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Abstract

This thesis presents an in-depth analysis of the nonlinear optical response in super-
conductors exposed to intense THz pulses, using a quasi-equilibrium approach rooted
in many-body perturbation theory. By establishing connections between nonlinear
response functions and experimentally measurable quantities, we investigate how
superconducting systems respond to single-pulse and two-pulse (multidimensional)
protocols. Special focus is given to understanding how diverse light-matter coupling
mechanisms and electronic excitations shape the observable outcomes across different
experimental setups. We examine, for instance, the role of phase fluctuations in
single-layer and bilayer cuprates, which show marked differences in third harmonic
generation (THG) along the CuO2 stacking direction due to the combined action of
their momentum dispersion and light polarization. Our work then moves to two-
dimensional (2D) THz spectroscopy, which offers unique capabilities to distinguish
various nonlinear pathways in quantum materials. We begin with a simplified semi-
conductor model where we can explicitly compute different light-matter interaction
processes and analyze two applications in superconducting systems, applying insights
from the THG analysis. We then examine 2D THz spectroscopy of cuprates, where
internal screening effects present challenges in disentangling distinct contributions,
and subsequently turn to NbN thin films. In the latter case, we demonstrate how
specific nonlinear pathways can be uniquely sensitive to amplitude fluctuations,
revealing a fresh perspective on the analysis of superconducting dynamics.
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Introduction

Understanding and controlling the emergence and temporal evolution of quantum
phases following external perturbations provides critical insights into the roles of
charge, spin, orbital, and lattice degrees of freedom in shaping the macroscopic,
functional properties of materials. This endeavor is not only of substantial funda-
mental interest but also represents a foundational step toward realizing a range of
future quantum technologies, including quantum sensing, high-speed data processing,
and storage solutions. Recent advances in laser technology have enabled the use
of optical pulses to externally drive quantum materials, either through impulsive
interactions or sustained perturbations, to induce transient states that reveal novel
physical phenomena[48, 11, 138, 51].

The strength of the perturbation serves as a primary control parameter for the
range of phenomena emerging from the interaction of a light pulse with a quan-
tum material characterized by a complex phase diagram with multiple, intertwined
degrees of freedom[27]. In the weak-pulse regime, optical driving can transiently
activate collective oscillations of underlying order parameters, and by monitoring
these modes in the time domain, one can disentangle distinct microscopic excita-
tions and their interactions[98, 113, 50]. In some materials, photoexcitation can
induce transitions to alternative low-energy or hidden states that are unfavored or
metastable in thermal equilibrium. Under carefully controlled excitation conditions,
ultrafast changes in the free energy landscape may also trigger nonequilibrium phase
transitions, providing insights into nonthermal critical behavior[37, 101]. At even
higher excitation strengths, the system can enter nonlinear regimes where effective
microscopic couplings dynamically evolve, modifying the quantum many-body wave
function and revealing emergent phenomena without equilibrium analogs[41, 64].

Given these distinctions, a primary theoretical challenge lies in adapting many-
body methodologies, typically formulated in the frequency domain, to time-resolved
protocols. In a fully nonequilibrium setup, these approximation schemes are more
complex than in equilibrium, as time translational invariance cannot be exploited
and, generally, two time variables instead of one energy variable must be managed.
Consequently, significant theoretical work has been devoted to either perturbative
calculations of the nonlinear response, applicable in the weak-pump regime including
many-body effects, or to incorporating periodic drive effects in frameworks for
weakly correlated materials, such as Floquet formalism and time-dependent density
functional theory, suited to the strong-pump regime [132, 8, 27].

In this thesis, we employ a quasi-equilibrium perturative approach, which restricts
the range of field strengths and phenomena that can be described but nevertheless
captures a wide array of experimental findings in various quantum materials[142].



2 Introduction

More specifically, we apply the standard diagrammatic theory in an effective-action
formalism, which allows to handle the dynamics of the various degrees of freedom at
play in a compact way[108, 25]. To motivate the need for our effective-action ap-
proach, we will start in Chapter 1 by recalling the limitations of the time-dependent
Ginzburg-Landau framework applied to superconducting excitations, emphasizing
the necessity of a many-body Hamiltonian that treats fermions as dynamic degrees
of freedom[21, 128]. This method is particularly relevant under the non-adiabatic
conditions encountered with THz waveforms and the electronic response in super-
conductors, a distinctive feature that sets superconducting excitations apart from
other collective modes, such as phonons in wide-band insulators. In our case, in fact,
the typical energy scale associated with the collective amplitude mode of the order
parameter coincides with the scale of the fermionic excitations, ultimately mediating
the coupling between light and matter.

Having clarified the limitations and strengths of our methodology, we proceed
by reviewing the link between microscopically derived response functions–defined
at nonlinear order in the spirit of the Kubo formula for linear response–and the
experimental observables accessed in measurements. We will examine the reason-
ing that connects the measured quantities in the case-study experiment of Third
Harmonic Generation (THG) to a microscopic response function derived from a
theoretical description of the superconducting state. A central theme of this thesis
will be determining the conditions under which the above-mentioned connection
can be applied across a range of superconducting (and other) systems, experimental
geometries, and increasingly complex time-resolved protocols that generate nonlinear
signals. In several key cases discussed in the following chapters, we will examine how
this link can–and sometimes must–be refined and expanded to accurately capture the
mechanisms underlying nonlinear current generation. Chapter 1 ends by introducing
a compact yet versatile tool for describing the outcomes of THz experiments in
both single-pulse and multi-pulse protocols, based on the perturbative solution of
Maxwell’s equation in presence of a non-linearly generated current, a framework
that will be applied in subsequent chapters to various experimental scenarios to
capture the effects of light propagation.

In Chapter 2, we examine the case of third harmonic generation (THG) in
layered superconductors, specifically focusing on cuprates[39]. The weak coupling be-
tween CuO2 planes induces strong anisotropy between the in-plane plasma frequency
ωxy and the out-of-plane plasma frequency ωz in the long-wavelength limit. While
ωxy lies at an energy scale largely unaffected by the superconducting transition,
the softer ωz plasmon becomes undamped with the opening of the superconduct-
ing gap below Tc, manifesting as a sharp plasma edge in c-axis reflectivity at a
temperature-dependent scale, ωz(T ) [137]. In cuprates, pair tunneling dominates
inter-layer hopping below Tc, justifying a Josephson-like description for out-of-plane
plasma/phase modes. The intrinsic anharmonicity of this model serves as a primary
source of nonlinear optical response below Tc, encoded in the minimal coupling of
the phase gradient to the gauge field [118].

Analogous to nonlinear phononics [41], the primary THG mechanism can be
understood as a sum-frequency process in which two photons of the THz pulse,
centered at frequency Ω, simultaneously excite two plasma waves with opposite
3D momenta[45]. As a result, while linear reflectivity is sensitive only to the long-
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wavelength plasma frequencies ωxy and ωz, nonlinear optics probes a convolution
of plasma excitations at finite momenta, which shows marked differences between
single-layer and bilayer structures.

In single-layer systems, the light polarization fully projects the plasmon dispersion
toward the lower energy ωz value measured by linear optics. In bilayer superconduc-
tors, however, the modulation of intra-bilayer (Jz1) and inter-bilayer (Jz2) Josephson
couplings along the stacking direction–with Jz1 ≫ Jz2–leads to a doubling of the
Josephson plasmon branches, producing two scales in the long-wavelength limit:
ωz1 ≫ ωz2. The smaller scale, ωz2 ∝

√
Jz2, determines the lower, sharper reflectivity

edge at zero momentum. By calculating the THG in the bilayer case, we show that
the dominant contributions to THG originate from intra-bilayer phase fluctuations,
which scale conversely with the larger Josephson stiffness, Jz1. Consequently, in
bilayer systems, momentum integration shifts the THG spectral weight towards a
higher energy scale, accounting for the absence of any resonance associated with the
lower Josephson plasmon seen in linear optics[73].

In the remaining part of the thesis, we delve into two-dimensional coherent
spectroscopy (2DCS), a powerful nonlinear spectroscopic technique that tracks
system dynamics by exciting a sample with two time-delayed pulses [26]. The
resulting spectra, mapped over two independent time axes and Fourier-transformed,
provide a comprehensive view of the nonlinear response, capturing specific four-
wave mixing processes and revealing the underlying interactions within the system.
Initially developed for molecular and semiconductor systems, 2DCS has now been
extended into the THz range to investigate collective modes and interactions in
quantum materials, including superconductors[92, 75, 72, 89].

The two-dimensional nature of this protocol makes it uniquely suited for identi-
fying coupled modes and interaction mechanisms by resolving different nonlinear
pathways that are otherwise challenging to disentangle in single-pulse experiments.
In Chapter 3 we establish a basic theoretical framework to model THz 2D exper-
iments across various electronic system having as core ingredient the third-order
response function. These are characterized by two ingredients making them different
from previously studied molecular systems: (i) a continuum of electronic excitations
and (ii) the existence of paramagnetic and diamagnetic microscopic couplings to
light. An application to a model semiconductor demonstrates how these two different
types of coupling yield different signatures in the 2D spectral maps, showcasing the
technique’s potential to reveal subtle distinctions between nonlinear processes.

In Chapter 4, the focus narrows to two applications of two-dimensional spec-
troscopy on superconductors. The first example investigates the c-axis response in
single-layer cuprates [89], combining insights from previous analyses of THG dis-
cussed in Chapter 2 within the 2DCS framework developed in Chapter 3. Emphasis
is placed on understanding how the linear response of the system influences the
resulting 2D spectral map. A key challenge in this case is disentangling contributions
from the two-plasmon processes–characteristic nonlinear pathways in these systems–
from simpler, instantaneous processes [52]. This complexity is further compounded
by disorder-related effects, which add yet another layer of difficulty in isolating the
nonlinear signatures of the two-plasmon response. This example underscores the
challenges and the critical refinements needed for effective analysis of 2D spectra in
superconducting materials.
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We then report the results of our work [72], conducted in collaboration with
N. Peter Armitage’s experimental group, which used THz-2DCS to examine the
properties of superconducting thin films of niobium nitride (NbN). Specifically, we
focused on measurements using narrowband THz pulses with an angular frequency
Ω, collected at zero-time delay between the two pulses. The intrinsic subtraction
method in 2DCS enabled us to isolate two prominent peaks in the power spectrum,
observed at Ω and 3Ω, corresponding to first harmonic (FH) and third harmonic
(TH) of the pump. Notably, both FH and TH intensities scaled with the third
power of the field strength, confirming these as third-order nonlinear responses.
The TH signal exhibited a temperature-dependent peak intensity when 2Ω matched
twice the superconducting (SC) gap energy, 2∆, consistent with previous reports
[98]. Meanwhile, the FH signal showed a resonance when the driving frequency
equaled 2∆, a behavior that was consistently observed across NbN samples with
varying critical temperatures Tc. This FH signal, usually masked by the dominant
first harmonic from linear transmission in single-pulse experiments, was distinctly
resolved here due to the unique difference-signal analysis encoded in 2DCS.

To better understand the experimental observations, we employed the diagram-
matic approach to analyze the different nonlinear processes occurring in the super-
conducting state, which arise from the combination of diamagnetic (quadratic) and
paramagnetic (linear) couplings between electronic excitations and the electromag-
netic field. Our findings indicate that the enhancement of the first harmonic (FH)
signal observed when Ω = 2∆ can only be explained by incorporating paramagnetic
processes that are activated by disorder. We investigated these expectations through
numerical simulations performed on the attractive Hubbard model on a square lattice,
incorporating Anderson-type impurities to account for disorder, in collaboration
with G. Seibold, separating the contributions from quasiparticle excitations and
amplitude fluctuations of the superconducting order parameter. The results for the
third harmonic (TH) signal revealed that the relative ratio of these contributions
aligns with previous studies, indicating that the amplitude mode gains significant
spectral weight in the presence of strong disorder. Conversely, the FH resonance
was found to be predominantly influenced by the amplitude mode across all levels of
disorder examined, suggesting a consistent dominance of this mode in shaping the
resonance behavior in the superconducting state.

To offer analytical insight that supports our numerical findings, we finally compute
with a semi-analytical treatment of disorder the process identified in our simulations
as the primary contributor to the enhancement of the amplitude-mode contribution
to the non-linearly generated FH current. We demonstrate that the enhancement of
the fundamental harmonic can be readily understood as a result of two key features
influencing this specific four-wave-mixing process. The first is the Eliashberg effect,
which describes how the value of the order parameter is modified when the system
is irradiated by an electromagnetic field [55, 29]. The second feature is the presence
of a sharp absorptive threshold at the spectral gap, 2∆, leading to a divergence in
the derivative of the current-current response function with respect to the order
parameter at Ω = 2∆. Consequently, the FH signal offers a distinct channel through
which the amplitude fluctuations couple quadratically to light.
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Chapter 1

Nonlinear THz response in
superconductors: a short
overview

Part of the contents of this chapter has been published or used in Refs. [143, 40, 124,
39, 72].

1.1 Introduction

Light-matter interaction has represented for a long time a preferential tool to
gain information on the physical mechanisms underlying macroscopic properties
of materials. Well-established experimental protocols like infrared absorption or
Raman scattering have relied on the excitation of the material through a weak,
frequency-tuned probe to measure microscopically specific correlation functions in
the linear response regime. The advent of more intense, coherent and ultrashort laser
pulses, spanning now most of the electromagnetic spectrum relevant for condensed
matter systems, has paved the way to access the nonlinear response regime, hosting
a richer dynamics involving several intertwined degrees of freedom, with the ultimate
purpose to drive the system through non-thermal states inaccessible at equilibrium
[48, 27].

Accessing this high-intensity regime for the THz region of the electromagnetic
spectrum has represented for years a holy grail for the experimental community,
since the generation of such light pulses presented more challenging difficulties with
respect to the optical or X-ray region [83]. The interest in this spectral range is
driven by the possibility to access the low-energy excitations of emergent states
of matter, like in the case of superconductivity. Indeed, collective excitations in
superconductors have usually a scalar coupling with the electromagnetic field, being
unaccessible to the conventional linear spectroscopies that only probe excitations
with a dipolar-like coupling. The relatively recent availability of these THz sources
has thus enabled the possibility to probe nonlinear phenomena induced by the
interaction of the sample with such intense electric fields[70, 109, 150].

In this view, we start by examining a prototypical experimental technique which
in the last ten years has been widely used to access the nonlinear response in
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Figure 1.1. The experimental results on NbN obtained in Ref. [98]. Four narrowband
THz pulses at various central frequencies Ω resonates at different temperatures with
the superconducting optical gap 2∆(T ) of NbN (left panel). The THG intensity at 3Ω
increases below the superconducting transition and it is maximised at the temperature
T ∗ such that 2Ω = 2∆(T ∗) (right panel).

superconducting systems, Third Harmonic Generation (THG). This process is a
four-wave mixing which occurs when an intense electric field oscillating at frequency
Ω impinging on a sample induces an outgoing electric field at three times the incident
frequency, 3Ω. By studying the characteristics of the outgoing radiation, such as
its intensity and polarization dependence as a function of Ω or the temperature, it
is possible to gain information on the nonlinear processes that occurred inside the
system to generate the observed higher harmonic.

We report in Fig. 1.1 the results of one of the first experiments that studied THG
from superconductors, led by Shimano’s group in Tokyo [98]. A thin film of niobium
nitride (NbN) is illuminated by an intense THz field, in this case a multicycle pulse
with a temporal envelope of the order of ten picoseconds with a tunable central
frequency. The transmitted THz signal is then filtered through band pass filters
and in this case also the polarization dependence is analyzed. As it possible to see
in Fig. 1.1, there are two experimental facts that must be explained. First, there
is an enhancement of the THG signal going below the critical temperature Tc of
the sample, signaling that the phenomenon is intimately related to the onset of
the superconducting state. Second, we notice that the THG intensity is maximum
when the frequency of the incident field is resonant with the gap amplitude at the
temperature considered, as can be seen from the corresponding color cuts in the gap
vs temperature plot.

In the past ten years, a significant amount of experimental work has then focused
on capturing the dynamics of superconducting excitations in various classes of
materials using several non-linear THz spectroscopy setups, changing field strength,
spectral content, and acquisition protocols. For instance, we mention the observation
collective modes in iron-based and MgB2 multiband superconductors. Measurements
have revealed amplitude modes related to order parameters opening at different
Fermi surface sheets [145, 77, 56], as well as the Leggett mode associated with
oscillations of their relative phase [50], with the activation of harmonics higher than
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third-order at strong fields [115, 92]. Another important research line, inspired
by early predictions in the context of Raman spectroscopy [87, 88], examines the
dynamic interplay between amplitude excitations associated with charge density
waves and superconducting order, as reported in NbSe2 [38] and various cuprate
classes [23, 24, 152]. From a theoretical perspective, explaining these phenomena has
been a source of ongoing debate, with various groups contributing to the discussion.
Several studies have emphasized the crucial roles of light-matter coupling, impurities,
and the polarization of incoming light [139, 21, 20, 99, 19, 105, 130, 123, 143] in
shaping the contribution of collective modes to the non-linearly generated signal.
Furthermore, different investigations have highlighted the importance of the nature of
the pairing interaction, reflected in the momentum-dependence of the order parameter
[121, 119, 120, 14], the presence of two or more superconducting gaps at the Fermi
level [106, 105, 57, 40], and the transition to non-perturbative regimes under strong
fields [103, 102] in determining the non-linear response of superconducting systems.

We then start by following the line of reasoning which allowed to connect the mea-
sured quantities of the case-study NbN experiment mentioned above to a microscopic
response function derived from a theoretical description of the superconducting
state. Indeed, one of the common thread of this thesis is to understand under which
conditions it is possible to apply this relatively intuitive procedure to situations
where one studies different superconducting systems, probes them in various experi-
mental geometries and collects the nonlinear signal generated by more complicated
time-resolved protocols. In some paradigmatic cases which will be illustrated in the
following chapters, we will then appreciate how it is possible, and sometimes neces-
sary, to refine and extend the procedure to get the right clue on what is happening
during the nonlinear current generation.

1.2 Third Harmonic Generation: from experiments to
theory

In conventional linear spectroscopy the experimental findings are usually described
through response functions, like the dielectric function ϵ or the conductivity σ, that
relate an observable of the physical system under exam, for instance the current
J (1), to the perturbation represented by the experimental probe. Introducing the
linear electromagnetic kernel K(1) one usually writes the current as a function of
the gauge field A(t)

J (1)
α (t) ∼

∫
dt′Kαβ(t− t′)Aβ(t′), (1.1)

where greek indices stand for the cartesian components. The phenomenon of third
harmonic generation is a third-order process, in a diagrammatic approach one would
then need three photon lines, or three fields, to interact and produce the measured
nonlinear current. In this view, we can place THG inside the wider class of four-wave-
mixing (FWM) processes, with three photons incoming and one photon outcoming.
Extending the previous formalism we can then introduce a nonlinear electromagnetic
kernel such that

J (3)
α ∼ K

(3)
αβγδAβAγAδ, (1.2)
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where for simplicity we subtended the time dependences of the kernel, the current
and the fields, that have to be properly convoluted. What is important at this point
is to give a form to this response function through the microscopic description under-
pinning our system. In linear-response theory, for instance, one treats perturbatively
the coupling between some internal degree of freedom of the system and the external
perturbation to derive the response of the observable of interest. This is exactly the
mechanism underlying the Kubo formula [79, 2].

Let us now extend naively this approach to the nonlinear case and explain how
THG can be used to detect collective excitations of the system. Suppose in general
to have in the hamiltonian a quadratic coupling of the gauge field with some internal
degree of freedom δψ of the system

δH ∼ ΓδψA2(t), (1.3)

where Γ is a suitable coefficient taken for simplicity constant. Here δψ can represent
a Raman-active phonon, or a collective electronic excitation as the ones that we will
discuss in the rest of the thesis. The current generated by this term reads

J (3)(t) = δH

δA(t) ∼ ΓA(t)δψ(t). (1.4)

The dynamics of δψ(t) under the action of the perturbation in Eq. 1.3 can be
evaluated through a two-point, Kubo-like response function, which allows one to
find the induced current as

J (3)(t) ∼ Γ2A(t)
∫ t

−∞
dt′⟨[δψ(t), δψ(t′)]⟩A2(t′) ≡ A(t)

∫
dt′K

(3)
ψ (t− t′)A2(t′). (1.5)

As one expects, the all important quantity that determines the response of the system
is the propagator of the fluctuations δψ, i.e. ⟨[δψ(t), δψ(t′)]⟩. Let us now consider a
monochromatic perturbation like A(t) ∼ Ā cos (Ωt) and replace the corresponding
terms in the previous expression. One can find two harmonic contributions to the
non-linearly generated current

J (3)(t) ∼ Ā3
[
2K(3)

ψ (0) +K
(3)
ψ (2Ω)

]
eiΩt + Ā3K

(3)
ψ (2Ω)ei3Ωt + (Ω → −Ω). (1.6)

The term oscillating at Ω will represent the nonlinear contribution to the first
harmonic Ω of the field: since usually linear response effects are orders of magnitude
larger than nonlinear ones, one expects this contribution to be negligible unless,
as we will see in Chapter 4, one devises a specific experimental scheme to isolate
it. The third harmonic contribution at 3Ω is instead a genuine signature of the
four-wave-mixing process described above, and it is connected to the nonlinear
response kernel evaluated at 2Ω.

We want at this point to relate the induced current J (3), that can be theoretically
derived through some microscopic model, to the electric field E measured for instance
in a transmission experiment on a thin film of thickness d. This can be done, and we
will provide a general treatment at the end of the chapter, thorugh a perturbative
solution of Maxwell equations in presence of a nonlinear source current. If the film
is in vacuo, one can write for the third harmonic field[17]

Et(3Ω) = −2πd
c
J (3)(3Ω), (1.7)
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where we put ourselves in the approximation of d ≪ λ, i.e. the thickness of the
film is much shorter than the wavelength λ of the incident field. In the experiment
one uses a band pass filter to select the third harmonic 3Ω in the transmitted field,
getting

ITHG ∼ Ā6|K(3)(2Ω)|2. (1.8)

All we have to do, and it is not an easy task, is to give a form to the nonlinear
response function K(3)(2Ω) of the system. In the scheme mentioned above, if δψ
is a propagating mode of the system with mass ωψ, we could expect the resulting
propagator to acquire the typical form

⟨δψ2⟩(ω) ∼ 1
ω2 − ω2

ψ

. (1.9)

This is for instance the case of lattice vibrations, where ωψ coincides with the
oscillation frequency of the corresponding phonon mode. But then, using Eq. 1.9
in the previous Eq. 1.6 we observe that we end up with a resonance in the third
harmonic response when 2Ω = ωψ, since

K(3)(2Ω) ∼ Γ2⟨δψ2⟩(2Ω). (1.10)

It is tempting now to interpret the the results of the experiment in Fig. 1.1 in light
of what we have just illustrated. The enahncement is observed when 2Ω = 2∆ and
the amplitude mode, as we will recall in the next section, has exactly that mass.
Nonetheless, what we observe in the previous equation is not only the dependence
of the third-harmonic kernel on the spectrum of the collective mode, but also on
the coupling Γ between light and δψ. In the case of a Raman-active phonon, one
can compute Γ e.g. through ab-initio methods, tipically by calculating the phonon
Raman tensor in the adiabatic approximation [18]. In the case of superconducting
collective modes, which have an electronic nature, one nonetheless violates the
requirements of adiabaticity, since the fermionic quasiparticle dispersion, ultimately
coupling light and amplitude fluctuations, has a typical energy scale of exactly 2∆.
One then needs to compute the coupling Γ starting from a microscopic model which
treats on equal footing the two ingredients entering Eq. 1.10.

1.3 Phenomenology of collective modes inside a super-
conductor

In order to understand why THG experiments on superconductors triggered an
intense discussion on the role of collective modes, it is useful to start with a
phenomenological description stemming from an approximate expression of the
free energy. In 1950 Ginzburg and Landau developed a phenomenological theory of
superconductivity based on the concept of spontaneous symmetry breaking occurring
at a phase transition [49]. The key quantity in their theory was the expansion of
the free energy of the system below the critical temperature Tc as a function of a
complex order parameter ψ

F [ψ] = Fn + α|ψ|2 + β

2 |ψ|4 + 1
2m |∇ψ|2, (1.11)
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where Fn is the free energy in the normal state and α ∼ T − Tc. In this picture, ψ is
zero above Tc and acquires a finite complex value by lowering the temperature below
the superconducting transition, signaling the realization of a specific value of the
order parameter. The ground state of the system is characterized by a homogeneous
value ψ0 = |ψ0|eiθ0 upon which one can consider fluctuations δψ(r) both in the
amplitude and in the phase of the order parameter, namely

ψ(r) = |ψ0 + δψ(r)|ei(θ0+δθ(r)). (1.12)

We rewrite then F [ψ] = Fmf[ψ0, θ0] + Ffl[δψ, δθ], where the first part depends only
on the constant part of the order parameter, while the second one contains the
contribution from the fluctuations. Minimizing Fmf with respect to ψ0 and θ0 and
choosing θ0 = 0 in the mean-field order parameter, as allowed by the U(1) global
gauge symmetry of Fmf, we get at second order in the fluctuations

Ffl = 2ψ0(α+ βψ2
0)δψ + (α+ 3βψ2

0)δψ2 + 1
2m |∇δψ|2 + ψ2

0
2m |∇δθ|2. (1.13)

Naturally, since the minimum of Fmf occurs for ψ2
0 = −α/β, the linear coefficient of

δψ in the first row vanishes. As a result, we notice that the phase fluctuations are
massless, since there are not terms at order δθ2, while the amplitude fluctuations are
massive since the coefficient of the δψ2 term is −2α > 0. Introducing m2

H = −2α
we rewrite then

Ffl = m2
Hδψ

2 + 1
2m |∇δψ|2 + ψ2

0
2m |∇δθ|2. (1.14)

The description so far employed lacks any dynamical information. A possible
extension is a Lorentz invariant model that preserves the U(1) symmetry of the
classical free energy. Even though this is not appropriate for superconductors [21]
we discuss it here just to give a first account of the role of fluctuations. We try to
consider then a time dependence in the order parameter ψ(r, t) and rewrite

F [ψ, θ] → F [ψ(r, t), θ(r, t)] − |∂tψ(r, t)|2, (1.15)

where the contribution of the fluctuations will be given now by

Ffl → Ffl − |∂tδψ|2 − ψ2
0|∂tδθ|2. (1.16)

At this point it is possible to write the correlation function of the amplitude and
phase fluctuations of the order parameter, since the theory so far is gaussian and we
can read the corresponding quantities from the coefficient fo δψ2 and δθ2, respectively.
We have for the amplitude fluctuactions, or Higgs mode,

⟨δψ2⟩ ∼ 1
m2
H + v2

s |q|2 − ω2 , (1.17)

The propagator for the phase fluctuations, or Goldstone mode, is instead

⟨δθ2⟩ ∼ ψ−2
0

v2
s |q|2 − ω2 , (1.18)
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manifestly displaying a massless character, where we have denoted as vs the sound
velocity. A picture of the situation is reported in Figure 1.2.

At this point one would be tempted to couple somehow the system to the gauge
potential that is the experimental probe at our disposal. In the gauge invariant
theory so far developed we could add the free energy of the electromagnetic field
and perform a minimal coupling substitution sending −i∇ → −i∇ − 2eA/c and
i∂t → i∂t − 2eϕ. Indeed, as one can check by performing the above mentioned
replacement in Eq. 1.11 and proceeding as in Ref. [128], one would obtain a coupling
∼ ψ2

0δψA
2 between the amplitude fluctuations δψ and the square of the gauge field

A2 scaling with ψ2
0, predicting then a substantial contribution to THG according

to Eq. 1.10. Nonetheless, we still miss an important part of the problem, due to
the fact that at microscopic level the gauge field couples to the fermionic degrees of
freedom of our superconductor, i.e. the electrons.

As we know from the Landau theory of Fermi liquids, for instance, fermionic
systems are characterized not only by collective excitations, like those described by
the above Lorentz invariant generalization 1.15 of the Ginzburg-Landau expression,
but also by particle-hole excitations, a true fingerprint of the realization of the Pauli
exclusion principle. These latter are overlooked in the previous formalism and have
to be taken into account by introducing a proper microscopic model involving the
electrons [21].

We then proceed by introducing the Bardeen, Cooper and Schrieffer [9] (BCS)
hamiltonian, that in 1957 succeeded in describing the superconducting behaviour
through the formation and scattering of the so-called Cooper pairs, formed by
electrons with opposite momenta and spins in proximity of the Fermi surface through
an effective attractive interaction. Their celebrated result was originally obtained by
a mean-field treatment of the hamiltonian

H =
∑
kσ
ξkc

†
kσckσ −

∑
kk′

Vkk′c†
k↑c

†
−k↓c−k′↓ck′↑, (1.19)

where ξk = ϵk − µ is the band dispersion of the metallic state and Vkk′ is the
effective attractive interaction originated from the interplay between the electronic
and lattice degrees of freedom. Assuming a momentum independent Vkk′ ∼ U , one
can diagonalize at mean-field level the previous hamiltonian and get the eigenvalues

±Ek = ±
√
ξ2

k + ∆2, (1.20)

where ∆ can be determined self-consistently through the weel-known gap equation.
We can immediately notice that the fingerprint of the superconducting state in the
band structure is the opening of a gap 2∆ at the Fermi level, that determines the
spectrum of the possible particle-hole excitations in the BCS model.

The bridge between the BCS and Ginzburg-Landau theories was built by Gor’kov
[53], who showed how the Ginzburg-Landau equations could be obtained from the
response of the BCS model to a transverse electromagnetic field near the critical
temperature. Notably this naturally required the identification of the gap amplitude
with the order parameter introduced by Landau. This is the key point: being
−α = 2∆, the mass of the amplitude fluctuations becomes 2∆ at |q|= 0, the
same threshold for the creation of particle-hole pairs. This spoils irremediably the
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Figure 1.2. Left: the Ginzburg-Landau free-energy profile at T < Tc. Right: the dispersion
of the phase (orange) and amplitude (blue) fluctuations [128]. Massless phase fluctuations
are lifted to the scale of the plasma energy due to the Anderson-Higgs mechanism.

relativistic nature, see 1.17, of the amplitude fluctuations predicted through the
phenomenological model devised before. In the microscopic BCS model we will see
how the spectrum of the Higgs fluctuations immediately acquires a finite lifetime
above 2∆ due to the proliferation of Cooper pairs. In addition, this result made
the interpretation of THG experiments problematic: the enhancement of THG at
2Ω = 2∆ can be due both to purely quasiparticle and Higgs contributions.

1.4 Coupling between light and collective modes
Having at our disposal a microscopic model for the superconducting system, we
can now illustrate a general procedure that allows one to clarify the mechanisms of
light-matter coupling involving the various degrees of freedom at play.

In a minimal coupling scheme, light-matter coupling enters the hamiltonian of
the system through a modification of the kinetic term. Introducing appropriate
fermionic operators Ψ and Ψ†, in a continuum model the kinetic term Hkin of the
hamiltonian would be replaced by

Hkin = 1
2m

∫
Ψ†
(

−i∇ − e

c
A
)2

Ψ, (1.21)

where from now on we set ℏ = kB = 1 unless explicitly stated. Expanding this
expression one finds two terms beyond the non interacting piece, namely

δH = e

2mic

∫
[(∇Ψ†)Ψ − Ψ†(∇Ψ)] · A + e2

2mc2

∫
Ψ†ΨA2. (1.22)

Assuming a uniform (|q| = 0) gauge potential A, one can rewrite the first term in
momentum space as

δHpara = −e

c

∑
k,σ

∂ξk
∂kα

c†
kσckσAα ∼ −jαAα, (1.23)

where jα defines the α cartesian component of the paramagnetic current operator.
Here we generalized the coupling to lattice models with band dispersion ϵk, with
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Figure 1.3. Diagrammatic representation of the contribution from the fully-paramagnetic
(a), full-diamagnetic (b) and mixed (c)-(d) processes to the third-order current in Eq.
1.27. The dashed line is the field vertex on which one is performing the derivative in Eq.
1.27.

ξk = ϵk − µ and µ the chemical potential. The second term reads instead

δHdia = 1
2

(
e

c

)2∑
k,σ

∂2ξk
∂kα∂kβ

c†
kσckσAαAβ ∼ ραβAαAβ, (1.24)

where ραβ reduces to ρ/mδαβ for parabolic bands, i.e. is proportional to the density
operator, while for lattice models it is related to the inverse mass tensor. To find the
current induced by the external field one should integrate out both in the kinetic and
in interacting part the matter degrees of freedom, represented here by the fermionic
operators [108, 25]. This can be efficiently done by introducing the action

S[c, c̄,A] =
∫ β

0
dτ (c̄∂τ c+H[c, c̄] + δH[c, c̄,A]) , (1.25)

where we separated in H the hamiltonian in absence of the external gauge field
and in δH the part containing the ligh-matter coupling. After integration of the
fermionic variables one is left with an effective action S[A] where terms at all orders
in An are present. Proceeding schematically, one can construct a perturbative theory
in powers of the gauge field A, such that the value of the n−th order induced
current J (n) can be obtained through a functional derivatives of the resulting action
expanded at order An+1. For the linear response one gets

J (1)
α ∼ ∂S[A2]

∂Aα
∼ (−⟨jαjβ⟩ + ⟨ραβ⟩)Aβ ≡ K

(1)
αβAβ, (1.26)

where ⟨jαjβ⟩ is the two-point current-current response function and ⟨ραβ⟩ in a
continuum model is just proportional to the electron density. For the third-order
response one has instead

J (3)
α ∼ ∂S[A4]

∂Aα
∼ (⟨jαjβjγjδ⟩ + ⟨ραβργδ⟩ + ⟨jαjβργδ⟩ + ⟨ραβjγjδ⟩)AβAγAδ

≡ K
(3)
αβγδAβAγAδ,

(1.27)

where the four types of contribution, for the continuum model, are displayed in Fig.
1.3.

As one can see, at third order both four-point, three-point and two-point response
functions need to be calculated, and we will do this calculation for a toy-model
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Figure 1.4. Sketch of the paramagnetic processes, where the paramagnetic vertex is
represented as a white dot. In the clean case the fermionic bubbles are exactly zero,
while in presence of disorder they are finite due to self-energy and vertex corrections
(grey shading). (a) The paramagnetic process involving only quasiparticle excitations,
⟨jjjj⟩ in Eq. 1.29. (b) The diagram in Eq. 1.30 involving an intermediate amplitude
excitation χ∆∆ (orange dashed line), where the amplitude vertex is the orange dot.

