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Abstract

Multiobjective optimization comes into play in many real world problems, e.g. finance, produc-
tion planning, biology, medical imaging, transportation. Some of these applications require to
include integer variables in the optimization model, in order to give a proper description of the
problem. Thus, multiobjective integer and mixed integer optimization comes into play.
This thesis presents new exact approaches and applications in the field of multiobjective integer
optimization. First of all, we present new theoretical results about the ε-constraint algorithm
for biobjective nonlinear integer programming problems. It can be shown that, when certain
assumptions are satisfied, the algorithm is able to retrieve the complete Pareto frontier.
Then, we leverage this theoretical result for building a biobjective model, used for solving the
industrial problem that we named “Best Allocation of Resource Size”. The problem consists of
determining which set of item sizes or volumes to choose in order to carry out the production
of certain products, likewise having certain sizes or volumes. This is done by analyzing the
trade-off between the number of items chosen and a cost function, consisting of different cost
factors, e.g. purchase cost and stock cost. More specifically, the solutions of the biobjective
integer optimization problem are retrieved by means of the ε-constrained method and examined
under an industrial point of view.
Then, the results concerning the exactness of the ε-constraint method for biobjective problems
are extended to the triobjective case. In particular, an exact method able to retrieve all the
nondominated points of triobjetive integer nonlinear optimization problems is devised. Such
algorithm, named TrIntOpt, is then used to solve linear and nonlinear triobjective problems
in order to determine sustainable and nutritionally adequate diet plans for elementary school
cantines. More specifically, the model determines a five days lunch menu by taking into account
constraints regarding nutritional factors and attractiveness, while minimizing the carbon dioxide,
water and nitrogen footprint.
Finally, we also propose an algorithm for finding an approximation of the nondominated set of
multiobjective mixed-integer convex quadratic optimization problems. The devised branch-and-
bound algorithm, named DEIA-BB, solves dual formulations for computing linear outer approxi-
mations of subproblems at the nodes of the branch-and-bound tree, where the values of certain
integer variables are fixed. The pruning conditions defined and a tailored preprocessing phase
allow the nodes to be quickly enumerated. In addition to the enclosure of the nondominated set,
DEIA-BB also returns a superset of the efficient assignments for the integer variables.



Chapter 1

Introduction

Multi-objective mixed-integer programming (MOMIP) is a crucial area in optimization that ad-
dresses problems involving multiple, often conflicting objectives, while also handling variables
that can be either continuous or discrete/binary. This type of problem formulation is highly
relevant in real-world applications where decision-makers must consider several goals simultane-
ously, such as e.g. cost, quality, and environmental impact, while making choices constrained by
discrete elements, such as the number of items to produce or the on/off status of machines.

In manufacturing industries, logistics, energy, and finance, many decisions involve not just
continuous variables (e.g., flow rates or time) but also binary or integer decisions (e.g., whether
to build a facility or which route to choose). Solving these problems allows organizations to bal-
ance trade-offs among competing objectives, leading to more informed, efficient, and sustainable
decisions. As a result, MOMIP plays an important role in optimizing processes across various
sectors, where decisions must satisfy complex criteria within certain defined constraints.

As we already mentioned, in multiobjective optimization, the aim is to simultaneously opti-
mize two or more objective functions at the same time. These functions are usually conflicting
meaning that it is not possible to find a choice for the decision variables where all the functions
take their optimal values at the same time. On the contrary, if this happen we can say that
the considered problem is not a multiobjective optimization problem. Hence, solving such class
of problems requires finding, rather than a single one, a set of solutions which can in general
be infinite. Each of said solutions represents a trade-off choice between the objective functions.
The choice of values for the variables leading to one of the solutions is called an efficient point
and belongs to the so called decision space. On the other hand, the image of an efficient point
under the objective functions is called nondominated point and belongs to the so called image
(or criterion) space. A nondominated point is such that there exists no other feasible point for
the problem having a better value with respect to one of the objectives without that implying
the degradation of at least another objective. Given the very challenging structure of MOMIPs,
proper approaches for solving this class of problems have been defined.

A special case for MOMIPs is represented by those problems considering only integer vari-
ables. This kind of optimization problems are called multiobjective integer optimization problems
(MOIPs). In MOIPs, both the nondominated and efficient sets are represented by isolated points
in the image space and decision space respectively.
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Section 1.1. Structure of the thesis

1.1 Structure of the thesis

This thesis proposes algorithms for solving multiobjective integer nonlinear optimization prob-
lems and related applications. We also present a method for computing an approximation of the
nondominated set of multiobjective mixed-integer nonlinear optimization problems.

In Section 1.2, we present an overview of the existing literature. In particular, in Section 1.2.1
we review the literature concerning general multiobjective optimization. Then, in Section 1.2.2
we provide an overview of the literature about multiobjective mixed-integer linear problems,
and in the following Section 1.2.3 we go through literature covering multiobjective mixed-integer
nonlinear optimization problems. Finally, in Section 1.2.4 we provide a review on methods for
both linear and nonlinear multiobjective integer optimization problems.

In Chapter 2, we introduce basic concepts and notions for multiobjective optimization prob-
lems. In particular, we present a general formulation of multiobjective mixed-integer and mul-
tiobjective integer optimization problems. Also, we define the optimality notions for this class
of problems, i.e. the definition of (weakly) nondominated points in the image or criterion space
and (weakly) efficient points in the decision space.

Chapter 3 describes how, under specific assumptions, the ε-constraint method can be used
in order to retrieve the complete Pareto front of biobjective integer optimizations problems. It
will be shown that the required assumptions allow the problem to consider nonlinear objectives.
Also, a comparison of the devised method with another suitable algorithm is carried out over
portfolio optimization instances.

In Chapter 4, we present an application taking advantage of what is shown in the previous
chapter. Namely, we formulate a biobjective integer optimization problem for solving the Best
Allocation of Resource Sizes (BARS) problem arising in certain industrial scenarios.

Chapter 5 devises a new algorithm for solving triobjective nonlinear integer optimization
problems. The devised method extends the ideas presented in [29] and in the second chapter of
this thesis. This algorithm, named TrIntOpt, is then employed for designing sustainable diet
plans by taking into account three different environmental impact factors, namely water, nitrogen
and carbon dioxide footprints.

In Chapter 6, we describe a new algorithm for finding an approximation of the nondominated
set of multiobjecive mixed-integer optimization problems with strongly convex functions and lin-
ear constraints. The branch-and-bound method is proven to require a finite number of iterations
in order to retrieve not only an enclosure of the nondominated set, but also a superset of the
efficient integer assignments of the problem. In the special case where the problem only has
integer variables, the algorithm is able to retrieve all the efficient and nondominated solutions.

Chapter 7, finally, collects the conclusions about this thesis and describes some possible future
developments for the presented work.

1.2 Literature review

In this section we provide a review of the existing literature about multiobjetive mixed-integer
and integer optimization problems. In particular, we report contributions about multiobjec-
tive problems, then we review the main results about multiobjecive mixed-integer (linear and
nonlinear) problems and multiobjective purely integer (linear and nonlinear) problems.

1.2.1 Multiobjective optimization

Multiobjective optimization is employed to deal with several real world problems such as drug
design, flight scheduling, design of water networks, finance [66, 85, 80, 84]. This wide scope

6



Chapter 1. Introduction

of application clearly shows its scientific relevance. The objective functions in multiobjective
optimization problems are usually conflicting, meaning that no objective can be improved without
that implying the deterioration of at least another objective. Therefore, new optimality notions
must be defined: a solution in the decision space, namely the space of the decision variables, is
called an efficient point while its corresponding image from the criterion space (or image space
equivalently), namely the images of points in the decision space under the objective functions, is
called nondominated point. Every such point represents a trade-off solution among the objectives
(criterions equivalently). This concepts will be formally introduced in Chapter 2. Given that,
the solution of a multiobjective optimization problem (MOP) is a set of points which can in
general be infinite. For a wide and comprehensive introduction on multiobjective optimization
we refer to [36].

Since finding an infinite or very high number of points from the solution set of a MOP is
not always doable in practice, obtaining an approximation of such set becomes more appealing.
However, there are cases for which retrieving an exact description of such set is viable as for the
case of problems having linear objective functions and constraints. Indeed, the structure of the
nondominated set of a multiobjective linear optimization problem (MOLP) gives the opportunity
to efficiently obtain an exact parametric description of the solution set. In 1973 Evans and Steuer
[46] proposed a revised version of the simplex algorithm, able to compute the efficient extreme
points of a MOLP by employing a necessary and sufficient condition for a point in the decision
space to be efficient. In 1991 Armand and Malivert [3] published a paper which also concerns a
simplex based algorithm for MOLPs able to retrieve the set of efficient points. By the way, such
algorithm is not able to compute the efficient faces of the problem’s polyhedron as efficiently as
done by the method proposed by Sayin in 1995 [73]. In this work, the author devised an algorithm
able to avoid the enumeration of all the efficient extreme points by directly locating the efficient
faces instead. More recently, in 2017, Rudloff and coauthors [70] proposed an improved version of
the algorithm proposed by Armand and Malivert, aiming at finding only those efficient extreme
points involved in the definition of efficient faces. We refer to [61] for an in depth introduction
on the topic of multiobjective linear optimization.

When the objective functions or the constraints of a MOP are nonlinear, due to the many
possible hurdles arising in this setting, as already said an adequately precise approximation of
the nondominated set becomes the goal. A wide review on the topic of approximation methods
for MOPs is given in [71] and a more recent one in [39] with the latter also covering mixed-integer
MOPs. One way of obtaining an approximation of the set of solutions of a MOP is computing
a subset of the nondominated set. This can be done by using a scalarization method. In this
case, parameter-depending single-objective problems are built starting from the original MOP.
Varying the parameters results in the retrieval of different nondominated or efficient points of the
original problem. We can cite [37, 55, 18] among the works presenting approximating algorithms
based on scalarization methods. For some of this algorithms, it can be proved that for any
efficient point of the MOP there exists a choice of the parameters for building a scalarized single-
objective problem having that efficient point as optimal solution. Another class of methods for
MOPs is evolutionary algorithms. The stochastic nature of this methods usually implies that
no guarantees on the quality of the obtained approximation can be given. We refer to [86] for a
survey on the topic.

1.2.2 Multiobjective mixed-integer linear optimization

Adding integer variables to a MOP makes the task of finding efficient or nondominated points
harder. MOPs including integer variables are called Multiobjective Mixed-Integer Optimization
problems (MOMIP). Solving MOMIPs require finding integer value assignments for the integer
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Section 1.2. Literature review

variables leading to efficient solutions of the problem including also continuous variables. When
MOMIPs have linear objective functions and constraints, we are in the setting of Multiobjective
Mixed-Integer Linear Optimization Problems (MOMILP). The nondominated set of such prob-
lems, just like linear MOPs, has a particular structure which makes computing the exact set
of solutions viable. MOMIPs are the first class of multiobjective mixed-integer problems that
has been studied. The first work on this topic was proposed by Mavrotas and Diakoulaki in
1998 [64] and then enhanced in 2005 by the same authors [65]. The papers show an algorithm
for solving binary MOMILPs following a branch-and-bound procedure. Also Belotti et al. [5]
proposed an algorithm employing the branch-and-bound paradigm. The developed method is
specifically tailored for biobjective mixed-integer linear optimization problems (BOMILP). The
nondominated set of BOMILPs is made of isolated points and line segments. The algorithm
makes use of the parametric simplex method and a fathoming rule able to eliminate the nodes
of the branching tree guaranteed not to contain nondominated points. It initializes a set of
feasible points which is iteratively updated, i.e. dominated points are removed and new points
are added to the set, making it evolve toward the nondominated set of the problem and hence
detecting all of it. However, branch-and-bound is not the only applicable approach for BOILPs.
Indeed, Soylu and Yıldız [77] developed an image space algorithm for BOILPs making use of
the so called Tabu constraints, employed for excluding already explored regions of the decision
space. The devised method is able to find, at each iteration, a new nondominated line segment
or isolated point forming the nondominated set. Then, it terminates when no new nondominated
point or line segments are found, returning the complete nondominated set of the BOMILP. For
a comprehensive review on the topic of MOLMIPs see [52, Section 4].

1.2.3 Multiobjective mixed-integer nonlinear optimization

Focus on multiobjective mixed-integer nonlinear optimization problems (MOMINLP) only began
in the last decade. In 2021, Burachik et al. [17] extend one of the algorithms presented in [18] by
the same authors. Said algorithm is based on scalarization, as well as the one devised by Ceyhan
and coauthors [22] and the one from Doğan and coauthors [34]. For all the mentioned approaches,
though, the single-objective problems obtained by scalarization are still mixed-integer nonlinear
problems. Hence, the applicability of these algorithms rely on the availability of solvers for such
problems. We refer to [4] for an extensive survey on approaches for solving single-objective
mixed integer nonlinear optimization problems. The methods for solving MOMINLPs we have
mentioned so far do not leverage the mixed-integer nature of such problems. On the other hand,
the work from De Santis et al. presented in [28], which is a branch-and-bound based method for
solving convex MOMINLPs, takes into account the integer variables for building a branching tree.
Furthermore, the proposed method is able to detect both the efficient and the nondominated set
of the problem up to a prescribed precision. The authors underline that the devised algorithm is
the first non-scalarization-based deterministic algorithm for convex MOMINLPs and so it opened
a new research direction in this field. By the way, this approach also employs scalarization for
computing linear outer approximations by solving single-objective nonlinear convex problems.
Cabrera-Guerrero et al. [19] proposed an algorithm for biobjective mixed-integer nonlinear con-
vex problems, motivated by an application in the medical field. The method assumes that a set of
feasible assignments for the integer variables is available and exploits it to apply a decomposition
strategy where sub-problems taking into account said assignments are created. As the authors
state, the performance of the algorithm decreases as the set of feasible assignments increases. The
knowledge about the specific medical application studied in the paper helps excluding integer as-
signment values that are unlikely to lead to optimal solutions. In the end, the devised algorithm
returns a subset of the nondominated set. In 2022, Diessel [33] also proposed an algorithm for
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Chapter 1. Introduction

MOMINLPs with affine linear objective functions and convex constraints. The aim is to devise
a method able to obtain an approximation of the nondominated set having a certain quality.
This is done by computing an inner approximation of the nondominated set. Eichfelder et al.
[41] propose the first solver for multiobjective mixed-integer nonconvex optimization problems
with performance guarantee. It is based on a branch-and-bound procedure which is made more
efficient by introducing two different types of cuts in the image space. Also, it makes use of
polyhedral lower bound sets computed by means of continuous convex relaxations at each node
of the branching tree. The method terminates by delivering an enclosure of the nondominated
set. The definition of enclosure is given in Chapter 6 of this thesis. In [45] Eichfelder and
Warnow devise a decomposition method for multiobjective mixed-integer convex optimization
problems (MOMICP) named HyPaD. In particular, it decomposes the MOMICP into several
multi-objective continuous convex problems, referred as patches, obtained by fixing the integer
variables to certain values. It entirely works in the image space and thus it is able to handle
problems with a high number of variables namely a decision space having an high dimension. In
the proposed method, coverages of such patches are computed and improved. The algorithm is
able to deliver a box enclosure of the nondominated set having a prescribed quality and within
a finite number of iterations. In [45], the last two mentioned approaches are compared to each
other, along with the algorithm from [28]. The results showed that HyPaD is the fastest among
the three approaches on the considered test instances.

1.2.4 Multiobjective integer optimization

When all the variables from a multiobjective optimization problem are constrained to assume in-
teger values, we call the problem a multiobjective integer optimization problem (MOIP). Among
the many possible approaches for solving this class of problems we can find the ε-constraint
method. It was first introduced by Haimes et al. [51] within a work about system optimization
and identification. The method consists in finding weakly efficient and corresponding weakly
nondominated solutions of the multiobjective problem by solving a single-objective problem de-
rived from the original one. In particular, in the biobjective case one will solve a problem having
one of the two criteria as objective function and where the remaining one will be used to build a
constraint. Such constraint will require the chosen criterion to be less than or equal to a certain
value which is typically denoted as ε. This can also be applied to problems with a generic number
of criteria and so all the objective functions from the original problem but one need to be moved
to the constraints. In 2014, Kirlik and Sayin [56] proposed a method, based on the ε-constraint,
able to detect all the nondominated points of MOIPs with an arbitrary number of criteria. The
devised algorithm employs a two-stage strategy for solving single-objective problems derived from
the MOIP, in order to avoid the detection of weakly nondominated points. Furthermore, a par-
titioning mechanism is employed for searching the (p− 1) dimensional boxes in the image space,
where p denotes the number of objectives, built by means of the ε-constraints. The numerical
results show that the algorithm is rather efficient compared to the ones proposed up to then. In
2020, De Santis et al. [32] proposed an algorithm for biobjective integer optimization problems
(BOIP) making use of both a special weighted sum scalarization and constraints on one of the
two objective functions, in a ε-constraint manner. The authors prove that the method is able
to detect the whole Pareto frontier, namely the nondominated set of a biobjective optimization
problem, by solving a number of single-objective integer programs equal to the number of points
in the front plus two. The method is also applicable to BOIPs with nonlinear objective functions,
as long as there exists an oracle for solving the single-objective integer problems built and as
long as there exists a lower bound for the distance of points in the image space. In Chapter 3
we use the notions introduced in [32] to obtain correctness results for the ε-constrained method.
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Section 1.2. Literature review

Furthermore, the performance of the algorithm from De Santis and coauthors and the ε-epsilon
constraint are compared.

Another common approach for retrieving all the nondominated solutions of MOIPs is decompos-
ing the image space in order to obtain regions of interest where to look for new nondominated
points. Boland, Charkhgard and Savelsbergh proposed different methods for solving MOIPs em-
ploying this technique. In particular, an algorithm named “the L-Shape Method” [9] is proposed
for solving triobjective integer optimization problems (TOIP). The method uses rectangles and
L-shaped regions in the projected image space, i.e. the image space taking into account two
of the three objective functions, for finding nondominated points. The authors are also able to
provide lower and upper bounds for the number of single-objective integer problems to be solved.
More details about the algorithm will be given in Chapter 5. Another method for solving MOIPs
is presented by the same group of authors in [10]. The so called “Quadrant Shrinking Method”
is also tailored for TOIPs and works in the projected bi-dimensional image space, as the L-Shape
Method does. The algorithm uses a two-stage scalarization in order to detect new nondominated
points and avoiding detecting weakly nondominated ones. In addition, it explores quadrants in
the projected image space defined by proper upper bounds in the projected image space. Also
for this algorithm, the authors are able to bound the number of single-objective integer problems
to be solved in order to find the complete set of nondominated points, that is 3|YN | + 1 where
YN denotes the nondominated set. Both [9] and [10] are designed for linear TOIPs. Klamroth et
al. propose in [57] a way of characterizing the search region in multiobjective problems, namely
the region of the image space that could still include not-yet-found nondominated points. This
idea is employed in [79], where an efficient algorithm for solving MOIPs is devised. The proposed
method considers both full-dimensional and projected search zones in the image space. Also,
it is able to always start from a feasible solution when performing the exploration of a search
zone, speeding up the computation. The aim of the authors is to reduce as much as possible the
number and the complexity of the subproblems that are iteratively solved in order to explore
the search regions and find nondominated points of the MOIP. This is done by keeping an exact
characterization of the search region throughout the algorithm and by implementing strategies
to prove the emptiness of some search zones without the need of solving an integer problem. The
performances of the algorithm are compared to the approach from [56] and from [11] showing that
the devised method is the most efficient among the three. The method proposed by Tamby and
Vanderpooten does not require the MOIP to have linear objective functions. In 2024, Dächert
and coauthors [26] devise a versatile algorithm for linear MOIPs, employing the ideas from [57]
for characterizing the search region, along with efficient update procedures for the search region
itself. Also, an upper bound for the number of iterations needed by the proposed method to
retrieve the complete set of solutions is given. The proposed algorithm is considered versatile
due to its compatibility with different types of scalarization methods. By the way, the authors
focus on ε-constraint scalarization method, as it allows to reduce the number of search regions to
be explored. The algorithm is implement in C++ programming language and compared to other
methods chosen as representatives of different possible approaches for solving MOIPs and which
are implemented in the same programming language, allowing for a fair comparison. Numerical
results shows that the devised method is the fastest among the compared ones. We refer to
[52, Section 3] for an in-depth review on algorithms for finding the complete set of solutions of
multiobjective integer linear optimization problems.
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Chapter 2

Basic definitions for
multiobjective integer
optimization problems

In this chapter we define the optimization problems this thesis focuses on. Specifically, in Section
2.1, we describe both the multiobjective mixed-integer optimization problem (MOMIP) and the
multiobjective integer optimization problem (MOIP). Then, in Section 2.2, we present the key
optimality concepts relevant to multiobjective optimization, which will serve as foundational
references throughout the remainder of this thesis.

2.1 Multiobjective mixed integer and integer problems

A MOMIP is defined as

min (f1(x), . . . , fm(x))T

s.t. x ∈ X ⊆ Zk × Rn−k,
(MOMIP)

with k ≤ n, where fi : Rn → R for i = 1, . . . ,m are continuous functions and X ⊆ Zk ×Rn−k

denotes the feasible set of the problem. We refer to X as decision space or preimage space and
to f(X ) := Y ⊆ Rm as image space or criterion space. In Chapter 6 we propose an algorithm for
solving problem (MOMIP) under the assumption that all the objective functions to be strongly
convex quadratic functions. Furthermore, we will take into account a feasible set defined by
means of linear inequalities, namely X = {x ∈ Zk × Rn−k : Ax ≤ b}.

In case k = n, namely all the decision variables are constrained to take integer values, we
are in the context of multiobjective integer programming. We can define a MOIP as follows:

min (f1(x), . . . , fm(x))T

s.t. x ∈ X ∩ Zn,
(MOIP)

where X ⊆ Rn, fi : Rn → R for i = 1, . . . ,m are continuous functions and X ∩ Zn denotes the
feasible set. For (MOIP) also, we refer to X ∩ Zn as decision space or preimage space and to
f(X ∩ Zn) := Y as image space or criterion space.
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Section 2.2. Optimality notions

2.2 Optimality notions for multiobjective problems

A multiobjective optimization problem usually considers conflicting objective functions, meaning
that there exists no feasible point minimizing all the objectives at the same time. This leads to
the fact that there is no such thing as a unique optimal vector of values f∗ = (f∗

1 , . . . , f
∗
m) for

the problem. Hence, the solution of a multiobjective optimization problem is a set of points. We
now give the definitions of efficient point and nondominated point along with the ones of weakly
efficient point and weakly nondominated point. Since these notions are not strictly related to a
specific class of multiobjective optimization problems, e.g. MOMIPs or MOIPs, we will consider
the following generic multiobjective optimization problem (MOP) as a reference:

min (f1(x), . . . , fm(x))T

s.t. x ∈ X ⊆ Rn.
(MOP)

Definition 2.2.1. Let x̄ ∈ X be a feasible point of (MOP). We call x̄ an efficient point for
(MOP) if there exists no x ∈ X such that fi(x) ≤ fi(x̄) for i = 1, . . . ,m, with f(x̄) ̸= f(x). We
call the image of an efficient point f(x̄) ∈ Y a nondominated point for (MOP).

Definition 2.2.2. Let x̄ ∈ X be a feasible point of (MOP). We call x̄ a weakly efficient point
for (MOP) if there exists no x ∈ X such that fi(x) < fi(x̄) for i = 1, . . . ,m. We call the image
of a weakly efficient point f(x̄) ∈ Y a weakly nondominated point for (MOP).

