using Eq. (1.C.7), we get that if we evaluate the matrix element between different energy
states E ̸=E′

〈
Eν
∣∣Ôd∣∣E′ν ′〉 =0 =

〈
Eν
∣∣Ô∣∣E′ν ′〉−

〈
Eν
∣∣ i
ℏ

[Ĥ, Â]
∣∣E′ν ′〉〈

Eν
∣∣Â∣∣E′ν ′〉 = 1

i
ℏ(E − E′)

〈
Eν
∣∣Ô∣∣E′ν ′〉 (1.C.11)

from which we can formally solve for Â as

Â = lim
ϵ→0+

0∫
−∞

dt eϵte
i
ℏ tĤÔe−

i
ℏ tĤ (1.C.12)
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which can be easily proved by direct evaluation of the matrix element ⟨Eν|Â|E′ν ′⟩. Now
using Heisenberg representation, we can express Eq. (1.C.12) as

Â = lim
ϵ→0+

0∫
−∞

dt eϵtÔ(t) (1.C.13)

and the diagonal part of the operator Eq. (1.C.10) can then be expressed as

Ôd = Ô − lim
ϵ→0+

0∫
−∞

dt eϵt i
ℏ

[Ĥ, Ô(t)] = Ô − lim
ϵ→0+

0∫
−∞

dt eϵt ∂
∂t
Ô(t). (1.C.14)

We can thus express the diagonal part of the energy density as

ĥd(x) = ĥ(x) − lim
ϵ→0+

0∫
−∞

dt eϵt ∂
∂t
ĥ(x, t) (1.C.15)

which is the expression introduced in Eq. (1.2.23) Now we can express the steady-state
density matrix Eq. (1.2.22) in terms of explicit operators

ρ̂st = 1
Zst

exp
[
−
∫

dxβ(x)ĥ(x) + lim
ϵ→0+

0∫
−∞

dt eϵt
∫

dxβ(x) ∂
∂t
ĥ(x, t) (1.C.16)

from which we understand how the steady-state operator differs from the local equilibrium
density matrix Eq. (1.2.10) due to the presence of the extra term containing the integral of
the energy density.

Derivation of the modified Liouville Equation and entropy considerations

Now let us show how the steady state obtained from the maximum entropy principle (1.C.16)
satisfies the modified Liouville equation introduced in Eq. (1.3.2). Noting from Eq. (1.2.10)
that −

∫
dxβ(x)ĥ(x)= log ρ̂loc besides normalization constants, Eq. (1.C.16) can be expressed

as

ρ̂st = exp

log ρ̂loc − lim
ϵ→0+

0∫
−∞

dt eϵt ∂
∂t
eiLt log ρ̂loc

 . (1.C.17)

If we consider the logarithm of the pre-ϵ-limit density matrix we get

log ρ̂ϵst = log ρ̂loc −
0∫

−∞

dt eϵt ∂
∂t
e

i
ℏLt log ρ̂loc

= log ρ̂loc −
0∫

−∞

dt eϵte
i
ℏLt

i

ℏ
L log ρ̂loc

= log ρ̂loc − 1
ϵ+ iL

i

ℏ
L log ρ̂loc

(ℏϵ+ iL) log ρ̂ϵst = (ℏϵ+ iL) log ρ̂loc − iL log ρ̂loc

iL log ρ̂ϵst = −ℏϵ(log ρ̂ϵst − log ρ̂loc)

(1.C.18)
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where the last line is precisely the expression of the modified Liouville equation Eq. (1.3.2)
in the static case (∂ρ∂t =0, no explicit time dependence) for log ρ̂.2,113 It can be shown that we
can impose the Liouville equation either on ρ̂ or log ρ̂, since if one is subject to a dynamical
equation, the other will be too.1,2, 113

From the discussion just carried out, we can understand how the modified Liouville
equation describes processes in which the entropy increases. In fact, if we recast Eq. (1.C.18)
for the entropy operator σ̂=− log ρ̂, we get

iLσ̂ϵst = ℏϵ(σ̂loc − σ̂ϵst) . (1.C.19)

From a simple statistical mechanics argument, we understand that the entropy of the steady
state is lower that that of the local equilibrium state, i.e. the right-hand side of Eq. (1.C.19)
is positive for ϵ>0. In fact, in Sec. 1.C we have showed how the steady-state density matrix
is obtained with the maximum entropy principle applied with an extra requirement with
respect to the constraints used to derive the local equilibrium operator. The number of
configurations that can represent local equilibrium is thus larger than those that represent
the steady-state. Since the action of the Liouville operator describe the variation of the
operator σ̂, Eq. (1.C.19) implies that dS

dt>0. In other words, the introduction of the ϵ term in
the modified Liouvile equation, forces the relaxation of the density matrix from the steady-
state to the local equilbrium state. Since the steady-state has lower symmetry (time-reversal
symmetry is broken) than the local equilbrium state, this process increases entropy.

Notice that the main difference between the approach of the maximum entropy principle
for the steady-state and the one that starts from the modified Liouville equation Eq. (1.3.2)
carried out in Sec. 1.3, is that in the latter an initial condition on the density matrix should
be specified, while for the former it is not needed. In fact, the variational approach finds
the stationary nonequilbrium state without any description on how this steady-state is es-
tablished, while the modified Liouville equation consist in a differential equation in which
the whole dynamics is described.

1.D Useful operatorial identities

Here we prove some of the key operatorial relations used in this Chapter.

Exponential expansion

Here we prove the proof of the expansion of the exponential operator

e−(Â+B̂) = e−Â − e−Â
1∫

0

dσ eσÂB̂e−σ(Â+B̂) (1.D.1)

To prove it, we follow Zubarev2 and Kubo113 introducing the auxiliary function

K(τ) = eτÂe−τ(Â+B̂) . (1.D.2)

Considering its derivative, we get

∂K(τ)
∂τ

= ÂeτÂe−τ(Â+B̂) − (Â+ B̂)eτÂe−τ(Â+B̂) = −eτÂB̂e−τ(Â+B̂) (1.D.3)
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so that
τ∫

0

dσ ∂K(σ)
∂σ

= K(τ) −K(0) = −
τ∫

0

dσ eσÂB̂e−σ(Â+B̂)

eτÂe−τ(Â+B̂) − 1 = −
τ∫

0

dσ eσÂB̂e−σ(Â+B̂) .

(1.D.4)

Multiplying times e−τA from the left both sides of the equation above and evaluating the
case τ=1 we get (1.D.1).

Kubo identity

Here we prove the Kubo identity

[Â, e−βĤ ] = e−βĤ
β∫

0

dλ eλĤ [Ĥ, Â]e−λĤ . (1.D.5)

Introducing a complete set {|n⟩} of eigenstates of the Hamiltonian Ĥ |n⟩ =En |n⟩, we can
evaluate the left-hand side simply as

⟨m|[Â, e−βĤ ]|n⟩ =
(
e−βEn − e−βEm

)
⟨m|Â|n⟩ . (1.D.6)

The right-hand side of (1.D.5) instead reads

⟨m|e−βĤ
β∫

0

dλ eλĤ [Ĥ, Â]e−λĤ |n⟩ = e−βEm

β∫
0

dλ (Em − En)eβ(Em−En) ⟨m|Â|n⟩

= e−βEm

(
eβ(Em−En) − 1

)
⟨m|Â|n⟩ =

(
e−βEn − e−βEm

)
⟨m|Â|n⟩ ,

(1.D.7)

which finally proves (1.D.5).
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Chapter 2

Many-body Green’s function approach
to lattice thermal transport

Introduction

In the last few years, the technological interest in increasing the efficiency of thermoelectric
energy-conversion devices,3–5 or in optimizing thermal shields and thermal barrier coat-
ings,6–11 has stimulated intense research on materials with ultralow thermal conductivity.
So-called complex crystals, defined as materials with a phonon spectrum featuring interband
spacings smaller than the linewidths,12,13 are promising candidates for these applications
since their thermal conductivity is very low (typically ≲1 W

m·K around room temperature).
More precisely, the thermal properties of complex crystals can be regarded as intermediate
between those of simple crystals, where the interband spacings between phonon branches
are much larger than their linewidths,12,13 and those of glasses, where vibrational eigenstates
are quasi-degenerate. More specifically, while in simple crystals the thermal conductivity
κ(T ) follows the typical119 Peierls-Boltzmann κ(T )∼T−1 decay for T≫θD (where θD is the
Debye temperature), in complex crystals κ(T ) has a much milder asymptotic decay, which re-
sembles the saturating trend typical of glasses.37,120–122 Such intermediate behavior has been
related by several works12,26, 29, 32–34 to the coexistence of Peierls-Boltzmann intraband trans-
port, dominant in simple crystals,14,35, 36 and interband Itransport, dominant in glasses.37

The milestone work by Hardy35 that generalized the heat-flux operator in a lattice for
interband transport stimulated some theoretical work in the 1960s aiming at a formal de-
scription of both mechanisms within a Green-Kubo formalism,123,124 but a quantitative com-
parison among the two mechanisms emerged only in recent times. The reason for such delay
lies probably in the fact that the computing power needed to simulate systems in which
interband transport is relevant was prohibitive for the time. In fact, it was not long ago
that very accurate first-principle scattering rates to be used in thermal transport calculation
became available.15,43, 125 Thus, a number of works have relied on these advances to study
heat conduction from first-principles in crystals using the simplest numerically manageable
model, the Peierls-Boltzmann equation for intraband transport, highlighting its accuracy in
simple crystals15–25 but also its failures in complex crystals.26–32 As a result, these works have
sparked interest in understanding how to describe accurately — and in a computationally
affordable form — thermal transport. The most recent theoretical efforts12,33, 39, 126 were thus

IHere the term “interband” for glasses is understood considering glasses as limiting cases of disordered but
periodic crystals in the limit of infinitely large primitive cells
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motivated by a quantitative estimate of interband effects, but they actually led to a broader
perspective about the microscopic description of heat transport, highlighting the failures of
Peierls-Boltzmann formulation in complex crystals,12 where interband transitions emerge.

The existence of different approaches to account for interband transport raises the ques-
tion of elucidating analogies and differences between them, and most importantly, bench-
marking the differences in their predictions for the thermal conductivity. One can indeed
identify two main sources for such differences.

The first one concerns the definition of the quantum heat current operator ĵ, a well-known
problem for the theoretical description of thermal transport.127–129 Indeed, while in the case
of the electrical current one can define the quantum current operator via the response to an
external gauge field, in the case of the thermal current ĵ can only be defined via a continuity
equation for the local energy density ĥ:

∂ĥ(x, t)
∂t

+ ∇ · ĵ(x, t) = 0 (2.0.1)

already introduced in (1.2.16). However, the identification of the local energy density ĥ is
not unique, since the local partition of the total energy density of the crystal can be done in
different ways. This non-uniqueness is reflected in the definition of the heat current operator,
and it has been used in Ref.40 to formulate a so-called gauge-invariance principle for the
thermal transport that is analogous to the well-known one for electrical current, i.e. different
definitions of the thermal current that lead to the same physical result for the transport
coefficients. As we shall see, this issue is deeply connected with the approximation scheme
used to compute the thermal conductivity. Among the recently published works, the Green-
Kubo approaches of Refs. 33, 126 relied on the original heat-flux definition proposed by
Hardy,35 where ĥ(x, t) is essentially a coarse-grained version of the harmonic Hamiltonian
expressed in terms of the ionic displacement operators and their conjugate momenta. On
the other hand, a different approach used, where the heat flux is directly computed from
a generalization of the BTE named Wigner transport equation (WTE), detailed in Refs. 12.
This formulation exploits the Wigner transformation of the density matrix, which naturally
suggests the introduction of bosonic operators which describe localized vibrational excita-
tions. Even though in Refs. 12, 13 the corresponding quantum operator for the heat current
is not explicitly given, from the form of the matrix elements of phonon velocities presented
in12 one can already infer a different structure for it with respect to the one given by Hardy.

A second apparent source of discrepancies between recent33,39 and previous123,124 works
based on the Green-Kubo formalism concerns the implementation of interaction effects for
phonons. Indeed, while the original papers123,124 followed the standard route of imple-
menting self-energy corrections in the frequency domain via a generalized phonon spectral
function, in Ref. 33, 39 the calculations are done in the time-domain, with approximated
schemes needed to assign frequency-independent lifetimes to each phonon mode. Even
though the two approaches are expected to give the same final expressions in the limit
where phonon broadening is sufficiently smaller than phonon energies, such a formal equiv-
alence cannot be obtained, as we will see below, leaving open the question of a consistent
derivation of thermal conductivity within the Green-Kubo approach.

The aim of the present Chapter is to derive a full quantum description of heat transport
in the case of complex crystals using the many-body Green’s function approach, and to
explain analogies and differences between the various existing approaches, with the goal of
pointing to a consistent theoretical framework for the computation of thermal conductivity
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in crystals. More specifically, we derive the thermal conductivity in the so-called dressed-
bubble approximation, where the effects of anharmonicity and disorder are encoded via
renormalized phonon spectral densities including all self-energy corrections. The resulting
expression of the thermal conductivity depends on the choice of the heat-flux operator. Here
we focus on two specific choices for the heat flux: the one originally proposed by Hardy,35

and used later in several works,33,124,126 and the one obtained following the Wigner approach
as proposed in Ref. 13. In both cases, we provide a general expression able to describe thermal
transport both in the low-damping regime, where phonon excitations are still well defined
and interband transport is eventually relevant for densely spaced phonon bands, and in the
overdamped regime, where the phonon quasiparticle picture breaks down. To make a closer
connection with the previous works, we show how some of the aforementioned results for
thermal conductivity can be compared to our fully-quantum expression in the Lorentzian
spectral function approximation (LSFA). The LSFA consists in approximating the imaginary
part of the self-energy with its value computed at the (bare) phonon frequencies Ω(q)s so
that the spectral density reduces to a Lorentzian with full-width at half maximum Γ(q)s.
As we shall see, the two different heat fluxes yield conductivities differing exclusively in the
contributions from interband processes. The heat flux derived by Hardy describes processes
which are relevant for Ω(q)s−Ω(q)s′≲Γ(q)s+Γ(q)s′ , denoted as “resonant” in Ref.,33 and
processes relevant for Ω(q)s+Ω(q)s′≲Γ(q)s+Γ(q)s′ , denoted as “antiresonant”. We show
that the former give a sizeable contribution to the thermal conductivity, while the latter
are typically negligible, as expected since phonon frequencies are always positive. Within
the Wigner formulation12,13 these antiresonant terms are absent. We show that using the
Wigner heat flux in the LSFA yields exactly the result for the single-mode relaxation-time
approximation (SMA) of the WTE reported in Ref. 13.

The recovery of the result for thermal conductivity presented in Ref. 12 from the present
quantum formula supports the theoretical consistency of the Wigner formalism for thermal
transport. In the case of the Hardy current operator the present result corresponds to the
ones given in Ref. 123, 124, but differs from more recent derivations.33,39 We show that
such a discrepancy originates from the procedure used to implement the limit of frequency-
independent phonon lifetimes within the real-time Green’s function, and we show that this
affects only the description of interband effects.

Despite formal differences between the thermal-conductivity expressions derived from
the Hardy or the Wigner heat-flux operators, the numerical results are quantitatively very
similar in the regime where the LSFA holds. We investigate two test cases: perovskite
CsPbBr3 and zirconate La2Zr2O7, both materials with ultralow thermal conductivity. In these
systems, we find that the different formulations for the heat flux lead to little or negligible
numerical discrepancy, and both approaches give successful predictions in agreement with
experimental data. Interestingly, we find that the same holds also for the results obtained via
the real-time approximated scheme used in Refs. 33, 39. So, the formal discrepancies in the
final expressions of thermal conductivity become quantitatively irrelevant for the systems
under investigation.

We finally discuss the theoretical foundations for the consistency among the results
obtained from the Hardy and Wigner heat fluxes, arguing that the gauge-invariance principle
of transport coefficients40 might not be sufficient to explain such a similarity, and suggesting
that a consistent theoretical prescription on how to choose the heat flux is still missing. In
this regard, we provide some plausibility arguments which point toward the Wigner heat
flux as the most appropriate choice.
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Chapter Overview

This Chapter is organized as follows: in Sec. 2.1 we show how to recast the Kubo formula
for thermal conductivity in terms of the static limit of a finite-frequency response function,
using the fluctuation-dissipation theorem. In Sec. 2.2 we present the definitions of the local
energy operator used in the Hardy35 and in the Wigner12 formalism, and we describe how
to derive the corresponding heat-flux operators following Hardy’s original procedure.35 In
Sec. 2.3 we show how to compute thermal conductivity using the expressions that have been
derived for the Hardy and Wigner heat-flux operators in the dressed-bubble approximation,
which is analyzed as a perturbative diagrammatic expansion of finite-temperature Green’s
functions. Thereafter, the resulting expressions are discussed and compared, while address-
ing differences and analogies with the formulas already present in the literature.12,33, 123, 124

Finally, in Sec. 2.4 we comment on the numerical results obtained in the LSFA, wondering
if the agreement between the computed thermal conductivities obtained from the different
definitions of the heat flux is a consequence of the gauge invariance of transport coefficients,
and in Sec. 2.5 we present some closing remarks.

a The content of this Chapter has been published in
Phys. Rev. B 106, 024312 (2022).110

2.1 Kubo formula for thermal conductivity

In the linear-response regime the thermal conductivity at temperature T is an equilibrium
property, and as such can be computed in the absence of an external perturbation acting on
the system using the Kubo formula for thermal conductivity,

κγσ = lim
ϵ→0+

V

T

∞∫
0

dt e−ϵt
β∫

0

dλTr
[
ρ̂0Ĵ

σ(0)Ĵγ(+t+iℏλ)
]

(2.1.1)

that we have derived in Eq. (1.3.10).
In a crystal, Eq. (1.3.10) features the heat-flux operator Ĵ as the volume integral of the

microscopic current density Ĵ defined in (1.2.15) normalized by the volume of the system
V=NcV , obtained multiplying the number of primitive cells Nc by the primitive cell volume
V . Note that in the classical limit (ℏ→0) Eq. (2.1.1) reduces to the usual expression of the
Kubo formula for thermal conductivity as the time integral of the heat-flux auto-correlation
function: κγσ= NcV

kBT 2

∞∫
0
dt ⟨Jγ(t)Jσ(0)⟩. The angle brackets indicate the averaging in absence

of thermal disturbances (i.e. at global equilibrium), thus for a generic operator Ô we have
⟨Ô⟩= Tr

[
Ôρ̂0

]
, where ρ̂0 is the canonical density matrix defined in Eq. (1.2.7).

The ordering of the cartesian components of the heat-flux operator does not matter,
since the Onsager relations130 imply that καβ=κβα. In complete analogy with the standard
approach to the calculation of electrical conductivity,67 Eq. (2.1.1) can be expressed as the
static limit of a finite-frequency response function. Let us consider the current-current
correlation function, together with its Fourier transform (frequency integrals will always be
intended from −∞ to +∞)

Sγσ(t) = ⟨Ĵγ(t)Ĵσ(0)⟩ =
∫

dω e−iωtSγσ(ω) ; (2.1.2)
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this is related to the retarded response function

χγσ(t) = i

ℏ
θ(t)⟨[Ĵγ(t), Ĵσ(0)]⟩ (2.1.3)

by the fluctuation-dissipation theorem117 as follows

Sγσ(ω) = ℏ
π

[
nT (ω) + 1

]
Imχγσ(ω + i0+), (2.1.4)

where nT (ω)=(e
ℏω

kBT −1)−1 is the Bose-Einstein equilibrium distribution function at temper-
ature T . Inserting (2.1.2) in (2.1.1) and calculating the integrals in λ and t yields

καβ= lim
ϵ→0+

NcV
T

∫
dω i

ω+iϵ
1−e−

ℏω
kBT

ℏω
Sαβ(ω) . (2.1.5)

At this point we can use Eq. (2.1.4) in the latter equation and the well-known Sokhot-
ski–Plemelj formula131 lim

ϵ→0+
i

ω±iϵ = iP 1
ω±πδ(ω) to obtain

κγσ= lim
ω→0

NcV
T

Imχγσ(ω+i0+)
ω

. (2.1.6)

Note that when using the aforementioned result to solve the ϵ→0 limit one actually gets
an imaginary part of thermal conductivity related to a Cauchy principal value integral
(denoted with P). But if Onsager relations hold — thus, if κ is a symmetric tensor — the
expression (2.1.1) is purely real. In fact, the ϵ→0 limits yields Imκγσ= V

kBT
P
∫

dω Imχγσ(ω+i0+)
ω2

which is zero since Imχγσ(ω+i0+)=−Imχσγ(−ω+i0+) as can be easily shown with a spectral
decomposition of the response function.

The advantage of the representation (2.1.6) over (2.1.1) is that the imaginary part of
the retarded response function can be computed as the analytic continuation of the time-
ordered imaginary-time response function, as we will see in Sec. 2.3. The response function
formalism is the most convenient choice to implement perturbative calculations of thermal
conductivity when accounting for interactions. In contrast, the formulation (2.1.1) is in
practice feasible only in the so-called bubble approximation, as we will discuss in more
detail in what follows and in the Appendix 2.C.

2.2 Heat-flux operator for a crystal lattice

Here we describe how to derive the heat-flux operators following Hardy’s original proce-
dure35 starting from the definitions of the on-site energy operator used in the Hardy35 and
in the Wigner12 formalism. In fact, to calculate the thermal conductivity from (2.1.6), a defi-
nition of the heat-flux operator for a lattice must be introduced. The standard picture of heat
transport in crystals relies on the Peierls-Boltzmann transport equation in its linearized form
(LBTE),14 in which phonon interband effects are neglected. This model pictures the crystal
lattice as a semiclassical gas of propagating phonon wavepackets that scatter like particles,
and in this formalism, the heat-flux operator ĴP accounts for particle-like propagation via
independent phonon bands

ĴP= 1
NcV

∑
q,s

ℏΩ(q)sv(q)sn̂(q)s, (2.2.1)
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where Ω(q)s and v(q)s=∇qΩ(q)s are respectively the frequency and group velocity of
phonon with quasi-momentum q and in band s, and the sum in q spans over the values
of crystal momentum fixed by periodic boundary conditions contained in the first Brillouin
zone. The heat flux is diagonal in the phonon band index, depending only on the phonon
number operator n̂(q)s=â†(q)sâ(q)s, where â†(q)s (â(q)s) denote the creation (annihilation)
operator of a phonon with wavevector q belonging to the band s.119,132 Within the SMA, each
phonon mode contributes individually to the lattice thermal conductivity, which reads119

κγσP = 1
NcV

∑
q,s

C(q)svγ(q)svσ(q)sτ(q)s (2.2.2)

where C(q)s=ℏ2ω2(q)s

kBT 2 nT (ω(q)s)[nT (ω(q)s)+1] is the contribution of the mode (q, s) to the
heat capacity of the lattice and τ(q)s= 1

Γ(q)s
is the phonon lifetime. Eq. (2.2.2) basically

describes the thermal conductivity of a gas44 of particles labeled by (q, s), each characterized
by specific heat C(q)s, velocity v(q)s and lifetime τ(q)s. As we shall see below, Eq. (2.2.2)
consist in the intraband contribution to the thermal conductivity — i.e. the SMA limit for κP
in Ref. 13— in the LSFA of the result derived from the fully quantum formula (2.1.6).

Here we want to describe thermal transport beyond Peierls-Boltzmann, i.e. accounting
not only for intraband propagation but also for interband effects. Thus, a generalized
definition of the heat flux that is non-diagonal in the phonon band indices is needed. In
fact, while in normal crystals with well-separated and defined phonon bands diagonal
heat-flux elements are dominant (since ⟨â†(q)sâ(q)s⟩≫⟨â†(q)sâ(q)s′⟩ for s ̸=s′), when the
phonon bands become close in energy phonons can not only propagate particle-like but
also tunnel from one band to another other in a wave-like fashion. This happens in glasses
and disordered solids, where the vibrational spectrum is quite dense featuring many quasi-
degenerate modes,44,120 and in complex crystals, where strong anharmonicity broadens the
phonon bands and provides overlap between different states. In these cases, interband
transitions are of paramount importance, giving significant or even dominant contributions
to heat transport.3,4, 28 Interband effects are absent from the equations (2.2.1)-(2.2.2) derived
from the LBTE, and in the following, we illustrate how these emerge from a wave-like
interference between different vibrational modes. This physical picture is further detailed in
Appendix 2.D.

The Hamiltonian that describes ionic motion for a crystal within the harmonic approxi-
mation reads

Ĥ0=
∑
Rlbα

P̂ 2(Rl)bα
2Mb

+1
2
∑
Rlbα
Rl′b

′α′

ϕRlbα,Rl′b
′α′ û(Rl)bαû(Rl′)b′α′ , (2.2.3)

where the sum onRl indicates the sum over theNc primitive cells located at lattice sitesRl,
the index b=1, . . . , Nat runs over all the atomic species inside the primitive cell of volume
V and α denotes a cartesian direction. The equilibrium positions of the atoms inside the
primitive cell are identified by the vectors τb, i.e. the equilibirum position of atom b inside
the primitive cell Rl is Rl+τb. The ionic displacement from the equilibrium position û and
ionic momentum P̂ are canonically conjugated variables satisfying the usual commutation
rules

[û(Rl)bα, P̂ (Rl′)b′α′ ] = iℏδRl,Rl′ δb,b′δα,α′ . (2.2.4)

The interatomic force constant matrix ϕ is defined as the the second derivative of the Born-
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Oppenheimer potential with respect to ionic displacements, which is symmetric and trans-
lational invariant36

ϕRlbα,Rl′b
′α′ = ϕRl′b

′α′,Rlbα = ϕ(Rl−Rl′ )bα,0b′α′ . (2.2.5)

In our framework, we will consider the harmonic Hamiltonian (2.2.3) as the unperturbed
Hamiltonian of the system, whereas the higher-order anharmonic terms will be considered
as perturbations.

In order to derive the heat-flux operator, we follow the procedure originally derived by
Hardy.35 The starting point is the identification of a local energy field operator ĥ(Rl)bα that
satisfies

Ĥ0 =
∑
Rlbα

ĥ(Rl)bα . (2.2.6)

From there, the expression of the heat-flux operator is derived using the procedure discussed
in Sec. 1.2.2 to obtain local operators from discrete ones and the continuity equation (1.2.16).

The identification of ĥ(Rl)bα from the structure of the Hamiltonian is non-trivial. In fact,
there are an infinite number of ways to partition energy while satisfying the requirement
(2.2.6). As a consequence of this arbitrariness, the resulting heat-flux operator is not uniquely
defined. The definition of the generalized heat flux which is most commonly adopted is the
one derived originally by Hardy,35 which has been successfully implemented to calculate
interband thermal transport phenomena in recent studies.33,39, 126 On the other hand, in
Ref. 12 a different definition of heat-flux operator arises within the theoretical framework of
the WTE. In the present section, the two different definitions of the heat-flux operator are
compared and analyzed.

Nonetheless, as shown in Ref. 40, whenever two choices of the microscopic energy density
differ by the divergence of a bounded vector field, they realize two equivalent “gauges” of the
energy field and lead to the same result for the thermal conductivity (further discussion in
Appendix 2.B). This gauge-invariance principle cannot be invoked, though, for local energies
which do not differ by a divergence. We argue that this is the case for the two heat fluxes we
discuss here, that do not seem to be connected by a gauge transformation in the sense of Ref.
40, even though the numerical results for thermal conductivity are quantitatively very close.
We stress that both definitions of the local energy lead to harmonic heat fluxes, but with a
different structure for the interband contribution, as alluded to above.

2.2.1 Hardy heat flux

In this Section, we present the procedure to derive the heat-flux operator originally proposed
by Hardy in Ref. 35. The starting point is the definition of the local energy field; the one used
by Hardy is the most natural choice given the structure of the Hamiltonian (2.2.3)

ĥ(Rl)bα= P̂ 2(Rl)bα
2Mb

+1
2
∑
Rl′b

′α′

ϕRlbα,Rl′b
′α′ û(Rl)bαû(Rl′)b′α′ . (2.2.7)

In order to derive the heat-flux operator from the continuity equation (1.2.16) one needs
to introduce an energy density operator ĥ(x), which is a continuous function of the space
coordinate x, such that its integral in space gives the harmonic Hamiltonian (2.2.3). To
do so, we perform a convolution of the discrete operator (2.2.7) with a smooth normalized
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distribution ∆ℓ introduced in Eq. (1.2.12), obtaining

ĥ(x) =
∑
Rlbα

ĥ(Rl)bα∆ℓ(x−Rl−τb), (2.2.8)

In this case, ∆ℓ(x−Rl−τb) can be chosen as a function centered on the ionic equilibrium
position Rl + τb and spatially spread over a mesoscopic length ℓ (i.e. ℓ≫a where a is the
microscopic bond length), such as ∆ℓ(x−Rl−τb)= 1

ℓ3
√
π3 exp

[
− |x−Rl−τb|2

ℓ2

]
.

The heat-flux operator can be now derived from (2.2.8) using the continuity equation
(1.2.16) and the Heisenberg time-evolution equation for the energy density in the harmonic
approximation:

− ∇ · ĵ(x) = ∂ĥ(x)
∂t

= − i

ℏ
[ĥ(x), Ĥ0] . (2.2.9)

The total heat-flux operator is then obtained by inserting (2.2.8) in (2.2.9), performing a Taylor
expansion of the function ∆ℓ(x−Rl−τb), and finally integrating the heat current density over
the crystal volume and considering only the contribution from the lowest-order term of the
aforementioned Taylor expansion. This procedure, outlined in Appendix 2.A, yields

Ĵ = − i

NcVℏ
∑
Rlbα

(Rl + τb)[ĥ(Rl)bα, Ĥ0]

= 1
2NcV

∑
Rlbα
Rl′b

′α′

(Rl+τb−Rl′−τb′)ϕRlbα,Rl′b
′α′ û(Rl)bα

P̂ (Rl′)b′α′

Mb′
.

(2.2.10)

Notice that, since we are interested in the heat flux Ĵ which is the volume average of the
current density ĵ(x), the microscopic details of the coarse-graining procedure are irrelevant,
as testified by the fact that the expression of the heat flux reported above does not feature
the characteristic length ℓ introduced to define the local energy density operator ĥ(x) in Eq.
(2.2.8).

The total heat flux (2.2.10) has been derived in real space relying on the assumption
of being in the close-to-equilibrium regime, which is required to employ the momentum
P̂ (Rl)bα and displacement û(Rl)bα operators of atoms at well-defined positions in real space
Rl+τb. However, the evaluation of its expectation value does not necessarily require to
employ a real-space representation, and for later convenience we recast it in reciprocal space,
where translation-invariant quantities assume a block-diagonal form. To see this, let us recast
Eq. (2.2.10) employing the standard phonon annihilation (creation) operators â(q)s (â†(q)s),
which are labeled by a wavevector q belonging to the first Brillouin zone and a mode index
s,119,132 and are related to the displacement and momentum operators via

â(q)s=
1√
Nc

∑
Rl,b,α

e⋆(q)s,bα

[
P̂ (Rl)bα√
2ℏΩ(q)sMb

− i

√
Ω(q)sMb

2ℏ û(Rl)bα

]
e−iq·(Rl+τb). (2.2.11)

In Eq. (2.2.11), ε(q)s,bα are the phonon polarization vectors and Ω(q)s are the phonon fre-
quencies. These quantities are obtained from the dynamical matrix

d(q)bα,b′α′ =
∑
Rl

ϕRlbα,R
′
l
b′α′

√
MbMb′

e−iq·(Rl+τb−τb′ ) (2.2.12)
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by solving the eigenvalue equation Ω2(q)sε(q)s,bα=
∑
b′α′ d(q)bα,b′α′ε(q)s,b′α′ . Combining Eq.

(2.2.11) and Eq. (2.2.4), it is straightforward to show that the phonon creation and annihilation
operators satisfy the usual bosonic commutation rules

[â(q)s, â†(q′)s′ ] = δs,s′δq,q′ . (2.2.13)

The usefulness of these phonon operators is to simplify the expression for the harmonic
Hamiltonian (2.2.3) to a diagonal form

Ĥ0 =
∑
q,s

ℏΩ(q)s
[
â†(q)sâ(q)s + 1

2
]
, (2.2.14)

as well as that of the heat flux (2.2.10) to a block-diagonal form

Ĵ= 1
NcV

∑
q,ss′

ℏΩ(q)sv(q)ss′ 1
2

[
â†(q)s+â(−q)s

] [
â(q)s′−â†(−q)s′

]
, (2.2.15)

where the generalized phonon velocity v(q)ss′ is a 3Nat×3Nat matrix for every Cartesian
component, defined as

v(q)ss′= 1
2
√

Ω(q)sΩ(q)s′
ε∗(q)s,bα∇qd(q)bα,b′α′ε(q)s′,b′α′ . (2.2.16)

The diagonal s=s′ elements of this matrix are the usual phonon group velocities v(q)ss =
∇qΩ(q)s. Other properties of the velocity matrix (2.2.16) are

v(q)ss′=v∗(q)s′s=−v(−q)s′s (2.2.17)

These relations follow directly from the properties of the dynamical matrix (2.2.12), which
are consequence of the symmetries (2.2.5) of the interatomic force constants matrix. Note that
the phase for the Fourier transform in Eqs.(2.2.11),(2.2.12) features the atomic equilibrium
position e−iq·(Rl+τb) (“Wallace convention”132) instead of just the primitive cell position
e−iq·Rl (“Ziman convention”119). Employing the Ziman or Wallace phase convention does
not affect the eigenvalues of the dynamical matrix, but it can change the off-diagonal elements
of the velocity matrix. The Wallace phase convention for the Fourier transform possesses
the advantage of being independent of the choice of the crystal’s unit cell and of yielding a
thermal conductivity expression that is size consistent; further discussions and details are
presented in Ref. 13.

Using the properties of the velocity matrix and phonon frequencies and considering the
commutation rules (2.2.13), we can rearrange the Hardy heat-flux operator as the sum of a
“resonant” heat-flux operator ĴR and a “antiresonant” heat-flux operator ĴA, according to
the terminology introduced in Ref. 33. They are defined as

Ĵ = ĴR + ĴA, (2.2.18a)

ĴR= ℏ
NcV

∑
q,ss′

Ω(q)s+Ω(q)s′

2 v(q)ss′ â†(q)sâ(q)s′ , (2.2.18b)

ĴA= ℏ
NcV

∑
q,ss′

Ω(q)s−Ω(q)s′

4 v(q)ss′

[
â(−q)sâ(q)s′ −â†(q)sâ†(−q)s′

]
. (2.2.18c)

The resonant combination of operators a†(q)sa(q)s′ gives us a physical picture of a vertical
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Figure 2.1. Pictorial representation of the intraband and interband transitions described by Hardy’s
resonant (2.2.18b) and Wigner (2.2.24) heat-flux operators. Solid lines represent phonon bands of
a representative crystal, shaded areas represents finite phonon linewidths. The diagonal elements
(s=s′) of the heat flux describe the particle-like intraband propagation of phonon wavepackets.
The off-diagonal (s ̸=s′) elements describe the interband tunneling of phonons between two
different bands: while as Γ(q)s→0 these processes are only possible when an external perturbation
provides the finite energy difference ℏω∆=ℏΩ(q)s−ℏΩ(q)s′ ; as Γ(q)s increases, the tunneling
between the two states is possible even at ℏω∆=0.

transition (tunneling at equal crystal momentum q) in which a mode s′ is destroyed and
a mode s is created (see Fig. 2.1 for a pictorial interpretation). In absence of degeneracies,
the diagonal elements s′=s represents a transition within the same band, while for s′ ̸=s the
transition involves different bands. The expectation value of the operators that realize the
intraband transition ⟨a†(q)sa(q)s⟩=n(q)s can be interpreted as the population of the phonon
mode (q, s), with definite energy, momentum and band, which corresponds to a particle-
like excitation with precise nature. Instead, the interband terms ⟨a†(q)sa(q)s′⟩ describe the
coherence between pairs of eigenstates, i.e. coupling between two different vibrational modes
s, s′with the same wavevector q, and cannot be directly interpreted as a vibrational excitation
of definite nature. When two bands are degenerate, i.e. Ω(q)s=Ω(q)s′ for s′ ̸=s, one can exploit
the freedom of diagonalizing at least one Cartesian component of the velocity operator in the
degenerate subspace,13,22 obtaining a zero interband contribution from perfectly degenerate
vibrational modes and an intraband conductivity along such Cartesian direction exactly
equivalent to the Peierls-Boltzmann conductivity discussed in Ref. 22. For these reasons
we employ the convention of considering interband contributions to the conductivity to
emerge exclusively from off-diagonal and non-degenerate velocity-operator elements. Since
the temperature gradient is constant in time, a finite-frequency transition would not be
allowed by the external perturbation, as evidenced by the fact that the thermal conductivity
is defined as the ω→0 limit of the current-current correlation function (see Eq. (2.1.6)). As a
consequence, a perfect crystal with no phonon damping Γ(q)s=0, ∀(q, s) has infinite thermal
conductivity, since no relaxation process can hinder the intraband thermal conduction (cf.
Eq. (2.2.2)). As soon as phonon states get broadened by anharmonicity or disorder (Γ(q)s ̸=0),
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intraband transport becomes limited to a finite value and the additional interband transport
mechanisms become possibleII.

As mentioned in the introduction, this will be relevant whenever broadening of the
phonon energy levels overcomes their energy difference, i.e. Γ(q)s+Γ(q)s′≳Ω(q)s−Ω(q)s′ , as
pictorially shown in Fig. 2.1. The antiresonant combination a(q)sa(q)s′ represents some sort
of “pair tunneling” process, typical in the context of superfluidity,134 where a condensate
reservoir exists. However, in the case of phonons, there is no condensation so these processes
are expected to be irrelevant, as indeed we will confirm via both analytical and numerical
estimates.

We finally note that in the original work by Hardy35 the heat-flux operator had also
anharmonic terms. Such a difference is due to the choice done in Ref. 35 of centering the
∆ℓ function of Eq. (2.2.8) on the instantaneous position of the ions Rl+τb+û(Rl)b rather
than just on their equilibrium position, as we did. This would introduce anharmonic O(p3)
(convective) and O(u3) (conductive) terms in the energy density, even if calculated from
the harmonic on-site energy (2.2.7). As shown in Appendix 2.B, the resulting heat-flux
operator differs by a total time derivative from the one given in Eqs. (2.2.18b)-(2.2.18c) (if
mass diffusion is negligible33). Thus, owing to the gauge invariance principle for heat
transport,40 this term does not affect the total thermal conductivity of the system when the
exact correlation function (2.1.2) is computed. However, when the correlation function (2.1.2)
is computed within an approximation, such as the dressed-bubble approximation employed
in this work, this additional term cannot be neglected a priori.

Nonetheless, as already argued in Ref. 35, at the level of the present approximation the
anharmonic terms in the heat current lead to higher-order corrections; we then expect a
negligible contribution to the thermal conductivity and will retain in what follows only the
harmonic terms (2.2.18b)-(2.2.18c).

2.2.2 Wigner heat flux

In this Section, we show how the procedure outlined in Sec.2.2.1 for the derivation of the
heat flux can be employed to obtain a new expression of the quantum-mechanical heat-flux
operator which is in close connection with the Wigner formulation of thermal transport, de-
veloped in Refs. 12, 13. The starting point is once again the identification of the local energy
operator. The local energy operator (2.2.7) follows quite naturally from the expression of the
harmonic Hamiltonian (2.2.3) in the representation of atomic momentum and displacement
operators P̂ and û. Now let us show how a different representation of the harmonic Hamil-
tonian provides a different yet equally valid choice of the local energy, from which a different
heat-flux operator follows. In Ref. 13 the bosonic operators in real space were introduced
as a set of creation (annihilation) operators that describe the excitation (de-excitation) of
space-dependent atomic vibrations, and they were shown to be suitable to describe an out-
of-equilibrium solid with space-dependent vibrational energy. These operators are related
to the atomic momentum and displacement operators via

â(Rl)bα= 1√
2ℏ

∑
Rl′b

′α′

( 4√G−1
Rlbα,Rl′b

′α′
P̂ (Rl′)b′α′√

Mb′
− i
√
Mb

4√GRlbα,Rl′b
′α′ û(Rl′)b′α′

)
, (2.2.19)

IIIt is worth specifying that this statement is formally valid for a 3D solid without long-range interatomic
forces. When considering a system with reduced dimensionality, there are cases of anharmonic systems in 1 or
2D that possess a thermal conductivity diverging with system size, like the anharmonic chains with momentum-
conserving potential described by the Fermi-Pasta-Ulam model133
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where the n-th root of the matrix GRlbα,R
′
l
b′α′=

ϕRlbα,R′
l
b′α′

√
MbMb′

is obtained as the inverse Fourier
transform of the n-th root of the dynamical matrix (2.2.12),

n
√

GRlbα,R
′
l
b′α′ = 1

Nc

∑
q

n

√
d(q)

bα,b′α′e
+iq·(Rl+τb−R′−τb′ ) (2.2.20)

where n
√
d(q)bα,b′α′ =

∑
s ω

2
n (q)sε(q)s,bαε∗(q)s,b′α. One can easily show from Eq. (2.2.19) that

these operators satisfy the usual bosonic commutation rules

[â(Rl)bα, â†(R′l)b′α′ ] = δRl,R
′
l
δb,b′δα,α′ , (2.2.21)

which follow trivially from the commutation rules (2.2.13) and the properties of the phonon
polarization vectors. Ref. 13 shows how the operator â†(Rl)bα creates atomic vibrations along
direction α and centered around the position Rl + τb, thus it can be used (together with its
adjoint) to describe space-dependent vibrations.

In terms of the bosonic operators in real space, the harmonic Hamiltonian reads

Ĥ0=ℏ
∑
Rlbα
Rl′b

′α′

√
GRlbα,Rl′b

′α′
[
â†(Rl)bαâ(Rl′)b′α′+1

2δRl,Rl′ δb,b′δα,α′
]
. (2.2.22)

From Eq. (2.2.22), the local energy operator is naturally defined as

ĥ(Rl)bα=ℏ
2
∑
Rl′b

′α′

√
GRlbα,Rl′b

′α′ â†(Rl)bαâ(Rl′)b′α′+h.c. , (2.2.23)

where the hermitian conjugate (h.c.) is added to enforce hermiticity of the local energy and
heat-flux operators, whereas the zero-point energy term can be neglected since as a constant
it cannot yield any heat flux. Given the definition of the local energy operator (2.2.23), we can
apply the same procedure outlined in the previous Section to derive the heat-flux operator.
As detailed in Appendix 2.A, its expression in terms of the standard phonon operators is

Ĵ= ℏ
NcV

∑
q,ss′

Ω(q)s+Ω(q)s′

2 v(q)ss′ â†(q)sâ(q)s′ (2.2.24)

where the velocity matrix is now defined as

v(q)ss′ = ε∗(q)s,bα∇q

√
d(q)

bα,b′α′ε(q)s′,b′α′ . (2.2.25)

We will refer to this operator as the Wigner heat-flux operator, and accordingly to the local
energy (2.2.23) as the Wigner local energy operator. This nomenclature is chosen to underline
the analogies with the heat flux discussed in Wigner’s phase-space formulation for thermal
transport presented in Ref. 13. In fact, in the Wigner approach the heat flux is derived
considering the time evolution of a local energy field E(Rl, t)= ℏ

VNc

∑
qs Ω(q)sn(Rl, q, t)ss

where the matrix n(Rl, q, t)ss′ is a distribution obtained applying the Wigner transform
to the density matrix, which generalizes the semiclassical phonon population appearing
in the Peierls-Boltzmann formalism. The time-evolution of such quantity is regulated by
the WTE, which is used to compute the time derivative of E(Rl, t). The (local) heat flux
J(Rl, t) obtained through the continuity equation ∂

∂tE(Rl, t)=−∇ · J(Rl, t) is related to the
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expectation value of the total Wigner heat-flux operator Ĵ presented here in Eq. (2.2.24) by
1
Nc

∑
R J(Rl, t)= Tr

[
ρ̂(t)Ĵ

]
(cf. Sec. V.A of Ref. 13). This stands also as proof of consistency of

the definition of the Wigner heat flux, obtained equivalently following the route of WTE as
presented in Ref. 12, 13 or Hardy’s method introduced in Ref. 35 and outlined in Appendix
2.A.

The main difference between the two expressions for the heat-flux operator (2.2.15) and
(2.2.24) is the lack in (2.2.24), derived from Wigner local energy, of the “anomalous” antires-
onant term (2.2.18c). In addition, two different definitions of the velocity matrix are found.
The one presented in (2.2.16) is the one originally discussed by Hardy and also the most
commonly found in literature;33,44, 123, 124, 126 it consists of matrix elements of the gradient
of the dynamical matrix, divided by the geometric mean of the frequencies of the modes
involved. The velocity matrix defined in the Wigner formalism involves instead the matrix
elements of the square root of the dynamical matrix. It can be shown that the latter satisfies
the properties (2.2.17) (satisfied also by Hardy’s velocity matrix), and that its diagonal ele-
ments are still the usual phonon group velocities v(q)ss=∇qΩ(q)s. It can be also shown that
the two velocity matrices (2.2.16) and (2.2.25) are related by

v(q)ss′ = Ω(q)s+Ω(q)s′

2
√

Ω(q)sΩ(q)s′
v(q)ss′ . (2.2.26)

From these remarks, we understand that the two definitions (2.2.15) and (2.2.24) of the
harmonic heat flux are equal when considering diagonal (s=s′) or degenerate (Ω(q)s=Ω(q)s′

for s ̸=s′) elements of the velocity matrices, and they both coincide to the second-quantization
form of the heat flux (2.2.1) used in the LBTE formalism. Therefore, the differences between
the heat-flux operators under scrutiny are solely in the off-diagonal and non-degenerate
(s ̸=s′ and Ω(q)s ̸=Ω(q)s′) terms.

2.3 Derivation of thermal conductivity in a Green’s function ap-
proach

In this Section we show how to derive the thermal conductivity using a many-body approach.
The expressions of the heat flux in terms of the phonon creation and annihilation operators
derived in Section 2.2 can now be used to compute the thermal conductivity in terms of
interacting phonon Green’s functions using standard methods of perturbation theory. The
general procedure is independent from the choice of the heat flux, even though the final
result depends on the structure of the heat-flux operator. We first present our expressions in
terms of the full phonon spectral function (FSF) for both the Hardy and the Wigner heat-flux
operators, and then we describe the expressions we get considering the LSFA.

To compute the correlation function at real frequencies we will use, instead of the retarded
response function (2.1.3), its equivalent in the imaginary-time domain:

χγσ(τ) = ⟨Tτ Ĵγ(τ)Ĵσ(0)⟩ . (2.3.1)

We will then implement the standard many-body formalism of finite-temperature Green’s
functions67 to compute the Fourier transform on Eq. (2.3.1) in Matsubara frequency, and
from this by analytical continuation χαβ(ω+i0+). Given the structure of heat fluxes (2.2.15)
and (2.2.24), the response function (2.3.1) is always expressed as a time-ordered product of
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four phonon operators. By using the Matsubara-Wick theorem135 the response function can
be expressed in terms of products of two-particle operators or phonon Green’s functions (see
Appendix 2.C):

g(q, τ)s=−⟨Tτ â(q, τ)sâ†(q, 0)s⟩ (2.3.2)

where the time evolution of the operators is intended in the Heisenberg picture dâ(q,τ)s

dτ =[Ĥ, â(q, τ)s].
As shown diagrammatically in Fig. 2.5 of Appendix 2.C, we consider explicitly the so-called
“dressed-bubble” approximation, where only diagrams with two separated dressed Green’s
functions are included, hence neglecting vertex corrections (the implications of such choice
will be discussed at the end of the present section). This approximation makes the analytical
continuation straightforward, allowing us at the same time to recover in the LSFA the expres-
sion found with the WTE in Ref. 12 at the same level of approximation. Now, the rationale
behind the decomposition (2.2.18b)-(2.2.18c) becomes evident: since the resonant and an-
tiresonant heat-flux operators possess different numbers of creation-annihilation operators,
we can neglect mixed terms ⟨Tτ ĴR(τ)ĴA(0)⟩, assuming, as stated above, that no anomalous
averages ⟨Tτ â(τ)â(0)⟩ are present. Even if such averages cannot be discarded in the most
general case, such terms are expected to be negligibly small with respect to the regular ones.
This follows from the fact that anomalous averages do not posses a zero-th order term in the
perturbative expansion, hence such terms will be always one order higher in the self-energy
(defined below) with respect to the normal ones.134,136,137

The resulting expression for the current-current response function is then given by the
product of two phonons Green’s functions (2.3.2). For clarity, let us consider for example the
response function obtained from the Wigner heat-flux operator (2.2.24):

χγσ(τ)= ℏ2

N2
c V2

∑
q,ss′

(Ω(q)s+Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′sg(q, τ)s′g(q,−τ)s. (2.3.3)

Here g(q, τ)s denotes the “dressed” phonon Green’s functions, in which self-energy effects
due to interactions such as anharmonicity or isotopic disorder are considered (i.e. intrinsic
scattering sources). They can be encoded in the phonon spectral density, defined as:

b(q, ω)s = −ℏ
π

Img(q, iωn)s
∣∣∣
iωn→ℏω+i0+

. (2.3.4)

The advantage of a formalism based on the spectral density is the direct connection with the
phonon self-energy. In fact, the two are related through Eq. (2.3.4) via the relation

b(q, ω)s = 1
π

γ(q, ω)s
(ω − Ω(q)s − ∆(q, ω)s)2 + γ(q, ω)2

s

(2.3.5)

where the phonon self-energy is defined as π(q, ω)s/ℏ = ∆(q, ω)−iγ(q, ω)s. Using the latter
relation, scattering sources of different nature can be readily included in the calculation of
thermal conductivity through the phonon self-energy. For example, in our test cases we
consider anharmonicity — besides intrinsic isotope scattering — only at lowest perturbative
order (3-phonon bubble, i.e. 3-phonon scattering), but Eq. (2.3.5) gives a precise and prac-
tical recipe on how to implement higher order anharmonicity such as 4-phonon scattering.
This is relevant since it has been shown how quartic anharmonicity can change drastically
diagonal thermal conductivity in certain materials,60,138 while enhancing coherence effects
and interband thermal conductivity in others.5
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The full procedure to carry out the Fourier transform of Eq. (2.3.3) and to perform the
analytical continuation is rather straightforward and it is outlined in Appendix 2.C. The final
expression for the thermal conductivity is a function of the phonon spectral densities (2.3.5),
with a structure depending on the details of the heat-flux operator. In the case of Hardy’s
heat-flux operator (2.2.15) the thermal conductivity is composed of two terms:

κ = κR + κA , (2.3.6a)

κγσR = ℏ2π

NcVT
∑
q,ss′

(Ω(q)s+Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s

∫
dω b(q, ω)s′b(q, ω)s

[
−∂nT (ω)

∂ℏω

]
,(2.3.6b)

κγσA = ℏ2π

NcVT
∑
q,ss′

(Ω(q)s−Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s

∫
dω b(q, ω)s′b(q,−ω)s

∂nT (ω)
∂ℏω

. (2.3.6c)

The result following from the Wigner definition of the heat-flux operator (2.2.24) is instead

κγσ= ℏ2π

NcVT
∑
q,ss′

(Ω(q)s+Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s

∫
dω b(q, ω)s′b(q, ω)s

[
−∂nT (ω)

∂ℏω

]
. (2.3.7)

The structure of thermal conductivity obtained with the Wigner heat-flux operator is com-
pletely analogous to the resonant term obtained in Hardy’s formalism; the difference be-
tween (2.3.7) and (2.3.6b) resides only in the definition of the velocity matrices (see Eq.
(2.2.16),(2.2.25) and (2.2.26)). Therefore, the difference between Eq. (2.3.6a) and Eq. (2.3.7)
for the total thermal conductivity is due to the presence of the antiresonant term (2.3.6c)
and due to the differences in the off-diagonal phonon velocities. This clearly mirrors the
aforementioned discrepancies in the heat-flux operators.