Figure 1.5. Sketch of the diamagnetic processes, where the diamagnetic vertex is represented
as a grey dot. (a) The diamagnetic process involving only quasiparticle excitations, ⟨ρρ⟩
in Eq. 1.31, which dominates in the clean limit. (b) The diagram in Eq. 1.32 involving
an intermediate amplitude excitation χ∆∆ (orange dashed line), where the amplitude
vertex is the orange dot, which is suppressed in the clean limit.

semiconductor in Chapter 3. Up to now, we have left aside the contribution of
collective excitations, which can be actually included in this scheme using the
Hubbard-Stratonovich decoupling [4]. The procedure is similar to the mean field
decoupling, that is usually accomplished by replacing the interacting term in the
BCS hamiltonian by

−U
∑
k,k′

c̄k↑c̄−k↓c−k′↓ck′↑ → 1
U

∆̄∆ +
∑

k
∆̄c−k↓ck↑ +

∑
k

∆c̄k↑c̄−k↓, (1.28)

so that one is left with a quadratic action in the fermionic operators at the price of
including new ∆ and ∆̄ to be determined self-consistently. To include fluctuations,
one promotes them to new dynamical variables ∆(q, τ) and ∆̄(q, τ), in the same
spirit of Eq. 1.14 and Eq. 1.15 but within a microscopic framework. After integrating
out the fermionic variables c and c̄, one still is left with S[∆, ∆̄,A], where now ∆
and ∆̄ can be mapped into amplitude (δ∆) and phase (δθ) fluctuations of the order
parameter, which can be as well integrated out. We refer for details to previous
studies [20], for our purposes the all important news is that now one can identify in
the response function pieces where intermediate excitations of the collective mode
can be explicitly taken into account.

For instance, in a clean superconductor one can verify that the paramagnetic
processes involving purely quasiparticle excitations

K
(3),para
BCS ∼ ⟨jjjj⟩, (1.29)
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or intermediate amplitude fluctuations

K
(3),para
Higgs ∼ ⟨jjδ∆⟩⟨δ∆jj⟩

1
U + ⟨δ∆2⟩

≡ ⟨jjδ∆⟩⟨δ∆jj⟩χ∆∆, (1.30)

are suppressed, where we adopted the same notation used above and included the
amplitude fluctuations, see Fig. 1.5 and Fig. 1.4. In this view, ⟨jjδ∆⟩ represent the
coupling of light to the amplitude mode via paramagnetic processes, i.e. it has the
role of the Γ parameter in the phenomenological coupling 1.3, while the χ∆∆ part
contains the spectrum of the amplitude fluctuations, corresponding thus to ⟨δψ2⟩
in the derivation presented at the beginning of the chapter. For the diamagnetic
processes, instead, one finds out that in the clean limit

K
(3),dia
BCS ∼ ⟨ρρ⟩, (1.31)

far outweight the contribution coming from

K
(3),dia
Higgs ∼ ⟨ρδ∆⟩⟨δ∆ρ⟩χ∆∆. (1.32)

This example illustrates how the phenomenological description presented above
through the Ginzburg-Landau approach can give spurious results if it is not substan-
tiated by a microscopic calculation involving fermionic degrees of freedom. For what
concerns the diamagnetic contribution, the spectral content of K(3),dia

BCS and K
(3),dia
Higgs

is very similar [20], so that only by performing the computation, or looking at the
experimental polarization dependence of the THG signal, one can determine which
process is playing the major role in the nonlinear current generation.

We notice here that the situation is radically different when disorder is included.
Both analytical calculations in self-consistent Born approximation [105, 130] and
numerically exact computations on finite size systems [123] have shown that a
considerable paramagnetic contribution is to be expected already at a small level
of disorder, parametrized as γ/(2∆), where γ is the impurity scattering rate that
determines the width of the Drude peak in the optical conductivity. The paramagnetic
response almost immediately overcomes the diamagnetic contribution of the clean
case in every fluctuation channel. Most importantly, one finds a larger contribution
of collective modes to the THG intensity increases as disorder increases, eventually
becoming bigger than the purely quasiparticle one in the γ ≫ 2∆ limit. In 1.6
we report a brief overview of the numerical results in the disordered case from
[123]. We notice also that numerical simulations show that the spectral content
of paramagnetic and diamagnetic contributions are similar in the s-wave case, as
was also shown in Ref. [130, 105], making it difficult to disentangle the two in the
THG signal. The situation can substantially change when one for instance includes
disorder in d-wave superconductors [14], which show a different frequency dependence
of K(3),dia and K(3),para that would be witnessed by THG experiments. Finally, in
Chapter 4 we will analyze in more detail how can hope to get distinct signatures
from the various processes by looking at other experimentally accessible quantities,
such as the non-linearly generated first harmonic or to the map extracted from a
two-dimensional spectroscopy.

We end this section by noticing that the general scheme outlined above can
be extended to several situations. Multiband superconductors, for instance, can
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Figure 1.6. Third harmonic paramagnetic current at various disorder levels from [123]. In
terms of the disorder parameter γ/(2∆) from the left to the right we have 0.035, 0.68,
2.86, 18.87. The black line is the quasiparticle only contribution, the blue line includes
amplitude fluctuations, the green line includes charge and phase fluctuations, the red
line includes every collective mode. The grey stripe signals the range of variation of half
the spectral gap in the different configurations.

host collective excitations with marked differences with respect to their single-band
counterpart. In a recent work [40], which will not be discussed in the thesis, we
first studied the spectrum of collective amplitude fluctuations in a clean two-band
superconductor, showing that the spectral weight of the Higgs mode rapidly deviates
from the naive extension of the single band case as the interband coupling is turned
on, focusing in this perspective on the zoology of the possible fluctuations present
in this kind of systems as shown in Fig. 1.7. These results were then used to
critically analyze the nonlinear optical response in MgB2, providing an explanation
for the apparently contradictory results of recent experiments, pointing towards a
selective relevance either of the Leggett mode [50], associated with the relative phase
fluctuations between the two order parameters, or of the amplitude fluctuations at
twice the lower gap[77]. By using numerical simulations and realistic estimates of
disorder we computed the relative contribution of the quasiparticle, amplitude, and
phase fluctuations to the nonlinear optical response by modelling the coupling of
these latter with light. We showed that at low pumping frequency only the resonance
at twice the smaller gap emerges, as due to the BCS response, while the Leggett
mode dominates only in a narrow range of higher pumping frequencies matching its
low-temperature value.

1.5 Comparing experiments and theory: a generalized
Fresnel approach

The following chapters of the thesis will analyze in detail the outcome of some
measurements carried out on superconducting systems with different experimental
geometries and protocols, that we want to use as benchmark for the theoretical
predictions that we try to make. We want then to understand whether the relation
that we have presented above, Eq. 1.7, to connect the transmitted third-harmonic
electric field, collected via electro-optic sampling, to the third-order nonlinear current,
calculated theoretically, can be extended without further effort. What we want to
understand, in particular, is wheter the connection

Eout ↔ J (3) ∝ K(3)(Eext)3, (1.33)
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Figure 1.7. The zoology of collective excitations in MgB2 analyzed in Ref. [40]. Dotted
lines denote the temperature dependence of the two order parameters and of the Leggett
mode, while shaded areas mark the typical frequency broadening of the corresponding
resonances in the nonlinear optical kernel. Around 2∆σ both the BCS and Higgs
fluctuations have a sizable weight, while around 2∆π BCS fluctuations dominate. The
orange shade covers the region of the plot where BCS/Higgs resonances are smeared out
and damped by thermal fluctuations.

can always be made, clearly having verified experimentally that the collected signal
still depends on the incoming external field as Eout ∝ (Eext)3. Indeed, a substantial
amount of experimental and theoretical works in this field have clarified the necessity
to take care of the so-called screening, or propagation effects, of the incoming
radiation inside the superconducting sample. A common procedure that is for
instance adopted in the case of transmission experiments with monochromatic THz
light [147, 115, 24, 152], is to connect the outgoing radiation with the internal,
screened field Ein, modifying the previous relation to something like

Eout ↔ J (3) ∝ K(3)(Ein)3, (1.34)

where Ein is either approximated by the transmitted field in linear response regime or
calculated thorugh Fabry-Pérot-like formulas. This of course changes in some cases
significantly the temperature dependence of the THG signal, since the transmissivity
of thin superconducting films strongly depends on temperature [32]. A similar
procedure was for instance adopted by us in Ref. [40] discussing MgB2. In reflection
configuration a similar calculation can be made with minimal modifications to take
into account the modified Fresnel-like coefficients due to the changing geometry
[153, 73].

In order to present under a unified and versatile formalism a possible solution
to this issue, in this section we set up a general framework which allows one to
compute the outcome of a nonlinear spectroscopy experiment on some prototypical
systems, exploring how varying the protocol and the geometry one can relate the
measured quantities to the nonlinear response kernel K(3). The procedure will
then be applicable to any spectral content of the incoming field, overcoming the
limitation of the commonly used Fresnel formulas for the monochromatic limit,
and to a generic form of K(3)(ω1, ω2, ω3), which can be the outcome of a numerical
simulation or some analytical result from a specific model. Clearly, the result can be
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used also for computing the outcome of experiments in non-superconducting systems
or generalized to second-order non-linearities, as we have done in a forthcoming
work for non-centrosymmetric polar insulators.

From the theory point of view, what we have in our hand up to now is a recipe
to compute the nonlinear current having as a given, external source the gauge field
A. What we are missing is the dynamics of this field, which is determined by the
Maxwell equations or, equivalently, by the free action of the electromagnetic field.
One can then treat on equal footing the light and matter degrees of freedom by
solving a coupled system of equations for the two.

1.5.1 Perturbative solution of Maxwell equations

We consider then a nonlinear material in the region of space 0 < z < d characterized
by a uniform (z−independent) nonlinear third order susceptibility K(3)(ω1, ω2, ω3)
sandwiched by vacuum, on which we shine the transverse field A = (Ax(z, ω), 0, 0).
The non-linearly induced current reads in the most general case

J (3)
x (z, ω) =

∫
dωiK

(3)(ω1, ω2, ω3)Ax(z, ω1)Ax(z, ω2)Ax(z, ω3)δ
(
ω −

∑
i

ωi

)
.

(1.35)
This source term will enter the Maxwell equations resulting in the following Helmholtz
equations {

∂2
zA(z, ω) + ω2

c2 A(z, ω) = 0 (z < 0, z > d)
∂2
zA(z, ω) + n2(ω)ω2

c2 A(z, ω) = −4π
c J

(3)(z, ω) (0 < z < d),
(1.36)

where we now omit the x pedix everywhere. In principle one has to solve self-
consistently the two equations since there is a dependence on the vector potential in
the source term of the right hand side. As nonlinear effects are usually smaller with
respect to linear ones, which are already taken into account by n(ω), it is possible
to solve with a perturbative approach the previous differential equation. Let us
introduce a fictitious small parameter η in order to keep track of this perturbative
expansion, such that

K(3)(ω1, ω2, ω3) ≡ ηK̃(3)(ω1, ω2, ω3). (1.37)

Then we suppose
A(z, ω) =

∑
m

ηmA(m)(z, ω), (1.38)

and replace these expressions in Eq. 1.35

J (3)(z, ω) =
∑
p,q,r

ηp+q+r+1
∫
dωiK

(3)(ω1, ω2, ω3)A(p)(z, ω1)A(q)(z, ω2)A(r)(z, ω3)×

×δ
(
ω −

∑
i

ωi

)
.

(1.39)



1.5 Comparing experiments and theory: a generalized Fresnel approach 21

Figure 1.8. A film of thickness d with refractive index n(ω) and nonlinear response kernel
K(3) is sandwiched by vacuum at z = 0 and z = d. The gauge potential Aext(ω) impinges
from z < 0 and generates the fields A(0)(z, ω), containing linear effects, and A(1)(z, ω),
containing nonlinear effects. The latter depends on the coefficients A,B for 0 < z < d,
and A′, B′ for z > d and z < 0, respectively, which enter the system for the boundary
conditions in Eq. 1.50.

We can solve the Eq. 1.36 order by order in η, collecting the corresponding terms in
the two sides of the equation. For η0 we have{

∂2
zA

(0)(z, ω) + ω2

c2 A
(0)(z, ω) = 0 (z < 0, z > d)

∂2
zA

(0)(z, ω) + n2(ω)ω2

c2 A(0)(z, ω) = 0 (0 < z < d),
(1.40)

which is the usual propagation of waves in a slab of thickness d in the linear regime.
The solution to the system for the linear response in the region 0 < z < d reads

A(0)(z, ω) = At(ω)eiωn(ω)z/c +Ar(ω)e−iωn(ω)z/c. (1.41)

Here we have
At(ω) = Aext(ω)t(ω)f(ω), (1.42)

Ar(ω) = Aext(ω)t(ω)ei2ωn(ω)d/cr(ω)f(ω), (1.43)

in terms of the spectrum of the incident field Aext(ω), the usual vacuum-material
transmission and reflection coefficients

t(ω) = 2
n(ω) + 1 , (1.44)

r(ω) = n(ω) − 1
n(ω) + 1 , (1.45)

and the Fabry-Pérot factor

f(ω) = 1
1 − r(ω)2ei2ωn(ω)d/c . (1.46)

Due to the linearity of Maxwell equations in absence of source terms, one can
in principle extend by superposition the previous solution for arbitrary frequency
spectrum of the incident field. For η1 we obtain∂2

zA
(1)(z, ω) + ω2

c2 A
(1)(z, ω) = 0 (z < 0, z > d)

∂2
zA

(1)(z, ω) + n2(ω)ω2

c2 A(1)(z, ω) = −4π
c J

(3)
η1 (z, ω) (0 < z < d),

(1.47)
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where

J
(3)
η1 (z, ω) =

∫
dωiK

(3)(ω1, ω2, ω3)A(0)(z, ω1)A(0)(z, ω2)A(0)(z, ω3)×

×δ
(
ω −

∑
i

ωi

)
.

(1.48)

The solution to the last equation of the previous system reads as usual

A(1)(z, ω) = Ap(z) +Aeiωn(ω)z/c +Be−iωn(ω)z/c, (1.49)

where we denote as Ap(z) the particular solution. Considering the outgoing nonlinear
signal in free space, A(1)(z < 0, ω) = B′e−iωz/c and A(1)(z > d, ω) = A′eiωz/c, the
boundary conditions read,

B′ = Ap(0) +A+B

− iω
c B

′ = A′
p(0) + in(ω)ω

c (A−B)
A′eiωd/c = Ap(d) +Aein(ω)ωd/c +Be−in(ω)ωd/c

iω
c A

′eiωd/c = A′
p(d) + in(ω)ω

c (Aein(ω)ωd/c −Be−in(ω)ωd/c).

(1.50)

If one is interested in finding the nonlinear signal detected in reflection configura-
tion, the all important coefficient is B′, while in transmission the relevant quantity
is A′; both of them can be found by inverting the linear system written before in
terms of the values of the particular solution Ap and its first derivative A′

p at the
two ends of the slab.

We now focus on the expression for A′, which is the relevant quantity to derive
the expression for the electric field right beyond the sample in the standard THG
experiments in transmission configuration. If one uses a reflection geometry, one
analogously computes the B′ coefficient, as we will see later in the limit of bulk
samples. Redefining now A′ to include the pure phase factor eiωd/c, it reads explicitly

A′ = − f(ω)
(n(ω) + 1)2

[
2n(ω)ein(ω)ωd/c

(
Ap(0) − ic

ω
A′
p(0)

)
+(n(ω) − 1)ei2n(ω)ωd/c

(
n(ω)Ap(d) + ic

ω
A′
p(d)

)
−(n(ω) + 1)

(
n(ω)Ap(d) − ic

ω
A′
p(d)

)]
.

(1.51)

In order to compute the transmission one should then evaluate the particular solution
and its derivative. One can use for instance Fourier transforms and consider the
following expression of the particular solution

Ap(z, ω) = 4π
c

1
2π

∫
dk

e−ikz

k2 − n2(ω)ω2/c2J
(3)
η1 (k, ω), (1.52)

where J (3)
η1 (k, ω) is the Fourier transform of the non-linearly induced current, Eq.

1.48, that we rewrite as

J
(3)
η1 (k, ω) =

∑
{αi}

∫ d

0
dz

∫
dωi e

i(k+
∑

i
αin(ωi)ωi/c)zK(3)(ω1, ω2, ω3)×

×Aα1(ω1)Aα2(ω2)Aα3(ω3)δ
(
ω −

∑
i

ωi

)
.

(1.53)
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Figure 1.9. The integration contours used in Eq. 1.55. The green pole lies in the upper or
lower half-plane according to the signs of αi.

Here we used the z-dependence of the field inside the material given by Eq. 1.41,
separating the (eight) contributions according to the number of forward (∝ At)
or backward (∝ Ar) propagating fields appearing in the triple A(0) product. This
amounts to sum over the possible {αi} = (α1, α2, α3) combinations where αi = +1
for At terms and αi = −1 for Ar terms. The integral over z can be performed
immediately and one gets

J
(3)
η1 (k, ω) =

∑
{αi}

∫
dωi

ei(k+
∑

i
αin(ωi)ωi/c)d − 1

i(k +
∑
i αin(ωi)ωi/c)

K(3)(ω1, ω2, ω3)×

×Aα1(ω1)Aα2(ω2)Aα3(ω3)δ
(
ω −

∑
i

ωi

)
.

(1.54)

Plugging the last expression in Ap(z) we get

Ap(z, ω) = 4π
c

∑
{αi}

∫
dωiK

(3)(ω1, ω2, ω3)Aα1(ω1)Aα2(ω2)Aα3(ω3)δ
(
ω −

∑
i

ωi

)
×

× 1
2π

∫
dk

e−ikz

k2 − n2(ω)ω2/c2
ei(k+

∑
i
αin(ωi)ωi/c)d − 1

i(k +
∑
i αin(ωi)ωi/c)

.

(1.55)

The k-integral can then be computed through residues. Since we are interested
in the particular solution for z → 0+ and z → d−, we need to choose the integration
contour accordingly. For the first term in the k-integral (∝ e−ik(z−d)), we should
close the contour in the upper half plane, since z − d < 0, while for the second term
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(∝ e−ikz) we should close in the lower half plane, since z > 0. Explicitly we have

1
2π

∫
dk

e−ikz

k2 − n2(ω)ω2/c2
ei(k+

∑
i
αin(ωi)ωi/c)d − 1

i(k +
∑
i αin(ωi)ωi/c)

=

=
∫

C+
dk

e−ik(z−d)ei
∑

i
αin(ωi)ωid/c

(k2 − n2(ω)ω2/c2)(k +
∑
i αin(ωi)ωi/c)

+
∫

C−
dk

e−ikz

(k2 − n2(ω)ω2/c2)(k +
∑
i αin(ωi)ωi/c).

(1.56)

In both contours we will have one pole determining the (forward or backward)
Maxwell-like propagation of the non-linearly generated radiation (k = ±n(ω)ω/c)
and the one(s) corresponding to the propagation of the internal fields generating
the nonlinear signal (k = −

∑
i αin(ωi)ωi/c). According to the overall sign of∑

i αin
′′(ωi)ωi/c the corresponding pole(s) will lie in the lower or upper half complex

plane, thus being enclosed in one or the other integration contour. Denoting for
brevity n = n(ω) and ni = n(ωi), in the end we get, for 0 < z < d,

1
2π

∫
dk

e−ikz

k2 − n2ω2/c2
ei(k+

∑
i
αiniωi/c)d − 1

i(k +
∑
i αiniωi/c)

=

= einωz/c

(−nω/c+
∑
i αiniωi/c)(2nω/c)

− e−inωz/cei(nω+
∑

i
αiniωi)d/c

(nω/c+
∑
i αiniωi/c)(2nω/c)

− ei
∑

i
αiniωiz/c

(nω/c)2 − (
∑
i αiniωi/c)

2 .

(1.57)

Using this result in Eq. 1.55 we are able to compute the values of the particular
solution and its first derivative at the boundaries of the slab. The A′ coefficient then
reads

A′ = 4πi
ω

feinωd/c

n+ 1
∑
{αi}

∫
dωiK

(3)(ω1, ω2, ω3)Aα1(ω1)Aα2(ω2)Aα3(ω3)×

×

n− 1
n+ 1

ei(
∑

i
αiniωi+nω)d/c − 1

i (
∑
i αiniωi + nω) /c + ei(

∑
i
αiniωi−nω)d/c − 1

i (
∑
i αiniωi − nω) /c

 δ(ω −
∑
i

ωi

)
.

(1.58)

This result is valid for any value of the thickness of the film and takes into account
all the propagation effects inside the material. We recognize in the second line
the phase matching conditions between the non-linearly generated radiation and
the internal fields, which appear with both minus and plus signs according to the
specific combinations of forward or backward propagating waves that we can consider.
Clearly, in non-dispersive media the phase-matching condition coincides with the
energy conservation, while here it strongly depends on n(ω). As a final remark we
point out that a similar result has been obtained in Ref. [65], where the effects of
phase-mismatch between THz-pump and eV-probe have been studied in the context
of ultrafast Kerr effect, i.e. considering an instantaneous K(3). A minor difference is
just that here we looked for a solution to the full second-order Maxwell equation in
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Figure 1.10. Scheme for the approximation used in trasmission experiments on thin films,
where the thickness is the smallest lengthscale at play. The crudest approximation in
Eq. 1.60 amounts to consider the profile of the field constant inside the material, while
in Eq. 1.62 one keeps the effect of screening.

the second line of Eq. 1.47, while in Ref. [65] the authors explicilty integrate the
z−dependence of the nonlinear polarizarion by using the slowly-varying amplitude
approximation.

1.5.2 Approximate expressions for limiting cases

It is useful to derive an approximate expression of Eq. 1.58 to be used in some
limiting cases. For very thin films with thickness d much shorter than wavelength
λ = c/(n′ω) and the penetration depth δ = c/(n′′ω) of the radiation inside the
material, one can expand the term in round brackets at the second line of Eq. 1.58
using eiα ∼ 1 + iα for α ≪ 1, obtaining

n− 1
n+ 1

eiαd − 1
iα

+ eiα
′d − 1
iα′ ∼ 2nd

n+ 1 . (1.59)

If one is interested in the electric field at leading order in d, one must set d = 0 in
all other pieces of Eq. 1.58. Using the relation E(ω) = iωA(ω)/c, one recovers the
expression

E(z = d+, ω) = E(0)(z = d+, ω) − 2πd
c
J

(3)
η1 (z = 0, ω), (1.60)

where now, since for d = 0 one has A(0)(z = 0, ω) = Aext(ω) in Eq. 1.48, the
nonlinear current becomes

J
(3)
η1 (z = 0, ω) =

∫
dωiK

(3)(ω1, ω2, ω3)Aext(ω1)Aext(ω2)Aext(ω3)δ
(
ω −

∑
i

ωi

)
.

(1.61)
This result is not surprising: in the approximation d → 0 neither the non-linearly
generated current nor the field generating it are sensitive to any propagation effect.
We stress that this is exactly the result presented at the beginning of the chapter to
connect the transmitted third-harmonic field to the corresponding harmonic of the
nonlinear current.

A less crude approximation is instead obtained if one consistently takes into
account the screening of the incoming field inside the material. Assuming nonetheless
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Figure 1.11. Scheme to approximate the reflection from bulk samples as a process of
reflection from a semi-infinite medium. Since the field penetrates just in a small fraction
of the sample, one can neglect in 1.50 both the transmitted field outside the material
and the back-propagating internal one.

that |n|ωd/c ≪ 1, one can rewrite the previous Eq. 1.58 as

A′ = 2πid
ω

T (ω)
∫
dωiK

(3)(ω1, ω2, ω3)Ain(ω1)Ain(ω2)Ain(ω3)δ
(
ω −

∑
i

ωi

)
,

(1.62)
where we defined

T (ω) = 2n
2n cos(nωd/c) − i(n2 + 1) sin(nωd/c) ≈ 1

1 − i(n2 + 1)ωd/(2c) , (1.63)

which is the transmissivity of the vacuum-film-vacuum sandwich, and the internal
field Ain(ω) = A(0)(z = 0, ω) appearing in Eq. 1.48

Ain(ω) = Aext(ω) 2n cos(nωd/c) − 2i sin(nωd/c)
2n cos(nωd/c) − i(n2 + 1) sin(nωd/c)

≈ Aext(ω) 1 − iωd/c

1 − i(n2 + 1)ωd/(2c) .
(1.64)

Since ωd/c ≪ 1, comparing the last two equations one can also approximate the
internal field with the transmitted one, i.e. one can take Ain(ω) ≈ T (ω)Aext(ω). This
result validates then the common approximation presented at the beginning of this
section for THG experiments, see Eq. 1.34, where Ein(ω) = T (ω)Eout(ω).

On the other hand, we can consider reflection from bulk systems, considering
the opposite limit when d ≫ λ, δ, as it usually happens for experiments with c−axis
polarized electric fields on cuprate samples[153, 73]. One gets from an equivalent
system of Eq. 1.50 including only the boundary conditions at z = 0

B′ = 1
n(ω) + 1

(
n(ω)Ap(0) + ic

ω
A′
p(0)

)
. (1.65)

Considering the expression of the particular solution

Ap(z, ω) = 4π
c

1
2π

∫
dk

e−ikz

k2 − n2(ω)ω2/c2J
(3)
η1 (k, ω), (1.66)

we should compute the Fourier transform of the non-linearly induced current. We
notice that in the bulk limit, i.e. for samples much thicker than the penetration
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depth of the radiation inside the material, the backward propagating internal fields
entering A(0)(z, ω) in Eq. 1.41 thorugh Ar(ω) are exponentially suppressed. Thus
only forward propagating internal fields (∝ A′

t) contribute, giving

J
(3)
η1 (k, ω) =

∫ ∞

0
dz

∫
dωi e

i(k+
∑

i
n(ωi)ωi/c)zK(3)(ω1, ω2, ω3)×

×Aext(ω1)t(ω1)Aext(ω2)t(ω2)Aext(ω3)t(ω3)δ
(
ω −

∑
i

ωi

)
.

(1.67)

Here we extend the upper limit of integration to infinity since the thickness is the
largest lengthscale at play here. We can nevertheless assure the convergence of the
integral in z since i) ωn′′(ω) is positive-definite for any frequency and ii) the field
has a finite cutoff in frequency given by the incident radiation. Then one gets

J
(3)
η1 (k, ω) = i

∫
dωiK

(3)(ω1, ω2, ω3)Aext(ω1)t(ω1)Aext(ω2)t(ω2)Aext(ω3)t(ω3)
k +

∑
i n(ωi)ωi/c

×

×δ
(
ω −

∑
i

ωi

)
.

(1.68)

Plugging the latter expression in Eq. 1.66 to find the particular solution and com-
puting the coefficient B′ from Eq. 1.65, one gets finally

B′ = 4π
ω

1
1 + n(ω)

∫
dωiK

(3)(ω1, ω2, ω3)Aext(ω1)Aext(ω2)Aext(ω3)×

× t(ω1)t(ω2)t(ω3)
n(ω)ω/c+

∑
i n(ωi)ωi/c

δ

(
ω −

∑
i

ωi

)
.

(1.69)

The reflected electric field, using again the relation E(ω) = iωA(ω)/c, reads in this
case

E(z < 0, ω) = E(0)(z < 0, ω)

+ 2πit(ω)
∫
dωiK

(3)(ω1, ω2, ω3)Ain(ω1)Ain(ω2)Ain(ω3)
n(ω)ω +

∑
i n(ωi)ωi

δ

(
ω −

∑
i

ωi

)
,

(1.70)

where the internal field is in this case given by Ain(ω) = Aext(ω)t(ω). This result,
specialized for a monochromatic incoming field and focusing on the third harmonic,
has been used in Ref. [39] to compare the experimental measurements of Ref. [73] to
the computed two-plasmon kernel, as we will see in Chapter 2. We stress also that
an analogous expression was obtained by a similar perturbative calculation in Ref.
[52]. In that case, however, the obtained expression was specialized to the case of the
sine-Gordon model, which is used to describe the c−axis response of superconducting
cuprates mediated by Josephson plasmons, while the result presented here is valid
for a generic third-order optical kernel. In Ref. [153] as well a similar procedure is
presented to simulate the two-dimensional THz map of cuprate LBCO.
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Chapter 2

Phase excitations in cuprates:
the case of c−axis Josephson
plasmons

The content of this chapter has been published in Ref. [39].

2.1 Introduction

Plasma modes describe the propagation of longitudinal electromagnetic waves in
metals, hybridized with electronic charge fluctuations. As such, they can be detected
via density-sensitive probes, like inelastic X-ray scattering[5] (RIXS) or electron
energy-loss spectroscopy[46] (EELS). Whenever the metal becomes superconductor
the fluctuations of the superconducting phase, canonically conjugate to the density,
bring up the information on the plasma mode[108].

In layered superconductors, as e.g. cuprates, the weak coupling between CuO2
planes induces a marked anisotropy between in-plane ωxy and out-of-plane ωz long-
wavelength plasma frequencies. While ωxy lies at an energy scale where no appreciable
change occurs across the superconducting transition, the soft ωz plasmon becomes
undamped by the opening of the superconducting gap below Tc, as evidenced by
the emergence of a sharp plasma edge in the c-axis reflectivity at a temperature-
dependent scale ωz(T )[137, 63, 74, 12, 144, 104, 69, 33, 64, 31]. At finite momentum
the two energy scales ωxy and ωz get mixed, and the energy-momentum dispersion of
the layered three-dimensional (3D) plasmon, shown in Fig. 2.1(a), acquires acoustic-
like branches at fixed kz, see Fig. 2.1(b), due to the reduced screening between
neighboring layers. RIXS and EELS can probe such a dispersion both in the normal
and superconducting states, see Fig. 2.1(b) and (c), even though they cannot access
the long-wavelength limit due to charge conservation[61, 86, 107, 13].

In cuprates pair tunnelling is the dominant inter-layer hopping mechanism below
Tc, justifying a Josephson-like description for the out-of-plane phase modes[118, 117].
The excitation energy of superconducting Josephson plasmon scales with the cosine
of the superconducting phase gradient. Such an intrinsic anharmonicity turns in
a primary source of nonlinear optical response below Tc, thanks to the minimal
coupling of the phase gradient to the gauge field[118, 117]. A typical hallmark of
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Figure 2.1. (a) Plasmon dispersion in a layered superconductor from Eq. 2.3. Red and
green solid lines highlight cuts at fixed kz. (b) RIXS measurements (dots) from Ref.
[107] superimposed to plasmon branches plotted with a line intensity proportional to
the THG polarization weight. In the bilayer case (c) the plasmon branches (shown in
log scale) double, the upper one (dashed line) being the analogous of the single-layer
mode. The lower branch, which rapidly approaches the ωT scale seen in absorption (see
text), is not visible in RIXS measurements [13]. The momentum scale and color codes
are the same in panels (b) and (c).

nonlinear response is THz Third Harmonic Generation (THG). THG from Josephson
plasmons[114, 73, 68, 153], as well as additional effects connected to their nonlinear
response[81, 42, 89], have been experimentally proven in cuprates. In analogy
with nonlinear phononics[67, 146, 41, 133, 84, 10], the main THG process can be
understood as a sum-frequency process where two photons of the THz pulse centered
at Ω excite simultaneously two plasma waves[45] with opposite 3D momenta. As a
consequence, while linear reflectivity is only sensitive to the long-wavelength limits
ωxy, ωz of the plasmon dispersion, nonlinear optics is sensitive to the convolution of
plasmon excitations at finite momenta. This process retrieves the density of states
of plasma excitations in a momentum region complementary to the one measured
by RIXS, see Fig. 2.1(b) and (c), providing in principle a mechanism to selectively
tune the resonance energy for THz THG in a layered heterostructure.

In this chapter we demonstrate this principle by comparing single- and bi-layer
structures. In single-layer systems, with a single plane per unit cell in the stacking
direction, the light polarization projects out the full plasmon dispersion towards the
low-energy ωz value measured by linear optics. Since experiments are performed at
a fixed pump frequency Ω as a function of temperature, the largest THG is expected
at T̄ where Ω = ωz(T̄ ). Such a prediction, qualitatively similar to what obtained[45]
by neglecting the plasmon dispersion, is consistent with experiments [114, 68].

In bilayer superconductors the modulation of intra-bilayer Jz1 and inter-bilayer
Jz2 Josephson couplings along the stacking direction, with Jz1 ≫ Jz2, leads to a



2.2 Single-layer case 31

doubling of the Josephson plasmon branches, as originally explained in Ref. [144],
giving in the long-wavelength limit two scales ωz1 ≫ ωz2. The lower one ωz2 ∝

√
Jz2

controls the lower and sharper reflectivity edge at zero momentum[63, 74, 12, 144, 69,
33, 64], while the upper Josephson branch has been recently measured by RIXS[13],
that turns out to be insensitive to the lower plasmon branch, see Fig. 2.1(c). By
computing the THG for the bilayer case we show that the dominant contributions
of plasma modes to the THG arise from intra-bilayer phase fluctuations, scaling
with the larger Josephson stiffness. As a consequence, in the bilayer system the
momentum integration moves the THG spectral weight towards a higher energy
scale ωzT ≈ ωz1, explaining the lack of any resonance at the temperature T̄ where
Ω = ωz2(T̄ ) in the measurements of Ref. [73].

2.2 Single-layer case
The contribution of plasma waves to the nonlinear optical response can be qual-
itatively understood within a simplified anisotropic Josephson-like model for the
superconducting phase. Labelling with θn the superconducting phase in the n-th
layer one can write an effective classical Hamiltonian:

H = 1
8

∫
d2r d

∑
n

[
Dxy(∇xyθ)2 − 8Jz cos(θn+1 − θn)

]
, (2.1)

where the in-plane phase difference has been already promoted to a continuum
phase gradient, Dxy is the in-plane stiffness (equivalent to ℏ2ns/m in the continuum,
isotropic limit) and Jz is an energy density defining the superfluid stiffness as
Dz = 4Jzd2 along the out-of-plane z direction, d being the interlayer distance.
Henceforth, unless explicitly displayed, we set ℏ = kB = 1. The classical model
in Eq. 2.1 is promoted to a quantum equivalent by including dynamical effects
related to the phase gradient in time, scaling as κ0(∂τθn)2, with κ0 the charge
compressibility. Once that Coulomb effects are included, κ0 is replaced by the RPA
charge compressibility[15, 134]. By retaining only the quadratic term in the expansion
of the cosine in Eq. 2.1 we obtain the following Gaussian quantum action[110, 28]:

SG = 1
32πe2

∑
iωm,k

|k|2
(
−(iωm)2 + ω2

L(k)
)

|θ(iωm,k)|2, (2.2)

where iωm = 2πmT are bosonic Matsubara frequencies, and ωL(k) includes the full
momentum dependence of the layered Josephson plasma mode (JPM):

ω2
L(k) = ω2

xy

k2
xy

|k|2
+ ω2

z

q2
z

|k|2
, (2.3)

where ω2
xy,z = 4πe2Dxy,z, qz = (2/d) sin (kzd/2) and |k|2 = k2

xy + q2
z . An external

gauge field Az polarized along the z direction enters the model in Eq. 2.1 via the
minimal coupling substitution θn+1 − θn → θn+1 − θn − 2edAz/c. As detailed in
the following Section 2.2.1, the third-order current JNL ∼ KA3

z can be obtained
by expanding the cosine Josephson interaction in Eq. 2.1 beyond second order in
the gauge-invariant phase gradient along z, and integrating out the phase degrees
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Figure 2.2. Comparison between the nonlinear kernel |K(2Ω, T )| of Eq. 2.4 for (a) non-
dispersive plasmon, corresponding to replacing ωL(k) with ωz, and (c) the dispersive
plasmon. (b) Sketch of the THG process. The ωL(k) dispersion from Eq. 2.3 is plotted
in log scale, with a line intensity weighted with the spectral weight of the two-plasmon
process from Eq. 2.4. Only for Ω > ωz two light pulses at Ω can decay in two plasmons
with opposite momenta. At larger energies the number of available states increases, but
these correspond to a region with smaller spectral weight (see text and ). The shaded
area corresponds to the region kxy < 1/ξ of allowed in-plane momenta. (d) |K(2Ω)|
from panel (c) as a function of temperature for three selected pump frequencies (dashed
lines in panel (c)), where each curve is normalized to its maximum.

of freedom[45]. For a monochromatic incident field Az = A0 cos(Ωt) the resulting
THG intensity is proportional[20, 142, 123] to ITHG ∝ |K(2Ω)|2. The resonant part
of the nonlinear kernel K accounts for the density-of-states of the process involving
the generation of two JPMs with opposite momenta, see Fig. 2.2(b), and it is given
explicitly by:

K(Ω) ∝ J2
z

1
V

∑
k

q4
z

|k|4
coth (βωL(k)

2 )
ωL(k)(4ω2

L(k) − (Ω + iδ)2)
, (2.4)

where iωm → Ω + iδ. Within the Josephson model in Eq. 2.1 the coupling Jz
controls both the stiffness and the anharmonic interaction terms. Thus we will adopt
the same experimental temperature-dependent stiffness Dz(T ), Dxy(T ) both in the
plasmon dispersion in Eq. 2.3 and in the effective anharmonic couplings, see[127].

