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A New Thermodynamic Approach to Multimode Fiber
Self-cleaning and Soliton Condensation

Mario Zitelli

A new thermodynamic theory for optical multimode systems is proposed.
Theory is based on a weighted Bose–Einstein law, and includes the state
equation, the fundamental equation for the entropy and a metric to measure
the accuracy of the thermodynamic approach. The theory is used to compare
the experimental results of two propagation regimes in multimode fibers,
specifically the self-cleaning in the normal chromatic dispersion region and
the soliton condensation in the anomalous dispersion region. Surprising
similarities are found in terms of thermodynamic parameters, suggesting a
common basis for the thermalization processes observed in the two
propagation regimes.

1. Introduction

Multimode optical structures have been the subject of intense
studies in the last decade. Multicore and multimode fibers, pro-
posed half a century ago,[1,2] have been re-discovered to solve the
problem of capacity crunch in optical transport networks,[3–5] or
to generate high-quality power beams.[6] Photonic lattice have
been proposed as flatbands for applications as slow light or novel
photonic crystal fibers.[7] Multimode fibers were also proposed
for high-resolution nonlinear fluorescence imaging.[8]

Under suitable conditions, multimodal systems can give rise
to thermalisation processes, inwhich power distribution between
system modes evolves irreversibly towards the thermodynamic
equilibrium state ofmaximumBoltzmann entropy. In the weakly
nonlinear regime, this process was initially described by the wave
turbulence theory.[9,10]

In one of the first attempts to describe a complex optical system
in thermodynamic terms,[11] the étendue of a light beam upon
absorption and re-emission was compared to the thermodynam-
ics of a two-dimensional gas. In ref. [12], the emission spectra
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of colloidal dye-doped laser was experi-
mentally and theoretically analyzed, find-
ing analogies with the Gross–Pitaevskii
models for Bose–Einstein condensates.
Experiments of beam self-cleaning in
the normal dispersion region, an optical
effect related to the inter-modal four-
wave mixing (IM-FWM)[13,14] and tak-
ing place in multimode fibers, where
the optical power flows towards the
lower-order group of modes, were pro-
posed in ref. [15], but only later[16,17]

those effects were analyzed in thermo-
dynamic terms and related to the ther-
malized states of a multimode fiber.

In ref. [18] a complete thermodynamic theory of optical multi-
mode systems was introduced, using the Rayleigh-Jeans law (RJ)
as the basic model for describing the power distribution among
the system’s modes; theory was developed for microcanonical
ergodic systems with constant power P and internal energy U.
The theory was applied to different multimode systems, such
as a multimode graded-index fiber (GRIN), a nonlinear mul-
ticore Lieb waveguide lattice and a three-dimensional coupled
cavity nonlinear system. An alternative derivation of the thermo-
dynamic theory, still in terms of RJ law, was found in ref. [19]; by
adopting a grand canonical description of themultimode system,
maximization of the entropy was performed in terms of the prob-
ability density distribution of the system’s microstates, obtaining
a Gibbs distribution which was reduced to a RJ for the average
mode power occupancy at thermal equilibrium.
The interplay of wave thermalization and linear disorder, rep-

resented by the linear random mode coupling (RMC) of multi-
mode fibers,[20,21] was theoretically and experimentally analyzed
in refs. [22] and [23]; a weak disorder was found to accelerate the
rate of thermalization and condensation. In ref. [24] thermalized
states were numerically calculated under a wide range of nonlin-
ear conditions beyond the IM-FWM. These include second har-
monic generation (SHG), multi-wave mixing (MWM) and op-
tomechanical (OM) cascaded interactions between optical and
mechanical modes. Steady states similar to thermalization were
experimentally observed in ref. [25], in pseudo-linear systems
composed by long spans of multimode GRIN fiber affected by
RMC; output modal distribution were described in terms of a
Bose–Einstein law.
Experimental self-cleaning thermalization was also observed

in ref. [26], propagating 200-fs pulses at 𝜆 = 1040 nmwavelength,
over few meters (0.5 to 1.5 m) of OM4 GRIN fiber supporting
110 modes per polarization. The GRIN fiber was chosen because
its equally spaced propagation constants facilitate IM-FWM; co-
herent mode beating induces a periodic local intensity oscillation
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along the fiber, causing a longitudinal periodic modulation of the
refractive index induced by the Kerr nonlinearity; in this context,
IM-FWM is promoted by quasi-phase-matching conditions pro-
duced by the periodic index.[27] Output field wasmeasured by off-
axis digital holography and decomposed into a spectral resolved
eigenmode basis.
A 3D modal decomposition method was applied in ref. [28]

to analyze the condensation process during soliton propagation
in 830 m of GRIN OM4 fiber. 250-fs pulses were propagated at
𝜆 = 1400 nm in the anomalous dispersion region of the fiber.
Pulses at low power were separated by the modal dispersion,
after having interacted by RMC and IM-FWM; for increasing
power, a train of dispersive pulses converged to a train of
quasi-solitons, and finally to a single soliton condensed to the
fundamental mode.
Most of the listed works have relied on the RJ law to describe

the distribution under thermalization conditions. The experi-
mental methods used in refs. [26] and [28], however, have demon-
strated particular accuracy in measuring the power distribution
of the higher-order modes of a fiber (HOM), allowing a better
analysis of the distributions.
In this work, we introduce a complete thermodynamic theory

