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Abstract

The aim of the research is to investigate the effect of the radiation pressure phenomenon on
light-weight bodies and controlling their movement in space. The application of this novel tech-
nology could support several interesting applications, including contact-less actuators, contact
less manipulators, powering micro-vehicles that lack their own on-board motors, and acoustic
recharging power for batteries of wireless devices.

The actuation mechanism, specifically the non-linear acoustic field, is clarified and theoretically
described. The conventional linear acoustic theory is insufficient in this context. In the linear
regime, only small oscillations of the body under the influence of an impinging wave are ex-
pected, without any potential for producing long stroke motion. Non-linear effects are essential
to generate a drift motion of the body, namely the net effect of radiation pressure. To this end,
a very general and rigorous formulation of the acoustic problem based on Hamilton’s principle
has been developed. The resulting equations are highly non-linear, and numerical finite differ-
ence simulations of such an acoustic field interacting with a moving body present considerable
challenges. The nature of radiation pressure has been examined to clarify its nature. The
historical debate between tensorial and scalar form is analyzed in detail, providing an addi-
tional contribution in terms of clarity regarding the various hypotheses presented historically.
This exploration emphasizes the distinctions and implications of each perspective, enhancing
understanding of the foundational principles. The analysis aims to clarify misconceptions and
consolidate knowledge surrounding these concepts, contributing to ongoing discussions in the
field.

On the other hand, based on the mechanism of wave-body interaction supported by Hamilton’s
principle, the radiation force phenomenon is treated as an "actuator" that connects electronically
controlled loudspeaker acoustic emissions with the net force acting on the body. In this context,
the objective is to move a light-weight body along a specified trajectory in one-dimensional space
by varying the pressure level emitted by a piston using non-linear control theory. Achieving real-
time control necessitates establishing a relationship through a semi-analytical method capable
of providing instantaneous values for the radiation pressure on the body. For this purpose,
a perturbative approach was employed to find an approximate solution to the problem with
second-order accuracy.

Initially, the case of a rigid body was analyzed; subsequently, a body represented by an
impedance was studied in detail. Once the physical model was established, it became possible
to implement a predictive control strategy that modifies amplitude and frequency parameters
to consistently achieve optimal force required for guiding the object along a defined trajectory.

To compare the semi-analytical results with the exact expressions, a finite difference (FD)
scheme was implemented using one of the most robust methods for compressible flows, the
Rusanov method. This method proved to be decisive in conducting a validation and comparison
campaign among the results obtained for different cases. This treatment is unique because, in
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addition to deriving and formalizing a new method to find the expression of radiation pressure
on a perfect reflective body, a numerical validation was first conducted, comparing results with
formulas present in the literature (including models by Rayleigh, King, Westervelt, Beyer, and
Hasegawa). Following this, an engineering application was developed based on these concepts,
implementing a controller capable of moving a small object at will under the influence of the
acoustic wave.
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Chapter 1

Historical introduction to the
pressure radiation concept

Three phenomena associated with the passage of a sound beam are radiation pressure, streaming
and cavitation, and some remarks on the history of each are in order [1]. The subject of the
proposed research points the investigation of the actuation of light bodies through radiation
pressure. The objective is control the motion of a body in space by using acoustic waves, a more
ambitious goal with respect to the existing acoustic levitation effects or acoustic tweezers. Use
of this novel technology could support several interesting applications: contactless actuators,
contactless manipulators, powering of micro-vehicles not equipped with their own on-board
motors, acoustic power recharge for batteries of wireless devices. The present study analyze
two different steps and related technologies.

On one hand, the actuation mechanism that allows a wave to exert a force on a body requires
better theoretical description, as conventional acoustic linear theory is inadequate in this con-
text. In the linear regime, one can only anticipate small oscillations of the body due to the
influence of an impinging wave, which precludes the possibility of generating a relatively long
stroke motion. To achieve a drift motion of the body, it is essential to utilize nonlinear effects,
particularly radiation pressure. Despite the extensive investigation into the problem of wave
radiation pressure, various theories exist, each based on different mathematical and physical
assumptions to derive the pressure expression. Consequently, comparing these theories is chal-
lenging, especially when seeking a credible and robust model to underpin acoustic control. To
address this issue, a comprehensive and rigorous formulation of the acoustic problem based on
Hamilton’s principle has been developed. The resulting equations are highly nonlinear, making
numerical simulations using finite difference methods of such an acoustic field interacting with
a moving body quite challenging.

On the other hand, based on the mechanism of wave-body interaction supported by the Hamil-
ton’s principle, the radiation force phenomenon as an “actuator” can be used. This mechanism
permits to connect a loudspeaker acoustic emission, electronically controlled, with the body
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force. In this context, the body is required to describe a given trajectory in space, driving the
loudspeaker’s frequency using optimal control theory.

1.1 Early Theoretical Foundations: Lord Rayleigh’s Contribu-
tions

When one attempts to determine the time average of the pressure at a fixed point in a medium
traversed by a sound wave, one finds that an asymmetry has been produced by the fact that
the hypothetical particle of the medium is itself displaced from its rest position. For equal
displacements from the rest position, the first order density changes are the same, but the
second order changes differ. The following quotation from Poynting [2] gives an account of the
situation:

In sound waves there is at a reflecting surface a node-a point of no motion but of varying
pressure. If the variations of pressure from the undisturbed value were exactly proportional
to the displacements of a parallel layer near the surface, and if the displacements were
exactly harmonic, then the average pressure would be equal to the normal undisturbed
value. But consider a layer of air quite close to the surface. If it moves up a distance y
towards the surface, the pressure is increased. If it moves an equal distance away from the
surface, the pressure is decreased, but by a slightly smaller quantity. To illustrate this, take
an extreme case and, for simplicity, suppose that Boyle’s law holds. If the layer advances
half-way towards the reflecting surface the pressure is doubled. If it moves an equal distance
outwards from its original position the pressure falls, but only by one-third of its original
value; and if we could suppose the layer to be moving harmonically, it is obvious that the
mean of the increased and diminished pressures would be largely in excess of the normal
value. Though we are not entitled to assume the existence of the harmonic vibrations when
we take into account the second order of small quantities, yet this illustration gives the right
idea. The excess of pressure in the compressed half is greater than its defect in the extension
halt, and the net result is an average excess of pressure-a quantity itself of second order on
the reflecting surface. This excess in the compression half of a wave train is connected with
the extra speed which exists in that half, and makes the crests of intense sound waves gain
on the troughs.

It is not surprising to learn that Lord Rayleigh made substantial contributions to the theory
of radiation pressure, defining a particular form that bears his name. After him, Brillouin
pointed out the tensor character of the pressure in the sound wave, and various aspects of the
phenomenon have been studied in detail by Borgnis and Westervelt [3].

Lord Rayleigh’s Studies

The concept of radiation pressure has a long history. Everything started when Lord Rayleigh
was thrilled by the exciting results achieved in the late nineteenth century in the field of radi-
ation pressure. From the outset, Lord Rayleigh was fascinated by the important consequences
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of Boltzmann and Wien on the radiation pressure of the waves. As Maxwell’s deduction of
vibration phenomena that exert pressure on bodies proved to be correct, the same then was
confirmed experimentally by Lebedew [4], of net pressure exerted by beams of light on bodies.
For this reason, he questioned, in a well-known publication dating back to 1902 [5], the possi-
bility that other types of wave phenomena, such as acoustic waves, could also exert pressure on
the surfaces they hit.
In this foundational paper, Lord Rayleigh examines the pressure exerted by sound waves on
surfaces from the example of a pendulum with a spring-suspended mass capable of moving along
the vertical line. From this he derived the analogy for pressure waves in the case of air contained
within a vibrating cylinder using Boyle’s law as the state law.
Rayleigh first solved the problem of a vibrating pendulum, the length of which is constrained
by a ring that can move only vertically (figure 1.1).

Figure 1.1. Rayleigh Pendulum

The work explores how sound waves, as mechanical vibrations, impart momentum to objects,
resulting in a steady force known as radiation pressure. Rayleigh provides a quantitative analysis
of this phenomenon, establishing the relationship between the properties of sound waves and
the resultant pressure on different surfaces. This paper lays the groundwork for the theoretical
understanding of acoustic radiation pressure and influences subsequent research in acoustics.
This paper is considered one of the most important concerning the acoustic radiation pressure
because:

• It was the first quantitative analysis of acoustic radiation pressure;

• It explores of the relationship between sound wave properties (intensity and frequency)
and pressure;

• It defined the fundamental principles governing acoustic radiation pressure;

• It states the basis for subsequent theoretical and experimental research in acoustics.
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Following three years of research and inspired by the previous paper by Prof. Poynting, Rayleigh
presented a first discussion on the sound radiation pressure [6] where he considered for the first
time the question of the moment associated with the propagation of progressive waves. From
there he wrote a more complete and general result, as he stated himself, considering a pipe
containing a gas whose pressure P is a density function of the type P=f(ρ). This effectively
guaranteed a much higher generality of the physical model than the case of gas obedient to
Boyle’s law alone.
From this initial hypothesis and from Bernoulli’s theorem for non-stationary flows, Rayleigh
defined and found the sound radiation pressure as the increase of the mean pressure within the
tube, compared to the pressure P0, defined by the formula:

PRay = γ + 1
2 ⟨E⟩ (1.1)

Where E is the energy density of the sound beam in the cylinder, γ is the ratio between the
specific calories cv and cp and pr is the increase in the average pressure within the tube with
reference pressure P0. Note that these studies were performed using the linear equation of
acoustic waves within a L-long closed tube as a solution, which is:

φ(x, t) = cos
(
kπx

L

)
· cos

(
kπc0t

L

)
(1.2)

Equation 1.1 can be defined as the first ever analytical formula for radiation pressure in acoustics.

1.2 Mid-20th Century Advancements: Langevin, King, Bril-
louin and Westervelt

Langevin’s Studies in an open vessel

The formulation developed by Langevin is proposed, which is commonly contrasted in the liter-
ature with Rayleigh’s theory. Although Langevin derived one of the two formulations generally
accepted and recognized by the scientific literature, he reported his theory on radiation pressure
exclusively on the boards of the Collège de France in Paris. It is thanks to the work of one of
his students, Pierre Biquard, that his contribution on the subject reached us, through the pages
of the Revue d’Acoustique (1932) [7].
Like Rayleigh, Langevin coined his own definition of sound radiation pressure. He first con-
sidered a totally different case study, in fact he was interested in the propagation of perfectly
collimated acoustic beams in a duct no longer closed and limited, but open.
The fluid in the duct, under these conditions, is free to expand or compress freely to ensure the
continuity of the average pressure over the entire acoustic beam domain.
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Figure 1.2. Rayleigh vs Langevin Pressure

When a sound wave encounters an obstacle, Langevin’s radiation pressure Pl is defined as the
force per unit area exerted on the body due to the action of the sound beam. Convention-
ally, as illustrated in the figure 1.2, Langevin radiation pressure is measured by determining
the reaction force Fc that must be applied externally (through mechanisms such as springs or
electromagnetic fields) to maintain the obstacle in its equilibrium position. Langevin radia-
tion pressure is distinct from Rayleigh’s, and it has been explored in various contexts. The
relationship between these two forms of radiation pressure has been a subject of investigation,
particularly in understanding how they differ in their underlying assumptions and implications
for acoustic systems. By analyzing the reaction force required to keep the obstacle stationary,
one can derive meaningful insights into the dynamics of acoustic radiation pressure.
The preservation of the momentum of the material system contained in the hatched volume,
associated with the continuity condition of the average pressure at the acoustic beam boundary,
allows the following expression of the sound radiation pressure to be derived:

PLang = < E > (1.3)

Unlike Rayleigh, Langevin’s formulation therefore led to the equality between the sound radia-
tion pressure and the mean energy density associated with the wave.

King’s studies on rigid spheres

King’s seminal work on the radiation pressure on spheres provides a detailed mathematical
framework for understanding how spherical objects interact with sound fields [8]. It includes
comprehensive equations and models that describe the forces experienced by spheres in an acous-
tic environment, with practical implications for various scientific and engineering applications.
King’s motivation for this study stems from the need to understand how sound waves exert
forces on objects, a phenomenon observed but not fully explained in prior research. The study
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builds on the foundational principles laid by Lord Rayleigh and others, extending the analy-
sis to spherical geometries, which are more complex than the simple planar surfaces initially
considered.
King begins by establishing the theoretical framework necessary to analyze the radiation pres-
sure on a rigid sphere. He first introduces the concept of radiation pressure as the net force
exerted by a sound field on a spherical object and the primary focus was on deriving the equa-
tions that describe this force in terms of the sound wave’s properties and the sphere’s physical
characteristics. One of the key contributions of the paper is the derivation of the radiation pres-
sure formula for a sphere. King first derived the acoustic radiation pressure in terms of velocity
potential by making the Lagrangian expression of the acoustic field appear in the treatment.
The formula introduced was considered as one of the most credited formulas and it still used
today in terms of expression of the acoustic pressure on a body immersed in an acoustic field.

< PKing > = < ρ0φt − L > (1.4)

Where the Acoustic Lagrangian denstiy is defined as:

L = K − U

and:
K = ρ0|∇φ|2

2 = ρ0|v2|
2 , U = ρ(φ̇t)2

2c2
0

Where ρ0 is the air density at equilibrium conditions, and φt is the time derivative of the
acoustic potential. The paper meticulously details the steps involved in arriving at this formula,
providing a clear mathematical derivation. The most striking approximation influencing King’s
work is the use of the linear acoustic field solution within 1.4 to evaluate the net radiation
pressure. In fact, as will be discussed later in Chapter 6, the nonlinearities of the acoustic field,
such as those associated with the air, will significantly impact the net pressure calculation.
This study will be complemented by further investigations into acoustic radiation pressure on
rigid spheres, considering both the viscous effects of the medium [9,10] and scenarios involving
inviscid flow [11–16], particularly in the case of bodies immersed in water [17]. Lord King’s
work has been so influential in this field that even after many decades, his studies remain a
primary benchmark for researchers exploring this area of acoustics.
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Figure 1.3. Example of Scattered and Incidient Acoustic Wave on a Sphere [13]

Brillouin’s Tensor

Up to the first decades of the XX century, the acoustic radiation pressure was always considered
as a scalar quantity. Later on, many authors started to write papers about the controversial
nature of this ambiguous quantity. The first to introduce the concept of "Radiation Tensor" was
Brillouin in his breakthrough paper [18] where he emphasized that radiation pressure could be
derived more generally from the Boltzmann–Ehrenfest theory of adiabatic invariance.
Brillouin was sufficiently pleased with this consequence that he summed up his results in the
form of a table of components of the mean stress tensor in the interior of a fluid traversed by a
plane acoustic wave. One would write this today in the form

Sij = −pδij + ρbibj

Where δij is the Kronecker delta. Thus, for a sound wave traveling in the x direction, v2 = v3 = 0
and one obtains: 

−(⟨p(x1)⟩ − ⟨ρv2
x⟩) 0 0

0 −⟨p(x1)⟩ 0
0 0 −⟨p(x1)⟩

 (1.5)

Where, of course, ⟨ρv2
x⟩ is equal to the mean energy density of the sound wave ⟨E⟩ or double

its kinetic energy density. The problem is then the evaluation of the mean pressure at a point
x1. This corresponds to the mean pressure in Eulerian coordinates. Brillouin proved that the
quantity p(x1) can be identified with the term:

p(x1) =
〈
E

(
v

c

)〉(
dc

dv

)
If the surface is perpendicular to the sound wave, one can easily recover the result of Langevin.
Nevertheless, Brillouin was not concerned with the evaluation of the terms involving dc

dv and
he didn’t observe that he had, in fact, made an error in calculating the terms of the tensor.
The correct analysis was made by Fubini, who was a student of Brillouin’s, but Brillouin did
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not alter this in his book on tensors in 1938. The correct formulation of the principles initially
proposed by Brillouin was publicized by Westervelt in 1950. This development is significant in
the field of nonlinear acoustics, and the subsequent analysis will now be presented.

Another way in which the tensor nature of radiation pressure appears is proposed by Beissner
[19]. In his work, the idea of radiation pressure as a tensor on a generic surface is emphasized
and strengthened by drawing attention to the fact that tensor nature may arise in relation to
the surface on which it is being integrated to calculate that magnitude. In fact, it can move
around and complicate the calculation, requiring the use of a closed surface outside the physical
surface. This condition, in the Eulerian coordinate system, introduces tangential components
that would also be null in the case of inviscid flow or if it integrates directly onto the contact
surface.

In the long run, Brillouin leaves to posterity a new concept of acoustic radiation pressure,
giving it a tensor nature and no longer scalar (except for certain special cases). This will be a
fundamental step in the history of this topic, as it will be a source of debate and controversy
that has lasted for a long time.

Among all, the one of Beyer [7] points out that radiation pressure meant scalar magnitude
was actually limited to a few real application cases. To consider radiation pressure as a scalar
quantity, there is a need for special boundary conditions. Specifically there has to be the
perfect perpendicularity between the acoustic beam and the invested body. When tangential
components are born, such as inclined walls, it is assumed that scalar theory is no longer
sufficient to describe this phenomenon, and therefore the need to describe it through a tensor
arises.

Westervelt’s Contribution

Eventually, Westervelt consolidated King and Brillouin’s studies of radiation pressure on fluid-
immersed bodies with viscosity. In fact, he questioned how viscosity and edge losses could change
the value of this pressure, defining this effect as Stokes’ forces. Among the most important
contributions to radiation pressure, the publication of the correction of the results of Brillouin
[20] and the first results obtained in [21] in which a coefficient of pressure loss due to the viscous
effect has been introduced for small spheres.

In [20] he does an excellent job in demonstrating the equality of the Lagrangian and Eulerian
formulation, going on to consider the solution of the fluid-dynamic field up to the second order.
This last step was essential to obtain more accurate solutions than previous models, such as
the King step where only linear wave solutions are considered. After that, he extended King’s
results for the spheres. In the second work, the focus was on the viscous contribution. In
addition, he extended the study of this magnitude to different geometries, such as cylinders,
also considering their movement under the effect of the acoustic beam.
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1.3 Late-20th Century Achievement: Lee, Apfel and Hasegawa

After the first half of the XX century, many works contributed in part to make more complete
the picture on the nature and value of radiation pressure on bodies immersed in an acoustic
field. Among the most notable are Rooney and Nyborg [22], Chu and Apfel [23], Lee and
Wang [24], and the more recent Hasegawa [25]. Each of them brought an element of novelty,
but also of further doubts, in reference to how to derive the expression of pressure. Especially,
the mere fact that one starts from certain assumptions, rather than others, has historically led
to different results for problems of the same kind. This is a consequence of the small order of
magnitude of the element sought which makes it very sensitive to the contour hypotheses on
which it depends.
Among all the famous cases of different results for the same problem, the one described in
the paper by Rooney and Nyborg [26] is worth to be mentioned. The authors commented on
the constraining force exerted by an absorbent wall used in the paper of Chu and Apfel [23].
Notably, they suggest an infinite possibility of defining a constraining force for the absorbent
wall depending on the physical conditions hypothesized within the system. On the contrary of
the definition given by Chu and Apfel, where the fluid movement was considered equal to the
case where the target is absent and the tube is infinite, Rooney and Nyborg suggest that one
valid alternative to this may be to consider the mass density of the flow as unaltered by the
acoustic beam. Their final comment was:

There are experimental difficulties in satisfying any of the requirements described above.
It is probably for this reason that there seem to have been no reported measurements of
the radiation force on an absorber in a confined-beam (constant mass) situation in a liquid.
Perhaps the lack of experimental ("operational") definitions for the radiation force helps to
account for the disarray in the theoretical literature. Until laboratory procedures have been
developed for meeting well specified conditions it will probably not be clear what is the best
way to define the ("Rayleigh") radiation force on a perfect absorber in a confined beam.

Next, Chu and Apfel [27] responded shortly referring to their definition of perfect absorber
claiming that analytical results will be always affected by boundary conditions, leading to this
conclusion:

... the agreement or disagreement between theoretical and experimental results should
be interpreted as how perfect or imperfect does your target approach a ’perfect’ absorber.

This, like others, shows how the same problem can lead to profoundly different results due to a
very slight difference in physical interpretations of what is happening. This in fact makes the
subject worthy of the attention it deserves and highlights the need for a rigorous approach to
the problem, as the one proposed in Chapter 4, that can solve most of the problem linked to
these uncertainties.
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Rooney and Nyborg

Rooney and Nyborg’s contribution to the difference between Rayleigh and Langevin’s pressure
is again enhanced by placing more emphasis on analyzing the impact of conditions at the edge of
the problem on the solution [22]. They analyze how the solution for absorbent walls is strongly
dependent on considering the system closed or open, marking even more a conceptual difference
between the two historically accepted definition of radiation pressure. The treatment is based
on planar waves perpendicular to the surface of interest, for this reason considering the integral
on that immobile surface, the radiation pressure is a scalar magnitude with modulus equal to
that already found by Lord Rayleigh and Langevin in their previous papers.

Figure 1.4. Typical Radiation Pressure arrangement by Rooney and Nyborg

Chu and Apfel

A few years later, Chu and Apfel wrote one of the most important papers on the outstanding
topic [23], specifying how the controversy and uncertainties over the definition of radiation
pressure were not yet concluded. Their research is of extremely importance, because they try
to resolve the controversies of previous authors showing the critical points between the different
theories and methods. They proposed new studies on different and historical applications,
as the case of a tube of both infinite and finite length. At first, they analyzed the case of a
progressive planar wave, then the case of acoustic field generated by a sinusoidal external source
was considered, with either rigid, absorbent or partially absorbent wall at the end.

Figure 1.5. Progressive and Externally Induced Plane Wave

In their study, they give space to the search for radiation pressure using corrected acoustic field
solutions up to the second order and considering the non-linearity of the medium. They also
aim to define the differences between Rayleigh and Langevin pressure based on the geometric
constraints of the system and rediscovered how the radiation pressure was related to the total
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energy and boundary conditions. In particular, the relationship between absorbent and perfectly
reflective walls showed a multiplication factor of 2 in favor of reflective walls and go to confirm
Lord Rayleigh’s results of nearly a century earlier in the case of reflective walls. In fact their
results for pipes of semi-infinite length are:

prefl = γ + 1
2 ⟨E⟩ , pabs = γ + 1

4 ⟨E⟩ = prefl

2
(1.6)

Another more than significant result is the solution found in the case of a finished-walled and
stressed tube with a sinusoidal oscillating piston. The acoustic field solution for particle dis-
placement was found as:

ξ(x) = ϵ sin(ωt)sin(k(L− x))
sin(kL) (1.7)

Where k = ω
c0

is the wave number. From 1.7 one can clearly see that the solution is dependent
on the geometric constraints of the system, i.e. the length of the tube, driven frequency and
speed of sound. Specifically, a finite tube length implies the presence of system resonances that
lead to ideally infinite pressure values in absence of any damping. After some mathematical
manipulations, the final radiation pressure expression was given:

⟨Prad⟩ = K⟨E⟩
[
1 + sin(2kL)

2kL

]
(1.8)

Nonetheless, equation 1.8 has been arrived at considering the solution to the first order neglect-
ing the second order contributions. They wrote:

"However, such a procedure is rather tedious, because it is necessary to carry out the
perturbation solution to the quadratic order. On the other hand, with a little manipulation
of (84) this difficulty can be avoided and the radiation pressure on the target can be computed
with the knowledge of the first-order perturbation solution only."

In addition to the purely sinusoidal case, they also found a very interesting expression in the
case of generic periodic forces:

⟨Prad⟩ = K
∞∑

k=1
⟨En⟩

[
1 + c0T

4πnL sin
((4πnL)

c0T

)]

Finally, they defined the difference between Rayleigh and Langevin’s pressure case by introduc-
ing a constant that binds the two pressures. The latter is defined as the uniform hydro-static
pressure introduced by the geometric confinement of the system. Specifically:

pRay = < pLang > +ρ0C (1.9)

Where the constant C is found from Bernoulli’s theorem:

C =
〈∫ pL

p0

dp

ρ
− v2

L

2

〉
(1.10)

From which you see how for infinite spaces, the value of pL → p0 and vL → 0, for this C = 0.
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While in confined spaces, variables can no longer be set equal to zero and hydrostatic pressure
must be calculated once the type of confinement imposed on the system is known. Chu and Apfel
made one of the first analytical approaches to unification between Rayleigh’s and Langevin’s
theory, in fact until that time the considerations made about the difference between the two
were never so detailed.

Lee and Wang

Lee and Wang, in their work [24], highlight that radiation pressure is a highly sensitive topic,
often prone to confusion and errors. For this reason, they felt the need to piece together
the understanding of this phenomenon from fundamental principles, employing a perturbative
approach. Specifically, their study focuses on both the one-dimensional and three-dimensional
cases, aiming to derive the expression for radiation pressure on perfectly reflecting and absorbing
bodies subjected to a plane wave in a semi-infinite domain.
Among the most significant aspects of their work is the use of Bernoulli’s theorem to derive
the correct second-order equation, which, as noted in their study, leads to the same conclusions
reached by Rayleigh and Apfel for a fixed boundary. Moreover, they extended the calculation
of net pressure to other points away from the impact surface.
In this treatment, the hydrostatic pressure constant, previously defined as C, reappears. In this
context, its value aligns with those found by Nyborg and Beyer [28] in the case of a perfectly
reflecting wall.

C = γ + 1
2 ⟨E⟩ (1.11)

In the case of other geometric constraints, the value is likely to change. An example provided
by Lee and Wang is the case of a perforated wall positioned at x = −h within the tube itself.
In this scenario, the value of the constant is adjusted to ensure that the fluid can move through
the tube, which translates into the following requirement:〈

PE − P0
〉

x=−h
= 0 (1.12)

By incorporating this requirement into the equation above, the value of C can be determined:

C = −2 ⟨E⟩ cos 2kh (1.13)

Additionally, a significant contribution was made by calculating this pressure in the case of an
acoustic beam with cylindrical symmetry, incorporating cylindrical Bessel functions into the
solution.

Hasegawa et al.

In his paper [25], Hasegawa et al. conducts a detailed analysis of most of the work done on this
topic, focusing on aspects that, according to the author, are the most critical and unresolved up
to this point. Specifically, his analysis emphasizes that every theory regarding acoustic radiation
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pressure has its own peculiarities and underlying assumptions, which vary in rigor. However,
these theories often appear ambiguous, lacking logical consistency in some steps, and imposing
unnecessary conditions that can potentially alter a result highly sensitive to initial conditions.
In fact, radiation pressure is historically known as a second-order effect, and any assumptions
or simplifications made during its derivation can lead to significant changes in the outcome.
Starting from the classical equations of nonlinear acoustics, particularly Bernoulli’s equation
for unsteady flows, he derives the classical second-order corrected pressure-density relationship
and the more comprehensive equation of state for inviscid flows, known as the Thompson
equation [29], expressed in terms of potential.

∂2φ

∂t2
− c2

0∇2φ = ∂

∂t
|∇φ|2 − 1

2 (∇φ) · ∇ |∇φ|2 + (γ − 1)φ̇∇2φ− γ − 1
2 |∇φ|2 ∇2φ (1.14)

Recognizing the importance of nonlinear terms, he divided the problem by considering the terms
of the solution up to the second order. To accomplish this, he separated the system of equations
by considering:

φ = φ1 + φ2 (1.15)

This led to the formulation of two second-order linearized systems equivalent to 1.14:
∂2φ1
∂t2 − c2

0∇2φ = 0
∂2φ2
∂t2 − c2

0
∂2φ2
∂x2 = ∂

∂t

[
|∇φ|2 + γ−1

2c2
0

(
∂φ1
∂t

)2
] (1.16)

Specifically, regarding the pressure, the expansion used is:

p = p0 + p1 + p2 (1.17)

Where p0 is the resting pressure, while the other two components are first-order and second-
order quantities, respectively.
By using the relationships from linear acoustics to define the Lagrangian of the system, the new
expression for the radiation pressure is:

p− p0 = ρ0(φ̇1 + φ̇2) − L (1.18)

By then utilizing the expression for radiation pressure in the one-dimensional case, one arrives
at:

Prad = ⟨p− p0⟩ = ⟨ρ0(φ̇1 + φ̇2)⟩ − ⟨L⟩ (1.19)

Considering that φ1 is a solution to the linear wave equation and thus only has zero-mean
harmonic components, its contribution can be considered negligible. The contribution of the
Lagrangian is certainly non-zero, as it is composed of always positive terms, while nothing is
known about the second-order contribution.
Hasegawa, using Bernoulli’s theorem, identified this contribution as:

⟨ρ0φ̇2⟩ = ρ0C =
〈∫ pL

p0

dp

ρ
+ v2

L

2

〉
(1.20)
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He interpreted this as the factor of change in the static pressure within the considered system,
exactly as in previous theories. For integration surfaces different from the body on which the
pressure is being evaluated, the first-order contribution of the time-derived velocity potential
takes a different, tensorial form, which aligns with the perspective introduced by Brillouin in
the early decades of the 1900s. With this consideration, the new expression for the pressure
evaluated on a generic closed surface enclosing the body is equivalent to:

PRay = PLang = ρ0C + ⟨−L + ρv1 ⊗ v1⟩ (1.21)

As can be seen from the final equation, the disparity between Rayleigh’s and Langevin’s pressure
is addressed in an exemplary manner, showing that both depend exclusively on the system’s
experimental conditions and that, in fact, both should be treated from the same physical per-
spective.