In Fig. 2.2 we show the nonlinear kernel K as a function of temperature and
frequency, by setting ωxy(T = 0) = 250 THz and ωz(T = 0) = 1.7 THz, as
appropriate for optimally-doped LSCO samples (Tc = 38 K)[68]. We compare the
case where the full plasmon dispersion in Eq. 2.3 is included (panel c) with the
case, considered previously[45], where ωL(k) is assumed to be non dispersive (panel
a). The latter case is equivalent to setting ωL(k) = ωz in Eq. 2.4, which results
in a resonance at Ω = ωz of the kernel K(2Ω). As one can see, even though the
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Figure 2.3. Diagram corresponding to the nonlinear current in Eq. 2.17 excited through the
the two-plasmon nonlinear kernel in Eq. 2.20. Wavy lines represent the incoming field
exciting a plasmon pair with opposite momenta k and −k and energy ωL(k), represented
with dahed lines. The interaction vertex is in this model represented by the out-of-plane
superfluid stiffness, pictured as the black bullet.

dispersive case leads to a smearing of such a sharp resonance, the nonlinear kernel
shows nonetheless a marked maximum around ωz, see panel (c). The reasons are
the following. As detailed in Section 2.5.3, the spectral weight of the two-plasmon
process is zero when Ω < ωz, with a discontinuity at the edge, which consequently
causes a singularity in |K(2Ω = 2ωz)|. Secondly, the overall factor q4

z/|k|4 in Eq.
2.4, which accounts for the polarization of the light in the z direction, projects out
the full dispersion 2.3 on the phase space where qz/|k| is large, that corresponds
to an energy around ωz. In addition, the resonance at ωL in Eq. 2.4 scales overall
as 1/ω2

L, highlighting further low-momentum processes, i.e. those less relevant for
RIXS[61, 86, 107], see Fig. 2.1(b). The combined action of these effects is visualized
in Fig. 2.2(b), where the intensity of each plasmon line is proportional to its
contribution to the nonlinear kernel in Eq. 2.4. The overall enhancement of the
kernel at energies around ωz leads to a non-monotonic T dependence of the THG
measured at a fixed pump frequency Ω < ωz(T = 0), see Fig. 2.2(d), maximum
at T̄ where Ω = ωz(T̄ ), in qualitative agreement with the result obtained for a
non-dispersive plasmon[45]. Notice that even if the two-plasmon process is only
possible above 2ωz, the real part of the optical kernel in Eq. 2.4 is finite below it,
giving THG even when the pump frequency is below ωz(T ).

2.2.1 Derivation of THG from phase-only action

In this section we give an extended derivation of the THG kernel presented in Eq. 2.4
starting from the Josephson model. We start by recalling that the superconducting
phase-only action in the isotropic case reads [43, 110, 28]

S = 1
8

∫ β

0
dτ

∫
d3r [κ0(∂τθ)2 +D(∇θ)2], (2.5)

where κ0 is the bare charge compressibility and D is the superfluid stiffness. In
layered systems one can modify the previous expression in order o account for the
anisotropy of the superfluid stiffness in the following way

S = 1
8

∫ β

0
dτ

∫
d3r [κ0(∂τθ)2 +Dxy(∇xyθ)2 +Dz(∇zθ)2]. (2.6)

The phase-only model in Eq. 2.5 is assumed to be a coarse-grained model on the scale
of the superconducting coherence length ξ. Since in-plane phase variations appear
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usually on a scale ξxy ≫ a, where a is the in-plane lattice constant, we can retain a
continuum description for the in-plane phase gradient, as already done in Eq. 2.5.
On the other hand, the weak coupling among layers make ξz ∼ d, with d interlayer
distance, calling for a discretization of the model in the stacking direction. We can
then describe the system as a stack of weakly Josephson-coupled superconducting
layers, placed at a distance d, such that the superconducting phase takes a defined
value θn in each plane. The phase interactions along the z direction can then be
described by a Josephson-like model

Hz = −Jz
∑
n

cos(θn+1(rxy) − θn(rxy)), (2.7)

where Jz is the Josephson coupling among neighboring layers. In this description,
the model of Eq. 2.7 is modified to

H = 1
8

∫
d2r d

∑
n

[
Dxy(∇xyθ)2 − 2Dz

d2 cos(θn+1 − θn)
]
, (2.8)

where the relation Dz = 4Jzd2 holds, having defined the energy density Jz = Jz/(a2d)
and given a2d the volume of the unit cell. When only the quadratic term of the
cosine is considered, this hamiltonian leads to the following action in Fourier space

SG = 1
8
∑

k,iωn

[−κ0(iωn)2 +Dxyk
2
xy +Dzq

2
z ]|θ(k, iωn)|2, (2.9)

where k = (kxy, kz), with qz = (2/d) sin(kzd/2) due to the discretization, and
iωn = 2πnT are the bosonic Matsubara frequencies. To account for Coulomb
interactions one can follow the standard procedure used in the isotropic case[15, 134],
that amounts to dress at RPA level the charge compressibility with the three-
dimensional Coulomb potential V (k) = 4πe2/|k|2, i.e. κ0 → κ0/(1 + V (k)κ0). As
a consequence at long wavelengths, and neglecting plasma dispersion scaling with
the Debye screening length λ2 ∼ 1/(4πe2κ0)[43], as appropriate in the momentum
region we are interested in, this leads to the action

SG = 1
32πe2

∑
k,iωn

|k|2
[
−(iωn)2 + ω2

xy

k2
xy

|k|2
+ ω2

z

q2
z

|k|2

]
|θ(k, iωn)|2, (2.10)

where we defined ω2
xy = 4πe2Dxy and ω2

z = 4πe2Dz the in- and out-of-plane plasma
frequencies, respectively. One can at this point introduce the coupling with a uniform
external gauge field polarized along the c-axis, i.e. Az(t) ≡ Az(t)ẑ. This will enter
Eq. 2.7 via

Hz = −Jz
∑
n

cos
(
θn+1(rxy) − θn(rxy) + 2e

c
Azd

)
, (2.11)

with e > 0. In the spirit of Ref. [45], we model the nonlinear coupling between the
phase degree of freedom and the gauge field as the one coming from the fourth-order
expansion of the cosine in Eq. 2.11. Even though it is known that the quantum
Josephson model is just an approximation for the microscopically-derived anharmonic
phase model[15], such an approximation already captures the main experimental
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findings, as we will discuss below. This amount to add to the Gaussian action (2.10)
the term

∆S = 1
16

(2e
c

)2
Dzd

2√
T

∑
k,iωn,iωm

q2
zθ(−k,−iωn)θ(k, iωm)A2

z(iωn − iωm), (2.12)

where A2
z(iωn) is the Fourier component of the squared gauge field A2

z(t). By
denoting k = (k, iωn) and k′ = (k′, iωm) we can rewrite the total action as:

Stot[θ,Az] = SG[θ] + ∆S[θ,Az] =
∑
kk′

θ(−k)[M(k, k′) +R(k, k′)]θ(k′), (2.13)

where

M(k, k′) = 1
32πe2 |k|2

[
−(iωn)2 + ω2

xy

k2
xy

|k|2
+ ω2

z

q2
z

|k|2

]
δkk′ , (2.14)

and
R(k, k′) = 1

16

(2e
c

)2
Dzd

2√
Tk2

zA
2
z(iωn − iωm)δkk′ . (2.15)

It is then immediate to integrate out the phase variables obtaining the effective
action of the gauge field written formally as S[Az] = Tr log (1 +M−1R), where the
trace Tr acts on momenta indexes. The induced current density for a uniform gauge
field reads

J(iΩ) = − c

2V
∂S[Az]

∂Az(−iΩ) = − c

2V
∂

∂Az(−iΩ) Tr log (1 +M−1R). (2.16)

In order to obtain the third-harmonic current, we should keep terms up to fourth
order in the gauge field. Thus, by expanding the logarithm we get,

J (3)(iΩ) = c

2V
∂

∂Az(−iΩ)
1
2 Tr(M−1R)2 ≡

∑
iωn

Az(iΩ − iωn)K(iωn)A2
z(iωn), (2.17)

where the nonlinear kernel K is, see also Fig. 2.3,

K(iωn) = c

4

(2e
c

)4
ω4
zd

4 T

V

∑
k,iωm

(
q2
z

|k|2

)2 1
(iωm)2 − ω2

L(k)
1

(iωm + iωn)2 − ω2
L(k)

,

(2.18)
and we defined again the plasmon dispersion as

ω2
L(k) = ω2

xyk
2
xy/|k|2 + ω2

zq
2
z/|k|2. (2.19)

Considering monochromatic incident field Az(ω) centered at frequency Ω in Eq. 2.17,
the third harmonic nonlinear current reads J (3)(3Ω) = K(2Ω)A(Ω)3. Thus, summing
over the Matsubara frequencies and after analytic continuation iωn → Ω + iδ, the
kernel reads

K(Ω) = c

4

(2e
c

)4
ω4
zd

4 1
V

∑
k

(
q2
z

|k|2

)2 coth (βωL(k)
2 )

ωL(k)((Ω + iδ)2 − (2ωL(k))2) , (2.20)
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Figure 2.4. (a) Sketch of the c-axis nonlinear response for the YBCO bilayer system. Since
Jz1 ≫ Jz2 the THG signal is mainly determined by the intra-bilayer phase fluctuations.
(b) Plasmon branches ω1(k) (dotted lines) and ω2(k) (solid lines) at selected kz for a wide
range of kxy value. (c) Zoom-in of panel (c) in the region of integration relevant for the
THG, as denoted by the grey shaded area. Here the line intensity is rescaled according
to the relative weight of intra-bilayer phase fluctuations P̃11

σ of each mode, shown as a
color-bar on the right of the panel. A sketch of the corresponding polarizations of the
modes[126] in each momenta region is also reported. (d) Frequency dependence of the
nonlinear kernel |K(2Ω)| at T = 0. Vertical bars denote the position of ωz1, ωzT and
ωz2. (e) Temperature dependence of the nonlinear kernel |K(2Ω)| (solid line) for fixed
pump frequency Ω = 0.5 THz. The dots represents the experimental data from Ref. [73].

which coincides with Eq. 2.4 and whose behavior is shown in Fig. 2.2 above. In
order to compute the response, we choose to model the temperature dependence
of the in- and out-of-plane stiffness as Dz(T ) = Dz(T = 0)(1 − (T/Tc)4) and
Dxy(T ) = Dxy(T = 0)(1 − T/Tc)eT/Tc , fitting data of Ref. [127]. We explicitly
integrate Eq. 2.20 over a cylindric region in momentum space with height kz = 2π/d,
where d the distance between planes, and radius kxy = 1/ξ, with ξ = 5d the in-plane
coherence length[7, 135], that is the k-region where a phase-only model can be
defined.

2.3 Bilayer case

In the bilayer case one has two planes denoted as λ = 1, 2 per unit cell, so that one
introduces two phase variables θλ,n. The out-of-plane hamiltonian density is

H⊥
n = −Jz1 cos(θ1,n − θ2,n) − Jz2 cos(θ1,n+1 − θ2,n), (2.21)

in close analogy with Eq. 2.1, while the in-plane part has the same form. Here
we introduced two different Josephson couplings Jz1 and Jz2, with Jz1 ≫ Jz2,
corresponding to a phase difference between the two nearest planes within the same
unit cell (at distance d1 = 3.2 Å for YBCO) or in neighboring cells (at distance
d2 = 8.2 Å for YBCO), d = d1+d2 being the periodicity in the z direction[126, 3, 144],
see Fig. 2.4(a). The corresponding stiffnesses Dzλ = 4Jzλd2

λ are also modulated.
By introducing the spinor θ̄ = (θ1, θ2) the generalization of the Gaussian quantum
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action in Eq. 2.2 to the bilayer case reads

SG = 1
64πe2

∑
iωm,k

θ̄(−k)K2
(
−(iωm)21 + Ω2

L(k)
)
θ̄(k). (2.22)

Here we introduced the 2 × 2 matrix K2 = k2
xy1 + K†

zKz which generalizes the
quadratic term in momentum, where

Kz =
√

2
d

− e−ikzd1/2√
d1/d

eikzd1/2√
d1/d

eikzd2/2√
d2/d

− e−ikzd2/2√
d2/d

 , (2.23)

keeps track of the discretization of the phase variables along the z direction.
Analogously Ω2

L(k) generalizes the plasma dispersion in Eq. 2.3, with Ω2
L(k) =

(K2)−1(ω2
xyk

2
xy1 + K†

zΩ2
zKz), where (Ω2

z)λµ = δλµω
2
zλ and ω2

zλ = 4πe2Dzλ. From the
structure of Eq. 2.22 one readily sees that the doubling of the layers per unit cell
leads to a doubling of the JPMs, defined as the square-root of the eigenvalues of
the matrix Ω2

L(k), and shown in Fig. 2.4(b). The upper plasmon ω1(k), dispersing
between ωz1 and ωxy, is the equivalent of the single-layer plasmon ωL(k), while
the additional low-energy out-of-plane plasmon ω2(k), dispersing away from ωz2, is
characteristic of the bilayer case. For increasing in-plane momentum ω2(k) evolves
rapidly towards an energy scale ωzT =

√
(ω2
z1d2 + ω2

z2d1)/d ≈ ωz1 for Jz1 ≫ Jz2,
usually named transverse plasmon in the literature because it identifies the scale of
a resonance peak in the c-axis optical conductivity [144, 104, 64]. For even larger
values of kxy ω2(k) grows slowly towards the in-plane frequency ωxy.

The computation of the nonlinear kernel follows the same steps as before, with
both plasmon branches contributing to the out-of-plane response, so that K(Ω) =
K+(Ω) +K−(Ω), where

K±(Ω) =
∑
σσ′,k

Wσσ′
ωσ ± ωσ′

4ωσωσ′

coth (βωσ

2 ) ± coth (βωσ′
2 )

(ωσ ± ωσ′)2 − (Ω + iδ)2 (2.24)

combines two JPMs from the same (σ = σ′) or from different (σ ̸= σ′) plasmon
branches, with σ, σ′ = 1, 2, weighted by the k-dependent Wσσ′ prefactors, which
project out the contribution of each mode to selected region of momenta. A full
numerical computation of the kernel 2.24 at T = 0 for parameter values appropriate
for YBCO is shown in Fig. 2.4(d). We set Tc = 61 K, ωz1(T = 0) = 15 THz and
ωz2(T = 0) = 1.2 THz[73, 64], that gives a peak in the transverse conductivity at
ωzT (T = 0) = 11 THz, in agreement with the experiments[64]. As one can see,
|K(2Ω)| shows a marked resonance near the value Ω ≈ ωz1 ∼ 15 THz, without any
signature at the lower plasmon ωz2 ∼ 1.2 THz, that is the energy scale defining
instead the sharp plasma edge in the c-axis reflectivity below Tc[63, 12, 144, 64].

A better insight into this result can be obtained by introducing a new sets of
phase variables, corresponding to the intra-bilayer θ̃1 ∼ θ2,n − θ1,n and inter-bilayer
θ̃2 ∼ θ1,n+1 − θ2,n phase gradient in the n-th unit cell, respectively. As manifest from
Eq. 2.21, the larger scale Jz1 couples the gauge field Az to θ̃1, while Jz2 controls its
coupling to θ̃2. By changing basis from (θ1, θ2) to (θ̃1, θ̃2) one can write the projectors
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as Wσσ′ ∝ Tr (P̃σCP̃σ′C), where the diagonal matrix (C)λµ = Dzλd
2
λδλµ comes from

the coupling with the gauge field (∼ DzλA
2
zdλ

2) and the matrix P̃σ weights each
plasmon branch according to its projection onto inter-bilayer (11 element) and intra-
bilayer (22 element) phase fluctuations. Since Dz1 ≫ Dz2, one finds that plasmon
branches contribute to THG in the momentum region where they have a large
intra-bilayer component, P̃11

σ (k). This effect is highlighted in Fig. 2.4(c), where the
line intensity for each plasmon dispersion, plotted at fixed kz, scales with its P̃ 11

σ (k)
intra-bilayer weight. The upper plasmon branch ω1(k) is purely intra-bilayer for
kxy = 0, and gradually acquires an inter-bilayer component as kxy increases. Thus,
it contributes to THG in the low-momenta region where ω1(k) ≈ ωz1, as already
observed for the ωL(k) in the single-layer case. Conversely, the lower plasmon branch
ω2(k) has exactly zero intra-bilayer projection at kxy = 0, where it is associated with
purely inter-bilayer phase fluctuations[126], while it acquires intra-bilayer character
as it approaches the ωzT energy scale. The suppression of spectral weight at low
energy comes from the deep entanglement between the momentum dependence of
the plasmon energies and of the polarization weights, which would not be captured if
the system were described neglecting the dispersion of the plasmon branches. These
two ingredients explain the lack on any signature at ωz2 in the numerical result of
Fig. 2.4(d) at T = 0, and the absence of a THG enhancement at Ω = ωz2(T ) in
the THG measurements Ref. [73], performed with fixed Ω ∼ 0.5 THz. At the same
time the condition Ω = ωz1(T̄ ) is achieved at a temperature T̄ so close to Tc that
the resonance itself is washed out by the thermal depletion of the stiffness. Thus
the computed THG, given by the solid line in Fig. 2.4(e), increases monotonically
in temperature, in remarkable agreement with the experimental THG of Ref. [73],
extracted by the measured reflected electric field Er. The latter is obtained by using
the results presented in the previous Chapter 1, in particular Eq. 1.70 where we
computed the reflected electric field from a bulk sample. Computing the expression
in the monochromatic case we have

Er ∝ K(2Ω)
( 2
n(Ω) + 1

)3 1
n(3Ω) + n(Ω)

1
n(3Ω) + 1E

3
0 , (2.25)

where n(Ω) (n(3Ω)) is the experimentally-measured index of refraction at Ω (3Ω).

2.3.1 Derivation of the RPA dressing of κ0 in the bilayer case

In this section we explicitly derive the gaussian action in Eq. 2.22 by computing
the RPA dressing of the bare compressibility with the scalar potential in the case
of a bilayer system. We consider a model for the bilayer crystal in which each unit
cell (label n) contains two planes (label 1, 2). We consider plane 2, n separated
by a distance d1 from plane 1, n and by a distance d2 from plane 1, n + 1. The
Josephson-like couplings in the same unit cell are considered different, as well, being
Jz1 between plane 2, n and plane 1, n and Jz2 between plane 2, n and plane 1, n+ 1.
The hamiltonian in the out-of-plane direction is then a straightforward modification
of Eq. 2.7, namely

H⊥ = −Jz1
∑
n

cos (θ1,n(rxy) − θ2,n(rxy)) − Jz2
∑
n

cos (θ1,n+1(rxy) − θ2,n(rxy)).

(2.26)
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By expanding the cosines up to second order in the phase fluctuations the action
can be written as

SG[θ] = 1
8

∫ β

0
dτ

∫
d2r

d

2
∑
n

[
κ0(|∂τθ1,n|2 + |∂τθ2,n|2) +Dxy(∇xyθ1,n)2

+ Dxy(∇xyθ2,n)2 + 2Dz1z1(∆z1θ1,n)2 + 2Dz2z2(∆z2θ2,n)2
]
,

(2.27)

where we defined zλ = dλ/d and d = d1 + d2 is the length of the unit cell along the z
direction. Analogously to the single layer case we defined the stiffnesses Dzλ = 4Jλd2

λ,
with the two out-of-plane values scaling as Dzλ(T ) = Dzλ(T = 0)(1 − (T/Tc)4),
while for the in-plane values we retained the same single-layer plasma frequency. For
the sake of notation we also introduced the discrete derivative in the out-of-plane
direction as:

∆zλfλ,n =
{
f2,n−f1,n

d1
if λ = 1

f1,n+1−f2,n

d2
if λ = 2

. (2.28)

We want now to obtain the expression of the action in the Fourier space, following
the procedure used in Ref. [126]. Adopting the notation k = (iωn,k), we have

SG = 1
16
∑
k

[(
−(iωn)2κ0 + k2

xyDxy + 2Dz1
d2z1

+ 2Dz2
d2z2

)
(|θ1(k)|2 + |θ2(k)|2)

−2Dz1
d2z1

(θ1(k)θ2(−k)e−ikzd1 + θ1(−k)θ2(k)eikzd1)

−2Dz2
d2z2

(θ1(k)θ2(−k)eikzd2 + θ1(−k)θ2(k)e−ikzd2)
]
.

(2.29)

Defining now

Kz =
√

2
d

− e−ikzd1/2
√
z1

eikzd1/2
√
z1

eikzd2/2
√
z2

− e−ikzd2/2
√
z2

 , (2.30)

the out-of-plane plasma frequencies ω2
zλ = 4πe2Dzλ and the matrix

Ω2
z =

(
ω2
z1 0
0 ω2

z2

)
, (2.31)

we can rewrite the action simply as

SG[θ] = 1
64πe2

∑
k

θ̄T (−k)
[
−(iωn)2

α
1 + ω2

xyk
2
xy1 + K†

zΩ2
zKz

]
θ̄(k), (2.32)

where we defined θ̄ = (θ1, θ2) and α = 1/(4πe2κ0). The coupling to the electromag-
netic field can be straightforwardly obtained via the minimal-coupling substitution:

i∂τθλ,n → i∂τθλ,n − 2eϕλ,n
∇xyθλ,n → ∇xyθλ,n + 2eAxyλ,n/c

∆zθλ,n → ∆zθλ,n + 2eAzλ,n/c

. (2.33)
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As detailed in Ref. [126] for the bilayer case, in the layered systems one cannot
achieve a decoupling of the phase to the vector potential. However, as we show
explicitly in the single layer case in Sections 2.5.1 and 2.5.2, this effect is irrelevant
for the THG and one can retain only the coupling to the scalar potential ϕ. By
adding the free electromagnetic action for the electromagnetic field, one is thus left
with an action for θ and ϕ that reads

S[ϕ, θ] = SG[θ] − 1
16π

∑
k

ϕ̄T (−k)
( 1
α

1 + k2
xy1 + K†

zKz

)
ϕ̄(k)

+ i

32πe
∑
k

iωn
α
θ̄T (−k)ϕ̄(k).

(2.34)

After integrating out the scalar potential, the action reads

S[θ] = 1
64πe2

∑
k

θ̄T (−k)
[
−(iωn)2

α
1 + ω2

xyk
2
xy1 + K†

zΩ2
zKz

+(iωn)2

α
(1 + αk2

xy1 + αK†
zKz)−1

]
θ̄(k).

(2.35)

By defining the matrix K2 as

K2 = k2
xy1 + K†

zKz, (2.36)

the effective action for the superconducting phase fluctuations can be rewritten as

S[θ] = 1
64πe2

∑
k

θ̄T (−k)(1 + αK2)−1×

×
[
−(iωn)2

α
(1 + αK2) + K2Ω2

L(k)(1 + αK2) + (iωn)2

α
1

]
θ̄(k).

(2.37)

Here we introduced the generalization of the single-layer plasma frequency in Eq.
2.19 as the matrix

Ω2
L(k) = (K2)−1(ω2

xyk
2
xy1 + K†

zΩ2
zKz). (2.38)

By taking the limit for α → 0, as appropriate for cuprates, we finally get

S[θ] = 1
64πe2

∑
k

θ̄T (−k)K2[−(iωn)21 + Ω2
L(k)]θ̄(k). (2.39)

By comparing Eq. 2.39 with the bare phase action in Eq. 2.32 one sees that, in full
analogy with the single-layer case, also here the coupling to the scalar potential
dresses the bare compressibility as

κ01 → κ0(1 + 4πe2(K2)−1κ0)−1, (2.40)

with the latter term being dominant at small momenta. Eq. 2.39 shows that the
dispersions ω1,2(k) of the two Josephson plasma modes of a bilayer superconductor,
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plotted in Fig. 2.4(b) above, are found as roots of the determinant of −(iωn)21 +
Ω2
L(k). As mentioned above, these modes do not include the coupling between the

phase fluctuations and the vector potential, but are nonetheless good approximations
of the exact modes, derived e.g. in Ref. [126], at momenta k ≳ kc. As discussed in
Ref. [126], ω2(k) can be intuitively understood (for d1 = d2 = d/2) as a back-folding
of the qz = π/(d/2) soft plasmon of the single-layer, due to the breaking of the
periodicity along z when Jz1 ̸= Jz2, as evidenced by the fact that it describes
out-of-phase oscillations of the intra-cell phases. As such, it always has virtually a
large qz component, making it a longitudinal out-of-plane phase fluctuation in the
usual sense.

2.3.2 Derivation THG in bilayer superconductors

In this section we derive in detail the THG kernel in the bilayer system, considering
again a z-polarized external field incident on a bilayer superconductor, introduced
by means of a minimal coupling substitution in the Josephson-like model in Eq. 2.26.
In the spirit of what was done for the single-layer case, the total action of the system
is written as

S[θ,Az] = S[θ] + ∆S[θ,Az] =
∑
k,k′

θ̄T (−k)
[
M(k, k′) + R(k, k′)

]
θ̄(k′), (2.41)

where the matrix M(k, k′) of the Gaussian phase fluctuations is defined by Eq. 2.39:

M(k, k′) = 1
64πe2 K2[−(iωn)21 + Ω2

L(k)]δkk′ , (2.42)

while the coupling matrix R(k, k′) reads

R(k, k′) = 1
32

(2e
c

)2 √
TK†

zCKzA
2
z(iωm − iωn)δkk′ . (2.43)

Here we defined (C)λµ = Dzλd
2
λδλµ, which comes from the nonlinear coupling between

the external gauge field Az and the phase variables (∼ DzλA
2
zd

2
λ). Here M and

R are the straightforward extension to the bilayer case of the matrices M and R
introduced for the single-layer case in Eq. 2.14 and Eq. 2.15, respectively. After
integration of the phase degrees of freedom we obtain the third-order nonlinear
kernel which reads

K(iΩ) = c

4

(2e
c

)4 T

V

∑
k,iωn

Tr[M̃−1(k, iωn)PzM̃−1(k, iωn + iΩ)Pz]. (2.44)

The matrix
Pz = (K2)−1K†

z4πe2CKz (2.45)

plays the same role of the factor ∼ ω2
zd

2k2
z/|k|2 in the single-layer case, i.e. it

projects the phase fluctuations on the polarization direction of the external probe.
In Eq. 2.44 we introduced the matrix M̃ = −(iωn)21 + Ω2

L(k), whose inverse can be
decomposed in terms of the two plasmon branches in the usual way

M̃−1(k, iωn) = P1(k)
(iωn)2 − ω2

1(k)
+ P2(k)

(iω2
n) − ω2

2(k)
, (2.46)
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having defined

Pσ(k) = (−1)σω
2
σ(k)1 − det

(
Ω2
L

) (
Ω2
L

)−1

ω2
2(k) − ω2

1(k)
. (2.47)

By performing the Matsubara summation as in Eq. 2.64 above we obtain:

K(iΩ) = c

4

(2e
c

)4 ∑
σ,σ′

1
V

∑
k

Tr(PσPzPσ′Pz)

×
[
ωσ + ωσ′

4ωσωσ′

coth (βωσ

2 ) + coth (βωσ′
2 )

(ωσ + ωσ′)2 − (Ω + iδ)2 + ωσ − ωσ′

4ωσωσ′

coth (βωσ

2 ) − coth (βωσ′
2 )

(ωσ − ωσ′)2 − (Ω + iδ)2

]
.

(2.48)

In order to better visualize the role of the projectors Pz and Pσ, let us make a
change of basis from the spinorial representation in the layer index θ̄T =

(
θ1 θ2

)
to a new one θ̄T =

(
θ̃1 θ̃2

)
defined from(

θ̃1
θ̃2

)
= dKz

(
θ1
θ2

)
. (2.49)

One can indeed show that the new spinorial basis reads in real spaceθ̃1,n =
√

2
z1

(θ2,n − θ1,n)
θ̃2,n =

√
2
z2

(θ1,n+1 − θ2,n)
, (2.50)

i.e. its basis elements correspond to (rescaled) intra-bilayer (θ̃1) and inter-bilayer
(θ̃2) phase differences. In this new basis the coupling to the gauge field is diagonal,
namely we can rewrite

R(k, k′) = 1
d2

1
32

(2e
c

)2 √
TCA2

z(iωm − iωn)δkk′ , (2.51)

This is expected since the the Josephson couplings Jz1 and Jz2 are indeed coupled
to phase differences θ̃1 and θ̃2 in the real-space hamiltonian in Eq. 2.26. Notice that,
as compared to the expression in Eq. 2.15 of the single-layer case, the equivalent of
the k2

z → K†
zKz term does not appear in Eq. 2.51 since it has been included in the

definition of the new phase variables in Eq. 2.50, that scale actually as a discrete
phase gradient along z. For the same reason they appear instead in the definition of
the phase-fluctuation matrix that is rewritten as

M(k, k′) = 1
64πe2d2 (K†

z)−1K2[−(iωn)21 + Ω2
L(k)]K−1

z δkk′ . (2.52)

As before the kernel is proportional to the trace of the product (M−1R)2, so we
decompose again [−(iωn)21 + Ω2

L(k)]−1 in terms of the projections over the two
plasmonic branches ω1,2(k), as in Eq. 2.46, so that

M−1(k, k′) = 64πe2d2∑
σ

1
(iωn)2 − ω2

σ

KzPσ(K2)−1K†
zδkk′

≡ 64πe2d2∑
σ

(
P̃11
σ P̃12

σ

P̃21
σ P̃22

σ

)
1

(iωn)2 − ω2
σ

,

(2.53)
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where the matrix elements of P̃σ determine the amount of intra-bilayer (11 element)
or inter-bilayer (22 element) or mixed character of the two plasmonic branches as a
function of momentum. We notice that in the end the kernel is written in the same
way as before, since we have only reshuffled the matrices appearing in the trace of
Eq. 2.48 due to the change of basis, but the physical meaning is now more clear.
Indeed, the projector Tr(PσPzPσ′Pz) appearing in Eq. 2.48 reads in terms of the
new matrices as:

Tr(PσPzPσ′Pz) = Tr(P̃σCP̃σ′C). (2.54)
Being C diagonal, it is easier to disentangle the various contributions. Since Jz1 ≫ Jz2
and given d1, d2, one realizes ω4

z1d
4
1 ≫ ω4

z2d
4
2, then the leading contribution to the

THG kernel will be the one proportional to ω4
z1d

4
1. Thus, working out the previous

trace, one has

Tr(P̃σCP̃σ′C) = ω4
z1d

4
1

[
(P̃11

σ )2 + (P̃11
σ′ )2 + 2P̃11

σ P̃11
σ′

]
+ . . . , (2.55)

where we neglected terms proportional to ω2
z1d

2
1 or less. Hence, Eq. 2.55 proves that

the leading contribution to the THG kernel come from the plasmonic branch having
the largest projection onto the intra-layer phase fluctuations, which are controlled
by a larger stiffness Jz1. One could then approximate the nonlinear kernel in Eq.
2.48 as

K(iΩ) ∼ c

4

(2e
c

)4
ω4
z1d

4
1
∑
σ

1
V

∑
k

(P̃11
σ (k))2 coth (βωσ(k)

2 )
ωσ(k)((iΩ)2 − (2ωσ(k))2) . (2.56)

In this expression we neglected the mixed process involving the excitation of
two plasmons in different branches since as a function of momentum P̃11

1 P̃11
2 ∼ 0,

see Fig. 2.5. Indeed, the numerical results presented in Fig. 2.4 above can be
then understood by computing numerically the projections P̃11

1,2 of the two plasma
branches ω1,2(k) onto the intra-layer fluctuations. As one can see in Fig. 2.5, for
kxy = 0 one always obtains P̃11

1 = 1 and P̃11
2 = 0: this is a direct consequence of the

fact that for zero in-plane momentum the upper plasmon branch (located at ωz1)
and the lower branch (located at ωz2) describe purely intra-bilayer and inter-bilayer
phase fluctuations, respectively. Nevertheless, as kxy increases, the lower plasmon
branch acquires a sizeable intra-bilayer component, dominating the kernel. Since in
this momenta region ω2(k) evolves towards the value ωzT =

√
ω2
z1d

2
2 + ω2

z2d
2
1/d, this

is the dominant frequency contribution to the nonlinear response, while the region of
ω ≃ ωz2 is essentially projected out from the THG response. Analogously, since the
spectral weight of the ω1 branch is suppressed for increasing kxy, that corresponds
to the region of momenta where ω1 disperses towards ωxy, such a high-energy part
of the plasma mode does not contribute significantly to the kernel, leaving most of
its spectral content around ω ≃ ωz1. This analysis accounts then for the peaked
structure around ωz1 reported in Fig. 2.4(d) above.

2.4 Conclusions
The present results for the two-plasmon contribution to the nonlinear response
reconcile experiments in single-layer and bilayer cuprates. The combined effect of the
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Figure 2.5. The projectors over the intra-bilayer phase fluctuations (11 element) of the
upper ω1 (a) and lower ω2 (b) plasmonic branches.

light polarization and the plasmon dispersion explains a resonant THG for pumping
frequency matching the plasma edge in single-layer materials, while it accounts for a
shift of the resonance frequency towards the larger out-of-plane plasma mode for
bilayer structures. It turns out that in those systems THG is sensitive exactly to
the part of the plasmon branches that are hidden to RIXS, as shown in Fig 2.1(c),
where recent RIXS measurements from Ref. [13] have been reported. Even though
such a dichotomy is not yet understood theoretically[13], we expect that it should
come from different selection rules at play for the plasma-mode contribution to the
current (probed by THG) or to the density (probed by RIXS) response.

On a more general perspective, the present results can serve as a guide to
engineer artificial heterostructures for the generation of THz pulses via THG up-
conversion, using the plasmon dispersion to tune the enhancement of the nonlinear
response for pumping THz field polarized along the layer stacking direction in
cuprate superconductors. In the last few years giant progresses have been made in
the realization of stable superconducting films of Bi-based cuprates, down to the
dimensions of few unit cells[151, 155, 111]. It is now possible to realize efficient and
tunable Josephson junctions by twisting neighbouring films, thanks to the angle-
dependence of the pair tunnelling in a d-wave superconductor[154, 82, 95]. Even
though the present technology is still limited to single junctions, in the near future
the realisation of Junction arrays could lead to controllable artificial bilayer lattices,
with a tunable resonance frequency. At the same time, the full quantum description
of the nonlinear Josephson response is the starting point for the understanding of the
multidimensional spectrum obtained in two-dimensional THz protocols[89], and to
assess its potential for disentangling the intrinsic thermal effects from inhomogeneity
broadening in unconventional cuprates, as we will see in Chapter 4.