We refer to the set of efficient points and weakly efficient points as E ⊆ Rn and Ew ⊆
Rn respectively. We call them efficient set and weakly efficient set. We refer to the set of
nondominated points and weakly nondominated points as YN ⊆ Rm and YwN ⊆ Rm respectively.
We now define the notion of dominance among points in the image space of (MOP).

Definition 2.2.3. Let y1, y2 ∈ Y. We say that y1 dominates y2 if y1i < y2i for i = 1, . . . ,m.

Definition 2.2.4. Let y1, y2 ∈ Y. We say that y1 weakly dominates y2 if y1i ≤ y2i for i =
1, . . . ,m, with y1 ̸= y2.

We also introduce the definitions of ε-efficient point and ε-nondominated point since it will
be recalled in Chapter 6.

Definition 2.2.5. Let x̄ ∈ X be a feasible point of (MOP) and let ε > 0. We call x̄ an ε-efficient
point for (MOP) if there exists no x ∈ X such that fi(x) ≤ f(x̄) − εe for i = 1, . . . ,m, with
f(x) ̸= f(x̄)− εe. We call the image of an ε-efficient point f(x̄) ∈ Y an ε-nondominated point.

We refer to the set of ε-efficient points as Eε ⊆ Rn and we call it ε-efficient set. We refer
to the set of ε-nondominated points as YεN ⊆ Rm. Furthermore, we introduce the definition of
stable set.

Definition 2.2.6. N ⊆ Rm is a stable set if there exists no couple of points y1, y2 ∈ N such
that y1 = y2 or y1 dominates y2.

Figures 2.1 and 2.2 help visualizing the definitions given in this chapter. Figure 2.1 depicts
the image set of a (MOMIP). The image space is the union of the four outlined sets. The
nondominated set of this problem is represented by the red lines shown in the figure. Also, we
can see a feasible point y ∈ f(X ) being dominated by a point ȳ ∈ YN . Figure 2.2 depicts the
image set of a (MOIP). The image set is represented by isolated points. The nondominated set
YN is made of the points highlighted in red. The feasible point y ∈ f(X ∩ Zn) is dominated by
the point ȳ ∈ YN .
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f1

f2

ȳ

y

f(X )

Figure 2.1: Example of the nondominated set of a (MOMIP) with m = 2 objective functions.

f1

f2

ȳ

y

f(X ∩ Zn)

Figure 2.2: Example of the nondominated set of a (MOIP) with m = 2 objective functions.
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Chapter 3

Exactness of the ε-constraint
method for biobjectve nonlinear
integer programming ∗

In this chapter, we focus on biobjective nonlinear integer programming problems of the following
form

min (f1(x), f2(x))
T

s.t. x ∈ X ∩ Zn,
(BOIP)

where X ⊆ Rn and f1, f2 : Rn → R are continuous functions. We aim to solve (BOIP) exactly
in the sense that we aim to detect its complete set of non-dominated points, denoted as YN .
More specifically, we will extend the ideas developed in [32] to define an exact criterion space
algorithm based on the ε-constraint scalarization technique. The ε-constraint method produces
single-objective subproblems adding further constraints to the original feasible set. Namely,
given (BOIP), the ε-constraint method minimizes single-objective optimization problems of the
following form:

min f2(x)
s.t. f1(x) ≤ ε

x ∈ X ∩ Zn.
(Pε)

The parameter ε varies between min{f1(x) | x ∈ X ∩Zn} and f1(x̂)− δ with x̂ ∈ argmin{f2(x) |
x ∈ X ∩Zn}. Thereby, δ is a positive step size which influences the decrease of the upper bounds
ε. As it will be clarified in the next section, the role of the step size δ is crucial to detect the
complete non-dominated set of a (BOIP). The role of f1 and f2 in the definition of Problem
(Pε) can be interchanged. We refer to [23, 38, 59] for some examples on contributions on the
ε-constraint method.

This chapter is organized as follows. In Subsection 3.1, we recall the γ-positivity assumption
introduced in [32] and we establish our main result. Under specific assumptions, we prove that
the ε-constraint method is able to detect the complete Pareto front of a (BOIP) after having
addressed a finite number of single-objective problems. In section 3.2, we report our numerical
experience. We compare the performance of FPA∗ [32], which is an improved version of FPA,
with the ε-constraint method devised on portfolio optimization problems.

∗The content of this chapter is part of the paper [30].
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Chapter 3. Exactness of the ε-constraint method for BONLIP

3.1 The γ-positivity assumption and the exactness of the
ε-constraint method

The scheme of the ε-constraint method applied to (BOIP) is reported in Algorithm 1. As already
mentioned, at every iteration k of the algorithm, the following single-objective integer subproblem
needs to be addressed

min f2(x)
s.t. f1(x) ≤ εk

x ∈ X ∩ Zn,
(Pk

ε)

with εk ∈ R properly set. Recall that by [36, Proposition 4.3] any optimal solution of (Pk
ε) is

a weakly efficient solution of (BOIP). Moreover, by [36, Theorem 4.5], for any efficient point
x∗ of (BOIP) there exists an upper bound εk ∈ R such that x∗ is an optimal solution of (Pk

ε).
However, we cannot solve (Pk

ε) for an infinite number of upper bounds εk. Thus, the question is
whether and how we can find a finite number of upper bounds for which we have to solve (Pk

ε)
such that we can still find all non-dominated points of (BOIP). In the following we discuss
assumptions and an algorithm which guarantees such a finiteness result.

As a first assumption, we ask for the availability of a solver for (Pk
ε).

Assumption 3.1.1. There exists an oracle that either returns an optimal solution of (Pk
ε) or

certifies its infeasibility for any choice of εk ∈ R.

Note that there exists a number of solvers able to deal with single-objective nonlinear integer
programming problems such as, e.g., BARON [72] or SCIP [49], so that Assumption 3.1.1 holds
for many classes of (BOIP). In our computational experience, we will consider BOIPs having
quadratic objective functions and a polyhedral set X and we will use GUROBI [50] as a solver.

Algorithm 1 Scheme of the ε-constraint method.

Input: (BOIP), δ > 0, k = 1;
Output: the Pareto front YN of (BOIP);

1: Compute x∗ ∈ argminx∈X∩Zn f1(x)
2: Compute x̂ ∈ argminx∈X∩Zn f2(x)
3: Set M = {f(x̂)}
4: Set ε1 = f1(x̂)− δ
5: while εk ≥ f1(x

∗) do
6: Compute xk ∈ argminx∈Xk∩Zn f2(x), with X k = X ∩ {x ∈ Rn : f1(x) ≤ εk}
7: Set M = {f(xk)} ∪M
8: Set εk+1 = f1(x

k)− δ
9: Set k = k + 1

10: end while
11: Apply a filtering procedure to M to obtain YN

12: Return YN

In the definition of FPA (and FPA∗) in [32] some basic assumptions on Problem (BOIP) had
to be made. Here we make the same assumptions, reported in the following.

Assumption 3.1.2 (Existence of the ideal point). We assume that the ideal objective values
f id
i := minX∩Zn fi(x), i = 1, 2, and thus the ideal point f id := (f id

1 , f id
2 ) ∈ R2, exists.

The crucial assumption that we make in order to prove the exactness of the ε-constraint
method is the so called positive gap value assumption. We need to assume that a positive
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Section 3.1. The γ-positivity assumption

value exists that underestimates the distance between the image of two integer feasible points of
(BOIP), componentwise.

Definition 3.1.3 (Positive γ-function). Let γ > 0. A function g : X → R is a positive γ-function
over X ∩ Zn if it holds |g(x)− g(z)| ≥ γ for all x, z ∈ X ∩ Zn with g(x) ̸= g(z).

Assumption 3.1.4. The functions fi : Rn → R, i = 1, 2 in Problem (BOIP) are positive
γ-functions as in Definition 3.1.3 for some γ > 0.

Assumptions 3.1.2 and 3.1.4 imply that the non-dominated set YN of (BOIP) is finite (see
Proposition 2.7 in [32]). Thus, we know that there exists a finite number of upper bounds εk for
which we have to solve (Pk

ε) to find the complete Pareto front. The question is how to find this
parameter set, and Algorithm 1 proposes an answer for that. Note that there exist a number of
classes of functions that easily satisfies Assumption 3.1.1 and Assumption 3.1.4, such as linear
or quadratic functions defined over Qn, or polynomials with rational coefficients over Zn as long
as they have no roots in Zn. Table 1, in Section 4.3 in [32], shows some classes of functions for
which Assumption 3.1.4 holds and reports how to compute γ. The following example shows a
case where only Assumption 3.1.2 holds, while Assumption 3.1.4 does not.

Example 3.1.5. Let X ∩ Z = {x ∈ Z | x ≥ 0}, f1(x) = arctan(x) and f2(x) = (x − 1)2. We
have that f id = (0, 0), so that Assumption 3.1.2 is verified. However, it is not possible to find
γ > 0, γ ∈ R such that | arctan(x)−arctan(y)| ≥ γ for all x, y ∈ X∩Z with arctan(x) ̸= arctan(y).
Therefore, Assumption 3.1.4 does not hold.

We further want to underline that it is common to assume X to be bounded so that X ∩ Zn

and f(X ∩ Zn) are finite sets. In this case, Assumption 3.1.4 trivially holds.

Remark 3.1.6. In the context of the ε-constrained method, Assumption 3.1.4 can be relaxed,
requiring that only the function that is moved to the constraints (that is f1 in (Pk

ε)) is a positive
γ-function. Indeed, in all the proofs presented here, we need the positive γ-function property
only for f1. Moreover, since there are no two different non-dominated points with the same first
component, the proof in [32, Proposition 2.7] can be adapted to show that the non-dominated set
YN of (BOIP) is still finite.

Let Assumption 3.1.4 hold for f1 and f2 with γ > 0. Let δ > 0 be the input parameter for
Algorithm 1. Two different scenarios occur:

• δ > γ: in this case the ε-constraint method could miss some points of the Pareto front YN ,
since the step size δ may be wider than the minimum distance between two non-dominated
points;

• δ ≤ γ: the ε-constraint algorithm is able to detect the complete Pareto front YN , as shown
in the following.

As already mentioned, according to [36, Proposition 4.3], any optimal solution of (Pk
ε) is a

weakly efficient solution of (BOIP). For ε0 := f1(x̂) the point x̂ is an optimal solution of (P0
ε)

by construction and thus weakly efficient. Note that we cannot prove that a solution of (Pk
ε)

is efficient, since a point x̃ ∈ X k ∩ Zn may exist such that f1(x̃) < f1(x
k) and f2(x̃) = f2(x

k).
Hence, before the filtering step, the set

M = {f(xk−1), f(xk−2), . . . , f(x1), f(x̂)}

from Algorithm 1 may contain points which are just weakly non-dominated without being non-
dominated. We will show in the next lemmata that it holds YN ⊆ M. The filtering step
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Chapter 3. Exactness of the ε-constraint method for BONLIP

excludes those points z ∈ R2 from M for which there exists some y ∈ M with yi ≤ zi, i = 1, 2
and y ̸= z. Such a filtering procedure is cheap thanks to the fact that the points are already
sorted w.r.t. increasing first component and all points in M are already weakly non-dominated.
In practice, we scroll the list M and, in case the distance with respect to the first component of
two subsequent points is less than or equal to 10−5, we remove the first point. For finite sets the
domination holds, i.e., f(X ∩ Zn) ⊆ YN +R2

+. Hence, we can use the same argumentation as in
[32, Proposition 2.7] and get that for any weakly non-dominated point z in M which is not also
non-dominated, a point y ∈ YN ⊆ M exists with y ≤ z, y ̸= z. Thus, any point z ∈ M with
z ̸∈ YN is in fact filtered out. It remains to show that YN ⊆ M.

First, we prove that the ε-constraint method can find, at every iteration, a not-yet detected
weakly efficient solution of (BOIP). We also show that no non-dominated point is missed in-
between, where in-between refers to the sorting w.r.t. the first component, i.e. f1(x

k−1), f1(x
k−2),

. . . , f1(x
1), f1(x̂). For the following, recall that x0 := x̂ is weakly efficient and is the point

detected at ’iteration’ k = 0 to ε0 := f1(x̂).

Lemma 3.1.7. Let Assumption 3.1.4 hold with γ > 0. Assume that δ ≤ γ in Algorithm 1, k ≥ 1,
and that the point xk−1 is the point detected at iteration k−1. Then, at step k, Algorithm 1 finds
a weakly non-dominated point f(xk) and no non-dominated point y with y ̸= f(xk), y ̸= f(xk−1)
and with f1(x

k) ≤ y1 ≤ f1(x
k−1) exists.

Proof. Let xk ∈ argminx∈Xk∩Zn f2(x) where X k = X ∩ {x ∈ Rn : f1(x) ≤ εk} and with εk =
f1(x

k−1)− δ. By [36, Proposition 4.3] the point xk is, as well as xk−1, a weakly efficient solution
of (BOIP). Assume that there exists an efficient point x̃ ∈ X ∩ Zn with f1(x

k) ≤ f1(x̃) ≤
f1(x

k−1). By Assumption 3.1.4 we have either f1(x̃) = f1(x
k−1) or f1(x̃) ≤ f1(x

k−1)− γ.
First, let f1(x̃) = f1(x

k−1). As xk−1 was obtained by solving (Pk−1
ε ) and as x̃ is feasible for

this problem we have f2(x̃) ≥ f2(x
k−1). As x̃ is efficient we derive f(x̃) = f(xk−1). Second, let

f1(x̃) ≤ f1(x
k−1)− γ. As −γ ≤ −δ it follows f1(x̃) ≤ f1(x

k−1)− δ. Then x̃ is feasible for (Pk
ε)

and as a consequence f2(x
k) ≤ f2(x̃). As x̃ is efficient and we have assumed that f1(x

k) ≤ f1(x̃)
we derive f(xk) = f(x̃).

As a consequence of Lemma 3.1.7, we have that y ∈ M for any non-dominated point y ∈ YN

with y1 ∈ [f1(x
k−1), f1(x̂)]. By the definition of x̂ there is no y ∈ YN with y1 > f1(x̂). Next

we show that we miss no non-dominated point y with y1 < f1(x
k−1) by stopping the while loop

based on εk = f1(x
k−1)− δ < f1(x

∗), or in case we do not start the while loop at all, based on
ε1 = f1(x̂)− δ < f1(x

∗).

Lemma 3.1.8. Let Assumption 3.1.4 hold with γ > 0. Assume that δ ≤ γ in Algorithm 1 and
that the algorithm stopped at some iteration k. Then, there is no non-dominated point y with
y1 < f1(x

k−1) in case k ≥ 2, and with y1 < f1(x̂) in case k = 1.

Proof. First, we consider the case k ≥ 2. Then the algorithm stopped due to εk = f1(x
k−1)−δ <

f1(x
∗). Assume y is a non-dominated point with y1 < f1(x

k−1). By Assumption 3.1.4 we have
y1 ≤ f1(x

k−1)−γ and hence y1 ≤ f1(x
k−1)−δ < f1(x

∗) which is a contradiction to the definition
of x∗. Next, let k = 1, i.e., the while loop did not start at all due to ε1 = f1(x̂) − δ < f1(x

∗).
Assume y is a non-dominated point with y1 < f1(x̂). Then we obtain with Assumption 3.1.4, as
before, that y1 ≤ f1(x̂)− γ ≤ f1(x̂)− δ < f1(x

∗), which is again a contradiction to the definition
of x∗.

By Lemma 3.1.7 and Lemma 3.1.8 we have YN ⊆ M. However, there may exist weakly
non-dominated points that cannot be found by our algorithm, as the following example shows:
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Section 3.1. The γ-positivity assumption

Example 3.1.9. Let X ∩ Z = {1, 2, 3, 4}, f1(x) = 5− x and f2(x) = 1 for all x ∈ X ∩ Z. Thus
we have γ = 1. All feasible points x are weakly efficient, but only x = 4 is efficient. We apply
Algorithm 1 with δ = 0.5 ≤ γ. Let x∗ = 4, x̂ = 1 and thus ε0 = f1(x̂) = 4. For ε1 = 3.5 we
may compute x1 = 4 and the algorithm would stop without finding the remaining weakly efficient
solutions.

On the other hand, it may happen that the ε-constraint method needs to compute all weakly
non-dominated points before detecting the complete Pareto front.

Example 3.1.10. Let X = {x ∈ R2 | 100x2 ≥ −x1 + 100, 0 ≤ x1 ≤ 100, 0 ≤ x2 ≤ 1} and
let f1(x) = x1 and f2(x) = x2. Note that YN = {(0, 1)T , (100, 0)T }. After having detected the
non-dominated point (100, 0)T , the ε-constraint method may need to address 100 more single-
objective integer linear programming problems. Indeed, it may find the 99 weakly non-dominated
points (y1, 1)

T with y1 = 99, 98, 97, . . . , 2, 1 before detecting (0, 1)T and with this additional point
the complete Pareto front.

It is important to note that the choice of δ has no impact on the number of iterations needed
by the algorithm to stop. This means that using δ1 ≤ γ or δ2 ≤ γ with 0 < δ1 < δ2 ≤ γ leads to
the same result. So there is no need to find the largest possible value for γ but any γ for which
Assumption 3.1.4 is satisfied will be enough. It is just important that δ is not chosen larger than
any possible γ.

Lemma 3.1.11. Let Assumption 3.1.4 hold with γ > 0. Assume that 0 < δ1 < δ2 ≤ γ and that
the point xk−1 is the point obtained by solving (Pk−1

ε ). Then a point x̄ is an optimal solution of
(Pk

ε) with εk = f1(x
k−1)−δ1 if and only if x̄ is an optimal solution of (Pk

ε) with εk = f1(x
k−1)−δ2.

Moreover, for any optimal solution x̄ of (Pk
ε) with εk = f1(x

k−1)− δ for some δ ∈ (0, γ] it holds
f1(x̄) ≤ f1(x

k−1)− γ.

Proof. First, let x̄ be an optimal solution of (Pk
ε) with εk = f1(x

k−1)− δ2. Then x̄ is feasible for
the problem with εk = f1(x

k−1)−δ1. Assume x̄ is not optimal for that problem. Then there exists
x′ feasible for the problem with εk = f1(x

k−1)−δ1 with f2(x
′) < f2(x̄). As f1(x

′) ≤ f1(x
k−1)−δ1

we have f1(x
′) < f1(x

k−1) and we get by Assumption 3.1.4 f1(x
′) ≤ f1(x

k−1) − γ. Thus
f1(x

′) ≤ f1(x
k−1)− δ2 and x′ is feasible for (Pk

ε) with εk = f1(x
k−1)− δ2 . Thus f2(x

′) ≥ f2(x̄)
which is a contradiction.

Next, let x̄ be an optimal solution of (Pk
ε) with εk = f1(x

k−1)−δ1. Thus f1(x̄) < f1(x
k−1) and

we get by Assumption 3.1.4 f1(x̄) ≤ f1(x
k−1)− γ. Thus f1(x̄) ≤ f1(x

k−1)− δ2 and x̄ is feasible
for (Pk

ε) with εk = f1(x
k−1)− δ2 . As the feasible set for (Pk

ε) for δ2 is a subset of the feasible set
for δ1, we obtain that x̄ is also optimal for the problem with δ2. This also shows that any optimal
solution x̄ of (Pk

ε) with εk = f1(x
k−1)− δ and δ ∈ (0, γ] satisfies f1(x̄) ≤ f1(x

k−1)− γ.

Based on the previous lemmata we are able to prove the following result.

Theorem 3.1.12. Let Assumptions 3.1.1, 3.1.2 and 3.1.4 hold. Let δ ≤ γ. Algorithm 1 finds the
complete Pareto front YN of (BOIP) after having addressed a finite number of single-objective
integer programs.

Proof. By Lemma 3.1.7 and Lemma 3.1.8 we have YN ⊆ M and after the filtering step, as
discussed above, we obtain exactly the set YN . Thanks to Assumption 3.1.4 we have that
the while loop will take at most m′ =

⌊
(f1(x̂)− f1(x

∗)) /δ
⌋
iterations. Based on Lemma

3.1.11 it makes no difference within the while loop how δ ∈ (0, γ] is chosen and thus the upper
bound ism =

⌊
(f1(x̂)− f1(x

∗)) /γ
⌋
iterations. Then, considering the two single-objective integer

programs tackled at the beginning of Algorithm 1 for the computation of x∗ and x̂, the total
number of single objective integer programs addressed by Algorithm 1 is m+ 2.
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Chapter 3. Exactness of the ε-constraint method for BONLIP

Note that the generated set M contains weakly non-dominated points only and in each step of
the while loop in Algorithm 1 a not-yet detected weakly non-dominated point of (BOIP) is found.
For that reason, the while loop will take at most as many iterations as the number of weakly
non-dominated points. However, we have no guarantee that the set of weakly non-dominated
points of (BOIP) is finite. But using the same arguments as in the proof of [32, Proposition 2.7.]
we have that the number of weakly non-dominated points y with f1(x

∗) ≤ y1 ≤ f1(x̂) is finite
and that the number of iterations is finite. This is another possibility to prove Theorem 3.1.12
above. Moreover, in case there are no weakly non-dominated points which are not at the same
time non-dominated, we need to solve exactly |YN |+ 1 single-objective integer programs.

3.2 Numerical results

In our computational experiments, we consider biobjective nonlinear integer instances arising
from portfolio selection problems. Let µ ∈ Rn be the expected return and Q ∈ Rn×n be the
covariance matrix with respect to a specific set of assets. We consider the following model

min (−µTx, xTQx)T

s.t. aTx ≤ b
x ≥ 0
x ∈ Zn,

(3.1)

where the elements of a ∈ Rn are the prices of the financial securities, b ∈ R is the budget
of the investor and the non-negativity constraint rules out short sales. The decision variable
xi ∈ Z, i = 1, . . . , n stands for the amount of unit of a certain asset the investor is buying. Note
that for this model Assumption 3.1.1 is satisfied, as the single-objective integer subproblem built
from problem (3.1) is an integer quadratic problem that can be addressed by e.g. GUROBI [50].

As benchmark data set, we used historical real-data capital market indices from the Eu-
rostoxx50 index that were used in [20, 21] and are publicy available at
https://www.francescocesarone.com/data-sets. This data set was used for solving a Lim-
ited Asset Markowitz (LAM) model. For each of the 48 stocks the authors obtained 264 weekly
price data, adjusted for dividends, from Eurostoxx50 for the period from March 2003 to March
2008. Stocks with more than two consecutive missing values were disregarded. Logarithmic
weekly returns, expected returns and covariance matrices were computed based on the period
March 2003 to March 2007. By choosing stocks at random from the 48 available ones, we built
portfolio optimization instances of different sizes with µ ∈ Qn and Q ∈ Qn×n. We decided to
generate 60 different instances by considering n = 5, 10, 25, 30 stocks. For every n, 15 different
instances have been generated. Hence, we got the covariances matrices, the expected returns
and the prices for every combination by picking the proper information from the files provided.
As in [16], for every instance, we set b = 10

∑n
i=1 ai, representing the budget of the investor.

We compare the ε-constraint method with FPA∗. This is an improved version of FPA which
uses the so called custom weighted-sum scalarization. It is able to detect the complete Pareto
front after having solved |YN |+2 integer programs (see [32] for further details). In order to run
FPA∗ and the exact version of the ε-constraint method, we need a proper value γ > 0 so that
the γ-positivity assumption is satisfied. Therefore, we had to pre-process the data. We trimmed
the number of decimal digits to four and multiplied the entries by 103. As a consequence, we
obtained γ ≥ 0.1. Note that, since the entries of Q and µ are in Q, the value γ can be defined as
1/r, where r ∈ N is the least common multiple of the denominators of the rational coefficients
(see [32, Proposition 4.14]).