based on a weighted Bose–Einstein law (wBE); new expres-
sions for the state equation and the fundamental equation of
the Boltzmann entropy will be introduced; conditions for an
increase of the entropy will be found; an optical Shannon or
information entropy will be compared. The theory is assessed
against the results of the last two experimental works, the former
using one of the most accurate decomposition methods in a
self-cleaning experiment in the normal dispersion regime, the
latter propagating multimode solitons over long fiber spans. The
wBE has proven higher accuracy respect to the RJ in reproducing
the experimental modal distributions both in the thermalization
regime induced by IM-FWM and in steady state regimes caused
by the RMC; the accuracy is particularly evident in the descrip-
tion of the HOMS which, as it will be demonstrated, make a
greater contribution to the entropy variation. Thermodynamic
similarities are found between the self-cleaning regime of a
GRIN fiber, in the normal chromatic dispersion region, and the
multimode soliton condensation process in the anomalous dis-
persion region, similarities that allow a common thermodynamic
description of two operationally different propagation regimes.

2. Theory

Commercial parabolic OM4 GRIN fibers are capable of
propagating Q groups of Laguerre–Gauss degenerate
modes; each group includes gj = 2j modes and polariza-
tions, j = 1, .., Q . The total number of propagated modes
and polarizations is 2M = Q(Q + 1); the nearly degener-
ate modes of a group have substantially equal propagation
constant[29] 𝛽j = ncok0

√
1 − 2Δ(j∕Q), with nco the core index and

Δ = (n2co − n2cl)∕2n
2
co the relative core-cladding index difference.

In this work, experiments are considered both in the normal
and the anomalous chromatic dispersion regimes with variable
input pulse peak power P (W). Correspondingly, it is scaled
the power factor 𝛾 = N∕n0 = P∕P0, with N the total number of
particles in the system, n0 a reference number of particles (see

Experimental Section), and P and P0 the corresponding input
peak powers.
In a generic multimode system, suppose that nj is the

bosonic population into modal group j, distributed over gj nearly-
degenerate modes and polarizations. 𝜖j = 𝛽j − 𝛽j=Q are the differ-
ential modal eigenvalues. In experiments where the input power
and internal energy scale proportionally, the normalized inter-
nal energy UN = −

∑
j 𝛽jnj∕N (1/m) and the normalized power

PN =
∑

j nj∕N = 1 are constant. Extremization of the optical en-
tropy is solved by a weighted Bose–Einstein law (wBE, see the
Experimental Section)[28]

|fj|2 = 2(gj − 1)

gj𝛾
1

exp
(
− 𝜇′+𝜖j

T

)
− 1

(1)

In Equation (1), |fj|2 = 2nj∕(𝛾n0gj) is the mean modal power
fraction, over two polarizations, in modal group j. 𝜇′ = 𝜇 + 𝛽j=Q ,
with 𝜇 (1/m) the chemical potential and T (1/m) an optical tem-
perature. 𝜇′ and T are two degrees of freedom for fitting Equa-
tion (1) to the experimental data, with the only constraint for the
normalized power 𝛾 to scale with the input power, and to respect
the conservation law

∑Q
j=1 j|fj|2 = 1.

Equation (1) has proven capable of reproducing the experi-
mental modal power distributions in nonlinear thermalization
regime, where IM-FWM dominates, and at lower power, where
RMC is mostly responsible for power exchange among modes at
least for long fiber spans.
The solution Equation (1) eventually applies to all experiments

sharing the same normalized values UN and PN , for example
those performed by increasing the input peak power while main-
taining a same input distribution. Hence, it is meaningful to
compare those experiments by fitting the modal distributions us-
ing Equation (1). In doing so, the validity of the thermodynamic
approach is stressed using the error on the state equation (see
Experimental Section)

𝜖SE = SE∑Q
j=1 𝛽j

gj
2
|fj|2 − (

𝜇′ − 𝛽j=Q + (2M −Q) T
𝛾

) (2)

In Equation (2), 𝜇′ and T∕𝛾 must scale in order to balance the
sum in the first part of the equation, which represents the nor-
malized energy.
Equation (1) can be reduced to the well-known RJ law under

the assumption |𝜇 + 𝜖j| << |Tn0| (see Experimental Section).
The RJ distribution has been widely used in the literature to
analyze the modal power distribution in the thermalization
regime.[18,23,26,30] In fact, it is an excellent criterion to recog-
nize thermalized states. However, the assumptions made for
its formulation prevent its use at lower power. The wBE is
more effective to study modal distributions for variable input
power, provided the error on the state equation (Equation 2)
remains limited to below 5 %, which is a fair condition to
certify the validity of the thermodynamic approach at a given
power.
It has been previously reported[16] that, when approaching to

the thermalization regime, the modal distribution approaches
to the condensation into the fundamental mode |f1|2; the
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temperature per unit power T∕𝛾 (T ′ in the RJ, see Experimental
Section) reaches for a minimum value, the chemical potential
−𝜇′ approaches to the eigenvalue of the fundamental mode
𝜖1. The information or Shannon entropy SS must decrease to a
minimum as we approach to the condensation (see Experimental
Section). These are typical signs of an achieved thermalization.
In the following sections, it will be provided evidence of ther-
malization in self-cleaning experiments in the normal chromatic
dispersion region, as well as in multimode soliton condensation
experiments in the anomalous dispersion region. Results will
be analyzed in terms of Boltzmann and Shannon entropy,
temperature and chemical potential, after applying Equation (1)
for fitting the experimental data.