1.4 Radiation Pressure: Experimental Studies

The investigation into acoustic radiation pressure initially emerged from a desire to understand
the fundamental interactions between sound waves and materials. For instance, standing wave
levitation phenomenon was first observed in Kundt’s tube experiment [30] in 1866, that small
dust particles moved toward the pressure nodes of the standing wave created in a horizontal
tube. Kundt was likely one of the first researchers to observe the practical effect of standing
acoustic waves on bodies and to intuit the possibility of generating net forces using sound. Then,
Bucks and Muller presented an experiment setup for acoustic levitation in 1933 [31] where a
small particle was levitated at a position slightly below the pressure nodes of the standing wave
between a radiator and a reflector. Following, early theoretical work by King in 1934 provided
some of the first insights into how sound waves exert force on objects, particularly on spheres,
setting the stage for more detailed studies. This curiosity was driven by both the theoretical
implications for physics and the potential practical applications that such understanding could
unlock, particularly in fields like materials science, medicine, and manufacturing. The need to
experimentally confirm and validate a general formula for radiation pressure led to multiple
experimental attempts, both in water and air, on bodies whose interaction with the acoustic
field had been previously studied theoretically. Specifically, the simplest shapes were examined,
including flat and cylindrical walls, but particularly spherical shapes, owing to the extensive
theoretical work developed in the XX century.

Plane Surface

The work conducted by Herrey [32] in 1954 was among the pioneering studies of radiation
pressure on flat walls immersed in water. His research demonstrates how the complexity of the
experimental setup allowed for various types of tests aimed at validating, based on Brillouin’s
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work, the tensorial nature of radiation pressure by calculating this quantity as the angle of
incidence between the acoustic beam and the wall varied.

(a) Radiation Balance Apparatus
(b) Schematic Drawing of Radiation Bal-

ance Apparatus

Figure 1.6. Herry’s Experimental Apparatus

Spherical Body

Transitioning from flat to spherical surfaces, numerous studies have been conducted to find
a correspondence between King’s work and experimental results. Moving from the work of
Rudnick [33] to those of Wang [34] and Hasegawa [11, 35, 36], who remains one of the most
significant contributors to this field, these studies examine how the nature of the material
composing the sphere can affect the results predicted by King for perfectly rigid walls. In fact,
the main assumptions of King’s work are:

• The sound field is plane progressive;

• The solid sphere is isotropic and elastic;

• The surrounding fluid is nonviscous.

Following the experiments, it is observed that different researchers sometimes reach different
conclusions, primarily due to the difficulty of replicating the same experiment under identical
physical conditions in this field. Even slight changes in geometry, material, medium, or boundary
conditions can cause significant variations in results. This is unfortunately due to the intrinsic
nature of the quantity being investigated, as it is very small compared to the typical magnitudes
of acoustic fields. Rudnick conducted the experiment in a tube with an amplifier at one end
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and a rigid tube at the other, concluding that the pressure observed in the experiments was
very similar to that predicted by King.

(a) Smoke pattern around a sphere at a pressure node in a standing plane wave field

(b) Schematic of Apparatus

Figure 1.7. Rudnik’s Experimental Apparatus

Wang measured the acoustic radiation force on a rigid sphere in a resonance chamber for a
range of pressures, positions, sizes, and for various gases. Their final remark was that in the
low to medium intensity region (< 150 dB) the measured force is consistent with King’s theory
when analyzed in terms of the fundamental pressure. However, in the high intensity region (>
150 dB), the measured force starts to deviate systematically from King’s calculations.

Figure 1.8. Wang’s Experimental Apparatus

Hasegawa et al. conducted numerous experiments and different numerical simulations on the
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subject. Specifically, the experiments were performed on various spheres, differing in both size
and material, and demonstrated the limitations of King’s theory. In fact, Hasegawa, unlike
others, developed his own formula for radiation pressure, proving it to yield more accurate
results than the historically accepted formula by King.

(a) Experimental Apparatus (b) Experimental Radiation Force Function

Figure 1.9. Hasegawa’s Experimental Apparatus and Results

Anson and Chivers [37] applied Hasegawa’s theory to spherical surfaces to verify it through
experiments on more than 50 different types of materials immersed in water, reporting a strong
correlation between the observed results and the theory. Additionally, their aim was also to
find empirical relationships between the materials used and the resulting pressure curves.

Cylindrical Body

Regarding cylindrical surfaces, one of the most recent and significant studies was conducted
by Wu et al. [15]. In their case, they relied on King’s theory, which was later extended and
developed by Embleton and Nyborg. They found a force acting on the walls of a rigid cylinder
using plane wave theory and reported an error, which they considered acceptable, of around
15-20 % compared to experimental results.



18 1. Historical introduction to the pressure radiation concept

(a) Experimental Apparatus

(b) Latex Particles used as tracers in a standing wave field

Figure 1.10. Wu’s Apparatus and Experimental Levitated Particles

As can be seen from the various conclusions of the different authors, it seems that each of them
appears to have validated or even improved upon the existing theory. Both the experimental and
theoretical aspects are subject to the levels of accuracy used during the derivation of formulas,
the methods by which experiments are conducted, and how boundary conditions are treated.
This makes the phenomenon of radiation pressure fascinating, somewhat incomplete even in
the simplest cases, and therefore stimulating in the potential to contribute further to what is
thought to be universally established by the scientific community.
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Chapter 2

Radiation Pressure: Technology
Application

2.1 Main Applications

As mentioned earlier, the main objective of this thesis project is to control the motion of an
object using radiation pressure as the driving force, derived from an acoustic field applied to it.
This net force effect can be utilized for multiple purposes, including:

• Actuation: For the direct control of the movement of bodies;

• Levitation: For the lifting and/or lightening to facilitate the physical movement of cer-
tain objects, with potential applications in precision transport of small masses or even
industrial transport on conveyors equipped with amplifiers;

• Medical Applications: Ultrasound applications for the control or destruction of kidney
stones or any unwanted objects within the body, as well as for ultrasound imaging;

There are also potential applications in analytical chemistry, biophysics, materials science, phar-
macy, and microassembly [38, 39]. In our particular case, the focus is on the first two appli-
cations, as they pertain to the direct interaction between a body and an acoustic field. These
mechanisms are of a very similar nature but have subtle yet important differences for practical
application.
For simple levitation, the body is typically placed in an equilibrium state where the applied
acoustic field balances the object’s weight by using different principles. In the case of actuation,
the body is in motion, and thus, it is necessary to consider the object’s position in the control
operation and the phase shift in frequency.
Generally, devices used for generating the acoustic signal are piezoelectric transducers capable
of producing fields at extremely high frequencies, above the audible range.
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2.1.1 Static Acoustic Levitation Techniques

This type of acoustic levitation technique has the capability to lift objects with very limited
mass and small dimensions into static equilibrium. The applications are diverse, ranging from
laboratory-based material handling to potential uses in microgravity environments.

Standing Wave Acoustic Levitation

This technique utilizes standing wave fields to suspend particles in air, typically solid objects
and liquid droplets that are smaller than the acoustic wavelength [40]. The basic setup consists
of a transducer and a reflector, which create a pressure node where the levitated object is
stabilized.

Figure 2.1. Standing Wave Acoustic Levitation of small living animals by Xie et al. [41]

Since the first ever standing wave levitation reported by August Kundt in 1866 [42] there
have been further developed for applications in microgravity and materials science. There are
two main types of levitation setups: single-axis levitators, which involve one or two opposing
transducers, and resonant chamber levitators, which use a closed chamber to enhance the effects
of standing waves.

Figure 2.2. Single Axis Acoustic Levitation of Light Object by Andrade et al. [43]
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Near-Field and Inverted Near-Field Acoustic Levitation

Employs the near-field force to levitate larger, planar objects just above a vibrating surface,
creating a thin air film between the object and the transducer. This method can support heavier
objects, leveraging the intense force generated close to the transducer surface. Commonly used
for planar objects but adaptable for non-planar shapes using plates vibrating in a flexural mode.
Similar to near-field levitation but the object is levitated below the transducer surface. This
technique leverages an attractive acoustic force when the object’s size is small relative to the
acoustic wavelength, creating a gap filled by a thin air layer.

Figure 2.3. Inverted Near-Field Acoustic Levitation of a disk by Takasaki et al. [44]

Far-Field Acoustic Levitation

Involves levitating objects larger than the acoustic wavelength, using a setup that typically
includes multiple transducers to generate a stable standing wave field at a distance. It can be
used to levitate heavier and larger objects, providing both vertical and horizontal stabilization.

Figure 2.4. Far Field Acoustic Levitation of Large Object by Zhao et al. [45]
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Single-Beam Acoustic Levitation

An advanced technique where particles are levitated using a single-sided emitter without the
need for opposing acoustic elements. This method allows for more flexible configurations and
is capable of trapping small particles in mid-air using highly directed acoustic beams.

Figure 2.5. Single Beam Levitation of Light Sphere by Andrade [46]

2.1.2 Dynamic Acoustic Transportation Techniques

This method concerns the progression of acoustic levitation from static positioning to dynamic
manipulation, enabling precise control over the movement of objects suspended in mid-air. The
techniques discussed expand the functionality and application areas of acoustic levitation, from
simple demonstrations to complex practical uses in various fields.

Manipulation by Standing Wave Acoustic Levitation

This section details methods to move levitated objects along a single axis, which is an advance-
ment over static levitation that typically keeps objects at fixed points. The manipulation is
achieved by altering the properties of the acoustic waves used in the levitation process:

• Phase Modulation: By modulating the phase of the emitted acoustic waves, researchers
can create dynamic shifts in the position of pressure nodes within the standing wave
field. This allows the movement of objects along the line of wave propagation, enabling
controlled transportation from one point to another without physical contact;
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Figure 2.6. Phase Modulation Method proposed by Ochiai et al. [47]

• Amplitude Modulation: Altering the amplitude of acoustic waves can also influence the
position and stability of levitated objects. This method is particularly useful for precisely
controlling the height at which an object is suspended, which can be crucial for processes
that require exact positioning, such as in assembling small or sensitive components.

Figure 2.7. Moving Wall Manipulation Method proposed by Fletcher et al. [48]

The applications of single-axis manipulation are vast, ranging from controlled ingredient mixing
in pharmaceutical development to the assembly of intricate microstructures in material sciences.
The ability to move objects precisely along one axis without contact avoids contamination and
damage, providing a significant advantage in sterile environments and with fragile materials.
These manipulation techniques demonstrate how acoustic levitation can be adapted from a
static display of technology to a functional tool in precision engineering and scientific research,
highlighting its potential in industrial automation and beyond. This approach not only en-
hances the control over levitated objects but also paves the way for more complex manipulation
strategies discussed in subsequent sections of the chapter.

Object Transport by Near-Field Acoustic Levitation Method

Near-Field Acoustic Levitation (NFAL) uses intense acoustic fields generated close to a vibrating
surface to levitate and transport objects with a thin air layer acting as a buffer. This method
can handle heavier objects compared to traditional acoustic levitation, which typically manages
only lightweight particles. Practical applications could be:
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• Industrial Automation: NFAL is particularly suited for applications requiring the clean
and precise transport of flat, rigid objects such as glass sheets, silicon wafers, or metal
plates in industrial settings. The non-contact nature of this method prevents contamina-
tion and damage, making it ideal for sensitive manufacturing processes.

• Microelectronic Assembly: In the assembly of microelectronic components, where pre-
cision and contamination control are paramount, NFAL provides a viable solution for
manipulating and placing delicate parts without physical contact.

Technical Challenges and Solutions are:

• Stability and Control: Maintaining stable levitation while dynamically moving objects
is challenging, especially under varying load conditions and speeds. Advanced control
algorithms and feedback systems are employed to monitor and adjust the acoustic fields
in real time.

• Scalability and Efficiency: Scaling NFAL for larger or more complex objects requires
efficient management of power and precise control over a larger array of transducers.
Research is ongoing to enhance the scalability and energy efficiency of these systems.

Figure 2.8. Object transport Manipulation Method proposed by Hashimoto et al. [49]

Manipulation using the Single-Beam Acoustic Levitation Method

This section explores the sophisticated approach of manipulating objects using the single-beam
acoustic levitation method. Single-beam acoustic levitation offers a versatile and innovative
approach for handling materials and objects in a non-contact manner [50–54].
Unlike traditional acoustic levitation that relies on standing waves created by opposing trans-
ducers, the single-beam method uses a focused beam of ultrasound to trap and manipulate
particles. This is achieved through the precise control of sound wave intensity and phase, which
creates a localized trap or pressure node in the path of the beam.
The manipulation is enabled by forming acoustic traps that can be moved along the path of
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the beam. By adjusting the focus and direction of the beam, these traps can be dynamically
re-positioned, allowing for the controlled transport of levitated objects.

Figure 2.9. Single Beam Manipulation Method proposed by Marzo et al. [54]
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Chapter 3

The mathematical formulation of the
non-linear acoustics

Acoustics is a branch of physics concerned with the generation and propagation of sound waves
in elastic media at a characteristic speed, c0. Specifically, sound arises from local pressure
variations induced by the propagation of acoustic waves. As a result, acoustic waves are classified
as elastic waves, similar to those responsible for the vibration of structures like strings and
membranes. The movement of particles determines an alternating sequence of compression and
rarefaction that are, at the same time, the effect and cause of the propagation of the acoustic
wave in the medium. In particular, acoustic waves are generally defined as:

• longitudinal waves: that means they oscillates in the same direction as the wave front;

• they are generally three-dimensional and their shape depends on the source;

• the medium must be elastic to guarantee rarefaction and compression to make the waves
move.

Waves traveling along the interior of tubes with uniform cross-section, or those that have propa-
gated over a long distance from their source, will closely approximate plane waves. The specific
properties of acoustic wave motion in a fluid depend on several factors, including the ratios
between the amplitude and frequency of the acoustic motion and the molecular mean-free-path
and collision frequency. Additionally, these properties are influenced by whether the fluid is
in thermodynamic equilibrium and by the shape and thermal characteristics of the boundaries
enclosing the fluid.

3.1 Non-Linear Acoustics: Euler’s Equation

Non-Linear acoustics deals with the description of the acoustic field under the hypothesis that
small fluctuations with respect to the reference value are not negligible as in the linear acoustic
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field. The derivation of the non-linear acoustic wave equation passes through the relationships
between the variables that are of direct relevance to the study of sound. These equations are:

• continuity or the conservation of mass;

• force equation or the conservation of momentum;

• thermodynamic equation of state.

They generally provide a set of equations in terms of pressure P , density ρ, particle Velocity
u and Temperature T that totally described the acoustic field. However, the wave equation is
usually written in terms of fluctuating components:

• P (x, t) = P0 + p(x, t);

• U(x, t) = U0 + u(x, t);

• ρ(x, t) = ρ0 + ρ′(x, t);

• T (x, t) = T0 + T ′(x, t);

The wave equation can thus be set up in terms of any one of these four variables. In acoustics,
it is the pressure fluctuations, p(x, t), that are of primary concern – i.e. noise radiation is a
fluctuating pressure.
In practice, sound waves are generally three-dimensional. It is, however, convenient to com-
mence with the derivation of the above equations in one dimension and to extend, without loss
of generality, the results to three dimensions.

Continuity Equation

The mass conservation equation(continuity) provides a relationship between the density, ρ(x, t),
and the particle velocity, u(x, t). Consider the mass flow of particles in the x-direction through
an elemental, control volume, dV , for mass to be conserved, the time rate of change of the
elemental mass has to equal the net mass flow into the elemental volume:
By considering the Taylor expansion of the variation of the elemental mass in the cube, one
gets the classical mass conservation equation for one-dimensional flows:

∂ρ

∂t
+ ∂(ρux)

∂x
= 0 (3.1)

The 3.1 can be expanded up to three dimensions as:

∂ρ

∂t
+ ∇ · (ρu) = 0 (3.2)
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Figure 3.1. Mass Conservation

Conservation of Momentum

The momentum conservation equation provides a relationship between the pressure, P (x, t),
the density, ρ(x, t), and the particle velocity, u(x, t). Generally, it is derived either by observing
the stated law of conservation of momentum with respect to an elemental, control volume in
space, or by a direct application of Newton’s second law.

Figure 3.2. Momentum Conservation

Skipping repetitive and well-known mathematical passages present in literature, the momentum
equation for one-dimensional flow looks like:

ρ
∂ux

∂t
+ ρux

∂ux

∂x
+ ∂P

∂x
= 0 (3.3)

While for three-dimensional flows it takes the vectorial form:

ρ

(
∂u

∂t
+ (u · ∇)u

)
+ ∇P = 0 (3.4)
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State Equation

The equation of state usually relates the pressure, density and absolute temperature of a fluid.
For a perfect fluid it is:

P = ρRTk (3.5)

Where P is the absolute pressure, ρ is the density of the gas, R is the gas constant, and Tk is the
absolute temperature. It is worth mentioning the propagation of sound waves in air does not
generally produce any significant changes of thermal energy between particles, and the entropy
of the gas is constant. In addition, the thermal conductivity of the gas is very small. For
these reasons the propagation of sound waves can therefore be assumed to be adiabatic. This
assumption is valid for linear (small amplitude) sound waves within the audio-frequency range.
Hence, the adiabatic equation of state for a perfect gas is used:

P

P0
=
(
ρ

ρ0

)γ

(3.6)

where γ = cp/cv is the ratio of specific heats, γ = 1.4 in air.

Euler Equation

In this section the time-dependent Euler system of equations are considered. These are a system
of non-linear hyperbolic conservation laws that govern the dynamics of a compressible material,
such as gases or liquids at high pressures, for which the effects of body forces, viscous stresses
and heat flux are neglected.
There is some freedom in choosing a set of variables to describe the flow under consider-
ation. A possible choice is the so called primitive variables or physical variables, namely,
ρ(x, y, z, t) = density or mass density, p(x, y, z, t) = pressure, ux(x, y, z, t) = x-component of
velocity, uy(x, y, z, t) = y-component of velocity, uz(x, y, z, t) = z-component of velocity.
An alternative approach is offered by the so-called conserved variables. These include mass
density ρ, the x-momentum component ρu, the y-momentum component ρv, the z-momentum
component ρw, and the total energy per unit mass E. Physically, these conserved quantities
arise naturally from the application of fundamental laws, including the conservation of mass,
Newton’s Second Law, and the law of conservation of energy.
From a computational perspective, expressing the governing equations in terms of conserved
variables presents several advantages. This leads to a broad class of numerical methods known
as conservative methods, which will be examined later in this work. One will now state the
equations in terms of the conserved variables under the assumption that the involved quantities
are sufficiently smooth to permit differentiation.
It is a system of equation in which the equations 3.1, 3.3 together with the energy equation

∂E

∂t
+ ∂

∂x
[u(E + P (ρ))] = 0
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with:
E = ρ

(
V 2

2 + e

)
where V 2 = u2

x + u2
y + u2

z and e (the specific internal energy) are used to described the non
linear behavior of the acoustic field or whatever physical quantity would like to be analysed.
The system of equations is usually organized in order to have the so called, conservative form. It
is a particular form in which the three equations are described in terms of a vector of variables
U and a flux operator F (U) to get:

Ut + ∇F (U) = 0 (3.7)

Specifically for the Euler equations in one dimensional flow, one gets:

Ut =


ρ

ρu

E


t

, Fx(U) =


ρu

ρu2 + p

u(E + p)


x

(3.8)

A system of equation in the form of 3.7 has a huge advantages with respect to a classic system
of PDE (Partial Differential Equations) written in primitive variables, namely (u, ρ, p). That’s
because in these decades, plenty of numerical methods were implemented by using system of
equations written in the form of 3.7 and that makes 3.8 relatively easy to be solved [55].

3.2 Thompson Equation for Velocity Potential

The equation for the velocity potential in a general inviscid motion will now be derived. Under
the condition of irrotational flow, where vorticity Ω = ∇ × u = 0, the particle velocity can be
expressed as a function of the gradient of a potential, φ. In fact, in the study of acoustics, it is
particularly advantageous to introduce a velocity potential, φ. This approach holds significant
practical value and is frequently encountered in both gas dynamics and acoustics.
The in-viscid momentum conservation equation is:

∂u

∂t
+ (u · ∇)u+ 1

ρ
∇p = 0 (3.9)

The scalar product of the last term with u may be written

1
ρ
u · ∇p = 1

ρ

Dp

Dt
− 1
ρ

∂p

∂t

For isentropic flow, dp = c2dρ; taking advantage of this fact and using the continuity equation
3.2, this becomes

1
ρ
u · ∇p = −c2∇ · u− 1

ρ

∂P

∂t

The scalar product of 3.9 with u is now

1
2
∂u2

∂t
+ 1

2u · ∇u2 − c2∇ · u = 1
ρ

∂p

∂t
(3.10)
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[in obtaining this result, the identity (u · ∇)u = ∇(u2/2) −u× Ω has been used]. This is almost
an equation in the velocity potential only, i.e., containing only terms involving u; To express the
right-hand side in terms of the velocity potential, the time derivative of equation 3.9 is taken.
This operation yields, after substituting the velocity potential u = −∇φ:

∂2u

∂t2
+ 1

2∇(∇φ)2 + ∂

∂t

(1
ρ

∇p
)

= 0 (3.11)

Now if f(p) is a function only of p, it is an identity that

∂

∂t
(f(p)∇φ) = ∇

(
f(p)∂φ

∂t

)
Applying this identity to the last term, 3.11 becomes

∇
(

−∂2φ

∂t2
+ 1

2(∇φ)2 + ∂

∂t

p

ρ

)
= 0

The quantity in the brackets is an arbitrary function of time; this function can be incorporated
into φ, so that: (

−∂2φ

∂t2
+ 1

2(∇φ)2 + ∂

∂t

p

ρ

)
= 0 (3.12)

This can in turn be integrated with respect to time to give

∂φ

∂t
− 1

2(∇φ)2 −
∫
dp

ρ
= const

which is a variant of the (compressible-inviscid) Bernoulli equation. Substituting 3.12 into 3.10
and expressing u in terms of the velocity potential finally gives

∂2φ

∂t2
− ∂

∂t
(∇φ)2 + 1

2∇φ · ∇(∇φ)2 − c2∇2φ = 0

where the sound speed c is known in terms of the velocity potential.

c2 = c2
0

[
1 + k − 1

c2
0

(
φt − 1

2 |∇φ|2
)]

3.2.1 Kuznetsov Second Order Approximation

Despite the completeness of the Thompson equation for inviscid media, the decision to derive
an approximated version up to the second order was driven by the advantage of enabling the
development of semi-analytical solutions under such approximations. [56–58]. For instance,
the Kuznetsov’s equation 3.15, is one of the most used and credited in the field of non-linear
acoustics. It was derived by assuming a second order expansion of the pressure in terms of
w = ρ− ρ0

ρ
, instead of using the exact isentropic expression for pressure-density.

P = p0 (ρ/ρ0))γ ≃ p0 +Aw + 1
2Bw

2 (3.13)
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Where w = ρ−ρ0
ρ is the condensation ratio, A = ρc2

0 and B = ρ2
0
(

dc2

dρ

)
ρ0

.
It is worth to notice that this approximation is one of the most used in the field of radiation
pressure when the Bernoulli’s theorem is introduced to get the final expression as shown in
Chapter 4. The equation, written in terms of velocity potential in the one-dimensional case and
in the case of absence of viscosity and thermal conductivity, is equal to:

∂2φ

∂t2
− ∂2φ

∂x2

(
c2

0 + (k − 1)∂φ
∂t

)
= 2∂φ

∂x

∂2φ

∂xt
(3.14)

That in a more compact form is:

φtt − φxx

(
c2

0 + (k − 1)φt

)
= 2φxφxt (3.15)

3.3 Linearised Wave Equation

For linear cases, the derivative, or gradient in three dimensions, is taken only for the particle
velocity assuming that the change in density is very small compared to the other quantities.
Moreover a state equation between pressure and density is supposed to be linear. This leads to a
new set of linearized mass continuity equation, state equation and to the linearized conservation
of momentum equation:



∂ρ
∂t + ρ0c2

0
∂(ux)

∂x = 0

∂P
∂x + ρ0

∂(ux)
∂t = 0

p = (ρ− ρ0)c2
0

(3.16)

That comes from by substituting in equation 3.3, P (x, t) = P0 +p(x, t) and ρ(x, t) = ρ0 +ρ′(x, t)
and neglecting the second and higher-order terms.
Equations in 3.16 are valid for small amplitude compares to the reference pressure (< 140dB).
At this point, there are all the ingredients to write the so called "Linearised wave equation" for
acoustics. Indeed, by combining the equations in 3.16 together, and assuming that the order
neglecting the constant terms in the derivation for pressure and density, one obtains:

∂2p

∂t2
= c2

0
∂2p

∂x2 (3.17)

Where the relation for c2
0 =

√
kP0

ρ comes directly from the state equation assuming that:

c =
√(

∂p

∂ρ

)
ρ=ρ0

(3.18)

Consider a plane, one-dimensional, sound wave propagating in the x-direction, it is convenient
to represent the solution of the wave equation in terms of complex, harmonic functions. The
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general solution involves waves travelling in both the positive and negative x-directions and
knowing that the general solution for equation 3.17 is p(x, t) = F (x − ct) + G(x + ct), where
F (x− ct) is travelling in the positive direction while G(x+ ct) in the negative one, it is possible
to rewrite the pressure field as a combination of two harmonic solutions:

p(x, t) = A1e
ωt−kx +A2e

ωt+kx (3.19)

where k = ω/c is the wave number.

Wave Equation in Potential Form

An other way to write the wave equation is in term of a scalar potential, indeed, provided
that the fluid is irrotational, that means ∇ × u = 0, the velocity field could be written as a
gradient of a scalar function φ, so u = −∇φ. After some mathematical passages, one can get
the equivalence between the wave equation in terms of pressure and wave equation in terms of
potential. As a consequence of substituting ∇ × u = 0 into the second equation of 3.16 one
obtains:

∇
(
ρ
∂φ

∂t
− p

)
= 0 (3.20)

That leads to the famous linearised relation between pressure and potential fields:

p = ρ0
∂φ

∂t
= ρ0φt (3.21)

At this point, considering equation 3.21 and equation 3.17 one obtains the linearised potential
wave equation:

∂2φ

∂t2
= c2

0
∂2φ

∂x2 (3.22)
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Chapter 4

A Hamiltonian formulation of
non-linear acoustics

The literature presents various, and sometimes controversial, interpretations of radiation pres-
sure. These debates revolve around the scalar versus tensorial nature of acoustic stress, the
choice of time-averaging framework (Lagrangian or Eulerian), the order of terms contributing
to the governing equations, and the potential historical inaccuracies on the subject highlighted
by several authors. Hence, this analysis aims at clarifying some of these crucial points. The
object of the investigation is in essence the evaluation of the quantity:

Frad =
∫

SB(t)
p · ndS

And its time average:

⟨Frad⟩ = ⟨
∫

SB(t)
p · ndS⟩

The starting points can be summarized as follows:

• The model uses a general constitutive relationship between pressure and density of the
barotropic form p = p(ρ) and this can be specified with a certain freedoom. In other
theories (see for example the equations of Westervelt, Kuznetsov, Khokhlov-Zabolotskaya-
Kuznetsov (KZK), Blackstock-Crighton and Hasegawa), a second order expansion of the
pressure in terms of ρ− ρ0 is assumed and in some models more general, non-barotropic
relationship are investigated. In this research an exact analysis is developed, without
specifying any particular constitutive relationship p = p(ρ) except, as a remarkable case,
the application to the nonlinear adiabatic, reversible transformation;

• The model does not account for any effect related to the thermal conductivity of the gas,
assumed to be vanishing;

• The model assumes the fluid is inviscid with no dissipation mechanism.
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4.1 Hamiltonian Integral Formulation

Before examining this new expression for radiation pressure, it is essential to outline the Hamilto-
nian formulation. When dealing with a fluid system and an immersed solid body, the application
of Hamilton’s principle requires careful consideration. In its original formulation, Hamilton’s
principle applies to a set of material particles, meaning that both the kinetic and potential
energy, for the application of a variational principle, must be referenced to these particles. For
such systems, Hamilton’s principle is equivalent to Newton’s laws.

When investigating the system composed of a material body and a fluid, it is essential to extend
Hamilton’s principle in a rigorous manner. This requires a clear and unambiguous identification
of the material system to which the kinetic and potential energy refer. To meet this need, the
body and the surrounding portion of fluid are considered as a material system. It is essential
that the selected portion of fluid at any time t contains the same set of fluid particles chosen at
the initial time t0. This condition allows for the application of Hamilton’s principle in its original
formulation, which pertains to a set of uniquely identified material particles. The requirement
for material invariability of the system translates into a mathematical constraint within the
variational Hamiltonian formulation.