Both in the implementation of FPA∗ and of the ε-constraint method, we considered the
linear objective −µTx as the function defining the additional constraint in the single-objective
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integer subproblems. Consequently, both FPA∗ and the ε-constraint method have to deal with
a sequence of single-objective convex quadratic integer problems with linear constraints. In our
Python implementation of the two algorithms, we used the MIQP solver of GUROBI [50]. All
experiments have been executed on an Intel Core i5-6300U CPU running at 2.40 GHz and all
running times were measured in cpu seconds.

In Table 3.1 and Table 3.2 we report, for each instance, the CPU time and the number of
iterations (itFPA∗ and iteps) needed by FPA∗ and the ε-constraint method to detect the non-
dominated set. Note that the total number of single-objective subproblems solved by FPA∗

and ε-constraint method is itFPA∗ + 2 and iteps + 2, respectively. FPA∗ and the ε-constraint
method have very similar performances, as the number of subproblems addressed by the two
algorithms resulted to be very close in practice. However, the number of subproblems solved
by the ε-constraint method can be larger than |YN | + 2, which is the number of subproblems
solved by FPA∗. This is due to the fact that the ε-constraint method might also detects some
weakly-nondominated points.

Table 3.1: Results on instances with n = 5 and n = 10 variables

Instance n = 5 n = 10
FPA∗ itFPA∗ ε-const iteps FPA∗ itFPA∗ ε-const iteps

p1 24.99 7381 24.60 7381 238.65 34890 234.75 34915
p2 6.69 1465 6.55 1467 78.24 10395 76.97 10390
p3 34.13 6103 32.89 6105 60.35 6047 60.55 6053
p4 1.89 402 1.81 402 47.17 6972 46.36 6978
p5 6.02 1208 5.86 1208 182.29 32894 180.58 32953
p6 3.09 709 3.03 709 50.24 6268 49.40 6272
p7 8.77 1676 8.56 1677 17.28 2372 17.17 2375
p8 4.61 845 4.20 846 230.24 23700 220.50 23714
p9 1.73 412 1.59 413 102.46 13544 96.96 13548
p10 2.09 428 1.95 430 93.25 8469 88.34 8471
p11 7.79 1547 7.29 1550 103.55 14987 98.22 14989
p12 4.44 837 4.13 840 69.71 7779 66.24 7784
p13 40.04 7257 37.41 7262 57.35 5057 54.45 5058
p14 5.45 1258 5.06 1259 305.46 26330 291.58 26339
p15 10.73 1869 10.00 1874 48.47 4990 46.50 4995

We further compare FPA∗ and the ε-constraint algorithm using performance profiles as pro-
posed by Dolan and Moré [35]. Given a set of solvers S and a set of problems P, the performance
of a solver s ∈ S on problem p ∈ P is compared against the best performance obtained by any
solver in S on the same problem. The performance ratio is defined as rp,s = tp,s/min{tp,s′ | s′ ∈
S}, where tp,s is the measure we want to compare, and we consider a cumulative distribution
function ρs(τ) = |{p ∈ P | rp,s ≤ τ}|/|P|. The performance profile for s ∈ S is the plot of
the function ρs. We report in Figure 3.1 the performance profiles of FPA∗ and the ε-constraint
algorithm with respect to the CPU time considering all the 60 instances. Note that the value
τ needed to have both ρε-const(τ) = 1 and ρFPA∗(τ) = 1 is very small (τ = 1.116), confirming
that the two algorithm share very similar performance.
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Table 3.2: Results on instances with n = 25 and n = 30 variables

Instance n = 25 n = 30
FPA∗ itFPA∗ ε-const iteps FPA∗ itFPA∗ ε-const iteps

p1 1300.58 64896 1265.80 64978 10068.92 168679 10137.36 168963
p2 3111.57 91538 3145.79 91595 3684.09 57207 3682.69 57209
p3 974.07 77143 989.09 77136 5381.17 85015 5416.53 85033
p4 543.68 35835 549.17 35850 9712.74 134844 9906.55 134681
p5 807.29 46351 821.02 46353 5226.97 87750 5311.91 87784
p6 737.88 36444 747.85 36438 7284.13 111329 7465.47 111349
p7 1723.60 126491 1733.17 126556 7036.66 131154 7121.33 131180
p8 954.39 39077 948.63 39085 6923.09 112315 6908.47 112349
p9 899.33 38413 884.50 38411 9984.14 139199 9973.19 139205
p10 631.12 28747 619.97 28755 7683.15 120145 7682.36 120152
p11 2326.07 84459 2305.43 84429 7489.53 121898 7480.73 121920
p12 1882.48 66347 1864.43 66359 4452.29 68145 4396.06 68150
p13 2234.69 105386 2201.69 105393 7281.69 128790 7164.96 128912
p14 1551.69 88263 1539.97 88210 4510.21 67305 4500.24 67342
p15 2224.76 112773 2182.22 112685 5657.23 87619 5647.94 87588

1 1.02 1.04 1.06 1.08 1.1 1.12
0

0.1
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Figure 3.1: Comparison between FPA∗ and the ε-constraint method on all the 60 instances.
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Chapter 4

Raw material size commonality
decision tool: a biobjective
integer programming model ∗

In manufacturing companies, the selection of input elements of production is recognized as an
opportunity to decrease the cost complexity of several processes [81, 82]. These input elements
are considered both raw materials and components that a company purchases as process inputs.
The major benefits of the decrease of complexity related to the input elements are risk-pooling
[7], lead-time uncertainty reduction [62], reduction of component inventories and simplification of
processes and logistics while responding to variations in product demand [24, 78]. One strategy
to reduce the complexity of input materials is to address the bill of materials (BOM) in what
is known as the component commonality problem. Although authors use various terms and in-
terpretations, component commonality typically refers to the ability to use a single component
across multiple end products. For example, references [47, 53, 75] define the issue as utilizing
the same version of a component across multiple products, while [8, 53] describe it as the degree
to which the variations of a product family can be manufactured using the same components.
The underlying concept directly relates to modularity, that is the potential to increase the dif-
ferentiation of final products and enhance the output of the production process by standardizing
and thereby reducing the variety of input components. It is important to note that while com-
panies can modify the BOMs in component commonality, in many cases this is not feasible.
Such scenarios include situations where customers have significant contractual power, products
are subject to stringent regulations (e.g., in the pharmaceutical industry), or the materials are
distinctive to the product and vital for market presence (e.g., in the fashion industry). In these
instances, the input materials are dictated by the customers, the market, or regulatory bodies,
leaving companies with no option to alter the BOMs. Therefore, in cases where a company
has either already conducted a component commonality analysis or cannot modify the BOMs,
the input elements of production might still exhibit some commonalities, such as raw materials
or components used in more than one product. This research explores a further dimension of
commonality - the commonality in the sizes of raw material, which is crucial when there is no
opportunity to utilize leftover raw materials from the production process. Thus, we refer to input
elements that are raw materials, and ”raw material size” refers to the dimensions or volume of
the raw material as it is initially purchased or procured before it is processed or used in produc-

∗The content of this chapter is part of the submitted paper [25].
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tion. This can include length, width, thickness, weight, or any other relevant measurement that
defines how large or small the raw material is. The size of the raw material is critical in planning
how it can be efficiently cut or shaped to meet the production requirements with minimal waste.
For example, in clothing manufacturing, once the cutting problem is solved - determining the
most efficient way to cut raw materials into specified sizes and shapes with minimal waste [74] -
all remaining material becomes scrap. Another example is in some pharmaceutical productions,
where any product left in an open pack must necessarily be discarded due to safety and good
manufacturing practices. Our scenario is therefore characterized by 4 conditions: common raw
materials among multiple products; raw materials purchased in various sizes; every batch of
production is allocated to one raw material size; waste is generated in each batch of production
considering the difference between the quantity required and the quantity of the purchased size.
To better explain the case, imagine a company that manufactures two products. The company
either analyzes Bill of Materials (BOM1 and BOM2) to identify a common raw material, or it
is permitted by the market, customers, or regulations to use a common raw material for both
products. Each production requires a specific amount of raw material, and the company cannot
reuse the remaining material from production 1 in production 2. The difference in quantity
between the material input size and the amount used in production constitutes scrap, thus rep-
resenting a cost to minimize. This scenario underscores the significance of raw material sizes
as a key driver for companies. On one hand, it aims to minimize waste and complexity; on the
other, it ensures that each production batch corresponds to at least one available raw material
size. We refer to this challenge as the Best Allocation of Resource Sizes (BARS) problem. The
inputs of the BARS problem include the available resource sizes and the production demands
for these resources. The objectives of the problem are twofold: firstly, reducing complexity and
associated costs encourages minimizing the number of resource sizes within the company; sec-
ondly, reducing waste promotes increasing the number of resource sizes, ideally to one size for
each quantity requested in production. Consequently, the problem just described leads back
to an issue of decision-making, as a multi-objective optimization problem. The BARS problem
is modeled as a biobjective nonlinear integer program, considering both the reduction of the
number of the resource sizes and the total costs, and it is addressed with an adapted version of
the ε-constraint algorithm described in Chapter 3. The remainder of the chapter is organized as
follows. Section 4.1 describes the BARS problem. Section 4.2 defines the analytical formulation
of the BARS problem. Section 4.3 describes three case studies, and it shows the results of the
optimization. Section 4.4 draws conclusions and describes opportunities for future research.

4.1 Problem description

The problem examines how a manufacturing industry should produce formats (i.e. finished
products) decreasing the number of different input items (i.e. raw materials sizes). The difference
in size of the item and format produces scraps. Scraps cannot be reused within the process and
therefore represent a waste. The problem aims to ensure the production of a range of formats by
reducing the number of purchased items entering the process. To minimize scraps, it would be
advisable to purchase items with similar dimensions to the formats to be produced, as adapting
an item to the required format generates waste. However, this may result in an increased number
of different items to be purchased, which negatively impacts costs and complexity management.
Reducing the number of items simplifies the management of orders and stocks, while increasing
the scrap level. By ordering larger quantities of a single item, discounts on purchases and
risk-pooling effect can be obtained, i.e., the mechanism by which individual risks are shared
and reduced collectively. Also, machine set-ups could be lowered. Since all formats reporting
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positive demand must be manufactured, the items must be chosen to allow the entire production
of all formats. This implies that the dimensions, or the weights, of the items purchased, must be
greater than or equal to those of the formats. The purchase of all items may not be made at once,
as shown below. To fully comprehend the impact of the management of different items, all these
factors must be considered together, as well as approached independently to identify single effects.
In our context, the smaller the number of items used, the higher the cost. This means that the
problem we are dealing with is a biobjective optimization problem, namely a problem where we
have two conflicting objective functions. The cost function we consider is made of several terms
and we formalize each term in the following. The problem proposes a biobjective minimization
approach that considers the reduction of the number of items and the costs. Several possible
objective functions are formalized, one for each cost component. Importantly, the cost presented
is not intended to be exhaustive. The model easily allows additional cost-terms to be included or
existing cost-terms to be removed, to address a common problem in different industries. Notably,
the problem does not consider energy costs and the ordering cost as invariant to the number of
input components. The energy cost does not increase with increasing scrap because there are no
reworks. So, the energy utilization is considered invariant. Also, the ordering cost is invariant
because only one supplier is considered. Currently, the following cost-terms are included:

• purchase cost, which arises from buying items and it is impacted by opportunities to
negotiate discounts with suppliers as the quantity ordered increases;

• scrap cost, representing the amount of discarded materials during production because of
excess;

• storage cost, considering the quantities stored in the warehouse includes the costs of storage,
transport, and labor;

• safety stock cost, kept to meet fluctuations in demand for formats;

• set-up cost for transitioning between item variants in manufacturing;

• total cost, which aggregates the above-mentioned costs;

The solution was not evaluated with respect to invariant costs. The presented methodology
was tested across three case studies, each representing different industries with distinct cost
structures. These industries include the cardboard packaging industry, the luxury leather goods
industry, and the pharmaceutical industry. As an example, Figure 4.1 illustrates the items
introduced into the production process to produce cardboard materials for packaging.

4.1.1 Assumptions

The following elements are known and time-invariant:

• purchase price of the item and the discount available beyond a predefined quantity thresh-
old;

• supply lead time;

• service level to be provided;

• scrap cost is proportional to the quantity of discarded material for a given item and format.
It is assumed that the discarded quantities cannot be recycled, reworked or reintroduced
into the production process and are therefore considered waste.
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Figure 4.1: Example of items processed to obtain formats and thus end products in cardboard
packaging industry.

• storage cost depends on the amount of the item. The storage capacity always meets the
required holding level;

• set-up cost is independent of the item. When an item enters the production process to be
converted into multiple formats, all these formats must be completed, requiring a number
of machine set-ups equal to the number of items fed into the process. The demand for
formats is variable and randomly generated in a set range of values. The discussion ignores
the selling price of the product. It is assumed that the consumption of goods is highly
price-sensitive, therefore prices are fixed and invariant to other model features.

4.2 Formulating the biobjective optimization model

Given a number n of items and a numberm of formats our decision problem is defined considering
the variables described in Table 4.1, where all the parameters used are also reported.

The constraints required by the model are as follows:

• formats’ demand fulfilment:

n∑
i=1

dijaij = Dj j = 1, . . . ,m;

• logical relationship between dij and xi:

m∑
j=1

dij −Dxi ≤ 0 i = 1, . . . , n,

where D =
∑m

j=1 Dj is the total demand;

25



Section 4.2. Formulating the biobjective optimization model

Table 4.1: Variables and parameters

Decision variables i = 1, . . . , n; j = 1, . . . ,m

xi ∈ {0, 1} xi =

{
1 if item i is chosen,
0 otherwise

yij ∈ {0, 1} yij =

{
1 if item i is used to fulfill the demand of format j,
0 otherwise

dij ∈ Z amount of demand of format j satisfied by purchasing item i

Parameters

ci purchase cost of a unit of item i

disi discount factor for item i

sij amount of item i wasted if format j is assigned to item i

Si unit scrap cost for item i

aij aij =

{
1 if format j can be assigned to item i,
0 otherwise

Dj demand of format j

CUMi unit storage cost of item i

sci set-up cost of item i

D̄i quantity discount parameter

CUMSi unit safety storage cost of item i

k service level used for the computation of the safety stock level
σ2
j demand variance of format j

TP supply lead time

• logical relationship between yij and dij :

dij − yij ≥ 0, i = 1, . . . , n, j = 1, . . . ,m,

dij −Djyij ≤ 0, i = 1, . . . , n, j = 1, . . . ,m;

• non-negativity of dij :
dij ≥ 0, i = 1, . . . , n, j = 1, . . . ,m.

4.2.1 Objective functions

As already mentioned, in our biobjective model we consider as objective functions the minimiza-
tion of the number of items to be used and the minimization of a cost function. The number of
items used is obviously modeled as the sum:

f1(x, y) :=

n∑
i=1

xi (f1)

For what concerns the cost function, we consider the sum of five different cost-terms

f2(x, y, d) := tp(d) + ts(d) + tsu(x) + tstc(d) + tssc(y) (f2)

each presented in the following. Note that each cost term can also be considered separately
as a second objective function along with (f1). We are going to analyze this possibility in our
numerical tests (see Section 4.3).
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∑m
j=1 dij

pci(d)

D̄i

Figure 4.2: The purchase cost pci(d) for item i

The purchase cost term with a quantity discount option

The purchase cost we consider includes a quantity discount and is modeled by means of the
piece-wise linear function, reported below:

tp(d) =

n∑
i=1

pci(d),

where

pci(d) =

 ci
∑m

j=1 dij if
∑m

j=1 dij ≤ D̄i

disi ci
∑m

j=1 dij if
∑m

j=1 dij > D̄i

As shown in Figure 4.2, the purchase cost of item i is entirely reduced by a discount factor disi.
In this case, the discount is applied to the price of all items, because the quantity has exceeded
the threshold. It is also possible to model a discount on the purchase cost such that it is applied
only on the units exceeding the threshold D̄i. In this case the purchase cost is shown in Figure
4.3 and described by the function p̄c(d):

p̄ci(d) =

 ci
∑m

j=1 dij if
∑m

j=1 dij ≤ D̄i

ci(1− disi)D̄i + disici
∑m

j=1 dij if
∑m

j=1 dij > D̄i

The scrap, set-up, storage and stock cost terms

Given that item i has a unitary scrap cost of Si and that sij is the units of item i being discarded
after the production of format j, the scrap cost is modeled as the following linear function in the
variables dij :

ts(d) =

n∑
i=1

Si

m∑
j=1

sijdij .

Parameter sci represents the set-up cost for item i and it is faced by a production plant only if
item i is chosen. The set-up cost function is thus reported below:

tsu(x) =

n∑
i=1

scixi.
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∑m
j=1 dij

p̄ci(d)

D̄i

Figure 4.3: The purchase cost p̄ci(d) for item i

Note that the set-up cost does not conflict with f1(x), so we always use it in combination with
other cost-terms.

In order to represent the stock cost of item i, we sum its unitary storage cost CUMi over the
number of times that item i is purchased. We then obtain the stock cost as a linear function in
the variables dij :

tstc(d) =

n∑
i=1

CUMi

m∑
j=1

dij .

The safety-stock cost term and a reformulation via second-order cone programming

The total safety-stock cost is described by the function below:

tssc(y) := k

n∑
i=1

CUMSi

√√√√ m∑
j=1

TP σ2
j yij .

In order to numerically deal with this term, we introduce in the model additional variables zi ∈ R
and suitable second-order cone constraints so that tssc(y) can be reformulated as a function of
z:

tssc(y) = tssc(z) := k

n∑
i=1

CUMSi zi,

with

z2i =

m∑
j=1

TP σ2
j y

2
ij , i = 1, . . . , n,

where we use the fact that yij = y2ij . Note that the above constraints can be seen as

z2i = ∥Qiyi∥2,

being Qi the diagonal matrix defined as

Qi =


√
TP σ2

1 0 · · · 0

0
√
TP σ2

2 · · · 0
...

...
. . .

...

0 0 · · ·
√

TP σ2
m


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and yi := (yi1, yi2, . . . , yim)T .

4.2.2 Complete formulation

Summarizing what has been presented in this section, we can write the biobjective model con-
sidered as follows:

min (f1(x), f2(x, y, d))
T

subject to

n∑
i=1

dijaij = Dj j = 1, . . . ,m; (4.1a)

m∑
j=1

dij −Dxi ≤ 0 i = 1, . . . , n; (4.1b)

dij − yij ≥ 0 i = 1, . . . , n, j = 1, . . . ,m; (4.1c)

dij −Djyij ≤ 0, i = 1, . . . , n, j = 1, . . . ,m; (4.1d)

dij ≥ 0, i = 1, . . . , n, j = 1, . . . ,m; (4.1e)

xi ∈ {0, 1}, i = 1, . . . , n; (4.1f)

yij ∈ {0, 1}, i = 1, . . . , n, j = 1, . . . ,m; (4.1g)

dij ∈ Z, i = 1, . . . , n, j = 1, . . . ,m; (4.1h)

Note that we do not include the z variables in this model, as they are used as additional variables
to handle the square root in the safety-stock cost.

Considering that the total cost function contains nonlinear terms, the model we end up with
belongs to the class of biobjective nonlinear integer problems (BOIP). Therefore, we apply the
ε-constraint algorithm version discussed in Chapter 3, exploiting the fact that function f1(x) is
a positive γ function with γ = 1, for retrieving all the nondominated solutions of the biobjective
problem.

4.3 Numerical results and discussion

The model described and Algorithm 1 have been implemented in Python 3.10 using Gurobi
9.5.1 as a MIP solver. The code has been executed on a laptop mounting an Intel® Core™
i5-6300U quad-core processor running at 2.40GHz. We analyze three case studies of the model
proposed in Section 4.2.1. Every case study is built starting from real world data. For every
case study, we consider the model as described in Section 4.2.2. In addition to the biobjective
model having as second objective function the sum of all the cost-terms, we consider three
additional settings where single cost-terms, namely the purchase cost, the scrap cost and the
stock cost, are considered as alternative second objective functions. For each case study, we
report three couples of plots (see Figure 4.6, Figure 4.9 and Figure 4.12). Each couple is related
to a specific second objective function. On the left, the non-dominated set of the biobjective
model considered is depicted by the points highlighted in orange. We also report in blue, those
points obtained minimizing the second objective functions, for those number of items not leading
to non-dominated points. Note that this only applies to case study 2 (see Figure 4.9). Given a
point in the decision space leading to an image point in the left side graph, the corresponding
value of the total cost is computed. That, along with the value of the first objective function,
namely the number of activated items, is represented on the right side graph.
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Figure 4.4: The image space for case study 1. The non-dominated set is depicted by the points
highlighted in orange.

4.3.1 Case study 1: secondary cardboards for drug

The first sector for which we present a case study pertains to the production of secondary
packaging for the pharmaceutical industry, i.e. packages that are not in physical contact with
the product. Such packaging is not produced from materials suitable for direct contact with
drugs, such as plastic, glass, and aluminum, but from easily identifiable materials such as paper,
cardboard, or plastic. In this case, the packaging is made of cardboard. The purchase cost is
quite low and proportional to the quantity of cardboard ordered. The supplier offers quantity
discounts. Storage costs are low as the cartons do not require special environmental conditions
or storage arrangements. Supply is quick, with a lead time of only a few days. The most
significant cost is related to the set-up of the machines, which must guarantee diverse production
in shape and size, high productivity, and flexibility. The pharmaceutical sector demands precise
and reliable packaging, necessitating control systems that prevent the waste of cartons from the
system. Fast format changeovers are necessary to accommodate small production batches.

In Figure 4.4, we report the non-dominated set obtained for case study 1: the non-dominated
points detected by the ε-constraint algorithm are 3, highlighted in orange. To get further insights,
we also report, in blue, points belonging to the image space computed as follows. Provided that
the number of items is fixed to a certain value that does not lead to a non-dominated point, the
total cost is minimized accordingly. For this case study, we could compute 9 additional points
in such a way.

Figure 4.5 shows the cost of each set in Figure 4.4, where the objective functions are the
number of items and the total cost. These trends are also shown in Table 4.2.

Purchase and set-up costs have the greatest impact on total costs, up to 60.99% for two items
and up to 46.62% for thirteen items. Stock and safety stock costs have the most residual impact.
For more than four items, it becomes uneconomical to consider further items: the solutions
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Section 4.3. Numerical results and discussion

Figure 4.5: Cost trends as the number of items changes for scenario 1.

are all dominated. This is because, even if the increase in the number of items leads to lower
purchase and scrap costs, the setup costs exceed the scrap costs when the number of items is
equal to five, and it gets progressively closer to the purchase costs until it exceeds it at 12 items.
Considering these results and the biobjective minimization (i.e., number of items and costs), the
following sets of items can be considered: {12,13}; {7,12,13}; {5,6,12,13}. From a management
perspective, to reduce overall costs, an intervention in the set-up process would be necessary
to make it less onerous. The results indicate that it is not cost-effective for the production
process under consideration to process a wide variety of raw materials. That is, the scrap costs
associated with a limited number of items do not compromise production efficiency, and on the
contrary, a greater number of items entails significant set-up costs. Furthermore, suppliers offer
quantity-based discounts, which is consistent with the decision to reduce the number of different
items purchased in favor of greater quantities of individual items. This approach also helps to
reduce purchasing lead times and increase control over them, enabling the company to be more
punctual and responsive to the market. When dealing with a commodity with regular demand
and high price sensitivity, the delivery time and the price of the product are crucial aspects.
Considering these factors, the optimal approach should be the progressive cost-reduction, i.e.
gradually reducing the manufacturing costs to keep the price of the product constant and to
increase the company’s profitability. This means focusing on internal processes, in this case in
the set-up design. Internal inefficiencies resulting in high production costs may force the company
to increase the price of the product to guarantee a profit, damaging the satisfaction of the end
customer and, consequently, the effectiveness of the process.