2.5 Supplementary calculations

2.5.1 Role of polaritons in the THG response

As recently discussed in Ref. [43], the expression in Eq. 2.19 provides the correct
description of the plasma modes only for momenta larger than a crossover scale
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kc ∼
√
ω2
xy − ω2

z/c set by the plasma-frequency anisotropy. At smaller momenta
one cannot define two separate longitudinal (plasmon) and a transverse (polariton)
electromagnetic modes, being their character mixed (see also discussion in Ref.
[44]). This effect is a consequence of retardation (or relativistic) effects, that are
relevant at k < kc and modify the dispersion itself of the electromagnetic modes
as compared to the RPA-like result in Eq. 2.19, obtained by including only the
effects of the instantaneous Coulomb potential. The longitudinal/transverse mixing
can be rephrased in the language of Eq. 2.9 by noticing that for a layered system
one cannot eliminate the coupling of the superconducting phase to the vector
potential A, even in the Coulomb gauge. In other words, the effect of the e.m.
interactions is not exhausted by including the RPA resummation of the Coulomb
potential, corresponding to Eq. 2.10, since also the retardation effects connected to
the coupling to A must be included. This has a twofold consequence: (i) at low
momenta the plasma modes have a mixed plasmon-polariton character and (ii) the
external field couples also to the transverse modes, so that one should add in principle
also the contribution of polariton-polariton and mixed plasmon-polariton corrections
to the THG. However, as we will show here, item (i) is relevant in the regime k ≲ kc
that has a negligible phase-space contribution to the momentum summation in Eq.
2.20, and the additional corrections (ii) are quantitatively irrelevant, since the c2|k|2
dispersion in the polarition rapidly suppresses its contribution as compared to the
plasmon one as momentum increases.

To provide a general derivation of the generalized modes and their contribution
to the THG, it is convenient to use the same approach of Ref. [43]. We then write
the coupling between the phase and the electromagnetic potential in the Weyl gauge,
where the potential vanishes and all the components of the (internal) vector potential
are retained. The action is then better expressed in terms of the gauge invariant
variables ψψψ = ∇θ + 2e/cA, and after integration of the θ field it reads, defining
k = (k, iωn),

SG[ψψψ] = 1
32πe2

∑
iωn,k

ψψψT (−k)
(

−(iωn)2 + ω2
xy + c2k2

z −c2kxykz
−c2kxykz −(iωn)2 + ω2

z + c2k2
xy

)
ψψψ(k),

(2.57)
where ψψψ = (ψxy, ψz) and (iωn)21 − Ω2(k) ≡ M̃(k, iωn). In this section we further
consider the continuum limit, since we are interested in the region of momenta
kz ≪ π/d where qz → kz. As one can see, for fluctuations fully polarized in plane
(kz = 0) or out-of-plane (kxy = 0) one recovers the same dispersion of Eq. 2.19, but
at generica momenta the full electromagnetic modes will be defined by the square
root ω+(k) and ω−(k) of the eigenvalues of the Ω2(k) matrix, that are in general
different from the expression 2.19

ω2
±(k) =

ω2
xy + ω2

z + c2|k|2 ±
√

(ω2
xy − ω2

z)2 + c4|k|4 − 2c2(k2
xy − k2

z)(ω2
xy − ω2

z)
2 .

(2.58)
The mixing among plasmon and polariton modes arising from the coupling

between θ and the (internal) A in the layered system leads also to a coupling
between the external field and the transverse modes. In the presence of a given
external z−polarized gauge field Az = Az ẑ the gauge-invariant phase along the z
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direction should be rescaled as ψ̃z = ψz − 2e/cAz. As a consequence, the quadratic
coupling to the Az obtained in the same spirit of Eq. 2.12 reads:

∆S = 1
16

(2e
c

)2
Dzd

2√
T

∑
k,iωn,iωm

ψz(−k,−iωn)ψz(k, iωm)A2
z(iωm − iωn)

= 1
16

(2e
c

)2
Dzd

2√
T

∑
k,iωn,iωm

ψψψT (−k,−iωn)
(

0 0
0 1

)
ψψψ(k, iωm)A2

z(iωm − iωn)

≡
∑
k,k′

ψ̄ψψ
T (−k)R̃(k, k′)ψψψ(k′).

(2.59)

Rewriting, as before, the total action in the form

S =
∑
k,k′

ψ̄ψψ
T (−k)[M̃(k, k′) + R̃(k, k′)]ψψψ(k′), (2.60)

and integrating out the gauge-invariant variables, we are left with the kernel

K(iΩ) = c

4

(2e
c

)4
ω4
zd

4 T

V

∑
k,iωn

M̃−1
zz (k, iωn)M̃−1

zz (k, iωn + iΩ). (2.61)

where M̃−1
zz denotes the 22 term of the inverse matrix M̃−1, and it accounts for

the contribution of each mode in Eq. 2.58 to the final response, weighted by the
projection onto the external field. We can indeed rewrite

M̃−1
zz (k, iωn) =

ω2
+(k) − ω2

xy − c2k2
z

ω2
+(k) − ω2

−(k)
1

(iωn)2 − ω2
+(k)

+
ω2

−(k) − ω2
xy − c2k2

z

ω2
−(k) − ω2

+(k)
1

(iωn)2 − ω2
−(k)

≡ P+(k) 1
(iωn)2 − ω2

+(k)
+ P−(k) 1

(iωn)2 − ω2
−(k)

,

(2.62)

where P+,−(k) represent the projectors on the z-direction of the two eigenmodes.
The nonlinear kernel can then be rewritten, for σ, σ′ = +,−, as

K(iΩ) =
∑
σ,σ′

Kσσ′(iΩ)

= c

4

(2e
c

)4
ω4
zd

4 ∑
σ,σ′

1
V

∑
k

Pσ(k)Pσ′(k)T
∑
iωn

1
(iωn)2 − ω2

σ

1
(iωn + iΩ)2 − ω2

σ′
.

(2.63)

The result of the Matsubara summation after analytic continuation iΩ → Ω + iδ is
finally

T
∑
iωn

1
(iωn)2 − ω2

σ

1
(iωn + iΩ)2 − ω2

σ′
= ωσ + ωσ′

4ωσωσ′

coth (βωσ

2 ) + coth (βωσ′
2 )

(ωσ + ωσ′)2 − (Ω + iδ)2

+ ωσ − ωσ′

4ωσωσ′

coth (βωσ

2 ) − coth (βωσ′
2 )

(ωσ − ωσ′)2 − (Ω + iδ)2 .

(2.64)
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Proceeding in terms of gauge invariant variables, we have shown that the plasmon
and polariton branches are indeed coupled and in principle, with a third order
process, one should consider mixed plasmon-polariton and two-polariton processes
contributing to the overall third harmonic signal. However the explicit numerical
computation of Eq. 2.64 shows that the contributions arising from the polariton are
several orders of magnitude smaller than the plasmon one. In order to provide an
analytical understanding of this finding, in the next section we estimate the relative
order of magnitude of the various processes.

2.5.2 Estimate of the DOS for plasmon-like and polariton-like con-
tributions to the THG

In order to perform the integration over momenta and obtain the nonlinear kernel,
we introduce the quantity akin to a joint density of states

ρσσ′(z, z′) = 1
V

∑
k

Pσ(k)Pσ′(k)δ(z − ωσ(k))δ(z′ − ωσ′(k)), (2.65)

through which we rewrite

K(Ω) = c

4

(2e
c

)4
ω4
zd

4 ∑
σ,σ′

∫
dz dz′ ρσσ′(z, z′)

[
z + z′

4zz′
coth (βz2 ) + coth (βz

′

2 )
(z + z′)2 − (Ω + iδ)2

+z − z′

4zz′
coth (βz2 ) − coth (βz

′

2 )
(z − z′)2 − (Ω + iδ)2

]
.

(2.66)

In the case of the plasmon-plasmon and polariton-polariton processes (σ = σ′), one
can define ρσσ(z, z′) ≡ ρσσ(z)δ(z − z′) and the following kernel is obtained

Kσσ(Ω) ∝
∫
dz ρσσ(z)1

z

coth (βz2 )
(2z)2 − (Ω + iδ)2 , (2.67)

from which it is straightforward to obtain the imaginary part in the limit δ → 0,
which reads

ImKσσ(Ω) ∝ π

∫
dz ρσσ(z)

coth (βz2 )
4z2 [δ(2z − Ω) − δ(2z + Ω)]

= π

Ω2 ρσσ

( |Ω|
2

)
coth

(
βΩ
4

)
.

(2.68)

From the imaginary part of the kernel it is possible to evaluate the real part through
the Kramers-Kronig relation. Since the nonlinear signal is related to the modulus of
the kernel [20], it is worth computing explicitly the density of states to estimate the
contribution of the various processes to the nonlinear response.

As a first step we evaluate the density of states associated with the plasmon-
plasmon and polariton-polariton. We notice that the summation over the momenta
k extends over a region kz ≲ 1/d and kxy ≲ 1/ξ. Both these limiting values are
orders of magnitude larger than the value kc =

√
ω2
xy − ω2

z/c ∼ ωxy/c [43] beyond
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which the mixing of the ω+(k) and ω−(k) modes is relevant. In particular, one can
consider that the volume of the phase space interested by the mixing is ∼ k3

c , that
compared to the total integration region gives ∼ ω3

xydξ
2/c3 ≪ 1, since for cuprates

ωxy ∼ 1 eV, d ∼ 1 nm, ξ ∼ 5 nm, so that c/(dξ2)1/3 ∼ 425 eV. Thus, as confirmed
by numerical simulations with the full relativistic dispersion, it is absolutely safe to
consider the k ≫ kc limit of the expressions for the projectors and for the modes
in Eq. 2.58, such that the ω−(k) solution tends to the longitudinal plasmon-like
excitation ωL(k) of Eq. 2.19, while the ω+(k) solution tends to the RPA-value of
the transverse polariton-like excitation ωT (k), with

ω2
T (k) = ω2

xy

k2
z

|k|2
+ ω2

z

k2
xy

|k|2
+ c2|k|2. (2.69)

We can show that the projectors over the two eigenvalues then read

P+(|k| ≫ kc) ≡ PT =
k2
xy

|k|2
= sin2 η, P−(|k| ≫ kc) ≡ PL = k2

z

|k|2
= cos2 η, (2.70)

with η being the angle of the momentum k with the z direction. To get an analytical
expressions for ρLL(z) and ρTT (z) we first consider the case where the k-summation
is extended over a sphere of radius k0 ∼ 1/(dξ2)1/3, that allows one to get at least
the correct order of magnitude of the three processes. We have for the plasmon part

ρLL(ωz < z < ωxy) ≡ ρ0
LL

4π
3

z√
ω2
xy − ω2

z

(
ω2
xy − z2

ω2
xy − ω2

z

) 3
2

, (2.71)

and zero elsewhere, where we defined ρ0
LL = k3

0/
√
ω2
xy − ω2

z . For the polariton part
we can instead evaluate, in the region ωz < z < ωxy,

ρTT (ωz < z < ωxy) ≡ ρ0
TT

π

32
z√

ω2
xy − ω2

z

z2 − ω2
z

ω2
xy − ω2

z

×

×

( z2 − ω2
z

ω2
xy − ω2

z

)2

− 4
(
z2 − ω2

z

ω2
xy − ω2

z

)
+ 8

 .
(2.72)

where ρ0
TT = (ω2

xy − ω2
z)/c3. From Eq. 2.71 we observe that ρLL jumps from zero

to a finite value in correspondence of Ω = ωz. Since ImKLL(2Ω) ∝ ρLL(Ω), the
imaginary part of the two-plasmon kernel has the same discontinuity at ωz, that
leads by Kramers-Kronig to a logarithmic divergence in its real part. In contrast
the ρTT is zero at ωz, so that the imaginary part of the two-polariton kernel is
continuous at Ω = ωz, and we do not expect anomalies in its real part, making
the nonlinear kernel dominated by the logarythmic divergence coming from the
plasmon-plasmon part. An additional observation is that the relative strength
between the polariton-polariton and plasmon-plasmon processes is determined by
the ratio ρ0

TT /ρ
0
LL ∼ (ω2

xy − ω2
z)

3
2 /c3k3

0 ∼ (ωxy/ck0)3, being ωxy ≫ ωz. As recalled
before, this ratio is extremely small and thus further suppresses the two-polariton
contribution.
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Figure 2.6. Graph for the plasmon-plasmon and polariton-polariton excitations coming
from Eq. 2.71 and Eq. 2.72, respectively, where we set ωxy/ωz = 10 to better visualize
the overall behavior. Notice that both densities of states are zero for ω < ωz, but while
ρLL(ω) jumps from zero to a finite value at ω = ωz, ρT T (ω) is continuous at ω = ωz.

The mixed plasmon-polariton process, as well, is suppressed by a similar prefactor.
Indeed, the relative joint density of states ρLT (z, z′) is different from zero in the
region ωz < z < ωxy and

√
ω2
z + ω2

xy − z2 < z′ <
√
ω2
z + ω2

xy + c2k2
0 − z2, reading

ρLT (z, z′) =
2
√
ω2
xy − ω2

z

c3
zz′

ω2
xy − ω2

z

√√√√z′2 + z2 − ω2
xy − ω2

z

ω2
xy − ω2

z

z2 − ω2
z

ω2
xy − ω2

z

√√√√ω2
xy − z2

ω2
xy − ω2

z

.

(2.73)
In this latter case, from Eq. 2.66, one gets for the imaginary part of the kernel a
more involved expression

ImKLT (2Ω) ∝
∫
dz

coth (β(z + Ω)/2) − coth (β(z − Ω)/2)
8(z2 − Ω2) ×

× [ρLT (z + Ω,Ω − z) + ρLT (−z − Ω, z + Ω)
−ρLT (z + Ω, z − Ω) − ρLT (−z − Ω,−z + Ω)] .

(2.74)

We notice that the singular denominator in the integral cancels out with an analogous
term at the numerator coming from ρLT , thus the integrand is regular. One can
easily check that also ρLT (z, z′) is continuous as a function of z, z′, hence one does
not expect discontinuities in ImKLT (Ω). Indeed, one can analytically compute at
T = 0

ImKLT (2Ω) ∝
∫ Ω

0
dz

[
ρLT (z + Ω,Ω − z) + ρLT (−z − Ω, z + Ω)

4(z2 − Ω2)

−ρLT (z + Ω, z − Ω) + ρLT (−z − Ω,−z + Ω)
4(z2 − Ω2)

]
.

(2.75)

For Ω < ωxy, replacing Eq. 2.73 in the previous expression, one can find that
ImKLT (2Ω) is zero, since the region of integration lies into the support of the
function ρLT . It is then safe to neglect the polariton-polariton and the plasmon-
polariton processes and proceed with the standard RPA-like result used above, where
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the phase variable is only dressed by the Coulomb potential and in the bilayer case
one works directly with the superconducting phase variables.

As a last point we notice that this suppression of the plasmon-polariton and
polariton-polariton contribution is obtained even in the case when the external field
is polarized along the in-plane direction. In that case, the corresponding plasmon-
plasmon process would produce a logarythmic divergence at Ω = ωxy, while the
processes involving the excitation of polaritons would be again suppressed by the
relativistic part ∼ c2|k|2 of their dispersion.

2.5.3 Estimate of the DOS in the anisotropic case

In this section we give the full analytical expression of the density of states associated
with the single-layer plasmon, when the discretization along the z-axis is retained
and the integration range is anisotropic, which allows us to calculate the kernel
shown in Fig. 2.2 above. Although the DOS is different from what we calculated
for a spherical volume in the previous section, we want to show here explicitly that
there are no further singularities originating in the nonlinear kernel and the overall
signal is dominated by the logarythmic singularity at Ω = ωz.

We start from Eq. 2.65 where we set σ = σ′ = L and instead of expressing the
dispersion and the projector in terms of the angle η we retain the dependence on
kz, kxy. In cylindric coordinates the density of states reads

ρLL(z) = 2π
∫ k̄z

−k̄z

dkz

∫ k̄xy

0
dkxy kxy

(
k2
z

k2
z + k2

xy

)2

δ

z −
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2
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2
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z

 .
(2.76)

In this case one integrates at first the kxy variable, obtaining

ρLL(z) = 2π z

ω2
xy − ω2

z

θ(z − ωz)
∫ k̄z

−k̄z

dkz k
2
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− z

 (2.77)

The case with the discretization along z is treated by replacing kz → (2/d) sin (kzd/2)
and considering k̄z = π/d, which does not affect the integration of the in-plane
momentum that we have just performed. The Heaviside function depends on kz and
bounds the upper extreme of the integral as a function of z, namely using the fact
that z < ωxy we rewrite

ρLL(z) = 4π z

ω2
xy − ω2

z
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0
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 .
(2.78)

The integral can be now performed and has a piecewise but continuous behavior

ρLL(ωz < z < ωxy) = 4π z
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(2.79)
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where we defined χ = k̄z/k̄xy the anisotropy ratio between the out-of-plane and
in-plane cutoffs for the momenta. Since the function is monotonically increasing
in the first region and monotonically decreasing in the second one, the peak of the
density of states is located exactly at energy

ω̄ =

√
ω2
xy + ω2

zχ
2

1 + χ2 = ωz

√
α2 + χ2

1 + χ2 , (2.80)

whose value is determined by the interplay between the out-of-plane and in-plane
anisotropies of both the plasma frequencies (α = ωxy/ωz) and the cutoff momenta
(χ). In our case, being α ∼ 100 and χ ∼ 5 we have ω̄ ∼ (α/χ)ωz ∼ 5ωz. The
non-dispersive case of Ref. [45] is instead recovered in the χ → ∞ limit, since in
that case ω̄ → ωz irrespectively on α and the peak shifts towards the out-of-plane
plasma frequency.

When the discretization is considered, the computations are performed in the
same fashion and the result is only slightly modified

ρLL(z) = 4π z

ω2
xy − ω2

z

k̄3
xyχ

3×

×


π
2 ifωz < z < ω̄

arcsin
(

1
χ

√
ω2

xy−z2

z2−ω2
z

)
− 1

χ

√
ω2

xy−z2

z2−ω2
z

√
1 − 1

χ2
ω2

xy−z2

z2−ω2
z
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,

(2.81)

where now we redefined the anisotropy parameter χ = 2/(k̄xyd) and ω̄ is the same of
Eq. 2.80. Also in this latter case the DOS is continuous and the kernel is dominated
by the logarythmic singularity at ωz.

2.5.4 Comparison between instantaneous response and two-plasmon
process

When expanding at fourth order the cosine in Eq. 2.11 one should consider in
principle also the instantaneous process ∼ A4(t) together with the two-plasmon
excitation mediated by ∼ A2(∆zθ)2. Indeed, it has been recently proposed [153]
that this term by itself could provide a justification for the experimental nonlinear
signal, since the sharp plasma edge at Ω = ωz filters the incoming field at linear
order. Here we show explicitly that, in the Josephson model, both intantaneous
Kinst and two-plasmon K2p contributions have a comparable weight in the nonlinear
kernel K(2Ω) in the THz region Ω ∼ ωz. Indeed, one can immediately evaluate from
Eq. 2.11 the instantaneous part

Kinst(2Ω) = c

24

(2e
c

)4
Dzd

2 = c

24

(2e
c

)4 ω2
zd

4πe2/d
∼ c

24

(2e
c

)4 ω2
zd

ωxy
, (2.82)

where in the last passage we approximated 4πe2/d ∼ ωxy, as appropriate for the
cuprate case. From Eq. 2.68 we can instead immediately evaluate

ImK2p(2Ω) = c

4

(2e
c

)4
ω4
zd

4 π

4Ω2 coth
(
βΩ
2

)
ρLL(|Ω|). (2.83)
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We can now use the analytical expression found in Eq. 2.81 to evaluate the plasmon-
plasmon density of states at Ω = ω+

z , i.e. right above the discontinuity

ρLL(ωz) = 16π2ωz
d3(ω2

xy − ω2
z)

∼ 16π2ωz
d3ω2

xy

. (2.84)

Using this value in the previous expression we can evaluate in the end

ImK2p(2Ω ∼ 2ωz)
Kinst(2ωz)

∼ 24π3ωz
ωxy

, (2.85)

from which we see that the imaginary part of the two-plasmon process and the
instantaneous contribution have a similar order of magnitude when the typical values
ωz ∼ 1 THz and ωxy ∼ 1 eV for cuprates are considered. As recalled before, in
the real part of the two-plasmon contribution there is a logarithmic singularity at
Ω ∼ ωz which dominates the nonlinear response, being the latter proportional to
|K(2Ω)| for monochromatic pulses. Nevertheless, if the resonance is broadened by
a finite plasmon damping into Eq. 2.67 for the kernel, the instantaneous processes
could lead to a smoothening of the temperature dependence when the resonance
condition is crossed.

To conclude, we stress that the relative contribution of the two parts has been
computed so far within the framework of an effective Josephson Hamiltionian, which
is used here as an approximation of a more realistic microscopic model in order to get
a qualitative behaviour of the nonlinear response. As discussed recently within the
context of the nonlinear response appropriate for in-plane polarized field[123], the
microscopic coupling of the superconducting collective modes to light is mediated in
general by fermionic susceptibilities that will scale differently from the the effective
ωz appearing in Eq. 2.82 and Eq. 2.83. As a consequence, a quantitative estimate of
the two relative contributions requires a more microscopic approach, that is beyond
the scope of the present thesis.
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Chapter 3

Two-dimensional spectroscopy in
electronic systems

Part of the contents of this chapter has been published in Ref. [39]. The rest of the
chapter will be submitted soon for publication.

3.1 Introduction

Among the nonlinear spectroscopies developed in the years, 2DCS is capable to
monitor the real-time dynamic of a system following the excitation by two time-
delayed pulses [26, 131]. The spectrum is acquired as a function of i) the time
following the excitation and ii) the inter-pulse delay, producing 2D Fourier spectra
which allow one to directly access the nonlinear optical response function of the
system through a four-wave mixing process. These two control knobs were originally
employed shining IR-visible pulses on molecules and semiconducting quantum wells to
clarify the mutual coupling and relaxation dynamics of different excitation channels,
with only few applications to situations where many-body effects are relevant [71].
More recently, this technique has been extended to the THz region, where the
phenomenology connected with collective degrees of freedom of materials plays a
significant role.

As an example, 2D-THz spectroscopy has been then used to clarify the dynami-
cal interplay between spin and/or lattice excitations, being particularly useful in
disentangling the different nonlinear pathways connecting them in complex free
energy landscapes where anharmonicities come into action [91, 96, 85]. Indeed,
thanks to the intrinsic dependency on two independent timescales, the corresponding
Fourier-transformed 2D frequency map presents unique signatures when two or more
modes of the system are coupled, being particularly sensitive to the nature of the
interaction processes between light and matter [66, 16].

For what concerns electronic degrees of freedom, this technique was proposed
to distinguish between different types of line-broadening in concomitance of phase
transitions, whether related to the formation of structures in real space leading to
inhomogeneities over nano- or mesoscopic length scales or to intrinsic broadening
effects connected to the lifetime of the excitation. The power of the 2D technique
comes also here into help due to its unique separation between the former, leading
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to a distribution of electronic resonances, or the latter, producing a homogeneous
broadening of their linewidth [94, 89].

These two peculiarities of 2D coherent spectroscopy have recently found a common
playground in superconducting systems. On the one hand, multiple and intertwined
electronic and lattice excitation channels are available in the THz region, where the
superconducting gap lies [136, 75]; on the other, unconventional systems such as
cuprates offer the ideal phase diagram to host competition between different types
of electronic order, producing the inhomogeneous picture mentioned above [89].

Although we are experiencing a flourishing period for experimental applications of
2D-THz spectroscopy to quantum materials where many-body dynamics is important,
the theoretical modeling of this spectroscopic tool for those systems is still at its
infancy [58]. For what concerns superconductors, theoretical advances have been
made to simulate 2D dynamics in isotropic systems as well as layered ones, with
particular attention to the role of collective modes [92, 52, 75]. With this respect,
we show how the previously developed insight into the basic mechanisms underlying
nonlinear optical response of superconductors, such as the role of disorder, anisotropy,
gap nature, in determining the properties of the system can be applied to discuss
the results of multidimensional experiments[102, 112].

In this chapter, we first introduce a general framework that allows one to compute
theoretically the result of a 2D experiment, having as key ingredient the nonlinear
third-order optical response function of the system, K(3). We will put forward the
idea that this protocol is a convenient experimental strategy to extract detailed
information on the nature of the nonlinear processes occurring in the system, taking
advantage of the intrinsic dependence of the protocol on two independent time
delays. We will explicitly see that there is no conceptual difference, from the theory
point of view, between the computation of the nonlinear response function for a
2D protocol and the simulation of simpler single-pulse experiments such as Third
Harmonic Generation (THG). Nonetheless, numerical simulations can be more time
consuming, calling for a semi-analyitical approach to the problem.

Secondly, we apply the developed formalism to compute the 2D response in some
specific cases. We analyze the response of a model semiconductor with a direct
bandgap, for which we compute the contributions to K(3) stemming from different
nonlinear processes involving paramagnetic-like or diamagnetic-like light-matter
couplings. We will show that the two give very different signatures in the 2D
experimental map, as opposed to the more ambiguous signal that is collected as a
function of a single time delay. Although the computation is here performed for
a clean semiconductor, we provide some analogies with the case of a disordered
superconductor, which will be analyzed more in depth in the following chapter, where
we discuss and extend the results that we published in Ref. [72] on superconducting
NbN.

A further application is again to cuprate superconductors, where as discussed
previously the strong anisotropy of the superconducting stiffness in the in-plane and
out-of-plane directions gives rise to an undamped low-energy out-of-plane plasma
mode (ωz), the Josephson plasmon, which is relevant both in linear [43, 126, 124]
and nonlinear c-axis response of the system [45, 39]. This mode directly affects the
refractive index of the superconductor, providing a soft plasma edge in the c-axis
reflectivity, which acts to reshape the spectral content of the incoming pulse at low
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temperatures. Moreover, inhomogeneity and disorder within the superconducting
planes were proposed to effectively produce a distribution of out-of-plane plasma
frequencies [144, 31], whose width is hard to extract in standard spectroscopic
analysis. The 2D protocol, instead, has recently been proposed as a tool to distinguish
the latter contribution from the usual quasiparticle broadening by looking at the
Josephson Echo, i.e. the (ωz,−ωz) peak [89, 52] in the Fourier-transformed frequency
map. The extraction of the degree of inhomogeneity with this method requires the
implementation of all the effects that influence the 2D spectrum, like the screening
of the plasmon and the presence of a nonlinear kernel, possibly with contributions
from the same two-plasmon process discussed in the preceding chapter.

We conclude by noticing how, as happens for single-pulse nonlinear spectro-
scopies [142], the formalism is flexible enough to establish a parallel between the
multiphoton excitation of electronic degrees of freedom and phononic ones, providing
a natural extension to situations where diverse hybrid light-matter polaritons become
important, such as the phonon-polariton [90, 125].

3.2 General framework

We begin by considering a system in which a general third-order response function
K(3) is present, such that the nonlinear signal reads

J (3)(t) =
∫
dtiK

(3)(t; t1, t2, t3)A(t1)A(t2)A(t3). (3.1)

where K(3)(t; t1, t2, t3) = θ(t− t1)θ(t1 − t2)θ(t2 − t3)K̃(3)(t− t1, t1 − t2, t2 − t3) under
the general assumptions of invariance under time translation and causality, which
are fulfilled in a quasi-equilibrium perturbative approach [36, 116]. To be concise,
here we also assumed a specific time ordering t3 < t2 < t1 < t, but symmetry
under exchange of ti can be always assured. Let us imagine to have at disposal
three delta-like pulses A0, Aτ , Aτ ′ delayed in time as in Fig. 3.1, i.e. A0(s) = Āδ(s),
Aτ (s) = Āδ(s+ τ) and Aτ+τ ′(s) = Āδ(s+ τ + τ ′) and to collect the nonlinear signal
generated at time t, with the possibility of sweeping τ and τ ′. Let us imagine to
register at first the nonlinear current generated by the total field

A(s) = A0(s) +Aτ (s) +Aτ+τ ′(s), (3.2)

that we denote as J (3)
0,τ,τ+τ ′(t), as a function of the three time delays (t, τ, τ ′). Then

imagine to repeat the experiment when only two pulses at a time are present,
collecting the current J (3)

0,τ (t), J (3)
τ,τ+τ ′(t), J (3)

0,τ+τ ′(t). To conclude we sample the
current when only one pulse is switched on, obtaining J (3)

0 (t), J (3)
τ (t), J (3)

τ+τ ′(t). If
we calculate through Eq. 3.1

J
(3)
3D = J

(3)
0,τ,τ+τ ′ − J

(3)
0,τ − J

(3)
τ,τ+τ ′ − J

(3)
0,τ+τ ′ + J

(3)
0 + J (3)

τ + J
(3)
τ+τ ′ , (3.3)

then we get, replacing for each term the corresponding sum of delta-like A(t),

J
(3)
3D(t, τ, τ ′) ∼ θ(t)θ(τ)θ(τ ′)K̃(3)(t, τ, τ ′)Ā3. (3.4)
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Figure 3.1. The time ordering of the fields in the ideal multidimensional experiment
described above. For the 2D protocol the field Aτ+τ ′ is absent and one collects the signal
as a function of the times (t, τ). We notice by examining the scheme that in case of
identical envelopes, i.e. Aτ (s) = A0(t+ τ), the time-domain 2D map for τ < 0 is related
to the one at τ > 0 by the relation J

(3)
2D (t,−|τ |) = J

(3)
2D (t− |τ |, |τ |).

We notice at first that this procedure completely eliminates the response generated
by the linear response kernel K(1), as one can check by direct computation of J (1)

3D
by means of the first-order equivalent of Eq. 3.3. Most importantly, with such
an experimental setup one then directly characterizes the full time-dependence
of the nonlinear third-order response function of the system, thus eliminating
the integrations over time delays which are involved in a standard single-pulse
setup. A two-pulse protocol is then an intermediate platform between the ideal
experiment just described, which was for instance employed in multi-dimensional
spectroscopies of molecules [30] or quantum wells [141], and the setups commonly
used in spectroscopies of solid state systems. As we shall see, 2D THz spectroscopy
can be used to discriminate among different possible nonlinear pathways that would
lead to similar single-pulse signals but very different 2D maps.

In the rest of the chapter we will consider a simplified 2D protocol where two
time-delayed copies of the same pulse A0(t) = A(t) and Aτ (t) = A(t+ τ) are applied
on the system. The non-linearly generated signal

J
(3)
2D(t, τ) = J

(3)
0,τ (t, τ) − J

(3)
0 (t) − J (3)

τ (t, τ), (3.5)

is detected and a 2D Fourier transform (t, τ) → (ωt, ωτ ) is performed. As detailed in
the following, we will consider explicitly the effects of the experimental configuration
on the collected signal, by explicitly taking into account the spatial propagation of
the external field A in the sample and of the non-linearly generated polarization J (3),
making use of the results presented in Chapter 1. To fix the ideas we will start by
focusing on the effects of the spectral content of the incoming pulse on J (3)

2D(ωt, ωτ ),
by considering realistic pulse shapes A(t).

Let us consider at first the simplest nonlinear third-order kernel, an instantaneous
one, i.e.

K(3)(t; t1, t2, t3) ∼ δ(t− t1)δ(t1 − t2)δ(t2 − t3), (3.6)

such that the corresponding nonlinear current is simply given by J (3)(t) ∼ A3(t).
Replacing the latter in Eq. 3.5 one is left with

J
(3)
2D(t, τ) ∼ A2(t)A(t+ τ) +A(t)A2(t+ τ). (3.7)

The first term corresponds to a double interaction with the field A0(t), i.e. the one
whose temporal envelope is centered at zero time delay, and a single interaction with
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Figure 3.2. Frequency-vector representation of the 2D map for the instantaneous response,
which is valid for the monochromatic limit also for general form of the third-order kernel.
The various combinations produce four spots aligned along the direction of the first
harmonic Ω (left panel) and two for the third harmonic 3Ω (right panel).

Aτ (t), which is delayed by τ from the former. The second term is analogous but the
roles of A0(t) and Aτ (t) are switched. In order to understand how the 2D map in
frequency domain looks like, let us assume that the spectral content of the field is
centered around frequency ±Ω, namely A(t) ∼ Āe−t2/(2τ2

p ) cos(Ωt). One can then
collect the oscillating components in the time domain and represent them as arrows
in the Fourier conjugated (ωt, ωτ ) plane. Their orientation and length will depend
on whether they come from the +Ω or −Ω frequency component of pulse A0(t) or
Aτ (t), which are depicted as ±

−→Ω0 and ±
−→Ωτ , respectively, see Fig. 3.2. Expression

3.7 can be then pictorially computed by the vectorial sum of two ±
−→Ω0 and one ±

−→Ωτ

for the A2(t)A(t+ τ) contribution, or one ±
−→Ω0 and two ±

−→Ωτ for the A(t)A2(t+ τ)
piece. The possible sixteen combinations give rise to twelve dinstict spots, which are
two by two symmetric with respect to the origin of the (ωt, ωτ ) plane. We show in
Fig. 3.2 the six contributions in the ωt > 0 semiplane, whose width will be related to
the inverse of the parameter τp which determines the time duration of the pulse. We
also show in Fig. 3.3a and 3.3b how different conventions to label the time-delays
and the Fourier-transformed peaks are adopted in the literature, with consequently
different outcomes for experiments and simulations.

We remark here that this sketchy derivation is valid for an instantaneous kernel
but for general pulse spectrum. Nonetheless, one can obtain similar results for a
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(a) Conventions used in Ref. [94, 72, 89].
Used names are 2Q (two-quantum), NR
(non-rephasing), PP (pump-probe) and
REP (rephasing or photon-echo).

0
t (a.u.)

0

 (a
.u

.)

1
t/

1

0

1

2

/

FWM

PP

PP

FWM

(b) Conventions used in Ref. [92]. Used
names are PP (pump-probe) and FWM
(four-wave-mixing).

Figure 3.3. Comparison between various conventions adopted in the literature to label
peaks and time-delays in a 2D-THz experiment. We report the region in time-domain
where one consequently expects to observe non-linearly induced oscillations, i.e. when
both pulses come before the detection (orange zone). Panel (a) correspond to the
time-delay scheme shown in Fig. 3.1. Panel (b) shows the convention where one reverses
the sign of τ with respect to panel (a). Processes are distinguished according to whether
two opposite-sign photons are taken from the same pulse (PP) or from different pulses
(FWM).

general form of the third-order response but considering strictly monochromatic
pulses, i.e. A(t) = Ā cos(Ωt), and replacing the corresponding expression in Eq.
3.5 and Eq. 3.1. Since we find more convenient to work in Fourier space, we now
abandon the time-domain representation and move to frequency representation. For
identical field envelopes, indeed, the computation is simplified by noticing that the
Fourier transform of Aτ (t) reads Aτ (ω) = e−iωτA(ω), i.e. it contains a simple phase
shift with respect to the Fourier transform of the pulse A0(t).