This question is crucial because two classical approaches exist for the differential description
of fluid motion: the Lagrangian and Eulerian formulations. The Lagrangian approach follows
individual material particles through their motion, while the Eulerian approach does not. This
distinction can lead to subtle errors when applying Hamilton’s principle to a fluid described by an
Eulerian framework. However, it is posited that the choice between these two approaches, when
applying Hamilton’s principle, ultimately depends on technical convenience. It is fundamental
to begin with the Lagrangian approach when defining the material system under investigation,
ensuring that an invariable set of fluid particles and the immersed body are followed, allowing
for accurate application of kinetic and potential energy in the Hamiltonian method. Once
Hamilton’s principle is formulated for this Lagrangian set of material objects, transitioning
from a Lagrangian to an Eulerian approach becomes feasible and advantageous.

Therefore, Hamilton’s principle will be applied to a material system of time-invariant mass
M , contained within the volume V (t) bounded by an immovable surface S, as depicted in
figure 1. This volume encompasses both the body of mass m and volume VB(t), enclosed by
surface SB(t), as well as a portion of fluid (gas) with volume VF (t) and time-invariant mass
mF , located between surfaces S and SB. No dissipative effects are involved in the fluid motion,
and an external force F is applied to the body at point xF , along with a torque.
The body motion can include, in general, a displacement of its gravity center uG(t) and a
rotation about an axis of unit vector r, for simplicity assumed to be invariable in time. Therefore,
the rotation about r is described by the angle θ(t), and the body’s angular velocity is ω = θṙ.
The torque applied to the body has intensity T . However, the extension to more general
rotations, although mathematically tricky, is conceptually simple.
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Figure 4.1. Hamilton Material Volume

The kinetic energy of this identified material system is:

K = 1
2m|vG|2 + 1

2Jθ
2 +

∫
VF (t)

ρ|v|2

2 dV (4.1)

ρ is the gas density, J is the moment of inertia of the body with respect to r. The potential
energy of a given portion of fluid per unit volume of the fluid u(ρ), related to its elastic energy
storage capability, is determined as follow:

U = −
∫ Ω

Ω0
p(Ω′)dΩ′

Where Ω0 and Ω are the reference material volume and the actual material volume of the gas
portion, respectively. Ω must be expressed in terms of the density ρ. Since, for a generic mass µF

of the material fluid trapped into the volume Ω, it holds ρΩ = ρ0Ω0 = µF , then ρdΩ + Ωdρ = 0
and dΩ

Ω = −dρ
ρ , and it can be integrated leading to:

U =
∫ ρ

ρ0
p(ρ′)Ω′dρ

′

ρ′ = µF

∫ ρ

ρ0

p(ρ′)
ρ′2 dρ′

Therefore, the density (per unit volume) of the material fluid potential energy is:

u(ρ) = U

Ω = µF

Ω

∫ ρ

ρ0

p(ρ′)
ρ′2 dρ′

i.e.:
u(ρ) = ρ

∫ ρ

ρ0

p(ρ′)
ρ′2 dρ′

Note u(ρ) is the energy per unit volume stored by the fluid because of its compressibility and
evaluated following the same material particles: its special form depends on the assumed gas
constitutive relationship p(ρ) = P (ρ) − P0. For example, the adiabatic reversible (isotropic)
case produces:

u(ρ) = ρ

∫ ρ

ρ0

p(ρ′)
ρ′2 dρ′ = P0

(k − 1)

(
P

P0
− ρ

ρ0

)
− P0

(
ρ− ρ0
ρ0

)
(4.2)
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A potential additional source of potential energy could arise from the elastic effects of the body,
which are not considered in the present approach but can be easily incorporated. It is important
to note that the matter of our system and its mass M , contained within the volume V (t), remain
invariant over time. As stipulated at the outset, this refers to the same material system at any
time t. The mass balance is then expressed by constant quantities as m+mF = M , i.e.:

m+
∫

VF (t)
ρdV = M → d

dt

∫
VF (t)

ρdV = 0

This represents the announced constraint in the Hamiltonian formulation. Therefore, the Hamil-
ton’s action A for the considered material system holds in the form:

A =
∫ t2

t1

[
(K − U) + λ∗(t) d

dt

∫
VF (t)

ρdV

]
dt (4.3)

This is the Lagranigan formulation of the Hamilton’s principle, where λ∗(t) is a Lagrangian
multiplier to introduce the necessary constraint of conservation of mass.
Let us rewrite it, using the Reynold’s theorem, as:

A =
∫ t2

t1

[
(K − U) + λ∗(t)

∫
VF (t)

ρt + ∇ · (ρv) dV
]
dt (4.4)

The integrand ρt + ∇ · (ρv) is identically vanishing at any point in the fluid, since it expresses
the local balance of mass within the volume, i.e. the equation and ρt + ∇ · (ρv) = 0 holds at
any point in the acoustic field. Therefore, the previous expression of the action is equivalent to:

A =
∫ t2

t1

[
(K − U) +

∫
VF (t)

λ∗(x, t)(ρt + ∇ · (ρv)) dV
]
dt (4.5)

With arbitrary value for the function λ(x̃, t). Introducing the fluid’s Lagrangian density:

L(ρ, v) = 1
2ρ|v|2 − u(ρ) (4.6)

The action becomes:

A =
∫ t2

t1

[
m|vg|2

2 + Jθ̇2

2 +
∫

VF (t)
L(ρ, v) + λ∗(x, t)(ρt + ∇ · (ρv)) dV

]
dt (4.7)

Let for simplicity:
L̃(ρ, v, λ) = L(ρ, v) + λ∗(x, t)(ρt + ∇ · (ρv)) (4.8)

Where L̃(ρ, v, λ) is the modified Lagrangian of the gas to bring into account the effect of the
kinematic constraint by the continuity equation. The last considered term is the virtual work
δW of the external forces acting on our material system, those applied by the distribution of
pressure on the surface S, and by the external force and torque applied directly to the body:

δW =
∫

S(t)
pn · δuSdS + FδxF + Tδθ (4.9)
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Finally, the Hamilton’s principle stands in the form:

δA = δ

∫ t2

t1

[
m|vg|2

2 + Jθ̇2

2 +
∫

VF (t)
L̃(ρ, v, λ)dV +W

]
dt = 0 (4.10)

Note that the volume VF (t) is changing when performing the variation, since the fluid particles
move and the body moves with respect to the fluid. Therefore, the delimiting surfaces S(t)
and SB(t) move and they depend, respectively, on the displacement variables uG(t),θ(t) and
uS(x, t), where the latter is the fluid displacement on the surface S(t), and u̇G = vG:

δA = δ

∫ t2

t1

[
m|vg|2

2 + Jθ̇2

2 +
∫

VF (uG,θ(t),uS)
L̃(ρ, v, λ)dV +W

]
dt

This means the operator δ produces the variations of the entire set of variables ρ,uS ,v,λ,θ,
θ̇,ug,vg. This leads to:

δA = δ

∫ t2

t1

[
δ(uG)

∫
VF (uG,θ(t),uS)

L̃(ρ, v, λ)dV + δ(θ)

∫
VF (uG,θ(t),uS)

L̃(ρ, v, λ)dV + δ(vG)
m|vg|2

2 +

+δ(uS)

∫
VF (uG,θ(t),uS)

L̃(ρ, v, λ)dV +
∫

VF (uG,θ(t),uS)
δ(ρ,v,λ)L̃(ρ, v, λ)dV + δ(θ̇)

Jθ̇2

2 + δW

]
dt

Where the symbol δ((a, b, . . . z)) means the variation acts on the variables a, b, . . . z. Therefore,
the Hamilton’s principle includes the six variations δA1, δA2, δA3, δA4, δA5, δA6:

δA1 =
∫ t2

t1

[
δ(uG)

∫
VF (uG,θ(t),uS) L̃(ρ, v, λ)dV

]
dt,

δA3 =
∫ t2

t1

[
δ(uS)

∫
VF (uG,θ(t),uS) L̃(ρ, v, λ)dV

]
dt,

δA5 =
∫ t2

t1

[
δ(vG)

m|vg |2
2

]
dt,

δA2 =
∫ t2

t1

[
δ(θ)

∫
VF (uG,θ(t),uS) L̃(ρ, v, λ)dV

]
dt

δA4 =
∫ t2

t1

[
δ(ρ,v,λ)L̃(ρ, v, λ)dV

]
dt

δA6 =
∫ t2

t1

[
δ(θ̇)

Jθ̇2

2

]
dt

Let’s analyze them singularly. Concerning δA1, one shluld consider the variation over the
displacement of center of gravity. Indeed:

δ(uG)

∫
VF (uG,θ(t),uS)

L̃(ρ, v, λ)dV =
∫

VF (uG+δuG,θ(t),uS)
L̃(ρ, v, λ)dV −

∫
VF (uG,θ(t),uS)

L̃(ρ, v, λ)dV =

∫
VF +δVF

L̃(ρ, v, λ)dV −
∫

VF

L̃(ρ, v, λ)dV =
∫

δVF (uG,θ(t),uS

L̃(ρ, v, λ)dV

This means one must calculate the integral by the variation of the volume for each element over
the surface SB, since only this surface is affected by uG. In fact:

dV = δug · ndS,
∫

δVF (uG,θ(t),uS)
L̃(ρ, v, λ)dV =

∫
SB

L̃(ρ, v, λ)δuG · ndS

Where n is the outward surface normal component of SB, and δuG is the virtual displacement
at any point on SB due to body gravity center displacement component only (the surface
displacement due to the rotation component θ is analyzed by δA2):∫

δVF (uG,uS)
L̃(ρ, v, λ)dV =

∫
SB

L̃(ρ, v, λ)δug · ndS = δuG ·
∫

SB

L̃(ρ, v, λ)ndS
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The variation δA1, with the previous calculations, follows as:

δA1 =
∫ t2

t1

[
δuG ·

∫
SB

L̃(ρ, v, λ)ndS
]
dt

The second one δA2, following an identical approach, is:

δA2 =
∫ t2

t1

[
δθ ·

∫
SB

L̃(ρ, v, λ)(r × ξ)ndS
]
dt

The third one δA3 similarly is:

δA3 =
∫ t2

t1

[
δus ·

∫
S

L̃(ρ, v, λ)ndS
]
dt

The fifth one, δA5, is:

δA5 =
∫ t2

t1
− d

dt
(mvG) · δuG dt+ [mvG · δuG]t2

t1

The sixth one, δA6, is:

δA6 =
∫ t2

t1
− d

dt
(Jθ̇) · δθ dt+

[
Jθ̇ · δθ

]t2

t1

δA4 is the more laborious and it must be manipulated as follows:

δA4 =
∫ t2

t1

[
δ(ρ,v,λ)L̃(ρ, v, λ)dV

]
dt

=
∫ t2

t1

{∫
VF

(
ρv · δv + |v|2

2 δρ− du

dρ
δρ+ [ρt + ρ∇ · v + ∇ρ · v] δλ

)
dV

}
dt+

∫ t2

t1

{∫
VF

(λ [δρt + δρ∇ · v + ρ∇ · δv + ∇δρ · v + ∇ρ · δv]) dV
}
dt

where, collecting the different independent variations δv,δρ,δλ, one gets:

δA4 =
∫ t2

t1

{∫
VF

(
[ρv + λ∇ρ] · δv + λρ∇ · δv +

[
|v|2

2 − du

dρ
− λt + λ∇ · v

]
δρ

)
dV

}
dt+

∫ t2

t1

{∫
VF

(λ∇δρ · v + [ρt + ρ∇ · v + ∇ρ · v] δλ) dV
}
dt+ [λδρ]t2

t1

Considering that: ∫
VF

∇ · (λρδv) dV =
∫

VF

λρ∇ · δv dV +
∫

VF

∇ (λρ) · δvdV

i.e.: ∫
VF

λρ∇ · δv dV =
∫

VF

∇ · (λρδv) dV −
∫

VF

∇ (λρ) · δvdV

Using the Gauss theorem for the first integral on the right-hand-side:∫
VF

λρ∇ · δv dV =
∫

∂VF

λv · ∇δρ dS −
∫

VF

∇ (λρ) · δv dV
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where n is the outward normal vector along ∂V . Analogously:∫
VF

∇ · (λvδρ) dV =
∫

VF

λv · ∇δρ dV +
∫

VF

δρ∇ · (λv) dV

i.e.: ∫
VF

λv · ∇δρ dV =
∫

VF

∇ · (λvδρ) dV −
∫

VF

δρ∇ · (λv) dV

And using again the Gauss theorem for the first integral on the right-hand-side:∫
VF

λv · ∇δρ dV =
∫

∂VF

λv · nδρdS −
∫

VF

δρ∇ · (λv) dV

Substituting back into the variation δA4:

δA4 =
∫ t2

t1

{∫
VF

(
[ρv + λ∇ρ− ∇(λρ)] · δv +

[
|v|2

2 − du

dρ
− λt + λ∇ · v − ∇ · (λv)

]
δρ

)
dV }dt+

∫ t2

t1
{
∫

VF

[ρt + ρ∇ · v + ∇ρ · v] δλdV +
∫

∂VF

(λρn · δv + λv · nδρ) dS
}
dt+ [λδρ]t2

t1

Where: ∫
∂VF

(λρn · δv + λv · nδρ) dS =
∫

SB∪S
(λρn · δv + λv · nδρ) dS

A simplification comes from considering the surface S at a large distance with respect to the
body, in which case one can use the Sommerfeld condition on it, i.e. the acoustic field per-
turbation over this surface is vanishing. This could be the case of the body generating, by its
motion, waves into the acoustic field, the amplitude of which vanish at long distance. Also, a
point source close to the body with respect to the distance between the body and S, is a case
to which the Sommerfeld condition applies. These cases permit to write:∫

S→S∞
. . . dS → 0

Leading to:

δA4 =
∫ t2

t1

{∫
VF

(
[ρv − ρ∇λ] · δv +

[
|v|2

2 − du

dρ
− λt − ∇λ · v

]
δρ

)
dV }dt+

∫ t2

t1
{
∫

VF

[ρt + ρ∇ · v + ∇ρ · v] δλdV +
∫

SB

(λρn · δv + λv · nδρ) dS
}
dt+ [λδρ]t2

t1

The three terms into the volume integral leads to a system of particular equations:
v = ∇λ

1
2 |∇λ|2 − du

dρ − λt − ∇λ · ∇λ = 0
ρt + ρ∇2λ+ ∇ρ · ∇λ = 0

(4.11)

Where the first equation permits to eliminate the fluid speed. It is the first relevant result of
the research, indeed it claims that the fluid particle velocity can be expressed as a potential of
a scalar quantity. This is a remarkable result, as the irrotationality of the flow is no longer an
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a priori assumption but rather a consequence of the chosen form of the Lagrangian, in which
dissipation effects are excluded.
However, solving for the first variable, λ(x, t), is not uniquely defined. It can be stipulated
that λ(x, t) = −φ(x, t) − φ0(t), where the presence of φ0(t) does not affect the velocity field.
Consequently, the equations reduce to: −1

2 |∇φ|2 − du
dρ + φt + φ̇0 = 0

ρt − ρ∇2φ− ∇ρ · ∇φ = 0
(4.12)

4.2 Analysis of the Obtained Equations

The following physical remarks about the obtained equations via the Hamilton’s principle are
important and they are needed to be explained in the next lines.

4.2.1 Equivalence with the Bernoulli’s Equation

The analysis of the obtained equation:

−du

dρ
= −φt − φ̇0 + 1

2 |∇φ|2 (4.13)

Brings important conclusions about the gas pressure that produces, in different possible forms,
the Bernoulli’s equation. Deriving the expression of the introduced fluid potential energy with
respect to the density provides:

u(ρ) = ρ

∫ ρ

ρ0

p(ρ′)
ρ′2 dρ′ → du

dρ
=
∫ ρ

ρ0

p(ρ′)
ρ′2 dρ′ + ρ

p

ρ2 = u

ρ
+ p

ρ

By inserting the result into the previous equation 4.13, the following expression is obtained:

u

ρ
+ p

ρ
= φt − 1

2 |∇φ|2 + φ̇0

i.e.:
p

ρ
= φt − 1

2 |∇φ|2 + φ̇0 − u

ρ

That produces:
p

ρ
+ E
ρ

− φt = φ̇0

Since at a long distance from the body, the perturbations of φ vanish, so E = 1
2ρ|∇φ|2 + u(ρ)

vanishes and it follows φ̇0 = 0, therefore:

p

ρ
+ E
ρ

− φt = 0 → p = ρφt − E

Where E is the total energy density and this is a possible form of the Bernoulli’s equation.
Since:

u

ρ
=
∫ ρ

ρ0

p(ρ′)
ρ′2 dρ′
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One can write:
p

ρ
+
∫ ρ

ρ0

p(ρ′)
ρ′2 dρ′ + 1

2 |∇φ|2 − φt = 0

Considering that:

d

(
p

ρ

)
= dp

ρ
− p

ρ2dρ → p

ρ
+
∫ ρ

ρ0

p(ρ′)
ρ′2 dρ′ =

∫ P

P0

dp′

ρ(p′)

By which one obtains: ∫ P

P0

dp′

ρ(p′) − φt + 1
2 |∇φ|2 = 0 (4.14)

This is nothing else than a familiar form of the Bernoulli’s theorem for the unsteady, inviscid
and compressible flow (see [59,60]). Note the obtained expression is completely independent of
the pressure-density constitutive relationship P (ρ).
However, the adiabatic reversible case (isentropic transformation) deserves a specific analysis.
In this case, since:

u

ρ
= P0
ρ(k − 1)

(
P

P0
− ρ

ρ0

)
− P0

ρ

(
ρ− ρ0
ρ0

)
= 1
k − 1

(
P

ρ
− P0
ρ0

)
− P0

( 1
ρ0

+ 1
ρ

)
(4.15)

So then:
p

ρ
+ 1

2 |∇φ|2 + 1
k − 1

(
P

ρ
− P0
ρ0

)
− P0

( 1
ρ0

+ 1
ρ

)
− φt = 0

(
P

ρ
− P0
ρ0

)
+ 1

2 |∇φ|2 + 1
k − 1

(
P

ρ
− P0
ρ0

)
− φt = 0

Or:
k

k − 1

(
P

ρ
− P0
ρ0

)
+ 1

2 |∇φ|2 − φt = 0

This is in fact, a known form of the Bernoulli’s theorem for an unsteady, adiabatic, compressible
flow.

4.2.2 Total Pressure Expression

Starting from the last Bernoulli’s equation, considering that:

P (ρ) = P0
ρk

0
ρk (4.16)

it follows that:
P

ρ
= P0
ρk

0
ρk−1 (4.17)

thus:
k

k − 1
P0
ρk

0
ρk−1 + 1

2 |∇φ|2 − φt = k

k − 1

(
P0
ρ0

)
= c2

0
k − 1

or:
c2

0
k − 1

ρk−1

ρk−1
0

+ 1
2 |∇φ|2 − φt = c2

0
k − 1
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Collecting the density of the fluid, one obtain the exact expression for ρ:

ρ = ρ0

[
1 + k − 1

c2
0

(
φt − 1

2 |∇φ|2
)] 1

k−1
(4.18)

And then one can recover the exact pressure using the classic isotropic relationship between
pressure and density P (ρ) = P0

ρk
0
ρk:

P = P0

[
1 + k − 1

c2
0

(
φt − 1

2 |∇φ|2
)] k

k−1
(4.19)

That is the total pressure expression, itself in essence another particular form of the Bernoulli’s
equation.

4.2.3 Equivalence with the momentum Equation

Applying the gradient operator to the last obtained Bernoulli’s equation∫ P

P0

dp′

ρ(p′) − φt + 1
2 |∇φ|2 = 0

one directly obtains as usual:

1
ρ

∇p+ ∇(∇ϕ) · ∇ϕ− ∇ϕt = 0

That with v = −∇ϕ simply produces:

∂v

∂t
+ ∇v · v = −1

ρ
∇p

4.2.4 Equivalence with the Thompson’s Equation

From the equations obtained through the variational approach, a single nonlinear equation
can be determined in terms of the velocity potential. Calculating the time derivative and the
gradient of −∂u

∂ρ = λt + 1
2∇λ2, one obtains:

−∂2u

∂ρ2 ρt = λtt + ∇λ · ∇λt

−∂2u

∂ρ2 ∇ρ = ∇λt + 1
2∇(|∇λ|2)

Multiplying the continuity equation by ∂2u
∂ρ2 :

∂2u

∂ρ2 ρt + ∂2u

∂ρ2 ∇ρ · ∇λ+ ∂2u

∂ρ2 ρ∇2λ = 0

It holds:
λtt + 2∇λ · ∇λt + 1

2∇(|∇λ|2) · ∇λ− ∂2u

∂ρ2 ρ∇2λ = 0
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Since:
u(ρ)
ρ

=
∫ ρ

ρ0

p(ρ′)
ρ′2 dρ′

follows:
ρ
∂2u

∂ρ2 = ∂p

∂ρ

λtt + 2∇λ · ∇λt + 1
2∇(|∇λ|2) · ∇λ− ∂p

∂ρ
∇2λ = 0

Since v = ∇λ = −∇φ i.e. λ = −φ and ∂p
∂ρ = c2(ρ)

φtt − c2(ρ)∇2φ− 2∇φ · ∇φt + 1
2∇ |∇φ|2 · ∇φ = 0

In the case of the adiabatic transformation c2(ρ) = kp0
ρ0

and it reduces to the Thompson’s
equation.

4.2.5 The Radiation Pressure in Terms of the Lagrangian L

The derivation of the expression for radiation pressure is critical, as the literature presents
various methods to determine its form, each based on different assumptions and leading to
distinct results. However, in many papers of nonlinear acoustics, the role of the Lagrangian
density in the expression of the radiation pressure is reported. It must be noted, however, that
none of the pressure expressions obtained above explicitly involve the Lagrangian density.

L = 1
2ρv

2 − u

It should be added that this is a natural consequence of the fact that any pressure information
originates from Bernoulli’s theorem, where the Hamiltonian density E = 1

2ρv
2 + u of the fluid

is involved. This expression represents the total energy, comprising both kinetic and potential
energy, rather than the Lagrangian density L, which is defined as the difference between these
two forms of energy.
To reconcile the two perspectives, it is demonstrated that when an approximate expression of
Bernoulli’s theorem is introduced at the second order, the pressure expression incorporates the
Lagrangian density. In fact, let’s start with the Bernoulli’s theorem in the form 4.14, and since
at the second order one has that the integral expansion is equal to:∫ P

P0

dp′

ρ(p′) ∼ 1
ρ0

(P − P0) − 1
2ρ2

0

dρ

dP0
(P − P0)2

The approximate Bernoulli’s equation follows:

−(P − P0) + 1
2ρ0

dρ

dP0
(P − P0)2 + ρ0φt − 1

2ρ0|∇φ|2 ∼ 0

(P − P0)2 − 2ρ0
dP

dρ0
(P − P0) + 2ρ0

dP

dρ0

(
ρ0φt − 1

2ρ0|∇φ|2
)

∼ 0
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Solving the quadratic equation for P − P0:

P − P0 ∼ ρ0
dP

dρ0
−

√(
ρ0
dP

dρ0

)2
− 2ρ0

dP

dρ0
ε, ε = ρ0φt − 1

2ρ0|∇φ|2

For small perturbation ϵ of the flow potential, the Taylor expansion at the second order produces:

P − P0 ∼ ϵ+ 1
2ρ0

dρ

dP0
ϵ2

Neglecting the terms of the potential of order higher than the second, a simplified expression is
produced:

P − P0 ∼
(
ρ0φt − 1

2ρ0∇φ2
)

+ ρ2
0
dρ

dP0
φ2

t

i.e.:
P − P0 ∼ ρ0φt −

(
1
2ρ0∇φ2 − ρ2

0
c2

0
ϕ2

t

)
Since:

L0 ∼ 1
2ρ0∇ϕ2 − ρ2

0
c2

0
ϕ2

t

This formulation is consistent with those found in the literature. Indeed, provided that p = ρ0ϕt

is valid up to the second-order quantity, it is possible to rewrite the classic acoustic Lagrangian
as the summation of the kinetic and potential energy of the acoustic field.

L0 ∼ 1
2ρ0∇ϕ2 − p2

2ρ0c2
0

= K − U

Where p is the acoustic pressure.

p = P − P0 ∼ ρ0ϕt − L0 (4.20)

This is valid in general and independent of the particular constitutive relationship between
pressure and density and shows the dependency of the pressure on L0 and not on E . This shows
simply that equation 4.20 in the field of radiation pressure is nothing else than an approximate
version of the Bernoulli’s theorem.
The Hamilton’s principle, however, permits making L appear in a strict form of the radiation
force as shown in the next section.

4.2.6 Radiation Pressure exact expression

Finally, the Hamilton principle produces the equation v = ∇λ i.e. the condition that the flow is
a potential one i.e. irrotational. It is not an a priori hypothesis as for the differential approach
but a consequence of the assumed form for the Lagrangian. In fact, this last has been assumed
as 1

2ρv
2 − p(ρ)

k−1 i.e. no dissipation effect, since the Lagrangian is made by only the kinetic and
the potential energy (this last associated with conservative forces) without including in it any
external work made by non-conservative (viscous) forces.
On the basis of the previous formulas, the total force acting on the body is determined:

Frad =
∫

SB

(ρφt − E) · ndS (4.21)
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4.3 Analysis of the Boundary Terms

By employing the Hamiltonian approach, several boundary terms have been determined, orig-
inating from δA1, δA2, δA5, and δA6, along with the surface terms contained in δA4. These
terms play a significant role in the equations of motion for the body. To ensure that δA = 0, it
is necessary to require that the aforementioned boundary terms vanish.
Therefore, the following equation must hold:∫ t2

t1

[
δuG ·

∫
SB

L̃(ρ, v, λ)ndS
]
dt+

∫ t2

t1
−d(mvg)

dt
· δug dt+ [mvg · δug]t2

t1

+
∫ t2

t1

[
δθ ·

∫
SB

L̃(ρ, v, λ)(r × ξ)ndS
]
dt+

∫ t2

t1
−d(Jθ̇)

dt
· δθ dt+

[
Jθ̇ · δθ

]t2

t1

+
∫ t2

t1

[∫
SB

(λρδv + λvδρ) · ndS
]

+ F · δxF + Tδθdt = 0

(4.22)

i.e. considering only the terms responsible for the body force (i.e. not including those terms
containing δθ) and substituting λ = −φ one gets:∫ t2

t1

[
δuG ·

∫
SB

L̃(ρ, v, φ)ndS
]
dt+

∫ t2

t1
−d(mvg)

dt
· δug dt+ [mvg · δug]t2

t1

−
∫ t2

t1

[∫
SB

(φρδv + φvδρ) · ndS
]

+ F · δxFdt = 0
(4.23)

4.3.1 Expression of the Radiation Force via Hamilton’s Principle

The surface boundary term is:

−
∫ t2

t1

[∫
SB

(φρδv + φvδρ) · ndS
]

= 0 (4.24)

The part of the integral associated with φvδρ · n must vanish by itself since there are no other
terms at the boundary that contain δρ. The term associated with φρδv · n can indeed be
grouped with the terms containing δuG after suitable considerations.
Let us examine two different cases:

• The body is fixed;

• The body moves under the field pressure force and other external forces.

Body at Rest

In this case, the boundary equation simplifies as:∫ t2

t1

[∫
SB

(φρδv + φvδρ) · ndS
]

= 0 (4.25)

Since δ×F = 0 and δ×G = 0. Therefore, it must be guaranteed that:

φρδv · n = 0, φvδρ · n = 0 (4.26)
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This implies two alternative possibilities for the first equation in 4.26:

φ = 0 or δv · n = 0

Besides the chance of ρ = 0 which is not meaningful under the physical point of view. The
alternatives for the second one in 4.26 indeed are:

φ = 0 or v · n = 0 or δρ = 0

Let us analyze these alternative boundary conditions. Imposing that the body boundary surface
is an equipotential surface φ = 0 that would permit both the integral terms to vanish simultane-
ously means that the gradient of the potential along the tangent directions on the body surface
vanishes, i.e. ∂φ

∂τ = 0. This, in turn, means that the tangent velocity of the fluid vanishes at
the body, i.e. the fluid does not slip along the body surface. This condition is physically not
consistent with the hypothesis of an inviscid body since only tangent viscous stress can prevent
the fluid from slipping on the body surface. Therefore, for a body at rest, this alternative does
not hold.
The condition v · n = 0 and its consequence δv · n = 0 is indeed a plausible boundary condition
since it represents the body surface as impermeable to the fluid and is a classical boundary
condition for a body at rest in the fluid. This condition makes both integral terms vanish
simultaneously.
A final remark concerns the possible boundary condition δρ = 0, which implies that the value
of the density is prescribed at the surface of the body. For example, p = p0 at the body surface
is the case of a bubble of gas in a liquid fluid and p0 is the internal pressure of the bubble.
In this case, prescribing p = p0 is equivalent to prescribing ρ = ρ0 at the liquid interface, and
one of the boundary terms vanishes. However, this case is outside the limit of our investigation
and deals with a two-phase fluid for which the kinetic and potential energy of the bubble have
completely different expressions with respect to the rigid body.
Therefore, the only mathematical conclusion that makes sense to the physical problem with the
body at rest is v · n = 0.