4.3.2 Case study 2: leather for haute couture

The second sector pertains to the processing of leather for haute couture, a niche industry known
for its high-quality raw materials and manufacturing processes. The purchase cost is high and
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Chapter 4. Raw material size commonality decision tool

not proportional to the quantity of material, as large-sized leather is rare and difficult to procure.
Suppliers do not provide quantity discounts. Storage costs are relatively low compared to the
value of the product. Although security measures must be taken to store valuable goods, there
are no special environmental or atmospheric conditions for storage. Set-up costs are slightly
lower than in the carton sector due to the lower speed and flexibility required in production.
Procurement time for raw materials can take several months as they are often sourced directly
from the countries of origin to ensure product traceability and avoid intermediaries. The direct
contact with suppliers, even if may take longer, guarantees the quality of the final product.

In Figure 4.7, we report the non-dominated set obtained for case study 2. As before, the non-
dominated points detected by the ε-constraint algorithm are highlighted in orange. Considering
a number of items up to 5 leads to non-dominated points. On the other hand, choosing 6 items
and minimizing the related total cost, leads to the dominated point highlighted in blue.

Figure 4.8 shows the cost of each set of items from Figure 4.7, where the objective functions
minimize the number of items and the total cost respectively. These trends are also shown in
Table 4.3.

The scrap cost has the highest impact on the total cost, with a maximum percentage of
56.69% for one item. Purchase and stock costs also have a significant impact on the total cost,
with maximum percentages of 36.42% and 25.6% respectively for six items. Set-up and safety
stock costs have a residual impact. Clearly, it is not cost-effective to increase the number of
items to more than 5. This is due to the slight increase in the cost of safety stock, stock, and
set-up. Considering these results and the biobjective minimization (i.e., number of items and
costs), the following sets of items can be considered: {2}; {2, 4}; {2, 4, 5}; {1, 4, 5, 6}; {1,
3, 4, 5, 6}. From a management perspective, to reduce overall costs, interventions should be
targeted at storage and/or purchasing and/or scrap costs. In the case study of leather for haute
couture, it is clear that the potential to reduce purchasing costs is limited. The luxury product
is expensive and suppliers are not willing to offer quantity discounts. Therefore, it is advisable
to diversify the number of purchased items. Purchasing raw materials with dimensions as close
as possible to the dimensions of the products to be manufactured can significantly reduce scrap
costs, which are the most influential in the process. Increasing the number of items and types
of raw materials purchased from suppliers could lead to longer and less controllable lead times,
resulting in reduced timeliness and punctuality. However, as the product is considered a luxury
item, customers may not be as sensitive to such aspects. It is important to maintain a perception
of exclusivity, which may lead customers to be willing to wait longer than expected to obtain the
product. Additionally, implementing recycling, reuse, and reconditioning of discarded materials
can improve process management and production efficiency.

4.3.3 Case study 3: active ingredient for pharma

The third analyzed sector pertains to the pharmaceutical industry, specifically the production of
active pharmaceutical ingredients. These are then combined with excipients, substances used to
prepare the final pharmaceutical products. This sector is crucial for public health, as it serves
as the foundation for the manufacture of drugs. The active ingredients must meet the highest
standards of quality, traceability, and reliability in the chemical industry. Suppliers may offer
quantity discounts, and purchasing a larger quantity can result in a lower unit cost. However, it
is important to note that the product must be kept refrigerated and is subject to degradation,
so the storage costs are high compared to the value of the product. The set-up cost is lower
than in previous sectors due to the simpler machinery setup process, which involves operations
exclusively linked to the weight of the raw materials. The supply time is typically just over a
month.
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Chapter 4. Raw material size commonality decision tool

In Figure 4.10, we report the non-dominated set obtained for case study 3. In this case, every
possible choice concerning the number of items leads to a non-dominated point, found by the
ε-constraint algorithm. The non-dominated set in this case is made of 6 points.

Figure 4.11 shows the cost of each set in Figure 4.10, where the objective function used are
the number of items and the total cost. These trends are also shown in Table 4.4.

The scrap cost has the highest impact on the total cost, with a maximum percentage of 94%
for a single item. The other cost items have a residual influence, except for the stock cost, which
reaches an influence on the total cost of 18.81% for five items. The results indicate that increasing
the number of items always leads to lower total costs due to the significant reduction of the scrap
cost. The cost of scrap decreases its influence by 14.2%, from 94% to 79.8%, when choosing to
buy only one item or all items. This saving outweighs the increase in the cost of stock, which rises
from 5.78% to 18.81%. Considering these results and the biobjective minimization (i.e., number
of items and costs), the following sets of items can be considered: {6}; {3, 6}; {2, 3, 6}; {2, 3,
5, 6}; {1, 2, 3, 5, 6}; {1, 2, 3, 4, 5, 6}. From a management perspective, to reduce overall costs,
interventions on scrap costs are needed primarily. However, when considering the case study,
i.e., the active ingredient for pharmaceuticals, it is clear that there is little potential to reduce
these costs. The raw material cannot be recycled, as it deteriorates after a short time within the
process and has to be discarded. Also, in terms of storage costs, there is little opportunity to
intervene. The product is extremely sensitive to environmental conditions, and it is crucial to
ensure the best storage conditions at all times. Even slight alterations to the storage parameters
can irreversibly damage the active ingredients, resulting in the obligation to discard the entire
material. Considering production efficiency, it is always beneficial to diversify the type of input
material and purchase batches as close as possible to the required quantity for production. This
significantly reduces waste levels, which otherwise would be difficult to recycle.

4.4 Conclusions and future work

This chapter deals with the industrial problem of “raw material sizes commonality”, which refers
to using the same raw material for multiple products, the impossibility of reusing the input
material remaining from the difference of raw material size and batch request. We introduced and
explained all the characteristics of this problem introducing it as a novel optimization challenge,
referring to it as the Best Allocation of Resource Sizes (BARS) problem. The objective is to
minimize the number of purchased items as input of the process, exploring the cost implications
of reducing the raw materials sizes. The total costs include purchase, scrap, storage, safety stock,
and set-up costs, which are differently affected by the number and sizes of raw materials. The
problem is modeled as a biobjective nonlinear integer program, considering both the minimization
of the number of items and the different cost components considered. It is solved using an adapted
version of the ε-constraint method. It is noteworthy that in the biobjective model, which aims
to minimize the cost and number of raw materials sizes, the costs of storage and safety stock
are consistent with the minimization of the number of items and therefore do not contribute
to the trade-offs in the Pareto frontier. The proposed model has been tested and validated in
three real case studies. The case studies pertain to three distinct industrial sectors, each utilizing
specific raw materials: secondary cardboard for pharmaceuticals, leather for haute couture, and
active ingredients for pharmaceutical manufacturing. Sectors differ in the availability of quantity
discounts from suppliers and in the impact of individual cost components on total costs. The
model provides a decision support tool to allow management to understand the consequences
associated with the number of sizes of raw materials. For example, depending on the strategic
objectives, a limit can be imposed on the costs to be incurred, either in total or in part, i.e.
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concerning specific cost items, and the feasible solutions can be analyzed in terms of the sets
of items that can be purchased. It is still possible to understand how certain cost items can
be reduced and how the process can be made more efficient, given the available resources and
the current processes. The results indicate that selecting a wide variety of raw materials sizes
for the secondary cardboard for drugs is not cost-effective. This is because the waste costs
associated with a limited number of articles do not compromise production efficiency. On the
contrary, a larger number of items leads to considerable set-up costs. In the second scenario,
which involves leather for haute couture, it is recommended to purchase a variety of items to
reduce waste costs, which have the highest impact on total cost. Recycling discarded materials
can also be beneficial. While diversifying the number of items may result in longer lead times
and reduced punctuality, it is important to note that the product is considered a luxury item
and customers may not be as concerned with these factors. In the third scenario, which concerns
active pharmaceutical ingredients, the results indicate that it is always beneficial to diversify the
type of input material and to purchase batches as close as possible to the quantity required for
production. This significantly reduces waste levels, which cannot be recycled as they deteriorate
after only a short time entering the production process. The limitations of the research lie in the
specific cost components included in the analysis. Furthermore, assumptions have been applied
to the model, such as the impossibility of recycling discarded material, or other assumptions
defined in the problem. However, the input data used to solve the problem come from real world
and the results are consistent with the industrial context considered. Future developments aim
to extend the model to include additional cost components, as the biobjective model is flexible
in this respect. Further sensitivity analyses can assess the impact of different sets of items when
the weights of individual cost items vary. Finally, the model could be implemented directly
by the companies concerned, as it is an accessible and straightforward tool that can be readily
integrated into existing processes. It offers a simple and effective solution for analyzing the cost
impact of purchasing choices of different raw materials and, therefore, on production methods.
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Figure 4.6: Case study 1. On the left, the image space for the models was obtained considering the
purchase cost, the scrap cost, and the stock cost, respectively. On the right, is the corresponding
total cost.
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Figure 4.7: The image space for case study 2. The non-dominated set is depicted by the points
highlighted in orange.

Figure 4.8: Cost trends as the number of items changes for scenario 2.
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Figure 4.9: Case study 2. On the left, the image space for the models was obtained considering the
purchase cost, the scrap cost, and the stock cost, respectively. On the right, is the corresponding
total cost.
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Figure 4.10: The image space for case study 3. The non-dominated set is depicted by the points
highlighted in orange.

Figure 4.11: Cost trends as the number of items changes for scenario 3.
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Figure 4.12: Case study 3. On the left, the image space for the models was obtained considering
the purchase cost, the scrap cost, and the stock cost, respectively. On the right, is the corre-
sponding total cost.
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Chapter 5

Designing sustainable diet plans
by solving triobjective integer
programs∗

It is the purpose of this chapter to define and solve triobjective integer models to design nu-
tritionally adequate and sustainable diet plans. In particular, we look for diet plans for school
cafeterias that simultaneously minimize their carbon, water and nitrogen footprints. The triob-
jective problems we want to solve have the following form:

min (f1(x), f2(x), f3(x))
T

s.t. x ∈ X ∩ Zn,
(TOIP)

where X ⊆ Rn and f1, f2, f3 : Rn → R are continuous functions. Nonlinear functions can be
handled by our approach, as long as they satisfy the so called positive γ property introduced
in [32] which has already been recalled in Chapter 3. In Section 5.1, we present our method
for triobjective integer nonlinear problems. We analyze its correctness and present a strategy
to avoid the detection of weakly nondominated points. A comparison on linear and quadratic
instances with other solvers is reported in Section 5.1.2. In Section 5.2, we present our application
and two triobjective integer programs modeling the design of sustainable diet plans. We finally
discuss the results obtained by solving the models using our algorithm. In Section 5.4, we draw
some conclusions.

5.1 Algorithm TrIntOpt

The algorithm we propose extends the ideas used in [29], also described in Chapter 3, in order
to define an exact criterion space method for triobjective nonlinear integer programs. Our
algorithm, named TrIntOpt, is based on the ε-constraint method. The idea is to iteratively
solve biobjective subproblems, defined by adding further constraints to the original feasible set.
More precisely, given (TOIP), at every iteration k our method determines the nondominated set

∗The content of this chapter is part of the paper [6].
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of biobjective problems of the following form:

min (f1(x), f2(x))
⊤

s.t. f3(x) ≤ εk

x ∈ X ∩ Zn,

(BOIPk)

where the parameter εk varies between minx∈X∩Zn f3(x) and the value f3(x̂
0) − δ, being δ a

positive step size and x̂0 the point defined as follows. Among the efficient points of the biobjective
problem minx∈X∩Zn(f1(x), f2(x))

⊤, x̂0 is one that achieves the maximum with respect to the
objective function f3. As it will be clarified later on, the step size δ controls the exacteness of
TrIntOpt. The role of f1, f2 and f3 in the definition of Problem (BOIPk) can be interchanged.

For the definition of TrIntOpt we need to have an oracle able to detect the nondominated
set of the biobjective nonlinear integer problem (BOIPk):

Assumption 5.1.1. There exists an oracle able to detect the complete nondominated set of
Problem (BOIPk) after having addressed a finite number Bk of single-objective integer programs.
For each nondominated point y ∈ R2 detected, the oracle is able to compute one of its preimage,
namely one efficient point x ∈ X ∩ Zn such that (f1(x), f2(x)) = y.

In the following, we denote by Ek the set of efficient points detected by the oracle in Assump-
tion 5.1.1. We cite [29, 32] as works where algorithms satisfying Assumption 5.1.1 are defined.
Furthermore, we need to assume the existence of the ideal point, in order to be guaranteed that
the nondominated set is a finite set:

Assumption 5.1.2. We assume that the ideal objective values f id
i := minX∩Zn fi(x), i = 1, 2, 3,

and thus the ideal point f id := (f id
1 , f id

2 , f id
3 ) ∈ R3, exists.

We report in Algorithm 2 the scheme of our method TrIntOpt. TrIntOpt starts by computing
x∗ ∈ X ∩ Zn as the minimum with respect to f3 and E0 as the set of efficient points detected
when addressing minx∈X∩Zn(f1(x), f2(x))

⊤. The images of points in E0 are nondominated points
of Problem (TOIP) and define the set M0. The output of TrIntOpt, M ⊆ R3, is initially set
equal to M0. The starting ε1 is set equal to f3(x̂

0)−δ and we enter in a loop. At every iteration
k, the biobjective problem (BOIPk) is handled, the set Ek and its image Mk are computed and
M is enriched by the points in Mk. As it is shown in Proposition 5.1.4, the points in Ek are at
least weakly efficient. Then, the new value εk+1 is set equal to f3(x̂

k)− δ, being x̂k a maximum
with respect to f3 over the set Ek and we go on until εk is less than f3(x

∗), meaning that the
whole criterion space has been visited.

In order to prove that TrIntOpt detects the complete nondominated set of Problem (TOIP),
we need to assume that the objective functions are positive γ-functions, a concept that we already
introduced in Section 3.1.

Assumption 5.1.3. The functions fi : Rn → R, i = 1, 2, 3 in Problem (TOIP) are positive
γ-functions as in Definition 3.1.3 for some γ > 0.

As already mentioned in Chapter 3, linear or quadratic functions defined overQn are examples
of functions satisfying Assumption 5.1.3. Let Assumption 5.1.3 hold with γ > 0. Let δ > 0 be
the input parameter for TrIntOpt. In case δ > γ, TrIntOpt could miss some nondominated
points of Problem (TOIP), since the step size δ may be wider than the distance between two
nondominated points. On the other hand, if δ is chosen to be less than or equal to γ, we have
that TrIntOpt is able to detect the complete nondominated set of (TOIP), as shown in the
following.
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Algorithm 2 Scheme of TrIntOpt

Input: (TOIP), δ > 0, k = 1;
Output: Set YN ⊆ M ⊆ YwN of nondominated points of (TOIP );

1: Compute x∗ ∈ argminx∈X∩Zn f3(x)
2: Compute E0 by addressing minx∈X∩Zn(f1(x), f2(x))

⊤

3: Compute x̂0 ∈ argmaxx∈E0 f3(x)
4: Set M = M0 = {f(x) | x ∈ E0}
5: Set ε1 = f3(x̂

0)− δ
6: while εk ≥ f3(x

∗) do
7: Compute Ek by addressing minx∈Xk∩Zn(f1(x), f2(x))

⊤,
with X k = X ∩ {x ∈ Rn : f3(x) ≤ εk}

8: Compute x̂k ∈ argmaxx∈Ek f3(x)
9: Set Mk = {f(x) | x ∈ Ek}

10: Set M = M∪Mk

11: Set εk+1 = f3(x̂
k)− δ

12: Set k = k + 1
13: end while
14: Return M

In Proposition 5.1.4, we first prove that any point detected by TrIntOpt is at least a weakly
nondominated point. Then, Proposition 5.1.5 shows that every nondominated point is detected
at some iteration of TrIntOpt, so that no nondominated point is left undetected, meaning that
the set M, output of TrIntOpt, is a superset of the nondominated set YN .

Proposition 5.1.4. Let Assumption 5.1.1 and Assumption 5.1.2 hold. Let Assumption 5.1.3
hold with γ > 0 and assume that δ ≤ γ in Algorithm 2. Let x̃ ∈ Ek. Then f(x̃) ∈ YwN .

Proof. Assume by contradiction that f(x̃) ̸∈ YwN , namely x ∈ X ∩ Zn exists such that

fi(x) < fi(x̃) i = 1, 2, 3. (5.1)

Since x̃ ∈ X k ∩ Zn we have that f3(x̃) ≤ εk. Therefore, x ∈ X k ∩ Zn and f3(x) ≤ εk, otherwise
f3(x̃) < f3(x), getting a contradiction to (5.1). Since x̃ is an efficient point for Problem (BOIPk),
we have that

̸ ∃ x̂ ∈ X k ∩ Zn such that f1(x̂) ≤ f1(x̃), f2(x̂) ≤ f2(x̃),

with fi(x) ̸= fi(x̃) i = 1, 2; so that (5.1) cannot hold.

Proposition 5.1.5. Let Assumption 5.1.1 and Assumption 5.1.2 hold. Let Assumption 5.1.3
hold with γ > 0 and assume that δ ≤ γ in Algorithm 2. Let y ∈ YN . Then k ∈ N and x̃ ∈ Ek

exist such that f(x̃) = y.

Proof. Let k ∈ N be the iteration of Algorithm 2 where it holds

εk+1 < y3 ≤ εk. (5.2)

Note that such value k ∈ N exists from the definition of εk within Algorithm 2 and since
f3 : Rn → R satisfies Assumption 5.1.3. Note also that since y3 ≤ εk, we have that x ∈ X k ∩ Zn

exists such that y = f(x). Assume by contradiction that x ̸∈ Ek. Two possibilities need to be
considered:
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i) if we assume that x ̸∈ Ek as it is not an efficient point for (BOIPk), we have that (y1, y2) =
(f1(x), f2(x)) does not belong to the nondominated set of Problem (BOIPk). Then, x̂ ∈
X k ∩ Zn exists such that

f1(x̂) ≤ y1, f2(x̂) ≤ y2,

with fi(x̂) ̸= yi, i = 1, 2. Since y ∈ YN it must hold

y3 < f3(x̂) ≤ εk.

Since Assumption 5.1.3 holds and δ ≤ γ, necessarily y3 ≤ εk+1, that is a contradiction
to (5.2),

ii) if we assume that x ̸∈ Ek as it has not been detected by the Oracle satisfying Assump-
tion 5.1.1 used within Algorithm 2, we would have that (f1(x), f2(x)) belongs to the non-
dominated set of Problem (BOIPk) but x̄ ∈ Ek, x̄ ̸= x exists such that (f1(x̄), f2(x̄)) =
(f1(x), f2(x)) = (y1, y2). From Proposition 5.1.4, it holds that f(x̄) ∈ YwN . Then, since
y ∈ YN , we have that y3 = f3(x) ̸= f3(x̄) only if y3 = f3(x) < f3(x̄). As before, necessarily
y3 ≤ εk+1 and we get a contradiction to (5.2).

Based on the previous lemmata we are able to prove the following.

Theorem 5.1.6. Let Assumption 5.1.1 and Assumption 5.1.2 hold. Let Assumption 5.1.3 hold
with γ > 0. Let δ ≤ γ. Algorithm 2 finds the complete nondominated set YN of (TOIP) after
having addressed a finite number of single-objective integer programs.

Proof. By Proposition 5.1.4 and Proposition 5.1.5 we have YN ⊆ M. Thanks to Assump-
tion 5.1.3, choosing δ ∈ (0, γ] allows the while loop to take at most m =

⌊ (
f3(x̂

0)− f3(x
∗)
)
/γ
⌋

iterations. Furthermore, taking into account Assumption 5.1.1, we have that Mk can be detected
after having solved Bk single-objective integer programs.

Then, considering the single-objective integer programs tackled at the beginning of Algo-
rithm 2 for the computation of x∗ and M0, that is B0 + 1, the total number of single objective
integer programs addressed by Algorithm 2 is B0 +

∑m
k=1 B

k + 1.

5.1.1 Avoiding the detection of weakly nondominated points

Starting from the ideas presented in [63], we propose to modify Problem (BOIPk) addressed at
Step 7 of Algorithm 2. An additional nonnegative continuous variable s ∈ R is introduced to
avoid the detection of weakly nondominated solutions along the iterations of TrIntOpt. The
biobjective nonlinear mixed-integer problem we consider is as follows:

min (f1(x)− ρs, f2(x)− ρs)⊤

s.t. f3(x) + s = εk

x ∈ X ∩ Zn

s ≥ 0,

(BOMIPk)

where ρ > 0 is an adequately small number (usually between 10−3 and 10−6) (see [63]). Despite
Problem (BOMIPk) is a mixed-integer problem, its nondominated set is finite and can be detected
by the same oracle used for addressing Problem (BOIPk). We denote by Ẽk the set of efficient
points detected by the oracle in Assumption 5.1.1, when solving Problem (BOMIPk).
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Proposition 5.1.7. Let Assumption 5.1.2 hold. Let Assumption 5.1.3 hold with γ > 0. Then,
Problem (BOMIPk) has a finite nondominated set. Furthermore, if x ∈ Ẽk then f(x) ∈ YN .

Proof. Recall that by X k we denote the set X ∩{x ∈ Rn : f3(x) ≤ εk}. From Assumptions 5.1.2
and 5.1.3, we have that the set {f3(x) | x ∈ X k ∩ Zn} ⊂ R is a finite set. Furthermore, given
x̄ ∈ X k ∩ Zn, a unique s̄ exists such that

s̄ = argmax s

s.t. f3(x̄) + s = εk

s ≥ 0.

Therefore, the nondominated set of Problem (BOMIPk) is finite. Let x′ ∈ Ek be an efficient
solution of (BOIPk). From Proposition 5.1.4 we have that f(x′) ∈ YwN . Let (x̂, ŝ) ∈ Ẽk be an
efficient solution of (BOMIPk) and assume by contradiction that x′ dominates x̂, with

f1(x
′) = f1(x̂) and f2(x

′) = f2(x̂).

Then, f3(x
′) < f3(x̂) = εk−ŝ, with ŝ ≥ 0. This implies that s′ ≥ 0 exists such that f3(x

′) = εk−s′

and s′ > ŝ. However, this contradicts the efficiency of (x̂, ŝ) for Problem (BOMIPk), as (x′, s′)
is feasible for (BOMIPk), with

f1(x
′)− ρs′ < f1(x̂)− ρŝ and f2(x

′)− ρs′ < f2(x̂)− ρŝ.