Let us then consider Eq. 3.1 in frequency domain

J (3)(ωt) =
∫
dωiK

(3)(ω1, ω2, ω3)A(ω1)A(ω2)A(ω3)δ(ωt − ω1 − ω2 − ω3). (3.8)

Since we define ωi as the Fourier conjugate of ti, the third order kernel entering the
previous expression will explicitly depend on the incoming frequencies as1

K(3)(ω1, ω2, ω3) = K(3)(ω1 + ω2 + ω3, ω2 + ω3, ω3). (3.10)
1In order to account for intrinsic permutation symmetry with respect to the indices m ∈ {1, 2, 3},

one can explicitly introduce the symmetrized form of K(3),

K
(3)
S (ω1, ω2, ω3) =

∑
π∈S

K(3) (ωπ(1) + ωπ(2) + ωπ(3), ωπ(2) + ωπ(3), ωπ(3)
)

, (3.9)

where π(m) is the action of the permutation π on the index m ∈ {1, 2, 3}, and S is the symmetric
group over the set of time and frequency indices.
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We anticipate that in a perturbative calculation, as the one we will show later, the
combinations of frequencies appearing in the argument of K(3) are then also those
running into the propagators connecting the interactions with the gauge field.

Let us now perform the Fourier transform of the 2D map written in Eq. 3.5,
using Eq. 3.8. Replacing the appropriate spectra of the fields A0(ω) and Aτ (ω), we
note that as in time domain the terms proportional to A3

0 and A3
τ drop out and we

have, as a function of ωt and τ ,

J
(3)
2D(ωt, τ) =

∫
dωiK

(3)(ω1, ω2, ω3)A(ω1)A(ω2)A(ω3)δ(ωt − ω1 − ω2 − ω3)×

×
(
e−iω1τ + e−iω2τ + e−iω3τ + e−i(ω1+ω2)τ + e−i(ω2+ω3)τ + e−i(ω2+ω3)τ

)
.

(3.11)

One can now identify, exactly as it happened in Eq. 3.7, two types of contributions
in Eq. 3.11. The first three terms in the second line correspond to two interactions
with field A0 and one with field Aτ , that we will denote as J (3)

00τ . The other three
terms correspond to two interactions with field Aτ and one with field A0, that we
will denote accordingly as J (3)

0ττ .
Let us focus on the first contribution, J (3)

00τ (ωt, ωτ ). The Fourier transform τ → ωτ
in Eq. 3.11 will produce a δ(ωi − ωτ ), that can be used to eliminate one integral
over frequency and set one of the field frequencies as ωτ . Since there is still the
energy-conservation delta to exploit, we can use it to eliminate a further integration
over an internal frequency, and we are left with only one last frequency integral to
perform. We notice that this process is symmetric over the choice of the frequency
ωi, as all of them appear in Eq. 3.11, one can use the symmetrized form of the kernel
K

(3)
S to write out

J
(3)
00τ (ωt, ωτ ) = A(ωτ )

∫
dωK

(3)
S (ω, ωτ , ωt − ωτ − ω)A(ω)A(ωt − ωτ − ω), (3.12)

where we denoted as ω the last frequency over which we integrate, and ωt − ωτ − ω
is the one which is determined by using the energy-conservation delta.

A similar analysis can be carried out for the second contribution, J (3)
0ττ . In this

case, one gets from the τ Fourier transform a δ(ωτ − ωi − ωj), with i ̸= j. But
then the energy-conservation delta will equivalently read δ(ωt −ωτ −ωk), where k is
the only frequency index which is neither i nor j. We can then here saturate the
ωk-frequency integral by replacing the corresponding value with ωt − ωτ . One of the
remaining frequency integral can be saturated via the δ(ωτ −ωi −ωj), and as before
we are left with only one last integration. Invoking again the symmetry argument,
one writes out

J
(3)
0ττ (ωt, ωτ ) = A(ωt − ωτ )

∫
dωK

(3)
S (ω, ωt − ωτ , ωτ − ω)A(ω)A(ωτ − ω). (3.13)

We notice immediately that the two contributions can be transformed one into each
other by means of the exchange ωτ ↔ ωt − ωτ , which is enforced thanks to the
invariance under time translations of the system and the approximation of identical
field envelopes.
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We are now ready to show how the 2D map measured by two time-delayed copies
of a monochromatic field looks like. One can replace A(ω) = Ā (δ(ω − Ω) + δ(ω + Ω))
in the previous Eq. 3.12, from which we get

J
(3)
00τ (ωt > 0, ωτ ) = δ(ωt − Ω) [2δ(ωτ − Ω) + δ(ωτ + Ω)]K(3)

S (Ω,Ω,−Ω)Ā3

+ δ(ωt − 3Ω)δ(ωτ − Ω)K(3)
S (Ω,Ω,Ω)Ā3,

(3.14)

and the analogous result for J (3)
0ττ . The final 2D map in the ωt > 0 semiplane

contains then six spots, four of them aligned along the vertical direction of the
first harmonic ωt = Ω (ωτ = −Ω, 0,Ω, 2Ω) and two of them aligned along the line
ωt = 3Ω (ωτ = Ω, 2Ω), see Fig. 3.2, which are exactly the ones presented above. We
notice that in the monochromatic limit the frequency content along the ωτ direction
does not depend explicitly on the specific form of the third-order kernel, which only
controls the relative weight between the first and third harmonic as one would get in
the usual single-pulse setup. We finally show in Fig. 3.4 some experimental results
from Kota Katsumi and N. Peter Armitage, where a narrowband pulse is used to
measure the 2D-THz response of superconducting NbN and MgB2. As one can
see, there is a nice correspondence between the theoretical understanding presented
above and the experimental features witnessed in this limit.

We now want to consider the opposite impulsive limit, i.e. A(t) = Āδ(t) so
that A(ω) = Ā. In this situation the structure of the (ωt, ωτ ) map is completely
determined by the frequency structure of K(3)

S , which will keep track of the nonlinear
dynamics of the system. In a perturbative framework, one can compute the K(3)

S by
using extensions of the linear-response theory, as presented e.g. in Ref. [116] in terms
of exact-eigenstates representation. The result will in this view crucially depend on
i) the single- or multi-photon nature of the light-matter vertices and ii) the structure
of the matter propagators connecting them.

In order to substantiate what we have found so far, we now introduce a simple
toy-model which allows us to obtain the form of the K(3) in a many-body system.
Specifically, we refer to a direct bandgap semiconductor for a two-fold reason.
First, it contains some analogies with the case of a superconductor: the associated
bandstructure hosts the same singularities which are present in the BCS spectrum,
although the particle-hole like character in the semiconducting bands is not mixed
as it happens in the BCS theory. This is a crucial characteristic of the model
which allows for optically-active transitions mediated by paramagnetic processes.
Consequently, as a second point, we use this peculiarity to elaborate on analogies
and differences between this many-body framework and the diffused two-level model
[94, 80], where the light-matter interaction is represented as a single-photon, dipole-
like interaction. To connect with experimental measurements, we will study how the
signal evolves as a function of the spectral content of the incoming pulse A(ω), which
interpolates between the monochromatic and impulsive limits described above.

3.3 Nonlinear response for a toy-model semiconductor
Let us consider a simple model for a one-dimensional semiconductor hosting a direct
bandgap 2∆. It can be obtained considering a linear chain with two atoms per unit
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Figure 3.4. Experimental 2D-THz map of superconducting NbN (left panel) and MgB2
(right panel) at low temperature, collected using a narrowband incoming field centered
at Ω/(2π) ∼ 0.6 THz. Courtesy of Kota Katsumi and N. Peter Armitage.

cell A,B with nearest neighbor hopping t and alternating on-site potential ∆. The
resulting tight-binding hamiltonian reads

H = −t
∑
n

(
c†
nAcnB + c†

nBcn+1A + h.c.
)

+
∑
n

∆
(
c†
nAcnA − c†

nBcnB
)
, (3.15)

that can be written in reciprocal space as

H =
∑

k

(
c†

kA c†
kB

)(∆ ϵk
ϵk −∆

)(
ckA
ckB

)
, (3.16)

with ϵk = −2t cos (ka) and a the distance between atomic sites. In order to minimally
account also for the dependence on the polarization of the incoming pulse with
respect to the cristallographic directions, we need to extend the model to two spatial
dimensions. We consider then a square lattice with chessboard-like disposition of
the atoms A and B. The 1D dispersion is easily generalized to ϵk = −2t cos(kxa) −
2t cos(kya). The corresponding quantum action reads, setting k = (iωn,k) with iωn
fermionic Matsubara frequency,

S =
∑
k

(
c†
kA c†

kB

)(iωn − ∆ −ϵk
−ϵk iωn + ∆

)(
ckA
ckB

)
. (3.17)

The corresponding Green’s function, introducting the Pauli matrices σi, is then

G0(k) = iωnσ0 + ∆σ3 + ϵkσ1
(iωn)2 − E2

k
≡
(
uk vk

−vk uk

)( 1
iωn−Ek

0
0 1

iωn+Ek

)(
uk −vk
vk uk

)
≡ U†

kG̃0(k)Uk,

(3.18)
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Figure 3.5. The set of diagrams presented in Eq. 3.19. Red wavy lines denote the gauge
field, green bullets denote the σ1 vertex connecting the electronic propagators in Nambu
space, represented by solid black lines.

whose poles are the two (valence and conduction) bands ±Ek = ±
√
ϵ2k + ∆2, which

host a direct bandgap 2∆. Here we set for simplicity the chemical potential µ = 0 and
the usual unitary rotation matrix Uk has been introduced, such that u2

k −v2
k = ∆/Ek

and 2ukvk = ϵk/Ek.
The coupling to a uniform gauge field is introduced as usual via the Peierls

substitution, namely ϵk → ϵk−e/cA(t), which upon expansion up to the fourth order
in A provides the set of couplings between gauge field and electrons. One can then
introduce the self-energy

Σ(iΩ,k) = − e

c

∑
α1

∂ϵk
∂kα1

Aα1(iΩ)σ1 + 1
2

(
e

c

)2 ∑
α1,α2

∂2ϵk
∂kα1∂kα2

A2
α1α2(iΩ)σ1

− 1
6

(
e

c

)3 ∑
α1,α2,α3

∂3ϵk
∂kα1∂kα2∂kα3

A3
α1α2α3(iΩ)σ1

+ 1
24

(
e

c

)4 ∑
α1,α2,α3,α4

∂4ϵk
∂kα1∂kα2∂kα3∂kα4

A4
α1α2α3α4(iΩ)σ1,

(3.19)

where Anα1...αn
(iΩ) denotes the Fourier transform of Aα1(t) · · ·Aαn(t) in imaginary

time, with αi = x, y cartesian components of the gauge field. Let us denote
the previous four contributions to the self-energy as Σ1, . . . ,Σ4, according to the
corresponding power of the gauge field. Then, after integration of the fermionic
degrees of freedom one can collect several contributions to the fourth order S[A4].
These can be classified according to the frequency structure of the corresponding
Feynman diagram, see Fig. 3.5. There is the instantaneous contribution

S4 =
∑
k

Tr [G0(iωn,k)Σ4(0,k)] , (3.20)

then the Kubo-like responses, S13 and S22 (fully-diamagnetic), which can be written
(ij = 13, 22) as

Sij =
∑
k

∑
iΩ

Tr [G0(iωn,k)Σi(iΩ,k)G0(iωn + iΩ,k)Σj(−iΩ,k)] , (3.21)
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the three-point response S112 (iΩ12 = iΩ1 + iΩ2)

S112 =
∑
k

∑
{iΩi}

Tr [ G0(iωn,k)Σ1(iΩ1,k)G0(iωn + iΩ1,k)Σ1(iΩ2,k)×

× G0(iωn + iΩ12,k)Σ2(−iΩ12,k)] ,
(3.22)

and finally the four-point (fully-paramagnetic) response which is written (iΩ123 =
iΩ1 + iΩ2 + iΩ3)

S1111 =
∑
k

∑
{iΩi}

Tr [ G0(iωn,k)Σ1(iΩ1,k)G0(iωn + iΩ1,k)Σ1(iΩ2,k)×

× G0(iωn + iΩ12,k)Σ1(iΩ3,k)G0(iωn + iΩ123,k)Σ1(−iΩ123)] .
(3.23)

We notice that since every Σi contains a σ1 Pauli matrix, the products in the
trace actually involve multiplications of a certain number of (diagonal) G̃0 matrices
with Ukσ1U†

k = ∆/Ekσ1 − ϵk/Ekσ3. We also remark that, differently from the case
of the superconductor where there is alternation between σ0 and σ3 for odd and
even powers of the gauge field, in the semiconductor only σ1 type of coupling is
present. This difference is crucial in allowing optically-active transitions through
paramagnetic-like couplings in the semiconductor, thanks to the off diagonal mixing
between the poles at +Ek and −Ek mediated by σ1.

In the following we will analyze in particular the contributions to the nonlinear
kernel stemming from the two terms in the effective action S22, (fully-diamagnetic),
and S1111, (fully-paramagnetic), in order to capture the differences in the 2D map
due to the nature of the light-matter interaction in the two cases. We choose to
analyze the fully-diamagnetic term because, as we will see, it shares its form with
the corresponding process in the superconducting case[20]. Moreover, the frequency
structure that we foresee in the 2D map can be extended to other cases where the
intaraction between light and matter can be mapped in an effective two-photon
process, as we did in the two-plasmon case in Chapter 2 or in the Raman-like
excitation of a phonon [90, 10]. We also explicitly compute the fully-paramagnetic
term since, as we anticipated before, it has a direct counterpart in the two-level
hamiltonian, where only single-photon dipole-like transistions are allowed. It is thus
possible to make a direct comparison between the many-body situation where a
continuum, dispersive set of excited states is present and the discrete, non-dispersive
case of the two-level system.

Eventually, since numerical simulations [123] show that in disordered supercon-
ductors the fully-paramagnetic process is the one dominating the BCS part of the
nonlinear response, we can also imagine that the result obtained in the semiconduct-
ing system can be somehow extended to nonlinear spetroscopies on superconductors,
given also the similarity between the BCS mean-field hamiltonian and the semi-
conducting system. The key issue is that in a clean superconductor, since the
paramagnetic vertex is represented by a σ0 matrix, one cannot mix poles at Ek and
−Ek, which would allow for optical transitions. Consequently, the corresponding
S1111 is zero. Indeed, the role of disorder is usually described[100] as effectively
relaxing momentum conservation during an optical transition, mixing responses at
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different wavevectors k and k′. Indeed, computing the product UkU†
k′ , one gets

UkU†
k′ = σ0(ukuk′ + vkvk′) + iσ2(ukvk′ − vkuk′), (3.24)

where uk and vk are related to the usual coherence factors. From this expression
we see that one can then mix the two poles as soon as the there is a momentum
mismatch between two G0 propagators, thanks to the off-diagonal structure of iσ2.
Intuitively, then, one can then make a connection between the processes mediated
by σ3 and σ1 in the clean semiconductor and those mediated by σ0 and σ2 in the
dirty superconductor, respectively.

3.3.1 Diamagnetic term

Let us analyze now the fully-diamagnetic contribution coming from S22. One can
define the diamagnetic contribution to the nonlinear current by

J (3),dia
α (iΩ) = − ∂S22[A4]

∂Aα(−iΩ) ≡
∑
iΩ′

K
(3),dia
αβγδ (iΩ′)Aβ(iΩ − iΩ′)A2

γδ(iΩ′), (3.25)

where we defined the A2
γδ(iΩ) the transform of Aγ(t)Aδ(t) in imaginary time. By

means of a change of variable, the previous expression can also be rewritten in the
completely symmetric form

J (3),dia
α (iΩ) =

∑
iΩi

K
(3),dia
αβγδ (iΩij)Aβ(iΩ1)Aγ(iΩ2)Aδ(iΩ3)δ(iΩ − iΩ123), (3.26)

where iΩij is the sum of two incoming frequencies. From Eq. 3.21 one can obtain

K
(3),dia
αβγδ (iΩ) =

∑
k,iωn

∂2ϵk
∂kα∂kβ

∂2ϵk
∂kγ∂kδ

×

× Tr
[( 1

iωn−Ek
0

0 1
iωn+Ek

)
Λ1

kk

( 1
iωn+iΩ−Ek

0
0 1

iωn+iΩ+Ek

)
Λ1

kk

]
,

(3.27)

where we defined Λ1
kk = Ukσ1U†

k. As we reported before, in Nambu space the matrix
Λ1

kk is a linear combination of σ3 (diagonal) or σ1 (off-diagonal). Since the matrix
G̃0 is diagonal as well, one immediately finds out that the only contributions that
survive in the trace are obtained from the product of the two pieces containing σ3
or the two pieces containing σ1, namely

Tr
[( 1

iωn−Ek
0

0 1
iωn+Ek

)
Λ1

kk

( 1
iωn+iΩ−Ek

0
0 1

iωn+iΩ+Ek

)
Λ1

kk

]
=

= ϵ2k
E2

k

( 1
iωn − Ek

1
iωn + iΩ − Ek

+ 1
iωn + Ek

1
iωn + iΩ + Ek

)
+ ∆2

E2
k

( 1
iωn + Ek

1
iωn + iΩ − Ek

+ 1
iωn − Ek

1
iωn + iΩ + Ek

)
.

(3.28)

The first term in the last sum, that comes from the product G̃0σ3G̃0σ3, expresses
scattering of electrons and holes belonging to the same band, as can be seen from
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the same sign of Ek in the two propagators, thus it will represent an intraband
process. The second term instead, stemming from the G̃0σ1G̃0σ1 contribution,
represents a scattering process between the valence and conduction band, since
it connects propagators having opposite sign of Ek, standing for an interband
process. Evaluating then the Matsubara sum in Eq. 3.27, one sees that the intraband
contribution vanishes, so that one is left with

K
(3),dia
αβγδ (iΩ) =

∑
k

∂2ϵk
∂kα∂kβ

∂2ϵk
∂kγ∂kδ

tanh (βEk/2)∆2

E2
k

( 1
iΩ − 2Ek

− 1
iΩ + 2Ek

)
.

(3.29)
We can recognize in this expression the exact counterpart of the quasiparticle
contribution to the third-order response in a clean superconductor [20]. To capture
the effect of the continuum dispersion, we introduce the density of states associated
with the diamagnetic vertex by

ρ̃dia
αβγδ(ϵ) ≡

∑
k
δ(ϵ− ϵk) ∂2ϵk

∂kα∂kβ

∂2ϵk
∂kγ∂kδ

, (3.30)

so that one can rewrite,

K
(3),dia
αβγδ (iΩ) =

∫
dϵ ρ̃dia

αβγδ(ϵ) tanh
(
β
√
ϵ2 + ∆2/2

) ∆2

ϵ2 + ∆2K
dia
(√

ϵ2 + ∆2, iΩ
)
.

(3.31)
Here we isolated the frequency depenent part of the response,

Kdia(E, iΩ) = 1
iΩ − 2E − 1

iΩ + 2E , (3.32)

and we defined the function ρ̃dia
αβγδ which will encode the information about the

density of states of the dispersion ϵk and the tensorial structure of the response due
to the two diamagnetic insertions. We consider here the case of a two-dimensional
square lattice and compute explicitly the isotropic A1g component of the response.
For the considered symmetry it is obtained by

K
(3),dia
A1g

= K(3),dia
xxxx +K(3),dia

xxyy , (3.33)

from where it is possible to compute the associated ρ̃dia
A1g

. One can express the result
in terms of the elliptic integral K, defining x = ϵ/(4t),

ρ̃dia
A1g

(x) = x2K
(√

1 − x2
)
θ (1 − |x|) . (3.34)

3.3.2 Paramagnetic term

Let us now analyze the fully-paramagnetic term, which is derived from S1111 as

J (3),para
α (iΩ) = −∂S1111[A4]

∂Aα(−iΩ)
≡
∑
iΩi

K
(3),para
αβγδ (iΩ1, iΩ2, iΩ3)Aβ(iΩ1)Aγ(iΩ2)Aδ(iΩ3)δ(iΩ − iΩ123).

(3.35)
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It reads
K

(3),para
αβγδ (iΩ1, iΩ2, iΩ3) =

∑
k,iωn

∂ϵk
∂kα

∂ϵk
∂kβ

∂ϵk
∂kγ

∂ϵk
∂kδ

Tr[. . . ], (3.36)

where

Tr[. . . ] = Tr [ G̃0(k, iωn)Λ1
kkG̃0(k, iωn + iΩ1)Λ1

kk×

× G̃0(k, iωn + iΩ12)Λ1
kkG̃0(k, iωn + iΩ123)Λ1

kk

]
.

(3.37)

In this case one realizes that the trace will give non-zero results whenever one selects
in Λ1

kk four σ3, two σ3 and two σ1, or four σ1 contributions. These cases will corre-
spond to completely intraband, mixed intraband and interband, or fully interband
interactions, respectively. In order to keep track of the possible combinations and
compute systematically the result, we rewrite the paramagnetic kernel as

K
(3),para
αβγδ (iΩ1, iΩ2, iΩ3) =

∑
{µi,νi}

∑
k

∂ϵk
∂kα

∂ϵk
∂kβ

∂ϵk
∂kγ

∂ϵk
∂kδ

f{νi}(k)M{µi,νi}G
(4)
{µi}(k, iΩi).

(3.38)
Here {µi} = (µ0, µ1, µ2, µ3), µi = +1,−1, denotes the valence or conduction band
of the semiconductor, respectively, which is encoded in the projector structure
Dµi = (σ0 + µiσ3)/2 in Nambu space; analogously {νi} = (ν0, ν1, ν2, ν3), νi = 1, 3
encodes the possible interband or intraband transitions mediated by σ1 or σ3,
respectively. We singled out the result of the trace in Nambu space by introducing
M{µi,νi} = Tr [Dµ0σν0Dµ1σν1Dµ2σν2Dµ3σν3 ], which will determine which possible
combinations among the various {µi, νi} indices give non-zero result. The function

f{νi}(k) =
(

− ϵk
Ek

)∑
i
δνi3 ( ∆

Ek

)∑
i
δνi1

(3.39)

keeps track of the number of σ1 or σ3 matrices for each choice of {νi}. Finally, we
also introduced the result of the Matsubara sum over iωn by means of

G
(4)
{µi}(k, iΩ1, iΩ2, iΩ3) =

∑
iωn

1
iωn − µ0Ek

1
iωn + iΩ1 − µ1Ek

×

× 1
iωn + iΩ12 − µ2Ek

1
iωn + iΩ123 − µ3Ek

,

(3.40)

which can be carried out explicitly. By computing M{µi,νi}, one is left with three
classes of processes listed in Table 3.1 and anticipated before. The first one comes
from fully intraband scattering processes mediated by four σ3 interactions and is
cancelled when computing the corresponding Matsubara sum in G(4), as it happened
for the diamagnetic process. The second one comes from the possible terms involving
two σ3 and two σ1, which allow for mixed interband and intraband scattering, the
various processes differing in the ordering of the single scattering events. The third
one is equivalent to purely interband transitions between the valence and conduction
band of the semiconductor, mediated by four σ1 vertices. After lengthy algebra, one
is able to recollect the various terms in a fully symmetric fashion under the exchange
of iΩi,
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Type {µi} {νi} Tr

Intra (+1,+1,+1,+1) (3,3,3,3) 1
Mix (+1,+1,+1,-1) (3,3,1,1) 1
Mix (+1,+1,-1,+1) (3,1,1,3) 1
Mix (+1,-1,+1,+1) (1,1,3,3) 1
Mix (+1,-1,-1,-1) (1,3,3,1) 1
Mix (+1,+1,-1,-1) (3,1,3,1) -1
Mix (+1,-1,-1,+1) (1,3,1,3) -1
Inter (+1,-1,+1,-1) (1,1,1,1) 1

Table 3.1. Table summarizing the various contributions to the fully paramagnetic third-
order response, classified according to the nature (intraband, mixed, interband) presented
in the text. We explicitly report the combinations of the poles {µi} of the Green’s
function, valence (+1) or conduction (−1) band; the combinations of the vertices for
the light-matter coupling {νi}, intraband (3) or interband (1); and the corresponding
value of the trace entering Eq. 3.38. The same contributions are present with their
particle-hole symmetric copy Ek → −Ek, i.e. sending µi → −µi, while νi and the sign
of the trace remain the same.

K
(3),para
αβγδ (iΩ1, iΩ2, iΩ3) =

∑
k

∂ϵk
∂kα

∂ϵk
∂kβ

∂ϵk
∂kγ

∂ϵk
∂kδ

tanh (βEk/2)×

×
[

∆4

E4
k
K inter(Ek, iΩi) + ∆2ϵ2k

E4
k
Kmix(Ek, iΩi)

]
.

(3.41)

Here we defined the interband contribution

K inter(Ek, iΩi) =
( 1
iΩ123 − 2Ek

− 1
iΩ123 + 2Ek

)∑
i ̸=j

1
iΩi − 2Ek

1
iΩj + 2Ek

, (3.42)

and the mixed one

Kmix(Ek, iΩi) =
( 1
iΩ123 − 2Ek

− 1
iΩ123

)∑
i

1
iΩi − 2Ek

∑
j ̸=i

1
iΩij − 2Ek

−
( 1
iΩ123 + 2Ek

− 1
iΩ123

)∑
i

1
iΩi + 2Ek

∑
j ̸=i

1
iΩij + 2Ek

.

(3.43)

Also for this process we introduce a function which keeps track of the continuum
of excited states which is present in our system, defining in a similar fashion to the
diamagnetic case

ρ̃para
αβγδ(ϵ) ≡

∑
k
δ(ϵ− ϵk) ∂ϵk

∂kα

∂ϵk
∂kβ

∂ϵk
∂kγ

∂ϵk
∂kδ

, (3.44)
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through which we rewrite

K
(3),para
αβγδ (iΩ1, iΩ2, iΩ3) =

∫
dϵ ρ̃para

αβγδ(ϵ) tanh
(
β
√
ϵ2 + ∆2/2

)
×

×
[

∆4

(ϵ2 + ∆2)2K
inter

(√
ϵ2 + ∆2, iΩi

)
+ ∆2ϵ2

(ϵ2 + ∆2)2K
mix

(√
ϵ2 + ∆2, iΩi

)]
.

(3.45)

We consider also here the case of a two-dimensional square lattice and compute
explicitly the isotropic A1g component of the response. The expression is as before

K
(3),para
A1g

= K(3),para
xxxx +K(3),para

xxyy , (3.46)

from where it we compute the associated ρ̃para
A1g

. We omit the details and we give the
result in terms of the elliptic integrals E and K, defining x = ϵ/(4t),

ρ̃para
A1g

(x) =
[
(1 − 5x2)E

(√
1 − x2

)
+ x2(1 + 3x2)K

(√
1 − x2

)]
θ (1 − |x|) . (3.47)

3.4 Analytical continuation and 2D map

In the previous subsection we computed the nonlinear third order kernel K(3) in
Matsubara frequency representation. Before computing the 2D map resulting from
such a response function we need to perform the analytical continuation to real
frequencies. In our simple non-interacting model, this can be obtained [36, 116] by
sending iΩi → ωi+ iη, with η > 0. With this choice one can assure that the causality
properties of the response function in real time, i.e. the analiticity conditions in
frequency space, are those presented at the beginning in Eq. 3.1. In the following
expressions we assume that η, the can be thought of as the rate of adiabatic switching,
is the same for all the three incoming fields, and we just denote η3 = 3η, η2 = 2η
and η1 = η. Using then the prescription in Eq. 3.11 with the analitically continued
K(3) it is possible to compute the 2D map for any spectral content of the incoming
fields.

We start by remembering Eq. 3.12 and 3.13, that are used to obtain the 2D map
as

J
(3)
2D(ωt, ωτ ) = A(ωτ )

∫
dωK

(3)
S (ω, ωτ , ωt − ωτ − ω)A(ω)A(ωt − ωτ − ω)

+A(ωt − ωτ )
∫
dωK

(3)
S (ω, ωt − ωτ , ωτ − ω)A(ω)A(ωτ − ω).

(3.48)

Examining Eq. 3.31 for the diamagnetic contribution and Eq. 3.45 for the paramag-
netic one, we notice that one can always rewrite, in a sketchy expression,

J
(3)
2D(ωt, ωτ ) ∼

∫
dE w(E)J̃ (3)

2D(E,ωt, ωτ )

∼
∫
dE w(E)

∫
dωK

(3)
S (E,ω, ωt, ωτ )A3(ω, ωt, ωτ ).

(3.49)
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where w(E) is the appropriate weighting function which depends solely on the
energy variable spanning the continuum of possible excitations; K(3)(E,ω, ωt, ωτ )
is obtained by isolating the propagators at the frequencies read out by Eq. 3.48,
namely K inter and Kmix for the paramagnetic process, Kdia for the diamagnetic
one; A3(ω, ωt, ωτ ) is a shorthand for the product of the three fields read at the
appropriate frequencies. In order to simulate the 2D map in a convenient way, the
crucial point is to first integrate over the internal frequency ω, and only later to
integrate over the energy E.

3.4.1 Diamagnetic term

Let us now compute the result for the diamagnetic process, which will be also
the most relevant one for the clean superconductor. In this case, the calculation
is simplified due to the dependence of the nonlinear kernel only on the sum of
two incoming frequencies of the field, i.e. from Eq. 3.26 one has Kdia(ωij + iη2) as
appropriate for two-photon vertices. For the J̃ (3)

00τ part of the 2D map, one needs
then to write out all the possible combinations

Kdia
S (E,ω, ωτ , ωt −ωτ −ω) = Kdia(E,ω+ωτ ) +Kdia(E,ωt −ω) +Kdia(E,ωt −ωτ ).

(3.50)
More explicitly, considering the structure of Eq. 3.31 one finds

J̃
(3)
00τ (E,ωt, ωτ ) = 2A(ωτ )

[
F dia

00τ (−2E) − F dia
00τ (2E)

]
+A(ωτ )A2(ωt − ωτ )

( 1
ωt − ωτ + iη2 − 2E − 1

ωt − ωτ + iη2 + 2E

)
,

(3.51)

where the function F dia
00τ reads

F dia
00τ (2E) =

∫
dω

A(ω)A(ωt − ωτ − ω)
ωτ + ω + iη2 + 2E . (3.52)

If the spectrum of the incoming pulse is gaussian i.e. A(t) = Āe−t2/(2τ2
p ) cos(Ωt),

the function F dia
00τ can be reduced to a combination of Faddeeva functions, or Voigt

functions, which can be straightforwardly evaluated. The factor two in the first line
of Eq. 3.51 is due to the fact that the two pieces stamming from Kdia(E,ω + ωτ )
and Kdia(E,ωt − ω) can be shown to be equal by changing the intagration variable
ω → ωt − ωτ − ω. Analogously we obtain the other contribution to the 2D map

J̃
(3)
0ττ (E,ωt, ωτ ) = 2A(ωt − ωτ )

[
F dia

0ττ (−2E) − F dia
0ττ (2E)

]
+A(ωt − ωτ )A2(ωτ )

( 1
ωτ + iη2 − 2E − 1

ωτ + iη2 + 2E

)
,

(3.53)

where F dia
0ττ is obtained from F dia

00τ by exchanging ωt − ωτ ↔ ωτ . The structure of
the F dia functions is characterized by the interplay between the spectral features of
the kernel, encoded in their denominator, and the field envelopes at the numerator,
which tend to redistribute the spectral weight along the lines ωτ = 0,±2Ω and
ωt − ωτ = 0,±2Ω.
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To better understand these results, let us consider the impulsive limit, i.e. let us
take A(ω) = Ā. One can note that now the F dia functions can be evaluated through
residues, from which we observe that the combination in the first line of Eq. 3.51
and 3.53 vanishes. The remaining pieces then give

J̃
(3)
00τ (E,ωt, ωτ ) =

( 1
ωt − ωτ + iη2 − 2E − 1

ωt − ωτ + iη2 + 2E

)
Ā3, (3.54)

and
J̃

(3)
0ττ (E,ωt, ωτ ) =

( 1
ωτ + iη2 − 2E − 1

ωτ + iη2 + 2E

)
Ā3, (3.55)

From this expression we notice that the spectral weight on the 2D map in the
impulsive limit is spread along the lines ωt−ωτ = ±2E and ωτ = ±2E. We simulate
the resulting signal for three values of τpΩ, which correspond to a narrowband,
intermediate or broadband incoming pulse. In order to clarify the role of the
continuum of excitations we simulated two different situations. In one panel, Fig.
3.6a, we considered the t ≪ ∆ limit, where the bandwidth is taken much smaller
than the semiconducting gap and one has almost non-dispersive bands, akin to a
two level system. In this limit one can approximate w(E) ∼ δ(E − ∆) in Eq. 3.49
and can just simulate the previous expressions by sending E → ∆. In the other
panel, Fig. 3.6b, we considered the t ≫ ∆ limit, where one needs to integrate the
previous expressions over the energy E including in the function w(E) all the factors
foreseen in Eq. 3.31. We observe that in this case the spectral weight is more spread
in the (ωt, ωτ ) plane going towards the impulsive limit, as expected for a continuum
of excitations which has an onset at the optical gap.

3.4.2 Paramagnetic term

Let us now consider the paramagnetic contribution. As done for Kdia, we focus on
the structures given by K inter and Kmix when plugged into Eq. 3.49. One has for
the fully-interband scattering

K inter
S (E,ω, ωτ , ωt − ωτ − ω) =

( 1
ωt + iη3 − 2E − 1

ωt + iη3 + 2E

)
×

×
[ 1
ω + iη1 − 2E

1
ωτ + iη1 + 2E

+ 1
ωτ + iη1 − 2E

1
ωt − ωτ − ω + iη1 + 2E

+ 1
ωt − ωτ − ω + iη1 − 2E

1
ω + iη1 + 2E + E → −E

]
.

(3.56)

Noticing again the symmetry ω → ωt − ωτ − ω in the previous expression, one can
write

J̃
(3)
00τ (E,ωt, ωτ ) = A(ωτ )

( 1
ωt + iη3 − 2E − 1

ωt + iη3 + 2E

)
×

×
[

F inter
00τ (2E)

ωτ + iη1 − 2E + F inter
00τ (−2E)

ωτ + iη1 + 2E + F inter
00τ (2E) + F inter

00τ (−2E)
ωt − ωτ + iη2

]
,

(3.57)
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(a) The 2D map obtained in the two-level limit t ≪ ∆.
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(b) The 2D map obtained for t/∆ = 100.

Figure 3.6. Comparison between the 2D map obtained from the fully-diamagnetic process,
computed integrating over energy E the sum of Eq. 3.51 and 3.53. In the upper panel
we weight the sum by w(E) ∼ δ(E − ∆), corresponding to the two-level limit. In
the lower panel we explicitly include the full form of w(E) derived from Eq. 3.31.
We show the dependence on the time duration of the incoming pulse, defined by
A(t) = Āe−t2/(2τ2) cos(Ωt), and we set 2Ω = 2∆, i.e. twice the central frequency of the
pulse is resonant with the optical gap of the semiconductor.