Nonetheless, from both starting points, one can derive an expression of thermal conduc-
tivity in terms of an integral of the product of two FSFs. This analytical structure provides
some physical intuition for interband transport in terms of phonon band mixing. For a
perfectly harmonic crystal, the phonon spectral densities are δ-functions at the phonon fre-
quencies Ω(q)s, i.e. b(q,Ω(q)s)=δ(ω−Ω(q)s), while interactions have the effect of broadening
such shapes and shifting the peaks (cf. Eq. (2.3.5)). If there is a non-zero overlap between
spectral densities of two different modes (q, s) ̸=(q, s′), the two phonon bands are mixed and
can give a finite contribution to interband thermal conductivity.

Now we consider the LSFA for the expressions of the thermal conductivity discussed
above. This consists in taking the limit where the probability of finding a vibrational
excitation with energy ω, momentum q and band s is mostly concentrated around the
non-interacting excitation energy, i.e. the harmonic frequency Ω(q)s, and the effect of the
interaction is to introduce a finite linewidth to each harmonic phonon mode. This is equiv-
alent to the assumption that the spectral density (2.3.5) has a Lorentzian lineshape, as one
obtains by approximating the self-energy with its value at the harmonic phonon frequen-
cies, and neglecting its real part, i.e. γ(q, ω)s≃γ(q,Ω(q)s)s→γ(q)s and ∆(q, ω)s≃0. If we
further approximate the derivative of the Bose function with its value at the harmonic fre-
quencies, we get that the spectral integrals in (2.3.6b),(2.3.6c),(2.3.7) consist in a convolution
of two Lorentzians, that can be computed analytically. With this procedure, we get from
Eq. (2.3.7), obtained using the Wigner heat-flux operator, the following expression for the
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thermal conductivity in the LSFA

κγσ= 1
NcV

∑
q,ss′

Ω(q)s+Ω(q)s′

4 vγ(q)ss′vσ(q)s′s

[
C(q)s
Ω(q)s

+ C(q)s′

Ω(q)s′

]
(2.3.8)

×
1
2(Γ(q)s+ Γ(q)s′)

(Ω(q)s−Ω(q)s′)2+ 1
4(Γ(q)s+Γ(q)s′)2 (2.3.9)

where the modal heat capacity C(q)s has been defined in (2.2.2), and we have used the
relation γ(q)s=1

2Γ(q)s between the scattering rate Γ(q)s used in Boltzmann SMA (i.e. the
linewidth) and the phonon self-energy γ(q)s (see e.g. Ref. 67, Sec. 8.1). This expression
coincides exactly with the SMA of WTE obtained in Ref. 12, as further discussed below.
Using the same procedure for the thermal conductivity (2.3.6a) obtained from Hardy heat
flux we get

κ=κR + κA , (2.3.10a)

κγσR = 1
NcV

∑
q,ss′

Ω(q)s+Ω(q)s′

4 vγ(q)ss′vσ(q)s′s

[
C(q)s
Ω(q)s

+C(q)s′

Ω(q)s′

]

×
1
2(Γ(q)s+ Γ(q)s′)

(Ω(q)s−Ω(q)s′)2+ 1
4(Γ(q)s+Γ(q)s′)2 ,

(2.3.10b)

κγσA = 1
NcV

∑
q,ss′

Ω(q)s−Ω(q)s′

4 vγ(q)ss′vσ(q)s′s

[
C(q)s′

Ω(q)s′
−C(q)s

Ω(q)s

]

×
1
2(Γ(q)s+ Γ(q)s′)

(Ω(q)s+Ω(q)s′)2+ 1
4(Γ(q)s+Γ(q)s′)2 .

(2.3.10c)

The latter expressions elucidate the nomenclature for Hardy’s heat-flux operator: the am-
plitude of the resonant thermal conductivity (2.3.10b) is maximum when the frequencies of
the two modes resonate, i.e. when Ω(q)s≃Ω(q)s′ , whereas the antiresonant (2.3.10c) term is
maximum when Ω(q)s≃−Ω(q)s′ . Since the phonon frequencies are positive definite, the con-
dition that maximizes the antiresonant terms cannot be met, hence such terms are expected
to be much smaller than the resonant ones. Once again, the resonant thermal conductivity
(2.3.10b) resulting from Hardy’s heat flux and the one derived from Wigner (2.3.8) share a
common structure and they differ only in the non-degenerate interband s ̸=s′ terms, due to
the already discussed difference in the definition of the velocity matrices (2.2.26).

In order to discuss the differences between the expressions of thermal conductivity
derived so far, it is instructive to consider different regimes for thermal transport. The
two relevant quantities to be considered are the relative strength of the phonon linewidth
Γ(q)s with respect to the harmonic frequencies Ω(q)s, and the magnitude of Γ(q)s with
respect to the typical spacing among phonon branches, that can be roughly estimated as
∆ωavg= Ωmax

3Nat
(Ωmax is the maximum phonon frequency and 3Nat the number of phonon

bands), see Fig. 2.2. In general, whenever Γ(q)s≪Ω(q)s phonon states are well defined
and one can safely approximate the phonon spectral function with a Lorentzian: this is
the regime where the LFSA holds139 (purple shaded section of Fig. 2.2). If Γ(q)s is also
lower than ∆ωavg, phonon branches do not overlap significantly and the Peierls-Boltzmann
semiclassical theory becomes accurate (green shaded area in Fig. 2.2): phonons wavepackets
propagate as particle of a gas, with well defined momentum q (the central momentum of the
wavepacket), energy ℏΩ(q)s, and scattering rate τ(q)s= 1

Γ(q)s
. As the linewidth increases and

overcomes ∆ωavg, vibrational modes start to get mixed. In this regime, the wave-like nature
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Figure 2.2. Diagram of the thermal transport regimes considering phonon linewidths (Γ) as a
function of frequencies (ω). When the linewidths are larger than the frequencies, phonons are ill-
defined and the vibrational modes are overdamped (gold area). In the latter regime, vibrational
excitation must be discussed using full phonon spectral functions (FSF). When the linewidths
are smaller than the frequencies (purple area), the Lorentzian spectral function approximation
(LSFA) becomes feasible. The strength of phonon damping determines the transition from the
particle-like regime (green area, where heat is mainly carried by phonon wavepackets that behave
as particles of a gas), to the wave-like tunneling regime (blue area, where the effective overlap
between phonon states allows them to interfere and enables interband tunneling transport). The
transition from the particle-like to the wave-like regime is non-sharp (red shaded area), and
phonons having a linewidth around the average interband spacing ∆ωavg (horizontal line) are
at the center of this non-sharp crossover, behaving both particle- and wave-like. Both wave-like
and particle-like conduction are well described in the LSFA, provided that heat hydrodynamics
is negligible (see text).

of the atomic vibrations emerges, and heat conduction can also occur through the tunneling
of phonons between overlapping bands. Note that there is no sharp separation between the
two regimes: a phonon mode can contribute to thermal transport both in a particle-like and
wave-like fashion, hence participating equally in intraband and interband conduction12,13

(red shaded area of Fig. 2.2). This threshold has been denoted in Ref. 13 as the Wigner
limit, and it has been shown that phonons around this threshold contribute comparably to
the particle-like (intraband) and wave-like (interband) conductivity. On the other hand, the
system enters a completely different regime when Γ(q)s≳Ω(q)s (gold-colored side of Fig.
2.2), since in this case the LSFA breaks down and the quasiparticle picture becomes invalid,
with phonons losing their “identity” as heat carriers due to the strong interactions. In this
regime the FSF must be used to compute thermal conductivity, considering the frequency
dependence of the phonon self-energy. Also, in this case, the crossover to the overdamped
regime is not defined by a sharp transition.

To summarize, while the expressions of thermal conductivity derived in this section
in terms of the FSFs are valid throughout all the transport regimes regardless of phonon
damping (within the limits of validity of perturbation theory), the expressions derived in
the LSFA are correct only far from the overdamped regime. Nonetheless, even in the LSFA,
the expression for the thermal conductivity we use consists of an extension of the BTE
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considering the interband contribution to thermal transport.
However, we should mention that some care is needed in considering a general regime

of validity of the dressed-bubble approximation. In fact, there is a transport regime where a
theoretical justification of such approximation should not hold. This is the so-called hydrody-
namical regime of thermal transport,140 where momentum-conserving (normal) dominates
over the resistive (Umklapp) scattering.24 The Umklapp scatterings are 3-phonon scattering
events where crystal momentum is not conserved.36,119 The normal phonon scatterings are
instead scattering events that conserve crystal momentum. In practice, Umklapp scattering
limits heat conduction, while normal scattering do not degrade the heat flux but redistribute
it across different phonon modes.23,24 In a many-body language, it is known that in order to
account for the fact that normal scatterings do not degrade the flux, one has to consider vertex
corrections in the current-current response function, that are instead automatically included
in the full solution of the BTE.23,24, 67, 141, 142 Neglecting such effects consists for the intraband
conductivity (in the LSFA) in approximating the so-called transport relaxation time with the
quasiparticle relaxation time (phonon self-energy). The validity of such an approximation
scheme can be verified a posteriori by comparing the results for the thermal conductivity ob-
tained with a LBTE approach obtained from a full diagonalization procedure with the ones
obtained with SMA. However, it is generally understood12,13, 143 that heat hydrodynamics ap-
pears typically in materials with large values of thermal conductivity (≳103 W/mK around
room temperature for typical carbon-based materials23,143,144), in which it has been shown
that accounting for phononic collective excitations with a full diagonalization procedure of
LBTE overcomes the failure of the SMA in describing simple crystals.25,142 Instead, for mate-
rials with ultralow thermal conductivity, the results obtained from the solution of the LBTE
determined within the SMA approximation are practically indistinguishable from the exact
solution of the LBTE.13 Since the main interest of the presentChapter is to investigate the
physics of interband thermal transport in ultralow-conductivity complex materials in tem-
perature ranges where Umklapp scatterings are predominant, we do not expect to find any
signature of heat hydrodynamics (i.e. vertex corrections effects) in our test cases and our ap-
proximation is expected to yield quantitatively reliable results. Anyhow, we have performed
the abovementioned tests comparing our result for intraband thermal conductivity obtained
via the dressed-bubble LSFA with the one obtained with a (computationally much more
demanding) full-diagonalization procedure of the LBTE, finding no quantitatively relevant
numerical differences for the materials under scrutiny.

In general, the LBTE and the WTE are able to describe the physics of intraband transport
accounting also for the hydrodynamic regime of thermal transport, a feature missing in this
work. On the other hand, interband transport is not taken into account by the LBTE and is
described by the WTE only far from the overdamped regime, while here interband transport
is treated in full generality in all the regimes including the overdamped one.

2.3.1 Comparison with other approaches

In this Section, we will discuss differences and analogies between the present expressions of
thermal conductivity derived from the Hardy or Wigner heat fluxes with respect to the other
results in the literature. Let us start by considering the comparison with the results derived
using Hardy heat flux (2.2.15), as used both in older theoretical studies (Ref. 124, 145) and
more recently in Ref. 33, 39. All these rely on a Green-Kubo approach, analogous to the one
employed here, but with some differences that will be discussed below.
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First of all, the present definition (2.3.2) of the phonon Green’s function g(q, τ)s is different
from the one commonly found in literature,67,131 corresponding to
G(q, τ)s = −⟨Tτ [â(q, τ)s+â†(−q, τ)s][â(−q, 0)s+â†(q, 0)s]⟩; the two are related simply by
G(q, τ)s = g(q, τ)s+g(q,−τ)s (further discussion in Appendix 2.D). The standard definition
can be motivated by the fact that interaction terms for phonons depend only on the atomic
displacement û∼â+â†. On the other hand, in the definition of the heat flux the momentum P̂

of the atoms appears explicitly (cf. Eq. (2.2.10)). Since û and P̂ are independent variables, we
cannot express the correlations for the thermal current only in terms of the Green’s function
G(τ)∼⟨û(τ)û(0)⟩, but one must also consider an additional mixed Green’s function such as
G̃(τ)∼⟨P̂ (τ)û(0)⟩∼g(τ)−g(−τ).123,124

The expressions (2.3.6a)-(2.3.6c) for the thermal conductivity derived from Hardy’s heat
flux (2.2.15) in terms of the FSF coincide with the results first proposed in Ref. 123 and Ref.
124. In Ref. 124 the thermal conductivity is obtained using a double-time Green’s function
approach,124,146 employing a particular decoupling scheme — cf. Eq. (2.D.2) — to the heat-
flux autocorrelation function (two-particle Green’s function) directly in the time domain.
We will show in Appendix 2.D how this decoupling scheme is equivalent to the present
dressed-bubble approximation. Given such an equivalence, the present framework based on
a diagrammatic expansion provides a transparent identification of the approximation used,
and also shows how to systematically refine the results obtained by accounting for higher-
order processes. The approach followed by Ref. 123 is more similar to the one presented
here, but the approximation of the heat-flux autocorrelation is considered only for isotope
scattering and without any diagrammatic interpretation. Both Ref. 123 and Ref. 124 rely on a
formalism based on phonon displacement operators Â(q)s=â(q)s+â†(−q)s, which leads to
the definition of 4 kind of Green’s functions (2 of which are independent).123,124 Instead, here
we only consider phonon operators â(q)s and, as mentioned above, only one type of Green’s
function is needed, which greatly simplifies the notation. In this regard, we argue that the
present formalism is more compact and consists of a more suitable choice for the treatment of
lattice thermal transport in a many-body theoretical approach. Besides mathematical ease,
the thermal conductivity (2.3.6a)-(2.3.6c) with this choice of the phonon Green’s function
features separate resonant and antiresonant contributions, whereas in the result proposed
in both Ref. 123 and Ref. 124 those terms are mixed (see Appendix 2.D for details). As we
shall see, the antiresonant terms are typically negligible with respect to the resonant ones,
hence our expression (2.3.6a)-(2.3.6c) is more effective in highlighting leading order terms.

We can compare the present result for the thermal conductivity in the LSFA derived from
the Hardy heat-flux operator (2.3.10a)-(2.3.10c) with the recent results of Refs. 33,39, obtained
with a Green-Kubo approach where a constant scattering rate is assigned to each phonon
mode. We note that the results for the thermal conductivity presented in Refs. 33,39 slightly
differ from (2.3.10a)-(2.3.10c), in the fact that the interband conductivity of Refs.33,39 features
finite differences of the Bose-Einstein functions instead of the modal specific heats prefactors
(related to the Bose-Einstein derivatives) featuring in (2.3.10a)-(2.3.10c). We give a possible
explanation of this discrepancy — along with some more details on the comparison — in
Appendix 2.D, where we argue that such differences stem from a subtlety in the derivation
of thermal conductivity when considering phonon damping directly in the time-domain
or in the frequency-domain expression of the phonon Green’s functions. To our present
knowledge, we find that this difference has only a formal valence since consistency is found
in the numerical calculation of thermal conductivity for both test case materials considered
in this work, as shown in Sec. 2.3.2.
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Figure 2.3. Lattice thermal conductivity of CsPbBr3 (a) and La2Zr2O7 (b). Experimental data for
CsPbBr3 are taken from Ref. 3 and “Exp(S)”, “Exp(M)” and “Exp(L)” refer to measurements of
κxx in nanowires of increasing section from smallest (S) to largest (L). Experimental data for
La2Zr2O7 are taken from Suresh et al.,6 Vassen et al.,7 Chen et al.,8 Wan et al.,9 Zhang et al.,10 Yang
et al.11 Lines in different colors represents theoretical prediction from different formulations of
thermal conductivity in the LSFA. For CsPbBr3 we report the conductivity tensor component
κxx, for La2Zr2O7 we report a component of the isotropic conductivity tensor. Black, result from
Wigner heat-flux from Eq. (2.3.8). Blue, result from Hardy heat-flux from Eq. (2.3.10a)-(2.3.10c).
Red, result obtained following the approach of Ref. 33 (Isaeva et al. , reported in the Appendix in
Eq. (2.D.11)). In the lower part of the figures the interband contributions to thermal conductivity
are reported, which are obtained by considering only the off-diagonal and non-degenerate terms
(s ̸=s′ with Ω(q)s ̸=Ω(q)s′ ) in the corresponding equations. The intraband term is reported in
light green, it is obtained by considering only the diagonal (s=s′) or degenerate (s ̸=s′ with
Ω(q)s=Ω(q)s′ ) terms in the corresponding equations and in its the same in all the approaches
considered. The results for the total conductivity (upper lines) are obtained by summing the
corresponding interband term (lower lines) with the intraband part (light green).

Concerning the results obtained with Wigner heat flux (2.2.24), we emphasize that Eq.
(2.3.7) represents a refinement of the WTE thermal conductivity formula in the SMA approx-
imation12,13 and is one of the main results of this work. In fact, besides reducing in the LSFA
limit to the SMA of the WTE, it is valid in general for every shape of the spectral density,
i.e. for every structure of the phonon self-energy. Therefore, the expression for interband
thermal conductivity derived here can also be used in the overdamped regime where the
spectral densities depart from the Lorentzian lineshape, e.g. near the edge of a structural
phase transition.49,147 On the other hand, the WTE result presented in12 has the advantage of
considering fully the LBTE result for the intraband conduction, hence being able to describe
the hydrodynamic transport regime that we miss in the dressed-bubble approximation,67 as
stressed in the discussion of Fig. 2.2.

As mentioned, Eq. (2.3.8) derived as the LSFA of Eq. (2.3.7) coincides exactly with the
SMA of the WTE obtained in Ref. 12. The result (2.3.8) proves how the same expression
for thermal conductivity can be achieved using the Wigner transport equation or a Green-
Kubo approach, thus consolidating the theoretical framework of the Wigner formulation
of thermal transport while also clarifying how the results for thermal conductivity do not
depend on the theoretical procedure employed to derive them.

Finally, we stress that when heat hydrodynamics can be neglected, all the formulations
of thermal conductivity previously derived admit an intraband contribution which reduces
in the semiclassical limit — i.e. neglecting interband terms in the LSFA — to the result from
Peierls-Boltzmann transport equation in SMA.119,148 In fact, if we take s=s′ both in (2.3.8)



2.3 Derivation of thermal conductivity in a Green’s function approach 49

0.10

0.14

0.18

0.22
κ

xx R
[W m

K
]

0.09%

(a)

Wigner
Hardy

Isaeva
relative error (×100)

0.3

0.5

0.8

1.0

κ
R

[W m
K

]

0.29%

(b)

Wigner
Hardy

Isaeva
relative error (×100)

50 100 200 300
T [K]

0.01

0.03

0.1

0.2

κ
xx A

[1
0−

2
W m

K
]

4.9%

(c)

Hardy
Isaeva

relative error (×10)

200 500 1000 1800
T [K]

0.05

0.1

0.5

1.5

κ
A

[1
0−

2
W m

K
]

12.7%

(d)

Hardy
Isaeva

relative error (×10)

Figure 2.4. Comparison between the interband thermal conductivity obtained by means of the Hardy
(blue, Eq. (2.3.10b)-(2.3.10c)) heat flux, the Wigner heat flux (black, Eq. (2.3.8)) and the Hardy heat
flux in Ref. 33 (red, Isaeva et al., reported in the Appendix in Eq. (2.D.11)). Left column: results for
CsPbBr3 (a-c). Right column: results for La2Zr2O7 (b-d). For the case of the Hardy heat flux, we
further distinguish between the resonant contribution (upper panels, a, b) and the antiresonant
one (lower panels, c, d). The different scales in the latter plots elucidate how the antiresonant
thermal conductivity is typically two orders of magnitude smaller than the resonant one, and
it is mostly negligible. We also notice that in the LSFA the quantitative differences between the
present results (2.3.10b)-(2.3.10c) and that those of Ref. 33 for the Hardy heat flux are numerically
negligible. This is further evidenced by the pink shading, which represents the relative error
between the blue and red lines, rescaled by a multiplicative factor for proper visualization. A
single value of the relative error is reported as a percentage to set the scale.

and in (2.3.10a)-(2.3.10c) we get exactly the result for the BTE presented in Eq. (2.2.2).

2.3.2 Application to test cases CsPbBr3 and La2Zr2O7

We will now apply the result of thermal conductivity discussed and derived in the previous
Section to two test case materials: CsPbBr3 and La2Zr2O7. CsPbBr3 belongs to the family
of lead-halide perovskite, interesting for their ultralow thermal conductivity and potential
candidates for thermoelectric energy conversion.3,4, 28 La2Zr2O7 is a pyrochlore bulk insulator
characterized by thermal stability and ultralow thermal conductivity, thus it is of great
interest for thermal barrier coating applications.149 It is also an important test case for the
calculations since interband lattice heat transport becomes predominant in this material at
high temperatures (namely in the range that concerns applications). For the details of the
vibrational properties of these materials such as phonon bands and linewidths, we refer the
reader to Ref.12 and Ref.13 respectively for CsPbBr3 and La2Zr2O7.

For these systems we will implement the formulas for thermal conductivity obtained in
the LSFA, namely (2.3.10a) from the Hardy heat flux and (2.3.8) for the Wigner heat flux (that
coincides with that of Ref. 12). To enrich the comparison outlined in Sec. 2.3.1 between the
present and previous results, we also implement the expression of the thermal conductivity
presented in Ref. 33, derived using Hardy heat flux (the explicit expression is reported
in the Appendix as Eq. (2.D.11)). We did not implement the expression of the thermal
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conductivity proposed in Ref. 39 since it was derived using yet another definition for the
heat-flux operator, which consists of a slight modification of Hardy heat flux (2.2.15), even
though some plausible arguments on why the result for the thermal conductivity proposed
in Ref. 39 should be similar to the one proposed in Ref. 33 for these systems are sketched
in Appendix 2.D. The phonon scattering rates are computed considering the lowest-order
3-phonon scattering and the intrinsic isotopic scattering. Details of the numerical calculation
can be found in Ref. 13.

The application of the LSFA to these test cases is motivated by the fact that in the
temperature range considered the vast majority of vibrational modes of both La2Zr2O7 and
CsPbBr3 feature linewidths well below the value of their harmonic frequencies (cf. Fig.8 of Ref.
13); hence we can treat both materials as safely far from the overdamped regime. It is worth
noting that for the perovskite CsPbBr3 a structural phase transition from the orthorhombic
to the tetragonal phase is predicted for T otc ∼361K, and another from tetragonal to cubic at
T tcc ∼403K.150 It has been shown recently in Ref. 147 how these two phases are characterized
by extreme phonon damping, as evidenced by inelastic neutron scattering data signaling
very broad phonon spectral profiles. The latter study testifies how even if the LSFA may
hold for the orthorhombic phase, theoretical prediction for thermal conductivity of CsPbBr3
at higher temperatures must be done with a formalism capable of describing overdamped
phonon modes, considering the FSFs as in the present results of Eqs. (2.3.6a)-(2.3.6c) and
(2.3.7).

The results are shown in Fig. 2.3. Here one sees that the different formulations for thermal
conductivity give basically the same numerical results for the total thermal conductivity in
both systems. In addition, the values for the thermal conductivity obtained are in good
agreement with experimental data. As already mentioned, all the formulations studied lead
to the same expression for the diagonal Peierls-Boltzmann conductivity, reported in light
green and denoted as “intraband” in Fig. 2.3. This contribution, following the expected
typical T−1 decay,14 is however in broad disagreement with the experimental data. Such a
disagreement is corrected by the interband terms, reported in the lower side of Fig. 2.3. The
results presented in Fig. 2.3 show how the interband terms provide a sizeable contribution
to the thermal conductivity especially at high temperatures, highlighting the importance of
a correct description of interband transport in systems of this kind.

On the other hand, very small numerical differences are found between the Hardy and
Wigner formulations of the heat flux. This is better seen in Fig. 2.4, where we provide a
closer look at the interband contribution to the thermal conductivity as resulting from dif-
ferent formulations of the heat flux. In particular, the two results obtained starting from the
Hardy heat flux are consistent with each other, with small discrepancies with the Wigner
result when the temperature is increased. This is most likely a consequence of the fact that
in these materials the phonon bands that build up most of the interband thermal conduc-
tivity are close in energy, i.e. Ω(q)s≃Ω(q)s′ in (2.3.10a). If this is the case, the differences
between the velocities (2.2.26) are small, and the finite differences of the Bose functions
well approximate the modal heat capacities which appear in our formulation. The antires-
onant terms in Fig. 2.4(c-d) consist in less than 1% of total thermal conductivity through
all the temperature ranges and are thus mostly negligible. The relative differences with the
results from Ref33 decrease when increasing temperature, especially for the antiresonant
term. This can be understood from the fact that when the temperature is higher than the
Debye temperature θD, (2.3.10a)-(2.3.10c) and Ref. 33 are the same, since for T≫θD it holds
n(Ω(q)s)≃kBT/ℏΩ(q)s ∀(q, s) .
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2.4 Heat flux and gauge invariance

In this Section, we comment on the numerical results of the thermal conductivity obtained
from the different definitions of the heat flux in the LSFA presented in Sec. 2.3.2, discussing
whether the agreement between the computed thermal conductivities could have been fore-
seen as a consequence of some broader invariance principle of thermal transport, that ensures
consistency of transport coefficients regardless of the microscopic details. In fact, the real
physical question triggered by the numerical correspondence between the results obtained
with the Hardy and the Wigner heat flux concerns the role played by the freedom to partition
the total energy in local contributions. In other words, do we have a guiding principle to
decide what is the best choice of local energy to compute the thermal conductivity at a certain
level of approximation?

As mentioned in the introduction, a possible way to reconcile results obtained with
different definitions of heat flux has been outlined in Ref.40 Here the authors show that
whenever two choices of local energies differ by the divergence of a bounded vector field,
the corresponding heat fluxes lead to the same thermal conductivity. The reason is that
the corresponding heat fluxes, obtained from the continuity equation (1.2.16), differ by a
total time-derivative term, which gives no contribution to thermal transport. Such a result,
demonstrated in Ref. 40 by using a classical limit for the general formula (2.1.1), can be
extended to the quantum case, as shown in Appendix 2.B. The basic mechanism can be easily
understood from Eq. (2.1.6): since the thermal conductivity is defined as the ω→0 limit of
the current-current response function divided by ω, adding to the current a time derivative
brings an additional factor ω2 in the numerator, leading to a vanishing contribution in the
zero-frequency limit. Such a result can be used for example to justify why we carried out
the coarse-graining procedure outlined in Sec. 2.2 for the Hardy local energy using the
equilibrium position Rl+τb instead that the instantaneous Rl+τb+u(Rl)b atomic positions
into the ∆ℓ functions Eq. (2.2.8). Indeed, adding the local displacements u(Rl)b is equivalent
to adding to the heat flux a total time derivative.

While very attractive and powerful, such gauge invariance does not answer the question
posed. First, it provides a sufficient but not necessary condition for the equivalence between
two different definitions of the heat flux. In other words, to the best of our knowledge, it
has not been proven that all possible partitioning of the total energy must differ by a total
derivative. More specifically, we could not prove that the two energy density operators
derived from Hardy (2.2.7) and from Wigner (2.2.23) differ for the divergence of a bounded
vector field. Thus, we cannot state that the two quantum heat-flux operators (2.2.15) and
(2.2.24) differ by a total time derivative.

Secondly, the gauge-invariance principle is valid if the thermal conductivity is derived
from the exact current-current correlation function, which is the one typically obtained
from molecular dynamics simulations from a direct evaluation of the time integral of the
heat-flux autocorrelation function.59,127–129 However, we discussed here the derivation of
the current-current correlation function in a certain diagrammatic approximation, and we
further compared results obtained by different heat fluxes in the LSFA. The question then
reduces to what is usually called a “conserving approximation” within the language of
electrical transport, i.e. an approximate result that satisfies the gauge-invariant requirements
of the theory. So far, it is not evident that also for thermal transport such an approach can
be established. Nonetheless, we cannot help noting that the Hardy choice for the heat flux
includes an antiresonant term for the heat-flux operator that is quantitatively irrelevant for
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the thermal conductivity. As a consequence, the Wigner current has certainly the advantage
to include from the beginning only the relevant interband processes for thermal transport,
avoiding the computational effort to include irrelevant terms.

2.5 Conclusions

In summary, in this Chapter, we have shown how to derive an expression for the thermal
conductivity with a full quantum-mechanical many-body formalism based on Green’s func-
tions and the Kubo formula. We have focused on two definitions of the energy field, that lead
via the continuity equation to two different definitions of the heat flux. These two choices
have been motivated by previous work in the literature. The first one corresponds to the
heat flux originally proposed by Hardy,35 which follows from a coarse-graining procedure
implemented on the local harmonic Hamiltonian in real space. The second one corresponds
to the Wigner heat flux implemented within the approach of Refs. 12, 13. Once the heat
flux is defined in terms of creation and annihilation phonon operators, one can derive the
thermal conductivity as the zero-frequency limit of a current-current response function, in
close analogy with the usual diagrammatic approach implemented for electric transport.67

Here, we compute the response function in the so-called dressed-bubble approximation,
which neglects vertex corrections but accounts for all self-energy corrections of the phonon
Greens’ function due to interactions. Such an approximation allows us to derive an analytical
expression for the thermal conductivity in terms of the exact phonon spectral density, that
can be computed in principle at any perturbative order and extended to scattering sources
of any nature. Thus, the present result based on the full phonon spectral density can also
be used in the overdamped regime of thermal transport, where the quasiparticle picture of
phonons breaks down.

The thermal conductivity is given, for both choices of the heat flux, by an intraband and
an interband contribution. The former is independent of the choice of the heat flux, while
the second displays some differences both in the definition of interband velocities and in
the way interband processes are weighted, with the appearance in Hardy’s formulation of
antiresonant terms. The present expression of the thermal conductivity in terms of the full
phonon spectral densities derived from Hardy’s heat flux coincides with the one presented
in the theoretical studies.123,124 The analogous expression derived with Wigner heat flux is
instead a novel and original result.

With the LSFA applied to the full quantum formula (2.3.7) with the Wigner heat flux
we have recovered the results of the Wigner transport equation derived in Refs. 12, 13, thus
proving the consistency of the Wigner formalism also in a fully quantum approach. On
the other hand, in the case of the Hardy heat flux we have found formal differences with
respect to the quantum derivation recently proposed in Ref. 33. We have argued that these
differences originate from the procedure employed in Ref. 33, 39 to implement the limit
of frequency-independent phonon lifetimes within the real-time Green’s function, leading
to some differences in the interband terms (the intraband are instead identical) that yield,
however, no quantitative differences when computed numerically in the materials tested so
far.

As benchmark examples, we have studied two systems with ultralow thermal conduc-
tivity, namely the perovskite CsPbBr3 and the zirconate La2Zr2O7. As discussed, we did
not find so far a satisfactory general argument to understand the quantitative agreement
between different formulations of the heat flux. On the other hand, we argued that the
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Wigner formulation appears the most natural choice to compute the thermal conductivity
in the dressed-bubble approximation, which reduces to the result from the Wigner trans-
port equation in the LSFA. Indeed, it only includes the interband contributions which are
actually relevant in this regime, at least for the systems tested so far. In the aforementioned
test case materials, we have considered the effect of anharmonicity in the form of finite
phonon lifetime due to 3-phonon and natural-abundance isotope scattering at the lowest
perturbative order. In Ref. 13 it is presented a comparison between Raman scattering data
for CsPbBr3 and La2Zr2O7 and simulated Raman spectra within the same approximation,
i.e. considering lowest-order 3-phonon anharmonicity and no frequency renormalization,
finding remarkable agreement between the two in the temperature range 100−300 K. This
gives us reason to believe that this level of approximation for the anharmonicity is accurate
enough for the scope of the present study. In general, a comparison between the phonon
frequencies and their linewidth obtained from ab-initio calculations and the phonon spectra
obtained from inelastic neutron scattering147 or electron energy loss spectroscopy,151 could
provide a quantitative evaluation of the accuracy of the approximation done in considering
phonon anharmonicity at the lowest non-trivial order for the whole phonon dispersion (Ra-
man scattering is limited to q=0). As a possible future perspective, it would be interesting to
consider the effect of higher-order anharmonicity such as 4-phonon scattering on the results
for thermal conductivity for these materials.
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Appendices of Chapter 2

2.A Details on the derivation of heat-flux operator

In this Appendix we show how to derive the expression for the heat flux associated with
a given local energy operator, following Hardy’s original procedure.35 Its implementation
for the Hardy local operator (2.2.7) has been detailed in Ref. 35. Here we will employ this
procedure to derive the heat flux starting from the local energy operator emerging from the
Wigner formalism. This will also serve us to show how the novel definition of the velocity
matrix used in Wigner formalism follows from the derivation of the heat flux. Let us start
by recalling the Wigner local energy given in Eq. (2.2.23)

ĥ(Rl)bα=ℏ
2
∑
Rl′b

′α′

√
GRlbα,Rl′b

′α′ â†(Rl)bαâ(Rl′)b′α′+h.c., (2.A.1)

which satisfies
∑
Rlbα

ĥ(Rl)bα=Ĥ (without the zero-point-motion term, which does not af-
fects the dynamics of the systems and thus does not provide any heat flux). To derive the heat
flux from the continuity equation (1.2.16), one needs to define an energy density of continuous
variable h(x). This can be done convolving the discrete operator (2.A.1) with a continuous
normalized distribution ∆ℓ(x−Rl−τb), such that ĥ(x)=

∑
Rlbα

ĥ(Rl)bα∆ℓ(x−Rl−τb). It is
easy to show that the continuous energy field satisfies

∫
V d3x ĥ(x)=Ĥ. From the continuity

equation (1.2.16), one has

−∇·ĵ(x) = dĥ(x)
dt

= − i

ℏ
[
ĥ(x), Ĥ

]
, (2.A.2)

implying that the divergence of the energy flux operator can be computed from the commu-
tator

∇·ĵ(x)= i

ℏ
∑
Rlbα
Rl′b

′α′

[
∆ℓ(x−Rl−τb)−∆ℓ(x−Rl′−τb′)

]
ĥ(Rl)bαĥ(Rl′)b′α′ .

(2.A.3)

Now the quantity in square bracket can be written in terms of the Taylor series of the
distributions ∆ℓ around the point x:

∆ℓ(x−R−τb)−∆ℓ(x−R′−τb′) =
∑
|γ|

1
γ!

[
∂γ

∂yγ ∆ℓ(y)
∣∣
y=x

]
(x−R−τb)γ

−
∑
|γ|

1
γ!

[
∂γ

∂yγ ∆ℓ(y)
∣∣
y=x

]
(x−R′−τb′)γ

=
∑
|γ|≥1

1
γ! [(x−R−τb)γ − (x−R′−τb′)γ ]∂

γ∆ℓ(x)
∂xγ ,

(2.A.4)

where γ is a multiindex used for multi-dimensional Taylor expansions, and clearly the zeroth
order term of the resulting series is zero. It follows that Eq. (2.A.3) can be recast as

∇·ĵ(x)= i

ℏ
∑
Rlbα
Rl′b

′α′

ĥ(Rl)bαĥ(Rl′)b′α′
∑
|γ|≥1

1
γ! [(x−Rl−τb)γ−(x−Rl′−τb′)γ ]∂

γ∆ℓ(x)
∂xγ ,

(2.A.5)
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implying that the local heat-flux operator (i.e. the current density) reads

ĵ(x)= i

ℏ
∑
Rlbα
Rl′b

′α′

ĥ(Rl)bαĥ(Rl′)b′α′

{
(Rl′+τb′−R−τb)∆ℓ(x)

+
∑
|γ|≥2

1
γ![(x−R−τb)γ−(x−R′−τb′)γ ]∂

γ−1∆ℓ(x)
∂xγ−1

}
.

(2.A.6)

For the computation of the thermal conductivity one needs the total heat flux, obtained
integrating the density and normalizing by the crystal’s volume V = VNc (where V is the
volume of the primitive cell and Nc the number of primitive cell in the crystal)

Ĵ = 1
NcV

∫
V

ĵ(x)d3x. (2.A.7)

When integrating Eq. (2.A.6) over the volume, one has that ∆ℓ(x) is non-zero only over a
small region of space, so the volume integral of the derivatives can be neglected and one
obtains the expression for the average heat flux:

Ĵ = −i
ℏNcV

∑
Rlbα
Rl′b

′α′

(Rl+τb−Rl′−τb′)ĥ(Rl)bαĥ(Rl′)b′α′ = −i
ℏNcV

∑
Rlbα

(Rl+τb)[ĥ(Rl)bα, Ĥ] .
(2.A.8)

At this point we can plug in the commutator the definition of the local energy (2.A.1),
obtaining

[ĥ(Rl)bα, Ĥ] =ℏ2

2
∑

Rl′b
′α′,Rl1b1α1,
Rl2b2α2

√
GRlbα,Rl1b1α1

√
GRl′b

′α′,Rl2b2α2 [â†(Rl)bαâ(Rl1)b1α1 , â†(Rl′)b′α′ â(Rl2)b2α2 ] + h.c.

=ℏ2

2
∑

Rl′b
′α′,Rl1b1α1,
Rl2b2α2

√
GRlbα,Rl1b1α1

√
GRl′b

′α′,Rl2b2α2

{
â†(Rl)bαâ(Rl2)b2α2δRl′Rl1

δb′b1δα′α1

−â†(Rl′)b′α′ â(Rl1)b1α1δRlRl2
δbb2δαα2

}
+h.c. .

(2.A.9)

Now we can plug the latter expression in the heat flux (2.A.8), and performing a relabelling
Rl2→Rl1 in the first term andRl↔Rl′ in the second term of the last line of (2.A.9) we get

Ĵ= −iℏ
2NcV

∑
Rlbα,Rl′b

′α′,
Rl1b1α1

(Rl+τb−Rl′−τb′)
√

GRlbα,Rl′b
′α′

√
GRl′b

′α′,Rl1b1α1 â†(Rl)bαâ(Rl1)b1α1 + h.c.

(2.A.10)

Now we rewrite the bosonic operators in real space in terms of their Fourier transform,13

â(Rl)bα = 1√
Nc

∑
q

â(q)bαe+iq·(Rl+τb), (2.A.11)
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obtaining

Ĵ= −iℏ
2NcV

∑
q

∑
bα,b′α′,
b1α1

â†(q)bα 1√
Nc

∑
Rl′Rl1

â(Rl1)b1α1

√
GRl′b

′α′,Rl1b1α1

×
∑
Rl

(Rl+τb−Rl′−τb′)
√

GRlbα,Rl′b
′α′e−iq·(Rl+τb) + h.c.

= −iℏ
2NcV

∑
q

∑
bα,b′α′,
b1α1

â†(q)bα 1√
Nc

∑
Rl′Rl1

â(Rl1)b1α1

√
GRl′b

′α′,Rl1b1α1e
−iq·(Rl′ +τb′ )

×
∑
L

(L+τb−τb′)
√

GLbα,0′b′α′e−iq·(L+τb−τb′ )+h.c.

= ℏ
2NcV

∑
q

∑
bα,b′α′,
b1α1

∇q
√
d(q)

bα,b′α′ â
†(q)bα

1√
Nc

∑
Rl′Rl1

â(Rl1)b1α1

√
GRl′b

′α′,Rl1b1α1e
−iq·(Rl′ +τb′ ) + h.c.

(2.A.12)

where we have multiplied and divided by e−iq·(Rl′ +τb′ ) and used the symmetry property
(2.2.5) of the matrix

√
GRlbα,Rl′b

′α′=
√

GRl−Rl′bα,0b′α′ considering a change of summation index
Rl→L=Rl−Rl′ to introduce the gradient of the dynamical matrix from (2.2.12). In the same
fashion we can recast â(Rl1) in terms of its reciprocal-space representation (2.A.11) to solve
the summations inRl′ ,Rl1 obtaining

Ĵ= ℏ
2NcV

∑
q

∑
bα,b′α′,
b1α1

∇q
√
d(q)

bα,b′α′

√
d(q)

b′α′,b1α1
â†(q)bαâ(q)b1α1 + h.c. (2.A.13)

At this point we can pass to the normal mode basis (Eq. (2.2.11)) using the transforma-
tion â(q)bα=

∑
s ε(q)s,bαâ(q)s while considering the definition and properties of the velocity

matrix (2.2.25), obtaining

Ĵ= ℏ
2NcV

∑
q,ss′

{Ω(q)sv(q)ss′ â†(q)sâ(q)s′+Ω(q)sv∗(q)ss′ â†(q)s′ â(q)s}

= ℏ
NcV

∑
q,ss′

Ω(q)s+Ω(q)s′

2 v(q)ss′ â†(q)sâ(q)s′

(2.A.14)

which is the heat-flux operator introduced in Eq. (2.2.24). As mentioned above, the procedure
for the derivation of the heat flux from Hardy energy density (2.2.7) is completely analogous
and it is reported in Hardy’s original paper.35

2.B Gauge-invariance principle for the thermal conductivity: quan-
tum considerations and implications on Hardy’s derivation of
the heat flux

In this Appendix we report some considerations on the application of the gauge-invariance
principle for the thermal conductivity40 in a quantum-mechanical framework, and we show
how these allow to simplify the expression for the heat flux operator obtained following
Hardy’s approach. The starting point of the aforementioned work is the observation that
energy’s extensive character implies the energy density to be defined up to a divergence of
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a bounded vector field, i.e. ĥ′(x, t)=ĥ(x, t)+∇ · ψ̂(x, t). Indeed, if ψ̂(x, t) is bounded, the
volume integral of ĥ′(x, t) — i.e. the energy — differs from the volume integral of ĥ(x) by a
term that scales as a surface, hence is subextensive and does not contribute to the energy in
the thermodynamical limit.128 As a consequence, it follows an indeterminacy on the current
density, since the two are related by the continuity equation (1.2.16). The indeterminacy on
energy and current density thus acquire the structure of the gauge indeterminacy of vector
and scalar potential of the electromagnetic field, namelyĥ′(x, t) = ĥ(x, t) + ∇ · ψ̂(x, t)

ĵ′(x, t) = ĵ(x, t) − d
dtψ̂(x, t)

Ĵ ′(t) = Ĵ(t) − d
dtΨ̂(t)

(2.B.1)

in which the last line describes the gauge transformation for the macroscopic heat flux, and
Ψ̂= 1

NcV
∫
V d3x ψ̂(x). The gauge invariance principle states that the indeterminacy (2.B.1) on

the heat flux does not affect the thermal conductivity, so that

κ′= V
kBT 2

∞∫
0

dt ⟨Ĵ ′(t)·Ĵ ′(0)⟩= V
kBT 2

∞∫
0

dt ⟨Ĵ(t)·Ĵ(0)⟩=κ, (2.B.2)

hence the thermal conductivity is well-defined regardless of the indeterminacy (2.B.1) on the
microscopic energy and current density. The gauge invariance of thermal conductivity was
proven originally in a classical statistical mechanics framework; in this Appendix we will
extend such proof to the quantum mechanical picture and we will discuss its capabilities in
the case of the Hardy heat-flux operator.

Quantum-mechanical considerations on the gauge invariance of thermal conductivity

To show the gauge invariance of thermal conductivity in quantum-mechanical picture, let
us rephrase the Kubo formula (2.1.1) using the definition of the current-current correla-
tion function introduced in Eq. (2.1.2). Inserting (2.1.2) in (2.1.1) without resorting to the
fluctuation-dissipation theorem, we get

κγσ = NcV
kBT 2S

γσ(ω=0)= NcV
kBT 2

+∞∫
−∞

dt ⟨Ĵγ(t)Ĵσ(0)⟩ . (2.B.3)

In order to have gauge invariance, we have to verify that the following condition is satisfied:

κ′γσ= NcV
kBT 2

+∞∫
−∞

dt ⟨[Ĵγ(t)−dΨ̂γ(t)
dt ][Ĵσ(0)−dΨ̂σ(0)

dt ]⟩=κγσ. (2.B.4)

To this aim, we can show that any average that contains at least one total time derivative of
an operator vanishes in (2.B.4). In fact, if we expand in the basis {|n⟩} of the eigenstates of
the (full) Hamiltonian Ĥ defined such that Ĥ |n⟩ =En |n⟩, we get

⟨Ĵγ(t)dΨ̂σ(0)
dt ⟩=

∑
nm

e−βEn

Z
⟨n|Ĵγ(t)|m⟩ ⟨m|dΨ̂σ(0)

dt |n⟩ , (2.B.5)
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where Z= Tr
[
e−βĤ

]
is the canonical partition function. In the latter expression we can now

use the Heisenberg scheme for the evolution of operators iℏ d
dtÂ(t)=[Ĥ, Â(t)], which yields

⟨Ĵγ(t)dΨ̂σ(0)
dt ⟩= i

ℏ
∑
nm

e−βEn

Z
e−

i
ℏ (En−Em)t(En−Em)

× ⟨n|Ĵγ |m⟩ ⟨m|Ψ̂σ|n⟩ .
(2.B.6)

Evidently, this term vanishes in the time integral of (2.B.4), since

+∞∫
−∞

dte−
i
ℏ (En−Em)t (En−Em)

ℏ =2π(En−Em)δ(En−Em)=0

and this proves (2.B.4) and gauge invariance of thermal conductivity. Note that this result
is valid with the assumption that the operator Ψ̂ is bounded, which guarantees that every
matrix element of Ψ̂ in (2.B.6) is finite.
This is one of the key assumptions for the result of gauge invariance;40 in fact, notice from Eq.
(2.A.8) how the heat flux operator itself can be expressed as a total time derivative, namely
the derivative of the first moment of the energy density Ĵ= d

dt
∑
Rlbα

(Rl+τb)ĥ(Rl)bα. However,

the latter expression features a time derivative of an operator which is clearly unbounded in
the thermodynamical limit, and hence can yield a finite conductivity.

Gauge invariance and simplification of Hardy’s derivation of the heat flux

Here we show how the gauge invariance properties of the thermal conductivity can be used
to simplify significantly the structure of Hardy’s heat-flux operator. Let us start by recalling
the local energy operator used by Hardy,35 introduced in Eq. (2.2.7)

ĥ(Rl)bα = P̂ 2(Rl)bα
2Mb

+ V̂ (Rl)bα (2.B.7)

where we have expressed for brevity the harmonic “on-site potential” as
V̂ (Rl)bα=1

2ϕRlbα,Rl′b
′α′ û(Rl)bαû(Rl′)b′α′ . As discussed in Sec. 2.2, the procedure to derive

the heat-flux operator requires the convolution of the local-energy operator (2.2.7) with a
smooth normalized distribution ∆ℓ in order to define an energy density depending on a
continuous variable, ĥ(x). We anticipated in the main text that there is an ambiguity on
where to center the coarse-graining functions ∆ℓ. Hardy originally considered the center
of the ∆ℓ on the instantaneous position of the nuclei r̂(Rl)b = Rl+τb+û(Rl)b i.e. (the time
dependence of the operators is omitted for brevity)

ĥRef. 35(x)=1
2
∑
Rlbα

ĥ(Rl)bα∆ℓ(x−Rl−τb−û(Rl)bα) + h.c. (2.B.8)

(h.c. stands for hermitian conjugate) whereas in this work we have centered such smoothen-
ing functions in the equilibrium position of the nuclei, as described in Eq. (2.2.8)

ĥ(x)=
∑
Rlbα

ĥ(Rl)bα∆ℓ(x−Rl−τb). (2.B.9)
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Using (2.B.9) in the procedure described in Appendix 2.A for the derivation of the heat flux
leads to

ĴRef. 35= 1
2NcV

∑
Rlbα

{
p̂(Rl)b

Mb

( p̂(Rl)2
bα

2Mb
+V̂ (Rl)bα

)
+
∑
Rl′b

′α′

(r̂(Rl)b−r̂(Rl′)b′) 1
iℏ
[ P̂ (Rl)2

bα
2Mb

, V̂ (Rl′)b′α′
]}

+ h.c.,
(2.B.10)

which is the original structure of the heat flux proposed by Hardy in.35 The latter has to be
compared with the one we used in Eq. (2.2.10), which we recast as

Ĵ = 1
NcV

∑
Rlbα

(Rl+τb−Rl′−τb′) 1
iℏ
[ P̂ (Rl)2

bα
2Mb

, V̂ (Rl′)b′α′
]
. (2.B.11)

Evidently, the structure of the heat-flux operator (2.B.10) is far more complicated than (2.B.11),
and notably it features anharmonic O(p3) and O(u3) generated by an harmonic energy
density such as (2.B.7). One could argue that (2.B.10) is a richer description of the heat flux
in a lattice, but actually we can exploit the aforementioned properties of gauge invariance
to prove that the heat fluxes (2.B.10) and (2.B.11) are related by a gauge transformation of
the form (2.B.1), hence produce the same result for thermal conductivity. To this aim let us
rephrase the convective part of the heat flux (2.B.10) as

1
2NcV

∑
Rlbα

p̂(Rl)b

Mb

( p̂(Rl)2
bα

2Mb
+V̂ (Rl)bα

)
= 1

2NcV
∑
Rlbα

dû(Rl)b

dt ĥ(Rl)bα (2.B.12)

while the conductive part of (2.B.10) can be recast as

1
2NcV

∑
Rlbα
Rl′b

′α′

(r̂(Rl)b−r̂(Rl′)b′) 1
iℏ
[ P̂ (Rl)2

bα
2Mb

, V̂ (Rl′)b′α′
]

=1
2 Ĵ+ 1

2NcV
∑
Rlbα
Rl′b

′α′

(û(Rl)b−û(Rl′)b′) 1
iℏ
[ P̂ (Rl)2

bα
2Mb

, V̂ (Rl′)b′α′
]

=1
2 Ĵ+ 1

2NcV
∑
Rlbα

û(Rl)b
dĥ(Rl)bα

dt .

(2.B.13)

Using (2.B.12)-(2.B.13) in (2.B.10) and solving the 1
2 factors with the hermitian conjugate

yields

ĴRef. 35=Ĵ + 1
2NcV

d
dt [

∑
Rlbα

û(Rl)bĥ(Rl)bα] (2.B.14)

which proves our point: centering the ∆ℓ smoothening functions on the instantaneous po-
sition of the ions as in (2.B.9) or in their equilibrium position as in (2.B.7) leads to two
heat-flux operators that differ by total time derivative of a bounded term. By virtue of the
gauge invariance of thermal conductivity, the two heat fluxes describe the same physics of
heat transport and can be thought as two “gauges” of the same heat flux.33 Therefore, this
invariance principle provides a solid theoretical reasoning to select the heat flux (2.B.11) over
(2.B.10), choice that greatly simplifies the calculations.
Note that the identification P̂ (Rl)b

Mb
=dû(Rl)b

dt that we used in (2.B.12) implies the important as-
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sumption of no atomic diffusion, i.e. no drifting of the ionic equilibrium position d(Rl+τb)
dt =0.

This assumption, on which this whole proof holds, is typically met and causes no complica-
tions in a crystalline solid.