5.1.2 Numerical comparisons

The performance of TrIntOpt strongly depends on the performance of the oracle satisfying
Assumption 5.1.1 adopted. In our Python implementation of TrIntOpt we solve the biobjective
subproblems (BOMIPk) by the Frontier Partitioner Algorithm in its enhanced version (FPA∗)
presented in [29]. Assumption 5.1.1 is satisfied by FPA∗ and the number Bk of single-objective
integer programs addressed is equal to |Yk

N |+2, being |Yk
N | the cardinality of the nondominated

set of the subproblem (BOMIPk). For how TrIntOpt works, it can happen that single-objective
integer problems are addressed to detect nondominated points that have already been found.
In order to avoid useless computations and save CPU time, we keep a list of the nondominated
points detected along the iterations of TrIntOpt and use the corresponding efficient points to
warmstart the solver of the single-objective integer problems. Within our Python implementation
of TrIntOpt we use the MIP solver of GUROBI [50]. All experiments have been executed on an
Intel(R) Xeon(R) Gold 6252N CPU running at 2.30GHz.
In the following, we compare our Python implementation of TrIntOpt over both linear and
quadratic instances. LSM [9] and QSM [10] are chosen as state of the art algorithms for the
comparison over linear instances, while AdEnA is chosen as an algorithm to compare with over
quadratic instances.

Linear instances

We mention that both the algorithms described below are implemented in C++ and rely on the
IBM CPLEX Optimizer as MIP solver.

The L-shape method (LSM) [9] is an image space decomposition method. The algorithm holds
a priority queue of rectangles to be explored, in the image space of two objective functions.
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The method looks into the rectangles with the aim of finding all those nondominated points for
(TOIP) having their projection in the rectangle itself. In case an already-found nondominated
point outside the rectangle is detected the rectangle is shrunk. The search can either determine
that the rectangle contains no as yet unknown nondominated point so that the rectangle is
discarded, or find a new nondominated point having its projection in the rectangle. In this case,
the nondominated point found induces an ”L-shape” which is explored in the same way, namely
it can be shrunk, discarded or split into more rectangles that are added to the priority queue.

The Quadrant Shrinking Method (QSM) [10] partitions the image space by splitting it into
“quadrants” which are defined starting from an upper bound point in the image space of two out
of three objective functions. A search procedure looks for nondominated points over the current
quadrant. Then, if no nondominated point is found the quadrant is shrunk. On the other hand,
when a nondominated point is detected, a new search region is defined and the search procedure
looks for an as yet unknown nondominated point. Strategies to avoid the solution of redundant
single-objective integer problems are implemented.

In Table 5.1, we report the comparison among TrIntOptILP , i.e. TrIntOpt without the strat-
egy proposed in Section 5.1.1, TrIntOpt, LSM and QSM on instances of the triobjective assignment
problem (AP) available at
https://usf.app.box.com/s/ds0g3ktcjg7vgfsbegzu53ptjgsfq1jg.
Such instances are 0-1 linear and the functions involved have all integer entries, so that Assump-
tion 5.1.3 for TrIntOpt is satisfied with γ = 1.

For each instance and each method, we report the time needed in seconds and the cardinality
of the output set, namely the cardinality of M for both TrIntOptILP and TrIntOpt and the
cardinality of YN for LSM and QSM. In fact, despite the adoption of the strategy described in
Section 5.1.1, we noticed that TrIntOpt may also detect weakly nondominated points. From
our numerical experience, this depends on the choice of the parameter ρ within (BOMIPk). The
results shown are obtained with ρ = 10−6, that, in our experiments, leads to the lowest number
of additional weakly nondominated points. We can also notice that solving (BOMIPk), instead
of (BOIPk), comes at a not negligible computational time, as TrIntOpt is always slower with
respect to TrIntOptILP . This could depend on both the value of ρ and on the introduction of
the additional variable s in (BOMIPk). QSM is the fastest method on every instance but AP5
and AP8, where TrIntOptILP is the fastest. Furthermore, despite TrIntOptILP detects a higher
number of solutions, it is faster than LSM on seven instances, suggesting that the warmstarting
strategy may pay off. The discussed results suggest that TrIntOpt is a valid method for solving
TOIP linear problems.

Table 5.1: Results on triobjective assignment problem instances

Instance TrIntOptILP TrIntOpt LSM QSM
time |M| time |M| time |YN | time |YN |

AP2 17.18 223 19.20 221 14.46 221 10.75 221
AP3 45.69 500 53.43 488 41.54 483 31.92 483
AP4 260.30 2030 340.38 1962 264.10 1942 226.66 1942
AP5 484.99 3872 617.47 3765 617.29 3750 530.74 3750
AP6 936.99 5380 1097.05 5231 1059.81 5195 874.00 5195
AP7 2169.03 10996 2913.69 10546 2545.78 10498 2231.19 10498
AP8 3289.97 15373 4693.06 14809 4068.96 14733 3552.93 14733
AP9 6971.05 25684 10142.39 24021 7315.51 23941 6626.87 23941
AP10 9437.76 30802 15100.32 29259 10313.50 29192 9337.88 29193
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Quadratic instances

In the following, we report a comparison of TrIntOpt with AdEnA, the hybrid decision-criterion
space method proposed in [44, Algorithm 3] on tri-objective integer nonlinear instances, with
convex quadratic objective functions and linear constraints. We used the code of AdEnA provided
on GitHub [43]. AdEnA is an exact method for Multi-Objective Mixed-Integer Nonlinear Problems
(MOMINLPs), meaning that it is able to detect an approximation of the nondominated set of
a MOMINLP according to a prescribed precision. In particular, AdEnA is able to compute an
enclosure of the nondominated set, i.e. a well-structured set in the image space, as for example a
union of boxes, which contains the nondominated set as a subset. The precision of an enclosure as
an approximation of the nondominated set is given by its width (we refer to [40] for further details
on the concept of enclosure). The precision required to AdEnA cannot be set to zero, so that the
approximation of the nondominated set obtained by AdEnA for purely integer instances cannot
be compared - in terms of quality - with the exact nondominated set detected by TrIntOpt, that
is a finite set. We chose to set ϵ, the parameter controlling the width of the enclosure released by
AdEnA, equal to 0.01. The instances were randomly generated with a number of variables n = 15,
a number of constraints m = 10. The matrices defining the quadratic terms in the objective
functions were built using the MATLAB function sprandsym considering three different density
levels ρ ∈ {0.25, 0.50, 0.75}. Namely, we generated matrices with approximately ρ · n2 nonzeros
entries. For what concerns the linear inequality constraints Ax ≤ b, we randomly generated
matrix A ∈ Rm×n and vectors b ∈ Rm with m = 10 using the MATLAB functions sprand and
rand respectively. For each ρ we produced 5 different instances and we report the CPU time (in
seconds) needed by the two algorithms in Table 5.2. On the instances considered, TrIntOpt is
not only able to reproduce the finite nondominated set, but it is also almost three times faster
than AdEnA. This suggests that TrIntOpt is a suitable algorithm for solving triobjective integer
non linear problems with convex quadratic objective functions.

Table 5.2: Results on randomly generated triobjective quadratic instances

instance ρ TrIntOpt time AdEnA time

1 0.25 25.69 113.26
2 0.25 39.01 102.50
3 0.25 55.67 206.12
4 0.25 64.98 460.29
5 0.25 61.48 439.78
6 0.50 180.97 693.57
7 0.50 14.22 86.52
8 0.50 47.80 195.50
9 0.50 11.48 85.94
10 0.50 229.15 364.82
11 0.75 36.11 164.87
12 0.75 41.23 137.59
13 0.75 106.97 354.59
14 0.75 169.75 404.57
15 0.75 268.47 807.92
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5.2 Designing sustainable diet plans through triobjective
0-1 models

Sustainable diets are defined by the Food and Agriculture Organization of the United Nations
[2] as “those diets with low environmental impact that contribute to food and nutrition security
and to a healthy life for present and future generations”. A sustainable diet must therefore be
healthy, have low environmental impact and respect cultural habits in order to be acceptable to
the population. These issues are often incompatible, for example low-cost diets correspond to
high energy density, whereas diets of higher nutrient density and nutritional quality have higher
costs. The healthiness of food is guaranteed by following the advices of nutritionists and various
medical and governmental institutions, which mainly consist of dietary guidelines [68] defining
nutrient requirements, recommended nutrient intakes as well as recommended consumption levels
of some foods [83].

The environmental impact of food production refers to the level of greenhouse gas emissions,
the use of land and water resources, pollution, phosphorus depletion and the impact of chemical
products such as herbicides and pesticides. Cultural habits, i.e. the composition of meals, food
preferences and preparation techniques, are strongly influenced by the traditions, beliefs and
values shared by a community. They therefore define the structure of each meal and the set of
foods and dishes that are considered edible and acceptable [48]. In addition, the attractiveness
and variability of meals must also be considered when designing a diet. A meal plan, or menu,
consists of the sequence and composition of daily meals over a given period of time. This can be
done by selecting dishes from a given set of recipes with a portion size that generally depends
on age, weight, gender, and level of physical activity. The design of a menu can therefore be
modeled as the assignment of dishes (resources) to given places in a schedule (slots).

The case study we consider is the design of school lunch menus for primary schools in Italy.
The set of dishes available to be served was determined by collecting a sample of several Italian
primary school menus (children aged 6–11 years) and results in a list of 178 dishes grouped as 66
first-course dishes (in general including pasta or other carbohydrate sources), 75 second-course
dishes (in general a source of protein), 35 side dishes (vegetables, potatoes, or salad), fresh fruit,
and bread. Tap water is the only beverage allowed for lunch.

Complying with the Italian recommended dietary allowances (RDAs) [76], a fixed portion
size for each dish was considered. Recommended ranges for energy and nutrient intakes (fats,
proteins, carbohydrates, sugars, fiber, sodium, calcium, iron, and vitamin B12) for each lunch are
also obtained from RDAs. To satisfy these requirements, the energy quantity qeni and nutrient
quantities qpi of each dish i and nutrient p were calculated from its ingredients using the Italian
Food composition and Nutrition database [1]. Other recommendations include limiting or avoid-
ing consumption of some food groups and increasing consumption of others. For example, health
authorities recommend eating more plant-based foods, limiting animal products, especially red
meat, and avoiding processed meats. To reflect such recommendations, different food groups are
defined (white meat, red meat, eggs, fish, dairy, and vegetables) and dishes are assigned to the
appropriate food group g. In addition, dishes containing processed meat are not included in the
list of available dishes.

The impact of food production on the environment was characterized by some standard
consumption-based indicators, such as the carbon, water, and nitrogen footprints. The first is
expressed as carbon dioxide equivalent and takes into account all the primary greenhouse gases,
i.e., carbon dioxide CO2, methane CH4, and nitrous oxide N2O, emitted during food production.
The second takes into account for the freshwater withdrawals required to produce food and the
last the pollution of water bodies and ecosystems due to the excess of nitrogen in agricultural
production systems. The carbon and water footprints associated to each dish i, denoted by qcfi
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and qwf
i respectively, were computed from its ingredients using the database developed in the

framework of the EU SU-EATABLE LIFE project [69]. The nitrogen footprint qnfi associated
to each dish i was estimated from its ingredient using the model presented in [60].

We report in Figure 5.1 the carbon, water and nitrogen footprints of second-course dishes and
side dishes containing vegetables. As expected, the second-course dishes containing red meat are
the less sustainable ones.

Figure 5.1: Carbon, water and nitrogen footprints of second-course dishes and side dishes con-
taining vegetables (one fixed-size portion).

Cultural habits are naturally complied with the choice of the set of recipes from which to
select the dishes of the menu, and with the structure of the lunch which must consists of one
first-course dish, one second-course dish, one side-dish, fresh fruit and bread. On the other hand,
attractiveness and variability of the menu is pursued by fixing the minimum and maximum
number of times that each dish, and dishes of the same food group g, can be served in the menu.

The design of a lunch menu over D days can be modelled as the assignment of D×178 binary
variables xi

d, each one associated to each available dish i and day d, assuming value 1 if the dish
i is served in the lunch of the day d, and 0 otherwise.
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Nutritional recommendations consists of recommended nutrient intakes and can then be mod-
eled as lower and/or upper bounds on energy and nutrients contents of each lunch and of the
overall menu as follows:

Lday
p ≤

178∑
i=1

xi
d · q

p
i ≤ Uday

p , ∀d, p

Lweek
p ≤

5∑
d=1

178∑
i=1

xi
d · q

p
i ≤ Uweek

p , ∀p (5.3)

where Lday
p , Uday

p , Lweek
p , and Uweek

p are the lower and upper bounds on the recommended daily
and weekly intake of nutrient p. The recommendations limiting or increasing the consumption
of some food groups, as well as those related to the attractiveness and variability of the menu,
can be modeled as lower and/or upper bounds on the number of dishes of the same food group
g served during the week as follows:

mg ≤
5∑

d=1

∑
i∈g

xi
d ≤ Mg, ∀g (5.4)

where mg, and Mg are the lower and upper bound associated to group g. Moreover, variability
is increased by imposing that each dish cannot be served more than once in the menu, that is

D∑
d=1

xi
d ≤ 1, ∀i (apart from fruit and bread)

The values of the above defined lower and upper bounds are given in Tables 5.3 and 5.4.

Table 5.3: Lunch energy and nutrient constraints for children aged 6–11 years.

p Lday
p Uday

p Lweek
p Uweek

p

energy (kcal) 500 900 3000 4000
fats (g) 10 40 100 150

proteins (g) 15 40 100 175
carbohydrates (g) 70 130 450 550

sugars (g) - 40 50 150
fiber (g) - 20 25 75

sodium (mg) 100 700 1500 2500
calcium (mg) - - 1000 -
iron (mg) - - 25 -

vitamin B12 (µg) 0.35 - - -

The composition of the lunch of each day d is guaranteed by the following constraints:∑
i∈first

xi
d = 1,

∑
i∈second

xi
d = 1,

∑
i∈side

xi
d = 1, ∀d

and xd
i = 1, ∀d and when i corresponds to fruit and bread.

Two different models are considered, with different objective functions and different number
of days D. The first model refers to a weekly menu, i.e. D = 5, and the objective functions to be
minimized are the carbon footprint (expressed as grams of carbon dioxide equivalent emitted),
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Table 5.4: Food groups repetition constraints for health, acceptability and variability require-
ments.

g mg Mg

white meat 1 2
red meat - 1

eggs 1 2
fish 1 2
dairy 1 2

vegetables 4 -

the water footprint (expressed as liters of freshwater withdrawals), and the nitrogen footprint
(expressed as grams of nitrogen released) of the menu, that is

f1(x) =

D∑
d=1

178∑
i=1

xi
d · q

cf
i , f2(x) =

D∑
d=1

178∑
i=1

xi
d · q

wf
i , f3(x) =

D∑
d=1

178∑
i=1

xi
d · q

nf
i . (5.5)

This model results in a triobjective problem of 890 binary variables and 292 constraints 25 of
which are equality constraints. As reported above, the objective functions and the constraints
are linear and Assumption 5.1.3 is satisfied with γ = 0.01.

The second model refers to a menu for just two days (D = 2). In this case the weekly
constraints (5.3) and (5.4) do not apply and the objective functions to be minimized are the
carbon and water footprints of the menu, that is f1(x) and f2(x) in (5.5), and the mean square
deviation of the daily energy intake with respect to the RDAs reference value of 700 kcal/day,
that is

f3(x) =
1

D

2∑
d=1

[(
178∑
i=1

xi
d · qeni

)
− 700

]2
.

The model is then a triobjective binary quadratic one, requiring a much heavier computational
burden for our algorithm. This is the reason why the menu runs over just two days, so that
only 356 binary variables are needed. Solving this triobjective model ended in identifying 5
nondominated solutions and the related 5 menus, that are reported in the table below. Note
that every menu is also including bread and fruit for every day, which are not reported in Table
5.5.

5.3 Numerical results and discussion

For what concerns the first model described in Section 5.2, 635 weakly nondominated points
were determined. Each point represents a set of menus with the same carbon, water, and
nitrogen footprint values, and therefore equivalent with respect to the environmental impact.
For example, the simple permutation of lunches within the days of the week, provides equivalent
menus. Moreover, there are dishes sharing the same energy, nutrients, and environmental impact
values that can be interchangeably used, and this may further increase the number of possible
equivalent menus. This happens when different recipes have the same ingredients with the same
quantity, i.e., they have only a different food preparation such as, for example, Backed potatoes,
Boiled potatoes with olive oil, Crispy backed potatoes, and Sauteed potatoes. All the menus
associated with the 635 points are nutritionally adequate, healthy and attractive, since they
satisfy the constraints.
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Chapter 5. Designing sustainable diet plans by solving TOIPs

Figure 5.2: Projection of the weakly nondominated points on the plane nitrogen-water footprints.

Projections of weakly nondominated points on the three coordinate planes are shown in
Figures 5.2, 5.3, and 5.4.

Figures 5.2, 5.3 show that menus with low/high nitrogen or carbon footprint are generally
those with higher/lower water footprint. On the contrary, menus with high/low carbon footprint
exhibit also high/low nitrogen footprint, see Figure 5.4. As a consequence, menus with high water
footprint have low values for both carbon and nitrogen footprints, and menus with low water
footprint have high values for both carbon and nitrogen footprint. This is clearly shown in Figure
5.4 checking the color mark for the water footprint values. An approximate quadratic relation
between the footprint values associated to the (weakly) nondominated points found is obtained
by least square fitting with R2 = 0.98, and the corresponding surface is shown in Figure 5.5.
Hence water footprint increases on average quadratically when carbon and nitrogen footprints
decrease. This allows, for instance, to estimate the minimum water footprint of a menu fixing
some values for the associated carbon and nitrogen footprint.

5.4 Conclusions

An exact method for detecting the nondominated set of triobjective nonlinear integer programs
has been devised. The method TrIntOpt uses the concept of γ-positive function in order to
properly combine the ε-constraint method with solvers for biobjective integer programs. A
strategy to avoid the detection of weakly nondominated points, seen as a disadvantage of the ε-
constraint method, is presented. By applying TrIntOpt to two triobjective 0-1 problems modeling
the design of nutritionally adequate and healthy diet plans, we were able to collect menus,
minimizing standard consumption-based indicators measuring the impact of food production on
the environment. Thanks to the theoretical results proven we are guaranteed that each menu
detected is a nondominated point of the problem considered and that the whole nondominated
set has been recovered.
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Section 5.4. Conclusions

Figure 5.3: Projection of the weakly nondominated points on the plane water-carbon footprints.

Figure 5.4: Projection of the weakly nondominated points on the plane carbon-nitrogen foot-
prints.
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Figure 5.5: Quadratic approximate relation between weakly nondominated points (R2 = 0.98).
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Chapter 6

Using Dual Relaxations in
Multiobjective Mixed-Integer
Convex Quadratic Programming ∗

In this chapter, we develop a branch-and-bound method that, using dual relaxations as a key
ingredient, is guaranteed to compute an enclosure for the nondominated set of a multiobjective
mixed-integer convex quadratic programming problem in a finite number of iterations. Differently
from approaches that work exclusively in the image space, our algorithm is also able to deliver
a superset of the set of efficient integer assignments, that in turn is needed as input for some
existing approaches (see, e.g., [19]). Here, an efficient integer assignment is a fixing of the integer
variables in such a way that there exists an efficient point of the problem with exactly this fixing.
Note that for multiobjective mixed-integer problems, it can happen that there is a large number
of efficient integer assignments. In fact, there exist instances of such optimization problems that
cannot be solved without a full enumeration of all integer assignments. The reason for that is
that it can happen that all integer assignments contribute to different parts of the nondominated
set. This clearly represents a big difference with respect to the single-objective case and at the
same time a big challenge regarding the development of solution algorithms for MOMIPs. In
the definition of branch-and-bound methods, this emphasizes the need for strategies for a fast
enumeration of the nodes.

Starting from some of the ideas to deal with purely integer unconstrained problems presented
in [27], we address the difficulties of handling the presence of both continuous and integer variables
and linear inequality constraints. In contrast to the purely integer case, the nondominated set of
the corresponding multiobjective mixed-integer nonlinear optimization problems is an, in general,
infinite set and cannot be computed exactly. Consequently, solving such optimization problems
usually refers to computing an approximation of the nondominated set, the efficient set, or both
of them. Thus, different solution techniques are needed. The method that we present computes
both a coverage of the nondominated set and a superset of the set of efficient integer assignments.

More formally, we focus on optimization problems where the goal is to minimize m ≥ 2
quadratic objective functions given by fj : Rn → R,

fj(x) = x⊤Qjx+ (cj)⊤x+ aj ,

for all j ∈ [m] := {1, . . . ,m} with symmetric positive definite matrices Q1, . . . , Qm ∈ Sn, vectors

∗The content of this chapter is part of the paper [31].
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c1, . . . , cm ∈ Rn, and scalars a1, . . . , am ∈ R. We recall that under the assumption that all the
matrices Qj are positive definite, we have that all the functions fj are strongly convex. This
means that there exist some ν > 0 such that for all x, y ∈ Rn and λ ∈ [0, 1] it holds

νλ(1− λ)∥x− y∥22 + fj(λx+ (1− λ) y) ≤ λ fj(x) + (1− λ) fj(y)

for j ∈ [m], where with ∥ · ∥2 we denote the Euclidean norm. This also implies the strict
convexity of the functions, i.e., for any x, y ∈ Rn with x ̸= y and any λ ∈ (0, 1) we have
fj(λx + (1 − λ) y) < λfj(x) + (1 − λ) fj(y) for j ∈ [m]. These convexity assumptions will be
essential to derive the finiteness result for our new algorithm.

Assuming that the objective functions are quadratic allows us to perform many of the expen-
sive calculations in a preprocessing phase. What is more important, we can make use of simple
dual formulations within our procedure which are a main aspect to make our algorithm fast and
efficient. Thus, in summary, compared to the algorithm presented in [27], the theory and the
algorithm are extended to mixed-integer problems (compared to the pure integer case in [27]), to
linearly constrained problems (compared to unconstrained problems in [27]), and we additionally
speed up the algorithm by making use of dual formulations.

The multiobjective mixed-integer quadratic programming problem which we study in this
chapter is given as

min
x

(f1(x), . . . , fm(x))⊤

s.t. Ax ≤ b
xi ∈ Z for all i ∈ [k]
x ∈ Rn

(MOMIQP)

with a matrix A ∈ Rp×n, a vector b ∈ Rp, and with 1 ≤ k ≤ n, i.e., we assume that at least one
variable can attain integer values only. We do not need any assumption on the boundedness of
the feasible set. In particular, we are not assuming any lower or upper bounds on the variables,
i.e., no box constraints, as it is often required, for instance in [54] or for branch-and-bound based
methods with a partitioning of the starting box in the pre-image space as in [28, 41]. Indeed,
it will be later shown that both the efficient and the nondomianted sets of problem (MOMIQP)
are bounded. In the following, the feasible set of (MOMIQP) is denoted by S, i.e.,

S := {x ∈ Zk × Rn−k | Ax ≤ b}.

Note that for k = n we have the special case of a multiobjective integer quadratic program-
ming problem, for which our method will be exact. This means that it will be able to detect the
whole nondominated set, which is a finite set.

This chapter is organized as follows. In Section 6.1, we give some standard definitions for
multiobjective optimization and we formally recall what an enclosure of the nondominated set is.
In Section 6.2 we define the subproblems that we address at the nodes of our branch-and-bound
algorithm according to our branching strategy that works by fixing integer variables. In Section
6.3 we present the theoretical results that allow to avoid an infinite enumeration of nodes even
in case problem (MOMIQP) has an unbounded feasible set. In Section 6.4 a scheme of our
branch-and-bound algorithm is presented and in Section 6.5, we see how the dual relaxations
may come into play to save computational effort. Eventually, in Section 6.6, numerical results
are reported and in Section 6.7 we draw some conclusions.