72 3. Two-dimensional spectroscopy in electronic systems

where the function F inter
00τ reads now

F inter
00τ (2E) =

∫
dω

A(ω)A(ωt − ωτ − ω)
ωt − ωτ − ω + iη1 + 2E . (3.58)

The contribution J̃
(3)
0ττ (E,ωt, ωτ ) reads as well

J̃
(3)
0ττ (E,ωt, ωτ ) = A(ωt − ωτ )

( 1
ωt + iη3 − 2E − 1

ωt + iη3 + 2E

)
×

×
[

F inter
0ττ (2E)

ωt − ωτ + iη1 − 2E + F inter
0ττ (−2E)

ωt − ωτ + iη1 + 2E

+F inter
0ττ (2E) + F inter

0ττ (−2E)
ωτ + iη2

]
,

(3.59)

where the function F inter
0ττ is obtained from F inter

00τ by exchanging ωt − ωτ ↔ ωτ . Once
again we analyze the impulsive limit, in which the F functions can be integrated
out to constants and the resulting 2D map is characterized by

J̃
(3)
00τ (E,ωt, ωτ ) =

( 1
ωt + iη3 − 2E − 1

ωt + iη3 + 2E

)
×

×
[ 1
ωτ + iη1 − 2E + 1

ωτ + iη1 + 2E + 2
ωt − ωτ + iη2

]
Ā3,

(3.60)

and

J̃
(3)
0ττ (E,ωt, ωτ ) =

( 1
ωt + iη3 − 2E − 1

ωt + iη3 + 2E

)
×

×
[ 1
ωt − ωτ + iη1 − 2E + 1

ωt − ωτ + iη1 + 2E + 2
ωτ + iη2

]
Ā3.

(3.61)

In this case one can immediately recognize four peaked structures in the semiplane
ωt > 0, which are obtained from the intersections of the Lorentzian maximized along
the line ωt = 2E with the ones in parentheses in the previous expressions, which are
peaked along ωτ = 0,±2E and ωt − ωτ = 0,±2E. The four spots are then located
at coordinates (2E,−2E), (2E, 0), (2E, 2E) and (2E, 4E).

A similar but more involved computation can be then performed for the mixed
terms in Eq. 3.43. One has for the Kmix

S (E,ω, ωτ , ωt − ωτ − ω) piece contributing to
J̃

(3)
00τ (E,ωt, ωτ )

Kmix
S (. . . ) =

( 1
ωt + iη3 − 2E − 1

ωt + iη3

)
×

×
[ 1
ω + iη1 − 2E

( 1
ω + ωτ + iη2 − 2E + 1

ωt − ωτ + iη2 − 2E

)
+ 1
ωτ + iη1 − 2E

( 1
ω + ωτ + iη2 − 2E + 1

ωt − ω + iη2 − 2E

)
+ 1
ωt − ωτ − ω + iη1 − 2E

( 1
ωt − ωτ + iη2 − 2E + 1

ωt − ω + iη2 − 2E

)]
− (E → −E),

(3.62)



3.4 Analytical continuation and 2D map 73

from which we calculate, using again the symmetry ω → ωt − ωτ − ω,

J̃
(3)
00τ (E,ωt, ωτ ) = 2A(ωτ )

( 1
ωt + iη3 − 2E − 1

ωt + iη3

)
×

×
[

Fmix,1
00τ (2E)

ωt − ωτ + iη2 − 2E + Fmix,2
00τ (2E)

ωτ + iη1 − 2E

+ Fmix,1
00τ (2E) − Fmix,2

00τ (2E)
ωτ + iη1

]
− (E → −E).

(3.63)

Here we introduced the two functions

Fmix,1
00τ (2E) =

∫
dω

A(ω)A(ωt − ωτ − ω)
ω + iη1 + 2E , (3.64)

and
Fmix,2

00τ (2E) =
∫
dω

A(ω)A(ωt − ωτ − ω)
ω + ωτ + iη2 + 2E . (3.65)

In the impulsive limit one finally gets

J̃
(3)
00τ (E,ωt, ωτ ) =

( 1
ωt + iη3 − 2E − 1

ωt + iη3

)
×

×
[ 1
ωt − ωτ + iη2 − 2E + 1

ωτ + iη1 − 2E

]
Ā3 − (E → −E).

(3.66)

The calculation for the J̃ (3)
0ττ part is here omitted, but as in the previous cases the

associated signal can be obtained by the exchange ωτ ↔ ωt − ωτ . Also in this case
the enhancement of the 2D map fro ωt > 0 is obtained at the intercepts of the lines
ωt = 0, 2E with ωτ = 2E or ωt − ωτ = 2E. While the spots at (2E, 0) and (2E, 2E)
gain also contributions from the purely interband process described by K inter, we
stress that the two spots at (0, 2E) and (0,−2E) are only present if this mixed
interband-intraband scattering is included, making then possible to identify regions
in the 2D map that are selectively sensitive to this specific nonlinear pathway.

As we did in the previous section, we compare also here the non-dispersive
and dispersive limits, by computing the 2D map in the t ≪ ∆ regime where
w(E) ∼ δ(E − ∆) and in the t ≫ ∆ limit by taking into account all the prefactors
to K inter and Kmix of Eq. 3.45 in the integral over energy E. We observe that in
the former two-level limit the prefactor of the mixed process is suppressed by a
factor t2/∆2, so that only the interband contribution survives. We show in Fig. 3.7a
the obtained result, where one observes the transition from a 2D map witnessed by
a broadband field to the situation where the field gets narrower and the spectral
features associated with the pump are most prominent.

It is interesting to compare what we have just obtained with the two-level formal-
ism usually presented in literature[94, 80], assuming in our case to have the resonance
of the two-level system coinciding with the direct band gap of the semiconductor.
Indeed, we would obtain exactly the previous result from a perturbative solution
of the following hamiltonian coupled to a gauge field A(t) via the standard dipole
approximation,

H = −∆|+1⟩⟨+1| + ∆|−1⟩⟨−1| + µA(t)|+1⟩⟨−1| + h.c., (3.67)
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where the two states represent the valence (|+1⟩) and conduction (|−1⟩) bands of
the system in the limit of negligible dispersion and µ is the dipole moment.

In Fig. 3.7b we show the results in the opposite t ≫ ∆ limit. As one can
immediately notice, there is similarity between the two cases, at least at the four
spots mentioned above where purely interband transitions play a major role. In
addition to them, we also observe the other peaks along the line ωt = 0, which
correspond to the terms involving also intraband scattering, i.e. the Kmix, which as
explained before are suppressed in the t ≪ ∆ limit.

Comparing the two paramagnetic and diamagnetic contributions, it is evident
the power of the 2D technique in distinguishing the two classes of processes shown
here, that produce very different signals when a sufficiently broad incoming pulse is
used. We remark that this is a crucial point: all the results above have been obtained
by assuming that the spectral content of the field remains intact when entering the
sample, a situation which occurs only in certain experimental realizations, as e.g.
in Ref. [72]. We will then explicitly analyze in the next chapter a case where most
of the features of the 2D map witnessed by the experiment are heavily influenced
by the linear response of the system, making it challenging to distinguish among
different nonlinear pathways.

To conclude the chapter, let us summarize in Fig. 3.8a and Fig. 3.8b the results
that we have obtained so far, having for simplicity in mind the two-level limit. Fully-
diamagnetic processes produce two-point response functions which only depend
on the sum of two incoming frequencies. In the monochromatic limit, the four
peaks corresponding to non-linearly generated first harmonic will then be weighted
by the combination K(2Ω) + 2K(0), while the third harmonic will be weighted
by 3K(2Ω), according to Eq. 3.14, which can be resonantly enhanced only when
2Ω = 2∆. In the impulsive limit, the same kernel produces pair of stripes along the
lines ωt − ωτ = ±2∆ or ωτ = ±2∆: the first pair is realized when only one photon
is exchanged with the delayed pulse, the second one when two photons coming from
it are involved.

Fully paramagnetic processes require to deal with four-point response functions,
which naturally have a more complicated structure. When monochromatic pulses are
used, the kernel is read out at different incoming frequencies, K(Ω,Ω,−Ω) for the
first harmonic and K(Ω,Ω,Ω) for the third harmonic. In this case enhancement can
occur in principle whenever one, two or three photons from the pump are resonant
with the internal energy scale 2∆, an argument which we will encounter again the
next chapter when discussing the experimental results on NbN [72]. In the impulsive
case, one gets four peaks instead of stripes at the intercepts between ωt = ±2∆ and
ωt − ωτ = ±2∆ or ωτ = ±2∆, i.e. the maximum enhancement occurs when all the
electronic propagators entering the nonlinear response are read out resonantly by
the incoming pulses.
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(a) The 2D map obtained in the two-level limit t ≪ ∆.
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(b) The 2D map obtained for t/∆ = 100.

Figure 3.7. Analgous of the previous Fig. 3.6a and Fig. 3.6b for the fully-paramagnetic
process, computed integrating over energy E the sum of Eq. 3.57 and 3.59. In the upper
panel we weight the sum by w(E) ∼ δ(E − ∆), corresponding to the two-level limit
which is only sensitive to K inter. In the lower panel we explicitly include the full form of
w(E) derived from Eq. 3.45. Also here we show the dependence on the time duration of
the incoming pulse, defined by A(t) = Āe−t2/(2τ2) cos(Ωt). We set 2Ω = 2∆, i.e. twice
the central frequency of the pulse is resonant with the optical gap of the semiconductor.
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(b) Schematic 2D map for the paramagnetic process. We listed the names of the four peaks
which are usually reported in the literature: 2Q (two-quantum), NR (non-rephasing),
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Figure 3.8. Conclusive comparison between the appearance of diamagnetic and paramag-
netic processes in the monochromatic (left column) and impulsive limit (right column).
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Chapter 4

Applications of 2D-THz
spectroscopy to superconductors

Part of this chapter has been published in Ref. [39]. The rest of the chapter will be
submitted soon for publication.

4.1 Application to c−axis response of cuprates

In this section we want to analyze the c−axis response of nearly optimally-doped
La2−xSrxCuO4 (x = 0.17), a single-layer superconducting cuprate, whose 2D-THz
spectroscopy measurements have been presented in Ref. [89]. As described in Chapter
2, the c−axis polarized THz measurements are particularly sensitive to the presence
of the Josephson plasma mode, at frequency ωz. In particular, the experimental work
focuses on the spectral features of the peak in frequency domain called Josephson
Echo, at (ωz,−ωz), with the aim to extract information on the role of the disorder
in the interlayer tunneling of Cooper pairs.

Indeed, already at level of linear response, the presence of inhomogeneity in the
superconducting phase is invoked to explain the modification of the form of the
reflectivity edge, see Fig. 4.1 from Ref. [31], that in turns results in the appearance of
an absorption peak in the real part of the conductivity. From the theoretically point
of view, an effective model to explain this observation was proposed in Ref. [144],
where a statistical distribution of the Josephson plasma frequency ωz is introduced
in place of a single value. However, a precise estimate of the importance of this type
of spatially-related, inhomogeneous disorder from linear spectroscopy is difficult,
since its effects are often mixed with the more standard broadening associated with
homogeneous, Born-like scattering. Thus, the experiment aimed at exploiting the
intrinsic richness of the 2D-THz signal in order to disentangle the two contributions.

Before briefly discussing the effects of this type of disorder on the 2D map, we
want to understand the observed signal in the theoretical framework presented in the
previous chapter. At low temperatures, the experimental 2D map is characterized
by four spots located at frequencies (ωz,−ωz), (ωz, 0), (ωz, ωz) and (ωz, 2ωz), with
ωz ∼ 2 THz for the doping level x = 0.17 of the studied sample. The experiments
are performed in a reflection configuration by means of a relatively broadband
pulse, so that in principle the observation can be reconciled with the impulsive-limit
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Figure 4.1. Reflectivity curves (black line) of LSCO samples at different doping levels (in
percent) collected in Ref. from Ref. [31]. The experimental prophiles were fitted using
the standard two-fluid model (bold gray line) or with the effective model to account
for disorder proposed in Ref. [144] (red line), with a doping-dependent gaussian weight
(green line).

picture displayed in Fig. 3.8b, where the internal energy scale is determined by the
Josephson plasmon at ωz. As we will see by explicit calculation, at least at low
temperatures the internal screening of the incoming field is predominant, producing
an effective narrowband pulse centered around ωz. Consequently, it would be more
appropriate to recast this peculiar case in the monochromatic-limit sketch in Fig. 3.2,
where it is actually difficult to distinguish between the different nonlinear pathways
contributing to the 2D response.

4.1.1 Fresnel effects in the 2D-THz case

Let us reconsider at first the result presented in the Chapter 1 for the reflected field
from a bulk sample, which is the situation appropriate for the configuration used in
Ref. [89]. The outgoing electric field reads, see Eq. 1.70,

Eout(ω) = 4πi
c

1
1 + n(ω)

∫
dωiK

(3)(ω1, ω2, ω3)Aext(ω1)Aext(ω2)Aext(ω3)×

× t(ω1)t(ω2)t(ω3)
n(ω)ω/c+

∑
i n(ωi)ωi/c

δ

(
ω −

∑
i

ωi

)
.

(4.1)

In this expression we have separated on the first line inside the integral the result
that one would obtain neglecting the propagation effects inside the material, where
the external fields are convoluted with the nonlinear third order kernel. In the second
line we see instead the contribution of internal screening, which has its own frequency
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dependence and can mask the genuine nonlinear effects included in K(3). In this
way, we will see that even the simplest instantaneous kernel can show complicated
signatures linked to the response due to the propagation of the generated signal at
the interface between vacuum and material.

To proceed with the evaluation of the 2D map, we can apply here the same
procedure presented in the previous sections, see e.g. Eq. 3.49. One gets for the
piece with the double interaction with the A0(t) field and the single interaction with
Aτ (t),

Eout
00τ (ωt, ωτ ) =

∫
dωK

(3)
S (ω, ωτ , ωt − ωτ − ω)×

×Aext(ω)Aext(ωτ )Aext(ωt − ωτ − ω)F00τ (ω, ωt, ωτ ),
(4.2)

where the function F00τ takes into account all the factors related to propagation
effects and reads

F00τ (ω, ωt, ωτ ) = 2πit(ωt)t(ω)t(ωτ )t(ωt − ωτ − ω)
n(ωt)ωt + n(ω)ω + n(ωτ )ωτ + n(ωt − ωτ − ω)(ωt − ωτ − ω) .

(4.3)
An analogous result for Eout

0ττ (ωt, ωτ ) is obtained by switching ωτ ↔ ωt − ωτ , cor-
responding to the system interacting once with the A0(t) field and twice with
Aτ (t).

We now specialize this result to the case of the c−axis response of cuprate
superconductors. We focus on two different processes which we have encountered
in the previous Chapter 2, namely the instantaneous and the two-plasmon kernel,
which are both finite in the effective cosine-model that we have adopted to describe
the third-harmonic response, see Section 2.5.4. For our purposes, we just consider
K(3) ∼ const. in Eq. 4.2 to simulate the instantaneous contribution, while we use
the results reported in Sections 2.5.2 and 2.5.3 for the two-plasmon part. We recall
that the expression of the latter kernel as a function of the sum-frequency ω of the
two incoming photons is given by Eq. 2.67, which we report here

K2p(ω) ∼
∫
dz ρLL(z)1

z

coth (βz2 )
(2z)2 − (ω + iγ)2 , (4.4)

where ρLL(z) is the density of state associated with the two-plasmon process, see
Eq. 2.81. In the region in proximity of the lower plasma edge, the latter density
grows linearly as ρLL(z) ∼ zθ(z − ωz). Moreover, nearby the critical temperature
we can also approximate coth βz/2 ∼ T/z, so that the above kernel can be easily
integrated and reads, neglecting constant prefactors,

K2p(ω) ∼ T

(ω + iγ)2 log
(

1 − (ω + iγ)2

4ω2
z

)
, (4.5)

which almost coincides with the so-called plasmon squeezing contribution in Ref.
[52]. We stress that although near Tc the two derivations give the same result, the
procedure followed in Ref. [52] is only valid in the region T ∼ Tc, where plasmon
fluctuations have thermal nature. For low temperatures, the latter would predict a
suppression scaling with T which neglects quantum anharmonic effects, which are
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indeed taken into account in our framework by the coth βz/2 → 1 for T → 0. At
this point we can then express the contributions of the two-plasmon process to the
2D map by using the relation

K
(3)
S (ω, ωτ , ωt − ωτ − ω) ∼ K2p(ω + ωτ ) +K2p(ωt − ω) +K2p(ωt − ωτ ). (4.6)

Using again the symmetry in Eq. 4.2 upon replacement ω → ωt − ωτ − ω we can
show that the first two terms of the previous sum are actually equal. As it happened
before, the form of the kernel K(3)

S for the Eout
0ττ (ωt, ωτ ) is obtained by switching

ωτ ↔ ωt − ωτ in the previous expression.
In order to compute the effect of the function F in masking the spectral features

of the kernels just introduced, we consider the usual dielectric function containing
the superfluid response and the normal dissipative term, namely

ϵ(ω) = ϵ∞

(
1 − ω2

z

ω2 + i
γ

ω

)
, (4.7)

from which we can derive the refractive index as n(ω) =
√
ϵ(ω). We remark that

in Ref. [31] an extensive analysis of the linear response from LSCO samples at
different doping levels has been carried out, taking also into account the role of
inhomogeneities. Following Ref. [144], the two-fluid dielectric function is weighted
by a gaussian distribution of ωz values, whose variance is fitted on the reflectivity
curves collected from the various samples. The authors find that at doping x = 0.17,
where the experiment of Ref. [89] is performed, the differences between the model of
ϵ(ω) obtained by taking into account the effect of inhomogeneities and the standard
two-fluid reflectivity in Eq. 4.7 with finite γ are almost unperceptible, as can be
seen from the very small value of the width of the gaussian distribution that they
consider. For this reason, in this section we stick to the dielectric function presented
in Eq. 4.7, since we are now mainly interested in understanding the filtering effect
produced by such a sharp reflectivity edge.

In order to check the relevance of the screening effects, we then show in Fig.
4.2 the shape of the internal field Ain(ω) = t(ω)Aext(ω). We considered for Aext
the experimental pulse spectrum of Ref. [89] and we modeled the parameters of the
dielectric function fitting the experimental data measuring LSCO samples at doping
levels x = 0.16 [137] and x = 0.18 [60] for several temperatures. The extracted
values for ωz and γ are then interpolated in order to get a reasonable estimation of
the appropriate parameters for LSCO at x = 0.17, since we have not temperature
dependent reflectivity spectra in Ref. [89]. As we can see from the right panel in
Fig. 4.2, at the lowest temperature T = 6 K the field gets reshaped with the peak
now shifting from the central frequency of the pump towards the value of ωz.

We then show in Fig. 4.3a the resulting 2D map when the instantaneous kernel
is considered. At T = 6 K we clearly observe the four spots located at the positions
(ωz,−ωz), (ωz, 0), (ωz, ωz) and (ωz, 2ωz), with ωz ∼ 2 THz, consistent with the
experiment. Rising the temperature the peaks redshift along the ωt axis following
the plasma edge and at T = 25 K there is more or less a coincidence between the
position of the latter and the central frequency of the pulse, see the dashed guiding
lines in the figure. At larger temperatures the plasma edge redshifts furtherly but
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Figure 4.2. The simulated reflectance (left panel) of a LSCO sample at doping level
x = 0.17 for three selected temperatures, using the interpolated parameters from Ref.
[137] and Ref. [60] with the two-fluid model in Eq. 4.7. At low T the plasma edge
(dashed vertical lines) produces a filtering effect on the incoming field (right panel), as
we show comparing the external field used in Ref. [89] (dashed line) with the internal
one Ain(ω) = t(ω)Aext(ω) (solid line).

the broadening of the minimum is such that it is difficult to distinguish the spectral
weight associated to the different spots. Nevertheless, one can still appreciate very
near to Tc that along the ωτ axis the maxima are still sensitive to the central
frequency of the pump. This effect is more evident in Ref. [52], which is reported
in Fig. 4.4 due to the smaller spectral width of the incoming pulse used in those
simulations. The asymmetric behavior between the horizontal sliding of the peaks
along the ωt direction following the redshift of the plasma edge and their almost
fixed position as a function of ωτ can be understood inspecting Eq. 4.3. In the
latter expression three t(ωi) factors are multiplied by the pump spectrum in order
to reconstruct the shape of the internal field that generates the nonlinear signal,
whose behavior is determined by the interplay between Aext, centered at Ω, and
the frequency dependence of t, characterized by the plasma scale ωz, as shown in
Fig. 4.2. Nevertheless, there is a further factor t(ωt) which is only related to the
propagation of the outgoing radiation that reshapes along the horizontal direction
the generated 2D signal, being eventually only sensitive to the scale of ωz.

In Fig. 4.3b we show the results of the simulations with the two-plasmon kernel.
For these we kept in Eq. 4.6 the same values of γ(T ) that we fitted for the linear
response. As it can be noticed, it is very difficult to appreciate the difference between
the instantaneous process and the diamagnetic-like one, since by assuming the same
γ(T ) in refractive index entering the F factor and the damping in the two-plasmon
process one softens both effects in the same way. There is a small difference in the
relative intensities of the various peaks at low temperatures, in particular the two
at (ωz,−ωz) and (ωz, 2ωz) that are placed on the lines of enhancement foreseen by
Fig. 3.6a, i.e. ωt − ωτ = 2ωz and ωτ = 2ωz, respectively. Nevertheless, since the
experimental protocol of Ref. [89] requires to collect the four spots in a non-collinear
geometry with the incoming and outgoing radiation inclined at different angles with
respect to the sample surface, it is at the moment not possible to directly compare
the relative intensities of the peaks.
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Figure 4.3. The simulated 2D-THz response of LSCO (x = 0.17) probed with c−axis
polarized electric field, with incoming spectrum similar to the one used in Ref. [89],
for three different temperatures. In the upper panel we compute the signal resulting
from an instantaneous kernel, in the lower one we consider the two-plasmon excitation
mechanism presented in Chapter 2. We superimpose as guides to the eye the positions
of the central frequency of the pump (green dashed line) and of the plasma frequency at
the various temperatures (blue dashed line).
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Figure 4.4. 2D maps obtained for the instantaneous (mean field) and two-plasmon
(squeezing) contributions obtained in Ref. [52], where the difference in the two processes
is more evident. In this case the incoming field is narrower than the one used in Fig.
4.3a and Fig. 4.3b and propagation effects are taken into account differently.

A similar simulation has been presented also in Ref. [52], where a different
behavior between the instantaneous (named mean-field) and the two-plasmon (named
squeezing) process is observed for T ∼ Tc as can be seen in Fig. 4.4. The differences
between our results and those in Ref. [52] are most probably due to (i) the smaller
spectral width of the pulse used in their simulation and (ii) the way in which linear-
response effects are taken into account to generate Fig. 4.4, namely considering each
internal driving field as screened by 1/ϵ(ω) in place of the functional form in 4.3.

4.1.2 Two-level model for inhomogeneity

In this section we want to take into account with a minimal model the role of
inhomogeneity in the measured 2D-THz spectra, by applying the formalism developed
for inhomogeneous line broadening in molecules [129] as suggested in Ref. [89]. The
calculation that we present here allows one to study the variation of the lineshapes
for all the four spots analyzed in the experimental data on LSCO. The starting point
is the assumption that the system is characterized by a statistical distribution of
plasma frequencies, which is taken as a gaussian [144, 31]

ρ(ωz) ∼ e−(ωz−ω̄z)2/(2σ2). (4.8)

One then assumes that the 2D map can be obtained by considering

⟨Eout⟩ =
∫
dωzρ(ωz)Eout(ωz), (4.9)

where the Eout(ωz) is simulated by considering a fixed c−axis plasma frequency. In
order to make the contribution of inhomogeneities more transparent, we consider just
the contribtution from the instantaneous third-order kernel. We also approximate the
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internal screening described by the F function introduced in Eq. 4.3 by considering
Ain(ω) = Aext(ω)/ϵ(ω), i.e. t(ω) ∼ 1/ϵ(ω), that for an impulsive field A(ω) = Ā
allows one to perform analytical calculations when the dielectric constant in Eq.
4.7 is considered. One can then show that for γ ≪ ωz the internal Ain(t) can be
approximated as

Ain(t) = Āωzθ(t)e−γt sin(ωzt), (4.10)

so that one can then express Eout in time domain

Eout(t, τ) = A2
in(t)Ain(t+ τ) +Ain(t)A2

in(t+ τ). (4.11)

By combining the various oscillating terms coming from the sine, one can selectively
isolate the contributions to the 2D map located at the spots foreseen by the frequency
vector scheme in Fig. 3.2, where now the internal field is narrowed by the presence
of the well defined plasma edge at ω = ωz. If one is for instance interested in the
so-called Josephson Echo peak, it suffices to select terms containing e−iωz(t−τ) in Eq.
4.11, namely

Eout
(1,−1)(t, τ) = Ā3ω3

zθ(t)θ(t+ τ)e−2γte−γ(t+τ)e−iωz(t−τ). (4.12)

We want to perform the Fourier transform (t, τ) → (ωt, ωτ ), which in this simple
case will produce Lorentzian lineshapes. Before proceeding with the inclusion of the
inhomogeneities, we stress that the shape of the resulting peak is already strongly
dependent on the way in which the signal is collected, due to presence of the
homogeneous broadening γ. If one were able to explore both positive and negative
time delays, i.e. the Fourier transform can be at least in theory extended for τ < 0
to τ > 0, one gets from Eq. 4.12

Eout
(1,−1)(ωt, ωτ ) = Ā3ω3

z

1
ωt − ωτ − 2ωz + 2iγ

1
ωτ + ωz + iγ

. (4.13)

The Josephson Echo peak is then stretched by a finite γ along the lines ωτ = −ωz
and ωτ = ωt − 2ωz, see upper row of Fig. 4.5a. Conversely, if one only collected
the signal for τ > 0, one must replace the θ(t+ τ) in Eq. 4.12 with a θ(τ), i.e. the
Fourier transform cannot run for τ < 0. This will affect the 2D signal by modifying
the previous expression into

Eout
(1,−1)(ωt, ωτ ) = Ā3ω3

z

1
ωt − ωz + 3iγ

1
ωτ + ωz + iγ

. (4.14)

As it is evident, the stretching of the peak due to γ occurs in this case along the
lines ωτ = −ωz and ωt = ωz. We remark here that in this simple model it is possible
to analytically simulate the 2D map for both situations, i.e. when one collects data
for both positive and negative time-delays or for τ > 0 only. However, we have seen
in the previous section that it is extremely useful to use the Fourier transform along
the τ axis to saturate one frequency integral which determined the nonlinear third
order current, which assumes to have a signal extending both for τ < 0 and τ > 0.
For the purpose of comparing the simulated map with the experiments performed
collecting only τ > 0, it is then convenient to proceed in the following way. One
first performs the simulation as we have illustrated previously, then we numerically
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anti-Fourier transform (ωt, ωτ ) → (t, τ) and cut the signal for τ < 0. As a last step,
we go back to Fourier space by means of a last numerical Fourier transform. This is
exactly the procedure that we have followed to obtain the simulations in Fig. 4.3a
and Fig. 4.3b.

With this in mind, we now proceed to analyze the role of inhomogeneities
in determining the spectral shape of the peaks in the model introduced above.
Considering only τ > 0 for a direct comparison with Ref. [89], we have to integrate
over ωz with a gaussian weight the expression in Eq. 4.14, namely

⟨Eout
(1,−1)⟩(ωt, ωτ ) = Ā3

∫
dωz

ω3
ze

−(ωz−ω̄z)2/(2σ2)

(ωt − ωz + 3iγ)(ωτ + ωz + iγ) . (4.15)

The integral can be analitically computed again in terms of Faddeeva functions,
denoted here as w(z) and the result reads, neglecting constant prefactors,

⟨Eout
(1,−1)⟩(ωt, ωτ ) =

w
[
(ωt − ω̄z + 3iγ) /

(√
2σ
)]

+ w
[
(ωτ + ω̄z + iγ) /

(√
2σ
)]

ωt + ωτ + 4iγ .

(4.16)
We remark here that we have approximated ω3

z ∼ ω̄3
z in the numerator of Eq. 4.15,

which amounts to neglect corrections of order σ2/ω̄2
z to the previous expression. We

notice that there are different limiting cases according to the values of γ and σ,
which represent homogeneous and inhomogeneous broadening, respectively. When
homogeneous broadening is dominant, one observes the same linewidh that are
obtained in the case where we neglect the distribution of plasma frequencies, i.e.
replacing the gaussian in Eq. 4.15 with a delta centered at ω̄z, getting back Eq. 4.14.
When inhomogenous broadening is dominant, one can replace the same gaussian
with a constant, and the integral over ωz would produce the same pole in Eq. 4.16,
which elongates the peak along the line connecting (ω̄z,−ω̄z) with the origin. This
result is somehow expected if one realizes that varying the value of ωz one is simply
shifting the position of the peak along the same line, as depicted in Fig. 4.5b. We
also give here the results of the same procedure applied to the other three spots
measured in Ref. [72]. For the (ω̄z, 0), so-called pump-probe peak, one has

⟨Eout
(1,0)⟩(ωt, ωτ ) =

w
[
(ωt − ω̄z + 3iγ) /

(√
2σ
)]

ωτ + 2iγ , (4.17)

where the stretching occurs along the ωt axis. For the (ω̄z, ω̄z) rephasing peak the
expression reads

⟨Eout
(1,1)⟩(ωt, ωτ ) =

w
[
(ωτ − ω̄z + iγ) /

(√
2σ
)]

− w
[
(ωt − ω̄z + 3iγ) /

(√
2σ
)]

ωτ − ωt + 2iγ ,

(4.18)
while the two-quantum spot at (ω̄z, 2ω̄z) can be simulated through

⟨Eout
(1,2)⟩(ωt, ωτ ) =

w
[
(ωτ − 2ω̄z + 2iγ) /

(
2
√

2σ
)]

− w
[
(ωt − ω̄z + 3iγ) /

(√
2σ
)]

2ωt − ωτ + 4iγ .

(4.19)
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Figure 4.5. Schematic representation of two effects determining the shape and the
orientation of the peaks measured in a 2D experiment, applied to the case of LSCO
probed with c−axis polarized pulses.
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In Fig. 4.6 we fit the full spectral profile in Eq. 4.16 on the 2D data collected in
Ref. [89], leaving as free parameters the central value ω̄z and the variance σ of the
gaussian distribution of plasma frequencies, as well as the homogeneous broadening.
The values obtained are ω̄z = 2.01 THz, γ = 0.04 THz and σ = 0.15 THz, which
are however different from those reported in Ref. [89] because of the different fitting
model used [129]. The same values are then used to simulated the other three peaks
through Eq. 4.17, Eq. 4.18 and Eq. 4.19. The comparison between the obtained
lineshapes and the experimental maps is qualitatively reasonable, given the set of
approximations that we have made in order to get an analytical formula which can
be used to fit the experimental peaks.
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Figure 4.7. (a) A schematic of the THz 2DCS experiment. (b) Time traces of the A and B
pulses together (EAB(t, τ)) transmitted after the NbN sample (Tc = 14.9 K) at 5 K as a
function of the sampling time t and the delay time τ . (c) The same plot as (b) but for
the nonlinear signal ENL(t, τ). (d) Power spectrum of the THz nonlinear signal from
NbN at 5 K measured at τ = 0 ps with the broad-band THz pulses (purple, left axis).
The blue dashed curve on the left axis is the power spectrum of the B-pulse. The green
curve on the right axis shows the real part of the optical conductivity at 5 K.

4.2 Application to superconducting NbN

In this section, we present the THz nonlinear response of the conventional dirty-limit
superconductor NbN, investigated using 2D-THz spectroscopy as reported in Ref.
[72]. The experimental data were collected by N. Peter Armitage’s research team,
while the theoretical analysis, including numerical simulations, was conducted in
collaboration with G. Seibold.

The schematic of the experiment is depicted in Fig. 4.7(a). Two intense single-
cycle THz pulses are generated using the tilted-pulse front technique with LiNbO3
[59, 148, 62]. We first performed 2D-THz spectroscopy on NbN (Tc = 14.9 K) using
broadband THz pulses, whose peak E-field did not exceed 3 kV/cm. We measured
the transmitted THz E-fields of two pulses (EA(t, τ), EB(t)) separately, and of both
pulses (EAB(t, τ)) together as shown in Fig. 4.7(b). We swept the delay time τ of
the A-pulse with respect to the arrival of the B-pulse. The E-field of the nonlinear
signal is obtained as ENL(t, τ) = EAB(t, τ) − EA(t, τ) − EB(t), presented in Fig.
4.7(c). We perform a Fourier transform with respect both t and τ . Fig. 4.7(d) shows
the power spectrum of the nonlinear signal at 5 K when τ = 0 ps (the purple curve).
The nonlinear signal exhibits two peaks: one matches twice the SC gap 2∆ identified
in the THz optical conductivity measured at 5 K (the green curve on the right axis),
and the other is located at slightly higher energy than the center frequency of the
B-pulse.

In Fig. 4.8(a), we present the power spectrum of the nonlinear signal at τ = 0 ps
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Figure 4.8. (a) Power spectrum of the nonlinear signal from NbN (Tc = 14.9 K) when
τ = 0 ps at different temperatures with single-cycle THz pulses. The grey dashed
curves denote the fit to the data using a Lorentzian multiplied by the B-pulse power
spectra. The obtained peak energy is presented by the red arrows. (b) The nonlinear
signal in (a) divided by the B-pulse power spectra as a function of temperature. The
obtained peak energy with fitting is shown by the green arrows. The dashed curves are
the fits to the data using a Lorentzian. (c) Peak energy of the nonlinear signal as a
function of temperature obtained by fitting the raw data in (a) (red open squares) and
the normalized data in (b) (green open diamonds). The grey circles are the temperature
dependence of the gap evaluated using the Mattis-Bardeen model.

measured at different temperatures. The peak energy in the nonlinear signal shows
a redshift with increasing temperature. We evaluated the energy of the peak in
two ways. First, we fit the power spectra of the nonlinear signal using the power
spectrum of the B-pulse multiplied by a Lorentzian. The fits reasonably reproduce
the data as presented by the grey dashed curves in Fig. 4.8(a). The extracted peak
energy is plotted as a function of temperature by red open squares in Fig. 4.8(c), in
good agreement with the temperature dependence of 2∆ (the grey circles) as seen in
the linear responses.

We also evaluated the peak energy by normalizing the nonlinear signal spectra
with the B-pulse spectra, as shown in Fig. 4.8(b). While the normalized spectra
display an increasing tendency toward higher frequency below 12 K, peaks are
discerned in the frequency range from 0.3 to 1.4 THz. We fit the normalized
spectrum with a Lorentzian and plot the obtained peak energy as a function of
temperature by green open diamonds in Fig. 4.8(c), consistent with those in the first
procedure. We note that the same result of the peak-energy shift is obtained using
the A-pulse to normalize the nonlinear signal. This direct correspondence between
the peak energy of the nonlinear signal and the SC gap energy was also found in
other NbN samples with different Tc.

To obtain deeper insight into the spectrum of the nonlinear signal, we performed



4.2 Application to superconducting NbN 91

(a) (c)

(b)

2Ω/2π

Ω/2π

1.5

1.0

0.5

0.02
/2

 (T
H

z)

20151050

Tc = 14.9 K

10

8

6

4

2

0
I N

L 
(a

rb
. u

ni
ts

)
20151050

Temperature (K)

Tc

FH

TH
(x 80)

10
-7 
 10

-4 
 10

-1 
 10
2

I N
L 

(a
rb

. u
ni

ts
)

1
2 4 6 8

10
2

E-field (kV/cm)

FH

TH
E

6

1.5

1.0

0.5

0.0I N
L 

(a
rb

. u
ni

ts
)

3.02.01.00.0
Frequency (THz)

FH

TH

5 K
 = 0 ps

Figure 4.9. (a) Power spectrum of the THz nonlinear signal at 5 K measured at τ = 0
ps with narrowband THz pulses. (b) The frequency-integrated intensity of the FH and
TH contributions at 5 K when τ = 0 ps as a function of the B-pulse peak E-field. The
dashed grey curve is the guide to the eye with a slope of 6. (c) Temperature dependence
of the frequency-integrated intensity of the FH (red) and TH (blue) contributions. The
top presents the temperature dependence of 2∆ evaluated from the linear conductivity
as compared to Ω (red) and 2Ω (blue). The solid grey curve is the gap computed by
numerically solving the BCS equation. The black dashed line denotes the temperature
that satisfies Ω = 2∆.