3. Self-Cleaning Experiment

The first set of results come from the re-processing of previ-
ously reported experiments in the normal dispersion region.[26]

Figure 2 of ref. [26] refers to a 0.5 m OM4 GRIN fiber, propa-
gating 200-fs pulses at 𝜆 = 1040 nm wavelength. Figure 4 of the
same paper refers to a 1.5 m OM4 GRIN fiber, with same input
pulses; input peak power was varied from 2.5 to 86.7 kW. The out-
put modal power fraction of Q = 14 modal groups was extracted
by a combined method using both the output near-field (NF) and
far-field (FF).
Figure S1 (Supporting Information) reports the power fraction

of the modes versus 𝜖j (red dots), in the experiment of Figure 2b
in ref. [26] at 52 kW input peak power. Statistical power fluctua-
tions are observed for the modal power into each group, which
should not be considered as experimental errors; by averaging
the modal power fractions into the groups we obtain |fj|2 (black
circles) which are not affected by statistical fluctuations and can
be fitted using the RJ (Equation 7) or the wBE (Equation 1); fits
are calculated using a standard nonlinear least squares method.
In the thermalization regime, the former law can reproduce the
experimental data up to the 8-th modal group (36 modes per po-

Figure 1. Output mean modal power fraction |fj|2 versus modal group
eigenvalues and input peak power. 200-fs pulses were propagated over
1.5 m of GRIN at 𝜆 = 1040 nm. Post-processing from experimental data
in Figure 4 of ref. [26]

larization), while the latter is accurate up to the 14-th group (105
modes per polarization). From the RJ, we obtain T ′ = 400 (1/m),
𝜇′ = −72626 (1/m) and the fit R-square = 0.958; from the wBE
it is T = 25283 (1/m), 𝜇′ = −72388 (1/m), T∕𝛾 = 361 (1/m) and
the R-square = 0.996. The error on the state equation 𝜖SE is 0.008
for the wBE and 0.002 for the RJ.
By proceeding in a similar way with the experiment of

Figure 4 in ref. [26], we obtain the wBE and RJ fits illustrated
in Figure S2 (Supporting Information). Here, it is more evident
the larger accuracy obtained using the wBE when reproducing
the mean modal power fraction of the HOMs. In Figure 1,
they have resumed the mean modal power fractions |fj|2 ver-
sus 𝜖j and the input peak power P from Figure 4 in ref. [26].
Black curves are the fits performed using Equation (1). Table 1

Table 1. Thermodynamic parameters for the experiment of Figure 1.

RJ wBE Entropy

P T′ 𝜇′ R2 fit 𝜖SE T 𝜇′ 𝛾 T∕𝛾 R2 fit 𝜖SE S SN SS
[kW] [m−1] [m−1] [m−1] [m−1] [m−1]

86.7 444 −72509 0.909 0.002 11904 −73597 15.22 782.0 0.996 0.008 4197 299 3.10

81.7 462 −72649 0.887 0.002 11952 −73856 14.35 833.2 0.996 0.008 4194 317 3.11

75.5 477 −72866 0.862 0.002 12016 −74330 13.26 906.4 0.993 0.009 4177 342 3.13

67.2 462 −72616 0.885 0.002 10875 −74053 11.80 921.6 0.995 0.009 4160 383 3.11

62.3 463 −72651 0.881 0.002 10574 −74234 10.94 966.7 0.992 0.010 4144 412 3.12

53.7 466 −72654 0.876 0.002 9981 −74469 9.41 1060.5 0.992 0.011 4118 475 3.11

47.0 461 −72693 0.882 0.002 9521 −74836 8.25 1153.5 0.992 0.012 4109 541 3.17

39.1 445 −72563 0.905 0.002 8607 −74955 6.87 1253.7 0.988 0.013 4079 646 3.18

33.5 422 −72353 0.931 0.002 7632 −74739 5.88 1297.5 0.983 0.014 4062 752 3.20

26.6 430 −72338 0.916 0.002 7035 −75017 4.67 1506.2 0.987 0.016 4050 943 3.19

18.9 452 −72652 0.888 0.002 7117 −76862 3.32 2144.7 0.984 0.023 3992 1308 3.25

13.6 483 −73214 0.836 0.002 7858 −80232 2.39 3290.8 0.989 0.036 3932 1802 3.33

11.0 483 −73292 0.835 0.003 7834 −81686 1.92 4070.7 0.990 0.046 3895 2210 3.35

8.0 493 −73657 0.811 0.005 8337 −85366 1.40 5950.1 0.991 0.069 3839 2996 3.41
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Figure 2. Temperature T∕𝛾 and chemical potential 𝜇′ (m−1) versus the
input peak power, in the experiment of Figure 1.

provides the thermodynamic parameters obtained from the RJ
and wBE fits. The R-square values of the wBE fit are always
above 0.98, with a maximum of 0.996 at thermalization power;
the R-square from the RJ range between 0.81 and 0.91 and is
greater than 0.90 at 26.6 kW, which indicates that the RJ fit is
accurate only in the thermalization regime. The error on state
equation 𝜖SE ranges between 0.210 and 0.008 from the lower
to higher power, and is less than 0.05 at 10.9 kW, denoting
the validity of the thermodynamic approach from this power
level.
The obtained larger accuracy of the wBE in terms of R-square,

which allows the study of lower power regimes and higher-order
modes, is related to a smaller number of approximationsmade in
deriving Equation (6) respect to Equation (7). Conversely, the RJ
provided good performance in terms of error on the state equa-
tion 𝜖SE ; this was calculated using the second term of Equations
(7) and (11).
When comparing the results obtained using the wBE or the