6.1 Basic Notions and Definitions

For the following notions as well as an introduction to multiobjective optimization we refer, for
instance, to [36]. We use the standard optimality notion based on the componentwise partial
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ordering in the image space. A point x̄ ∈ S is called an efficient point for (MOMIQP) if there
is no feasible point x ∈ S with f(x) ̸= f(x̄) and with f(x) ≤ f(x̄). Here and in the following,
≤ and < are understood componentwise. The image f(x̄) of an efficient point for (MOMIQP)
is called nondominated, and the image set of all efficient points is denoted as the nondominated
set YN (also known, specifically for m = 2, as Pareto front).

It is shown in the following that multiobjective optimization problems having strongly convex
objective functions have a bounded efficient and nondominated set. Consider a multiobjective
programming problem of the form

min (f1(x), . . . , fm(x))⊤

s.t. x ∈ Ω ⊆ Rn (6.1)

where fj : Rn → R denotes a strongly convex function with parameter γj > 0 for all j ∈ [m] and
Ω ⊆ Rn is a nonempty feasible set. The following results shows that the efficient set and the
nondominated set of (6.1) are bounded sets.

Proposition 6.1.1. Let E be the efficient set of (6.1). Then there exist x̄, x ∈ Rn such that
E ⊆ int(BE) =: (x̄, x).

Proof. Assume by contradiction that (xk)k∈YN
⊆ E exists such that limk→∞

∥∥xk
∥∥2
2
= +∞. Let

x̃ ∈ Ω and let ρ := f(x̃). In particular, we have that

lim
k→∞

∥∥xk − x̃
∥∥2
2
= +∞. (6.2)

Further, let j ∈ [m]. Since fj is strongly convex, we have that

0.25 γj ∥x− x̃∥22 + fj(0.5(x+ x̃)) ≤ 0.5fj(x) + 0.5fj(x̃)

holds for all x ∈ Rn or, equivalently,

0.5 γj ∥x− x̃∥22 + 2fj(0.5(x+ x̃))− fj(x̃) ≤ fj(x). (6.3)

Furthermore, let x∗
j denote the unique minimizer of fj over Rn. From (6.3) and since fj(x) ≥

fj(x
∗
j ) for all x ∈ Rn, we have that for all k ∈ YN

fj(x
k) ≥ 0.5 γj

∥∥xk − x̃
∥∥2
2
+ 2fj(x

∗
j )− fj(x̃).

Therefore, from (6.2), it necessarily holds limk→∞ fj(x
k) = +∞ for all j ∈ [m]. In particular, for

sufficiently large k ∈ YN we have that f(xk) > ρ = f(x̃), contradicting that (xk)k∈YN
⊆ E .

As a direct consequence from Proposition 6.1.1 we obtain the following:

Corollary 6.1.2. Let YN be the nondominated set of (6.1). Then there exist z, Z ∈ Rm such
that YN ⊆ int(BYN

) =: (z, Z).

Thanks to Corollary 6.1.2, we have that the nondominated set of a MOMIP problem with
strongly convex objective functions is a bounded set. In particular, due to our assumptions, this
holds for our problem (MOMIQP). Hence, it is guaranteed that a closed box

B := [z, Z] := {x ∈ Rm | z ≤ x ≤ Z} (6.4)

with YN ⊆ int(B) = (z, Z) := {x ∈ Rm | z < x < Z}, where z, Z ∈ Rm, always exists. As
already mentioned, we aim at approximating the nondominated set YN by an enclosure that can
be defined as follows (see [44]).
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Definition 6.1.3. Let L,U ⊆ Rm be two finite sets with YN ⊆ L+Rm
+ and YN ⊆ U −Rm

+ . Then
L is called a lower bound set, U is called an upper bound set, and the set A which is given as

A = A(L,U) := (L+ Rm
+ ) ∩ (U − Rm

+ ) =
⋃
l∈L

⋃
u∈U,
l≤u

[l, u]

is called an enclosure (or a box approximation) of the nondominated set YN of (MOMIQP) given
L and U .

Note that for the elements of the set U one cannot take just objective function values f(x) of
feasible points x ∈ S, as one might be used to from single-objective global optimization. Instead
we need another concept, for instance the one of so-called local upper bounds, which we will
introduce below. A lower bound set L can be computed as a union of ideal points of certain
subproblems of (MOMIQP) which we discuss in the forthcoming Section 6.2.

The quality of an enclosure A is given by its width w(A). It is defined in [40] as the optimal
value of

max
l,u

s(l, u) s.t. l ∈ L, u ∈ U , l ≤ u

where s(l, u) := min {ui − li | i ∈ [m]} denotes the shortest edge length of a box [l, u]. The
surprising fact that this quality measure is based on the shortest edge length of the boxes, and
not on the largest as typically expected in global optimization, is due to a desired relation to
ε-optimality. For ε > 0 a point x̄ ∈ S is called ε-efficient for (MOMIQP) if there exists no x ∈ S
with f(x) ̸= f(x̄)− εe and f(x) ≤ f(x̄)− εe, where e represents the all-ones vector. We denote
the image set of all ε-efficient points by YNε. According to Lemma 3.1 in [40], if A is an enclosure
of YN with w(A) < ε then any x ∈ S with f(x) ∈ A is at least ε-efficient for (MOMIQP). In
other words, A ∩ f(S) ⊆ YNε holds. This is the natural extension of ε-optimality as used in
single-objective global optimization. A more detailed discussion and extensive motivation for
this quality measure is provided in [40, 42].

As already mentioned, and widely discussed in the literature, a proper concept to obtain an
upper bound set U are the so-called local upper bounds which have been presented in [58]. In
the following definition, we use the generalized definition of local upper bounds from [44, Def.
4.1] with the set B from (6.4) as the so-called initial area of interest. Within the definition we
further make use of stable sets. These are sets N ⊆ Rm where for any two points y1, y2 ∈ N
with y1 ̸= y2 it holds that y1 ̸≤ y2, i.e., all elements of N are pairwise non-comparable.

Definition 6.1.4. Let N ⊆ Rm be a finite and stable set. Then the lower search region for
N is s(N) := int(B) \ (N + Rm

+ ) and the lower search zone for some u ∈ Rm is c(u) :=
{y ∈ int(B) | y < u}. A set U = U(N) ⊆ Rm is called local upper bound set given N if s(N) =⋃

u∈U(N) c(u) and if {u1} − int(Rm
+ ) ̸⊆ {u2} − int(Rm

+ ) for all u1, u2 ∈ U(N), u1 ̸= u2. Each

point u ∈ U(N) is called a local upper bound (LUB).

We remark that the set B within Definition 6.1.4 does not necessarily have to be a box as in
(6.4), but can be chosen as an arbitrary subset of Rm with YN ⊆ int(B), see [44, Assumption 4.3].

6.2 Building Subproblems by Fixing Variables

The algorithm we propose is a branch-and-bound method that works by fixing the values of
certain integer variables. Our enumeration strategy is depth-first and we always branch by fixing
the value of one of the k integer variables. A crucial property of our algorithm is that the set
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of fixed variables only depends on the depth of the node in the branch-and-bound tree. We
thus lose the flexibility of choosing the best branching variable, but this strategy allows us to
process a single node in the tree much faster. As it will be clarified later, this branching strategy,
already successfully used in single-objective mixed-integer optimization [14, 15, 12, 13], allows to
perform a preprocessing phase for faster computations at the nodes. More precisely, at a generic
level d ∈ [k] ∪ {0} of the branch-and-bound tree, the variables x1, . . . , xd are fixed to certain
integer values, say, r1, . . . , rd ∈ Z. In particular, the order in which integer variables are fixed is
predetermined. This means that we start by fixing the value of x1 at level d = 1, continue by
fixing the value of x2 at level d = 2, and so on, until we fix the last integer variable xk at level
d = k. Hence, at every node of the branch-and-bound tree at the same level d ∈ [k] ∪ {0} the
same set of integer variables is fixed to certain (different) values. We remark that at level d = 0
(root node) no variable is fixed and we have the original problem. The full algorithmic scheme
of our method is reported in Section 6.4.

Let r = (r1, . . . , rd)
⊤ ∈ Zd be a vector of integer fixings. This vector defines a specific node

at level d of the branch-and-bound tree. For every j ∈ [m], we define, as in [27, Lemma 3.1], the
function fr

j : Rn−d → R by fr
j (x) := fj(r1, . . . , rd, x1, . . . , xn−d). This function can be expressed

explicitly as
fr
j (x) = x⊤Qd

jx+ (cj,r)⊤x+ aj,r,

where the positive definite symmetric matrix Qd
j is obtained by deleting the corresponding d

rows and columns of Qj and cj,r and aj,r are set to

cj,ri−d := cji + 2

d∑
l=1

qlirl, for i = d+ 1, . . . , n

and

aj,r := aj +

d∑
l=1

clrl +

d∑
l=1

d∑
i=1

qlirlri.

Similarly, we define the matrix Ad ∈ Rp×(n−d) and the vector br ∈ Rp by taking into account
the fixings, i.e., Ad denotes the matrix which is obtained from A by deleting the first d columns
and br := b−A(r1, . . . , rd, 0, . . . , 0)

⊤.
We consider the following continuous relaxation of (MOMIQP) induced by that fixing r ∈ Zd

of the first d integer variables:

min
x

(fr
1 (x), . . . , f

r
m(x))⊤

s.t. Adx ≤ br

x ∈ Rn−d.

(MOPr)

In our method, we mainly use these continuous subproblems to compute a lower bound set
L for an enclosure of the nondominated set of (MOMIQP) and to check whether the node
corresponding to the fixing r ∈ Zd of integer variables can be pruned. In fact, we do not consider
(MOPr) directly, but an outer approximation of the corresponding upper image set

Pr := {fr(x) ∈ Rm | Adx ≤ br, x ∈ Rn−d}+ Rm
+ .

The simplest outer approximation is determined by the ideal point of this set, which is
componentwise calculated as min{yj ∈ R | y ∈ Pr} for j ∈ [m]. By our assumptions, these
minima exist in case the feasible set Sr := {x ∈ Rn−d | Adx ≤ br} of (MOPr) is nonempty.
This approximation using the ideal point corresponds to an outer approximation derived by m

62



Chapter 6. Using Dual Relaxations in MOMICQP

supporting hyperplanes to the set Pr with normal vectors equal to the m unit vectors. As this
outer approximation is very rough, we allow improved outer approximations. In this respect,
let L ⊆ {y ∈ Rm

+ | ∥y∥1 = 1} be a finite set of nonnegative vectors which includes all m unit
vectors. We decided here for the 1-norm but any other norm can also be used for normalizing
the vectors. This set defines the hyperplanes which are used for the outer approximation of Pr.
The derived approximation of the upper image set Pr will be involved in our pruning condition
which we define later.

In order to compute the outer approximation, at a node, we solve the |L| continuous single-
objective subproblems

min
x

ℓ⊤fr(x)

s.t. Adx ≤ br

x ∈ Rn−d.

(P r(ℓ))

In fact, we will examine the dual problems of these subproblems, see Section 6.5. In case problem
(P r(ℓ)) is infeasible, i.e., in case we have

Sr = {x ∈ Rn−d | Adx ≤ br} = ∅ , (Inf)

the node can be pruned, see the results in Section 6.3.1.
Otherwise, in case problem (P r(ℓ)) is feasible, we define φr(ℓ) to be its optimal value for

ℓ ∈ L. Moreover, we denote by x∗ℓ,r ∈ Rn−d its unique minimizer, which exists due to the strong
convexity of the objective function. Note that for ℓ = ej , the j-th unit vector, we minimize
ℓ⊤fr(·) = fr

j (·). Hence, in that case x∗ℓ,r denotes the unique minimizer of fr
j with respect to

Sr. In particular, φr(ej) = fr
j (x

∗ej ,r) gives the j-th component of the ideal point of the set Pr.
Furthermore, in case of feasibility, i.e., in case Sr ̸= ∅, we define

α(d+ 1) := min
ℓ∈L

x∗
1
ℓ,r, β(d+ 1) := max

ℓ∈L
x∗
1
ℓ,r , (6.5)

and the interval
[ ⌊α(d+ 1)⌋ , ⌈β(d+ 1)⌉ ] . (I)

Recall that the vector r ∈ Zd of integer fixings corresponds to a node at level d of the branch-
and-bound tree. In case d < k, the interval (I) basically defines the range of values r′d+1 ∈ Z for
which, within our algorithm, children nodes with xd+1 fixed to r′d+1 ∈ Z need to be considered.
More importantly, we will show in Lemma 6.3.10 that all children nodes corresponding to r′ :=
(r1, . . . , rd, r

′
d+1) ∈ Zd+1 with r′d+1 outside that interval and far enough can safely be pruned.

This is one of the key results that ensures finiteness of the overall algorithm.
In the following, we briefly explain how exactly the children nodes at level d + 1 ≤ k corre-

sponding to such vectors r′ ∈ Zd+1 of integer fixings are explored within our algorithm. At the
first child node, xd+1 is fixed to r′d+1 = ⌊α(d+1)⌋. Then its sibling nodes are computed by consec-
utively fixing xd+1 to increasing integer values r

′
d+1 ∈ {⌊α(d+1)⌋+1, ⌊α(d+1)⌋+2, . . . , ⌈β(d+1)⌉}.

The method continues with fixing xd+1 to increasing integer values r′d+1 > ⌈β(d + 1)⌉ until it

reaches the first assignment of r′d+1 for which the node corresponding to r′ ∈ Zd+1 can be pruned
by one of the conditions we present in the forthcoming Section 6.3. Since that implies that also
all children nodes with even larger values of the integer variable xd+1 can be pruned, the algo-
rithm continues by exploring those nodes corresponding to fixings of r′d+1 < ⌊α(d+ 1)⌋. Again,
starting from ⌊α(d+1)⌋−1, the value of r′d+1 is decreased until the first child node which can be
pruned based on the results from Section 6.3 is found. The rules adopted to fix the variables are
outsourced in Algorithm 3. Again, the full branch-and-bound algorithm is presented in Section
6.4.
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Algorithm 3 Update rd
INPUT: rd, α(d)
OUTPUT: rd

1: if rd ≥ ⌊α(d)⌋ then
2: Set rd = rd + 1
3: else
4: Set rd = rd − 1
5: end if

To conclude this section, we consider the special case d = k. This means that at a corre-
sponding node all the integer variables are fixed to certain values given by r ∈ Zk. In other
words, a leaf node of the branch-and-bound tree is reached. At this point, the sets L of lower
bounds and U of upper bounds for the enclosure of the nondominated set YN of (MOMIQP) are
built up as detailed in the following.

We initialize L = ∅, U = U(∅) = {Z}, and N = ∅. At the leaf node corresponding to r ∈ Zk,
we solve the problems (P r(ℓ)) for all ℓ ∈ L. The optimal solutions x∗ℓ,r ∈ Rn−k of (MOPr) lead
to feasible points (r, x∗ℓ,r) ∈ Zk ×Rn−k of (MOMIQP). The upper bound set U is then updated
as

U = U(N ∪ {fr(x∗ℓ,r) | ℓ ∈ L}). (6.6)

More precisely, we use [58, Algorithm 3] (which is the same as [44, Algorithm 1]) to do so. By
[44, Lemma 4.7], for the resulting local upper bound set it holds that

N ⊆ U − Rm
+ . (6.7)

On the other hand, the lower bound set L is updated by

L = L ∪ {(φr(e1), . . . , φr(em))}, (6.8)

i.e., by the ideal point of the upper image set Pr. We will show in Lemma 6.4.2 that the resulting
set L computed by our algorithm is indeed a lower bound set in the sense of Definition 6.1.3.
We remark that, while U is always an upper bound set for an enclosure in that sense, for L this
only holds at the end of our algorithm.

6.3 Pruning of Nodes

As already mentioned, given a certain node at level d of the branch-and-bound tree, the interval
(I) defines the smallest range of integer values for which corresponding children nodes at level
d + 1 need to be computed. In this section, we analyze how to stop the computation of new
children nodes when fixing variable xd+1 to integer values outside this interval. In particular, we
provide sufficient conditions that allow to consider a finite number of integer assignments. This
implies that our method needs to explore only a finite number of nodes even in the case that the
original problem has an unbounded feasible set.

6.3.1 Pruning by Infeasibility

Whenever for some d ∈ [k] and a vector r = (r1, . . . , rd) ∈ Zd the problem (P r(ℓ)) is infeasible,
i.e., condition (Inf) holds, the corresponding node and all its children can of course be pruned:
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Lemma 6.3.1. Let the condition (Inf) hold for some d ∈ [k] and some vector r ∈ Zd of integer
fixings. Then there is no feasible point x̄ ∈ Zk × Rn−k of (MOMIQP) such that (x̄1, . . . , x̄d) =
(r1, . . . , rd).

In Lemma 6.3.2 we prove that, in case (Inf) holds, for integer fixings r ∈ Zd with rd > ⌈β(d)⌉
or rd < ⌊α(d)⌋, thanks to linearity of the constraints, we can also prune the outer siblings of that
node. Note that the condition (Inf) cannot occur for integer fixings r ∈ Zd with rd ∈ [α(d) , β(d) ].

Lemma 6.3.2. Let the condition (Inf) hold for some d ∈ [k] and some vector r ∈ Zd of integer
fixings.

(a) If rd = δ ≥ ⌈β(d)⌉, then there is no feasible point x̄ ∈ Zk ×Rn−k of (MOMIQP) such that
(x̄1, . . . , x̄d) = (r1, . . . , rd−1, r̄d) =: r̄ ∈ Zd with r̄d ≥ δ.

(b) If rd = δ ≤ ⌊α(d)⌋, then there is no feasible point x̄ ∈ Zk ×Rn−k of (MOMIQP) such that
(x̄1, . . . , x̄d) = (r1, . . . , rd−1, r̄d) =: r̄ ∈ Zd with x̄d ≤ δ.

Proof. We only prove (a). The proof of (b) is analogous.
Assume by contradiction that there exists a feasible point x̄ ∈ Zk×Rn−k of (MOMIQP) with

(x̄1, . . . , x̄d) = r̄ and r̄d ≥ δ. By the definition of β(d) there exists a feasible point of (P r′(ℓ))
for r′ := (r1, . . . , rd−1) ∈ Zd−1 and some ℓ ∈ L. In particular, there exists some x′ ∈ Rn with
Ax′ ≤ b, (x′

1, . . . , x
′
d−1) = (r1, . . . , rd−1), and x′

d ≤ β(d). For any λ ∈ [0, 1] let q(λ) be the point
defined as

q(λ) := λx̄+ (1− λ)x′.

By linearity, it holds Aq(λ) ≤ b for all λ ∈ [0, 1]. Moreover, qi(λ) = ri for all i ∈ [d− 1] and for
all λ ∈ [0, 1]. For the d-th component of q(λ) we have that qd(0) = x′

d ≤ β(d) ≤ δ ≤ x̄d = qd(1).
As a result, there exists λ̄ ∈ [0, 1] such that qd(λ̄) = δ = rd. This contradicts (Inf).

Of course, problem (MOMIQP) can still have an unbounded feasible set and the situation
that (Inf) is satisfied might never occur. However, we will show in the forthcoming Section 6.3.2
that even in case (Inf) is never satisfied, we can still prune nodes and their siblings under certain
conditions.

6.3.2 Pruning by Lower and Upper Bounds

In this section, we analyze what happens when infeasibility does not occur. In particular, we
make the following assumption.

Assumption 6.3.3. Let d ∈ [k] and r = (r1, . . . , rd) ∈ Zd be a vector of integer fixings. Assume
that (Inf) does not hold, i.e. Sr = {x ∈ Rn−d | Adx ≤ br} ≠ ∅.

In order to be able to prune certain nodes and their siblings as in Section 6.3.1, we define
a pruning condition based on lower and upper bound sets. We say that LBr ⊆ Rm is a lower
bound set for the node corresponding to the vector r ∈ Zd of integer fixings if

{f(x) ∈ Rm | x ∈ Zk × Rn−k, (x1, . . . , xd) = (r1, . . . , rd), Ax ≤ b} ⊆ LBr + Rm
+ .

A sufficient condition for this to hold is that Pr ⊆ LBr +Rm
+ . Due to the definition of φr(ℓ) and

since L ⊆ Rm
+ , we have for any ℓ ∈ L that Pr ⊆ {y ∈ Rm | ℓ⊤y ≥ φr(ℓ)}. Thus a valid lower

bound set for the node is given by

LBr :=
{
y ∈ Rm

∣∣ ℓ⊤y ≥ φr(ℓ) ∀ℓ ∈ L
}
. (6.9)
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Further, due to L ⊆ Rm
+ , we have that LBr = LBr + Rm

+ . Since we assume that the set L
contains the m unit vectors, we obtain for the ideal point idr := (φr(e1), . . . , φr(em)) of the set
Pr that LBr ⊆ {idr}+ Rm

+ .
Intersecting the set of local upper bounds U with the lower bound set LBr gives a pruning

condition:
∀ u ∈ U : u ̸∈ LBr. (Cond)

We need the following lemma for proving that this is indeed a pruning condition.

Lemma 6.3.4. Let Assumption 6.3.3 hold. If (Cond) holds then for the nondominated set N
of (MOMIQP) we have N ∩ LBr = ∅.

Proof. Since L ⊆ Rm
+ , for any h ∈ −Rm

+ it holds that ℓ⊤h ≤ 0 for all ℓ ∈ L. As a result,
we have that u ̸∈ LBr if and only if ({u} − Rm

+ ) ∩ LBr = ∅. Hence, (Cond) holds if and
only if (U − Rm

+ ) ∩ LBr = ∅. Together with (6.7) we obtain that if (Cond) holds then also
N ∩ LBr = ∅.

Since for any feasible point x̄ ∈ Zd × Rn−d of (MOMIQP) with (x̄1, . . . , x̄d) = (r1, . . . , rd)
it holds that f(x̄) ∈ LBr, we immediately conclude from Lemma 6.3.4 the following result for
pruning:

Lemma 6.3.5. Let Assumption 6.3.3 hold. Further, let LBr ∈ Rm be a lower bound set as
in (6.9) and let (Cond) hold. Then there is no efficient point x̄ ∈ Zk × Rn−k for (MOMIQP)
with (x̄1, . . . , x̄d) = (r1, . . . , rd).

In the forthcoming Lemma 6.3.6, we prove that as soon as (Cond) holds for a node r ∈ Zd with
rd ̸∈ [⌊α(d)⌋, ⌈β(d)⌉], we can prune its outer siblings r̄ ∈ Zd with (r̄1, . . . , r̄d−1) = (r1, . . . , rd−1)
and r̄d > rd or r̄d < rd.

Lemma 6.3.6. Let Assumption 6.3.3 hold for some d ∈ [k] and some vector r ∈ Zd of integer
fixings with rd ̸∈ [⌊α(d)⌋, ⌈β(d)⌉]. Further, let LBr ∈ Rm be the lower bound set computed as
in (6.9) and let (Cond) hold.

(a) If rd = δ > ⌈β(d)⌉, then there is no efficient point x̄ ∈ Zk×Rn−k of (MOMIQP) such that
(x̄1, . . . , x̄d) = (r1, . . . , rd−1, r̄d) =: r̄ ∈ Zd with r̄d ≥ δ.

(b) If rd = δ < ⌊α(d)⌋, then there is no efficient point x̄ ∈ Zk×Rn−k of (MOMIQP) such that
(x̄1, . . . , x̄d) = (r1, . . . , rd−1, r̄d) =: r̄ ∈ Zd with r̄d ≤ δ.