THz 2DCS using narrowband THz pulses with the peak E-field of 3 kV/cm and a
driving angular frequency of Ω = 0.63 THz. Fig. 4.9(a) shows the nonlinear signal
spectra for NbN with Tc = 14.9 K measured at 5 K when τ = 0 ps. The power
spectrum exhibits two peaks at 0.63 THz and 1.9 THz, corresponding to the FH
and third harmonic (TH) contributions, respectively. Both FH and TH intensities
follow E6 as shown in Fig. 4.9(b) up to the THz peak E-field of 10 and 3 kV/cm,
respectively, indicating that both are third-order nonlinear responses. As discussed
in Chapter 1, a monochromatic field is able to generate through a third-order non
linear process signals at Ω and 3Ω. The novelty of this setup as compared to standard
THG experiments discussed in Chapter 1 is the possibility to directly extract the
nonlinear FH contribution by subtracting the EA + EB signal from the EAB one,
thus removing the linear-order contribution.

Fig. 4.9(c) shows the frequency-integrated intensity of the FH and TH signals as
a function of temperature with the multi-cycle THz pulses when τ = 0 ps. Here,
we integrate from 0.3 to 1 THz for the FH signal, and from 1.6 to 2.2 THz for the
TH signal. The temperature dependence of the TH signal is consistent with the
previous reports where it takes its maximum intensity when twice the drive frequency
matches twice the SC gap energy 2∆ (i.e. 2Ω = 2∆) as shown in the top panel
[98, 139, 99, 128], see for comparison Fig. 1.1. By contrast, the FH signal displays a
resonant enhancement when the driving frequency matches 2∆ (i.e. Ω = 2∆).
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4.2.1 Numerical simulations and phenomenological theory

To clarify the experimental observations, we analyze the different nonlinear processes
following the diagrammatic approach presented in the chapters above and published
in previous work [20, 130, 140, 123]. We recall that nonlinear processes in the
superconducting state can be obtained by combining the diamagnetic (quadratic) and
paramagnetic (linear) couplings between electronic excitation and the electromagnetic
field, as reported in Eq. 1.27 and in Section 1.4. In the diagrammatic representation,
the former is represented as a density-like electronic vertex with two-photon lines
attached, while the latter appears as current-like electronic vertex with a single-
photon line. We recall that the third-order nonlinear current is expressed as

JNL(ω) =
∫
dωiK(ω1, ω2, ω3)A(ω1)A(ω2)A(ω3)δ(ω − ω1 − ω2 − ω3), (4.20)

where A(ω) denotes the gauge field. When an incoming monochromatic field A(ω) =
A0 [δ(ω − Ω) + δ(ω + Ω)] is considered, the previous expression reads more simply,

JNL(ω) = δ(ω − Ω)[K(Ω,Ω,−Ω) +K(Ω,−Ω,Ω) +K(−Ω,Ω,Ω)]A3
0

+ δ(ω − 3Ω)K(Ω,Ω,Ω)A3
0 + (Ω → −Ω),

(4.21)

which predicts the generation of two harmonics at frequencies Ω and 3Ω, both of
which can be accessed by the technique described above and controlled by different
combinations of frequencies entering the nonlinear kernel. As recalled in Chapter
1, the general expression Eq. 4.20 for a clean superconductor is greatly simplified
because only a diamagnetic, Raman-like density interaction between fermions and
gauge fields is allowed. The relevant diagram is shown for convenience in Fig. 4.10(a).
Accordingly, one has only two-photon vertices and Eq. 4.20 becomes

Jdia
NL(ω) =

∫
dωiK

dia(ω1 + ω2)A(ω1)A(ω2)A(ω3)δ(ω − ω1 − ω2 − ω3)

=
∫
dω′Kdia(ω′)A(ω − ω′)A(2)(ω′),

(4.22)

having denoted
A(2)(ω) ≡

∫
dω′A(ω′)A(ω − ω′). (4.23)

Here, the only possible maxima in the nonlinear current occurs when the sum of two
incoming photon frequencies match the energy at which the kernel is enhanced, i.e.,
for a superconductor ω1 +ω2 = 2∆. In the case of monochromatic incident pulses at
frequency Ω, this condition is satisfied when 2Ω = 2∆, at which both the FH and
TH responses are expected to be enhanced. By contrast, in our experiments, the
nonlinear FH response in the disordered NbN is enhanced at Ω = 2∆, indicating
that the diamagnetic process cannot account for the observations presented above,
leading us to consider other processes.

In the presence of disorder, coupling via paramagnetic current-like processes
are also allowed, which includes both self-energy and vertex corrections induced by
scattering with impurities. In previous theoretical works [123, 14, 140, 130], it has
been shown that the most important contribution to the nonlinear current comes
from the diagram on the left in Fig. 4.10 (b), where one has to retain the full generic
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Figure 4.10. Diagrams that contribute to the purely BCS part of the nonlinear kernel.
In the clean case (a), Kdia is the only important process, involving two diamagnetic
interactions (grey bullets). This produces a response that explicitly depends only on the
sum of two incoming photons (red wavy lines) entering a convolution of two fermionic
propagators (black lines) G(k, ω) where ω and k are the frequency and momentum,
respectively, of the electronic Green’s function, over which one integrates. In the
disordered case (b), the paramagnetic process Kpara dominates the nonlinear response,
with four current-like vertices (white bullets) connecting four electron propagators and
four-photon lines. In this case, one has different combinations of the external frequencies
entering the fermionic propagators, which are convoluted. The grey-shaded area inside
the bubble represents the self-energy and vertex corrections induced by impurities. The
full frequency structure of Kpara on the left is mapped through Eq. 4.26 into the sum of
the three effective Kubo-like susceptibilities on the right.
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TH FH

Kdia Ω = ∆ Ω = ∆
Kpara Ω = 2∆/3,∆, 2∆ Ω = ∆, 2∆

Table 4.1. Summary of the possible enhancements of the first and third harmonic signals
allowed by the diamagnetic and paramagnetic kernels reported in the text and observed
in the numerical simulations.

expression in Eq. 4.20, plus vertex corrections induced by amplitude and phase
fluctuations, which dominate the signal at high disorder levels. By examining the
structure of this diagram in the Lehmann representation, as done e.g. in Ref. [116],
we can rewrite the nonlinear kernel in the form of Kpara(ω1, ω1 + ω2, ω1 + ω2 + ω3),
leading to

Jpara
NL (ω) =

∫
dωiK

para(ω1, ω1+ω2, ω1+ω2+ω3)A(ω1)A(ω2)A(ω3)δ(ω−ω1−ω2−ω3).
(4.24)

From Eq. 4.24, one can find that for a monochromatic field with frequency Ω, the
paramagnetic nonlinear current can in principle display resonances whenever any of
the three combinations of external frequencies running into the fermionic kernel in
Kpara match 2∆. Importantly, the resonances at Ω = 2∆/3 and Ω = 2∆ in the TH
component and at Ω = 2∆ in the FH component are unique to the paramagnetic
process. In particular, the resonance of the FH paramagnetic contribution at Ω = 2∆
coincides with our experimental observation, demonstrating that the observed FH
nonlinear signal stems from paramagnetic processes.

Having established the theoretical framework, we simulated the time evolution
of an attractive Hubbard model with local disorder

H = −t
∑
⟨ij⟩

c†
i,σcj,σ − |U |

∑
i

ni,↑ni,↓ +
∑
i,σ

Vini,σ . (4.25)

Here, the first term describes the hopping of charge carriers between nearest neighbors,
the second term is the on-site attractive interaction, and the last term introduces
disorder via a site-dependent potential.The latter is taken from a flat distribution
with −V0 ≤ Vi ≤ +V0. In addition, we coupled a monochromatic gauge field to
Eq. 4.25 via the Peierls substitution and solved the model by evaluating the time-
dependent Bogoliubov-De Gennes equations. Nonlinear FH and TH components of
the nonlinear current were then computed from the resulting time-dependent density
matrix. Results presented here were obtained for a 16 × 16 square lattice at zero
temperature with charge carrier concentration and attractive interaction fixed to
n = 0.5 and U/t = 2, respectively. The strength of the impurity potential V0/t is
converted to the dimensionless parameter kF l where kF is the Fermi wave vector
and l is the electronic mean free path. The details of the numerical implementation
are described in previous works [123, 122, 14]. In the numerical simulations, we can
separately evaluate the nonlinear current, which arises from only BCS quasiparticle
excitations and that which also includes the amplitude mode, by constraining the
time-dependence of the SC order parameter in the density matrix or not. In order to
confirm the dependence of the results on the strength of the disorder, we performed
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Figure 4.11. (a-d) The nonlinear current amplitude |JNL(Ω)| for the TH components as a
function of the driving frequency Ω normalized by the SC gap ∆, for kF l values of (a) 3,
(b) 6, (c) 10, and (d) 30, respectively. The BCS contribution and the sum of the BCS
and amplitude-mode (AM) contributions are denoted by the dashed and solid curves,
respectively. (e-h) The same plots as (a-d), but for the FH components.

simulations for several disorder levels. Since we used the NbN samples with Tc = 14.9
K, 12.5 K, and 9.1 K, we chose kF l = 3, 6, and 10 in the numerical simulations [22].
To further confirm the robustness of the amplitude-mode predominance at Ω = 2∆,
we also performed the numerical simulation for kF l = 30.

We present the numerical results of the TH and FH nonlinear current amplitudes
for different kF l in Fig. 4.11(a-d) and (e-h), respectively. The corresponding TH and
FH nonlinear current intensities for kF l = 10 are shown in Fig. 4.14(a) and (b) above,
respectively. We find that (i) the nonlinear FH spectra hosts peaks at Ω = ∆ and
Ω = 2∆ and (ii) the TH contribution is peaked at Ω = 2∆/3, Ω = ∆ and Ω = 2∆,
see Table 4.1. Remarkably, the Ω = 2∆ resonance for the FH response is strongly
enhanced by the amplitude mode regardless of the disorder level. In the following we
will propose a theoretical explanation for this enhancement based on a perturbative
treatment of disorder, for the moment we remark that these numerical results reveal
that the experimentally observed resonance at Ω = 2∆ in the FH nonlinear signal
can be attributed to the amplitude mode in the entire investigated disorder range.
In contrast, the other resonances are strongly influenced by the disorder level. For
instance, Fig. 4.11(a)-(c) show that the amplitude-mode contribution at Ω = ∆ in
the TH increases going from the kF l = 30 case to the more disordered kF l = 3 case,
in agreement with the previous works [130, 123, 140].

In order to compute the spectral features at finite temperatures and for an
arbitrary pulse shape, we modeled the nonlinear kernel as the sum of three Lorentzian
functions as

Kpara(ω1, ω1 +ω2, ω1 +ω2 +ω3) = α(1)L(ω1)+α(2)L(ω1 +ω2)+α(3)L(ω1 +ω2 +ω3),
(4.26)
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Figure 4.12. Diagrams contributing to the nonlinear kernel Eq. 4.26, with each row
weighted by the corresponding α(i). In the model, we effectively approximate both BCS
and amplitude-mode contributions (first and second columns, respectively) as Lorentzian
propagators at energy 2∆.

where α(i) is the weight for each contribution and

L(ω) = ∆(T )2

(ω + iδ)2 − 4∆(T )2 , (4.27)

is a Lorentzian function peaked at 2∆, i.e. the characteristic energy scale of both
BCS and amplitude-mode contributions. In order to include the finite temperature
effect, we included in the Lorentzian by the factor ∆(T )2, such that the kernel softens
approaching Tc and mimics the temperature evolution of the nonlinear response in
the clean case [20].

The kernel in Eq. 4.26 approximates the possible diagrammatic contributions to
the nonlinear current shown in Fig. 4.12, which is the minimal model to account for
the numerically observed positions of the resonances. It should be stressed that the
diagrams of Fig. 4.12 must be interpreted as a mapping of the real paramagnetic
diagram of Fig. 4.10 into effective Kubo-like diagrams, leading each one to a specific
resonant combination of the incoming frequencies, in such a way that the resulting
resonance is at the position foreseen by the numerical simulation. With this in mind,
the three processes lead to

J
(1)
NL(ω) = 3α(1)

∫
dω′A(ω′)A(2)(ω − ω′)L(ω′), (4.28)

J
(2)
NL(ω) = 3α(2)

∫
dω′A(ω − ω′)A(2)(ω′)L(ω′), (4.29)

J
(3)
NL(ω) = α(3)L(ω)

∫
dω′A(ω′)A(2)(ω − ω′). (4.30)

We find that here J
(2)
NL(ω) has the same frequency dependence as diamagnetic

processes, which have an intrinsic Kubo-like nature. One can now fit the parameters
α(i) by plugging Eq. 4.26 into the general expression Eq. 4.24 for monochromatic
fields centered at Ω. The FH nonlinear current can be written as

JNL(Ω) = α(1)[2L(Ω) + L(−Ω)] + α(2)[2L(0) + L(2Ω)] + 3α(3)L(Ω), (4.31)
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Figure 4.13. (a) Fitting to the numerical simulated amplitude of the TH nonlinear response
as a function of the driving frequency Ω using Eq. 4.32. The (b) The FH nonlinear
response computed by Eq. 4.31 with the weights α(i) obtained from the fitting in (a).
Here, the disorder level is kF l = 10.

where we take into account the combinatorial prefactors, which stem from the
different ways of choosing the arguments of the L functions among two positive Ω
and one negative Ω frequencies to get an overall FH signal. Similarly, we can express
the TH nonlinear current as

JNL(3Ω) = α(1)L(Ω) + α(2)L(2Ω) + α(3)L(3Ω). (4.32)

We determined the weights α(i) in Eq. 4.31 and 4.32 by fitting the exact numerical
results for the BCS and amplitude-mode contributions (kF l = 6) with Eq. 4.32. In
Fig. 4.13(a), we compare the numerical results for the TH nonlinear current with the
fit using Eq. 4.32, while Fig. 4.13(b) shows the FH nonlinear current calculated by Eq.
4.31 with the same α(i) fitted on the TH, compared with the corresponding numerical
simulation. Despite the simplification of the model in Eq. 4.26, the previous relations
qualitatively reproduce the numerical results for both the FH and TH.

With this model at hand we proceed to compute the temperature dependence
of the FH and TH signals. We employed an incoming pulse with a Gaussian
spectrum E(t) = E0e

−t2/(2τ2) cos(Ωt) with Ω = 0.63 THz, the frequency of the
experimental band-pass filter, and τ ∼ 3 ps. We modeled the scaling in temperature
of the superconducting gap amplitude as in the experiments, with 2∆(0) = 1.2
THz fitted from the optical conductivity at 5 K. The TH and FH intensities are
proportional to |JNL(Ω)|2 and |JNL(3Ω)|2 respectively, evaluated through Eq. 4.26
keeping a finite broadening δ = 0.12 THz. Fig. 4.14(a) compares the numerical
results with the experimental data appropriately normalized by the incoming THz
E-field for the FH and TH components, as prescribed in Eq. 1.62. The calculated
result for the FH component displays a substantial agreement with experiments,
indicating that the FH signal stems from the amplitude-mode contribution at Ω = 2∆
mediated by the paramagnetic processes. The numerical result for the TH component
displays a monotonic increase when the temperature is lowered, consistent with the
experimental data. The increase in the TH intensity toward the lower temperature
is due to the resonance of Ω = ∆ around at very low temperature, which is likely
dominated by the amplitude mode in the high disorder level relevant for NbN. To
check the internal consistency of our approach, we further simulate the nonlinear
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Figure 4.14. (a) Comparison between the experimental data (open circles) and the
theoretical results (solid curves) for the temperature dependence of the FH (red) and TH
(blue). The temperature T is normalized by Tc. To remove the temperature-dependent
screening effects, the experimental nonlinear signal intensity (|ENL|2) is normalized by
the internal B-pulse E-field (E6

B). The theoretical results correspond to the nonlinear
current intensity |JNL|2 at the driving frequency of 0.63 THz for a E-field constant
in temperature.(b) The nonlinear current simulated using the broadband THz pulses.
The black dashed curve shows the intensity of the driving THz E-field, obtained by
simulating the experimental THz B-pulse.

current driven by broadband THz pulses. Fig. 4.14(b) presents the nonlinear current
induced by the broad-band THz pulses for 2∆ = 1.2 THz, using the incoming pulse
in the experiment. The computed nonlinear current exhibits three peaks at Ω = 0.63
THz, 2∆ = 1.2 THz, and 3Ω = 1.9 THz, qualitatively reproducing the experimental
observation in Fig. 4.7(b).

4.2.2 Analysis of the 2D-THz spectra

In the previous discussion we mainly focused on the information which can be
extracted by analysing the τ = 0 signal from the 2D-THz setup, which was used to
access the non-linearly generated FH component in the narrowband measurements
and the full JNL(ω) for the broadband ones. Here we show how one can disentangle
the various nonlinear optical processes that contribute to the full τ−dependent
response, each of which can give different information about excitations and their
lifetimes. When two narrowband pulses are employed, the different contributions can
be easily mapped onto the 2D spectrum in the space of (ωt, ωτ ) using the so-called
frequency-vector scheme [149, 94], as we have already analyzed in the previous
chapter.

To check the difference between pump-probe experiments and 2D-THz response,
we then performed measurements of the NbN sample (Tc = 14.9 K) at 5 K using
narrow-band (centered at Ω = 0.63 THz) and broad-band THz pulses for A and B
pulses, respectively. This is essentially the same situation as conventional pump-
probe experiments in Ref. [98, 97], except for the slightly more intense probe B
E-field of 3 kV/cm. Fig. 4.15(a) and (b) show the time traces of the A and B
pulses together (EAB(t, τ)) and the nonlinear signal (ENL(t, τ)) transmitted after
the sample as a function of the sampling time t and the delay time τ . In Fig. 4.15(c),
we present the nonlinear signal as a function of τ with the sampling time fixed at
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Figure 4.15. (a) Time traces of the narrow-band A and broad-band B pulses together
(EAB(t, τ)) transmitted through the NbN sample (Tc = 14.9 K) at 5 K as a function of
the sampling time t and the delay time τ . (b) The same plot as (a) but for the nonlinear
signal (ENL(t, τ)). (c) Nonlinear signal as a function of τ measured at t = 0.66 ps
(denoted by dashed vertical line in (b)). The red dashed curve shows the time trace of
the A-pulse. (d) 2D power spectra of the nonlinear signal measured in (c) for τ ≥ 0 ps
(the AB pulse sequence).

t = 0.66 ps together with the narrow-band A-pulse. Importantly, the nonlinear
signal oscillates following the A-pulse, indicating the presence of the Ω-oscillatory
component, which is not discerned in strong pump-weak probe setups. This is
clearly seen in the 2D power spectra of the nonlinear signal for τ ≥ 0 ps displayed
in Fig. 4.15(d). One can find peaks at ωτ = 2Ω, Ω, 0, and −Ω, corresponding to the
two-quantum, non-rephasing, pump-probe, and rephasing responses, respectively, as
expected from the general consideration of the frequency-vector scheme.

We now analyse the 2D spectra when two THz pulses are broadband in light
of the theoretical framework exposed above, which helps to understand where our
approach necessarily needs refinement. The measurements can be reproduced by
a phenomenological model which assumes two third-order nonlinear processes: (i)
a coherent part associated with the effective nonlinear kernel due to quasiparticle
and amplitude mode, given by the sum of Eq. 4.28, Eq. 4.29 and Eq. 4.30, (ii) an
incoherent response modeled as the diamagnetic-like process in Eq. 4.29 with central
resonance at zero frequency, which we assign to out-of-equilibrium quasiparticle
recombination. The procedure to get the 2D-THz map from these expressions follows
the steps presented in the Chapter 3, i.e. we replace A(ω) → A(ω)(1+e−iωτ ), keeping
as A(ω) the spectrum of the transmitted broadband THz field, in the kernels recalled
above. We show in Fig. 4.16(a) the experimental 2D power spectra of the nonlinear
signal, together with the simulation in Fig. 4.16(b). While the intensities of some
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Figure 4.17. The THz 2D data for the A and B peak E-fields of 72 and 82 kV/cm. (a)
Time traces of the A and B pulses together (EAB(t, τ)) transmitted after the NbN
sample (Tc = 14.9 K) at 5 K as a function of the sampling time t and the delay time τ .
(b) The same plot as (a) but for the nonlinear signal ENL(t, τ). (c) 2D power spectra of
the nonlinear signal shown in (b).

peaks are different, the positions and shapes of the peaks are reasonably reproduced.
Finally, we present the THz 2D spectra measured with the maximum A and B

peak E-fields of 72 and 82 kV/cm, in Fig. 4.17(a) and (b), which show EAB(t, τ) and
ENL(t, τ), respectively. When compared to Fig. 4.7(d) where A and B peak E-fields
are 3 kV/cm, this high-field case displays prominent long-lasting oscillations, one
along the τ direction for τ ≥ 0 ps and the other along the anti-diagonal direction
for τ < 0 ps. Accordingly, the power spectrum of ENL(t, τ) in Fig. 4.17(c) displays
streaks along fτ = 0 and fτ = ft, as also measured by another group using extremely
intense pulses [92], while losing all the coherent contribution (i) described above. If
one wanted to reproduce with a minimal model the latter observation, we would
again use the incoherent diamagnetic-like process (ii), which producess stripes as
we showed in Fig. 3.8a in Chapter 3, with the resonance frequency centered at zero.
At such high fields, then, our approach should necessarily be expanded in order to
include beyond-equilibrium effects at a microscopic level.
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+Ω!

+Ω!−Ω!

Figure 4.18. The relevant diagram contributing to the enhancement of the amplitude mode
contribution to the non-linearly generated first harmonic current by a monochromatic
incoming field (wavy lines) centered at ±ΩP . Left and right polarization bubbles need
to be calculated by effectively including disorder. The intermediate Higgs propagator
(dashed line) is read out at zero frequency.

4.2.3 Analytical estimate of the amplitude-mode contribution to
the FH

In the rest of the chapter we want to provide some analytical insight to justify the
numerical observation reported in the previous section regarding the enhancement
of the amplitude-mode contribution to the non-linearly generated first harmonic
current. Indeed, an in-depth analysis of the time-dependent results simulated on
the finite-size system allowed us to isolate the all important process providing the
biggest contribution to the response mentioned above, shown in Fig. 4.18. As
discussed in early works by Gorkov and Eliashberg [54, 55, 35], the process that
we are considering here is actually the one giving birth to the so-called Eliashberg
effect, namely a modification of the value of the order parameter upon irradiation
with an electromagnetic field. As discussed in Ref. [29] through the quasiclassical
formalism [76], the Eliashberg effect can provide relevant corrections to the linear
conductivity of the system. Here we will show that this effect is also connected to the
enhancement of the first harmonic of the gauge field. In particular, we will report
here a calculation of the Eliashberg effect by means of the effective-action formalism
in Matsubara frequency representation, which we then extend to real frequencies
using the standard analytical continuation prescription [54, 76], reproducing a result
which is fully equivalent to the one obtained through the Keldysh techinque in Ref.
[29] but valid at various disorder level γ/(2∆).

We start by building the contribution to the nonlinear response due to the
intermediate Higgs propagator in Fig. 4.18 at general incoming frequencies, which
will give rise to the Eliashberg effect when the amplitude fluctuations δ∆ are evaluated
at zero frequency. We collect in the effective action for the Hubbard-Stratonovich
fields and the gauge field the relevant terms involving the amplitude channel, which
reads in a sketchy expression

S[A,∆] =
∑

iΩ1,iΩ2

χ001(iΩ1, iΩ12)A(iΩ1)A(iΩ2)δ∆(−iΩ12)

+
∑
iΩ

( 1
U

+ χ11(iΩ)
)

|δ∆(iΩ)|2.
(4.33)
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The first term describes the coupling at second order between the gauge field A via
paramagnetic insertions, mediated by σ0, and the amplitude fluctuation δ∆ of the
order parameter, mediated by σ1. Here χ001 then encodes the Higgs-light coupling,
and the subscripts denote insertion of the corresponding σ0 or σ1 Pauli matrices.
The second term instead reproduces the RPA-level resummation of the interaction U ,
which gives rise to the well-known amplitude mode [20]. For instance, introducing
the shorthand notation iΩ12 = iΩ1 + iΩ2, one has in the clean limit

χ001(iΩ1, iΩ2) =
∑
iωn,k

(
∂ξk
∂k

)2
Tr [G(iωn + iΩ1,k)G(iωn + iΩ12,k)σ1G(iωn,k)],

(4.34)
which is exactly zero [20]. The expression, as we will see, can be nonetheless gener-
alized to the disordered case, where it becomes instead relevant. After integration of
the amplitude fluctuations in Eq. 4.33, we obtain the fourth order term in the gauge
field which contributes to the nonlinear first harmonic. Defining as usual the inverse
Higgs propagator [20] as

χ∆∆ = 1
U

+ χ11(iΩ), (4.35)

the action reads

S[A4] =
∑

iΩ1,iΩ2,iΩ3

χ001(iΩ1, iΩ2)χ001(iΩ3,−iΩ123)χ−1
∆∆(iΩ12)×

×A(iΩ1)A(iΩ2)A(iΩ3)A(−iΩ123).
(4.36)

In Fig. 4.19a and 4.19b we show in more detail the structure of the two diagrams
χ001(iΩ1, iΩ2) and χ001(iΩ3,−iΩ123), respectively. As we will discuss below, even
though the two diagrams look similar in Matsubara formalism, the analytical contin-
uation to real frequencies will lead to different results. This has to do with the fact
that the A and ∆ insertions in the bubble play different roles as perturbation and
detection fields.

After analytical continuation to real frequencies, the nonlinear current due to
the Higgs contribution reads

J (3)(Ω) =
∫

[dΩi]χL001(Ω1,Ω2)χR001(Ω3,−Ω)χ−1
∆∆(Ω12)A(Ω1)A(Ω2)A(Ω3)δ(Ω−Ω123),

(4.37)
where we denoted with apices L and R the crucially different functions obtained
from the analytical contituations of the two diagrams in Fig. 4.19a and 4.19b,
respectively. In presence of a monochromatic field at frequency ΩP , i.e. A(Ω) =
AP δ(Ω−ΩP )+A∗

P δ(Ω+ΩP ), we will show that the left part of the diagram is related
to the the Eliashberg effect, i.e. to a finite value of the time-averaged, zero-frequency
fluctuation of the order parameter, reading

⟨δ∆(0)⟩ΩP
≡ χL001(ΩP ,−ΩP )χ−1

∆∆(0)|AP |2. (4.38)

The Eliashberg effect will give a signature in the non-linearly generated first harmonic
current thanks to its connection to the right side of the diagram, that we will show to
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(a) Left part of the relevant diagram for
the excitation of the amplitude mode,
χ001(iΩ1, iΩ2).
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(b) Right part of the relevant diagram for
the excitation of the amplitude mode,
χ001(iΩ3,−iΩ123).

Figure 4.19. The Feynman diagrams determining the contribution of the amplitude fluctu-
ations to the nonlinear response. Filled dots represent σ0 vertices for the paramagnetic
light-matter interaction, photons are represented as wavy lines; crossed dots represent
σ1 vertices for the interaction with the amplitude mode (dashed line).

be equivalent to the derivative of the current-current response χ00(ΩP ) with respect
to the order parameter, namely

J (3)(ΩP ) = χR001(ΩP ,−ΩP )⟨δ∆(0)⟩ΩP
AP = ∂χ00(ΩP )

∂∆ ⟨δ∆(0)⟩ΩP
AP . (4.39)

In order to show explicitly these results we need to compute the χ001 functions
when disorder is present. Before proceeding with this computation, we briefly recall
the procedure within the context of the linear conductivity, which leads to the
well-known expressions deduced by Mattis and Bardeen [100]. The corresponsing
results will also be needed to prove the relation in Eq. 4.39 above.

4.2.4 Linear response in presence of disorder

Let us begin from the procedure to obtain the Mattis-Bardeen [100] expression for
the long-wavelength current-current response function χ00(|q| = 0, iΩ). In the clean
limit this would read

χ00(iΩ) =
∑
iωn,k

(
∂ξk
∂k

)2
Tr [G(iωn,k)G(iωn + iΩ,k)], (4.40)

where the matrix Green function is as always G(iωn,k) = (iωnσ0 + ξkσ3 − ∆σ1)−1,
see Fig. 4.20a. In presence of disorder the momentum k is not anymore a good
quantum number, and one should in principle revert to the following expression

χ00(iΩ) =
∑
αβ

∑
iωn

v2
αβ Tr [Gα(iωn)Gβ(iωn + iΩ)], (4.41)

where now α labels the set of new eigenstates obtained by diagonalizing the
Bogoliubov-De Gennes hamiltonian [47] and vαβ is the matrix element of the velocity
operator associated with the paramagnetic-like coupling. If one remains in the limit
of validity of Anderson’s theorem [6], one can show that the new Green function still
retains the form Gα(iωn) = (iωnσ0 + ξασ3 − ∆σ1)−1, where ξα is now the eigenvalue
associated with the eigenstate α of the hamiltonian which includes the disorder
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potential but without the pairing interaction, i.e. in the disordered normal state.
One can then rewrite

χ00(iΩ) =
∑
iωn

∫
dξdξ′Wγ(ξ, ξ′) Tr

[
G(iωn, ξ)G(iωn + iΩ, ξ′)

]
, (4.42)

where we define
Wγ(ξ, ξ′) =

∑
αβ

v2
αβδ(ξ − ξα)δ(ξ′ − ξβ). (4.43)

Now, one is left with the problem of finding the function Wγ(ξ, ξ′), which depends
on matrix elements vαβ. It is important to notice that in this approximation one
can immediately extend the result derived for a dirty metal to the case of a dirty
superconductor, that was indeed the original viewpoint adopted in Mattis and
Bardeen’s work [100]. For a detailed discussion regarding the function W (ξ, ξ′) we
then refer to the above mentioned work or to Ref. [105], we just mention the result

Wγ(ξ, ξ′) ∼ v2
F

γ

(ξ − ξ′)2 + γ2 , (4.44)

which can be understood if one thinks that disorder mixes up momentum eigenstates,
that are used to define the current operator from the kinetic part of the non-
interacting hamiltonian, within an energy shell of width γ = vF l, with l the mean
free path, around the Fermi surface. In the strong disorder limit γ ≫ ∆, one
can actually replace W (ξ, ξ′) with a constant and extend the integral over ξ, ξ′

across the whole energy range. This procedure is actually equivalent to completely
relax momentum conservation between the two electronic propagators entering the
current-current response in the clean-limit expression, separately integrating over
different momenta in the two Green’s functions, as described in Mahan’s book [93].
Since one has∫

dξ G(iωn, ξ) =
∫
dξ
iωnσ0 − ξσ3 + ∆σ1
(iωn)2 − ξ2 − ∆2 = −π iωnσ0 + ∆σ1√

∆2 − (iωn)2 , (4.45)

then the current-current response reads, omitting overall vF , NF factors that are
not relevant for the present discussion,

χ00(iΩ) =
∑
iωn

Tr
[
iωnσ0 + ∆σ1√

∆2 − (iωn)2
(iωn + iΩ)σ0 + ∆σ1√

∆2 − (iωn + iΩ)2

]

=
∑
iωn

iωn(iωn + iΩ) + ∆2√
∆2 − (iωn)2

√
∆2 − (iωn + iΩ)2 .

(4.46)

We now need to compute the Matsubara summation and perform the analytical
continuation to real frequency. The sum over the Matsubara frequency is transformed
into an integral in the complex plane over the contour C depicted in Fig. 4.20b as
follows [76, 1]

χ00(iΩ) = 1
2πi

∫
C
dz n(z) z(z + iΩ) + ∆2

√
∆2 − z2

√
∆2 − (z + iΩ)2

, (4.47)



4.2 Application to superconducting NbN 105

𝐺!(𝑖𝜔)

𝐺"(𝑖𝜔 + 𝑖Ω)
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(a) Diagram for the current-current response
function χ00(iΩ). Filled dots represent σ0
vertices for the paramagnetic light-matter
interaction, photons are represented as
wavy lines.

(b) The sum over resides at iωn in Eq. 4.46
is transformed in the integration over the
contour C, composed by the four pieces
CI ,CII ,CIII ,CIV chosen to circumvent the
branch cuts (red lines).