Moving Body

Following the previous hints about the boundary conditions at the body surface, let us include
even in the case of a moving body the impermeability condition at the boundary. This would
mean at the body surface the fluid velocity v can be decomposed into the relative velocity
wτ of the fluid particles with respect to the body purely tangent to its surface SB since the
impermeability condition compels the particles to slide along the body surface and the velocity
vB = u̇G + θ̇r× ξ = u̇G +ω× ξ of the body surface i.e. v = wτ + vB = vBnn+ (vBτ +wτ )τ such
that:

−
∫ t2

t1

[∫
SB

(φρδ(wτ + vB) + φ(wτ + vB)δρ) · ndS
]
dt
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Since by definition wτ · n = 0 and δwτ · n = 0, one obtains:

−
∫ t2

t1

[∫
SB

(φρδvB + φvBδρ) · ndS
]
dt

−
∫ t2

t1

[∫
SB

(φρn) · d
dt
δuG + (φρr × ξ · n) · d

dt
δθ + φvB · nδρ dS

]
dt

Integration by parts produces (boundary time conditions are not explicitly written):∫ t2

t1

[∫
SB

d

dt
(φρn · δuG) + d

dt
(φρr × ξ · n) · δθ − φvB · nδρ dS

]
dt

Let us consider the first and the third term into the integral, again the only ones involved into
the body force calculation (the second term is related instead to the moment of the force):∫ t2

t1

[∫
SB

d

dt
(φρn · δuG) − φvB · nδρ dS

]
dt

Therefore, the condition for the boundary terms to vanish is the first term is joined to the other
ones containing δuG, the second must vanish by itself since there are no other terms containing
δρ i.e.:

φvB · n = 0

Except for the special case vB · n = 0 that is the purely spinning sphere, in general, the term
φvB · n to vanish must require that φ = 0 on the surface of the body. This would mean that it
is spatially invariant over the body surface i.e. its tangent derivative vanishes, that is

∇φ · τ = −vBτ − wτ = 0 → wτ = −vBτ

This implies the particles do slide along the body surface consistently with the in-viscid fluid
hypothesis. As a consequence, the absolute particles speed at the body surface is purely normal
in fact:

v = (wτ + vBτ )τ + vBnn = vBnn

Therefore:
∂φ

∂n
= −vBn

That is the usual impermeability condition for a moving body in a fluid, and the integral
simplifies as: ∫ t2

t1

[∫
SB

d

dt
(φρn) · δuG dS

]
dt

To properly express d
dt(φρn), it is essential to consider that the normal vector n at a given point

P on the body surface varies over time due to the rotation of the body. Therefore:

d

dt
(φρn) = ∂

∂t
(φρ) · n+ φρ(ω × n) + ∇(φρn) · v

obtained using the Poisson’s formula dn
dt = ω × n. Moreover:

∇(φρn) · v = ρ
∂φ

∂xj
nivj + φ

∂ρ

∂xj
nivj + ρφ

∂ni

∂xj
vj = ρ(∇φ · v)n+ φ(∇ρ · v)n+ φρ(∇n · v)
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i.e.: ∫ t2

t1

[∫
SB

(λρδv + λvδρ) · ndS
]
dt =

∫ t2

t1

[
δuG ·

∫
SB

(ρφt + φρt − ρv · v + φ∇ρ · v)n+ φρ (∇n · v) + φρ(ω × n) dS
]
dt

However, the boundary condition examined before requires φ = 0 along the body surface.
Therefore, the integral simplifies as:∫ t2

t1

[∫
SB

(λρδv + λvδρ) · ndS
]
dt =

∫ t2

t1

[
δuG ·

∫
SB

(ρφt − ρv · v)ndS
]
dt

Collecting all the boundary terms that exhibit δuG:∫ t2

t1
δuG ·

[∫
SB

(L + ρφt − ρv · v)ndS − d

dt
(mvG) + F

]
dt = 0

That permits us to conclude the analysis with:

Frad =
∫

SB

(L + ρφt − ρv · v)ndS

Or equivalently since L − ρv · v = −E :

Frad =
∫

SB(t)
(ρφt − E)ndS

That is perfectly consistent with the same form examined in the previous section. The second-
order approximation of the integrand, as shown in the previous subsection 4.2.5, produces:

Frad =
∫

SB

(ρ0φt − L0)ndS

That reminds some results obtained in the literature.

4.4 Radiation Pressure Derived by the Momentum Conserva-
tion

Let us examine separately a reasoning that is considered in many papers in the literature and
is at the basis of several statements about radiation pressure. It is interesting to clarify some
of the debates about the momentum flux arguments, frequently appearing when dealing with
the calculation of the radiation pressure.
Let us apply the momentum Q conservation to the fluid volume V (t):

Q̇ = d

dt

∫
V (t)

ρvdV

Now, a different definition of the volume with respect to the one considered in the Hamiltonian
approach is presented: V is the volume trapped by SB, the body surface, as in the Hamiltonian
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approach, but the wrapping surface S is indeed now considered unmovable. The integral over S
to express the force acting on the body has been used, in fact F = Q̇ :

−
∫

SB

p · ndS −
∫

S
p · ndS = d

dt

∫
V (t)

ρv dV

−Frad −
∫

SB

p · ndS =
∫

V (t)

∂

∂t
(ρv)dV +

∫
S
(ρv)v · nDv +

∫
SB

ρv(v − vB) · ndS

And since vB · n = v · n, the momentum flux through the body surface clearly vanishes:

Frad = −
∫

V (t)

∂

∂t
(ρv) dV −

∫
S
p · n+ ρv ⊗ v · ndS

Let us consider now the special case of a periodic time evolution of all the physical quantities.
This is the important case of a harmonic source present as excitation in the field. Because
of nonlinearities, several harmonic components emerge generating a periodic response of the
acoustic field of period T . In order to evaluate the time average of the quantities involved in
the previous equation, the integral form over which the average is calculated is:

⟨Frad⟩ = −⟨
∫

V (t)

∂

∂t
(ρv) dV ⟩ − ⟨

∫
S
p · n+ ρv ⊗ v · ndS⟩

⟨G⟩ = 1
T

∫ t+T

t
G(τ) dτ

⟨G⟩ is still a function of time, the average producing the smoothing of the fast fluctuation within
the period T . Consider that

∫
V (t)

∂
∂t(ρv) dV is calculated over a time varying volume V (t). Its

variations are because of the motion of the body that modifies SB. The motion of the body
decomposes into a fluctuating motion superimposed to a slow drift effect. One may assume
that along the period T the effect of the drift is negligible. Moreover, if the volume V is large
enough, the volume fluctuations due to the body motion are negligible too, leading to conclude
the volume V (τ) ∼ V (t) for τ ∈ [t, t+ T ].

⟨Frad⟩ = −
∫

V (t)
⟨ ∂
∂t

(ρv)⟩ dV −
∫

S
⟨p · n+ ρv ⊗ v · n⟩ dS

Where because of the periodicity of the acoustic field:

⟨ ∂
∂t

(ρv)⟩ = ρvt+T − ρvt = 0

That permits to state the final formula:

⟨Frad⟩ = −
∫

S
⟨p · n+ ρv ⊗ v · n⟩ dS (4.27)

That with slightly different details (and sometimes obscure points) in its derivations is one of
the most credited formulas for the radiation pressure calculation (for example in [10,25,61–63]).
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4.5 Critical Analysis between the Two Expressions for Radia-
tion Pressure

Hamiltonian principle has been used to derive the force acting on a moving body immersed
into an inviscid compressible fluid without approximations. The aim of the present section is a
critical comparison between the exact expression obtained here:

Frad =
∫

SB(t)
(ρφt − E)ndS

and the ones frequently proposed in the literature:

Frad = −
∫

S
(p · n+ ρv ⊗ v · n) dS (4.28)

The equation 4.28, although it calculates the total force on the body, does not express the inte-
gral over the body surface SB but over another separated and independent surface S (somehow
arbitrary and vague). This choice is singular and strange since, as shown before, it is possible to
calculate the pressure integral over the body surface, and it follows directly using the pressure
expression coming from Bernoulli’s theorem and its approximated form. Moreover, it is simply
shown in the next points that this choice leads to avoidable complications and some misleading
interpretations of the acoustic stress tensor.
It is just the case to emphasize that 4.28 is not useful in the limit S → SB because in this case:∫

S→SB

⟨p · n+ ρv ⊗ v · n⟩ dS =
∫

SB

⟨p · n⟩ dS

and the momentum flux across the body surface vanishes, and equation 4.28 becomes useless
and trivial and gives back the obvious equation:

⟨Frad⟩ = −
∫

S
⟨p · n⟩ dS

Note that only by invoking the Bernoulli equation for the pressure, the previous equation
becomes useful:

p = ρφt − E

Frad = −
∫

S
(ρφt − E) · n+ ρ(v ⊗ v) · ndS

Where now, comparing it with the form of the radiation force previously determined, it appears
that:
- The extra term ρv ⊗ v is an unmotivated complication just coming from the geek choice of
considering another surface S instead of SB the body surface to make the integral.
- The result of the last equation is valid only using time average, while the equation:

Frad =
∫

SB(t)
(ρφt − E)ndS

is valid in general and, of course, also after time averaging.



4.5 Critical Analysis between the Two Expressions for Radiation Pressure 53

- The equation is, in fact, an approximation since the exact equation provides:

⟨Frad⟩ = −⟨
∫

V (t)

∂

∂t
(ρv) dV ⟩ − ⟨

∫
S
p · n+ ρv ⊗ v · ndS⟩

and one needs approximations to neglect the term ⟨
∫

V (t)
∂
∂t(ρv) dV ⟩.

- The existence of an acoustic stress tensor is inferred by the equation:

⟨Frad⟩ = −
∫

S
⟨p · n+ ρv ⊗ v · n⟩ dS

that claims for the following acoustic stress tensor expression:

⟨σrad⟩ = −⟨p · I + ρv ⊗ v⟩

Although the quantity ⟨σrad⟩ is defined along the surface S, the tensor part ρv⊗v does not gen-
erate purely normal stress to the surface but leads also to tangent stress component. However, it
is perfectly clear from the previous analysis this has nothing to do with physical tangent stresses
arising on the surface S or SB. Along this surface, by the physical hypotheses made about the
inviscid fluid, only normal stress pressure exists. In fact, this expression of the radiation force
comes from the balance:

−
∫

SB

p · ndS −
∫

S
p · ndS = d

dt

∫
V (t)

ρv dV

That is, the forces over the two considered surfaces are
∫

SB
p · ndS and

∫
S p · ndS respectively,

meaning the surface forces are only due to the normal pressure without any tangent stress. It
is the volume term d

dt

∫
V (t) ρv dV that is the rate of the fluid volume momentum that by using

a mathematical manipulation produces for its calculation the momentum flux. Therefore, the
momentum flux term integrated over the surface S is only a mathematical way to calculate a
volume effect, nothing to do with the surface local force transmitted to the fluid through SB or
S.
In this sense, the choice to express the radiation force through

⟨Frad⟩ = −
∫

S
⟨p · n+ ρv ⊗ v · n⟩ dS

This approach is neither useful nor accurate, particularly when attempting to introduce the
acoustic stress tensor σrad as a local quantity. Its purpose is solely to function under surface
integration to mathematically represent a volume effect.
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Chapter 5

Finite Difference Solutions and
Results

To begin with, the main challenge is trying to solve highly complicated partial differential
equations like:

φtt − c2(ρ)∇2φ− 2∇φ · ∇φt + 1
2∇ |∇φ|2 · ∇φ = 0 (5.1)

In this case, aside from the choice between one model and another, the equation of interest is
highly complex and typically does not have an analytical solution, often requiring approximate
methods. As a result, there arises a need to use numerical tools to simulate the solution.
In this specific domain, i.e., computational fluid dynamics (CFD), there are numerous numerical
methods available for solving such highly non-linear partial differential equations (PDEs). In
particular, in CFD analysis, the classification of a PDE is crucial for selecting the most efficient
numerical scheme, which depends on the associated quadratic form. Starting form the definition
of a linear PDE in the general form, one gets:

A(x, t)φxx + 2B(x, t)φxt + C(x, t)φtt +D(x, t)φx + E(x, t)φy + F (x, t)φ+G(x, t) = 0

Specifically, a PDE could be elliptic, parabolic or hyperbolic depending on the value of the
discriminant (∆ = B2 − 4AC). Indeed:

• if ∆ < 0, the PDE is elliptic;

• if ∆ = 0, the PDE is parabolic;

• if ∆ > 0, the PDE is hyperbolic.

In this case, the PDE is not linear, so it is impossible to get the value for A(x, t), B(x, t) or
C(x, t). Hence, the necessity of using a different approach based on characteristic’s line to find
the nature of the equation arises. In order to accomplish this task, it is necessary to reduce a
second order equation 5.1 into a so called ’Conservative System’ of a first order ones.
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5.1 Conservative Laws

The central postulate, leading to the formulation of conservation laws, is one of balance in a
physical system. The postulate states that the production of an entity, e.g., mass, energy, or
charge, in a closed volume is exactly balanced by the flux of the entity across the boundary of
the volume. In other words, an entity in a volume can only increase if more of it flows into the
volume than what leaves.

Whereas the derivation of physical models based on conservation principles arises naturally,
solving the resulting models, using either computational or mathematical means, remains a
substantial challenge and an active area of research with numerous open questions. On the
mathematical side, many fundamental questions of existence and uniqueness of the solutions
remain open once the minimum of the spatial dimension and the size of the system exceeds one.
In other words, scalar problems in multiple dimensions and nonlinear systems in one dimension
are reasonably well understood, but many fundamental properties of systems in more than one
spatial dimension remain poorly understood. Unfortunately, this latter case is exactly the most
relevant for applications across science and engineering. Without a rigorous mathematical un-
derstanding of the fundamental conservation laws, there are limits to the achievable rigor when
one seeks to develop numerical solution techniques. Nevertheless, the last four decades have
witnessed tremendous progress in the development and analysis of computational techniques
for the solution of complex systems of conservation laws and the success of these models is
unquestioned. A central goal of this text is to offer the reader an overview of many of these
developments, supported by some analysis of the algorithms and accompanied with insights into
the implementation of these algorithms.

Conservation is a fundamental principle applied to model the physical world, stretching across
quantum mechanics, continuum mechanics, and gravitational physics, with prominent examples
including the Euler equations of gas dynamics, Navier’s equations of elasticity, Maxwell’s equa-
tions of electromagnetics, and Einstein’s equations of gravitation [64]. It is therefore no surprise
that the mathematical analysis of conservation laws is a deep research area with contributions
stretching back to Leibniz. The evelopment of efficient and accurate computational methods
to solve such problems have occupied scientific pioneers such a von Neumann, Lax, and Lions.
Unfortunately, despite the apparent simplicity of the problem, a closer examination reveals sig-
nificant challenges when attempting to understand the basic conservation law and the nature
of its solutions.

Actually, conservation laws are time-dependent laws of partial differential equations (usually
non-linear) with a relatively simple mathematical structure. In one dimensional case, the general
equation takes the form:

∂u(x, t)
∂t

+ ∂

∂x
f(u(x, t)) = 0 (5.2)

where u is a scalar unknown and f(u(x, t)) is the flux of the state variable. Equation 5.2 can
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be easily extended to three dimensions, without loss of generality, obtaining:

∂U(x, t)
∂t

+ ∇F (U(x, t)) = 0 (5.3)

In this case, U and F (U(x, t)) are vectors. At this point, the Jacobian of flow function, J , is
introduced:

J = ∂F (U)
∂U

= ∂fi

∂uj
= A(U)

It is evident that conservative systems can be written in almost linear form using the formula
for calculating the derivative of a compound function:

∂F (U)
∂x

= ∂F (U)
∂U

∂U

∂x
= A(U)Ux

Leading to a quasi-linear system of equations written as:

Ut +A(U)Ux = 0 (5.4)

Therefore, these seemingly complex differential systems can be easily traced back to a greatly
simplified form, the solution of which is far easier and more immediate with respect to a second
order non-linear PDE, which usually needs complicated time integration algorithm, as Runge-
Kutta 4th order method, to get stability and sufficient accuracy on the results [56].
Typically the flux functions are non-linear functions of u, leading to non-linear systems of partial
differential equations (PDEs). In general it is not possible to derive exact solutions to these
equations, and hence the need to devise and study numerical methods for their approximate
solution. Of course the same is true more generally for any non-linear PDE and, to some
extent, the general theory of numerical methods for non-linear PDEs applies in particular to
systems of conservation laws.
Regardless, there are several reasons for studying this particular class of system instead of
solving directly 5.1:

• Many practical problems in science and engineering involve conserved quantities and lead
to PDEs of this class;

• Difficulties associated with solving these systems (as in case of shock formation or any
other spontaneous source or formation of discontinuity in the solution) that are not seen
elsewhere and must be dealt with carefully in developing numerical methods;

• Loss of reversibility along the characteristic lines due to the intersection of them at the
discontinuity;

• Inadequacy of the differential form of the conservation law due to loss of smoothness and
loss of classic solutions;

• Preservation of conservation properties.
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• Development of several numerical schemes and solution using conservation laws were de-
veloped in the last decades with good results [65].

So one of the goal of this project is to find a direct and rigorus approach to find the associated
conservation form to 5.1. There are relatively few works on that [66] and it is still a rather
challenging task to perform this kind of reduction form a highly-non-linear-second-order partial
differential equation, into a relatively simple quasi-linear first order conservative scheme.

5.1.1 First Order Reduction

At this point, the main goal is to write a system of first order PDE written in the well-known
conservative form:

∂U

∂t
+ ∂F (U)

∂x
= 0

With this intention, this change of variable has been made by using the relationships derived
from the Hamiltonian’s analysis:

φx = −u

φt = 1
2u

2 + k
k−1

(
P

1
k

0
ρ0
P

k−1
k − P0

ρ0

)
(5.5)

Then, let’s substitute these equations into equation 5.1,together with the Schwartz Theorem
condition φxt = φtx (valid for smooth solutions), to obtain the first order reduction. In this
treatment, it was decided to keep the speed of sound constant and only the one dimensional
case is considered. In so doing, the new reference equation is:

φtt − φxx(c2
0 − φ2

x) − 2φxφxt = 0 (5.6)

and the substitution of 5.5 produces:

(
1
2u

2 + k
k−1

(
P

1
k

0
ρ0
P

k−1
k − P0

ρ0

))
t

= −ux(c2
0 − u2) + 2uut

ut = −
(

1
2u

2 + k
k−1

(
P

1
k

0
ρ0
P

k−1
k − P0

ρ0

))
x

(5.7)

Where the subscripts xt mean respectively the space and time derivative.
To write down the system in a conservative form all the time derivatives must be on the left-
hand side of the equation while the space derivatives must be on the right-hand side. Knowing
that:

∂u2

∂t
= 2uut

And

ux(c2
0 − u2) =

(
u3

3 − c2
0u

)
x
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One can write the system as:

(
−1

2u
2 + k

k−1

(
P

1
k

0
ρ0
P

k−1
k − P0

ρ0

))
t

−
(

u3

3 − c2
0u
)

x
= 0

ut +
(

1
2u

2 + k
k−1

(
P

1
k

0
ρ0
P

k−1
k − P0

ρ0

))
x

= 0
(5.8)

The last step is to have only two variables the system must depend on, so let’s make a change
of variable in the first equation. I call “fake pressure” the quantity:

p̃ = −1
2u

2 + k

k − 1

P 1
k

0
ρ0
P

k−1
k − P0

ρ0

 = −1
2u

2 + c2
0

k − 1

((
P

P0

) k−1
k

− 1
)

= φt − u2 (5.9)

By substituting the expression for p̃ and performing some straightforward mathematical ma-
nipulations, the final system in terms of the two variables u and p̃ is obtained. This results in
a system that is significantly simpler to implement and solve numerically: p̃t +

(
c2

0u− u3

3

)
x

= 0
ut +

(
p̃+ u2)

x = 0
(5.10)

If the conservative form is used the U and F (U) vectors are:

U =

 p̃

u

 , F (U) =

 c2
0u− u3

3
p̃+ u2


The system 5.10 is a novelty in literature since a new formula for the time derivative of the
potential has been used to reduce the system. Indeed, in [66–68] there is such as reduction
for similar equations, e.g. Lighthill equation, Blackstock–Crighton equation and the inviscid
Kutsetsov equation, but using a different relation for φt such as:

φt = (1 − ρ)
ε

that is completely different than in our case and it does not consider second order quantities.

5.1.2 Evaluation of Eigenvalues of the System

One of the key notions underlying the behavior of the solutions of 5.10 is the concept of hy-
perbolicity. For scalar equations, the notion of hyperbolicity referred to the property of finite
speed of propagation. Such a notion will hold true for a system.

Hyperbolic system The linear system 5.4 is hyperbolic if the matrix A(U) is diagonalizable
and has m real eigenvalues (with m the dimension of the matrix A(U)) for all U, t. The system
is termed strictly hyperbolic if the eigenvalues are distinct.

λ1 ≤ λ2 ≤ · · · ≤ λi
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This definition can be extended to the nonlinear case 5.2 if the flux f is at least C1 in U .
A system is hyperbolic if for any state U in the range of f , the Jacobian matrix ∇Uf is
diagonalizable in R.
In this case, it is possible to reduce the nonlinear system into a quasi-linear system as 5.4,
indeed:

∇F (U) =

 c2
0u− u3

3
p̃+ u2


x

=

0 c2
0 − u2

1 2u

 p̃

u


x

= A(U)Ux (5.11)

In this case, it can be shown that the hyperbolicity is guaranteed as long as the particle velocity
is less than the characteristic speed of sound of the medium, often denoted by c0.
Indeed, performing some linear algebra calculations, one gets:

λi = det [A(U) − λI] =

∣∣∣∣∣∣−λ c2
0 − u2

1 2u− λ

∣∣∣∣∣∣ = λ2 − 2uλ+ u2 − c2
0 = 0

That has the solution equal to:

λ1,2 = u±
√
u2 − u2 + c2

0 = u± c0

This represents the characteristic wave directions associated with each characteristic velocity,
λi. This result indeed demonstrates the hyperbolic nature of this system of equations, which is
consistent with what one would expect from a wave equation system, even in the presence of
nonlinearities.

5.2 Finite Difference Method: A Brief Overview

With a general understanding of the key properties that numerical methods for conservation
laws must possess, it is now turn to a more detailed discussion of a specific class of methods,
known as finite difference methods. These methods are arguably the first family of approaches
proposed to solve differential equations, dating back to von Neumann (1903–1957) and even
predating the introduction of the digital computer. In fact, the basic principles behind finite
difference approximations were known to Euler (1707–1783), and the first analysis of finite
difference methods for initial value problems was presented in the seminal paper by Courant,
Friedrichs, and Lewy (1928), where the CFL condition was introduced [69].
The foundation of a finite difference scheme lies in the use of finite difference approximations of
derivatives in both space and time. The development and analysis of such schemes is a classic
topic in numerical analysis, and it shall not be attempted to cover it exhaustively here.
Hyperbolic partial differential equations (PDEs) are typically solved using either the Finite
Difference Method (FD) or the Finite Volume Method (FV ). The FD method is the most
straightforward approach for discretizing partial differential equations. In essence, each point
in space where the continuous representation of the equations is considered is replaced with
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a set of discrete equations, known as finite-difference equations. The FD method is usually
defined on a regular, fixed grid, which allows for highly efficient solution methods.
Although newer techniques such as the Finite Difference Time Domain (FDTD) method have
been developed in recent decades [70], FD methods are not commonly used for irregular evalu-
ation domains but are more frequently applied to rectangular or block-shaped models. Despite
some applications involving moving boundaries and complex geometries, the FV method is
generally preferred by experts in computational fluid dynamics (CFD) [71].
As the complexity of the equation, boundary conditions, and problem geometry increases, the
FV method becomes more suitable for simulation, particularly due to its natural ability to
discretize complex domains using irregular cells. This makes it more accurate for domains
with complicated shapes, especially in the presence of curved geometries. However, it is more
time-consuming and complex to implement compared to the classic FD method.
In simple cases such as one-dimensional problems or square and rectangular domains—the
two methods yield similar results. Thus, the FD method is chosen as the first approach to
the numerical solution of our problem due to its simplicity. The Finite Difference method
approximates partial differential equations (PDEs) by using finite difference formulas at evenly
spaced grid points. This approach allows the transformation of a PDE into a system of algebraic
equations, which is relatively easier to solve compared to the original form. In order to solve
any type of differential equation, it is essential to discretize the solution at each point within the
domain. In this case, the domain is a plane grid [x, t], where x represents the physical domain
and t represents the time domain. In the FD method, the solution is calculated exactly at the
grid points (or nodes) (xi, tj) within the domain, specifically:

Figure 5.1. Numerical Grid
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xi = ih, tj = jk

where δx = h is the space interval and δt = k is the time step. In adaptive mesh cases, both h

and k could vary to achieve better results for more complex geometry.
The strategy of the finite difference method, is to calculate the point values assumed by the
solution of the differential problem in each node of the computational domain. Specifically,
the value of the generic approximate solution u in the node xi at time tj is represented by the
notation:

U j
i = u(xi, tj)

Time and space derivatives in the partial differential equation are approximated using the finite
difference formulas. There are several ways to approximate the derivative depending on the
direction and on the order of the derivative, here there are two of the most used schemes for
time and space derivatives:

FT (Forward− Time) = ∂u(xi, tj)
∂t

≃ u(xi, tj+1) − u(xi, tj)
k

= U j+1
i − U j

i

k
+O(δt)

CS(Centred− Space) = ∂u(xi, tj)
∂x

≃ u(xi+1, tj) − u(xi−1, tj)
2h =

U j
i+1 − U j

i−1
2h +O(δh2)

Where the O(δh2) and O(δt) represent the order of the truncation error, so the accuracy of the
numerical scheme towards the exact solution.

Courant Number

A very important parameter in FD simulations, is the so called Courant Number. It is the ratio
between the time and space grid size times the characteristic speed of the PDE equation. It
represents numerically the speed of the ’numerical solution’ with respect to the ’actual solution’.
Indeed, numerical methods inevitably introduce some undesired effects, specifically diffusion and
dispersion [55,72], and the Courant Number is an important parameter in this sense. The closer
the Courant Number is to 1, the best the approximated solution is, but it can easily lead to
instability. Such that choice hihgly depends on the non-linearity in the equation/system to be
solved.
The Courant-Friedrichs-Levy (CFL) condition is one of the most used one to determine the
maximum value of the Courant number for linear cases, unfortunately there is no a general
theory for non-linear equations [55, 64, 65, 73, 74]. The CFL condition that is used for most
numerical schemes is:

0 < c = c0k

h
< 1 (5.12)

However, condition in 5.12 could vary depending on the FD scheme used to solve the equation.
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5.2.1 First and Second Order-Numerical Schemes

Depending on whether the truncation error of the finite difference approximation is proportional
to the first or second power of the grid spacing k or h, one may get significant issues and
differences in the solutions even though the problem would appear relatively easy.
Indeed, when solving partial differential equations numerically, the choice between the so called
first-order or second-order finite difference schemes tremendously impacts the accuracy, stability,
and computational cost of the solution. Here there are the main differences between these two
types of schemes.

First-Order Numerical Scheme

A first-order numerical scheme is one where the truncation error of the finite difference approx-
imation is proportional to the first power of the grid spacing δx or δt. The truncation error
decreases linearly with decreasing grid spacing.
Classic examples of a first-order forward and backward difference approximations for the first
derivative are:

Forward difference: ∂u

∂x
≈ u(x+ ∆x) − u(x)

δx

Backward difference: ∂u

∂x
≈ u(x) − u(x− ∆x)

δx

and the accuracy of a first-order scheme is O(δx). First-order schemes are generally simpler
and more stable under certain conditions but may require finer grids to achieve a desired level
of accuracy compared to higher-order schemes. As an advantage, the computational cost is
relatively low because the stencil (the number of grid points involved in the computation) is
usually smaller than a second order one.
The main problem of a first-order numerical scheme is what is defined as dissipation (or artificial
viscosity). Indeed, even if these kind of schemes usually provides stable and convergent solutions,
the amplitude is usually smaller with respect to the exact one as it propagates through the
computational domain. It tends to smooth out the solution by reducing the amplitude of high-
frequency components. However, this can be beneficial for stabilizing the solution, particularly
in the presence of strong discontinuities (e.g., shock waves), but it can also lead to a loss of
important details in the solution. The accuracy in magnitude is always related to:

• Refinement of the mesh: the finer the mesh is, the more accurate the result will be;

• Courant Number: the closer it is to 1, the closer to exact the result is.