Proof. We only prove (a). The proof of (b) is analogous.
If (Inf) holds for r̄ then there cannot be an efficient point x̄ of (MOMIQP) with (x̄1, . . . , x̄d) =

r̄, see Lemma 6.3.1. Thus, in the following we consider the case where (Inf) does not hold, i.e.,
Assumption 6.3.3 holds for r̄ ∈ Zd. Then we can determine the set LBr̄ as in (6.9) based on the
values φr̄(ℓ) for ℓ ∈ L. We will show that it holds

φr(ℓ) ≤ φr̄(ℓ) for all ℓ ∈ L (6.10)

as then we have LBr̄ ⊆ LBr and (Cond) also holds for LBr̄. Lemma 6.3.5 then concludes the
proof.

To show (6.10), let ℓ ∈ L and denote by f̄ ℓ : Rn−d+1 → R the function

f̄ ℓ(z) := ℓ⊤f(r1, . . . , rd−1, z1, . . . , zn−d+1).
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Within this proof, we use the notation b̄ := b − A(r1, . . . , rd−1, 0, . . . , 0) and denote as usual
by Ad−1 the matrix which is obtained from A by deleting the first d − 1 columns. Then
A(r1, . . . , rd−1, z)

⊤ ≤ b reduces to Ad−1z ≤ b̄. Using this notation, we have

φr(ℓ) = min
z

{f̄ ℓ(z) | z1 = rd, Ad−1z ≤ b̄, z ∈ Rn−d+1}

and
φr̄(ℓ) = min

z
{f̄ ℓ(z) | z1 = r̄d, Ad−1z ≤ b̄, z ∈ Rn−d+1}.

The first components of the unique minimal solutions u∗ℓ ∈ argminz{f̄ ℓ(z) | Ad−1z ≤ b̄, z ∈
Rn−d+1} determine the interval [⌊α(d)⌋, ⌈β(d)⌉], cf. (6.5), and we have that

u∗ℓ
1 ≤ β(d) ≤ ⌈β(d)⌉ < δ = rd ≤ r̄d.

For γ ∈ R with u∗ℓ
1 < γ ≤ r̄d we define the parametric optimization problem P (γ) by

min
z

f̄ ℓ(z)

s.t. z1 ≥ γ,

Ad−1z ≤ b̄,
z ∈ Rn−d+1.

(P (γ))

Since Assumption 6.3.3 holds for r̄ ∈ Zd, all of these optimization problems are solvable. We
denote their optimal value by v(γ) for γ ∈ (u∗ℓ

1 , r̄d]. Due to r̄d ≥ rd we have that v(rd) ≤ v(r̄d).
Next, we prove by contradiction that for all γ ∈ (u∗ℓ

1 , r̄d] it holds that

min
z

{f̄ ℓ(z) | z1 ≥ γ, Ad−1z ≤ b̄, z ∈ Rn−d+1}

=min
z

{f̄ ℓ(z) | z1 = γ, Ad−1z ≤ b̄, z ∈ Rn−d+1}.
(6.11)

Let γ ∈ (u∗ℓ
1 , r̄d] and z̄ ∈ Rn−d+1 be the optimal solution of (P (γ)) with z̄1 > γ. We set

q(λ) := (1− λ)z̄ + λu∗ℓ, i.e., q1(0) = z̄1 > γ and q1(1) = u∗ℓ
1 < γ. Note that Ad−1q(λ) ≤ b̄ holds

for all λ ∈ [0, 1]. Let 0 < λ̄ < 1 be such that q1(λ̄) = γ. Moreover, by the definition of u∗ℓ we
have f̄ ℓ(u∗ℓ) ≤ f̄ ℓ(z̄). Then, from the strict convexity of f̄ ℓ, we derive

f̄ ℓ(q(λ̄)) = f̄ ℓ((1− λ̄)z̄ + λ̄u∗ℓ) < (1− λ̄)f̄ ℓ(z̄) + λ̄f̄ ℓ(u∗ℓ) ≤ f̄ ℓ(z̄),

which contradicts the minimality of z̄ for (P (γ)). Consequently, (6.11) holds, implies that φr(ℓ) =
v(rd) ≤ v(r̄d) = φr̄(ℓ), and we are done with showing (6.10).

All pruning results within this subsection are based on the condition (Cond). The next result
simplifies the evaluation of (Cond). It exploits the fact that for any u ∈ U it holds u ̸∈ LBr if
and only if there exists ℓ ∈ L with ℓ⊤u < φr(ℓ).

Lemma 6.3.7. Let Assumption 6.3.3 hold and define for u ∈ U the value σ(u) by

σ(u) := min{ℓ⊤u− φr(ℓ) | ℓ ∈ L}. (6.12)

Then (Cond) holds if and only if σ(u) < 0 for all u ∈ U .

The costs for evaluating (Cond) can be further reduced:
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Remark 6.3.8. In order to verify whether (Cond) is satisfied it is sufficient to check whether
σ(u) < 0 only for those u ∈ U with u ≥ idr, where idr ∈ Rm is the ideal point of Pr or some
underestimator of it. This holds because of LBr ⊆ {idr}+ Rm

+ . The ideal point is obtained as a
byproduct when calculating LBr.

As we are making use of dual formulations of the problems (P r(ℓ)) (see Section 6.5) and as
we will try to avoid to solve them exactly, we sometimes calculate just lower bounds for φr(ℓ) in
(6.9) and thus derive only sets LB′ which are supersets of LBr. Still those sets can be used to
formulate a sufficient condition for (Cond):

Remark 6.3.9. Let LBr ∈ Rm be the lower bound set computed as in (6.9) and let LB′ ⊇ LBr

be an arbitrary superset of it. Then, if (Cond) holds for LB′, i.e. if for all u ∈ U we have
u ̸∈ LB′, then (Cond) holds also for LBr.

In Section 6.5, we explain how to make use of Lemma 6.3.7 in combination with Remark 6.3.9
to speed up the pruning strategy in our branch-and-bound algorithm.

6.3.3 Occurring of Pruning Conditions

In the last two subsections, we formulated conditions for pruning a node in case (Inf) or (Cond)
hold. Furthermore, we have given conditions in order to prune all the outer siblings of a node in
case (Inf) or (Cond) are satisfied at that node. However, since we are not assuming boundedness
of the feasible region of (MOMIQP), it may happen that an infinite number of nodes is visited,
as neither (Inf) nor (Cond) are satisfied at any node. This would imply that our algorithm never
stops. The following lemma shows that this cannot happen and that for all d ∈ [k] there exist
only finitely many integer fixings r ∈ Zd such that neither (Inf) nor (Cond) are satisfied. The
strong convexity of the objective functions is key to the proof of the result.

Lemma 6.3.10. Let d ∈ [k − 1] ∪ {0} and let Assumption 6.3.3 hold at level d for r ∈ Zd, i.e.,
(Inf) does not hold. Then there exists γ ∈ Z such that for all r̄ ∈ Zd+1 with (r̄1, . . . , r̄d) = r and

r̄d+1 ̸∈ [⌊α(d+ 1)⌋ − γ, ⌈β(d+ 1)⌉+ γ]

either (Cond) or (Inf) is satisfied.

Proof. First, select an arbitrary element ℓ ∈ L. For the current finite and nonempty set of local
upper bounds U define ξ := max{ℓ⊤u | u ∈ U}. Since the objective functions fj , j ∈ [m], are
strongly convex, ℓ⊤f : Rn → R is a strongly convex quadratic function, too. Thus, there exists
some ν > 0 such that

νλ(1− λ) ∥x− x′∥22 + ℓ⊤f(λx+ (1− λ)x′) ≤ λℓ⊤f(x) + (1− λ)ℓ⊤f(x′) (6.13)

for all x, x′ ∈ Rn and all λ ∈ [0, 1]. Let x∗ℓ,r denote the unique minimizer of the problem (P r(ℓ)).
By definition it holds α(d+ 1) ≤ x∗

1
ℓ,r and β(d+ 1) ≥ x∗

1
ℓ,r.

Now, let δ ≥ 0 and consider the optimization problem

min
x

ℓ⊤fr(x)

s.t. Adx ≤ br

x1 = ⌈β(d+ 1)⌉+ δ

x ∈ Rn−d.

(6.14)
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First, assume that there exists some δ̄ ≥ 0 such that (6.14) is infeasible. Then we define γ̄ :=
⌈δ̄⌉ ∈ YN and it holds that (6.14) remains infeasible for all δ ≥ γ̄ ≥ δ̄. To see this, assume that
there exists some δ′ > δ̄ such that (6.14) is feasible. The corresponding minimizer x′ ∈ Rn−d is
not only feasible for (6.14), but also for (P r(ℓ)). Further, it holds that

x∗
1
ℓ,r ≤ ⌈β(d+ 1)⌉+ δ̄ < ⌈β(d+ 1)⌉+ δ′ = x′

1.

However, since both x∗ℓ,r and x′ are feasible for (P r(ℓ)) and the constraints are all linear, there
exists some feasible point x̂ ∈ Rn−d for (P r(ℓ)) with x̂1 = ⌈β(d+ 1)⌉+ δ̄ which contradicts the
assumption that (6.14) is infeasible for δ̄.

Next, assume that (6.14) is feasible for all δ ≥ 0 and denote for each δ ≥ 0 by x̄(δ) ∈ Rn−d its
unique minimizer. Note that for r̄ ∈ Zd+1 with (r̄1, . . . , r̄d) = (r1, . . . , rd) and r̄d+1 = ⌈β(d+1)⌉+δ
it holds φr̄(ℓ) = ℓ⊤fr(x̄(δ)).

We obtain from (6.13) with λ = 1/2 and for any δ ≥ 0 that

0.25 ν
∥∥∥x∗ℓ,r − x̄(δ)

∥∥∥2
2
+ ℓ⊤fr(0.5x∗ℓ,r + 0.5 x̄(δ)) ≤ 0.5 ℓ⊤fr(x∗ℓ,r) + 0.5 ℓ⊤fr(x̄(δ)).

Since x̄(δ) and x∗ℓ,r are feasible for (P r(ℓ)), so are all convex combinations of them and in
particular the point 0.5x∗ℓ,r + 0.5 x̄(δ). As x∗ℓ,r is the unique minimizer of (P r(ℓ)) we have
ℓ⊤fr(x∗ℓ,r) ≤ ℓ⊤fr(0.5x∗ℓ,r + 0.5 x̄(δ)). Further, we have ℓ⊤fr(x∗ℓ,r) ≤ ℓ⊤fr(x̄(δ)) and hence

0.25 ν
∥∥∥x∗ℓ,r − x̄(δ)

∥∥∥2
2
+ ℓ⊤fr(x∗ℓ,r) ≤ ℓ⊤fr(x̄(δ)).

Finally, making use of x̄(δ)1 = ⌈β(d+ 1)⌉+ δ ≥ x∗
1
ℓ,r + δ, we obtain that

0.25νδ2 + ℓ⊤fr(x∗ℓ,r) ≤ ℓ⊤fr(x̄(δ)).

For δ ≥ 0 larger than some γ̄ ∈ YN , we have that the left hand side of this inequality exceeds ξ
such that ξ < ℓ⊤fr(x̄(δ)) for all δ ≥ γ̄.

Analogously, replacing the constraint x1 = ⌈β(d+1)⌉+δ in (6.14) by x1 = ⌊α(d+1)⌋−δ and
using that α(d + 1) ≤ x∗

1
ℓ,r, one obtains that there exists some γ ∈ YN such that either (6.14)

becomes infeasible or ξ < ℓ⊤fr(x̄(δ)) for all δ ≥ γ.

Thus, for γ := max{γ̄, γ} and an arbitrary vector r̄ ∈ Zd+1 of integer fixings with (r̄1, . . . , r̄d) =
(r1, . . . , rd) and r̄d+1 ̸∈ [⌊α(d+ 1)⌋ − γ, ⌈β(d+ 1)⌉+ γ] we obtain that either (Cond) holds since
φr̄(ℓ) > ξ ≥ ℓ⊤u for all u ∈ U or that (Inf) holds.

6.4 DEIA-BB: algorithmic scheme and finiteness

In order to summarize what we have presented so far, we report in Algorithm 4 the scheme of
our branch-and-bound method, called DEIA-BB (for Detector of Efficient Integer Assignments-
Branch-and-Bound). As already mentioned, DEIA-BB computes two things. Primarily, it com-
putes a lower bound set L and an upper bound set U for an enclosure of the nondominated set of
(MOMIQP). Thereby, it also computes a superset S of the set of efficient integer assignments.
In the following, we will briefly describe step-by-step how the algorithm works and how the steps
are related to the theoretical results presented in the previous sections.

The algorithm first checks in line 3 whether the continuous relaxation of (MOMIQP) is
feasible, i.e., whether the corresponding feasible set {x ∈ Rn | Ax ≤ b} is nonempty. If it is
nonempty, then α(1) and β(1) are computed and the algorithm continues with the main loop in
line 9. Otherwise, the algorithm detects the infeasibility of (MOMIQP) and stops.
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Algorithm 4 DEIA-BB: Detector of Efficient Integer Assignments

INPUT: m strongly convex quadratic functions fj : Rn → R, j = 1, . . . ,m, linear constraints Ax ≤ b,
finite set L ⊆ Rm

+ with ej ∈ L for all j ∈ [m]
OUTPUT: L, U , S
1: Perform a preprocessing phase to speed up computations (see Algorithm 5)
2: Set U = U(∅) = {Z}, S = ∅ and d = 0
3: if {x ∈ Rn | Ax ≤ b} ≠ ∅ then
4: Compute α(1) and β(1) according to (6.5)
5: Set d = 1, r1 = ⌊α(1)⌋
6: else
7: Stop the algorithm and state infeasibility of (MOMIQP)
8: end if
9: while d > 0 do

10: Evaluate whether (Inf) or (Cond) holds for d and r = (r1, . . . , rd)
11: if not ((Cond) or (Inf)) then
12: if d = k then
13: Update U and L according to (6.6), (6.8)
14: Update S = S ∪ {r}
15: else
16: Compute α(d+ 1) and β(d+ 1) according to (6.5)
17: end if
18: end if
19: if ((Cond) or (Inf)) and rd < ⌊α(d)⌋ then
20: Set d = d− 1;
21: if (d > 0) Update rd with Algorithm 3 end if
22: else if ((Cond) or (Inf)) and rd ≥ ⌊α(d)⌋ then
23: if rd ≥ ⌈β(d)⌉ then
24: Set rd = ⌊α(d)⌋ − 1
25: else
26: Set rd = rd + 1
27: end if
28: else if d ≤ k − 1 then
29: d = d+ 1;
30: Set rd = ⌊α(d)⌋
31: else
32: Update rd with Algorithm 3
33: end if
34: end while
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The while loop basically computes feasible leaf nodes, i.e., integer fixings r̄ ∈ Zk such that
{x ∈ Rn−k | Akx ≤ br̄} ̸= ∅, with a depth-first approach. It starts at depth d = 1 with the
integer fixing r = r1 = ⌊α(1)⌋ ∈ Zd. We remark that the depth d ∈ YN never exceeds k since
it is only increased in line 29 of the algorithm and this line is only called if d ≤ k − 1. We also
remark that the first node that is considered at level d + 1 is always the one with the vector
r = (r1, . . . , rd, ⌊α(d+ 1)⌋) of integer fixings.

For an arbitrary node, i.e., an arbitrary vector r ∈ Zd of integer fixings, at depth d ∈ [k] the
algorithm checks (line 11) whether this node needs to be explored. Namely, it checks whether
(MOMIQP) with the first d variables fixed to r ∈ Zd is feasible and (Cond) does not hold. If
this is the case and d = k the algorithm has reached a leaf node and thus a feasible integer
fixing for (MOMIQP). This allows us to update the lower and upper bound sets L and U for
the initial enclosure, see line 13. Otherwise, we have not reached a leaf node and compute the
bounds α(d+ 1) and β(d+ 1) for the integer fixings at level d+ 1.

Next, the algorithm checks whether the children or siblings of the current node can be pruned
based on the results of Sections 6.3.1 and 6.3.2. Note that for the former we need (Inf) and for
the latter we need (Cond) to hold in order to prune. If neither (Inf) nor (Cond) hold, then
the conditions in lines 19 and 22 of Algorithm 4 are not satisfied, nothing is pruned, and the
algorithm moves on (with its depth-first approach) to level d+ 1, see line 29. In case d = k, i.e.,
at a leaf node, the algorithm stays at level d = k and explores the siblings of the current node,
see line 32. We remark that by Lemma 6.3.10 at each level d ∈ [k] there only exist finitely many
nodes where neither (Inf) nor (Cond) are satisfied.

Thus, for Algorithm 4, it remains the setting that (Inf) or (Cond) are satisfied, i.e., that
either the clause in line 19 or in line 22 is true. If (Inf) holds then we can prune all the children
nodes of the current node corresponding to r ∈ Zd and in particular the node itself. Also if
(Cond) holds we can prune all the children nodes by Lemma 6.3.5. Thus the algorithm only
needs to decide whether siblings of the current node need to be explored or can be pruned. Since
at each level d we always start with rd = ⌊α(d)⌋ and the value of rd is only changed if one of the
clauses in line 19 or 22 is true, we first consider the case in line 22. If ⌊α(d)⌋ ≤ rd ≤ ⌈β(d)⌉ we
cannot prune any siblings of the current node based on the results from the previous sections.
Thus, we need to explore them. This is done by setting rd = rd + 1 in line 26 of Algorithm
4. If rd > ⌈β(d)⌉ it is known from Lemmas 6.3.2 and 6.3.6 that all siblings with r̃d > rd can
be pruned. Thus, the algorithm will not continue to explore such nodes and goes on exploring
nodes to the left of ⌊α(d)⌋ by setting rd = ⌊α(d)⌋− 1, see line 24. For any siblings of the current
node this means that the condition in line 22 will never be satisfied again. Instead, the condition
in line 19 will be satisfied for any future sibling where (Inf) or (Cond) holds. If this is the case,
then also all siblings with r̃d < rd can be pruned by Lemma 6.3.2 or 6.3.6. As a result, since the
node corresponding to the current integer assignment r ∈ Zd itself and all of its sibling nodes
can be pruned, also its parent node at level d− 1 can be pruned. Thus, Algorithm 4 moves back
to level d− 1, see line 20, and continues by exploring a sibling of that parent node.

This whole procedure is repeated until we reach line 20 with d = d−1 = 0, return to the root
node, and terminate the algorithm since the condition d > 0 of the while loop is no longer satisfied.
Together with Lemma 6.3.10 and the fact that each of the intervals [⌊α(d + 1)⌋, ⌈β(d + 1)⌉]
is bounded, we eventually reach this line within a finite number of iterations and obtain the
following finiteness result for Algorithm 4.

Theorem 6.4.1. Algorithm 4 stops after a finite number of iterations returning the sets L, U
and S.

From the sets L and U we can build an enclosure of the nondominated set YN of (MOMIQP).
Indeed, the following lemma shows that the output set L ⊆ Rm of DEIA-BB is a lower bound
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set of (MOMIQP). This in turn implies (see Corollary 6.4.3) that DEIA-BB is able to release an
enclosure (or box approximation) in a finite number of iterations.

Lemma 6.4.2. The set L ⊆ Rm computed by Algorithm 4 is a lower bound set in the sense of
Definition 6.1.3.

Proof. By Theorem 6.4.1 we know that L is finite. It only remains to prove that YN ⊆ L+Rm
+ .

So let z ∈ YN and let x̄ ∈ S, r ∈ Zk, with (x̄1, . . . , x̄k) = (r1, . . . , rk), such that f(x̄) = z. We
prove that DEIA-BB has explored the leaf node r ∈ Zk. This would imply by (6.8) that for the
ideal point idr = (φr(e1), . . . , φr(em)) ∈ L computed at this leaf node it holds that idr ≤ z.
By contradiction, assume that the leaf node r ∈ Zk has not been explored. Then the parent
node r′ ∈ Zd of this leaf node at a certain level d ∈ [k] with (r′1, . . . , r

′
d) = (r1, . . . , rd) was

pruned. Since x̄ ∈ Rn is feasible for (MOMIQP) this parent node was not pruned by (Inf).
Hence, it was pruned by (Cond). This means that for all u ∈ U we have that u ̸∈ LBr′ . By
(6.7) we also have that z = f(x̄) ∈ YN ⊆ U − Rm

+ . But then there exists u ∈ U such that

u ≥ z ∈ LBr + Rm
+ = LBr ⊆ LBr′ which is a contradiction.

Corollary 6.4.3. Let L,U ⊆ Rm be the finite sets obtained by Algorithm 4, σ > 0 a small offset,
and denote by e ∈ Rm the all-ones vector. Then B := A(L′, U ′) = (L′ + Rm

+ ) ∩ (U ′ − Rm
+ ) with

L′ := L− {σe} and U ′ := U + {σe} is an enclosure of the nondominated set YN of (MOMIQP)
such that N ⊆ int(B).

6.5 Using Dual Relaxations

Let r = (r1, . . . , rd)
⊤ ∈ Zd be the vector of integer fixings defining a node at level d in our

branch-and-bound algorithm. As already stated, the multiobjective continuous relaxation of
problem (MOMIQP), where the integer variables are fixed to r ∈ Rd, is (MOPr). Instead of
addressing the problem (MOPr), our aim is to compute LBr by addressing the dual of the |L|
single-objective problems (P r(ℓ)), where the objective function is defined by

ℓ⊤fr(x) =
m∑
j=1

ℓj(x
⊤Qd

jx+ (cj,r)⊤x+ aj,r)

= x⊤

(
m∑
j=1

ℓjQ
d
j

)
x+

(
m∑
j=1

ℓjc
j,r

)⊤

x+
m∑
j=1

ℓjaj,r.

We do so in order to accelerate the pruning process for those nodes that can be pruned because
of (Cond). As we will see, addressing the dual of the |L| single-objective problems (P r(ℓ)) may
allow to stop the computation of LBr to a rough though effective-for-pruning set and this clearly
helps in saving computational effort.

For ease of notation, we introduce the following:

Q̄d
ℓ =

m∑
j=1

ℓjQ
d
j , c̄ℓ,r =

m∑
j=1

ℓjc
j,r, āℓ,r =

m∑
j=1

ℓjaj,r.

We obtain the dual of problem (P r(ℓ)) by first forming the Lagrangian Ld
ℓ : Rn−d × Rp → R,

Ld
ℓ (x, λ) = x⊤Q̄d

ℓx+ (c̄ℓ,r)⊤x+ āℓ,r + λ⊤(Adx− br)

which depends on x and the Lagrange multipliers λ ∈ Rp. Then, for fixed λ ∈ Rp, one has to
minimize Ld

ℓ with respect to the primal variables x. As Q̄d
ℓ is under our assumptions positive
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definite, Ld
ℓ (·, λ) is a strictly convex quadratic function and its unique minimizer can be computed

in closed form as

xd
ℓ (λ) = −1

2
(Q̄d

ℓ )
−1(c̄ℓ,r +Ad⊤λ).

Then, the dual of problem (P r(ℓ)) is

max
λ

Ld
ℓ (λ)

λ ∈ Rp
+,

(6.15)

with

Ld
ℓ (λ) := Ld

ℓ (x
d
ℓ (λ), λ) =λ⊤

(
−1

4
Ad(Q̄d

ℓ )
−1Ad⊤

)
λ −

(
br⊤ +

1

2
(c̄ℓ,r)⊤(Q̄d

ℓ )
−1Ad⊤

)
λ

− 1

4
(c̄ℓ,r)⊤(Q̄d

ℓ )
−1(c̄ℓ,r) + āℓ,r.