RJ, it is clear from Equation (7) that the temperature values at
different powers are to be confronted using the temperature per
unit power T∕𝛾 for the wBE or T ′ = 2T∕𝛾 for the RJ. Hence, start-
ing from the wBE fits, we obtain the curves of Figure 2 for T∕𝛾
and 𝜇′ (m−1). As it was expected, the chemical potential reaches a
constant value close to −𝜖1 = −70672 m−1 when thermalization
is reached at approximately 27 kW; correspondingly, T∕𝛾 reduces
to a minimum of less than 1500 m−1, ten times smaller than at
low power.
The values of the Boltzmann entropy S, entropy per unit parti-

cle SN and Shannon entropy SS, as defined in Experimental Sec-
tion, are reported in Figure 3 versus P; entropies are normalized
to the values at the minimum power, and errors are reported to
demonstrate the effective trends.
The error on S is calculated as ΔS = 2𝜎B, with

𝜎2B =
∑

j g
2
j 𝜎

2
nj∕n

2
j ; 𝜎nj = Δnj∕2 is the standard deviation for

the measurement of nj or, equivalently, of |fj|2; in Figure 3, it was
assumed Δnj∕nj = 0.1, and statistical modal power equipartition
was assumed for each group. In a similar fashion, the error on
SN is ΔSN = 2𝜎N , with 𝜎2N =

∑
j(gj − 1)2𝜎2nj∕n

2
j .

Figure 3. S, SN and SS, normalized to the values at the lowest power, ver-
sus the input peak power in the experiment of Figure 1.

The error on SS is calculated as ΔSS = (SS − 1)Δ(|fj|2)∕|fj|2,
coming directly from Equation (21); it was assumed
Δ(|fj|2)∕|fj|2 = 0.1.
In Figure 3, the error on S and SN are much smaller than for

SS, because of the nj factor at the denominator. Despite the large
error on SS, it is confirmed its reduction as the thermalization
regime is achieved. S, on the contrary, increases with power and
reaches a maximum at thermalization. As expected, SN tends to
zero in the thermalization regime, despite the increase of the en-
tropy S (see Section Experimental Section).

4. Multimode Solitons Experiment

The second set of results comes from the re-processing of
previously reported experiments in the anomalous dispersion

Figure 4. Output mean modal power fraction |fj|2 versus modal group
eigenvalues and input peak power. 250-fs pulses were propagated over
830 m of GRIN at 𝜆 = 1400 nm. Post-processing from experimental data
in Figure 2 of ref. [28]

Laser Photonics Rev. 2024, 2400714 2400714 (4 of 9) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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Table 2. Thermodynamic parameters for the experiment of Figure 4.

RJ wBE Entropy

P T′ 𝜇′ R2 fit 𝜖SE T 𝜇′ 𝛾 T∕𝛾 R2 fit 𝜖SE S SN SS
[kW] [m−1] [m−1] [m−1] [m−1] [m−1]

17.31 388.8 −51775 0.979 0.001 10593 −52004 20.10 527 0.999 0.003 1851 92.1 2.18

15.46 418.2 −51934 0.976 0.001 10571 −52240 18.00 587 0.999 0.004 1845 102.5 2.35

12.36 525.9 −52501 0.918 0.001 11240 −53041 14.40 781 0.983 0.005 1823 126.6 2.53

9.27 511.2 −52408 0.929 0.001 9530 −53174 10.81 882 0.990 0.006 1798 166.3 2.51

7.73 538.2 −52660 0.910 0.002 9274 −53749 9.02 1029 0.988 0.007 1790 198.5 2.63

6.18 559.1 −52808 0.891 0.002 8790 −54281 7.22 1217 0.985 0.008 1762 244.0 2.64

4.64 626.3 −53414 0.809 0.002 8980 −55873 5.38 1668 0.968 0.012 1732 321.7 2.68

3.09 647.5 −53652 0.770 0.002 8337 −57361 3.59 2323 0.957 0.017 1690 470.8 2.69

1.55 655.3 −53736 0.756 0.002 7381 −59891 1.79 4113 0.959 0.031 1620 902.6 2.69

0.62 651.0 −53756 0.758 0.002 6701 −64003 0.72 9335 0.961 0.075 1533 2135.9 2.72

region.[28] Figure 2 of ref. [28] shows the propagation of 250-fs
pulses into 830 m of GRIN OM4 fiber, at 𝜆 = 1400 nm, in the
anomalous dispersion region of the fiber. Pulses at low power
are separated by the modal dispersion, after having interacted
by RMC and IM-FWM; at high power, condensation of the pulse
train into solitons is achieved.
The formation of trains of quasi-solitons and solitons pre-

vents the pulses from broadening with distance, conserving the
validity of the thermodynamic approach, as it is certified by
the low values of 𝜖SE . The mean modal power fraction was ex-
tracted using a 3D modal decomposition method, consisting
of sampling the peak powers of the train of pulses, after mea-
surement with a fast photodiode. The near-field is then recon-
structed and compared with the one measured by an infrared
camera.[25]

The measured mean modal power fraction, for input peak
power ranging between 0.62 and 17.3 kW and for Q = 10 modal
groups, is reported in Figure 4. Also, in this case, black curves
are the wBE fits, showing good accuracy at all powers; for
comparison, the RJ fits are reported in Figure S3 (Supporting
Information).
Table 2 reports the corresponding thermodynamic parameters.