Courant Number equals to 1 is possible only in linear problems, in any other situation it will be
always less than 1 and it should be tailored depending on the non-linearity of the problem and
on the refinement of the mesh. For this reason, dissipation that occurs in a first-order mesh is
always a combination of the two factor both.
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Figure 5.2. Diffusion effect on a generic initial profile [64]

Second-Order Numerical Scheme

A second-order numerical scheme is one where the truncation error of the finite difference
approximation is proportional to the square of the grid spacing δx2 or δt2. The truncation error
decreases quadratically with decreasing grid spacing.
A typical second-order central difference approximation for the first derivative is:

∂u

∂x
≈ u(x+ δx) − u(x− δx)

2δx

Where its accuracy is proportional to O(δx2). Second-order schemes generally provide higher
accuracy for a given grid spacing compared to first-order schemes. However, they can be less
stable under certain conditions, requiring careful consideration of the numerical stability criteria
(smaller Courant Number with respect to a first-order scheme). In these kind of schemes,
dispersion phenomena is the main issue on solving PDEs.
Dispersion refers to the artificial spreading of different frequency components of the wave at
different speeds. This results in a phase error, where the numerical wave speed deviates from
the physical wave speed. Consequently, oscillations and phase inaccuracies arise in the solution,
causing waves to propagate either faster or slower than their true speed. While higher-order
schemes reduce dissipation, they tend to increase dispersion, making the waveforms oscillate
and potentially leading to non-physical results. This can be extremely restrictive on finding
some stable quantities in a certain point for very long period of time (e.g. Radiation Pressure
on a fixed wall), leading to unpredictable results.
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Figure 5.3. Dispersion effect on a generic initial profile [64]

Generally, the computational cost is higher than that of first-order schemes because of the
more complexity of the stencil that involves more grid points. Understanding these differences
is crucial when selecting a numerical scheme for solving partial differential equations, as it
directly impacts the trade-off between accuracy, stability, and computational efficiency.

First-Order Second-Order
Truncation Error O(δx) O(δx2)

Accuracy Linear Accuracy Quadratic Accuracy

Stability More Stable
Less Stable, requiring
careful consideration
of stability conditions

Computational Cost Lower
Higher due

to larger stencil

Grid Spacing Requirement
Requires finer grid to
achieve high accuracy

Achieves higher accuracy
with coarser grid

compared to first-order
Table 5.1. Table: Summary of First and Second Order Numerical Scheme

5.2.2 Numerical Schemes for Conservative Laws

When one attempts to solve nonlinear conservation laws numerically, it will run into additional
difficulties not seen in standard linear equations. Moreover, the non-linearity makes everything
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harder to analyze. In spite of this, a great deal of progress has been made in recent years.
For smooth solutions to nonlinear problems, the numerical method can often be linearized and
results from the theory of linear finite difference methods applied to obtain convergence results
for nonlinear problems [72]. For nonlinear problems there are important difficulties that can
arise:

• The method might be non-linearly unstable, i.e., unstable on the nonlinear problem even
though linearized versions appear to be stable. Often oscillations will trigger nonlinear
instabilities.

• The method might converge to a function that is not a weak solution of our original
equation (or that is the wrong weak solution, i.e., does not satisfy the entropy condition).

The possibility of converging to an incorrect weak solution is not entirely surprising; if multi-
ple weak solutions exist, there is no guarantee that convergence will lead to the correct one.
Moreover, the occurrence of convergence to a function that is not a weak solution at all is more
perplexing. This issue stems from the ability to derive various conservation laws that are equiva-
lent for smooth solutions but yield different weak solutions. Fortunately, a straightforward and
natural requirement can be imposed on numerical methods to ensure that convergence does
not lead to non-solutions. This requirement involves enforcing consistency with the underly-
ing physical laws represented by the conservation equations, thus ensuring that the numerical
scheme aligns with the expected behavior of the solutions.
By adhering to this principle, it becomes possible to establish a framework that mitigates the risk
of converging to invalid solutions, thereby enhancing the reliability and accuracy of numerical
simulations in fluid dynamics and related fields. This is the requirement that the method be in
conservation form like 3.7, which means it has the form:

U j+1
i = U j

i − k

h

[
F j

i+ 1
2

− Fi− 1
2

]
(5.13)

Where F j

i+ 1
2

and Fi− 1
2

are the numerical flux evaluated at the intermediate cells in the grid.
Depending on F (Ui+ 1

2
) it is possible to have a first order, a second order or a higher order

numerical scheme as MUSCL, ENO, WENO, Sweby and others [71]. The necessary condi-
tion is that the numerical flux must be expressed in a conservative form and that makes the
conservation form extremely flexible to use.
Based on the previous considerations regarding the advantages and disadvantages of different
types of numerical schemes, a decision has been made to opt for first-order methods. The choice
was dictated by:

• The simplicity of the computational domain in one dimension allows us to use very fine
meshes, thereby limiting the phenomenon of dissipation;

• The stability and robustness of the numerical solution is essential to find a second-order
quantity that can be easily distorted by artificial oscillatory phenomena (dispersion);
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• The computational cost is not very significant at this level as long as the solution domain
is very simple.

Lax-Friedrichs Scheme

One of the most popular first-order numerical scheme is the so called Lax-Friedrichs (LF)
scheme. This numerical scheme is a well-known method for solving hyperbolic partial differential
equations, particularly conservation laws. It is named after Peter Lax and Kurt O. Friedrichs,
who introduced the scheme [75,76]. It is an explicit method that combines a central difference
in space with a forward difference in time and adds an artificial dissipation term for stability.
The Lax-Friedrichs update formula for a one-dimensional conservation law is given by:

U j+1
i = U j

i − k

h

[
FLF

j

i+ 1
2

− FLF i− 1
2

]
Where FLF means the flux of the conservative system evaluated using the LF method: FLF (Ui+ 1

2
) = 1

2

[
F (U j

i ) + F (U j
i+1)

]
− h

2k

[
U j

i+1 − U j
i

]
FLF (Ui− 1

2
) = 1

2

[
F (U j

i ) + F (U j
i−1)

]
− h

2k

[
U j

i − U j
i−1

]
Using the notation:

• U j
i is the numerical approximation of the solution at grid point i and time level j.

• k is the time step size.

• h is the spatial grid size.

The Lax-Friedrichs scheme is conditionally stable. The stability condition, often referred to as
the Courant-Friedrichs-Lewy (CFL) condition, requires that:

∆t
∆x ≤ 1

|a|

where a is the maximum eigenvalue of the Jacobian of the flux function f(u). For the linear
wave equations it is equivalent to have c = c0k

h ≤ 1.
The Lax-Friedrichs scheme is known for its high numerical dissipation and for its first-order
accuracy in both time and space. The scheme is relatively simple to implement but may require
a finer grid to achieve a desired level of accuracy.

Lax-Friedrichs-Rusanov Scheme

In this case, the Lax-Friedrichs-Rusanov (LFR) scheme, also called local Lax-Friedrichs scheme
or simply Rusanov scheme, is used. It is a first-order numerical scheme that discretizes the
function F (Ui+ 1

2
) in this manner:

U j+1
i = U j

i − k

h

[
FLF R

j

i+ 1
2

− FLF Ri− 1
2

]
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With:  FLF R(Ui+ 1
2
) = 1

2

[
F (U j

i ) + F (U j
i+1)

]
− |f ′(Uj

i )|
2

[
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i+1 − U j
i

]
FLF R(Ui− 1
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]
Where FLF R means the flux of the conservative system evaluated using the LFR method. Where
|f ′(U j

i )| is the local speed of sound c0 + |uj
i | evaluated at each node. This method is of first-oredr

accuracy in time and space (ε ∼ (δx, δt)) too, but it guarantees much less dissipation and same
stability with respect to LF method in same operative conditions. For the considerations above,
the LFR was the chosen method for future analysis.

5.2.3 Numerical Boundary Conditions

Boundary conditions are crucial in numerical analysis because they specify different kinds of
constraints on the values of a solution, or of its derivatives, at the boundary of the domain
where the PDE is defined.
So far, methods for updating the cell average U j

i have only been studied assuming that neigh-
boring cell values U j

i−1 and U j
i+1 are known and perhaps values farther away as needed in order

to compute the fluxes F j
i−1/2 and F j

i+1/2. In practice, one must always compute on some finite
set of grid cells covering a bounded domain, and in the extremes cells it is impossible to obtain
some numerical information. Instead, it is needed to set some physical boundary conditions,
that are already known from the external environment, that should be used in updating these
grid values.
One of the most credited approach is to include a few additional cells on either end, called ghost
cells, whose values are set at the beginning of each time step in some manner that depends on
the boundary conditions type. Let’s assume the physical grid is a vector in the variable x

defined as x = {1, 2, . . . , N}.

Figure 5.4. Numerical Grid

Figure 5.4 shows a grid with two ghost cells at each boundary in x = 0 and x = N + 1. These
values provide the neighboring-cell values needed in updating the cells near the physical domain.
The updating formula is then exactly the same in all cells, and there is no need to develop a
special flux-limiter method, say, that works with boundary data instead of initial data. Instead,
the boundary conditions must be used in deciding how to set the values of the ghost cells,
but this can generally be done in a way that depends only on the boundary conditions and is
decoupled entirely from the choice of numerical method that is then applied.
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Based on the values assigned at the boundary, three types of boundary conditions can be
identified.

Dirichlet

It specifies the value of the function (solution) itself on the boundary of the domain. The
mathematical representation is like:

U(xb, t) = g(t) for xb ∈ ∂Ω

Where g(x) is usually a known function of time and ∂Ω is the boundary domain.

Neumann

It assigns the value of the derivative of the solution normal to the boundary. It is always in the
form:

∂U

∂n
(xb, t) = h(t) for xb ∈ ∂Ω

Robin

It sets the value either of the function or of the derivative of the function normal to the boundary.
It is also referred as mixed boundary conditions due to the mixing of both properties of Dirichlet
and Neumann:

aU(xb, t) + b
∂U

∂n
(xb, t) = r(t) for xb ∈ ∂Ω

Dirichlet, Neumann and Robin boundary conditions are three fundamental types used in the
context of solving differential equations, particularly partial differential equations (PDEs).

5.2.4 Acoustic Boundary Conditions

In Acoustics, boundary conditions can be extrapolated from physical quantities directly. In
a seminal work of Poinsot and Lele [77] a very detailed discussion about the concept of well-
posed boundary conditions for fluid flow based on the theory of characteristics is explained.
It is considered a milestone for boundary conditions definition in the case of Navier-Stokes or
Euler’s equations for complex cases in which both kinematic and thermal boundary conditions
are required.
This case is a little bit different, indeed neither thermal transformation are involved by definition
of in-viscid fluid flow, nor Euler’s equation are used. In particular, as it will be shown in Section
5.3, boundary conditions of interest are:

• Solid Walls

• Oscillating Walls.
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Solid Walls

Consider a tube of gas with a solid wall at one end. In this case one would expect acoustic
waves to reflect at this boundary. For a solid wall at x = a the boundary condition for particle
velocity is usually defined as:

u(a, t) = 0

In terms of pressure and particle velocity in the numerical grid domain, this condition is written
for each time step in this way: for U0 : p0 = p1 u0 = −u1

for U−1 : p−1 = p2 u−1 = −u2

This imposes the necessary symmetry at the start of each time step. This assumes that the
solid-wall boundary condition can be set by reflecting all components of U and then negating
the second component.

Oscillating Walls

Now the solid wall is oscillating at x = a with very small amplitude generating an acoustic
sound wave in the tube of boundaries a ≤ x ≤ b. This is a common situation in acoustics
because sound waves are usually generated by a very small amount of molecular vibrations of
surfaces. For very small-amplitude motions, linear acoustics solution can be still used on a fixed
grid domain with the boundary condition:

u(b, t) = A(t)

For a fixed frequency oscillation one may get:

A(t) = ϵ sin(ωt)

As in the previous case, one can write this physical kinematic conditions in the numerical grid
domain in terms of pressure and particle velocity as: for U0 : p0 = p1 u0 = 2A(tj) − u1

for U−1 : p−1 = p2 u−1 = 2A(tj) − u2

It is worth mentioning, that the condition on particle velocity comes directly from a linear
interpolation of quantities among the extreme of physical grid and the two cells surrounding it.

5.3 Statement of the Problem

The study of the one-dimensional system is proposed. The system is a closed tube of total length
L containing air, of known physical properties and subject to an adiabatic transformation.
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At the left-end of the tube, there is a perfectly reflecting fixed wall; at the right-end there is
a speaker able to spread in the tube a beam of monochromatic plane waves. The oscillatory
dynamics of the speaker membrane are reproduced by the motion of a piston with known
kinematics.
The first goal of the analysis is to implement a FD numerical scheme in MATLAB® and to check
the validity of the solutions in different scenarios. Then, the final goal will be the representation
of radiation pressure effect over a fixed surfaces as a function of the driven frequency of the
piston. That would lead to have a preliminary idea of what one can imagine as a future control
law to manipulate the force over a perfect reflecting object.

Figure 5.5. Piston pipe scheme

To begin with, the inviscid gas equation 5.6 with a constant the speed of sound c(ρ) is used for
the problem. This leads the equation to be much simpler and still valid in case of absence of
high non-linearity. At this point, the general system of equation expressed in terms of velocity
potential is the following: 

φtt − φxx(c2
0 − φ2

x) = 2φxφxt

φx(0, t) = 0

φx(L, t) = −Ap(t)

φt(x, 0) = 0, φ(x, 0) = 0,

(5.14)

Where Ap(t) is the kinematic boundary condition imposed by the piston, and the negative sign
is justified by the convention of u = −∇φ. As previously mentioned in Sec.5.1, an equation like
that is useless to perform any kind of numerical or an analytical analysis, hence the system is
reduced to 5.10. At this point, only initial and acoustic boundary conditions must be set to
completely and uniquely defined the problem and its solution.

Initial Conditions

The initial conditions must be set on real quantities, i.e. particle velocity and pressure, which
represents the acoustic field without any initial perturbation. In this case: P (x, 0) = P0

u(x, 0) = 0
(5.15)
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These two conditions reflect to the numerical variable the numerical scheme actually evaluates
step by step. Indeed, numerical initial conditions are: p̃(x, 0) = 0

u(x, 0) = 0
(5.16)

The zero initial value for p̃ it is a consequence of its definition, indeed by substituting the real
initial values for particle velocity and pressure one obtains:

p̃ = −1
2u(x, 0)2 + c2

0
k − 1

(P (x, 0)
P0

) k−1
k

− 1

 = 0

Boundary Conditions

Concerning boundary conditions, particle velocity is described by Dirichlet’s type either on the
rigid wall, or on correspondence of the piston because the value is always fixed during the entire
simulation: u(0, t) = 0, (Rigid Wall)

u(L, 0) = Ap(t), (Moving P iston)
(5.17)

Where Ap(t) represents the velocity of the piston at the right-hand side of the cylinder.
Regarding the boundary conditions on p̃, it is necessary to identify the condition on the actual
pressure’s derivative, then substitute them into new variable’s derivative. Real case needs
reflecting boundary conditions on the left and the conservation of momentum on the right,
leading to this set of boundary conditions:Px(0, t) = 0 (Rigid Wall)

Px(L, 0) = −ρu̇(L, t) (Moving P iston)
(5.18)

Where u̇(L, t) is always provided analytically because of prescribed motion of the piston.
At this point, by progressively applying the Rusanov numerical scheme to the conservative
system 5.10 one might finally solve the nonlinear system of equation. The starting point is the
knowledge of the assumed values of the fictitious pressure and speed at the initial instant and
at every point of the space grid. The next step is to calculate the values of the state variables
in each node at t = 1.
As is clear, to determine p̃j

1 and uj
1 it is necessary to know the values assumed by the fake

pressure and by the fluid velocity in the previous node (x = 0), which is outside the physical
grid. Similarly, the same circumstance occurs in the calculation of p̃j

N and uj
N , with the difference

that the values assumed by the state variables in the next node (x = N + 1) are unknown.
Therefore, to proceed with the calculation it is necessary to assign the values assumed by the
state variables at points outside the physical grid or ghost points. By simply applying the
relationships found in the previous subsection 5.2.4, at the fixed wall (x = 1) the following
conditions are defined for each time step j:
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 u0 = −u2

p0 = p2

At this point, let’s see how this condition is flow down to the numeric variable p̃ at the ghost
node.

p̃0 = −1
2(−u2)2 + c2

0
k − 1

((
P2
P0

) k−1
k

− 1
)

= −1
2u

2
2 + c2

0
k − 1

((
P2
P0

) k−1
k

− 1
)

= p̃2

So the symmetry with respect to the node x = 1 is unchanged for the fake pressure quantity in
case of fixed wall.

Instead, if one uses the suggested acoustic boundary conditions at the moving wall (x = N) the
expressions of the values assumed in node N + 1 should be as follows:

 uN+1 = −uN−1 + 2u(L, t)
pN+1 = pN−1

This condition of symmetry of pressure value with respect to the right-hand side ghost node,
is usually implemented to get the simulation faster and easier to implement [78] even though
there is the presence of an oscillating wall with the problem of mass flow conservation.

The derivative of pressure at the boundary must correspondingly adjust with the acceleration of
the piston, as indicated by the boundary conditions referenced in 6.73. Numerous authors have
endeavored to enhance the precision of their solutions by employing the momentum conservation
equation [77,79–81], which may include the implementation of a moving mesh to accommodate
high amplitudes at the boundary. This aspect warrants careful consideration, as one seeks a
second-order quantity where accuracy is paramount to achieve results that are as realistic as
possible, even if this necessitates a more computationally intensive algorithm. Consequently,
the pressure at node N + 1 will be assessed using this methodology.

 uN+1 = −uN−1 + 2u(L, t)
pN+1 = pN−1 − 2hρu̇(L, t)

Assuming to know the values in the fictitious nodes, the numerical scheme can be implemented
in a recursive way by reconstructing the trend of the quantities of interest along the tube length.
In particular, the boundary value on the oscillating piston node for the variable p̃ is evaluated
by substituting the physical quantities evaluated at the ghost node:

p̃N+1 = −1
2(−uN+1)2 + c2

0
k − 1

((
pN+1
p0

) k−1
k

− 1
)

= −1
2u

2
2 + c2

0
k − 1

((
pN+1
p0

) k−1
k

− 1
)
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5.3.1 Test Configurations and Assumptions

The simulations were made considering normalized quantities for excitation frequency, piston
stroke and simulation time. Specifically, the latters were defined as:

ω̃ = ωf

ω1

L̃ = Ap(ωf )
L

t̃ = pk
2πωf

(5.19)

ωf is the excitation frequency, ω1 = c0
2L is the first resonance frequency, pk is the number of

cycles of the piston and Lp is the ratio between the piston’s stroke and the length of the tube L.
For every simulation, a unitary length of the tube L = 1 was considered. The use of normalized
quantities is good practice whether to replicate the same physical conditions throughout an
experiment. The tests were performed assuming that:

• the maximum magnitude value of the piston’s stroke is fixed and small compared to the
grid dimension;

• the frequency of the signal is monochromatic, so no superposition of harmonic waves are
expected in the solution except for some non linear effects;

• the amplitude of the signal is modulated such that the homogeneous part of the solution
disappears. It is necessary since no viscosity effects are involved and the solution would
present the homogeneous part of the solution for the entire simulations affecting the
steady-state response.

One more consideration should be made about the last assumption because it is necessary to
distinguish between numerical and viscous damping. The first one is related to the numerical
scheme implemented to find the approximated solution of the problem, the second one is the
actual damping of the system that decreases naturally the effect of the homogeneous part of the
solution. In our case, since the artificial viscosity introduced by the numerical scheme behaves
in a completely different way from the physical viscosity of the air, the necessity to modulate
the signal in a way the homogeneous part of the solution is null arises. With such technique,
only the steady-state component of the response survives.
Now, a series of three different simulations are shown to see how the radiation pressure varies.
In fact, it will be seen that radiation pressure strongly depends on the normalized frequency ω̃
and on the relative amplitude of the stroke respect to the tube length. Clearly, the stroke of
the piston cannot be greater than the space grid length to respect the finite difference scheme
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accuracy. That’s because a fixed grid has been used to perform simulations, so only small dis-
placement of the piston are allowed [73]. Considering that, the simulations have been performed
considering these range of values:

• Amplitude range varies from 0.0001% to 0.0005% of L

• Frequency bandwidth from 0 to 5ω1

In this manner, the displacement of the piston results to be infinitesimal, while the frequencies
analysed are up to the fifth of resonance one. Here, a table that shows the parameters for each
simulation.

Table 5.2. Table: Cases 1-3

Case # Piston Stroke / Tube Length ω̃

1 0.0001 % 2.3
2 0.0002 % 2.3
3 0.0001 % 0-5

These values are chosen to highlight how the non linear effects affect the acoustic field and how
the radiation pressure varies depending on the amplitude of the excitation.

Case 1 This is the case where the effects of non linearity are not relevant. The system behaves
like it is described by the linear wave equation, and one could foresee that the radiation pressure
on the rigid wall will be equal to zero.

Figure 5.6. Radiation Pressure Case 1
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However, even if the acoustic field behaves as linear, the radiation pressure equation presents non
linear terms that makes its value different from zero, as it is shown next. Figure 5.6 is composed
by three different plots: the top one, shows the trend of the radiation pressure on the fixed wall
during time; in the bottom left side there is the root-mean-squared value of the signal over time;
in the bottom right, instead, there is the mean value of the radiation pressure over time. The
latter, in particular, is the most interesting because it demonstrates the net shift of the pressure
with respect the reference one. This last is not expected in linear acoustic theory, and it shows
how the consideration of higher-order terms in the wave equation is crucial to see that effect. It
is worth mentioning that the first half of the net radiation pressure trend (bottom-right part of
the figure 5.6) has, apparently, a strange behaviour. The main reason is the modulated input
signal driven by a quadratic sine function. That makes the signal’s magnitude to change over
time and the time average value is affected until steady-state condition is accomplished. Then,
the steady state part of that graph is from vertical black line to the end of the simulation.

Case 2 Now, the piston stroke is the double with respect to the previous case. Indeed, the
response is generally increased and the mean value of the has increased quadratically. The
figure 5.6 is composed as the previous one. In figure 5.6 the net value is around 0.054 Pa,
while in 5.7 the pressure is 0.219 Pa. This result may be interesting in the case a control of
the net radiation pressure could be expressed by some mathematical relationship in terms of
amplitude modulation. It is worth mentioning that the first half of the net radiation pressure

Figure 5.7. Radiation Pressure Case 2

trend (bottom-right part of the figure 5.6) has, apparently, a strange behaviour. The main
reason is a modulated input signal, driven by a quadratic sine function. That makes the
signal’s magnitude to change over time and the time average value is affected until steady-state
condition is accomplished. Basically, the fundamental part of that graph is from half to the end
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of the simulation.

Case 3 Of another kind, is the subject of the figure 5.8. Indeed, it shows the average value
of the radiation pressure from 0 to the 5th resonance. Here, the scale for Pressure is expressed
in dB.

Figure 5.8. Radiation Pressure over frequency Case 3

It is clear that peaks occur in correspondence of integer multiple of the first resonance, and
the minimum value are exactly in the middle near the frequencies of the open-rigid tube con-
figuration. It seems to appear a very regular trend about the radiation pressure value between
resonance frequencies, it can be very interesting on finding some analytical expression to derive
it, together with the quadratic relationship with respect to the amplitude, to get an helpful
control law to manipulate the pressure on a body.

5.3.2 Radiation Pressure Models comparison

The next tests are performed to compare the results for different radiation pressure models:

• Exact Formula: p = ρφt − E ;

• Lagrangian Formula: p = ρ0φt − L0;

• King’s Formulation: p = ρ0φ1t − L0 with φ1t solution of the linear wave equation.

Specifically, the study is made to see how the different formulas differs in the solutions. From
the analytical studies, one should expect a very tiny difference between the first two cases by
the fact that the Lagrangian formulation is a second order approximation of the exact one. The
third case would appear more different because of the strong approximation between the linear
and nonlinear wave equations. In the next cases 4 and 5 the excitation frequency is closer to
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the second resonance frequency in order to increase non-linearity effects and to enhance the
differences between the radiation pressure models. Case 6 will show the difference of the models
among a wide range of frequencies as in case 3.

Table 5.3. Table: Cases 4-7

Case # Piston Stroke / Tube Length ω̃

4 0.01 % 1.85
5 0.05 % 1.85
6 0.01 % 0-5
7 0.05 % 0-5

Case 4 This case shows how the three models collapse because of the absence of high non-
linear effects on the radiation pressure. In particular, it also demonstrates the quality of the
numerical simulations since, as it is predicted, the models must produce close results in presence
of very small perturbation acting on the system. Figure 5.9 shows also that the model used by
King to determine the radiation pressure would appear unsatisfactory and too approximated.
Indeed, the amount of radiation pressure evaluated is roughly the half of the pressure using the
exact and the Lagrangian formula.

Figure 5.9. Radiation Pressure Case 4

Case 5 This figure 5.10 shows how the two nonlinear models differ because of a more effect of
high non-linear on the system. In particular, even if the two pressure models slightly differs, the
exact pressure model seems to be a little bit higher with respect to the Lagrangian one. Indeed,
it is a natural consequence of having introduced non-linearity that differ up to third-order in



5.3 Statement of the Problem 79

to the system by increasing the amplitude of the oscillating piston. However, the Lagrangian
approximation appears to be still a very good attempt to describe radiation pressure near the
linear case or far from resonance regime.

Figure 5.10. Radiation Pressure Case 5

A close look to the figure 5.11 highlights the little difference between the two models in the two
cases 4 and 5.
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Figure 5.11. Comparison between Exact and Lagrangian Expression

Case 6 The next figure concerns the same simulation made in case 3 but with all the radiation
pressure models. As one might image, the difference is very small compared to their magnitude
and it is present only in correspondence of resonant conditions. This phenomenon is the main
cause of the divergence of the values for the three models. The differences are more evident
in figure 5.13 where the error is represented in a logaritmic scale. The green line represents
the error between the exact and the Lagrangian model. As it can clearly seen, the more one
is close to resonant condition, the more the error is evident between the models. However, for
small oscillation of the piston the error between the two is at maximum around 2 or 3 % near
resonances and it is very low anywhere else.

Figure 5.12. Radiation Pressure over frequency Case 6
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The black line represents the error between the exact model and the King’s one and it seems
to oscillate a little around 50 % outside resonance frequencies. Close to resonance conditions,
the physical model may failed because of no viscosity introduced into the system.

Figure 5.13. Error over frequency Case 6

Case 7 The next figure concerns the same simulation made in case 6 but with a larger piston
stroke to induce more non-linearity into the system. In this way, the difference between the
models increases a lot compared to the previous case shown in 5.12 and it could be well seen in
correspondence of resonant conditions..

Figure 5.14. Radiation Pressure over frequency Case 7
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Figure 5.15. Error over frequency Case 7

Even in this case, the blue line represents the error between the exact and the Lagrangian
model. As it can clearly seen in the figure above, the larger induced oscillation of the piston
the greater the error is between the two models. Forthwith, the maximum error is now around
30 % near resonances but it is still very low anywhere else.
The black line represents the error between the exact model and the King’s one. The error
seems to oscillate a little around 50 % outside resonance frequencies and it has greater peaks at
the latter ones.



83

Chapter 6

Perturbation Approach for the
Acustic Radiation Pressure

The numerical results seen in the previous chapter 5 give us a new insight into the problem of
acoustic radiation pressure. In fact, there seems to be a pattern that repeats between resonant
frequencies with a pattern that is quadratic in relation to the piston’s stroke amplitude. This
drives us to go beyond pure numerical analysis, which can still be prone to error, investigating
the possibility of finding an approximate analytical solution.
Finding an analytical relationship between the magnitude of the acoustic field and the radiation
pressure would allow us to go to verify and validate the results found and could add an important
contribution in this field which, for more than a century now, has been struggling to find a
unique formulation of this phenomenon. The starting equation is always the same, and the
mathematical model is exactly the same as the numerical equations previously implemented:



φtt − φxx(c2
0 − φ2

x) = 2φxφxt

φx(0, t) = 0

φx(L, t) = −Ap(t)

φt(x, 0) = 0

(6.1)

In this case, the presence of the double nonlinearity of the acoustic field does not allow us to
find a trivial analytical solution. In addition, having a limited domain with uneven boundary
conditions increases the complexity of the problem. Although there is some possibility of imple-
menting an exact solution for mobile domains, the complexity of the resolution and the solution
itself leads to an impracticability of such a method. It presents solutions as developments in
infinite sets of functions, making the future development of a real-time monitoring tool virtu-
ally impossible. Looking for new semi-analytical resolution techniques of partial-drift equations
implemented in recent decades, the Adomian Decomposition Method [82] and Homotopy Per-
turbation Method [83] seem to be among the most promising. In the case of HPM proposed by
Dr. Huan He is a combination of homotopy in topology and classic perturbation techniques,
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he provides us with a convenient way to obtain analytic or approximate solutions for a wide
variety of problems arising in different fields. They are polynomial expansion techniques of the
solution and work very well if they have information about a possible form of the solution to
the regime even going to find, in some cases, the exact solution of the problem [84–88]. From
a historical point of view, it takes inspiration from the classic method of perturbations, going
to extend its scope even in cases where there is not a very small scale parameter within the
problem. These methods are based on an iterative process that depends strictly on the guess
solution given at the first step that depends strongly on the initial conditions and can often be
ineffective by finding a solution that diverges over time. Moreover, there is still no general line
of how to use this technique in a rigorous manner, but it seems that everyone is solving their
problem heuristically using some trick. In addition to this, methods were rarely used in the
case of finite domains and given the absence of strict application of the method, it was decided
to use the classic perturbation method.