2.C Details on the derivation of thermal conductivity

In this Appendix we will describe how to derive the thermal conductivity expression dis-
cussed in 2.3 using the formalism of finite-temperature Green’s function. We will follow
the standard many-body approach for computing DC conductivities, outlined e.g. in Ma-
han’s textbook.67 Our goal is to compute thermal conductivity from the retarded response
function, using the relation (2.1.6) derived from fluctuation-dissipation theorem

κγσ = NcV
T

lim
ω→0

Imχγσ(ω + i0+)
ω

. (2.C.1)

As anticipated, the starting point is the time-ordered current-current response function in
the imaginary time τ

χγσ(τ) = ⟨Tτ Ĵγ(τ)Ĵσ(0)⟩ (2.C.2)

which we shall rewrite in terms of the explicit expression of the heat flux chosen. We recap
the expressions of the heat-flux operators in Wigner and Hardy formalism

Wigner

Ĵ= ℏ
NcV

∑
q,ss′

Ω(q)s+Ω(q)s′

2 v(q)ss′ â†(q)sâ(q)s′ (2.C.3a)

Hardy
Ĵ = ĴR + ĴA

ĴR= ℏ
NcV

∑
q,ss′

Ω(q)s+Ω(q)s′

2 v(q)ss′ â†(q)sâ(q)s′ (2.C.3b)

ĴA= ℏ
NcV

∑
q,ss′

Ω(q)s−Ω(q)s′

4 v(q)ss′

[
â(−q)sâ(q)s′ −â†(q)sâ†(−q)s′

]
. (2.C.3c)

As we will show, the structure of the final result only depends on the combination of phonon
creation/annihilation operators appearing in the expression for the heat flux. Therefore the
calculation of the response function (2.C.2) for the resonant part of the Hardy heat flux will be
equal to one for the Wigner heat flux, apart from the prefactor of the velocity matrices. With
this reasoning, we will only perform the calculation for Hardy heat flux (2.C.3b)-(2.C.3c),
and the result for Wigner heat flux will follow. Using the expressions of Hardy heat flux in
(2.C.2) yields

χγσ(τ) = ℏ2

N2
c V2

∑
q,ss′

∑
k,zz′

Ω(q)s+Ω(q)s′
2

Ω(k)z+Ω(k)z′
2 vγ(q)ss′vσ(k)zz′⟨Tτ â†(q, τ)sâ(q, τ)s′ â†(k)zâ(k)z′⟩

+ ℏ2

N2
c V2

∑
q,ss′

∑
k,zz′

Ω(q)s−Ω(q)s′
4

Ω(k)z−Ω(k)z′
4 vγ(q)ss′vσ(k)zz′

× ⟨Tτ
[
â(−q, τ)sâ(q, τ)s′−â†(q, τ)sâ†(−q, τ)s′

][
â(−k)zâ(k)z′−â†(k)zâ†(−k)z′

]
⟩,

(2.C.4)
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'χ(q, τ )

g(q,−τ )

g(q, τ )

Figure 2.5. Diagramatic representation of dressed bubble approximation from Eq. (2.C.5). Left-hand
side, full current-current correlation function χ(q, τ). In the right-hand side, double solid lines
represent interacting phonon Green’s functions g from Eq. (2.C.6).

from which is evident how the response function is related to the two-particle phonon
propagator.67 The two terms in (2.C.4) represent respectively a resonant response func-
tion and an antiresonant response function, namely χγσR (τ) = ⟨Tτ ĴγR(τ)ĴσR(0)⟩ and χγσA (τ) =
⟨Tτ ĴγA(τ)ĴσA(0)⟩. This separation is made possible by the fact that the resonant and antireso-
nant heat fluxes posses a different number of creation/annihilation phonon operators, hence
mixed ⟨Tτ ĴR(τ)ĴA(0)⟩ terms are zero (at least at the present level of approximation). More
specifically, we will implement a dressed-bubble approximation, i.e. we will consider only
bubble diagrams where the phonon lines are fully dressed by interaction, as diagramatically
represented in Fig. 2.5. This amounts to neglecting vertex corrections and considering only
self-energy effects in the phonon Green’s functions, hence the two particle propagator is
approximated as the product of two (interacting) phonon Green’s functions, namely for the
time-ordered product in the first term of (2.C.4)

⟨Tτ â†(q,τ)sâ(q,τ)s′ â†(k)zâ(k)z′⟩≃g(q,τ)s′g(q,−τ)sδq,kδsz′δs′z, (2.C.5)

where the phonon Green’s functions were introduced in (2.3.2) as

g(q, τ)s=−⟨Tτ â(q, τ)sâ†(q, 0)s⟩ =

−⟨â(q, τ)sâ†(q, 0)s⟩ τ >0
−⟨â†(q, 0)sâ(q, τ)s⟩ τ <0.

(2.C.6)

To be precise, we should also mention that the presence of δss′ in (2.C.5) consists in the
additional approximation of neglecting branch mixed ⟨â(q)sâ†(q)s′⟩ lines, since these are
higher order in the self-energy.145 Using the approximation (2.C.5) in (2.C.4) evaluating all
the possible pairwise contractions we get

χγσ(τ) = ℏ2

N2
c V2

∑
q,ss′

(Ω(q)s+Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′sg(q,τ)s′g(q,−τ)s

+ ℏ2

N2
c V2

∑
q,ss′

(Ω(q)s−Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s
1
2 [g(q,τ)s′g(q,τ)s+g(q,−τ)s′g(q,−τ)s]

(2.C.7)

in which we have extensively used the property (2.2.25) of the velocity matrix to symmetrize
the result (we stress that this property is verified by both Hardy’s and Wigner’s velocity
matrices). Now we can take the Fourier transform of (2.C.8), passing from imaginary-time
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to imaginary-frequency domain with χγσ(iΩn)=
1/kBT∫

0
dτeiΩnτχγσ(τ), which yields

χγσ(iΩn) = ℏ2kBT

N2
c V2

∑
q,ss′

(Ω(q)s+Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s

∑
ωm

g(q, iΩn+iωm)s′g(q, iωm)s

+ℏ2kBT

N2
c V2

∑
q,ss′

(Ω(q)s−Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s (2.C.8)

×
∑
ωm

1
2 [g(q, iΩn−iωm)s′g(q, iωm)s+g(q,−iΩn−iωm)s′g(q, iωm)s] ,

where the Matsubara bosonic frequencies are defined as iΩn=2πkBTn, n∈Z. The next step
consists in expressing the Green’s function in terms of the spectral densities, using a Lehmann
representation (see e.g. Mahan’s textbook Ref. 67 sec. 3.3)

g(q, iωl)s =
+∞∫
−∞

dω b(q, ω)s
iωl − ℏω

. (2.C.9)

Using (2.C.9) in (2.C.8) yields an expression of the response function in the imaginary fre-
quency domain in which the Matsubara frequency terms can be computed straightforwardly
using standard summation techniques,67 that will yield a combination of Bose-Einstein oc-
cupation functions. After having performed the Mastubara summation, we can consider the
analytic continuation iΩn→ℏω+i0+ obtaining the finite frequency response function, whose
imaginary part reads

Imχγσ(ω+i0+)= ℏ2π
N2

c V2

∑
q,ss′

(Ω(q)s+Ω(q)s′ )2

4 vγ(q)ss′vσ(q)s′s

∫∫
dω1dω2 b(q, ω1)s′b(q, ω2)s

×δ(ω1−ω2−ω)1
ℏ [−nT (ω1)+nT (ω2)]

+ ℏ2π
N2

c V2

∑
q,ss′

(Ω(q)s−Ω(q)s′ )2

4 vγ(q)ss′vσ(q)s′s

∫∫
dω1dω2 b(q, ω1)s′b(q, ω2)s

× 1
2ℏ
{
δ(ω1+ω2+ω)

[
nT (−ω1)−nT (ω2)

]
−δ(ω1+ω2−ω)

[
nT (−ω2)−nT (ω1)

]}
.

(2.C.10)

Finally from the latter expression, we can easily perform the static limit (2.C.1) to obtain
thermal conductivity, which reads

κγσ = ℏ2π

NcVT
∑
q,ss′

(Ω(q)s+Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s

∫
dω b(q, ω)s′b(q, ω)s

[
−∂nT (ω)

∂ℏω

]

+ ℏ2π

NcVT
∑
q,ss′

(Ω(q)s−Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s

∫
dω b(q, ω)s′b(q,−ω)s

∂nT (ω)
∂ℏω

.

(2.C.11)

The first and second lines evidently coincide respectively with the resonant and antiresonant
thermal conductivity obtained from Hardy heat flux, introduced in (2.3.6b)-(2.3.6c). The
procedure for the Wigner heat flux current-current response function is exactly the same as
for the resonant Hardy heat flux, hence one can repeat all the steps outlined so far using
(2.C.3a) and verify that the only difference in the derivation consists in the definition of the
velocity matrix. Therefore, the expression for thermal conductivity obtained from Wigner
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definition of the heat-flux operator reads

καβ = ℏ2π

NcVT
∑
q,ss′

(Ω(q)s+Ω(q)s′)2

4 vα(q)ss′vβ(q)s′s

∫
dω b(q, ω)s′b(q, ω)s

[
−∂nT (ω)

∂ℏω

]
,

(2.C.12)
which is exactly (2.3.7). As a side note, let us discuss the spectral integrals featuring in
(2.C.11),(2.C.12). In fact, one could question the definiteness of such integrals arguing that
the derivative of the Bose function diverges as ∼ω−2 for ω→0. However, it can be shown67

that the bosonic spectral density must go to zero at least linearly for ω→0, thus ensuring the
convergence of the aforementioned integrals.

2.D Details on the comparison between different theoretical de-
scription of lattice thermal transport

In this Appendix, we provide a comparison between the present Green-Kubo approach to
derive the expression for the thermal conductivity κ, and other derivations proposed in the
literature. The thermal conductivity can be computed from the Kubo formula directly from
its expressionin real-time domain (2.1.1), that we recall below

κγσ = lim
ϵ→0

NcV
T

∞∫
0

dt e−ϵt
β∫

0

dλ ⟨Ĵσ(0)Ĵγ(t+ iℏλ)⟩ . (2.D.1)

In order to compute explicitly the conductivity, the so-called decoupling scheme33,39, 124, 146,148

is employed, applied to the two-particle correlation function in real time domain, namely

⟨abcd⟩ ≃ ⟨ab⟩⟨cd⟩ + ⟨ac⟩⟨bd⟩ + ⟨ad⟩⟨bc⟩, (2.D.2)

where a, b, c, d are a(q)/a†(q) operators. As we shall see here, employing the decoupling
scheme (2.D.2) is formally equivalent to computing the response function in the dressed-
bubble approximation (2.C.5), and will lead to the same expression of thermal conductivity in
terms of the spectral densities (2.3.6a)-(2.3.7). To this aim, let’s consider the case of the Hardy
heat-flux operator (2.2.15). For the sake of brevity, we will just perform the calculation of the
resonant thermal conductivity, hence considering only the resonant part of Hardy heat-flux
operator (2.2.18b). Plugging the latter in (2.D.1) yields

κγσR = ℏ2

NcVT

∞∫
0

dt e−ϵt
β∫

0

dλ
∑
q,ss′

∑
k,zz′

Ω(q)s+Ω(q)s′
2

Ω(k)z+Ω(k)z′
2 vσ(k)zz′vγ(q)ss′

×⟨â†(k)zâ(k)z′ â†(q, t̄)sâ(q, t̄)s′⟩, (2.D.3)

where for brevity we have reported t̄=t+iℏλ and omitted the ϵ→0 limit. Now we can use
the decoupling scheme (2.D.2) in the latter expression, obtaining (the decoupling scheme
(2.D.2) carries the same combination of delta functions and coefficients as in the second line
of Eq. (2.C.5))

κγσR = ℏ2

NcVT
∑
q,ss′

(Ω(q)s+Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s

∞∫
0

dt e−ϵt
β∫

0

dλ c(q, t̄)s′ c̃(q, t̄)s, (2.D.4)



64 2. Many-body Green’s function approach to lattice thermal transport

where we have introduced the correlation functions c(q, t)s = ⟨â(q, t)sâ†(q)s⟩ and c̃(q, t)s =
⟨â†(q, t)sâ(q)s⟩. At this point, we note in passing that the time-domain procedure can be
quite useful to understand the interband conduction as an interference mechanism. To do
so, let’s take Eq. (D4) and let’s focus only on the time-integration term. Let’s consider for
simplicity only two different non-degenerate modes s1 and s2, and neglect momentum de-
pendence and quantum correlation (the integral

∫ β
0 dλ just yields a multiplicative β factor).

The (classical) interband thermal conductivity is then proportional to κR∝
∫∞

0 dt cs1(t)c̃s2(t).
If we approximate the time-dependence of the correlation functions (for t>0) as the one of the
damped harmonic modes cs1(t)∝e−γs1 t−iΩs1 t, c̃s2(t)∝e−γs2 t+iΩs2 t, we get that the interband
conductivity is κR∝

∫∞
0 dt cos[(Ωs1 − Ωs2)t]e−(γs1 +γs2 )t. From the latter expression, the inter-

band conduction can be understood as interference between two different phonon modes,
which of course follows from the wave-like nature of atomic oscillations. In fact, in molec-
ular dynamics simulations, the interband contribution to thermal conductivity is deduced
from the oscillatory behaviour of the heat-flux autocorrelation function.39 This calculation
is clearly qualitative, and only meets the purpose of a more clear physical interpretation.

In order to account rigorously for the effects of interactions, the real-time averages
c(q, t)s, c̃(q, t)s must be linked to the interacting phonon spectral densities (2.3.4). This
can be done by means of the fluctuation-dissipation theorem.117 Indeed one can show that

c(q, t)s = −
∫

dω e−iωt [nT (ω) + 1] b(q, ω)s, (2.D.5a)

c̃(q, t)s = −
∫

dω eiωtnT (ω)b(q, ω)s . (2.D.5b)

We can then plug the latter relations into (2.D.4), and with straightforward integration of the
phase factors of the correlation functions we get

κγσR = ℏ2π
NcVT

∑
q,ss′

(Ω(q)s+Ω(q)s′ )2

4 vγ(q)ss′vσ(q)s′s

∫∫
dω1dω2 b(q, ω1)s′b(q, ω2)sδ(ω1−ω2)

×nT (ω2)
kBT

[nT (ω1) + 1] , (2.D.6)

which evidently coincides with the result from the resonant Hardy heat flux obtained in
(2.3.6b) since nT (ω)

kBT
[nT (ω) + 1] =−∂nT (ω)

∂ℏω . The calculation outlined so far proves that the
decoupling scheme (2.D.2) performed on real-time Green’s functions coincides with the
dressed-bubble approximation of the retarded response function discussed in (2.C.5) and
employed in imaginary-time domain. It follows that, at this level of approximation, adopting
one scheme or another is just a matter of taste. Nonetheless, we find that the general frame-
work based on a diagrammatic expansion in the frequency domain makes the approximation
used more transparent, and can be systematically extended to include additional effects due
to vertex corrections.

The approach outlined in this Appendix basically consist in the procedure proposed
in Ref. 124 to approximate the Kubo formula for thermal conductivity from its time do-
main expression (2.D.1). However, both in the latter work and in Ref. 123 the Green’s
functions are defined using the phonon displacement operators Â(q)s=â(q)s+â†(−q)s and
B̂(q)s=â(q)s−â†(−q)s as (in imaginary time-domain)

G(q, τ)s = −⟨Tτ Â(q, τ)sÂ(−q, 0)s⟩ , (2.D.7a)
G̃(q, τ)s = −⟨Tτ B̂(q, τ)sÂ(−q, 0)s⟩ . (2.D.7b)
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To match the expression (2.3.6a)-(2.3.6c) with the one presented in Ref. 123-,124 one can notice
the relation (valid when anomalous terms of the form ⟨Tτ â(τ)â(0)⟩ are negligible134,136,137)
with the Green’s functions (2.D.7a)-(2.D.7b) and the one we use (2.C.6)

G(q, τ)s = g(q, τ)s + g(q,−τ)s , (2.D.8a)
G̃(q, τ)s = g(q, τ)s − g(q,−τ)s , (2.D.8b)

which imply that the relation between the spectral densitiesB(q, ω)s=− ℏ
π ImG(q, iωn→ℏω+i0+)s

is

B(q, ω)s = b(q, ω)s − b(q,−ω)s , (2.D.9a)
B̃(q, ω)s = b(q, ω)s + b(q,−ω)s . (2.D.9b)

Using the latter relations to replace the spectral densities in the full thermal conductivity
expression derived from Hardy heat flux (2.3.6a), and exploiting the properties of the velocity
matrices (2.2.17), one gets

κγσRef. 123, 124= ℏ2π

NcVT
∑
q,ss′

vγ(q)ss′vσ(q)s′s

×
∫

dω
[
Ω(q)2

sB(q, ω)sB(q, ω)s′+Ω(q)sΩ(q)s′B̃(q, ω)sB̃(q, ω)s′

][
−∂nT (ω)

∂ℏω

]
,

(2.D.10)

which is the expression presented in Eq.(46)-(47) of Ref. 124 and in Eq.(4.14) of Ref. 123.
Notice how, as anticipated in the main text, the latter expression features no clear separation
between resonant and antiresonant contributions, due to the representation of the Green’s
functions (2.D.8a)-(2.D.8b) that mixes such terms.

Instead for what concerns the comparison with Ref. 33, we note that the authors obtained
a different result starting from the same Hardy flux operator (2.2.15) and implementing the
Green-function method via the decoupling scheme (2.D.2). Specifically, the final result for
conductivity presented in Ref. 33 is

κγσRef. 33= ℏ2

NcVT
∑
q,ss′

(Ω(q)s+Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s

× nT (Ω(q)s)−nT (Ω(q)s′)
ℏ(Ω(q)s′−Ω(q)s)

γ(q)s+γ(q)s′

(Ω(q)s−Ω(q)s′)2+(γ(q)s+γ(q)s′)2

+ ℏ2

NcVT
∑
q,ss′

(Ω(q)s−Ω(q)s′)2

4 vγ(q)ss′vσ(q)s′s

× nT (Ω(q)s)−nT (−Ω(q)s′)
ℏ(Ω(q)s′+Ω(q)s)

γ(q)s+γ(q)s′

(Ω(q)s+Ω(q)s′)2+(γ(q)s+γ(q)s′)2 ,

(2.D.11)

which is to be compared with the present result from Hardy heat flux in the LSFA (2.3.10a)-
(2.3.10c). As briefly mentioned in the main text, the difference resides in having derivatives
of Bose-Einstein occupations with respect to frequency (which yield the modal specific heats)
in Eqs. (2.3.10a)-(2.3.10c) and a “discretized” version of such derivative (the differences of
Bose-Einstein occupations divided by the difference of the corresponding frequencies) in Eq.
(2.D.11). The source of this discrepancy lies in the approximation scheme employed to reduce
the spectral-density-based description to a quasiparticle picture, in which phonons have well-
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defined energy (ℏΩ(q)s) and lifetime ([Γ(q)s]−1). In the present derivation, we perform the
dressed-bubble calculation and obtain the thermal conductivity expression (2.3.6a), which
relates the thermal conductivity to the spectral densities. After having derived this general
conductivity expression, which describes both the quasiparticle and the overdamped regime,
we perform some approximations that allow one to recover a much simpler form, valid only
in the regime where quasiparticles are well defined. Specifically, we employ the LSFA,
discarding the self-energy’s real part and approximating the self-energy’s imaginary part
with its value at the harmonic phonon frequency, so that the spectral function (2.3.5) becomes
a Lorentzian centered at the phonon frequency Ω(q)s and with a full width at half maximum
equal to the phonon linewidth Γ(q)s. Then we approximate the derivatives of the Bose
distribution with their values at the phonon frequencies where the Lorentzian spectral
functions are centered. This approximation yields an expression for the thermal conductivity
(Eq. (2.3.8) or Eq. (2.3.10a)) that contains only quantities related to well-defined quasiparticles
(i.e. frequencies, linewidths, velocities, and specific heat). In contrast, Ref. 33 employs the
common approximation scheme (used e.g. also in Ref.39) that enforces the validity of the
quasiparticle picture with a stronger condition and earlier in the derivation, assuming the
correlation functions (2.D.5a)-(2.D.5b) to have the form c(q, t)s≃[nT (Ω(q)s)+1]eiΩ(q)st−γ(q)st

(that is anyway valid only for t>0). Clearly, performing this approximation on the correlation
functions does not allow to obtain thermal conductivity expressions accounting for the
full frequency dependence of the self-energy, as it is needed to describe transport in the
overdamped regime. Moreover, inserting this approximation for the correlation function
into (2.D.4), it is easy to see that the integral in the inverse-temperature-like variable λ (also
called canonical correlation117) produces complex phase factors that depend on γ(q)s and
must be neglected to recover the result (2.D.11). From a practical viewpoint, numerical
results presented in Sec. 2.3.2 showed that no quantitative difference originates from this
formal discrepancy in the expressions for the interband thermal conductivity, at least in
the test case materials considered. From a formal viewpoint, the procedure employed in
thisChapter has some useful features that are worth to be highlighted. In particular, it allows
to: (i) obtain a thermal conductivity expression accounting for spectral functions and thus
apt to describe also the overdamped regime of thermal transport; (ii) discuss in detail all the
approximations required to extract from the spectral function a well-defined quasiparticle
lifetime, thus to obtain a thermal conductivity expression including only quasiparticles’
properties (frequencies, linewidths, velocities, specific heats).

In conclusion, it is worth mentioning that in Ref. 39, a Green-Kubo approach was used to
derive a thermal conductivity expression employing yet another original formula for the heat
flux. Specifically, the heat flux expression employed in Ref. 39 stems from a modification
of Hardy on-site energy (2.2.7), and has an overall structure analogous to Hardy heat flux
(2.2.15):

Ĵ ′′Ref. 39 = Ĵ ′′R + Ĵ ′′A , (2.D.12a)

Ĵ ′′R= ĴR+ ℏ
NcV

∑
q,ss′

Ω(q)s−Ω(q)s′

2 v′′(q)ss′ â†(q)sâ(q)s′ , (2.D.12b)

Ĵ ′′A= ĴA+ ℏ
NcV

∑
q,ss′

Ω(q)s+Ω(q)s′

4 v′′(q)ss′

[
â(−q)sâ(q)s′ −â†(q)sâ†(−q)s′

]
, (2.D.12c)
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where the extra velocity matrix is defined as

v′′(q)ss′= −i
2
√

Ω(q)sΩ(q)s′

∑
Rl

ϕRlbα,0b′α′

Mb
(Rl+τb−τb′)ε∗(q)s,bαε(q)s′,b′α′ . (2.D.13)

We did not perform the test to compare the result for interband conductivity proposed by
Ref. 39. However, we expect small correction from the extra terms in the heat flux (2.D.12a).
In fact, we have discussed how the resonant (antiresonant) current-current response func-
tion is peaked when Ω(q)s−Ω(q)s′≃0 (Ω(q)s+Ω(q)s′≃0), but the extra term in the resonant
(antiresonant) heat flux (2.D.12b)((2.D.12c)) is proportional to Ω(q)s−Ω(q)s′ (Ω(q)s+Ω(q)s′),
hence all the contributions from it to the thermal conductivity are expected to be small for
the relevant coupling modes. Notice also that if the correction to the velocity matrix (2.D.13)
is neglected, the final result for thermal conductivity presented in Ref. 39 coincides with the
one presented in Ref. 33 and briefly discussed here in (2.D.11).
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Chapter 3

Lattice thermal transport in
self-consistent schemes

Introduction

Perturbative approaches are inapplicable in regimes of strong anharmonicity. In instances
where the crystal structure is stabilized by thermal or quantum fluctuations, such as in the
high-temperature phases of ferroelectric materials,48,49 a standard perturbative calculation
may yield imaginary phonon frequencies, giving a misleading indication of lattice instability.
One of the most efficient solution to the limitations posed by perturbative approaches is
the Self-Consistent Harmonic Approximation (SCHA).50,56 This method, grounded in the
quantum variational principle at finite temperatures, constrains the nuclei density matrix to
the most general Gaussian in Cartesian coordinates. The interatomic force constant matrix
and the equilibrium position of the ions are optimized to obtain the best estimate of the free
energy of the fully anharmonic lattice of ions. As a result, the interatomic force constants
acquire a temperature dependence, indicating the self-consistency of the model Hamiltonian
that describes the system.

Nevertheless, as shown in Chapter 1, standard equations for thermal conductivity are
derived within linear response, where the temperature variation is a small perturbation to
a temperature-independent Hamiltonian.44,57–59 Consequently, the common methodology
of incorporating frequencies, scattering rates, and other lattice properties obtained from
self-consistent schemes into the expressions for thermal conductivity based on linear re-
sponse theory49,60–64 lacks theoretical justification and thus predictive capabilities. Our goal
is to formulate a theoretical approach suitable for studying thermal transport in strongly
anharmonic systems within a self-consistent framework.

To formulate a theoretical approach suitable for studying thermal transport in strongly
anharmonic crystals, in this chapter we rephrase the formalism introduced in Chapter 1
for a self-consistent framework. The maximum entropy principle and modified Liouville
equation approach is particularly effective in treating self-consistent systems since it solely
relies on manipulations of the density matrix and of the self-consistent Liouville operator
that approximates the exact dynamics. We thus obtain a Kubo formula for thermal conduc-
tivity valid in time-dependent self-consistent dynamics. Then, we apply it to the dynamical
extension of the self-consistent harmonic approximation, the time-dependent self-consistent
harmonic approximation (TD-SCHA) introduced in Ref. 65 is to constrain the ionic density
matrix to be the most general Gaussian in Cartesian coordinates with time-dependent free
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parameters. We first reformulate the TD-SCHA in the Wigner formalism, where the density
matrix becomes a function of position and momentum in quantum-phase space. This ap-
proach makes the TD-SCHA equations more compact and intuitive than the ones preesnted
in the original formulation of Ref. 65. Most importantly, the Wigner formulation allows for
a diagrammatic interpretation of the response functions obtained in TD-SCHA, allowing
a clear understanding of the variety of anharmonic scatterings included in the theory and
enabling easier comparisons with other existing theories of lattice dynamics. We use this
diagrammatic picture to interpret thermal conductivity as a two-phonon response function.
Finally, by applying our newly formulated Kubo expression for self-consistent schemes, we
find that thermal conductivity diverges in TD-SCHA. This limitation stems from an in-
trinsic shortcoming of the TD-SCHA itself: in the approximate self-consistent dynamics, the
dressed-bubble diagrams —responsible for the natural decay of the heat-flux autocorrelation
function and the resulting finite conductivity— are absent.

Chapter Overview

This Chapter is organized as follows: in Sec. 3.1 we apply the maximum entropy principle
plus modified Liouville equation approach to derive a Kubo formula valid for self-consistent
systems. In Sec. 3.2 we derive the SCHA equations and thermal equilibrium state using the
maximum entropy principle. In Sec. 3.3 we present the TD-SCHA approximation for the
self-consistent ionic dynamics in Wigner formalism. In Sec. 3.4 we use the Kubo formula in
self-consistent systems to compute an expression for thermal conductivity in TD-SCHA. In
Sec. 3.5 we report some closing remarks.

a Part of the content of this Chapter has been
published in Phys. Rev. B 107, 174307
(2023).152 The remaining part is in preparation
to be submitted.

3.1 Reworking Kubo formula for thermal conductivity

In this Section, we derive the first-principles expression of thermal conductivity for self-
consistent dynamics, thus applicable to strongly anharmonic systems. The advantage in
working with self-consistent schemes is that the fully interacting system is mapped into a
mean-field one where the coupling constants of the effective interactions are temperature
dependent.

The modified Liouville equation approach introduced in Sec. 1.3 can be applied to temper-
ature dependent Hamiltonians. In fact, in self-consistent schemes such as time-dependent
density functional theory (TD-DFT),75,153 time-dependent Hartree-Fock (TD-HF),154 time-
dependent self-consistent harmonic approximation (TDSCHA),65,66 the exact dynamics is
approximated with a self-consistent equation such as

∂ϱ̂(t)
∂t

+ i

ℏ
Lscϱ̂(t) = 0

∂ϱ̂(t)
∂t

+ i

ℏ
[Ĥ[ϱ(t)], ϱ̂(t)] = 0

(3.1.1)

where Ĥ[ρ(t)] is the self-consistent Hamiltonian. The global equilibrium condition (i.e. with
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constant temperature) in the self-consistent system is defined by the density matrix

ϱ̂0 = 1
Z[β]e

−βĤ(0)
, Z[β] = Tr

[
e−βĤ

(0)]
, (3.1.2)

where with the subscript 0 we indicate self-consistent operators calculated at global thermal
equilibrium

Ĥ(0) ≡ Ĥ[β] =
∫

dx ĥ[β](x) ≡
∫

dx ĥ0(x) , (3.1.3)

where ĥ0 is the energy density associated with Ĥ(0). Eq. (3.1.2) defines the self-consistent
relation between ϱ̂0 and Ĥ0, and it is typically obtained from a variational principle (such
as the minimization of the free energy) where the density matrix is constrained to assume a
desired form, depending on the theory employed. In DFT, Ĥ0 is the non-interacting Kohn-
Sham Hamiltonian and ϱ̂0 is optimized to obtain the same (one-body) electronic density as
the one of the interacting system at temperature 1

kBβ
.155,156 In the SCHA, ϱ̂0 is a Gaussian

density matrix and Ĥ0 is a harmonic Hamiltonian whose interatomic force constant matrix
and equilibrium position of the ions are optimized to minimize forces and to average the
curvature of the Born-Oppenheimer energy surface for different ionic configurations.50,56

The case of SCHA will be thouroughly discussed in Sec. 3.2.

3.1.1 Local equilibrium in self-consistent schemes

The procedure outlined in Sec. 1.3 is based on the Liouville equation Eq. (1.2.18) and on the
definition of the local equilibrium operator ρ̂loc. Hence, by properly defining an expression of
ρ̂loc for the self-consistent case (ϱ̂loc), we can derive the steady-state solution of the modified
version of the self-consistent Liouville equation

∂ϱ̂(t)
∂t

+ i

ℏ
Lscϱ̂(t) = −ϵ[ϱ̂(t) − ϱ̂(t)] . (3.1.4)

The derivation of the Kubo formula Eq. (1.3.10) relies on the fact that the energy density
does not depend on the temperature field [cfr. Eq. (1.3.7)]. However, in a self-consistent
scheme, the Hamiltonian depends on the state of the system through the density matrix,
thereby introducing an additional temperature dependence and invalidating the derivation
of Eq. (1.3.10).

In analogy with the coarse-graining assumption discussed in Eqs. (1.2.12)-(1.2.13), we
build the local equilibrium density matrix by generalizing the equilbrium condition Eq.
(3.1.2) to108

ϱ̂loc = 1
Z[β(x)]e

−
∫

dxβ(x)ĥ[β(x)](x),

Z[β(x)] = Tr
[
e−
∫

dxβ(x)ĥ[β(x)](x)
]
.

(3.1.5)

Following the interpretation of Eq. (1.2.13) illustrated in Fig. 1.1, the self-consistent local
equilibrium Eq. (3.1.5) can be seen in terms of coarse grains representing locally a self-
consistent system with temperature Ti= 1

kBβi
and a local Hamiltonian ĥi[βi].
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The energy density thus depends on the density matrix, as it must satisfy the condition

Ĥloc ≡ Ĥ[ϱloc] =
∫

dx ĥ[ϱloc](x). (3.1.6)

Since Ĥ depends on the temperature field through the density matrix, we denote

Ĥloc=Ĥ[ϱloc]=Ĥ[β(x)] . (3.1.7)

It is important to highlight that the self-consistent energy density operator ĥ(x) is different
from ĥ(x) associated with the Hamiltonian of the system Ĥ , defined in Eq. (1.1.6).

3.1.2 Kubo formula for thermal conductivity in self-consistent schemes

Having defined the local equilibrium density matrix and the Liouville superoperator for the
self-consistent systems, we can apply the modified Liouville equation approach to find the
steady-state solution of (3.1.4) as presented in Sec. 1.3. For the self-consistent case, Eq. (1.3.6)
becomes

ϱ̂ϵst = −
∞∫

0

dt′ e−ϵt′e−
i
ℏLsct′ i

ℏ
Lscϱ̂loc . (3.1.8)

From Eq. (3.1.8), we derive an expression of thermal conductivity retracing the procedure
presented in Sec. 1.3. To do so, we have to evaluate the action of the self-consistent Liouville
operator Lsc on the local equilibrium density matrix

i

ℏ
Lscϱ̂loc = i

ℏ
[Ĥ[ϱloc], ϱ̂loc] . (3.1.9)

We expand ϱ̂ in the right side of Eq. (3.1.9) in β(x)=β+δβ(x); from Eq. (3.1.5), we expand as
in Eq. (1.3.7), obtaining

ϱ̂loc = exp
[
−βĤ[β(x)] −

∫
dx δβ(x)ĥ[β(x)](x)

]

≃ e−βĤloc−e−βĤloc

β∫
0

dλ eλĤloc

∫
dx δβ(x)

β
ĥ[β(x)](x)e−λĤloc .

(3.1.10)

In intermediate steps, we neglect the normalization factor Z in Eq. (3.1.5) for brevity, restoring
it at the end of the calculation. Discarding orders higher of O(δβ), every quantity multiplied
by δβ(x) must be computed at δβ(x)=0, i.e. at the (global) equilibrium temperature β, hence

ϱ̂loc = e−βĤloc − e−βĤ
(0)

β∫
0

dλ eλĤ(0)
∫

dx δβ(x)
β

ĥ(0)(x)e−λĤ(0) + O(δβ)2 . (3.1.11)

At variance with the expansion in Eq. (1.3.7), the first term of Eq. (3.1.11) still depends on
δβ(x) through the self-consistency. Plugging the expansion Eq. (3.1.11) in Eq. (3.1.9) we get

i

ℏ
Lscϱ̂loc = i

ℏ
[Ĥloc, ϱ̂loc] ≃ i

ℏ
[Ĥloc, e

−βĤloc ]

− i

ℏ
[Ĥloc, e

−βĤ(0)
β∫

0

dλ eλĤ(0)
∫

dx δβ(x)
β

ĥ0(x)e−λĤ(0) ] .
(3.1.12)
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The first term of the last equality in Eq. (3.1.12) is not linear in δβ(x). The expansion of Ĥloc

at linear order in δβ(x) features complicated functional derivatives such as

Ĥloc ≃ Ĥ(0) +
∫

dx δĥ[β(x)]
δβ(x)

∣∣∣∣
β(x)=β

δβ(x). (3.1.13)

However, it is clear that in Eq. (3.1.12) [Ĥloc, e
−βĤloc ]=0: even if a nontrivial temperature

dependence is present in Ĥloc, the same dependence appears in the self-consistent dynamics
provided by Lsc. The presence of terms like Eq. (3.1.13) due to a nontrivial temperature-
ependent Hamiltonian Ĥ challenges the applicability of the standard Kubo formula Eq.
(1.3.10) in self-consistent systems. In the original Kubo formula derivation,106 the tem-
perature is treated as an imaginary time in the time-evolution operators, and temperature
derivatives are related to time derivatives through a change of variables [see Ref. 106 (3.6)-
(3.7) and Ref. 104 (3.426)]. However, such change of variables becomes invalid when the
Hamiltonian depends on temperature.

From Eq. (3.1.12), we get at linear order in δβ(x)

i

ℏ
Lscϱ̂loc = −e−βĤ(0)

β∫
0

dλ eλĤ(0)
∫

dx δβ(x)
β

i

ℏ
[Ĥ(0), ĥ(0)(x)]e−λĤ(0)

. (3.1.14)

Using the self-consistent Liouville equation Eq. (3.1.1), the commutator in Eq. (3.1.14) defines
a self-consistent heat current through a self-consistent continuity equation Eq. (1.2.16)

i

ℏ
[Ĥ(0), ĥ(0)(x)] = −∇ · ĵ(x) . (3.1.15)

The steady-state statistical operator then takes form

ϱ̂ϵst = −
∞∫

0

dt e−ϵte−
i
ℏLscte−βĤ

(0)
β∫

0

dλ eλĤ(0)
∫

dx δβ(x)
β

∇ · ĵ(x)e−λĤ(0) (3.1.16)

that, as done for Eq. (1.3.9), we can recast as

ϱ̂ϵst = V

β
∇β ·

∞∫
0

dt e−ϵte−
i
ℏLscte−βĤ

(0)
β∫

0

dλ eλĤ(0)Ĵ e−λĤ
(0)
, (3.1.17)

where the self-consistent heat flux is Ĵ = 1
V

∫
V dx ĵ(x). The thermal conductivity is obtained

with the same procedure we used to get Eq. (1.3.10), hence

κγσ= lim
ϵ→0+

V

T

∞∫
0

dt e−ϵt
β∫

0

dλTr
[
Ĵγ ϱ̂0e

− i
ℏLscteλĤ

(0)Ĵ σe−λĤ
(0)]

. (3.1.18)

Eq. (3.1.18) represents the generalization of the Kubo formula for thermal conductivity for
self-consistent dynamics. A major difference between the self-consistent Liouville superop-
erator Lsc featuring the self-consistent Liouville equation (3.1.4) and the standard one L fea-
turing in (1.3.2) is that Lsc is non linear. Thus the interpretation of e

i
ℏLsctϱ̂ as ∼e−

i
ℏ Ĥ

(0)
ϱ̂e

i
ℏ Ĥ

(0)

is not straightforward. Hence, the equivalence between Schrodinger and Heisenberg evo-
lution of the operators is not granted in a self-consistent dynamics. However, from the
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self-consistent Liouville equation (3.1.1) we can still define the infinitesimal evolution

ϱ̂(t+ dt) = ϱ̂(t) + ∂ϱ̂(t)
∂t

dt = ϱ̂(t) − i

ℏ
[Ĥ[ϱ(t)], ϱ̂(t)]dt

= ϱ̂(t) − i

ℏ
Lscϱ̂(t)dt

(3.1.19)

and the exponential eiLsct is intendended in terms of its Taylor series. Integrating in t as
done in Eq. (1.3.12), we can express Eq. (3.1.18) in terms of the self-consistent propagator

κγσ(iϵ)=V

T

β∫
0

dλTr
[
Ĵγ ϱ̂0

i

iℏϵ− Lsc
eλĤ

(0)Ĵ νe−λĤ
(0)
]
. (3.1.20)

As per Eq. (1.3.12), the presence of the inverse self-consistent propagator [iℏϵ− Lsc]−1 com-
puted at imaginary frequency iϵ resembles the structure of the finite-frequency response
function obtained in TD-SCHA65,152 or in TD-DFT.75 To be applied, Eqs. (3.1.18)-(3.1.20)
require the definition of the action of the self-consistent Liouville superoperator Lsc on rele-
vant operators, as done in TD-DFT75 and TD-SCHA.65,152 A key aspect of the self-consistent
Kubo formula (3.1.18) or (3.1.20) for thermal conductivity is that it only depends on equilib-
rium quantities, in the same spirit of the standard Kubo formula and fluctuation-dissipation
theorem.117 In fact, to obtain the thermal condutivity using (3.1.18) or (3.1.20), we only need
to define the global equilibrium self-consistent density matrix ϱ̂0 and Hamiltonian Ĥ(0), to-
gether with the self-consistent heat flux Ĵ from (3.1.15). Even if needed for the derivation, an
explicit expression for the local equilibrium self-consistent density matrix ϱ̂loc is not needed
to obtain the linear transport coefficient (3.1.18).

3.1.3 Discussion of Kubo formula for self-consistent systems

Let us briefly discuss the fundamental aspects of Eq. (3.1.18), which consists of a novel result
of this thesis. The thermal conductivity Eq. (3.1.18) can be represented as a Feynman diagram
with two vertices connected by a propagator (cfr. Fig. 3.1).104,110,141 The propagator is related
to the time-evolution scheme, while the vertices are related to the heat flux operators (Ĵ , Ĵ )
appearing in the Kubo formula Eq. (3.1.18).

Details of the propagator are contained in the time-evolution superoperator e−
i
ℏLsct (blue

box in Fig. 3.1), that evolves the operators according to the self-consistent Liouville equation
Eq. (3.1.1). Therefore, temperature and anharmonic effects are included in the dynamics
through self-consistency at a quantum non-perturbative level. Conversely, the standard
Kubo formula Eq. (1.3.10), which features the time-evolution Ĵ(−t)=e−

i
ℏLtĴ=e−

i
ℏ ĤtĴe

i
ℏ Ĥt,

requires a perturbative truncation of the Hamiltonian Ĥ to a specific anharmonicity level.
The present distinction is crucial, particularly in the context of lattice thermal transport, as
it validates the theoretical description of strongly anharmonic crystals. In such systems,
anharmonicity can not be regarded as a small correction to a lattice of harmonic oscilla-
tors, rendering thermal conductivity expressions reliant on perturbation theory such as Eq.
(1.3.10) invalid.

While approaches like ab initio molecular dynamics (AIMD) circumvent the limitations
of perturbative truncation of the anharmonic Hamiltonian, they are restricted to a classi-
cal treatment of the ions.129,141,157–160 Therefore, in AIMD effects such as zero-point mo-
tion, Bose-Einstein population, and quantum anharmonicity are neglected. Self-consistent
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theories, such as self-consistent phonon (SCP),51 temperature-dependent effective poten-
tial (TDEP),52 and SCHA,50,56 can encompass all these effects in the calculation of phonon
frequencies and related lattice properties. However, for the application of our thermal con-
ductivity formula Eq. (3.1.18), a dynamical extension of the self-consistent theory is required.
To our knowledge, among the cited methods, the SCHA is the only one with an ab initio
dynamical extension in the form of the TD-SCHA.65

Figure 3.1. Diagrammatic representation of the Kubo formula for thermal conductivity in self-
consistent schemes ( Eq. (3.1.18)). The propagator (blue area) evolves the observables according
to the self-consistent dynamics contained in Lsc. It connects the self-consistent heat flux vertex J
(full-circle)—assumed to be harmonic, i.e. derived from a two-phonon operator—, to the many-
body heat flux vertex J (empty circle).

Another key difference of Eq. (3.1.18) with the standard Green-Kubo expression Eq.
(1.3.10) is that it describes thermal conductivity as a quantum correlation function of two
different heat fluxes. The first is the many-body heat flux Ĵ , that represents the flow of
energy of the exact hamiltonian Ĥ [cfr. Eq. (1.2.16)]. As such, Ĵ can encompass every level
of anharmonicity, but it requires a perturbative truncation of the Hamiltonian Ĥ . Moreover,
being derived from the exact Hamiltonian Ĥ , the heat flux vertex related to Ĵ is inherently
temperature independent. The heat flux operator Ĵ in Eq. (3.1.18) is derived from the
self-consistent Hamiltonian Ĥ [cfr. Eq. (3.1.15)]. The structure of Ĵ is thus given once the
self-consistent Hamiltonian Ĥ is specified. For example, in the SCHA since Ĥ is a harmonic
auxiliary Hamiltonian, Ĵ consists in a harmonic self-consistent heat flux (discussed in detail
in Sec. 3.2.3). Therefore, the heat flux vertex associated to Ĵ features phonon properties
(frequencies and velocities) that are temperature dependent through self-consistency. To
be specific, if anharmonic terms are neglected in the approximation of Ĥ , the heat flux
Ĵ would feature phonon frequencies and velocities obtained from standard perturbative
techniques (e.g. DFPT161 or finite differences47). Instead, the heat flux Ĵ would feature
phonon frequencies and velocity renormalized by self-consisitency.

The remainder of this Chapter will be devoted to obtain the definitions of ϱ̂0, Ĥ(0), Ĵ ,Lsc
in the context of the SCHA, to obain an expression of lattice thermal conductivity in a specific
self-consistent picture.

3.2 Thermal equilibrium in the Self-Consistent Harmonic Approx-
imation

In order to obtain the thermal conductivity in a self-consistent approach, we have to define
the self-consistent Liouville superoperator Lsc that describes the approximated dynamics,
and define the global equilibrium density matrix ϱ0 in our self-consistent scheme. To discuss
the property of strongly anharmonic crystals, the self-consistent harmonic approximation
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(SCHA) is among the most advanced and popular theoretical approaches.50,56 In the SCHA,
the density matrix of the interacting lattice is approximated with a Gaussian density matrix,
which characterize a system of harmonic oscillators. The interatomic force constant matrix
and the equilibrium position of the ions (centroids) are optimized to obtain the best estimate
of the free energy of the interacting system.50,56

In this Section, we outline the basic features of the SCHA method and discuss how to
fit the SCHA in our MEP treatment of transport theory. We will first obtain the global
equilibrium density matrix, thus the SCHA density matrix maximizing the entropy with the
constraint of a fixed expectation value of the energy

S̃[β] = − Tr[ϱ̂ log ϱ̂] − β
(
Tr
[
ϱ̂Ĥ
]

− E
)
, (3.2.1)

where Ĥ is the Born-Oppenheimer Hamiltonian

Ĥ =
3N∑
a=1

P̂ 2
a

2ma
+ V̂BO(R⃗) . (3.2.2)

For brevity, in this chapter we indicate with a=(i, α) a composite index with the atomic index
i and Cartesian index α, ma=mi is the mass of atom i, and R⃗ = (R1, ..,RN ) is the collection
of all position operators with eigenstates

∣∣∣R⃗〉 = |R1, ..,RN ⟩. The variation of S̃ will be done
by taking ϱ̂ as a gaussian density matrix.

Next, having obtain the equilibrium SCHA density matrix at fixed temperature ϱ̂0 and as-
sociated self-consistent Hamiltonian Ĥ(0), we will obtain an expression for the self-consistent
heat flux Ĵ in SCHA .

3.2.1 Foundations of the SCHA method

The SCHA consist in approximating the density matrix describing the oscillating ions in a
crystal as a gaussian. In particular, considering the most generic quadratic Hamiltonian

Ĥ
R⃗,

↔
Φ

=
3N∑
a=1

P̂ 2
a

2ma
+ V

R⃗,
↔
Φ

(R⃗) (3.2.3a)

V
R⃗,

↔
Φ

(R⃗) = 1
2
∑
ab

(
R̂a − Ra

)
Φab

(
R̂b − Rb

)
(3.2.3b)

the SCHA density matrix is build by setting the Bloch equation162

∂ϱ̂

∂β
= −Ĥ

R⃗,
↔
Φ
ϱ̂ (3.2.4)

along with the normalization condition Tr[ϱ̂]=1 and the boundary condition ϱ̂=I for β=0.
The notation ↔◦ indicates a 3N×3N matrix. The centroids R⃗ and the effective force constant
matrix

↔
Φ in Eqs. (3.2.3a)-(3.2.3b) are parameters of the SCHA density matrix (3.2.4). Eq.

(3.2.4) is solved by

ϱ̂
R⃗,

↔
Φ

= e
−βĤ

R⃗,
↔
Φ

Z
R⃗,

↔
Φ

[β] , Z
R⃗,

↔
Φ

[β] = Tr
[
e
−βĤ

R⃗,
↔
Φ

]
, (3.2.5)



3.2 Thermal equilibrium in the Self-Consistent Harmonic Approximation 77

which is of the from (3.1.2). The matrix Φab is positive definite and defines the SCHA
dynamical matrix as

Dab = Φab√
mamb

=
3N∑
µ=1

ω2
µeµ,aeν,b (3.2.6)

where ωµ are the SCHA phonon frequencies and eµ,a are the SCHA phonon polarization
vectors. We stress that the frequencies ωµ do not correspond to experimentally observable
phonons but only to auxiliary quantities, just like the Kohn-Sham bands in DFT.

We show in Appendix 3.A that the SCHA density matrix in the Schrodinger representa-
tion has a gaussian form

〈
R⃗
∣∣∣ ϱ̂

R⃗,
↔
Φ

∣∣∣R⃗′〉 = ϱ
R⃗,

↔
Φ

(R⃗, R⃗′) =

√√√√√det

 ↔
Υ
2π

 exp
(

−1
4

3N∑
ab=1

Θab(Ra − Ra)(Rb − Rb)

−1
4

3N∑
ab=1

Θab(R′a − Ra)(R′b − Rb) +
3N∑
ab=1

Aab(Ra − Ra)(R′b − Rb)
)

(3.2.7)
where

↔
Θ and

↔
A are symmetric tensors and

↔
Υ =

↔
Θ − 2

↔
A is positive definite. The matrix

↔
Υ

is the inverse covariance matrix, featuring in the diagonal elements of the densty matrix as

ϱ
R⃗,

↔
Φ

(R⃗, R⃗) =
√

det
(Υ

2π

)
e−

1
2
∑3N

ab=1(Ra−Ra)Υab(R′
b−Rb) (3.2.8)

The density matrix ϱ̂
R⃗,

↔
Φ

solves Ĥ
R⃗,

↔
Φ

, so
↔
Υ and

↔
A are not free parameters but depend on

the SCHA phonons {ωµ, eµ} (Eq. (3.2.6))

Υab =
3N∑
µ=1

2ωµ
ℏ(1 + 2nµ)eµ,aeµ,b =

3N∑
µ=1

ξ−2
µ eµ,aeµ,b (3.2.9a)

Aab =
3N∑
µ=1

2ωµnµ(nµ + 1)
ℏ(1 + 2nµ) eµ,aeµ,b. (3.2.9b)

where nµ is the Bose-Einstein occupation number nµ=[eβℏωµ − 1]−1 and we have introduced
the SCHA thermal length ξµ which reads

ξ2
µ = ℏ

2ωµ
(1 + 2nµ) = ℏ

2ωµ
coth

(
1
2ωµβ

)
. (3.2.10)

The best estimate for the parameters R⃗,
↔
Φ are obtained by a free energy minimization

procedure.50 By virtue of Bogoliubov variational principle, the exact free energy

F [ρ] = Tr
[
ρ̂Ĥ
]

− kBTS[ρ] (3.2.11)

and the one computed with the SCHA density matrix (3.2.4)

F [ϱ
R⃗,

↔
Φ

] = F
R⃗,

↔
Φ

= Tr
[
ϱ̂

R⃗,
↔
Φ
Ĥ

]
− kBTS[ϱ

R⃗,
↔
Φ

] (3.2.12)
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are related by F [ρ] ≤ FR⃗,Φ. The best SCHA estimate for the free energy is obtained as

Fbest = min
R⃗,

↔
Φ
F [ϱ

R⃗,
↔
Φ

] . (3.2.13)

The stationarity condition of the free energy δF=0 results in the self-consistent equation for
the best parameters (R(0),Φ(0)) 〈

−∂V̂BO(R⃗)
∂Ra

〉
ϱ

R⃗(0),
↔
Φ(0)

= 0 , (3.2.14a)

〈
∂2V̂BO(R⃗)
∂Ra∂Rb

〉
ϱ

R⃗(0),
↔
Φ(0)

= Φ(0)
ab (3.2.14b)

where we have used the shorthand notation ⟨Ô⟩ϱ
R⃗,

↔
Φ

= Tr
[
Ôϱ̂

R⃗,
↔
Φ

]
. Eqs. (3.2.14) renormalize

the SCHA phonons, defined from
↔
Φ(0), and the average atomic positions, R⃗(0), by anhar-

monicty and quantum fluctuations at finite temperature.56 Indeed, contrary to the harmonic
approximation, the SCHA force constant is not the curvature of the BO energy surface at the
minimum. SCHA averages the potential with a distribution that has a finite width so there
are additional anharmonic terms due to quantum-thermal Gaussian fluctuations.56,152 We
will show in what follows that the SCHA equations (3.2.14) can be obtained from the MEP
with a constrained maximization that enforces the density matrix to be a Gaussian of the
form (3.2.4).

Before proceeding, let us note some useful relations in the SCHA formalism. One of
the most important feature of the SCHA is that since the density matrix is a Gaussian,
its derivatives possess an analytic expression. Such property can be exploited to compute
derivatives of observables using the integration by parts. For example, for the expecatation
value of an observable diagonal in the Schrodinger representation, we can compute its
derivative with respect to a parameter λ as (proven in Appendix 3.A)

∂

∂λ

〈
O(R⃗)

〉
ϱ

R⃗,
↔
Φ

=
∑
a

∂Ra

∂λ

〈
∂O(R⃗)
∂R̂a

〉
ϱ

R⃗,
↔
Φ

+ 1
2
∑
ab

∂Υ−1
ab

∂λ

〈
∂2O(R⃗)
∂R̂a∂R̂b

〉
ϱ

R⃗,
↔
Φ

. (3.2.15)

Another remarkable result of the SCHA is that the harmonic free energy, defined as the
functional

FR⃗,Φ⃗[ρ] = Tr
[
ρ̂ĤR⃗,Φ⃗

]
+ kBT Tr[ρ̂ log ρ̂] (3.2.16)

associated with the state (3.2.7) can be computed analytically in the normal mode basis
(proven in Appendix 3.A) as

FR⃗,Φ⃗[ϱ
R⃗,

↔
Φ

] = − 1
β

log ZR⃗,Φ⃗[β] = 1
β

∑
µ

log[2 sinh
(

1
2ℏωµβ

)
] (3.2.17)

The expectation value of the harmonic energy (3.2.3a) reads〈
Ĥ
〉
ϱ

R⃗,
↔
Φ

=
∑
ab

ΦabΥ−1
ab =

∑
µ

ω2
µξ

2
µ =

∑
µ

ℏωµ(nµ + 1
2) (3.2.18)
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which is the expected result for a system ofN harmonic oscillators in 3D. Combining (3.2.17)
and (3.2.18), we get the entropy associated with the Gaussian density matrix (3.2.7) as

S[ϱ
R⃗,

↔
Φ

] = − Tr
(
ϱ̂

R⃗,
↔
Φ

log ϱ̂
R⃗,

↔
Φ

)
= 1
β

[
〈
Ĥ
〉
ϱ

R⃗,
↔
Φ

− FR⃗,Φ⃗]

= 1
2
∑
µ

[
βℏωµ coth

(
1
2βℏωµ

)
− 2 log

(
sinh

(
1
2βℏωµ

))]
.