The RJ fit fails to follow the HOM in the experimental data, par-
ticularly below 7.7 kW with R-square decreasing to below 0.9; re-
garding the wBE, the R-square ranges between 0.957 and 0.999
from lower to higher power.
The error on the state equation 𝜖SE ranges between 0.075 and

0.003 for the wBE, and is lower than 0.05 at P ≥ 1.55 kW. The RJ
shows good performance on 𝜖SE , which is limited to 0.002.
Figure 4 shows the approach to a condensed state, charac-

terized by the content of the fundamental mode |f1|2 which
increases from 0.23 to 0.53. Correspondingly, in Figure 5 the
chemical potential 𝜇′ obtained from the wBE approaches to
−𝜖1 = −50994 m−1, and T∕𝛾 to less than 890 m−1 for power
larger than 10 kW, ten times smaller than at low power.
The parameter SN and the entropy SS in Figure 6 experience a

drop at high power, when approaching soliton condensation. The
entropy S, on the contrary, increases with power and converges
to a maximum. Also in this case, like in the self-cleaning experi-

Figure 5. Temperature T∕𝛾 and chemical potential 𝜇 (m−1) versus the in-
put peak power, in the experiment of Figure 4.

Figure 6. S, SN and SS, normalized to the values at the lowest power, ver-
sus the input peak power in the experiment of Figure 4.

Laser Photonics Rev. 2024, 2400714 2400714 (5 of 9) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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ment, SN and SS reach for a minimum of information when con-
densation takes place.

5. Discussion and Conclusion

Anew thermodynamic theory ofmultimode systems has been ex-
panded respect to ref. [28], introducing new formulae for the op-
tical entropy and the fundamental thermodynamic equation. The
wBE law, Equation (1), has demonstrated good accuracy in repro-
ducing the mean modal power distribution not only in the non-
linear thermalization regime, where IM-FWM produces inter-
modal mixing, but also at lower power when RMC dominates.
Experimental data from[26] and[28] have been post-processed in

terms of the new theory, finding interesting analogies between
the self-cleaning process in the normal chromatic dispersion re-
gion of a GRIN fiber and the soliton condensation regime in the
anomalous dispersion region.
In the self-cleaning experiment, IM-FWM produced a power

transfer to the lower-order groups for increasing pulse peak
power; the population of the fundamental mode converged to
more than 22% for P > 19 kW, starting from 10% at low power.
The temperature per unit power T∕𝛾 , calculated using the wBE,
dropped by a factor 520% for power values increasing from 11
to 86.7 kW (values where the error 𝜖SE < 0.05); correspondingly,
the chemical potential 𝜇′ approached the eigenvalue of the funda-
mental mode −𝜖1 = −70670 (1/m), following an abrupt change
denoting a phase transition. These are clear indications of a
reached thermalization state, confirmed by an increase of the
Boltzmann entropy S by a factor 16%. The information entropy
SS and the entropy per unit particle SN , on the contrary, decreased
by a factor 10% and 90%, respectively.
It was demonstrated in the Experimental Section that a de-

crease of SN following an increase of T , 𝛾 and S is possible un-
der the conditions imposed by Equations (17) and (18); in the
experiment, those conditions were satisfied by modes belonging
to groups with j ≥ 4, which have a larger weight for the entropy
changes. The Shannon entropy SS, on the other hand, is related
to the modal occupation instead of the number of microstates; as
the particles condensate to the fundamental mode, we expect to
find a minimum of information in terms of modal distribution.
In the soliton condensation experiment, a complex interplay

of modal dispersion, RMC and IM-FWM results in the gen-
eration of a single pulse or a train of pulses propagating as
quasi-solitons or solitons, depending on the input power and
coupling conditions.[28] In the absence of RMC, pulses carry-
ing the individual modal groups would be lacking the modes
from other groups or the fundamental mode. RMC generates a
background noise composed of all modes which contribute to
populate the propagating pulses. IM-FWM therefore transfers
power to the lower order modes present in all pulses, generating
a single soliton or a train of condensed solitons. In this context,
it was observed a modal power re-distribution for increasing
P, with the power fraction of the fundamental mode passing
from 23% to 52% from the lower to the higher power. T∕𝛾
decreased by a factor 780% when passing from 1.55 to 17.3 kW
(corresponding to 𝜖SE < 0.05). In the same power range, the 𝜇′

increased approaching to −𝜖1 = −51000 (1/m); also in this case
an abrupt change was observed, indicating a phase transition.