6.1 Perturbation Method: a brief introduction

Most of the physical problems facing engineers, physicists, and applied mathematicians today
exhibit peculiarity which preclude the knowledge of the exact analytical solutions. Some of
these features are non-linearity, variable coefficients, complex boundary shapes, and nonlinear
boundary conditions at known or, in some cases, unknown boundaries. Even if the exact solution
of a problem can be found explicitly, it may be useless for practical applications, interpretation
or numerical evaluation. Examples of such problems are Bessel functions of large argument and
large-order and doubly periodic functions. Thus, in order to obtain information about solutions
of equations, one is forced to resort to approximations, numerical solutions, or combinations
of both. Foremost among the approximation methods are perturbation (asymptotic) methods.
According to this technique, the solution is represented by the first few terms of an asymptotic
expansion, usually not more than two terms. The expansions may be usually carried out
in terms of a small parameter which appears naturally in the equations, or which may be
artificially introduced for convenience as it will be done in the next section. Such expansions
are called parameter perturbations. Alternatively, the expansions may be carried out in terms
of a coordinate; these are called coordinate perturbations. The latter case is very helpful in
case of secular terms appearance [89].
Many physical problems involving the function u(x, ε) can be represented mathematically by
the differential equation L(u, x, ε) = 0 and the boundary condition B(u, ε) = 0, where x is a
scalar or vector independent variable and ε is a parameter. In general, this problem cannot be
solved exactly. However, if there exists an ε for which the above problem can be solved, one
seeks to find the approximated solution for small ε in, say, powers of ε; that is equal to:

u(x, ε) = u0(x) + εu1(x) + ε2u2(x) + · · ·
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Where un, is independent of ε and u0(x) is the solution of the zero order problem in case of zero
non-linearity. One then substitutes this expansion into L(u, x, ε) = 0 and B(u, ε) = 0, expands
for small ε, and collects coefficients of each power of ε.
Since these equations must hold for all values of ε, each coefficient of εmust vanish independently
because sequences of ε are linearly independent. These usually are simpler equations governing
u, which can be solved successively by iterating the solution.

6.2 Perturbation Method: Application on a fixed screen

As it has been known, the starting equation is:

φtt − φxx(c2
0 − φ2

x) = 2φxφxt

From the Section 6.1, perturbation method consists of expressing the solution as a power series
in a small parameter ε. Frequently, in nonlinear vibration problems, the small parameter
ε compares in the dynamic equation as referred to a small non-linearity that ‘perturbs’ the
dynamic of the equivalent linear system. In our case, this kind of parameters does not seem
to appear, leading to the incapacity of using the method. However, this can be avoided if the
small perturbation appears as a forcing term, or as a boundary condition (see [90]). In this
case, an equivalent non-dimensional problem is solved in order to make a perturbation of order
ε clearly appear as forcing term at the boundary.

Dimensionless Wave Equation

Let’s write the dimensionless quantities as follow:

x = Lx̃, t = L

c0
t̃, φ(x̃, t) = c0Lψ(x̃, t̃)

In so doing, even the derivatives must be affected by the transformation:

∂

∂x̃
= 1
L

∂

∂x̃
,

∂

∂t
= c0
L

∂

∂t̃
,

With this in mind, the derivatives of the potential becomes:

φt = c0L
c0
L
ψt̃ = c2

0ψt̃, φx = c0L
1
L
ψx̃ = c0ψx̃, φtt = c0L

c2
0
L2ψt̃t̃ = c3

0
L
ψt̃t̃,

φxx = c0L
1
L2ψx̃x̃ = c0

L
ψx̃x, φxt = c0L

c0
L2ψx̃t̃ = c2

0
L
ψx̃t̃,

Now substituting these relations, one gets the non-dimensional nonlinear wave equation:

ψt̃t̃ − ψx̃x̃ = −ψ2
x̃ψx̃x̃ + 2ψx̃ψx̃t̃ (6.2)
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Eventually, the system becomes:

ψt̃t̃ − ψx̃x̃ = −ψ2
x̃ψx̃x̃ + 2ψx̃ψx̃t̃

ψx̃(0, t̃) = 0

ψx̃(1, t̃) = −Ap(t)
c0

= − B
c0

sin
(

ωf L
c0
t̃
)

= −ε sin(ωat̃)

ψ(x̃, 0) = 0, ψt(x̃, 0) = 0

(6.3)

Where:

• ε = B
c0

is the local Mach Number;

• ωa = ωf L
c0

is a normalized frequency.

It is clear that the small parameter ε can be referred to the Mach number, indeed it is the ratio
between the speed of the piston and the speed of sound in air. Moreover, in our analysis this
number is much less than 1, leading to the chance to express the solution using the perturbation
method expansion. With this intention, the solution can be rewritten as:

ψ(x̃, t̃) = εψ1(x̃, t̃) + ε2ψ2(x̃, t̃) + o(ε3)

And substituting it in to 6.3, one one gets two systems of equation of order ε and ε2.

ψ1t̃t̃
− ψ1x̃x̃ = 0

ψ1x̃(0, t̃) = 0

ψ1x̃(1, t̃) = − sin(ωat̃)

ψ1(x̃, 0) = 0, ψ1t(x̃, 0) = 0

(6.4)

and: 

ψ2t̃t̃
− ψ2x̃x̃ = 2ψ1x̃ψ1x̃t̃

ψ2x̃(0, t̃) = 0

ψ2x̃(1, t̃) = 0

ψ2(x̃, 0) = 0, ψ2t(x̃, 0) = 0

(6.5)

6.2.1 Order ε Solution

The first order system looks like a linear wave equation problem defined in a limited domain of
unit length and in-homogeneous boundary conditions. It aims at representing a simple case of a
rigid pipe closed at one end with a fixed and perfectly reflecting wall while on the other end the
presence of an oscillating piston is modeled. This problem is a little more complicated compared
to the standard homogeneous case; indeed, the presence of non-homogeneous boundary condi-
tions needs to be treated carefully. A standard mathematical way to solve this problem [91],
suggests splitting the analytical solution into two parts:



6.2 Perturbation Method: Application on a fixed screen 87

• ψb that always satisfies the boundary conditions.

• ψs that, considering ψb, is able to satisfy the related modified system of equations with
homogeneous Boundary Conditions.

So the solution is split in:
ψ1(x̃, t̃) = ψb(x̃, t̃) + ψs(x̃, t̃) (6.6)

In order to always satisfy boundary conditions, ψb must be equal to:

ψb(x̃, t̃) = x̃ψx̃(0, t̃) + x̃2

2
(
ψx̃(1, t̃) − ψx̃(0, t̃)

)
= − x̃2

2 sin(ωat̃)

By substituting 6.6 into the 6.4, one obtains a new system of equations in terms of ψs. Indeed:

ψbt̃t̃
+ ψst̃t̃

= ψbx̃x̃ + ψsx̃x̃ (6.7)

With:
ψbt̃t̃

= x̃2

2 ω
2
a sin(ωat̃), ψbx̃x̃ = − sin(ωat̃)

Leading to a new system of equations in terms of ψs:

ψst̃t̃
= ψsx̃x̃ − x̃2

2 ω
2
a sin(ωat̃) − sin(ωat̃)

ψsx̃(0, t̃) = 0

ψsx̃(1, t̃) = 0

ψs(x̃, 0) = 0, ψst(x̃, 0) = x̃2

2 ωa

(6.8)

Now the system is no longer homogeneous in the wave equation but it is homogeneous in
Boundary Conditions and this simplifies a lot the calculations to find the analytical solution.
The general solution for ψs is ψs = ψs,H + ψs,P , where ψs,H is related to the homogeneous
solution, while ψs,P on the particular one. Since the absence of any kind of dissipation in the
model will preserve the homogeneous part of the solution, which will corrupt the final result
at steady state, one can neglect the homogeneous solution of the problem and solving only the
particular one.
It is essential to mention that ignoring the homogeneous part of the solution could be acceptable
for the approximation of the solution at steady state. Indeed, as previously mentioned in
5.3.1 a similar thing had been made in numerical simulations trying to minimize the effect of
the homogeneous part of the solution through a modulation of the input signal, leading to a
numerical representation of only the particular solution at steady state even in absence of any
viscous effect.

Particular Solution

In particular, since the forcing function is in the form v(x̃) sin(ωat), one can use the separation
of variables technique to find a particular solution in the form ψsP = v(x̃) sin(ωat), leading to:
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ω2
av(x̃) sin(ωat) + v′′(x̃) sin(ωat) =

(
1 + x̃2ω2

a

2

)
sin(ωat) (6.9)

Canceling out the sine term, one gets an ODE in x̃:

ω2
av(x̃) + v′′(x̃) =

(
1 + x̃2ω2

a

2

)
(6.10)

Leading to the general solution as:

v(x̃) = C1 sin (ωax̃) + C2 cos (ωax̃) + x̃2

2 (6.11)

With boundary conditions v′(0) = v′(1) = 0, the constants are:

C1 = 0, C2 = 1
ωa sin (ωa) (6.12)

Finally:

v(x̃) = cos (ωax̃)
ωa sin (ωa) + x̃2

2 (6.13)

So the solution will be:

ψsP (x̃, t) =
[

cos (ωax̃)
ωa sin (ωa) + x̃2

2

]
sin(ωat̃) (6.14)

Complete Solution

Now it is possible to write the complete solution for ψ1(x̃, t̃) = ψb(x̃, t̃) + ψs(x̃, t̃) that satisfies
both the general equation and boundary conditions.

ψ1(x̃, t̃) = ψb + ψsP = − x̃2

2 sin(ωat̃) +
[

cos (ωax̃)
ωa sin (ωa) + x̃2

2

]
sin(ωat̃) (6.15)

That leads to:
ψ1(x̃, t̃) = cos (ωax̃)

ωa sin (ωa) sin(ωat̃) (6.16)

This result is already known in literature. Indeed, in [23] an attempt on finding the nonlinear
expression for radiation pressure in a fixed domain was done and they started the analysis based
on the solution above for the linear case and an oscillating piston on a side. The interesting
part is the presence of a sinusoidal function at the denominator that make the denominator
equals to zero at certain frequencies. From the definition in 6.3 the critical cases are:

ωa = ωfL

c0
= kπ

If one would relate the driven frequency to the first resonant one, just recall the relationship
used in 5.19 to know when resonance occurs:

ωa = ω̃ω1
L

c0
= ω̃

2πc0
2L

L

c0
= kπ
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ω̃ = k, k ∈ N

And it is truly consistent with the result found in 5 where peaks towards infinity are located
into integer values of ω̃.
A similar form of the solution is present in [20] for open field, obviously there is no chance to
face resonance conditions so the denominator is not a sine.

Radiation Pressure Expression in the Linear Case

It is now appropriate to articulate the solution for radiation pressure by utilizing the solution
of the linear wave equation alongside a nonlinear expression for pressure. The first effort to
ascertain the actual value of radiation pressure was undertaken by Lord King [8]. However, it
will be demonstrated that this approximation is of the same order of magnitude as the actual
solution.
From the dimensionless relationships one can come back to the actual velocity potential, indeed:

φ(x, t) = c0Lψ(x̃, t̃) = c0Lεψ1(x̃, t̃)

φ(x, t) = c0L

ωa

B

c0

cos(ωax̃) sin(ωat̃)
sin (ωa) = c0B

ωf

cos
(

ωf

c0
x
)

sin(ωf t)

sin
(

ωnL
c0

) (6.17)

By performing the time derivative of 6.17 one finds:

φt(x, t) = Bc0
cos

(
ωf

c0
x
)

sin(ωf t)

sin
(

ωnL
c0

) (6.18)

Let’s see if this solution is consistent with theory. Indeed, if one would use the linear relationship
between pressure and potential, one found that the mean value over a period is null. This is
exactly what happens because 6.18 is a linear sinusoidal function which mean value is always
zero. Indeed, assuming a period of T = 2π

ωf
one gets:

⟨prad(x, t)⟩ = 1
T

∫ T

0
ρ0φt(x, t)dt = ρ0Bc0

T

∫ T

0

cos
(

ωf

c0
x
)

sin(ωf t)

sin
(

ωnL
c0

) dt = ρ0Bc0

T sin
(

ωnL
c0

) ∫ T

0
sin(ωf t)dt = 0

In case of Lord King’s formula, where the Lagrangian function is involved, one gets a value
different from zero:

⟨prad(x, t)⟩ = ρ0ϕt − L = ρ0ϕt + ρ2
0c

2
0φ

2
t (x, t)
2 − ρ0φ2

x(x, t)
2 = ρ0ϕt + ρ2

0c
2
0φ

2
t (x, t)
2

One can neglect the kinetic contribution at the fixed wall because this boundary condition must
hold for every time:

u(0, t) = −φx(0, t) = 0

For this specific case, one gets a non-zero mean value indeed:

prad(x, t) = 1
T

∫ T

0

ρ2
0c

2
0φ

2
t (x, t)
2 dt = ρ0

T

∫ T

0

1
2ρ

2
0c

2
0

Bc0 cos
(

ωf x
c0

)
sin
(

ωf L
c0

) cos(ωf t)

2

dt
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Since:
1
T

∫ T

0
cos2(ωf t) dt = 1

2 and T = 2π
ωf

One finally gets:

prad =
ρ0B2 cos2

(
ωf x
c0

)
4 sin2

(
ωf L
c0

)
At the fixed boundary located at x = 0 the value is:

prad = ρ0B2

4 sin2
(

ωf L
c0

) = E

Where E is the total energy density of the acoustic wave.

6.2.2 Order ε2 Solution

The second order system is described by the equation:



ψ2t̃t̃
− ψ2x̃x̃ = 2ψ1x̃ψ2x̃t̃

ψ2x̃(0, t̃) = 0

ψ2x̃(1, t̃) = 0

ψ2(x̃, 0) = 0, ψ2t(x̃, 0) = 0

(6.19)

In this case, the ε2 order system is completely homogeneous on boundary conditions. With this
intention, it is possible to build the forcing functions ψ2x̃t̃

, indeed knowing the partial derivatives
and multiplying them together one obtains:

ψ1x̃ = −sin(ωax̃) sin(ωat̃)
sin(ωa) , ψ1x̃t̃

= −ωa
sin(ωax̃) cos(ωax̃)

sin(ωa)

Hence, one gets:

2ψ1x̃ψ1x̃t̃
= 2ωa

sin2(ωax̃) cos(ωat̃) sin(ωat̃)
sin2(ωa)

= ωa
sin2(ωax̃) sin(2ωat̃)

sin2(ωa)
(6.20)

This simplifies our system to:



ψ2t̃t̃
− ψ2x̃x̃ = ωa

sin2(ωax̃) sin(2ωa t̃)
sin2(ωa)

ψ2x̃(0, t̃) = 0

ψ2x̃(1, t̃) = 0

ψ2(x̃, 0) = 0, ψ2t(x̃, 0) = 0

(6.21)
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This system of partial differential equation looks like to the general form treated in [92] where
a general solution is given in terms of Green’s function convolution:

ψ2t̃t̃
− ψ2x̃x̃ = Φ(x̃, t̃)

ψ2x̃(0, t̃) = g1(t̃)

ψ2x̃(1, t̃) = g2(t̃)

ψ2(x̃, 0) = f0(x̃), ψ2t(x̃, 0) = f1(x̃)

(6.22)

Where Φ(x, t) is an arbitrary forcing function. The general solution, is given by the formula:

ψ2(x, t) = ∂

∂t̃

∫ 1

0
f0(ξ)G(x̃, ξ, t̃) dξ +

∫ 1

0
f1(ξ)G(x̃, ξ, t̃) dξ +

∫ 1

0

∫ t̃

0
Φ(ξ, τ)G(x̃, ξ, t̃− τ) dξ dτ

−
∫ t̃

0
g1(τ)G(x̃, 0, t̃− τ) dτ +

∫ t̃

0
g2(τ)G(x̃, L, t̃− τ) dτ (6.23)

Where G(x, ξ, t) is the Green’s function for the wave equation in case of reflecting boundary
conditions [93]:

G(x̃, ξ, t̃) = t̃+ 2
π

∞∑
n=1

1
n

cos(nπx̃) cos(nπξ) sin(nπt̃) (6.24)

The function Φ(x, t) for our specific case is simply:

Φ(x̃, t̃) = ωa
sin2(ωax̃) sin(2ωat̃)

sin2(ωa)
(6.25)

by using the same notation, functions g1(t), g2(t), f0(x), and f1(x) are identically set to zero,
simplifying the integration evaluation of 6.23 and resulting in:

ψ2(x̃, t̃) =
∫ 1

0

∫ t̃

0
Φ(ξ, τ)G(x̃, ξ, t̃− τ) dξ dτ (6.26)

Then by substituting the actual forcing function, one obtains:

ψ2(x̃, t̃) =
∫ 1

0

∫ t̃

0
ωa

sin2(ωax̃) sin(2ωaτ)
sin2(ωa)

(
t̃− τ

)
dξ dτ +

∫ 1

0

∫ t̃

0
ωa

sin2(ωaξ) sin(2ωat̃)
sin2(ωa)

[
2
π

∞∑
n=1

1
n

cos(nπx̃) cos(nπξ) sin(nπ(t̃− τ))
]
dξ dτ (6.27)

Then, by solving the integration one obtain the solution for the second order system:

ψ2(x̃, t̃) = ωa

sin2(ωa)

[
(sin(2ωat̃) − 2t̃ωa)(sin(2ωa) − 2ωa)

16ω3
a

]
+

∞∑
n=1

4(−1)n+1ω2
a cos(πnx̃)

nπ tan(ωa)(4ω2
a − n2π2)2

[
2ωa sin(nπt̃) − nπ sin(2ωat̃)

]
, forωa ̸= niπ

2 (6.28)

The second part of the solution appears to yield no mean value over a period due to the presence
of linear sinusoidal functions, which inherently possess a zero mean value over their respective
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periods. However, the derived expression seems to become undefined in the specific case where
ωa = rπ

2 with r = ni.
This scenario, in which the denominator approaches zero, can be circumvented because it occurs
when the excitation frequency coincides with the resonance frequency of the tube, a condition
that is prohibited by hypothesis. The alternative situation arises when the excitation frequency
is precisely situated between two resonance frequencies, resulting in a modified form of the
additional term in 6.28 as follows:

− cos(rπx̃)(sin(rπt̃) − rπt̃ cos(rπt̃))
8c0rπ((−1)r − 1) (6.29)

The solution presented bears a striking resemblance to scenarios in which secular terms emerge
in perturbation method problems, necessitating careful treatment. It appears to exhibit a mean
value that deviates from zero, which must be taken into account when evaluating radiation
pressure. The term under consideration is:

rt̃ cos(rπt̃)

Indeed, after the time derivative it becomes:

r cos(rπt̃) − r2πt̃ sin(rπt̃)

The mean value is significantly influenced by the evaluation period, with the sign of the contri-
bution also contingent upon the value of r.

Figure 6.1. Solution over Time and mean value trend

In practice, although the mean value over a specific period may appear to deviate from zero,
the overall mean contribution tends to stabilize around zero, as illustrated in figure 6.1. Conse-
quently, this stabilization is of little relevance for the assessment of radiation pressure. Since a
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zero mean value is expected in the calculation of radiation pressure, one can disregard the entire
second part of the solution associated with the infinite summation. Furthermore, the validity of
this type of solution is confined to short time intervals, rendering that term relatively negligible
in our context.
Given this consideration, the approximate solution derived from the perturbation method is
expressed as the sum of 6.28 and 6.16.

ψ(x̃, t̃) = εψ1(x̃, t̃) + ε2ψ2(x̃, t̃) + o(ε3)

ψ(x̃, t̃) ≃ ε
cos (ωax̃)
ωa sin (ωa) sin(ωt̃) + ε2 ωa

sin2(ωa)

[
(sin(2ωat̃) − 2t̃ωa)(sin(2ωa) − 2ωa)

16ω3
a

]
(6.30)

Radiation Pressure: Final Expression

In order to get back to physical quantities, it is necessary to substitute back the opposite
relations one used at the beginning of the chapter. In so doing, one gets:

φ(x, t) = c0Lψ(x̃, t̃) = c0L

{
ε

cos (ωax̃)
ωa sin (ωa) sin(ωt̃) + ε2 ωa

sin2(ωa)

[
(sin(2ωat̃) − 2t̃ωa)(sin(2ωa) − 2ωa)

16ω3
a

]}
(6.31)

Then, let’s substitute the relation for ωa, ε, x̃ and t̃ to obtain the physical velocity potenital:

φ(x, t) = Bc0
ωf

cos
(

ωf x
c0

)
sin(ωf t)

sin
(

ωf L
c0

) + B2

sin2
(

ωf L
c0

)
(sin(2ωf t) − 2tωf )(c0 sin

(
2ωf L

c0

)
− 2ωfL)

16ω2
fL


(6.32)

Since pressure is expressed in terms of the derivative of potential, one must evaluate the time
derivative:

φt = φ1t+φ2t = Bc0
cos

(
ωf x
c0

)
cos(ωf t)

sin
(

ωf L
c0

) + B2

sin2
(

ωf L
c0

)
(2ωf cos(2ωf t) − 2ωf )(c0 sin

(
2ωf L

c0

)
− 2ωfL)

16ω2
fL


(6.33)

Finally, to get the net radiation pressure at the fixed boundary, a time average over the period
T = 2π

ωf
is necessary. Now, if the time average is performed over the period T ,⟨φ1t⟩ = 0 , the

cos(2ωf t) part in φ2t placed at the numerator of the second order solution is identically zero
while the remaining part appears to be constant:

⟨φ2t⟩ = 1
T

∫ T

0
φ2tdt = B2

sin2
(

ωf L
c0

)
4ω2

fL− 2ωfc0 sin
(2ωf L

c0

)
16ω2

fL

 = B2

4 sin2
(

ωf L
c0

)
1 −

c0 sin
(2ωf L

c0

)
2ωfL


(6.34)

Now, concerning the Lagrangian part of the radiation pressure definition one consideration
should be made. Before proceeding further, it would be good practice to not have too many
terms in the radiation expression to make a critical analysis of the main terms. Indeed, different
order of magnitude between the terms appears in the complete expression. In one hand, the
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first-order solution is proportional to Bc0, while the second order one is proportional to B2.
That leads to neglect the second order contribution into the quadratic term in the potential
energy term U = ρ0

2c2
0
φ2

t , this passage leads to a slight loss of accuracy in the final analytical
result but allows for a very simple expression to study later on. So one can state that:

⟨φ2
t ⟩ ≃ ⟨φ2

1t
⟩ (6.35)

On the opposite hand, ⟨φt⟩ seems to dramatically contribute in the linear part of the radiation
pressure expression. Indeed, while the first-order solution has a zero-mean value, the second
order one does not, leading to almost twice the value of the radiation pressure considering
the linear acoustic field solution. For this reason, it is necessary to consider the second order
solution in the pressure expression. By putting everything together, the final expression for the
mean value of the radiation pressure is:

prad = B2

4 sin2
(

ωf L
c0

)
1 −

c0 sin
(2ωf L

c0

)
2ωfL

+ B2

4 sin2
(

ωf L
c0

) = B2

4 sin2
(

ωf L
c0

)
2 −

c0 sin
(2ωf L

c0

)
2ωfL


(6.36)

The ratio between the fully non-linear acoustic field solution and the linear field solution using
the same expression for the radiation pressure is:

µ = prad

pradlin

= 2 −
c0 sin

(2ωf L
c0

)
2ωfL

The ωf L
c0

ratio is the well-known Helmholtz number He = kL = ωf L
c0

. Hence, the ration becomes:

µ = 2 − sin(2He)
2He (6.37)

Figure 6.2. µ over Helmholtz number
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In the limit of high Helmholtz number, the limits tend to:

lim
He→∞

µ = 2 (6.38)

While for low Helmholtz number, nonlinear and linear acoustic theory collapse to the same
result. Indeed:

lim
He→0

µ = 1 (6.39)

The results found in 6.38 means that for a fixed geometry, namely L, non-linearity is playing
an important role at high frequency while it is not in case of low frequencies 6.39 collapsing to
the results of Lord King’s.

6.2.3 Results Comparison: Analytical vs Numerical

In this section, the comparison graphs between the results of the tests conducted in 5.3.2 and
the pressure trends predicted by formula 6.36 are presented.

Figure 6.3. Radiation Pressure over frequency Comparison

As is clearly shown in the two figures above, the analytical formula proves to be extremely
accurate and yields results very similar to the numerical ones.
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Figure 6.4. Error over frequency

Except for the resonance frequencies and those in their vicinity (±0.05ω1), the error is always
below 1%. This demonstrates the validity of the analytical result and how it can facilitate the
development of a semi-analytical model on which to implement a control strategy.

6.3 The problem of the moving boundary

While in the previous Section 6.2 the problem of a fixed reflected screen was investigated, the
problem of a moving boundary subjected to an acoustic wave is finally analysed. Indeed, the
study of wave equations with moving boundaries is essential to understand how waves interact
with free bodies and how the interaction force is possibly modified by the boundary’s speed.
This problem is relevant in various fields such as acoustics, electromagnetism, and fluid dynamics
and the main challenge lies in solving wave equations where the domain changes over time due to
the movement of boundaries, which can either be in uniform motion or exhibit acceleration [94].
The leading goal is to predict how wave properties such as amplitude, frequency, and phase
shift when they encounter moving boundary and which kind of influence they produce on its
motion.
This phenomena is very complex and has deep historical roots in scientific literature either in
case of acoustic or electromagnetic waves. Concerning acoustic interaction between bodies at
constant speed and waves, Doppler [95] gave a fundamental contribution as well as Einstein [96]
for the electromagnetic counterpart. However, the problem of finding the exact solution for
arbitrarily moving boundary is still under debate for its intrinsic complexity and uncertainty on
mathematical passages. Moreover, the problem is often split in two different parts, one related
to the generation of waves from moving boundaries and one related to the nonlinear interactions
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of a moving wall under the effect of incoming and reflected wave.
Many works as the one of Balazas [97] or Gaffour [98] treated the problem of generation of waves
in semi-infinite, or finite domain, caused by a moving wall at constant speed v << c0. Even
though it appears to be an easy case at first, the found solutions were quite tricky. Later on,
Dan Censor analyzed the effect of incoming waves on a moving wall with different speed in his
works [99, 100]. He showed as, for constant boundary speed, the wave equation solution seems
to be modified by a Doppler coefficient that modifies the frequency of the reflected wave as
expected from Doppler effect’s theory . Later on, he demonstrated how to improve its method
considering also a sinusoidal component of the speed of the boundary to see how the reflected
wave’s frequency would be different from the case of constant speed. In addition, he also studied
a solution for oblique incident waves case on sinusoidally oscillating bodies.
These contributions belongs to a class of works where the boundary movement is assigned a
priori. Who instead went further was Cooper that analyzed the general case of electromagnetic
waves impinging on an arbitrary wall with arbitrary speed [101]. He started his analysis founding
the exact equations for the electromagnetic field, as valid as for the acoustic counterpart, in
case of rigid body in a arbitrary position r0 ion case of perfect reflecting wall. By calling Ψ(x, t)
the general solution of electromagnetic field, he found that:

Ψ(x, t) = Aei(ωt−kx)e2ikr0 (6.40)

Where r0 is the position of the wall with respect of a generic coordinate system. At the same
time, in case of moving boundary with constant velocity defined as v, the solution assumes the
form obtained by Lorentz and in agreement with the results of Doppler shift in frequency:

Ψ(x, t) = A

[
1 + v

c

1 − v
c

]
exp

{
i

[(
1 + v

c

1 − v
c

)
(ωt− kx) + 2ik

(
r0 − vt

1 − v
c

)]}
(6.41)

He stated that in case of non-stationary boundary, or it does not move with a constant velocity,
the exact solution cannot be computed in a simple way because it involves the solution itself to
define the actual position of the boundary leading to a sort of loop of information that cannot be
solved analytically. However, he considered what he called the quasi-stationary approximation
that consists on substituting the actual value of the position of the boundary in the solution of
6.40, leading to a solution that satisfies Maxwell’s equation to the order β = v(t)

c0
. Further on

the paper, he introduced a second order approximation called Uniform Doppler Approximation
that regards the solution of 6.41. Indeed, substituting the actual value of the speed one can
obtain a solution whose error would be of the order γ = a

c2
0
.