(3.2.19)

3.2.2 Global equilibrium in SCHA

As first step to the application of the SCHA to the problem of thermal transport, we want to
employ the MEP to derive the global equilibrium SCHA density matrix. In such condition,
we search for the SCHA density matrix that maximizes the entropy under the constraint of
a constant expectation value of the Hamiltonian Ĥ . As per (1.2.6), we want to maximize the
entropy functional

S̃[ϱ] = − Tr [ϱ̂ log ϱ̂] − β
(
Tr
[
Ĥϱ̂
]

− E
)

(3.2.20)

restricting our constrained maximization to the class of Gaussian density matrices of the
form. Let us first take a step back analyzing the definition of the Gaussian density matrix.
The assumption of a Gaussian structure of the density matrix traces back to the definition
of the Bloch equation (3.2.4). From the derivation of the canonical ensemble density matrix
from the MEP done in (1.2.6), we understand that the solution of the Bloch equation (3.2.4)
is the density matrix that maximizes the entropy of a system of harmonic oscillators with
fixed expectation value E of the harmonic Hamiltonian ĤR⃗,Φ⃗, i.e.

S̃[ϱ
R⃗,

↔
Φ

] = − Tr
[
ϱ̂

R⃗,
↔
Φ

log ϱ̂
R⃗,

↔
Φ

]
− η

(
Tr
[
ĤR⃗,Φ⃗ϱ̂R⃗,

↔
Φ

]
− E

)
. (3.2.21)

From the discussion above and from (3.2.21), we understand that the temperature associated
with the extremal solution of (3.2.21) is in general different from the temperature associated
with the maximum of the entropy (3.2.20). In fact, the temperature of the system T is
associated with the Lagrangian multiplier β. Being Langrangian multipliers of two different
constrained maximizations, respectively of S in (3.2.20) and of S̃ in (3.2.21), in principle η
and β are different. From the argument just elucidated, we shall consider as the density
matrix that approximates the exact one as a Gaussian density matrix with an “effective”
temperature η as

ϱ̂
η,R⃗,

↔
Φ

= e−ηĤR,Φ⃗

Tr
[
e−ηĤR,Φ⃗

] (3.2.22)

to be considered as an extra variational parameter. The reasoning behind (3.2.22) can be
understood as follows. In the SCHA, the exact density matrix of the fully interacting lattice
of ions is approximated by the density matrix of a system of harmonic oscillators. When
measuring a property such as the energy, Tr

[
Ĥϱ̂η

]
, of the fully interacting system, the

result will include contributions from both harmonic and anharmonic terms (interactions of
all orders). On the other hand, the energy associated with the harmonic oscillator system,
Tr
[
Ĥϱ̂η

]
, is purely harmonic by construction. To balance this difference, a system of harmonic

oscillators with, for instance, a higher effective temperature η can reproduce the observables
of the fully interacting system at a lower temperature β. This adjustment accounts for the
additional anharmonic contributions present in the interacting system.



80 3. Lattice thermal transport in self-consistent schemes

To find the global equilibrium SCHA density matrix, we thus maximize the entropy
functional

S̃[ϱη,R,Φ] = − Tr
[
ϱ̂
η,R⃗,

↔
Φ

log ϱ̂
η,R⃗,

↔
Φ

]
− β

(
Tr
[
Ĥϱ̂

η,R⃗,
↔
Φ

]
− E

)
(3.2.23)

where we restrict the constraint maximization to the space of the density matrix of the form
(3.2.22). The entropy functional (3.2.23) depends on β and the stationarity with respect
to β fixes the expectation value of the BO Hamiltonian (3.2.2), while the variation of the
functional with respect to the density matrix (3.2.22) can be recast as variation with respect
to the parameters (η, R⃗,

↔
Φ). The stationarity of the functional (3.2.23) can be expressed as

δS̃ =
∑
a

∂S̃

∂Ra
δRa +

∑
ab

∂S̃

∂Φab
δΦab + ∂S̃

∂η
δη = 0 . (3.2.24)

Being independent parameters, by a simple argument of variational calculus we can recast
(3.2.24) as 

∂S̃
∂Ra

= 0 ,
∂S̃
∂Φab

= 0 ,
∂S̃
∂η = 0 .

(3.2.25)

The condition (3.2.25) consist in a set of coupled equations, to be solved for every choice of
(η, R⃗,

↔
Φ). In Appendix 3.B we prove that the solution of (3.2.25) is〈

−∂V̂BO(R⃗)
∂Ra

〉
ϱ

η(0),R⃗(0)
,Φ(0)

= 0 , (3.2.26a)

〈
∂2V̂BO(R⃗)
∂Ra∂Rb

〉
ϱ

η(0),R⃗(0)
,Φ(0)

= Φ(0)
ab , (3.2.26b)

η(0) = β . (3.2.26c)

The relations (3.2.26) consist in a novel result of this thesis. Eqs. (3.2.26a)-(3.2.26b) are
the standard SCHA equations (3.2.14), that can be equivalently obtained from the condition
of minimization of the free energy (3.2.13). The derivation of the SCHA equation from the
MEP extends the standard discussion of the SCHA to a larger parameter space, in which the
temperature of the trial density matrix is not specified but considered as an extra variational
parameter. Nonetheless, the third equation (3.2.26c) implies that the best possible estimate for
the temperature η of the approximated Gaussian density matrix is equal to the temperature
of the system β.

The conditions (3.2.26) provide the parameters (η(0), R⃗(0),
↔
Φ(0)), from which we can define

the SCHA equilibrium density matrix and Hamiltonian as

ϱ̂(0) = e−βĤ
(0)

Z[β] (3.2.27a)

Ĥ(0) =
∑
a

p̂2
a

2ma
+1

2
∑
ab

〈
∂2V̂BO(R⃗)
∂Ra∂Rb

〉
ϱ(0)

(R̂a − R(0)
a )(R̂b − R(0)

b ) . (3.2.27b)

Eqs. (3.2.27) give us a specific example for the case of the SCHA of the general discussion of
the self-consistent global equilibrium condition discussed in Eq. (3.1.2). The expression of
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the self-consistent equilibrium density matrix (3.2.27a) consist in the first ingredient needed
to compute the thermal conductivity from the Kubo formula for self-consistent systems
introduced in (3.1.18).

3.2.3 Heat flux in SCHA

In order to apply the Kubo formula (3.1.18) and obtain the thermal conductivity in SCHA,
we need to obtain an expression for the heat flux operator Ĵ . As discussed in Sec. (2.2), the
procedure to obtain the heat flux operator starts with the definition of the on-site energy
density. The energy density in SCHA can be obtained from the equilibrium Hamiltonian
(3.2.27b) as

Ĥ(0) =
∑
a

ĥa (3.2.28)

which is the self-consistent version of (2.2.6). As thorougly discussed in Sec. (2.2), the
extensivity relation (3.2.28) leaves space to different definition of the on-site self-consistent
energy density ĥa. In this thesis, we adopt a Hardy35 convention for the SCHA on-site energy,
obtaining

ĥa = p̂2
a

2ma
+ 1

2
∑
b

Φ(0)
ab (R̂a − R(0)

a )(R̂b − R(0)
b ) , (3.2.29)

which is the self-consistent analogue of the Hardy on-site energy defined in (2.2.7). Using
the continuity equation (3.1.15), we can define the microscopic current density ĵ(x) from
the on-site energy (3.2.29) and obtained the self-consistent heat flux Ĵ with a procedure
completely equivalent to the one outlined in Sec. 2.2.1 and developed in Ref. 35. This
amounts in substituting û→R̂−R(0), ϕ(0)

ab→Φ(0)
ab , Ĥ0→Ĥ(0) in the expression of the Hardy heat

flux (2.2.10). In doing so, we get the expression of the heat flux in SCHA

Ĵ σ = 1
2V

N∑
ab

(Rσ
a

(0)−Rσ
b

(0))
x,y,z∑
αβ

Φα,β
a,b

(0)δR̂αa
(0) P̂

β
b

mb
(3.2.30)

where δR⃗(0)=R⃗−R⃗(0). Greek letters as superscript will denote cartesian directions . In fact,
note that since the heat flux is a Cartesian vector, to express the σ=x, y, z component of
Ĵ in (3.2.30) we have separated the summation over the N atoms and the x, y, z Cartesian
coordinates. We also stress that the SCHA heat flux Ĵ at variance with the harmonic
“perturbative” Ĵ obtained in (2.2.10) depends on self-consistent quantities (R⃗(0),

↔
Φ(0)). By

virtue of (3.2.26), Ĵ possess an implicit temperature dependence, in
↔
Φ(0) and R⃗(0). In terms

of phonons, the self-consistent heat flux (3.2.30) if expressed in the phonon basis features
self-consistent phonons frequency and velocities obtained from the SCHA dynamical matrix
D defined in Eq. (3.2.6).

3.3 Time dependent self-consistent harmonic approximation (TD-
SCHA)

The remaining ingredient we need to obtain an expression of thermal conductivity in SCHA
is the explicit definition of the Liouville self-consistent superoperator Lsc that encodes the
approximated dynamics. This consists in the most articulate object to obtain, since it neces-
sitates to extend the SCHA to a time-dependent framework.
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Refs. 65,66 introduced the time-dependent self-consistent harmonic approximation (TD-
SCHA) for describing finite-temperature nuclear dynamics with quantum and anharmonic
fluctuations beyond perturbative approaches. The idea of TD-SCHA is to constrain the
nuclear density matrix to be the most general Gaussian (in Cartesian coordinates) with time-
dependent parameters. Ref. 65 used the first quantization formalism to derive the equations
of motion by minimizing the quantum action at T=0 K. Then, these equations are extended
to finite temperatures.65

The TD-SCHA Liouville equation reads

∂ϱ̂(t)
∂t

+ i

ℏ
Lscϱ̂(t) = ∂ϱ̂(t)

∂t
+ i

ℏ
[Ĥ[ϱ̂(t)], ϱ(t)] = 0 (3.3.1)

where the self-consistent time-dependent Hamiltonian Ĥ[ϱ(t)] is an effective quadratic
Hamiltonian that depends on the Gaussian density matrix ϱ̂(t) as

Ĥ[ϱ(t)] =
∑
a

p̂2
a

2ma
+
∑
a

〈
∂V̂tot(R⃗, t)

∂Ra

〉
ϱ(t)
(R̂a−R(t)a)+

1
2
∑
ab

〈
∂2V̂tot(R⃗, t)
∂Ra∂Rb

〉
ϱ(t)
(R̂a−R(t)a)(R̂b−R(t)b).

(3.3.2)
Eq. (3.3.2) features a time-dependent potential containing both the internal static interaction
given by the BO potential and an external time-dependent perturbation

V̂tot(t) = V̂BO(R⃗) + V̂ext(R⃗, t) , (3.3.3)

and R⃗(t) are time varying equilibrium position of the ions. Thanks to self-consistency, the
TD-SCHA goes beyond harmonic/perturbative methods. No approximations are made on
the total potential, so anharmonic effects are included exactly when the BO energy surfaced
is sampled. However, the exceptional complexity of the original TD-SCHA formulation
hampers its physical interpretations.50,66 In this chapter we reformulate the TD-SCHA in
the Wigner language. In doing so, we rephrase the self-consistent dynamical theory of ionic
motions in terms a diagramatic picture, resulting in a formalism of easier interpretation and
comparison with other established approaches.

3.3.1 Wigner-Gaussian dynamics: time-dependent response of quantum anhar-
monic nuclei

The Wigner formalism describes the quantum nuclear evolution in terms of position and
momentum degrees of freedom, in a way analogous to the classical Liouville propagation.
The Wigner quasi-distribution,163 obtained as a Fourier transform of the density operator
ϱ̂(t), is the quantum analogue of the classical phase-space probability distribution

ρw(R⃗, P⃗ , t) =
+∞∫
−∞

dR⃗′e−
i
ℏ P⃗ ·R⃗

′

(2πℏ)3N

〈
R⃗+ R⃗′

2

∣∣∣∣∣ ϱ̂(t)
∣∣∣∣∣R⃗− R⃗′

2

〉
. (3.3.4)

We remark that Eq. (3.3.4) is normalized,

+∞∫
−∞

dR⃗

+∞∫
−∞

dP⃗ ρw(R⃗, P⃗ , t) = 1 (3.3.5)
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but, in general, it is not positive-definite,164 hence it can not be interpreted as a probability
distribution. Still, it encodes all the information on the system. Similarly, the Wigner
expression for an operator Ô is defined as

Ow(R⃗, P⃗ ) =
+∞∫
−∞

dR⃗′e−
i
ℏ P⃗ ·R⃗

′
〈
R⃗+ R⃗′

2

∣∣∣∣∣ Ô
∣∣∣∣∣R⃗− R⃗′

2

〉
, (3.3.6)

so that quantum averages in the Wigner formalism have the same expression as the classical
ones 〈

Ô
〉
ρw

=
+∞∫
−∞

dR⃗

+∞∫
−∞

dP⃗Ow(R⃗, P⃗ )ρw(R⃗, P⃗ , t). (3.3.7)

The TD-SCHA constrains the quantum density matrix as the most general time-dependent
Gaussian.65 Since the Wigner transformation is equivalent to a Fourier transform, also the
corresponding Wigner quasi-distribution is a Gaussian

ϱ(R⃗, P⃗ , t)= N (t) exp
[
−1

2

3N∑
ab=1

(Ra − R(t)a)α(t)ab(Rb − R(t)b)

−1
2

3N∑
ab=1

(Pa − P(t)a)β(t)ab(Pb − P(t)b) +
3N∑
ab=1

(Ra − R(t)a)γ(t)ab(P − P(t)b)
]
,

where N (t) is the normalization, defined such that

+∞∫
−∞

dR⃗

+∞∫
−∞

dP⃗ ϱ(R⃗, P⃗ , t) = 1. (3.3.8)

R⃗(t), P⃗(t), ↔
α(t),

↔
β(t), ↔

γ(t) are the time-dependent free parameters of the distribution.
In contrast to the general Wigner distribution, Eq. (3.3.8) is positive-definite and can be
interpreted as the quantum probability distribution. The position and momentum centroids
R⃗(t) and P⃗(t) are 3N real vectors and represent, respectively, the average instantaneous
position and momentum of the ions

R⃗(t) =
〈
R⃗
〉
ϱ(t)

, P⃗(t) =
〈
P⃗
〉
ϱ(t)

(3.3.9)

where the TD-SCHA averages of Wigner observables are

〈
Ô
〉
ϱ(t)

=
+∞∫
−∞

dR⃗

+∞∫
−∞

dP⃗ ϱ(R⃗, P⃗ , t)O(R,P ) (3.3.10)

↔
α(t),

↔
β(t) and ↔

γ(t) are 3N × 3N real tensors (↔
α(t) and

↔
β(t) are symmetric).

The dynamics of the Wigner distribution can be obtained by transforming the time-
dependent equation (3.3.1) of the TD-SCHA65,66 in the Wigner basis. Using the definition of
the Wigner transform of a commutator163

[Â, B̂]w(R⃗, P⃗ ) = 2iAw(R⃗, P⃗ ) sin
(ℏ

2 Λ̂
)
Bw(R⃗, P⃗ ) (3.3.11)
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where the Poisson bracket operator is defined as

Λ̂ =
←
∇R ·

→
∇P −

←
∇P ·

→
∇R , (3.3.12)

Eq. (3.3.1) can be recast in Wigner basis with a self-consistent Wigner-Liouville equation

∂

∂t
ϱ(R⃗, P⃗ , t) + iLscϱ(R⃗, P⃗ , t) = 0 . (3.3.13)

The self-consistent TD-SCHA Liouville operator acts as

iLscϱ(R⃗, P⃗ , t) =
{

H[ϱ], ϱ(R⃗, P⃗ , t)
}

(3.3.14)

where the brackets indicate the classical Poisson brackets

{A,B} =
3N∑
a=1

(
∂A

∂Ra

∂B

∂Pa
− ∂A

∂Pa

∂B

∂Ra

)
. (3.3.15)

In (3.3.14), H[ϱ] is a quadratic time-dependent Hamiltonian that depends self-consistently
on ϱ(t)

H[ϱ] =
3N∑
a=1

P 2
a

2ma
+

3N∑
a=1

δRa(t)
〈
∂Vtot(R⃗, t)

∂Ra

〉
ϱ(t)

+ 1
2

3N∑
ab=1

δRa(t)
〈
∂2Vtot(R⃗, t)
∂Ra∂Rb

〉
ϱ(t)
δRb(t).

(3.3.16)

where δR⃗(t)=R⃗−R⃗(t). Inserting the Wigner-TD-SCHA distribution, Eq. (3.3.8), in Eq.
(3.3.13) we get (details in Appendix 3.C )

d

dt
⃗̃R(t) = ⃗̃P(t) (3.3.17a)

d

dt
⃗̃P(t) = −

〈
∂Vtot

∂
⃗̃
R

〉
ϱ(t)

(3.3.17b)

d

dt

↔
α̃(t) = −

〈
∂2Vtot

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(t)

·
↔
γ̃T (t) −

↔
γ̃(t) ·

〈
∂2Vtot

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(t)

(3.3.17c)

d

dt

↔

β̃(t) =
↔
γ̃T (t) +

↔
γ̃(t) (3.3.17d)

d

dt

↔
γ̃(t) =

↔
α̃(t) −

〈
∂2Vtot

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(t)

·
↔

β̃(t) (3.3.17e)

where to compact the notation, we drop the explicit time and position dependence of V̂tot
and the ◦̃ indicates a mass-rescaled variable like

R̃a =
√
maRa, P̃a = Pa√

ma
. (3.3.18)

In (3.C.5), we have expressed with the dot product the matrix multiplication

(
↔
A ·

↔
B)ab =

∑
c

AacBcb . (3.3.19)
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and in the derivatives with respect to 3N vectors as

(
∂V

∂R⃗

)
a

= ∂V

∂Ra
,

(
∂2V

∂R⃗∂R⃗

)
ab

= ∂2V

∂Ra∂Rb
. (3.3.20)

In addition, we have the equation for the normalization

d

dt
N (t) = 0 (3.3.21)

which is automatically satisfied by Eqs (3.C.5). As a consequence, the TD-SCHA dynamics
is closed, so if ϱ(t) is initially prepared as a Gaussian, then ϱ(t) will preserve its shape
during the evolution. The TD-SCHA dynamics of Eq. (3.C.5) is more straightforward than
the original derivation using the standard formalism of operators in quantum mechanics.
An interesting feature of the Wigner formulation of TD-SCHA is that Eqs (3.3.13)-(3.C.5) do
not contain ℏ. The implications of such founding are thouroughly investigated in Ref. 152.

SCHA equilibrium as static limit of TDSCHA

A particular solution of Eq. (3.C.5) is the equilibrium state in the absence of a time-dependent
perturbation (Vext = 0). From Eqs (3.C.5), we get〈

∂VBO

∂
⃗̃
R

〉
(0)

=0 (3.3.22a)

〈
⃗̃
P

〉
(0)

=0 (3.3.22b)

↔
γ̃(0) =0 (3.3.22c)

↔
α̃(0) ·

↔

β̃(0)−1 =
〈
∂2VBO

∂
⃗̃
R∂

⃗̃
R

〉
(0)

(3.3.22d)

where (0) indicates that the averages are performed on ϱ(0), the equilibrium Wigner dis-
tribution that solve self-consistently Eq. (3.C.5). Since the average momentum is zero (Eq.
3.3.22c), we set δP⃗ = P⃗ , and the Wigner distribution becomes

ϱ(0)(R⃗, P⃗ ) = N (0) exp
(

−1
2
⃗̃
P ·

↔

β̃(0) · ⃗̃P − 1
2δ
⃗̃
R ·

↔
α̃(0) · δ ⃗̃R

)
. (3.3.23)

Eq. (3.3.22a) is clearly equivalent to the SCHA equilibrium condition on the forces (3.2.26a),
while (3.3.22d) is equivalent to the self-consistent equation (3.2.26b) that defines the SCHA

phonons. In fact, it is clear from the structure of (3.3.23) that α̃(0) ·
↔

β̃(0)−1=D, where the
SCHA dynamical matrix define the non-interacting self-consistent phonons

Dab =
〈
∂2VBO

∂R̃a∂R̃b

〉
(0)

=
3N∑
µ=1

ω2
µe
a
µe
b
µ. (3.3.24)
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Eq. (3.3.23) is a static solution of the Wigner TD-SCHA equations. Among all distributions,
the equilibrium one satisfy

α̃(0)
ab =Υ−1

ab =
3N∑
µ=1

ℏ(1 + 2nµ)
2ωµ

eaµe
b
µ (3.3.25a)

β̃(0)
ab =

3N∑
µ=1

ℏωµ(1 + 2nµ)
2 eaµe

b
µ . (3.3.25b)

The equilibrium solution (3.3.23) is crucial since it can be used as an initial condition to solve
the linearized version of the TD-SCHA equations of motion (3.C.5).

Diagramatic intepretation of SCHA phonons and connection with perturbation theory

Here we present a diagrammatic expansion of the SCHA (static solution of the TD-SCHA) in
a quartic potential to clarify the anharmonic processes involved in the theory and to highlight
the differences between SCHA and standard perturbation theory used in Chapter 2.

We define the SCHA propagator from Eq. (3.3.24)

↔
G(0)(ω)−1 = ω2↔

I −
↔
D

ω=0−→ −
↔
D. (3.3.26)

Note that the SCHA is a static theory so it is defined through ω=0 quantities. Similarly, one
defines the harmonic propagator as

↔
G(0)(ω)−1 = ω2↔

I − ∂2VBO

∂
⃗̃
R∂

⃗̃
R

∣∣∣∣
R=R⃗BO

ω=0−→ − ∂2VBO

∂
⃗̃
R∂

⃗̃
R

∣∣∣∣
R=R⃗BO

(3.3.27)

R⃗BO is the minimum of VBO(R⃗)
∂VBO

∂
⃗̃
R

∣∣∣∣
R⃗=R⃗BO

= 0. (3.3.28)

Note the difference in notation with respect to Chapter 2. In Chapter 2, we have indicated the
minimum of the Born-Oppenheimer potential R⃗BO as R⃗l in the definition of the displacement
operator û(Rl)bα in (2.2.3). Here, the tag BO is explicity expressed to avoid confusion with
the ionic configuration R⃗.

In the harmonic approximation, the lattice normal modes are the eigenvalues of the
second-order expansion of the BO potential around its minimum R⃗BO

∂2VBO

∂R̃a∂R̃b

∣∣∣∣
R=R⃗BO

=
3N∑
µ=1

Ω2
µε
a
µε
b
ν . (3.3.29)

The latter expression represents the lowest order expansion of the BO potential d used in
standard harmonic approximation of the BO Hamiltonian, such as (2.2.3). Notice that the
harmonic Green’s function

↔
G(0) are different from the one defined in (2.3.2), [cfr. Appendix

2.D] and are proportional to the Green’s functions defined in (2.D.7a). In what follows we
use

↔
G(0) (harmonic) and

↔
G(0) (SCHA) to denote the static limit (ω = 0) of the propagators

introduced in Eqs. (3.3.26), (3.3.27).
To connect the SCHA with perturbation theory, we expand the BO energy landscape

VBO(R⃗) in a Taylor series around the positions R⃗BO. All the SCHA equations contain
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Gaussian averages of BOES derivatives〈
∂kV (BO)

∂R̃b1 ..∂R̃bk

〉
(0)
=
∞∑
n=0

1
n!

3N∑
a1..an=1

(k+n)
d b1..bka1..an

〈(
δR̃+ δ̃

)
a1
..
(
δR̃+ δ̃

)
an

〉
(0)

(3.3.30)

where the anharmonic vertices in Eq. (3.3.30) are evaluated at the minimum of the BO energy
landscape

(n)
d a1...an = ∂nV (BO)

∂R̃a1 ...∂R̃an

∣∣∣∣
R=R⃗BO

(3.3.31)

and ⃗̃
δ is the difference between the minimum of the BO potential and the equilibrium

centroids of the SCHA
⃗̃
δ = ⃗̃R(0) − ⃗̃RBO. (3.3.32)

The SCHA distribution is a Gaussian, so the averages in Eq. (3.3.30) can be evaluated analyt-
ically up to any order using the Wick theorem. In a perturbative expansion, we assume that
each anharmonic vertex scales as

(n)
d ∼ O(ξn−2) (3.3.33)

where ξ is the perturbative parameter and can be estimated as the ratio of the thermal
length and the average bond distance.56 In what follows, we truncate the BO potential to the
fourth-order, setting

(n)
d = 0 n ≥ 5. (3.3.34)

Substituting the Taylor expansion into the first SCHA equation, Eq. (3.3.22a), we obtain a
self-consistent equation for ˜⃗δ that takes into account quantum and anharmonic effects on the
atomic positions shift

δa =
3N∑
bcd=1

g
(0)
ab

2

[(
(3)
d bcd + 1

3

3N∑
e=1

(4)
d bcdeδe

)
δcδd −

(
(3)
d bcd +

3N∑
e=1

(4)
d bcdeδe

)
G(0)(t = 0−)cd

]
,

(3.3.35)
where, in analogy with many-body theory,

↔
G(0)(t=0−) is the SCHA (mass-reduced) position-

position correlator

G(0)(t=0−)ab = −
〈
(R̃− R̃(0))a(R̃− R̃(0))b

〉
(0)

, (3.3.36)

where t=0− is the many-body analytical continuation in time.104 Similarly, the second SCHA
equation (Eq. 3.3.24) results in a self-consistent expression for the self-energy

G(0)−1
ab = G(0)−1

ab − Π(0)
ab , (3.3.37)

Π(0)
ab =

3N∑
c=1

(3)
d abcδc −

3N∑
cd=1

(4)
d abcd

2
(
G(0)(t = 0−)cd − δcδd

)
. (3.3.38)

Self-consistent phonon (SCP) methods51,165 solves Eqs (3.3.35) (3.3.38) (3.3.37) by fitting the
anharmonic force constants.166 Often, Eq. (3.3.35) is ignored, and ˜⃗δ is assumed to be zero,
which is valid only if all the atomic coordinates are constrained by symmetry.41 On the
contrary, the SCHA can go beyond the SCP method, including all the anharmonic vertices
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withn≥5 and polarization mixing. Indeed, the stochastic sampling of the potential50 includes
these effects automatically. The SCHA and SCP methods are static theories: the self-energy
is real, and the phonons defined in Eq. (3.3.37) are non-interacting excitations with an infinite
lifetime.

Figure 3.2. Diagrammatic expression for the SCHA one-phonon propagator at lowest perturbative
order ξ2 (see Ref. 56). The single solid line is the static SCHA propagator

↔
G(0) Eq. (3.3.26). The

thin dotted line is the static harmonic propagator g(0) Eq. (3.3.27). The scattering vertices are
defined in Eq. (3.3.31) with n=3 (triangle) and n=4(square). The tadpole and loop diagram are
defined in Eq. (3.3.41)

Expressing both the SCHA propagator and the position shift as a series of O(ξn) correc-
tions

↔
G(0) =

↔
G(0)ξ=0 +

↔
G(0)ξ=1 + ..

↔
G(0)ξ=n ∼ O(ξn) (3.3.39a)˜⃗

δ = ˜⃗
δξ=0 + ˜⃗

δξ=1 + ..
˜⃗
δξ=n ∼ O(ξn) (3.3.39b)

one can solve order by order in ξ Eqs (3.3.35) (3.3.38) (3.3.37) to systematically obtain all
the corrections to the SCHA propagator with a cubic-quartic potential. Ref. 56 solved Eqs.
(3.3.35), (3.3.38), (3.3.37) up to O(ξ2) and showed that(

G(0)
)−1

ab
≃
(
G(0)

)−1

ab
−
(
Π(L)
ab + Π(T)

ab

)
(3.3.40)

where
↔
Π(L) and

↔
Π(T) are respectively the loop (L) and tadpole (T) diagram (cf. Fig. 3.2),

Π(L)
ab =−1

2

3N∑
cd=1

(4)
d abcdG

(0)(t=0−)cd, (3.3.41a)

Π(T)
ab =−1

2

3N∑
cdef=1

(3)
d abcg

(0)
cd

(3)
d defG

(0)(t=0−)ef , (3.3.41b)

here
↔
G(0)(t=0−) is the harmonic counterpart of

↔
G(0)(t=0−), Eq. (3.3.36). The loop diagram,

Eq. (3.3.41a), comes from quantum/anharmonic fluctuations at fixed positions by setting
⃗̃
δ = 0 in Eq. (3.3.38). On the other hand, the tadpole diagram, Eq. (3.3.41b), comes from the
renormalization of atomic positions, Eq. (3.3.35). Note that the SCHA self-energy contains
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a subclass of diagrams, called instant phonons, which do not carry energy and do not have
imaginary part (infinite lifetime).145

3.3.2 Linearized equations of motion and response function in TDSCHA

When an external time-dependent potential couples to phonons without causing irreversible
changes in the material, the system is in the linear response regime. In these cases the external
perturbation Vext(R⃗, t) is in the form

Vext(R⃗, t) = B(R⃗)V(t). (3.3.42)

In this regime, the SCHA distribution ϱ(0)(R⃗) (See appendix 3.D) is perturbed by ϱ(1)(R⃗, t)

ϱ(R⃗, t) = ϱ(0)(R⃗) + ϱ(1)(R⃗, t). (3.3.43)

The probability distribution change leads to the emergence of time-dependent correction
(denoted by (1)) to the static parameters. So the free parameters of ϱ(1)(R⃗, t) are

R̃(t)µ = R̃(0)
µ + R̃(1)

µ , (3.3.44a)
α̃(t)µν = α̃(0)

µ δµ,ν + α̃(1)(t)µν , (3.3.44b)

β̃µν(t) = β̃(0)
µ δµ,ν + β̃(1)(t)µν , (3.3.44c)

where we express the tensors in the SCHA polarization basis {eµ} of Eq. (3.3.24). In Appendix
3.E, we express the dynamics of the average momentum ⃗̃P(1) and of the mixed matrix

↔
γ̃(1)

in those of the variables of Eqs (3.3.44). So Eqs (3.3.44) define the dynamics unambiguously.
To obtain the linearized equations of motion, we plug the perturbed correlators (Eqs

(3.3.44)) into the equations of motion (Eq. (3.C.5)). Additionally, we use Eq. (3.3.43) to
compute the averages of the total potential. This procedure (see appendix 3.E for details)
leads to the linear system in the frequency domain

(
L′ + ω2

)
·


⃗̃R(1)

↔
α̃(1)

↔

β̃(1)

 = p′V(ω). (3.3.45)

The perturbation vector p′ depends, in general, on equilibrium (SCHA) averages of first and
second derivatives of B(R⃗).

The external potential modifies the SCHA equilibrium state, defined by Eq. (??). The
response function encodes how the observable A(R⃗) changes when the system is (slightly)
out of equilibrium. In the linear response regime, this modification depends only on equi-
librium quantities. The TD-SCHA response function is obtained expanding ⟨A⟩ϱ(0)+ϱ(1) (see
Eq. (3.3.43)) in the perturbed parameters of Eqs (3.3.44) around the equilibrium value ⟨A⟩(0).
In appendix 3.E, we show that the first-order correction in the frequency domain is a simple
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scalar product in the space of the correlators (Eq. (3.3.44))

⟨A⟩(1) (ω) = r ′† ·


⃗̃R(1)

↔
α̃(1)

↔

β̃(1)

 , (3.3.46)

where the response vector r ′, similarly to p′, contains equilibrium averages of position-
derivatives of A(R⃗). Finally, inverting the linearized equations of motion, Eq. (3.3.45), we
get

⟨A⟩(1) (ω) = r ′† ·
(
L′ + ω2

)−1
· p′V(ω), (3.3.47)

where ◦−1 denotes the inverse. The TD-SCHA general response function of an observable
A(R⃗) to an external perturbation B(R⃗) is

χ(ω)A,B = r ′† ·
(
L′ + ω2

)−1
· p′. (3.3.48)

This expression has the same form as the one presented in Ref. 65, where the standard
description of quantum mechanics is adopted. The Wigner formalism enormously simplifies
the equations, allowing for a clear connection with many-body propagators, contrary to
previous formulations.65,66

3.3.3 Diagrammatic interpretation of linear response in TDSCHA

In this section, we provide an exhaustive interpretation in terms of Feynman diagrams of
Eq. (3.3.48). To do this, we introduce a new basis (see Appendix 3.F and Appendix 3.G for

details), which consists in a linear combination of the matrices
↔
α̃(1),

↔

β̃(1) featuring in Eqs
(3.3.44b) (3.3.44c). So, the general response function (Eq. (3.3.48)) takes the form

χ(ω)A,B = r · L(ω)−1 · p, (3.3.49)

where the response vector r and the perturbation vector p have a simple expression in terms
of equilibrium averages of A(R⃗) and B(R⃗)

p =



〈
∂B
∂R̃µ

〉
(0)〈

∂2B
∂R̃µ∂R̃ν

〉
(0)〈

∂2B
∂R̃µ∂R̃ν

〉
(0)


, r =



〈
∂A
∂R̃µ

〉
(0)〈

∂2A
∂R̃µ∂R̃ν

〉
(0)〈

∂2A
∂R̃µ∂R̃ν

〉
(0)


. (3.3.50)

L(ω) propagates the perturbation caused by p in the system and encodes the information on
how the latter affects r , which defines how the observable changes. Indeed, its multiplication
by a vector representing the status of the system, as r or p (3.3.50), gives the anharmonic
scattering processes that further dress the SCHA Green’s function introducing a finite lifetime
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(see section 3.3.4). In the new basis, L(ω) of Eq. (3.3.49) has a simple symmetric form

L(ω)=


↔
G(0)(ω)−1 −

(3)
D −

(3)
D

−
(3)
D χ

(0)
− (ω)−1 −

(4)
D −

(4)
D

−
(3)
D −

(4)
D −χ(0)

+ (ω)−1 −
(4)
D

 , (3.3.51)

L(ω) = L(ω)†. (3.3.52)

The harmonic and anharmonic contributions to L(ω) are

Lharm(ω) =


↔
G(0)(ω)−1 0 0

0 χ
(0)
− (ω)−1 0

0 0 −χ(0)
+ (ω)−1

 , (3.3.53)

Lanh(ω) =


0 −

(3)
D −

(3)
D

−
(3)
D −

(4)
D −

(4)
D

−
(3)
D −

(4)
D −

(4)
D

 . (3.3.54)

We report in Fig. 3.3 a graphical expression for Eq. (3.3.51). To construct a diagrammatic
representation, we associate each tensor in L(ω) with a symbol that possesses a number of
extremities equal to the rank of the tensor. The single solid line in Fig. 3.3 represents the

Figure 3.3. Graphical expression for Eq. (3.3.51) in terms of the free SCHA propagators (single and
double solid line Eqs (3.3.55) (3.3.56)) and the third and fourth order scattering vertex (orange
triangle and red square defined in Eqs (3.3.58) (3.3.59)).

equilibrium SCHA Green’s function
↔
G(0)(ω)

G(0)(ω)µν = δµν
ω2 − ω2

µ

, (3.3.55)
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where {ωµ} are the SCHA frequencies defined in Eq. (3.3.24). The double single solid line in
Fig. 3.3 is the two-phonon SCHA propagator χ(0)(ω)

χ(0)(ω)µνηλ = χ
(0)
− (ω)µνηλ − χ

(0)
+ (ω)µνηλ (3.3.56)

which contains a resonant χ(0)
− (ω) and an anti-resonant term χ

(0)
+ (ω)

χ
(0)
− (ω)µνηλ =δµηδνλ

ℏ [ωµ − ων ] [nµ − nν ]
4ωµων [(ωµ − ων)2 − ω2] , (3.3.57a)

χ
(0)
+ (ω)µνηλ =δµηδνλ

ℏ [ωµ + ων ] [1 + nµ + nν ]
4ωµων [(ωµ + ων)2 − ω2] . (3.3.57b)

The anti-resonant partχ(0)
+ (ω) describes the absorption/emission processes of a phonon pair

(double solid line with both arrows in the same directions in Fig. 3.3) while the resonant
χ

(0)
− (ω) the case in which one phonon is absorbed, and the other one is emitted (double solid

line with arrows pointing in opposite directions in Fig. 3.3).
The first row of Eq. (3.3.51) relates the propagation of single phonon excitation

↔
G(0)(ω) to

two-phonon χ(0)
± (ω). The process is mediated by the three-phonon scattering vertex (orange

triangle of Fig. 3.3)
(3)
Dµνη =

〈
∂3V (BO)

∂R̃µ∂R̃ν∂R̃η

〉
(0)
. (3.3.58)

The second and third rows of Eq. (3.3.51) show that double excitations interact with each
other via the fourth-order scattering vertex (red square of Fig. 3.3)

(4)
Dµνηλ =

〈
∂4V (BO)

∂R̃µ∂R̃ν∂R̃η∂R̃λ

〉
(0)
, (3.3.59)

or can decay in a single phonon via the three-phonon scattering vertex, Eq. (3.3.58). As a
guide for the reader, in Table 3.1, we report a summary of all the symbols used.

Inspecting the expression of L(ω), we understand that in TD-SCHA only single and
double excitations are dressed by anharmonicity and that only single phonons can decay in
a higher-order phonon propagation. The scattering vertices, Eqs (3.3.58) (3.3.59), included
in the dynamical response have an interesting diagrammatic expression (see also Ref. 167).
In general, they do not coincide with the derivatives of the BO potential evaluated at the
equilibrium SCHA positions R⃗(0) but they contain extra corrections due to quantum-thermal
fluctuations. All of these terms are included in the TD-SCHA. Expanding Eqs (3.3.58) (3.3.59)
in R⃗− R⃗(0), we get the following series, as reported in appendix 3.H,

(3)
Dµνη =

+∞∑
n=0

(−1)n

2nn!

3N∑
α1..α2n=1

(3+2n)
D µνηα1..α2n−1α2n,(0)

G(0)(t = 0−)α1α2 ..G(0)(t = 0−)α2n−1α2n , (3.3.60a)
(4)
Dµνηλ =

+∞∑
n=0

(−1)n

2nn!

3N∑
α1..α2n=1

(4+2n)
D µνηλα1α2..α2n−1α2n,(0)

G(0)(t = 0−)α1α2 ..G(0)(t = 0−)α2n−1α2n , (3.3.60b)



3.3 Time dependent self-consistent harmonic approximation (TD-SCHA) 93

Notation Diagram Formula Description Eq.

G(0)(ω)µν µ ν
δµν

ω2−ω2
µ

Bare one-phonon
SCHA

propagator
(3.3.26)

g(0)(ω)µν µ ν
δµν

ω2−Ω2
µ

Bare perturbative
one-phonon
propagator

(3.3.27)

χ(0)(ω)µνηλ
µ

ν

η

λ
χ

(0)
− (ω)µνηλ − χ

(0)
+ (ω)µνηλ

Bare two-phonon
SCHA

propagator
(3.3.56)

χ
(0)
− (ω)µνηλ

µ

ν

η

λ
δµηδνλ

ℏ[ωµ−ων ][nµ−nν ]
4ωµων [(ωµ−ων)2−ω2]

Resonant
two-phonon

SCHA
propagator

(3.3.57a)

χ
(0)
+ (ω)µνηλ

µ

ν

η

λ
δµηδνλ

ℏ[ωµ+ων ][1+nµ+nν ]
4ωµων [(ωµ+ων)2−ω2]

Antiresonant
two-phonon

SCHA
propagator

(3.3.57b)

(4)
Dµνηλ

µ

ν

η

λ

〈
∂4V (BO)

∂R̃µ∂R̃ν∂R̃η∂R̃λ

〉
(0)

Four-phonon
SCHA vertex (3.3.59)

(4)
Dµνηλ,(0)

µ

ν

η

λ

∂4V (BO)

∂R̃µ∂R̃ν∂R̃η∂R̃λ

∣∣∣∣
R=R⃗(0)

Perturbative
four-phonon
vertex at the

SCHA positions

(3.3.61)

(4)
d µνηλ

µ

ν

η

λ

∂4V (BO)

∂R̃µ∂R̃ν∂R̃η∂R̃λ

∣∣∣∣
R=R⃗BO

Perturbative
four-phonon

scattering vertex
(3.3.31)

(3)
Dµνη

µ

ν

η

〈
∂3V (BO)

∂R̃µ∂R̃ν∂R̃η

〉
(0)

Three-phonon
SCHA vertex (3.3.58)

(3)
Dµνη,(0) µ

ν

η

∂3V (BO)

∂R̃µ∂R̃ν∂R̃η

∣∣∣∣
R=R⃗(0)

Perturbative
three-phonon

vertex at SCHA
positions

(3.3.61)

(3)
d µνη

µ

ν

η

∂3V (BO)

∂R̃µ∂R̃ν∂R̃η

∣∣∣∣
R=R⃗BO

Perturbative
three-phonon

vertex
(3.3.31)

Table 3.1. Collection of symbols frequently used in the main text. First column: the notation used.
Second column: graphical expression with indexes. Third column: mathematical definition.
Fourth column: description of the symbol. Fifth column: first labeled equation where the symbol
appears.



94 3. Lattice thermal transport in self-consistent schemes

Figure 3.4. Diagrammatic expression for the SCHA scattering tensors Eqs (3.3.58) (3.3.59) as presented
in Eqs (3.3.60). Each SCHA propagator is contracted with a higher order derivative of the
anharmonic tensor Eq. (3.3.61) evaluated at the SCHA positions, i.e., they do not coincide with
Eq. (3.3.31). These are represented as n = 3, 5, 7.. and n = 4, 6, 8.. regular polygons.

where the anharmonic vertices in the series are

(n)
Dα1..αn,(0) = ∂nV (BO)

∂R̃α1 ..∂R̃αn

∣∣∣∣
R=R⃗(0)

. (3.3.61)

These differ in general from
(n)
d , see Eq. (3.3.31), since the minimum of the Born-Oppenheimer

potential R⃗BO does not coincide with the SCHA centroid R⃗(0). In Fig. 3.4, we report the
diagrammatic expansion for Eqs (3.3.60). Each anharmonic tensor in Eq. (3.3.61) withn > 3, 4
has a pair of indexes contracted with a SCHA propagator

↔
G(0)(t=0−) (Eq. (3.3.61)). This

indicates that quantum-thermal fluctuations result in the renormalization of the anharmonic
vertices.

3.3.4 Anharmonic propagators

In this Section, we discuss the TD-SCHA interacting propagators. Specifically, we present
two-phonon processes neglected in previous works.65,66 In TD-SCHA, the one-phonon
G(ω)µν , two-phonon χ(ω)µνηλ, and the one-two phonon Γ(ω)µηλ interacting propagators are
obtained as response functions by setting in χ(ω)A,B (Eq. (3.3.49))

AG = δR̃(0)
µ BG =δR̃(0)

ν , (3.3.62a)

Aχ = 1
2δR̃

(0)
µ δR̃(0)

ν Bχ =1
2δR̃

(0)
η δR̃

(0)
λ , (3.3.62b)

AΓ = δR̃(0)
µ BΓ =1

2δR̃
(0)
η δR̃

(0)
λ . (3.3.62c)
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The response and perturbation vectors (see Eqs (3.3.50)) corresponding to Eqs (3.3.62) are as
follows

rG =


δ⃗µ

0

0

 pG =


δ⃗ν

0

0

 , (3.3.63a)

rχ =


0

↔
Sµν
↔
Sµν

 pχ =


0

↔
Sηλ
↔
Sηλ

 , (3.3.63b)

rΓ =


δ⃗µ

0

0

 pΓ =


0

↔
Sηλ
↔
Sηλ

 , (3.3.63c)

where δ⃗µ is a 3N vector with 1 in the mode index µ and zero elsewhere and
↔
Sηλ is a 3N ×3N

matrix with 1/2 on the mode indexes η and λ and zeros elsewhere. The choice of A/B, as in
Eqs (3.3.62), is not arbitrary. In the non-interacting case, L(ω) is diagonal, so the response
function simplifies to

χ(ω)A,B =r i


↔
G(0)(ω) 0 0

0 χ
(0)
− (ω) 0

0 0 −χ(0)
+ (ω)

pi

i =G, χ,Γ.

(3.3.64)

From Eq. (3.3.64), we recover the one and two phonon free propagators (Eqs (3.3.55) (3.3.56))
and no cross terms connecting single to double excitations. These results are consistent with
the standard linear response theory, which is treated with the many-body formalism in the
non-interacting case. This shows that Eqs (3.3.63) recover physically relevant quantities. To
get the interacting Green’s function, we plug r and p of Eqs (3.3.63) in the expression of
χ(ω)A,B, Eq. (3.3.49), and we invert L(ω) following Refs65,168,169 (see also appendix 3.F). To
do this, we consider L(ω), Eq. (3.3.51), as a 3×3 block-matrix (as represented in Fig. 3.3)
where each block itself is a tensor. The same applies to r and p, Eqs (3.3.50), which are
understood as 3 components vectors. From the non-interacting case (Eq. (3.3.64)), we learn
that the first component of p/r controls the single-mode propagation while the second and
third the two-phonon channel. The inversion process mixes the matrix elements of L(ω),
adding interactions (non-zero self-energies) to the free propagators, which are expressed as
diagrammatic series. The representation of Fig. 3.3 is a graphical aid to visualize the building
blocks of these diagrams. In Appendix 3.G, we report the details of all the results presented.
In the calculations we always reduce the inversion of L(ω) to a 2 × 2 block-matrix with the
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following form A C

C† B

 (3.3.65)

which can be easily inverted (see appendix 3.F) D−1 −D−1 ·C ·B−1

−B−1 ·C† ·D−1 B−1 ·
(
1 +C† ·D−1 ·C ·B−1

)
 (3.3.66)

whereD = A−C ·B−1 ·C†.
First, we discuss the one-phonon propagator. Because only the first component of both

pG and rG , Eq. (3.3.63a), is non-zero, the response calculation is simplified. In particular,
we compact the 2 × 2 two-phonon sector of L(ω) (i.e. L(ω)ij with i, j > 1) in a 1 × 1 block
matrix. As shown in appendix 3.G, L(ω) is reduced to a 2 × 2 block-matrix L1ph(ω), so that
the one-phonon propagator is given by

↔
G(ω) =rG · L(ω)−1 · pG =

(
L1ph(ω)−1

)
11

(3.3.67)

where

L1ph(ω) =


↔
G(0)(ω)−1 −

(3)
D

−
(3)
D χ(0)(ω)−1 −

(4)
D

 . (3.3.68)

Note that
(
L1ph(ω)

)
22

represents the anharmonic two-phonon channel in which single

modes can decay through the three-phonon vertex,
(
L1ph(ω)

)
12

. Graphically Eq. (3.3.67)
corresponds to

=

 −1 −

−
−1

−


−1

11

. (3.3.69)

In Eq. (3.3.67), we apply the general result of Eq. (3.3.66) to obtain the interacting Green’s
function

↔
G(ω) =

↔
G(0)(ω) +

↔
G(0)(ω) ·

↔
Π(ω) ·

↔
G(ω), (3.3.70)

where the self-energy
↔
Π(ω) coincides with the one reported in Refs56,65, 66

↔
Π(ω) =

(3)
D :

(
1 − χ(0)(ω) :

(4)
D

)−1

: χ(0)(ω) :
(3)
D, (3.3.71)

where A : B =
∑3N
µν=1A..µνBµν... The definition of the non-interacting two-phonon propa-

gator χ(0)(ω) (Eq. (3.3.56)) is one reported by Ref. 56 in Eq. (72) multiplied by −1/2 so that
all the definitions are consistent. Physical phonon frequencies and lifetimes are determined
by real and imaginary parts of

↔
G(ω+i0+), Eq. (3.3.70), as discussed in Ref. 50. In addition,

we remark that the polarization vectors can also change when adding dynamical effects,
so polarization-mixing is automatically included in Eq. (3.3.70). The bubble diagram is the
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lowest-order approximation for the self-energy,

↔
Π(ω) =

(3)
D : χ(0)(ω) :

(3)
D (3.3.72)

as described in Eq. (3.3.71), and is incorporated in many self-consistent phonon (SCP) cal-
culations within the improved SCP (ISCP) framework.165,170–172 TD-SCHA provides a solid
first-principle justification to the application of Eq. (3.3.72) and provides a path to move
beyond the bubble approximation.

For the two-phonon case, we proceed as before. We use the definition of rχ/pχ (Eq.
(3.3.63b)) to reabsorb the one-phonon sector of L(ω) (i.e. the row L(ω)1j and column L(ω)j1
with j = 1, 2, 3) into the two-phonon sector. So we solve

χ(ω) = rχ · L(ω)−1 · pχ =
1,2∑
ij

(
L2ph(ω)−1

)
ij

(3.3.73)

where L2ph(ω) is a 2 × 2 block-matrix

L2ph(ω) =

χ(0)
− (ω)−1 − Σ(ω) −Σ(ω)

−Σ(ω) −χ(0)
+ (ω)−1 − Σ(ω)

 . (3.3.74)

Σ(ω) is the two-phonon self-energy

Σ(ω) = Σ(ω)† =
(4)
D +

(3)
D ·

↔
G(0)(ω) ·

(3)
D (3.3.75)

where single phonon excitations enter in Σ(ω) via the three-phonon vertex. Graphically, Eq.
(3.3.73) corresponds to

=
1,2∑
ij


−1

− −

− −
−1

−


−1

ij

Σ(ω) = = + .

(3.3.76)

Again we use Eq. (3.3.66) to invert Eq. (3.3.74) and we end up with the interacting two-phonon
propagator

χ(ω) = χ(0)(ω) + χ(0)(ω) : Σ(ω) : χ(ω) (3.3.77)

with Σ(ω), Eq. (3.3.75), being the TD-SCHA two-phonon self-energy. We find that, in the
two-phonon propagation, there is the possibility of either decay in a single phonon through
the third-order scattering vertex or in another pair through the fourth-order scattering vertex.
There are no higher-order decay processes. For the mixed propagator, we proceed as before.
The form of pΓ/rΓ (Eq. (3.3.63c)) allows single phonon excitations to be triggered by two-
phonon propagation via the three-phonon vertex, leading to a non-zero one-two phonon
propagation

Γ(ω) =
↔
G(0)(ω) ·

(3)
D : χ(ω). (3.3.78)

We demonstrate that Eqs. (3.3.70) (3.3.77) are the fundamental components of the TD-
SCHA response. The relationship between these two propagators becomes clear when
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Figure 3.5. In a) we report the diagrammatic expression of the interacting one, two and one-two
phonon Green’s functions, Eqs (3.3.70) (3.3.77) (3.3.78). In b) we show Eqs (3.3.79). Thinner
solid lines represent the non-interacting SCHA propagators

↔
G(0)(ω) and χ(0)(ω), defined in Eqs

(3.3.70) (3.3.77). The three/four-phonon scattering vertices are defined in Eqs (3.3.58) (3.3.59) and
represented as orange triangles and red squares.

expressed in terms of the partially screened two-phonon propagator Θ(ω)=χ(ω) |(3)
D=0

in
which a phonon pair propagates only through the four phonon scattering vertex. Note that
Θ(ω) generalizes in the dynamical regime Eq. (26) of Ref. 56. As proved in appendix 3.G,
the new expressions for the propagators are

↔
G(ω) =

↔
G(0)(ω) +

↔
G(0)(ω) ·

(3)
D : Θ(ω) :

(3)
D ·

↔
G(ω), (3.3.79a)

χ(ω) = Θ(ω) + Θ(ω) :
(3)
D ·

↔
G(ω) ·

(3)
D : Θ(ω), (3.3.79b)

Θ(ω) = χ(0)(ω) + χ(0)(ω) :
(4)
D : Θ(ω). (3.3.79c)

Now, only
↔
G(ω) and Θ(ω) have a Dyson form, whereas χ(ω) has a different structure where

single and double propagations are disentangled. Fig. 3.5 summarizes the diagrammatic
expressions for the interacting propagators. In panel a) we report Eqs (3.3.70) (3.3.77) (3.3.78),
while panel b) shows Eqs (3.3.79).

Figure 3.6. Diagrammatic expression of the processes included in the fully interacting response, Eq.
(3.3.49), if A = B. The interacting TD-SCHA Green’s functions are reported in Eqs (3.3.70) (3.3.77)
(3.3.78). The green vertex is related to the first entry of p/r while the blue vertex is to the second
and third entries of p/r , see Eqs. (3.3.50).

By computing all the TD-SCHA interacting propagators, we gain a complete compre-
hension of the diagrammatic expression summarized in Fig. 3.6 for the TD-SCHA response
function χ(ω)A,A (Eq. (3.3.49)). In fact, Eq. (3.3.49) can be decomposed into the interacting
propagators. One-phonon processes

↔
G(ω) are coupled to first-order position derivatives
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of the perturbation, first entry of p/r Eqs (3.3.50). On the other hand, two-phonon exci-
tations χ(ω) and Γ(ω) are triggered by non-zero second-order position derivatives of the
perturbation, second and third entries of p/r Eqs. (3.3.50).