The entropy S increased by a factor 14%, SS and SN decreased of
19% and 90%, respectively.
The operative difference between the two regimes is princi-

pally the fiber length. In self-cleaning experiments, the most
detrimental effect of the validity of the thermodynamic approach
is chromatic dispersion, which can be considered as a dissipa-
tive effect itself. In nonlinear thermodynamics, the number of
particles N is proportional to the pulse peak power P, because
the modal power redistribution is caused by the IM-FWM non-
linear effect. As a consequence of chromatic dispersion, pulse
broadens by a factor

√
2 after a dispersion length LD = T2

0∕𝛽2,
being T0 the pulse width and 𝛽2 (s2/m) the fiber dispersion;
the peak power P and peak number of particles N decrease
accordingly, producing an error 𝜖SE which may go well above
5%. fiber length is therefore limited to few meters and, in some
cases, less than 1 m. For high pulse peak power, self-phase
modulation (SPM) induces nonlinear phase chirp and spectral
broadening; however, pulse shape is not affected by the interplay
of SPM and chromatic dispersion, because of the reduced fiber
length.
In soliton condensation experiments, RMC is a necessary step

to produce a single condensed pulse or a train of pulses. Pulse
broadening is compensated by self-phase modulation (SPM),
hence, the chromatic dispersion does not act as a dissipative
effect. Long distances (hundred of meters) are necessary to
observe a power transfer to the fundamental mode because of
the interplay between modal dispersion, RMC and IM-FWM.
RMC generates a limited change to the internal energy because
of particle transfer to other groups; if, for example, a complete
transfer of power is produced by RMC from the modal group
j = 10 to j = 1 the energy change is (𝛽j=10 − 𝛽j=1)∕𝛽j=10 ≤ 0.008.
For fully formed solitons, at power higher that those considered
here, inter-modal stimulated Raman scattering (IM-SRS)[31,32] is
responsible for wavelength red-shift of the formed solitons; in
this case, a wavelength shift 𝜆2 − 𝜆1 = 80 nm produces a change
to the internal energy of [𝛽(𝜆2) − 𝛽(𝜆1)]∕𝛽(𝜆1) ≤ 0.05. Hence, a
limited Raman nonlinearity as well as RMC can be compatible
with the thermodynamic approach, and the error 𝜖SE must be
used as an overall check for the thermodynamic validity of the
experiment.
The surprising similarities between the results of the two

experiments, which involve all the thermodynamic parameters,
indicate a common basis for condensation processes in the
normal and anomalous chromatic dispersion regimes. Beam
self-cleaning and soliton condensation are both caused by IM-
FWM as the primary process, and both are observed at P ranging
between 10 and 30 kW. Thermodynamics based on wBE has
proven to be a powerful tool for the analysis of processes which
are different from an operational point of view, but similar in
thermodynamic terms.
Higher power regimes respect to those observed in the exper-

iments cause a strong Raman self-frequency shift (RFFS) and
fission in the soliton regime. In the normal dispersion regime,
pulses experience nonlinear losses for peak power above 600
kW[33] causing a reduction of the internal energy. When Raman
shift in the soliton regime, ormulti-photon absorption in the nor-
mal dispersion regime, cause an excessive variation of internal
energy U, the thermodynamic approach is invalidated.

Laser Photonics Rev. 2024, 2400714 2400714 (6 of 9) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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6. Experimental Section
Weighted Bose–Einstein and Raileigh–Jeans Laws: In the main text, it

was considered an optical multimode system including Q groups of de-
generate modes, distributed over gj∕2 modes and 2 polarizations, with
j = 1, 2, .., Q; hence, gj is the degeneracy over two polarizations. In the spe-
cial case of a GRIN fiber, it is gj = 2, 4, 6, .., 2Q; the number of modes and
polarizations is 2M = Q(Q + 1).

The nearly degenerate modes of a group have substantially equal prop-
agation constant[29]

𝛽j = ncok0
√
1 − 2Δ(j∕Q) (m−1), with nco the core index and Δ = (n2co −

n2
cl
)∕2n2co the relative core-cladding index difference.
Suppose that nj is the bosonic population into modal group j, dis-

tributed over gj nearly-degenerate modes and polarizations. 𝜖j = 𝛽j − 𝛽j=Q
are the differential modal eigenvalues. The total number of particles in the
system N =

∑Q
j=1 nj. Power can be written as P =

∑Q
j=1 njP0∕n0 (in units

of W); the system’s internal energy is U = −
∑Q

j=1 𝛽jnjP0∕n0 (in units of

W/m). 𝛾 = N∕n0 = P∕P0 is the total fractional power, with n0 a reference
number of particles and P0 the corresponding input peak power.

Physical processes such as IM-FWM and RMC are capable of mixing
power among the modes and modal groups with negligible effect on the
total power and internal energy, the latter process being effective over long
distances. The multiplicity of the system, defined as the number of possi-
ble microstates populated by the particles, is given by

W =
Q∏
j=1

(nj + gj − 1)!
nj!(gj − 1)!

(3)

The Boltzmann entropy of the system S = ln(W) is related to the num-
ber of microstates; it reads[18]

S =
Q∑
j=1

(nj + gj − 1)
[
ln(nj + gj − 1) − 1

]
− (gj − 1)

[
ln(gj − 1) − 1

]
−nj

[
ln(nj) − 1

]
(4)

The quantity SN = S∕𝛾 = n0 ln (W)∕N has the meaning of an entropy
per unit power; although it cannot be considered as an entropy itself
(for example, it is not additive), an extremum of SN can be sought
while assuming constant the system’s normalized internal energy
UN = U∕P = −

∑
j 𝛽jnj∕N (1/m) and the power PN = P∕P =

∑
j nj∕N = 1

(both are normalized to the power P = 𝛾P0 = NP0∕n0)