These two approximations, in case of sinusoidal moving boundary, lead to the same order of
accuracy and for very small quantities it provides very good results. For this reason, taking
into account the symmetry of acoustic and electromagnetic fields and solutions and the fact
that v

c0
≪ 1, these approximations will be used in the next passages to find the solution of the

moving boundary problem.
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6.3.1 Linear Impedance Representation

In this very first case, the solution of the oscillating piston and a free moving wall problem in
a tube will be found in terms of particle velocity. There are three main reasons to justify this
approach with respect of solving the exact same problem in terms of velocity potential as it was
for the fixed boundary case:

• Simplicity of boundary conditions: in case of particle velocity the boundary conditions
are of Dirichlet’s type instead of Neumann’s reducing the complexity of the analytical
passages to find the solution;

• Kinematic conditions: the kinematic of the wall can be directly related to the acoustic
impedance at the moving wall in terms of mass, stiffness and coupling between the body
and the fluid;

• Equivalence of the solution: the linear solution found in terms of velocity potential can
be recovered by using the linear relationship: φt(x, t) = −

∫
c2

0ux(x, t)dt.

Linear Problem

Let’s analyse the case in which the perfect reflector is free to move and it is represented nu-
merically by an acoustic impedance Zw = r + jωfM − j ks

m . r, k and M are respectively the a
global friction coefficient that includes the fluid-structure loading value ρ0c0, a possible stiffness
of the system and the mass of the reflector. By using the linear relationship for plane waves
Zw = p

u one can write the new system with this new boundary condition approximated to the
first order: 

utt = c2
0uxx

u(xw, t) = − p(xw,t)

r+j

(
ωf M− ks

ωf

)
u(L, t) = A(t)

u(x, 0) = 0, ut(x, 0) = 0

(6.42)

Where xw is the location of the moving wall. Even in this case, one can split the solution for
u(x, t) = u1(x, t) + u2(x, t) where u1(x, t) always satisfies boundary conditions. In this case,
u1(x, t) looks like:

u1(x, t) = A(t)
(
x− xw

L− xw

)
− p(xw, t)
r + j

(
ωfM − ks

ωf

) ( L− x

L− xw

)

and, using the quasi-uniform approximation as in [101] one can assume ẋw ≃ 0, leading to:

u1tt(x, t) = ¨A(t)
(
x− xw

L− xw

)
− p̈(xw, t)
r + j

(
ωfM − ks

ωf

) ( L− x

L− xw

)

In this case, harmonic boundary conditions in time are assumed for both the piston and the
moving wall. Since the problem is linear at this stage, it is assumed that the pressure at the



6.3 The problem of the moving boundary 99

moving wall has the same frequency as the oscillating piston, with a phase shift to be evaluated
later. A complex representation is used to simplify the computations in deriving the solution.
Specifically: u(L, t) = Bejωf t and p(xw, t) = p(xw)ej(ωf t+Φ).
Since the primary interest lies in the steady-state solution, initial conditions are no longer
considered as part of the system. With these considerations, the system becomes:


u2tt = c2

0u2xx + Bω2
f (x−xw)
L−xw

ejωf t + ω2
f p(xw)

r+j

(
ωf M− ks

ωf

) ( x−L
L−xw

)
ej(ωf t+Φ)

u2(xw, t) = 0

u2(L, t) = 0

(6.43)

Whereas the problem is linear in u2, the solution can be split into two parts: one related to the
first forcing term Bω2

f (x−xw)
L−xw

ejωf t and the other to the second forcing term ω2
f p(xw)

r+j

(
ωf M− k

ωf

) ( x−L
L−xw

)
ej(ωf t+Φ).

The solution is fairly straightforward, and after a few simple mathematical steps, the complete
solution is obtained:

u(x, t) = B
sin
(

ωf (x−xw)
c0

)
sin
(

ωf (L−xw)
c0

)ejωf t − p(xw)
r + j

(
ωfM − ks

ωf

) sin
(

ωf (L−x)
c0

)
sin
(

ωf (L−xw)
c0

)ej(ωf t+Φ) (6.44)

That satisfies both boundary conditions and the wave equation. It claims that there are two
standing waves present in the tube. To simplify the notation, one writes:

k = ωf

c0

In light of the assumption of symmetry between the particle velocity and the potential solutions,
one can derive the expression for the potential. According to linear theory, one can express this
relationship as follows:

φt(x, t) = −
∫
c2

0ux(x, t)dt

Hence, the spatial derivative of 6.44 is:

ux(x, t) = Bωf

c0

cos (k(x− xw))
sin (k(L− xw))e

jωf t + p(xw)ωf

c0
(
r + j

(
ωfM − ks

ωf

)) cos (k(L− x))
sin (k(L− xw))e

j(ωf t+Φ) (6.45)

and after time integration, the result follows:

φt(x, t) = jBc0
cos (k(x− xw))
sin (k(L− xw))e

jωf t + j
p(xw)c0(

r + j
(
ωfM − ks

ωf

)) cos (k(L− x))
sin (k(L− xw))e

j(ωf t+Φ) (6.46)

At this juncture, it appears that the solution is self-referential. To mitigate this issue, one may
consider the definition of linear pressure to ascertain the value at the boundary of the moving
wall.

p(xw, t) = ρ0φt(xw, t)
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In so doing, one is able to find the magnitude and phase of the pressure at the wall. Indeed:

p(xw)


(
r + j

(
ωfM − ks

ωf

))
sin(k(L− xw)) − jρ0c0 cos(k(L− xw))(

r + j
(
ωfM − kst

ωf

))
sin(k(L− xw))

 eΦ = jBc0ρ0
sin(k(L− xw))

p(xw)eΦ =
jBc0ρ0

(
r + j

(
ωfM − ks

ωf

))
(
r + j

(
ωfM − ks

ωf

))
sin(k(L− xw)) − jρ0c0 cos(k(L− xw))

At this stage, it is observed that the pressure at the moving wall is represented as a complex
quantity. Therefore, consideration will be given to its magnitude and phase.

|p(xw)| = Bc0ρ0

√
r2 +

(
ωfM − ks

ωf

)
√

(r sin(k(L− xw)))2 +
[(
ωfM − ks

ωf

)
sin(k(L− xw)) − ρ0c0 cos(k(L− xw))

]2
(6.47)

Φ = π

2 + arctan

ωfM − ks
ωf

r

− arctan


(
ωfM − ks

ωf

)
sin(k(L− xw)) − ρ0c0 cos(k(L− xw))

r sin(k(L− xw))


(6.48)

To simplify the expression one uses:

γ = arctan

ωfM − ks
ωf

r

− arctan


(
ωfM − ks

ωf

)
sin(k(L− xw)) − ρ0c0 cos(k(L− xw))

r sin(k(L− xw))


to get:

Φ = π

2 + γ

Now, it is possible to write the equation for the potential by substituting magnitude and phase
into 6.46. Indeed, one obtains:

φt(x, t) = jBc0
cos (k(x− xw))
sin (k(L− xw))e

jωf t+ (6.49)

j
Bc2

0ρ0
(
r − j

(
ωfM − ks

ωf

))
cos(k(L−x))

sin(k(L−xw))e
j(ωf t+Φ)√[

r2 +
(
ωfM − ks

ωf

)2
] [

(r sin(k(L− xw)))2 +
[(
ωfM − ks

ωf

)
sin(k(L− xw)) − ρ0c0 cos(k(L− xw))

]2]
Or it can be written collecting the plane wave impedance value ρ0c0:

φt(x, t) = jBc0
cos (k(x− xw))
sin (k(L− xw))e

jωf t+ (6.50)

j

Bc0

(
r

ρ0c0
− j

ωf M− ks
ωf

ρ0c0

)
cos(k(L−x))

sin2(k(L−xw)))e
j(ωf t+Φ)

√√√√√
( r

ρ0c0

)2
+
(

ωf M− ks
ωf

ρ0c0

)2
( r

ρ0c0

)2
+
[(

ωf M− ks
ωf

ρ0c0

)
− cot(k(L− xw))

]2

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Let’s call:

R = r

ρ0c0
, E =

ωfM − ks
ωf

ρ0c0
, W = E − cot(k(L− xw))

A2 =
[(

r

ρ0c0

)2
+ (E − cot(k(L− xw)))2

]
=
[
R2 +W 2

]
to simplify 6.50:

φt(x, t) = jBc0
cos (k(x− xw))
sin (k(L− xw))e

jωf t − Bc0(R− jE)
A
√

(R2 + E2)
cos(k(L− x))

sin2(k(L− xw))
ej(ωf t+γ) (6.51)

At this point, the imaginary part of the pressure at the boundary will be extracted. In fact,
the scenario involving a perfectly reflecting wall presents a sinusoidal forcing function at the
boundary. Consequently, to facilitate comparison of the results, it becomes necessary to retain
the imaginary part of the solution.

p(xw, t) = Bc0ρ0

√
R2 + E2

A

cos(ωf t+ γ)
sin(k(L− xw)) (6.52)

Then, using φt(xw, t) = p(xw,t)
ρ0

, and calling χ =
√

R2+E2

A one gets the potential at the boundary:

φt(xw, t) = χBc0
cos(ωf t+ γ)

sin(k(L− xw)) (6.53)

With this in mind, it is possible to evaluate the radiation pressure by using the King’s formula:

prad = ρ0φt + ρ2
0φ

2
t

2c2
0

As a first step, one neglects the kinetic part of the pressure that will be take into account later
on in this section. The time average of the simple harmonic functions is always zero, so one has
to consider only the quadratic term for the time derivative potential.

prad = 1
T

∫ T

0

ρ2
0

2c2
0

(
χBc0

sin(k(L− xw))

)2
cos2(ωf t+ γ)dt = ρB2χ2

4 sin2(He)
= χ2pradrig (6.54)

Where He = k(L−xw) and χ2 = R2+E2

A2 . Therefore, in the limit of high impedance one recovers
the case of perfectly rigid panel, indeed:

lim
R,E,A→∞

χ2 = 1

Now, in order to pass to the non-system and to apply the perturbation method as in 6.2 one
has to recover the solution in velocity potential. Then the application of perturbation method
will be straightforward due to the symmetry between particle velocity and velocity potential.
Since:

φt(x, t) = jBc0
cos (k(x− xw))
sin (k(L− xw))e

jωf t − Bc0(R− jE)
A
√

(R2 + E2)
cos(k(L− x))

sin2(K(L− xw))
ej(ωf t+γ)
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I can simplify the denominator of the second term calling C = sin2(k(L − xw))
√
R2 + E2A.

Now the solution looks like:

φt(x, t) = jBc0
cos (k(x− xw))
sin (k(L− xw))e

jωf t − Bc0(R− jE)
C

cos(k(L− x))ej(ωf t+γ)

If one performs the time integration, the solution in terms of potential will be:

φ(x, t) = Bc0
ωf

cos (k(x− xw))
sin (k(L− xw))e

jωf t + j
Bc0(R− jE)

ωfC
cos(k(L− x))ej(ωf t+γ)

And for the case of sinusoidal excitation, the result is:

φ(x, t) = Bc0
ωf

cos (k(x− xw))
sin (k(L− xw)) sin(ωf t)+

Bc0R

ωfC
cos(k(L−x)) cos(ωf t+γ)+Bc0E

ωfC
cos(k(L−x)) sin(ωf t+γ)

(6.55)

6.3.2 Non-linear Solution

In this case as well, it is necessary to find the second-order solution, as done previously, by
introducing a parameter ε and directly applying the perturbation method.

φtt − φxx(c2
0 − φ2

x) = 2φxφxt

φx(xw, t) = p(xw,t)

r+j

(
ωf M− ks

ωf

)
φx(L, t) = −Ap(t)

φ(x, 0) = 0, φt(x, 0) = 0

(6.56)

Indeed, the problem is completely analogous to the previous one for a fixed wall and can also
be divided into one part referring to the solution of order ε and another with a solution of order
ε2. In this case, it is preferable to divide the solution this way to simplify the calculations:

φ(x, t) = φ0(x, t) + φ1(x, t)

Where φ0(x, t) is of order ε and φ is of order ε2.

Order ε

Without resorting to dimensionless variables, the first-order system is illustrated directly, with
its solution equivalent to that shown above in 6.55. The system appears as:

φ0tt = c2
0φ0xx

φ0x(xw, t) = p(xw,t)

r+j

(
ωf M− ks

ωf

)
φ0x(L, t) = −A(t)

φ0(x, 0) = 0, φ0t(x, 0) = 0

(6.57)
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The only difference with respect to 6.42 is the change of sign at the boundary since by definition
∇φ = −u. Considering the symmetry of the solutions, one has:

φ0(x, t) = Bc0
ωf

cos (k(x− xw))
sin (k(L− xw)) sin(ωf t)+

Bc0R

ωfC
cos(k(L−x)) cos(ωf t+γ)+Bc0E

ωfC
cos(k(L−x)) sin(ωf t+γ)

Now, let’s use this result to evaluate the solution at second order.

Order ε2

Since the application of the method is straightforward, one proceed by directly calculating the
solution for the variable φ1.



φ1tt − φ1xx(c2
0 − φ2

0x
) = 2φ0xφ1xt

φ1x(xw, t) = 0

φ1x(L, t) = 0

φ1(x, 0) = 0, φ1t(x, 0) = 0

(6.58)

Now, let’s evaluate the derivatives present on the nonlinear wave equation inhomogeneous term:

φ0x(x, t) = −B sin (k(x− xw))
sin (k(L− xw)) sin(ωf t)+

BR

C
cos(k(L−x)) cos(ωf t+γ)+BE

C
sin(k(L−x)) sin(ωf t+γ)

(6.59)

φ0xt(x, t) = −Bωf
sin (k(x− xw))
sin (k(L− xw)) cos(ωf t)−

BωfR

C
cos(k(L−x)) sin(ωf t+γ)+BωfE

C
sin(k(L−x)) cos(ωf t+γ)

(6.60)
Then, after some mathematical manipulations and after using some trigonometric identities,
one gets a simplified version of the forcing term:

2φ0xφ0xt = B2ωf sin2 (k(x− xw)))
sin2 (k(L− xw))

sin(2ωf t)+
B2ωf

(
E2 −R2) sin2(k(L− x))

sin4(k(L− xw))[R2 + E2][R2 +W 2]
sin(2ωf t+2γ)

− 2B2ωf sin(k(x− xw)) sin(k(L− x))
sin3(k(L− xw))

√
[R2 + E2][R2 +W 2]

[R cos(2ωf t+ γ) + E sin(2ωf + γ)]

+2B2ωf
ER sin2(k(L− x))

sin4(k(L− xw))[R2 + E2][R2 +W 2]
cos(2ωf t+ 2γ) (6.61)

By substituting this forcing function into the system of partial differential equation looks, then
it looks like to the general form treated in [92] and in 6.2 where 6.23 is the general solution. In
this case Φ(x, t) = 2φ0xφ0xt and G(x, ξ, t) is the Green’s function for the wave equation in case
of reflecting boundary conditions [93]:

G(x, ξ, t) = t

L− xw
+ 2
c0π

∞∑
n=1

1
n

cos
(
nπ(x− xw)
L− xw

)
cos

(
nπ(ξ − xw)
L− xw

)
sin
(
nπc0t

L− xw

)
(6.62)

by using the same notation, functions g1(t), g2(t), f0(x), and f1(x) are identically set to zero,
simplifying the integration evaluation of 6.23 and resulting in:

φ1(x, t) =
∫ 1

0

∫ t

0
Φ(ξ, τ)G(x, ξ, t− τ) dξ dτ (6.63)
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Then by substituting the actual forcing function, one obtains:

φ1(x, t) =
∫ t

0

∫ L

xw

[
B2ωf sin2 (k(x− xw)))

sin2 (k(L− xw))
sin(2ωf t) + B2ωf

(
E2 −R2) sin2(k(L− x))

sin4(k(L− xw))[R2 + E2][R2 +W 2]
sin(2ωf t+ 2γ)

− 2B2ωf sin(k(x− xw)) sin(k(L− x))
sin3(k(L− xw))

√
[R2 + E2][R2 +W 2]

[R cos(2ωf t+ γ) + E sin(2ωf + γ)]

+2B2ωf
ER sin2(k(L− x))

sin4(k(L− xw))[R2 + E2][R2 +W 2]
cos(2ωf t+ 2γ)

] [
t− τ

L− xw

]
dξ dτ

(6.64)

Even in this case, one neglects the contribution of the infinite sum as in the previous case. By
solving the integration, four distinct contributions appear:

• φ11(x, t) = −
B2
(

sin(2ωf t)
2 −ωf t

)
(ωf xw−Lωf + c0

2 sin(2k(L−xw)))
2ω2

f
(L−xw)

(
cos
(

2ωf (L−xw)
c0

)
−1
)

• φ12(x, t) = −B2ωf (E2−R2)(2ωf xw−2Lωf +c0 sin(2k(L−xw)))(sin(2γ)−sin(2γ+2ωf t)+2ωf t cos(2γ))
16[R2+E2][R2+W 2]ω3

f
sin4(k(L−xw))(L−xw)

• φ13(x, t) = −2B2ωf (c0 sin(k(l0−xw))−l0ωf cos(k(l0−xw))+ωf xw cos(k(l0−xw)))
8ω3

f
sin3(k(l0−xw))(l0−xw)

√
[R2+E2][R2+E2]

·

· (R sin(2ωf t+ γ) −R sin(γ) + E cos(2ωf t+ γ) − E cos(γ) − 2ωfRt cos(γ) + 2Eωf t sin(γ))

• φ14(x, t) = 2B2ERωf (2ωf xw−2l0ωf +c0 sin(2k(l0−xw)))(cos(2 γ+2ωf t)−cos(2 γ)+2ωf t sin(2 γ))
16[R2+E2][R2+W 2]ω3

f
sin4(k(l0−xw))(l0−xw) )

Then, taking the time derivative and performing the mean value of each, the following terms
are obtained:

• ⟨φ1t1
⟩ = B2

4 sin2(He)

(
1 − sin(2He)

2He

)
• ⟨φ1t2

⟩ = B2

4 sin2(He)

(
1 − sin(2He)

2He

) (
(E2−R2) cos(2γ)

sin2(He)[R2+E2][R2+W 2]

)
• ⟨φ1t3

⟩ = B2

4 sin2(He)

(
cos(He) − sin(He)

He

)(
2E cos(γ)−2R sin(γ)

sin(He)
√

[R2+E2][R2+W 2]

)
• ⟨φ1t4

⟩ = − B2

4 sin2(He)

(
1 − sin(2He)

2He

) (
2ER sin(2γ)

sin2(He)[R2+E2][R2+W 2]

)
Where in this case, He = ωf (L−xw)

c0
is the local Helmholtz number. The sum of the 4 terms

gives the mean value of the time derivative potential of the acoustic field:

⟨φ1t⟩ = B2

4 sin2(He)

{[
1 − sin(2He)

2He

](
1 + E2 −R2

sin2(He)[R2 + E2][R2 +W 2]
cos(2γ)

− 2ER sin(2γ)
sin2(He)[R2 + E2][R2 +W 2]

)
+
(

cos(He) − sin(He)
He

)( 2E cos(γ) − 2R sin(γ)
sin(He)

√
[R2 + E2][R2 +W 2]

)}
In such a way, the total expression for the radiation pressure can be evaluated using the King’s
Formula:

prad = ρ0φt + ρ2
0φ

2
t

2c2
0



6.3 The problem of the moving boundary 105

To clarify, it is essential to analyze the order of magnitude between the two terms. On one hand,
the zero-order solution is proportional to Bc0, while the first-order solution is proportional to
B2. This leads to the conclusion that the first-order contribution can be neglected in the squared
term of the radiation pressure. Conversely, ⟨φ1t⟩ significantly contributes to the linear part of
the radiation pressure expression. Indeed, while the zero-order solution has a mean value of zero,
the first-order solution does not, resulting in nearly twice the value of the radiation pressure
when considering the linear acoustic field solution. By putting everything together, the final
expression for the mean value of the radiation pressure is:

⟨prad⟩ = ρ0B2

4 sin2(He)

{
χ2 +

[
1 − sin(2He)

2He

](
1 + E2 −R2

sin2(He)[R2 + E2][R2 +W 2]
cos(2γ)

− 2ER sin(2γ)
sin2(He)[R2 + E2][R2 +W 2]

)
+
(

cos(He) − sin(He)
He

)( 2E cos(γ) − 2R sin(γ)
sin(He)

√
[R2 + E2][R2 +W 2]

)}
(6.65)

The ratio between the fully non-linear acoustic field solution and the linear field solution using
the same expression for the radiation pressure is:

η =
pradimp

pradlin

=
{
χ2 +

[
1 − sin(2He)

2He

](
1 + E2 −R2

sin2(He)[R2 + E2][R2 +W 2]
cos(2γ)

− 2ER sin(2γ)
sin2(He)[R2 + E2][R2 +W 2]

)
+
(

cos(He) − sin(He)
He

)( 2E cos(γ) − 2R sin(γ)
sin(He)

√
[R2 + E2][R2 +W 2]

)}
(6.66)

In the limit of infinite impedance, the ratio is exactly equal to that found for a rigid panel:

lim
R,E,A→∞

η = 2 − sin(2He)
2He

Kinetic Energy Contribution

So far, the classic radiation pressure expression without the kinetic energy term has been con-
sidered. But now, it is quite clear that the kinetic energy plays an important role since the
wall is moving with a certain speed. That emerges from the left boundary condition that states
exactly:

u(xw, t) = p(xw, t)
Zw

= −φx(xw, t)

The condition is valid for one dimensional case, and it modifies the radiation pressure equation
in the complete version:

prad = ρ0φt + ρ0φ2
t

2c2
0

− ρ0 |φx|2

2 (6.67)

Therefore, from the boundary condition, one gets the exact formula for the gradient at the
boundary. From 6.47 one gets the desired result:

|φx| = |p(xw, t)|
|Zw|

= B

sin(He)A = B

sin(He)
√
R2 +W 2
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Then, when elevating to the power of two, it becomes:

|φx|2 = B2

sin2(He)A2 = B2

sin2(He)(R2 +W 2)
(6.68)

The phase, instead, is evaluated taking:

Ψ = Φ − arctan

ωfM − ks
ωf

r

 = π

2 − arctan


(
ωfM − ks

ωf

)
sin(He) − ρ0c0 cos(He)
r sin(He)


Even in this case, one considers the imaginary part and then evaluating the mean value of this
term, one gets a mean value that is proportional to the same expression already found. Indeed:

1
T

∫ T

0

ρ0 |φx|2

2 cos2(ωf t+ Ψ)dt = B2ρ0
4 sin2(He)(R2 +W 2)

(6.69)

So, considering also the contribution given by the kinetic energy one gets the full expression of
the radiation pressure in the case of moving wall:

⟨prad⟩ = ρ0B2

4 sin2(He)

{
χ2 +

[
1 − sin(2He)

2He

](
1 + E2 −R2

sin2(He)[R2 + E2][R2 +W 2]
cos(2γ)

− 2ER sin(2γ)
sin2(He)[R2 + E2][R2 +W 2]

)
+
(

cos(He) − sin(He)
He

)( 2E cos(γ) − 2R sin(γ)
sin(He)

√
[R2 + E2][R2 +W 2]

)
− 1
R2 +W 2

}
(6.70)

In this analysis, only the first order solution was considered because of higher order of magnitude
with respect to the second order solution for φx.

6.3.3 Numerical Results

Numerical Simulations were performed to validate the accuracy of the formula in presence of
impedance and kinetic contribution of the moving wall. It is important to see how much the
results differ from the case of perfectly rigid wall, indeed in the case of a moving wall/mass,
the vibration of the latter may significantly modify the value of the radiation pressure leading
to wrong interpretation of the result. From now on, attention should be paid on two different
non-dimensional parameters. In this case, no effect of any stiffness was included to make the
simulations consistent to a case of a free moving wall simply supported by the friction between
pipe’s walls and so no springs are present in the system. The formula is still valid once using
ks = 0.
Hence, knowing that W = E − cot(He) = ωf M

c0ρ0
− cot(He), one can express the first non-

dimensional coefficient as a product of two important parameters related to the driving fre-
quency and on the mass of the wall. Indeed, driven frequency could be written in terms of the
first natural frequency of the closed pipe:

ωf = αωn = α2πc0
2L = αc0π

L
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Hence, the first part of W can be rewritten as:

ωfM

ρ0c0
= αc0πM

Lc0ρ0
= απM

Lρ0
= απM

ma
= απβwLw

L
= αβπ

Where that ma = Lρ0 is the mass of the fluid per unit surface and M = βwLwρ0 = βρ0 is the
mass of the wall expressed as a multiple of the mass of the fluid. At this point, I can express
the mass of the wall as a multiple of the mass of the fluid in the tube:

M = βma (6.71)

Leading to a very simple and rigorous expression for W in terms of non-dimensional coefficients:

W = αβπ − cot(He)

Therefore, each simulation is performed considering the values of α and β to make comparison
between rigid and impedance case. Obviously, the bigger the β is, the closer to the rigid case the
simulation gets. For each simulation, the ratio between the piston stroke and the tube length
was assumed equal to 0.005%, the resulting pressure is expressed in dB and also the relative
error between the expressions is shown. Three different frequency cases are presented just to
show the goodness of the analytical formula with respect of the numerical simulations. In this
case, the numerical simulations were performed introducing the dynamic of the wall at the node
i = 1. u(xw, t) = Aw(t), (Moving Wall)

u(L, t) = Ap(t), (Moving P iston)
(6.72)

Where Ap(t) represents the velocity of the piston at the right-hand side of the cylinder and
Aw(t) is the actual velocity of the wall subjected to the acoustic field.
This case needs conservation of momentum on both ends, leading to this set of boundary
conditions: Px(0, t) = −ρu̇(xw, t) (Moving Wall)

Px(L, t) = −ρu̇(L, t) (Moving P iston)
(6.73)

Where u̇(L, t) is always provided analytically because of prescribed motion of the piston while
u̇(xw, t) is evaluated step by step using the information from the previous step to compute the
unknown velocity of the wall.
By simply applying the same relationships found at the moving wall (x = L) the new following
conditions are defined for each time step j at the moving boundary (x = xw): u0 = −u2 + 2u(xw, t)

p0 = p2 − 2hρu̇(xw, t)

Figures 6.5,6.6 and 6.7 show the three different pressure lines on the wall trend depending on
the value of β.
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• The green line represents the pressure obtained by Eq. 6.70;

• The red line is the pressure evaluated by the numerical simulations using the momentum
conservation equation as approximation of u̇(xw, t) at the boundary conditions at the
moving boundary;

α = 1.2

Figure 6.5. Radiation Pressure vs Impedance, α = 1.2

Figure 6.5 shows that the red line is very close to the green one leading to a very good ap-
proximation of the formula. This is due to the fact that u̇(xw, t) is a quantity evaluated with
information coming from the previous time step and it may lead to some errors (under 5% for
β > 10). The stability of the results are also due to the distance of the driven frequency with
respect to resonance ones.
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α = 1.3

Figure 6.6. Radiation Pressure vs Impedance, α = 1.3

Figure 6.6 shows the same results of the previous one but with a different driving frequency.
In this case as well, the red curve closely approaches the green one, further reducing the error
between the numerical results and those derived analytically.
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α = 1.7

Figure 6.7. Radiation Pressure vs Impedance, α = 1.7

The same trend is also observed in figure 6.7, confirming the validity of the expression derived
in equation 6.70 even when extending the frequency range. Specifically, it can be seen that as
the anti-resonance frequency is surpassed, the behavior of the curves is inverted, a phenomenon
reflected both in the numerical simulations and in the analytical results.
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α = 2.2, 2.3, 2.8

Figure 6.8. Radiation Pressure vs Impedance, α = 2.2

Figure 6.9. Radiation Pressure vs Impedance, α = 2.3



112 6. Perturbation Approach for the Acustic Radiation Pressure

Figure 6.10. Radiation Pressure vs Impedance, α = 2.8

Additional cases are presented here for illustrative purposes to demonstrate the accuracy of
equation 6.70 and to confirm the slope inversion occurring at the midpoint of the resonance
interval.
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Chapter 7

Model Predictive Control For One
Dimensional Problem

The problem of controlling a body subjected to an acoustic field has historically been analyzed
and simulated using finite element methods or other numerical approaches [38, 102]. In par-
ticular, attention to these types of problems has always been focused on the field of acoustic
levitation. In this case, the aspect of acoustic levitation is marginal; the important and novel
component is the description of an average pressure acting on the body through an analytical
law directly linked to the geometry of the mechanical system and the type of boundary condi-
tion expressed. This approach allows for the direct formulation of a control law on the system
that can modify parameters in real time and achieve local control of the object’s position.
In this study, following numerous efforts to simplify the problem starting from the complete
general equations for an acoustic field in an inviscid medium, a nonlinear model predictive
control (NMPC) algorithm was used for the analytical equations.