3.3.5 Multiple excitations in TD-SCHA

The Gaussian approximation defines a hierarchy of diagrams that is truncated at the two-
phonon level. In this Section, we demonstrate that, in TD-SCHA, all higher-order phonon
propagators are related to the Green’s functions of Eqs (3.3.70) (3.3.77) (3.3.78).

For example, the three-phonon propagator is obtained setting in Eq. (3.3.49) a tensor-like
perturbation/response functions

A = δR̃(0)
α δR̃

(0)
β δR̃(0)

γ B = δR̃(0)
µ δR̃(0)

ν δR̃(0)
η . (3.3.80)

In this case, only the first entries of p/r , i.e.
〈
∂A/∂R̃

〉
(0)

, are non-zero. This means that in
the case of Eq. (3.3.80) we have a one-phonon response, as the one obtained for G(ω) (Eq.
(3.3.63a)). As computed in Appendix 3.G, the three-phonon response is

χαβγµνη (ω) = G(0)(t=0−)βγG(0)(t=0−)νηG(ω)αµ
+ permutations of (αβγ) and (µνη)

(3.3.81)

and in Fig. 3.7 we report its diagrammatic structure. This contains the one-phonon Green’s
function G(ω), Eq. (3.3.70), and a disconnected part, G(0)(t = 0−) which comes from the
averages

〈
δR̃δR̃

〉
(0)

(Eq. (3.3.36)) in
〈
∂A/∂R̃

〉
(0)

.

Figure 3.7. Diagrammatic expression for the TDSCHA interacting three-phonon Green’s function
obtained as a response to a cubic perturbation, Eq. (3.3.80). In TDSCHA, the tree-phonons
propagator is a disconnected diagram.

In this case, the SCHA correction, G(0)(t = 0−), does not enter the phonon propagation
but it dresses the interaction with the external probe. This means that if we take a scalar
perturbation

A = B = 1
3

3N∑
αβγ=1

KαβγδR̃
(0)
α δR̃

(0)
β δR̃(0)

γ , (3.3.82)

withKαβγ a tensor that does not depend on atomic positions, G(0)(t = 0−) is contracted with
K.

Similarly, all the higher-order propagators, i.e. those obtained with

A ∼
(
δR̃(0)

)n−2
B ∼

(
δR̃(0)

)m−2
m,n > 2, (3.3.83)
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give disconnected diagrams. In all these cases we will get a χA,B(ω) that contains only one of
the TDSCHA propagators (Eqs (3.3.70) (3.3.77) (3.3.78)) along witha disconnected part that
depends only on G(0)(t = 0−), Eq. (3.3.36).

Figure 3.8. Diagrammatic expression for the Saturn diagram with a three SCHA phonon propagation
(solid lines are the propagators of Eq. (3.3.55)). The red vertex is the four-phonon scattering vertex
Eq. (3.3.59) which leads to three phonon excitations. This class of diagrams is missed by TDSCHA
where we can not connect a single SCHA line to the four-phonon scattering vertex.

Hence, the TD-SCHA can not capture processes beyond a two-phonon mechanism: the
propagators of Eqs. (3.3.70) (3.3.77) (3.3.78) serve as the building blocks of the response. This
means that there are general rules in the symbolic inversion of L(ω) (see Eq. (3.3.51)). In
Fig. 3.3 the solid line (one-phonon SCHA propagator of Eq. (3.3.56)) is always attached to
one extremity of the orange triangle (Eq. (3.3.58)). The double solid line (two-phonon SCHA
propagator Eq. (3.3.56)) is connected to two extremities either of the red square (four phonon
vertex Eq. (3.3.59)) or of the orange triangle (three phonon vertex Eq. (3.3.58)).

We do not get three or more SCHA phonon resonances. One example is the ’Saturn’
diagram (Fig. 3.8) which is missed by our method. This diagram would correspond to
a single SCHA propagator attached to the four-phonon vertex and this is not contained
in TDSCHA. Notably, the TDSCHA diagrams arise from the stationary action principle of
quantum mechanics,65,66 ensuring that there is no double counting and that the theory is
consistent. The inclusion of new scattering mechanisms, such as Fig. 3.8, must be approached
with extreme care to avoid compromising the internal coherence and overcounting some
anharmonic processes.

3.4 Thermal transport in TD-SCHA

Let us briefly recap our discussion so far. In Sec. 3.1 using the MEP and the modified Liouville
equation, we have derived a generalization for the Kubo formula for thermal conductivity
applicable in self-consistent systems (3.1.20). The ingredients needed to calculate thermal
conductivity in a self-consistent scheme are the self-consistent heat flux Ĵ , the self-consistent
global equilbrium density matrix ϱ̂(0) and the self-consistent Liouville superoperator Lsc.
Throughout this Chapter, we have obtained the definitions of ϱ̂(0) [Eq. (3.2.27a)], Ĵ [Eq.
(3.2.30)] in SCHA and of Lsc [Eq. (3.3.51)] in TD-SCHA. We are thus ready to combine those
ingredients to obtain an expression of the lattice thermal conductivity in TD-SCHA.

However, we have discussed in Sec. 3.3.2 how the dynamical response function in TD-
SCHA is completely determined once the response and perturbation vectors r/p are deter-
mined. Moreover, the TD-SCHA Liouville operator Lsc possess a compact formulation only
when expressed in terms of the linear operator that determines the equations of motion of the

parameters ( ⃗̃R(1),
↔
α̃(1),

↔

β̃(1)) (cf. Eq. (3.3.45). Since p only depend on the external potential
V̂ext (3.3.42), the most convenient way to obtain the thermal conductivity in TD-SCHA is to
reconstruct a “thermal” potential from the modified Liouville equation approach of Sec. 3.1.
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In other words, we want to express the thermal conductivity (3.1.18) as a response function
computed in TD-SCHA formalism as in Eq. (3.3.49), i.e.

κ(iϵ)xy ∼ rx · L(iϵ)−1 · py (3.4.1)

We have discussed in Sec. 1.2 the conceptual differences between the mechanical and the
maximum entropy approaches to derive the equations for thermal conductivity, and how
the two can coincide in linear response if the sign of the thermal potential (1.1.9) is flipped.

Let us take few steps back in the derivation of the self-consistent conductivity (3.1.18).
Performing the time integral in the steady-state solution of the modified self-consistent
Liouville equation Eq. (3.1.8), we get

ϱ̂ϵst = 1
ℏiϵ− Lsc

Lscϱ̂loc . (3.4.2)

If we use the Kubo identity (1.A.7), we get from Eq. (3.1.14) that

Lscϱ̂loc = [−
∫

dx δβ(x)
β

ĥ(0)(x), ϱ̂(0)], (3.4.3)

so that
ϱ̂ϵst = 1

ℏiϵ− Lsc
[−
∫

dx δβ(x)
β

ĥ(0)(x), ϱ̂(0)]. (3.4.4)

Instead, if we consider the TD-SCHA Liouville equation for the induced density matrix ϱ̂(1)

at linear order in V̂ext, we get in frequency domain (cf. Eq. 65 of Ref. 65)

ϱ̂(1)(ω) = 1
ℏω − Lsc

[V̂ext(ω), ϱ̂0] . (3.4.5)

Comparing (3.4.4) and (3.4.5) and with the identification ω→iϵ, we can identify the term
in (3.4) as the static limit of a thermal self-consistent potential to be used in TD-SCHA
calculations, i.e.

V̂ext(ω)
∣∣∣∣
ω=0

= −
∫

dx δβ(x)
β

ĥ(0)(x) . (3.4.6)

In fact, we have already discussed in Sec. (1.2), how the pre-ϵ-limit ϱ̂ϵst plays the role of the
induced density matrix ρ̂(1) usually considered in adiabatic switching-on procedure. Notice
the sign change in the TD-SCHA thermal potential consistent with the discussion of (1.1.9).
Our procedure then consist in considering the mechanical proxy for the self-consistent
thermal potential

V̂ext(ω) = −
∫

dx δβ(x)
β

ĥ(0)(x, ω) ≃ −V

β

x,y,z∑
σ

∇σβ
Ĵ σ(ω)
iω

(3.4.7)

and compute the expectation value of the heat-flux operator Ĵ in the spirit of (3.3.47) in terms
of “thermal” (th) response and perturbation vectors

⟨Ĵγ⟩ϱ(1)(ω) ∼ −
x,y,z∑
σ

rγth · L(ω)−1 · pσth∇σT , (3.4.8)

using the established TD-SCHA procedure. The precise structure of the frequency dependent
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heat flux (3.4.8) is still to be defined. We then obtain the thermal conductivity as

κxy = − lim
ϵ→0+

lim
ω→0

∂⟨Ĵx⟩ϱ(1)(ω+iϵ)
∂∇yT

. (3.4.9)

It is important to stress that even if the adiabatic switching-on of a thermal potential
can provide an equivalent expression of thermal conductivity obtain with the MEP and the
modified Liouville equation in the perturbative approaches discussed in Chapter 1 (if the
sign of the thermal potential is changed, cf. Appendix 1.A), it is not interchangeable with
our procedure for self-consistent schemes. In fact, in the adiabatic switching-on approach,
the thermal potential is identified from the expansion of the local equilibrium operator ρ̂loc
at linear order in the temperature field,44 as discussed in (1.1.9). In self-consistent schemes,
the expansion of the local equilibrium density matrix ϱ̂loc does not provide a straighforward
derivation of a thermal potential, as discussed in Eqs. (3.1.10)-(3.1.13). Instead, the identifi-
cation of a thermal self-consistent potential is possible when studying Lscϱ̂loc, featuring in
the expression of the steady-state self-consistent density matrix , obtained from the modified
Liouville approach developed in Sec. 3.1.

3.4.1 Thermal potential in TD-SCHA and perturbation vector

The definition (3.3.50) of the perturbation and response vectors r/p is slightly modified in
the case of thermal transport. Let us start from the definition of p. The perturbation vector
in (3.3.50) is derived from the assumption that the external potential (3.3.42) only depends
on the ionic position R⃗. The thermal potential (3.4.7) features the heat flux Ĵ defined in
(3.2.30), which depends both on the ionic positions and momenta R⃗, P⃗ . Thus, the thermal
potential (3.4.11a) is not in the form (3.3.42).

Using the definition of the self-consistent heat flux (3.2.30), and considering that the
Wigner transform of a product of operators (Moyal product13,163) is

(ÂB̂)w(R⃗, P⃗ ) = Aw(R⃗, P⃗ )e−
ℏ
2i Λ̂Bw(R⃗, P⃗ ) , (3.4.10)

the Wigner transform of the thermal TD-SCHA potential is

Vext(R⃗, P⃗ , ω) = −V

β

x,y,z∑
σ

∇βσ
J σ(R⃗, P⃗ , ω)

iω
(3.4.11a)

J y(R⃗, P⃗ , ω) =
∑
µν

J y
µνδR̃

(0)
µ P̃ν . (3.4.11b)

where the self-consistent heat flux in the SCHA eigenmode basis reads in Eq. (3.4.11b)
features the self-consistent heat flux matrix

J y
µν = 1

2V

N∑
ab

(Ry
a

(0)−Ry
b

(0))
x,y,z∑
αβ

Dα,β
a,b e

α
a,µe

β
b,ν , (3.4.12)

which has the dimensions of a phonon velocity times a phonon frequency, and it is anti-
symmetric J y

µν=−J y
νµ. In Appendix 3.E we derive the expression of the perturbation vector

in presence of a potential of the form (3.4.11). Its expression in the basis ( ⃗̃R(1),
↔
ã(1),

↔

b̃(1)) in
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which the Liouville operator L(ω) has the form (3.3.51) is

−
x,y,z∑
σ

pσth,µν∇σT = −
x,y,z∑
σ

V

T


0

1
cµν

J σ
µν

cµνJ σ
µν

∇σT (3.4.13)

where
cµν = ων − ωµ

ωµ + ων
. (3.4.14)

The component of the perturbation vector pth,µν related to R(1) is zero, i.e. the perturbation
vector has the form (3.3.63b). This signals that the thermal conductivity only depends on
the two-phonon Green’s function, as expected from the many-body formulation of thermal
transport discussed in Chapter 2.

3.4.2 Response vector in thermal TD-SCHA

The response vector r is related to the physical quantity we want to observe when the system
is perturbed by the external potential. The definition of r presented in Eq. (3.3.50) assumes
that the observable we study depends only on the ionic positions R⃗. In thermal transport, we
want to study the expectation value of the heat flux Ĵ , to deduce the thermal conductivity
via Eq. (3.4.9). In general, the heat flux operator depends both on the ionic position and
momenta.

As discussed in Sec. 3.1.3, the heat flux Ĵ describing the flow of energy of the exact
Hamiltonian Ĥ necessitates a perturbative truncation of the full Hamiltonian Ĥ . In this
thesis, we limit ourself to the evaluation of the thermal conductivity due to the harmonic heat
flux of the form (2.2.10). In the notation adopted in this Chapter, the harmonic perturbative
heat flux reads

Ĵx = 1
2V

N∑
ab

(RBO
x
a−RBO

x
b )

x,y,z∑
αβ

dα,βa,b δR̂BO
α
a

(0) P̂
β
b

mb
. (3.4.15)

where the definitions of R⃗BO and dwhere given in Sec. 3.3.1. By generalizing the expansion
(3.E.19) to an operator that depends on the product R̂P̂ as (3.4.15), it is straightforward to
show that the expectation value of Ĵ in TD-SCHA linear response is

〈
Ĵx
〉
ρ(1)(ω)

=
∑
µν

1
α̃(0)
µ β̃

(0)
ν

Jxµν γ̃
(1)
µν(ω) (3.4.16)

where, as per (3.4.12), the (perturbative) heat flux matrix elements are defined as

Jxµν = 1
2V

N∑
ab

(RBO
x
a−RBO

x
b )

x,y,z∑
αβ

dα,βa,b e
α
a,µe

β
b,ν .

= 1
V

√
ωµωνv

x
µν ,

(3.4.17)

where vxµν corresponds to the definition of Hardy velocity matrix (2.2.16) in the (SCHA)
phonon eigenmode basis. As discussed in the derivation of the dynamical equations in
3.E, the evolution of the matrix

↔
γ̃(1)(ω) can be absorbed in the evolution of the parameters
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( ⃗̃R(1),
↔
α̃(1),

↔

β̃(1)), or equivalently in the basis ( ⃗̃R(1),
↔
ã(1),

↔

b̃(1)) used to define the diagrammatic
expression of the TD-SCHA response (3.3.51)

↔
γ̃(1)(ω) = ∂

↔
γ̃(1)

∂
⃗̃R(1)

· ⃗̃R(1)(ω) + ∂
↔
γ̃(1)

∂
↔
ã(1)

:
↔
ã(1)(ω) + ∂

↔
γ̃(1)

∂
↔

b̃(1)

:
↔

b̃(1)(ω) . (3.4.18)

Moreover, since the R entry of the perturbation vector (3.4.13) is 0, the dynamics of ⃗̃R(1) can

be expressed in terms of (
↔
ã(1),

↔

b̃(1)), as proven in Appendix (3.G). Henceforth, Eq. (3.G.22)
can be plugged in Eq. (3.4.18) to obtain

↔
γ̃(1)(ω) =

 ∂↔
γ̃(1)

∂
⃗̃R(1)

·
↔
G(0)(ω) ·

(3)
D + ∂

↔
γ̃(1)

∂
↔
ã(1)

 :
↔
ã(1)(ω) +

 ∂↔
γ̃(1)

∂
⃗̃R(1)

·
↔
G(0)(ω) ·

(3)
D + ∂

↔
γ̃(1)

∂
↔

b̃(1)

 :
↔

b̃(1)(ω) .

(3.4.19)

The derivatives of
↔
γ̃(1)(ω) can be explicitly computed exploiting its dynamical equation

(3.E.2d). In doing so and plugging (3.4.19) in (3.4.16), we obtain the expression of the
response vector

1
−iω

r th,µν(ω)x =
∑
ηλ

1
−iω

Jxµνcµν(ωµ + ων)2


0

δµνδηλ + χ(0)(0)µνµνΣ(ω)µνηλ

δµνδηλ + χ(0)(0)µνµνΣ(ω)µνηλ

 , (3.4.20)

where Σ(ω) is the two-phonon self-energy (3.3.75), while

χ0(ω=0)µνµν = 1
2
ξ2
µ − ξ2

ν

ω2
µ − ω2

ν

= 1
2
∂Υ−1

µ

∂Φν
(3.4.21)

is the static limit of the bare two-phonon propagator in SCHA.56 In the case of thermal
TD-SCHA, the response vector acquires a frequency dependence through the two-phonon
self-energy Σ(ω). Note that the 1

iω factor in (3.4.20) follows from the integration of the
equation of motion of

↔
γ̃(1)(ω).

3.4.3 Thermal conductivity in TD-SCHA

Combining the definitions of the perturbation and response vectors obtained in (3.4.13) and
(3.4.20), we can compute the thermal conductivity in TD-SCHA from (3.4.9), obtaining

κxy = lim
ϵ→0+

lim
ω→0

1
−iω

r th(ω)x · L2ph(ω)−1 · pyth
∣∣∣∣
ω=ω+iϵ

, (3.4.22)

where the presence of the two-phonon progapator defined in (3.3.74) follows from the
structure of r th/pth. It is interesting to note that, since the response and the pertubation
vectors both feature matrix elements of heat-flux operators, Eq. (3.4.22) is reminiscent of the
static limit of the current current correlation function divided by ω, used in (2.1.5) to obtain
thermal conductivity in a many-body approach. As per (2.1.5), the evaluation of the thermal
conductivity (3.4.22) in TD-SCHA can be seen as a static limit of a retarded response function,
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analytically extended in the complex frequency z=ω+iϵ. By virtue of the analytic properties
of the retarded response functions, the limits in (3.4.22) can be inverted

κxy = lim
ω→0

1
−iω

r th(ω+i0+)x · L2ph(ω+i0+)−1 · pyth . (3.4.23)

Eq. (3.4.23) is a remarkable result since it is the exact analogue of the expression (2.1.5)
obtained using the fluctuation-dissipation theorem but derived from a completely different
perspective. The explicit expression of (3.4.23) is quite complicated. We will first consider it
in the harmonic case, i.e. by turning off all the anharmonic scattering vertices. Then, we will
present some consideration on the fully anharmonic case.

Harmonic limit of the TD-SCHA thermal conductivity

The harmonic limit of TD-SCHA can be obtained by assuming that the BO energy surface

is perfectly quadratic, i.e. the derivatives
(n)
d of the BO potential defined in (3.3.31) are 0 for

n>2. Clearly, this approximation also results inD=d,
(3)
D=

(4)
D=Σ=0, and J=J . In this case,

the two-phonon propagator (3.3.74) is diagonal, and the harmonic thermal conductivity
obtained from (3.4.22) reads

κ0(ω)xy = V

T

∑
µνηλξζ

1
−iω

Jxµνcµν(ωµ + ων)2

δµνδηλ
δµνδηλ


χ(0)
− (ω) 0

0 −χ(0)
+ (ω)


ηλξζ

c−1
ξζ

cξζ

Jyξζ .
(3.4.24)

In the TD-SCHA formulation, the thermal conductivity naturally appears as a sum of a
resonant and a antiresonant term (within the adopted convention of the heat flux). We have
thoroughly discussed in Chapter 2 how the antiresonant contribution to thermal conductivity
is typically negligible with respect to the resonant term110,173 (cf. Fig. 2.4). Thus, we focus
on the analysis of the resonant part of (3.4.24), which reads

κ0
R(ω)xy =

∑
µν

(ωµ + ων)2Jxµν
χ(0)
− (ω)µνµν

−iω
Jyµν , (3.4.25)

having exploited the Kronecker deltas featuring in the expression of χ− [Eq. (3.3.57a)]. In a
procedure similar to the calculation done in (2.C.10), it is possible to show that

lim
ω→0

χ(0)
− (ω+i0+)µνµν

−iω
= ℏ

4ωµων
[− ∂nµ
∂ℏωµ

]πδ(ωµ − ων) (3.4.26)

and, using the relation between Jµν and the velocity matrix vµν (3.4.17), the expression
(3.4.25) yields

κ0
R
xy = ℏ2

V T

∑
µν

(ωµ + ων)2

4 vxµνv
y
µν [−

∂nµ
∂ℏωµ

]πδ(ωµ − ων) . (3.4.27)

The Dirac delta in (3.4.27) signals the divergence of the thermal conductivity, as expected for
a harmonic crystal.

Eq. (3.4.25) consists in a fundamental result of this thesis. It corresponds precisely
to the harmonic Γ→0 limit of the resonant thermal conductivity (2.3.10b) computed in
Chapter 2 from a many-body Green’s function approach.110 Thus, from a completely different
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framework based on the MEP, modified Liouville equation and the dynamical generalization
of the SCHA, we are able to recover in the harmonic limit the result obtained from a well-
established theoretical approach based on perturbation theory. Such discussion is a proof
of validity of our novel first-principle approach to tackle thermal transport in self-consistent
systems.

Anharmonic TD-SCHA thermal conductivity

Considering the explicit definition of the two-phonon propagator (3.3.74), we can express
the thermal conductivity (3.4.22)

κ(ω)xy=V

T

∑
µνη
λξζ

1
−iω

Jxµνcµν(ωµ+ων)2

×

S+χ(0)(0):Σ(ω)

S+χ(0)(0):Σ(ω)


µνηλ

χ(0)
− (ω)−1−Σ(ω) −Σ(ω)

−Σ(ω) −χ(0)
+ (ω)−1−Σ(ω)


−1

ηλξζ

 1
cξζ

cξζ

J y
ξζ .

(3.4.28)

By noting that the response vector has equal entries, we can exploit the property of the
symbolic inversion proven in (3.G.27) to separate Eq. (3.4.28) explicitly in a resonant and
antiresonant conductivity

κ(ω)xy = κR(ω)xy + κA(ω)xy (3.4.29a)

κR(ω)xy=V

T

∑
µνη
λξζ

Jxµνcµν(ωµ+ων)2 [S+χ(0)(0):Σ(ω)
]

µνηλ
[ 1
1−χ(0)(ω):Σ(ω) :

χ(0)
− (ω)
−iω

]
ηλξσ

1
cξζ

J y
ξζ

(3.4.29b)

κA(ω)xy=V

T

∑
µνη
λξζ

Jxµνcµν(ωµ+ων)2 [S+χ(0)(0):Σ(ω)
]

µνηλ
[ 1
1−χ(0)(ω):Σ(ω) :

χ(0)
+ (ω)
iω

]
ηλξσ

cξζJ y
ξζ

(3.4.29c)

Eqs. (3.4.29) is in one of the key results of this thesis. It consists in the first expression for
the anharmonic thermal conductivity obtained from first principles in a fully self-consistent
theoretical framework. Even if it is still a quite formal expression, it posses some important
features that can be discussed. Let us analyze the resonant conductivity κR(ω) (3.4.29b).
As expected in the discussion of the Kubo formula (3.1.18) for self-consistent systems, the
thermal conductivity κR(ω) features two heat flux vertices (J ,J ). The heat flux vertex J
is related to the operator Ĵ introuced in Eq. (3.4.17) which is obtained from a perturbative
truncation of the BO Hamiltonian at the harmonic level [Eq. (2.2.3)]. As such, it features
bare phonon frequencies and velocities without any anharmonic renormalization. Instead,
the self-consistent heat flux vertices J would be associated with SCHA frequencies and
velocities. We have discussed in Sec. (3.3.1) how the SCHA phonons can be intended as
renormalized perturbative phonons considering an infinite set of specific diagrams (check
Fig. 3.2).

The essential feature of Eq. (3.4.29b) is the term χ
(0)
− (ω)
−iω . In fact, to obtain the expression

of thermal conductivity, we still have to perform the static limit ω→0. Comparing κR(ω)xy

with its harmonic counterpart κ0
R(ω)xy in Eq. (3.4.25), we note that even if the structure of the
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vertices is different, both the harmonic and the anharmonic resonant thermal conductivities
feature the bare resonant propagator χ(0)

− (ω) divided by ω. It follows from (3.4.26) that

the static limit of χ
(0)
− (ω)
−iω will be proportional to a Dirac delta and results in a divergent

anharmonic thermal conductivity. Such shortcoming is an intrinsic limitation of the TD-
SCHA. From the diagramatic interpretation presented in Sec. 3.3.3, we have a clear picture
of the class of anharmonic scatterings included in the TD-SCHA phonon Green’s functions.
The two-phonon Green’s function χ(ω) is renormalized by the self-energy Σ(ω), which is
purely real and do not provide any lifetime. As such, the TD-SCHA does not provide any
decay channel for the current-current correlation function, and the thermal conductivity is
infinite.

Figure 3.9. Diagrammatic comparison of thermal conductivity obtained in a (lowest-order) dressed-
bubble approximation following from perturbation theory and in TD-SCHA [Eq. (3.4.29)]. The
renormalization of the two-phonon Green’s function in TD-SCHA does not account for dressed-
bubble diagrams, and this results in a infinite conductivity. The meaning of the symbols were
already presented in Fig. 3.1 for the heat flux vertices, in Fig. 3.2 for the phonon quantities
obtained in perturbation theory, and in Fig. 3.5 for the TD-SCHA two-phonon Dyson equation.
The vertically aligned orange dots in the upper half elucidate how a the dressed-bubble diagram
features three-phonon lines at the same time. Such process can be understood as a three-phonon
excitation, which is absent in TD-SCHA.

In the many-body approach to lattice thermal transport developed in Chapter 2, we
obtained a finite heat-flux autocorrelation by accounting for anharmonicity in a dressed-
bubble approximation [cf. e.g. Eq. (2.3.3)]. In the dressed-bubble approximation, the full
two-phonon Green’s function is approximated with a product of two interacting phonon
Green’s functions. Thus, the one-phonon self-energy accounting for the decay of the single-
phonon Green’s function enters in the two-phonon autocorrelation function and provides a
finite anharmonic thermal conductivity. However, dressed-bubble diagrams that are present
in the exact two-phonon Green’s function are absent in the TD-SCHA scheme.

Such deficiency follows from the fundamental difference between perturbative and self-
consistent approaches. In a perturbative approach, the fully interacting phonon Green’s
function can be approximated by selecting any given diagram among the ones allowed by
the interaction considered, typically computed at the lowest nontrivial order. Instead, in a
self-consistent approach, one does not have such freedom of choice, since only a particular
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class of diagrams are included in the dynamics, depending on the self-consistent scheme.
The advantage is that the special class of diagrams considered are included at all orders
of anharmonicity. In the case of TD-SCHA, the diagrams included in the ionic dynamics
are summarized in Fig. 3.5. A diagrammatic comparison between the thermal conductivity
obtained in a dressed-bubble approximation and in TD-SCHA is presented in Fig. 3.9. A
physical insight on why TD-SCHA can not provide a finite thermal conductivity can be
understood by comparing the diagrammatic expressions in Fig. 3.9. In the dressed-bubble
approximation, the anharmonicity is accounted in the self-energy of the one-phonon Green’s
functions. However, from the perspective of the two-phonon Green’s function self-energy,
the dressed-bubble can be seen as a three-phonon process. As elucidated by the orange
dots in Fig. 3.9, a dressed-bubble diagram features three phonon lines at the same time.
Such process can be understood in terms of a two-phonon self-energy originating from a
three-phonon propagator. As discussed in Sec. 3.3.5, the TD-SCHA does not account for
processes that feature more than two phonons and a dressed-bubble diagram is simply not
included in the TD-SCHA two-phonon dynamics.

The term [S+χ(0)(0):Σ(ω)] [1 − χ(0)(ω):Σ(ω)]−1 that originates from the inversion of
the interacting anharmonic propagator can be interpreted as a “anharmonic screening” of
the perturbative heat flux vertex. As will be discussed in Chapter 4, the screening of the
vertices of a response function due to the interacting propagator is typical of self-consistent
time-dependent schemes, such as TD-HF or TD-DFT.

3.5 Conclusions

This Chapter is the core of this thesis. By reworking the maximum entropy and modified
Liouville equation approach presented in Chapter 1, we have devised a novel first-principles
methodology to obtain an expression of thermal conductivity valid in self-consistent schemes.
To describe solids in presence of strong anharmonicity, we have adopted nonperturbative
approach provided by the SCHA. We have derived the equilibrium state in the SCHA from
the maximum entropy principle, expanding the variational space for the Gaussians used
to approximate the exact density matrix. To discuss the self-consistent dynamics, we have
employed the scheme of the TD-SCHA. Reformulating such theory in the Wigner represen-
tation of quantum mechanics, we have obtained a clear interpretation in terms of Feynman
diagrams both of the response functions and of the anharmonic scattering included in the
phonon dynamics in the TD-SCHA. Then we fitted the TD-SCHA linear response scheme
in the framework of thermal transport by defining a TD-SCHA “thermal-potential” from
the self-consistent Kubo formula for thermal conductivity we developed. This procedure
allowed us to interpet the thermal conductivity in a form similar to a static limit of a current-
current response function, as done in Chapter 2. The harmonic limit of the TD-SCHA thermal
conductivity coincides exactly with the result obtained from many-body perturbation theory.
Such consistency supports the validity of our approach to thermal transport in TD-SCHA.
Computing the static limit of the full anharmonic current-current correlation function, we
realize that the thermal conductivity in TD-SCHA diverges. We have discussed how this
shortcoming follows from an intrinsic limitation of the approximation. In the TD-SCHA, the
dressed-bubble diagrams that renormalize the two-phonon correlation and provide a finite
conductivity are absent. Thus, while the TD-SCHA represents on of the most advanced
first-principles approach to lattice dynamics, it still does not offer a fully nonperturbative
model for thermal transport.
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Appendices of Chapter 3

3.A Review of SCHA relations

In this Appendix, we prove some useful relations obtained in the SCHA formalism.

Density matrix of harmonic oscillators

Density matrix of a free particle in 1D

The hamiltonian for a free particle of mass m in 1D along the axis x is

Ĥx = −ℏ2

2m
∂2

∂x2 (3.A.1)

hence its density matrix satisfies the Bloch equation (3.2.4)

− ∂

∂β
ρ(x, x′;β) = − ℏ2

2m
∂2

∂x2 ρ(x, x′;β). (3.A.2)

This differential equation describes a gaussian density matrix

ρ(x, x′;β) =
√

m

2πℏ2β
e
− m

2ℏ2β (x−x′)2
(3.A.3)

normalized by the thermal wavelength of the particle λ2 = 2πℏ2β
m = 2πσ2. To verify it, we

can directly compute

− ∂

∂β
ρ(x, x′;β) = − ∂

∂β

( 1
λ
e
− (x−x′)2

λ2/π
)

= 1
λ

∂λ

∂β
ρ(x, x′;β) + ∂

∂β

(
π

λ2

)
(x− x′)2ρ(x, x′;β)

(3.A.4)

whereas

− ℏ2

2m
∂

∂x

∂

∂x
ρ(x, x′;β) = λ2

4πβ
∂

∂x

π

λ2 2(x− x′)ρ(x, x′;β)

= 1
2β ρ(x, x′;β) − 1

β

π

λ2 (x− x′)2ρ(x, x′;β)
(3.A.5)

which are equal since 1
λ
∂λ
∂β = 1

2β and ∂
∂β

1
λ2 = − 1

βλ2 . From this we can compute the partition
function and the free energy as

Z = Tr{ρ̂U} =
∫
dx ⟨x|ρ̂(β)U |x⟩ =

√
m

2πℏ2β

F = − 1
β

log Z = − 1
β

log
√

m

2πℏ2β

(3.A.6)

where the subscript U denotes unnormalized density matrix.
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Density matrix of 1D harmonic oscillator

The hamiltonian of a 1D oscillator is

Ĥ = p̂2

2m + 1
2mω

2x̂2 (3.A.7)

which in position representation reads

Hx = − ℏ2

2m∇2
x + 1

2mω
2x2. (3.A.8)

Let us impose the differential equation on the density matrix:

− ∂

∂β
ρ(x, x′;β) = Hxρ(x, x′;β) = − ℏ2

2m
∂2

∂x2 ρ(x, x′;β) + 1
2mω

2x2ρ(x, x′;β) (3.A.9)

Let us now introduce the following change of variables

s =
√
mω

ℏ
x ; f = ℏω

2 β (3.A.10)

that can be used to recast the differential equation for the density matrix; dividing the latter
by ℏω we get

−1
2

∂

∂ ℏω
2 β

ρ(x, x′;β) = −1
2

∂2

∂mωℏ x
2 ρ(x, x′;β) + 1

2
mω

ℏ
x2ρ(x, x′;β)

∂

∂f
ρ(s, s′; f) = − ∂2

∂s2 ρ(s, s′; f) + s2ρ(s, s′; f).
(3.A.11)

Now the idea is that for β → 0, f → 0 ⇐⇒ T → ∞ the kinetic energy is bigger than the
potential energy K ≫ V and the harmonic oscillator behaves as a free particle. This sets the
high temperature gaussian (free particle) limit

ρ(x, x′;β) →
√

m

2πℏ2β
e
− m

2ℏ2β (x−x′)2
=
√

mω

4πℏf e
− (s−s′)2

4f2 for T → ∞ (3.A.12)

and the following "generalized" gaussian structure is proposed (for the diagonal element)

ρ(s, s; f) =Ne−[a(f)s2+b(f)s+c(f)]

ρ(s, s′; 0) = δ(x− x′) =
√
mω

ℏ
δ(s− s′)

(3.A.13)

If we plug this into the differential equation, a set of coupled differential equations for the
coefficient are produced

a′(f) = −4a2(f) + 1
b′(f) = −4a(f)b(f)
c′(f) = 2a(f) − b2(f)

(3.A.14)
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This set of equation can be solved analytically, yielding

a(f) = 1
2 coth 2f

b(f) = A

sinh 2f

c(f) = 1
2 log sinh 2f + A2

2 coth 2f − logB

(3.A.15)

with A,B as free parameters. Comparing to the free particle limit, the parameters can be set
to B =

√
mω
2πℏ and A = −s′. From this we can deduce the final form of the density matrix of

a 1D oscillator
ρ(s, s′;β) =

√
mω

2πℏ sinh 2f e
− 1

2 sinh 2f
[(s2+s′2) cosh 2f−2ss′] (3.A.16)

that we can express back in x, x′ as

ρ(x, x′;β) =
√

mω

2πℏ sinh 2f e
− mω

2ℏ sinh 2f
[(x2+x′2) cosh 2f−2xx′] (3.A.17)

where we recall f = ℏω
2 β. For the diagonal element we use the hyperbolic duplication

formula sinh(2f) = 2 sinh(f) cosh(f) and cosh(2f) − 1 = 2 sinh2(f) from which we get

ρ(x, x; b) =
√

mω

2πℏ sinh 2f e
−mω

ℏ tanh(f)x2
. (3.A.18)

This density matrix is still unnormalized. From the latter we can access the partition function
as

Z(β) = Tr{ρ̂(β)} =
∫

dx ρ(x, x′;β) =
∫

dx
√

mω

2πℏ sinh 2f e
−mω

ℏ tanh(f)x2

=
√

1
2π sinh(2f) tanh(f)

∫
dx
√
mω

ℏ

√
tanh(x)e−

mω
ℏ tanh(f)x2

=
√

1
4π sinh(f) cosh(f) tanh(f)

∫
ds e−s2 = 1

2 sinh(f) .

(3.A.19)

The free energy of the harmonic oscillator is then

F(β) = − 1
β

log Z(β) = 1
β

log(2 sinh(f)) = 1
β

log
(
e

ℏω
2 β − e−

ℏω
2 β
)

= ℏω
2 + 1

β
log
(
1 − e−βℏω

)
= ℏω

2 − 1
β

log(n(ω) + 1) = ⟨U⟩ − T ⟨S⟩
(3.A.20)

where n(ω) is the Bose-Einstein population. Now let’s normalize the density matrix; consid-
ering only the prefactor of ρ/Z we have

√
mω

2πℏ
2 sinh(f)√
sinh(2f)

=
√
mω

2πℏ

√
4 sinh2(f)

2 cosh(f) sinh(f) =
√

2mω
2πℏ coth(f)

(3.A.21)
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and the coth(f) can be recast as

coth
(ℏω

2 β

)
= e

ℏω
2 β + e−

ℏω
2 β

e
ℏω
2 β − e−

ℏω
2 β

= eβℏω + 1
eβℏω − 1 = eβℏω

eβℏω − 1 + n(ω) = −n(−ω) + n(ω) = 1 + 2n(ω).

(3.A.22)
The normalized density matrix of a 1D oscillator is

ρ(x, x′;β) =
√

m

2π ℏ
2ω (1 + 2n(ω))

e
− mω

2ℏ sinh(βℏω)

[
(x2+x′2) cosh(βℏω)−2xx′

]
(3.A.23)

rewritten in this way to highlight the factor ξ2 = ℏ
2ω (1 + 2n(ω)) = ℏ

2ω coth
(
βℏω

2

)
that will be

introduced in SCHA notation.

Density matrix of N oscillators in 3D

The hamiltonian of N harmonic oscillators in 3D reads

Ĥ =
∑
a

p̂2
a

2ma
+ 1

2
∑
ab

Φab(R̂a − Ra)(R̂b − Rb) =
∑
a

p̂2
a

2ma
+ 1

2
∑
ab

Φabûaûb (3.A.24)

where the indices a, b spans both the Cartesian directions and the number of the oscillators.
The operator ûa = R̂a − R̂a indicate the displacement from the equilibrium position of the
ion a. The dynamical matrix can be introduced as (2.2.12)

Φab√
mamb

= Dab =
∑
µ

ω2
µeµ,aeµ,b . (3.A.25)

Let us introduce the transformation in normal mode coordinates

ûa =
∑
µ

eµ,a√
ma

q̂µ

p̂a =
∑
µ

√
maeµ,ap̂µ

(3.A.26)

that diagonalizes the Hamiltonian

Ĥ =
∑
µ

( p̂2
µ

2 +
ω2
µq̂

2
µ

2
)
. (3.A.27)

This Hamiltonian appears as a sum of 1D harmonic oscillators, for which the density matrix
is (3.A.23). Notice the slight difference in the masses, reabsorbed in the normal mode
coordinates; the substitution we have to perform from the 1D case is

√
mx → u. The density

matrix will then be

ϱ̂ = e−βĤ

Z
=
∏
µ

e−βHµ

Zµ
(3.A.28)

and the density matrix would be

ϱ(q⃗, q⃗′) =
∏
µ

√√√√ 1
2π ℏ

2ωµ
(1 + 2nµ)

e
− ωµ

2ℏ sinh(βℏωµ)
[
(q2

µ+q′
µ

2) cosh(βℏωµ)−2qµq′
µ

]
(3.A.29)
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and we can introduce ξ2
µ = ℏ

2ωµ
(1+2nµ) = ℏ

2ωµ
coth

(
1
2βℏωµ

)
SCHA (thermal lengths), where

for brevity nµ = n(ωµ). The diagonal elements are

ϱ(q⃗, q⃗) =
∏
µ

√
1

2πξ2
µ

e
−ωµ

ℏ tanh
(

βℏωµ
2

)
q2

µ =
∏
µ

√
1

2πξ2
µ

e
−

q2
µ

2ξ2
µ

=
∏
µ

(
√

1
2πξ2

µ

)
∏
µ

e
−

q2
µ

2ξ2
µ =

∏
µ

(
√

1
2πξ2

µ

)e
−
∑

µ

q2
µ

2ξ2
µ

(3.A.30)

which describes a product of 3N gaussian matrices in the normal mode coordinates. Now
we want to go back to real space displacements using

qµ =
∑
a

√
maeµ,aua (3.A.31)

and with this trasformation the quadratic form in the gaussian exponent becomes

∑
µ

∑
ab

√
maeµ,aua

√
mbeµ,bub

q2
µ

2ξ2
µ

=
∑
ab

Υabuaub (3.A.32)

introducing the matrix

Υab =
∑
µ

√
mamb

ξ2
µ

eµ,aeµ,b =
∑
µ

√
mamb

ℏ(1 + 2nµ)2ωµeµ,aeµ,b. (3.A.33)

In order to pass from q to u, since the density matrix is normalized, we have to multiply
times the jacobian of the transformation

|Jaµ | = det
(
∂qµ
∂ua

)
= det(

√
maeµ,a). (3.A.34)

This comes from the trasformation of the probability distributions p(x)dx=p(y)dy. Using
this we can express the density matrix in displacement coordinates as

ϱ(R⃗, R⃗) = det(
√
maeµ,a) det

(√
1

2πξµξµ′
δµ,µ′

)
e−

1
2
∑

ab
Υabuaub . (3.A.35)

Now using
√

det(A2) =
√

det(A) det(A) =
√

det(A)2 = det(A), we can rewrite the prefactor
as

det(
√
maeµ,a) det

(√
δµ,µ′

2πξµξµ′

)
=

√√√√det(
√
maeµ,a) det

(√
mbeµ′,b

)
det
(

δµ,µ′

2πξµξµ′

)

=

√√√√det
(

√
mambeµ,aeµ′,b

δµ,µ′

2πξµξµ′

)
=
√

det
( Υ

2π

) (3.A.36)
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from which we have the expression of the diagonal elements in the Schrodinger representa-
tion of the Gaussian density matrix (3.2.8)

ϱ(R⃗, R⃗) =

√√√√√det

 ↔
Υ
2π

e− 1
2
∑
ab

Υabuaub

. (3.A.37)

With a slightly more cumbersome but formally equivalent procedure, the structure of the
full density matrix (3.2.7) can be obtained from (3.A.29).

Using the argument (3.A.28), we get that the free energy of 3N oscillators can be obtained
by addition of the single modes free energy (3.A.20), i.e.

F = 1
β

∑
µ

log[2 sinh
(

1
2ℏωµβ

)
] (3.A.38)

which is the expression introduced in (3.2.17).

SCHA equilibrium energy

Here we compute the expectation value of the harmonic Hamiltonian ĤR⃗,Φ⃗ introduced in
(3.2.3a), that we rewrite as a kinetic plus a harmonic potential as

ĤR⃗,Φ⃗ = K̂ + V̂R⃗,Φ⃗(R⃗) (3.A.39)

on the Gaussian density matrix (3.2.7).

Kinetic energy

To calculate the kinetic energy in the SCHA, we must consider the matrix elements of the
density operator in the Schrodinger representation (3.2.7)

ϱ(R⃗, R⃗′) = 1√
det
(

2π
↔
Υ−1

) exp
[
−
∑
ab

Θab

4 (uaub + u′au
′
b) +

∑
ab

Aabuau
′
b

]
, (3.A.40)

where ua = Ra − Ra. The kinetic energy is computed as

〈
K̂
〉
ϱ
= −

∑
c

ℏ2

2mc

∫
dR⃗ dR⃗′

〈
R⃗
∣∣∣ϱ∣∣∣R⃗′〉 〈R⃗′∣∣∣ ∂2

∂R2
c

∣∣∣R⃗〉
= −

∑
c

ℏ2

2mc

∫
dR⃗ dR⃗′ ( ∂

2

∂R2
c

〈
R⃗
∣∣∣ϱ∣∣∣R⃗′〉)δ(R⃗− R⃗′)

(3.A.41)

and we can compute the derivatives from (3.A.40) as

∂

∂Rc
ϱ(R⃗, R⃗′) = −ϱ(R⃗, R⃗′)

∑
d

[Θcd

2 ud −Acdu
′
d]

∂2

∂R2
c

ϱ(R⃗, R⃗′) = ϱ(R⃗, R⃗′)
[∑
d

Θcd

2 ud −Acdu
′
d]2 − ϱ(R⃗, R⃗′)Θcc

2 .

(3.A.42)
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So the kinetic energy can be computed as

〈
K̂
〉
ϱ
=
∑
c

ℏ2

4mc
Θcc

∫
dR⃗ ϱ(R⃗) −

∑
c

ℏ2

2mc

∫
dR⃗ ϱ(R⃗)(1

2
∑
d

[Θcd − 2Acd]ud)2

=
∑
c

ℏ2

2mc

Θcc

2 − 1
4
∑
c

ℏ2

2mc

∑
df

ΥcdΥcf

∫
dR⃗ ϱ(R⃗)ufud

=
∑
c

ℏ2

2mc

Θcc

2 − 1
4
∑
c

ℏ2

2mc

∑
df

ΥcdΥcfΥ−1
fd

〈
K̂
〉
ϱ
= ℏ2

2 Tr
(

Θ̃
2

)
− ℏ2

2 Tr
(

Υ̃
4

)
= ℏ2

2 Tr
(

Θ̃
4

)
+ ℏ2

2 Tr
(
Ã

2

)
= ℏ2

2 Tr
(

Υ̃
4

)
+ ℏ2

2 Tr
(
Ã
)

(3.A.43)

where the mass reduced matrix are defined as Θ̃ab = Θab√
mamb

. In the third line of the last
calculation we have used the result

⟨ûaûb⟩ϱ=
∫

dR⃗ ϱ(R⃗)uaub = Υ−1
ab (3.A.44)

Harmonic potential energy and equipartition theorem

The expectation value of the harmonic potential is straightforward

〈
V̂R⃗,Φ⃗

〉
ϱ
= 1

2
∑
ab

Φab ⟨ûaûb⟩ϱ=
1
2
∑
ab

ΦabΥ−1
ab = 1

2 Tr
[
ΦΥ−1

]
= 1

2
∑
µ

ω2
µξ

2
µ (3.A.45)

and if we work out the kinetic energy we see that

〈
K̂
〉
ϱ
= ℏ2

2 Tr
(

Θ̃
4

)
+ ℏ2

2 Tr
(
Ã

2

)
= ℏ2

4
∑
µ

[
Θ̃µ

2 + Ãµ

]

= ℏ2

4
∑
µ

ωµ
ℏ

[
coth(ℏωµβ) + 1

sinh(ℏωµβ)

]
= ℏ2

4
∑
µ

ωµ
ℏ

coth
(

1
2ℏωµβ

)
〈
K̂
〉
ϱ
= 1

2
∑
µ

ω2
µ

ℏ
2ωµ

coth
(

1
2ℏωµβ

)
= 1

2
∑
µ

ω2
µξ

2
µ =

〈
V̂
〉
ϱ

(3.A.46)

which consist in the equipartition (virial) theorem for a harmonic system. So we have that〈
ĤR⃗,Φ⃗

〉
ϱ
=
∑
µ

ω2
µξ

2
µ (3.A.47)

Derivatives of SCHA expectation values

Here we prove the relation introduced in (3.2.15) for the derivatives of observables diagonal
in Schrodinger representation

∂

∂λ

〈
O(R⃗)

〉
ϱ

R⃗,
↔
Φ

=
∑
a

∂Ra

∂λ

〈
∂O(R⃗)
∂R̂a

〉
ϱ

R⃗,
↔
Φ

+ 1
2
∑
ab

∂Υ−1
ab

∂λ

〈
∂2O(R⃗)
∂R̂a∂R̂b

〉
ϱ

R⃗,
↔
Φ

. (3.A.48)
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Let us first define the matrix Laµ which is useful for the calculations

Υ−1
ab =

∑
µ

LaµL
b
µ ,

Laµ = ξµ
eaµ√
ma

.

(3.A.49)

Using the definition (3.2.8), the average of an operator can be computed in SCHA as

〈
O(R⃗)

〉
ϱ

R⃗,
↔
Φ

= det

 ↔
Υ
2π

∫ dR⃗O(R⃗)e−
1
2
∑

ab
(Ra−Ra)Υab(Rb−Rb). (3.A.50)

To recast the latter integral as a Gaussian integral we can perform the change of variable
R⃗ = R⃗ + u⃗, obtaining

〈
O(R⃗)

〉
ϱ

R⃗,
↔
Φ

= 1√
det
(

2π
↔
Υ−1

) ∫ duO(R⃗ + u⃗)e−
1
2
∑

ab
uaΥabub . (3.A.51)

We can proceed by transforming

yµ =
∑
a

√
ma

ξµ
eµ,aua , ua =

∑
µ

ξµ√
ma

eµ,ayµ =
∑
µ

Laµyµ (3.A.52)

from which it is clear that the jacobian is |Jaµ | = det
(
∂ua

∂yµ

)
= det

(
Laµ

)
. The exponent

can be recast using
∑
ab uaΥabub =

∑
µ

∑
ab uaeµ,a

√
mamb

ξ2
µ

eµ,bub =
∑
µ y

2
µ and using the fact

det
(

↔
Υ−1

)
= det2(

↔
L) we get

〈
O(R⃗)

〉
ϱ

R⃗,
↔
Φ

=
∫

dy⃗ e
− 1

2
∑

µ
y2

µ

√
2π

O(R⃗ +
↔
Ly⃗) =

∫
[dy]O(R⃗ +

↔
Ly⃗) (3.A.53)

where we define the gaussian measure as [dy] =
∏
µ e
− yµ

2
dyµ√

2π . Now we can compute the
derivatives of the expectation value. From (3.A.53) we can express the derivative with respect
to a parameter λ as derivative with respect to the spatial argument O(R⃗ +

↔
Ly⃗) and apply

the chain rule

∂

∂λ

〈
O(R⃗)

〉
ϱ

R⃗,
↔
Φ

=
∑
c

∂Rc

∂λ

∫
[dy] ∂O

∂Rc
+
∫

[dy]
∑
c

∂O

∂Rc

∑
µ

∂Lcµ
∂λ

yµ . (3.A.54)

The first term in the right-hand side of (3.A.54) is the first term of (3.A.48), i.e.

∑
c

∂Rc

∂λ

∫
[dy] ∂O

∂Rc
=
∑
c

∂Rc

∂λ

〈
∂O(R⃗)
∂R̂c

〉
. (3.A.55)
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The second term in (3.A.54) can be computed using the property of Gaussian measure
∂
∂yµ

[dy] =
∏
µ . . .

∂
∂yµ

e−y
2
µ/2 = −yµ[dy], yielding

∂

∂λ

〈
Ô
〉̃
ρR,Φ

=
∑
c,µ

∂Lcµ
∂λ

∫
− ∂

∂yµ
[dy] ∂

∂Rc
O(R⃗ +

↔
Ly⃗) =

∑
c,µ

∂Lcµ
∂λ

∫
[dy] ∂

∂Rc
∂

∂yµ
O(R⃗ +

↔
Ly⃗)

=
∑
c,µ

∂Lcµ
∂λ

∫
[dy] ∂

∂Rc

∑
d

∂O

∂Rd
∂

∂yµ

∑
ν

Ldνyν =
∑
cd

∑
µ

∂Lcµ
∂λ

Ldµ

∫
[dy]∂

2O(R⃗ +
↔
Ly⃗)

∂Rc∂Rd

=
∑
cd

∑
µ

1
2
∂

∂λ

(
LcµL

d
µ

)〈 ∂2O

∂Rc∂Rd

〉
ρ̃R,Φ

= 1
2
∑
cd

∂Υ−1
cd

∂λ

〈
∂2O

∂Rc∂Rd

〉
ρ̃R,Φ

.

(3.A.56)

The last equality proves together with (3.A.55) the general result (3.A.48).

3.B Details of maximum entropy principle for SCHA equilibrium

Here we give extended proof of the variation of the entropy functional (3.2.23) with respect to
the parameters of the density matrix (η,R,Φ). The variaton with respect to the Lagrangian
multiplier β fixes the expectation value of the energy, which is a consequence of bath cou-
pling, and represents the absolute temperature of the bath in the canonical ensemble. We
must then set

δS̃ =
∑
a

δRa
∂S̃

∂Ra
+
∑
ab

δΦab
∂S̃

∂Φab
+ δη

∂S̃

∂η
= 0 (3.B.1)

computing all the variations and setting them separately to zero. For brevity, in intermediate
calculations we drop the parameters subscript ϱη,R,Φ→ϱ, Ĥη,R,Φ⃗→Ĥ.

Variations in δR

From (3.B.1), we set

− ∂S̃

∂Ra
= ∂

∂Ra
Tr[ϱ̂ log ϱ̂] + β

∂

∂Ra
Tr
[
ϱ̂Ĥ
]

= 0

Tr
[
∂ϱ̂

∂Ra
log ϱ̂

]
+ Tr

[
∂ϱ̂

∂Ra

]
= −β Tr

[
∂ϱ̂

∂Ra
Ĥ

]
.