𝜕

𝜕nl

[
ln (W)∕N +

Q∑
j=1

(
anj∕N + b𝛽jnj∕N

)]
= 0 (5)

Equation (5) ismultiplied byN and solved using two possible sets of La-
grangemultipliers (a, b) or (a′, b′).[28] A first solution, related to the choice
(a, b), is the weighted Bose–Einstein law (wBE)

|fj|2 = 2(gj − 1)

gj𝛾
1

exp
(
−

𝜇′+𝜖j
T

)
− 1

(6)

in Equation (6), |fj|2 = 2nj∕(𝛾n0gj) is the mean modal power fraction in
modal group j, over two polarizations.𝜇′ = 𝜇 + 𝛽j=Q, with𝜇 (1/m) a chem-
ical potential and T (1/m) an optical temperature.𝜇′ and T are two degrees
of freedom for fitting Equation (6) to the experimental data. The 𝛾 param-
eter is free at only one intermediate power; for other powers, it must scale
proportionally to P or N; the second constraint is the respect of the con-
servation law

∑Q
j=1(gj∕2)|fj|2 = 1.

Hence, the wBE distribution is valid in experiments where UN = const,
or equivalently, where 𝛾 and U scale proportionally or they are constant.

A second solution, related to the choice (a′, b′), is obtained under the
assumption |𝜇′ + 𝜖i| << |Tn0|, which leads to the Rayleigh–Jeans (RJ) dis-
tribution:

|fj|2 = −
2(gj − 1)

gj𝛾
T

𝜇′ + 𝜖j
≃ − T′

𝜇′ + 𝜖j
(7)

with T′ = 2T∕𝛾 (1/m). In Equation (7), the power factor 𝛾 was included
into the temperature T′; hence, T′ has meaning similar to the parameter
T∕𝛾 of the wBE, when comparing the results obtained from Equations (6)
and (7).

The two sets of Lagrange multipliers used to obtain Equations (6) and
(7) bring to the same values of internal energy and power, namely[28]

Q∑
j=1

(a′ + b′𝛽j)nj =
Q∑
j=1

anj + b𝛽jnj = Q − 2M = 𝜇N
Tn0

+ 1
Tn0

(
−UN

P

)
(8)

which provides a common state equation (SE)

U − 𝜇P = (2M −Q)P0T (9)

The SE can be rewritten in terms ofUN = U∕P, 𝛾 and fitting parameters
𝜇′ and T

SE = −UN + 𝜇 + V T
𝛾
=

Q∑
j=1

𝛽j

gj
2
|fj|2 + 𝜇′ − 𝛽j=Q + V T

𝛾
= 0 (10)

where V = (2M −Q) was introduced as the system volume. The experi-
mental error on the SE can be calculated as

𝜖SE = SE∑Q
j=1 𝛽j

gj
2
|fj|2 − (

𝜇′ − 𝛽j=Q + V T
𝛾

) (11)

The error 𝜖SE can be used to certify the validity of the thermodynamic
approach. Experimental data show that an error of less than 1% is obtained
when approaching to the system thermalization or condensation.

The thermodynamic approach is not limited to GRIN fibers but applies
tomultimode optical system such as waveguide arrays and lattices.[18] In a
recent preprint paper,[34] wBE thermodynamics was experimentally inves-
tigated in linear GRIN fibers, where RMC is the only responsible for power
exchange amongmodes andmodal groups; experiments were repeated in
single-photon pulse quantum regime, demonstrating the ergodicity of the
RMC process.

Optical Entropy: The Boltzmann entropy (Equation (4)) can be approx-
imated for nj >> gj to

S =
Q∑
j=1

(gj − 1) ln(nj) (12)

In the literature,[18,35] Equation (12) is reduced, in the case of unitary
degeneracy, to S =

∑M
i=1 ln(ni) +M.

Using Equations (6) and (9) for the wBE and the SE, It is obtained.

S = −
Q∑
j=1

(gj − 1) ln

⎡⎢⎢⎢⎣
exp

(
−

𝛽j

T
− UN

T
+ V

𝛾

)
− 1

n0(gj − 1)

⎤⎥⎥⎥⎦ (13)

By considering the normalized internal energy UN, number of parti-
cles 𝛾 and volume V as dependent on T, derivatives are calculated as

Laser Photonics Rev. 2024, 2400714 2400714 (7 of 9) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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(𝜕S∕𝜕X)Y = 𝜕S∕𝜕X + (𝜕S∕𝜕T)(𝜕T∕𝜕X), with X, Y = UN, 𝛾 , V or T, obtain-
ing the fundamental equation

dS =
Q∑
j=1

qj

[
𝛾

T
dUN − 𝜇

T
d𝛾 − dV − 𝛾

(
𝛽j + UN

T2

)
(

𝜕T
𝜕UN

dUN + 𝜕T
𝜕𝛾

d𝛾 + 𝜕T
𝜕V

dV + dT
)]

(14)

with weight factor

qj =
gj
2
|fj|2 exp(−

𝜇′ + 𝜖j

T

)
(15)

In Equation (15), the modal group fractions multiply the weight
exp[−(𝜇′ + 𝜖j)∕T], which in multimode fibers is larger than 500 for modal
group j = 14 and approaches to less than 10 for the fundamental mode;
hence, populated HOMs mostly contribute to the entropy changes. It is
therefore important to use fitting laws which accurately describe also the
HOM content, like the wBE.