7.1 Description of the Model

The considered system is one-dimensional and involves a generic wall with mechanical impedance
as described in section 6.3, subjected to two opposing acoustic fields generated by the movement
of two pistons. The structure is straightforward and well-documented in the literature; however,
the innovative aspect lies in the expression and application of these equations to address a control
problem.
Specifically, the mechanical system is confined within a closed environment, with boundaries
represented by two movable walls on either side, ideally modeled as two pistons. Each piston can
be controlled independently and serves as the primary mechanism for generating acoustic waves
within the tube. A mass-bearing body is positioned midway between the two walls, allowing it
to slide within the tube; contact is modeled through a friction coefficient between the walls and
the body.
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Figure 7.1. System Model

As previously mentioned, the primary objective is to use an analytical law to control the time-
averaged position of an object subjected to an acoustic field within a finite domain. The system
can be simply described using Newton’s laws of dynamics, where the total driving force is
represented as the difference between the two net pressures acting on the wall. By setting a
positive reference system towards the right, as shown in figure 7.1, the following equation is
obtained:

Mv̇ + rv = F (t) = S(P+(t) − P−(t))

In linear acoustic, M is the mass of the moving wall and r = rfr+2ρ0c0 is the damping coefficient
composed by the friction between the body and the tube (rfr) and the classic acoustic loading
term (2ρ0c0) that arises from the radiated and reflected waves produced by the motion of the
barrier [103]. In this case, no stiffness is present.
In general, within the realm of linear dynamics, a body subjected to a driving force is constrained
to move in a manner similar to that of the force itself. In the laws of linear acoustics, the acoustic
field consists only of purely sinusoidal waveforms, whose time-averaged components are always
zero, so in principle no drift effect is expected. However, as deeply analysed in Chapter 6, the
real acoustic field exhibits nonlinear components, which are responsible for a non-zero time-
averaged effect on the quantities involved. At the end, the total pressure acting on the wall
consists of several sinusoidal components with integer multiples of the driving frequency, which
will cause the body to oscillate around its actual position, and a component with a non-zero
time average that contribute to the body drift.
As pointed out and analyzed by Mohazzabi and Greenebaum, there is still the possibility of
obtaining drift with purely sinusoidal driving forces depending on the phase [104]. However, the
presence of friction in real applications negates this effect, so the net component of radiation
pressure remains essential for moving the body after a transient, which at this stage is considered
negligible.
As a first approximation, the general pressure on the wall can be divided into two components:
one due to the sinusoidal components and one due to the net component since:

P (t) = Posc(t) + Prad(t)
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For this reason, the general motion can be separated in:

vtot(t) = vosc(t) + vdc(t)

And since:
Posc ≫ Prad

Then:
vosc ≫ vdc,

As a result, the general equation of motion can thus be rewritten as follows:

Mv̇osc +Mv̇c + rvosc + rvdc = S
[
Posc+(t) − Posc−(t) + Pdc+(t) − Pdc−(t)

]
This study aims to highlight the net effects that occur over the period of the driving force
and to use a real-time control algorithm to manipulate the position of a body. Therefore, if
the time average of the quantities involved is performed over a characteristic period T , a zero
mean is always obtained for the oscillatory components, while the mean for the net components
is non-zero. In this way, it is possible to directly use the equation 6.70 for the net radiation
pressure over the period.

Mv̇c + rvdc = S
[
Pdc+(t) − Pdc−(t)

]
(7.1)

Equation 7.1 is the time-dependent equation of the average displacement values of the wall
associated with the net difference of the driving forces and it will be use in the NMPC prediction
model’s dynamic. The driving forces are represented by the net pressures on the wall and are
directly functions of the geometry, position, and rotational frequency of the piston. Recalling
equation 6.70, this expression can be rewritten by explicitly stating the control variable. In this
case, the control variable will be the oscillation frequencies of the two pistons.

P (ω)dc = ρ0B2

4 sin2(He(ω))
·

·
{
χ(ω)2 +

[
1 − sin(2He(ω))

2He(ω)

](
1 + E(ω)2 −R2

sin2(He(ω))[R2 + E(ω)2][R2 +W (ω)2]
cos(2γ) −

− 2E(ω)R sin(2γ)
sin2(He(ω))[R2 + E(ω)2][R2 +W (ω)2]

)
− 1
R2 +W (ω)2 +

(
cos(He(ω)) − sin(He(ω))

He(ω)

)( 2E cos(γ) − 2R sin(γ)
sin(He(ω))

√
[R2 + E(ω)2][R2 +W (ω)2]

)}
(7.2)

To enhance the rigor of the analysis, the physical parameters of the problem will be rewritten
using the dimensionless parameters introduced in Section 6.3. This approach not only simplifies
the mathematical treatment but also facilitates the comparison of results across different scales
and conditions and decreases the computational time of the implemented controller. In order
to more easily introduce the control parameters, one defines:
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

B = Lpω = ζLω

ω = αωn = α c0π
L

M = βwLwma = βρ0

He− = ω1
c0

(L− xw(t)) = α1π
(
1 − xw(t)

L

)
He+ = ω2

c0
(L+ xw(t)) = α2π

(
1 + xw(t)

L

)
(7.3)

Where He− andHe+ represent the local Helmholtz number for the acoustic field on the right
and left sides of the body, respectively. The sign change of xw is due to the inversion of the
boundary conditions for a perturbation coming from the left. Assuming a unit surface, the
equation of predicted dynamics becomes:

adc + rfr

βma
vdc = 1

βma
(P dc+(α2) − P dc−(α1))

Where the driving force on the right is directly linked to the control parameter (α1), while that
on the left is linked to (α2). In this way, the general net force on the wall is written as:

P (α)dc = ρ0ζ2α2c2
0π

2

4 sin2(He(α))
·

·
{
χ(α)2 +

[
1 − sin(2He(α))

2He(α)

](
1 + E(α)2 −R2

sin2(He(α))[R2 + E(α)2][R2 +W (α)2]
cos(2γ) −

− 2E(α)R sin(2γ)
sin2(He(α))[R2 + E(α)2][R2 +W (α)2]

)
− 1
R2 +W (α)2 +

(
cos(He(α)) − sin(He(α))

He(α)

)( 2E(α) cos(γ) − 2R sin(γ)
sin(He(α))

√
[R2 + E(α)2][R2 +W (α)2]

)}
(7.4)

It is evident that the general pressure on the wall is highly nonlinearly dependent on both the
position of the wall and the frequency of the piston. This necessitates the use of a highly sophis-
ticated control tool capable of managing the nonlinearity of the driving force and the geometric
constraints of the system under analysis. Indeed, the control algorithm must ensure that the
wall remains within the cylinder, meaning its position cannot exceed the boundaries defined
by the boundary conditions. The same consideration applies to the piston frequencies, which
must remain away from resonance values. This is because the accuracy of the mathematical
model used may be compromised due to the lack of viscosity in the system, in addition the
general tendency to avoid resonant phenomena during the real use of a device must be followed.
For this reason, the range between resonance frequencies has been initially excluded, limiting
the search for an optimal solution between the first and second resonance frequencies of the
system. To prevent the control algorithm from selecting values close to resonances, a margin of
approximately 5% above and below the interval extremes has been taken.
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7.1.1 MPC: a short introduction

There are various control algorithms that can be used to solve problems of this kind. However,
as can be seen from equation 7.4, the presence of high non-linearity in the expression of the
force has effectively excluded the possibility of choosing controls of a simpler nature such as
those based on PID, Sliding Mode or Lyapunov methods. So, among the most well-known and
effective, nonlinear model predictive control (NMPC) was chosen.
To begin with, let’s start describing Linear Model Predictive Control (MPC) and its capabilities.
MPC is an advanced and sophisticated method which is used to control a process while satisfying
a certain number of constraints. The fundamental benefit of MPC is that it enables timeslot
optimization while taking future timeslots into consideration. In contrast to a linear-quadratic
regulator (LQR), this is accomplished by optimizing a finite time horizon, but only implementing
the current timeslot before optimizing once again, repeatedly. MPC is also capable of foreseeing
future events and taking appropriate control measures, a feature not present in commonly used
PID controllers [105,106]. Basically, MPC is an optimal control technique where the calculated
control actions are used to minimize a cost function for a constrained dynamical system over a
finite and “receding” horizon. An MPC controller receives or estimates the current state of the
plant at each time step. Next, it calculates the sequence of control actions that minimizes the
cost over the horizon by solving a constrained optimization problem that relies on an internal
plant model and depends on the current system state. Latly, the controller only applies the first
computed control action to the plant, ignoring the subsequent ones and the entire procedure
is repeated in the following time steps. MPC can be equivalent to LQR control when the cost
function is quadratic, the plant is linear and the horizon tends to infinity. [107].

Figure 7.2. MPC Control Loop Representation

Dynamic models are typically employed to simulate both complex and simple dynamical sys-
tems. Simple systems are frequently well controlled by generic PID controllers, therefore there
is typically no need for the added complexity of the MPC control algorithm to give more ac-
ceptable results. High-order dynamics and substantial time delays are two common dynamic
characteristics that are challenging for PID controllers. MPC uses the current plant measure-
ments, the current dynamic state of the process, the MPC models, and the process variable
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targets and limits to calculate future changes in the dependent variables. These adjustments
are calculated to respect constraints on both the independent and dependent variables and
keep the dependent variables around their target. The MPC normally repeats the calculation
when the subsequent change is required, after sending out the first change for each independent
variable to be applied. While many real processes are not linear, they can often be considered
approximately linear over a small operating range. When linear models are not sufficiently
accurate to represent the real process nonlinearities, several approaches can be used. To reduce
nonlinearity, the process variables may occasionally be changed before and/or after the linear
MPC model, otherwise a nonlinear MPC (NMPC), which employs a nonlinear model directly
in the control application, may be used in the process.

Receding Horizon philosophy

MPC is based on iterative, finite-horizon optimization of a plant model. At time t the current
plant state is sampled and there is the computation of a cost minimizing control strategy for a
relatively short time horizon in the future [t; t+T ]. The control method is only used in its initial
stage, which means only the first step of the control strategy is implemented, after which the
plant state is sampled once again and the computations are repeated beginning with the new
current state, producing a new control and new predicted state path. Because the prediction
horizon is always moving forward, MPC is also known as “receding horizon control”. Although
this strategy is not ideal, in practice it has produced excellent outcomes.

Figure 7.3. MPC Algorithm Representation

As shown in the figure 7.3, the MPC determines an output u by solving a constrained optimiza-
tion problem. It is one of the few control methods that directly considers constraints. Usually,
the cost function is formulated in such a way that the system output y tracks a given reference r
for a horizon N2. The system only uses the first value of the optimized output trajectory. Each
time, this prediction and optimization are repeated. A short-term (predictive) optimization
essentially leads to optimality over a long period of time. This is expected to be true since the
error of a proximal forecast is considered to be smaller than that of a distant prediction. The
primary distinction between this methodology and traditional control methods, which rely on
precomputed control principles, is the combination of prediction and optimization. To accu-
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rately represent the impact of a change in the manipulated variable u on the control variable y,
the prediction horizon N2 must be long enough.

Principles and Design of MPC

MPC is a multivariable control algorithm which uses:

• An internal dynamic model of the process;

• A cost function J over the receding horizon;

• An optimization algorithm which minimizes the cost function J through the use of a
control input

An example of a quadratic cost function for the optimization is:

J =
N∑

i=1
wxi(ri − xi)2 +

N∑
i=1

wui∆u2
i (7.5)

Where:

• xi = ith controlled variable;

• ri = ith reference variable;

• ui = ith manipulated variable;

• wxi weighting coefficient reflecting the relative importance of xi;

• wui weighting coefficient penalizing relative big changes in ui;

Considering the simplest case (traditional or linear MPC), in which both plant and constraints
are linear and the cost function is quadratic, the MPC is characterized by these steps [108].
Specify Plant: Describe the internal plant model the MPC controller use to forecast plant
behaviour over the prediction horizon.
Define signal types: For MPC design purposes, plant signals are typically divided by many
input and output types. In the plant object defined in the previous phase, it is normally possible
to use coding functions which are able to declare whether each plant output is measured or
unmeasured as well as whether each plant input is a controlled variable (i.e., a control input)
or a measured or unmeasured disturbance.
Create MPC object: After providing the signal types in the plant object, the next step is
to create an MPC object and to specify the object’s controller parameters such as the sample
time, prediction and control horizons, cost function weights, constraints and disturbances. The
most important parameters that are needed to be selected are:
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Figure 7.4. Rise Time Representation

• Sample time: a reasonable starting guess can be to set the controller sample time so that
10 to 20 samples cover the rise time of the plant. Rise time is defined as the amount of
time taken for a signal to cross from a predetermined low value to a specified high value;
essentially it is the time it takes for a signal to increase from 10% to 90% of its ultimate
value. In both analog and digital systems, the rise time is a critical characteristic;

• Prediction horizon: the quantity of upcoming samples that the controller will attempt to
minimize the cost. It should be long enough to capture the transient response and cover the
significant dynamics of the system and to increase both performance and computational
requirements. 10 to 20 samples typically make up a prediction horizon. The figure 7.5

Figure 7.5. Prediction Horizon Representation

perfectly represents the importance of the prediction horizon, which is the number of
predicted future time steps and shows how far the controller predicts into the future:
assuming that the car is going at 50mph, it will take it 5 seconds to stop once the brake
pedal is pressed; if the prediction horizon is 2 seconds, by the time the traffic lights are
seen, it will be too late to apply the brakes; the car will be able to stop only after passing
the traffic lights. So, the prediction horizon can’t be too short, but it has to be chosen in
order to cover the significant dynamic of the system;

• Control horizon: the number of free control moves that the controller does to minimize the
cost over the prediction horizon. Each control move can be thought of as a free variable
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that needs to be computed by the optimizer. As well as for the prediction horizon, the
longer the control horizon, the better the performance and computational requirements.
Typically, it is possible to set the control horizon to 10 − 20% of the prediction horizon;

Figure 7.6. Control Horizon Representation

• Constraints: they represent the physical limits of the problem; generally, it is recom-
mended to set the input constraints as “hard”, which means they can’t be violated in the
optimization, while the output constraints as “soft”;

• Weights: by altering the cost function tuning weights, it is possible to set the controller’s
performance objectives. Greater output weights typically result in aggressive reference
tracking, whereas larger weights on the manipulated variable rates enable smoother control
moves that increase robustness;

• Disturbance and noise models: they can affect the plant.

Simulate closed loop: after the creation of the MPC controller, the performance of it has to
be evaluated by simulating it in the closed loop with the specified plant; this operation can be
done through MATLAB, Simulink or the MPC Designer app.
Refine design: after a starting evaluation of the closed loop, refine the design is necessary by
adjusting the controller parameters and making different simulation scenarios.
Speed up execution and deploy controller: In order to both optimize the design for future
simulations and to satisfy the more stringent computing needs of embedded applications, it is
necessary to seek for ways to speed up the execution once the simulation performance of the
controller design is quite satisfactory.
There are many ways to increase and improve the performances of the MPC controller: for
example, by increasing the sample time, because if it is too small not only there is the reduction
of the available computation time for the controller but also there is the necessity to use a
larger prediction horizon to cover the system response in a more computationally expensive
optimization problem to be solved at each time step; by decreasing prediction and control
horizons; by varying parameters only when needed; by limit the maximum number of iterations
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that the controller is able to use to solve the quadratic optimization problem; by tuning the
solver and its options.

Nonlinear MPC

Nonlinear model predictive control, or NMPC, is a variant of MPC which is characterized by the
use of nonlinear system models in the prediction; in fact, differently from the model predictive
control, it is able to treat the nonlinear dynamics and constraints directly and explicitly, as
opposed to using linear approximations. Like the linear MPC, NMPC requires the iterative
solution of optimal control problems on a finite prediction horizon. The difference is that in the
linear MPC these problems are convex while in the NMPC the situation is not the same. This
affects both the NMPC stability theory and numerical solution.

Figure 7.7. NMPC Block Scheme

The basic NMPC scheme works in this way:

• Obtain measurements/estimates of the states of the system;

• Compute an optimal input signal by minimizing a given cost function over a certain
prediction horizon in the future using a model of the system;

• Implement the first part of the optimal input signal until new measurements/estimates of
the state are available;

• Continue with the first point.

Whether a limited horizon NMPC technique actually results in the closed-stability loop’s is
undoubtedly one of the fundamental questions in NMPC. The main issue with a finite prediction
and control horizon, as said, is because there is typically a difference between the predicted open
and the resulting closed-loop behaviour. The ideal NMPC method would be one that achieves
closed-loop stability regardless of the cost functional’s performance parameters and, if possible,
approximates the infinite horizon NMPC scheme as good as possible. A NMPC approach with
“guaranteed stability” is one that guarantees closed-loop stability regardless of the selection of
the performance parameters.
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7.1.2 Case Studies

The simulations aim to demonstrate that it is possible to implement a simple control strategy to
move an object along one dimension. The control strategy involves the use of NMPC (Nonlinear
Model Predictive Control) with the system’s predicted dynamics expressed by equation 7.1 and
a quadratic function related to the error with respect to the state and the square of the input
as described in equation 7.6.

J =
N∑

i=1
wxi(ri − xi)2 +

N∑
i=1

wui

(
∆Pi(+)2 + ∆Pi(−)2

)
(7.6)

The scenarios studied were chosen to verify how the control algorithm responded to different
desired trajectory of the object. The goal is to ensure that the same strategy could work
in different cases and to observe the different dynamics of various objects when subjected to
externally controlled acoustic fields.
To avoid exceeding the range of validity of the system’s physical model together with the
approximation of the moving wall pressure equation 7.4, limits were imposed on the geometry
and the piston’s frequency. Specifically:

• −L < x < L

• 1 + δ < αi < 3 − δ

The first constraint represents a true geometric limitation, physically bounded by the pistons,
while the second is more related to control logic to avoid selecting oscillation frequency values
near the resonance extremes of the system. As a consequence, the control algorithm will au-
tonomously choose to bypass the resonance frequencies, as they would otherwise significantly
increase the pressure value, preventing the minimization of the cost function 7.6. The value of
δ, based on the numerical results obtained in 6.2, was set to 0.075.
It was decided to set the piston frequency up to the second resonance to observe how the
algorithm behaves when transitioning from one interval to another. Of course, this can be
extended to any desired frequency. The cases analyzed are shown in Table 7.1:

Table 7.1. Table: Cases 1-3

Case # Reference Signal β

1 Step Function 10
2 Sine Function 10
3 Ramp 10

As can be seen, three classic reference signals and a value of the relative density of the object with
respect to that of air were chosen to test the control algorithm. Indeed, referring to equation
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6.71, a value of β = 10 has been used to represents an object with a relative low density. For
each case, the piston stroke was set to a value of up = 0.015%L with a simulation time of
T = 45s. All simulations were conducted using the same type of controller to demonstrate the
different dynamics of the body subjected to the acoustic field as a function of its mass density.
The actual computational time resulted always less than one third of the real time of simulation,
leading the chance to use it also for real time applications.

Step Function

The input signal given as a reference is a double step, first increasing and then decreasing, to
return it to the exact starting point.
As can be easily inferred, the step response illustrated in figure 7.8 highlights a clear capability
of the controller performance in cases of light-weighted bodies. NMPC satisfies always the
constraints and the implemented cost function and the body reaction seems to be good without
significant effort. The upper figure presents a comparison between the light body position and
velocity (in blue) against the reference trajectory, which is represented by the dashed black line.
Conversely, the lower figure displays the physical variables of positive and negative pressure and
the control variables (i.e. the pistons’ frequency).
In detail, the red curves represent the variables in the field on the right of the object, which
induce a displacement in the negative direction relative to the reference system established in
figure 7.1, while the blu ones depict quantities related to the left side, contributing to a positive
displacement.
The radiation pressure reaches relative low peak values; however, the input variables manage
to compensate for the inertia of the mass involved. As it can be clearly seen, the input values
are always within the interval 1 < α < 3. The overall imposed displacement is approximately
1 cm in this very first case.
An important consideration must be made concerning velocities of the boundary. Figure 7.8b
shows the velocity trend over time and one can see that the maximum value is around 0.06 m

s

that is negligible compared to the speed of sound c0 = 343 m
s . This validates the use of the

Uniform Doppler Approximation introduced in Section 6.3, leading to expected low errors with
respect to the actual solution in a real application.
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(a) Position and Velocity

(b) Pressure and Control Frequency

Figure 7.8. Reference step Function

Sine Function

In this second case, the input signal given as a reference is a simple sinusoid with maximum
values of 5 mm, chosen to verify how both control variables can be combined to achieve harmonic
motion. The blue colored line and the black dashed one in figure 7.9 follow the same convention
as the previous case.
This simulation is particularly interesting as it demonstrates how the controller, despite using
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the same cost function, is still able to manage a different scenario. This is because, to follow the
designated trajectory, the controller is not seeking maximum performance, as happens in figure
7.8, and therefore has more flexibility among the range of values for input αi. In fact, in the
second image, the control variables for the light body case do not immediately seek maximum
pressure and remain within the first resonance frequency interval. The control variables exceed
the first natural frequency in search of a greater net pressure, demonstrating the ability to adapt
and seek the optimal solution in every circumstance.

(a) Position and Velocity

(b) Pressure and Control Frequency

Figure 7.9. Reference Sine Function
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Ramp

In the last case under analysis, the input signal is a linear ramp. This is mathematically
equivalent to imposing a constant velocity on the body and is a very useful reference to observe
how the controller adjusts the frequency to compensate for the object’s movement and maintain
a constant zero phase.

(a) Position and Velocity

(b) Pressure and Control Frequency

Figure 7.10. Reference Linear Function
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As in the sinusoidal reference case, the controller manages this scenarios very well. The theo-
retical aspect of modulating the frequency to follow the object’s position is here quite evident
even in case of small displacement. With this in mind, the following simulation (figure 7.11)
was conducted in the case of a light body, where following the ramp signal is more challenging.
As a result, it is possible to monitor a bigger frequency shift effect over time to ensure that the
pressure on the body surface remains as constant as possible.

(a) Position and Velocity

(b) Pressure and Control Frequency

Figure 7.11. Reference Linear Function 2
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Figure 7.11 shows a ramp with approximately twice the slope, meaning a velocity twice as fast
is imposed 7.10 for the same body. As shown in figure 7.11b, the control action starts with an
approximate value of α = 2 and ends with a value around α = 1.75. Even in this case, the
manipulated variable is adjusted linearly in time to follow the body. It demonstrates that to
achieve continuous and constant velocity control over time, the frequency of the incident field
must be continuously adjusted.
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Chapter 8

Conclusions and further
developments

The study of the nature of radiation pressure and the control of an object using acoustic beams
has revealed significant aspects within the realm of nonlinear acoustics. Despite being a topic
that has been extensively explored for over a century, the complexity of the phenomenon renders
it both fascinating and challenging to manage. It is sufficient to consider how minor deviations
in assumptions, resolutions, or the introduction of approximations can alter the final outcome,
thereby maintaining an aura of mystery that keeps acoustic radiation pressure as one of the
most uncertain scientific-engineering fields.

Nevertheless, numerous experiments have been conducted on acoustic levitation and the con-
trol of lightweight objects through acoustic waves, demonstrating the potential of this phenom-
ena. However, a clear and definitive theory explaining these occurrences remains a subject
of debate; contributions to a simple one-dimensional problem can serve as a foundation for
three-dimensional extensions to more complex issues. Throughout this thesis, the fundamental
aspects encompassing radiation pressure have been addressed, spanning from its origins to the
most recent engineering applications, with an analysis of the phenomenon starting from its very
initial definition.

Chapter 1 introduces the foundational concepts underlying the phenomenon of acoustic radia-
tion pressures, emphasizing its importance in the interaction between sound waves and material
bodies. The discussion begins with a historical perspective, tracing the initial studies, started
by Lord Rayleigh, that revealed how sound waves could exert forces on objects. Key historical
milestones and theoretical breakthroughs that have shaped the field are outlined, highlighting
the contributions of pioneers in acoustics. The narrative then transitions to the nonlinear nature
of acoustic phenomena, which surpasses the scope of traditional linear theories. This nonlinear
behavior is central to understanding how acoustic radiation pressure generates a net force on
immersed objects, enabling applications such as contactless manipulation and precise control of
micro-objects described in detail in Chapter 2.
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While Chapter 3 highlights the traditional differential approach to the field of nonlinear acoustic,
leading to the well-known equations of Kuznetsov and Thompson’s for inviscid fluid, Chapter
4 introduces a new perspective in the physics and mathematics of the problem. Unlike the
historically accepted differential approach used by many, the variational method increases the
level of accuracy and rigor necessary for addressing such problems, and it can be extensively ap-
plied to various situations and hypotheses (e.g. tridimensional motion, introduction of viscosity,
parallelism with electromagnetic field, etc...). Indeed, there is potential to incorporate viscosity
effects into the physical model by simply modifying the definition of Hamilton’s Action, as well
as introducing rotational motions by adjusting the kinetic energy and degrees of freedom within
the system. The Hamiltonian principle well suited the aim of finding the force acting on a mov-
ing body immersed into an inviscid compressible fluid leading to a new general expression of the
force expressed through the following integral over the moving body surface (4.21). Moreover,
the latter can be specialized for any constitutive relationship p(ρ) and it shows how the total
energy density plays a crucial role in the radiation force expression. In the case of adiabatic
reversible gas transformation, our results lead to (4.19). That is equivalent to Thompson’s ex-
pression for the radiation pressure and showing the equivalence between the historical method
and the proposed approach. A key result concerns the role of the total energy density, E , which
is represented by the Lagrangian density, L, when applying an approximate second-order ex-
pansion of Bernoulli’s (4.20). Then, a better clarification of the distinction between the scalar
and tensorial forms, the formula based on the principle of momentum conservation was derived
(4.28). In fact, in the limit of S → SB the formula gives a trivial result since the momentum
flux vanishes at the body surface; in addition, the the extra term ρ (v × v) is an unmotivated
complication, just coming from the geek choice of considering another surface S, instead of SB,
to calculate the integral. Moreover, Chapter 4 highlights an important result concerning the
nature of boundary conditions. Unlike the standard differential approach, which often overlooks
boundary conditions, this study emphasizes their critical role. Here, the interaction between
the acoustic field and the immersed body emerges directly from the variational principle. This
approach provides a more rigorous mathematical framework, enabling the derivation of the
nonlinear system of equations with greater precision and adherence to physical realities.

Chapter 5 delves into numerical methods for solving nonlinear systems related to the interaction
between acoustic waves and bodies. It emphasizes the use of finite difference methods due to
their versatility and simplicity, particularly for one-dimensional models. A new relationship for
the derivatives of the potential was applied in simulations, with special care given to boundary
conditions to maintain accuracy in the final results. Among the methods explored, the Rusanov
method emerged as the most effective, striking the best balance between computational speed
and accuracy. This approach highlighted differences among various radiation pressure mod-
els, setting the stage for subsequent chapters that aim to derive an approximated analytical
relationship for radiation pressure to enable real-time control of moving objects. Indeed, the
results obtained demonstrate the possibility of expressing a second-order quantity derived from
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a system of partial differential equations as a semi-analytical equation applicable for control
strategies. The achievement of an analytical equation, although approximated to the second
order, may facilitate the use of much simpler real-time control strategies for manipulating ob-
jects at will. Moreover, regarding current numerical techniques and various simulation tools,
the proposed equation represents a novelty compared to the one based on the Lagrangian.
Chapter 6 examines the perturbation method applied to two distinct scenarios: one with a
fixed wall and the other with a moving wall. In the case of the fixed wall, a new formula has
been developed to describe the acoustic potential and the radiation pressure in case of a rigid
piston-tube problem, the same of Rayleigh at the beginning of XX century [6]. The equation
leads to results that are significantly different compared to traditional models previously shown
in Chapter 1 and extremely in accordance with the recent numerical simulations.
Concerning the moving wall problem, the study becomes more complex due to the dynamic in-
teraction between the acoustic waves and the wall’s motion. A first order impedance relationship
has been derived to address the coupling between the wall’s velocity and the acoustic field, lead-
ing to formulas that are not only innovative but, thanks to the good matching with numerical
results, also open the door to practical applications in real-time control systems. The ability to
model radiation pressure more accurately in dynamic conditions is a breakthrough, highlighting
differences across various models and emphasizing the potential for finding an analytical expres-
sion. This lays the groundwork for controlling objects in motion with high precision, marking
a significant step forward in both theoretical research and practical implementation.
Finally, Chapter 7 investigates the control component, as previously emphasized, and how it
is linked to the demands and complexities of the physics of the problem. The presence of a
forcing function directly associated with the nonlinearities of the medium renders the system
significantly challenging to control using standard techniques. In this context, model predictive
control (MPC), based on a simplified model and on the approximated radiation pressure ex-
pression, provides exceptional theoretical results that are also practically feasible to replicate.
Concerning theoretical aspects, it is also demonstrated what is often hypothesized in such phe-
nomena, namely a phase control by acting on the frequency variation in the control. Indeed,
by manipulating the piston, the frequency of the waves on the controlled body is constantly
changing to maximize the forcing component.
The next step, following this theoretical-numerical analysis, is undoubtedly the construction
of a scaled model using loudspeakers within a closed structure (such as a Kundt’s tube) to
control the motion of objects inside it. Therefore, the experimental phase will be a fundamental
aspect to validate the theory and numerical analysis presented in this study. The extension
to multiple dimensions of the control volume will be the final step to complete the theoretical
model initiated here, aiming to improve and provide a significant contribution to the analysis
of acoustic radiation pressure, akin to the great works of the past.
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