(3.B.2)

Using the property of the density matrix (3.2.5)

∂

∂Ra
ϱ̂ = − ∂

∂R̂a
ϱ̂ = − 1

iℏ
[ϱ̂, p̂a] , (3.B.3)

we can use the cyclic property of trace to move the derivative (integration by parts)

Tr
[
∂ϱ̂

∂R̂a
Ô

]
= Tr

[ 1
iℏ

[ϱ̂, p̂a]Ô
]

= Tr
[
ϱ̂

1
iℏ

[p̂a, Ô]
]

= − Tr
[
ϱ̂
∂Ô

∂R̂a

]
. (3.B.4)
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Hence, the left-hand side of (3.B.2) is

Tr
[
∂ϱ̂

∂Ra
log ϱ̂

]
+ Tr

[
∂ϱ̂

∂Ra

]
= − Tr

[
∂ϱ̂

∂R̂a
log ϱ̂

]
− Tr

[
∂ϱ̂

∂R̂a

]

= Tr
[
ϱ̂
∂ log ϱ̂
∂R̂a

]
− Tr

[
∂ϱ̂

∂R̂a

]
= Tr

[
ϱ̂ϱ̂−1 ∂ϱ̂

∂R̂a

]
− Tr

[
∂ϱ̂

∂R̂a

]
= 0

(3.B.5)

and we are left with
∂S̃

∂Ra
= β Tr

[
∂ϱ̂

∂Ra
Ĥ

]
= β Tr

[
ϱ̂
∂Ĥ

∂R̂a

]
= 0 (3.B.6)

that is precisely the first SCHA equilibrium condition (3.2.26a)

−
〈
∂V̂BO
∂Ra

〉
ϱ

= 0 . (3.B.7)

Variations in δΦ

To compute the variation in Φ of (3.B.1), we compute

∂S̃

∂Φab
= − ∂

∂Φab
Tr[ϱ̂ log ϱ̂] − β

∂

∂Φab
Tr
[
ϱ̂Ĥ
]

= 0 (3.B.8)

To compute the harmonic entropy, we exploit

− Tr(ϱ̂ log ϱ̂) = η[
〈
Ĥ
〉
ϱ
− F ] (3.B.9)

where F is the harmonic free energy. Now the derivative of the harmonic free energy was
calculated in Ref. 56 (eq A14):

∂F
∂Φab

= 1
2Υ−1

ab . (3.B.10)

The derivative of the harmonic energy is obtained from (3.A.47):

∂

∂Φab

〈
Ĥ
〉
ϱ
= ∂

∂Φab

∑
cd

ΦcdΥ−1
cd = Υ−1

ab +
∑
cd

Φcd
∂Υ−1

cd

∂Φab
(3.B.11)

so that
∂

∂Φab
[− Tr[ϱ log ϱ]] = η

2Υ−1
ab + η

∑
cd

Φcd
∂Υ−1

cd

∂Φab
. (3.B.12)

The other term to be derived is

∂

∂Φab

〈
Ĥ
〉
ϱ
= ∂

∂Φab

〈
K̂
〉
ϱ
+ ∂

∂Φab

〈
V̂BO

〉
ϱ
= ∂

∂Φab

1
2
∑
cd

ΦcdΥ−1
cd + ∂

∂Φab

〈
V̂BO

〉
ϱ

= 1
2Υ−1

ab + 1
2
∑
cd

Φcd
∂Υ−1

cd

∂Φab
+ 1

2
∑
cd

∂Υ−1
cd

∂Φab

〈
∂2VBO
∂Rc∂Rd

〉
ϱ

(3.B.13)
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obtained from the harmonic kinetic energy (3.A.46) and the SCHA derivation trick (3.2.15).
So we have for the derivative of the entropy functional

∂S̃

∂Φab
= − ∂

∂Φab
Tr[ϱ log ϱ] − β

∂

∂Φ ⟨H⟩ϱ= 0

= η

2Υ−1
ab + η

∑
cd

Φcd
∂Υ−1

cd

∂Φab
− β

2 Υ−1
ab − β

2
∑
cd

Φcd
∂Υ−1

cd

∂Φab
− β

2
∑
cd

∂Υ−1
cd

∂Φab

〈
∂2V̂BO
∂Rc∂Rd

〉
ϱ

= 1
2(η − β)Υ−1

ab + (η − β

2 )
∑
cd

Φcd
∂Υ−1

cd

∂Φab
− β

2
∑
cd

∂Υ−1
cd

∂Φab

〈
∂2V̂BO
∂Rc∂Rd

〉
ϱ

= 0 .

(3.B.14)

Variations in δη

From (3.B.1), we set the derivative of the entropy function with respect to η to zero, yielding

∂S̃

∂η
= ∂

∂η
Tr[ϱ̂ log ϱ̂] + β

∂

∂η
Tr
[
ϱ̂Ĥ
]

= 0 . (3.B.15)

We compute the derivative of the entropy directly from (3.2.19), obtaining

∂

∂η
[− Tr(ϱ̂ log ϱ̂)] = ∂

∂η

[
1
2
∑
µ

[
ηℏωµ coth

(
1
2ηℏωµ

)
− 2 log

(
sinh

(
1
2ηℏωµ

))]]

= −η

4
∑
µ

ℏ2ω2
µ

sinh2(1
2ηℏωµ)

(3.B.16)

Let’s rearrange the last term by noting the relation

∂

∂η
ξ2
µ = ∂

∂η

(
ℏ

2ωµ
coth

(
1
2ηℏωµ

))
= −ℏ2

4
1

sinh2(1
2ηℏωµ)

(3.B.17)

hence

∂

∂η
[− Tr(ϱ̂ log ϱ̂)] = −η

4
∑
µ

ℏ2ω2
µ

sinh2(1
2ℏωµη)

= η
∑
µ

ω2
µ

∂ξ2
µ

∂η
= η

∑
ab

Φab
∂Υ−1

ab

∂η
(3.B.18)

The other term to be calculated is ∂
∂η

〈
Ĥ
〉
ϱ

= ∂
∂η

〈
K̂ + V̂BO

〉
ρ
. To compute it we exploit the

expressions of the average kinetic energy (3.A.46)

∂

∂η
⟨K⟩ϱ=

1
2
∑
ab

Φab
∂Υ−1

ab

∂η
(3.B.19)

and the SCHA derivation result (3.2.15)

∂

∂η

〈
V̂BO

〉
ϱ
=
∑
a

∂Ra

∂η

〈
∂V̂BO
∂Ra

〉
ϱ

+ 1
2
∑
ab

∂Υ−1
ab

∂η

〈
∂2V̂BO
∂Ra∂Rb

〉
ϱ

. (3.B.20)

Overall we have

∂S̃

∂η
= (η − β

2 )
∑
ab

Φab
∂Υ−1

ab

∂η
− β

∑
a

∂Ra

∂η

〈
∂V̂BO
∂Ra

〉
ϱ

− β

2
∑
ab

∂Υ−1
ab

∂η

〈
∂2V̂BO
∂Ra∂Rb

〉
ϱ

= 0. (3.B.21)
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Coupled equations for the entropy maximization in SCHA

Combining Eqs. (3.B.7),(3.B.14), (3.B.21), we get a system of coupled equations

−
〈
∂V̂BO
∂Ra

〉
ϱ

= 0 ,

1
2(η − β)Υ−1

ab + (η − β

2 )
∑
cd

Φcd
∂Υ−1

cd

∂Φab
− β

2
∑
cd

∂Υ−1
cd

∂Φab

〈
∂2V̂BO
∂Rc∂Rd

〉
ϱ

= 0 ,

(η − β

2 )
∑
ab

Φab
∂Υ−1

ab

∂η
− β

∑
a

∂Ra

∂η

〈
∂V̂BO
∂Ra

〉
ϱ

− β

2
∑
ab

∂Υ−1
ab

∂η

〈
∂2V̂BO
∂Ra∂Rb

〉
ϱ

= 0 .

(3.B.22)

The first equation can be readily substituted into the third to get

1
2(η − β)Υ−1

ab + (η − β

2 )
∑
cd

Φcd
∂Υ−1

cd

∂Φab
− β

2
∑
cd

∂Υ−1
cd

∂Φab

〈
∂2V̂BO
∂Rc∂Rd

〉
ϱ

= 0 ,

(η − β

2 )
∑
ab

Φab
∂Υ−1

ab

∂η
− β

2
∑
ab

∂Υ−1
ab

∂η

〈
∂2V̂BO
∂Ra∂Rb

〉
ϱ

= 0 .
(3.B.23)

which can be rewritten as

(η − β)[Υ−1
ab +

∑
cd

Φcd
∂Υ−1

cd

∂Φab
] +

∑
cd

ηΦcd − β

〈
∂2V̂BO
∂Rc∂Rd

〉
ϱ

 ∂Υ−1
cd

∂Φcd
= 0

∑
ab

−β
〈
∂2V̂BO
∂Ra∂Rb

〉
ϱ

+ (2η − β)Φab

 ∂Υ−1
ab

∂η
= 0 .

(3.B.24)

Since Υ is positive definite and, being a temperature, η>0, the last equation implies

β

〈
∂2V̂BO
∂Ra∂Rb

〉
ϱ

= (2η − β)Φab . (3.B.25)

The latter relation can be used in the first equation of (3.B.24), obtaining

(η − β)[Υ−1
ab +

∑
cd

Φcd
∂Υ−1

cd

∂Φab
] +

∑
cd

(ηΦcd − (2η − β)Φcd)
∂Υ−1

cd

∂Φcd
= 0

(η − β)Υ−1
ab +(η − β)

∑
cd

Φcd
∂Υ−1

cd

∂Φab
+ (β − η)

∑
cd

Φcd
∂Υ−1

cd

∂Φcd
= 0

(η − β)Υ−1
ab = 0

(3.B.26)

which finally implies
η = β (3.B.27)

that combined with (3.B.25) yields 〈
∂2V̂BO
∂Ra∂Rb

〉
ρ

= Φab . (3.B.28)

Eqs. (3.B.7),(3.B.27),(3.B.28) prove the SCHA equations (3.2.26) obtained from the MEP.
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3.C TD-SCHA equations of motion

In this Appendix, we prove the Wigner-TD-SCHA equations of motion Eqs (??). For com-
pactness, we define the mass-rescaled free parameters

α̃(t)ab = α(t)ab√
mamb

β̃(t)ab = √
mambβ(t)ab γ̃(t)ab =

√
mb

ma
γ(t)ab

R̃a =
√
maRa R̃(t)a =

√
maR(t)a

P̃a = Pa√
ma

P̃(t)a = P(t)a√
ma

(3.C.1)

The equation of motion for the free parameters
↔
α̃(t),

↔

β̃(t),
↔
γ̃(t), ⃗̃R(t), ⃗̃P(t) are found with

Eq. (3.3.13) (we drop the arrows above matrices and vectors in intermediate steps):

∂ϱ(R,P , t)
∂t

=∂H[ϱ]
∂R̃

· ∂ϱ(R,P , t)
∂P̃

− ∂H[ϱ]
∂P̃

· ∂ϱ(R,P , t)
∂R̃

=

=

〈∂Vtot

∂R̃

〉
ϱ(t)

+ δR̃(t) ·
〈
∂2Vtot

∂R̃∂R̃

〉
ϱ(t)

 · ∂ϱ(R,P , t)
∂P̃

−
(
δP̃ (t) + P̃(t)

)
· ∂ϱ(R,P , t)

∂R̃

(3.C.2)

with δR̃(t) = R̃ − R̃(t) and δP̃ (t) = P̃ − P̃(t). The gradient of ϱ(R,P , t), defined in Eq.
(3.3.8), is

∂ log (ϱ(R,P , t))
∂P̃

= −β̃(t) · δP̃ (t) + γ̃T (t) · δR̃(t), (3.C.3a)

∂ log (ϱ(R,P , t))
∂R̃

= −α̃(t) · δR̃(t) + γ̃(t) · δP̃ (t). (3.C.3b)

The time derivative of ϱ(R,P , t) gives

∂ log (ϱ(R,P , t))
∂t

= Ṅ (t)
N (t)

− 1
2δR̃(t) · ˙̃α(t) · δR̃(t) − 1

2δP̃ (t) · ˙̃
β(t) · δP (t)

+ δR̃(t) · ˙̃γ(t) · δP̃ (t)+

+ ˙̃R(t) ·α(t) · δR̃(t) + ˙̃P(t) · β̃(t) · δP̃ (t) − ˙̃R(t) · γ̃(t) · δP̃ (t)

− ˙̃P(t) · γ̃T (t) · δR̃(t),

(3.C.4)

where ◦̇ denotes the time derivative. With Eqs (3.C.3) and Eq. (3.C.4) the Wigner-Liouville
equation Eq. (3.C.2) becomes a polynomial in δR̃(t) δP̃ (t) then, setting to zero the coefficients,



122 3. Lattice thermal transport in self-consistent schemes

we get the equations of motion for the free parameters

d

dt
⃗̃R(t) = ⃗̃P(t) (3.C.5a)

d

dt
⃗̃P(t) = −

〈
∂Vtot

∂
⃗̃
R

〉
ϱ(t)

(3.C.5b)

d

dt

↔
α̃(t) = −

〈
∂2Vtot

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(t)

·
↔
γ̃T (t) −

↔
γ̃(t) ·

〈
∂2Vtot

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(t)

(3.C.5c)

d

dt

↔

β̃(t) =
↔
γ̃T (t) + γ̃(t) (3.C.5d)

d

dt

↔
γ̃(t) =

↔
α̃(t) −

〈
∂2Vtot

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(t)

·
↔

β̃(t) (3.C.5e)

where ◦† denotes the hermitian conjugate of a matrix. The equations of motion for the
tensors keep the distribution normalized.

3.D Linear expansion of the TD-SCHA density matrix

In this Appendix, we show how to expand at first order the TD-SCHA position probability
distribution and how the anharmonic vertices, Eqs (3.3.58) (3.3.59), emerge. All the free
parameters are perturbed with respect to their static value (denoted by (0))

R⃗(t) =R⃗(0) + R⃗(1)(t) (3.D.1a)

P⃗(t) =P⃗(1)(t) (3.D.1b)
↔
α(t) =↔

α(0) + ↔
α(1)(t) (3.D.1c)

↔
β(t) =

↔
β(0) +

↔
β(1)(t) (3.D.1d)

↔
γ(t) =↔

γ(1)(t) (3.D.1e)

The first thing to do is to expand at first order the position probability distribution in the
perturbative free parameters, i.e. those denoted by the superscript (1). Before performing
the expansion, we report the full position probability distribution obtained from Eq. (3.3.8)

ϱ(R⃗, t) =

√√√√√det

↔
α(t) − ↔

γ(t) ·
↔
β−1(t) · ↔

γ(t)T
2π


× exp

[
−1

2(R⃗− R⃗(t)) ·
(

↔
α(t) − ↔

γ(t) ·
↔
β−1(t) · ↔

γ(t)T
)

· (R⃗− R⃗(t))
]
.

(3.D.2)

The leading order is controlled by ↔
α(0) + ↔

α(1)(t). We define the displacements with respect
the equilibrium position as δ ⃗̃R(0) = ⃗̃

R− ⃗̃R(0). The expansion gives

ϱ(R⃗, t) = ϱ(0)(R⃗) + ϱ(1)(R⃗, t), (3.D.3)
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where ϱ(0)(R⃗) is the equilibrium probability distribution (see Eq. (??))

ϱ(0)(R⃗) =

√√√√det
(↔
α(0)

2π

)
exp

(
−1

2δ
⃗̃
R(0) ·

↔
α̃(0) · δ ⃗̃R(0)

)
. (3.D.4)

The explicit expression for ϱ(1)(R⃗, t) in Eq. (3.D.3), following,50 is

ϱ(1)(R⃗, t) =ϱ(0)(R⃗)
{1

2 Tr
[

↔
α(0)−1 · ↔

α(1)(t)
]

− 1
2δR⃗

(0) · ↔
α(1)(t) · δR⃗(0)

+δR⃗(0) · ↔
α(0) · R⃗(1)(t)

}
.

(3.D.5)

Next, we derive an expression for the perturbed averages of a position-dependent observable
O(R⃗). Using the expression for ϱ(1)(R⃗, t), Eq. (3.D.5), and integration by parts we get

〈
Ô
〉

(1)
(t) =

∫
dR⃗ϱ(1)(R⃗, t)O(R⃗)

= − 1
2

3N∑
ab=1

α̃(1)(t)ab
(〈
δR̃(0)

a δR̃
(0)
b Ô

〉
(0)

− (α̃(0))−1
ba

〈
Ô
〉

(0)

)

+
3N∑
a=1

R̃(1)
a (t)

〈
∂Ô

∂R̃a

〉
(0)
.

(3.D.6)

Note that now all the averages have to be performed on the equilibrium ensemble. We
introduce the equilibrium three and four phonon scattering vertices as in56

(3)
Dabc =

〈
∂VBO

∂R̃a∂R̃b∂R̃c

〉
(0)

=
3N∑

mn=1
α̃(0)
an α̃

(0)
bm

〈
δR̃nδR̃m

∂VBO

∂R̃c

〉
(0)

− α̃
(0)
ab

〈
∂VBO

∂R̃c

〉
(0)

(3.D.7a)

(4)
Dabcd =

〈
∂VBO

∂R̃a∂R̃b∂R̃c∂R̃d

〉
(0)

=
3N∑

nm=1
α̃(0)
an α̃

(0)
bm

〈
δR̃nδR̃m

∂2VBO

∂R̃c∂R̃d

〉
(0)

− α̃
(0)
ab

〈
∂2VBO

∂R̃c∂R̃d

〉
(0)
. (3.D.7b)

It is convenient also to introduce the potentialV(R⃗) as the difference between the BO potential
and the harmonic auxiliary potential obtained at equilibrium

V(R⃗) = VBO(R⃗) − 1
2δ
⃗̃
R(0) ·

↔
D · δ ⃗̃R(0), (3.D.8)
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where
↔
D defines the SCHA phonons, Eq. (3.3.24). Using Eq. (3.D.6), we relate the perturbed

averages of V(R⃗) to the scattering vertices of Eqs (3.D.7)〈
∂V
∂R̃a

〉
(1)

=1
2

3N∑
bcde=1

α̃(1)(t)de(α̃(0)−1)db(α̃(0)−1)ec
(3)
Dabc; (3.D.9a)

〈
∂2V

∂R̃a∂R̃b

〉
(1)

=
3N∑
c=1

(3)
DabcR̃(1)(t)c

− 1
2

3N∑
cdef=1

α̃(1)(t)ef (α̃(0)−1)ec(α̃(0)−1)fd
(4)
Dabcd. (3.D.9b)

At this point it is straightforward to get the following perturbed averages for the BO potential:

〈
∂V
∂R̃a

〉
(1)

=
〈
∂VBO

∂R̃a

〉
(1)

−
3N∑
b=1

DabR̃
(1)
b (t), (3.D.10a)

〈
∂2V

∂R̃a∂R̃b

〉
(1)

=
〈
∂2VBO

∂R̃a∂R̃b

〉
(1)
. (3.D.10b)

3.E Derivation of the linearized TD-SCHA equations

In this Appendix, we prove the linearized equations of motion discussed in Section 3.3.2.
To do this we write all the supercell tensors in the static equilibrium polarization basis {eµ}
defined in Eq. (3.3.24). So a multi-indices tensor A(t)a1,..,aN defined in the supercell can be
written in the polarization basis as

A(t)µ1,..,µN =
3N∑

a1,..,aN =1
eµ1,a1 ..eµN ,aNA(t)a1,..,aN . (3.E.1)

From now on all the quantities are written in this basis.
All the supercell tensors are written in the equilibrium polarization basis, see Eq. (3.E.1).

The equations of motion (Eqs (3.C.5)) expanded at first order are

d2

dt2
R̃(1)(t)α = −ω2

αR̃(1)(t)α −
〈
∂V
∂R̃α

〉
(1)

−
〈
∂Vext(t)
∂R̃α

〉
(0)

; (3.E.2a)

d

dt
α̃(1)(t)αβ = −2

3N∑
µν=1

Sαβµν
(
γ̃(1)(t)µνω2

ν

)
; (3.E.2b)

d

dt
β̃(1)(t)αβ = 2

3N∑
µν=1

Sαβµν
(
γ̃(1)(t)µν

)
; (3.E.2c)

d

dt
γ̃(1)(t)αβ = α̃(1)(t)αβ − ω2

αβ̃
(1)(t)αβ −

〈∂2Vext(t)
∂R̃α∂R̃β

〉
(0)

+
〈

∂2V
∂R̃α∂R̃β

〉
(1)

 β̃(0)
αβ , (3.E.2d)

where
Sαβµν = 1

2(δαµδβν + δανδβµ) (3.E.3)

and V(R⃗) is the difference between the exact BO energy surface and the SCHA auxiliary
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potential, Eq. (3.D.8). The averages of V(R⃗) are defined in Eqs. (3.D.9) and contain anhar-
monic corrections. Now, we derive with respect to time Eqs (3.E.2) to delete the equation
for

↔
γ̃(1)(t) since the perturbed averages do not depend on this parameter, see Eq. (3.D.6).

Next, we take the Fourier transform of the second order set of differential equations for

⃗̃R(1)(t)
↔
α̃(1)(t) and

↔
↔̃
β(1)(t). Finally, we perform a change of variables. Instead of using

the basis {
↔
α̃(1)(ω),

↔

β̃(1)(ω)}, we work with {
↔
ã′(1)(ω),

↔

b̃ ′(1)(ω)} which is defined as a linear
combination of the original free parametersã′(1)(ω)µν

b̃′(1)(ω)µν

 = Mµν

α̃(1)(ω)µν

β̃(1)(ω)µν

 , (3.E.4)

where we defineM as

Mµν =


K−

µν

ωµων
K−µν

− K+
µν

ωµων
K+
µν

 . (3.E.5)

The coefficients in Eqs (3.E.5) are functions of the equilibrium auxiliary frequencies {ω2
µ}

defined in Eq. (3.3.24) and

K±µν =ℏ2nµν

2X±µν
, (3.E.6a)

X±µν =
√

±1
2
ℏ [ωµ ± ων ] [(1 ± 1) + 2(nµ ± nν)]

4ωµων
, (3.E.6b)

nµν =1
8(1 + 2nν)(1 + 2nµ). (3.E.6c)

Using the basis defined in Eq. (3.E.5) we get the following equations of motion for
{ ⃗̃R(1)(ω),

↔
ã′(1)(ω), b̃′(1)(ω)}:

(
ω2 − ω2

α

)
R̃(1)(ω)α −

〈
∂V
∂R̃α

〉
(1)

=
〈
∂Vext(ω)
∂R̃α

〉
(0)
, (3.E.7a)

(
ω2 − ω−2

αβ

)
ã′(1)(ω)αβ +X−αβ

〈
∂2V

∂R̃α∂R̃β

〉
(1)

= −X−αβ

〈
∂2Vext(ω)
∂R̃α∂R̃β

〉
(0)
, (3.E.7b)

(
ω2 − ω+2

αβ

)
b̃′(1)(ω)αβ −X+

αβ

〈
∂2V

∂R̃α∂R̃β

〉
(1)

= X+
αβ

〈
∂2Vext(ω)
∂R̃α∂R̃β

〉
(0)
, (3.E.7c)

where ω2 comes from the Fourier transform of a second order derivative with respect to time.
Eqs. (3.E.7) are written in terms of a matrix vector product in the space of the perturbative

free parameters. Recalling the definition of Vext(R⃗, ω) = B(R)V(ω), we write the linearized
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equations of motion as a matrix-vector product

(ω21 + L′) ·


⃗̃R(1)(ω)
↔
ã′(1)(ω)
↔

b̃ ′(1)(ω)

 =



〈
∂B
∂
⃗̃
R

〉
(0)

−
(4)
X− :

〈
∂2B
∂
⃗̃
R∂

⃗̃
R

〉
(0)

(4)
X+ :

〈
∂2B
∂
⃗̃
R∂

⃗̃
R

〉
(0)


V(ω), (3.E.8)

where
(4)
X±αβµν = X±αβSαβµν (3.E.9)

with X±αβ defined in Eq. (3.E.6b) and Sαβµν in Eq. (3.E.3). We define the RHS vector as the
perturbation vector p′

p′† =
[〈

∂B
∂
⃗̃
R

〉
(0)
, −

(4)
X− :

〈
∂2B
∂
⃗̃
R∂

⃗̃
R

〉
(0)
,

(4)
X+ :

〈
∂2B
∂
⃗̃
R∂

⃗̃
R

〉
(0)

]
. (3.E.10)

The matrix L′ acts in the space of the perturbative parameters. It is symmetric and contains
two terms, the harmonic and anharmonic contribution

L′ = L′harm + L′anh. (3.E.11)

The harmonic part L′harm is diagonal in our basis

L′harm ·


⃗̃R(1)(ω)
↔
ã′(1)(ω)
↔

b̃ ′(1)(ω)

 = −


↔
D· 0 0

0
(4)
ω−

2 : 0

0 0
(4)
ω+

2 :




⃗̃R(1)(ω)
↔
ã′(1)(ω)
↔

b̃ ′(1)(ω)

 . (3.E.12)

The matrix L′harm depends only on the equilibrium auxiliary frequencies of Eq. (3.3.24). We
introduced a four indices tensor

(4)
ω±

2
αβµν = (ω±αβ)2Sαβµν , (3.E.13)

with
↔
S defined in Eq. (3.E.3) and

ω±µν = ωµ ± ων . (3.E.14)

The right-hand side of Eq. (3.E.12) should be read as a standard matrix-vector product. The
matrix element contains also information on how to contract the indices, the operation · is
defined in general as the contraction of the last and first index of two tensors

A ·B =
3N∑
µ=1

A...µBµ... (3.E.15)

and : is defined as

Q : Q′ =
3N∑
µν=1

Q...µνQ
′
µν... (3.E.16)
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The application of L′anh gives

L′anh ·


⃗̃R(1)(ω)
↔
ã′(1)(ω)
↔

b̃ ′(1)(ω)

 =



−
〈
∂V
∂
⃗̃
R

〉
(1)

(4)
X− :

〈
∂2V
∂
⃗̃
R∂

⃗̃
R

〉
(1)

−
(4)
X+ :

〈
∂2V
∂
⃗̃
R∂

⃗̃
R

〉
(1)


. (3.E.17)

Writing the perturbed averages of V(R⃗) in terms of the scattering tensors, as in Eq. (3.D.9),
and using the change of variables of Eq. (3.E.5), it is trivial to prove that in the new basis
L′anh is symmetric and has the following form

L′anh =


0

(3)
D :

(4)
X− −

(3)
D :

(4)
X+

(4)
X− :

(3)
D −

(4)
X− :

(4)
D :

(4)
X−

(4)
X− :

(4)
D :

(4)
X+

−
(4)
X+ :

(3)
D

(4)
X+ :

(4)
D :

(4)
X− −

(4)
X+ :

(4)
D :

(4)
X+


. (3.E.18)

This term contains information on the anharmonicity of the system through the third and
fourth phonon scattering tensors, defined in Eq. (3.D.7).

Now that we have the linearized equations of motion, we present the general response
function Eq. (3.3.48). To do this we need the correction of a position-dependent observable
A(R⃗) in the new basis Eq. (3.E.5)

⟨A⟩(1) (ω) =
3N∑
α=1

∂ ⟨A⟩(0)

∂R̃α

R̃(1)(ω)α +
3N∑
αβ=1

∂ ⟨A⟩(0)

∂ã′
(0)
αβ

ã′(1)(ω)αβ +
3N∑
αβ=1

∂ ⟨A⟩(0)

∂b̃′
(0)
αβ

b̃′(1)(ω)αβ

=
3N∑
α=1

〈
∂A
∂R̃α

〉
(0)

R̃(1)(ω)α −
3N∑
αβ=1

X−αβ

〈
∂2A

∂R̃α∂R̃β

〉
(0)
ã′(1)(ω)αβ

+
3N∑
αβ=1

X+
αβ

〈
∂2A

∂R̃α∂R̃β

〉
(0)
b̃′(1)(ω)αβ.

(3.E.19)
The previous expression can be demonstrated using the change of variable definition, Eq.
(3.E.5), the chain rule and the following relations in the original basis (i.e. the one used in
appendix 3.D)

∂ ⟨A⟩(0)

∂R̃(0)
α

=
〈
∂A
∂R̃α

〉
(0)
, (3.E.20a)

∂ ⟨A⟩(0)

∂α̃
(0)
αβ

= − 1
2α̃(0)

ααα̃
(0)
ββ

〈
∂2A

∂R̃α∂R̃β

〉
(0)
, (3.E.20b)

∂ ⟨A⟩(0)

∂β̃
(0)
αβ

= 0. (3.E.20c)

The derivative with respect to α̃(0)
αβ is obtained using the formalism of Ref. 56 (α(0)=Υ−1 in

the standard SCHA notation).



128 3. Lattice thermal transport in self-consistent schemes

We define the response vector r ′ similarly to p′ (Eq. (3.E.10))

r ′† =
[〈

∂A
∂
⃗̃
R

〉
(0)
, −

(4)
X− :

〈
∂2A
∂
⃗̃
R∂

⃗̃
R

〉
(0)
,

(4)
X+ :

〈
∂2A
∂
⃗̃
R∂

⃗̃
R

〉
(0)

]
(3.E.21)

so from Eq. (3.E.19) we can extract the response formula (Eq. (3.3.48))

⟨A⟩(1) (ω)
V(ω) = 1

V(ω)r ′ ·


⃗̃R(1)(ω)
↔
ã′(1)(ω)
↔

b̃ ′(1)(ω)

 = r ′ ·
(
L′ + ω2

)−1
· p′ = χ(ω)A,B (3.E.22)

where ⟨A⟩(1) (ω) is expressed as a scalar product in the space of the perturbative parameters.

Modification of the linearized equations for a thermal potential

Here we show how the set of linearized equations (3.E.2) gets modified if the external
potential depends also on the ionic momenta P⃗ . In particular, we will consider the case of a
external potential of the form

Vext(R⃗, P⃗ , t) = C0(t) + C⃗(1)(t) · δ⃗R+ C⃗(2)(t) · δ⃗P + 1
2 δ⃗R ·

↔
C(3)(t) · δ⃗R

+1
2 δ⃗P ·

↔
C(4)(t) · δ⃗P + δ⃗R ·

↔
C(5)(t) · δ⃗P (3.E.23)

so that

C(1)
a = ∂Vext

∂Ra

∣∣∣∣
(δ⃗R,δ⃗P )=0

; C(2)
a = ∂Vext

∂Pa

∣∣∣∣
(δ⃗R,δ⃗P )=0

C
(3)
ab = ∂2Vext

∂Ra∂Rb

∣∣∣∣
(δ⃗R,δ⃗P )=0

; C(4)
ab = ∂2Vext

∂Pa∂Pb

∣∣∣∣
(δ⃗R,δ⃗P )=0

; C(5)
ab = ∂2Vext(t)

∂Ra∂Pb

∣∣∣∣
(δ⃗R,δ⃗P )=0

.

(3.E.24)

The linear order of TD-SCHA Liouville equation (3.3.13) reads

∂

∂t
ϱ(1)(R⃗, P⃗ , t) = {H(0)[ϱ(1)(t)], ϱ(0)(R⃗, P⃗ )}+{H(0)[ϱ(1)(t)], ϱ(0)(R⃗, P⃗ )}+{Vext(R⃗, P⃗ ), ϱ(0)(R⃗, P⃗ )}

(3.E.25)
where H(0)[ϱ] is the Hamiltonian (3.3.16) without any external perturbation. The first two
terms in (3.E.25) lead to the system of equations (3.C.5) for the first order correction of the
parameters with Vext = 0. So to account for the correction due to the potential (3.E.23), we
compute

{Vext(R⃗, P⃗ ), ϱ(0)(R⃗, P⃗ )} =
[
−
∑
ac

C(2)
c α(0)

ca δRa +
∑
ac

C(1)
c β(0)

ca δPa −
∑
abc

1
2(C(5)

ac α
(0)
bc − C

(5)
bc α

(0)
ca )δRaδRb

+
∑
abc

1
2(β(0)

bc C
(5)
ca − β(0)

acC
(5)
cb )δPaδPb −

∑
abc

(α(0)
acC

(4)
cb − C(3)

ac β
(0)
cb )δRaδPb

]
ϱ(0)(R⃗, P⃗ ) .

(3.E.26)

Considering (3.E.26) and the polynomial expansion carried out in Sec 3.C, the system of
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equation (3.C.5) at linear order results in

d

dt
⃗̃R(1)(t) = ⃗̃P (1)(t) + ∂Vext(t)

∂
⃗̃
P

(3.E.27a)

d

dt
⃗̃P (1)(t) = −

〈
∂VBO

∂
⃗̃
R

〉
ϱ(1)(t)

− ∂Vext(t)

∂
⃗̃
R

(3.E.27b)

d

dt

↔
α̃(1)(t) = −

↔

Φ̃ ·
↔
γ̃(1)T (t) −

↔
γ̃(1)(t) ·

↔

Φ̃ − ∂2Vext(t)

∂
⃗̃
R∂

⃗̃
P

·
↔
α̃(0) −

↔
α̃(0) · ∂

2Vext(t)

∂
⃗̃
R∂

⃗̃
P

(3.E.27c)

d

dt

↔

β̃(1)(t) =
↔
γ̃(1)T (t) + γ̃(1)(t) + ∂2Vext(t)

∂
⃗̃
R∂

⃗̃
P

·
↔

β̃(0) +
↔

β̃(0) · ∂
2Vext(t)

∂
⃗̃
R∂

⃗̃
P

(3.E.27d)

d

dt

↔
γ̃(1)(t) =

↔
α̃(1)(t) −

↔

Φ̃ ·
↔

β̃(1)(t) −
〈
∂2VBO

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(1)(t)

·
↔

β̃(0)

− ∂2Vext(t)

∂
⃗̃
R∂

⃗̃
R

·
↔

β̃(0) +
↔
α̃(0) · ∂

2Vext(t)

∂
⃗̃
P ∂

⃗̃
P

(3.E.27e)

For the specific case of a thermal potential expressed in terms of a harmonic current as
(3.4.11), the only nonzero term is ∂2Vext(t)

∂
⃗̃
R∂

⃗̃
P

. In this case, we can express the second order
system of equations as

d2

dt2
⃗̃R(1)(t) = −

〈
∂VBO

∂
⃗̃
R

〉
ϱ(1)(t)

(3.E.28a)

d2

dt2
↔
α̃(1)(t) = −

↔

Φ̃ ·

↔
α̃(1)(t) −

↔

Φ̃ ·
↔

β̃(1)(t) −
〈
∂2VBO

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(1)(t)

·
↔

β̃(0)

T

−

↔
α̃(1)(t) −

↔

Φ̃ ·
↔

β̃(1)(t) −
〈
∂2VBO

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(1)(t)

·
↔

β̃(0)

 ·
↔

Φ̃ − ∂

∂t

∂2Vext(t)

∂
⃗̃
R∂

⃗̃
P

·
↔
α̃(0) −

↔
α̃(0) · ∂

∂t

∂2Vext(t)

∂
⃗̃
R∂

⃗̃
P

(3.E.28b)
d2

dt2

↔

β̃(1)(t) = 2
↔
α̃(1)(t) −

↔

β̃(1)(t) ·
↔

Φ̃ −
↔

Φ̃ ·
↔

β̃(1)(t) −
↔

β̃(0) ·
〈
∂2VBO

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(1)(t)

−
〈
∂2VBO

∂
⃗̃
R∂

⃗̃
R

〉
ϱ(1)(t)

·
↔

β̃(0) + ∂

∂t

∂2Vext(t)

∂
⃗̃
R∂

⃗̃
P

·
↔

β̃(0) +
↔

β̃(0) · ∂
∂t

∂2Vext(t)

∂
⃗̃
R∂

⃗̃
P

(3.E.28c)

Comparing the system just derived with (3.E.7), we understand that the system of equa-
tion in presence of a harmonic thermal potential is the equivalent to the case discussed
in (3.E.2) with the substitution ∂2Vext(t)

∂R̃α∂R̃β

→ ∂
∂t
∂2Vext(t)
∂R̃a∂P̃b

. The presence of the time-derivative is

crucial since, in frequency domain, it eliminates the 1
iω factor in the definition of the thermal

vector potential (3.4.11). Plugging (3.4.11) in (3.E.28), we obtain the thermal perturbation
vector in the subspace of the parameters (R⃗(1)

,
↔
α(1),

↔
β(1)) (denoted ′′)

p′′th,µνσ = −V

β


0(

α̃(0)
µ − α̃(0)

ν

)
J σ
µν(

β̃(0)
µ − β̃(0)

ν

)
J σ
µν

, (3.E.29)
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having expressed explicitly the matrix elements in the phonon basis, and the Cartesian
component σ of the temperature gradient to which p couples (cf. (3.4.8)). Eq. (3.E.29) allows
the application of the established TD-SCHA theory for the case of thermal transport.

3.F Symbolic inversion

In this appendix we describe the symbolic inversion of a symmetric square super-tensor with
this form

L =

A C

C† B

 (3.F.1)

whereA,B, C, C† are tensors. Using Gaussian reduction we get the inverse

L−1 =

 D−1 −D−1 ·C ·B−1

−B−1 ·C† ·D−1 B−1 +B−1 ·C† ·D−1 ·C ·B−1.

 (3.F.2)

where D = A − C ·B−1 · C†. It is trivial to check that L · L−1 = L−1 · L = 1. For what
follows we need C = 1 so Eq. (3.F.2) becomes

L−1 =

A−1 −A−1 · (1 −A ·B)−1 (1 −B ·A)−1

(1 −A ·B)−1 −A · (1 −B ·A)−1 .

 (3.F.3)

Again, for our purposes (see next appendix 3.G), we need to find a formula for the sum of
entries of Eq. (3.F.3). Summing the coefficients of Eq. (3.F.3) we get

L−1
11 +L−1

21 +L−1
12 +L−1

22 =
A−1 −A−1 · (1 −A ·B)−1 + (1 −B ·A)−1 + (1 −A ·B)−1 −A · (1 −B ·A)−1

= A−1 · [(1 −A ·B) − (1 −A)] · (1 −A ·B)−1 + (1 −A) · (1 −B ·A)−1

= A−1 · [A · (1 −B)] · (1 −A ·B)−1 + (1 −A) · (1 −B ·A)−1

= (1 −B) · (1 −A ·B)−1 + (1 −A) · (1 −B ·A)−1 .

(3.F.4)

Now we setA = 1 + Ã andB = 1 + B̃ so we have that Eq. (3.F.4) is

B̃ ·
(
Ã+ B̃ + Ã · B̃

)−1
+ Ã ·

(
Ã+ B̃ + B̃ · Ã

)−1

=
(
1 + Ã · B̃−1 + Ã

)−1
+
(
1 + B̃ · Ã−1 + B̃

)−1

=
(
Ã−1 + B̃−1 + 1

)−1
· Ã+

(
B̃−1 + Ã−1 + 1

)−1
· B̃

=
(
1 + B̃−1 + Ã−1

)−1
· (Ã−1 + B̃−1).

(3.F.5)

We will use this formula in appendix 3.G.
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3.G Derivation of the interacting Green’s function in TD-SCHA

The easiest way to get the interacting Green’s function is to use another change of variables
in Eqs (3.E.2) ã(1)

µν (ω)

b̃
(1)
µν (ω)

 = −ℏ2nµν
2

 1
ωµων

1
1

ωµων
−1


α̃(1)

µν (ω)

β̃
(1)
µν (ω)

 (3.G.1)

where nµν is defined in Eq. (3.E.6c) and {ω2
µ} in Eq. (3.3.24). As done in appendix 3.E, we

write Eqs (3.E.2) in this new basis switching to second-order time-derivatives



(
↔
G(0)(ω)

)−1
· 0 0

0
(
χ

(0)
− (ω)

)−1
: 0

0 0 −
(
χ

(0)
+ (ω)

)−1
:




⃗̃R(1)(ω)
↔
ã(1)(ω)
↔

b̃(1)(ω)



=



〈
∂V
∂
⃗̃
R

〉
(1)〈

∂2V
∂
⃗̃
R∂

⃗̃
Rβ

〉
(1)〈

∂2V
∂
⃗̃
R∂

⃗̃
Rβ

〉
(1)


+



〈
∂Vext

∂
⃗̃
R

〉
(0)〈

∂2Vext

∂
⃗̃
R∂

⃗̃
R

〉
(0)〈

∂2Vext

∂
⃗̃
R∂

⃗̃
R

〉
(0)



(3.G.2)

where we recognize the resonant and anti-resonant terms of the two-phonon propagator

χ
(0)
− (ω)µνσπ = δµσδνπ

ℏ [ωµ − ων ] [nµ − nν ]
4ωµων [(ωµ − ων)2 − ω2] ;

χ
(0)
+ (ω)µνσπ = δµσδνπ

ℏ [ωµ + ων ] [1 + nµ + nν ]
4ωµων [(ωµ + ων)2 − ω2] .

(3.G.3)

The anharmonic vector in this basis is simply

〈
∂V
∂
⃗̃
R

〉
(1)〈

∂2V
∂
⃗̃
R∂

⃗̃
Rβ

〉
(1)〈

∂2V
∂
⃗̃
R∂

⃗̃
Rβ

〉
(1)


=


0

(3)
D :

(3)
D :

(3)
D·

(4)
D :

(4)
D :

(3)
D·

(4)
D :

(4)
D :




⃗̃R(1)

↔
ã(1)

↔

b̃(1)

 . (3.G.4)

In a compact form, the linearized equations of motion are

L(ω) ·


⃗̃R(1)(ω)
↔
ã(1)(ω)
↔

b̃(1)(ω)

 =



〈
∂Vext

∂
⃗̃
R

〉
(0)〈

∂2Vext

∂
⃗̃
R∂

⃗̃
R

〉
(0)〈

∂2Vext

∂
⃗̃
R∂

⃗̃
R

〉
(0)


(3.G.5)
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The tensor L(ω) describes the evolution in the linear regime and it is

L(ω) =



(
↔
G(0)(ω)

)−1
−

(3)
D −

(3)
D

−
(3)
D

(
χ

(0)
− (ω)

)−1
−

(4)
D −

(4)
D

−
(3)
D −

(4)
D −

(
χ

(0)
+ (ω)

)−1
−

(4)
D

 (3.G.6)

The correction to the average of an observable A is

⟨A⟩(1) =
〈
∂A

∂
⃗̃
R

〉
(0)

· ⃗̃R(1)(ω)+
〈

∂2A

∂
⃗̃
R∂

⃗̃
R

〉
(0)

:
↔
S :

↔
ã(1)(ω)+

〈
∂2A

∂
⃗̃
R∂

⃗̃
R

〉
(0)

:
↔
S :

↔

b̃(1)(ω) (3.G.7)

where
↔
S is defined in Eq. (3.E.3). So, following the procedure described in appendix 3.E, the

response function is
χA,B(ω) = r † · L(ω)−1 · p (3.G.8)

defining the response vector r as

r † =
[〈

∂A
∂
⃗̃
R

〉
(0)
,

〈
∂2A
∂
⃗̃
R∂

⃗̃
R

〉
(0)
,

〈
∂2A
∂
⃗̃
R∂

⃗̃
R

〉
(0)

]
, (3.G.9)

and the perturbation vector p as

p† =
[〈

∂B
∂
⃗̃
R

〉
(0)
,

〈
∂2B
∂
⃗̃
R∂

⃗̃
R

〉
(0)
,

〈
∂2B
∂
⃗̃
R∂

⃗̃
R

〉
(0)

]
. (3.G.10)

First we discuss the non-interacting case setting
(3)
D = 0

(4)
D = 0. Using A and B as in Eq.

(3.3.62a) we get
r † =

[
δ⃗ 0 0

]
p† =

[
δ⃗ 0 0

]
. (3.G.11)

with δ⃗ = δ⃗µ as in Eq. (3.3.63a). The free phonon propagator is

G(0)(ω)µν = δµν
ω2 − ω2

µ

. (3.G.12)

Then we chose A and B according to Eq. (3.3.62b) so

r † =
[
0

↔
S

↔
S

]
p† =

[
0

↔
S

↔
S

]
, (3.G.13)

where
↔
S is defined in Eq. (3.E.3). The two-phonon free propagator is

χ(0)(ω)µνσπ = −
(
χ

(0)
+ (ω)µνσπ − χ

(0)
− (ω)µνσπ.

)
(3.G.14)

We chose A and B according to Eq. (3.3.62c)

r † =
[
δ⃗ 0 0

]
p† =

[
0

↔
S

↔
S

]
(3.G.15)
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L(ω) is diagonal in the case
(3)
D = 0

(4)
D = 0 so we get that the one-two phonon free propagator

is zero
Γ(0)(ω)µσπ = 0. (3.G.16)

One-phonon Green’s function

Now we derive the one-phonon interacting Green’s function (
(3)
D ̸= 0

(4)
D ̸= 0). Following65

we chose the observables A and B as in Eq. (3.3.62a)

↔
G(ω) =

[
δ⃗ 0 0

]
· L(ω)−1 ·


δ⃗

0

0

 =
(
L(ω)−1

)
11
. (3.G.17)

We use Eq (3.F.2) to get

↔
G(ω)−1 =

↔
G(0)(ω)−1

−
[

(3)
D :

(3)
D :

] 
(
χ

(0)
− (ω) :

(4)
D

)−1

− 1 −1

−1 −
(
χ

(0)
+ (ω) :

(4)
D

)−1

− 1


−1:

(4)
D

−1

:
(3)
D

:
(4)
D

−1

:
(3)
D

 (3.G.18)

now Eq. (3.F.5) comes in help since we just need the sum of the inverse tensor’s entries

↔
G(ω)−1 =

↔
G(0)(ω)−1 −

(3)
D :

[
1 − χ(0)(ω) :

(4)
D

]−1

:
(
χ(0)(ω) :

(4)
D

)
:

(4)
D

−1

:
(3)
D

=
↔
G(0)(ω)−1 −

↔
Π(ω)

(3.G.19)

where
↔
Π(ω) coincides with the one presented in Ref. 56, 65, 66.

Two-phonons Green’s function

Now we derive the two phonons interacting Green’s function χ(ω) which is obtained by
choosing A and B according to Eq. (3.3.62b). In this basis this means computing

χ(ω) =
[
0

↔
S

↔
S

]
· L(ω)−1 ·


0
↔
S

↔
S

 . (3.G.20)

The perturbation B chosen (Eq. (3.3.62b)) leads to the following linearized equations of
motion (see Eq. (3.G.5))

L(ω) ·


⃗̃R(1)(ω)
↔
ã(1)(ω)
↔

b̃(1)(ω)

 =


0
↔
S

↔
S

 . (3.G.21)
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Using the expression of L(ω), Eq. (3.G.6), we find that the first free parameter is related to
the other two

⃗̃R(1)(ω) =
↔
G(0)(ω) ·

(3)
D :

(
↔
ã(1)(ω) +

↔

b̃(1)(ω)
)
. (3.G.22)

So instead of having to invert the full L(ω) we reduce Eq. (3.G.20) to

χ(ω) =
[

↔
S :

↔
S :
]


+
(
χ

(0)
− (ω)

)−1
−

(4)
D −

(3)
D ·

↔
G(0)(ω) ·

(3)
D−

(4)
D −

(3)
D ·

↔
G(0)(ω) ·

(3)
D

−
(4)
D −

(3)
D ·

↔
G(0)(ω) ·

(3)
D−

(
χ

(0)
+ (ω)

)−1
−

(4)
D −

(3)
D ·

↔
G(0)(ω) ·

(3)
D


−1:

↔
S

:
↔
S



=
[

↔
S :

↔
S :
]


+
(
χ

(0)
− (ω)

)−1
− Σ(ω) −Σ(ω)

−Σ(ω) −
(
χ

(0)
+ (ω)

)−1
− Σ(ω)


−1 :

↔
S

:
↔
S



= −
[

↔
S :

↔
S :
]


+1 −
(
χ

(0)
− (ω) : Σ(ω)

)−1
1

1
(
χ

(0)
+ (ω) : Σ(ω)

)−1
+ 1


−1 : Σ(ω)−1 :

↔
S

: Σ(ω)−1 :
↔
S


(3.G.23)

where we define the two phonon self-energy Σ(ω) as in Eq. (3.3.75)

Σ(ω) =
(4)
D +

(3)
D ·

↔
G(0)(ω) ·

(3)
D. (3.G.24)

Again we can use Eq. (3.F.5) to get the two-phonon interacting Green’s function

χ(ω) =
↔
S :

[
1 − χ(0)(ω) : Σ(ω)

]−1
: χ(0)(ω) : Σ(ω) : Σ−1(ω) :

↔
S

=
[
1 − χ(0)(ω) : Σ(ω)

]−1
: χ(0)(ω)

= χ(0)(ω) :
[
1 − Σ(ω) : χ(0)(ω)

]−1

(3.G.25)

proving Eq. (3.3.77).
On passing, we note the following simplification of the two phonon propagator

[
↔
S :

↔
S :
]


L2ph(ω)−1
11 L2ph(ω)−1

12

L2ph(ω)−1
21 L2ph(ω)−1

22

 =
↔
S :

[
L2ph(ω)−1

11 + L2ph(ω)−1
21 ,L2ph(ω)−1

12 + L2ph(ω)−1
22

]

(3.G.26)
and using the symbolic invertion (3.F.3) on the two phonon propagator (3.3.74), we get

[
↔
S :

↔
S :
]


L2ph(ω)−1
11 L2ph(ω)−1

12

L2ph(ω)−1
21 L2ph(ω)−1

22

 =
↔
S : 1

1 − χ(0)(ω) : Σ(ω) :
[
χ(0)
− (ω),−χ(0)

+ (ω)
]

(3.G.27)
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which greatly simplies the expression of the two phonon propagator when the response
vector has equal entries.

One-two phonon Green’s function

The last Green’s function to discuss is the one-two phonon Γ(ω) obtained setting A and B as
in Eq. (3.3.62c)

Γ(ω) =


δ⃗

0

0

 · L(ω)−1 ·


0
↔
S

↔
S

 . (3.G.28)

We simplify this inversion using again Eq. (3.G.22). Now
↔
ã(1)(ω) +

↔

b̃(1)(ω) are found con-
sidering the reduced linear system extracted from Eq. (3.G.21)

Σ(ω) :

+
(
χ

(0)
− (ω) : Σ(ω)

)−1
− 1 −1

−1 −
(
χ

(0)
+ (ω) : Σ(ω)

)−1
− 1


:

↔
ã(1)(ω)

:
↔

b̃(1)(ω)

 =


↔
S

↔
S




↔
ã(1)(ω)
↔

b̃(1)(ω)

 = −

1 −
(
χ

(0)
− (ω) : Σ(ω)

)−1
1

1 1 +
(
χ

(0)
+ (ω) : Σ(ω)

)−1


−1 : Σ−1(ω)

: Σ−1(ω)


(3.G.29)

From Eq. (3.G.29) we get the sum
↔
ã(1)(ω) +

↔

b̃(1)(ω)

↔
ã(1)(ω) +

↔

b̃(1)(ω) =

−
[

↔
S :

↔
S :
]


1 −
(
χ

(0)
− (ω) : Σ(ω)

)−1
1

1 1 +
(
χ

(0)
+ (ω) : Σ(ω)

)−1


−1 

:
↔
S : Σ−1(ω)

:
↔
S : Σ−1(ω)


(3.G.30)

Again Eq. (3.F.5) comes in help so

↔
ã(1)(ω) +

↔

b̃(1)(ω) =
[
1 − χ(0)(ω) : Σ(ω)

]−1
: χ(0)(ω) : Σ(ω) : Σ−1(ω) = χ(ω) (3.G.31)

Since the response vector r is just [δ⃗ 0 0] the one-two phonon Green’s function Γ(ω) is
given by R⃗(1)(ω) (see Eq. (3.G.7)), so, with Eq. (3.G.22), we end up with

Γ(ω) = R⃗(1)(ω) =
↔
G(0)(ω) ·

(3)
D : χ(ω). (3.G.32)

This proves Eq. (3.3.78).
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Two-phonon reduced Dyson equation

In closing, we present the proof of Eqs (3.3.79). The Dyson equations for the one and
two-phonon Green’s functions in TD-SCHA are respectively

↔
G(ω)−1 =

↔
G(0)(ω)−1 −

(3)
D :

(
1 − χ(0)(ω) :

(4)
D

)−1

: χ(0)(ω) :
(3)
D (3.G.33)

and
χ(ω)−1 = χ(0)(ω)−1 −

(4)
D −

(3)
D ·

↔
G(0)(ω) ·

(3)
D . (3.G.34)

We rewrite the above definitions using the partially screened two-phonon propagator, de-
fined as

Θ(ω)−1 = χ(0)(ω)−1 −
(4)
D. (3.G.35)

One sees immediately that the full two-phonon propagator is

χ(ω)−1 = Θ(ω)−1 −
(3)
D ·

↔
G(0)(ω) ·

(3)
D (3.G.36)

and that the one phonon propagator is

↔
G(ω)−1 =

↔
G(0)(ω)−1 −

(3)
D :

(
χ(0)(ω)−1 −

(4)
D

)−1

:
(3)
D =

↔
G(0)(ω)−1 −

(3)
D : Θ(ω) :

(3)
D. (3.G.37)

Below we show that the two phonon propagator Eq. (3.G.36) is given by

χ(ω) = Θ(ω) + Θ(ω) :
(3)
D ·

↔
G(ω) ·

(3)
D : Θ(ω) . (3.G.38)

We express the one phonon propagator as

↔
G(ω) =

(
↔
G(0)(ω)−1 −

(3)
D : Θ(ω) :

(3)
D

)−1

=

(3)
D :

((3)
D ·

↔
G(0)(ω) ·

(3)
D

)−1

− Θ(ω)

 :
(3)
D


−1 (3.G.39)

and plugging the latter expression in Eq. (3.G.38) we get

χ(ω) = Θ(ω) + Θ(ω) :

((3)
D ·

↔
G(0)(ω) ·

(3)
D

)−1

− Θ(ω)

−1

: Θ(ω)

= Θ(ω) + Θ(ω) :
(

1 −
(3)
D ·

↔
G(0)(ω) ·

(3)
D : Θ(ω)

)−1

:
(3)
D ·

↔
G(0)(ω) ·

(3)
D : Θ(ω)

= Θ(ω) +
(

Θ(ω)−1 −
(3)
D ·

↔
G(0)(ω) ·

(3)
D

)−1

:
(3)
D ·

↔
G(0)(ω) ·

(3)
D : Θ(ω)

= Θ(ω) + χ(ω) :
(3)
D ·

↔
G(0)(ω) ·

(3)
D : Θ(ω).