In experiments involving proportional changes of U and 𝛾 , like those
considered in this work, the normalized energy UN = U∕𝛾P0 is constant
(the normalized number of particles is always unity). In this case, reference
must be made to the quantity SN = S∕𝛾 which, although non representing
an entropy, is extremized by Equation (5) under the constraint UN = const
and brings in any case to the wBE and RJ. Therefore, for the experiments
considered in this work, it ismeaningful to calculate this quantity too. After
derivatives with respect to UN, 𝛾 , T and V = 2M −Q it was obtained

dSN =
Q∑
j=1

qj

[
dUN

T
+

UN − 𝜇

𝛾T
d𝛾 − dV

𝛾
−

𝛽j + UN

T2(
𝜕T
𝜕UN

dUN + 𝜕T
𝜕𝛾

d𝛾 + 𝜕T
𝜕V

dV + dT
)]

(16)

In Equations (14) and (16) the volume can be considered as a constant
(dV = 0); in fact, the number of supported modes depend on the multi-
mode architecture and not on the input power ormodal distribution. Alter-
natively, the number of modesM and groupsQ is dependent on the exper-
imental accuracy for the modal fraction of the HOMs; it is reasonable to
limit the number of groupsQ to thosemeasurable within a given accuracy.

In those experiments where the non-normalized energy and power are
constant (dU = d𝛾 = 0) it was found from Equation (14) that dS > 0 for
−𝛾(𝛽j + UN)dT∕T2 > 0. Hence, by using Equation (9), an increase of the
entropy is obtained following an increase of the temperature (dT > 0) for

𝛽j < −UN (17)

Since populated HOMs have much larger weight in Equation (14), it
is important that Equation (17) is satisfied for the populated HOMs and
not necessarily for the lower-order groups. The weights qj imply the need
to use thermodynamic laws capable of reproducing the distribution of the
HOMs, such as the wBE.

In the experiments considered in this work, it is dUN = dV = 0; from
Equation (14) an increase of entropy (dS > 0) was observed for

−𝜇

T
d𝛾 > 𝛾

𝛽j + UN

T2

(
𝜕T
𝜕𝛾

d𝛾 + dT
)

(18)

the first term in Equation (18) is always positive for d𝛾 > 0; if dT > 0 was
also assumed, Equation (18) is valid whenever Equation (17) is satisfied
at least for the HOMs with larger weight. For example, in the self-cleaning
experiments analyzed in this work (Figure 1), Equation (17) is satisfied for
group orders with j ≥ 4.

The aim was to demonstrate that it is possible to obtain a decrease
of the entropy per unit particle dSN < 0 after an increase of the entropy
(dS > 0) and of the temperature with the input power (dT∕d𝛾 > 0). From
Equation (16), assuming dUN = dV = 0 and using again Equation (9), a
decrease of SN is possible for

dT
d𝛾

>
T2V

𝛾2(𝛽j + UN)
(19)

if Equations (17) is satisfied, it is dS > 0 from Equation (18) and the sec-
ond term in Equation (19) is negative; hence, the equation is always true
for dT∕d𝛾 > 0.

Interest was also directed toward considering the information or Shan-
non entropy SS, related to the classical concept of modal occupation in-
stead of microstates distribution. In this case, reference must be made
to theMmodes with populationmi = N|fi|2, i = 1, 2, ..,M; the modes are
not distinguished by polarization, and it still results 2M = Q(Q + 1). The
system multiplicity is reformulated in this case as ref. [36]

WS = N!∏M
i=1mi!

(20)

the Shannon entropy is calculated per unit particle as

SS =
ln(WS)

N
= 1

N

[
ln(N!) −

M∑
i=1

ln(mi!)

]
≃ 1

N[
N ln(N) −

M∑
i=1

N|fi|2 ln(N|fi|2)] == −
M∑
i=1

|fi|2 ln(|fi|2) (21)

in Equation (21), it was applied the Stirling’s approximation, valid for
mi >> 1, and also

∑M
i=1 |fi|2 = 1. For systems with degeneracy and assum-

ing statistical modal power equipartition into the groups, it is |fj| = |fi| for
groups with gj modes and polarizations, and mode index i correspond-
ing to group index j. Namely, for a GRIN fiber, it is gj = 2 and i = 1 for
j = 1, gj = 4 and i = {1, 2} for j = 2, up to gj = 2Q and i = {j(j + 1)∕2) −
j + 1, .., j(j + 1)∕2} for j = Q. The Shannon entropy can be rewritten in this
case as

SS = −
Q∑
j=1

gj
2
|fj|2 ln(|fj|2) (22)

As a final remark, the notation of Equation (12) must be harmonized
with that used in the literature.[18,35] Assuming for simplicity unitary de-
generacy of the modal groups, with two propagating polarizations per
mode, it is gj ≡ 2 and Q = M. The Boltzmann entropy is expressed as

S =
M∑
i=1

ln(ni) =
M∑
i=1

ln
(N
P
|ci|2) = M ln

(N
P

)
+

M∑
i=1

ln(|ci|2) (23)

The first term on the right-hand side of Equation (23) is a constant;
the second term is expressed in Watt and depends on the input power
according to |ci|2 = P|fi|2. Hence, the second term is a non-normalized
Boltzmann entropy, which is a particular case of Equation (12) and cannot
be reduced to the Shannon entropy of Equation (21).
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