Note that − 1
4A

d(Q̄d
ℓ )

−1Ad⊤ =: −Q̃d
ℓ is a negative semidefinite matrix, so that problem (6.15)

can be seen as a convex quadratic minimization problem with simple nonnegativity constraints.
Also note that since all constraints of problem (P r(ℓ)) are affine, strong duality holds if the
primal problem (P r(ℓ)) is feasible [67]. On the other hand, if problem (P r(ℓ)) is infeasible, the
dual problem (6.15) is unbounded [67].

Thanks to weak duality, we also have that Ld
ℓ (λ) ≤ φr(ℓ) for each feasible λ ≥ 0. This means

that Lemma 6.3.7 can be easily extended, cf. Remark 6.3.9, as follows:

Lemma 6.5.1. Let Assumption 6.3.3 hold and define for u ∈ U , λ ∈ Rp
+ the value σL(u, λ) by

σL(u, λ) := min{ℓ⊤u− Ld
ℓ (λ) | ℓ ∈ L}.

Then (Cond) holds if and only if for all u ∈ U there exists some λ := λ(u) ∈ Rp
+ such that

σL(u, λ) < 0 .

Proof. First we will show that if for all u ∈ U there exists λ(u) ∈ Rp
+ such that σL(u, λ(u)) < 0

then this implies (Cond). Assume by contradiction that (Cond) does not hold. Then there exists
ū ∈ U such that ū ∈ LBr. This implies ℓ⊤ū − φr(ℓ) ≥ 0 for all ℓ ∈ L. Due to weak duality it
holds for all λ ∈ Rp

+ that Ld
ℓ (λ) ≤ φr(ℓ). Hence, we also have that ℓ⊤ū−Ld

ℓ (λ) ≥ 0 for all ℓ ∈ L
and all λ ∈ Rp

+ which contradicts σL(ū, λ(ū)) < 0.
We now show that if (Cond) holds, then for all u ∈ U there exists λ ∈ Rp

+ such that
σL(u, λ) < 0. For that fix some u ∈ U . By Lemma 6.3.7, there exists some ℓ ∈ L such that

ℓ⊤u < φr(ℓ). Since strong duality holds, λ̂ℓ ∈ Rp
+ exists such that Ld

ℓ (λ̂
ℓ) = φr(ℓ). This implies

that also σL(u, λ̂
ℓ) < 0.

Remark 6.5.2. If Assumption 6.3.3 does not hold, namely (P r(ℓ)) is infeasible, for each ℓ ∈ L
a sequence of points {λℓ,k} ⊆ Rp

+ exists such that limk→∞ Ld
ℓ (λ

ℓ,k) = +∞. In particular, for
each ℓ ∈ L there is some sufficiently large k̄(ℓ) ∈ YN such that(

max
u∈U

ℓ⊤u

)
− Ld

ℓ (λ
ℓ,k̄(ℓ)) < 0.

Thus, for all u ∈ U and all ℓ ∈ L there is some λ := λℓ,k̄(ℓ) such that ℓ⊤u − Ld
ℓ (λ) < 0 which

implies that for each u ∈ U there is some λ ∈ Rp
+ with σL(u, λ) < 0. In fact, there even exists

one λ′ ∈ Rp
+ for all u ∈ U such that σL(u, λ

′) < 0.
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We address problem (6.15) with FAST-QPA, an active set feasible method devised in [13] that
uses conjugate gradient directions. The reduced matrices Q̄d

ℓ , (Q̄
d
ℓ )

−1, and Ad only depend on
the depth d, but not on specific integer fixings r ∈ Zd. Hence, the quadratic part of the reduced
dual objective functions Q̃d

ℓ can be computed in the preprocessing phase, as it only depends on

(Q̄d
ℓ )

−1 and Ad. What is more, also the maximum eigenvalue λmax(Q̃
d
ℓ ), needed for ensuring

a proper setting of the parameter for the active set estimate and the convergence of FAST-QPA
(see [13]), can be computed in the preprocessing phase. The preprocessing phase used in our
implementation is detailed in Algorithm 5.

Algorithm 5 Preprocessing

INPUT: m strongly convex quadratic functions fj : Rn → R, j = 1, . . . ,m, linear constraints
Ax ≤ b, finite set of vectors L, number of integer variables k
OUTPUT: (Q̄d

ℓ ), (Q̄
d
ℓ )

−1, Ad, Q̃d
ℓ , λmax(Q̃

d
ℓ ) for d = 0, . . . , n− 1, for ℓ ∈ L;

1: For d = 0, . . . , n− 1 let Ad be the submatrix of A given by columns d+ 1, . . . , n;
2: For d = 0, . . . , n− 1 and ℓ ∈ L compute the submatrix Q̄d

ℓ ;
3: For d = 0, . . . , n− 1 and ℓ ∈ L compute (Q̄d

ℓ )
−1;

4: For d = 0, . . . , n− 1 and ℓ ∈ L compute Q̃d
ℓ = Ad(Q̄d

ℓ )
−1Ad⊤

5: For d = 0, . . . , n− 1 and ℓ ∈ L compute λmax(Q̃
d
ℓ ), the maximum eigenvalue of Q̃d

ℓ ,

Let {λk} be the sequence of points produced by FAST-QPA when dealing with problem (6.15).
Given the properties of FAST-QPA, λk is feasible for all k ∈ YN and {Ld

ℓ (λ
k)} is a monotonically

increasing sequence. From the convergence results shown in [13, Proposition 11], in case prob-
lem (6.15) admits a maximal solution, under specific assumptions on the parameter used in the
active set estimate, we have that

lim
k→+∞

∥max{0,∇Ld
ℓ (λ

k)}∥ = 0.

By [13, Theorem 13] this implies that every limit point of the sequence {λk} produced by
FAST-QPA satisfies the standard first-order optimality conditions for problem (6.15). Furthermore,
since problem (6.15) is a convex problem (maximization of a concave function over a convex
feasible set), this in turn implies that every limit point of {λk} is an optimal point. In our
implementation of FAST-QPA, we declare optimality when the point λk satisfies the condition

∥max{0,∇Ld
ℓ (λ

k)}∥ ≤ 10−5, (6.16)

having then a guarantee that the algorithm stops after a finite number of iterations.
Handling problem (6.15) with a feasible method (i.e., an optimization method able to produce

a sequence of feasible points) allows us to implement a strategy for which the node corresponding
to r ∈ Zd can be pruned before computing the lower bound set LBr. We call this phenomenon
early pruning. We now describe the implemented strategy and give an example of early pruning.

Given u ∈ U , thanks to Lemma 6.5.1 and Remark 6.5.2, when dealing with problem (6.15)
for a specific ℓ ∈ L, we stop FAST-QPA as soon as one of the following occurs:

i) we get, at iteration k̂(ℓ), that ℓ⊤u < Ld
ℓ (λ

ℓ,k̂(ℓ)) implying

σL(u, λ
ℓ,k̂(ℓ)) < 0, (6.17)

ii) we have that (6.16) holds at iteration k(ℓ) and we set φr(ℓ) := Ld
ℓ (λ

ℓ,k(ℓ)).
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Note that, in case i), k̂(ℓ) ≤ k(ℓ) and Ld
ℓ (λ

ℓ,k̂(ℓ)) ≤ Ld
ℓ (λ

ℓ,k(ℓ)). If Assumption 6.3.3 holds for
the current vector r ∈ Zd of integer fixings at level d, i.e., Sr ̸= ∅, and (6.17) holds for every
u ∈ U , condition (Cond) holds and the node can be pruned. Moreover, in case (Inf) holds, i.e.,
Sr = ∅, the |L| dual problems (6.15) are unbounded. Then, i) occurs and (6.17) is satisfied for
every u ∈ U so that the node is pruned after a finite number of iterations of FAST-QPA in that
case as well. Consequently, by applying FAST-QPA in our implementation of DEIA-BB, we can
possibly prune the node using only k̂(ℓ) iterations of FAST-QPA, see i), instead of k(ℓ) iterations
to compute φr(ℓ) exactly, see ii).

We now discuss a biobjective example where early pruning is possible, see also Figure 6.1.
Consider an integer fixing r = (r1, . . . , rd) ∈ Zd, a set of local upper bounds U = {u1, u2, u3},
and a set of vectors L = {(1, 0), (0, 1), (0.5, 0.5)}. In Figure 6.1a the optimal lower bound set
LBr is represented by the blue dashed lines. We will show by this example that our pruning
strategy allows us to prune the node without the need of computing LBr exactly, but just a
rough approximation of it. At the beginning, DEIA-BB takes into account the first local upper
bound u1 ∈ U and calls FAST-QPA on problem (6.15) with ℓ1 = (1, 0)⊤. In Figure 6.1b we see
how FAST-QPA stops when i) is satisfied. In other words, for u1, FAST-QPA stops at iteration

k̂(ℓ1) and detects a λℓ1,k̂(ℓ1) such that σL(u
1, λℓ1,k̂(ℓ1)) < 0. Since σL(u

1, λℓ1,k̂(ℓ1)) < 0, DEIA-BB

can move to the next local upper bound u2 ∈ U . Since σL(u
2, λℓ1,k̂(ℓ1)) > 0, FAST-QPA is

resumed on problem (6.15) with ℓ1 = (1, 0)⊤, from iteration k̂(ℓ1). From Figure 6.1c we see
again how FAST-QPA stops before reaching optimality or, in other words, it stops at an iteration
k̄(ℓ1) > k̂(ℓ1) such that σL(u

2, λℓ1,k̄(ℓ1)) < 0. As before, since σL(u
2, λℓ1,k̄(ℓ1)) < 0, DEIA-BB can

move to the next local upper bound u3 ∈ U .
Since σL(u

3, λℓ1,k̄(ℓ1)) > 0, FAST-QPA is resumed on problem (6.15) with ℓ1 = (1, 0)⊤, from
iteration k̄(ℓ1). From Figure 6.1d we notice (see the blue dashed line) that in this case FAST-QPA
stops reaching optimality, or in other words at an iteration k(ℓ1) such that (6.16) holds. However,

we still have that σL(u
3, λℓ1,k(ℓ

1)) > 0. Then, the new vector ℓ2 ∈ L is considered and FAST-QPA

is called on problem (6.15) with ℓ2 = (0, 1)⊤. From Figure 6.1d we see that FAST-QPA stops at

iteration k̂(ℓ2) detecting λℓ2,k̂(ℓ2) such that σL(u
3, λℓ2,k̂(ℓ2)) < 0. Then, by Lemma 6.5.1, we have

that (Cond) holds and the node can be pruned. Note that DEIA-BB did not have to compute
LBr. In particular, we did not need to solve the (duals of) |L| single-objective problems (P r(ℓ))
to optimality.

6.6 Numerical results

In order to investigate the performance of DEIA-BB, we considered randomly generated instances
of (MOMIQP) with m ∈ {2, 3, 4}. The instances were built with a number of variables n ∈
{5, 10, 15, 20}, a number of constraints p = 15, and a percentage of integer variables out of
the total number of variables equal to %int ∈ {25, 50, 75, 100} (rounded up). Matrices Qj ∈
Rn×n , j ∈ [m] were built using the MATLAB function sprandsym and we considered three
different density levels ρ ∈ {0.25, 0.50, 0.75}. Namely, we generated matrices with approximately
ρ·n2 nonzeros entries. For what concerns the linear inequality constraints, we randomly generated
matrix A ∈ Rp×n and vectors b ∈ Rp with m = 15 using the MATLAB functions sprandsym and
rand respectively. For each combination of n,m,%int, ρ we produced 5 different instances, having
a total of 720 instances. All the algorithms considered have been implemented in MATLAB. In
our implementation of DEIA-BB we considered {1, . . . , k} as order for fixing. Note that different
orderings, as well as alternative branching strategies, could be explored. However, in these
numerical tests we focus in analyzing the performance with approximations of the upper image set
Pr, obtained from different values for |L| and the related benefits in using dual subproblems. All
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(a) (b)

(c) (d)

Figure 6.1: Outer approximations of fr(Sr) obtained through dual relaxations - example of early
pruning.
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experiments have been performed on an Intel® Core™ i5-14400F processor running at 2.80GHz
under Linux. Each instance was addressed by DEIA-BB and, in case the algorithm stopped within
one hour, we considered the instance solved by DEIA-BB and the sets L and U were considered
to build an enclosure of the nondominated set.

In Tables 6.1,6.2 and 6.3 we report the results obtained running DEIA-BB on instances with
m = 2, m = 3 and m = 4, respectively, checking the width of the enclosure obtained when
varying the percentage of integer variables. In each table, we report a comparison among three
versions of DEIA-BB, where we considered a different number of hyperplanes for building the
linear outer approximation of Pr. In particular, we set |L| ∈ {m,m + 1,m + 1 +m ∗ (m − 1)},
having:

• |L| = m, if we consider the m vectors of the standard basis;

• |L| = m+ 1, if we consider the m vectors of the standard basis plus the vector e
|e| ;

• |L| = m + 1 + m ∗ (m − 1), if we consider the m vectors of the standard basis plus the
vector e

|e| and all the possible combination of vectors with two components different from

zero, with one component equal to 0.25 and the other one equal to 0.75.

Therefore, for m = 4 we consider up to |L| = 17, meaning that at every node of DEIA-BB we
need to address 17 subproblems to get the approximation of the upper image set Pr.

For each version of DEIA-BB, we report the number of instances solved within the time limit
(sol), the average CPU time (in seconds), the average number of nodes, the average width of
the enclosure obtained and the average cardinality of the set L. number of instances solved
within the time limit among the 15 instances built for fixed n and %int. We can notice that the
quality of the enclosure obtained with DEIA-BB improves with the percentage of integer variables
considered. Note that the value reported is an average on the quality of the enclosures obtained,
on instances with matrices of different density. Therefore, its interpretation is not obvious.
However, as expected, the width of the computed enclosure is 0 for purely integer instances.
Indeed,DEIA-BB is able to detect the exact nondominated set when dealing with purely integer
instances. We can notice that as the cardinality of L increases, the number of nodes that DEIA-BB
needs to explore decreases, meaning that the improved quality of the approximation of the upper
image set pays off. In some cases, this has a very positive impact: note, for example, that the
number of instances solved within the time limit for n = 20 and m = 3 and m = 4 increases with
the cardinality of L. However, increasing the cardinality of L does not always correspond to a
saving in terms of CPU time. This can be explained by the fact that in every node for which
the pruning condition is not satisfied, a larger number of subproblems needs to be solved. The
cardinality of the set L has an impact with respect to the cardinality of the lower bound set
delivered by DEIA-BB: in general, the higher the cardinality of L the smaller is the cardinality
of the lower bound set L (after reducing it to a stable set). We also notice that the CPU time
needed by DEIA-BB strongly increases with the number of variables.

In Figure 6.2, we report the enclosure produced by DEIA-BB on an instance with m = 2,
n = 15, %int = 75 considering |L| = m = 2. The lower and upper bound sets are highlighted.
The width of the obtained enclosure is 0.3859 (which is smaller than the average value obtained
for all the instances having n = 15).

Despite DEIA-BB is able to compute an enclosure of the nondominated set of (MOMIQP), its
quality, when dealing with mixed integer instances, cannot be controlled by any of the algorithm’s
parameters. This makes the comparison of DEIA-BB with other solvers a difficult task. We opted
for showing the performance of DEIA-BB on purely integer instances in comparison with the
performance of AdEnA, the hybrid decision-criterion space method proposed in [44, Algorithm
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Figure 6.2: Enclosure produced by DEIA-BB on an instance with m = 2, n = 15, % int = 75.

3]. For this, we used the code of AdEnA provided on GitHub [43]. By default, AdEnA starts
with an enclosure of the nondominated set which is given as a single box and refines it until an
enclosure with a prescribed width is computed. Clearly, this width cannot be set to zero, so that
a fair comparison was not possible. We chose to set ϵ, the parameter controlling the quality of
the enclosure released by AdEnA, equal to 0.1. In Table 6.4, we show results on instances with
n up to 15, as we had numerical issues in calling AdEnA on some instances with n = 20 and
m = 3 and m = 4. The results are averaged with respect to ρ, the parameter controlling the
density of the matrices. As already mentioned DEIA-BB particularly suffers from an increasing
number of integer variables, as the number of nodes to be visited strongly grows with respect
to this number. However, the time needed by DEIA-BB seems to scale better with the number
of objective functions than with the number of variables, so that for m = 4 the performance of
DEIA-BB are comparable or even better that those of AdEnA.

6.7 Conclusions

We devised a branch-and-bound method able to compute a superset of the set of efficient integer
assignments for multiobjective mixed-integer convex quadratic programs. The solution of dual
formulations of specific subproblems combined with a corresponding preprocessing phase enables
a fast enumeration of the nodes. For all the major results strong convexity of the objective
functions is needed as a basic assumption. Already for linear objective functions, i.e., for convex
functions which are not strongly convex, the results would fail. This can be seen by the simple
example f : R → R2, with f(x) = (x,−x) and feasible set Z. All feasible points are efficient
and the nondominated set is unbounded. Also for using the dual relaxations the convexity is
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needed as a necessary condition for strong duality. Moreover, for explicitly stating the dual
problem as done in (6.15), the analytically given unique solution x(λ) is required which is, for
nonlinear problems, in general only available for strictly convex quadratic problems. A possible
way to make use of those dual bounds for more general nonlinear problems could be to first
find strictly convex quadratic underestimators for the objective functions, i.e., strictly convex
quadratic functions gj : Rn → R with gj(x) ≤ fj(x) for all x ∈ Rn for j = 1, . . . ,m, and then to
apply the dual lower bounding procedure on those. That would still give lower bounds for the
original functions fj .

Under the assumption of strong convexity of the objective functions, the algorithm is guar-
anteed to compute an enclosure of the nondominated set in a finite number of iterations. No
assumption on the boundedness of the feasible set is needed. Numerical results on biobjective in-
stances as well as on instances with three and four objectives are reported, showing the ability of
the method in computing an enclosure of the nondominated set of multiobjective mixed-integer
convex quadratic programs. However, DEIA-BB can be considered exact only in the case of purely
integer instances, where the complete nondominated set is delivered. Indeed, for mixed-integer
instances the quality of the enclosure obtained cannot be controlled a priori by any of DEIA-BB
parameters and from our numerical tests we notice that such quality got worse as the number of
continuous variables increases.
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Chapter 6. Using Dual Relaxations in MOMICQP

Table 6.4: Comparison between DEIA-BB and AdEnA on purely integer instances.

n ρ |L| = m |L| = m+ 1 |L| = m+ 1 +m(m− 1) AdEnA

sol time sol time sol time sol time
m = 2 5 25 5 0.10 5 0.12 5 0.15 5 0.15

5 50 5 0.12 5 0.15 5 0.19 5 0.15
5 75 5 0.09 5 0.11 5 0.14 5 0.17
10 25 5 0.99 5 1.02 5 1.23 5 0.78
10 50 5 0.82 5 12.20 5 12.43 5 0.92
10 75 5 1.23 5 1.26 5 1.47 5 0.57
15 25 5 70.67 5 78.52 5 77.31 5 2.80
15 50 5 43.05 5 20.52 5 22.42 5 3.55
15 75 5 32.74 5 23.57 5 21.29 5 4.85

m = 3 5 25 5 0.25 5 0.24 5 0.43 5 0.39
5 50 5 0.28 5 0.32 5 0.52 5 0.73
5 75 5 0.17 5 0.20 5 0.35 5 0.51
10 25 5 4.43 5 4.74 5 6.22 5 6.99
10 50 5 3.15 5 3.35 5 11.77 5 6.77
10 75 5 6.08 5 6.48 5 8.21 5 8.63
15 25 5 62.34 5 116.04 5 142.23 5 38.68
15 50 5 154.92 5 246.17 5 300.08 5 40.77
15 75 5 374.04 5 385.97 5 210.82 5 77.63

m = 4 5 50 5 0.49 5 0.56 5 0.93 5 1.62
5 75 5 0.45 5 0.47 5 0.85 5 1.64
10 25 5 11.55 5 11.96 5 17.08 5 32.26
10 50 5 7.85 5 8.17 5 11.38 5 39.58
10 75 5 6.37 5 6.78 5 10.52 5 31.15
15 25 4 679.33 4 684.23 4 803.42 5 217.54
15 50 5 264.72 5 269.90 5 406.83 5 252.29
15 75 5 348.25 5 366.13 4 536.06 5 303.34
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Chapter 7

Conclusions and future work

In this thesis, we considered multiobjective optimization problems both in the purely integer and
mixed-integer context. Our contribution is related to the definition of exact methods for these
problems, i.e. methods able to detect the nondominated set (and/or the efficient set) of multiob-
jective (mixed)-integer problems (up to a certain precision in the case of mixed-integer problems).

In Chapter 3, we described assumptions under which the ε-constraint method can be proven
to be exact when dealing with multiobjective integer nonlinear programming problems, showing
that it needs a finite number of iterations for finding the whole Pareto frontier. In particular,
it is described how the existence of a constant γ ∈ R bounding the distance between points in
the image space of the objective function which is moved to the constraints allows us to find
all the nondominated points of BOIPs. It might be interesting to use the results from [63] in
order to avoid the detection of weakly nondominated points. On the other hand, such results
involve adding a continuous variable and an equality constraint to the standard model which
the ε-constraint method solves iteratively. This would result in a harder model to solve for the
employed solver. Furthermore, when nonlinear functions are taken into account, the equality
constraint added to the model would result in a nonconvex constraint, so that the application of
such strategy maybe not straightforward.

In Chapter 4, we presented an application for the algorithm studied in the previous chapter.
A model taking into account both the total cost and number of items of different size chosen
is built in order to have a decision tool for analyzing the different solution scenarios of the raw
material sizes commonality problem. A possible improvement for the model is to consider the
possibility of taking advantage of the scraps. In particular, one could consider an industrial sce-
nario for which a percentage of the scraps produced can be re-entered in the production process,
thanks to a recycling industrial line. Both the activating cost and the operational cost of such
line should be considered. In this scenario, a possible choice of an additional objective function
could be the amount of scraps, given the choice of items, which re-enter the production cycle
thanks to the recycling line, in order to evaluate whether the activating cost is paying off. This
would require an algorithm able to find the set of solutions of a model having three objectives
and so Algorithm 2 from Chapter 5 would be a suitable choice.

Chapter 5, devises a new exact algorithm for TOIPs based on the results from Chapter 3. The
method is then effectively employed for designing sustainable diet plans. Despite some efficiency
procedures, like the check for feasible points among the already-found ones described in Section
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Chapter 7. Conclusions and future work

5.1.2, are already implemented, there is room for improvement for the TrIntOpt algorithm. In
particular, it could be possible to consider one search zone at the time instead of the whole
search region as the feasible set for the subproblems solved by the BOIP solver. In addition, one
could think of different ways for avoiding the detection of weakly efficient points as, for example,
employing a two stage method.

In Chapter 6, we devised a method for generating an enclosure of a multiobjective mixed-integer
quadratic programming problem. The proposed algorithm named DEIA-BB is not capable of
giving any guarantees of the quality of the enclosure it determines, however it allows to detect a
superset of the efficient integer assignments. Hence, this weakness of DEIA-BB opens the possibil-
ity, as future work, of studying post-processing procedures able to refine the enclosure obtained
up to a desired precision.
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Schlösser, Felipe Serrano, Yuji Shinano, Christine Tawfik, Stefan Vigerske, Fabian Wegschei-
der, Dieter Weninger, and JakobWitzig. The SCIP Optimization Suite 7.0. Technical report,
Optimization Online, 2020.

[50] LLC Gurobi Optimization. Gurobi optimizer reference manual, 2020.

[51] Yacov Haimes. On a bicriterion formulation of the problems of integrated system identi-
fication and system optimization. IEEE transactions on systems, man, and cybernetics,
(3):296–297, 1971.
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