(3.G.40)
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Now moving the last term on the left-hand side and inverting we get

χ(ω) : (1 −
(3)
D ·

↔
G(0)(ω) ·

(3)
D : Θ(ω)) = Θ(ω),

χ(ω) = Θ(ω) :
(

1 −
(3)
D ·

↔
G(0)(ω) ·

(3)
D : Θ(ω)

)−1

,

χ(ω) =
(

Θ(ω)−1 −
(3)
D ·

↔
G(0)(ω) ·

(3)
D

)−1

,

(3.G.41)

and finally, we recover the standard expression for the two phonon propagator

χ(ω) =
(
χ(0)(ω)−1 −

(4)
D −

(3)
D ·

↔
G(0)(ω) ·

(3)
D

)−1

(3.G.42)

which proves that Eq. (3.G.36) and Eq. (3.G.38) are equivalent expressions of the anharmonic
two-phonon propagator.

Three-phonon Green’s function

We discuss also the three phonon Green’s function obtained with A and B as in Eq. (3.3.80)

A = δR̃(0)
α δR̃

(0)
β δR̃(0)

γ B = δR̃
(0)
α′ δR̃

(0)
β′ δR̃

(0)
γ′ (3.G.43)

In this case we have 〈
∂2A
∂R̃∂R̃

〉
(0)

=
〈

∂2B
∂R̃∂R̃

〉
(0)

= 0 (3.G.44)

and 〈
∂A
∂R̃µ

〉
(0)

= δµα
(
α̃(0)−1

)
βγ

+ δµβ
(
α̃(0)−1

)
αγ

+ δµγ
(
α̃(0)−1

)
αβ

(3.G.45)

so only the first entries of r′ and p′ are non zero. The response calculation is formally
identical to the one-phonon interacting Green’s function one Eq. (3.G.17). Using, Eq. (3.G.8),
we get the three phonon propagator

χ3ph(ω) =
3N∑
µν=1

(
δµα

(
α̃(0)−1

)
βγ

+ δµβ
(
α̃(0)−1

)
αγ

+ δµγ
(
α̃(0)−1

)
αβ

)
G(ω)µν(

δνα′

(
α̃(0)−1

)
β′γ′

+ δνβ′

(
α̃(0)−1

)
α′γ′

+ δνγ′

(
α̃(0)−1

)
α′β′

) (3.G.46)

The diagrammatic interpretation is straightforward once we use Eq. (3.3.36). The three-
phonon response is

χ3ph(ω) =G(0)(t = 0−)βγG(0)(t = 0−)β′γ′G(ω)αα′

+ permutations of (αβγ) and (α′β′γ′) separately
(3.G.47)

This proves the diagrammatic expression of Fig. 3.7.
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3.H Scattering vertices

In this appendix, we present the diagrammatic expression of the scattering vertices in TD-
SCHA, Eqs (3.3.58) (3.3.59). We consider first the three-phonon term Eq. (3.3.58) since the
same holds for Eq. (3.3.59).

We average the third-derivative of the BO potential on the equilibrium SCHA distribution
ϱ(0)(R⃗) (see Eq. (3.3.23))

(3)
D ijk =

∫
dR⃗ϱ(0)(R⃗) ∂3VBO(R⃗)

∂R̃i∂R̃j∂R̃k
. (3.H.1)

Starting from Eq. (3.H.1) we perform the change of variables ũa = R̃a − R̃(0)
a and we expand

in u⃗
(3)
D ijk =

∫
du⃗ ϱ(0)(u)

+∞∑
n=0

1
n!

∑
a1..an

(3+n)
D(0)

ijka1..an ũa1 ...ũan

 , (3.H.2)

where
(n)
D(0) is defined in Eq. (3.3.61). Note that

(n)
D(0) differs in general from

(n)
d , see Eq.

(3.3.31), since the minimum of the Born-Oppenheimer potential R⃗BO does not coincide with
the SCHA centroid R⃗(0).

Only even terms in Eq. (3.H.2) are non-zero

(3)
D ijk =

+∞∑
n=0

1
(2n)!

∑
a1..a2n

(3+2n)
D(0)

ijka1..a2n ⟨ũa1 ...ũa2n⟩(0)

=
+∞∑
n=0

1
(2n)!

∑
a1..a2n

(3+2n)
D(0)

ijka1..a2n

∑
P

P

[(
α̃(0)−1

)
a1a2

...
(
α̃(0)−1

)
a2n−1a2n

]

=
+∞∑
n=0

1
2nn!

∑
a1..a2n

(3+2n)
D(0)

ijka1..a2n

(
α̃(0)−1

)
a1a2

...
(
α̃(0)−1

)
a2n−1a2n

(3.H.3)

where P denotes the permutations of the indices according to the Wick theorem. In the
last line, we use the symmetry properties of the anharmonic vertices and the fact that the
number of contractions for a 2n multivariate Gaussian expectation value is (2n− 1)!!, where
!! is the double factorial. In polarization the final result is

(3)
Dµνϕ =

+∞∑
n=0

(−1)n

2nn!
∑

α1..α2n

(3+2n)
D(0)

µνϕα1..α2n G(0)(t = 0−)α1α2 ...G(0)(t = 0−)α2n−1α2n︸ ︷︷ ︸
n

, (3.H.4)

where we use
↔
α̃(0)−1 =

↔
Υ−1 =

〈
δ
⃗̃
Rδ

⃗̃
R

〉
(0)

, see Eq. (3.A.44) and Eq. (3.3.36). The same holds

for the fourth-order scattering vertex

(4)
Dµνϕψ =

+∞∑
n=0

(−1)n

2nn!
∑

α1..α2n

(4+2n)
D(0)

µνϕψα1..α2n G(0)(t = 0−)α1α2 ...G(0)(t = 0−)α2n−1α2n︸ ︷︷ ︸
n

. (3.H.5)

Eq. (3.H.4) Eq. (3.H.5) give a diagrammatic expression for the TD-SCHA scattering vertices,
see Fig. 3.4.
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Chapter 4

Variational formulation of dynamical
electronic response functions beyond
DFT

Introduction

In the last Chapter of this thesis, we shift our focus on the calculation of the electronic
response function in self-consistent approaches. Following linear response theory,67,68 the
electronic response functions can be written in terms of a dressed (or screened) vertex and a
bare (or unscreened) one. We refer to this formulation as ‘bare-screen’.

Nonetheless, if some approximations for the vertices are performed, the bare-screen
structure yields results that are not the closest to the exact solution. Let’s take the example
of the phonon self-energy, which can be seen as a response function where the vertices are
represented by the electron-phonon couplings. In this case, it has been shown in Ref. 69
for static perturbations, extended to time-dependent perturbations in Ref. 70 and recently
confirmed in Ref. 71, that an exact rewriting of the response function in terms of dressed
vertices corresponds to a variational formulation in terms of the electronic density. It is thus
clear that any approximation of the self-consistent density, and hence of the self-consistent
vertices, affects the value of the response function to the second order, contrary to the bare-
screen case which is affected to the first order. We refer to this variational formulation as the
‘screen-screen’ approach. This functional formulation is closely related to that used for the
static dielectric tensors by Gonze et al. in Ref. 174 within the Kohn-Sham, time-independent
density-functional-theory frameworks.

In this Chapter, we extend the results of the Refs.69 and 70 for a generic response function,
and for a wider class of problems. In particular, we consider systems that can be described
via generalized Kohn-Sham equations,72 i.e. containing nonlocal electronic interactions. We
operate neglecting retardation effects in the screening of the electronic interactions, as per
the adiabatic approximation of time-dependent density functional theory (TD-DFT).73–75

Several theoretical schemes can be recovered as particular cases of our framework, such
as time-dependent Hartree-Fock76,77 (TD-HF), TD-DFT73,74 with (global78,79 or range sepa-
rated80–83 hybrid functionals), and the Bethe-Salpeter equation84–86 (BSE) within the static-
screened exchange (SX) approximation.87

The central achievement of this chapter consists in obtaining an exact rewriting of the
response function in terms of screened electronic vertices, that is variational with respect to
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the one-body electronic density-matrix. Our result is in close analogy to the screen-screen
approach of Ref. 70, but valid for a wider class of electronic interactions and any linear
response. In fact, the generality of this response formalism enables the investigation of
virtually any type of electronic response, including the interatomic force constants used to
compute phonons, and the electronic polarizability used to obtain optical or finite momentum
transfer properties.

We complement our study by presenting another formulation, referred to as ‘screen*-
screen’, first introduced in Ref. 88 for DFT-like formalisms, and recently extended to the
exact many-body response in Ref. 89. Here, the response function is rewritten exactly
in terms of two vertices that are one the complex conjugate of the other. We show that the
screen*-screen formulation is not variational in the density matrix, but it allows the rewriting
of the imaginary part of the response function exactly as a generalized Fermi Golden Rule.
Being positive definite, it can be used to justify semiclassical Boltzmann equation approaches,
where the dissipation is viewed as a scattering probability.

We implement a computational procedure based on a set of self-consistent equations for
the electronic density matrix to determine the response functions. The level of our approxi-
mation is equivalent to the SX+BSE methods, as developed e.g. in Refs.90,91 We illustrate our
developments with an application to graphene, where excitonic effects are relevant in the
description of several spectroscopic features, such as the logarithmic divergence of the group
velocity near Dirac point,92,93 and the π−π∗ plasmon peak features in optics94,95 and low
momentum-transfer electron-energy loss spectroscopy.96 Also, excitonic effects are expected
to be important to determine the steepening of the Kohn anomaly and the enhancement of
the electron-phonon coupling for phonons at zone border.97–100 In this chapter, we focus on
the optical conductivity in the various formulations for the response function. We numeri-
cally demonstrate that the screen-screen approach is variational with respect to the electronic
density matrix, while the others are not.

As further proof, we compute the optical conductivity at a generic frequency ω by using
the self-consistent density matrix obtained at a fixed frequency ω0. For ω≃ω0, we obtain that
the screen-screen approach approximates the exact optical conductivity with an error that is
quadratic in the frequency, while bare-screen and screen*-screen display a linear error.

Chapter overview

This chapter is organized as follows: in Sec. 4.1 we introduce the generalized Kohn-Sham
equations and the linear response formalism used throughout the Chapter. In Sec. 4.2,
we formulate the response functions in terms of the screened vertices. We introduce the
bare-screen, the screen-screen and the screen*-screen response functions. We show that
the screen-screen response function can be seen as a stationary point of a functional of the
density matrix, and it is thus variational in the density matrix. We show that the screen*-
screen formulation allows an exact rewriting of the imaginary part of the response as a
generalized Fermi Golden Rule. In Sec. 4.5, we present the application of our formalism,
where we demonstrate the variationality of the screen-screen formulation computing the
optical conductivity of graphene. Finally, in Sec. 4.6 we draw the conclusions of this chapter.

a The content of this Chapter has been submitted to
Physical Review B and uploaded on Cornell
University arxiv/cond-mat as
arXiv:2410.22889.175
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4.1 Electronic linear response functions with nonlocal exchange
interaction

In this Section, we summarize the linear response formalism that we use to describe the
response equations of an electronic system subject to an external perturbation where nonlocal
exchange interactions are included.

We consider a class of systems for which the single-particle orbitals {|ψiσ⟩} subject to a ex-
ternal time-dependent potential V̂ext(t) evolve according to the generalized time-dependent
Kohn-Sham equations75,176,177

iℏ
∂

∂t
|ψiσ(t)⟩=

[
−ℏ2∇2

2m + V̂scf(t)
]

|ψiσ(t)⟩, (4.1.1)

V̂scf(t) = V̂Hxc(t) + V̂ext(t). (4.1.2)

V̂Hxc(t) is the self-consistent Hartree+exchange-correlation potential; i, σ indicate respec-
tively the electronic and spin state. In this chapter, we only consider spin independent
Hamiltonians, hence we drop the σ spin subscript for brevity. In the following, we express
the matrix elements of nonlocal operators in Schrodinger representation as

⟨r|Ô(t)|r′⟩=O(r, r′, t). (4.1.3)

The generalized potential V̂Hxc(t) depends self-consistently on the electronic wavefunctions.
It is useful to introduce the one-body electron density matrix, defined as

n(r, r′, t) =
∑
i

fiψi(r′, t)∗ψi(r, t). (4.1.4)

where ψi(r, t) = ⟨r|ψi(t)⟩ and fi is the Fermi-Dirac occupation of the state |ψi⟩. We define
the electronic density as twice the diagonal part of the density matrix

ρ(r, t) = 2n(r, r, t), (4.1.5)

where the factor 2 follows from spin degeneracy. In analogy with common applications of
TD-DFT,75,176 we retain the adiabatic approximation in which

V̂Hxc(t) ≃ V̂Hxc[n̂(t)]. (4.1.6)

In considering the time dependence of V̂Hxc(t) only through the density matrix at the same
time, we neglect memory effects in the electronic interaction.178 This amounts in considering
a frequency independent approximation of the interaction kernel.

At variance with the TD-DFT approach, we consider a generalized nonlocal Hamiltonian
V̂Hxc[n̂(t)]. We call ‘local’ V̂ loc

Hxc the part of the Hamiltonian that depends on the electronic
density as in TD-DFT, while the remainder is referred to as ‘nonlocal’, i.e.

VHxc(r, r′, t) = V loc
Hxc(r, t)δ(r−r′) + V nloc

xc (r, r′, t), (4.1.7)

V loc
Hxc(r, t) = ∂EHxc[ρ]

∂ρ(r)

∣∣∣
ρ(r)=ρ(r,t)

. (4.1.8)

In Eq. (4.1.8), EHxc[ρ] is the static DFT functional in which, if hybrid functionals are used, the
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double-counting terms associated to the exact exchange are removed. The potentialV loc
Hxc(r, t)

in Eq. (4.1.7) contains both the Hartree and the local part of the exchange-correlation potential.
For the nonlocal part of the Hamiltonian, we select the following form

V nloc
xc (r, r′, t) = −n(r, r′, t)W (r, r′). (4.1.9)

Depending on the choice ofW (r, r′) in Eq. (4.1.9), we encompass different approximations of
the electronic interaction. If W (r, r′)=v(r−r′), where v(r−r′)=e2/(|r−r′|) is the Coulomb
interaction, we recover the exchange potential used in Hartree-Fock schemes. Range-
separated hybrid functionals82 are obtained throughW (r, r′)=α(r−r′)v(r−r′), whereα(r−r′)
is a well suited function used to separate and tune the ratio between short and long
range parts of the exchange.80,81 Finally, the SX approximation is obtained by setting
W (r, r′)=

∫
dr1 ϵ

−1(r, r1)v(r1−r′) where ϵ−1 is the static inverse dielectric function in the
random-phase approximation (RPA).

From now on, integration over spatial variables with numbers as subscript is always
implicit, i.e. we adopt the following convention:

f(r, r′, r1, r2)g(r1, r2)=
∫

dr1dr2f(r, r′, r1, r2)g(r1, r2), (4.1.10)

where the spatial integrals are performed over the whole volume of the system. We express
the analytic continuation of Fourier transforms of retarded quantities in complex frequency
z=ω+iη as

f(z) =
∞∫
−∞

dt eiztf(t). (4.1.11)

The expression is well defined for η>0 due to the causality condition of f(t), i.e. f(t)=0
for t<0. Physical observables are obtained in the limit η→0+, to be considered after the
thermodynamical limit.113

4.1.1 Linear response

4.1.2 Linear response

We suppose that the external potential is differentiable with respect to two independent
time-varying parameters a(t), b(t), which contain all the time-dependence of the external
potential. We consider the completely general expansion

V̂ext[a(t), b(t)] = V̂
nl (a)

ext a(t)+V̂ nl (b)
ext b(t)+1

2

[
a(t), b(t)

]
·

V̂ nl (a,a)
ext V̂

nl (a,b)
ext

V̂
nl (a,b)

ext V̂
nl (b,b)

ext

·

a(t)

b(t)

+ . . . .

(4.1.12)

In particular, we consider the case of external operators that are non local (‘nl’) in Schrodinger
representation, i.e. [V̂ nl (a)

ext , r̂]̸=0. In this framework, we can define four-points response
functions. Further, we can include practical situations where the effective perturbation
is nondiagonal in space, as in the case of the ionic motion in a nonlocal pseudopotential
picture.179

In linear response, the density matrix induced by the presence of the perturbation that
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couples to b(t) is

2n(r, r′, t)=
+∞∫
−∞

dt′ L(r, r′, r1, r2, t
′)V nl (b)

ext (r1, r2)b(t−t′), (4.1.13)

where the factor 2 takes into account spin degeneracy, and L is the retarded interacting
electron-hole propagator, i.e. L(t)=0 for t<0.

We now indicaten(b)(r, r′, t) as the retarded response to the specific perturbation b(t)=δ(t).
Its expression in frequency domain is

2n(b)(r, r′, z) = L(r, r′, r1, r2, z)V nl (b)
ext (r1, r2). (4.1.14)

For a generic perturbation b(t), the density response in frequency domain can be deduced as
n(r, r′, z) = n(b)(r, r′, z)b(z), where b(z) is the Fourier transform of b(t). For the remainder
of this Chapter, we will only deal with linear response. Therefore, we will use the term
electronic density matrix to address the induced density matrix rather than the exact ground-
state density matrix introduced in Eq. (4.1.4).

Expanding at linear order in the external field the self-consistent potential of Eq. (4.1.7)
we get

V
(b)

scf (r, r′, z) = V
nl (b)

ext (r, r′)+K(r, r′, r1, r2)n(b)(r1, r2, z). (4.1.15)

The nonlocal kernel of the interaction K is defined as

K(r, r′, r′′, r′′′) =δVHxc(r, r′)
δn(r′′, r′′′) (4.1.16)

=2fHxc(r, r′′)δ(r−r′)δ(r′′−r′′′) −W (r, r′)δ(r−r′′)δ(r′−r′′′), (4.1.17)

where
fHxc(r, r′′) = e2

|r − r′′|
+ δV loc

xc (r)
δρ(r′′) (4.1.18)

is the adiabatic Hartree plus exchange-correlation (‘Hxc’) kernel. Using the linear response
theory for time-dependent generalized Kohn-Sham equations,180 the linear order expansion
of the density of Eq. (4.1.4) is instead written as (see Appendix 4.A for a derivation):

2n(b)(r, r′, z)=L0(r, r′, r1, r2, z)V (b)
scf (r1, r2, z). (4.1.19)

In Eq. (4.1.19), L0 is the bare electron-hole propagator, defined as

L0(r, r′, r′′, r′′′, z) = 2
∑
ij

f (0)
j −f (0)

i

ℏz−(ε(0)
i −ε(0)

j )
ψ(0)
i (r)ψ(0)

j (r′)∗

× ψ(0)
i (r′′)∗ψ(0)

j (r′′′), (4.1.20)

where the superscript (0) indicates quantities computed without external perturbations, and
the factor 2 accounts for spin degeneracy.

A diagrammatic representation of Eqs. (4.1.15), (4.1.17), and (4.1.19) is given in Table 4.1.
In particular, the coupled expressions of Eqs. (4.1.15), (4.1.19) represent the generalization
of the TD-DFT equations to the case of nonlocal kernel90,91, 153 . They can be solved with
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an iterative method. The process starts from the ‘unscreened’ density matrix n(b)
0 =L0V

nl (b)
ext

and updates the potential V (b)
scf through the application of the interaction kernelK, as for the

Sternheimer equations,161 until self consistency is achieved.
It is also interesting to express the interacting electron-hole propagator L in terms of the

bare one, L(0). Using Eqs. (4.1.15) and (4.1.19) in Eq. (4.1.14), we get

L(r, r′, r′′, r′′′, z) = L0(r, r′, r′′, r′′′, z)+1
2L

0(r, r′, r1, r2, z)K(r1, r2, r3, r4)L(r3, r4, r
′′, r′′′, z).

(4.1.21)

Eq. (4.1.21) is the Dyson equation for the interacting electron-hole propagator L in the
screened exchange approximation for the generalized Hxc functional (see Eq. (14.25) of Ref.
87 or Ref. 90).

We finally discuss the properties that will be used to define and to characterize the
screened formulations of the response functions. The bare electron-hole propagator satisfies
the properties:

L0(r, r′, r′′, r′′′, z)∗ = L0(r′′, r′′′, r, r′, z∗) (4.1.22)
L0(r, r′, r′′, r′′′,−z) = L0(r′′′, r′′, r′, r, z) (4.1.23)

which can be proven directly from Eq. (4.1.20). Instead, from the definition Eq. (4.1.17)
follows that:

K(r, r′, r′′, r′′′) = K(r′′, r′′′, r, r′), (4.1.24)
K(r, r′, r′′, r′′′) = K(r′′′, r′′, r′, r), (4.1.25)

which can be proven exploiting the symmetries of the delta functions and the fact that in
the SX approximation W (r, r′)=W (r′, r). Combining these equations with Eq. (4.1.21), we
obtain:

L(r, r′, r′′, r′′′, z)∗ = L(r′′, r′′′, r, r′, z∗), (4.1.26)
L(r, r′, r′′, r′′′,−z) = L(r′′′, r′′, r′, r, z). (4.1.27)

Eqs. (4.1.26)-(4.1.27) show that the symmetry properties of the bare electron hole propagator
L(0) Eqs. (4.1.22)-(4.1.23) are inherited by the interacting propagator L.

4.1.3 Examples of response functions

In the examples considered below, for simplicity we will consider a local external potential,
i.e.

⟨r|V̂ nl (a)
ext |r′⟩=V (a)

ext (r)δ(r−r′). (4.1.28)

At this point, we introduce the retarded response function that describes the variation of the
observable tied to the perturbation V̂

(a)
ext due to the presence of the perturbation V̂

(b)
ext . It is

expressed in Fourier space as

Cab(z) = 2V (a)
ext (r1)n(b)(r1, r1, z) (4.1.29)
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or equivalently, using Eq. (4.1.14), as

Cab(z) = V
(a)

ext (r1)L(r1, r1, r2, r2, z)V (b)
ext (r2). (4.1.30)

Eq. (4.1.30) is valid for a general external perturbation. Depending on the nature of the
parameters a, b, we obtain different response functions, that correspond to different physical
observables. In this Section, we present some notable examples of response functions which
are of wide use in the study of molecular and crystalline systems.

In particular, from the knowledge of the retarded interacting electron-hole propagator
L, that is defined for clamped nuclei at the equilibrium positions, we can obtain the phonon
Green’s function and the vibrational spectra (see e.g. 88, 181–183). Notice that the clamped
nuclei hypothesis corresponds to disregarding electron-phonon effects on the electron dy-
namics, such as the terms neglected leveraging the Migdal theorem184 (cf. Fig. 1(b) of182) and
electron-phonon insertions in the electron Green function (cf. Fig. (1)c of182).

To this purpose, for a molecule, we consider the displacements usα(t)/urβ(t′) of the atoms
s/r along the Cartesian coordinates α/β. In Eq. (4.1.30), we take

V
(a)

ext (r1) = ∂Vext(r1)
∂usα

= V
(sα)

ext (r1), (4.1.31)

V
(b)

ext (r2) = ∂Vext(r2)
∂urβ

= V
(rβ)

ext (r2). (4.1.32)

In this case, the response function (4.1.30) corresponds to the nontrivial contribution to the
frequency-dependent interatomic force constant matrix Csα,rβ ,70,71, 181, 185, 186 which reads

Csα,rβ(z) = V
(sα)

ext (r1)L(r1, r1, r2, r2, z)V (rβ)
ext (r2). (4.1.33)

The corresponding dynamical matrix Dsα,rβ is defined as

Dsα,rβ(z) = Csα,rβ(z) + V
(sα,rβ)

ext (r1)ρ(0)(r1)√
MsMr

, (4.1.34)

where Ms represent the mass of the atom s. Notice that, in order to define the dynamical
matrix in Eq. (4.1.34) that determines the motions of the atoms, the second order term in
the potential expansion in Eq. (4.1.12) is needed, even though it enters in a term of trivial
evaluation.70 Dsα,rβ can be used to define the displacement-displacement (divided by the
nuclear masses) Green’s function 71 as:

G−1
sα,rβ(z) = z2 −Dsα,rβ(z). (4.1.35)

The phonon spectral weight is defined as:

A(ω) = − lim
η→0+

∑
sα

Im
[
ω+iη
π

Gsα,sα(ω+iη)
]
. (4.1.36)

The peaks of the spectral weight define the vibrational frequencies, while the vibrational self
energy can be obtained from Dsα,rβ .

To define the density-density response in the context of periodic crystals, we consider
a system with unit cell Ω and a periodic perturbation of wavevector q. We suppose that
q is commensurate with a Born-Von Karman supercell of dimensions NΩ which has the
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same periodicity of the perturbation. In this case, the density-density response function is
obtained by considering Eq. (4.1.30) with

V
(a)

ext (r) = e−iq·r, V
(b)

ext (r) = eiq·r. (4.1.37)

The response in Eq. (4.1.30) now depends on (q, z). The density-density response function
therefore reads

χ(q, z) =
∫
NΩ

dr

NΩe
−iq·rL(r, r, r1, r1, z)eiq·r1 , (4.1.38)

where the integral over r runs over the N cells of the supercell and the implicit one over r1
on the full crystal. In Sec. 4.5, we compute the density-density response function to obtain
the optical conductivity σ(q, z) of graphene.

Finally, we also define the linear response to a monochromatic displacement of ions (i.e.
phonons), in which the response function becomes the Fourier transform of the dynamical
matrix. For the crystal case, we consider the atoms to be situated at uRsα = Rα + τsα,R being
a direct Bravais lattice vector and τs the coordinate relative to the unit cell origin. We take

V
(a)

ext (r) =
∑
R

e−iq·(R+τs)∂Vext(r)
∂uRsα

=U (sα,−q)
ext (r)e−iq·r, (4.1.39)

V
(b)

ext (r) =
∑
R

eiq·(R+τr)∂Vext(r)
∂uRrβ

= U
(rβ,q)
ext (r)eiq·r, (4.1.40)

where U (rβ,q)
ext (r2) are cell-periodic potentials and the sum over R runs over the full crystal.

Eq. (4.1.30) becomes

Csα,rβ(q, z) = 1
N

∫
NΩ

drU
(sα,−q)
ext (r)e−iq·rL(r, r, r2, r2, z)U (rβ,q)

ext (r2)eiq·r2 . (4.1.41)

For any wavevector q, the dynamical matrix and the Green’s function are obtained in the
same way as for Eqs. (4.1.34) and (4.1.35).

4.2 Response functions in terms of screened vertices

In this Section, we present three different but equivalent rewritings of the response functions
in the case of a nonlocal interaction potential, starting from Eq. (4.1.29). The first formulation
is the bare-screen, which is the most common formulation. In the static DFT framework, it
is equivalent to the Sternheimer approach of Ref.161 Next, we introduce the screen-screen
approach, extending the approach of Ref. 70 to the case of nonlocal interactions. We show
that this formulation is variational with respect to the electron density matrix. Thus, an
approximation of the density matrix results in a quadratic error in the response function.
Finally, we introduce the screen*-screen formulation, that provides an expression for the
imaginary part of the response function in the form of a generalized Fermi Golden Rule,
extending the approach of Ref. 88 to the case of nonlocal interactions. We stress that the
three proposed formulations are exactly equivalent. They differ only whenever one performs
an approximation on the electronic density matrix, as proved numerically in Sec. 4.5.
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4.2.1 Bare-screen response

We start from Eq. (4.1.29). We use the relation between the density and the potential given
by Eq. (4.1.19), to reformulate the response function Cab as

Cbs
ab(z)=V

(a)
ext (r1)L0(r1, r1, r2, r3, z)V (b)

scf (r2, r3, z). (4.2.1)

Eq. (4.2.1) can be interpreted diagramatically as a response function composed by the two
vertices V (a)

ext and V (b)
scf connected by the propagator L0 (cf. Table 4.1). The external potential

V
(a)

ext does not depend on the electronic density matrix. The bare electron-hole propagator
L0 describes the response of noninteracting particles, as explicitly shown by Eq. (4.1.20).
Thus, the screening of the response due to the electronic interactions is only contained in the
self-consistent potential. Accordingly, we refer to V (b)

scf and V
(a)

ext respectively as a screened
and a bare vertex. We call the formulation Eq. (4.2.1) the bare-screen response Cbs

ab .
Eq. (4.2.1) is linear in the electronic density matrix. To show it, we introduce the functional

Fab[λ, z] = V
(a)

ext (r1)L0(r1, r1, r2, r3, z)
[
V

(b)
ext (r2)δ(r2−r3)+K(r2, r3, r4, r5)λ(r4, r5)

]
,

(4.2.2)

that satisfies the relation
Cbs
ab(z) = Fab[λ=n(b)(z), z]. (4.2.3)

From Eq. (4.2.2), it follows that

δFab[λ, z]
δλ(ri, rj)

∣∣∣∣
λ=n(b)(z)

= V
(a)

ext (r1)L0(r1, r1, r2, r3, z)K(r2, r3, ri, rj). (4.2.4)

The above derivative does not depend on the electronic density matrix. Therefore, an error of
δn(b)(r, r′, z) on the density matrix results in an error of order δn(b)(r, r′, z) in the bare-screen
response, thus proving its linearity with respect to changes in the electronic density matrix.

4.2.2 Screen-screen response

To obtain the screen-screen response we manipulate Eq. (4.2.1) by expressing the external
potential V (a)

ext in terms of the self-consistent potential V (a)
scf . Therefore, we rewrite Eq. (4.2.1)

using the relation between the screened potential and the external potential, Eq. (4.1.15).
Cab(z) then becomes

Cab(z)=
[
V

(a)
scf (r2, r1,−z)−K(r2, r1, r3, r4)n(a)(r3, r4,−z)

]
L0(r1, r2, r5, r6, z)V (b)

scf (r5, r6, z).
(4.2.5)

Further, we use the connection between the bare electron-hole propagatorL0 and the induced
density, given by Eq. (4.1.19), and the symmetry properties of the kernel expressed in Eqs.
(4.1.24) and (4.1.25). With these ingredients, Eq. (4.2.5) is rewritten as

Css
ab(z)=V

(a)
scf (r2, r1,−z)L0(r1, r2, r3, r4, z)V (b)

scf (r3, r4, z)

−2n(a)(r2, r1,−z)K(r1, r2, r3, r4)n(b)(r3, r4, z). (4.2.6)

The first term in Eq. (4.2.6) is made up of two screened vertices V (a)
scf , V

(b)
scf , connected by the

bare electron-hole propagator L0. The second term in Eq. (4.2.6) removes double-counting
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terms that occur in the first term (cfr. Table 4.1 for the diagramatic representation). We refer
to the formulation in Eq. (4.2.6) as the screen-screen response function Css

ab(z).
Eq. (4.2.6) represents the generalization of the result obtained in Ref. 70 in the case of a

nonlocal interaction potential, and is the main result of this chapter. Closely to the result
obtained in the aforementioned work, we show in the following section that the response
function in Eq. (4.2.6) is variational with respect to the density matrix.

Eq. Expression Diagramatic representation

(4.1.15) V
(b)

scf = V
(b)

ext +Kn(b)

(4.1.17) K = 2fHxc −W

(4.1.19) 2n(b) = L0V
(b)

scf

(4.2.1) Cbs
ab = V

(a)
ext L

0V
(b)

scf

(4.2.6) Css
ab = V

(a)
scf L

0V
(b)

scf − 2n(a)Kn(b)

(4.2.13) Cs*s
ab = V

(a)∗
scf L0V

(b)
scf − 2n(a)∗Kn(b)

Table 4.1. Diagramatic representation of the the self-consistent equations for the screened vertex,
kernel, density matrix and different formulations of the response functions. The full black
semicircle represent the screened vertex Vscf, while an empty circle symbolizes the bare (local)
vertex Vext. The bare electron-hole propagator L0 is represented as two lines, while the shaded
grey block is the interaction kernel K. The density matrix is sketched with a full black triangle.
The star symbolizes complex conjugation. The Hartree plus exchange-correlation kernel fHxc and
screened Coulomb interactionW are represented by thin and thick wavy lines respectively. Notice
that the diagrams contained in the interaction kernel depend on the particular approximation
scheme adopted. In the case of the SX approximation, fHxc = v, where v is the bare Coulomb
interaction, and W = ϵ−1v is the Coulomb interaction screened by the RPA inverse dielectric
constant.

Stationary response functional

To demonstrate the variationality of the screen-screen response, we introduce the response
functional
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Fab[λ, λ′, z]=
[
V

(a)
ext (r1)δ(r1−r2)+K(r2, r1, r5, r6)λ(r5, r6)

]
L0(r1, r2, r3, r4, z)

×
[
V

(b)
ext (r3)δ(r3−r4)+K(r3, r4, r7, r8)λ′(r7, r8)

]
− 2λ(r2, r1)K(r1, r2, r3, r4)λ′(r3, r4),

(4.2.7)

that satisfies the relation

Css
ab(z) = Fab[λ=n(a)(−z), λ′=n(b)(z), z]. (4.2.8)

The functional Fab[λ, λ′, z] in Eq. (4.2.7) satisfies

δFab[λ, λ′, z]
δλ(ri, rj)

∣∣∣∣λ=n(a)(−z),
λ′=n(b)(z)

= 0, δFab[λ, λ′, z]
δλ′(ri, rj)

∣∣∣∣λ=n(a)(−z),
λ′=n(b)(z)

= 0. (4.2.9)

In fact, let us consider the derivative of Fab[λ, λ′, z] with respect to λ, which reads

δFab[λ, λ′, z]
δλ(ri, rj)

∣∣∣∣λ=n(a)(−z)
λ′=n(b)(z)

= K(r2, r1, ri, rj)L0(r1, r2, r3, r4, z)V (b)
scf (r3, r4, z)−K(rj , ri, r1, r2)2n(b)(r1, r2, z).

(4.2.10)
Using Eq. (4.1.14), we recast Eq. (4.2.10) as

δFab[λ, λ′, z]
δλ(ri, rj)

∣∣∣∣λ=n(a)(−z)
λ′=n(b)(z)

= [K(r2, r1, ri, rj) −K(rj , ri, r1, r2)] 2n(b)(r1, r2, z) = 0. (4.2.11)

where the term in square brackets in Eq. (4.2.11) is zero due to the symmetries of the kernel
expressed in Eqs. (4.1.24) and (4.1.25). Instead, the derivative with respect λ′ reads

δFab[λ, λ′, z]
δλ′(ri, rj)

∣∣∣∣λ=n(a)(−z)
λ′=n(b)(z)

=
[
V

(a)
scf (r2, r1,−z)L0(r1, r2, r3, r4, z) − 2n(a)(r4, r3,−z)

]
K(r3, r4, ri, rj) = 0.

(4.2.12)
The term in square brackets of Eq. (4.2.12) vanishes using the symmetry property (4.1.23) of
the bare electron-hole propagator L0 in its relation with the density matrix (4.1.19).

Eq. (4.2.9) implies that the screen-screen response function of Eq. (4.2.6) is an extremal
point of the functionalFab[λ, λ′, z], in bothλ andλ′. In other words, an error of δn(b/a)(r, r′,±z)
on the density matrix results in an error of order

[
δn(b/a)(r, r′,±z)

]2
in the screen-screen

response.

4.2.3 Screen*-screen response

In Sec. 4.2.1 and 4.2.2 we have discussed respectively the definitions of the bare-screen and
screen-screen response functions. As anticipated in the introduction, we now introduce
another possible formulation of the electronic response, from which a generalization of the
Fermi Golden Rule for the imaginary part of the response function can be demonstrated.

Performing the same passages as for the screen-screen response, but with −z∗ instead of
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−z, we rewrite the response function of Eq. (4.1.29) as

Cs*s
ab (z)=V (a)

scf (r2, r1,−z∗)L0(r1, r2, r3, r4, z)V (b)
scf (r3, r4, z)

−2n(a)(r2, r1,−z∗)K(r1, r2, r3, r4)n(b)(r3, r4, z). (4.2.13)

It is interesting to notice that Eq. (4.2.13) determines the holomorphic quantity Cs*s
ab (z) by

summing two separately nonholomorphic terms. The screen*-screen response in Eq. (4.2.13)
can be obtained from the functional in Eq. (4.2.7), as

Cs*s
ab (z) = Fab[λ=n(a)(−z∗), λ′=n(b)(z), z]. (4.2.14)

However, Cs*s
ab (z) is not a stationary point of the functional F [λ, λ′, z]:

δFab[λ, λ′, z]
δλ′(ri, rj)

∣∣∣∣λ=n(a)(−z∗)
λ′=n(b)(z)

=K(r3, r4, ri, rj)
[
V

(a)
scf (r2, r1,−z∗)L0(r1, r2, r3, r4, z) − 2n(a)(r4, r3,−z∗)

]
.

(4.2.15)

The term in square brackets in Eq. (4.2.15) is zero only in the nonresonant case in which
η=0, z=ω and the screen-screen and screen*-screen formulations coincide. Therefore, an
error of δn(b)(r, r′, z) on the density matrix results in an error of order δn(b)(r, r′, z) in the
screen*-screen response, thus proving its linearity with respect to changes in the electronic
density matrix.

Generalized Fermi Golden Rule

Let us consider the particular case where:

V
(a)

ext (r) = V
(b)

ext (r)∗. (4.2.16)

This correspond to the diagonal response function of a perturbation, either real, or modulated
by a wavevector q, as that of a phonon with quasimomentum ℏq. For the present case, the
properties Eqs. (4.1.26)-(4.1.27) and Eqs. (4.1.22)-(4.1.23) respectively of the interacting and
bare electron-hole propagators L and L0 can be leveraged in the definitions of the density
matrix Eq. (4.1.14) and Eq. (4.1.19) to show that

n(a)(r′, r,−z∗) = n(b)(r, r′, z)∗, (4.2.17)

V
(a)

scf (r′, r,−z∗) = V
(b)

scf (r, r′, z)∗. (4.2.18)

Using Eq. (4.2.17) and Eq. (4.2.18), and the properties Eq. (4.1.24) of K and Eq. (4.1.26) of L0,
we obtain:

ImCs*s
ab (z)=V (b)

scf (r1, r2, z)∗V (b)
scf (r3, r4, z)

1
2i [L

0(r1, r2, r3, r4, z)−L0(r1, r2, r3, r4, z
∗)],

(4.2.19)

Passing from the real space representation to the Dirac one, we get

ImCs*s
ab (z)=2

∑
ij

|⟨ψ(0)
i |V̂ (b)

scf (z)|ψ(0)
j ⟩|2Im

 f
(0)
j − f

(0)
i

ℏz−(ε(0)
i −ε(0)

j )

 . (4.2.20)
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Supposing that the matrix elements ⟨ψ(0)
i |V̂ (b)

scf (z)|ψ(0)
j ⟩ remain finite in the η→0+ limit, and

that Cs*s
ab (z) represents a self-energy, it follows that

Γ(ω)=−1
ℏ

lim
η→0+

2ImCs*s
ab (z)=2π

ℏ
2
∑
ij

(f (0)
j −f (0)

i )
∣∣⟨ψ(0)

i |V̂ (b)
scf (ω)|ψ(0)

j ⟩
∣∣2δ(ε(0)

i −ε(0)
j −ℏω).

(4.2.21)

Eq. (4.2.21) consists in the generalization of the Fermi Golden Rule187 to the case of self-
consistent Hamiltonians. When computed e.g. at the frequency of the phonon, it corresponds
to the full width at half maximum and it is widely used to compute phonon scattering rates.
The combination of the square modulus of the screened vertices, the Fermi-Dirac popula-
tions, and the Dirac delta in Eq. (4.2.21) clearly makes Γ(ω) a positive definite quantity. This
property allows for a probabilistic interpretation of Γ; much like in semiclassical Boltzmann-
Equation approaches, the imaginary part of the response function associated with dissipation
can be interpreted in terms of scattering processes.

As for the standard Fermi Golden Rule, Eq. (4.2.21) is only valid when the summation
over states i, j forms a continuum, and ω is taken within this continuum. In solids this
is generally obtained considering a Born–von Karman periodic cell of volume V=NΩ and
performing the V→∞ thermodynamic limit before the η→0+ one. Moreover, assuming that
the matrix elements of the screened potential are finite, to obtain Eq. (4.2.21) we neglected
the contributions from the electronic excitations generated by the electron-electron interac-
tion decoupled from an underlined continuum, such as undamped plasmons or bounded
excitons. In this cases, ⟨ψ(0)

i |V̂ (b)
scf (ω)|ψ(0)

j ⟩ diverges for η→0+ at resonance, even in the ther-
modynamic limit. These contributions are instead fully included in Eq. (4.2.20), that remains
valid in the η→0+ also in presence of undamped plasmons or excitons.

It is important to stress that the bare-screen [see Eq. (4.2.1)], the screen-screen [see Eq.
(4.2.6)] and the screen*-screen [see Eq. (4.2.13)] are equivalent formulations of the same
physical observable. Thus, the generalized Fermi Golden Rule holds for each formulation
as ImCs*s

ab (z)=ImCss
ab(z)=ImCbs

ab(z), where the η→0+ limit is given by Eq. (4.2.21), when the
screened matrix elements remain finite.

4.3 Response functions in terms of partially screened vertices

So far, we expressed the linear response in term of either the external unscreened potential,
V

(b)
ext , or the interacting, fully screened potential, V (b)

scf . However, there are instances where it
is advantageous to introduce and use a partially screened potential, that we call V (b)

p , where
the V (b)

ext is dressed by only a part of the interacting kernel K. In this section, we reformulate
the response function in terms of partially screened vertices and propagators.

4.3.1 Partial screening of the vertices

We introduce partial screening effects, by partitioning the kernel of the interaction in Eq.
(4.4.1) as:

K(r, r′, r′′, r′′′)=Kp(r, r′, r′′, r′′′)+Kc(r, r′, r′′, r′′′) (4.3.1)
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assuming that the partial kernel Kp is real (as K and thus Kc) and has the same symmetry
properties

Kp(r, r′, r′′, r′′′) = Kp(r′′, r′′′, r, r′), (4.3.2)
Kp(r, r′, r′′, r′′′) = Kp(r′′′, r′′, r′, r). (4.3.3)

From these properties of Kp and the analogous ones of K, it follows that:

Kc(r, r′, r′′, r′′′) = Kc(r′′, r′′′, r, r′), (4.3.4)
Kc(r, r′, r′′, r′′′) = Kc(r′′′, r′′, r′, r). (4.3.5)

Using the repartion of the interaction in Eq. (4.3.1), we define a partially screened potential

V
(b)

p (r, r′, z) = V
nl (b)

ext (r, r′)+Kp(r, r′, r1, r2)n(b)(r1, r2, z). (4.3.6)

Using Eq. (4.3.1), we get from Eq. (4.1.15) the relation between the self-consistent induced
potential and the partially screened potential

V
(b)

scf (r, r′, z) = V
(b)

p (r, r′, z) +Kc(r, r′, r1, r2)n(b)(r1, r2, z). (4.3.7)

In analogy with Eqs. (4.1.14) and (4.1.19), we define the induced density matrix in terms of
a partially interacting propagator Lc

2n(b)(r, r′, z)=Lc(r, r′, r1, r2, z)V (b)
p (r1, r2, z). (4.3.8)

To elucidate its differences with the interacting electron-hole propagator L defined in Eq.
(4.1.21), we derive the Dyson equation of the partially interacting propagator Lc. Using Eq.
(4.3.7) in the definition of the density matrix in terms of the self-consistent potential Eq.
(4.1.19), we get

2n(b)(r, r′, z) = L0(r, r′, r1, r2, z)
[
V

(b)
p (r1, r2, z) +Kc(r1, r2, r3, r4)n(b)(r3, r4, z)

]
. (4.3.9)

By rewriting the density in terms of partially screened quantities as in Eq. (4.3.8), we recast
Eq. (4.3.9) as

Lc(r, r′, r1, r2, z)V (b)
p (r1, r2, z) = L0(r, r′, r1, r2, z)

[
δ(r1−r5)δ(r2−r6)

+ 1
2K

c(r1, r2, r3, r4)Lc(r3, r4, r5, r6, z)
]
V

(b)
p (r5, r6, z), (4.3.10)

from which it follows that

Lc(r, r′, r′′, r′′′, z) = L0(r, r′, r′′, r′′′, z)+1
2L

0(r, r′, r1, r2, z)Kc(r1, r2, r3, r4)Lc(r3, r4, r
′′, r′′′, z).
(4.3.11)

Eq. (4.3.11) is the Dyson equation for the partially interacting propagator.
For completeness, we also express the relation between the partially interacting propa-

gator Lc and the fully interacting propagator L. We plug the relation Eq. (4.3.6) in Eq. (4.3.8),
obtaining

2n(b)(r, r′, z) = Lc(r, r′, r1, r2, z)
[
V

(b)
ext (r1, r2, z) +Kp(r1, r2, r3, r4)n(b)(r3, r4, z)

]
. (4.3.12)
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Expressing the density matrix in Eq. (4.3.12) in terms of the interacting electron-hole propa-
gator L from Eq. (4.1.14), we get

L(r, r′, r1, r2, z)V (b)
ext (r1, r2, z) = Lc(r, r′, r1, r2, z)

[
δ(r1−r5)δ(r2−r6)

+ 1
2K

p(r1, r2, r3, r4)L(r3, r4, r5, r6, z)
]
V

(b)
ext (r5, r6, z), (4.3.13)

from which it follows that

L(r, r′, r′′, r′′′, z) = Lc(r, r′, r′′, r′′′, z)+1
2L

c(r, r′, r1, r2, z)Kp(r1, r2, r3, r4)L(r3, r4, r
′′, r′′′, z).

(4.3.14)

From Eq. (4.3.14) it is clear that to obtain the fully interacting electron-hole propagatorL, one
must incorporate into the partially interacting propagatorLc the remainder of the interaction
comprised in Kp.

Using the properties of the bare propagator expressed in Eqs. (4.1.22)-(4.1.23) and of
the complementary part of the retarded kernel Kc in Eqs. (4.3.4)-(4.3.5), it follows from Eq.
(4.3.11) that the partially interacting propagator satisfies

Lc(r, r′, r′′, r′′′, z)∗ = Lc(r′′, r′′′, r, r′, z∗) (4.3.15)
Lc(r, r′, r′′, r′′′,−z) = Lc(r′′′, r′′, r′, r, z) (4.3.16)

4.3.2 Partial screen - partial screen response

As done in Sec. 4.2, we express the response functions in terms of the partially screened
quantities defined in Sec. 4.3.1. First, we assume for simplicity that the external potential
in Eq. (4.3.6) is local, i.e. satisfies Eq. (4.1.28). In this case, the response function Cab(z) is
expressed as in Eq. (4.1.29). Using (4.3.8), we recast the response function as

Cab(z) = V
(a)

ext (r1)Lc(r1, r1, r2, r3, z)V (b)
p (r2, r3, z). (4.3.17)

To obtain the partially screened-partially screened response, we manipulate Eq. (4.3.17)
by expressing the external potential V (a)

ext in terms of the partially screened potential V (a)
p .

Therefore, we rewrite Eq. (4.3.17) using the relation between the partially screened potential
and the external potential, Eq. (4.3.6). Cab(z) then becomes

Cab(z)=
[
V

(a)
p (r2, r1,−z)−Kp(r1, r2, r3, r4)n(a)(r3, r4,−z)

]
× Lc(r1, r2, r5, r6, z)V (b)

p (r5, r6, z). (4.3.18)

Further we use the connection between the partially interacting propagator Lc and the
induced density, given by Eq. (4.3.8), and the symmetry property of Kc expressed in Eqs.
(4.3.4)-(4.3.5). With these ingredients, Eq. (4.3.18) is rewritten as

C
pp
ab (z)=V (a)

p (r2, r1,−z)Lc(r1, r2, r3, r4, z)V (b)
p (r3, r4, z)

−2n(a)(r2, r1,−z)Kp(r1, r2, r3, r4)n(b)(r3, r4, z). (4.3.19)

The first term in Eq. (4.3.19) is made up of two partially screened verticesV (a)
p , V

(b)
p , connected

by the partially interacting propagator Lc. We refer to the formulation in Eq. (4.3.19) as the
‘partial screen-partial screen’ response function, denoted Cpp

ab (z).
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Eq. (4.3.19) represents a further equivalent rewriting of the response function. In close
analogy with the screen-screen formulation presented in Sec. 4.2.2, we show that the partial
screen-partial screen response function is variational with respect to the density matrix.

Stationary response functional

To demonstrate the variationality of the partial screen-partial screen response, we introduce
the response functional

F
pp
ab [λ, λ′, z]=

[
V

(a)
ext (r1)δ(r1−r2)+Kp(r2, r1, r5, r6)λ(r5, r6)

]
Lc(r1, r2, r3, r4, z)

×
[
V

(b)
ext (r3)δ(r3−r4)+Kp(r3, r4, r7, r8)λ′(r7, r8)

]
− 2λ(r2, r1)Kp(r1, r2, r3, r4)λ′(r3, r4),

(4.3.20)

that satisfies the relation

C
pp
ab (z) = F

pp
ab [λ=n(a)(−z), λ′=n(b)(z), z]. (4.3.21)

This functional can be obtained replacing into the functional Fab[λ, λ′, z] used for Css
ab(z), Eq.

(4.2.7), L0 with Lc and K with Kp. Since the substituted objects share the same properties
of the original ones, we can follow the proof presented in Sec. 4.2.2, obtaining:

δF
pp
ab [λ, λ′, z]
δλ(ri, rj)

∣∣∣∣λ=n(a)(−z),
λ′=n(b)(z)

= 0, (4.3.22)

δF
pp
ab [λ, λ′, z]
δλ′(ri, rj)

∣∣∣∣λ=n(a)(−z),
λ′=n(b)(z)

= 0. (4.3.23)

Eqs. (4.3.22)-(4.3.23) imply that the partial screen-partial screen response function of Eq.
(4.3.19) is also an extremal point of the functional F pp

ab [λ, λ′, z], in both λ and λ′. In
other words, an error of δn(b/a)(r, r′, z) on the density matrix results in an error of order[
δn(b/a)(r, r′,±z)

]2
in the partial screen-partial screen response.