Figure 4.20. The current-current response χ00 in Matsubara frequency space (left) and its
analytical structure when it is continued to the complex-frequency plane (right).

where we denoted as n(z) the Fermi function. The contour C is chosen to circumvent
the branch cuts of the square roots at the denominator, which are located along the
lines Im(z) = 0 and Im(z) = −Ω in the interval |Re(z)| > ∆. The four pieces read,
using n(ϵ+ iΩ) = n(ϵ),∫

CI
dz (· · · ) =

∫ +∞

−∞
dϵ n(ϵ) (ϵ+ iη)(ϵ+ iΩ) + ∆2√

∆2 − (ϵ+ iη)2
√

∆2 − (ϵ+ iΩ)2 (4.48)

∫
CII

dz (· · · ) = −
∫ +∞

−∞
dϵ n(ϵ) (ϵ− iη)(ϵ+ iΩ) + ∆2√

∆2 − (ϵ− iη)2
√

∆2 − (ϵ+ iΩ)2 (4.49)

∫
CIII

dz (· · · ) =
∫ +∞

−∞
dϵ n(ϵ) (ϵ− iΩ)(ϵ+ iη) + ∆2√

∆2 − (ϵ− iΩ)2
√

∆2 − (ϵ+ iη)2 (4.50)

∫
CIV

dz (· · · ) = −
∫ +∞

−∞
dϵ n(ϵ) (ϵ− iΩ)(ϵ− iη) + ∆2√

∆2 − (ϵ− iΩ)2
√

∆2 − (ϵ− iη)2 (4.51)

where η, lifting the contour above and below the branch cuts, can be interpreted
as the Dynes parameter [34]. The analytical continuation can be then immediately
performed, with special attention to the sign of iη in the pieces CII and CIII in order
to select the correct branch of the square root shifted by iΩ. One obtains∫

CI
dz (· · · ) =

∫ +∞

−∞
dϵ n(ϵ) (ϵ+ iη)(ϵ+ Ω + iη) + ∆2√

∆2 − (ϵ+ iη)2
√

∆2 − (ϵ+ Ω + iη)2

≡
∫ +∞

−∞
dϵ n(ϵ)

(
gRϵ g

R
ϵ+Ω + fRϵ f

R
ϵ+Ω

) (4.52)

∫
CII

dz (· · · ) = −
∫ +∞

−∞
dϵ n(ϵ) (ϵ− iη)(ϵ+ Ω + iη) + ∆2√

∆2 − (ϵ− iη)2
√

∆2 − (ϵ+ Ω + iη)2

≡ −
∫ +∞

−∞
dϵ n(ϵ)

(
gAϵ g

R
ϵ+Ω + fAϵ f

R
ϵ+Ω

) (4.53)
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∫
CIII

dz (· · · ) =
∫ +∞

−∞
dϵ n(ϵ) (ϵ− Ω − iη)(ϵ+ iη) + ∆2√

∆2 − (ϵ− Ω − iη)2
√

∆2 − (ϵ+ iη)2

≡
∫ +∞

−∞
dϵ n(ϵ+ Ω)

(
gAϵ g

R
ϵ+Ω + fAϵ f

R
ϵ+Ω

) (4.54)

∫
CIV

dz (· · · ) = −
∫ +∞

−∞
dϵ n(ϵ) (ϵ− Ω − iη)(ϵ− iη) + ∆2√

∆2 − (ϵ− Ω − iη)2
√

∆2 − (ϵ− iη)2

≡ −
∫ +∞

−∞
dϵ n(ϵ+ Ω)

(
gAϵ g

A
ϵ+Ω + fAϵ f

A
ϵ+Ω

) (4.55)

Here we defined the functions

gR,Aϵ = ϵ± iη

ζR,Aϵ

= ϵ± iη√
∆2 − (ϵ± iη)2 , (4.56)

and
fR,Aϵ = ∆

ζR,Aϵ

= ∆√
∆2 − (ϵ± iη)2 , (4.57)

which are related to the normal and anomalous part of the Green’s function in the
superconducting state [29, 76]. Since the relations gR,A−ϵ = −gA,Rϵ and fR,A−ϵ = fA,Rϵ

hold, one can rewrite the χ00(Ω) as

χ00(Ω) = 1
4πi

∫ +∞

−∞
dϵ
[
tanh (βϵ/2)

(
gRϵ g

R
ϵ+Ω + fRϵ f

R
ϵ+Ω

)
− tanh (β(ϵ+ Ω)/2)

(
gAϵ g

A
ϵ+Ω + fAϵ f

A
ϵ+Ω

)
+ (tanh (β(ϵ+ Ω)/2) − tanh (βϵ/2))

(
gAϵ g

R
ϵ+Ω + fAϵ f

R
ϵ+Ω

)]
,

(4.58)

which coincide with the usual Mattis-Bardeen expressions when the limit η → 0 is
taken, where the following relations hold

gRϵ = i|ϵ|√
ϵ2 − ∆2

θ(|ϵ| − ∆) + ϵ√
∆2 − ϵ2

θ(∆ − |ϵ|) (4.59)

fRϵ = i∆sgn(ϵ)√
ϵ2 − ∆2

θ(|ϵ| − ∆) + ∆√
∆2 − ϵ2

θ(∆ − |ϵ|) (4.60)

and corresponding ones for gAϵ and fAϵ . One gets the analytical expressions for the
conductivity in the superconducting state σsc obtained by Mattis and Bardeen at
T = 0 [100], that read, defining the normal state conductivity as σN = ne2/(mγ),

σ′
sc

σN
= θ(ω − 2∆)

[(
1 + 2∆

ω

)
E

(
ω − 2∆
ω + 2∆

)
− 4∆

ω
K

(
ω − 2∆
ω + 2∆

)]
, (4.61)

and

σ′′
sc

σN
= 1

2

(1 + 2∆
ω

)
E

√1 −
(
ω − 2∆
ω + 2∆

)2


+
(2∆
ω

− 1
)
K

√1 −
(
ω − 2∆
ω + 2∆

)2
 .

(4.62)
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Here K(k) is the complete elliptic integral of the first kind

K(k) =
∫ π

2

0

1√
1 − k2 sin2 θ

dθ, (4.63)

while E(k) is the complete elliptic integral of the second kind

E(k) =
∫ π

2

0

√
1 − k2 sin2 θ dθ. (4.64)

If one keeps the full frequency dependence of the function Wγ(ξ, ξ′) in Eq. 4.42
it is possible to obtain the expression for the linear conductivity valid at arbtrary
γ/(2∆) value, see Zimmermann [156]. One has, omitting overall vF , NF factors,

χ00(iΩ) =
∑
iωn

∫
dξdξ′Wγ(ξ, ξ′)×

× Tr
[
iωnσ0 − ξσ3 + ∆σ1
(iωn)2 − ξ2 − ∆2

(iωn + iΩ)σ0 − ξ′σ3 + ∆σ1

(iωn + iΩ)2 − ξ′2 − ∆2

]
.

(4.65)

By residues one can show that∫
dξdξ′Wγ(ξ, ξ′) 1

ξ2 + α2
1

ξ′2 + β2 = π2

αβ(α+ β + γ) (4.66)

∫
dξdξ′Wγ(ξ, ξ′) ξ

ξ2 + α2
ξ′

ξ′2 + β2 = π2

α+ β + γ
, (4.67)

which can be used to obtain the resulting current-current response in Matsubara
representation as

χ00(iΩ) =
∑
iωn

(
iωn(iωn + iΩ) + ∆2√

∆2 − (iωn)2
√

∆2 − (iωn + iΩ)2 + 1
)

×

× 1√
∆2 − (iωn)2 +

√
∆2 − (iωn + iΩ)2 + γ

.

(4.68)

The analytical continuation proceeds from now on following the same steps presented
before.

4.2.5 Evaluation of the χL001 diagram - Eliashberg effect

We now move towards the evaluation of the χ001 diagram in presence of disorder,
reamining in the same framework that we have recalled for the calculation of the
linear conductivity. The all important difference is the presence of a further σ1
vertex associated with the amplitude fluctuations. As mentioned above, the bubble
can be written as a trace over the Green’s function Gα computed over the exact
eigenstates ξα. If the pairing interaction still connects time-reversed states and the
order parameter is s-wave like, one can easily realize that the amplitude vertex does
not mix eigenstates in the basis α. This means that one has to evaluate

χ001(iΩ1, iΩ2) =
∑
αβ

∑
iωn

v2
αβ Tr [Gα(iωn + iΩ1)Gβ(iωn + iΩ12)σ1Gβ(iωn)], (4.69)
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where the eigenstate index β is conserved at the σ1 (amplitude) insertion. Taking into
account disorder in the same Mattis-Bardeen spirit, one could separately integrate
over energy the single propagator between the two gauge field lines and the two
propagators that sandwich the σ1 vertex connected to the excitation of the Higgs
mode, see Fig. 4.19a. Noticing that

G(iωn + iΩ12, ξ)σ1G(iωn, ξ) = (iωn + iΩ12)σ0 − ξσ3 + ∆σ1
(iωn + iΩ12)2 − ξ2 − ∆2 ×

× σ1
iωnσ0 − ξσ3 + ∆σ1
(iωn)2 − ξ2 − ∆2 ,

(4.70)

the corresponding integration over energy yields∫
dξ G(iωn + iΩ12, ξ)σ1G(iωn, ξ) = π√

∆2 − (iωn)2 +
√

∆2 − (iωn + iΩ12)2 ×

×
[
−σ1 +

(
iωn(iωn + iΩ12) + ∆2)σ1 + ∆(2iω + iΩ12)σ0√

∆2 − (iωn)2
√

∆2 − (iωn + iΩ12)2

]
.

(4.71)

Then, the diagram reads, omitting again vF , NF factors,

χ001(iΩ1, iΩ2) =
∑
iωn

1√
∆2 − (iωn)2 +

√
∆2 − (iωn + iΩ12)2

∆√
∆2 − (iωn + iΩ1)2

×
[
−1 + iωn(iωn + iΩ12) + ∆2 + (2iωn + iΩ12)(iωn + iΩ1)√

∆2 − (iωn)2
√

∆2 − (iωn + iΩ12)2

]
.

(4.72)

Even though the same χ001 bubble appears in the L and R part of the diagram
in Fig. 4.19a and Fig. 4.19b, respectively, the analyitical continuation makes the two
different. The reason, as we shall see, is connected to the fact that the L diagram
describes the ∆ response to a A2 perturbation, while the R part describes a J (i.e.
A) response to a ∆A perturbation. Notice that if instead one at this point sets
iΩ1 = ±iΩ and iΩ2 = ∓iΩ, i.e. one treats the Matsubara frequency as the external
frequencies of the monochromatic pump, one would get from the previous expression

χ001(iΩ,−iΩ) =
∑
iωn

iωn(2iωn + iΩ)∆(√
∆2 − (iωn)2

)3√
∆2 − (iωn + iΩ)2

+ (iΩ → −iΩ), (4.73)

which can be immediately verified to be the derivative with respect to the order
parameter ∆ of the current-current response function

∂χ00(iΩ)
∂∆ = ∂

∂∆
∑
iωn

iωn(iωn + iΩ) + ∆2√
∆2 − (iωn)2

√
∆2 − (iωn + iΩ)2 . (4.74)

If the previous expression is now analytically continued to real frequencies after
the summation over iωn, the result is simply the derivative with respect to ∆ of
Eq. 4.58. A different result is obtained if, on the other hand, one firstly computes
the Matsubara summation over iωn directly in Eq. 4.72 and, as a second step,
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(a) Contour for Eq. 4.72. (b) Contour for Eq. 4.91.

Figure 4.21. The sums in Eq. 4.72 and Eq. 4.91 are evalueted through the integral over the
two contours C composed by the six pieces CI ,CII ,CIII ,CIV ,CV ,CV I . Notice the different
topology of the contours in the two cases when Ω12 → 0, which is the origin of the
different form of the analitically continued χL

001 and χR
001.

analytically continues the result over real frequencies (iΩ1, iΩ2) → (Ω1,Ω2) with the
same technique presented for the current-current response. Only after analytical
continuation one then sets (Ω1,Ω2) → (Ω,−Ω).

Let us then start from the L diagram, and let us recall that we are interested to
iΩ1,2 = i2πn1,2T Matsubara frequencies for n1,2 > 0 [54, 76], that will be later on
analytically continued to (positive or negative) real frequencies. The sum over the
Matsubara frequencies in Eq. 4.72 is transformed into an integral in the complex
plane over the contour C depicted in Fig. 4.21a as follows

χ001(iΩ1, iΩ2) = 1
2πi

∫
C
dz n(z) 1√

∆2 − z2 +
√

∆2 − (z + iΩ12)2
×

× ∆√
∆2 − (z + iΩ1)2 ×

×
[
−1 + z(z + iΩ12) + ∆2 + (2z + iΩ12)(z + iΩ1)√

∆2 − z2
√

∆2 − (z + iΩ12)2

]
.

(4.75)

The contour C is chosen to circumvent the current three branch cuts of the
square roots at the denominator, which are located along the lines Im(z) = 0,
Im(z) = −Ω1 and Im(z) = −Ω12 in the interval |Re(z)| > ∆. Since Ω12 > Ω1 the
contours CIII , CIV , CV , CV I are all on the same side with respect to the branch cut at
Im(z) = 0. Let us now write explicitly the six contributions, paying again attention
to the sign of iη in CII , CIII , CIV , CV ,

I1 =
∫ +∞

−∞
dϵ n(ϵ) 1√

∆2 − (ϵ+ iη)2 +
√

∆2 − (ϵ+ Ω12 + iη)2
∆√

∆2 − (ϵ+ Ω1 + iη)2

×
[
−1 + (ϵ+ iη)(ϵ+ Ω12 + iη) + ∆2 + (2(ϵ+ iη) + Ω12) (ϵ+ Ω1 + iη)√

∆2 − (ϵ+ iη)2
√

∆2 − (ϵ+ Ω12 + iη)2

]
(4.76)
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I2 =
∫ −∞

+∞
dϵ n(ϵ) 1√

∆2 − (ϵ− iη)2 +
√

∆2 − (ϵ+ Ω12 + iη)2
∆√

∆2 − (ϵ+ Ω1 + iη)2

×
[
−1 + (ϵ− iη)(ϵ+ Ω12 + iη) + ∆2 + (2ϵ+ Ω12)(ϵ+ Ω1 + iη)√

∆2 − (ϵ− iη)2
√

∆2 − (ϵ+ Ω12 + iη)2

]
(4.77)

I3 =
∫ +∞

−∞
dϵ n(ϵ) 1√

∆2 − (ϵ− Ω1 − iη)2 +
√

∆2 − (ϵ+ Ω2 + iη)2
∆√

∆2 − (ϵ+ iη)2

×
[
−1 + (ϵ− Ω1 − iη)(ϵ+ Ω2 + iη) + ∆2 + (2ϵ− Ω1 + Ω2)(ϵ+ iη)√

∆2 − (ϵ− Ω1 − iη)2
√

∆2 − (ϵ+ Ω2 + iη)2

]
(4.78)

I4 =
∫ −∞

+∞
dϵ n(ϵ) 1√

∆2 − (ϵ− Ω1 − iη)2 +
√

∆2 − (ϵ+ Ω2 + iη)2
∆√

∆2 − (ϵ− iη)2

×
[
−1 + (ϵ− Ω1 − iη)(ϵ+ Ω2 + iη) + ∆2 + (2ϵ− Ω1 + Ω2)(ϵ− iη)√

∆2 − (ϵ− Ω1 − iη)2
√

∆2 − (ϵ+ Ω2 + iη)2

]
(4.79)

I5 =
∫ +∞

−∞
dϵ n(ϵ) 1√

∆2 − (ϵ− Ω12 − iη)2 +
√

∆2 − (ϵ+ iη)2
∆√

∆2 − (ϵ− Ω2 − iη)2

×
[
−1 + (ϵ− Ω12 − iη)(ϵ+ iη) + ∆2 + (2ϵ− Ω12)(ϵ− Ω2 − iη)√

∆2 − (ϵ− Ω12 − iη)2
√

∆2 − (ϵ+ iη)2

]
(4.80)

I6 =
∫ −∞

+∞
dϵ n(ϵ) 1√

∆2 − (ϵ− Ω12 − iη)2 +
√

∆2 − (ϵ− iη)2
∆√

∆2 − (ϵ− Ω2 − iη)2

×
[
−1 + (ϵ− Ω12 − iη)(ϵ− iη) + ∆2 + (2(ϵ− iη) − Ω12) (ϵ− Ω2 − iη)√

∆2 − (ϵ− Ω12 − iη)2
√

∆2 − (ϵ− iη)2

]
.

(4.81)
At this point, we make the replacement (Ω1,Ω2) → (Ω,−Ω) and we use the same
notation for gR,Aϵ ,fR,Aϵ and ζR,Aϵ introduced before. We get for the sum of the four
integrals along CII , CIII , CIV , CV the result

I2 + · · · + I5 =
∫ +∞

−∞
dϵ (tanh (β(ϵ+ Ω)/2) − tanh (βϵ/2)) ×

×
[
gRϵ f

A
ϵ + gAϵ f

R
ϵ

ζRϵ + ζAϵ
(gRϵ+Ω − gAϵ+Ω) + gRϵ g

A
ϵ + fRϵ f

A
ϵ − 1

ζRϵ + ζAϵ
(fRϵ+Ω − fAϵ+Ω)

]
,

(4.82)

which corresponds to what is called the anomalous contribution in Ref. [29], while
the contributions integrating along CI , CV I read

I1 + I6 =
∫ +∞

−∞
dϵ tanh (βϵ/2)

[
gRϵ
ζRϵ

(gRϵ+Ωf
R
ϵ + gRϵ f

R
ϵ+Ω) − gAϵ

ζAϵ
(gAϵ+Ωf

A
ϵ + gAϵ f

A
ϵ+Ω)

]
.

(4.83)
The resulting χL001(Ω,−Ω) is shown in Fig. 4.22a, where we actually plot ⟨δ∆⟩ΩP

including the χ−1
∆∆ according to Eq. 4.38, which is comparable with the result of
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Ref. [29], showing in particular an enhancement of the order parameter in the region
Ω < 2∆(T ), maximised for temperatures close to the critical one. We remark
here that strictly speaking the combination at the denominator of the anomalous
contribution,

ζRϵ + ζAϵ ∼ i
√
ϵ2 − ∆2 − i

√
ϵ2 − ∆2 ∼ 0, (4.84)

is actually zero in the limit η → 0 in the region |ϵ| > ∆. Since the consequent
divergence in the integrand is neither canceled nor regularized by any zero at the
numerator, one should keep a finite value of the Dynes parameter η in order to
actually simulate the Eliashberg effect, whose overall scale will be then controlled
by the value of 1/η. This is actually a crucial point which was also noticed in
the original works by Gorkov and Eliashberg [55, 35], who assumed that a finite η
represented a finite lifetime due to further scattering mechanisms than the elastic
one with impurities, such as electron-electron or electron-phonon interaction. One
can then approximate

1
ζRϵ + ζAϵ

∼
√
ϵ2 − ∆2

2|ϵ|η
θ(|ϵ| − ∆), (4.85)

and collect the relevant terms in χL001(Ω,−Ω). If one focuses on the enhancement of
the gap near the critical temperature, where ∆ ≪ T , one can also approximate

tanh (β(ϵ+ Ω)/2) − tanh (βϵ/2) ∼ Ω
2T . (4.86)

Finally one has
χL001(Ω,−Ω) ∼ Ω∆

2TηP (Ω), (4.87)

where the function P (Ω) is the same function defined in Kopnin’s treatment of
Eliashberg effect [78]

P (Ω) = Ω
∫ +∞

∆
dϵ

ϵ(ϵ+ Ω) + ∆2

ϵ(ϵ+ Ω)
√
ϵ2 − ∆2

√
(ϵ+ Ω)2 − ∆2

− θ(Ω − 2∆)
∫ Ω−∆

∆
dϵ

ϵ(Ω − ϵ) − ∆2

ϵ
√
ϵ2 − ∆2

√
(Ω − ϵ)2 − ∆2

,

(4.88)

and correspond to the non-thermal distribution f originally derived by Eliashberg
[35, 55].

If one wants to include the effect of a finite γ/(2∆) value it is sufficient to keep
the matrix element W (ξ, ξ′) in the evaluation of χL001. By following a procedure
similar to the one adopted for the linear conductivity, starting from Eq. 4.69 one
can write

χ001(iΩ1, iΩ2) =
∑
iωn

∫
dξdξ′Wγ(ξ, ξ′)

× Tr
[
iωnσ0 − ξσ3 + ∆σ1
(iωn)2 − ξ2 − ∆2

(iωn + iΩ1)σ0 − ξ′σ3 + ∆σ1

(iωn + iΩ1)2 − ξ′2 − ∆2 ×

× (iωn + iΩ12)σ0 − ξσ3 + ∆σ1
(iωn + iΩ12)2 − ξ2 − ∆2 σ1

]
,

(4.89)
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where, in analogy with what we have done before, the two Green’s functions (those
sorrounding the order parameter vertex σ1) are taken at the same energy and one
(that between the two gauge field vertices σ0) at a different one. Using the same
integrals presented before one obtains, denoting for clarity ζiωn =

√
∆2 − (iωn)2 and

Θ = iωn(iωn + iΩ12) + ∆2 + (2iωn + iΩ12)(iωn + iΩ1),

χ001(iΩ1, iΩ2) =
∑
iωn

1
ζiωn + ζiωn+iΩ1 + γ

1
ζiωn+iΩ12 + ζiωn+iΩ1 + γ

∆
ζiωn + ζiωn+iΩ12

×
[
1 + ζiωn + ζiωn+iΩ1 + ζiωn+iΩ12

ζiωnζiωn+iΩ1ζiωn+iΩ12

Θ

+ γ

ζiωn+iΩ1

(
−1 + Θ

ζiωnζiωn+iΩ12

)]
.

(4.90)

In the limit where γ is large, one recovers the diffusive result presented before in Eq.
4.72. We stress that even in presence of finite γ the combination 1/(ζiωn + ζiωn+iΩ12)
still gives divergent contributions when the Dynes parameter is sent to zero. The
analytical continuation procedure is analogous to the one presented above and we
present the resulting χL001(ΩP ,−ΩP ) in Fig. 4.22b, where we focused on the effect of
different disorder levels at T = 0. In this case one can appreciate the presence of a
cutoff scale of order γ above which the effect on ⟨δ∆⟩ΩP

is suppressed.

4.2.6 Evaluation of the χR001 diagram - Derivative of the conductivity

Let us now repeat the computation for the other diagram, χR001. In this case, as we
have recalled, the diagram represents the current response to a mixed gauge field
and Higgs perturbation. For positive Matsubara frequencies this leads to a different
relative position of the branch cuts in the complex plane, as shown in Fig. 4.21b.
Let us first rewrite is explicitly as

χ001(iΩ3,−iΩ123) =
∑
iωn

1√
∆2 − (iωn)2 +

√
∆2 − (iωn − iΩ12)2

∆√
∆2 − (iωn + iΩ3)2

×
[
−1 + iωn(iωn − iΩ12) + ∆2 + (2iωn − iΩ12)(iωn + iΩ3)√

∆2 − (iωn)2
√

∆2 − (iωn − iΩ12)2

]
.

(4.91)

The sum over the Matsubara frequencies here is again transformed into an integral
in the complex plane over the contour C depicted in Fig. 4.21b as follows

χ001(iΩ3,−iΩ123) = 1
2πi

∫
C
dz n(z) 1√

∆2 − z2 +
√

∆2 − (z − iΩ12)2
×

× ∆√
∆2 − (z + iΩ3)2 ×

×
[
−1 + z(z − iΩ12) + ∆2 + (2z − iΩ12)(z + iΩ3)√

∆2 − z2
√

∆2 − (z − iΩ12)2

]
.

(4.92)
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(a) Plot of the function ⟨δ∆⟩ΩP
computed through Eq. 4.38 using

the expression for χL
001(Ω,−Ω) presented above, as a function

of temperature and frequency. Notice that we included also the
χ∆∆ factor which is not present in the corresponding Figure in
Ref. [29].
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(b) Plot of the function ⟨δ∆⟩ΩP
at T = 0 with different γ/(2∆)

parameters, which correspond to different disorder levels, using
Eq. 4.90. We notice that differently from the panel above there
is a cutoff energy of order γ at which the effect is suppressed.

Figure 4.22. Comparison between the ⟨δ∆⟩ΩP
in the strong disorder limit (upper limit),

corresponding to Ref. [29], and including the effect of the Mattis-Bardeen matrix element
W as in Eq. 4.90.
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Also here the contour C is chosen to circumvent the current three branch cuts
of the square roots at the denominator, which are in this case located along the
lines Im(z) = +Ω12, Im(z) = 0 and Im(z) = −Ω3 in the interval |Re(z)| > ∆. Let
us now write explicitly the six contributions, paying again attention to the sign of
iη in CII , CIII , CIV , CV ,

I1 =
∫ +∞

−∞
dϵ n(ϵ) 1√

∆2 − (ϵ+ iη)2 +
√

∆2 − (ϵ+ Ω12 + iη)2 ×

× ∆√
∆2 − (ϵ+ Ω123 + iη)2 ×

×
[
−1 + (ϵ+ iη)(ϵ+ Ω12 + iη) + ∆2 + (2(ϵ+ iη) + Ω12) (ϵ+ Ω123 + iη)√

∆2 − (ϵ+ iη)2
√

∆2 − (ϵ+ Ω12 + iη)2

]
(4.93)

I2 =
∫ −∞

+∞
dϵ n(ϵ) 1√

∆2 − (ϵ− iη)2 +
√

∆2 − (ϵ+ Ω12 + iη)2 ×

× ∆√
∆2 − (ϵ+ Ω123 + iη)2 ×

×
[
−1 + (ϵ− iη)(ϵ+ Ω12 + iη) + ∆2 + (2ϵ+ Ω12)(ϵ+ Ω123 + iη)√

∆2 − (ϵ− iη)2
√

∆2 − (ϵ+ Ω12 + iη)2

] (4.94)

I3 =
∫ +∞

−∞
dϵ n(ϵ) 1√

∆2 − (ϵ− Ω12 − iη)2 +
√

∆2 − (ϵ+ iη)2 ×

× ∆√
∆2 − (ϵ+ Ω3 + iη)2 ×

×
[
−1 + (ϵ− Ω12 − iη)(ϵ+ iη) + ∆2 + (2ϵ− Ω12)(ϵ+ Ω3 + iη)√

∆2 − (ϵ− Ω12 − iη)2
√

∆2 − (ϵ+ iη)2

] (4.95)

I4 =
∫ −∞

+∞
dϵ n(ϵ) 1√

∆2 − (ϵ− Ω12 − iη)2 +
√

∆2 − (ϵ− iη)2 ×

× ∆√
∆2 − (ϵ+ Ω3 + iη)2 ×

×
[
−1 + (ϵ− Ω12 − iη)(ϵ− iη) + ∆2 + (2(ϵ− iη) − Ω12)(ϵ+ Ω3 + iη)√

∆2 − (ϵ− Ω12 − iη)2
√

∆2 − (ϵ− iη)2

] (4.96)

I5 =
∫ +∞

−∞
dϵ n(ϵ) 1√

∆2 − (ϵ− Ω123 − iη)2 +
√

∆2 − (ϵ− Ω3 − iη)2 ×

× ∆√
∆2 − (ϵ+ iη)2 ×

×
[
−1 + (ϵ− Ω123 − iη)(ϵ− Ω3 − iη) + ∆2 + (2(ϵ− Ω3 − iη) − Ω12)(ϵ+ iη)√

∆2 − (ϵ− Ω123 − iη)2
√

∆2 − (ϵ− Ω3 − iη)2

]
(4.97)
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I6 =
∫ −∞

+∞
dϵ n(ϵ) 1√

∆2 − (ϵ− Ω123 − iη)2 +
√

∆2 − (ϵ− Ω3 − iη)2 ×

× ∆√
∆2 − (ϵ− iη)2 ×

×
[
−1 + (ϵ− Ω123 − iη)(ϵ− Ω3 − iη) + ∆2 + (2(ϵ− Ω3 − iη) − Ω12) (ϵ− iη)√

∆2 − (ϵ− Ω123 − iη)2
√

∆2 − (ϵ− Ω3 − iη)2

]
.

(4.98)

Making the replacement (Ω3,−Ω123) → (Ω,−Ω), one immediately notices that in
this case, due to the different relative positions of the branch cuts, the integrations
along CII and CIII cancel with each other, leaving the sum of four pieces. Writing
them explicitly, one immediately realizes that they build up the derivative with
respect to ∆ of the current-current response function χ00 computed above, namely

χR001(Ω,−Ω) = 1
4πi

∫ +∞

−∞
dϵ tanh (βϵ/2)

(
gRϵ f

R
ϵ+Ω + fRϵ g

R
ϵ+Ω

)(gRϵ
ζRϵ

+
gRϵ+Ω
ζRϵ+Ω

)

− 1
4πi

∫ +∞

−∞
dϵ tanh (β(ϵ+ Ω)/2)

(
gAϵ f

A
ϵ+Ω + fAϵ g

A
ϵ+Ω

)(gAϵ
ζAϵ

+
gAϵ+Ω
ζAϵ+Ω

)

+ 1
4πi

∫ +∞

−∞
dϵ [(tanh (β(ϵ+ Ω)/2) − tanh (βϵ/2)) ×

×
(
gAϵ f

R
ϵ+Ω + fAϵ g

R
ϵ+Ω

)(gAϵ
ζAϵ

+
gRϵ+Ω
ζRϵ+Ω

)]
.

(4.99)

At T = 0, we can as well express the derivative of the current-current response
with respect to ∆ using the relations between the elliptic integrals and their deriva-
tives with respect to the arguments. We get for the imaginary part

∂χ′′
00

∂∆ = θ(ω − 2∆) 8∆
ω + 2∆K

(
ω − 2∆
ω + 2∆

)
, (4.100)

and for the real part

∂χ′
00

∂∆ = 4∆
ω + 2∆K

√1 −
(
ω − 2∆
ω + 2∆

)2
 . (4.101)

Notice that the derivative of the imaginary part is always finite, with a step dis-
continuity at ω = 2∆. The derivative of the real part, being its Kramers-Kronig
transform, shows consequently a log-like singularity at ω = 2∆, as confirmed by
the fact that for ω → 2∆ the argument of the K function tends to one, where the
elliptic integral of the first kind diverges logarithmically. These findings are shown
in Fig. 4.23a and 4.23b, where we show the real and imaginary part of the χR001 as a
function of temperature and frequency for the strong disorder limit and at T = 0 for
various values of γ/(2∆) parameter, as done for χL001. As one can see, the singularity
at Ω = 2∆(T ) remains evident as a function of temperature.

Finally, taking the results shown in Fig. 4.22a and 4.22b for ⟨δ∆⟩ΩP
together

with those in Fig. 4.23a and 4.23b for the derivative of the current-current response,
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(a) Frequency and temperature dependent colormap of the derivative of the real (left panel)
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current-current response, including the effect of the Mattis-Bardeen matrix element W ,
with different γ/(2∆) parameters.

Figure 4.23. Comparison between the χR
001(Ω,−Ω) functions which correspond to the

derivative of the current-current response in the strong disorder limit (upper panels)
and at various disorder levels (lower panels). Notice that to compare the upper and
lower panels at large γ/(2∆) one has to multiply the upper one by 1/γ, i.e. the overall
scale of Wγ at large disorder.
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Figure 4.24. Plot of |J (3)(Ω)| according to Eq. 4.102 at various disorder levels.

one realizes that there is actually the possibility of enhancement of the nonlinear
first harmonic current given by

J (3)(ΩP ) = ∂χ00(ΩP )
∂∆ ⟨δ∆⟩ΩP

. (4.102)

As we have just seen, the first factor is singular along the curve Ω = 2∆(T ), while
the second one is enhanced i) in the subgap region, with a maximum in proximity
of the critical temperature, or ii) in the above gap region inside an energy scale
of order γ. Preliminary results in the finite-size system at T = 0 show indeed a
substantial agreement between the full numerical solution for the nonlinear first
harmonic J (3)(ΩP ) and the analytical result presented in the previous expression,
which is reported in Fig. 4.24, that one can compare with the analogous numerical
simulation in Fig. 4.11 above. We stress that the numerical simulations report the
contribution of the purely-quasiparticle diagram ⟨jjjj⟩ plus the one including the
amplitude fluctuations, i.e. ⟨jj∆⟩⟨∆jj⟩χ∆∆. We need then to compute in the same
framework presented in this last section the ⟨jjjj⟩ part in order to complete the
comparison, a task which we leave for the immediate future. As a final remark,
we stress here that although we do not observe here a resonant enhancement of
the amplitude fluctuations, since there is not a tunable frequency argument inside
the corresponding propagator χ∆∆, one still gets a enhanced contribution from the
fermionic bubble coupling light with the amplitude vertex. Again, this is a crucial
consequence of computing the light-matter interaction in a microscopic model which
includes the effect of disorder.
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Conclusions

In this thesis, we developed a theoretical framework that captures several experi-
mental findings in nonlinear THz spectroscopy on superconducting systems across
various geometries and protocols.

We began by introducing a general procedure to connect non-linearly generated
electric fields with a microscopically derived response function. This derivation
relies on a perturbative solution of inhomogeneous Maxwell’s equations, enabling
consistent inclusion of screening effects that occur at linear order. Our method is
flexible and has been specialized for various time-resolved protocols, as discussed
in the remainder of this thesis. Notably, the solution assumes a one-dimensional
propagation of light, where field propagation effects are governed by Maxwell-like
propagation of four-wave mixing within the material through a spatially-independent
third-order kernel. A possible extension of this work could generalize this framework
to non-normal incidence experimental geometries, as used, for instance, in two-
dimensional spectroscopies of superconducting cuprates. Additionally, it is worth
noting that in our study on the linear response effects due to the off-axis growth
of anisotropic materials (Ref. [124]), not included here for brevity, highlighted
interesting results from the mixing of in-plane and out-of-plane refractive indices,
which could also prove relevant in nonlinear protocols.

In the second chapter, we present a unified treatment of third harmonic generation
in single-layer and bilayer cuprate superconductors probed along their c−axis, as
detailed in our publication (Ref. [39]). We demonstrate that in bilayer systems,
the combined effects of plasmon dispersion and light polarization can shift the
two-plasmon resonance away from the plasma edge observed in linear spectroscopy.
To model this behavior, we employ an effective Josephson-like framework, where
intrinsic anharmonicity enables a natural exploration of nonlinear response functions
driven by phase-fluctuation dynamics—an essential factor in the c−axis response of
cuprate superconductors. While effective, this model lacks a microscopic description
of the light-matter vertex, which instead appears as a parameter modulated by
the superfluid stiffness. Future studies could benefit from a more microscopic
approach that captures the coupling between fermionic degrees of freedom and phase
excitations. This approach is challenging due to the pronounced anisotropy between
in-plane and out-of-plane tunneling mechanisms and the unconventional nature of
electron-electron interactions in the superconducting state, which are distinctive to
cuprate systems.

We then focused on the application of two-dimensional THz spectroscopy for
studying fermionic systems. In the third chapter, we introduced a comprehensive
description of the technique, emphasizing the connection between the experimen-
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tal outcomes and the underlying microscopic response function. Using a simple
semiconductor model, we analyzed how paramagnetic and diamagnetic processes
manifest in the 2D map, drawing parallels with prior studies that demonstrate the
technique’s capacity to distinguish various nonlinear pathways. We also examined
how the spectral composition of the incoming pulses reshapes the response, aiming
to clarify the interplay between the intrinsic spectrum of internal degrees of freedom
and the actual waveforms used in experiments. Although the semiconductor model
may initially seem unrelated to superconducting systems, we established connections
between the two based on (i) similarities in their density of states and (ii) the
impact of disorder on unbalancing the electron-like and hole-like contributions to
the superconducting paramagnetic current, which exactly cancel in the clean limit.
Moving forward, we hope to extend the non-interacting model, currently focused
solely on electronic degrees of freedom, to scenarios that also incorporate phonons
or other collective electronic excitations.

In the final chapter, we applied two-dimensional spectroscopy to two prototypical
materials: NbN thin films and single-layer cuprates probed with c−axis polarized
electric fields. For the cuprates, we built on the findings from the first and second
chapters to demonstrate the challenges of isolating distinct nonlinear pathways
associated with superconducting phase fluctuations, such as the two-plasmon process.
The linear response of the system introduces prominent signatures that can obscure
the true frequency structure of the nonlinear kernel. In addition, we used an effective
model, initially developed for the c−axis linear response of cuprates, to describe the
effects of disorder on the 2D spectrum, which however requires further validation
and refinement at a more microscopic level. A publication on the contents of chapter
three and its application to Josephson plasmons will be submitted soon.

For NbN, the results of this investigation, as published in Ref. [72], focus par-
ticularly on the non-linearly generated first harmonic signal, which was naturally
captured using a two-pulse setup. Through this work, we interpreted the experimen-
tal findings using numerical simulations on a finite-size system, which revealed a
predominant contribution from paramagnetic processes that mediate the coupling
with amplitude fluctuations. To analytically understand the mechanism driving this
enhancement, we calculated the primary paramagnetic diagram that, according to
the numerics, is chiefly responsible for the observed effect, using a Mattis-Bardeen-
like approximation to incorporate disorder. This result is potentially linked to the
Eliashberg effect, which involves a field-induced renormalization of the zero-frequency
amplitude fluctuation of the order parameter, thereby impacting the nonlinear op-
tical properties of the superconductor. The computation provided here is valid
for monochromatic pulses, but it could be extended to account for finite spectral
pulse widths, allowing for theoretical predictions in the context of two-dimensional
measurements. In addition, it can also be extended to the case of two-bands su-
perconductors, such as MgB2, whose THG spectrum has been analyzed in another
publication not included here for brevity (Ref. [40]).
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