Example of a partial screening approach

Here we present an example of a particular choice for the separation of the interaction kernel
(4.3.1). We work in the BSE framework, that corresponds to setting δV loc

xc /δρ=0 in Eq. (4.1.18).
In this picture, we separate the kernel in Hartree and exchange contribution, selecting for
Kp the Hartree kernel i.e.

Kp(r, r′, r′′, r′′′) = KH(r, r′, r′′, r′′′) = 2 e2

|r − r′′|
δ(r−r′)δ(r′′−r′′′) (4.3.24)

while the complementary part Kc is the screened-exchange term featuring W , i.e.

Kc(r, r′, r′′, r′′′) = KW (r, r′, r′′, r′′′) = −W (r, r′)δ(r−r′′)δ(r′−r′′′). (4.3.25)

Considering the Dyson equation (4.3.11) for the partially interacting electron-hole propagator
Lc with the partial kernel Eq. (4.3.25), we get
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Eq. Expression Diagramatic representation

(4.3.26) Lc = L0 − 1
2L0WLc

(4.3.27) Llad(r, r′) = Lc(r, r, r′, r′)

(4.1.21) L = L0 + L0vL− 1
2L0WL

Table 4.2. Diagramatic representation of the the self-consistent equations for the Dyson equation of
the interacting electon hole propagators Lc, Llad and L, in the BSE framework where δV loc

xc /δρ=0.
The bare electron-hole propagator L0 is represented as two lines. The unscreened and screened
Coulomb interactions, v and W respectively, are represented by thin and thick wavy lines.

Lc(r, r′, r′′, r′′′, z) = L0(r, r′, r′′, r′′′, z)−1
2L

0(r, r′, r1, r2, z)W (r1, r2)Lc(r1, r2, r
′′, r′′′, z).

(4.3.26)

where it is evident that Lc includes only ladder diagrams. Moreover, since the partially
screened potential is in the present case local, we just need in F pp

ab the diagonal elements of
Lc, that we call the ladder-bubble diagram:

Llad(r, r′, z) = Lc(r, r, r′, r′, z). (4.3.27)

A diagrammatic representation of the Dyson equation (4.3.26) of Lc and of Eq. (4.3.27) is
presented in Table 4.2.

The choice of the partial screening Eq. (4.3.24) bears the important consequence that
the partial screened-partial screen response C

pp
ab (z) in Eq. (4.3.19) only depends on the

electronic densities, and not on the whole density matrix. Moreover, if we use approximated
densities ρ(b)

ap (r, z) and ρ(a)
ap(r,−z) in the variational functional F pp

ab , we obtain a variationally
approximated expression of Cpp

ab (z) as:

C
pp
ab,ap(z)=V (a)

extH,ap(r1,−z)Llad(r1, r2, z) V (b)
extH,ap(r2, z)−ρ(a)

ap (r1,−z)
e2

|r1−r2|
ρ

(b)
ap (r2, z),

(4.3.28)

where the approximated partially screened potential is

V
(b)

extH,ap(r, z) = V
(b)

ext (r)+ e2

|r − r1|
ρ

(b)
ap (r1, z), (4.3.29)

and the analogous expression is used for V (a)
extH,ap(r,−z). Note that, with this choice of Kp,

the variational response (4.3.28) is similar to the formulation proposed in Ref. 89, cf. Eq. (6)
of the v2 version of the preprint.

We obtain the exact response Cpp
ab (z)=Cab(z) using in Eqs. (4.3.28) and (4.3.29) the non-
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approximated densities:

ρ(b)(r, z) = L(r, r, r1, r1, z)V (b)
ext (r1), (4.3.30)

ρ(a)(r,−z) = L(r, r, r1, r1,−z)V (a)
ext (r1), (4.3.31)

where L(r, r, r′, r′, z) is the full BSE bubble diagram, obtained from the interacting-electron
hole propagator L. The BSE for L is reported in Table 4.2.

By virtue of the variationality of the partial screen-partial screen response Eq. (4.3.22)-
(4.3.23), we have that the error on the response is quadratic in the error on the density:

C
pp
ab,ap(z) − Cab(z) = O

((
ρ

(b/a)
ap (±z) − ρ(b/a)(±z)

)2
)
. (4.3.32)

As we will show in a following paper,188 the approximated scheme given by Eqs. (4.3.28)
and (4.3.29), is particularly appealing, if we want to devise a practical scheme to evaluate the
BSE corrections to the phonon self-energy on top of a standard static phonon calculation,
based on DFT linear response theory.185,186 In this case, we can leverage the fact that both
the dynamical and BSE effects produce small relative-corrections to the static DFT electronic
densities ρ(b/a)

DFT in the range of frequencies corresponding to the phonon scale (typically up
to 10-100 meV). Thus, in Eqs. (4.3.28) and (4.3.29), we can safely use:

ρ
(b)
ap (r, z) = ρ

(b)
DFT(r), (4.3.33)

ρ
(a)
ap (r,−z) = ρ

(a)
DFT(r), (4.3.34)

keeping the resulting error on the phonon self-energy under control, thanks to the variational
properties of the F pp

ab functional.
In Ref. 188 we will leverage the variationality of the partial screen-partial screen response

to effectively approximate the phonon dispersion of graphene including exchange effects.
We report here the formal derivation of the partial screen-partial screen formulation in order
to focus more on physical insights of our findings in Ref. 188

4.4 Memory effects in the full or partial interaction kernel

In the framework used throughout all our manuscript, we have neglected memory effects in
the electronic interaction, i.e. we have worked in the adiabatic approximation Eq. (4.1.6). In
this Section, we discuss briefly how to overcome such an approximation.

To relax the adiabiatic approximation for the exchange and correlation potential, intro-
duced in Eq. (4.1.6), we generalize the nonlocal kernel of the interaction introduced in Eq.
(4.1.17) accounting for memory effects in the Hartree-exchange-correlation part as

K(r, r′, r′′, r′′′, z) = 2fHxc(r, r′′, z)δ(r−r′)δ(r′′−r′′′)−W (r, r′)δ(r−r′′)δ(r′−r′′′), (4.4.1)

where fHxc(r, r′′, z) is the retarded Hartree plus exchange-correlation kernel, which is holo-
morphic for Imz>0. A formal expression for fHxc(r, r′′, z) is presented e.g. in Ref. 189. For
the present discussion, we do not discuss a specific expression for fHxc(r, r′′, z) analogous to
(4.1.18). We only use the property (see Eq. (6) of Ref. 189)

fHxc(r, r′′, z)=fHxc(r′′, r,−z). (4.4.2)
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From Eq. (4.4.2), it follows that the retarded kernel of the interaction satisfies180,189

K(r, r′, r′′, r′′′, z) = K(r′′′, r′′, r′, r,−z) (4.4.3)

This property can be leveraged to generalize the formalism developed in Secs. 4.2 and 4.3
including memory effects in the Hxc part of the electronic interaction. Specifically, the bare-
screen [Eq. (4.2.1)], the screen-screen [Eq. (4.2.6)], the screen*-screen [Eq. (4.2.13)] and the
partial screen-partial screen [Eq. (4.3.19)] response can be directly generalized including a
frequency dependent kernel, of the form Eq. (4.4.1). Using the symmetry property Eq. (4.4.3),
it is straightforward to show that the variationality of the screen-screen and of the partial
screen-partial screen formulations still hold, while the bare-screen and the screen*-screen
formulations are not.

Notice however that the screen*-screen formulation with a retarded kernel does not posses
the generalized Fermi Golden Rule structure as in Eq. (4.2.21). In fact, the imaginary part of
the screen*-screen response function [Eq. (4.2.20)] acquires a finite contribution associated
with the imaginary part of the retarded kernel.

In conclusion, we mention that the partition of the electronic interaction discussed in Sec.
4.3 can be performed considering memory in the partial and complementary kernels that
sum up to a frequency independent kernel, i.e.

K(r, r′, r′′, r′′′)=Kp(r, r′, r′′, r′′′, z)+Kc(r, r′, r′′, r′′′, z) . (4.4.4)

It is straightforward to show that the variationality of the partial screen-partial screen re-
sponse still holds if the partial retarded kernels satisfy the properties

Kp(r, r′, r′′, r′′′, z) = Kp(r′′′, r′′, r′, r,−z), (4.4.5)
Kc(r, r′, r′′, r′′′, z) = Kc(r′′′, r′′, r′, r,−z) . (4.4.6)

A separation of the form Eq. (4.4.4) can be useful in instances where the memory effects are
included in the individual parts of the electronic screening, but cancel out when summed in
the fully interacting kernel.

4.5 Application: optical conductivity of graphene

In this Section, we apply the linear response formalism developed in the previous sections
to the calculation of optical conductivity of graphene. As detailed in Ref. 190, the diagonal
element of the optical conductivity tensor in the direction of the unitary vector q̂=q/q can
be computed as

σq̂(z) = lim
q→0

izχ̄(q, z)
q2 . (4.5.1)

In Eq. (4.5.1), q is the momentum of the external scalar potential, and χ̄ is the macroscopic
density-density response computed in the condition of null macroscopic electric field (this
condition is indicated with a bar over the symbol representing the physical quantity, to be
consistent with the notations introduced in Refs.190–194). In the small q regime considered in
this Section, the null macroscopic field condition is imposed by removing the macroscopic
component of the Coulomb kernel in the Hartree term of Eq. (4.1.17), v̄G=0(q)=0, where
vG(q) is the Fourier transform of the Coulomb potential and G are the reciprocal lattice
vectors.
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In the following, we present the formulas for χ and χ̄ and we show the results for σ,
which can be directly linked to an experimental measure, e.g. optical absorption.

4.5.1 Density-density response in periodic systems

The eigenstates of Ĥ(0) are Bloch states |ψ(0)
mk⟩ of quasimomentum fk, normalized on the

Born–von Karman supercell of volumeNΩ, containingN unit cells. IfV (b)
ext (r)=V (q)

ext (r)=eiq·r,
we can write n̂(q) and V̂ (q)

scf in the basis of the unperturbed states as:

⟨ψ(0)
nk′ |n̂(q)(z)|ψ(0)

mk⟩=δk′,k+q⟨ψ
(0)
nk+q|n̂

(q)(z)|ψ(0)
mk⟩, (4.5.2)

⟨ψ(0)
nk′ |V̂ (q)

scf (z)|ψ(0)
mk⟩=δk′,k+q⟨ψ

(0)
nk+q|V̂

(q)
scf (z)|ψ(0)

mk⟩. (4.5.3)

In this representation, Eqs. (4.1.19) and (4.1.20) express the relation between the nonzero
matrix elements of n̂(q) and V̂ (q)

scf as

2⟨ψ(0)
nk+q|n̂

(q)(z)|ψ(0)
mk⟩ = L0

nk+q,mk(z)⟨ψ(0)
nk+q|V̂

(q)
scf (z)|ψ(0)

mk⟩, (4.5.4)

where

L0
nk+q,mk(z) = 2

f (0)
mk − f (0)

nk+q

ℏz − (ε(0)
nk+q − ε(0)

mk)
. (4.5.5)

Eqs. (4.1.15) and (4.1.17) become:

⟨ψ(0)
nk+q|V̂

(q)
scf (z)|ψ(0)

mk⟩ = ⟨ψ(0)
nk+q|V̂

(q)
ext |ψ(0)

mk⟩+ 1
N

∑
k′sl

Knk+q,mk
sk′+q,lk′ ⟨ψ(0)

sk′+q|n̂
(q)(z)|ψ(0)

lk′ ⟩, (4.5.6)

where, in the BSE framework

Knk+q,mk
sk′+q,lk′ = N

∫
NΩ

dr
[
ψ

(0)
nk+q(r)∗ψ(0)

mk(r)2v(r − r1) ψ(0)
sk′+q(r1)ψ(0)

lk′ (r1)∗

− ψ
(0)
nk+q(r)∗ψ(0)

mk(r1) W (r, r1)ψ(0)
sk′+q(r)ψ(0)

lk′ (r1)∗
]
, (4.5.7)

where, as usual, the integral over r runs over the N cells of the supercell and the implicit
one over r1 on the full crystal.

Usually, the most difficult (i.e. the most computationally time consuming) quantities to
be evaluated with accuracy are the self-consistent electronic density matrix and potential,
since they need to be determined via the self-consistent set of Eqs. (4.5.4), (4.5.6). On the
contrary, L0

nk+q,mk(z) has a very simple explicit form, that only requires the knowledge of
energies and wavefunctions of the unperturbed Hamiltonian Ĥ(0). In the evaluation of χ̄, it
is convenient to use an approximated density matrix:

⟨ψ(0)
nk+q|n̂

(q)(z)|ψ(0)
mk⟩ap. (4.5.8)

From this approximated density matrix, we define a corresponding approximated self-
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consistent potential as:

⟨ψ(0)
nk+q|V̂

(q)
scf (z)|ψ(0)

mk⟩ap = ⟨ψ(0)
nk+q|V̂

(q)
ext |ψ(0)

mk⟩+ 1
N

∑
k′sl

Knk+q,mk
sk′+q,lk′ ⟨ψ(0)

sk′+q|n̂
(q)(z)|ψ(0)

lk′ ⟩ap.

(4.5.9)
Notice that, in general, for the approximated quantities Eq. (4.5.4) does not hold.

Within the functional formulation defined in Section 4.2, we obtain the approximated
expressions of χ by using Eqs. (4.2.3), (4.2.8), (4.2.14), where in place of λ and λ′ we use the
approximated density matrix (Eq. (4.5.8)), obtaining:

χbs
ap(q, z) = 1

N

∑
knm

⟨ψ(0)
mk|V̂ (−q)

ext |ψ(0)
nk+q⟩L

0
nk+q,mk(z)⟨ψ(0)

nk+q|V̂
(q)

scf (z)|ψ(0)
mk⟩ap. (4.5.10)

Instead, the screen-screen and the screen*-screen density-density response read

χss
ap(q, z) = 1

N

∑
knm

⟨ψ(0)
mk|V̂ (−q)

scf (−z)|ψ(0)
nk+q⟩apL

0
nk+q,mk(z)⟨ψ(0)

nk+q|V̂
(q)

scf (z)|ψ(0)
mk⟩ap

− 2
N2

∑
knm
k′ls

⟨ψ(0)
mk|n̂(−q)(−z)|ψ(0)

nk+q⟩apK
nk+q,mk
sk′+q,lk′ ⟨ψ(0)

sk′+q|n̂
(q)(z)|ψ(0)

lk′ ⟩ap,(4.5.11)

χs*s
ap (q, z) = 1

N

∑
knm

⟨ψ(0)
mk|V̂ (−q)

scf (−z∗)|ψ(0)
nk+q⟩apL

0
nk+q,mk(z)⟨ψ(0)

nk+q|V̂
(q)

scf (z)|ψ(0)
mk⟩ap

− 2
N2

∑
knm
k′ls

⟨ψ(0)
mk|n̂(−q)(−z∗)|ψ(0)

nk+q⟩apK
nk+q,mk
sk′+q,lk′ ⟨ψ(0)

sk′+q|n̂
(q)(z)|ψ(0)

lk′ ⟩ap.(4.5.12)

Notice that in Eqs. (4.5.11),(4.5.12), the first matrix elements can be obtained from the
relations:

⟨ψ(0)
mk|V̂ (−q)

scf (−z)|ψ(0)
nk+q⟩ap = ⟨ψ(0)

nk+q|V̂
(q)

scf (z∗)|ψ(0)
mk⟩∗ap, (4.5.13)

⟨ψ(0)
mk|V̂ (−q)

scf (−z∗)|ψ(0)
nk+q⟩ap = ⟨ψ(0)

nk+q|V̂
(q)

scf (z)|ψ(0)
mk⟩∗ap, (4.5.14)

and that analogous relations holds for the matrix elements of the density matrix.
If no approximation are used, the three formulations provide the exact result χ(q, z).

Instead if ⟨ψ(0)
nk+q|n̂(q)(z)|ψ(0)

mk⟩ap ̸= ⟨ψ(0)
nk+q|n̂(q)(z)|ψ(0)

mk⟩, the three formulation will provide
three distinct estimations of χ(q, z). Since the screen-screen formulation is variational with
respect to the density matrix [Eq. (4.2.11)], while the bare-screen and screen*-screen formu-
lations are not [Eqs. (4.2.4) and (4.2.15)], we have that:

χbs
ap(q, z)−χ(q, z) = O

(
n̂

(q)
ap (z)−n̂(q)(z)

)
, (4.5.15)

χss
ap(q, z)−χ(q, z) = O

((
n̂

(q)
ap (z)−n̂(q)(z)

)2
)
, (4.5.16)

χs*s
ap (q, z)−χ(q, z) = O

(
n̂

(q)
ap (z)−n̂(q)(z)

)
. (4.5.17)

Namely, for small deviations of the approximated density matrix from the exact one, the
screen-screen formulation provides the best estimation of the exact values, as we demonstrate
numerically in the next Sections.
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4.5.2 Electron-electron interaction in the density density response of graphene

To account for the effects of the electron-electron interaction in the response of graphene, we
follow the approach thoroughly described in Ref. 190. We include the interaction in Ĥ(0) by
the static-screened exchange approximation, and in the density-density response by solving
the BSE for χ̄(q, z), with ℏz=ℏω+iη. In both calculations, we use the same static W (r, r′).
We work within the π-orbitals subspace using a tight-binding model. We obtain the optical
conductivity σ(z) from Eq. (4.5.1) using a finite but small value of |q|. Due to the symmetries
of graphene, the conductivity is independent of the direction q̂ and we can drop from σ

such subscript. To obtain the required χ̄(q, z), we eliminate the long-range component of the
Hartree kernel. This is done replacing in all the Eqs. of the previous subsection Knk+q,mk

sk′+q,lk′

by K̄nk+q,mk
sk′+q,lk′ , as detailed in Appendix 4.B.

In the present work, the self-consistent system of Eqs. (4.5.4) and (4.5.6) is solved using an
iterative procedure. Namely, we call ⟨ψ(0)

nk+q|n̂(q)(z)|ψ(0)
mk⟩τ the density matrix at the iteration

τ . By inserting this density matrix in Eq. (4.5.6) together with K̄nk+q,mk
sk′+q,lk′ , we obtain the

self-consistent potential ⟨ψ(0)
nk+q|V̂

(q)
scf (z)|ψ(0)

mk⟩τ at the same iteration τ . At the first iteration
(τ=0), we use:

2⟨ψ(0)
nk+q|n̂

(q)(z)|ψ(0)
mk⟩0 = L0

nk+q,mk(z)⟨ψ(0)
nk+q|V̂

(q)
ext |ψ(0)

mk⟩. (4.5.18)

The density matrix at the iteration τ+1 is obtained by summing the density matrix at the
step τ , with a weight (1−x), with that obtained inserting the self-consistent potential at the
iteration τ in Eq. (4.5.4), with a weight x. Typical values of x≃0.2 assures the convergence of
the iterative solution to its fixed point. In Appendix 4.B, we summarize other details of the
calculation.

In Fig. 4.1, we show the remarkable agreement between the measured optical conductivity
and that predicted by our BSE approach, for ℏω<5.5 eV. The measured rise for ℏω>7 eV
and the plateau between 5.5 and 7 eV are missing in the theoretical results, since they are
associated to transitions involving σ-bands, neglected in our approach. In Fig. 4.1, we also
show the large impact of the excitonic interaction, i.e. the ladder corrections with W (cf.
Table 4.1). Indeed, if we neglect the screening of the vertices, by setting to zero K̄nk+q,mk

sk′+q,lk′

in the calculation, we overestimate the position of the π−π∗ plasmon peak (at ∼4.6 eV in
experiments). Moreover, we do not reproduce the expected asymmetric shape of the peak,
as proven in Refs.94,95

4.5.3 Exploiting variationality

In the following, we consider two exemplary kinds of errors in the evaluation of the electronic
density matrix. The first example regards the error that naturally arises when performing
the self-consistent cycle described in Sec. 4.5.2 in terms of τ . The second instead regards the
case where the exact electronic density matrix vertex is computed for some given frequency
ω=ω0, and then such density matrix is used as an approximation to determine the response
function across the entire frequency range.

Convergence of the optical conductivity within the iterative approach

We investigate the convergence of the electronic density matrix within the iteration cycle
described in Sec. 4.5.2. Referring to the notation of the previous section, we now perform
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Figure 4.1. Optical conductivity of freestanding graphene obtained with the independent particle
approximation (red), i.e. by setting the kernel K̄ = 0, and by solving the BSE (blue), compared
within experimental results (black symbols). Black triangles, squares and dots are experimental
data obtained from Refs. 195, 196 and 197 respectively.

the following identification

⟨ψ(0)
nk+q|n̂

(q)(z)|ψ(0)
mk⟩ap = ⟨ψ(0)

nk+q|n̂
(q)(z)|ψ(0)

mk⟩τ , (4.5.19)

and the same for all the other quantities for which ‘ap’→‘τ ’.
It is clear that the scaling properties of χ̄(z) with respect to the density are reflected

on σ(z) via Eq. (4.5.1). Henceforth, we now show numerical results proving Eqs. (4.5.15),
(4.5.16) and (4.5.17), but studying the optical conductivity. We introduce the counterparts
of the density-density responses obtained via Eq. (4.5.1) as σbs

τ (z), σss
τ (z) and σs*s

τ (z), with
obvious meaning of the symbols. We verified numerically that:

σbs
∞(z) = σss

∞(z) = σs*s
∞ (z) = σ(z). (4.5.20)

For each formulation, we report the values of the error as a function of the iteration step
in Fig. 4.2, for the frequency ℏω=4.8 eV. In the semi-logarithmic scale of Fig. 4.2, all the
formulations converge linearly with respect to the iterations number, meaning that στ (z)
converges exponentially with the number of iterations τ . Also, we notice that in semi-
logarithmic scale σss

τ converges twice as fast with respect to both σbs
τ and σs*s

τ , confirming the
advantageous variational property of the screen-screen formulation.

Fixed frequency approximation of optical conductivity

In this section we treat the case where the (numerically) exact electronic density matrices
known for some given frequency ω0 (namely, for z0=ω0+iη and z∗0=ω0−iη) and then used to
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Figure 4.2. Convergence behavior of the conductivity σ(z) at (ℏω=4.8 eV, ℏη=0.1 eV) as a function
of the iteration step τ of the self-consistent scheme explained in Sec. 4.5.2, for the three different
formulations described in Sec. 4.2 (screen-screen in red, bare-screen in blue, screen*-screen in
green). Scatter points indicate the error |στ −σ∞|. The cycle is terminated when |στ −σ∞| is below
a given convergence threshold (black dashed line). Lines indicate linear fits of the convergence
trend, that in semi-log scale indicate exponential convergence. The screen-screen response con-
vergences twice as fast with respect to the other formulations, thus proving the variationality of
the screen-screen formulation.

determine the response function across the entire frequency range. Such an approximation
clearly comes with great numerical advantage, in terms of time saved avoiding repeating
the self consistent routine for every frequency. This is often the case of phonon calculations,
where the electron-phonon vertexes are known only in the static case (z0=z∗0=0).

In this case, we pose:

⟨ψ(0)
nk+q|n̂

(q)(z)|ψ(0)
mk⟩ap = ⟨ψ(0)

nk+q|n̂
(q)(z0)|ψ(0)

mk⟩, (4.5.21)

⟨ψ(0)
nk+q|V̂

(q)
scf (z)|ψ(0)

mk⟩ap = ⟨ψ(0)
nk+q|V̂

(q)
scf (z0)|ψ(0)

mk⟩ (4.5.22)

and similarly for all the z∗ quantities. Using the definitions in Eqs. (4.5.21) and (4.5.22), we
get

χ̄bs
ap(q, z0) = χ̄ss

ap(q, z0) = χ̄s*s
ap (q, z0) = χ̄(q, z0) (4.5.23)

and the second summations in Eqs. (4.5.11) and (4.5.12) do not depend anymore on z.
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Therefore, we obtain that: widetext

χ̄bs
z0(q, z) = χ̄(q, z0) + 1

N

∑
knm

⟨ψ(0)
mk|V̂ (−q)

ext |ψ(0)
nk+q⟩∆L

0
nk+q,mk(z, z0)⟨ψ(0)

nk+q|V̂
(q)

scf (z0)|ψ(0)
mk⟩,

(4.5.24)

χ̄ss
z0(q, z) = χ̄(q, z0) + 1

N

∑
knm

⟨ψ(0)
mk|V̂ (−q)

scf (−z0)|ψ(0)
nk+q⟩∆L

0
nk+q,mk(z, z0)⟨ψ(0)

nk+q|V̂
(q)

scf (z0)|ψ(0)
mk⟩,

(4.5.25)

χ̄s*s
z0 (q, z) = χ̄(q, z0) + 1

N

∑
knm

⟨ψ(0)
mk|V̂ (−q)

scf (−z∗0)|ψ(0)
nk+q⟩∆L

0
nk+q,mk(z, z0)⟨ψ(0)

nk+q|V̂
(q)

scf (z0)|ψ(0)
mk⟩,

(4.5.26)

where, for notation clarity, we replaced the “ap” subscript in the approximated χ̄ with “z0”
and

∆L0
nk+q,mk(z, z0) = L0

nk+q,mk(z) − L0
nk+q,mk(z0). (4.5.27)

Due to the different variational properties of the three approaches, the error of the screen-
screen formulation is predicted to be the smallest for z close to z0, and:

χ̄bs
z0(q, z) − χ̄(q, z) = O (z − z0) , (4.5.28)

χ̄ss
z0(q, z) − χ̄(q, z) = O

(
(z − z0)2

)
, (4.5.29)

χ̄s*s
z0 (q, z) − χ̄(q, z) = O (z − z0) . (4.5.30)

In particular, Eq. (4.5.29), assures that χ̄ss
z0(q, z) and χ̄(q, z) are tangent to each other in z0:

∂χ̄ss
z0(q, z0)
∂z

= ∂χ̄(q, z0)
∂z

(4.5.31)

Interestingly, by Eq. (4.5.25), we reformulate the response as that of an effective noninter-
acting electronic system (with, eventually, complex matrix elements). Such formulation does
not require the expensive evaluation of the double-counting correction term, that involves a
double summation (see second line of Eq. (4.5.11)). Moreover, the fixed-frequency vertices
are suitable for fast Wannier-function198,199 or other matrix-element interpolation schemes
even in the present BSE approach. Finally, the presence of the differential operator ∆L0 lo-
calizes the contributions of interband transitions around the resonances with z and z0. This
allows the restriction of the calculation to a limited number of bands near the Fermi-level,
namely, to a low-energy model of the system.

We now discuss the numerical results. Let us call σbs
z0(z), σss

z0(z) and σs*s
z0 (z) the optical

conductivity obtained with approximated vertices at z=z0. Here, the aim is to compare
numerically these three approximated expressions with respect to the exact σ(z). Therefore,
we select four representative frequency values ℏω0={0.25, 4.3, 4.80, 5.20} eV, and represent
the three different approximated conductivities in Fig. 4.3(a)-(b)-(c)-(d) respectively. The
numerical results confirm the validity of Eq. (4.5.31). This is most evident in Fig. 4.3(c) and
(d). All the three formulations have the same value at the reference frequency, but only
σss
z0(z) is tangent to the exact calculation. In Fig. 4.3(c), ℏω0 coincides with the maximum of

reflectivity and the screen-screen approximation is in good agreement with the self-consistent
calculation in frequency range of order ≃100 meV. In Fig. 4.3(a)-(b)-(d) instead, σss

z0(z) is in
remarkable good agreement withσ(z) for a much wider range of frequencies, of order of some
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Figure 4.3. Fixed frequency approximation of the optical conductivity of graphene. The exact
reference σ(z) is indicated by black dashed line. The screen-screen, bare-screen, screen*-screen
approximated conductivities σz0(z) (red, blue and green respectively) are obtained using Eqs.
(4.5.24), (4.5.25), and (4.5.26), where the screened vertexes are computed at a fixed reference value
of z0=ω0+iη. In each panel we indicate the ℏω0 in digits and by a vertical orange dashed lines.
The screen-screen conductivity is always tangent to the exact one in ℏω0, in contrast to the other
approximated conductivities. Moreover, in all cases, but the one of panel (c), where ℏω0 coincides
with the peak, the screen-screen conductivity closely follows the exact one on a wide range of
energies.

eV, while σbs
z0(z) and σs*s

z0 (z) perform much worse. We associate the good agreement with the
full self-consistent calculation of the screen-screen approximation in Fig. 4.3(a) with the fact
that the selected frequency lies in a range where the conductivity is sufficiently far from both
the Drude and the plasmon peak. Thus, where the conductivity is sufficiently flat, the screen-
screen approximation works well since it posses exact first order derivative by construction.
Such consistency showcases the possibility of employing the screen-screen approximation
to obtain precise calculations for a fraction of the computational cost. Moreover, the fixed
frequency approximation could be extended approximating the density matrix on a “coarse-
grid” in frequency space. By repeating the self-consistent calculation only in a small set of
frequencies, different trends of the conductivity pertaining to different part of the optical
spectrum can be captured. In this way, the fully self-consistent the optical conductivity can
be reconstructed more precisely by “patching up” few fixed-frequency approximations.

4.6 Conclusions

In the context of systems that can be described via a generalized Kohn-Sham equation,
we have introduced three equivalent formulations for any electronic dynamical response
function, referred to as bare-screen, screen-screen, and screen*-screen. We have shown that
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all the three rewritings of the response function can be expressed as values of appropriate
functionals of the one-body electronic density matrix, but only the screen-screen response
represents a stationary point of its functional. This implies that the error in the screen-screen
response function is quadratic with respect to the error in the density matrix, while the
bare-screen and screen*-screen formulations are instead linear. The variational character
of the screen-screen response function is the central result of this chapter. It extends the
findings of Ref. 70 obtained for nonadiabatic phonons within TD-DFT to any type of response
function to incorporate the effect of nonlocal exchange-correlation effects. The screen*-screen
formulation also holds considerable physical significance, as we show that its imaginary part
can be interpreted as a generalized Fermi Golden Rule. Moreover, we have showed how the
variational screen-screen formulation can be extended by including part of the interaction to
the partially screened vertices and the rest to a partially interacting electron-hole propagator.
The partial screen-partial screen reformulation of the response function so obtained can be
advantageous to evaluate the BSE corrections to the phonon self-energy on top of a standard
static phonon calculation, as we will show in Ref. 188. Even if all our derivations were carried
out neglecting memory effects in the electronic interaction, we have showed that such an
assumption can be relaxed and our results can be generalized including memory effects in
the Hartree-exchange correlation part of the kernel.

We validated our findings using a tight-binding model of graphene within the SX ap-
proximation of the electronic interaction. To provide numerical evidence of variationality,
we studied the convergence trends of the optical conductivity σ(ω) within a self-consistent
iterative procedure. The different formulations of the response function exhibit distinct con-
vergence behaviors. In particular, the screen-screen response decays quadratically with the
distance from the converged solution for the density matrix, while the bare-screen and the
screen*-screen formulations converge only linearly. The variationality of the screen-screen
response function can also be used to perform approximate calculations more efficiently.
To demonstrate such capabilities, we have devised a fixed-frequency approximation of the
density matrix and applied it to compute the optical conductivity of graphene. Such an
approximation consists in determining the density matrix self-consistently at a specific fre-
quency ω0, and then use it for all other frequencies, avoiding the costly self-consistent routine
at all frequencies. Our results show that the screen-screen approximation is the closest to
the full self-consistent calculation among the formulations considered, and it is the only one
that matches the first order derivative of the optical conductivity at ω0, consistently with its
variational nature. The quality of the approximation in a wider neighborhood of ω0 depends
on the form of the function near the reference frequency: where the optical conductivity is
quite flat, we find remarkable agreement in an interval of frequency of the order of several eV;
where it is more peaked, the approximation is valid in a smaller neighborhood, of the order
of ≃100 meV. In contrast, the quality of the bare-screen and screen*-screen approximations
rapidly deteriorates with the distance from ω0.

The core value of the results obtained with the fixed frequency approximation reside
in the fundamental proof of concept of the variationality of the screen-screen formulation
rather than an appealing cheap numerical implementation. However, the variational for-
mulation of the response function opens the door to more advanced approximations that
could significantly reduce computational costs when applied in other contexts. For instance,
it could be used to compute the response function using a density matrix approximated at a
high electronic temperature or on a coarse k-grid.70 The latter is among the main bottlenecks
for BSE approaches, and our method could result in a drastic speedup in the calculations.
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Appendices of Chapter 4

4.A Derivation of the induced density in time-dependent linear
response

In this Appendix, we derive the expression of the induced density Eq. (4.1.14) in terms of the
bare electron-hole propagator L0 from linear response theory. At linear order in the external
field, the time-dependent generalized Kohn-Sham equation [Eq. (4.1.1)] can be recast in a
Liouville equation for the induced density matrix n̂(1)75

iℏ
∂

∂t
n̂(1)(t) = [Ĥ (0), n̂(1)(t)] + [V̂ (1)

scf (t), n̂(0)] (4.A.1)

where Ĥ (0) is the Hamiltonian in absence of the external field and n̂(0) reads

n̂(0) =
∑
i

f (0)
i |ψ(0)

i ⟩⟨ψ(0)
i | (4.A.2)

By using the evolution in the interaction picture

ˆ̃O(t) = e
i
ℏ Ĥ

(0)tO(t)e−
i
ℏ Ĥ

(0)t, (4.A.3)

Eq. (4.A.1) can be recast as

iℏ
∂

∂t
ˆ̃n(1)(t) = [ ˆ̃V (1)

scf (t), ˆ̃n(0)], (4.A.4)

where n̂(0)=ˆ̃n(0). We can evaluate the right-hand side of Eq. (4.A.4) using Eq. (4.A.2) as

[ ˆ̃V (1)
scf (t), ˆ̃n(0)] =

∑
ij

eiωijt(f (0)
j −f (0)

i )⟨ψ(0)
i |V̂ (1)

scf (t)|ψ(0)
j ⟩|ψ(0)

i ⟩⟨ψ(0)
j | (4.A.5)

where ωij = (ϵ(0)
i − ϵ(0)

j )/ℏ.
We integrate Eq. (4.A.4) in time from −∞ to t, considering that V̂ (1)

scf (t)=0, for t<t0, where
t0 is the starting time of the perturbation, and we obtain

n̂(1)(t)= 1
iℏ
e−

i
ℏ Ĥ

(0)t

t∫
−∞

dt′ [ ˆ̃V (1)
scf (t′), ˆ̃n(0)]e

i
ℏ Ĥ

(0)t. (4.A.6)

Using Eq. (4.A.5) and taking the Fourier transform as in (4.1.11), we have from (4.A.6)

n̂(1)(z) =
∑
ij

f (0)
j −f (0)

i

iℏ
|ψ(0)
i ⟩⟨ψ(0)

j |
∞∫
−∞

dt ei(z−ωij)t

×
t∫

−∞

dt′ eiωijt
′⟨ψ(0)

i |V̂ (1)
scf (t′)|ψ(0)

j ⟩. (4.A.7)

The integral in t in Eq. (4.A.7) can be solved integrating by parts, obtaining:

n̂(1)(z) =
∑
ij

f (0)
j −f (0)

i

iℏ
|ψ(0)
i ⟩⟨ψ(0)

j |
∞∫
−∞

dt ie
i(z−ωij)t

(z−ωij)
eiωijt⟨ψ(0)

i |V̂ (1)
scf (t)|ψ(0)

j ⟩.
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In fact, the lower extremal value of the primitive is 0 since Vscf(t)=0 for t<t0, while the upper
one is zero since for retarded quantities it holds Imz>0. From Eq. (4.A.8) it follows

n̂(1)(z)=
∑
ij

(f (0)
j −f (0)

i )|ψ(0)
i ⟩⟨ψ(0)

j |⟨ψ(0)
i |V̂ (1)

scf (z)|ψ(0)
j ⟩

ℏz−(ϵ(0)
i −ϵ(0)

j )
. (4.A.8)

Considering the matrix elements in Schrodinger representation of Eq. (4.A.8) with the iden-
tification (1)→(b), we obtain Eqs. (4.1.19) and (4.1.20).

4.B Details of numerical implementation on tight-binding model
of graphene

In this Appendix, we give some details about the numerical implementation of the density-
density response functions described in Sec. 4.5. We have employed a tight-binding model
of graphene, thoroughly described in Ref. 190.

By Fourier transforming v and W in Eq. (4.5.7), and exploiting the symmetries of the
crystal, we evaluated the interaction kernel as

Knk+q,mk
sk′+q,lk′ = 2

A

∑
G

⟨ψ(0)
nk+q|e

i(q+G)·r|ψ(0)
mk⟩v2D

G (q)⟨ψ(0)
lk′ |e−i(q+G)·r′ |ψ(0)

sk′+q⟩

− 1
A

∑
GG′

⟨ψ(0)
nk+q|e

i(k−k′+G)·r|ψ(0)
sk′+q⟩W

2D
GG′(k − k′)⟨ψ(0)

lk′ |e−i(k−k
′+G′)·r′ |ψ(0)

mk⟩ , (4.B.1)

whereA is the area of graphene unit cell and {G} are graphene reciprocal lattice vectors. For
graphene, the vectors q, k, k′, G lie in the (x, y) plane. The matrix elements are calculated
with a tight-binding model, while v2D andW 2D are effective 2D bare and screened Coulomb
interactions. Within the rectangular orbital approximation, the z dependence of the single
particle states ψ is approximated as

ψnk(r∥, z) ≈ ψnk(r∥)
Θ(|z| − d/2)√

d
(4.B.2)

where r∥ = (x, y), d is graphene thickness and Θ is the Heaviside function. Such kind
of approximations, where the orbital shape is simplified, are usually accurate for response
functions where |q|d ≪ 1, as our case. Within the rectangular orbital approximation, the
effective 2D bare interaction can be written as

v2D
G (q) = 1

d2

d/2∫
−d/2

dz
d/2∫
−d/2

dz′
∫
d(r∥ − r′∥)

e
−i(q+G)·(r∥−r′

∥)

εr
√

(z − z′)2 + (r∥ − r′∥)2

= 2π
εr|q +G|

F (|q +G|d) , (4.B.3)

where εr is the relative dielectric constant of an eventual uniform background and

F (x) = 2
x

(
1 + e−x − 1

x

)
. (4.B.4)
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The screened 2D effective Coulomb interaction can be written as

W 2D
GG′(q) = 1

d2

d/2∫
−d/2

dz
d/2∫
−d/2

dz′
∫
dr∥

∫
dr′∥e

−i(q+G)·r∥W (r, r′)ei(q+G′)·r′
∥

= ε−1,2D
GG′ (q)v2D

G′ (q) , (4.B.5)

where ε−1,2D
GG′ (q) is the effective 2D static inverse dielectric constant

ε−1,2D
GG′ (q) = 1

d2

d/2∫
−d/2

dz
d/2∫
−d/2

dz′
∫

dr∥
∫

dr′∥ e
−i(q+G)·r∥ε−1(r, r′)ei(q+G′)·r′

∥ . (4.B.6)

The procedure to obtain the dielectric function ε−1,2D
GG′ (q), within the random-phase ap-

proximation and self-consistently with the SX band structure is detailed in Ref. 190. As in
Ref. 190, we suppose that the screened interaction is well approximated by that of an uniform
system, i.e. W 2D

GG′(k − k′) ≈ δGG′W 2D(k − k′ + G). Finally, the density-density response
computed in the condition of null macroscopic electric field is obtained using K̄nk+q,mk

sk′+q,lk′ , that
is given by Eq. (4.B.3), where in the first summation (in the Hartree contribution) theG = 0
term is omitted.

In order to obtain the density-density response function χ̄(q, z) [Eq. (4.5.10)], we need to
compute the density matrix n(q)(z) on a set of ω points at fixed η. In our implementation of a
tight-binding model of graphene, we solve numerically the reciprocal space expression for the
self-consistent Eqs. (4.5.4) and (4.5.6). The electron energies {ϵ(0)

nk} and wavefunctions {ψ(0)
nk }

are obtained in a tight-binding model with parameters fitted to DFT ab-initio calculations,
then employing many-body perturbation theory within the SX approximation to include
nonlocal exchange effects. The band indices {n,m, l, s} in Eqs. (4.5.4), (4.5.6) and (4.5.7)
indicate either π/π∗ bands. In the calculation of the kernel, we selected the G vectors
satisfying the condition |G|2/2 < 2.5 Ry, that corresponds to include G = (0, 0) and the
first shell of the six G vectors with lower modulus. We used also a cutoff in the screened
interaction W 2D(k− k′ +G), such that W 2D(k− k′ +G) = 0 if |k− k′ +G| < |K|, where K
is the Dirac point. We have performed our calculations reported in Sec. 4.5 using a 361×361
Monkhorst-Pack grid in reciprocal space, and electronic smearing of η=100 meV. The optical
conductivities are obtained for a small but finite wavevector, of value q = (10−3, 0)2π/a in
Cartesian coordinates, where a = 2.46 Å is the lattice parameter of graphene, and the x axis
is along the ΓK direction. We verified numerically that the same converge trends are shown
at larger momentum transfer, at q = (0.1, 0)2π/a. For the convergence study presented in
Sec. 4.5.3, the reference conductivity σ(z) is taken as σss

τ∞(z), where τ∞=41 is the number of
steps needed to achieve self-consistency in the screen-screen calculation.

In Ref. 190, we have presented the numerical details of the solution of the BSE with a
pseudo-Hermitian Lanczos algorithm. In both the implentation we presented in Ref. 190 and
the one presented here, an iterative routine is employed to calculate the response function.
The cycle is stopped when the relative error on response function [in this case, the optical
conductivity στ (z)] between two consecutive steps is below a certain convergence threshold.
The pseudo-Hermitian Lanczos algorithm has the advantage with respect to the method
presented here that the full ω spectrum can be computed with just one iterative cycle.

However, the self-consistent procedure presented here possess two features that could
be advantageous with respect to the one we used in Ref. 190. First, it is more accurate
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for a single frequency calculation. In fact, we tested that with the same parameters (k
grid and η), we reached a converge threshold of 10−16 on the relative error of the response
with our procedure, while with the Lanczos algorithm we are not able to increase over
a convergence threshold of 10−5−10−8 (depending on the calculations parameters) due to
numerical instabilities. Hence, the procedure devised in these work can be beneficial when
the response function at a single frequency is needed, as it is the case for the calculation
of phonon self-energy from the dynamical interatomic force constant matrix.188 Secondly,
even if implemented on a simple tight-binding model with only two bands (π/π∗), the self-
consistent routine presented here is fitted for a more sophisticated implementation where
empty states are not explicitly considered. In fact, resembling the TD-DFT routine, Eqs.
(4.5.4) can be rephrased in terms of projectors into occupied states as per the Sternheimer
equations, thus obtaining the set of equations adopted in ab-initio implementations,161 which
is not as straightforward in the pseudo-Hermitian Lanczos approach. We also note that both
our self-consistent routine and the pseudo Hermitian Lanczos algorithm scale as N4

k , where
Nk is the linear dimension of the k grid, while the exact diagonalization of the electron-
hole Hamiltonian in the BSE scales as N6

k (see Ref.190 for a formal definition of the BSE
Hamiltonian).
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Conclusions and outlooks

In this thesis, we have confronted the complicated problems of thermal transport in strongly
anharmonic crystals and the response of interacting electronic systems including exchange
effects.

To the former is devoted large part of our work. In Chapter 1, we have presented the
formalism of maximum entropy principle (MEP) n approach developed in the works by
Zubarev.102,103 Such framewowrk consist in a very powerful and versatile theoretical tool
to describe the quantum mechanical statistical operator of a system in a nonequilibrium
condition. We used the MEP to derive the steady state in which constant heat flux is present,
and obtained a Kubo formula for thermal conductivity. A key step in our procedure is to
show that the steady state obtained from the MEP can also be written as the static solution
of a modified Liouville equation. This result will allow us to extend in a compact and
elegant way the same formalism to the case of the self-consistent approach to interacting
systems, discussed in Chapter 3. Our formalism can also be extended straightforwardly to
study mass and charge transport.2,101 Moreover, we have showed how our formalism differs
from standard derivation of the DC conductivity based on the adiabatic switching-on of an
external “mechanical” potential that simulates the effects of a temperature field.44,57, 104 The
main difference consists, at linear order in ∇T , in an expression of conductivity derived from
standard response theory in a negative sign for thermal conductivity. Even if apparently
overlooked in most of the previous derivations,44,57, 104 we have discussed how this sign
change bears an interesting physical insight regarding the flow of entropy. In fact, while
apt for the description of transport process where the currents are stimulated by mechanical
forces, hence are driven in the direction of the minimum of the energy, the standard procedure
of the adiabatic switching-on of the perturbation does not reproduce the evolution of the
system in which entropy is produced.

In Chapter 2, we have employed a full quantum-mechanical many-body formalism based
on Green’s functions to derive an expression for the thermal conductivity that accounts for
interband heat conduction in complex crystals. We have focused on two definitions of the
energy field, that lead via the continuity equation to two different definitions of the heat
flux: the Hardy35 and the Wigner heat flux.12,13 These two choices have been motivated by
previous work in the literature. We have computed the response function in the so-called
dressed-bubble approximation, which neglects vertex corrections but accounts for all self-
energy corrections of the phonon Greens’ function. Such an approximation allows us to
derive an analytical expression for the thermal conductivity in terms of the exact phonon
spectral density, that can be computed in principle at any perturbative order and extended
to scattering sources of any nature. Neglecting vertex corrections in the dressed-bubble
approximation is the main limitation of our many-body approach, that in principle cannot
be applied in the hydrodynamic regime of thermal transport, in which heat is mainly carried
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by collective excitation of phonon.25 Modeling hydrodynamic thermal transport requires to
account for repopulation terms in the description of scattering,23–25,142 and is a possible future
development of the work done so far. The thermal conductivity is given, for both choices
of the heat flux, by an intraband and an interband contribution. The former is independent
of the choice of the heat flux, while the second displays some differences. We have argued
that these differences originate from the procedure employed to approximate the Green’s
fucntions in established approaches.33,39 Such difference yield no quantitative differences
when computed numerically in the materials tested so far, namely the perovskite CsPbBr3 and
the zirconate La2Zr2O7. It may be interesting to search for a test case in which the details
of different formulations of thermal conductivity might provide appreciable quantitative
differences. Indeed, the identification of such discrepancies could help to understand the
differences between the various formulations. From a broader perspective, it would be
interesting to test the general quantum formula of thermal conductivity in terms of the
full phonon spectral densities (2.3.6a)-(2.3.7). In the overdamped regime of lattice heat
conduction, strong interactions may result in very broad (or non-Lorentzian) profiles for the
spectral densities.49,147 This could lead to significant mixing and coherence effects between
many phonon bands far apart in energy. In this case, the difference between the definition of
the off-diagonal velocity (2.2.26) — that constitute most of the difference between the results
from Hardy and Wigner heat fluxes — should be enhanced, and the different formulations
of interband thermal conductivity must reflect that in a clear discrepancy. The recent work
of Ref. 126 goes in this direction, even if the results for thermal conductivity obtained
implementing the expression derived in Ref. 124 for the test case GeTe differ less than
15% from the result of thermal conductivity computed with BTE in the SMA, whereas
in complex crystals such discrepancy is typically far more remarkable, consisting up to
70% of total conductivity for the materials we tested. An improvement on the topic of
interband transport, specifically concerning the calculation of lattice thermal conductivity
in the overdamped regime was reported in our work submitted to Physical Review B and
uploaded on arxiv as arXiv:2410.13485,200 but was not presented in this thesis.

In Chapter 3, we have faced our most ambitious quest tha consisted in the develope-
ment of a nonperturbative theoretical framework for lattice thermal transport. By reworking
the maximum entropy and modified Liouville equation approach presented in Chapter 1,
we have devised a novel first-principles methodology to obtain an expression of thermal
conductivity valid in self-consistent schemes. To describe solids in presence of strong an-
harmonicity, we have adopted nonperturbative approach provided by the SCHA. We have
derived the equilibrium state in the SCHA from the maximum entropy principle, expand-
ing the variational space for the Gaussians used to approximate the exact density matrix.
To discuss the self-consistent dynamics, we have employed the scheme of the TD-SCHA.
Reformulating such theory in the Wigner representation of quantum mechanics, we have
obtained a clear interpretation in terms of Feynman diagrams both of the response functions
and of the anharmonic scattering included in the phonon dynamics in the TD-SCHA. Then
we fitted the TD-SCHA linear response scheme in the framework of thermal transport by
defining a TD-SCHA “thermal-potential” from the self-consistent Kubo formula for thermal
conductivity we developed. This procedure allowed us to describe the thermal conductivity
in terms of a current-current response function, as done in Chapter 2. The harmonic limit of
the TD-SCHA thermal conductivity coincides exactly with the result obtained from many-
body perturbation theory. Such consistency supports the validity of our approach to thermal
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transport in TD-SCHA. Computing the static limit of the full anharmonic current-current
correlation function, we realize that the thermal conductivity in TD-SCHA diverges. We have
discussed how this shortcoming follows from an intrinsic limitation of the approximation.
In the TD-SCHA, the dressed-bubble diagrams that renormalize the two-phonon correlation
and provide a finite conductivity are absent.

Nonetheless, our expression of the thermal conductivity within TD-SCHA retains fea-
tures of significant physical insight. Specifically, the presence of a self-consistent heat flux
derived from the approximate Hamiltonian sheds light on the quasiparticles that act as the
primary carriers of heat in a self-consistent framework. Moreover, the exact inversion of
the Liouville operator in TD-SCHA can be understood as a “anharmonic” screening of the
thermal response, analogous to what is observed in other time-dependent self-consistent ap-
proaches like time-dependent density functional theory (TD-DFT)73,74 and time-dependent
Hartree-Fock (TD-HF).76,77 Our findings therefore suggest parallels between lattice thermal
transport and electron transport theory, where self-consistent methods are far more ad-
vanced. By situating the description of thermal conductivity within this broader framework,
advances in lattice thermal transport could emerge by learning from established methods in
electron transport theory.201 Overall, our derivation of thermal conductivity in TD-SCHA
represents one of the few recent efforts12,33, 129, 142, 173 to deepen the theoretical understanding
of thermal transport from first principles.

In Chapter 4, we applied our work on linear response theory within self-consistent frame-
works to establish a variational formulation of the dynamical response function in electronic
systems within generalized TD-DFT with hybrid functionals, TD-HF, and Bethe-Salpeter
equation methods. For systems governed by a generalized Kohn-Sham equation, we intro-
duced three equivalent forms for the electronic dynamical response functions: bare-screen,
screen-screen, and screen-screen*. Although all three are expressed as functionals of the
one-body electronic density matrix, only the screen-screen response is a stationary point,
leading to a quadratic dependence on density matrix errors, unlike the linear dependence
seen in the other two. This variational property of the screen-screen response function,
extending findings by Ref. 70 on nonadiabatic phonons in TD-DFT, is the central result of
the Chapter, generalizing their findings to any response function with nonlocal exchange-
correlation effects. Notably, the screen*-screen formulation is also physically meaningful,
as its imaginary part provides a generalized Fermi Golden Rule. We validated our ap-
proach using a tight-binding model of graphene under the SX approximation for electronic
interactions. Examining the variational property through the convergence trends of optical
conductivity σ(ω) in a self-consistent iterative scheme, we observed that the screen-screen
response exhibits quadratic convergence with respect to density matrix accuracy, in contrast
to the linear convergence of the other formulations. This property also enables more effi-
cient approximate calculations: we developed a fixed-frequency approximation where the
density matrix, determined self-consistently at a reference frequency ω0, is applied to other
frequencies, avoiding repeated self-consistent calculations. The screen-screen approxima-
tion aligns closely with full self-consistent results, uniquely matching the first derivative of
σ(ω) at ω0, consistent with its variational nature. The approximation’s accuracy depends
on the behavior of σ(ω): in flatter regions, it holds over several eV; in more peaked areas,
it’s valid within around 100 meV. Even though implemented on a simple model, our self-
consistent approach and screen-screen approximations are adaptable for more advanced ab
initio applications. A more detailed discussion of the efficiency of a tight-binding model of
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graphene in reproducing ab initio results for spectroscopic properties was reported in our
work uploaded on arxiv as arXiv:2409.17645190 and submitted to Physical Review B, but it
was not presented in this thesis.
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